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CLASSIFICATION OF BLOWUP LIMITS FOR SU(3) SINGULAR TODA SYSTEMS

CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

For singular SU(3) Toda systems, we prove that the limit of energy concentration is a finite set. In addition,
for fully bubbling solutions we use a Pohozaev identity to prove a uniform estimate. Our results extend
previous results of Jost, Lin and Wang on regular SU(3) Toda systems.

1. Introduction

Systems of elliptic equations in two-dimensional space with exponential nonlinearity are very commonly
observed in physics, geometry, chemistry and biology. In this article we consider the following general
system of equations defined in R?:

Au; +Za,~jhje”f =4ny;§p in By C R> foriel, (1-1)
jel
where I ={1, ..., n}, By is the unit ball in R2, hy, ..., h, are smooth functions, A = (@ij)nxn 18 a constant

matrix, y; > —1 and Jg is the Dirac mass at 0. If n = 1 and a;; = 1, the system (1-1) is reduced to a
single Liouville equation, which has vast background in conformal geometry and physics. The general
system (1-1) is used for many models in different disciplines of science. If the coefficient matrix A is
nonnegative, symmetric and irreducible, (1-1) is called a Liouville system and is related to models in
the theory of chemotaxis [Childress and Percus 1981; Keller and Segel 1971], in the physics of charged
particle beams [Bennet 1934; Debye and Huckel 1923; Kiessling and Lebowitz 1994] and in the theory
of semiconductors [Mock 1975]; see [Chanillo and Kiessling 1995; Chipot et al. 1997; Lin and Zhang
2010] and the references therein for more applications of Liouville systems. If A is the Cartan matrix

2-1 0 0 --- 0
-1 2—-1 0 --- 0
0 -1 2 —1 :
0O --- 0—-1 2 -1
0O --- 0 0-1 2

the system (1-1) is called an SU(n+1) Toda system (which has n equations) and is related to the nonabelian
gauge in Chern—Simons theory; see [Dunne et al. 1991; Dunne 1995; Ganoulis et al. 1982; Leznov
1980; Leznov and Saveliev 1992; Malchiodi and Ndiaye 2007; Malchiodi and Ruiz 2013; Mansfield

MSC2010: primary 35J60; secondary 35J55.
Keywords: SU(n + 1)-Toda system, asymptotic analysis, a priori estimate, classification theorem, topological degree, blowup
solutions.

807


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2015.8-4
http://msp.org

808 CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

1982; Nolasco and Tarantello 1999; 2000; Yang 1997; 2001] and the references therein. There are also
many works on the relationship between SU(n + 1) Toda systems and holomorphic curves in CP", the
flat SU(n + 1) connection, complete integrability and harmonic sequences; see [Bolton and Woodward
1997; Bolton et al. 1988; Calabi 1953; Chern and Wolfson 1987; Doliwa 1997; Guest 1997; Leznov and
Saveliev 1992; Lin et al. 2012a] for references.

After decades of extensive study, many important questions related to the scalar Liouville equation are
answered and the behavior of blowup solutions is well understood (see [Bartolucci and Tarantello 2002a;
2002b; Bartolucci and Malchiodi 2013; Chen and Lin 2002; 2003] for related discussions). However,
the understanding of blowup solutions to the more general systems (1-1) is far from complete. In recent
years, much progress has been made on more general systems and we only mention a few works related
to the topic of the current article. First, Lin and Zhang [2010; 2011] completed a degree-counting project
for Liouville systems defined on Riemann surfaces. Second, for regular SU(3) Toda systems (which have
two equations), Jost, Lin and Wang [Jost et al. 2006] proved some uniform estimates for fully bubbling
solutions (see Section 4 for the definition) using holonomy theory. Later, Lin, Wei and Zhao [Lin et al.
2012b] improved the estimate of [Jost et al. 2006] to the sharp form using the nondegeneracy of the
global SU(3) solutions, which was established by Lin, Wei and Ye [Lin et al. 2012a] among other things.

In this article we mainly focus on the asymptotic behavior of blowup solutions of (1-1) and the weak
limit of energy concentration for SU(n + 1) Toda systems. More specifically, let uk = (u’f e uﬁ) be a
sequence of solutions

n
A+ ayhkes =dnyfsy in B, i=1,...n, (1-2)
j=1
with O being its only possible blowup point in Bj:

max u’ < C(K). (1-3)
KEB\(0}

Since the right-hand side of (1-2) is a Dirac mass, we define the regular part of uf‘ to be

i*(x) =uf(x) =2y log|x|, xeBy, i=1,...,n. (1-4)
Then u* = (u'f, e, uﬁ) is called a sequence of blowup solutions if max; max,¢g, ﬁf — Q0.
‘We assume that yi" — y; > —1, that hll‘, el hf, are positive smooth functions with a uniform bound
on their C3 norm:
% <hf<c, 175 llc3py < C  in By, vk —yi>—1 foralliel; (1-5)

and we suppose that there is a uniform bound on the oscillation of uf‘ on dB; and its energy, | B, hf ui
lu¥(x) —uf(y)| < C forall x,yedBy, / wket <, iel, (1-6)
B

where C is independent of k.
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Note that the oscillation finiteness assumption in (1-6) is natural and generally satisfied in most
applications. The energy bound in (1-6) is also natural for a system or equation defined in two-dimensional
space.

If A= A5, (1-2) describes SU(3) with sources. Our first main theorem is concerned with the energy
limits of solutions to singular SU(3) Toda systems.

Given any 6 > 0, u* has no blowup point in B; \ Bs (in this article we use B(x, r) to denote a ball
centered at x with radius r and use B, to denote B(0, r)). Thus we are interested in the following limit:

o; = lim lim i/ Rketi | i=1,2. (1-7)
5—>0k—o00 27 Jp !
Since, for each § > 0, f By hf uf s uniformly bounded, the limj_, , in (1-7) is understood as the limit of a
subsequence of uX. For convenience we don’t distinguish #* and its subsequences in this article.
Let
wi=1l+y, i=12,
and let
I'={(01,02) 101,00 >0, 0f — 0102+ 035 = 2101 + 214202}

be a quadratic curve in the first quadrant. It is easy to see that I" is contained in the box

[0, 21+ 202+ 3V 3+ papn + 3] % [0, 2+ o + 3V 12+ e + 42
In Definition 1.1 below we shall define a finite set on I". In order to describe the relative positions of
points, we say (c, d) is in the upper right part of (a, b) if c > a and d > b.

Definition 1.1. It is easy to verify that the following six points are on I":

0,00 Q2u1,0),  (0,2u2),  Cui, 2(u1 +12)), 21+ p2), 212), 21 + p2), 2(n1 + 12)).

First we let the six points above belong to X, then we determine other points in X as follows: For
(a,b) € ¥, intersect I with oy =a+2N and oo = b+ 2N (N =0, 1,2,...) and add the point(s) of
intersection to X that belong to the upper right part of (a, b). For each new member (c, d) € ¥ added by
this process, we apply the same procedure based on (c, d) to obtain possible new members.

Theorem 1.2. Let A = Aj, hf.‘ and yl-k satisfy (1-5). Then, for u* satisfying (1-2), (1-3) and (1-6), we have
(01, 02) € X, where o; is defined by (1-7) and X is defined as in Definition 1.1.

Remark 1.3. If y; = y» =0, the system is a nonsingular SU(3) Toda system. One sees easily that
2 ={(0,0), (2,0), (0,2), 2,4), 4,2), 4, D}

Indeed, when the procedure described in Definition 1.1 is applied to any of the six points in X, no extra
point of intersection can be found. For example if we start from (0, 0) and intersect I" by lines o7 = 2N
(N being a nonnegative integer), then we see immediately that the intersection of I" with oy = 2 gives
(2,0) and (2, 4), which are already in . The intersection with oy =4 gives (4, 2) and (4, 4), which also
belong to the six types in X. There is no intersection between I' and o7 = 6. Theorem 1.2 in this special
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case was proved in [Jost et al. 2006]. Recent work of Pistoia, Musso and Wei [Musso et al. 2015] proved
that all six cases for nonsingular SU(3) Toda systems can occur.

Remark 1.4. It is easy to observe that the maximum value of o1 on I is

Spn+ 2+ AV 4 i + 4.

The maximum value of o5 is

%Ml + %Mz + %\/M% + pipe + M%

Thus X is a finite set. As two special cases, we see that:

(1) If

T +%M2+%\/M%+M1M2+M% <2 and 3pu +%M2+%\/M%+M1M2+M% <2
then there are only six points in X:

T ={(0,0), 2u1,0), (0,212), Q1+ p2), 2u2), Qu1, 2(w1 + p2)), Qw1+ p12), 2(w1 + p2)) .
(2) For y; =y, =1, in addition to (0, 0), (4, 0), (0, 4), (4, 8), (8,4) and (8, 8), X has other 14 points.

An earlier version of the current article was posted on the arXiv in March 2013. After that, some work
has been done based on Theorem 1.2 (see [Battaglia and Malchiodi 2014] for example). Theorem 1.2
reflects some essential differences between Toda systems and Liouville systems. Lin et al. [2012a] proved
that all the global solutions of SU(n + 1) Toda systems can be described by n? + 2n parameters and the
energy of global solutions is a discrete set. On the other hand, the global solutions of Liouville systems
all belong to a family of three parameters but their energy forms an (n—1)-dimensional hypersurface
(see [Chipot et al. 1997; Lin and Zhang 2010]). These differences lead to very different approaches in
their respective research. For example, [Lin et al. 2012b] obtained sharp estimates for fully bubbling
solutions (see Section 4 for the definition) of SU(3) Toda systems using the discreteness of energy as a
key ingredient in their proof.

Here we briefly describe the strategy used to prove Theorem 1.2. First we introduce a selection
process suitable for SU(n 4 1) Toda systems. The selection process has been widely used for prescribing
curvature-type equations (see [Li 1995; Chen and Lin 1998], etc) and we modify it to locate the bubbling
area, which is a union of finite disks. In each of the disks, the blowup solutions have roughly the energy
of a global SU(m + 1) Toda system on R? (with m < n), which is the limit of the blowup solutions
after scaling. If m = n, which means no component is lost after scaling and taking the limit, we say
the sequence of solutions in the disk is fully bubbling, otherwise we call it partially bubbling. Next we
introduce the “group” concept to place bubbling disks according to their relative locations. There are only
finitely many bubbling disks and their relative distances may tend to O with very different speed. The
name “group” is used to describe a few disks that are roughly closest to one another and much further from
other disks. Lemma 2.4 is a Harnack-type result that plays an important role in determining the energy
concentration around a group. Suppose there is a circle that surrounds a group and both components of
the blowup solutions have fast decay (see Section 3 for the definition) on the circle. Then a Pohozaev
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identity can be computed on this circle to determine how much energy this group carries. Because of
Lemma 2.4, such a circle can always be found, so the energy within the circle can be determined. Then
we consider the combination of groups by scaling. The relationship among groups is similar to that of
members in a same group. For example, if the distance between two groups is scaled to be 1, the bubbling
disks of one group look like a Dirac mass from afar. We can similarly find circles surrounding groups
that are also suitable for computing Pohozaev identities (i.e., both components of the blowup solutions
have fast decay on these circles). From these Pohozaev identities, we determine how much energy is
contained in each group and all the combinations of groups. One important fact is that one component of
the blowup solutions always has fast decay, even though the other component may not. It is possible for
the first (fast decay) component to turn to a slow decay component as the distance to a group becomes
bigger, but before that happens the second component, which used to be a slow decay component, will
turn to a fast decay component first.

As another application of the Pohozaev identity we establish some uniform estimates for fully bubbling
solutions. These estimates were first obtained by Li [1999] for the scalar Liouville equation without
singularity (using the method of moving planes) and [Bartolucci et al. 2004] for the scalar Liouville
equation with singularity (using the Pohozaev identity and potential analysis). For regular SU(3) Toda
systems, [Jost et al. 2006] established similar estimates using holonomy theory. Our results (Theorem 4.1
and Theorem 4.3) apply to general SU(n 4 1) Toda systems with singularity.

This article is set out as follows. In Section 2 we introduce the selection process mentioned before
and in Section 3 we prove the Pohozaev identity, which is crucial for the proof of Theorem 1.2. In
Section 4 we prove a uniform estimate for fully bubbling solutions (Theorem 4.3 and Theorem 4.1). Then
in Section 5 and Section 6 we finish the proof of Theorem 1.2 according to the strategy mentioned before.

2. A selection process for SU(n + 1) Toda systems
Clearly in the proof of Theorem 1.2 we can assume 0 to be a blowup point:

max {u¥ —2yFlog|x|} - oo, -1
xe€By,iel

because otherwise the blowup type is (0, 0). So, from now on throughout the paper, (2-1) is assumed.

Case one: ylk =-...= y,{‘ =0.

Proposition 2.1. Let A = (a;j)nxn be the Cartan matrix A, hf satisfy (1-5) and u* = (u]f, el uﬁ) be a
sequence of solutions to (1-2) with ylk =...= y,f = 0 such that (1-6) and (1-3) hold. Then there exist finite
sequences of points Xy 1= {x{‘, e, x,l;} (all xf — 0, j =1,...,m) and positive numbers ik ..., l,’jl -0
such that the following four properties hold.:

(1) maxie,{u{f(xf)} = maxB(xngf)’iE,{uf.‘}for allj=1,...,m.
(2) exp(% max;e/ {uf ()NIE — o0, j=1,...,m.
(3) There exists C1 > 0 independent of k such that

uk(x) +2logdist(x, ;) < C, forall xe By, iecl,



812 CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

where dist stands for distance.

(4) In each B(x§, 1§) let

vf‘ (y) = uf (ery —i—xf) +2loger, €= e Mi/2 M} = max max uf. (2-2)
:TE SR
Then one of the following two alternatives holds:
(a) The sequence is fully bubbling: along a subsequence, (vllC yeees vﬁ) converges in CIZOC(IRZ) to
(vi, ..., vy) which satisfies
Av; +Zal~jhje”f =0 inR% iel,
jel
lim f > aihte > 4, iel
koo S e
B I =51 UJp,U---UJ,UN, where Jy, Ja, ...,y and N are disjoint sets, N # & and each
Ji (t =1, ..., m) consists of consecutive indices. For eachi € N, v’l‘. tends to —oo over any fixed
compact subset of R%. The components of v* = (v{‘, e vlrj) corresponding to each J; (I =1, ..., m)

converge in C2 (R?) to an SU(|J;| + 1) Toda system, where | J;| is the number of indices in J;. For

loc
eachi € J;, we have
. k
lim / E a,-thlt‘e”f > 4.
k— 00 k gk
B(G.L) ey,

Remark 2.2. In this article we don’t use different notations for sequences and subsequences.

Remark 2.3. For each xf € Xk, suppose 2t§C is the distance from xf to Xg \ {xf}. Then t;.‘/lf — 00
as k — oo if l;? is suitably chosen.

Proof of Proposition 2.1. Without loss of generality we assume

u'f(x'f) = max uf(x).
iel, xeB
Clearly x’f — 0, because max; maxycp, uf — oo and uF is uniformly bounded from above away from the
origin. Let (v’l‘, e v,’j) be defined by (2-2) with xj? replaced by x{‘. Immediately we observe that |Avf|
is bounded because each vf‘ < 0. Consequently, |v£‘ () — vf‘ (0)] is uniformly bounded in any compact
subset of R2. Thus, since v'f (0) =0, (along a subsequence) v'f converges in CIZOC([RZ) to a function v;. For
the other components of v* = (vll‘, ..., uk), either some of them tend to —oo over any compact subset
of R?, or all of them converge to a system of n equations. Let J C I be the set of indices corresponding to
those convergent components. That is, for all i € J, vf converges to v; in CIZOC(IRz) and, forall j e I\ J,
vf‘ tends to —oo over any fixed compact subset of R?. For each i € I\ J, there is J; C J such that i € Jj,
the indices in J; are consecutive and the limit of the vf is one component of an SU(]J; |+ 1) Toda system:

{Avm +Y ey @mihie” =0 in R* forall m € Jj 2.3)

fRz hpe’ < C, me Jq,
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where h,, = lim;_ h’,; (x{‘), (aij) = Ay, and C is the same constant as in (1-6). By the classification
theorem of [Lin et al. 2012a] (if the limit is a system) or [Chen and Li 1991] (if the limit is one equation)
we have

> / aijhje’ =8x forall i € J, (2-4)
JE R
and
v;(x) = —4log|x|+0(1), |x|>2, forallielJ. (2-5)

Thus, for any index i € I, we can find Ry — oo such that
Vi) +2loglyl <C, |yl <R, foriel (2-6)
Equivalently, for u* there exist l’f — 0 such that

uk(x) +2log|x — x| <, |x—xf|<i¥, foriel
and
e”ﬁ("{cwl{‘eoo as k—>o00, i€l.

Next, we let g be the maximum point of max|y|<1,ies uf.‘ (x)+2log|x — x{‘|. If

max uf-‘(x) +2log |x —x{‘| — 00,
lx|<l.iel

we let j be the index such that
u/j‘-(qk) +2log g — x¥| = malxuf(x) +21log |x — x¥| — 0.
e

The following localization is to adapt the original argument of R. Schoen [1988] for the scalar curvature
equation (also see [Chen and Lin 1998]). Set

di = Ylq — x}|
and
Sf(x) = uf(x) + 2log(d — |x —qil)  in Bk, di).
Then clearly, for fixed k, Sf — —o00 as x tends to d B(qy, di). On the other hand, at least for j, we have

Sy (qr) = u" (qr) +2log di — oo.
Let py be where

max max S{c
! xe€B(qx.dr)

is attained and iy be the index corresponding to where the maximum is taken:
u} (pr) +2log(di — | pr — qil) = S5 (qi) — oo. 2-7)
Let
I = 5(dx = | e — i)
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Then for y € B(px, lk), by the choice of p; and /i, we have
uk (y) +2log(di — |y — qi|) < ujfo(pk) +21log(2ly) forall i el.

On the other hand, by the definition of I, we have

di =1y —qil = di — |pk —qkl — |y = pel = I i |y — pi| < Ik,
and
ui (y) < ujy(pr) +2log2 forall y € B(py, ). (2-8)
Next, we set
R = "o PO (29)
and scale u¥ by
—uf-;)(pk)/zy)

175{()7) =Mi~{(l7k+€ —ufo(pk) for i e 1.

k
i

bounded in CIZOC([RQ) and there exists & # J C [ such that, foralli € J, 17[{‘ converges to a limit system

From (2-7) we clearly have &y — oco. By (2-8) and standard elliptic estimates for the Laplacian, v is

like (2-3). On the other hand, 6f converges uniformly to —oo over all compact subsets of R foralli € I\ J.
Clearly (2-6) holds for ﬁf‘. Going back to u*, we have

uk(x) +2log|x —x5| < C for |x —x§| < 1§,

where x’z‘ is the point where max; max g Pl uf.‘ is attained and l'z‘ = ;. Here we note that x§ is neither g,

k
nor py and the distance between pj; and x’z< is small: e”"o(‘m‘)/zlxlzC —prl=0(Q). If we rescale uk around xé‘,

then v* defined as in (2-2) satisfies (a) and (b) in Proposition 2.1. Clearly B(xf, ) N B(x%, 15) = 2.
To continue with the selection process, we let Xy > := {x{‘, x§} and consider

max uf‘ (x) +2logdist(x, Xk 2).

iel,xeB

If, along a subsequence, the quantity above tends to infinity, we apply the same procedure to get x§ and l§.

After each selection we add a new disjoint disk, say B(xX, 1,11‘1), in which the profile of bubbling solutions

is like that of a global system, so from (2-4) we see that
/ th-‘e“f > C for some C > 0 independent of k.
Bk 1) 5
Therefore by (1-6) the process stops after finitely many steps and we have

uk(x) +2logd(x, ) <C, iel (2-10)

Proposition 2.1 is established. U
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2.1. Case two: the singular case y; #0. First, the selection process is almost the same. The difference
is instead of taking the maximum of uf over B we require

0e .

Clearly, in By \ {0}, u satisfies the same equation as the nonsingular case. Then we consider the maximum
of uf‘ (x) +2logdist(x, Xy) = uf.‘(x) + 2log |x| and the selection proceeds the same as before. Therefore,
in the singular case, X; = {0, x’l‘, ey x,’;}.

Lemma 2.4. Let Xy be the blowup set (thus, ifyl.k =0foralli, Xy = {x/f, ..., xK}, and if the system is
singular, ¥ = {0, x{‘, R x,’%}). In either case, for all xy € By \ X, there exists Cy independent of x
and k such that

qu(xl) —uf(xz)l <Cy forall x1, x; € B(xo, %d(xo, Ek)) forall i €l.

Proof. We can assume |x| < 11—0 because it is easy to see from Green’s representation formula that the
oscillation of uf‘ on By \ By, is finite. Recall the regular part of uf‘ is defined in (1-4) and ftf satisfies

A )+ Y ahb o7 =0 in By, el
jel
Let o} be the distance between xg and Y. Clearly, for xo € By \ X and x, x» € B(xo, %d(xo, Ek)),
-~ . Kk
uf (e —uf () = iif (xp) —iif () + O () = | (G, m)—Gxa.m) Y aihk () n|™7 e dn+0(1).
B ,
jel
Here G is the Green’s function on Bj. The last term on the above is O (1) because it is the difference of

two points of a harmonic function that has bounded oscillation on d B;. Since both xy, x; € By,o, it is
easy to use the uniform bound on the energy (1-6) to obtain

k ~k
(r Cer, m) =y (2, ) D aighly (mn|*1 1™ dnp = 0 (1),
B .
jel

where y (-, -) is the regular part of G. Therefore, we only need to show

/ log KL= > ayhkniet dn = 0(1).
B

|x2 — 1

If ne B\ B(xo, %O‘k), we have log(]x; — n|/|x2 —n|) = O(1), then the integration over Bj \ B(xo, %ok)
is uniformly bounded. Therefore, we only need to show

lx1 — 7l k. 2y it lx1 — 7l b uk
log aijh’;In|™ie"s dn = log aijhke"i dn=0(1).
/‘?("0’3""/4) %2 =7l XJ: o Buodor/dy X2 =1l ZJ: o

To this end, let
vi(y) = uf(xo+oxy) +2logoy, ye€Byu, iel (2-11)
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Then we just need to show

/l%m_miﬁw%wwmﬁwm=om. (2-12)
B3/4 |)’2_77| |

We assume, without loss of generality, that e is the image of the closest blowup point in ¥;. Thus, by
the selection process,

vf(m) < —2logIn—e1| +C.
Therefore,

e < Cly—ey| 2.
With this estimate, we observe that [n —e(| > C > 0 for n € B34. Thus, for j =1, 2 and any fixed i € I,
log|y; —
/ llog [y; —nl|e" ™ dn < C/ |g|y—’2n||dn <C.
B34 B3/ |T]—€1|

Lemma 2.4 is established. (I

Remark 2.5. For systems with nonnegative coefficient matrix A, the selection process can also be applied.
See [Chen and Li 1993] or [Lin and Zhang 2010] for more details.

3. Pohozaev identity and related estimates on the energy

In this section we derive a Pohozaev identity for uk satisfying (1-2), (1-3) and (1-6), hf.‘ and yl.k satisfying
(1-5),and A = A,,.

Proposition 3.1. Let A = A,, o; be defined by (1-7). Suppose u* = (u%, ..., uk) satisfy (1-2), (1-6),(1-3)
and (2-1), h* and v} satisfy (1-5). Then we have

n

Z ajjoio; =4 Z(l + vi)oi.
ijel i=1

Proof. We start with a lemma:

Lemma 3.2. Given any €, — 0 such that ¥ C B (O, %ék), there exist [, — 0 satisfying l;, > 2¢; and

¥ () +2logly — —oo forall i € I, where ﬁf(r)::ﬁ uk. (3-1D)
B,

Remark 3.3. By Lemma 3.2 and Lemma 2.4,
uf(x)+2log |x| > —oo forall i €/ and x € 9By,.

This is crucial for evaluating the ® term (the first term on the right) of (3-7) below.
Proof of Lemma 3.2. Since X C B(O, %ek), we have, by Proposition 2.1(3),

ub(x) +2log|x| < C, |x|>«. (3-2)
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The key point of the argument below is that we can always use the finite energy assumption and Lemma 2.4
to make u’f satisfy (3-1). Then we can adjust the radius to make the other components satisfy (3-1) as
well.

First we observe that, for each fixed i, there exists r¢ ; > €, such that

L_tff(rk,i) +2logry; — —o0, (3-3)

because otherwise we would have
ﬁf(r) +2logr>—C forall r > ¢
for some C > 0. By Lemma 2.4, uf has bounded oscillation on each 9 B,. Thus

uk(x) +2log|x| > —C forall x €dB,, e <r<1
for some C. Then

k
= Clx|? e skl <1

Integrating el on Bi \ B,, we get a contradiction on the uniform energy bound of | B, hf.‘ u; . Thus (3-3)
is established.

Now, for u'f we find ry 1 > € so that
ik (ri.1) 4+ 2logry — —oo.
Here we claim that we can assume r; ;1 — O as well. In fact, if r¢ 1 does not tend to 0, by Lemma 2.4
ﬁlf(r) +2logr < —N¢+C, %rk,l <r<rgi,

where N, — oo and satisfies
itk (ry.1) +2logr.; < —Ny.

Using Lemma 2.4 again we have
L‘t’f(r) +2logr < —Ny+C, }‘rm <r< %rkJ.

Obviously this process can be done N times, where N is chosen to tend to infinity slowly enough so
that r, := rk,12_N’f satisfies

it (7y) +2log 7y < =Ny + CNj; — —o0.

We can use ry to replace ry 1. Exactly the same argument shows the existence of s; — O, Nk — 00 such

that
Sk/Tk,1 —> 00,
ﬁ’l‘(r) +2logr < —Nk, reg <r < Sg.

Next we claim that, between ry 1 and si, there must be a r¢ 2 such that

it (ri.2) +2logry < —Nia (3-4)
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for some N, — 00 as k — oo. The proof of (3-4) is very similar to what has been used before: If
this is not the case, s > Cr—2forsome C >0and r € (rk.1, sx). The fact that s /ry,;1 — oo leads to a
contradiction to the uniform bound of the energy of u’é

Thus, we have proved that, for r = r » both ull‘ and u’é decay faster than —2logr:

ik(ry+2logr < =Ny, r=ra, i=1,2,
for some N — oo. Then it is easy to see that there exist sy — 0 and si/ry,2 — oo such that
ﬁf(r)—i—Zlogrf—N,é, rk2 <r<sp, i=12,

for some N, — oo as well. The same argument as above guarantees the existence of /y € (rx 2, s) and
some N;' — oo such that

w5y +2logly < —NY.

Clearly this argument can be applied finitely many times to exhaust all the components of the whole
system. Lemma 3.2 is established. O

Now we continue with the proof of Proposition 3.1.

Case one: y} = 0. Using the definition of o; in (1-7), we choose [ — 0 such that =; C B(0, 3/x) and

L ket =i 0(1) foriel. (3-5)
2 By,

Here we claim that (3-1) also holds, because otherwise we would have

ui(ly) +2logl, > —C.
By Lemma 2.4
ui(ry+2logr>—-Cy, L <r <2y,

which means there is a lower bound on the energy in the annulus By, \ B;,. Consequently

1

k
E hffe”i >o0;+¢€

Boy,,

for some € > 0 independent of k, a contradiction to the definition of o; in (1-7).
Let
vE(y) =uflky) +21ogl, i€l

Then clearly we have

") -1
{Avf(yHZ?:lainf(y)e”-’) =0, yl<i', el (3-6)

k(1) — —o0,
where
HY ) =¥ y), Iyl <!, iel
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The Pohozaev identity we use is

Y[ a2y [ ne
:,/ka > Hf ”H,/Rk/ > (@7a,vf o0k — SaTVuivt),  (3-7)
0B .
VR

B R i)

where R; — oo will be chosen later and (a'/) is the inverse matrix of (a; 7). The key point of the following
proof is to choose Ry properly in order to estimate va on dB /.. Inthe estimate of B /., the procedure
is to get rid of unimportant parts and prove that the radial part of va is the leading term. To estimate all
the terms of the Pohozaev identity we first write (3-7) as

L1 4+Lr =R +Ro+ R3,

where & stands for “the first term on the left” and the other terms are understood similarly. First, we
choose R; — oo such that Rz/z = o(lk_l), then use /; — 0 to show that £; = o(1). To evaluate £,
we observe that, by Lemma 2.4, vf(y) — —o0 over all compact subsets of R?2 \ By/2. Thus we further
require Ry to satisfy

/ HEe" =o(1) (3-8)
B, \B3/s
and, fori € I, by (3-6) and Lemma 2.4,

vf(y) +2log|y| = —oo uniformly in 1 < |y| < Ry. (3-9)
By the choice of [ we clearly have

% A Hike"ik = % ./I;,k hf-‘e”f =o;+o(l), i€l

By (3-8), we have
n
Py =4m Y oi+o(l).
i=1
For %, we use (3-9) to conclude R = o(1).
Therefore we are left with the estimates of %R, and 3, for which we shall estimate va‘ on dBp, . Let

1
Gr(y,n) = 5 log|y —nl+w(y, n)

be the Green’s function on Bl;1 with respect to the Dirichlet boundary condition. Clearly

lk_zy
ly?

]
!

1
ve(y,n) = glog

’

and we have

Vyve(y,m) = O0Wx), y€dB g, n€B. (3-10)
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We first estimate Vvl/.‘ on dBi2. By Green’s representation formula,
k

n
k
do)= [ GO Y ayted an+ Ha,
1 =1

where Hj; is the harmonic function satisfying H;; = vl].‘ on aBlk—l. Since H;; —c; =

IVHir(y)| = Op), so

n
k
Voi(y) = f VyGi(y,m Y aijHfe'l dn+V Hy(y)
B 1 i
j=1
1

k
=5 ), |y 77lzza,jH e dn+ Oly).

O(1) for some cy,

(3-11)

We estimate the integral in (3-11) over a few subregions. First, the integral over Bl—l \B, 2/3 is 0(1)R

because, over this region, 1/|y —n| ~ 1/|n| < o(R, ~1/2

y—n y 1
ol
ly—nl> |yI? ly|?

to obtain

). For the integral over B;, we use

1 kb Y
"2/, |y n|22a”He ( |y|2+0<|y|2)><2“”"1+0(1))

This is the leading term. For the integral over the region B(0, «/Ry/2) \ B, we use 1/|y —n| ~ 1/]y|

and (3-8) to get

/ Za,,H e = o)yl
B ]/2 \Bl |y T]

By a similar argument we also have

a; erf=0(1)|y|
/32/3\<B 112,,0B0.131/2) |y 77|2 Z v

Finally, over the region B(y, |y|/2) we use % ™ = o(1)|n|~2 to get

/B(y I¥1/2) ly nl2 Za’Jer i=o()]y|™!

Combining the estimates on all the subregions mentioned above, we have

wff(y)=—|y%<2ai,~oj+o<1>)+o<|y|—1), vl =R,
j=1

1/2
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Using the above in R, and R3, we have
n n
Z ajjoi0;j = 4 ZU{ + O(])
i,j=1 i=1
Proposition 3.1 is established for the nonsingular case.
Case two: the singular case 3y; # 0.

Lemma 3.4. For o € (0, 1), the following Pohozaev identity holds:

o /33 Z aij(avufavuﬁ — Ivuf- Vulj‘) +ZO’ /33 h* uf

7 i, jel iel
uk uk ij
:ZZ/ hfe ‘ +Zf (X‘Vhf.‘)e i +4m Z ajyiky]]-c.
il Y Bo icl V' Bo ijel
Proof. First, we claim that, for each fixed &,
Vuk(x) =2pfx/|x|*+ 0(1)  near the origin. (3-12)

Indeed, recall the equation for the regular part ﬁi‘ is

k

A @)+ Y PR )P =0 in By
J

By the argument of Lemma 4.1 in [Lin and Zhang 2010], for fixed &, 125‘ is bounded above near 0, then an
elliptic estimate leads to (3-12).
Let Q2 = B, \ Bc. The standard Pohozaev identity on €2 is

k k k ..
Z(/Q(x-wlf‘)e”f +2hf?e“i) =/BQ(Z(x-u)h{Fe“f —i—Za’J(avulj‘.(x-Vuf)—%(x-v)(Vuf‘-Vul;))).
iel i ij

Let ¢ — 0, then the integration over €2 extends to B, by the integrability of hi.‘e”f and (1-5). For
the terms on the right-hand side, clearly 92 = 9B, U d B.. Thanks to (3-12), the integral on 9 B, is
—4r Y, ;allyfy}. Lemma 3.4 is established. O

Let
ok (r) = %/B Wi, el
Lemma 3.5. Let ¢, — 0 such that = C B(0, 1¢;) and
uk(x) +2log|x| - —o0o, |x|=¢, i€l (3-13)

Then we have

> aijoleofe@) =4 1+ yHof ) +o(D). (3-14)

i,jel iel
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Proof of Lemma 3.5. First the existence of €, that satisfies (3-13) is guaranteed by Lemma 2.4. In B, we
let itf‘ (x) be defined as in (1-4). Then

VK () = i (e y) +2(1 4 ) log &

Using vf — —o00 on d B, we obtain, by Green’s representation formula and standard estimates,

Vi (y) = (Zai,-o}%ek) +0(1))y, y €0B.

jel

After translating the above to estimates of u¥, we have

Ix|2 x|’

Vi (x) = (Z(ai,-o;‘(ek) —2y}‘>>i+@ x| = €. (3-15)

jel

As we observe the Pohozaev identity in Lemma 3.4 with o = ¢;, we see easily that the second term on the
left-hand side and the second term on the right-hand side are both o(1). The first term on the right-hand
side is clearly 477 ) oik (ex). Therefore we only need to evaluate the first term on the left-hand side, for
which we use (3-15). Lemma 3.5 is established by similar estimates as in the nonsingular case. U

Thus Proposition 3.1 is established for the singular case as well. ]

Remark 3.6. The proof of Proposition 3.1 clearly indicates the following statements when it is applied
to an SU(3) Toda system. Let B(px, [x) be a circle centered at p; with radius ;. Let E,/( be a subset
of X. Suppose dist(X, d B(px, Ix)) = o(1) dist(Zx \ X, dB(px, Ix)), and we consider the following two
situations: If p;y =0, we have

&1 — & )5 () + 65 () = 2115 (k) + 21265 (1) + o(1).
If0e ¢\ ¥/, then
& ()* = 61 1)5 (1) + 65 (1)* =261 () + 265 () + o(1),
where 5{‘ )y =(01/2m) f B(pedo) hf “} This fact will be used in the final step of the proof of Theorem 1.2.

Remark 3.7. From the proof of Proposition 3.1, we see that the Pohozaev identity has to be evaluated on
fast decay components in order to rule out the R, term. A component is called fast decay if the difference
between itself and the threshold harmonic function tends to —oo; for example, see (3-13). A component
is called a slow decay component if it is not a fast decay component. Later, in the remaining part of the
proof of Theorem 1.2, we shall derive Pohozaev identities over different regions and all of them will have
to be evaluated on fast decay components.

4. Fully bubbling systems

Next we consider a typical blowup situation for systems: fully bubbling solutions. First, let yl.k =0 for
alli e l. Let

A= max{max ull‘, ..., max u],‘l} (41
B By
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and x¥ — 0 be where AX is attained. Let

o) =ufCa+e Py =0k, yew el (4-2)
where Q; = {y: oM/ y 4+ xx € B1}. The sequence is called fully bubbling if, along a subsequence,
{vlf, cee v',j} converge in CIZOC(RZ) to (vi,...,0p) (4-3)
that satisfies
Avi+ ) ajjhje’ =0 in B>, iel, (4-4)
jel
where h; = limy_ o hf(O). Our next theorem is concerned with the closeness between u* = (ull‘, - uﬁ)

and v = (vy, ..., vy).
Theorem 4.1. Let A = A,, u* be a sequence of solutions to (1-2) with yl-k =0foralli € I. Suppose u*
satisfies (1-3) and (1-6), h* satisfies (1-5), and 2K, x* and v are described by (4-1) and (4-2), respectively.
Suppose u* is fully bubbling; then there exists C > 0 independent of k such that

k(e y +x%) = 2k —v;(»)| < C+o() log(1 +|y]) for x e, iel. (4-5)

Remark 4.2. If A is nonnegative, i.e., the system is a Liouville system, Theorem 4.1 and Theorem 4.3
below are established in [Lin and Zhang 2010]. For A = A,, [Jost et al. 2006] proved

k@ Py + x5 =k ()| <C forxeQ, i=1,2.

Clearly this estimate is slightly stronger than (4-5) for n = 2. The Jost-Lin—Wang proof uses holonomy
theory but the proof of Theorem 4.1 is a simple application of the Pohozaev identity proved in Section 3.

If there is a y; #£ 0, we let

and
~ ~ _ 3k ~
() = ke y) — (1 + )ik

forieland y e Q:={y: e_;\k/zy € B;}. We assume

(ﬁ’f, e ﬁﬁ) converge in CIZOC([RZ) to (U1, ..., Uy) (4-6)
that satisfies
n
AT+ Y aijlx[Phje” =0 in R, iel, (4-7)
j=1

where h; = limy_, oo h¥(0).

Theorem 4.3. Let A = A, i*, 0%, (¥y, ..., U,), Ak €, and Q. be as described above, and hf.‘ and yik
satisfy (1-5); then, under assumption (4-6), there exists C > 0 independent of k such that

(™ 2y) — (1 + ik = 5;(y)] < C+o(1) log(1 + |y)  for x € Q. (4-8)

i
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Proof of Theorem 4.1. Recall that o; is defined in (1-7). By Proposition 3.1, we have

Z(l,‘jO’,‘Oj 24201‘. (4—9)

i.jel iel
On the other hand, let
criv::L h;e fori=1,..., n,
27 R2
where v = (vy, ..., vy) is the limit of the fully bubbling sequence after scaling. Clearly o, = (o1y, - . ., Ony)
also satisfies (4-9). We claim that
op=o0, fori=1,...,n. (4-10)

Let s; = 0; — 0,;; we obviously have s; > 0. The difference between o and o, on (4-9) gives

ZaijSiSj+2Z<Za[j0vj—2)Si=O. (4-11)

i,jel iel © jel
First, by Proposition 2.1, we have ) _._, a;jo,j —2 > 0. Next, if either A is nonnegative (a;; > 0 for all
i jer QijSisj = 0. Then (4-11) and s; > 0 imply (4-10).

(R?), we can find Ry — oo such that

jel
i,j=1,...,n)or Ais positive definite, we have )

From the convergence from vf‘ to v; in Clzoc

lvf () — vl =o(1), |y < Ry.
For |y| > Ry, let

ko L k
v (r) = o /33,. v; (y)dS,y.

Aty L [ agho L ket — 2 4% o)
drvi (r) = 27”’/3 AV = 27r /34;“”}1}'6 '= - :
r )J

Then

Hence

ﬁf(r) = —(Zaijaj —i—o(l)) logr+0(1) forall r> 2.
Jjel

Since v¥(y) = 9% (|y|) + O(1) and

vi(y) = —(me-) log|y[+0O(1) for |y|>1,

J

we see that (4-5) holds. Theorem 4.1 is established. U
Proof of Theorem 4.3. By (3-14) we have
> aijoioj =4 (1+y)o. (4-12)
i,jel iel
Recall that v = (vq, ..., v,) satisfies (4-7). Let

1 _—
O'ivzz—/ ]/li|x|2yl€v'.
T JR2
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On the one hand, (o1, ..., 0;y) also satisfies (4-12); on the other hand, the classification theorem of [Lin
et al. 2012a] gives
Y aijojy =242y, i€l (4-13)
jel
Let s; = 0; — 0y, (i € I); then (4-12), which is satisfied by both (o1, ..., 0,) and (o1, .. ., Ouy), gives
Z a;jsis;j + 2 Z( Z ajj0jy — 2— 2)/,').5‘[ =0.
i,jel iel ®jeJ

By (4-13) and the assumption on A, we have s; = 0 for all i € I. The remaining part of the proof is
exactly like the last part of the proof of Theorem 4.1. Theorem 4.3 is established. ]

5. Asymptotic behavior of solutions in each simple blowup area

In this section, we derive some results on the energy classification around each blowup point. First we let
A = A, (the Cartan matrix) and consider:

The neighborhood around 0. Since 0 is postulated to belong to X first, it means there may not be a
bubbling picture in a neighborhood of 0.

Let p = %dist(O, ¥ \ {0}); we consider the energy limits of hf.‘e“f in B,. By the selection process
and Lemma 2.4,

i () +2loglx| <C,  wi)=ai(xD+0M), I|xl<wm, i€l (5-1)
where ﬁf(|x|) is the average of uf.‘ on dBy. Let ﬁ{( be defined by (1-4). Then we have

~k
A )+ ) alx RS =0, x| < 7.
Jel
Let
ik
—2log 8y = max max T
iel xeB(0,%) 1+,

and
V() = @ Gey) 21+ ) log s, Iyl < wd (5-2)

It is easy to see the equation for vf‘ is

AV + Y ayly P R e =0, 1yl < us
jel
Then we consider two trivial cases, first, rk(Sk_l < C. This is the case that there is no entire bubble after
scaling.
Let fik solve
{Af,.k X e iy PR Syets =0, Iyl < ws
fk=0 on |y|=ud "
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Using v; <0 we have | fl.k| <ConB(0, %;d, l). Since vf — fik is harmonic and vf‘ has bounded oscillation
on dB(0, rk(Sk_l), we have

vE(x) =¥ @B, 7d; "))+ O0(1) forall x € B, 8, 1), (5-3)

where 17{.‘(83(0, %) 1)) stands for the average of vf‘ on dB(0, 7§, 1). Direct computation shows that

/ e dx = / e Oy ay.
B(0,7¢) B(O, %o Y

/ ket dx = O(1)e” @BO.wS), (5-4)
B

Tk

Therefore,

So.if 7 (B(0. w8 1)) — —oo, then [, hj “ dx = o(1).

The second trivial case is when the blowup sequence is fully bubbling. We now have

78, — oo (5-5)
and we assume that (v’l‘, e v,’j) — (v1,...,V,) In C;‘;C(Rz). Clearly,
n
Avi+ Y aijlx[Phje” =0 in R, iel,
j=1
where h; = limy_, o hf(O). By the classification theorem of [Lin et al. 2012a], we have
1 -
2 Soaiy [ 1yPeh dy =204yt v
jel R?
and
vi(y) = =4+ 2ppp1-) log |yl +0(D), |y|>1, iel

By the proof of Theorem 4.3, there is only one bubble.

The final case we consider is a partially blown-up picture. Note that (5-5) is assumed. For the following
two propositions we assume n = 2, i.e., we consider SU(3) Toda systems.

Proposition 5.1. Suppose (1-2), (1-3), (1-5) and (1-6) hold for uk, hf and y;. The matrix A equals A;,
and (5-5) also holds. Suppose s € (0, 1i) satisfies

uk(x) < —2loglx| =Ny, i=1,2,

for all | x| = sy and some Ny — oo. Then (alk (%), azk (sx)) is an o(1) perturbation of one of the following
five types:

2u1,0), (0,2u12), Qw1 +wp2),2m2),  Cuy, 2(wr +wp2)), Qg+ 22, 201 +212).
On 0B(0, 1), for each i either

ub(x) +2log |x| > —-C, |x| =1,
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for some C > 0 or
ué‘(x) +2log|x| < —(2+8)log|x|+dblogdr, |x|= 1, (5-6)
for some & > 0. If (5-6) holds for some i, then
ol (w) = o(1), 2ui +o(1) or 2p1 422+ o(1).
Moreover, there exists at least one ig such that (5-6) holds for i = iy.
Similarly, for bubbles away from the origin we have:

Proposition 5.2. Suppose (1-2), (1-3), (1-5) and (1-6) hold for uk, hf and y;. The matrix A equals Aj;.
Let Xk € Zk \ {O}, ‘L_'k = %dist(xk, Zk \ {O, xk}) and

3 1 k
Sk =exp(—5 max - u; (x)).
x€BO )

Then, for all s; € (0, T), if
uf(x)-i—Zlog |x —xp| < =Ny forall |x —xp|=s, i=1,2,

for some N — oo, then ((1/27[) fB(Xk’Sk) h'fe”f, (1/2m) fB(Xk’Sk) hée“lﬁ) is an o(1) perturbation of one of
the following five types:
2,0, 0,2, 249, 42, 4.

On 0B (xy, T¢), for each i either
uk(x) +2log 7y = —C forall x € dB(xy, T)

or

ui-‘(x) <—(2+93)logt; +dlog Sk forall x € dB(xg, T¢). (5-7)

If (5-7) holds for some i, then (1/2m) fB(Xk 20 hi.‘e”f iso(l),2+o0(1) or 44 o(1). Moreover, there exists
at least one io such that (5-7) holds for iy.

We shall only prove Proposition 5.1, as the proof for Proposition 5.2 is similar.

Proof of Proposition 5.1. Let vf‘ be defined by (5-2). Since we only need to consider a partially blown-up

k 2

situation, without loss of generality we assume v} converges to v; in CIOC(IRZ) and v'z‘ tends to —oo over

any compact subset of R%. The equation for v; is
Avy + 21|y =0 in R?, / hily|*e” < oo,
R2
where iy = limy_, oo h’l‘ (0). By the classification result of [Prajapat and Tarantello 2001] we have

2/ haly e = 8y
RZ
and
vi(y) =—4uloglyl+0(1), |y|>1.
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Thus we can find Ry — oo (without loss of generality, Ry = o( l)thk_I) such that
1 k 2pk of
5= @)yl e™ =2u1 +o(1),
21 Br,
ie., of (8 Rk) =2p1 +o0(1), and

/ RS ly P et = o(1).

Bg,
For r > Ry, recall that

1 k ok
of (ur) = 5 / B @)y P e dy;
B,

then we have

d () = —20F (8kr) +a§(3kr)
dr
P 20%(8
4 gkry =2 (O =203 B oy
dr r
Clearly we have
d _x d _
Ri—v1(Ry) = —4ur +o(l), Rr——v5(Ry) =21 +o(1). (5-8)

dr dr

The following lemma says that as long as both components stay well below the harmonic function
—2log|y| (i.e., both of them are fast decay components), there is no essential change on the energy for
either component:

Lemma 5.3. Suppose Ly € (Ry, ©d; h satisfies
vi +2yf loglyl < —2loglyl = Ni,  Re<lyl<Li, i=1.2, (5-9)

for some N — o0, then
ol (8kRe) = of (8L +o(1), i=1,2.

Proof of Lemma 5.3. We aim to prove that aik does not change much from §; Ry to & Lx. Suppose this is
not the case; then there exists i such that ol.k (8xLy) > oik (8x Ry) + 6 for some 6 > 0. Let Li€e (Ry, Ly) be
such that

m?g(ai" (BkLy) —oF Bk Ry)) =€ for i=1,2, (5-10)
=1,

where € > 0 is sufficiently small. Then, for vf,

_Ul()— 4(1+V1)+€§_2(1+V1)+6. 5-11)

r r

It is easy to see from Lemma 2.4 that

/ P et = o),
Bik\BRk
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which is o (8 Li) = oF (8¢ Ry) + o(1). Indeed, by Lemma 2.4,
f yPiet = 0(1) e’ = o(1).
Br, \Bg, Br, \Bg,

The second equality above is because, by (5-11),
ﬁ]f(r) +2y1k logr < —Np —2log Ry + (—2 — %e) logr, Ry <r<Lg.
Thus aé‘(Skik) = oé‘(SkRk) + €. However, since (5-9) holds, by Remark 3.6 we have
Jim (o (8 Li). 05 (8 Li)) €T
The two points on I' that have the first component equal to 21 are (2u1, 0) and (21, 2(pq + p2)). Thus
(5-10) is impossible. Lemma 5.3 is established. O
From Lemma 5.3 and (5-8) we see that, for r > Ry, either
vE(») + 2y} loglyl < —2log |yl — Ni, Re<lyl<us;', i=1,2, (5-12)
or there exists Ly € (R, ‘L'kék_l) such that
() +2y5 log L = —2log Ly = C, |yl =L, (5-13)
for some C > 0, while, for Ry < |y| < Lg,
i) +2yf loglyl < —Q2+8)loglyl, Re <yl < Li, (5-14)

for some § > 0. Indeed, from (5-8) we see that if the energy has to change, aé‘ has to change first. L can
be chosen so that 02" (8 L) — 02" (81 Ry) = € for some € > 0 small.

Lemma 5.4. Suppose there exist Ly > Ry such that (5-13) and (5-14) hold. For Ly, we assume
L, = o(l)rkék_]. Then there exist f,k such that Z,k/Lk — 00 and f,k = o(l)rk(Sk_l still holds. For
ly| = Ly, we have

M +2(0+yHloglyl < =N, Iyl=Li, i=1,2, (5-15)
for some Ny — oo. In particular,

Vi) +2(1+7{ +18)logy| <0, |yl =Ls, (5-16)
of BeLi) =21 +o(1), oy (SkLr) =2p142u2+o(1). (5-17)

Remark 5.5. The statement of Lemma 5.4 can be understood as follows: Suppose, starting from 9By,
aé‘ starts to change because (5-13) holds. Then, from L to Ly, alk does not change much and v’l‘ is still
far below —2(1 + y]") log |y|, but v’z‘ has changed from decaying slowly (which is (5-13)) to a fast decay
(the i = 2 part of (5-16)). In other words, as cré‘ changes from L; to Ly, v'z‘ changes from slow decay to
fast decay but v’l‘ still has fast decay in the meanwhile. The change of 02" has influenced the derivative
of 1_)’1‘, but has not made alk change much because o*zk changes too fast from L; to Ly.
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Proof of Lemma 5.4. First we observe that, by Lemma 5.3, the energy does not change if both components
satisfy (5-12). Thus we can assume that 02" (8x Ly) < € for some € > 0 small. Consequently,

—4(1 2
gy < ZHIEM A2 gy
dr r
Now we claim that there exists N > 1 such that
o (§k(LikN)) = 2+ y1 + 2 +o(1). (5-18)
If this is not true, we would have €; > 0 and ﬁ’k — o0 such that
o (5 RiLy) <241 +y2 — €. (5-19)

On the other hand, Ry can be chosen to tend to infinity slowly, so that, by Lemma 2.4 and (5-14),
Vi) +2(1+ ) log |yl < —38loglyl, Lk < Iyl < Rely. (5-20)

Clearly (5-20) implies olk(ékLk) = alk(c‘iklékLk) + o(1). Thus, by (5-19),

—2-2 2
if)g(r) > v2+eo/ ‘

ar (5-21)

Using (5-21) and
() = (=2 =2y log[y|+ O(1), Iyl =Ly,
we see easily that

ko k
/ ; |y e — oo,
BO. ReLi)\B(O. L)

a contradiction to (1-6). Therefore (5-18) holds.
By Lemma 2.4,

vF(y) 4+ 210g(NLy) = 05 (NLy) +2log(NLy) + 0(1), |y|=NL;, i=1,2.
Thus we have
I (NLY) < (=2 =2yf — 38) log(N Ly),
U5 (NLi) = (=2 —2y3) log(N Ly) — C.

Consequently,
O3 (N +1DLi) = (=2 =2py) log Ly = C

leads to
1

2 K okga
27 h&)Iy172 e dy = 24+ y1 + 12+ €
B(0,(N+1)Ly)

for some €y > 0. Going back to the equation for 17’2‘ , we have

gk < —

242y + €
dr ’

r=(N+1Ly.
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Therefore we can find Iék — o0 such that RkLk = o(l)rk(Sk_1 and

vs(y) < (=2—2y5 —€p) log |yl — Nk, |yl = RLy,

Vi () < (=2 —2yf — 18) log |yl L <1yl < ReLy.
Obviously,
of Sk RiLy) = of (8 Ly) +o(1) = of (8x Ry) +0(1) = 2(1 + 1) +o(1).

By computing the Pohozaev identity on Ry Ly, we have
05 (S RiLi) =21 4 2p2 + o(1).
Letting f,k = RkL x> we have proved Lemma 5.4. U

To finish the proof of Proposition 5.1, we need to consider the region Ly < Iyl <wd, Vif Ly = o), !
(in which case l~,k can be made to be o(l)rkSk_I), or L, = O(I)Tk3k_1. First we consider the region
ik <|yl < tk(Sk_l when I:k = 0(1)tk8k_1. It is easy to verify that

2y1 =2 1 -
iz‘;’f(r):— Yi V2+0()’ r—ip
dr r r
d _x 6+2y1+4y+0(1) ~
——V,(r) = — , r=Lg.
dr r
The second equation above implies
d i 2ur+4 =
EUZ(F) S - P ’ r= Lk’

for some § > 0. So 02" (r) does not change for r > Ly unless alk changes. By the same argument as before,
either v’l‘ rises to —2log|y|+ O(1) on |y| = rkék_l, or there is ﬁk = o(l)rkfﬁk_l such that

oF(SkLy) =21 +2u2+o0(1), i=1,2.
Since this is the energy of a fully bubbling system, we have in this case both
v () = —Qui+dloglyl. Iyl=us . i=12

for some § > 0.
IfL;,= O(I)Tk8k_l, it is easy to use Lemma 2.4 to see that one component is —2(1 + yl.k) log |y|4+ O(1)
and the other component has the fast decay. Proposition 5.1 is established. U

6. Combination of bubbling areas

The following definition plays an important role:

Definition 6.1. Let Q; = { p]f, e p’;} be a subset of X such that Q; has more than one point in it and
i\ Qr = 8. Oy is called a group if:
(1) dist(p, p%) ~ dist(pf. pf).

where pf, plj‘., pf , pf are any points in Qy such that pf * p’J‘. and pf * pf .
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(2) For any py € % \ Oy, dist(p}, ph)/dist(py, pr) — 0 for all pf, ph € Qi with pf # pf.

Proof of Theorem 1.2. Let 2t;, be the distance between 0 and X \ {0}. For each z; € £; N3 B(0, 21), if
dist(zx, X \ {zk}) ~ ., let Go be the group that contains the origin. On the other hand, if there exists
7 € 9B(0, 21;) such that 7/ dist(z, Xx \ ;) — 00, we let Gy be 0 itself. By the definition of a group,
all members of G are in B(0, Nt;) for some N independent of k. Let

Uf()’) = Mf(rky)+210gtk, ly| < ‘[k_l.

Then we have
2

k —
AVEG) + ) aijht (riy)e'tY = dmyfso, Iyl <t (6-1)
j=1
Let0, Q1, ..., O, be the images of members of G after the scaling from y to 7z y. Then all Q; € By.

By Proposition 5.1 and Proposition 5.2, at least one component decays fast on d B;. Without loss of
generality, we assume

v]f < —N; on 9B

for some N, — o0, and
of (m) = o(1), 21 +0(1) or 2u1 422 +o(1),

Specifically, if 78, I < C, then crlk () = o(1). Otherwise, olk (t) is equal to one of the two other
cases mentioned above. By Lemma 2.4, v’l‘ <—Ny+ConaldB(Q; 1) (t=1,...,m); therefore, by

Proposition 5.2,
1

— W (e et =2m +o(l), t=1,....m,
27 /o)

where, for each ¢, m; =0, 1 or 2. Let 27, L be the distance from O to the nearest group other than Gy.
Then L, — oco. By Lemma 2.4 and the proof of Lemma 3.2, we can find I:k < Ly, I:k — 00, such that
most of the energy of v’f in B(0, Ly) is contributed by bubbles and v'zc decays faster than —2log L on
dB(0, Ly):

1

k
o= . h]f(O)evl =2m+4o(1), 2u; +2m+o(1) or 2(uy 4+ w2) +2m+o(1) (6-2)
(0.Ly)

for some nonnegative integer m, and
vlz‘(y)—l—ZlogI:k — —00, |y] :Zk. (6-3)
Then we evaluate the Pohozaev identity on B(0, ik). Since (6-3) holds, by Remark 3.6 we have

kli)n;o(alk(tkl:k), Uf(fkik)) el

Moreover, by (6-2) we see that limg_, oo (alk (T L 1) ozk (T L x)) € X because the limit point is the intersection
between the line o = limy_, o alk(rk ik) and I'.
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The Pohozaev identity for (alk(rkik), aé‘ (rkik)) can be written as
of (L) Qo (v L) — o (e Li) — 41) + oh (L) QoX (tiLy) — of (e Ly) — 4pa) = o(1).
Thus either
201 (v Ly) — ok (e Ly) > 4y + o(1) (6-4)
or
205 (v Ly) — of (e Li) > 4pa + o(1).

Moreover, if
20f (eLi) — 03 (eLy) = 21 +o(1) and 205 (nlp) —of (wLr) = 22+ o(D),

then, by the proof of Theorem 4.3,

/ Chket =o0(1), i=1,2,

By \tilk

for any /; — 0. In this case we have

o; = lim of (e Ly), i=1,2,

k— 00

and Theorem 1.2 is proved in this case.
Thus, without loss of generality, we assume that (6-4) holds. From the equation for u’f , this means that,
for some § > 0,

- = ~ d - —-2-6 ~
u'f(rkLk) < —2log(tyLg) — Ng, Eu’f(r) < P r=r1Lg. (6-5)

The property above implies, by the proof of Proposition 5.1, that, as r grows from Ly to T¢ Ly, the
following three situations may occur:

Case one. Both uff satisfy, for some N, — oo, that
uk(x) +2log|x| < =Ny, wli<|x|<wuli, i=1,2.
In this case,
of (veLy) = of (e Li) +o(1), i=1,2.
So, on dB(0, i Ly), u’f is still a fast decaying component.
Case two. There exist L1 and Ly € (Ek, L) such that
us(x) = —2log(wlix) =C, |x|=uLix,
uf (x) < —2log(teLok) — Nk, |x|=1xLok, i=1,2, (6-6)

and
of(tLy) = of (v Lag) +o(1). (6-7)
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Since (6-6) holds, by Remark 3.6 we have (limg_, o olk (teLok), limg o oo aé‘ (txL2.x)) € I'. Then we further
observe that, since (6-7) holds, limk_mo(olk (teLok), 02" (txL2.k)) € X, because this point is obtained by in-
tersecting I" with o1 = limy_, oo af(rk Ly). In other words, the new point limk_wo(alk (txL2.x), azk(rkLz,k))
is on the upper right part of the old point limk%oo(of(tklik), 02" (rkik)).

Case three. u’é(x) > —2logt Ly —C, |x| =1Ly,

for some C > 0 and 0¥ (txLy) = of (teLy) + o(1). This means that dB(0, 74 Ly), u* is still the fast
decaying component.

If the second case above happens, the relationship between 01" and aé‘ on B(0, te L) \ B(O, e Lo k) is
the same as discussed before. In any case, on d B(0, t; L) at least one of the two components has fast
decay and has its energy equal to a corresponding component of a point in 3. For any group not equal to
Gy, it is easy to see that the fast decay component has its energy equal to 0, 2 or 4. The combination
of bubbles for groups is very similar to the combination of bubbling disks as we have done before. For
example, let Gg, G1, ..., G; be groups in B(0, €;) for some €; — 0. Suppose the distances between any
two of Gy, ..., G; are comparable and

dist(G;, Gj) =o(l)e, forall i, j=0,...,t, i#].

Also we require (Ek \ (Uf’:o Gl-)) N B(0, 2¢x) = &. Let €1 = dist(Go, G1); then all Gy, ..., G, are
in B(0, Ne;j ;) for some N > 0. Without loss of generality let u’l‘ be a fast decaying component on
dB(0, Nej i). Then we have

of(Neyy) = of (mLy) +2m +o(1),

where m is a nonnegative integer because, by Lemma 2.4, u’f is also a fast decaying component
for Gy, ..., G;. Moreover, by Proposition 5.2, the energy of u'l‘ nG,(s=1,...,t)iso(1),2+o0(1) or
4+40(1). If ug also has fast decay on 0 B(0, Ne€j k), then limkﬁoo(alk(Nel,k), o{‘(NeLk)) € X because
this is a point of intersection between I and o] = limy_, o alk(tk Li)+2m. If

ub(x) > —2log Nej — C, |x| = Nejy,
then, as before, we can find €3 ; in (N€] g, €¢) such that, for some Ny — oo,

uf(x) +2logess < —Ni,  Ixl=e3x, i=1,2,
and
k _ k
o1 (Nepx) = oy (€34).
Thus we have

lim (of (€34), 05 (€34)) € T,
k— 00

because this point is the intersection between I" and o] = limy_, oo o]" (Nerg).
The last possibility on B(0, €;) \ B(0, €1) is

of(ex) = of (Nex) +o(1)
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and
ub(x) +2loger > —C, |x| =&

In this case, u’l‘ is the fast decaying component on d B(0, €).

Such a procedure can be applied to include groups further away from Gy. Since we have only finitely
many blowup disks this procedure only needs to be applied finitely many times. Finally, let sy — 0 be
such that

o; = lim lim of(s;), i=1,2,
k— 00 5;,—0

and, for some N, — 00,
uk(x) +2logsy < —Ni,  |x|=s, i=12.

Then we see that (o, 03) € X. Theorem 1.2 is established. O
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