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TONY LELIEVRE AND FRANCIS NIER

We analyze the low temperature asymptotics of the quasistationary distribution associated with the
overdamped Langevin dynamics (also known as the Einstein—Smoluchowski diffusion equation) in a
bounded domain. This analysis is useful to rigorously prove the consistency of an algorithm used in
molecular dynamics (the hyperdynamics) in the small temperature regime. More precisely, we show
that the algorithm is exact in terms of state-to-state dynamics up to exponentially small factors in the
limit of small temperature. The proof is based on the asymptotic spectral analysis of associated Dirichlet
and Neumann realizations of Witten Laplacians. In order to widen the range of applicability, the usual
assumption that the energy landscape is a Morse function has been relaxed as much as possible.
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1. Introduction

The motivation of this work comes from the mathematical analysis of an algorithm used in molecular
dynamics, called the hyperdynamics [Voter 1997]. The aim of this algorithm is to generate very efficiently
the discrete state-to-state dynamics associated with a continuous state space, metastable, Markovian
dynamics, by modifying the potential function. In Section 1A, we explain the principle of the algorithm
and state the mathematical problem. In Section 1B, the main result of this article is given in a simple
setting.
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1A. Molecular dynamics, hyperdynamics and the quasistationary distribution. Molecular dynamics
calculations consist in simulating very long trajectories of a particle model of matter, in order to infer
macroscopic properties from an atomic description. Examples include the study of the change of
conformation of large molecules (such as proteins), with applications in biology, or the description of the
motion of defects in materials.

In a constant-temperature environment, the dynamics used in practice contains stochastic terms which
model thermostatting. The prototypical example, which is the focus of this work, is the overdamped
Langevin dynamics,

dX,=—V f(X,)dt ++/2B~"1dB,, (1-1)

where X; € R3V is the position vector of N particles, f : R* — R is the potential function (assumed to
be smooth here), and ﬂ_l = kpT with kp the Boltzmann constant and T the temperature. The stochastic
process By is a standard 3 /N-dimensional Brownian motion. The dynamics (1-1) admits the canonical
ensemble u(dx) = Z~ ' exp(—Bf(x)) dx as an invariant probability measure.

To relate the macroscopic properties of matter to the microscopic phenomenon, one simulates the
process (X;);>o (or processes following related dynamics, like the Langevin dynamics) over very long
times. The difficulty associated with such simulations is metastability, namely the fact that the stochastic
process remains trapped for very long times in some regions of the configurational space, called the
metastable states. The time step used to obtain stable discretization is typically 10~!s, while the
macroscopic timescales of interest range from a few microseconds to a few seconds. At the macroscopic
level, the details of the dynamics (X;);>0 do not matter. The important information is the history of the
visited metastable states, the so-called state-to-state dynamics.

The principle of the hyperdynamics algorithm [Voter 1997] is to modify the potential f in order to
accelerate the exit from metastable states, while keeping a correct state-to-state dynamics. Here, we focus
on one elementary brick of this dynamics, namely the exit event from a given metastable state.

In mathematical terms, the problem is as follows (we refer to [Le Bris et al. 2012] for the mathematical
proofs of the statements below). Assuming that the process remains trapped for a very long time in a
domain Q, C R3M (Q, is a metastable state,' as mentioned above), it is known that the process reaches
a local equilibrium called the quasistationary distribution (QSD) v attached to the domain €2, before
leaving it. We assume that €2, is a smooth bounded domain in R*. The probability distribution v has
support 2 and is such that, for all smooth test function ¢ : R?¥ — R,

Iim E(p(X;)|t > 1) =/ edv, (1-2)
t—00 Q+

where
T=inf{t > 0: X, € Q4}

is the first exit time from 24 for X,. The metastability of the well 24 can be quantified through
the rate of convergence of the limit in (1-2); in the following, it is assumed that this convergence is
infinitely fast. From a PDEs viewpoint, v has a density v with respect to the Boltzmann—Gibbs measure

IWe use the notation Q. since, in the following, we will need a subdomain ©_ such that Q_ C Q.
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w(dx) = e P'® dx v being the first eigenvector of the infinitesimal generator of the dynamics (1-1)
with Dirichlet boundary conditions on 92, :
{—Vf-Vv—i—,B_IAU:—AU in Q, (13)
v=0 on 024,
where —A < 0 is the first eigenvalue. In other words,

lo, (Wv(x) exp(=Af(x)) dx
Jo, v(x) exp(—=Bf(x))dx

Starting from the QSD v (namely if X~ v), the way the stochastic process X, solution to (1-1), leaves the

dv =

well 2 is known: the law of the pair of random variables (7, X;) (exit time, exit point) is characterized
by the following three properties, the first two of which are the building blocks of a Markovian transition
starting from Q2 :

(i) T and X, are independent.

(i1) 7 is exponentially distributed with parameter A:
T~ E(R), (1-4)

where the notation ~ is used to indicate the law of a random variable.

(iii) The exit point distribution has an analytic expression in terms of v: for all smooth test functions
@:002y = R,
f39+ 90811(1) eXP(—,Bf)) do
B [, v(x) exp(=Bf (x)) dx’

where, for any smooth function w : Q; — R, 9,w = Vw - n denotes the outward normal derivative,

E"(p(X:)) =

(1-5)

o is the Lebesgue measure on 025 and EY indicates the expectation for the stochastic process X,
following (1-1) and starting under the QSD, X¢o ~ v.

In practical cases of interest, the typical exit time is very large (E(t) = 1/A is very large). The principle
of the hyperdynamics is to modify the potential f in the state €2 to lead to smaller exit times, while
keeping a correct statistics on the exit points. Let us make this more precise, and let us consider the
process X ff which evolves on a new potential f +§f:

dX¥ = —v(f+sf)x"ydt + /28" dB,. (1-6)

Instead of simulating (X;);>o following the dynamics (1-1) and considering the associated random
variables (7, X;), the hyperdynamics algorithm consists in simulating (Xff )r>0 and considering the
associated random variables (7%, X f‘(sff), where 7%/ is the first exit time from Q for X ff .

The assertion underlying the hyperdynamics algorithm is the following: under appropriate assumptions
on the perturbation § f, (i) the exit point distribution of Xff from Q4 is (almost) the same as the exit
point distribution of X, from €2, and (ii) the exit time distribution for X, can be inferred from the exit
time distribution for Xff by a simple multiplicative factor (see (1-7)—(1-8) below).
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More precisely, the assumptions on §f in [Voter 1997] can be stated as follows: (i) §f is sufficiently
small that €2 is still a metastable state for Xff , and (ii) éf is zero on the boundary of Q.. The
first hypothesis implies that we can assume that X gf s distributed according to the QSD v®/ associated
with (1-6) and 2. The aim of this paper is to prove that, in the small temperature regime (namely 8 — o0)
and under appropriate assumptions on §f, we indeed have the equality in law

L
(r. Xo) = (BT, X2))), (1-7)

where, in the left-hand side, Xy ~ v and, in the right-hand side, ng "~ 1%/ The so-called boost factor B
has the expression

Ja, XPAT) / exp(=(f +3£)) (1-8)
Q4

= To e BT o PP e Ca e
The second formula is interesting because it shows that B can be approximated through ergodic averages
on the process (X ff )t>0 (and this is actually exactly what is done in practice).

In view of the formulas (1-4)—(1-5) for the laws of the distributions of the two random variables exit
time and exit point, a crucial point for the mathematical analysis of the hyperdynamics algorithm is to
study how the first eigenvalue A and the normal derivative d,v (v being the first eigenvector; see (1-3))
are modified when changing the potential f to f + 5f. More precisely, we would like to check that,
in the limit 8 — oo, A%f = B and, up to a multiplicative constant, 9, v o 8,v, where, with obvious
notation, (—A%, v%/) denotes the first eigenvalue—eigenfunction pair solution to (1-3) when f is replaced

by f+5f.

1B. The main results in a simple setting. Let us state the main results obtained in this paper in a simple
and restricted setting. For the potential f, we assume that there exists a subdomain $2_ such that Q_ C Q.
and:

(1) fand f | aq, re Morse functions, namely C* functions with nondegenerate critical points;
@G1) [Vfl#0in §2+\Q_, 0, f >0o0ndQ2_ and mingg, f > minyg_ f;

(iii) the critical values of f in Q_ are all distinct and the differences f(U") — f(U©®), where U©®
ranges over the local minima of f |Q, and UV ranges over the critical points of f |SL with index 1,
are all distinct;

(iv) the maximal value of f at critical points, denoted by cvmax = max{f(x) :x € Q4+, |[Vf(x)| =0} =
max{f(x):x € Q_, |Vf(x)| =0}, satisfies

%Ign f —cvmax > cvmax — rgin f. (1-9)

Concerning the perturbation §f, let us assume that f 48 satisfies the same four above hypotheses as f,
and that, in addition,

3f =0 on Q4 \Q_.
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Under these assumptions on f and §f, it can be shown that the first eigenvalue—eigenfunction pairs
(=X, v) and (=A%, v3), the respective solutions to (1-3) with the potential f and f + §f, satisfy the
following estimate: for some positive constant c, in the limit 8 — oo,

Af ,
== B(14+ O(e Py,

where, we recall, B is defined by (1-8) and

0,V 9,05
ha, 0, +O@E ) in L'(09Q,).

100l 10,y 1920 1100,

These results are simple consequences of the general Theorem 2.4 below (see Corollary 2.9) together
with Proposition 7.1 and Remark 7.2.

For readers who are familiar with the Agmon distance, let us note that condition (1-9) can actually be
replaced by Hypothesis 2 (stated in Section 2) and condition (7-1). Condition (7-1) explicitly states that
the potential function f on d2_ should be larger than the largest barrier (difference of potential between
index-one critical points and local minima) within €2_.

1C. Outline of the article. The main result of this article, Theorem 2.4, gives general asymptotic formulas
for the first eigenvalue A and the normal derivative d,v in the limit of small temperature. This theorem will
be proven under assumptions involving the low-lying spectra of Witten Laplacians on 2_ and on Q. \ Q_.
These assumptions hold for potentials satisfying the four conditions (i)—(iv) stated above, but they are
also valid in much more general cases. In particular, we have in mind assumptions stated only in terms
of Q. (see Remark 7.4), or potentials not fulfilling the Morse assumption (see Section 7B).

The outline of the article is as follows: In Section 2, we specify our general assumptions and state
the two main theorems, Theorem 2.4 and Theorem 2.10. In Section 3, exponential decay estimates for
the eigenvectors in terms of Agmon distances are reviewed. In Section 4, approximate eigenvectors for
the Dirichlet Witten Laplacians on Q2 are constructed in terms of eigenvectors for the Neumann Witten
Laplacians on Q_ and eigenvectors for the Dirichlet Witten Laplacians on the shell 2, \ _. Following
the strategy of [Helffer et al. 2004; Helffer and Nier 2006; Le Peutrec 2009; 2010b; 2011; Le Peutrec
et al. 2013], accurate approximations of singular values of the Witten differential d s, are computed using
matrix arguments in Section 5. Theorem 2.4 and Theorem 2.10 are finally proved in Section 6. The
general assumptions used to prove the theorems are then thoroughly discussed and illustrated with various
examples in Section 7. Our approach relies on the introduction of boundary Witten Laplacians (namely
Witten Laplacians with Dirichlet or Neumann boundary conditions) and requires notions and notation of
Riemannian differential geometry. A short presentation of these notions is given in the Appendix.

2. Assumptions and statements of the main results

In order to prove the main result, we first need to restate the eigenvalue problem (1-3) with the standard
notation used in the framework of Witten Laplacians, which will be our central tool. It is easy to check
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that (A, v) satisfies (1-3) if and only if (A1, u) satisfies

A? (O)(9+)M1 Auy

with
h = 2 A= ik =2hk, u;=exp(—31Bf)v= exp(—i)v
B’ B ’ 2 h
and where A (SZ+) is the Witten Laplacian on zero-forms on 2, C R?, d = 3N, with homogeneous
Dirichlet boundary conditions on 02 (see (2-3) below for more general formulas on p-forms),

D(O)(Q+)u1—( AV +V f) - (hV +V fuy) = —h*Auy + (V1> = hAf)u;. (2-1)

Notice that the operator A (§2+) is a positive symmetric operator. We recall that €2, is the metastable
domain of interest, and SZ_ is a subdomain of €2, where the potential f is modified in the hyperdynamics
algorithm. We will thus study how the first eigenvalue 1| and eigenfunction u; of the Witten Laplacian
A?’h(o)(QJr) depend on f }Q_. We will state the results in a very general setting, namely for open, regular,
bounded, connected subsets 2_ and Q2 of a d-dimensional Riemannian manifold (M, g) such that
Q_CcQ.,.

The first assumption we make on f is the following:

Hypothesis 1. The function f : M — R is a C* function satisfying

IVF>0o0n Q\Q_, 8, f>0o0ndQ_ and I;gnf>r8r5121nf (2-2)
+

In (2-2), n denotes the unit normal vector on 0€2_ that points outward from €2_. This first assumption
has simple consequences that will be used repeatedly.

Lemma 2.1. Under Hypothesis 1, for all x € Q4 \ Q_,
- P
f(x) z min f > min f rginf-

Proof. The last equality is a simple consequence of the fact that the critical points are in 2_ and of
the inequality minyo, f > mingg_ f. Let us now consider the first inequality. Let us denote by y, ()
the gradient trajectory y, = —V f(y,) starting from x € Q; (y,(0) = x). Let us consider x € QL \ Q2
such that f(x) < minyg, f. Since 7 = f(y,(?)) is nonincreasing, (¥, (?));>0 remains in the bounded
domain €2, and is thus well defined for all positive times. Moreover, necessarily, the distance of y, (¢)
to the set of critical points of f tends to O as t — oco. This implies that there exists 7y > 0 such that
yx(to) € Q2_ and, thus, f(x) = f(yx(0)) > f(yx(to)) > mingg_ f. This concludes the proof of the first
inequality. The second inequality is a consequence of the assumption d,, f > 0 on d€2_, and is proven by
considering the trajectory (yy(t));>0 with x € argminyg_ f. O

Remark 2.2. One can easily check, using the same arguments, that the condition d, f > 0 on 992,
together with the two first conditions of Hypothesis 1, implies minyq, f > minyg_ f.

The second assumption on f is:
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Hypothesis 2. There exists co > 0 such that the set of critical points of f in Q4 is included in

{f <mingq, f—co}):

{xeS2+:Vf(x):0}C{xeSZ+:f(x)<1g}2inf—co}.

In addition to Hypotheses 1 and 2, our main results are stated under assumptions on the spectrum of
the Witten Laplacians associated with f on Q_ and Q. \ Q_ (see Hypotheses 3 and 4 below). We will
discuss more explicit assumptions on f for which those additional hypotheses are satisfied in Section 7.
Let us first define the Witten Laplacians. We refer the reader to [Witten 1982; Helffer and Sjostrand
1985b; Cycon et al. 1987; Burghelea 1997; Zhang 2001] for introductory texts on the semiclassical
analysis of Witten Laplacians and its famous application to Morse inequalities, and related results.

The Witten Laplacians are defined on A\ C*(M) = @izo AP C®(M) as

App=(ds,+ drp)* = dypdpn+dpndsy,
where dy; =e /" (hd)e!/" and d}; = e/ (hd*)e /", (2-3)

On a domain  C M and for m € N, the Sobolev space /\ W™2() is defined as the set of u € AL?(S2)
such that, locally, 8%u € /\ L*(2) for all « € N? with |a| < m (this property does not depend on the local
coordinate system !, ..., x%). When Qisa regular bounded domain, /\ W™2(S2) coincides with the set
of u € /\ L? such that there exists iz € /\ W™ (M) such that L?|Q =u. The spaces /\ W*2(Q) for s € R are
then defined by duality and interpolation. For m = 1, the quantity \/ llu|? + |ldu|? + ||d*ul?

L2(R) L2(Q) L2(Q)
is equivalent to the W'2(2)-norm. This is a well-known result when = R¢. The extension to a regular,

bounded domain is proved by using local charts and the reflexion principle; see [Taylor 1997; Chazarain
and Piriou 1982].
In a regular, bounded domain €2 of M, various self-adjoint realizations of A 7 can be considered:

o The Dirichlet realization A 2 ;»(£2) with domain
D(A?, (@) = {w c /\ W>(Q) : tw|,, =0, td ol = O}.
This is the Friedrichs extension of the closed quadratic form
D(w, o) = (dppw, dppo) 2 + (d;,za), d;?’ha)/)Lz (2-4)

defined on the domain
1,2 1,2
AW @ ={oe AW'2@:to,,=0].

Its restriction to zero-forms (functions) is simply the operator (2-1) on 2 with homogeneous Dirichlet
boundary conditions. It is associated with the stochastic process (1-1) killed at the boundary.

¢ The Neumann realization A% 5 (£2) with domain

DAY Q) = {w e ANW>2(Q) :nol,q =0, ndpyol,, = O}'
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This is the Friedrichs extension of the closed quadratic form (2-4) defined on the domain
AW @ ={oe A W@ :nol,,=0].
Its restriction to zero-forms (functions) is simply the operator (2-1) on 2 with homogeneous Neumann

boundary conditions. It is associated with the stochastic process (1-1) reflected at the boundary.

We will handle exponentially small quantities and we shall use the following notation, which is
convenient when comparing them.

Definition 2.3. Let (E, || ||) be a normed space. For two functions @ : Ry — E and b : Ry — Ry, we
write:

e a(h) = O(b(h)) if there exist hg > 0 and C > 0 such that |ja(h)|| < Cb(h) for all i € (0, hy);
e a(h) = O(b(h)) if, for every € > 0, a(h) = O(b(h)et'™M), or, equivalently,

Ve>0 3hy>0 3C >0 Vhe(0,hy) |lah)| < Chh)e’".

Notice that a(h) = O(b(h)) is equivalent to limsup,_,q 4 log(lla(h)||/b(h)) < 0. Note in particular
the identity O(e“'l/h)@(e_‘?/h) = @(e_(clﬂ‘z)/h) = (’)(e“'//h) for any fixed ¢’ < ¢1 + ¢2, independently
of h € (0, hy).

We are now in position to state the two additional hypotheses on f, which are stated as assumptions on
the eigenvalues of Witten Laplacians on Q_ and ©, \ _. We assume that there exist a constant ¢ > 0
and a function v : (0, hg) — (0, +00) with

1 —&/h
Ve>0 3C, > 1 C—e <v(h) <h, (2-5)
e

or, equivalently,

h
log(¥) <0 and %imoh log(v(h)) =0,

and such that the following hypotheses are fulfilled:

Hypothesis 3. The Neumann Witten Laplacian defined on Q2_ and restricted to forms of degree 0 and 1,
Az}f}z(p)(g—)’ p =0, 1, satisfies

#lo (AT @) N[0, vi)]] = mY (@), (2-6)
o (A P(Q0) N[0, v()] C [0, e7/"] 2-7)

with mg (22) independent of h € (0, hy). Throughout, eigenvalues are counted with multiplicity, and the
symbol # denotes the cardinal of a finite ensemble.
In addition, there exists in Q_ an open neighborhood V_ of 32— such that any eigenfunction  (h) of

A?]”h(o)(Q_) associated with a small nonzero eigenvalue u(h) (namely 0 < uw(h) < v(h)) satisfies

Il (W) 20y = OG/ (). (2-8)
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Hypothesis 4. The Dirichlet Witten Laplacian on Q. \ Q_ restricted to one-forms satisfies

#o (A7 @A\ Q ) N0, v ] = mP (@4 \ Q) (2-9)
o (A7 (@ Q) N[0, v()] C [0, e /"] (2-10)
with m]D(S2+ \ Q_) independent of h € (0, hy).
Our main results concern the smallest eigenvalue as well as properties of the associated eigenfunction
of A% ().

Theorem 2.4. Assume Hypotheses 1, 2, 3, 4 and that h € (0, hg) with hg > 0 small enough. The
eigenvalues contained in [0, v(h)] of the Dirichlet Witten Laplacians Ay (p )(Q+) for p =0, 1, satisfy:

m§ (@) :=#[o (A7;” (@) 10, v()1] = m§ (2-),
m{ (@) :=#[o (AT (@) N 10, v()]] = mY (@) +mP (@ \ Q0),
o (AP (@) N[0, v(h)] C [0, 7/,
Let (u,(cl)) I<k<mP(Q\3_) be an orthonormal basis of the spectral subspace Ran 1(¢ , s (A?’h(l) (Q4\ QL))
and set

K f = min min
4 Q. f= sz+f

The smallest eigenvalue ofAfh (Q+) satisfies, in the limit h — 0,
lim h log W@y = -2/, (2-11)

bi\Qo) _ 1 2
W2 [, e M () (o) do |

©)
A(R4) =
1 ( +) /‘Q+ e—zf(x)/h dx

(1+0O(e“/My) (2-12)

for some constant ¢ > 0 and u,(:)(n)(o*) = inu,(cl)(a) with the interior product notation (A-1). Moreover,

the nonnegative L*(2.)-normalized eigenfunction u&o)

e_f/h

satisfies

u® — 12 ‘ = 0", (2-13)
(Jq, 2@/ dx) = lwaag,
mP@AR) eSO/ Dy (o) do
dehu(o) 4 o, k 2 uy = O (e~ rtev)/hy (2-14)
k=1 (fQ+ eizf(X)/h dx) Wp’Z(V)

forall p e N, where V is any neighborhood of 3. lying in Q4 \ Q_ and ¢y > 0 is a constant independent
of p and h. The symbols do and n(o), respectively, denote the infinitesimal volume on 32, and the
outward normal vector at o € 9S24

We would like to stress again that Theorem 2.4 does not require f to be a Morse function on €2, nor
on 0€2;.
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Remark 2.5. It would be interesting for practical applications to relax the assumption |V f| > 0 on
Q. \ Q_ in Hypothesis 1 in order to be able to consider saddle points on 32

Remark 2.6. While proving these results, we will actually show that, necessarily, m? (24 \ Q) #0;
see Remark 5.6 below.

Remark 2.7. All the terms in the sum in (2-14) are exponentially small, but at least one is larger than
the remainder O (e~*/+v)/) (see (5-10) and Proposition 6.4). The number of terms which are indeed
larger than the remainder depends on the precise value of ¢y, which depends on the geometry, the global
topology of the domain and the function f (the possibility of several terms is discussed in Remarks 7.7
and 7.9 after Proposition 7.5). In particular, if f is a Morse function, the heights of the generalized critical
points of index 2 along d€2 play a role.

Remark 2.8. In spectral theory, it is natural to work with complex-valued functions or complex-valued
forms. In view of the probabilistic interpretation of our results, the above result is stated — and, actually,
most of the analysis of this text is carried out— with real-valued functions or forms. One exception is
Section 4A, which requires functional calculus and resolvents for complex spectral parameters. Notice
that it is straightforward to write a complex-valued version of the previous results, by replacing the real
scalar product by the hermitian scalar product. For example, in (2-14), this simply consists in changing

- 1 — e
fa§2+e f(”)/hu,(()(n)(o)da to faQ+e f(”)/hulg)(n)(o)da.

Note that the numerators in the estimates (2-12) and (2-14) of the eigenvalue A(IO)(QJr) and of dy, huio)
depend only on the values of f and the geometry of 2, around d€2. More precisely, they do not change
0)

when f is modified inside €2_. This allows us to understand the variations of kgo)(QJr) and 0,u,; ‘ 09,

with respect to f, which is needed in the hyperdynamics algorithm (see Section 1A).

Corollary 2.9. Let f1 and f> be two functions which fulfill Hypotheses 1, 2, 3 and 4. Let )Lgo)( f1) be

the first eigenvalue of A%(,?)(QJF) associated with the nonnegative normalized eigenvector M%O) (f1), and

k(10) (f2) the first eigenvalue of AJI?-Z”(}?) (824) associated with the eigenvector ugo) (f2). Assume additionally
fi=FoinQ\ Q. The quantities 1\ (f12) and d,[e=12/"u¥ (i 2)]],q, = =N/ M[8,u” (f1.2)]] 5,
satisfy
W) Ja, 2RO/ dx
o O | P At O/) | o
_ 0 - _ 0
1aLe= 200y (P, 18ale™ /2 ()l oe, )

Other corollaries and variations of Theorem 2.4 are given in Section 6. Among the consequences, one

(14+0(e™ M), (2-15)

+ 0" in L'0Qy).  (2-16)

can prove the following result when, additionally, f | 09, is a Morse function and 9, f > 0 on 92

Theorem 2.10. Assume Hypotheses 1, 2, 3 and 4 and h € (0, ho) with hg > 0 small enough. Assume
moreover that f |3Q+ is a Morse function and 9, f > 0 on 0Q21. Then the first eigenvalue )\.50)(9+) of
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A?’,z(o)(QJr) and the corresponding L? (2. )-normalized nonnegative eigenfunction MEO) satisfy

fasz+ 20, f(0)e 2 @/h 4o
IGT
n
- O ~
B onle f/hui )]|aQ+ B (28, f)e 2f/h|352+
”3n [e—f/hugo)] ||L1(BQ+) || (23nf)e—2f/h ||L'(3Q+)

0
(I

(1+0(h)), (2-17)

+O(h) in L'(0Q4). (2-18)

The proof of Theorem 2.4 is given in Proposition 3.12, Lemma 5.9, Proposition 6.1 and Proposition 6.8.
The proof of Corollary 2.9 is given in Section 6D. The proof of Theorem 2.10 is given in Section 7A2.

3. A priori exponential decay and first consequences

By applying Agmon’s type estimate (see, for example, [Helffer 1988; Dimassi and Sjostrand 1999] for a
general introduction) for boundary Witten Laplacians, we give here exponential decay estimates for the
eigenvectors of A%h(Q_), A?h(QJr \ _) and A?h(QJr).

3A. Agmon identity. We shall use an identity for boundary Witten Laplacians, proved in [Helffer and
Nier 2006] in the Dirichlet case and in [Le Peutrec 2010b] in the Neumann case.

Lemma 3.1. Let Q be a regular bounded domain of (M, g) and let A?h(Q) (resp. AI}{h(Q)) be the
Dirichlet (resp. Neumann) realization of A 7, (S2). Let ¢ be a real-valued Lipschitz function on Q. Then,
for any real-valued w € D(A?h(Q)) (resp. w € D(A?’,h(Q))),

(w, AR (Qw) 12
= h2||de¢’/hw||iz(m +h2||d*e¢/’1w||iz(g) (VP =IVel* +hlyy+hlyp)e o, e )12
—h / (w, CU)T*QEZ(p(U)/h%(O') do.
30 i on
(. /" AY L ( Qo) 120
= h?||de? " o }a ) + RElld*e? P ol|7s ) + (UV FIP = V@ + hLy s +hLy et w, e w) 2 q)

0
+h / (w, a)>T*Q€2(p(G)/h_f(U) do.
aQ e on

In the previous formulas, the notation Ly refers to the Lie derivative; see (A-2). We shall use this
lemma with specific functions ¢ associated with the metric |V f|?g.

Lemma 3.2. Let Q be an open subset of M, f € C* (), and let dag be the geodesic pseudodistance on Q
associated with the possibly degenerate metric |V f|*g. The function (x, y) — dag(x, y) is Lipschitz (and
thus almost everywhere differentiable) and satisfies

[Vidag(x, yo)| < IV f(x)|  forall yy e Q and for a.e. x € 2,
|f(x) = fO)] S dagx,y) forall x,yeQ. (3-1)
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The equality dag(x, y) = | f(x) — f ()| occurs if there is an integral curve of V f joining x to y. Moreover,
forany A C Q, the function x > dag(x, A) (Where dag(x, A) =inf,ep dag(x, a)) is Lipschitz and satisfies

|Vidag(x, A)| < |V f(x)| forae xecQ.

Proof. The Lipschitz property comes from the triangular inequality for dag(x, y). It carries over to
dpg(x, A). The comparison between | f(x) — f(y)| and dag(x, y) comes from

1
5/0 IVfy @)y @ldt =1y|ag

1
) = fO)] = ‘/O V) -y di

for any C!-path y joining x to y and denoting by |y | Ag its length according to dag. 0

Remark 3.3. A detailed discussion about the equality dag(x, y) = |f(x) — f(y)| when f is a Morse
function, which involves the notion of generalized integral curves of V f, can be found in [Helffer and
Sjostrand 1985b].

3B. Exponential decay for the eigenvectors of A?’h(p )(SZ_) (p =0,1). Notice that, from Hypothesis 1,

there exists an open set U such that

UcQ_. and |Vf|#0 in Q_\U. (3-2)

The following proposition will be useful to prove that all the eigenvectors of AI}/”h(p ) are exponentially

small in the neighborhood of 9€2_ (see Proposition 3.5). It actually holds for any open set U C €2_ which
contains all the critical points, without the additional requirement U C Q_.

Proposition 3.4. Let U be an open subset of Q_ such that |V f| # 0 in Q_\ U and let dag(x, U) be the
Agmon distance to U defined for x € Q2_. There exists a constant C > 0 independent of h € [0, hg] such
that every normalized eigenvector w;,, of AIX »(822) associated with an eigenvalue Ay, € [0, v(h)] satisfies

dpg(- . U)/h dpg(- . U)/ R

lle oyl \v) =< lle o2y <C,

dpg(- . U)/ R dag(- . U)/ R

lle

oy lwiz@o\vy < lle o, lwizgy < AR

Proof. The function dag( -, U) vanishes in U and satisfies the properties of Lemma 3.2 with (2, A) =
(2_, U). Let us now apply Lemma 3.1 on A%h(ﬁ_) with the function ¢ = (1 — ah)dag( -, U) (Where
« is a positive constant to be fixed later on) and a normalized eigenvector w: A% 2 (Q)w = Aw, where
A €10,v(h)]. With df/0n > 0on dQ2_, v(h) < h and IVo|? < (1 —ozh)IVfI2 (for h < 1/a), we obtain

0= IPllde? o} q , + 1 lld* e ol g +hlale? o, |V fPe? o) gy — Crlle? " w72 g ]
(3-3)
Here, we have used the fact that, for any vector field X, Lx + LY is a differential operator of order 0
involving derivatives of X and g that are uniformly bounded in Q_.
Using (3-2), choose « such that e min, g \;, [V f(x)[* = 2C and add 2C sh[|e?/ " w||7, (v, on both
sides of the inequality (3-3). Using the fact that

2Csh > 2cfh||w||iQ(U) = 2cfh||e<"/hw||iz(w,
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one obtains
2Csh > h2||de¢/hw||§2(9_) + h2||d*e¢/hw||§2(9_) + cfh||e¢/hw||§2(9_).

This implies e —emdag(-.U)/ R gy 12 <2 and

L2(Q) =

I(hd)e!!=eMiret-DIbg|, o || (hd)* ! =eMiat-DIkg|, o < 2Ch.
Since dag( -, U) is a Lipschitz (and thus also bounded) function on Q_, this ends the proof. Il
Here is a useful consequence of Proposition 3.4:

Proposition 3.5. Let (1[/ )1< j<md () (resp. (1,//k ) 1<k<mV(@_)) be an orthonormal basis of eigenvectors
of AN (0)(9 ) (resp. AN (1)(9 )) associated with the eigenvalues lying in [0, v(h)] (or, owing to
Hypotheszs 3, in [0, e_CO/h]) Let U C Q2_ be an open set satisfying (3-2). Let x_ € C;°(2_) be a
cut-off functton such that 0 < y_ <1 and x_ =1 on a neighborhood of U. The functions vﬁO) = X_ 1#(0),
1<j<my (Q ) (resp. one-forms v(l) =X_ wlfl) 1<k< mN(Q )) belong to the domain D(AD (0)(Q+))

(resp. D(A (Q+))) of the Dirichlet realization of Ay, in Q4 and they satisfy: for h € [0, ho]

mY () my (2-)

0 1 1 — h
D = vPlwag o+ Y 1 = v e, = 0",

k=1

0 0 — h 1 1 —c h
(), V) 2@ =y, 0N, (0 v) 2@k =1d,y g ) 0™,

W, ATP @) gy =0, P AT @) 2., = 0T,

where the O(e_c"f/ h) remainders can be bounded from above by C Xie—cx,/ h for some constants C,_,
¢y_ > Oindependent of h € [0, hol. Throughout, 1d,,, denotes the identity matrix of size m x m.

Proof. Let i be a L?>(Q2_)-normalized eigenvector of AN P )(Q_), p = 0, 1, associated with the
eigenvalue A = O(e~“/"), and set v = x_1. Since x_ belongs to C;°(S2-) the form v = x_v belongs
to D(AT P (24)).

The W1 2(Q_) estimates as well as the result on the Gram matrices are consequences of

— l
I —vllwie ) = 10 = x ¥ lwiag ) < Il =1) <C) e St (3-4)

for some constants c;(_ >0and C ;(_ > 0. The estimate (3-4) is derived from Proposition 3.4 by using
the fact that there exists ¢ > 0 such that dag(x, U) > ¢ for all x € Q_ \ {x_ = 1} (this is a consequence
of (3-2)).

For the last estimate of Proposition 3.5, we use Lemma 3.1 with ¢ = 0. Considering first the estimate

on A?h with Q = Q, w = v = x_v and then the estimate on Al}fh with Q = Q_, w =y, one obtains

o AR QDX V) 20
= W2 dx V122, + RPN X Vg, + (VP +RLyp +hC DX V. X V)12, +0 (3-5)
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and (since df/on >0 on dQ2_)
eV =0 = WY s+ PPNV g, + AV P +hLy s +hLG I Y2 ). (3-6)

By considering the difference between (3-5) and (3-6), we thus have

X v AR QX V) 12ay)
<e L R (ldx_ Y2, — 14V T2 ) + A X172, = 1d*V1T2q )
+ (VISP HhLy s +hLy ) x V. x- V)2, — (VP +hLys +hLy v ¥) 2.))-

The last three terms in the right-hand side are all of order O(e_cxf/ h). Indeed, for the first term (the two
other terms are estimated in the same way),

dX_¥ 172, = 1d¥ 172 | = K@ = x ¥, d(1+ X)) 120
-2¢! h
S C;f ||w”%}[/12(g27\{ C(S) “x /

using again (3-4). This proves the last estimate. U

x_=1})

According to the terminology of [Le Peutrec 2009], the property on the Gram matrices in Proposition 3.5
is equivalent to the almost orthonormality of the family (vj.p ))15 jemV(©@ ) P = 0, 1,in L*(Q4).

Definition 3.6. A finite family of #-dependent vectors (MZ)lsks n in a Hilbert space # is almost orthonor-
mal if the Gram matrix satisfies

((Mi?, ”Z))lsj,kgzv =Idy +O(e~¢/M)
for some ¢ > 0 independent of 4.

We end this subsection with some remarks on the spectrum of AN (O)(Q ), which we denote (as
usual, in increasing order and with multiplicity) by (/Lk )(Q )i>1. The ﬁrst eigenvalue of A )(Q_) is
10)(52,) = ( associated with the eigenvector

o f/h

1/,(0) .
(Jo e~2f0/h dx)W

One can prove that the second eigenvalue p, )(Q ) of AN 0 )(Q_) is exponentially large compared

to e~/ where we recall Ky =mingq, f —ming, f = mlnag+ f —ming_ f.

Proposition 3.7. Let cvmax be the maximum critical value of f in Q_:
cvmax = max{f(x) :x € Q_, Vf(x) =0}.
Then the second eigenvalue M(O)(Q ) of AN (0)(97) satisfies

hm 1nfh log(u(o)(Q_)) > —2(cvmax — inn f) = =2k +2co,

where cq denotes the positive constant used in Hypothesis 2.
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Proof. The second inequality —2(cvmax —ming_ f) > —2« ¢ + 2¢¢ is of course a consequence of
Hypothesis 2. To prove the first inequality, let us reason by contradiction and assume that there exists
&o > 0 and a sequence h,, such that lim,_, o 4, =0 and

min{G(AI}{}1(?)(Q_)) \ {0}} < Ce—Z(CVInax—minQ, f+eo0)/ hy )

To simplify the notation, let us drop the subscript n in h,. Let 1//2(0) be a normalized eigenfunction

of AJJX’,I(O)(Q_) associated with /Léo)(Q_) > 0. It is orthogonal to 1//1(0) in L?(2_) and it satisfies: for
any Q2 C Q_,

0 0 0) AN.(O 0 0 - ax — mi
I 03”132y < Mt 172y = W37, AT QW) gy = pf) < Cem2evmax—mina_ freo)/h,
In particular, for Q = {x € Q_: f(x) < cvmax +%80}, this gives

—mi Y/ h 0 2 -2 —mi Y/ h 2 0
||d(e(f ming_ f)/ 1wz( ))”LZ(Q) <h I)?eaé |e(f(x) ming_ f)/1| ”df,hwz( )”%2(9)

< Ch—Ze—Z(cvmax—mingL f+eo)/h mag)z( |e(f(x)—min97 /h |2 < C/e_SO/h.
xXe

Using the spectral gap estimate for the Neumann Laplacian in 2 (or equivalently the Poincaré—Wirtinger
inequality on 2), there is a constant C, (depending on 1/f2(0) ) such that

0 —(f—mi i —
”1'02( ) _ Che (f—ming_ j)/h”L?(Q) = O(e eo/(Zh))‘
Equivalently, there is a constant Cj, such that
0 0 —
1937 = Cnv 12 = O™/ ). (3-7)

Further, using Proposition 3.4 with U = {x € Q_ : f(x) < cvmax +3&0} C €, and a lower bound on
dag(x, U) (see (3-4) for a similar argument), one obtains

0 0 _
1 P2 v + 1031 2@ ) < Cege S0/ (3-8)

The two estimates (3-7) and (3-8) contradict the orthogonality of wz(o) and %(0) in L2(Q_) in the limit

h — 0 (actually n — 00). U
3C. Exponential decay for the eigenvectors of Alf)’h(p )(SZ.,. \ €_). In this section, we will check that
O’(A?};O)(Q+ \ Q) N[0, v(h)] = @ and provide the same results as in the previous section for the

D, (1)
h

eigenvectors of A} (€24 \ Q_). Let us start with an equivalent of Proposition 3.4.

Proposition 3.8. Let V be a subset of Q4 \ Q_ such that 3Q, C V and let dag(x,V) be the Agmon

distance to V defined for x € Q4 \ Q_. There exists a constant C > 0 independent of h € [0, ho] such that

every normalized eigenvector \ of A?}fl)(QJr \ Q_) associated with an eigenvalue ) € [0, v(h)] satisfies

C

dag(-,V)/ h _
MY lya@aa) = 5

lle
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Proof. The proof follows ideas from [Dimassi and Sjostrand 1999]. Using Lemma 3.1, the fact that A < h
and the assumption on the sign of the normal derivative of f on d2_ stated in Hypothesis 1, we have

Pang TR T g g HAVIPE= Ve Y, e ") g 0

of
—hCylle? M2 g, — / W YIAT2, (@) do. (3-9)
FIo

0> h?||de?/ "y |2

Using the trace theorem, there exists a constant Cy, such that, for any @ € /\ whz),
/8 (@, 0l 10, do = Cll0lTg, + ol lolzm)
+
By applying this inequality to = ¢¥/"v and using

2 2 2 2
”wllwl,Z(V) S CV[”(‘)”LZ(V) + ”dw”Lz(V) + ”d*a)”Lz(V)]’

the last term of (3-9) is estimated by

g f *
‘h fa e O (0) dor| < 3P 1de Yl Loy, + 1" MY, 1 4 Crvlle? "Wl ay,
.

<317 Yl gy 17 Vg g )1+ Cry

since ¢= 0on V. Taking o= —ah)dAg(x V) in (3- 9) gives (using |V(p|2 <(1-— ah)lVf|2 and the

1 h h
C}yV Z z ”de‘/’/ w”LZ(Q \Q )+ ||d*e(/7/ 1/f||L2(Q \Q )]
. 2 o/h. 2
+l’l(0€ erI:l\lSIZI,UV |vf(x)| Cf)”e w||L2(Q+\Q,UV)'

By taking o large enough, this yields the exponential decay estimate
C//

: WV

”edAg( ’V)/hw”WLz(QJr\(Z,) E Tf

We are now in position to state the main result of this section, which can be seen as an equivalent of
Proposition 3.5 for AD (p)(Q \ 20).

g

Proposition 3.9. (1) There is a constant ¢ > 0 such that
o (ALO(QA\Q)NI0.cl=2  forall he (0, hy). (3-10)

(2) Let (lﬁk ) m (@) 41 <k<m (@_)4mP (@ \G_) be an orthonormal basis of eigenvectors ofA D@, \Q)
associated with the eigenvalues in [0, v(h)], and let x € € C*®(Q4) be such that x y=lina nezghborhood
of 024 and x, =0 in a neighborhood of Q_. Forallk e {mfl(Q_) +1,..., mf’(Q_) +m1D(Q+ \ Q)},
1 1
set vlg ) = X+1ﬁ,§ ). Then
mY¥ Q) +mP (@ \Q0)

1 1 — h
> e = v e, = O™ /M), (3-11)
k=m¥ (Q_)+1
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that is, the one-forms v}gl) are close to w,&l)for ke {mllv(Q_) +1,..., m{V(Q_) +m{)(§2+ \ Q_)}. They
are almost orthonormal in L2(Q+):

(), v ) p@kr =1d,p0.5 ) +O0E "),
Moreover, they belong to D(AD (1)(S2+)) and they satisfy
1) AD. —cy, /h .
W AT @) 2,y =0y and A u) =0 in {x, =1,
All the O(eicﬂ/ h) remainders can be bounded from above by C X+ech+/ Jor some constants Cy,, ¢y, >0
independent of h € [0, ho).

Proof. (1) The lower bound on the spectrum of AD © (24 \ Q_) comes from Lemma 3.1, used with ¢ =0,
and Hypothesis 1: for any function w € D(AD’ (0)(Q+ \Q)),

(w, A D (O)(QJr \ Q_ )a))L2(Q \Q)

—hzudwan(Q o PN 0N g g AV FPHRLy s +hLy o, ) poa ) = Crlollsg, g -

(2) Let us start by proving that dfhvkl) =0in {x, = 1}. Let ¥ be an eigenvector of AD (1)(S2+ \ Q1)
associated with an eigenvalue A € [0, v(h)]. Then, d hw belongs to D(AD (0)(S2+ \ Q_)) and

ALO @S v = ady i,

according to [Helffer and Nier 2006] (see also (4-3) below). Using now (3-10) and A < v(h) < h, this
implies

d;hw =0, (3-12)
and thus d;“c’hv =0in {x, =1}.

All the other estimates are proved like in Proposition 3.5 as consequences of the exponential decay
estimate for the eigenvector v, stated in Proposition 3.9, using a neighborhood V C Q. \ Q_ of Q2
such that x, =1 in a neighborhood of V.

For example, for (3-11), using dag(x, V) > 2C3(+ > 0 for x € supp(1 — ), Proposition 3.9 provides

- /h
I = x DV lwiegag ) < Cre (3-13)
; @» D (1 D (1)
The proofs of the two other estimates on (v, ', v, ") 12, ) and (v, (Q+)vk )L2(9+) follow the

same lines as in the proof of Proposition 3.5. U
3D Exponential decay for the eigenvectors of A ’(p )(SZ+), (p=0,1). We will use the two operators
(Q ) and A (SZJr \Q_)to analyze the spectrurn of Afh(Q+)

Deﬁnltlon 3.10. On ALY QD) =ALXQODAL>(Q2:\Q2), let A ' (824) be the self-adjoint operator
AV (@) AR, @\ Q).
In other words, for any form u such that ulg_ € D(A%h(Q_)) and u19+\§_ € D(A?Jl(SZJr \ Q)
(namely if u € D(A h(9+)))

AT Qu= AT Q) ulg )+ AR, (e \ Q) ulg,\g ).
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It is easy to check that the spectrum of AGB P )(Q+) is the union of the two spectra O'(AZ’II(]’ )(Q_))
ando (A}, D-(p) (24\Q_)). Bases of elgenvectors are given by the direct sum structure. In particular, we have
miy Q) = my () +my) (24 \ Qo).

where m@(SZJr) = [G(A®h(Q+)) N[o, v(h)]] denotes the number of small eigenvalues of Ai‘?h(QJr)
Proposition 3.11. Let U be an open set satisfying (3-2). Let (glfk )1<k<mn(9+), p=0orl, be an

orthonormal basis of eigenvectors of A (p )(Q+) associated with the eigenvalues in [0, v(h)], and let
x €C®(Q) be suchthat x =1ina nezghborhood of 02, UU and x =0 in a neighborhood of 02_. For
allke{l,...,m (Q+)} set v(p) Xw,fp). The forms v,ip) are close to w(p)fork efl,..., m?(QJr)}:
m, (Q+)
Z 1" =0 w2, = Oe™/™).

They are almost orthonormal in L2(52+):

(<v/£p) ’UIE, )>L2(Q+))k,k/ = Idmg(9+) +O(€_Cx/h)_

Moreover, they belong to the domain D(A?’h(p )(Q+)) and they satisfy

W AT QO g, = O(e™ M),
All the O(e=x/") remainders can be bounded from above by Cxe_cx/hfor some constants Cy, c, >0
independent of h € [0, hg].

Proof. The proof for p = 0 follows the same lines as the proofs of Proposition 3.4 and Proposition 3.5,
because the boundary term in Lemma 3.1 disappears for functions vanishing along 9$2...

For p =1, the boundary term has to be taken into account as we did in the proofs of Proposition 3.8 and
Proposition 3.9. A neighborhood V of 9€2 has to be introduced and the function ¢ used in Lemma 3.1 is
@(x) = (1 —ah)dag(x, UUYV) with o > 0 large enough. O

Notice that the number m (Q+) of small eigenvalues for A (p )(Q+) is a priori dependent on /. We
did not explicitly indicate thlS dependency since the result of the next section is that m Il,) (24) is actually
independent of 4.

3E. On the number of small eigenvalues of AD () (24). Using the results of the three previous sections,
one can show that the number my D(Q.)of elgenvalues of A (” ) (24) in [0, v(h)], is actually independent
of h € (0, hy).

Proposition 3.12. For p € {0, 1}, the number of eigenvalues of Ay (p )(Q+) lying in [0, v(h)] is given by
my (Q4) = my () +my) (24 \ Q)

where we recall (see (3-10)) that mOD(Q+ \ Q_) = 0. Moreover all these eigenvalues are exponentially
small, i.e., there exists c(/) > 0 such that

O’(AD (P)(Q+)) ) [0, l)(h)] C [0’ e_"()/h] fOl’ all h e (0, hO), P = 0, 1.
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Proof. This is obtained as an application of the min—max principle. Indeed, we know that the spectrum
of A?’;p )(€) is given by the formula

W@ = sup Q@i,....wp1) for k=1,

{o1,...,01 1}
where
(v, A (Q+)U)L2 Q
Qwi, ..., 0p_1) = inf{ ) v e D" @), v e Spanor, ..., wk_oi}.
v ||v||L2(Q )

By convention, for k = 1, the supremum is taken over an empty set (and can thus be neglected). Using
Proposition 3.5 and Proposition 3.9, one can build m ), := mN () + mD (€24 \ ©_), almost orthonormal
vectors for which the Rayleigh quotients associated with A Iy ,(p )(SZ+) are exponentially small. Let us
fix ¢ > 0 and consider {wy, ..., @y,—1} such that A(p)(§2+) < Q(wi, ..., wn,~1) + & Since, in the
limit & — 0, the m, vectors bu11t in Proposition 3.5 and Proposition 3.9 are linearly independent, there
exists a linear combination v € D(AD (p)(52+)) of these vectors which is in Span(wy, ..., a)mp_l)L.
Using the estimates on the Rayleigh quotients and the almost orthonormality of these vectors, one
obtains that (v, A?’}fp)(Q+)U)Lz(9+)/||v||%z(9+) = O(e~“/") for some positive constant c¢. This implies
that Q(wy, ..., wi—1) = O(e~¢/") and thus AP () = O(e~/"). Therefore, one gets m 5 () = m, =

my(Q) +mD(Qy\ Q).

Similar reasoning on A$ P )(Q+) using Proposition 3.11 gives the opposite inequality m@(§2+)

mh Q) +mb (24 \ Q) z m5(9+) This ends the proof. O

4. Quasimodes for AD (0)(SZ+) and AD (1)(Sl+)

In this section, we specify the quasimodes which will be useful for the analysis of the spectrum of

A (O)(Q+) lying in [0, v(h)]. In our context, for p = 0, 1, a quasimode for AD (p)(52+) is simply
a functlon v in the domam D(A (”)(m)) such that (v, AD Q) 2, /||v||L2(Q ™ = O(e=</M).
Quasimodes for A (Q+) (resp. A (Q+)) will be built from the eigenvectors of A (Q ) (resp.
of AV (@) and AD D@\ Qo ))

4A. The restricted differential . We recall here basic properties of boundary Witten Laplacians.

Proposition 4.1. Let 2 be a regular bounded domain of (M, g) and consider the Dirichlet (resp.
Neumann) realization A = AD h(Q) (resp. A = f h(SZ)) of the Witten Laplacian with form domain
0(A) = WSA(Q) (resp. Q(A) = Wy*(Q)). The differential dy, and codifferential d’,, satisfy the
commutation property: for all 7 € C\ o (A) andu € Q(A),

din(z— A lu=(z—- A)_ldf,hu and d}‘-ﬁh(z — A u=(- A)_ld}k-’hu.
Consequently, for any € € Ry,

dppolig(AP) =11 g(AP VYodpy,  and df; 0li0(AP) =11(AP D)od},. (41)
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where AP denotes the restriction of A to p-forms. Moreover, if Fé(p ) denotes the spectral subspace
Ran I, g](A(”)) the chain complex

0—> F” — o s pP7D T g0 T D S BP0 (4-2)

is quasi-isomorphic to the relative (resp. absolute) Hodge—de Rham chain complex. The Witten codifferen-
tial d;’iﬁ , implements the dual chain complex.

Relative and absolute homologies are standard notions in algebraic topology and Morse theory (see,
for example, [Hatcher 2002; Milnor 1963]). Their translations to cohomology and boundary value Hodge
theory is presented, for example, in [Taylor 1997; Schwarz 1995]. A quasi-isomorphism is a morphism
of complexes which induces an isomorphism of homology groups.

We refer to [Chang and Liu 1995; Helffer and Nier 2006; Le Peutrec 2010b] for the adaptation to
boundary cases of these well-known properties of Witten Laplacians [Cycon et al. 1987, Chapter 11].

Let us give two consequences of that result that are useful in our context. First, the following property,
which was already used in the proof of Proposition 3.9, holds (using the notation of Proposition 4.1):

APTDG i = Ad
APy =ry = { (p=1) ihw K (4-3)
APDGE =0
with the convention A™D = A@+D = (. Secondly, we have the orthogonal decompositions
L 1
= Ker[A| ] ®Ran[df| . | ©Ran[d}, |, ], (4-4)

1

Ran[d}; |, 1" = Ker[dyal,,] = Ker[A|,, ]@Ran[d 4] ]
1 * T *

Ran[d |F,5] = Ker[df,h |Fg] = Ker[A|Fg] ® Ran[df,h |Fg]’

where Fy = EB‘;ZO F ép ). In our problem, we shall use the following notation:

Definition 4.2. Consider the Dirichlet realization AJQ 2(824) of Ay on Q4. For p =0, 1, the operators
1P are the spectral projections

H<P>—1[0U<h)](A (Q), p=0,1,

and their range is denoted by F(?). Moreover, the Witten differential d, restricted to F® is written
as f = df’h|F(0) :FO — FO 5o that A?}fo)(§2+)|F(0) = B*B, where * = d*);’h|Fm :FO — FO,

A consequence of the commutation properties (4-1) is the identity
p=1Yds, =d;, 10 =10, (4-5)

Moreover, (4-4) becomes
FO =Ran[g*], since Ker(B)= {0}

because Bu =dypu =0 and u =0 on 32 imply u = 0, and

a _ * = D,(1) x * *
FV = Ker[#*] ® Ran[] = Ker[A ;},” (21)] © Ran(8) & Ran[d} , | . |- (4-6)
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4B. Truncated eigenvectors. Let us recall the eigenvectors that have been introduced in Propositions 3.5
and 3.9:

. (1}0(0))1 <j<m)(e_) are eigenvectors for the operator AN {0 (Q_) associated with the eigenvalues
0= u<°>(sz ) < Coe 20kr—c)/h < O ) <...< M<0> o (Q2) <e~/" < v(h). The first eigen-
vector w associated with the eigenvalue u Q)= 0'is w(o) =e /Mg /([ e 2™/ dx)l/z.
The lower bound on ;,L(O)(Q_) stated above is valid for sufficiently small 4 and was proven in
Proposition 3.7.

. (wlgl))1<k<mN(Q ) are eigenvectors for the operator AN (1)(52 ) associated with the m) NQL) eigen-
values smaller than v(%). Using (4-3), those elgenvectors can be labeled so that

v = @) P = il @)Y, for kel my (@) — 1.

Notice that we may have m{V(Q,) =my N(Q_) — 1. If not, using (4-6), B* w(l) = dfhw(l)
for k > m{/ (Q_).

. (wlf]))mzv(g yH1<k<m (@ )+mP @ \@ ) AT eigenvectors for the operator A (Q+ \ ©_) associated
with the mD (Q+\§2 ) eigenvalues smaller than v(%). From (3-12) in the proof of Proposition 3.9,
we know that d}ht/f(l) = B* w,ﬁl) =0.

In Proposition 3.12 we proved thatmo Q1) =m{ (Q_) and mP (1) =mY (Q_)+mP(Q4\Q_). The
families (w( )i<j <mP () and (wk )1<k<mo(Q ) are orthonormal bases of elgenvectors for A® (0)(§2+)
and A€B (1 )(Q+) respectively, restricted to the spectral range [0, v(h)]. These two families W111 be used
to construct quasimodes for the operator A?’h(p ) (24) restricted to the spectral range [0, v(k)]. This will
require some appropriate truncations or extrapolations, detailed below.

Let us start with 1//(0) and let us introduce

70 _ e Mg, (x)
(fm e—2f(x)/h dx)l/Z

(4-7)

These two functions are exponentially close in L?(2,.), that is,

0 7 (0 —c/h
1”4l 2, < Ce™

owing to f(x) > minyg f > ming, f for all x € Q4 \ Q_ and the following upper and lower bounds of
the integral factor:

Lemma 4.3. Let Q be a regular bounded domain of (M, g) and let f belong to C*®(2) such that ming f
is achieved in Q2. Then there exists a constant Cy > 0 such that

Cihd/Ze—Z(minQ £)/h S/ o2/ gy ivolg(Q)e—Z(ming f)/h’
f Q

where Volg (S2) denotes the volume of 2 for the metric g.
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Proof. The upper bound is obvious since e =2/ )/ < g=2(ming /)/h for 4]l x € Q. For the lower bound,

+00 dt +oo dt
/ e 2f M/ g :/ / et/ 8 gy :/ Vol 2f < t)e_t/h il
Q Q21w h 2ming f h

= ¢~ 2(ming f)/h /O Vol (2f < 2min f + hs)e™ ds.

write

We assumed the existence of x( € 2 such that f(xo) =ming f. Using the Taylor expansion of f around x,
there exist 7 > 0, 1o > 0 and 5o > 0 such that the ball B(xq, (hs)'/?/r) is included in {f <ming f+ %hs}
for all s < so and i < ho. Since Voly[ B(xo, (hs)!/?/r)] > (hs)¥/?/C,, we get

d/2,—2(ming f)/h

S
/ e 2O/ gy > ie—Z(minQ /h / 0 e_s(hs)d/z ds > h . 0
Q Cr 0 Cf

Compared to the standard Laplace estimate, the interest of Lemma 4.3 is that it holds even if the
minimum of f is degenerate.

In all of what follows, U denotes a fixed subset of €2_ satisfying (3-2). Let us introduce various cut-off
functions, which all satisfy 0 < y < 1. We refer to Figure 1 for an illustration of these cut-off functions
with respect to the three sets U C Q2_ C Q4.

. XEO) and xil) are two cut-off functions like y_ in Proposition 3.5, that is, x(_p Ve C5(22) and x(_p =1
0

in a neighborhood of U with the additional condition that x_” = 1 in a neighborhood of supp Xil) .

* X, ischosen as in Proposition 3.9, thatis, x, € C>®(R), X, =1inaneighborhood of 92 and x, =0
in a neighborhood of Q_. Let us introduce ¢4 > 0 such that xy=lon{xe Qp:d(x,9924) <ci).

* X, belongs to C3°(€24), x, =1 in a neighborhood of Q_ and is chosen in such a way that its gradient
is supported in {x € Q4 : d(x, 0Q24) < 4}, where 64 € (0, c+) will be fixed later.

We are now in position to introduce a family of quasimodes for the operator A?”h(p ) (24).

Definition 4.4. Let XSO), Xil), X and x, be the cut-off functions defined above. Let (1//;.0))15 j<mP(@ +)_and
(wlfl))lgkfm?(m) be the previously gathered families of eigenvectors of A%(p) (2_) and A?;fl) (Q\QL),
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and finally let 1}1(0) be given by (4-7). The families of vectors (UE'O))lstmé’(m) and (v,ﬁl))lskfmlu(m) are
defined by:

e 0@ = 3 3O,
UE.O) = Xﬁo)w](.o) for j€{2,....m{(Qp};
o) =Py forke (1, ..., mV Qo))
. vlil) = x1 ) fork € mV(Q) 4+ 1,...,mP(Q4)).
Proposition 4.5. The families (vj‘()))lgjgm(?(sh) and (vél))lgkgm?(su) of Definition 4.4 satisfy:

(1) They are almost orthonormal in L*(2):

© O e
((Uj ,Uj/ >L2(Q+))1§j,j/5m(l))(§2+)=Idm(1))(§z+) +O(€ c/ )’

@® M —c/h
(<vk » Upr >L2(Q+))1§k,k’§mf’(9+) = Idmf’(m) +0(e </ )
for some constant ¢ > 0 independent of § .

(2) The elements v(O) 1<j< mé’(SLr) (resp. v(l) 1<k< m?(SLr)) belong to D(AD (0)(§2+)) (resp.
AP (l)(Q+)) and satisfy

0 0 —c 1 1 —c
W AL Q@) 2@y =0 and (v, ATV @v ), = 0,

respectively, for some constant ¢ > 0 independent of 5.

(3) Let us consider the spectral projections 9 ang 1M assoczated with A? h(S2+) introduced in
Definition 4.2. The elements v 1< j<my D(Q.) (resp. vy ), 1<k < mD(Q+)) satisfy:

0 - 1 1 _
W =IO g, =0 and v = TDv 120, = O™/,
respectively, for some constant ¢ > 0 independent of § 4.

Proof. (1) The families (1/1( )< <j=mP () and (wk )1<k<mo(Q ) are orthonormal bases of eigenvectors
of A€B “© and A€B ) respectlvely Proposition 3.5 implies that the family (X(O)l/f(o)) 1<j<mP () is

almost orthonormal The estimate || XOW(O) (O)wl( )|| L2 = < Ce™“/" (which is a consequence of
Lemma 4.3 and f (x) > minyg_ f > ming, f for all x € Q. \ ©_) ends the proof of the almost
orthonormahty of (v )1<!<mD(Q+) For p = 1, the two families (v M _ (1)%1 )i<k<m(_) and

(v(l) = X+Wk )mN(Q )+1<k<mP () have disjoint supports and therefore lie in orthogonal subspaces
of L2(Q,). Also, the almost orthonormality of both families is again a consequence of the exponential
decay of the w(l)' see Proposition 3.5 and Proposition 3.11.

(2) With the chosen truncations, all the vectors v(O) (resp. vy )) belong to the domain D(A (O)(Q+))
(resp. D(A (1)(S2+))) In all cases except p =0 and k = 1, we obtain, for v = x i (we omit the index k
and the superscrlpt (p)) and Ay = Ay, where A = A%h (Q)or A= A?h(QJr \ Q),

(v, A2, Q) 2, = ldpavllTs + 145,017, < (s AU+ CIY 12y < Ce M,
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owing to (¥, AY) = A = O(e~/"y and to the estimates on ¥ — v given in Proposition 3.5 and

Proposition 3.11. For p =0 and k = 1, it is even simpler because d,, 1/71(0) = 0 implies

0 D,(0 0 7 (0 7 (0 —
(W, AT @V ey = o Do, = I hdx) ¥ 17 2q,, < Ce™/

as a consequence of Lemma 4.3 (see (5-8) below for a more precise estimate).

(3) All the vﬁ.o) and v,i satisfy (v, Av)12q,) = O(e=/"y with A = AD (O)(Q+) or A= AD (1)(§2+) and
recall that [T and T are the spectral projectors 1o, (1)) (A). The last estimates are consequences of

VI, +00) (A2, < (v, AV) 2,y < Ce™ /"

together with the fact that limy,_.o 2 log v(h) = 0O; see (2-5). U
In the next section, we will need these calculations:

Proposition 4.6. The coefficients (v, d7v\") 12y, j € {1.....mP(Q} k € (1,....mP (@),
satisfy:
(1) For j=1landk e{l,...,mY¥ (@)}, (v", drsv\”) 120, =0.
(2) For j=1andk € {mY(Q_)+1,....,mP(Q)},
h f39+ e*f(")/hint//lgl)(a) do
(Jq, e72/ 1 dx)‘ﬂ

M ©)
(v s dpnvy )2 = —

where do is the infinitesimal volume on 02 and n(o’) the outward normal vector at 0 € 02..

(3) Forje{2,....m(Qp}andk e{l,...,mY(Q)},
s dpv) e,y = Vi Q) Bk j—1 + O™,
@) Forjef2,....mP(Qo}yandk € (mY (@) +1.....mP( @} (0" dpav®) 20,y = 0.

Proof. Cases (1) and (4) are due to the disjoint supports of d,j, vﬁo) and v,ﬁl) (see Figure 1).
Case (3) comes from the computation

dp? =dpa(x v = xVd gy + hdx ) Ay
— )(Q )X(O)w(l) +¢J(-O)hd)(£0)-

The condition XEO) = 1 in a neighborhood of supp Xfl) then leads to

1 1 1 0
(Ui ),df,hU§- Y2 = ()W() VM( (@) 1/fj Ao
0 0 1 1
=Vl @8 o1+ Vi @O = x vz,

and we conclude with the exponential decay of w,fl) given by (3-4) in the proof Proposition 3.5.
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For case (2), we first use
—f/h
e
—2f(x)/h i7"
(fm e~ dx)

0 70
dpnvl” = dpa(x¥”) = dxo-

The assumption on the supports of x, and x, (see Figure 1) implies that d x,, is supported in the interior
of {x € Q4 : x4+ (x) =1}, so that

1
2
_ 0 _ _
( f e W dx) (W vy = (e P hdxg) = (. e M hd x).
Q
The definition of the Hodge » operation gives

dito A Ixe My = —h / d(1 = xp) Alxe My ).
Q

Q8o

' =0in Q, \ 2_, which means

We recall (see (3-12) in the proof of Proposition 3.9) that d;i’ WV
e—f/h

h

dixe /Myl = (=D« [ d;hw,f“] =0 in Q;\Q_.

Hence, we get
d(1 = xo) Alxe™ My = d[(1 = xo) ATxe™ "y )],

and Stokes’ formula yields

e ) = [

e My = —p / e My,
I,

FIol

Using the relations (A-8), tx = i, and (A-10) w1 A (xrw2) = (w1, inwz)/\pq do along 02 (where

TrQy
do is the infinitesimal volume on 024 and n(o) the outward normal vector at o € 9€2;) with p =1,

w;=1and wp = w,gl), we get

(W}El), eif/h//l dXO) = —h/ eif(g)/hinwlgl)(oﬁ) do.
Q4

This concludes the proof of case (2), and of Proposition 4.6. 0

5. Analysis of the restricted differential

It is in this section that the assumption (2-8) is used. We assume that the open subset U of Q_ that has
been used to build the cut-off functions in the previous section satisfies (in addition to (3-2))

Uuv_=Q._, (5-1)

where V_ is the neighborhood of d€2_ introduced in the assumption (2-8).
The main result of this section is the following:
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Proposition 5.1. The singular values of B = dy,, | ro - F O — FOlabeled in decreasing order, are
given by

sj(ﬂ)z\/ufg,(mm_j(sz)(1+(9(e—“/’1)) for jefl,...,mP@)—1},

mD(Q+) _ hs 1) 2
h\/zk:]mf’(QHl'faQJre F@/hi, g (o) do |

(1+0(e /)
\/ [, e 2/ ™/h gy
+

S 2o B) =

for some ¢ > 0.

0)
(1 / D, (1) O

and (Y, )mIN (Q_)+1<k=mP(Q,) are the eigenvectors of A" (€24 \ €_). Notice that, contrary to the

According to the notation of Section 4B, (" (2-))1< j<mP(g,) are the eigenvalues of A%’h(o)(ﬁ_)
eigenvalues of the operators considered in the previous sections which were labeled in increasing order,
the singular values are naturally labeled in decreasing order. Of course, the singular values of 8 are

related to the small eigenvalues of A?’h(o)(QJr) through the relation

o (A2 @) N[0, v = (5B : 1 <k <mb (@), (5-2)

since A?’h(o) ‘ r© = B*B. Proposition 5.1 will thus be instrumental in proving Theorem 2.4.

The idea of the proof of Proposition 5.1 follows the linear algebra argument used in [Helffer et al. 2004;
Helffer and Nier 2006; Le Peutrec 2010b; Le Peutrec et al. 2013] and well summarized in [Le Peutrec 2009].
Notice that 8 =dy | ) 18 a finite-dimensional linear operator. The proof then relies on the following
fundamental property for singular values of matrices. Let us denote by sx(B), k € {1, ..., max(ng, n1)},
the singular values of a matrix B € M, ,,,(C). Then, for any matrices Cy € M,,(C) and C| € M, (C),

sk(BCo) < sk (B)IIColl,  sk(C1B) < |[|Cylisk(B), (5-3)
and, for any matrices Cop € GL,,(C) and C; € GL,, (C),

msk(B) < sk (C1BCp) < [|ColllICillsk(B), (5-4)
where ||A]| = (max o (AAT))!/2 denotes the spectral radius of a matrix A. The inequalities (5-3) are
specific and simple cases of the Ky Fan inequalities (see, for example, [Simon 1979] for a generalization).
In particular, when C ;’; Cp=1d,, +O0(e) (p =0, 1), the k-th singular value of B is close to the k-th singular
value of C;BCy, that is, 53 (C1 BCp) = s¢(B)(1 4+ O(¢)). In particular, computing the singular values of 8
in almost orthonormal bases (according to Definition 3.6) changes every s (8) into s;(8)(1 + O(e=</my).
To analyze the singular values of 8, we will use the almost orthonormal bases built in the previous section.

Remark 5.2. Our approach, which emphasizes the differential dy ) and allows almost orthonormal
changes of bases, is very close to [Bismut and Zhang 1994] (see in particular their Section 6), where an
isomorphism between the Thom—Smale complex and the Witten complex is constructed.> The interest of
our technique, following [Helffer and Nier 2006; Le Peutrec 2010b; Le Peutrec et al. 2013], is that the

2F. Nier thanks J. M. Bismut for mentioning this point.
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hierarchy of long range tunnel effects can be analyzed accurately using a Gauss elimination algorithm
(see [Le Peutrec 2009]). This makes more explicit the inductive process which was used by Bovier,
Eckhoff, Gayrard and Klein [Bovier et al. 2004; 2005]. Actually, the present analysis shows that the
Thom-Smale transversality condition and the Morse condition are not necessary: introducing the suitable
block structure associated with the assumed geometry of the tunnel effect (see in particular Hypothesis 2)
suffices.

S5A. Structure of . The estimates ||vj.0) — H(O)v‘;O)HLz(Q y =0(e” ¢/hy and ||v(1) — H(l)v,(cl)HLz(m) =
O(e~¢/™) of Proposition 4.5 together with the results stated in Proposition 4.5(1) ensure that

0 0,0 1 1, d
B( ) = (H( )Uj- ))15.i5m5(9+) and B( ) = (H( )UIE ))lfkfm]D(Q+)

are almost orthonormal bases of F©) and F(. The same holds for their dual bases (in L2(2.)), denoted
by BO-* and BV*. The matrix of g = df,h|F(0) : FO — FU in the bases B, BD-* is given by

. 1 0
M@, BO,BV*) =B = Bk 1<k <mP (@), 1<j<mP(@y)  With b j = <H(1)U/(< ) ﬂl‘[(o)v; )>L2<Q+)~
Remember that the coefficients are equivalently written, by using (4-5), as
1 0 1 0 1 0
by,j = (1—1(1)01(c ), ﬂH(O)U§- )>L2(Q+) = (H(I)UIE ), df,hvﬁ' )>L2(Q+) = (v,ﬁ ), df,hn(o)v; )>L2(Q+)- (5-5)

Following the various cases discussed in Proposition 4.6, where the scalar products (v,ﬁl), dgn vj.o)) L2(24)
were studied, we shall write the matrix B in block form:

B 1=( H(l) (1) dfhv

( 2@) 1<k<m® (@)
Bi1 Bi» Bl,2=(<n(l)v]£1)» dfhv(
B = : “), where J
B ( (1) ©
1
( (0)

)

By Bap 1= (v, dppo )

B 2= ( H(l)vlgl), dfhv

)12
)12(@))2<j<mP (@), 1<k<m (@)
V2@ m (@ )+ <k=mP(9)
V12@)2<j<mP (@), mY (@) +1<k<mP ()

In the following, we will give some estimates of each of these blocks in the asymptotic regime 4 — O.

We let

Co= 2||Vf||L°°(supp(VX0))- (5-6)
Notice that Cy > 0. We assume that §; > 0 is chosen so that
5y < L. (5-7)
Co’

The assumption (2-8) will be useful to study the blocks B> and B, and the parameter 6+ > 0 (see
Figure 1) will be further adjusted when considering the blocks B; | and By ;.

SB. The blocks B1,> and B >. Estimates for both blocks rely on assumption (2-8). Let us start with By .
Lemma 5.3. The coefficients of By satisfy

by = (M0, dyo®) g =Vl (@) G o1+ O™/
forjef2,....mP(Qp}yandk e{l,...,mY(Q_)}.
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Proof. Let us first estimate ||d, hv;.O) l22(q,) by writing

0 0 0 0 0 0 0 0 0 1 0 0
dpnv” =dpa(xOv?) = xVd iy +hy Vdx® = x O uP @O +hyPdx Q.

Since suppdx” € @\ U C V_ (see (5-1)), (2-8) implies |dfnv\" l12¢0,) = O(/1}” (©2-)). The
difference

1 1 0) 1) 0)
(Do dpnv'?) e, — 00 dpnv) gy |

is thus bounded from above by

1 1 e 0 —c 0
I v — o2 O/ 1V (@) < e/ /P (@),

owing to the estimate || H(l)v,gl) — v,(cl) | = O(e*"// Y obtained in Proposition 4.5(3). The result then comes

from the expression of (v,ﬁl), din vj.o) )12, given in Proposition 4.6(3). g

The estimate of the block B; > follows the same lines:

Lemma 5.4. The coefficients of B,y satisfy

0 0 _
by =MD", dppv'?) 2o, = O( 1 (@o)e/")

forjef2,....mP(Q)}and k € mY (Q)+1,...,mP( Q).

Proof. Using ||df,hv§.o) I = Of, /ME.O)(Q_)) again, ||I'I(1)v,E1) — v,El) | = O(e~¢/") and, according to
Proposition 4.6(4), (v, d v ") =0 we get |by, ;| < Ce/® [uP(@). O
SC. The block By,1. In this section, the value of the parameter 8. is adjusted. This value will possibly
be changed twice more: for the estimate of the block B, 1 and in the final proof of Theorem 2.4; see

Sections 6A and 6B. Remember that the constant ¢ occurring in the remainders O(e~¢/") introduced in
Proposition 4.5 does not depend on §4 > 0.

Lemma 5.5. Foranyk e {1,..., mllV(Q_)}, the matrix element by | satisfies
b= (H(l)v]l, df,hvgo))Lz(QJr) = O(g_(K.f+"_C05+)/h)’

where Ky = minygg, f —ming, f, and the constants ¢ > 0 and Cy > 0 (defined by (5-6)) are independent
of 6+ > 0. In particular, when 5 > 0 is chosen smaller than c/Cy, one gets

by = O(e”®rta/h
for a positive constant ¢, which depends on ..

Proof. Remember that ng) = X ~1(0) = )(Oe_f/h/(fs2 e_zf(")/hdx)l/z, where V x is supported in

+

{x € Q4 :d(x,0924) <4} (see Figure 1). The Witten differential of viO) satisfies
—f/h
e

Ja, 7 )"

+

df’hvgo) = 2(h d xo)
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and its L?-norm can be estimated by

=2f(x)/h
fsupp(on) ¢ dx

)2
||df,hvl ||L2(Q+) = CX() /’ e—Zf(x)/h dx
Q4

With f(x) > mingq, f — %C05+ for x € supp(V x,) (where Cy is defined by (5-6) and does not depend
on 64) and the lower bound fm e 20/ gy > pd/2e=2ming, N/h/C of Lemma 4.3, we get

g0 1320, < Crh™4/2e7206=Cobe /DI < 02007 =Cob (5-8)

provided that £ is small enough. Then, like in Lemma 5.3, using

]El) c//he—(lc/'—CozL_)/h’

1 0 1 0 -
b1 — i d vy e | < ITOvY — ol ld v 2@, < Cre
the equality (v,ﬁl), dfn v§0)> = 0 (see Proposition 4.6(1)) yields the result. U

Remark 5.6. If m? (1 \ ©_) =0 (and thus my (Q_) = mP(Q.)), the previous lemma shows that

mY (Q-)
MO g O po = BT G0 = 3 IbeaP(1+ 0™ ") = O™ ®r+h),
k=1

This implies that 8*8 (and therefore A?}fo)(QJr)) has an eigenvalue of the order O(e~%rt9/my which

contradicts Lemma 5.9 below. Therefore, m{) (€24 \ 2_) is not zero.

SD. The block B,,;. We shall first give an approximate expression for the coefficients of the column B ;.
Proposition 5.7. Forany k € {mf’(Q_) +1,..., m{)(QJr)}, the matrix element

0
bt = (M), dpp™) 2,

satisfies
h fyq, e 7Oy (o) do

(g, e

by =— + O~ sty (5-9)

where c is a positive constant which depends on 61 > 0 chosen to be sufficiently small, and ky =
mingq, f —ming, f. Moreover, these coefficients by | satisfy

mP(Qy)

g%hlog[ > |bk,1|2}=—2/<f. (5-10)
k=m¥ (Q_)+1

The estimate (5-10) shows that the approximation (5-9) is meaningful, in the sense that some of the
coefficients by 1 are indeed larger than the error term O(e~¥rto/hy n particular, we have

D
@) W a1 Una, e MV () do)?

D

(14 O™ My). (5-11)
—2f()/h
k=m (@_)+1 fsz+ e dx
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Proof. The first statement is proved like in Lemma 5.5, after recalling

_ . 1
h Jra, € Fo g,y M (o) do

(0)>
! (Ja, e/ dx) "
+

1
(v d v

’

according to Proposition 4.6(2).
For the equality (5-10), the upper bound

mP ()
limsuphlog[ Z Ibk,1|2i| <2y
h=0 k=m¥ (Q_)+1

is a consequence of

— . 1
Jya, e iy () do
_ 12
(Jop, 27 0/h dx)

(o, lin¥" @) do)"

e_Kf/h
([, e 20 @) —ming, )/ h dx)l/z
Q4

El

where the denominator is bounded from below by Lemma 4.3. The numerator is estimated by

1 o | 2oay < CHEE iz = O = O(1)
+ 0924)

owing to Proposition 3.8, since dag(x, V) =0 for x € V. Using Lemma 5.5, the lower bound for (5-10) is
equivalent to

mP Q)

. . 2 _ _
hlrlrl}(r)lfhlog[ ; b1 ]z 2% (5-12)

Since by, = (H(l)vil), dfn H(O)vgo))Lz(Q” is the k-th component of df,hl'l(o)vgo) e FO in the almost
orthonormal basis B1-* of F1| the inequality (5-12) is equivalent to

.. 0 .. 0 ,(0 0
lim inf log(lld s, 1! >||iz(9+)) = hirlri)l(l)lfhlog((l'l(o)vf LAY @) 2q,) = 2k

With || H(O)vgo) Iz =1+ O(e~¢/"), the last inequality is a consequence of

lim inf / log[min o (A7} (24))] = =2/

h—0
which is proved in the next lemma. O
Remark 5.8. Using Lemma 5.5, the asymptotic result (5-10) is actually equivalent to

mP(Qy)

}}ig})hlog[ 1; |bk,1|2]=—2xf-

We end this section with an estimate on the bottom of the spectrum of A?’h(o) (24+), which was used to
conclude the proof of Proposition 5.7 above.
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Lemma 5.9. The bottom of the spectrum of A?”h(o)(SL_) satisfies
lim h log[min o (A?,®(Q1))] = —2«;.
lim log[min o (A 7,7 (24))] = 2«
In particular, we have

1
Ve >0 3C.>1 3h, >0 Vhe (0,h;] mino (A0 (Q,)) > C—e—2<Kf+8>/h.

1
&
: . (0) s 0 O _ - 70 S s 00
Proof. Let us introduce a function w; ™ defined similarly to v, by w;” = oy, , where x¢ is a C;°(€24)
function, equal to 1 in a neighborhood of _ and such that d o is supported in {x € Q, :d(x, 92,) <8}

The estimate lim sup;,_, o/ log [min J(A?}fo)(9+))] < —2« is then a consequence of the computation

0 0 0 Ny o— —
W™, A ") e, = ld w12, , = Oe™>C =M (5-13)

by considering § arbitrarily small. The last equality is proved like (5-8) above.

It remains to prove that liminf,_,¢ & log[mina(A?’h(o)(QJr))] > —2« . The proof is very similar to
that of Proposition 3.7. Assume on the contrary that there exists &g > 0 and a sequence 4, such that
lim,, o0 i, =0 and

mino (A7 (@) < Ce2r a0/,
To simplify the notation, let us drop the subscript n in /,. The previous inequality means that there exists
v, € LZ(Q+) and A;, > 0 such that

D,(0 .
AL v =taun 0 Qe ol =0, lulle,, =1, (5-14)

D,(0 _
An = (vp, Af,h( )(Q+)vh>L2(Q+) = ||df,hvh||%2(9+) < Ce 2kste0)/h (5-15)
For a small ¢ > 0, let us consider the domain

sz,:{xesz+:f(x)<%rgnf+r}.

With d 7 j, = e~/ ~miney N/ (pg)ef—mina, /)/h | the estimate (5-15) implies
(et DRy |2, < A" max eSO DR d vy 2
!

< Ch™lem®0mD/h = O (e=#0/ (M) (5-16)
as soon as t < %80.
For a given t € (0, %80), let us now prove that ||vs[|2(q,) is close to 1, using the same reasoning as
in the proof of Proposition 3.4. There exists is an open neighborhood V of {x € Q_ : V f(x) = 0} such
that V C ©; and

dpag (R4 \2;,V) > >0, (5-17)

where ¢ can be chosen independently of ¢, and &g and is positive according to Hypothesis 2. Applying
Lemma 3.1 with 2 = Q and ¢ = (1 —ah)dag(-, V), one gets, for h < 1/a (similarly to (3-3)),

0= 12lld(e " o)l Taq,, +hlate? " vn, IV P vh) 120,y = Crlle? Mol 7o, ]-
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By choosing « sufficiently large that « ming,\y |V f > >2C £, We get
0= i2d(e " v)l7aq,, +A[Crle? " vill 7. ) — Crlle? M onll7 s, ]

Using the fact that lle®/ oy || on both sides of

the previous inequality,

<1, we obtain, by adding 2C ¢h| vy, 112

L2(V) ” Uh || L2(V) = L2(V)

2C1h = 2Cshllvall7 sy = h21d @ o) |32 +RC sl ol g -

This implies, in particular,

e My g,y <2,
and thus, using (5-17),

—c/h
”v/’l”LZ(Q \Q) S Ce

This implies
e mmmas DIyl 20, = llvillize,) = 1= Ce™ /M, (5-18)

where, we recall, ¢ is independent of ¢ and gy, supposed to be small enough.

The two estimates (5-16) and (5-18) lead to a contradiction. Indeed, let us now set t = so The
Poincaré—Wirtinger inequality or, equivalently, the spectral gap estimate for the Neumann Laplacian
in /4, implies that there exists a constant Cj, such that

_ 0(6—80/(2/1))’

” (e(f_mm9+ f)/hl)h) —Cy ||L2(ng/4) -

and therefore
”(e(f*mmm f)/hvh) —-Cy ||W1.2(Q£0/4) — @(6760/(2}1))‘
Since £24,/4 N 32 has a nonempty interior Uy, the trace theorem implies

[t DIy — Gyl g,y = Oe™0/M).

Since vy, |8Q+ = 0 and since Uy, is fixed by & and independent of £, this implies C, = O(e5/CM)y We
are led to

1= Ce™" < Nlunll 2, < €V ™05 D0l 2 1 < ICIL2(0,, 0 + Ce™*/ M < Clem®0/ 1,
which is impossible when % is small enough. O

This lemma shows the equality (2-11) stated in Theorem 2.4.

5E. Singular values of B. We are now in position to complete the proof of Proposition 5.1.

Proof of Proposition 5.1. Let e = (e(o) (02,(9 )) (resp. eV = (e(l) .. 6(12)(9 ))) denote an
orthonormal basis of F© (resp. of F My and let CO (resp. C1) be the matrix of the change of basis from
e (resp. from BD*) to BO (resp. to V). Let A = M (B, ¢, e(1) denote the matrix of f in the bases
¢©® and ¢, so that

A=CBCy,
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where, we recall, B = M (8, BY, B1-*). Using the fact that B and B! are almost orthonormal bases,
the matrices Cy and C; satisfy C;‘;Cp =Id+0O(e), so that (according to (5-4))

5j(B) =s;(A) =5;(C1BCp) =s;(B)(14+O(e~'M)).

The singular values of B can be understood from those of B, up to exponentially small relative errors.
Now Lemmas 5.3, 5.4, 5.5 and Proposition 5.7 can be gathered (using the block structure of B

introduced in Section 5A), in the asymptotic regime & — 0, as

O(byy, 16" b1 Obrze™ ") ... OW,p_y moe='M

: O(by2e~/M) by3 :

: : : e Obyp_y pe")

Obig1e ") | Obr2e™/") Obrze™/") -+ byp_y 0

0

0
O(biy1e™/M) | O(b1 267"y O(byze™/M) - O(bmg_l,mgefc/h)

O(bry. 16~/ | O(by 267!y O(byze=c!") - O(bmé)—l,m(?eic/h)
bov i1, |Obr2e!") O(byze™/M) - O(bm{)’—nge_c/h)

by |Ob12e™") Obaze™/") - Obyp_y upe” ")

where we used mOD (resp. mf’, mlD) instead of mé)(QJr) (resp. m’lV(Q_), mlD(Q+)) and where kg is a
(possibly h-dependent) index such that |by, 1| = Max, Ny | < <P |br.1]. By Gaussian elimination (see
[Le Peutrec 2009] for more details), one can find a matrix R € /\/lm?([R{) with ||R|| = O(e~¢/") such that

0mp —1,1) B
(d,» +R)B =B = | 0en) —mg +1, 1) |00n —mg +1,mg’ — 1)
B, ‘ 0mP —m¥ , md —1)
with
bio(140(e™/") 0
bm’lv—i-l,l 0 ) .
33,1 = and BLQ = ) . . )
: 0
b
m1D,1 0 ... 0 bm(?—l,mé)(l + O(e—C/h))

where 0(i, j) is the null matrix in M; ;(R). We deduce that the singular values of B are approximated
(up to exponentially small relative error terms) by the ones of B, which are given by its block structure.
We find (recall that the singular values are labeled in decreasing order):

Sj(B) = |b D

)
my —J.mg

il 40y for je{l,....mf—1}
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and
my
smp (B)? = [ > |bk,1|2}(1 +0(e™M).
k=mY +1
We conclude the proof of Proposition 5.1 using the approximate values of by x+1 (k € {1, ..., m(I)) -1}
and by (k € {m{v +1,..., m?}) given in Lemma 5.3 and Proposition 5.7:

B 1) =\ Jip s (R +0@M) for je(l,....mg —1),

D 2 -y hi (1)
% |b |2 Zk 1mN—H (fngr e/ w @ dU) + O( ’(2kf+c)/h)
k1l” = — 7 e .
k:m]lv+1 fQ+ e 21 /h gx

In particular, for 4 small enough, we indeed have
my

2 2 2
bup_1mpl? == bial = Y bl
k:m?]—i—l

the last inequality being a consequence of (5-10) and |b;, »|> = ,ug))(Q_)(l +0O(e~¢/h)) > C e 2kr—co)/h
using Proposition 3.7. U

6. Proof of Theorem 2.4 and two corollaries

Proposition 5.1 already provides a precise asymptotic result on the exponentially small eigenvalues of
A7 (924, using (5-2):

W@ = 5,000 018 =1 QA+ 0" for jef2,....mf@)), (6-1)

2 mf(R4) — () he (D 2
h Zkzlm’,"(sz,)ﬂ(fame 1/ iy (U)dU)

—c/h _
¥

0
)\'5 )(Q+) m0 (Q+)(IB) -

the second estimate being a consequence of Proposition 5.7 (see (5-11)). This is essentially the result of
Theorem 2.4 about k( )(Q+) (see (2-12)); it remains to show that the basis (wk ) N(Q )+1<k<mD(Q+) in
(6-2) (which was 1ntr0duced in Section 4B) can be replaced by any orthonormal basis (u p )1 <k<mP(Q,\Q_)
of Ran I, v(h)](Af h (Q+ \ ©_)). This will be done in Section 6C.

In addition, it also remains to prove the estimates (2-13) and (2-14) on the eigenvector uﬁo) associated
with the smallest eigenvalue )\go)(QJr). This will be the subject of Sections 6A and 6B. We recall that
the spectral subspace associated with kgo)(QJr) is one-dimensional (since )éo)(§2+) > Aﬁo)(m)ec/ ). We

thus have
I U(O)
uy
||H0v1 ||L2(§2+)
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where [Ty denotes the spectral projection associated with )Lgo)(QJr):
D.(0)
nozlugm”gAﬁ;(Q+». (6-4)
The fact that H0v§0) # 0 follows from the fact that TToIT) = [T and the estimate, for small &,

0
MO, AT TOv) g,y ldpaTOv

L2(Q 0 .
SWOIE = = BN, (14 O )
”H( )vl ||L2(Q+) ”H( )Ul ||L2(Q+)
mP(Q4)
= Z b1 12(1 4 O(e™/My)
k=mY (Q_)+1
=21"(Q) (1 + 0™/ < 2P (@ )e™ /" 6-5)

for some positive constant c. The second and third equalities are consequences of the almost orthonormality
of the bases B® and BM* (see Proposition 4.5). The third one comes from (6-2) and (5-11). The last
inequality is a consequence of (6-1) and Proposition 3.7.

Finally, Section 6D is devoted to two corollaries of Theorem 2.4.

6A. Approximation of uio). Let us first prove the estimate (2-13) on uio).

Proposition 6.1. There exists ¢ > 0 such that
o= T/h
_ 172
(f§2+ e—2f(x)/h dx)

ul? — = O™/,

W22(2)

Proof. Since | vfo) - e_f/h/(fQJr e 2@/ dx) 12 I w229,

of Lemma 4.3), it suffices to prove ||u§0) — vfo) w22,y = O(e~c/y,

= O(e/") (which is a simple consequence

Let us first prove the result in the L?(Q4)-norm. From (6-5), we have ||df,hl'l(0)v§0)||%2(9+) <

kgo)(QJr)e_c/h, and thus

0 D, 0),,(0) 12 0),,(0 D, 0),,(0
@i @O, o < @@, AR @I Ov) g,

u?@wﬁmﬂA
<2y (@ /.

Since Iy = [pI1?, we deduce

©) 0),,(0) _ D, (0) 0),,00) _ —c/H
|Tov,” — 11 vlumm”_wumym”$ngﬁh(Q+»n vl”ﬁmg-—0@°1)

Using in addition the facts that || H(O)vio) — vio) 22, = O(e~/") and ||v§0) 2y =1+ O(e=") (see
Proposition 4.5), this proves

0 0 ¢
||14§ ) - U% )||L2(Q+) =0 /M. (6-6)
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The estimate in the W?2(€2,.)-norm is then obtained by a bootstrap argument that will be used many
times again below. The following equations hold:

©) (0 0 (0) 0) (0) _
Afh 1 =A (Qp)u, q Afh = gn,
W =0 an vO =0
where g, is defined by the equation g, = A% @ and, using the same arguments as in the proof of (5-8),

lgnllL2,) = O(e€r=Cod+)/My Recall that, by the assumption (5-7), 8 is small enough that Cod, < Kf,
and thus |lgxllz2,) = O(e=¢/"). We then deduce that, with Ay denoting the Hodge Laplacian (A-3),

ugo) — v§0) solves

iA(O)(u(O) 0)) _ g’h,
) )
(uy” —v )|asz =0.

Again, g is defined by the first equation. Using the formula (A-6), which relates the Hodge and the
Witten Laplacians and the estimate (6—6) 1&nll 20, = = O(e ¢/"). The elliptic regularity of the Dirichlet
Hodge Laplacian then implies ||u§0) - )||W2 2y =0 /hy. (|

6B. Approxtmatton of dy, hu . We now consider dy pu; " . O In this section, we will first prove (2-14)
using for the ! k ) the special basis considered in Section 5. This will be generalized to any orthonormal
basis of Ran l[o,v(h)](A?”}fl)(QjL \ ©_)) in the next section.

Let us start with an estimate in the L2(S2+)—norm.

Proposition 6.2. Let Bf = (wi)| < (q,) be the basis of F) = Ran 1y, (A i D(Q,)) dual (in
L2(Q1)) to B; = (TTMy 1))1<k<mo(9 )- Then the eigenvector u(o) of AD (O)(Q+) given by (6-3) satisfies

m? (Q4)

0
dehu( ) Z by, wg
k=mY (Q_)+1

= O(e~"r/h) (6-7)
L2(Qy)

for some ¢ > 0 and where the coefficients by 1 are defined by (5-5).

Proof. By definition of the matrix B = M (§, BO pM=y,

mP(Qy) mP(Q4)
0 0
dp(MOv”) = M Ov?) = Z b jwi = Z br,iwk + 1y
k=1 k=m¥ (Q_)+1

with ([l 2,y = O(e~*r /M) this estimate being a consequence of the almost orthonormality of the
one-forms wy, and of Lemma 5.5. Equation (6-7) is thus equivalent to:

0 0 o
||df,h(u(1 ) _ H(O)vi ))||L2(Q+) = O(e (Kf+c)/h)‘

Notice that

0 © 0 © 0
l_I(O) () ||H()U )”LZ(Q )(HO—H(O))Ug )+(||1—[0v )”LZ(Q ) l)n(o)vi ).
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We recall that | TTgv\” || 2,y = 1+O(e=/") and [|d s IOV | 2y = 1BV | 12, ) = Ole ™71
(see (6-5)). This implies that

ldpn@” =1OvN)] g s = [dpa@o =TI | 1o g (14O M) + O M),

(@)
Moreover, using the fact that M@ =TTy and 1O — 1y =1 10 @,). +Oo)(AD (O)(Q+)) commutes with
AT (@),

0 0 0 0
Id 7.1 (Mo — T2, , = (MO — T, A2 (@)@ - Tp)v®) 2,

f.h
0 0
— 2@ M2,

Q) ™

= IIﬁH(O)v§O) ||L2(SZ+) (Q4)
= 17Q@DA+ 0 M) =17 (Q) (1 + 0™ ")

= O(e™ 2t/ Iy,

The third equality is obtained from (6-5) and the last one from the estimate on the bottom of the spectrum
in Lemma 5.9. This concludes the proof of (6-7). O

To perform a bootstrap argument to extend the previous result to stronger norms, we need an intermediate
lemma:

Lemma 6.3. For any p € N, there exists C, > 0 and N, € N such that
_ D,(1
lulwr2@,) < Coh™ lull 2@,y forall ue FO =Ranlg (A7 (24)).

Proof. Let us introduce an orthonormal basis (ek)1<k<mn(g +) of eigenvectors of AD (1)(Q+) associated

with the small eigenvalues A (S2+) <v(h), so AP h(l)ek Ak ex. We have

1
ldpnexliag,, + 15 hecl o, =2 < vh).

1 .
For any u € FD, there exist some reals (”k)lgkgmf’(m) such that

mP Q) mP (@)
u= ) wer with )l = lulllag,).
k=1 k=1
Lemma 6.3 will be proven if one can show that, for all p € N, there exist C,, > 0 and N, € N such that
lexllwreq,) < Cph™r forallk € {1,...,mP(Q4)}. From

4” |vf|eklliZ(Q ) +2||df,hek”i2(g2 ) +2||d;;7hek”i2(g ) = hz[”dek”%}(g ) + ”d*ek”i2(9+)]

(which is obtained from the formulas (A- 4) and (A-5) that relate d, to d and d b tO d*), we deduce
lexllwizig,y < Ch™ ! Then the equation A b.a )(Q+)ek K( )ek can be written
Wha(Qy) = fh

{quzmm>
tek|m+ =0, td*ek|ag+ = pr(h)
with [|re(W) | 2, + ok (W lwi2290,) = O(h™?). The estimate on pi (h) follows from 0 = td;‘c’hek =

htd*ei +iv ek, so that || pe(h)llwir2pa,) =k~ ivrelwirapa,) < Chexllwizq,) < C'h~2. The
estimate on r¢(h) comes from the relation (A-6) between the Hodge and the Witten Laplacians. The
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elliptic regularity of the above system (see, for example, [Schwarz 1995, Theorem 2.2.6]) implies
lexllw22q,) = O(h~?). Finally, the result for a general p € N is obtained by a bootstrap argument. [

We are now in position to restate the result of Proposition 6.2 in terms of the W?>2(V)-norm.

Proposition 6.4. Let (1//,51)),”7(97) ti<k=mP () be the orthonormal basis of eigenvectors chosen in
Section 4B and let x be the cut-off function of Definition 4.4. For any p € N, there exists a constant
Cp, > 0 such that

mP ()

ot~ "

k=m¥ (Q_)+1

< Cpe_(Kf+C)/h,
Wp.2(v)

where V is any neighborhood of 024 contained in {x4+ = 1}, c is a positive constant and, we recall (see
Proposition 5.7), the coefficients by| defined by (5-5) satisfy
h fam e*f(")/hinl//lil)(cr) do

+O(e~wrtalhy,
B 1/2
(fo, e/ ™/hdx)

b1 =—

Proof. From Proposition 6.2 and Lemma 6.3, we deduce

mP(Qy)

0
R D
k=m¥ (Q_)+1

< Cph—Npe—(Kf-i-c)/h <’ e—(l(f+C/2)/h‘
WP2(2y) !

Since, by the almost orthonormality of the family (I:I(l)vlgl))lﬁkim?(m), [ wk—H(l)v,El) 2, =0 ")
and max({|b 1|, mY(Q_) + 1 <k <mP(Q4)} = O(e™*//") (see Proposition 5.7), Lemma 6.3 also leads

to
mP(Qy)

0 1
de,hui ) — Z bk,l H(I)UIE )
k=m¥ (Q_)+1

< C//e_(Kf+c/2)/h.

Wr2(Qy)

By recalling the definition of v{" = x;¥", it suffices now to check that [|v" — TV v " lwr2q,) is of
order O(e=¢/") for some ¢’ > 0. We already know

1 .. —c/h
loe” = v 2o, = O™

from Proposition 4.5.
For the W1’2(9+) estimates, notice that

1 1 D.(1 1 _
ld g 1720,y + 14500 T2,y = 0 AT @1 1200,y = Oe™/™)
(again from Proposition 4.5), while H(l)vil) e FY =Ran l[oyu(h)](A?’h(l)(QJr)) implies

1 1 D,(1 1 —c
Id a1 v 170 g, + 14, TO0 1 o ) = (M), AT @O OuD) g, = O(e™/M).
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We deduce

1 1 1 (1
ld(vy” =IOy o ) + " @ =T D)7

_hﬂwﬂwm MO 72, +l1d, @ =Ty 2, o+ 201V £ =TTy 3 ]
Ce=2/h

h?
This gives the W12 estimate ||v,£l) — H(I)U]((l)||wl,2(g+) = O(e~/M).

The WP? estimates (p > 2) are then obtained by an argument based on the elliptic regularity of
the (nonhomogeneous) Dirichlet Hodge Laplacian. On the one hand, ||[TTVv (1) Iz =1+ O(e='My,
My (1) e FV and HA?/11)|F(1) | = O(e=/") (see Proposition 3. 12) 1mp1y that ||AD (I)H(l)vf)n 20, =
O(e*"/h) Lemma 6.3 can then be used to obtam ||AD (I)H(l)v lwr2g,) = O(e ¢/hy for any inte-
ger p. Here,

=

D a
)|F“) H = supueFm(HA h ulle(Q+)/||u||Lz(Q+)) is simply the spectral radius of
the finite- dimensmnal operator AL o i F (1) — FM_ On the other hand, Lemma 6.5 below implies
||AD (l)vk lwra,) = ||AD (1)(X+1pk MIwr2q,) = Oe™/") for any integer p, using the arguments of
the proofs of Proposition 3. 5 or 3.9 to get the estimate on the truncated eigenvector from the exponential
decay of the eigenvector. Thus, for p > 1, if ||(v,(<1) — H(l)vél))nwp,z(m) = @(e_"/h) then the difference
v — Ty satisfies
k k
n, 1

AR o = Ou) = (),

t) —Ouy =0, ta " - v") = ok (h)
with [|rx () [lwr2q,) = Oe™/") and |lok(h) | wi-122(0,) = Oe™/™).
This implies ||(v,£1) — l_f(l)vlgl))llwlp+2,2(g+) = (’)(e:c/ by, A bootstra/p argument (induction on p) thus
shows that, for any p, ||v,(< ) _ H(l)vlg )||W,,,z(9+) =0 /") < O(e=¢/") for any ¢’ < c. Il

We end this section with an estimate on the exponential decay (in a neighborhood of supp x) of the
eigenvectors of A’ (1)(§2+ \ ©_) in C* norm. This is a refinement of Proposition 3.8, which was needed
in the previous proof

Lemma 6.5. For every ¢ € (0, 1), there exists a function ¢ € C3° (24 \ Q_) such that, forall x € Q \Q_,
Ve ()| = (1 — &)V f(x)],
d(x,3Q,U3Q.) < te = ¢.(x)=0
@e(x) 20 and dag(x, 9824 UIR) — Ce < @e(x),
where C > 0 is a constant independent of €. For every p € N, and once @, is fixed, there exist C¢ , > 0
and N, > 0 independent of h € [0, ho] such that every normalized eigenvector ofAD (1)(§2+ \ Qo)
associated with an eigenvalue X € [0, v(h)] satisfies
le? " Yl wrranq ) < Ceph™

As explained in the proof, we cannot state this result with ¢, equal to the Agmon distance to a neigh-
borhood of 92 as in Proposition 3.8 because the Agmon distance is not a sufficiently regular function.
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Proof. The function ¢, € C3°(£24 \ Q_) is built as an accurate enough mollified version of 6,(x) =
(1 —2¢)dag(x, VL UV?), where

VE={xeQy\Q :d(x,d04) <e}.
Indeed, the function 6, is a Lipschitz function such that

VO ()| = (1 =2)[Vf(x)| ae.,
d(x,3Q24U0Q.) <e = 6,(x) =0,
d(x,9Q4U0Q2_) — Cie < 0p(x) <d(x, 324 UIQ)

hold in Q4 \ Q_, with C; > 0 independent of &. Since 6, fulfills uniform Lipschitz estimates and
IV f(x)| >c>0on Q. \Q._, all the properties of ¢, are obtained by considering the convolution of 6,
with a mollifier with a sufficiently small compact support. We cannot simply take ¢, =dag(x, 92, U3S2_),
or even ¢, = dag(-, Vi UV?), because the argument requires us to consider high-order derivatives of ¢.

Let ¢ be a normalized eigenvector of A?;f”(&h \ ©_) associated with an eigenvalue A € [0, v(h)].

We already know from Proposition 3.8 that
||€¢£/hl//||wl,2(9+\§7) < Cgh_l. (6-8)

The argument to obtain the estimates in W”2(Q, \ €_)-norms is based on a bootstrap argument, using
the elliptic regularity of nonhomogeneous Dirichlet boundary problems for the Hodge Laplacian.
Indeed, we have
e VA ppe? ! = Mgy —hLyy, +hLY, — Vel
and thus
A (€M) = re?! "y — he? ! Lyy A + he? /" L%, b — |V *e?/ "y,

Using the fact that Ay, = h?(dd* +d*d) + h(Lv ¢+ ﬁ%f) +|V f|?, we obtain
Agv
=h2(w—he?/" Lyge "o+ he? /" £, e %My — |V |Pv —hLypv —hLy v — |V fPv), (6-9)
where
v =%y
For the boundary conditions, we have, of course,
tv =0, (6-10)

and
0=td}, ¥ = e?/"td% = td} e/ "y + e Mtivy, .

The condition ¢, =0 in a neighborhood of 9€2, Ud2_ implies Vo, =00n 02, UdS2_, and thus tiy,, ¥ =0.

*

Since df’h = hd* +iv s, we thus obtain

td*v:—%iva. (6-11)
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By considering the boundary value problem (6-9)—(6-11) and using the W'2(Q, \ Q_) estimate (6-8),
we thus obtain, by the elliptic regularity of the Dirichlet Hodge Laplacian,

||e(ﬂs/ 1//”W22(Q \Q )< C2 Eh 3

This is due to the fact that the right-hand side in (6-9) (resp. (6-11)) is a differential operator of order 1
(resp. 0). The W”2(Q, \ _) estimates for p > 3 are then obtained by induction on p. O

6C. Change of basis in FV. In the previous sections, the estimates (2-12) and (2-14) of the eigen-

) .

value A(O) anddy hu in a neighborhood of d€2.; have been proven with the basis (wk ) m (@) +1<k<mP (@)

of Ran 1y, ,,(h)](A h (S2+ \ Q_)). The aim of this section is to show that the estimates (2-12) and (2-14)
are valid for any almost orthonormal basis (according to Definition 3.6)

1
(M;(c ))likfmf)(m\ﬁ_) of Ranly, u(h)](Afh (Q\ Q).
The next proposition thus concludes the proof of Theorem 2.4.

Remark 6.6. We thus prove a slightly more general result than the one stated in Theorem 2.4, since it is
only required that (u,(cl))lfkim?(m\ﬁ_) is an almost orthonormal basis of Ran 1[O,U(,1)](A?’h(l)(§2+ \ Q).

Remark 6.7. All the results below extend to complex-valued eigenbases, by simply replacing the real
scalar product by the hermitian scalar product.

Proposition 6.8. Let A(10) be the first eigenvalue of A?’h(o) (24) and uio) the associated L*(Q2)-normalized
nonnegative eigenfunction. For any almost orthonormal basis

W) ckemp@n@y of Ranlp (A7 (@ \Q0)),
the approximate expressions (2-12) and (2-14) for )»EO) and dy, hu(lo) hold true.

Proof. Let (ul(cl))lgkgm?(m\ﬁ_) be an almost orthonormal basis of Ran l[o,v(h)](A?”h(l)(QjL \ ©_)). Then
there exists a matrix C(h) = (Ck,k’)lgk,k/gm{’(m\ﬁ,) such that

CChY* =1d,pg g ) +OE /M),  CM*Ch) =1d,pq, g ,+0 /M),
m?(Q\Qo)

and w,ﬁfm,lv(g_): > ey’ forall ke{l,....mP(©Q\ Qo)) (6-12)
k'=1

Here, C(h)* denotes the transpose of the matrix C (h).
Let Ly (resp. L,) be a continuous linear mapping from Ran l[oyv(h)](A?’;l(l)(QJr \ Q_)), the finite-
dimensional space endowed with the scalar product of L?(22; \ Q_), to R (resp. to some vector space E).
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Then, using (6-12),

mP(Q4) mP(2:\Q0)
Z Ll(lﬂé]))Lz(lﬂél))= Z Ckklckkle(MkP)Lz(M(l))
k=m¥ (Q_)+1 k. ki,ka=1
mP (Q4\Q-)
= > Liug)La@y) + O L [l Lalle™/"), (6-13)
k=1

where ||L1]| and ||L;|| denote the operator norms of the linear mappings L and L.
The estimate (2-12) is then a consequence of (6-2) and (6-13) with

fam e 1O/ yw(o)do
Ua, 7)™

Ly =Ly :Ranljp,u (A7 (@ \ Q) > R, ur> —

with L[| = [ La] = O(e /") due to AV (2,) = O(e27/) (see (6-2)) and the orthonormality of the
basis (1//,&2,”7(Qf))lsksm{)(m\gf). The estimate (2-14) is a consequence of Proposition 6.4 and of (6-13)
with L; like before and

1
L, :Ran l[(),v(h)](A?’h(l)(Q_F \ 8_2_)) — /\ WP’Z(V), ur— u’v

with || L;|| = O(l) according to Lemma 6.3 applied with A (1)(Q+ \ _) instead of A (1)(Q+). O

6D. Corollaries. The estimate (2-14) contains accurate information about the trace 9, ulo) | 29,

Corollary 6.9. Let n : 0 +— n(o) be the outward normal vector field on 024 and let 0, = i,d be the
outward normal derivative for functions. For any almost orthonormal basis ! k )1 <k<mP(Q\G-) of

Ran 119, sy (A i )(SZ+ \ Q_)), the normal derivative of the nonnegative and normalized first eigenfunc-
tion uﬁo) of AD’ O () satisfies

Bnuio)(o) <0 forall o €094

and

mP(Q\Q_ _ .
my (S24\ )fame f(o)/hlnul(c)(a)da

(0)|BQ + 1/2 inu(l) == O(ei(Kf+C)/h) for Clll p (S N
= (fs2+ e~/ dx) Wr2(99,)
for some ¢ > 0 independent of p.
Proof. The sign condition for d,u; )(0) is a consequence of u )>0in Q4 and u1 09, = 0.

The trace theorem with (2-14) implies

-
myp (§\82-) f39+ e_f(“)/hinu,(cl)(a) do

dfh”l)|as2+ —h Z

(D —(ky+0)/h
u, +0e )
k=1 (fg2+ e2f@)/h d)c)l/2
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in any Sobolev space W”2(32,.). Recalling

dppu” = hdu” +u’df and u[,, =0
yields the result. U
Proof of Corollary 2.9. First, note that the equality

3n[e_f"Z/hM(lo)(f1,2)]|39+ = 6’_f1’2/h[(f?nblio)(fl,z)]|m+

is simply due to the Dirichlet boundary condition u§0) |8Q+ = (. The identity (2-15) is then a direct
consequence of (2-12), since the same basis (u](cl))lkamlD(Q+\§7) can be picked for fi and f, because
these two functions coincide on 24\ €2_.
Second, for (2-16), it is more convenient to write (2-14) with f;, j =1, 2, in the form
1

2
(/ esz'(x)/hdx) dg,ul” (f)
Q. '

mP(Q\Q0)

==h ) < e Ol o) dff)ui” + O™ minsas 4ol
k=1 Q2

the estimate being true in any Sobolev space /\l WP2(V). Using the fact that fj = o = f in Q4 \ Q_,

taking the trace along 92, and multiplying by e~/ ~min2 /)/% "which is less than 1 on d$2,, and then

by eMimes /7 Jead to

1
(/ o210/ h dx>26_(f_2mi“”9+ f’/hanui‘”(fj)}am
Q4

m{ (Q4\Q)

- _ Z </ e_(f(")_min”QJrf)/hinu,(cl)(o) da)e—(f—minmJr f)/hinul((l) +O(e™/My,
Q2
k=1 +

the estimate being true in L'(dQ,). The left-hand side is negative and its L!-norm is thus given by
the absolute value of its integral. Let us estimate this norm, using Lemma 4.3 and Lemma 5.9: for any
positive &,

|
2 .
_ (/ e 2fi0)/h dx) / e~ (f—2miny, f)/hanuio)(fj)(a) do
Q. a0,

mP(Qi\Qo)

2
= 2 (/ e‘(f<“>—minm+f>/hinu,i“(o)do) + 0"
Q.

k=1

:e(2minag+/')/h)\§0)(fl)h—Z/Q e 210/ h dx+0(e—c/h)
+

> Cge(Zmin39+f)/he—Z(Kf—i-e)/hh—ZLhd/Ze—(Zminng f])/h + O(e—c/h)
- Ch
p—2+d/2

_ Coe 2/ - Oy > Cel/,
fi
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Thus,
e 11 ,ul” (f;
=m0 £

e,

)|asz+ ” L'(394)

mp (Q4\Q- >( fa, e~ @ =minag /0y D () dy )= —mimaa N/ Ay, (D

k=1 —c/(2h)
_ _ +O(e™¢/ M)y,
D .
z’l:ll(QJr\Q—) (fag+ €_(f(U)_mmaQ+f)/hinul((1) (O_) d0_)2
This concludes the proof, since the right-hand side does not depend on f;. O

7. About Hypotheses 3 and 4

We have chosen to set the Hypotheses 3 and 4 in terms of some spectral properties of the Witten Laplacians

f 5 (§2-) and AP 7 (2_\ Q_) in order to be general enough and to cover possible further advances about
the low spectrum of Witten Laplacians. These hypotheses can actually be translated into very explicit and
simple geometric conditions on the function f when f is a Morse function such that f | 39+is a Morse
function. We recall that a Morse function is a C* function whose critical points are all nondegenerate.
Section 7A is devoted to a verification of Hypotheses 3 and 4 when f and f ‘ sq, are Morse functions,
using the results of [Helffer and Nier 2006; Le Peutrec 2010b]. Theorem 2.10 is then obtained as a
consequence of the accurate results under the Morse conditions and the estimates stated in Corollary 2.9.

Finally, Section 7B is devoted to a discussion about potentials that are not Morse functions. In particular,
examples of functions f which are not Morse functions and for which Hypotheses 3 and 4 hold are
presented.

7A. The case of a Morse function f.

7A1. Verifying Hypotheses 3 and 4. Let us first specify the assumptions which allow us to use the results
of [Helffer and Nier 2006; Le Peutrec 2010b], in addition to Hypotheses 1 and 2, which were already
explicitly formulated in terms of the function f:

Hypothesis 5. The functions f and f |m+ are Morse functions.

Hypothesis 6. The critical values of f are all distinct and the differences f(UV) — f(U®), where U©®
ranges over the local minima of f and UV ranges over the critical points of f with index 1, are all
distinct.

Although f | sq_ 18 not assumed to be a Morse function (see the discussion below), Hypotheses 1, 5
and 6 ensure that the results of [Helffer and Nier 2006; Le Peutrec 2010b] on small eigenvalues of

A% h(Q+) AN h(Q ) and A2 h(§2+ \ ©_) apply. Following [Le Peutrec 2010b], Hypothesis 6 is useful
to get accurate scaling rates for the small eigenvalues of AN (O)(Q ). In particular, the information on
the size of the second eigenvalue 11, © (L) >nu O)(Q )= O of AN (O)(Q_) is important to prove (2-8)
in Hypothesis 3. Hypothesis 6 also implies that f has a unique global minimum. Hypothesis 6 could
certainly be relaxed.
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Let us recall the general results of [Helffer and Nier 2006; Le Peutrec 2010b] on the number and the
scaling of small eigenvalues for boundary Witten Laplacians in a regular domain €2 (see also [Chang and
Liu 1995; Laudenbach 2011] for related results). The potential f is assumed to be a Morse function f
on €2 such that [V f| #0 on 02 and f | aq 18 also a Morse function. The notion of critical points with
index p for f has to be extended as follows, in order to take into account points on the boundary 0€2.

o In the interior Q2: A generalized critical point with index p is, as usual, a critical point at which the
Hessian of f has p negative eigenvalues. It is a local minimum for p = 0, a saddle point for p =1 and a
local maximum for p =dim M =d.

o Along the boundary 02 in the Dirichlet case: A generalized critical point with index p > 1 is a critical
point o of f ‘BQ with index p — 1 such that the outward normal derivative is positive (3, f (o) > 0).
Therefore, along the boundary, there is no generalized critical point with index 0, and critical points with
index 1 coincide with the local minima o of f | aq Such that 8, f (o) > 0. Intuitively, this definition can
be understood by interpreting the homogeneous Dirichlet boundary conditions as an extension of the
potential by —oo outside €.

o Along the boundary 02 in the Neumann case: A generalized critical point with index p is a critical
point o of f |asz with index p such that the outward normal derivative is negative (9, f (o) < 0). Therefore,
along the boundary, a generalized critical point with index O is a local minimum of f \Q and a critical
point with index 1 is a saddle point o of f }asz such that 9, f(0) < 0. Intuitively, this definition can
be understood by interpreting the homogeneous Neumann boundary conditions as an extension of the
potential by 400 outside €2.

The number of generalized critical points in 2 with index p is denoted by nﬁg () or rflg (R2), depending
on whether the boundary Witten Laplacian on 2 with Dirichlet or Neumann boundary conditions is
considered.

One result of [Helffer and Nier 2006; Le Peutrec 2010b] says that, for v(h) = h%/3, one has, for the
Dirichlet Witten Laplacian,

#o (AP @) N0, v]] =2 (@), o (A7 (@) N10, v(h)] [0, e/,
and, for the Neumann boundary Witten Laplacian,
#lo AT @) N[0, v =md (@), o (AT (@) N0, v(i)] C [0, e~/

for some positive constant cg. These results rely, like in [Cycon et al. 1987] for the boundaryless case, on
the introduction of an #-dependent partition of unity and a rough analysis of boundary local models.
Let us now apply these general results in our context. Under Hypotheses 1 and 5, we have:

. n%g (2_) is the number of critical points with index p in the interior of Q_.

o m g (24 \ Q) is the nur_nber of critical points a_with index p—1of f | 29, such that 9, f (o) > 0.
In particular, 1716)(94r \ Q2_)=0, and nﬁf)(QJr \ ©2_) is the number of local minima of f‘am with
positive normal derivatives.
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. n~1D (£24) is the number of critical points with index p in the interior of 2_ plus the number of critical
pomts o of f|asz with index p — 1 such that 9, f (o) > 0. For p =0, m; D(Q.) equals ﬁzN(Q )
while 7 D) is mN (£2_) augmented by the number of local minima of f | 29, with positive normal
derlvatlves

As already mentioned above, we can use the results of [Helffer and Nier 2006; Le Peutrec 2010b] without
assuming that f | sq._ 1s @ Morse function. The reason is that 9, f > 0 on 9€2_ and, thus, there is no
generalized critical point on d€2_ associated with AN P )(Q ) and AD (P )(Q+ \ Q20).

In summary, using these results, conditions (2-6), (2 7), (2-9) and (2 10) are fulfilled with v(h) = h%/3,
some ¢ > 0 and mg’D(Q) = nﬁg’D(Q), pe{0,1}and Q=Q_ or Q =, \ Q_. Hence, all the conditions
of Hypotheses 3 and 4 are satisfied except (2-8). Note in particular that two of the results in Theorem 2.4,

mg () =my () and mP(Q4) =m} () +m{ (R4 \ Q0),
are consistent with the relations on the numbers of generalized critical points:
mg(Qy) =md (Q-) and mP(Qy) =mY (Qo) +mP QL \ Qo).

As explained in the proof below, Hypothesis 6 is particularly useful to verify condition (2-8) in Hypothesis 3.
The following proposition thus yields a simple set of assumptions on f such that Theorem 2.4 holds:

Proposition 7.1. Assume Hypotheses 1, 5 and 6 and let U (resp. UD) denote the set of critical points
with index O (resp. 1) of f | o - Let us consider the Agmon distance dag introduced in Lemma 3.2. Then
the inequality

dae0Q_,U”) >  max fUD) - fW?) (7-1)
Ubeyd, y®ey©®
implies (2-8). As a consequence, the inequality (7-1) together with Hypotheses 1, 2, 5 and 6 are sufficient
conditions for the results of Theorem 2.4 and its corollaries to hold.

Figures 2 and 3 give examples of functions f for which the inequality (7-1) together with Hypothe-
ses 1, 2, 5 and 6 are fulfilled. Figure 4 is an example of a function f which satisfies Hypotheses 1, 2, 5
and 6, but not the inequality (7-1).

Remark 7.2. Since dag(x,y) > | f(x) — f(y)| (see (3-1)), the condition (1-9) given in the introduction
is a sufficient condition for (7-1). Condition (1-9) also implies Hypothesis 2. Thus, a set of sufficient
conditions for Theorem 2.4 to hold is Hypotheses 1, 5 and 6 together with (1-9). This is indeed the simple
setting presented in the introduction (see the four assumptions stated in Section 1B).

Remark 7.3. It may happen that /() = @. In this case, the inequality (7-1) is automatically satisfied,
and there are no exponentially small nonzero eigenvalue for AN (0)(9 ). Consistently, (2-8) is a void
condition in this case.

Proof of Proposition 7.1. By the previous discussion, it only remains to prove that Hypotheses 1, 5 and 6
together with (7-1) imply (2-8) for the proposition to hold. According to [Le Peutrec 2010b], the smallest



LOW TEMPERATURE ASYMPTOTICS FOR QUASISTATIONARY DISTRIBUTIONS 607

Figure 2. A two-dimensional example where the inequality (7-1) together with Hy-
potheses 1, 2, 5 and 6 are fulfilled. The generalized critical points are labeled by their
indices.

N.(0)
h

nonzero eigenvalue of A #n (82-) (namely Mgo)(Q_)), satisfies, under Hypotheses 5 and 6, the inequality

: (0) _ _ My _ ©) _ My _ ©0)
Jim hlog(uy” (@) = 2/ W) = fWPN 2 =2 max QD) = f OO,

where Uj%)) and U /(.11) are two critical points of index 0 and 1, respectively.

Let us now consider the exponential decay near d€2_ of an eigenfunction of A%’h(o) (£2_) associated with
a nonzero, exponentially small eigenvalue. A stronger version of Proposition 3.4 can be given because
under Hypotheses 1, 5 and 6 the critical points of f |Q_ which are not local minima are not associated
with small eigenvalues of Al}f’h(o)(Q_) (they are so-called nonresonant wells; see [Helffer and Sjostrand
1985a]). Indeed, when U is a critical point of f|,, with U ¢, the local model of A?,\” (B(U, r))
has his spectrum included in [A/C (U, r), 400) for r > 0 small enough (see, for example, [Cycon et al.
1987]). Then, Corollary 2.2.7 of [Helffer and Sjostrand 1985a] implies that any normalized eigenfunction

Y (h) of Aﬁ*,}o’(sz_) associated with an eigenvalue p(h) € [0, e~/ h satisfies
Ve>0 3C, >0 Vx € Q_  |Yn(x)| < Cp(e™aetxtl)+e)/ Iy

(compare with the result of Proposition 3.4). Hence, condition (7-1) implies that, in a small neighbor-
hood V_ of 9€2_, the eigenfunction v (k) is estimated by

maxym ey, oo fUD) = FUD)+ C)
h

1 )l 20y = O(e e Uy < Cexp(_

= 0(/n? @) = O(/uh)

provided that (k) # p'” (2_) = 0. This is exactly (2-8). O
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Figure 3. A one-dimensional example where the inequality (7-1) together with Hypothe-
ses 1, 2, 5 and 6 are fulfilled.

Figure 4. A one-dimensional example where Hypotheses 1, 2, 5 and 6 are fulfilled, but
the inequality (7-1) is not satisfied. The condition (7-1) would be fulfilled with a lower
local minimum on the left-hand side, for example (see Figure 3).

Remark 7.4 (assumptions in terms of € only). Let us assume that Hypotheses 2, 5 and 6 hold. Then, it
is easy to check that, if

O flyq, >0 (7-2)
and
(0) My _ 0) -
dag(0Q24, U™) > U<1)eu{1§l,al)]((0)eu(0) FW) = fU™), (7-3)
then there exists a regular open domain ©2_ such that @ _ C €, and Hypothesis 1 and condition (7-1) hold.
Indeed, conditions (7-2) and (7-3) are open and allow small deformation from €2 to some subset €2_.
Note that condition (7-2) implies that this small deformation can be chosen so that all the critical points
of f are indeed in 2_; this is exactly Hypothesis 1. As a consequence, under Hypotheses 2, 5 and 6
and assumptions (7-2) and (7-3), the results of Theorem 2.4 hold for a well-chosen domain €2_ such
that Q_ C Q.



LOW TEMPERATURE ASYMPTOTICS FOR QUASISTATIONARY DISTRIBUTIONS 609

In addition, following Remark 7.2 above, it is easy to check that the inequality

min f —cvmax > cvmax — min f (7-4)
ETom Q4

is a sufficient condition for (7-3). It also implies Hypothesis 2. Thus, under Hypotheses 5 and 6 and the
two assumptions (7-2) and (7-4), the results of Theorem 2.4 hold for a well-chosen domain €2_ such
that Q_ C Q.

7A2. Proof of Theorem 2.10. In this section, more explicit formulas for A(lo)(QJr) and 9, (e~ 1/ hugo)) are
given under the Morse assumption on f and f } 29, We shall prove:

Proposition 7.5. Assume Hypotheses 1, 2, 5, 6, the condition (7-1) and, moreover,
o f >0 on Q4. (7-5)
. ) D, (0) .
Then the first eigenvalue A, (24) of A ) (24) satisfies

mP (Q\Q-)

Wan= Yy ( s Ay ) 200 f (U 2T UD=IOD (1 1+ Ohy) - (7-6)
P 7 det(Hess f‘am)(Uk )

s, 28n f(o)e 2@/ 4
- Jo, e dx

1+0m), (7-7)

where Uy is the (unique) global minimum of f in Q4 and the U k(l) are the local minima of f | 29, Moreover,

the normalized nonnegative eigenfunction ugo) of A?}fo) (24) associated with Ago) (24) satisfies
h —2f/h
dule 1 (20, f)e 2/,

T 1Qd, e 2],

B o,
|aule= /11 ,,

+O(h) in L'(0Qy). (7-8)

09Q) (9%24)

Remark 7.6. The hypothesis 9, f > 0 on 02 ensures that the set of all the local minima U, D of f | o
coincides with the set of generalized critical points with index 1 for A2 h(§2+ \ Q_). The results of
Proposition 7.5 also hold under the more general assumption that d,, f (o) > 0 when o € €2, is such that
f(o) <minyq, f+eo for some gy > 0, by adapting the arguments below.

Remark 7.7. It is possible to write explicitly a first-order approximation for the probability density
—dp(e Ty 0))|3Q /lon(e™ f/hul M1 @a,), in the spirit of the approximation (7-6) for A(O)(§2+) This
approximation uses second-order Taylor expansions of f around the local minima U D see (7-20) below.
More precisely, this approximation becomes

h, (0) D@ \Qo)
Oule ™ "Mui |1, NS ()G (h)
_ _ = el +Oom), (7-9)
18, [e=1/ ul ]”L1(89+) i 1k (h)

where the Gy (h) are Gaussian densities centered at the Uk(l) and the weights #;(h) are such that

limp_, g hlogt(h) = —f (Uk(l)). When f ‘aQ has a unique global minimum, the sums in (7-6) and
-+

(7-9) reduce to a single term.
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Remark 7.8. As explained in Remark 7.4 above, it is again possible to write a set of assumptions in
terms of 24 only. In particular, the results of Proposition 7.5 hold under Hypotheses 2, 5 and 6 and
assumptions (7-2) and (7-3).

Remark 7.9. It is possible to extend our analysis to the case of an 4-dependent function f = f;, such that
our assumptions are verified with uniform constants. For example, the results hold if the values f(U kl))
of f at the local minima Uk( ) are moved in an O(h) range without changing f — f(U, 1)) locally. This
would change the coefficients #; (%) in (7-9) accordingly by O(1) factors.

Most of our effort will be devoted to the proof of Proposition 7.5. Let us first conclude the proof of
Theorem 2.10 using the result of Proposition 7.5.

Proof of Theorem 2.10. Let f be a function such that Hypotheses 1, 2, 3 and 4 are satisfied. Let us assume
moreover that f ’ 29, is a Morse function and 9, f > 0 on d€2.. It is possible to build a C* function f
such that f f on Q+ \ ©_ and Hypotheses 1, 2, 5 and 6 and condition (7-1) are satisfied by f This
relies in particular on the fact that Morse functions are dense in C*° functions. The condition (7-1) may
require us to slightly change the local minimal values of the Morse function f.

The function f now fulfills all the requirements of Proposition 7.5 and thus, with obvious notation,

20, f(0)e 2 @/h &
Joa,

- 1+0(
T eegy oW
.

0@, =

and _—
bl a0 @

18aLe= MMl oa,y 1282 M0,

+O(h) in L'(0Q).

Here, we have used the fact that f = f on Q4 \ 2_. Notice that the function f satisfies Hypotheses 1, 2,
3 and 4 by the results of the previous section. We thus conclude the proof by referring to Corollary 2.9. [J

The proof of Proposition 7.5 is done in two steps: We first apply Theorem 2.4 using a very specific
basis of Ran l[o,v(h)](A?h(l)(Q+ \ 2.)) to get estimates of

— 0
an(e f/hu(l ))‘BQ+

0
Ap (24) and 16, (e_f/hu(10))||L1(8§2+)
in terms of second-order Taylor expansions of f around the local minima U ,51) (see (7-6) and (7-20)). We
then show that these expansions coincide with (7-7) and (7-8).

Before this, we explain how to build the almost orthonormal basis of Ran l[o,v(h)](A?}f])(QJr \ QL))
that is needed to prove our results. This construction relies heavily on the Morse assumption on f
and f | 29, (see Hypothesis 5). We need the results of [Helffer and Nier 2006, Chapter 4] on approximate
formulas for a basis of the eigenspace of AD (1)(§2+ \ ©_) associated with O(e~“/") eigenvalues (see
also [Le Peutrec 2010a] for a more general analysis). In what follows, it is assumed that Hypotheses 1, 5
and 6 and condition (7-5) hold. The one-forms of that basis are constructed via a WKB expansion around
each local minimum U(l) of f|852+ (1 <k <mP(Q4\ Q). In a neighborhood Vy of UV, consider the
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function ¢y defined in a neighborhood of U, k(l) as follows: We assume that all the V}, are disjoint subsets
of Q4 \ Q_. The function ¢ satisfies the eikonal equation

VolP =1V FIP eklyg, = = FUMDsa,s 9nlyg, = =00 flyq, -
In the neighborhood Vj, one can build coordinates (x’, x4 = (x', ..., x?1 x9) such that:
o The open set €2 looks like a half-space:
Qi NV ={(x", xD x| <r, x <0},
A NV ={(x, xD  1x'| <7, x¥=0}.
» The metric has the form g4, 200 dxh? + Zl =138, ;i (x) dx' dx/ with 8i,j(0) =4; ; (notice that a

different normalization of g, 4(0) was used in [Helffer and Nier 2006]).

« The coordinates (x’, x?) are Morse coordinates both for f and ¢:

d—1 d—1
F0) = FUP) =0 fUM 4 330560 @) = =, FUOI 33 0P, (7-10)

j=1 j=1
where the J.; are the eigenvalues of Hess(f|,, YM).

In [Helffer and Nier 2006] a local self—adjomt realization of A(l) around Uy M is introduced with the
same boundary conditions along 9€2. as for A% (1)(Q+) with a unique exponentially small eigenvalue
Zk(h) = O(e=/M). A corresponding appr0x1mate eigenvector is given by the WKB expansion (in the
limit of small /)

0
2V, h) = @, et where ax(x, h) ~ a o(x) dx? + " by oht (7-11)
=1

with by o = Zd ar,e,j (x) dx’ and ax.0(0) = 1. The symbol ~ stands for the equality of asymptotic

expansions. Let z,El be the eigenvector of the self—ad]omt realization of A(IL around U, &

above, associated with (/) and normalized by i3 0 Xk )(0) =1, » z,?kb (1)(0) It is shown in [Helffer and

Nier 2006, Proposition 4.3.2(b,d)] that the estimates

introduced

Va eN? 3C, >0 IN, €N 392" (x)] < Cuh™Neem 0/ 1 (7-12)
VN eN Va e N? 3C,n >0 89D — ) (@)| < Cy ghV e #W/h (7-13)

&)

Kb, (1
MO and 2

hold for all x in a neighborhood V,i CVeofU ,f ) Notice that the one-forms %
By taking a cut-off function yx; € C5°(V;) with xx =1 in a neighborhood of U, D "a normalized quasimode
for A7,V(©21\ Q) is given by

are real-valued.

(1
1 _ szk

||Xka 200

The set of functions (w,il)) kell D(o,\G_)) 18 orthonormal, owing to the disjoint supports of the functions

.....

X keqt....mP (@ \G))- According to [Helffer and Nier 2006, Proposition 6.6], those quasimodes belong
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to the form domain of A (1)(Q+ \ ©_), and there exist two constants C, ¢ > 0 such that
1d phwi 122y + I wi 122 g, < Ce™/" (7-14)
£ 2 T paWe g, = e

holds forallk e {1, ..., mP(Q;\Q_)}. In addition, the estimates (7-12) and (7-13) with ¢ (h) = O(e /)

(1

imply that the w; "~ solve

j W

A(l) (1) =r, on Q+ \ S_z_’ (7—15)
tw,

14!
=0, td*hwk)|m = Ok,

(€)]
=0, tdfhwk s

1)|asz+uasz

where r; and py satisfy
VpeN 3C, >0 Vke{l,....mP (A2} Inillywro@, o +llollwrnrapa,) < Cpe™ /" (7-16)

for some ¢’ > 0. The construction of the almost orthonormal basis of Ran l[o’v(h)](A?”h(l)(QJr \ Q1)) is
completed with the next lemma.

Lemma 7.10. Assume Hypotheses 1,5 and 6 and condition (7-5), and set
M,(cl) = l[o,v(h)](Alf),}l(l)(Q+ \ S_2—))11);(61)

for any k € {1,...,mP(Qy \ Q). Then (u") <,

Ran 110,y (A 75 (24 \ 22)).
Moreover,

D@\ IS an almost orthonormal basis of

~~~~~~

3e>0 VpeN 3C, >0 Vke (L, ....m (2 \ Q) luf” —w lywra@g ) < Cpe™" (7-17)
for all sufficiently small h.

Proof. Let us introduce v,(cl) = u,(cl) w,ﬁl) forkefl,..., mID(QJr \ ©_)}. The one-form v,(cl) belongs to
the form domain of A 2 ’h(l) (224 \ _) and the spectral theorem leads to

1 1 1
v 1320 g = w1 + 5w < Ce™/M < e/t

L2(Q2:\Q) L2(Q\Q2) —

owing to (7-14) and o (A7 (24 \ ©2)) N[0, v()] C [0, /). With (2-5), this implies that
2
[

||vk LZ(Q \Q )_O(e_CZ/h) By USing
2 (12 1)
(1) * 1) ome
we obtain
1 -2 —c2/h —c2/(2h
19 13120 0g ) = O ey = O™ /@),

Thus, the almost orthonormality property of (u h )) ke(lmmP (@ \G) is due to the orthonormality of

.....

(1
(wk ke(l,... mP(Q4\Q))
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The W72 estimates (7-17) are then obtained by a bootstrap argument (induction on p) using the elliptic
regularity of the Hodge Laplacian. With AD (1)(Q+ \ Q_)u(l) O(e=/"y in any WP? (see Lemma 6.3),
(7-15) leads to

{AHU(l) =rp(h) — 2(Afh —~ hZAH)v“’

1) )] 1) 1 1s )
) }asz we. =0 v |y =0, ‘asz —h™p —h™iv gy,
where |7, (h) [l yy». 2(Q\G) satisfies the same estimate (7-16) as |[ri(h)]| Wr2QAG ) Using the fact that
the zeroth-order differential operator Ay, — h?Apg=|V f |2+ h(Ly L3 f) is bounded in L®°-norm,

we thus obtain the W72 estimates (7-17) by induction on p. Il

Proof of Proposition 7.5. Let us apply Theorem 2.4 and Corollary 6.9 to the almost orthonormal basis
(u X ) I<k=<mP (@ \&-) introduced in Lemma 7.10 (see Remark 6.6). From the estimate (7-17) and the fact
that hmh_>0 hlog \(9(Q21) = —2« 7, we deduce

n2Y P8 )(fam eI, w (o) d6)2
fm e—2f(X)/h gy
D \Q_ _ . 1
my (24\2-) 1, € f(a)/hlnwl({)(a)da

811“50)|as2+ = Z

k=1 (fm e 2/ /h dx)l/2

2@y = (1+ 0"y,

nw](cl) + O(e—(Kf+C)/h)

where the last remainder term is measured in W?-2(3$2)-norm for any p € N. In particular, we deduce

o—f1h mP(Q\Q)
1 ag, == <f 0 (o) d )9 —@apralhy gy g
: Ontt ) k(o) do |6+ O(e ) in L'(3Q4)
(/Sh e—25)/h gy )1/2 Q4 ; 20,
and
m?(Q_,_\Q_) 2
2@y =n? > (/ decr) (14 O(e~My), (7-18)
k=1 902

where 6, = (e—f/h/(f o210/ dx)l/z)z w
Using 0,u

s,

)| 20, = 0 and the fact that the 6; have disjoint supports, the following estimates hold:

mP(Q4\Q)

1 2
2
(/ e_W/hdx) le=" 00 g, iy = 2o (/ ek(o)da) +O(e~ e+t
Q. = I

=h 2@ A+ Oy,

In the last equality, we used (2-11) to get a lower bound on AEO)(Q+). By recalling that the Dirichlet

= 0 implies

boundary condition u'” |as2

_ © _ 0
Onle™"""u )]lasz e /1y, ”5 )|3Q+’
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we thus get
. ba\ao)
dule ") i (8 Ocdo )b
__" h (01) 2, = "—;(Q 3 )(f"’9+ )2 + O™ ") in L'(39Q4). (7-19)
19, Le=""uy " Tl L1 o, ) Z:ll A (famekdo)

In order to get estimates from (7-18) and (7-19) in terms of f, it remains to approximate the quantities 6y
and fam O do in the limit # — 0. Recall that

—f/h )]
e .M (1 _ XkZg
[ywy |8Q+ and w, =

(Jq, e2/@/hdx) / Iz )”LZ(V,:)

The estimates are obtained using the Laplace method and the WKB expansion (7-11) together with (7-13)

to approximate z,((l).

O =

. fQ+ e 2/ M/ dx: A direct application of the Laplace method gives

/ e—Zf(X)/h dx = E_zf(UO)/h(T[h)d/z (det(Hess f)(U()))_l/z(l + O(h)),
Q.

where Uy is the unique global minimum of f.

o | sz,il) | L2v): Recall the coordinates around U k(l) used in (7-10) and (7-11). Using these coordinates
and (7-13), there is a C§°({x? < 0}) function a(x, h) ~ Y72, o (x)h* with a9(0) = 1 such that

! _
IIsz,(c )”iz(v/) :f e 2O/ My (x hydx" - dx?
k {xd <0}
- / 20 f (W T h = X5, MO hey (e, By dx! - dxd
{x4<0}
h (rhyd-Dn
20, UMDY VA R

(rh)@+D/2
270, £ (U (det(Hess Flag)@M)

(1+0M)

7z (1 +O(h)).

We applied the Laplace method to get the estimate of the integral (using the fact that d,, f (U k(l)) >0
by (7-5)).

e O: On the one hand, using f(x) = f(U,El)) + anf(Ulil))xd + % Z‘j;]l Aj (x/)?ina neighborhood of
Uk(l) (see (7-10)), we have, on 924 (so that x4 =0),

L
(o, e/t )"

Xk

d—1

_ Xke—(f(U;fl))—f(Uo))/h(nh)—d/“(det(Hess f)(UO))l/“e— XIS A (1 4 o).
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On the other hand, the function i, w,(cl) |39+ = innz,({]) ‘BQ+/||X1<Z,(€1) 22wy satisfies

\/W(det(Hess f|89+)(Uk(l)))1/4 .
e

) _ 4l )2/ 2h)
‘8Q+ = Xk (JTh)(d+1)/4 J=t (1 +O(h))-

inwli

From these two estimates, 6; satisfies

0 = Avxe™ Zi= (1L O,

where
V2o, f(UL) ®
_ (y)1/4 V4 —(fW0)—fWo)/h
Ak—W(det(Hess flyg,)U) " (det(Hess f)(Ug)) e~ %% o)/%,

. | 29, 6. The Laplace method implies that

(Eh)(d_l)/z

Ao Ad—1

—1/2

(1+0(h) = (wh)“~ " (det(Hess [, )UM) " (1+0Oh)).

We thus obtain

/ 2, £ U (detHess £ (U)
o

W
. e~ W= W/ (| 1 O(h)).
(;Th)3/4(det(Hess f|39+)(Uk(l)))l/4

Putting together the above information and using (7-18) and (7-19) finally implies

D \Q.)
" —2(f WU~ f(Uo))/h
e k 01+ O(h)),

20 )_\/h det(Hess f)(Up) 28nf(Uk(1))
1 +) =
T k=1 \/det(Hess f|39+)(Uk(1))
which is exactly (7-6), and
—f/h,, O
A, [e U ]iam

|| O [e_f/hugo)

] ” L'(394)

P\Qo) Dy — M)_ N i
;”:11 + 8nf(U,f e 2 W= fWoN /by, o= 2ijmi 1 D7/

= D —
Gem) @02 SN (8, f (UL det(Hess f |y, )(UD)) e 20 WD/ Oo0n

(14+0(h)). (7-20)

We thus obtain estimates of )\(10) (24) and —0, (e_f/huio)) }am/” Op (e_f/hu(lo)) 213, in terms of second-

order Taylor expansions of f around the local minima U, k(l). This ends the first step of the proof.
Actually, the two estimates (7-6) and (7-20) can be rewritten in a simpler form using the Laplace method

again. By recalling the equality f(x) = f(U,fl)) + an(Uk(l))xd + % Z?;{ Aj(x7)? in a neighborhood
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of U, ,El), the Laplace method gives, by similar computations to those performed above,
Joq, 200 f(0)e™ 2@/ do
f e~ 2f)/h gy
Qy

D \Q_
SR —2(f WU~ f(WUo))/ h
e k 01+ O(h)),

~ \/h det(Hess /)(Up) 20, f (U")
N T =1 \/det(Hess f’39+)(Uk(l))
(20, e 2/M] o
1120, e 21| 1oy

7@\ 1 _
2111( +\ )a f(U(l))e*Z(f(Uk )*f(Uo))/the Z/ l)‘ (X/) /h

() @=D/2 T (@A) f(U,y))/\/det (Hess £, )W e ~2(f(U)~f U/ h

O(h),

where the last remainder term is measured in L!(d Q. )-norm. Comparing with the two estimates (7-6)
and (7-20) above, we thus obtain (7-7) and (7-8). This concludes the proof. O

7B. Beyond Morse assumptions. In this section, we discuss Hypotheses 3 and 4 for functions f which
do not fulfill the Morse assumptions of Hypothesis 5 above. In Sections 7B2 and 7B3, we present two
examples (respectively in dimension 1 and 2) of functions f which do not fulfill Hypothesis 5 but for
which Hypotheses 3 and 4 still hold true. Section 7B1 is first devoted to a few remarks that will be useful
in the examples we will discuss below.

7B1. General remarks. First, we will use the duality between the chain complexes associated with
dyp and dji’ »- More precisely, conjugating with the Hodge x-operator exchanges p- and (dim M —p)-
forms, d and d*, f and — f, Neumann and Dirichlet boundary conditions. This was used extensively in
[Le Peutrec 2011; Le Peutrec et al. 2013].

Second, the following lemma will also be useful. It is a variant of Proposition 3.7.

Lemma 7.11. Let Q be a regular bounded domain of the Riemannian manifold (M, g) and let f € C*(S2)
be such that (V f Y~1({0}) has a unique nonempty connected component in <.

. Ifa,,f‘ag2 > 0 then the two first eigenvalues of A?’h(o)(ﬁ) satisfy

(@) =0 and hmhlogM(O)(Q):

o If 0, f\asz <0and |V fI>—hAf >0inQ forall h € (0, hy), then the first eigenvalue ofAD (o)(Q)
satisfies

lim 2 log A" (Q) =0
h—0

Proof. Up to the addition of a constant to the function f (which only affects the normalization of e=//"),
one may assume without loss of generality that f =0 on (V f)~'({0}) (using the connectedness assumption
on (V£)~'({0})). Then, f > 0in Q when 8, f|,,, > 0, and f <0 when 8, f|,, <0.
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The fact that M§0)(Q) = 0 is obvious, by considering the associated eigenvector e~//”. The Witten
Laplacian acting on functions is the Schrodinger-type operator

AQ) = —2A+ V2= h(Af).

Since the function |V f|?> — hAf is uniformly bounded in €, the two inequalities

limsup /i log u{”(2) <0 and  limsuphlogil”(Q) <0
h—0 h—0

are consequences of the min—max principle. For the Dirichlet case, any fixed nonzero function in
C5°(€2) will provide an O(1) Rayleigh quotient. For the Neumann case, consider two regular functions
X1, X2 € C3°(£2) such that supp x; Nsupp xo = & and | x1ll.2@) = lIx2llz2@) = 1, and take ¥, =
a1 () x1 + aa(h) x2 such that [y, 17, = leir(h)|* + lea(h)|* = 1 and (Y, e /") 12q) = 0. We get
(Vn, A%’h(o) Yn) 2@ = O(1) and the min—max principle applied to Al}f’h(o)(Q) on the orthogonal of e~//"
yields u(Q) = O(1) as h — 0.

Let us first consider the case where 9, f } s < 0 and |V fI> = hAf = 0. It remains to prove
that liminfy,_,¢ 2 log Ago)(Q) > 0. Let w be a normalized eigenfunction associated with Ago)(Q), SO
A7O(@o = 1" (@) and || 12(q) = 1. Using Lemma 3.1 with ¢ = 0 and the Poincaré inequality,
we get

M (Q) = P IVoll}s g = Cah?,

This concludes the proof in the case 8,,f|m <Oand |Vf|>—hAf >0.
Let us now consider the case 9, f | sa > 0. It remains to prove that liminf,_,¢ 4 log M§0)(Q) > 0. Let
us reason by contradiction, by assuming that there exists ¢ > 0 and a sequence (/,),en such that
lim h, =0 and u(Q)<e ™ with ¢ > 0.
n—oo

Notice that ,ugo)(Q) depends on n. Let us introduce w,, a normalized eigenfunction associated with

ugo)(Q), SO A?}f}?)wn = ,u(zo)(Q)w,, and [lw, || 2(q) = 1. Notice that fQ wpe~ /M = 0. For & > 0, consider

the open set
K. ={xeQ:d(x,(VH'({0)) <&},

so that K, is contained in € for € € (0, &) and & sufficiently small. Take a partition of unity X12 + X22 =
in Q such that Xi € C>®(Q), x1 = 1 in a neighborhood of K, /; and supp x; C K. The IMS localization
formula (see, for example, [Cycon et al. 1987]) gives

—C N’ 0
e~/ > (wn, A (Qon) 12
2

N, N,
= (t1on, AT (@) x10) 120+ Oon, AN (@ x20n) 120 — 1 Y N0V 172y (7-21)
j=1

The lower bound (which is a consequence of |V f |>>0on supp x2 and 9, xo =0 on 9€2)

1
N, (0
(on AT Q) xa0n) 120) = (Xaons IV 12 x200) 120 — Chnll X272 = o heonlig



618 TONY LELIEVRE AND FRANCIS NIER

for n sufficiently large together with (7-21) implies
V6>0Ve>03INeN V>N ||wn||§2(,(€) >1—3.

Since (V £)~1({0}) is assumed to be connected and, for every point of the open set K, the gradient flow
associated with f defines a path to (V f)~!({0}), K, is a connected open set. The function v, = w,
belongs to WL2(K,) with

k.

2
hie—2C£ /hy ||d€f/h" Vn < e—c/hn’

2
= ”df,hvn ”LZ(KS) =

2
”LZ(Ke)
thanks to the fact that

AC>0VxeK, 0< f(x)<Ce.

By choosing & > 0 so that ¢ — 2Cs? > 0, the spectral gap estimate for the Neumann Laplacian in € (or
equivalently the Poincaré—Wirtinger inequality in €2) provides a constant C,, such that

lim [le// v, — Cull 2k, = 0.
n—oQ B

We thus deduce

: —f/hn _ ; 2 —
Jim oy — Coe™ M2,y =0 with Jlnl7ag,) 2 1= 8. llonllz2g) = 1.

For § < 1, this is in contradiction with fQ wpe /M = 0. Il

TB2. A one-dimensional example. In this section, we exhibit a simple one-dimensional example of a
function f satisfying Hypotheses 3 and 4 though not being a Morse function. An extension is then briefly
discussed.

Proposition 7.12. Consider a function f € C*(Q4), Qy = (ay, by) with ay < by two real numbers,
such that

1O =(f)7N0) =[ar, bi], —oco<ay <aj <b <by <400,
f'(ap) <0 and f'(by)>0.

Then, for any Q2_ = (a—, b_) such that a;. <a_ <a; <b; <b_ < by, Hypotheses 3 and 4 are valid with
mY(Q)=1,mY(Q_) =0and mP(Q\ Q) =2.

Notice that, for this example, Hypotheses 1 and 2 are also satisfied, which means that the results of
Theorem 2.4 are valid.

Proof. On an interval I with the Euclidean metric, the one-forms can be written as u" = u; (x) dx. The

Witten Laplacians A/} (I) with p = 0, 1 are then given by

A D = (h20, 4 + 100 f P = h (@ ),
AD (1) (u1dx) = [(=h205 410 f P+ (@ f))ur] dx.
The Dirichlet boundary conditions are given by

u®=0 on 91 and —hdcui 4+ Ox fHuy =0 on 3,
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while the Neumann boundary conditions are given by
hou® + @ Hu®=0 ondl and wu; =0 on 3l.

This is a particular case of the general duality recalled at the beginning of Section 7B1. Let us now check
Hypotheses 3 and 4.

First, e~//" belongs to the kernel of A%(O)(Q_). A direct application of Lemma 7.11 shows that (2-6)
holds for p =0 with m(])v (2_) =1. Second, by the duality argument, proving that (2-6) holds for p = 1 with
mllv (£2_) =0 is equivalent to proving that there are no exponentially small eigenvalues for AL_)}S(,)I) (L)
(notice that f has been changed to — f). But this is a consequence of the second part of Lemma 7.11,
since f is convex. Finally, note that the condition (2-8) is empty, since the only exponentially small
eigenvalue of A?’h(o)(ﬁ_) is 0. This shows that Hypothesis 3 holds.

The open set 24 \ €2_ is the disjoint union of the two open intervals (ay,a_) and (b_, b4 ). On each
of them, d, f does not vanish and the Morse assumptions of Hypothesis 5 are satisfied. On (ay,a_)
(resp. (b—, by)), f has one generalized critical point of index 1 at @ (resp. at b). Therefore, using the
results of [Helffer and Nier 2006] (see Section 7A1), (2-9) holds with m{) (24 \ Q_) = 2. This shows
that Hypothesis 4 holds. U

It is not difficult to treat the case when f € C*°([a4, b, ]) has a finite number of critical intervals,

2N+1
A = | lan. bal.  ar <a1 <bi<--- <awvs1 <bwyr < by,

n=1
with f'(ay) < 0 and f'(by) > 0. Again, Q_ = (a_,b_), with ay <a_ < a; < byyy1 < b_ < by.
The local problems around every [a,, b,] can be studied with the help of the duality argument and
Lemma 7.11. Using an argument based on a partition of unity, one can check that (2-6) and (2-9) hold
with m) (Q2) =2N+1, mY (Q_) =2N and mP (1 \ Q_) = 2N +2. Hypothesis 1 is of course satisfied.
Ensuring that Hypothesis 2 and condition (2-8) hold then requires us to correctly choose the heights of
the critical values. They hold, for example, when max|<,<on+1 f(a;) < min{ f(a+), f(b4+)} and when
f(ay) and f(byny41) are the two smallest critical values.

7B3. A two-dimensional example. This example is inspired by the work of [Bismut 1986; Helffer and
Sjostrand 1987; 1988] on Bott inequalities. We consider the following C* radial functions in R?:

_ 2 1y2
@in(x) = /DT (),
Pext =0 for |x] <1, @ex strictly convex in {|x| > 1}.

The domain €2, is the disc D((—R, 0),2R) and 2_ the disc D((—R, 0),2R — 1) with R > 3. The
function f is defined by f(x) = g (x) + wext(%x). The level sets of the function f are represented in
Figure 5.

Proposition 7.13. When R > 3 is chosen large enough, the above triple (21, Q_, ) fulfills Hypothe-
ses 1,2, 3 and 4 withml (Q_) =1, mY(Q_) =1 and mP(Q; \ Q_) = L.
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Figure 5. Only 2, is represented. The level sets of f are represented by dashed lines.
The black area is the O level set. The dots indicate the generalized critical points, together
with their indices (for Dirichlet boundary conditions).

Proof. Thanks to the convexity assumption on x gaext(%x) and its local behavior around {|x| = 2},
Hypotheses 1 and 2 hold for R > 3 large enough.

The choice of non-0-centered disks for 2 and Q2_ while f is a radial function implies that f | 29, has
a unique local minimum and therefore, using the results recalled in Section 7A1, (2-9) is satisfied with
mlD (24 \ Q_) = 1. This shows that Hypothesis 4 holds.

The fact that (2-6) holds for p = 0 with mév (2_) =1 is a direct application of Lemma 7.11. This also
implies that the condition (2-8) is void. It only remains to prove that (2-6) holds for p =1 with mf’ (QoU)=1.
We will actually prove that (2-6) holds for p =2 with mév (2_) = 1. Then the quasi-isomorphism with
the absolute cohomology of the disc (see Section 4A) gives mN Q) —mV 1 (Q0)+ mN (2-) =1, which
indeed implies m N(Q_) = 1. Moreover, by the duality argument, (2-6) holds for p =2 with m; Nooy=1
if (2-9) holds for p = 0 with m(?(Q_) =1, f being changed into — f. The proof of this claim will
conclude the demonstration.

In the rest of this proof, mé)(Q,) denotes the number of small eigenvalues for AD (0)(82 ). The
function — f has a local minimum at x = (0, 0). Applying the min—-max principle w1th a quasimode
X(x)ef @)/ where yx is a smooth nonnegative function such that x = 1 on {|x| < }1} and x =0 on
{Ix| = 1}, implies that mP(Q_) > 1.

Let us now consider w € D(AD (O)(Q )), a normalized eigenvector associated with an exponentially
small eigenvalue, so (w, A_f . (Q Jw) 2y < e /" for some ¢ > 0. Let X1 + x7 = 1 be a partition
of unity on Q2_ with X12 =1 on {|x|] <&} and Xl =0 on {|x| > 2¢} (for ¢ < 4). The IMS localization
formula gives

(. APV Qo) 2q
2
= (e, A2 Q0 20 + e, A Q) e ) —h ) 10VXilTg ) (7.2
j=1
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Figure 6. A variant of Figure 5 with N = 4. The supports of the additional terms in f
(compared with Figure 5) are represented by the white disks.

The second term of the right-hand side equals { oo, A?}ﬁ%)(ﬁ)xzw)Lz(Q_\Qg) with Q. ={x e Q2_:|x| <¢g}.
Our choice of the function f(x) = @iy (x) + (pext(%x) ensures that, for i € (0, hg) with o small enough,
|V f|> +hAf is nonnegative on Q_ \ .. The second part of Lemma 7.11 thus implies that there exists a
function v of A such that

D,
(X200, A2 (@) x20) 120 \2) = VD 12017 20 g

with liminfy,_,9 2 logv(h) = 0. In addition, exponential decay estimates based on the Agmon identity
imply that Z?:l loV x; ”iZ(Q_) = O(e~¢/"), since |V f| > 0 on supp(x1) Usupp(x2) (this is obtained by
adapting the arguments of Proposition 3.4, for example). By using the IMS localization formula (7-22),
we thus obtain that || x2w|12(q\q,) goes to zero when & goes to zero, and thus that lim, ¢ || X102 ) =
limy ¢ [|@l|2(q,) = 1. Using then the same argument as in the end of the proof of the first part of
Lemma 7.11, we obtain that, for sufficiently small ¢, limy_,¢ ||j® — Crel’h| 12(,) = 0 for some constant
Cj € R. The two limits lim, ¢ [o|l;2(q,) = 1 and limj_¢ [l — Che/"|| 12(q,) = O imply that, in the
asymptotic 1 — 0, w cannot be orthogonal to xe//" (recall that x = 1 on §,), which is in the spectral
subspace associated with exponentially small eigenvalues. This concludes the proof. U

It is not difficult to adapt the previous argument to the case when the function f has several local
maxima. Set (xo, 7o) = (0, 1) and consider a finite number of points and radii (xi, r¢)1<k<ny such that
the open discs D(xg, ry), k =0, ..., N, are all disjoint and included in D(0, 2). Let us consider the
function f(x) = (pext(%x) + Z/](V:() oin((x — x) /1) (see Figure 6). Then Hypotheses 1, 2, 3 and 4 hold
with m) (Q0) =1, mY(Q_)=N+1and mP(Q;\Q-)=1.

Remark 7.14. Interestingly, one can extend the last example to build a function f for which Hypothesis 3
is not satisfied. Consider an infinite sequence (xg, r¢)gen With xg = 0 and r9 = 1 such that the
open discs D(xk, ri), k > 0, are all disjoint and included in D(0, 2). Take the function f(x) =
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Pext(3X) + Dpoo(rf /(L + k*)@in((x — x¢)/1r¢) in the domain _ = D((—R, 0),2R — 1) with R > 3
large enough. By Lemma 7.11, we know mé\’ (2_) = 1, while quasimodes associated with every x; show
that the number of eigenvalues of A]}f’h(z)(Q_) (or equivalently Al_)’f(f,? (2-)) lying in [0, e %M is larger
than any fixed n € N for 4 sufficiently small. Using, as in the proof of Proposition 7.13, the identity
méV(Q,) - m{V(Q,) +m6V(Q,) = 1, the number of eigenvalues of AI}{’}EI)(Q,) lying in [0, e=%/"] is thus
also larger than any n € N for & sufficiently small. Thus Hypothesis 3 is not satisfied.

Actually, there are up to now no satisfactory necessary and sufficient conditions which guarantee that

Witten Laplacians with general C* potentials have a finite number of exponentially small eigenvalues.

Appendix: Riemannian geometry formulas

For the sake of completeness and in order to help the reader not so familiar with those tools, here is a list
of formulas of Riemannian geometry which were used in this text. We refer the reader, for example, to
[Abraham and Marsden 1978; Cycon et al. 1987; Gallot et al. 2004; Sternberg 1964; Goldberg 1970]
for introductory texts in differential and Riemannian geometry. We also consider here only real-valued
differential forms (the extension to complex-valued differential forms is easy).

Let (M, g) be a d-dimensional Riemannian manifold. The tangent (resp. cotangent) bundle is denoted
by TM (resp. T*M) and its fiber over x € M by T M (resp. T M). The exterior algebra over 7" M
is ANT)M = @‘;:O /\" T¥M endowed with the exterior product A, and the associated fiber bundle is
denoted by A\ T*M =@ /\” T*M. The exterior product of p elements (¢;)1<i<, of 7;"M is defined by

PIN APy = Z €1....p1(0)0s 1) @ - @ Yo (p),

where € () is the signature of the permutation m € Gg. Differential forms are sections of this fiber
bundle and their regularity is encoded by the notation: /\ C>°(M) is the set of C*°-differential forms,
A L?*(M) is the set of L2-differential forms, and so on. This notation was used in the present text
for the sake of conciseness. A more standard and general notation would be C*°(M; A\ T*M), where
C*(M; E) more generally stands for the set of C* sections of the differential fiber bundle (£, IT) on M
with IT: E — M (a section x — s(x) satisfies IT(s(x)) = x).

In a local coordinate system (x!, ..., x?), a basis of A" T} M is formed by the elements
dx' =dx" Ao ndx'r, T =iy, ... 0p), i <--<ip.
Here and in the following, I = {iy, ..., i,} denotes a subset of {1, ..., d} with #I = p elements, which
can be described equivalently as an ordered p-tuple (i, ...,i,) withi; <--- <i,.

A differential form w € A\” T*M is written

w= Z a),(x)dxl,

#I=p
and its differential is given by
do="Y duw(x)dx' Adx'.
#I=p
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Remember that the exterior product is bilinear associative and antisymmetric:

pi
o Awy = (—DPP2py Awy, w; € /\ T:M.

The differential and the A product satisfy d od = 0 and

Pi
d(w; Awr) =dwy Awr + (= DP oy Adwy,  o; € /\COO(M).

A C® vector field X on M is a C*™ section of T M, that is, X € C*°(M; T M). The interior product iy is
the local operation defined for X, € T, M and w, € \” TrM by

ix.0:(To,....Ty) =wy(Xy, Ty, ..., T,) forall Ty, ..., T,eT,M. (A-1)
For X € C*(M; TM) and w; € \"" C®(M), one has
ix(w1 Awp) = (ixw) ANwy + (=D w1 A (ixws).

When ® : M — N is a C* map, d, denotes the functorial push-forward and ®* the functorial pull-back.
For a C* map & and two forms w;, w,, one has

O (dw) =d(@*w1), P (w1 Awp) = (P wi) A (P wy).
When @ is a diffeomorphism, w a p-form and X a vector field,
CD*in = iq;*XCD*a).

When @ is a diffeomorphism given by the exponential map of a vector field X, we can define the Lie
derivative

_ i t X \* o0 _
Lxw = 0| forowe FANGC5) (A-2)
The Lie derivative satisfies
Lx (w1 Awy) = (Lxw) ANwr+ w1 A(Lxwr),

and Cartan’s magic formula says
Lx=ixod+doiy.

Differential forms dw with degree p 4+ 1 can be integrated along a (p—+1)-chain, or more specifically a
(p+1)-dimensional submanifold with boundary; let us write it as C with boundary 0C. Stokes’ formula

18 written
/dw:/ w,
c ac

and it is the ground for de Rham’s cohomology.
The Riemannian structure adds the pointwise dependent scalar product g(x) given by

(S, Tyru= Y g.,;x)ST/
1<i,j=<d



624 TONY LELIEVRE AND FRANCIS NIER

with a dual metric (g"/(x));<. j<d = g(x)~! defined on TYM. This is also written with Einstein’s
conventions as

g=gijdx dxl, g ;g"* =35
Both g(x) and g(x)~! are extended by tensor product to A Ty M and A\ T M: for w, ' € \’ C®(M),

p

W= 3 3 (16 Jofor
#l=p#J=p k=1
where I ={iy,...,ip} (i1 <---<ip)and J ={ji,..., jp} (j1 <--- < jp). The Riemannian infinitesimal

volume (denoted simply by dx in the text) is in an oriented local coordinate system:
d Volg(x) = (detg)' 2 dx' A--- Adx? = (detg)'/?dx" - - - dx?.

Those scalar products as nondegenerate bilinear forms allow identifications between forms and vectors.
Here are examples: when w = w; (x)dx’ is a one-form, the vector o is given by (v*)' = g"/w ;3 when
X = X'd,. is a vector field, X" is the one-form defined by (X"); = g;. iX J. As an application, the gradient
for a function is nothing but V f = (df)*. Similarly, the Hessian of a function f at a point x, initially
defined as a bilinear form, can be viewed a linear map of 7, M.

Another duality between forms of complementary degrees p + p’ = d = dim M is provided by the
Hodge » operator. When the Riemannian manifold (M, g) is orientable (locally this is always the case),
the operator x : A" C®°(M) — /\dfp C>®(M) is defined by

P
f(w’,w)A;7 r2m d Volg (x) =/a)’/\(*a)), w, o € /\COO(M).

In a coordinate system it is given by

I={i1,...,ip}, i1<-'-<ip,
1,....d . . . .
)y =Y 8155 Ve .y D(det) 2@ 3T =i Jamphe 1 < < aeps
1 U, J) =ity osips Jlo-vnsJd—p)s

where § f =1when A=Band$ ff =0 otherwise. We have the additional properties, for w, ' € A\ C®(M),

*(Ao+ o) =Axw+*0', reC®(M),
*kw = (—1)PdH D¢
oA Go) =o' A Gow),
x1 =d Vol,(x) (assuming M is oriented).

The codifferential d* is defined as the formal adjoint of the differential d : /\ C*°(M) — )\ C*(M),

(dow, o) = (w, d*').
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With the Hodge * operator (do the identification on a compact oriented manifold without boundary with
fM dn =0),

*d*w=(—1)Pd*w, p

*dw = (—1)PHd* x , forall w e /\ C*(M).

d*o = (—1)PHaH v dx

The Hodge Laplacian is then given by
Ay =(d+d*)* =dd* +d*d. (A-3)
It is possible to write d* and Ay in a coordinate system. For example,

(d*0)r = —g" 8 €sG DV oy, (1) = (i1, ... ip-1),
p
Viw;y =0 w5 — Zwlu{k}\igelu{k}\ig(il, RN VA T 2% 7NN A ip)F,ij,
=1
Tf =150, 8jm+ i gmi, — 3 giy. j
ie,j — 28 ( e &j.m + Oxi8m,iy x'”gzg,j),
where one recognizes the covariant derivative V; associated with the metric g (the Levi—Civita connection)
and the Christoffel symbols F,{ ;- The writing of Ay involves the Riemann curvature tensor and is known
as Weitzenbock’s formula. We wrote the above example to convince the unfamiliar reader that the explicit
writing in a coordinate system is not always more informative than the intrinsic formula.
Here is the example of the Witten Laplacian, A r;, = (dy; + d;‘i’h)z =djdpn+dpndy

drp=e " (hd)e!" = hd +df A, (A-4)
df, = e/ (hd*)e " = hd* +ivy, (A-5)
Af,h = df,hd;k{h + d;k{hdf,h = (hd + df/\)(hd* + ivf) + (hd* + ivf)(hd +dfAn)

= h2(dd* +d*d) + [(df N) olvs+ivso(dfN]+hldivy+ivedl+hl(dfA)od*+d*o(dfN)]

=W Au+ VP +h(Lyy+ L)), (A-6)
where we used ix(df Aw) =df (X)w —df A (ixw) with X = V f, Cartan’s magic formula and an
easy identification of LY ¢ No explicit computation of d* or the Hodge Laplacian is necessary to
understand the structure of the Witten Laplacian. In particular, Lx + L} is clearly a zeroth-order
differential operator because in a coordinate system the formal adjoint of a/(x)d,, in L*(R?, o(x) dx)
equals —a’ (x)d,; + bla, 0](x), where b[a, o] is the multiplication by a function of x. The operator

Lyvs+ LS ¥ is not the local action of a tensor field on M because it does not follow the change of
coordinates rule for tensors. Actually, one can give a meaning to the general expression

Ai‘!;)f)z =AY +|V f* = h(Af) +2h(Hess f),.

where (Hess f), is an element of the curvature tensor algebra (see [Jammes 2012] and references therein).
Let us conclude this appendix with integration by parts formulas in the case of a manifold with a
boundary. All these formulas rely first on Stokes’ formula [, dw = [, @ when w € AT ex2(Q).
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Note that the right-hand side of Stokes’ formula may equivalently (and more explicitly) be written
fasz w = fasz j*w, where j : 9Q — Q is the natural embedding map (a trace along 9S2 is taken and,
pointwise, j*w, is evaluated only on (d—1)-vectors tangent to d€2). Another expression taken initially
from [Schwarz 1995] is also convenient. For o € 92 let n(o) be the outward normal vector and write,
for any element X e T, M, X = X1 + X, n.

For w € A\” C*®°(R), define tw and nw = w — tw by

Vo €dQ VX1, ..., X, €T, to(Xi,....,X,)=o(Xi1,..., Xp1).

If (x!,..., x%) = (x', x%) is a coordinate system in a neighborhood V of o € 92 such that Q NV is given
locally by {x¢ <0}, 92NV by {x? =0} and n = 9,4, then a p-form can be written

— 1 I d
w= wrdx' + wpdx’ ANdx®,
#I=p #1'=p—1
dél de¢r’

and the operators ¢ and n act as

tw = Z a)Idxl, nw= Z a)pdxll Adx?.
#1=p #1'=p—1
dgl dgr
Stokes’ formula can be written now as fQ do = fasz tw for w € /\d_1 C>®(R), but contrary to the
operator j* the operator £ makes sense in a collar neighborhood of d€2; locally tw,/ ¢y = tw( 0) by
definition. In particular, the formula
tdo=dtw

makes sense for any w € /\ C>°(2) and it is rather easy to check with the above coordinates description.
One also gets, in the same way,

tw=1i,(n" Aw) for we /\COO(S_Z), (A-7)
*M =1x, *t=nx, (A-8)
td=dt, nd"=dn, » (A-9)
tw) A*xnwy = (Wi, inwg)/\p TrQ X d Vol 3o  for w; € /\COO(S_Z), (A-10)

where we recall that d Vol, s (X1, ..., Xg—1) =d Volg(n, X1, ..., X4-1).
The above formulas, for example lead to the following integration by parts for wy, w, € AP C®():

(drnwr, dfpw) 2@ +(df o1, ds02) 2 @)

= (wy, Af,ha)2>L2(Q) +h / (tawn) A *ndf,ha)l —h / (td;i’ha)l) A (xnwy).
a2 a2

This shows, for example, that AJDc’h (resp. A%h) with its form domain WLI)’2 ={we AW'?:tw =0} (resp.
Wy?={we A W2 : nw=0}) is associated with the Dirichlet form ||d ;. ywl|* + Il L4l Interpreting
the weak formulation of A s, = f leads to the operator domains D(A? ;) and D(A% ) (we refer the
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reader to [Helffer and Nier 2006] for details). The boundary terms of Lemma 3.1 are obtained in a very
similar way.
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