msp



ANALYSIS AND PDE
Vol. 8, No. 3, 2015

dx.doi.org/10.2140/apde.2015.8.713

LARGE BMO SPACES VS INTERPOLATION

JOSE M. CONDE-ALONSO, TAO MEI AND JAVIER PARCET

We introduce a class of BMO spaces which interpolate with L, and are sufficiently large to serve as
endpoints for new singular integral operators. More precisely, let (€2, X, ) be a o-finite measure space.
Consider two filtrations of X by successive refinement of two atomic o -algebras ¥, and X}, having trivial
intersection. Construct the corresponding truncated martingale BMO spaces. Then, the intersection
seminorm only leaves out constants and we provide a quite flexible condition on (X,, ¥}) so that the
resulting space interpolates with L, in the expected way. In the presence of a metric d, we obtain endpoint
estimates for Calder6n—Zygmund operators on (€2, i, d) under additional conditions on (X,, ). These
are weak forms of the “isoperimetric” and the “locally doubling” properties of Carbonaro, Mauceri and
Meda which admit less concentration at the boundary. Examples of particular interest include densities
of the form e+ for any a > 0 or (1+ |x|#)~! for any B > n3/2. A (limited) comparison with Tolsa’s
RBMO is also possible. On the other hand, a more intrinsic formulation yields a Calderén—Zygmund
theory adapted to regular filtrations over (X,, ¥) without using a metric. This generalizes well-known
estimates for perfect dyadic and Haar shift operators. In contrast to previous approaches, ours extends
to matrix-valued functions (via recent results from noncommutative martingale theory) for which only
limited results are known and no satisfactory nondoubling theory exists so far.

Introduction

A BMO space is a set of functions that enjoy bounded mean oscillation in a certain sense. Both “mean”
and “oscillation” can be measured in many different ways. Most frequently, we find BMO spaces refer
to averages over balls in a metric measure space. In other notable scenarios, we may replace these
averages by conditional expectations with respect to a martingale filtration, or even by the action of a
nicely behaved semigroup of operators. These more abstract formulations are known to be very useful
given the lack of appropriate metrics. The relation between metric and martingale BMO spaces is well
understood for doubling spaces, that is, when the measure of a ball in the given metric is comparable
with the measure of its concentric dilations up to constants depending on the dilation factor but not on the
chosen ball. Indeed, in this case the metric BMO is equivalent to a finite intersection of martingale BMO
spaces constructed out of dyadic two-sided filtrations of atomic o -algebras whose atoms look like balls;
see [Conde 2013; Garnett and Jones 1982; Hytonen and Kairema 2012; Mei 2003]. What is more relevant,
however, is that any of these martingale BMO spaces satisfies the following fundamental properties:

(i) Interpolation endpoint for the L, scale.
MSC2010: 42B20, 42B35, 46L52, 60G46.
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(ii) John—Nirenberg inequalities and Hj—BMO duality.

(iii)) CZ extrapolation: L;-boundedness = L, — BMO boundedness.

Hence, these spaces yield at least as many endpoint estimates as the metric BMO.

The main goal of this paper is to construct BMO spaces satisfying the properties stated above for a
larger class of measures, and to explore the implications of this construction to provide new endpoint
estimates. The first attempts in this direction [Mateu et al. 2000; Nazarov et al. 2002] culminated in the
work of Tolsa [2001] on so-called RBMO spaces. These spaces enjoy the above-mentioned properties
for measures of polynomial growth. There are, however, a couple of open questions concerning Tolsa’s
construction. In the first place, Calderén—Zygmund extrapolation holds under a Lipschitz kernel condition
instead of the more flexible Hormander condition. Second, only interpolation of operators, has been
studied but it seems to be unknown whether these spaces interpolate with the L, scale. These two
problems were solved by Carbonaro, Mauceri and Meda [Carbonaro et al. 2009; 2010] for a different
class of measures, based on similar results for the Gaussian measure on Euclidean spaces [Mauceri and
Meda 2007]. The properties they imposed lead to locally doubling measures with certain concentration
behavior at the boundary. In both cases — up to equivalence in the norm and additional conditions — only
doubling balls are used to measure the mean oscillation of the function.

We present an alternative approach to these questions. Martingale BMO spaces always satisfy conditions
(1) and (ii) above, with independence of the existence of a metric in the underlying measure space. The
third property however requires additional structure on our BMO spaces. Indeed, assume for a moment that
we work with a two-sided filtration (X;)xcz of atomic o -subalgebras of ¥ with corresponding conditional
expectations Eyx, . If IT denotes the union of atoms in our filtration, the corresponding martingale BMO
norm is given by

1 2
I o = sup|[Es |/ — Ex,, /7]
which is larger than the function BMO norm
1 1
sup —/ / fdp du(w)>
Aen<M(A) n(A)

Thus, if we admit from [Carbonaro et al. 2009; Tolsa 2001] that extrapolation for (nonlocal) Calderén—
Zygmund operators imposes that our atoms be doubling —i.e., contained in a doubling ball of comparable
measure or a union of at most Cy sets of this kind; see below — we immediately find obstructions to
constructing filtrations satisfying this assumption for nondoubling spaces. We propose to consider a sort
of intersection of two large BMO spaces as follows. Consider a o-finite measure space (€2, X, 1) and
two atomic o -algebras X,, Xy, of measurable sets in X satisfying ¥, N Xy = {2, I}. Write BMO; for
any martingale BMO space over a filtration (X ;)x>1 with X;; = X;; then the seminorm

I fIBmOs,, (2 = max{|| f — Ex, fllBmo, II.f — Ex, fllB™MO, }
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vanishes on constant functions precisely when X, N Xy, is trivial. Let

BMOs,, (R) ={f € Lioe(2) | | fllBmOs,, @) < 00}/C.

This settles a model of “large BMO spaces” which easily satisfy property (ii) and leave some room for
property (iii). The problem reduces then to identify conditions on the pair (X2,, ) so that BMOsyx, (€2)
interpolates with the L, scale. A standard argument shows that this is the case when

1150 = inf £ =Kl ~ max{lLf = Ez, fllps 1/ = Esof I} = 1 /g, @
for 2 < p < oo, where
L,(2) = Ly(2, %, w/C,
L (@ =1/ € L@ | 1 /llLg_ (@) < 00}/C
=Lp(Q2, %, )/ Za ANLp(R2, 2, u)/ Zp.

Here, L,(2, X, u)/Z; denotes the quotient space of L,(£2, Z, ) by the subspace of X;-measurable
functions. More precisely, we have an isomorphism L;(Q) ~ Lgab(Q). It should be mentioned that
this isomorphism fails in general, even for the Lebesgue measure in R" and many “natural” choices of
pairs (X,, Xp). Recall that L}’,(Q) = L, (£2) for infinite measures. Note also that we use A and not N since
this space is not really an intersection; we shall also write BMOx,, (€2) = BMO,(£2)/ 33 A BMOy(£2)/ Zp.
To formulate a sufficient condition on (X, Xy) for L;(Q) ~ Lgab(Q), let TT; be the set of atoms in X;.
When 1 (2) < oo we shall consider two distinguished atoms (Ao, Bog) € 1, x I1p, while for u not finite
we take Ag = By = & for notation consistency. Given (A, B) € I1, x Iy, set

Ri={B elly | wW(ANB)>0} and Rp={A eIl |uA NB)> 0}

We will write |R4| and |Rg| for the cardinality of these sets. The following is the main result of this
paper, where we establish a condition on (X,, X) which suffices to make intersections and quotients
commute in L, as described above. We will say that (X,, Xy) is an admissible covering of (2, X, )
when ¥, N X, = {2, I} and

. { (AN B)? u(AﬂB)z}
min e — —_——

sup > |Rg| sup Y[Ryl

AN () fo, HAUB) peny\sy S, #(A)(B)

Theorem A. Let (2, X, 1) be a o -finite measure space equipped with an admissible covering (X,, Xp).
Then, for each 2 < p < 00, there exists a constant ¢y, depending only on p and the admissible covering,
such that

L5(Q) =, LY ().

Moreover, we have the desired complex interpolation result,
[BMOx,,, (€2), LT (8)]1/4 ¢, Lg(2) (1 <g < 00),

with BMOsy,, (2) defined as above for any two martingale BMO spaces over (Z,, ).
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The first assertion fails for p = 1, co. On the other hand, both the John—Nirenberg inequalities and
H;-BMO duality are easily formulated for these spaces. Therefore, we shall focus in what follows on
condition (iii). Calderén—Zygmund extrapolation means that under a certain mild smoothness condition on
the kernel, L,-boundedness yields L ,-boundedness for 1 < p < co. As usual, we handle it by providing
an endpoint estimate for interpolation. Let d be a metric on €2 and denote by «B the «-dilation of a ball B.
We impose the standard Hormander kernel condition

sup  sup / |k(z1, x) — k(z2, X)| + |k(x, z1) —k(x, 22)| dpu(x) < o0.
Bd-ball z1,z2€B J Q\aB

Define a CZO on (2, u, d) as any linear map T satisfying the following properties:
e T is well-defined and bounded on L,(£2).

 The kernel representation for any f € C.(£2),

Tf(x)= /Q k(x.y)f () du(y) holds for x ¢ supp f

and some kernel k : 2 x 2\ A — C satisfying the Héormander condition.

Given Cp > 0, a X-measurable set A will be called (Cy, o, 8)-doubling when it is the union of at most Cy
sets which are contained in (¢, 8)-doubling balls —balls B such that u(a¢B) < Bu(B) — of comparable
measure up to the constant Co. Recall that a filtration (X)x>; is called regular if Ex f < Ex—; f for
all k > 1 and all f > 0.

Theorem B1. Let (X,, Xy) be an admissible covering of (2, X, ). Assume that (2, X, () admits
regular filtrations (X ji)i>1 by successive refinement of ¥ j1 = X; for j = a, b and that each atom in X
is (Co, a, B)-doubling for certain absolute constants Cy, a, § > 0. Construct the spaces BMOsyx_ (€2)
which are defined over these filtrations. Then, every Calderon—Zygmund operator extends to a bounded
map Lo (2) — BMOg,, (2), and L ,(2) — L,(2) for 1 < p < o0.

A few illustrations of Theorem B1 are the following:

e Doubling case: Theorem B1 recovers Calderon—Zygmund extrapolation on homogeneous spaces
(2, u, d). We shall construct explicit pairs (X,, Xp) and martingale filtrations satisfying our assumptions.

* Polynomial growth: Given any (€2, i, d) with polynomial growth, it is not difficult to construct atomic
o -algebras composed uniquely of doubling atoms, even giving admissible coverings. Under the existence
of filtrations based on (X,, ¥p) and composed of doubling atoms — regular or not— we may prove that
Tolsa’s RBMO sits inside our BMOgy, (€2). This condition seems, unfortunately, a restrictive limit in
Theorem B1. However, it can be checked in some concrete scenarios, like for

dx

g with B > n®?
X

du(x) =

in R" equipped with the Euclidean metric. Note that u is doubling for 8 < n. The key advantage over
Tolsa’s approach is that we only need to impose Hormander kernel smoothness, instead of stronger
Lipschitz conditions. This was also achieved by [Carbonaro et al. 2009; 2010] for another family of
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measures (see below) but not for the measures considered above, since they are drastically less concentrated
at the boundary for any 8.

o Concentration at the boundary: Carbonaro et al. [2009; 2010] proved that when (€2, u«, d) is locally
doubling and the measure concentrates at the boundary of open sets in a certain sense — together with a
purely metric condition that does not play any role here —a BMO space satisfying (i), (ii) and (iii) is
possible. Their main examples in R” with a weighted Euclidean metric were du(x) = ™" dx and o > 1.
The exponentially decreasing ones behave in some sense like the Gaussian measure, which was studied
a few years before by Mauceri and Meda. It is of polynomial growth, so that the kernel smoothness
condition was the main advantage with respect to Tolsa’s approach. The exponentially increasing ones
are not of polynomial growth. In this paper we shall remove their condition o > 1.

In the literature, we find other families of operators — with no need of a metric in the underlying
space — which are close to CZOs in spirit. Martingale transforms are the simplest ones, but are local and
much easier to bound. Nonlocal models include the so-called perfect dyadic CZOs and, most notably,
Haar shift operators, which include prominent examples like the discrete Hilbert transform and dyadic
paraproducts. In these cases, the Hormander kernel condition can be replaced by

sup sup / k(zi, x) —k(z2, )| + [k(x, z1) — k(x, 22)| dju(x) < 00,
Q dyadic cube z1,22€Q JQ\Q

where O denotes the dyadic father of Q. Our BMO spaces allow us to further replace dyadic cubes
in dyadically doubling measure spaces — see [Lopez-Sanchez et al. 2014] for recent progress on more
general measures in this direction — by more general atoms. Namely, assume (X,, ¥p) gives an admissible
covering of (£2, ¥, u). Consider regular filtrations of atomic o-algebras (Xji)i>1 with X1 = X;
for j =a, b. Let us write IT j for the family of atoms in the atomic o -algebra X j; and set ITj = ;- ITj«.
Then, consider the following Hérmander-type kernel condition, where the former role of the metric d is
replaced by the shape of our atoms in I1 = IT, U IT:

sup  sup / Nk(z, x) —k(z2, )|+ |k (x, 21) —k(x, 22) [ dp(x) < o0.
Aell z1,220€A JQ\A

Again, A denotes the minimal atom in the filtration of A which contains A properly, unless there is no

such atom, in which case we pick A=A.If we replace the Hormander condition by this one, we obtain

another class of “atomic” CZOs, which will be denoted in what follows by ACZO.

Theorem B2. Let (X,, Xy) be an admissible covering of (2, X, u). Assume in addition that (2, 2, u)
admits regular filtrations (X j)r>1 by successive refinement of ;) = X; for j = a, b. Construct the
spaces BMOsx, , (S2) which are defined over these filtrations. Then, every ACZO extends to a bounded map
L (2) = BMOg,, (£2), and L ,(2) — L,(£2) for 1 < p < o0.

An advantage of Theorem B2 is that our kernel conditions are flexible, since we may carefully choose
(24, Zp) and the regular filtrations according to the concrete singular integral operator. It is worth
mentioning that every o -finite (atomless if w is finite) measure space (€2, X, i) has nontrivial admissible
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coverings. Of course, the regularity of the filtration is a light form of “doublingness” needed to emulate
the classical argument in this setting. We will also provide weaker estimates for pseudolocal operators
when the filtrations are not regular.

In contrast to [Carbonaro et al. 2009; 2010; Mauceri and Meda 2007; Tolsa 2001], our approach extends
to matrix-valued functions, for which only limited results are known and no satisfactory nondoubling
theory exists so far. In fact, this was our original motivation and the necessity of alternative arguments
led to the results presented so far. We will postpone the discussion of the matrix-valued setting to the
last section of this paper, which will allow those readers not familiar with noncommutative L, theory to
isolate these results.

Our results above give some insight on the relation between nondoubling and martingale BMO theories;
see [Conde-Alonso and Parcet 2014; Junge et al. > 2015] for other results along this line. In [Conde-
Alonso and Parcet 2014], we adapt Tolsa’s ideas to give an atomic block description of martingale H;.
Semigroup BMO spaces are used in [Junge et al. > 2015] to construct a Calderén—Zygmund theory that
incorporates noncommutative measure spaces (von Neumann algebras) to the picture.

1. Admissible coverings and BMO spaces

In this section we recall some basic background around martingale BMO spaces and introduce our new
class of BMO spaces. We will study standard properties of this class, like the existence of admissible
coverings, John—Nirenberg inequalities and H;—BMO duality. The proof of Theorem A is more technical
and will be postponed to Section 2.

Martingale BMO spaces. Let (2, X, 1) be a o-finite measure space and consider a filtration (Zy)g>1
of X. In other words, we have X C X1 and the union of the spaces L~ (£2, Xk, i) is weak-* dense in
L (2, %, n). Let Ex, denote the conditional expectation onto X-measurable functions. Then, define the
martingale BMO space associated to this filtration as the space of locally integrable functions f: Q2 — C
whose BMO norm,

I lBmo = iull)”(EEAf —Ex P2

is finite, where we use the convention Ex, f = 0; see [Garsia 1973]. Another expression for the norm is

1

2
dfiel*+) E):kldfn|2”

o0

n>k

~ [iquH(Ezklf —Ex, f1)'/2]  +IEs, flloo] +sup Il ficlloos

|l flIBMO = sup
k=1

where dfy = Ay f =Eg, f —Eg,_, f. According to [Janson and Jones 1982], [BMO, L{(£2)]1/, > L,(£2)
for any filtration we pick. The bracketed term in the right-hand side above is called the martingale bmo
norm of f, and it is closer to the standard expressions to measure the mean oscillation of a function.
Namely, if the o-algebras X are atomic and if IT; denotes the atoms in X and IT = | J,.., [T, we deduce
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that

2 2
d,u(w)) + sup
AEH]

£ lbmo = iuI;H(Ezklf —Ex f1'/2] . +IEs, flloo
1
s - | an
A

1 1
=sup (o | L —ffdu‘.
Aen<M(A) A n(A) n(A) Ja
Of course, using a selected family of atoms makes L ,-interpolation fail in general for bmo. The extra
term in BMO corrects this. This should be compared with the extra condition in the definition of Tolsa’s

RBMO. On the other hand, bmo spaces have good interpolation properties with little Hardy spaces h,,.
Namely, according to [Bekjan et al. 2010] we have [bmo, h;];,, >~ h,, for any filtration, where h,, is the
closure of the space of finite martingales in L, with respect to the norm

1 £l = H (Z Es, | |dfk|2)2

k>1

’

p

this time the convention is Ex, |d f1 |2= |Ex, f |2. In contrast to other BMO spaces seminorms, paradoxically,
we will need to quotient out certain spaces. Note that, for ¥;-measurable functions, the norms above
coincide with the Lo, norm

IEx, fllemo = IEx, fllomo = IEx, fllzoo (-

If we define the seminorms

I lgmo = 11/ — Ex, f lbmos
I/ lemo = IIf — Es, fllBmO,

we obtain complemented subspaces BMOyx, = Jx, (BMO) using the projection Jx, =id —Ey,. Indeed,
it is a simple exercise using Jensen’s conditional inequality |Ex, f|> < Ex, | f]?; details are left to the
reader. Since Jy, is also bounded on h, and L, the previous interpolation results imply the following
isomorphisms for 1 < p < oo:

[/x, (bmo), le(hl(Q))]l/p ~ Jx, (hy(£2)),
[/5,(BMO), J5, (L1(Q))]1/p ~ Jy, (Lp(£2)).
Note that Jy, (L,(€2)) ~ L,(2, X, u)/X; in the terminology of the introduction.

Remark 1.1. It is worth mentioning that the Janson—Jones interpolation theorem [1982] holds for arbitrary
filtrations. In particular, we could replace (Z)i>1 by (Zx)i>N for some large N, and the latter BMO
comes equipped with the norm

lfuII\JIH(Ezklf —Ex, f1)'/2| + IEsy fllso +sup I ficlloo-

When N is large enough, the middle term dominates the others and we get spaces which are closer
and closer to Lo, (€2). In contrast, when we quotient out the first o-algebra by using the J-projections,
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it follows from the interpolation identities above that the starting o-algebra significantly affects the
interpolated space. This justifies, in part, our need to intersect two such spaces in this paper.

BMO spaces for admissible coverings. Let (2, X, i) be a o-finite measure space and consider two
atomic o-algebras ¥,, Xy of measurable sets in X. Let IT; be the set of atoms in X; for j =a, b. When
w(2) < oo, we shall consider two distinguished atoms (A, Bg) € I1, x ITy. If p is not finite, take
Ay = By = . Given A e I1,, set

Ri={B eIy | u(ANB') > 0}.

Define Rp for B € Iy, similarly. The pair (X,, Xp) is called an admissible covering of (€2, X, u) when
YaNXy, ={Q2, g} and
. (AN B)? (AN B)?
min _— Ro|————— <1

sup > |Rpl |Ral

, s
AeN\(4o} 4R, u(A)u(B) BeTo\(Bo} 4cp, u(A)u(B)

One can view the condition above as a weak version of the concentration of measure near the boundary that
appeared in [Carbonaro et al. 2009]. In particular, it is not a geometric notion, but only a measure-theoretic
one (see Remark 3.3 for more details). Now, consider any pair of filtrations (X ;)x>1 with X;; = X;
for j = a, b, and construct the corresponding martingale BMO spaces BMO, and BMOy. As in the
previous subsection, we quotient out the X ;-measurable functions and set, as we did in the introduction,

BMOg; () = Jx,;(BMO;),
BMOs,,(Q) = BMOs;, () ABMOsx, (Q) = {f € Lo () | | f MOy, (@) < 00}/C
In the following, we construct admissible coverings for o -finite measure spaces. The procedure we

employ is quite general. In concrete scenarios, other admissible coverings can be constructed enjoying
additional properties as required in Theorems B1 and B2; these examples will be given later in this paper.

Remark 1.2. The classical BMO on Euclidean spaces can be decomposed as an intersection of finitely
many martingale BMO spaces, the number of which depends on the dimension [Conde 2013; Garnett
and Jones 1982; Mei 2003]. In contrast, we just consider “intersections” of two martingale BMOs.
Note this makes our spaces larger and still amenable for interpolation, which gives some extra room to
obtain endpoint estimates for singular integral operators. The main reason why this is possible is that our
approach just relies on measure-theoretic properties and does not rely on the geometry of the underlying
space, as will become clear in the sequel.

Lemma 1.3. Let (2, X, u) be a o-finite measure space. Then:

(1) If n(82) = oo, it admits an admissible covering.

(11) If nu(2) < oo and w is atomless, it admits an admissible covering.
Proof. If 1(2) = oo, pick Ag = Ag = By = By = &,

AjZAJ'\Aj,I and széj\éjfl,
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where @ # A G B, G A, ¢ B, G A; G --- are X-measurable sets chosen so that
B;\ B;_ Ajpi\A;
min{ﬂ( J \~ Jj 1)’ ,bL( ]+1~\ ])

w(Aj) w(Bj)

It is at this point that we have used that «(2) = co. Let ¥, be the atomic o-algebra generated by the

}>X>4 forall j > 1.

atoms (A;) j>1. Similarly, define Xy, = o (B : j > 1). Itis clear by construction that
YN ={2, T}.
On the other hand, |Rg| = 2 for every atom B in Xy,. Therefore, it remains to show that

. [M(AjﬂBj—l)z M(AjﬂB/)z} 1
j=tLu(A)u(Bj—1)  u(A))u(B))

5
Note that the first summand above vanishes for j = 1. The rest of terms are smaller than 1/A, according

to our conditions, so that A > 4 suffices. When ©(2) < co we may assume that u(2) = 1, since
renormalization does not affect our definition of admissible covering. We use again a “corona-type
partition”

@#Aoggogfilgf}lgﬁzg
satisfying M(Ao) =1-¢, ,LL(E() \ Ao) = ¢(1 — ¢) and the relations
WA\ B) =¢u(Bj\A) and pu(Bjri\Ajr)=¢u(Aj\ By for j=0.

This is where we use the fact that x« has no atoms. Define Ag = AO, By = Eo, Aj = Aj \ Aj,l and
Bj = Bj\ Bj_; for j > 1. The o-algebras 3, and ¥, are the ones generated by (A ) ;>0 and (B;) j>0,
respectively. In order to show that Q = | J j=0Aj = U j=0 Bj let us prove that we have

Do mA)=) wB)=1
j=0 j=0
Indeed, if j > 2 we have
(A = (A \Aj_)
=1 4+OuBj1\Aj_) =¢c(1+ (A1 \ Bj_2)
=¢(l+ O[M(Aj—l \Aj_p) — %M(Aj—l \ Bj—z)] =7u(Aj).

Therefore, since u(Ag) =1 —¢ and u(A;) = (1 — ¢?), we deduce immediately that ijo w(Aj) =1.
The sum »_ j w(B;) also equals 1 since the two families are nested. The condition X, N X}, = & follows
again by construction. Finally, since |Rg| = 2 for all atoms B = B, it suffices one more time to prove
that

A;NB;_)? A;NB;)?
S |:,LL(] ]1) +M(] ]):|<%‘

j=iLu(Apu(Bi—1) — n(Aj)u(B))
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According to our construction, the left-hand side can be majorized by

w(A;NBj_1)? M(Aijj)2<M(éj—l\Aj—l) w(A;\ Bj_y)
w(ADu(Bj-1)  u(Apwn(B;) =  w(Bj-1) n(A)

On the other hand, arguing as before, we may obtain the identities
AN =9"00¢ =%, wA\Bim) =510,
n(Bi—) =gV =¢%), uBi\AjD ="V =),

This gives a bound 2¢ /(1 + ¢). It suffices for ¢ < % The proof is complete. U

Remark 1.4. All fully supported probability measures on R" are nondoubling. In fact, this also holds
for probability measures supported on unbounded sets. In particular, we hope Lemma 1.3 together with
Theorems B1 and B2 might open a door to further insight into Calderén—Zygmund theory for these
measures.

John—Nirenberg inequalities, atomic Hy and duality. We now transfer some well-known properties of
martingale BMO spaces to our new class of spaces. The analogue of John—Nirenberg inequalities [1961]
for martingale BMO spaces can be stated as follows:

1 cA
sup sup ——u(AN{|f —Ex,_, fl>A}) Sexp

) forall A > 0,
k=1 Aex; M(A)

I flIBMO

where the martingale BMO is constructed over the filtration (2 )x>; and we use the convention Ex, f = 0.
The proof can be found in [Garsia 1973]. An important consequence of this inequality is the p-invariance
of the BMO norm. To be more precise, the martingale BMO norm admits the equivalent expressions, for
any 0 < p < oo,

Il flIBmMO ~ iquH(Esz —Ex,_, fINVP ||oo
>

If we replace f by Jx, f = f — Ex, f in both inequalities, we immediately obtain the corresponding
analogues for the BMO spaces which quotient out ¥;-measurable functions, introduced above. Namely, the
only difference is that we should read John—Nirenberg inequalities under the convention that Ex f =Egy, f,
and the BMO norm is given by || - |50 instead. If we intersect two of these BMO spaces, we get John—
Nirenberg-type inequalities for our spaces BMOy; , (€2) associated to an admissible covering (2,, Xp) by
taking again Ex, f = Ex, f:

1
I/ e, @ ~ max sup| (Bl f Bz £17)7 | s

AN s 12 4) Sexp( - )
sup sup ——u —Exu > SO\ Ty )
j=ab k=1 M(A) e 1/ lBmos,, @
AEij
Let us now consider Hi—BMO duality in our context. In the literature we find several equivalent
descriptions of martingale H; spaces, via Doob’s maximal function, martingale square function or
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conditional square function. Namely, H; can be defined as the closure of the space of finite L | martingales
with respect to any of the norms

Jsup €5, 1], ~ H (Z |dfk|2)2 H ~ 3 dfilli + H(Z Ex, | |dfk|2)2
> 1

k>1 k>1 k>1

1
We refer to [Davis 1970] for the equivalences above and to [Garsia 1973] for the duality theorem, which
claims that Hf ~ BMO, a martingale analogue of the Fefferman—Stein duality theorem. Let us now
consider atomic descriptions of these spaces. The term “atom” unfortunately appears here in several
settings — o -algebras, measures and Hardy spaces — with different meanings, but it will be clear which
one is used from the context. Atomic descriptions are not possible for arbitrary H; — see [Conde-Alonso
and Parcet 2014] for an “atomic block™ description both in the commutative and noncommutative settings —
but there are such results for h; (defined above). A X-measurable function a € L,(£2) is called an atom
when there exists k > 1 and A € ¥; with

supp(a@) C A, Ex,(a)=0, |ala<pA)~/2

The atomic h; is defined as the space of functions of the form f =) j Ajaj with the a; atoms. The norm
is the infimum of ) ; 14| over all such possible expressions for the function f. This space is isomorphic
to hy; see [Garsia 1973]. In particular, it is also isomorphic to H; when the filtration is regular. This will
be enough for our purposes, since we will only use Hi—BMO duality for regular filtrations. Now, given
two filtrations (X x)x>1 with X;; = X; for j = a, b, let H;; be the corresponding H; spaces. Define
Hy (@) ={f e Li(@) | flu = inf 11l + 1 211y, < 00}
f=h+h

=J1

Ex, fi=Ex f2=0

Then, all the results above apply. In particular, we have

Hy (2)* ~BMOg, (Q).

2. Interpolation: proof of Theorem A

Proof of Theorem A. The argument is a bit lengthy, so we have divided it into several steps. We will
assume that y is a finite measure on €2 — normalized so that p(£2) = 1 — since this case is more technical.
The slight modifications needed for the nonfinite case will be explained in the last step of the proof.

Step 1: Intersection of quotients. Let us first show that the interpolation result follows from the first
assertion of Theorem A. Namely, given an admissible covering (X,, £y) of (€2, ¥, i) and filtrations
(¥jk=1 with X ;1 = X; for j =a, b, let BMO; be the corresponding martingale BMO spaces. It is clear
that

I f e = 1 f lizg@.Lo@ny, 2 1 Moy, @.Ls @y,

> jnig’); I1f = Es; flls, 8M0)). 75, (Li@)ly,

~ max —Ex. =
max I/ ij”quj(Q) ”f”Lanb(Q).
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For g > 2, this implies
L3(Q) C [BMOs,, (), L ()14 C LY, ().

Thus, the result follows from the isomorphism L;(Q) s L%ab(Q). The interpolation result for 1 < g <2
follows from this and the well-known reiteration theorem [Bergh and Lofstrém 1976].

Step 2: Reduction to strict contractions. The rest of the proof will be devoted to justify the first
assertion of Theorem A. We claim that such an isomorphism holds whenever we can find a constant
0 < ¢p(Zap) < 1 such that, for every mean-zero function f € L,(£2),

min{||Ex,Ex, fllp, IEs,Ex, fllp} < cp(Za) 1 f 1l p- 2-1)

Indeed, if E¢p = fQ ¢ d ., we first observe that
1911500 ~ I —Egll, ~ inf ¢ =K.

I#1ls,,@) ~ ||¢_E2j¢”p~(p inf [l¢— ol

¥ j-measurable

Therefore, our goal in what follows is to show that

¢ —Edllp, ~ ll¢ —Ex,Pllp + 16 —Ex,pll, forevery ¢ e L,(€2).

The lower estimate is trivial. For the upper estimate, we shall use (2-1). Assume that the minimum above
is attained at the first term (say) and let f = ¢ — E¢ be a mean-zero function. We then find

IEs,Ex, [, < cp(Ea I fllp < cp(Ean)[Il f —Ex, £l + |Es,(f —Es, Ny + IEs,Es, £l
which implies

c (Eab)
IEs,Ex, fllp < — 22—
bf g 1_Cp(zab)

This inequality is all we need, since the upper estimate follows from it:
l¢ —Edllp, < Es,@ —Ell, + ¢ —Ex, @l < |Es,Es, fllp + IEs, (¢ —Ex, @), + 16 — Es, 8l

[l¢ —Ex, @l + 119 —Es,@ll 1.

[l —Es.éll, + ¢ —Ex,ollp].

<
I —cp(Xan)

Step 3: The case p = 2. Recall that we are assuming for the moment that ;£(2) = 1, and in that case
we may consider two distinguished atoms (Ag, Bg) € X, X Xp. In accordance with the previous point, it
suffices to show that

minf||Ex,Es, fl2, |Es,Ex, fl2} < c2(Zap) |1 fI2

for some 0 < c2(Xy) < 1 and every mean-zero f € L,(€2). We claim that this estimate follows if the
same inequality holds for X ;-measurable functions which vanish on the corresponding distinguished
atom. More precisely, it suffices to prove that one of the following conditions holds:

e |[Es, dvll2 < c2(Zap) llgpll2 for ¢, Xp-measurable with ¢y, (By) = 0;
o [|[Ex,@all2 < c2(Zap) ll@all2 for ¢, Xy-measurable with ¢,(Ag) = 0.
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Indeed, assume the first condition holds and let ¢y, € L,(2, Xy, ) be mean-zero. Then

#oll5 = llgy — P (Bo)lI3 — I¢pn(Bo)I?,
IEs,#bll5 = IIEs, (¢ — b (Bo)) I3 — o (Bo)|*.

Subtracting and using the first condition, we get

l#bll3 — IEs, @613 > (1 — c2(Zap)) lpo — P (Bo)lI3 > (1 — c2(Zan)) I 13-

Here, ¢, (Byp) denotes the constant value of ¢, on By. Rearranging, we get ||Ex ¢pll2 < c2(Zap) |¢pll2.
Therefore, given any mean-zero f € L(2), we may define ¢, = Ex, f and deduce that |Ex, Ex, ]2 <
c2(Zap) |l fl2, as desired. Alternatively, if we use the second condition above, the roles of ¥, and X, are
switched and we obtain the other sufficient inequality which is implicit in the minimum above. Thus we
have reduced the proof to justify one of the two conditions above. It is at this point where our definition
of admissible pair comes into play. Namely, we know that

. { w(ANB)? (AN B)?
min

sup |IRp|———-, sup IRAI—}=C(E b)
A€TT,\(Ao) B%,;A u(A)(B) Benb\{Bo}A%,;B n(A)u(B) ‘

for some 0 < c(Zap) < 1. Let us assume (say) that the minimum above is attained by the first term and
let ¢, be a ¥,-measurable function in L,(2) that vanishes on Ag. Then, if we write ¢, = _ , A, XAXA
we have the estimate

Z n(ANB) u(A'NB)

2 & AC A"
|Es, @all5 = Z xAdA w(B)/2  w(B)1/2

A,A'#Ap BeRANR

2M(AmB) /ZM(A/HB)2>
DI ( wB Tt

A A/#Ao BERAﬂR /

,u(AﬂB)
= laalud)y > 2 w(A)u(B)

A#Ay A'#£Ag BERANRy
RANR 4 £
)2
=Y laalu(a) Y IR (A) B =) Y laal’u(A).
A#Ag BER, A#Ag

The right-hand side equals c(Xp) ||¢a||§, so we obtain the second condition. The first one follows when
the minimum in our definition of admissible covering is attained by the second term. This proves that
the first assertion of Theorem A holds for finite measures and p = 2. The case p > 2 requires some
preliminaries.

Step 4: A mass absorption principle. Let us consider a particular ordering of the atoms in ¥, and Xy,
According to our assumption ¥, N Xy = {2, @}, we may order I1, so that [T, = {A{, A», ...} and, for

each m > 0, there exists B € I, such that u(A,,+1 N B) and ,u(U Ag N B) are both strictly positive.

s<m
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Similarly, we may order IT; satisfying the symmetric condition. Define the atomic o-algebras
m
Ya(m) = U< U As, {As}szm+1>’
s=0

2:b(’/”) = 0< U By, {Bs}szm+1>-

s=0

In this step we will prove that

Iy @ =If =Bz fllL,@ + If = Esyom fllz,@ (2-2)

for any m > 1 and 2 < p < oo. The constants may depend on m, p and the covering (X,, Xp). Indeed,
since the result is trivial for m = 0, we will proceed by induction and assume that the result holds for m — 1.
Moreover, the upper estimate is straightforward and by symmetry it suffices to show that

If = Esuom fllp SIS —Esuon-0) fllp + 1 f —Es, fllp-

Taking Ao(m) = U<, As, let f = fXagm) + fX40m) = f1 + f2. Since it is clear that Ex, ) f2 =
Es,m—1) f2, we may concentrate only on fj. The left-hand side for fj can be written as

/ fe du‘-
Ag(m)

Approximating the right-hand side up to ¢ > 0 by some mean-zero go in the unit ball of L, (Ao(m)),

I/t = Esomy fillp = I Xa00m) (f = Exyom Dl p = 1 f L5 a00mp ~  sup
”g”Lp/(AO(m))Sl
g mean-zero

let B be an atom in Xy satisfying that u(Ag(m — 1) N B) and p(A,, N B) are strictly positive. Recall that
this can be done by the specific enumeration of atoms we picked. Then, define

XA,NB
WA NB) Ja,
XAo(m—1)NB
u(Aog(m — 1) N B) Jasm—1)
XAo(m—1)NB XA,,NB
= godp + ——"—
u(Ag(m — 1) N B) Jasm—1) w(AnNB) Ja,

81 = XA, 80 — godpu,

82 = XAg(m—1)80 — godpu,

83 godu.

Obviously, go = g1 + g2 + g3 and each g; is mean-zero. Moreover, we have

XA,NB

T~ o godu
pn(An N B) Ja,

lg1llz, aom) = 1A, 801lL, Aoom)) + ”
L (Ag(m))

AP
§<1+ H(Am)

m) lIgollz, a0em) S 180N L, (agemy) < 1.
m
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Similar computations apply to g> and g3. In summary, we obtain the estimate below, where we write fo
to denote the average of f over a given measurable set Q:

/ f&o du‘
Ag(m)

fA (f — fa)&r d#‘ +

m

/1 = Esyom f1ll p ~

=

f (f = faym-1))82 du‘ + ‘/ (f— fB)gs du‘
Ag(m—1) B

Sllxa, (F = fa) llp + Ixagm—1(f = fagm-)llp + lxs(f — fB)lp
S =Esm- fllp+I1f —Esy fllp
This completes the proof of the norm equivalence (2-2).

Step 5: The case p > 2. We now complete the proof of Theorem A for probability measures. According
to (2-2), it suffices to show that there exists 0 < ¢,(2;,) < 1 and m = m(p) > 1 such that, for any
mean-zero function f € L,(£2),

min{||Ex,on)Esyim) f 1l ps I1Esoem)Esaom) fllp} < cp(Zap) | f I -

Pick m = m(p) as the smallest possible value of m satisfying
2471 \pT
. : pP— —
min{/(Ag(m)), n(Bo(m))} > max{ (W) L (1—4 p)l/p}
and ¢ = &(p) > 0 small enough so that

(1— 2.4*17)1/2 <(1 _4,1,)1/(2[,)(1 _ 83)1/2 _ g3

Since L ,(£2) C L2(£2), we know from Step 3 that f always satisfies the above inequality for p =2. Assume
that the minimum for p = 2 is attained (say) at the first term, so that |Ex,n)Ex,m) fll2 < c2(Za) 1l f 2.
Recall that Ef = [, f du. When

E(Ez,m) f17/%)? < (1 = &) [[Esyom) £ 112,

we proceed as follows:

IEs,m) Esytm) £ 115 < s, m) [Egyim) £17215 = (EIE 5y £17/%)? + (E[Esym) 177%)?
= IEs,0m (Ezyom) [ 1772 = EIE5,6m) f 12113 + (EE s, m) f17/%)?
< 3 (Za) | [Exym) £17/* — E|Exymy £ 172113 + (E|E g, m) £ 1757
< [3(Za) + (1 =5 (Sa)) (A =D F 115 = ch(Ean) L f1I5.

If E(|Egb(m)f|1”/2)2 >(- 83)||E2b(m)f||z, then one can easily show that

2
IE 5yom) £ 1772 = ElEsyom £ 17775 < € 1 Esym) S 115
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Now, decomposing Es, ) f = Esym) f (Bo(m)) X By(m) + Exym) f X2\Bo(m)» We get

VI(Bo(m)) [Exymy f (Bo(m)|P = | Exym) £ 177 X 8oy 2
> |[EIEssy(m) £ 17" X Bom) 12 = NE sy £ 17/% = E[Esymy £ 172l
> w(Bo(m)) ' *E|Exyimy £ 177> — ¥ [Egyom) 1152
> [(1 =4V — )2 — &P Egym £152
> (1—2-477)2||Esym) f1I5/>.

This also implies

IEsyom) [ X\Bom) Iy <247 P Esyom) fI7-

On the other hand, since f is mean-zero we have

Esym) f (Bo(m))w(Bo(m)) + E(Es,om) f X2\Bo(m)) = 0.

Rearranging and raising to the power p then gives

w(Bo(m))? |Ex,om) f (Bo(m)|” < By f x\Boem) | <247 P1Egyom) f1I5-

Finally, combining our two estimates so far for u(Bg(m)), we obtain

1

pn(Bo(m)) < (ﬁ)pl
1—2-4-p

which contradicts our choice of m = m(p). This shows that E(|Ex, ) f |P/2)2 cannot be larger than
(A —e3)||Egym) f ||§ and completes the proof in the case the minimum for p = 2 is attained at the first
term. When the minimum is attained at the second term, a symmetric argument applies.

Step 6: The nonfinite case. When 1£(€2) = oo the proof of Theorem A is a bit simpler. In the first place,
note that L;(Q) = L,(£2) in this case. In particular, the goal is to show that

L,(€2) ~[BMOsx,, (€2), L1(2)]1/4,
Ly() =~ Ly(R, 2, 0)/Ta A Ly(RQ, S, 1)/ Tb.

Since Lo (2) C BMOgy, (€2), our argument in Step 1 can be easily adapted and interpolation follows
from the second isomorphism above. To prove it, we follow essentially the same argument as for finite
measures. Indeed, arguing as in Step 2, we see that it suffices to show that

min{||Ex Es, fllp, IEs,Ex, fllp} < cp(Zan)ll f1lp

for some constant 0 < ¢, (Z,p) < 1 and every function f € L,(€2). The only difference is that here it must
hold for every f, not just mean-zero elements as in the finite case. The case p = 2 is proved following
Step 3. The fact that we do not assume f to be mean-zero— or ultimately to vanish at Ay or By —is
compensated by our definition of admissible coverings, which does not consider distinguished atoms
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for infinite measures. Finally, once we know the case p = 2 holds — for arbitrary functions, not only
mean-zero ones — we conclude that

IEs,Es, £115 < 1E5.Ex, | F177213 < S I F17213 < B (San) L £ 112

or a similar estimate for Ex, Ex, f. The proof of Theorem A is now complete. (]

3. Calderén-Zygmund operators, I

Let (2, X, u) be a measure space and consider a metric d on 2. Assume that u is o -finite with respect
to the metric topology. In this section we will be interested in Calderén—Zygmund operators on the metric
measure space (€2, u, d), as defined in the introduction. More precisely, we prove Theorem B1 below
and, after that, we shall illustrate this result with a few constructions of admissible coverings.

Proof of Theorem BI. Our definition of CZO includes a symmetric Hormander kernel condition. This
implies that the class of Calderon—Zygmund operators is closed under taking adjoints. In particular, the
L ,-boundedness for 1 < p < 2 can be deduced by duality from the case p > 2. On the other hand,
according to Theorem A, the latter follows by interpolation if we can prove that any CZO extends
to a bounded map L (2) - BMOsyx, (€2). Indeed, since T is Ly-bounded, Theorem A yields that
T:L,(R2)— L;(Q). This is enough when the measure w is infinite, since in that case L, () = L;(Q).
When w is finite we use Ly-boundedness once again together with Holder’s inequality to deduce that

ITfIl, <ITf—ETfll,+rm@YPIETFI S UF N, + 12721 £l SN FI -

This completes the proof of our claim. Let us then prove the L, — BMO estimate. Consider an auxiliary
BMO space which arises by averaging over the family of doubling balls in (€2, X, ),

Is ”DBMO‘BZ&I(M(B)/ M(B)/ S du

doubling

du(w))

Following the standard argument, it is easily checked that
T : L (2) »> DBMO.

Indeed, in the first place we may observe as usual that we have the equivalence

| fllpBmMO ~ sup inf (
Bd-ball kseC \ u(B)
doubling

/If(W) kg du(w)>

Second, we decompose f = f xaB + f X2\oB = @18 + ¢28 and pick the constant kg to be the average of
T ¢op over B. Then, we may estimate the norm of 7 f in DBMO by using the L,-boundedness of T for
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T ¢18 and the Hormander kernel condition for T ¢,g. More precisely, we get

2 2
du(w))
T(f xo\eB)(W) — —— T(szz\aB) du

1
* (M(B) /B (B)

Since we just use («, 8)-doubling balls, the first term is dominated by

I7fllpBmMo < sup (—
Bd-ball

doubling 5 1

2

du(w)) .

u(@B)\?
(M(B) ) 1T 2201 Flloo S 11 Nl

On the other hand, using the kernel representation of T we may write

1
T oo ) == [ T o) dn = — / / k(w, ) — k(E, ) £(©) du(©) du(€)
uw(B) w(B) Q

\aB

for w € B. In particular, the last term above can be majorized by || f ||« using the Hérmander condition
for k. This proves the L., (£2) — DBMO boundedness of our CZO. Therefore, it suffices to show that
DBMO C BMOg,, (€2). This follows from the chain of inclusions

DBMO C bmogy, Abmoy, C BMOx, ABMOgs, = BMOgy,, (€2).
Let us recall in passing the terminology we are using, namely
bmoy; = Jy;(bmo;) and BMOgy, = Jx;(BMO;)

for j = a, b. Here, bmo; and BMO; are the martingale bmo and BMO spaces constructed over the
filtrations (X j;)x>1 described in the statement of Theorem B1. If IT; denotes the atoms in such a filtration,
the norm in bmoy; is given by

du(w))

1
— Ev. | f—Esx. fI?1Y2 = —/ /
”f”bmozj igll) IEs; |f —Es; /1715 AS;}{)[ (A (A fdu

Now, since we assume that all atoms in IT = IT, U II} are doubling, the seminorm above is majorized (up
to absolute constants) by the seminorm in DBMO. As this holds for both j = a, b, we have proved the
first inclusion. Now, for the second inclusion, we recall the seminorm in BMOgj,

1/ llsmos, = sup IEs, | f —Ex, fI13%
k>

where Ex, f = Ex,, f since we quotient out X ;;-measurable functions. Note also that we are requiring
the filtrations (X jx)i>1 to be regular. In other words, there exist absolute constants ¢; > 0 such that
Es,|fl <cjEs, | flfor j =a, band k > 1. This yields the inequality

I fllBmOz, < ¢;jll fllbmos, -

Thus, BMOgy,, (£2) >~ bmos, Abmosy, for regular filtrations, and we are done. |
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Remark 3.1. Under the same assumptions, every CZO extends to a bounded map
Hy (Q) — Li(Q).

Indeed, this follows at once by duality and Theorem B1. Alternatively, since we need to work with
regular filtrations, we may use the atomic description of leab(SZ) given in Section 1, from which an easy
argument arises; details are left to the reader.

In the following subsections we shall illustrate Theorem B1 with a few examples.

Doubling case. Admissible coverings fulfilling the assumptions in Theorem B1 can always be constructed
on every doubling space, so that Calderén—Zygmund extrapolation for homogeneous spaces appears as a
particular application of our approach. For clarity of the exposition, we shall just indicate how to construct
such admissible coverings in R? with the Lebesgue measure m and the Euclidean metric, although a
similar construction works in the general case. Let us pick Q¢ = [—% %] X [—% %], the unit cube, and
set Qs = 3°Qg for s > 1. Consider the o-algebras

Ya=0(Ag|s=1) and Zp=o0(Bs[s=1),

where (A1, B1) = (Qo, Q1) and (Ay, Bs) = (Q25-2 \ Q25-4, Q251 \ Q25-3) for s > 2. Then it follows
from the proof of Lemma 1.3 that (X,, ¥p) is an admissible covering of the Euclidean space (RZ, m).
Next, we define the filtrations (X jx)x>1 with X ;; =X; for j =a, b. Exceptfor A| and B; — which are or-
dinary cubes — the atoms A and B, (s > 2) are punctured cubes in which we remove a concentric cube with
side-length % times the side-length of the larger one. To define X j, for j =a, b, we break each A, By into a
disjoint union of 80 equal cubes of side-length é times the side-length of the original punctured cube —i.e.,
all except for the one in the center — unless s = 1, in which case we also pick the center and get 81 subcubes
(see Figure 1). The next generations are simpler. Indeed, since all our atoms in X, are already cubes, we
perform dyadic partitions in each of them to provide the next generations of our filtration. This procedure
completely defines two filtrations respectively based on X, and Xy,. It remains to check that these filtrations
are regular and the atoms are doubling. The regularity constant is dominated uniformly by 81 when
(k—1,k)= (1, 2) and by 4 otherwise. On the other hand, our atoms for k£ = 1 are punctured cubes which
are comparable to the corresponding unpunctured ones, which in turn are doubling with constant 4. This
proves that all conditions in Theorem B1 are satisfied. In the general case, we just need to use Christ dyadic
cubes [1990] and adapt our choice according to the finiteness or nonfiniteness of © as we did in Lemma 1.3.

Polynomial growth. Assume that we have (2, u, d) of k-th degree polynomial growth with u(£2) = oo.
The associated RBMO norm can be defined as follows:

i 7t [ ran] /o
u®) gl T umy Jy T TR

Il fllrBMO = InaX{||f||DBMo, sup
BCB’

B,B’d-balls

doubling

with 1 <Kpp=1+), JBCB/ w(2/B) / r(2/B)¥. For such measures, we may easily construct an admissible
covering of (€2, u) composed of doubling atoms. Indeed, the construction above can easily be modified
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Figure 1. The admissible covering and the second generation of one of the filtrations.

using the existence of arbitrarily large doubling cubes centered at almost every point in the support of u;
see [Tolsa 2001] for details. The main difficulty relies in the construction of filtrations (X )~ satisfying
the assumptions in Theorem B1. Note that, whenever that holds, we find

RBMO C DBMO C BMOy,, ().

In particular, we deduce that [RBMO, L;(£2)]y/4 >~ L, (£2) when this happens. As far as we know, such
interpolation identities are new since Tolsa [2001] studied interpolation of operators. Unfortunately,
the construction of such filtrations seems to be a difficult task in the general case. For instance, the
corona-type construction described above finds some obstructions when the measure p is supported in
Cantor-like sets. Nevertheless, we may construct these filtrations in some other cases. Let us consider the
following family of measures on R” equipped with the Euclidean distance

dx

These measures are nondoubling only for 8 > n. We will construct an admissible covering for g > n3/?
satisfying the hypotheses of Theorem B1 when d is the Euclidean metric in R”. We will work with the

equivalent measure
dvg(x) = min(1, |x|#} dx

for convenience. Note that this does not affect the conclusions in Theorem B1.
Pick Qg = [—A, A]"* with A > 1 to be fixed, and set Q; = 2° Qy. Consider the o -algebras ¥; = o (Ay |

s> 1) and Xp =0 (Bs | s > 1), where (Ao, Bo) = (Qo, Q1) and (A, Bs) = (Q2s \ Q25—2, Q2541 \ Q25-1)
for any s > 1. We clearly have ¥, N X, = {R", @} and max{|R4/|, |Rg|} <2 for (A, B) € I1, x I}, by
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Ay S3
......... —
:R3
S R Ay \ By
As N B,

Figure 2. There is a cube R; for each cube S;.

construction of (X,, Xp). Thus, it suffices to show that

ve(ANB)?

sup < .

(A.Byel, =11, VB(A)vg(B) 2
A£Ay

We will prove, in fact, the apparently stronger inequalities

Vg (As N Bs—1) 1 Vg (As N By) 1

sup—— <= and sup—— < .

s>1 V,B(Bs—l) 2 s>1 Vﬂ(As) 2
By symmetry of the argument, we just prove the second inequality above. Denote by L the side length of
the smallest cube Q»; containing As. Then we have that A N B can be decomposed into C,, = 8" — 4"
cubes §;, each of which satisfies that §; = R; +as, for some cube R; = R;(S;) C Ay \ By of side length
equal to L/8 and such that the angle between any point in R; and as; is smaller than /3. We can also
impose that |a 5].| > L/8; see Figure 2. This implies that, for each x in R;, we have

lx +as,| > |x| + las, | cos <t(x, as,) = |x| + lag, .

Since A; C R"\ B{(0) for s > 1, we have

C,
vg(Ay N By) :/ Ix| 7P dx = Zf Ix|7P dx

AsNBg

Cll
> 'x+as'ﬂdx<2/ 1+ Hlas, )7 .
j=1
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Using that |x| < v/nL/2 for x € Ag and las;| = L/3,

1
v,g(Rj)

Therefore, we obtain

Vﬂ(AsmBs)<C( Jn >ﬁ<8n< Jn )ﬁ
(A 1) = 1 <
vp(A,) N Nz

A similar argument shows that

(1] + Llas, 1) 5( Jn )ﬂ.

-B
x|+ Llas.|) " dx < sup
/R.i( 2 ’) \/ﬁ+%

XERj |X|7'B

for B > n’/2.

[NSTR

Vg (AsN Bs—1)
vg(Bs—1)

for B > n*? and s > 2, whereas the same estimate holds for s = 1 as a consequence of the fact that B

<l
2

contains [—X, A]" for A > 1 large enough. This completes the construction of an admissible covering. It
remains to construct filtrations (X4 )¢>1 for j = a, b, that are regular and composed of doubling atoms.
Recall that we set X ;1 = ¥; and define X > by splitting each atom in X; into a disjoint union of cubes.
Namely, for j = a we keep Ag and divide A; into the cubes R;, §; in Figure 2. We proceed similarly
for j =b. Once we have defined X >, we construct X ;; by dyadic splitting of the cubes in ¥;_1). Note
that the atoms in X1 \ {Ao, Bo} split at most into 8" cubes K centered at cx which are away from the
origin. Thus

v,s(zK>=/ |x|—ﬂdx,§|2K||cK|‘ﬂ,§|K||cK|—ﬂ,§f x| 7P dx = vg(K).
2K K

It easily follows from this that all the atoms in ¥ j; are doubling up to absolute constants independent
of k > 1 and that both filtrations are regular. This shows that Theorem B1 applies to (R", ug) with the
Euclidean metric.

Remark 3.2. A few comments are in order:

() In the light of the example above, one could wonder what happens with the positive powers d ., (x) =
|x|¥dx for y > 0, but it is straightforward to show that these measures are doubling, so that we can handle
them following the construction of the previous section (see p. 731).

(ii) Our proof of Theorem B1 relies crucially on the embedding of the space DBMO in BMOgy_ (€2)
under suitable conditions. When the metric measure space (€2, u, d) is of polynomial growth, we know
from [Tolsa 2001] that CZOs are L, — RBMO bounded. Since RBMO C DBMQ, it is natural to wonder
if we have

RBMO C BMOs,, (R2)

under weaker assumptions than in Theorem B1. It turns out that this is the case when there exists filtrations
composed of doubling atoms, no matter whether they are regular or not. Indeed, noticing that RBMO can be
described as a subspace of DBMO with an additional condition, it is this crucial extra condition introduced
by Tolsa that allows an embedding into BMOsy,, (€2) and not into bmos,, (€2) for nonregular filtrations.
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Concentration at the boundary. Let
dipse(x) =" ax

on R" equipped with the Euclidean metric. Carbonaro et al. [2009; 2010] proved that these measures
satisfy their concentration condition when o > 1. In this subsection we shall prove that our hypotheses in
Theorem B1 hold for any « > 0, hence extending their results for measures with less concentration at the
boundary. Let us start with the probability measure p_,. Pick K = K (n, @) > 0, a large constant of the
form 2% for some k > 1 to be fixed below. Denote by D(R") the standard filtration of dyadic cubes in R”.
We consider the distinguished atom Ag = [— K, K]". The other atoms A € I1, for s > 1 are chosen to be
the cubes in D(R" \ Ag) which are maximal under the following constraint on the side-length £(A;) in
terms of the modulus of its center c4, :

I, ={Ap} U {AS maximal in D(R" \ Ag) | £(Ay) < K|cAS|1_°‘, s> 1}.
Before defining Iy, we also need another dyadic filtration D’(R") satisfying some specific properties which
we now detail. Given cubes (A, B) € D(R") x D’(R") of comparable size— 27K < ¢(A)/L(B) < 2k
for some absolute constant ko — with nonempty intersection, there exists a parallelepiped R C AA B such

that:

(1) R is “substantially closer” than A N B to the origin;
(2) there exists a =a(R) € R" such that AN B C UIJLI R+ ja;
(3) la| = § max{€(A), £(B)} and |x + ja| > |x| + 3la| for every x € R.

Let A; be the cube in IT, \ {Ag} whose center is the closest to the origin. Let L = £(A) and pick
By = Ay + %Led with e; = (1,1, ..., 1). Then, the dyadic filtration D’'(R") is defined as one of the
shifted dyadic filtrations in [Conde 2013] with the initial cube being By. The fact that the properties

above hold follows ultimately from the “good separation” between D(R"™) and D'(R"). Here we pick K
large enough so that the estimate p_, (%Ao) > (1 —&)pu—_q(R") holds. In particular, we get

m—a (Ao N Bop)
M—q (R™)

for some small ¢ > 0 to be fixed. The family ITy, is defined similarly by

>1—c¢

My, = {Bo} U { B, maximal in D'(R"\ By) | £(B;) < K|cp,|'™*, s > 1}.

Set ¥; = o (I1;) for j = a, b and observe that X, N X, = {R", &} by construction. Therefore, to prove
that (X,, Xp) yields an admissible covering we only need to check that we have

_«(ANB)?
sup Z |RB|M
Ael\(Ao) jeg,  M—a(@—o(B)

According to our definition of Ay, it is a simple exercise to check that we have £(A;) > %K lca, | 1= for
all s > 1 but for a finite number (independent of K) of cubes close to the origin. The same argument
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R |R+a iR+2

Figure 3. AN B is covered by at most N a-translates of R; R is “substantially closer” to
the origin than A N B; a is parallel to a coordinate axis for cubes A, B in a sector around
that axis. In particular, x and a are “close” to being parallel, so that |x + ja| > |x|+ %lal.

holds for atoms in I1y. In particular, we have |R4|, |Rp| < C, for all (A, B) € I1, x I1p. Therefore, when

B = By we obtain
Rp| H-a(ANB)? < nu—a(AﬂB) -c, & -
Mo (A)t—o(B) M—a(B) I—e
for e < %C;l. Otherwise, when B # By, we obtain
po(ANB) 1

M—a(R) B M—a(R) Jans

<2N: ! /e‘”ja& dx
- (R) Jr

| —

— o
e M dx

Pl

N —(x|+lal /2" — (x| +lal /2% +x |

< e dx <Nsupe .
H—a(R) Jr X€R

If « = 1, we get an estimate Ne~lal/2 > Ne~C:X | For other values of a > 0, a straightforward application
of the mean value theorem gives

(1] + Lal)* — |x|* > %chul—“pd“—1 >CK

since |x| ~ |c4|. Hence we get, for A # Ay,

< = P §—+C2Ne_C;K<1,
p—a(A)yp—a(B) 2 B#By M—a(A)_o(B) —2 "

(AN B)?2 _4(AN B)?
ZlRBl /'La( ) 1+Ci su Ma( ) 1

BERA
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picking K = K (n, o) large enough. This shows that we have an admissible covering. Note that our choice
of cubes for @ > 1 is a family which becomes smaller and smaller when we get away from the origin.
This is in the spirit of the Mauceri-Meda [2007] construction for the Gaussian measure. In contrast,
when o < 1 we pick larger and larger cubes as we get away from the origin. This construction seems not
to be useful in [Carbonaro et al. 2009; 2010], since we may not use the locally doubling property for
arbitrarily large cubes. Let us complete the proof by showing that the other hypotheses in Theorem B1
hold. Our choice of filtrations (X x)i>1 for j = a, b is by dyadic splitting of the cubes in IT, and ITy,
respectively. The regularity of such filtrations will follow from the fact that every atom in (X )x>1 18
(3, B)-doubling for some absolute constant 8, and this suffices to complete the proof. If Q is any subcube
of Ay U By, there are dimensional constants &, and K,, such that

e 5/ M dx < K, 0.
0

and hence Q is trivially (3, 8)-doubling. Otherwise, we compute
—«(3 3 «
BaBO) _BOL e i
m—a(Q) 10| xe3Q xeQ
< 3"exp((lxol + 3v/nl(Q))" — (lxgl = 5v/nl(Q))") < B

for some absolute constant 8 > 0, using the mean value theorem one more time.

x| “

Remark 3.3. A few comments are in order:

(i) Given « > 0 and by minor modifications in the above arguments, we may also produce an admissible
covering for (R", e™!"dx) which satisfies the hypotheses of Theorem B1 with respect to the Euclidean
metric.

(i1) In this paper we A-intersect two truncated martingale BMO spaces, but our results also hold for
finite A-intersections; details are simple and not very relevant. The Mauceri-Meda BMO space for the
Gaussian measure [2007] can be described as such a finite intersection of BMO spaces using a construction
similar to the one above for u_, but intersecting n + 1 BMO spaces instead of 2. Namely, one uses
as many filtrations as needed to cover all cubes in R"” with dyadic cubes of comparable size; see, for
instance, [Conde 2013] for the optimal choice. This establishes an inclusion of their BMO space into
our 2-intersection BMOy,, associated to w_p, which still interpolates and is strictly larger. The latter
assertion can be proved following the argument which shows that classical BMO is strictly contained in
dyadic BMO.

(iii)) A geometric interpretation of our definition of admissible covering could be that we still impose
certain concentration at the boundary, but much less than [Carbonaro et al. 2009; 2010]. In support of
this, let us consider an admissible covering (X,, Xp). Let A be a finite family in IT, \ {Ao} and let R 4 be
the union ( J,. 4 Ra. If we consider the set R4 as a measurable set and interpret R 4 \ A as the region
“close to the boundary”, then we can prove that

1
m(R4) < T(Eab)'u(RA \A)
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or, equivalently, 1 (A) < (X)L (R 4). Indeed, we have

pA=) Y wANB)

AcABeRy

< (Ea)'? ZM(A)”2< 3 %)

AcA BeR4 5|

B)\}
EC(Eab)I/ZM(A)I/2<Z > M) < (Eap) (AR,

AcABeRy |RB|

(iv) In the case of the Gaussian measure on R"”, Mauceri, Meda and Sjogren [Mauceri et al. 2012] proved
that R;, S;, the Riesz transforms associated with the Ornstein—Uhlenbeck semigroups, are bounded from
L to Mauceri-Meda BMO spaces, but their adjoint operators R, S are not when n > 2. As explained
in (i1), our BMO spaces are strictly larger than Mauceri and Meda’s if the o-algebras ¥, X; are picked
as in the beginning of this subsection. Therefore, the Riesz transforms R;, S; studied in [Mauceri et al.
2012] are bounded from L°° to our BMO spaces as well. Pierre Portal [2014] introduced a different
type of Hardy spaces using truncated maximal functions and square functions. He proved that the Riesz
transforms R;, S; and their adjoint operators R, S are all bounded from his H; space to L; [Portal 2014,
Theorem 6.1]. It is interesting to determine whether R}, S7 are L>°-BMO bounded for our BMO spaces
with carefully picked X,, Xp.

4. Calderén-Zygmund operators, 11

In this section we will study the class of atomic Calderén—Zygmund operators (ACZO) defined in the
introduction over a given measure space (2, X, ). More precisely, we shall prove Theorem B2 and
illustrate it with a few constructions of dyadic operators satisfying its hypotheses.

Proof of Theorem B2. Following the same argument as in the proof of Theorem B1, we can use
duality and our interpolation result in Theorem A to reduce the L ,-boundedness in the assertion to the
L+ (2) = BMOg,, (£2) boundedness of our ACZO. This is however standard. Indeed, since the filtration
is regular we know that BMOy,, (2) >~ bmosy, (£2). Up to absolute constants, the norm in the latter space
is given by

/ 1 (w) — kol du(w))

1T fllomog. () = SUP 1f<
oz (D = i koeC \ 11(Q)

where IT = IT, U ITy, is the set of atoms in any of the two filtrations. Decompose

f=fXQ+fXQ\Q=fl+f2-

As usual, we pick kg = (T f2) g. Then, we control the term for 7 f; using the L,-boundedness of 7" and
the regularity of the filtrations. The term T f> — k¢ is dominated by means of the Hormander kernel
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condition given in the definition of ACZO. Namely,

( (Q)f 1T f1(w)] du(w)>2 <||T|I2»2,/M(g 1 lloo S 11f lloo

by regularity of the filtrations. On the other hand

| :
— | T —(T 2d
(M(Q)fg| Fa@) — (Tf)ol M(w)>

1 2 2
5( 2/ / [/ . |K(Zlvx)—K(12’x)|dM(x):| dM(Zl)dM(Zz)) I f lloos
w(@)= Jo JolLJaro

which is dominated by || f |- according to the Hérmander condition for ACZOs. U

Remark 4.1. As mentioned in the introduction, standard prototypes of atomic Calderén—Zygmund
operators include martingale transforms, perfect dyadic CZOs and Haar shift operators. These are usually
defined on the Euclidean space R" equipped with a dyadic filtration. Nevertheless, the exact same
arguments apply on any dyadically doubling measure space or even for any measure space equipped with
a two-sided regular filtration. Lépez-Sanchez et al. [2014] have studied those nondoubling measure spaces
for which Haar shift operators satisfy weak type-(1, 1) estimates. Theorem B2 provides a tool to produce
nondoubling measure spaces over which Haar shifts, or more general atomic CZOs, are Lo, — BMO
bounded. In the case of martingale transforms, Haar shift operators and perfect dyadic CZOs in (R”, w),
all of them satisfy the Hérmander-like condition

sup supf Nk(z1, %) —k(z2, )| + k(x, 21) — k(x, 22)| du(x) < 00.
QeD(R") z1,22€Q JR"\ QO

This means that these operators are ACZOs satisfying Theorem B2 as long as we can find an admissible
covering (X,, Xp) and regular filtrations over it such that all the atoms are cubes in D(R") or suitable
unions of those. If we review our examples in Section 3, this is not the case for our construction for
djiiq(x) = e dx. It is however quite simple to adapt our construction for

dx
1+ |x|?

dupg(x) =

so that it satisfies the hypotheses of Theorem B2. In particular, the Haar shift operators defined on (R", 11)
are Lo (R") — BMOg, (R") bounded. It remains open to decide whether an admissible covering exists
on the exponential measure spaces (R”, 1,) using only atoms associated to one and not two dyadic
systems.

5. Matrix-valued forms of our results

In this section, we extend our main results to the context of operator-valued functions. Noncommutative
forms of Calder6n—Zygmund theory have been recently studied in [Junge et al. > 2015; Mei and Parcet
2009; Parcet 2009; Mei 2007]. There are however no specific results in the context of nondoubling metric
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measure spaces. Unfortunately, it seems difficult to extend the approach of [Tolsa 2001] or [Mauceri
and Meda 2007] to the operator-valued or even the noncommutative setting, since their interpolation
results rest on good-A inequalities which do not have a noncommutative analogue so far. On the other
hand, the semicommutative approach in [Parcet 2009] is valid for doubling spaces, but again presents
serious obstacles to be extended to the nondoubling setting. The crucial aspect of our approach is that it
ultimately rests on martingale inequalities that have been successfully transferred to the noncommutative
setting. Namely, after Pixier and Xu’s [1997] seminal contribution on Burkholder—-Gundy inequalities
for noncommutative martingales, we find analogues of Doob’s maximal inequalities, Gundy, Davis and
atomic decompositions, Burkholder conditional square functions, John—Nirenberg inequalities, L ,/BMO
interpolation results; see [Hong and Mei 2012; Junge 2002; Junge and Mei 2010; Junge and Musat 2007,
Junge and Perrin 2014; Junge and Xu 2003; Mei 2007; Musat 2003; Parcet and Randrianantoanina 2006;
Perrin 2009] and the references therein.

Let us briefly introduce the framework for our results in this section; we refer to [Parcet 2009, Section 1]
for a rather complete review of the necessary background adapted to our necessities. We also refer the
reader to Pisier and Xu’s survey [2003] for more on noncommutative L, theory. Let (€2, X, 1) be a
o -finite measure space and consider any pair (M, t) given by a von Neumann algebra M equipped with
a normal, semifinite, faithful trace t. This is sometimes called a noncommutative measure space. We will
write (R, ¢) to denote the von Neumann algebra generated by essentially bounded functions f : Q — M
equipped with the trace

o(f) = fg t(f (@) di(®).

R is the von Neumann algebra tensor product R = L, (2)®M and we may consider the corresponding
noncommutative spaces L,(R, ¢). This semicommutative model is the context where we intend to
generalize our main results. Apart from its own interest as an operator-valued model, it constitutes a first
step towards further results for more general von Neumann algebras. In particular, as [Junge et al. 2014]
demonstrates, certain fully noncommutative questions can be reduced to the semicommutative setting.
Readers not familiar with von Neumann algebra theory are encouraged to read this section restricting their
attention to matrix-valued functions. In other words, replace M by the algebra M,, of m x m matrices
and 7 by the standard trace tr. The difficulties are similar in this case to in the general setting, as long
as we provide results with constants independent of m. We also refer to [Parcet 2009] for a comparison
between this model and the vector-valued setting, which differs substantially in the endpoint estimates.

The BMO spaces. First we review the definitions and results in Section 1 for the semicommutative setting
described above. Given a filtration (X )x>1 of (2, X, i), we consider the conditional expectations

f— Ex, Ridp(f)eR for feR,
still denoted by Ey, . The martingale bmo and BMO norms are

”f”bmo :max{”f”bmocs ”f*”bmoc}s

I fllBMo = max{]| flemo.. | f*llB™mO,},
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where the column norms are defined as in the commutative case, taking into account that we use |x |2 =x*x
for any operator x on a Hilbert space. The interpolation result [BMO, L{(R)];/, >~ L,(R) was proved
by Musat [2003] for any semifinite von Neumann algebra R. This is the noncommutative analogue of the
Janson—Jones interpolation theorem. If we set || f ||h§) =|f* ||h;, where the norm in h; is defined as in the
commutative case, then the noncommutative Hardy spaces have the form

r C 1

U S

P 0p =p =00
This combination of row and column square functions is known to be the right one for L, inequalities, as
was discovered for the first time with the noncommutative Khintchine inequalities [Lust-Piquard 1986;
Lust-Piquard and Pisier 1991]. The interpolation result [bmo, h{];,, > h,, was proved in [Bekjan et al.
2010] for noncommutative martingales. As in the commutative case, the projections Jy, =id —Eyx, are
bounded on bmo, BMO, L, and h,, so that we will be working with these complemented subspaces
which enjoy the same interpolation and duality properties as the original spaces. Note that the identity

1/ 175, bmoo) = sup | Ex, | f —Ex, f1)'2]
k>1
1
f(w)——/ fdun
A

1
(M(A) /A u(A)

still holds and we have Jy, (bmo) >~ Jx, (BMO) for regular filtrations. Consider an admissible covering
(Xa, Zp) of (L2, X, u) and any pair of filtrations (X )r>1 with Xj; = X; for j = a, b. Denote by BMO,
and BMOy,, the BMO spaces associated to these filtrations in the semicommutative algebra R and set

1
ZH
M

2
du(w))

= sup
Aell

BMOs;,(R) = Jx,;(BMO;) and BMOsy, (R) = BMOx, (R) ABMOs, (R).

The John—Nirenberg inequalities, atomic descriptions of H; and duality results have also been transferred
to the context of noncommutative martingales [Bekjan et al. 2010; Hong and Mei 2012; Junge and Musat
2007; Pisier and Xu 1997] and we will not review these results here, since they will not play a crucial role.

The interpolation theorem. Let us now state the analogue of Theorem A in the operator-valued setting. As
usual, we will write L,(R) for the subspace of mean-zero elements with respect to u. In the terminology
we use for admissible coverings,

L, (R) = Js,nx, (Lp(R)).

Theorem 5.1. Let (¥,, Xp) be an admissible covering in (2, X, i) and consider the semicommutative
space R = Lo (@M. Then, for each 2 < p < 0o, there exists a constant ¢p > 1 such that

L,(R) =, Jz,(Lp(R)) A Jx, (Lp(R)).
In particular, we have by complex interpolation that
[BMOy3,,(R), LY(R)]1/g =, Ly(R) (1 <gq < 00),

with BMOsy, (R) constructed with any two filtrations over (X,, Zp).
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Sketch of the proof. Thanks to the close connection with martingales, the proof is entirely parallel to the
one given in the classical case. Indeed, combining standard facts from noncommutative L, theory with
the martingale results reviewed in the previous subsection, it is a simple exercise to adapt our proof of
Theorem A to the present case. The only subtle point is the inequality

IEs,Ex, f115 < |[Ex, [Ex, f17/%15,

which is used in the last two steps of our argument. Namely, in the classical case this is due to
the conditional Jensen’s inequality ¢ (Ex, f) < Ex, ¢ (f) for convex functions ¢. In contrast, its non-
commutative form does not hold for all p > 2, since we need the operator-convexity of the function
¢ (x) = |x|P for B = p/2 and x not necessarily positive. This is the case for B > 2, or equivalently p > 4,
but it fails for 2 < p < 4. Note however that the ultimate goal in Steps 5 and 6 is to show that
IEs,Es, fllp < cp(Zan)ll f I, for some 0 < ¢, (X,) < 1. To prove it, we observe that

Es, (8782) = &k (g1)"&k(82),
Ex,Ex, (fi f2) = ox(f1) i (f2)
for certain right Rx-module maps &, wy : Ly (R) — C4(Ly(R)) with Ry = Eg, (R). This follows from
standard factorization properties of completely positive unital maps in terms of Hilbert modules; see, for
instance, [Junge 2002]. Let us consider the polar decompositions f = u|f| and g =v|g| of g =Egx, f.
Then we can factorize Ex, Eyx, f in two ways:
Ex,g = Ex, (vlgl'?lg]'?) = &gl v*) & (181",
Ex,Ex, f = Ex,Ex, @l f121£1'2) = ox (| f12u") o (| f1'/2).

This yields the estimates

IEs,Es, £l < 1&gl 20" I2pl1E (g1 Dl2p
< l& gl v & (g2 o)1/ 1&gl ) &gl D)1
1
= [IEx, (wIglv") 12 1Ex, (gD 1Y < 1 £ 152 1Es, Es, £17/2157

and
IEs,Exy £l < lox(1 £ u*) 2pleon (L £ 1D 12p

< Nl (L 12y o (L f 12w P o1V or (LA
1
= |IEx, Ex, (ul flu*) Y2 E5, Es, (LF DI < I FIY2IES,Es, | F17721,7.

The last inequality in both estimates follows from the Kadison—Schwarz inequality for operator-convex
functions, since ¢ (x) = x? is operator-convex on Ry for 8 > 1. The first estimate is the right one to use
in Step 5 and the second one in Step 6. ]

The Calderon—-Zygmund operators. We now consider Calderén—Zygmund operators in semicommutative
algebras associated to operator-valued kernels. Our construction is standard; we refer to [Duoandikoetxea
2001; Junge et al. 2014; Rubio de Francia et al. 1986] for further details. Let us write Lo(M) for the
x-algebra of T-measurable operators affiliated with M and consider kernels k : (2 x Q)\ A — L(Lo(M))
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defined away from the diagonal A of © x € and which take values in linear maps on t-measurable
operators. If d is a metric in €2, the standard Hormander kernel condition takes the same form in this
setting when we replace the absolute value by the norm in the algebra B(M) of bounded linear operators
acting on M:

sup / lk(z1, x) —k(z2, X) By + 1k (x, 21) — k(x, 22) |Bowy d e (x) < oo.
Bd-ball J2\aB
21,22€

Define a CZO in (R, ¢, d) as any linear map 7T satisfying the following properties:
e T is bounded on Lo (M; L5 (£2)),

1 1

‘ ( / Tf(X)Tf(x)*du(x)>2 ‘ ( / f(X)f(x)*du(x))z ‘ .
Q M Q M
o T is bounded on Lo (M; L5(£2)),

AN

1 1

( / Tf(X)*Tf(x)du(X)>2 ‘( f FEO ) dM(X))2
Q M Q

» The kernel representation

AN

Tf(x) = /g G5O dply) - olds for x ¢ supp f

and some kernel k : (2 x ) \ A — C satistying the Hérmander condition.
The first two conditions replace the usual L;-boundedness; see [Junge et al. 2014] for explanations.

Theorem 5.2. Let (X,, Xp) be an admissible covering of (2, X, ). Assume that ¥ admits regular
filtrations (X )k=1 by successive refinement of ¥.;1 = X; for j = a, b and that each atom in X
is a (Co, o, B)-doubling set for certain absolute constants Cy, o, B > 0. Let BMOx,, (R) denote the
A-intersection of the BMO spaces defined over these filtrations. Then, every CZO extends to a bounded
map:

(i) HL (R) — Li(R);

(ii) Loo(R) — BMOgy, (R);
(iii) L;(R} — L‘;,(’R) forl < p < oo.
Moreover, if T is Lr(R)-bounded then T : L ,(R) — L,(R) forall 1 < p < o0.

Proof. According to Theorem 5.1 (interpolation) and the semicommutative form of Remark 3.1 (duality), it
turns out that L, (R) — BMOy,, (R) boundedness automatically implies leab (R) — L1 (R) boundedness,
as well as L;(R) — L‘;,(R) boundedness. Moreover, if T is also L;-bounded we may reproduce the
argument given in the proof of Theorem B1 to obtain L ,-boundedness for all 1 < p < co. Let us then
focus on the Lo, — BMO boundedness. Define

DBMO = DBMO; " DBMO,
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with || fllpBmo, = Il f*IpBMO, and

1
I floBMo, = sup H(— f
B ball nw(B) Jp

d-doubling

2 3
du(w)>

1
- d
f(w) /Bf 5

n(B) M

As usual, we write |x|* for x*x. The assertion follows from
Loo(R) - DBMO % bmog, (R) ~ BMOx,,, (R).

The boundedness of the chain above can be justified as in the proof of Theorem B1. Indeed, the analogies in
the argument lead us to apply the new conditions which appear in our definition of semicommutative CZO;
see [Junge et al. 2014]. O

Remark 5.3. Theorem B2 also admits a straightforward generalization to the semicommutative setting.
Again, our use of martingale techniques makes the proof entirely analogous, so that we think it would be
too repetitive to include it here.
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