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INEQUALITY FOR BURKHOLDER’S MARTINGALE TRANSFORM

PAATA TVANISVILI

We find the sharp constant C = C(z, p, EG, EF) of the inequality ||(G*> +t>F?)!/2||, < C|| F||,, where
G is the transform of a martingale F under a predictable sequence ¢ with absolute value 1, 1 < p < 2,
and 7 is any real number.
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1. Introduction

Let I be an interval of the real line R, and let |/| be its Lebesgue length. We write 9B for the o -algebra of
Borel subsets of /. Let {F,}>° , be a martingale on the probability space (1, %, dx/|I|) with a filtration
{I, 2} =%)C % C---CF. Consider any sequence of functions {e,} 2 | such that, for eachn > 1, ¢, is
%,—1 measurable and |¢,| < 1. Let G be a constant function on /; for any n > 1, let G,, denote

n
Go+ Zsk(Fk = Fi-1).
k=1
The sequence {G,};2, is called the martingale transform of {F,}. Obviously {G,}>°, is a martingale
with the same filtration {%,};° ;. Note that, since {F,} and {G,} are martingales, we have Fp = EF, and
Go=EG,, forany n > 0.
Burkholder [1984] proved that if |Gg| < |Fp|, 1 < p < oo, then we have the sharp estimate

1GullLr < (p* — DI Fyllrr forall n >0, (1)

where p* — 1 =max{p — 1, 1/(p — 1)}. Burkholder showed that it is sufficient to prove inequality (1) for
the sequences of numbers {¢,} such that ¢, = 1 for all » > 1. It was also noted that such an estimate

MSC2010: 42B20, 42B35, 47A30.

Keywords: martingale transform, martingale inequalities, Monge—Ampere equation, torsion, least concave function, concave
envelopes, Bellman function, developable surface.
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as (1) does not depend on the choice of filtration {%,}. For example, one can consider only the dyadic
filtration. For more information on the estimate (1) we refer the reader to [Burkholder 1984; Choi 1992].

Vasyunin and Volberg [2010] slightly generalized the result by the Bellman function technique and
Monge—-Ampere equation, i.e., the estimate (1) holds if and only if

|Gol = (p* = DI Fol. 2

In what follows we assume that {¢,} is a predictable sequence of functions such that |g,| = 1.
In [Boros et al. 2012], a perturbation of the martingale transform was investigated. Namely, under the
same assumptions as (2) it was proved that, for 2 < p < 0o, T € R, we have the sharp estimate

1G24+ EH 2o < (p* = 1> +tHY?||Fy |l forall n>0. 3)

It was also claimed to be proven that the same sharp estimate holds for 1 < p < 2, |t| < 0.5, and the case
1 <p<2,|t|> 0.5 was left open.

The inequality (3) stems from important questions concerning the L? bounds for the perturbation of
the Beurling—Ahlfors operator and hence it is of interest. We refer the reader to recent works regarding
martingale inequalities and estimates of the Beurling—Ahlfors operator [Bafiuelos and Janakiraman 2008;
Baiiuelos and Méndez-Herndndez 2003; Bafiuelos and Osgkowski 2013; Bafiuelos and Wang 1995; Boros
et al. 2012] and references therein.

We should mention that Burkholder’s [1984] method and the Bellman function approach [Vasyunin
and Volberg 2010; Boros et al. 2012] have similar traces in the sense that both of them reduce the required
estimate to finding a certain minimal diagonally concave function with prescribed boundary conditions.
However, the methods of construction of such a function are different. Unlike Burkholder’s method,
in [Vasyunin and Volberg 2010; Boros et al. 2012] the construction of the function is based on the
Monge—Ampere equation.

1.1. Our main results. Firstly, we should mention that the proof of (3) presented in [Boros et al. 2012]
has a gap in the case 1 < p <2, 0 < |t] < 0.5 (the constructed function does not satisfy a necessary
concavity condition).

In the present paper we obtain the sharp L? estimate of the perturbed martingale transform for the
remaining case 1 < p < 2 and for all T € R. Moreover, we do not require condition (2).

We define

U@ E P (p- D+ 2(p - D+ (1 +2)> P —z2-p) - L.

|Gol =1 Fol

Theorem 1. Let 1 < p < 2, and let {G,};2, be a martingale transform of {F,},2 . Set = Gol 1 Fol
0 0

The following estimates are sharp:

(1) Ifu(1/(p—1)) <0, then

0 12\
’—1} ) |FullLr forall n>0.
p_

12 F2 4+ G| < (rz—i-max: H
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(2) Ifu(1/(p=1)) > 0, then
I F 4+ G2l < CBIF,  forall n=0,

where C(B) is continuous, nondecreasing, and defined as follows:

(2 4 |Gol?/ | Fo)P/? if B> 50,
def 227 (1 — 59)P~! -
= Tp(“<r2+1><p—1>(1—so>+2(2—p>> ¥8=-1+2/p
c(p) if Be(—1+2/p, s0),

where so € (—14+2/p, 1) is the solution of the equation u((1 + s¢)/(1 —sg)) = 0.

Explicit expression for the function C(8) on the interval (—142/p, s9) was hard to present in a simple
way. The reader can find the value of the function C(8) in Theorem 39(ii).

Remark 2. The condition u(1/(p — 1)) < 0 holds when |7| < 0.822. So we also obtain Burkholder’s
result in the limit case when t = 0. It is worth mentioning that although the proof of the estimate (3) has
a gap in [Boros et al. 2012], the claimed result in the case 1 < p < 2, |7| < 0.5 remains true as a result of
Theorem 1.

One of the important results of the current paper is that we find the function (5), and the above estimates
are corollaries of this result. The argument we exploit is different from [Vasyunin and Volberg 2010;
Boros et al. 2012]. Instead of writing a lot of technical computations and checking which case is valid,
we present some pure geometrical facts regarding minimal concave functions with prescribed boundary
conditions, and in this way we avoid computations. Moreover, we explain to the reader how we construct
our Bellman function (5) based on these geometrical facts, derived in Section 3.

1.2. Plan of the paper. In Section 2 we formulate results about how to reduce the estimate (3) to finding
a certain function with required properties. These results are well known and can be found in [Boros
et al. 2012]. A slightly different function was investigated in [Vasyunin and Volberg 2010]; howeyver, it
possesses almost the same properties and the proof works exactly in the same way. We only mention these
results and the fact that we look for a minimal continuous diagonally concave function H (xy, x2, x3)
(see Definition 7) in the domain Q = {(x1, x2, x3) € R? : |x;|? < x3} with the boundary condition
H(x1, x2, [x117) = (x3 + t2x})P/2.

Section 3 is devoted to the investigation of the minimal concave functions in two variables. It is worth
mentioning that the first crucial steps in this direction for some special cases were made in [Ivanishvili
et al. 2012a] (see also [Ivanishvili et al. 2012b; > 2015]). In Section 3 we develop this theory for a
slightly more general case. We investigate a special foliation called the cup and another useful object,
called force functions.

We should note that the theory of minimal concave functions in two variables does not include the
minimal diagonally concave functions in three variables. Nevertheless, this knowledge allows us to
construct the candidate for H in Section 4, but with some additional technical work not mentioned in
Section 3.



768 PAATA IVANISVILI

In Section 5 we find the good estimates for the perturbed martingale transform. In Section 6 we prove
that the candidate for H constructed in Section 4 coincides with H, and as a corollary we show the
sharpness of the estimates found for the perturbed martingale transform in Section 5.

In conclusion, the reader can note that the hard technical part of the current paper lies in the construction
of the minimal diagonally concave function in three variables with the given boundary condition.

2. Definitions and known results

LetEF def (F),, where

def 1
(Fy, S | Fa)adr
iy

for any interval J of the real line. Let F and G be real valued integrable functions. Let G, = E(G|M,,)
and F,, = E(F|M,) for n > 0, where {.l,} is a dyadic filtration (see [Boros et al. 2012]).

Definition 3. If the martingale {G,} satisfies |G, +1 — G, | = | F,,+1 — F,,| for each n > 0, then G is called
the martingale transform of F.

Recall that we are interested in the estimate
1G>+ 1*F)' 2|1y < C||F |- 4)
‘We introduce the Bellman function

def
H(x) = sup{EB(¢(F, G)) : Ep(F, G) = x, |Gpy1 — Gul = |Fyg1 — Fyl, n >0}, %)
F,G

where ¢(x1, x2) = (x1, X2, [x117), B(p(x1,x2)) = (] + T2x])P/> and x = (x1, x2, x3).
Remark 4. In what follows, bold lowercase letters denote points in R>.

Then we see that the estimate (4) can be rewritten as follows:
H(x1, x2, x3) < CPx3.

We mention that the Bellman function H does not depend on the choice of the interval /. Without loss
of generality, we may assume that / = [0, 1].

Definition 5. Given a point x € R?, a pair (F, G) is said to be admissible for x if G is the martingale
transform of F and E(F, G, |F|?) = x.

Proposition 6. The domain of H (x) is Q = {(x1, x2, x3) € R? : |x1|? < x3}, and H satisfies the boundary
condition
H(xy, x2, [x117) = (x5 + t2x7)P/2. (6)

Definition 7. A function U is said to be diagonally concave in 2 if it is concave in both
QN{(x1, x2, x3) 1 x1+x2=A} and  QN{(x1, x2, x3) 1 x1 —x2 = A}

for every constant A € R.
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Figure 1. A domain €.

Proposition 8. H (x) is a diagonally concave function in 2.

Proposition 9. If U is a continuous, diagonally concave function in Q with the boundary condition
Ul(xy, X2, |x117) > (x3 4+ t2x2)P/2, then U > H in Q.

We explain our strategy of finding the Bellman function H. We are going to find a minimal candidate B
that is continuous and diagonally concave, with the fixed boundary condition B|yq = (y? + t2x2)?/2. We
warn the reader that the symbol B denoted boundary data previously, however, in Section 6 we are going
to use the symbol B as the candidate for the minimal diagonally concave function. Obviously, B > H by
Proposition 9. We will also see that, given x € Q2 and any ¢ > 0, we can construct an admissible pair
(F, G) such that B(x) < E(F?+ t2G?)?/? 4+ ¢. This will show that B < H and hence B = H.

In order to construct the minimal candidate B, we have to elaborate a few preliminary concepts from
differential geometry. We introduce the notions of foliation and force functions.

3. Homogeneous Monge—-Ampeére equation and minimal concave functions

3.1. Foliation. Let g(s) € C3(I) be such that g” >0, and let Q be a convex domain which is bounded by
the curve (s, g(s)) and the tangents that pass through the endpoints of the curve (see Figure 1). Fix some
function f(s) € C3(I). The first question we ask is the following: how the minimal concave function
B(x1, x») with boundary data B(s, g(s)) = f(s) looks locally in a subdomain of 2. In other words, take
a convex hull of the curve (s, g(s), f(s)), s € I; then the question is how the boundary of this convex
hull looks.

We recall that the concavity is equivalent to the following inequalities:

det(d’B) > 0, )
B’ 4+ B’ <O. €))

X1X1 X2X2
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The expression (7) is the Gaussian curvature of the surface (x, xo, B(xy, x2)) up to a positive factor
1+ (B)/Cl)2 + (B)’Q)z)z. So, in order to minimize the function B(x;, x7), it is reasonable to minimize
the Gaussian curvature. Therefore, we will look for a surface with zero Gaussian curvature. Here the
homogeneous Monge—Ampere equation arises. These surfaces are known as developable surfaces, that is,
such a surface can be constructed by bending a plane region. The important property of such surfaces
is that they consist of line segments, i.e., the function B satisfying the homogeneous Monge—Ampere
equation det(d’ B) = 0 is linear along some family of segments. These considerations lead us to investigate
such functions B. Firstly, we define a foliation. For any segment ¢ in the Euclidean space, by £° we
denote its open segment, £ without endpoints.

Fix any subinterval J C I. By ©(J, g) we denote an arbitrary set of nontrivial segments (i.e., single
points are excluded) in R? with the following requirements:

(1) For any £ € ©(J, g) we have £° € Q.
(2) For any ¢, £, € ©(J, g) we have {1 N{r = O.

(3) For any ¢ € ©(J, g) there exists only one point s € J such that (s, g(s)) is one of the endpoints of
the segment £ and, vice versa, for any point s € J there exists £ € ©(J, g) such that (s, g(s)) is one
of the endpoints of the segment £.

(4) There exists a C! smooth argument function 6 (s).

We explain the meaning of the requirement (4). To each point s € J there corresponds only one segment
£ € ®(J, g) with an endpoint (s, g(s)). Take a nonzero vector with initial point (s, g(s)), parallel to the
segment £ and having an endpoint in 2. We define the value of 8(s) to be an argument of this vector.
Since argument is defined up to addition by 2k, where k € Z, we take any representative from these
angles. We do the same for all other points s € /. In this way we get a family of functions 6 (s). If there
exists a C!(J) smooth function 6(s) from this family then requirement (4) is satisfied.

Remark 10. It is clear that, if 6(s) isa C L ) smooth argument function, then, for any k € Z, 0(s) +2nk
is also a C'(J) smooth argument function. Any two C'(J) smooth argument functions differ by a constant
27rn for some n € Z.

This remark is a consequence of the fact that the quantity 6’(s) is well defined regardless of the choices
of 6(s). Next, we define Q(O(J, g)) = Uee(a(J,g) £°. Given a point x € Q(O(J, g)), we denote by £(x)
a segment in ®(J, g) which passes through the point x. If x = (s, g(s)) then, instead of E((s, g(s))),
we just write £(s). Surely such a segment exists, and it is unique. We denote by s(x) a point s(x) € J
such that (s (x), g(s (x))) is one of the endpoints of the segment £(x). Moreover, in a natural way we set
s(x) =sif x = (s, g(s)). It is clear that such s(x) exists, and it is unique. We introduce a function

K(s)=g'(s)cosf(s) —sinfO(s), se€J. ©)
Note that K < 0. This inequality becomes obvious if we rewrite

g'(s)cosf(s) —sinf(s) = ((1, g), (—sinb, cosh))
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Figure 2. A foliation ®(J, g).

and take into account requirement (1) of ®(J, g). Note that (-, - ) means scalar product in Euclidean
space.
We need two more requirements on ®(J, g).
(5) For any x = (x1, x2) € Q(O(J, g)), we have K (s(x)) +6'(s(x)) || (x1 — s(x), x2 — g(s(x)))|| <O.
(6) The function s(x) is continuous in Q(®(J, g)) UI'(J), where I'(J) = {(s, g(s)) : s € J}.
Note that if 6’(s) < 0 (which happens in most of the cases) then requirement (5) holds. If we know
the endpoints of the segments ®(J, g), then in order to verify (5) it is enough to check it at those points

x = (x1, x2), where x is an endpoint of the segment other than (s, g(s)). Roughly speaking, requirement (5)
means the segments of ®(J, g) do not rotate rapidly counterclockwise.

Definition 11. A set of segments ®(J, g) with the requirements mentioned above is called a foliation.
The set Q2(®(J, g)) is called the domain of foliation.
A typical example of a foliation is given in Figure 2.
Lemma 12. The function s(x) belongs to C'! (Q CIeA g))). Moreover,
(sinf, —cos6)
(S5, 85,) = - . (10)
—K(s)—0"-[[(x1 —5,x2— &)

Proof. The definition of the function s(x) implies that

—(x1 —s)sinf(s) + (x2 — g(s)) cosO(s) = 0.
Therefore the lemma is an immediate consequence of the implicit function theorem. (Il

Let J = [s1,52] € I, and let (s, g(s), f(s)) € C3(I) be such that g” > 0on I. Consider an arbitrary
foliation ®(J, g) with an arbitrary C Y([s1, s2]) smooth argument function 8(s). We need the following
technical lemma:

Lemma 13. The solutions of the system of equations
11(s) cos O(s) + 15(s) sinO(s) = 0, (11)
t(s) +n(s)g'(s) = f'(s), seJ (12)
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are the functions

H(s) = / | (i((:)) sin0() -2 — ((:)) sin9<r>> dr+ £(s1) — (510 (s1),

tH(s) =t (s1) exp(— /S ‘j{((:)) cos@(r)dr) + ' ][;((;)) exp(— /s é;{((:)) cos@(r)dr) cosO(y)dy
51 51 y

for s € J, where ty(s1) is an arbitrary real number.

Proof. We differentiate (12) and combine it with (11) to obtain the system

cosf sinf\ (t;y _ (0 O f n 0
1 g/ té - 0 _g// t2 f// .
AN g_” 0 sinf)\ [ f_” —sin6
(té) K (0 —cos 9) (tz) Tk ( cos@)' 13)

By solving this system of differential equations and using the fact that ¢ (s;) + g’(s1)t2(s1) = f'(s1), we

This implies that

get the desired result. U

Remark 14. Integration by parts allows us to rewrite the expression for #,(s) as

ormes( - £ ) L02)

K " / s I
—/ |:f//(y)] exp(—/ g (1) cosf(r) dr) dy.
S1 g (y) y K(r)
Definition 15. We say that a function B has a foliation ®(J, g) if it is continuous on Q2 (®(J, g)) and it
is linear on each segment of ®(J, g).

The following lemma describes how to construct a function B with a given foliation ®(J, g) and
boundary condition B(s, g(s)) = f(s) such that B satisfies the homogeneous Monge—Ampere equation.
Consider the function B defined by

B(x) = f(s) +(t(s), x = (5, g(5))), x = (x1,%2) € RO, g)), (14)
where s =s(x), and 7 (s) = (#1(s), t2(s)) satisfies the system of equations (11), (12) with an arbitrary #,(sy).
Lemma 16. The function B defined by (14) satisfies the following properties:

(1) BeC*(Q(O, g))NCH(QUO(J, g)UT), B has the foliation ©(J, g) and
B(s, g(s)) = f(s) forall s € [sy,s2]. (15)

(2) VB(x) =t(s), where s = s(x); moreover, B satisfies the homogeneous Monge—Ampere equation.
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Proof. The fact that B has the foliation ®(J, g) and that it satisfies the equality (15) immediately follows
from the definition of the function B. We check the condition of smoothness. By Lemma 12 and
Lemma 13 we have s(x) € C*(Q(O(/J, g))) and 11, 1, € C'(J), therefore the right-hand side of (14) is
differentiable with respect to x. So, after differentiation of (14), we get

VB(x) = [f'(s) = {r(s), (1, ' (D)) (55, 55,) +1(5) +{1(5), x — (5, ()55, 53,)- (16)

Using (11) and (12) we obtain VB(x) = (s). Taking the derivative with respect to x a second time we get

82 2 2 2

. / . / . / L /
P ()8, 5 Py 11(8)8y, s Py ()8, 5 i 1 (8)Sy,-
1 2

Using (11) we get that 7{(s)s}, = 1}(s)s},, therefore B € C*(Q(©(J, g))). Finally, we check that B
satisfies the homogeneous Monge—Ampere equation. Indeed,

9’B 9’B 9’B 9B

det(d’B) = : — :
B =93 5x2  Idns omidn

=11(s)sy, - 15(8)s, — 11 (s)sy, - 15(s)s, =0. O

Definition 17. The function #(s) = (¢,(s), ©2(s)) = VB(x), s = s(x), is called the gradient function
corresponding to B.

The following lemma investigates the concavity of the function B defined by (14). Let ||£7 @) =
[(s(x) —x1, g(s(x)) —x2) |, = (x1, x2) € (O, g)).

Lemma 18. The following equalities hold:

9’B  9’B g’ L
0 0 KK 10 ||Z<x>||>< )
= g’ - [ ( / cos 6(r) dr) <t2(s1) — f”(s1)>
K(K+0"1€(x)) g"(s1)

s f//(y) ! s g//(r)
+/s. |:g”(y):| exp(—/y Ko cosé(r) dr) dy:|.

Proof. Note that

823+828 £ (5)s) 4 14(5)s!
—+ — =1(s)s 5)S5.
8x12 8)6% 1 1 2 2
Therefore the lemma is a direct computation and application of (10), (11), (12) and Remark 14. O

Finally, we get the following important statement:
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Corollary 19. The function B is concave in Q(O(J, g)) if and only if F(s) < 0, where

A 4 A
F(s) = —exp<— 8 ) oso(r) dr> (tz(sl) _f (sl))
s K@) g"(s1)
s " ! S 5
+/ [f,,(y)} exp(—/ g () cose(r)dr) dy
s L&) y K@)
J"(s)
= —ta(s). 17
77) 2(5) (17)
Proof. B satisfies the homogeneous Monge—Ampere equation. Therefore, B is concave if and only if
3*B 9B
—+t-—==0. (18)
oxy  0x3
Note that ,
& = >0
K (K +0"[[£(x)[)
Hence, according to Lemma 18, the inequality (18) holds if and only if F(s) < 0. (I

Furthermore, the function & will be called a force function.

Remark 20. The fact that 1;(s) = f”/g” — % together with (13) implies that the force function F satisfies

the differential equation
cos 6 "
745 0|l —o e

f{’(( ) ¢ (1
Fs1) = 1 r(s1).
g"(s1)

We remind the reader that, for an arbitrary smooth curve y = (s, g(s), f(s)), the torsion has the
expression

det(y’ y// y///) f///g// _ g///f// (g//)Z f// /
Iy <y"I> Iy xy"I> Y xy"|? [8”] '
Corollary 21. If%(s1) <0 and the torsion of a curve (s, g(s), f(s)), s € J is negative, then the function B

defined by (14) is concave.
Proof. The corollary is an immediate consequence of (17). U

Thus, we see that the torsion of the boundary data plays a crucial role in the concavity of a surface
with zero Gaussian curvature. More detailed investigations about how we choose the constant #,(s1) will
be given in Section 3.2.

Let ®(J, g) and (:)(J , 8) be foliations with some argument functions 6(s) and 0 (s), respectively.
Let B and B be the corresponding functions defined by (14), and let %, F be the corresponding force
functions. Note that F(s) = Qf*(s) is equivalent to the equality #(s) = 7(s), where #(s) = (t;(s), t2(s)) and
f(s) = (f1(s), t2(s)) are the corresponding gradients of B and B (see (12) and Corollary 19).

Assume that the functions B and B are concave functions.
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&~

(s(),9(s(x)))
Figure 3. Foliations ©(J, g) and O(/J, g).

Lemma 22. Ifsin(@ —0) > 0 forall s € J, and F(s1) = F(s1), then B < B on Q(O(J, g)) NQ(O(J, g)).
In other words, the lemma says that if, at the initial point (s, g(s1)), gradients of the functions B

and B coincide and the foliation ©(J, g) is “to the left of” the foliation ®(J, g) (see Figure 3), then

B<B provided B and B are concave.

Proof. Let K and K be the corresponding functions of B and B defined by (9). The condition K, K < 0

implies that the inequality sin(6 — ) > 0 is equivalent to the inequality

cosf cosb

K

for s € J. (20)

Indeed, if we rewrite (20) as K cosd > K cos 6 then this simplifies to — sin 4 cosf > —sinf cosH, so
the result follows.

The force functions %, % satisfy the differential equation (19) with the same boundary condition
F(s1) = @**(sl). Then, by (20) and by comparison theorems, we get % > F on J. This and (17) imply that
f» <1y on J. Pick any point x € Q(O(J, g)) N Q(@(J, g)). Then there exists a segment £(x) € O(J, g).
Let (s (x), g(s (x))) be the corresponding endpoint of this segment. There exists a segment le (:)(J ,8)
which has (s(x), g(s(x))) as an endpoint (see Figure 3).

Consider a tangent plane L(x) to (x1, X3, E) at the point (s (x), g(s (x))). The fact that the gradient
of B is constant on £ implies that L is tangent to (x1, x2, é) on /. Therefore,

L(x) = f(s) +(({1(5), 22(s)), (x1 — 5, x2 — £(5))),

where x = (x1, x2) and s = s(x). The concavity of B implies that a value of the function B at a point y
seen from the point (s(x), g(s(x))) is less than L(y). In particular, B(x) < L(x). Now it is enough to
prove that L(x) < B(x). By (14) we have

B(x) = f(s) +{(t1(s), 22(5)), (x1 — s(x), X2 — g(5)))-

Therefore, using (12), the fact that ((—g’, D, (x1 —s,x — g(s))) >0 and 1, < 1, we get the desired
result. U
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(52,9:(52))

J- Jt

y

Figure 4. Gluing of B~ and B™.

Let J~ =[s1, s2] and J* =[s2, s3], where J—, J© C I. Consider arbitrary foliations ®~ =@~ (J ", g)
and @ =OT(JT, g) such that Q(O®")NQ(OT) =, and let #~ and O be the corresponding argument
functions. Let B~ and B be the corresponding functions defined £ (s,), where £ (s2) € ®~ by (14),
and let 1~ = (¢, ,1, ) and T = (t1+ , t2+ ) be the corresponding gradient functions. Set Ang(s;) to be a
convex hull of £7(s») and and £7 (s;) € O are the segments with the endpoint (s2, g(s2)) (see Figure 4).
We require that Ang(s2) N Q(O®7) = £~ and Ang(sy) NQ(O1) = ¢+,

Let #~, & be the corresponding forces, and let By, be the function defined linearly on Ang(s,) via
the values of B~ and BT on £, £ respectively.

Lemma 23. Ift, (s2) = t; (s2), then the function B defined by

B=(x) ifxeQOU,8),
B(x) = | Bang(x) if x € Ang(s2),
BT(x) ifxeQ(@OUT, g),

belongs to the class C'(Q(®7)UAng(s2) UQ(OT)UT(J~UJT)).

Proof. By (12) the condition #, (s2) = t;r (s2) is equivalent to the condition ™ (s2) = T (s2). We recall
that the gradient of B~ is constant on £~ (s»), and the gradient of B is constant on £ (s,), therefore the
lemma follows immediately from the fact that B~ (s2, g(s2)) = BT (52, g(52)). O

Remark 24. The fact B € C! implies that its gradient function ¢ (s) = V B is well defined and is continuous.
Unfortunately, it is not necessarily true that ¢ (s) € C L([s1, s3]). However, it is clear that 7 (s) € C!([s1, s2])
and 1 (s) € C'([s2, s3]).

We finish this section with the following important corollary about concave extension of the functions
with zero Gaussian curvature:
Let B~ and BT be defined as above (see Figure 4). Assume that t, (52) = t2+ (s2).

Corollary 25. If B~ is concave in Q2 (©7) and the torsion of the curve (s, g(s), f(s)) is nonnegative on
J T =[s2, s3] then the function B defined in Lemma 23 is concave in the domain Q(©~)UAng(s)UQ(OT).
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In other words, the corollary tells us that, if we have constructed a concave function B~ which satisfies
the homogeneous Monge—Ampere equation, and we glue B~ smoothly with B (which also satisfies the
homogeneous Monge—Ampere equation), then the result, B, is a concave function provided that the space
curve (s, g(s), f(s)) has nonnegative torsion on the interval J*.

Proof. By Corollary 19, concavity of B~ implies % (s2) < 0. By (17) the condition #, (s3) = t2+ (s2)
is equivalent to ¥~ (s7) = F(s2). By Corollary 21 we get that B™ is concave. Thus, concavity of B
follows from Lemma 23. U

3.2. Cup. In this subsection we are going to consider a special type of foliation, which is called a cup.
Fix an interval / and consider an arbitrary curve (s, g(s), f(s)) € C 3(I). We suppose that g” > 0 on [.
Let a(s) € C'(J) be a function such that a’(s) < 0 on J, where J = [so, s1] is a subinterval of /. Assume
that a(sg) < so and [a(sy), a(sg)] C I. Consider a set of open segments Ocup(J, g) consisting of those
segments £(s, g(s)), s € J such that £(s, g(s)) is a segment in the plane joining the points (s, g(s)) and
(a(s), g(a(s))) (see Figure 5).

Lemma 26. The set of segments Ocup(J, g) described above forms a foliation.

Proof. We need to check the six requirements for a set to be the foliation. Most of them are trivial except
for (4) and (5). We know the endpoints of each segment, therefore we can consider the argument function

g(s) — g(a(S)))

O(s)=m+ arctan(
s —al(s)

Surely 6(s) € C'(J), so requirement (4) is satisfied. We check requirement (5). It is clear that it is enough
to check this requirement for x = (a(s), g(a(s)). Let s = s(x); then

K(s)+0 (s)(als) —s, gla(s)) — gl

(1,89, (g —gl@),a—s)) N (g —dg@)s—a)—(1—-a)(g—g)
I(g(a) —g,s —a)l (gla) —g,s —a)l

a1, g'(a), (g—ga),a—ys))

B I(g(a) —g.s —a)]

which is strictly negative. (]

’

Lety(t) =(t,g(t), f(t)) € C3([ag, bo]) be an arbitrary curve such that g’ > 0 on [ag, by]. Assume
that the torsion of y is positive on I~ = (ag, ¢), and it is negative on It = (c, by) for some ¢ € (ay, bo).

Lemma 27. For all P such that 0 < P < min{c — ag, bg — ¢}, there exista € 1=, b € I'" such that
b—a=Pand
1 1 a—b
g'(a) g'(b) gla)—gb)|=0. (21)
f@) f'(b) f(a)— f(b)

Proof. Pick a number a € (ag, by) such that b =a + P € (ag, bp). We denote

—g(b
g(a) — g(b) _g/(a))

Ma, b) = (a—b)(g'(b) — g/(a))( b
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Figure 5. The foliation Oy, (J, g).

Note that the conditions a # b and g” > 0 imply Jl(a, b) # 0. Then
1 1 a—>b
g'a) g'b) gla)—gb)|=Ma, b)[
fl@ f'b) f(a)— fb)
Thus our equation (21) turns into
f@—=f®) = f@@=>b) fb)=fa _ 0.
ga)—g)—g'a)a—-b) g'b)—g'(a)
We consider the functions V (x) = f(x) — f/(a)x and U (x) = g(x) — g’(a)x. Note that U (a) # U (b) and
U’ #0on (a, b). Therefore, by Cauchy’s mean value theorem there exists a point & = &(a, b) € (a, b)
such that

fl@—f®) = fll@a=b [f®) —f/(a)]
gl@—gb)—g@@—b g —g@ ]

(22)

f@—=f®) - f@a=b) V@-V®d) _V'E _ fE)-[f@
g@—gb)—g@@-b U@-Ub) UE gE-g@

Now we define

det f'(2) = f'(a)
Wa(o) & L2200
8'(z) — g'(a)
So the left-hand side of (22) takes the form W,(§) — W, (b) = 0 for some &(a, P) € (a, b). We consider
the curve v(s) = (g’(s), f'(s)), which is a graph on [ag, by]. The fact that the torsion of the curve

z € (a, b].

y(s) = (s, g(s), f(s)) changes sign from + to — at the point ¢ € (ag, bg) means that the curve v(s) is
strictly convex on the interval (ag, c) and it is strictly concave on the interval (c, bg). We consider a
function obtained from (22),

D(o) f@Q-fe+P)+f@P fz+P)— f/(z)’
g(z)—gz+P)+g' (P g+ P)—g'[)
Note that D(ag) = Wy, () — W, (ao+ P) for some ¢ =¢ (ao, P) € (ap, ap+P). We know that v(s) is strictly
convex on the interval (ag, ap + P). This implies that W, (z) — Wy, (ap + P) < 0 for all z € (ag, ap + P).
In particular, D(ap) < 0. Similarly, concavity of v(s) on (c, ¢ + P) implies that D(c) > 0. Hence, there
exists a € (agp, ¢) such that D(a) = 0. [l

z € [ap, c]. (23)
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Let a; and b; be some solutions of (21) obtained by Lemma 27.

Lemma 28. There exists a function a(s) € C'((c, b1]) N C([c, b1]) such that a(by) = ay, a(c) = c,
a'(s) < 0, and the pair (a(s), s) solves (21) for all s € [c, b1].

Proof. The proof of the lemma is a consequence of the implicit function theorem. Let a < b, and consider

the function
1 1 a—>b

def
®a.b)= |g'@) §b) gla)—gb)|.
'@ f'(b) fla— fb)
We are going to find the signs of the partial derivatives of ®(a, b) at the point (a, b) = (a1, b;). We
present the calculation only for d®/db. The case for d®/da is similar.

1 0 a—>b

ada.b) |, .,
== @ g g@—g®)
F@ f'®) f@ —fb)
L (s@—g®) . \[f@—f®) —f@a—b) [
—(a—b)g" () L - .
(@ =) )( a—b g“”)[g(a)_g@_g/(a)(a_b) g”(bJ
Note that o)
(a—b)g"(b) (% = g/(a)) <0,

therefore we see that the sign of 0®/db depends only on the sign of the expression
fl@)—f®) = fll@@=b) f"Ob)
gla)—gb)—g'(@(a—0b) g"(b)
We use the cup equation (22), and we obtain that the expression (24) at the point (a, b) = (ay, by)
takes the form

(24)

f'®) = f'la)  f"®)
gb)y—g'@ g’

The above expression has the following geometric meaning. We consider the curve v(s) = (g'(s), f'(s)),

(25)

and we draw a segment which connects the points v(a) and v(b). The above expression is the difference
between the slope of the line which passes through the segment [v(a), v(b)] and the slope of the tangent
line of the curve v(s) at the point b. In the case shown in Figure 6, this difference is positive. Recall
that v(s) is strictly convex on (aj, ¢) and it is strictly concave on (c, b). Therefore, one can easily note
that this expression (25) is always positive if the segment [v(a), v(b)] also intersects the curve v(s) at
a point £ such that a < & < b. This always happens in our case because (22) means that the points
v(a), v(€), v(b) lie on the same line, where £ was determined from Cauchy’s mean value theorem. Thus,

f'®) = f'la)  f"®) -

g'b)—g'@ g"b)
Similarly, we can obtain that d®/da < 0, because this is the same as to show that

f0)—f'@ _f'@

g'(b)—g'(a) g"(a)

0. (26)

(27)
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Figure 6. Graph of v(s).

Thus, by the implicit function theorem there exists a C' function a(s) in some neighborhood of by such
that a’(s) = —®) /P, <0, and the pair (a(s), s) solves (21).

Now we will explain that the function a(s) can be defined on (c, b] and, moreover, lims_, .o a(s) =c.
Indeed, whenever a(s) € (a1, ¢) and s € (¢, b1) we can use the implicit function theorem, and we can extend
the function a(s). It is clear that for each s we have a(s) € [a1, ¢) and s € (¢, by). Indeed, if a(s), s € (a1, c],
or a(s), s € [c, by), then (21) has a definite sign (see (23)). It follows that a(s) € C'((c, b1]), and the
condition a’(s) < 0 implies lim_, .19 a(s) = c¢. Hence a(s) € C([c, b1]). O

It is worth mentioning that we did not use the fact that the torsion of (s, g(s), f(s)) changes sign from
+ to —. The only thing we needed was that the torsion changes sign.

Let a; and b be any solutions of (21) from Lemma 27, and let a(s) be any function from Lemma 28. Fix
an arbitrary s1 € (c, b1) and consider the foliation Ocyp([s1, b1], g) constructed by a(s) (see Lemma 26).
Let B be the function defined by (14), where

f'(s1) — f'(a(s1))
g'(s1) —g'als1)

Set Qeyp = Q(Ocup([s1, b1], g)), and let ﬁcup be the closure of Qcyp.

(28)

B(s1) =

Lemma 29. The function B satisfies the following properties

(1) B € C*(Qeup) NCH(Qeup)-

(2) B(a(s), gla(s))) = f(a(s)) foralls € [sy, by].

(3) B is a concave function in ﬁcup.
Proof. The first property follows from Lemma 16 and the fact that VB(x) = #(s) for s = s(x), where
s(x) is a continuous function in ﬁcup.

We are going to check the second property. We recall (see (12)) that #;(s) = f'(s) — t2(s5)g’(s).
Condition (28) implies that

t(s) +n(sng'(als) = f'(als). (29)
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Let B (a (s), g(a (s))) = f (a(s)). After differentiation of this equality we get 7;(s1) + 12(s1)g’(a(s1)) =
f'(a(s1)). Hence, (29) implies that f'(a(s1)) = f'(a(s1)). It is clear that
1(s) +0(s)g'(s) = f'(s),
1n(s) +n(s)g'@(s)) = f'(a(s)),
1(s)(s —a(s)) +1(s)(g(s) — gla(s)) = £(s) — f(a(s)),

which implies
1 1 s—a(s)
g'(s) g'a(s) g(s)—glas)|=0.
() f'(als)) f(s)— fa(s))

This equality can be rewritten as follows:

‘ 1 s —a(s)
g'(a(s)) g(s) —gla(s))

1 s —al(s)

¢ o(s)—glatsy| T @) @) —g'(s) =0.

f! — fl@

By virtue of Lemma 28 we have the same equality as above except f is replaced by f. We subtract one
from the other:

1 s—a(s)

[f(a() = flatn]+[f'@s) — fas)]- g g(s)—gla(s)|

g'(a(s)) —g'(s)
Note that
1 1 s —a(s)
g'(a(s)) —g'(s) |8" g(s) —gla(s))
and a(s) is invertible. Therefore, we get the differential equation z(u)C (1) + z'(u) = 0, where C is in
Cl([a(bl), a(sl)]), z(u) = f(u) — f(u) and C < 0. The condition z'(a(s;)) = 0 implies z(a(s1)) = 0.
Note that z = 0 is a trivial solution. Therefore, by uniqueness of solutions to ODEs, we get z = 0.

We are going to check the concavity of B. Let & be the force function corresponding to B. By
Corollary 21 we only need to check that &(s;) < 0. Note that (17) and (28) imply
I PR Y B O R I
g"(s1) g'(s1)  g(s1)—g'(alsn)’

which is negative by (26). U

Remark 30. The above lemma is true for all choices s; € (c, b1). If we send s; to ¢ then one can easily
see that limg, .+ f2(s1) = 0O, therefore the force function & takes the form

o _ K f//(y) / B K] g//(r)
Jv(s)—fc |:g”(y)] exp( /} X0 cos@(r)dr) dy.

This is another way to show that the force function is nonpositive.

The next lemma shows that, regardless of the choices of initial solution (ay, b;) of (21), the function a(s)
constructed by Lemma 28 is unique (i.e., it does not depend on the pair (ay, by)).
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Figure 7. Uniqueness of the cup.

Lemma 31. Let pairs (ai, by), (ai, 151) solve (21), and let a(s), a(s) be the corresponding functions
obtained by Lemma 28. Then a(s) = a(s) on [c, min{b, l;] H.

Proof. By the uniqueness result of the implicit function theorem we only need to show existence of
s1 € (¢, min{by, 151}) such that a(s;) = a(s;). Without loss of generality, assume that 51 =b; =57. We
can also assume that a(s;) > a(s;), because other cases can be solved in a similar way.

Let ©® = Ocyp([c, 521, g) and 0= (:)wp([c, s2], g) be the foliations corresponding to the functions a(s)
and a(s). Let B and B be the functions corresponding to these foliations from Lemma 29. We consider
a chord 7 in R? joining the points (a(s1), g(a(s1)), f(a(s1))) and (s1, g(s1), f(s1)) (see Figure 7). We
want to show that the chord T belongs to the graph of B. Indeed, concavity of B (see Lemma 29)
implies that the chord T lies below the graph of B(x 1, X2), where (x, xp) € ((:)). Moreover, concavity
of B, 2(®) C Q(O) and the fact that the graph B consists of chords joining the points of the curve
(t, g(t), f(r)) imply that the graph B lies above the graph B. In particular, the chord T, belonging to
the graph B, lies above the graph B. This can happen if and only if T belongs to the graph B. Now we
show that, if s; < s;, then the torsion of the curve (s, g(s), f(s)) is zero for s € [s1, 52]. Indeed, let T
be a chord in R® which joins the points (a(s1), g(a(s1)), f(a(s1))) and (s2, g(s2), f(s2)). We consider
the tangent plane L(x) to the graph B at the point (x1, x2) = (a (s1), gla (s]))). This tangent plane must
contain both chords 7 and T, and it must be tangent to the surface at these chords. Concavity of B
implies that the tangent plane L coincides with B at points belonging to the triangle, which is the convex
hull of the points (a(sl), g(a(sl))), (s1, g(s1)) and (s2, g(s2)). Therefore, it is clear that the tangent
plane L coincides with B on the segments £ € © with the endpoint at (s, g(s)) for s € [s, s2]. Thus
L((s, g(s))) = E((s, g(s))) for any s € [s1, s2]. This means that the torsion of the curve (s, g(s), f(s))
is zero on s € [s1, s2], which contradicts our assumption about the torsion. Therefore s; = s5. O

Corollary 32. In the conditions of Lemma 27, for all 0 < P < min{c — ag, by — c} there exists a unique
pair (ay, by) which solves (21) such that by —a; = P.
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The above corollary implies that, if the pairs (a1, ;) and (ay, 51) solve (21), then a; # a; and b; # 151,
and one of the following conditions holds: (a;, b1) C (ai, l;l) or (ap, 51) C (a1, by).

Remark 33. The function a(s) is defined on the right of the point c. We extend naturally its definition
on the left of the interval by a(s) def a”l(s).

4. Construction of the Bellman function

4.1. Reduction to the two-dimensional case. We are going to construct the Bellman function for the
case p < 2. The case p = 2 is trivial, and the case p > 2 was solved in [Boros et al. 2012]. From the
definition of H it follows that

H(x1, x2, x3) = H(|x1], [x2[, x3) forall (xy, x2,x3) € Q2. (30)
Also note the homogeneity condition
H(\x1, Axa, APx3) = AP H(x1, x2, x3) forall A >0. (31)

These two conditions (30), (31), which follow from the nature of the boundary data (x2 +12y%)?/P make
the construction of H easier. However, in order to construct the function H, this information is not

necessary. Further, we assume that H is C'() smooth. Then, from the symmetry (30), it follows that
oH

— =0 onx;=0for j=1,2. (32)
8Xj

For convenience, as in [Boros et al. 2012], we rotate the system of coordinates (x1, x2, x3). Namely, let

def X1 + X2 def X2 — X1 def
yi = o Y = S V3 = x3. (33)

We define
def
N1, 2, ¥3) = H(y1 — y2, y1 +y2,¥3) on 1,

where Q1 ={(y1, y2, y3): y3 >0, |y1 —»2|? < y3}. Itis clear that, for fixed yj, the function N is concave
in the variables y, and y3; moreover, for fixed y;, the function N is concave with respect to the other
variables. The symmetry (30) for N turns into the condition

N1, y2, y3) = N(y2, y1, y3) = N(=y1, —y2, ¥3). (34)
Thus it is sufficient to construct the function N on the domain
def
D= {1y, y3): 1 =0, =y <y <1, (31 —y2)? < y3).

Condition (32) turns into

oN ON
—_— = on the hyperplane y, = yy, (35)
ay1 Oy
oN oN
=—— on the hyperplane y; = —y;. (36)

ay1 ay2
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The boundary condition (6) becomes

N1, y2, [y1 = 21P) = (1 + y2)2 + 72 (1 — y))P/2. (37)

The homogeneity condition (31) implies that N (Ly(, Ayz, APy3) = AP N(y1, y2, y3) for L > 0. We choose
A =1/y;, and we obtain that

Y2 ¥3
N(y1, y2, ¥3) =yf’N(1, =, —,,) (38)
Yoy

Suppose we are able to construct the function M (y;, y3) &y (1, y2, y3) on

2 E (0230 — 1=y <1, (1= < y3)
with the following conditions:
(1) M is concave in Q3.
(2) M satisfies (37) for y; = 1.

(3) The extension of M onto €2; via formulas (38) and (34) is a function with the properties of N (see
(35), (36), and concavity of N).

(4) M is minimal among those who satisfy the conditions (1)—(3).

Then the extended function M should be N. So we are going to construct M on 23. We denote

g EA—nr, re[-1,1], (39)

FOE A+ +20=0DHP2, tel-1.1]. (40)

Then we have the boundary condition

M(t,g@®)=f@), tel-11] (41)
We differentiate the condition (38) with respect to y; at the point (y1, y2, y3) = (1, —1, y3) and we
obtain that

N ON ON
—, =1L, y;)=pN{,-1,y3) + —(, =1, y3) = pys—, y3>0.
ay1 ay2 dy3

Now we use (36), so we obtain another requirement for M (y,, y3):
oM oM
0=pM(—1,y3) +2—(—1,y3) — pys—(—1,y3) for y3 >0. (42)
dy2 ay3

Similarly, we differentiate (38) with respect to y; at the point (y1, y2, ¥3) = (1, 1, y3) and use (35), so we
obtain

oM oM
0=pM(,y3;) —2—(,y3) — py3—(1,y3) for y3 >0. (43)
ay2 dy3

So, in order to satisfy conditions (35) and (36), the requirements (42) and (43) are necessary. It is easy to
see that these requirements are also sufficient in order to satisfy these conditions.
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The minimum between two concave functions with fixed boundary data is a concave function with the
same boundary data. Note also that the conditions (42) and (43) are still fulfilled after taking the minimum.
Thus it is quite reasonable to construct a candidate for M (y,, y3) as a minimal concave function on 23
with the boundary conditions (41), (42) and (43). We recall that we should also have the concavity of the
extended function N (y1, y2, y3) with respect to the variables y;, y3 for each fixed y,. This condition can
be verified after the construction of the function M (y;, y3).

4.2. Construction of a candidate for M. We are going to construct a candidate B for M. Firstly, we
show that, for T > 0, the torsion 7, of the boundary curve y (t) def (t,g@), f(t)) ont € (—1, 1), where
[, g are defined by (39) and (40), changes sign once from + to —. We call this point the root of a cup.
We construct the cup around this point. Note that g’ < 0, ¢” > 0 on [—1, 1). Therefore,
" 72—
signty, = sign<f”’ - g—”f”) = sign(f’” - 1—‘?f”) = sign(v(1)),

g —

where

VO 1+ (p- DA+ A +HEE+2p+3 = 3p)?

+Q2p—9tt+ttp+3-3p—6tHr—p+5tt+2tip—tip— 102+ 1.

Note that v(—1) = 167* > 0 and v(1) = —8((p—1)+ 72) < 0. So the function v(¢) changes sign from +
to — at least once. Now, we show that v(¢) has only one root. For 72 < 3( p—1)/(3— p), note that the linear
function v (¢) is nonnegative, i.e., v”(—1) =812 p(14+12) > 0, v"(1) = —4(1+1%)(r?p—37>+3p—3) > 0.
Therefore, the convexity of v(¢) implies the uniqueness of the root v(¢) on [—1, 1].

Suppose 72 < 3(p — 1)/(3 — p); we will show that v’ < 0 on [—1, 1]. Indeed, the discriminant of the
quadratic function v’(x) has the expression

D =16t%(t* + D*(3 - p)*t* =9(p — 1)),

which is negative for 0 < 2 <3(p—1)/(3 — p). Moreover, v'(—1) = —47>(z?p 4+ 371>+ 3) < 0. Thus
we obtain that v’ is negative.
We denote the root of v by c. It is an appropriate time to make the following remark:

Remark 34. Note that v(—1+2/p) < 0. Indeed,

( | 2) (3p—2)(172—2p—4)'c4—|—(16—|—5p3 —8p2— 16p)'52—|—8(1 —-p)
v J— +_ _—
3 9
p p

which is negative because the coefficients of 74, 72, t° are negative. Therefore, this inequality implies

thatc < —142/p.

Consider a = —1 and b = 1; the left side of (21) takes the positive value —2??~! p(1 — p). However,
if we consider a = —1 and b = ¢, then the proof of Lemma 27 (see (23)) implies that the left side
of (21) is negative. Therefore, there exists a unique sg € (c, 1) such that the pair (—1, sg) solves (21).
Uniqueness follows from Corollary 32. The equation (21) for the pair (—1, so) is equivalent to the
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oM __ oM Avs oM _ oM
dyz Oy3 dy2  Oy3

—————— 4 h(s)

y=(y2,y3)

|
I
I I
(t,9(1))
R b .

Figure 8. The segment £(y).

equation u((1 +s9)/(1 —s¢)) = 0, where
@D E P (p— D2 +DEP2 22—+ 1+2* P —z22—p)—1. (44)

Lemma 28 gives the function a(s), and Lemma 29 gives the concave function B(y,, y3) for s; = ¢ with
the foliation ®cup((c, 501, &) in the domain (Ocyp((c, s, 8)).
The above explanation implies the following corollary:

Corollary 35. Pick any point y, € (—1, 1). The inequalities sy < y», So = ¥» and y, > sy are equivalent
to the following inequalities, respectively: u((1 4 y;)/(1 — y)) < 0, u((1 4+ ¥)/(1 — y5)) = 0 and
u((L+32)/(1=y2)) > 0.

Now we are going to extend C' smoothly the function B on the upper part of the cup. Recall that we
are looking for a minimal concave function. If we construct a function with a foliation ® ([sg, y21, g),
where ¥, € (59, 1), then the best thing we can do according to Lemma 23 and Lemma 22 is to minimize
sin(Bcup (s0) — 6 (s0)), where Ocyp(s) is an argument function of Ocyp((c, s0l, ) and 6(s) is an argument
function of ®([sg, y21, £). In other words, we need to choose segments from ® ([sg, y2], g) close enough
to the segments of Ocyp((c, s0l, &).

Thus, we are going to construct the set of segments ® ([sg, ¥2]) so that they start from (s, g(s), f(s)),
s € [s0, ¥21, and they go to the boundary y, = —1 of Q3.

We explain how the conditions (42) and (43) allow us to construct such a type of foliation ® ([sg, ¥], £)
in a unique way. Let £(y) be the segment with the endpoints (s, g(s)), where s € (sg, y2) and (—1, h(s))
(see Figure 8).

Let t(s) = (t1(s), ta(s)) = VB(y), where s = s(y) is the corresponding gradient function. Then (42)
takes the form

0= pB(—L, h(s)) +2t:1(s) — ph(s)t2(s). (45)
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OM __ OM OM _ OM
9ya Oyg dyo ~ Oy
O([50,Yp),9)

Ang(so)  h(so)

\

®CUP((C’30} 79)

Figure 9. Foliations Oy ((c, sol, g) and O ([so, y,), ).

We differentiate this expression with respect to s, and we obtain
2t((s) — ph(s)t;y(s) = 0. (46)

Then, according to (11), we find the function tan 6 (s), and, hence, we find the quantity /4 (s):

ph(s) h(s)—g(s) _ ph(s)
T2 T T uxr T 2

tan6(s) =

Therefore,

2
), where y, d=ef—1+—. 47
p

_2g(s) ( 1

Yp—S
We see that the function i (s) is well defined, it increases, and it is differentiable on —1 <s < y,. So we
conclude that if 5o < y, then we are able to construct the set of segments O ([so, y,), g) that pass through
the points (s, g(s)), where s € [so, y,), and through the boundary y, = —1 (see Figure 9).

It is easy to check that © ([so, y,), g) is a foliation, so, taking the value 7;(so) of B on Q(@([so, Yp)s g))
according to Lemma 23, by Corollary 25 we have constructed a concave function B in the domain
Q(Ocup((c, 501, ) U Ang(s0) U (O ([0, ¥, 1, 2)).

It is clear that the foliation ©([so, y,), g) exists as long as sy < y,. Note that (1 +y,)/(1 —y,) =
1/(p —1). Therefore, Corollary 35 implies the following remark:

Remark 36. The inequalities so < y,, so = y, and 5o > y, are equivalent to the following inequalities
respectively: u(1/(p—1)) <0, u(1/(p—1))=0and u(1/(p — 1)) > 0.

At the point y,, the segments from ©([so, y,), g) become vertical. After the point (y,, g(y,)), we
should consider vertical segments ©([y,, 1], g) (see Figure 10), because by Lemma 22 this corresponds
to the minimal function. Surely ©([y,, 1], g) is the foliation. Again, choosing the value 7,(y,) of B on
Q(@([y ps 11, g)) according to Lemma 23, by Corollary 25 we have constructed the concave function B
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OM __ oM kS M _ OM
dya ~  dyz dyo ~ 9y3
O([50,yp),9) O([yp,1],9)

Ang(se)  h(so)

("‘)cup((C,SU],!]) |

N
/

Figure 10. The case u(1/(p —1)) <O.

on 3. Note that if so > y, (which corresponds to the inequality u(1/(p — 1)) > 0) then we do not have
the foliation ® ([s0, y,), g). In this case we consider only vertical segments O ([so, 1], g) (see Figure 11),
and again, choosing the value #,(sg) of B on Q(®([sg, 1], g)) according to Lemma 23, by Corollary 25
we construct a concave function B on Q3. We believe that B = M.

We still have to check the requirements (42) and (43). A crucial role is played by symmetry of the
boundary data of N. Further, the given proofs work for both of the cases y, < s and y, > 59, so we do
not consider them separately.

The requirement (43) follows immediately. Indeed, the condition (14) at the point y = (1, y3) (note that
in (14) instead of x = (x1, xp) we consider y = (y7, ¥3)) implies that B(1, y3) = f(1) + (1) (y3 — g(1)).
Therefore, (43) takes the form 0 = pf (1) — 2, (1). Using (12), we obtain that ¢;(1) = f’(1). Therefore,
we see that pf (1) —2r(1) = pf (1) —2f'(1) =0.

Now, we are going to obtain the requirement (42) which is the same as (45). The quantities ¢, t, of B
with the foliation ©([so, y,), g) satisfy the condition (46) which was obtained by differentiation of (45).
So we only need to check the condition (45) at the initial point s = sg. If we substitute the expression
of B from (14) into (45), then (45) turns into the following equivalent condition:

n(s)(s —yp) +12(s)g(s) = f(s). (48)
Note that (12) allows us to rewrite (48) into the equivalent condition

L F® = (s =y )

th(s) = . (49)
8(s) — (s —yp)g'(s)
And, as was mentioned above we only need to check condition (49) at the point s = s, i.e.,
f(s0) — (so—yp) f'(s0)
n(so) = £ (50)

8(s0) — (50— yp)g'(s0)
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Figure 11. The case u(1/(p — 1)) > 0.

On the other hand, if we differentiate the boundary condition B(s, g(s)) = f(s) at the points s = 59, —1,
then we obtain
11(s0) +12(50) g’ (=1) = f'(=1),
11(s0) 4 12(s0) &' (s0) = f'(50)-

Thus we can find the value of #,(sg):

f'(=1D = f'(s0)

1 (s9) = . (51)
2T (=) = g/(s0)
So these two values (51) and (50) must coincide. In other words, we need to show
S (s0) — (so—yp) f(s0) _ f(=1)— f"(s0) (52)

g(s0) — (s0— yp)&'(s0) g (—=1)—g'(s0)

It will be convenient for us to work with the following notations for the rest of the current subsection.
We denote g(—1) =g, g'(=1) =g~ f(=D) = f-, f'(=1) = f g(s0) = g. g'(s0) = &', f(s0) = f
and f'(sg) = f’. The condition (52) is equivalent to
f&i+r's—rfe —gfl = (fg/_+f/g—fg/—gfi _1> L2

fgl—g'f’ 8 fgl—g'f. p
On the other hand, from (21) for the pair (—1, s9), we obtain that

(8Lt fg—f8 —gfL | fle-+g f-—8f—flg-
0= re—gr )" 8'fL—fgl '

So, from (53) we see that it suffices to show that

fle-+g f-—8&f-—flg- _2

gf—fg- P

S0 =

(53)
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We note that g/ = —(p/2)g_, f. =—(p/2) f_, hence g’ f_ = f’ g_. Therefore, we have
flg-telf-—g'f-—flg- fle—gf 2
gfL—rg- gfl—res p

4.3. Concavity in another direction. We are going to check the concavity of the extended function N
via B in another direction. It is worth mentioning that both of the cases y, < so, y, > so do not play any
role in the following computations, therefore we consider them together. We define a candidate for N as

def 2 V3 2 Y3

NG, y2, y3) y{’B(l, 2 y—p) for (y—, y—p> € Qs, (54)
Yin Y

and we extend N to €21 by (34). Then, as was already discussed, N € C 1(€1). We need the following

technical lemma:

_ 2
Lemma37. N, NJ, —(N)|,.)? = =], p(p = Dy (f Fgf+ T (E ) 1))

where s = s(y2/y1, y3/y1) and (y2/y1, y3/y]) € int(23) \ Ang(so).

As was mentioned in Remark 24, the gradient function 7 (s) is not necessarily differentiable at the point
so; this is the reason for the requirement (y,/y1, y3/ yf’ ) € int(23) \ Ang(sp) in the lemma. However,
. 2 _ .
from the proof of the lemma, the reader can easily see that Ny, NJ\ — (N, )= = 0 whenever the points
n/y1, y3/ yf’ ) belong to the interior of the domain Ang(sg).

Proof. The definition of the candidate N (see (54)) implies N;/m = té(s)s;y N;,;yl = tﬁs;l and

- y2 y3 Y2 Y3
Ny = y 1(pB(— —) —H=— ptzy—p>. (55)

Condition (14) implies

B(E, y—i) =f(S)+t1-(£—S>+t2‘ (y—f,—gu)).
)’1 yl yl y]

We substitute this expression for B(y,/y1, y3/ yf’ ) into (55), and we obtain

-1 2
Ny, =y{ (Pf + ;fl(l? —1)— pst; — pgtz). (56)
The condition (y2/y1, y3/y{) € int(S23) \ Ang(so) implies the equality N/, = N7, , which in turn
gives
- 2
Hence,

-1 2
th- (s;l)2 =/ (pf/ + ;t{ (p—1) —(pst; + pgtz);>s;3s;l. (57)
We keep in mind this identity, and continue our calculations:

-2 y2 -1 y2
Ny =(p=1)yf (pf+;t1(p—2)—psn—pgtz)+y{’ (pf/+;ti(p—1)—(psn+pgtz);>s;l.
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So, finally we obtain
" /" /" 2 _ iz 1 red N2
Ny|y| Ny3y3 o (Nylys) - t2(Ny1y1Sy3 o tZ(Syl) )-

Now we use the identity (57), and we substitute the expression tﬁ(s;l)2:

-1 2
NV = =5, (Vi =1 (01 2060 =0 =+ e )5,

-2 2
=105, (p—1)yf (pf + ;tl (p—2)—psti — pgtz)

_ V2 2
:—tés%p(p—l)yf’ 2<st1+gt2—f+;t1. <;—1>> O

Now we are going to consider several cases, when the points (y2/y1, y3/ ylp ) belong to the different

subdomains in ©23. Note that we always have N/, = < 0, because of the fact that B is concave in 23

¥3¥3
and (54). So we only have to check that the determinant of the Hessian of NV is negative. If the determinant

is strictly negative, and, if N” is also

of the Hessian is zero, then it is sufficient to ensure that N/ Vv

y3y3

zero, then we need to ensure that N/

J1,y 18 nonpositive.

The domain Q2 (O[so, y,1). In this case we can use the equality (48), and we obtain that

sty +gh — f=yph.

Therefore,
2 p—2 2
NN = N = =13, p(p = 13{ Py (1422 20
because #; > 0. Indeed, #1(s) is continuous on [c, 1], where ¢ is the root of the cup and B;fm = t{s;z <0;

therefore, because of the fact s;z > (), it suffices to check that ¢ (1) > 0, which follows from the inequality

n() = f'(1)—ndg' 1) = f(1)>0.

Domain of linearity Ang(sp). This is the domain that consists of the triangle ABC with A =(—1, g(—1)),
B = (50, g(s0)) and C = (—1, h(sp)) if 59 <y, and the infinite domain of linearity, which is of rectangular
type and which lies between the chords AB, BC’, where C’ = (sg, +00), and AC”, where C"" = (—1, +00)
(see Figure 11).

Suppose the points (y2/y1, y3/ yf’ ) belong to the interior of Ang(sp). Then the gradient function 7 (s)
of B is constant, and, moreover, s(y>/y1, y3/ yf ) is constant. The fact that the determinant of the Hessian
is zero in the domain of linearity (note that 5|, = 0) implies that we only need to check N}, <0. The
equality (56) implies

- 2 _
Ny =(p=1)yf 2<pf+;t1(p—2)—pSot1—pgtz>f(p—l)yf’ (pf — psot1 —pgtr—11(p—2)) =0.

The last equality follows from (48). The above inequality turns into an equality if and only if y>/y; = so;
this is the boundary point of Ang(so).
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Domain of vertical segments. On the vertical segments, the determinant of the Hessian is zero (for
example, because the vertical segment is a vertical segment in all directions) and B’ = 0; therefore, we

y3y3
must check that N}/ » < 0. We note that s(y2, y3) = y2, s0

)
Ny =y0  x [(p=D(pf +sti(p—2) — psti — pgh) —s(pf' —tis —t1p — pg'n)].
However, from (12) we have pf’ —t; p — pg'to = 0; therefore,

-2
N}’flyl =y “x[(p—D(pf —2sty — pgt) + 52111,

The condition #{ < 0 implies that it is sufficient to show pf — 2st; — pgt> < 0. We use (12), and we find
t1 = f' — g't,. Hence,

pf —2sti — pgtr = pf — gptr = 2s(f' — g'ty) = pf —2sf' — t2(gp — 2sg").

Note that gp — 2sg’ > 0 (because s > 0 and g’ < 0). From (12) and the fact that on the vertical
segments f, is constant (see the expression for #; in Lemma 13 and note that cos 8(s) = 0), it follows that
0> 1] = f" — g"t; therefore, we have 1, > f”/g". Therefore,

4

f
pf—2sf —t(gp—2s8") < pf —2sf" — ?(gp —2sg').
Now we recall the values (41), (40), and after direct calculations we obtain

f" fA=s)p(p=2)( A+ + (1 —5)* +27°(1 = 5%))

pf —2sf — ?(gp—2sg/) = <0.

(P =D+ +72(1 —5)?)? B

Domain of the cup Q(@Cup((c, sol, g)). The condition that N;g y, 18 strictly negative in the cup implies
that we only need to show st 4+ gt3 — f + (32/y1)t1(2/p — 1) > 0, where s = s(y2/y1, y3/yf) and the
points y = (y2/y1, y3/ yf’ ) lie in the cup. Without loss of generality we can assume that y; = 1. Therefore
it suffices to show that st; + gt3 — f 4+ y2t1(2/p — 1) = 0, where y = (y;, y3) € Q(@Cup((c, sol, g)). On
a segment with the fixed endpoint (s, g(s)) the expressions s, t1, g(s), > and f(s) are constant, so the
expression st; + gty — f +y2t1(2/p —1) is linear with respect to y, on each segment of the cup. Therefore,
the worst case appears when y,» = a(s) (it is the left end — an abscissa— of the given segment). This

is true because t; > 0 (as was already shown) and (2/p — 1) > 0. So, as a result, we derive that it is
sufficient to prove the inequality

2a(s)

sty + gt — f+a(s)n - (% - 1) =n(s—a(s)+gh—f+ t1=>0. (58)

We use the identity (14) at the point y = (a(s), g(a(s))), and we find that

n(s—a(s)) +gn— f=glals)n — fla(s)).
We substitute this expression into (58), then we get that it suffices to prove the inequality

2
g(a()t2 — fla(s)) + 22

n >0. (59)
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We differentiate the condition B (a (s),g(a (s))) = f(s) with respect to s. Then we find the expression
for #1(s), namely t1(s) = f'(a(s)) — t2(s)g’(a(s)). After substituting this expression into (59) we obtain
that

~ 2a(s),  l+z/ G@-DE*+DfE@
g = flal)+= “_g«@(«1+@%+ﬂa—@%g@> n@»,

where z = a(s). So it suffices to show that

z—DE*+Df(2)
(1422 +12(1 —2)2)g'(2)

because g’ is negative. We are going to show that it is sufficient to check the condition (60) at the

—n2(s) =0 (60)

point z = —1. Indeed, note that (tz); > 0on [—1, c], where c is the root of the cup, and also note that
< z—DE2+Df )/_ 241
(1 +2)2+ 721 -2)%)¢’ P
The condition (60) at the point z = —1 turns into the condition

p—20.2
™7 (T +1)Z

(p—=21—=2)" P D[A+2%+72(1-2)*1"*22(1+2) <0.

Z

1 (so) — 0.

Now we recall (27) and £, (so) = (f'(=1) — f'(s0)/(g'(—1) — g’(s0)); therefore, we have
4D D PR+ (e e
p —g'(=D P p(p—1)

Thus we finish this section with the following remark:

1 (s0) — > 0.

Remark 38. We still have to check the cases when the points (y2/y1, y3/ yf ) belong to the boundary of
Ang(sp) and the vertical rays y, = &1 in 3. The reader can easily see that, in this case, the concavity
of N follows from the observation that N € C' (). Symmetry of N covers the rest of the cases when

(2/y1, y3/y)) & .

Thus we have constructed the candidate N.

5. Sharp constants via foliation

5.1. Main theorem. We remind the reader the definition of the functions u(z), g(s) and f(s) (see (44),
(39) and (40)), the value y, = —1+2/p and the definition of the function a(s) (see Lemma 28, Lemma 31
and Remark 33).

Theorem 39. Let 1 < p <2, let G be the martingale transform of F and let |[EG| < B|EF|. Set B/ = %
@ Ifu1/(p—1)) =0 then

P

2

1 2
E(z’F?+ GHP/? < <f2+max{,3, —1} > E|F|P. 61)
D

() Ifu(1/(p — 1)) > 0 then
E(t?F? + G*P? < C(B)E|F|?,
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where C(B') is continuous, nondecreasing, and is defined by
(T + pHr? if B’ = s*,
227 (1 —s)P! -
def JTP(1— if B/ <—14+2/p,
cEH=1" < @2+ D(p -1 —So)+2(2—P)> FP=r
f'(s1) — f'(a(s1))
g'(s1) — g'(a(s1))
where s € (—1+42/p, 1) is the solution of the equation u((1+sg)/(1 —s9)) =0, and the function R(s, 7)
is defined as follows:

def f(a(s)g'(s) — f'(s)g'(a(s)) f'(s) — f'(a(s))
R(s,2) = —f(s) = —5)+
==/ do-gaen T ee—gaen
forze[—1+2/p,s*],s €z, so]. The value s* € [—1+2/p, so] is the solution of the equation
5 = fia™) _ s
g'(s*) —g'(a(s*) g™’

Proof. Before we investigate some of the cases mentioned in the theorem, we should make the following

if R(s1,B") =0 for s; € (B, 50),

()

(62)

observation. The inequality (61) can be restated as follows:
H(x1, x2, x3) < Cx3, (63)

where H is defined by (5) and x; = EF, x, =EG, x3 = E|F|?. In order to derive the estimate (61), we
have to find the sharp C in (63). Because of the property (30), we can assume that both of the values x;, x,
are nonnegative. So, the nonnegativity of x|, x, and the condition |[EG| < B|EF| can be reformulated as

_x1+x2<x2—x1 <,3—1'x1+x2
2 - 2 ~B+1 2

(64)

The condition (64) with (63) in terms of the function N and the variables y;, y,, y3 means that we have
to find the sharp C such that

B—1
B+1

N(y1,y2,y3) <Cyz for —y; <y, < Y1, y € 5.

Because of (38), the above condition can be reformulated as

B—1
B(y2,y3) <Cyz for —1<y < EuR 3 > g(2), (65)

where B(y2, y3) =N (1, y2, ¥3). So our aim is to find the sharp C, or in other words the value supy, y, B/ys,
where the supremum is taken from the domain mentioned in (65). Note that the quantity B(y2, y3)/y3
increases with respect to the variable y;. Indeed, (B(y2, ¥3)/ y3)/y2 =11(s(y))/y3, where the function 7, (s)
is nonnegative on [co, 1] (see the end of the proof of the concavity condition in the domain 2(O[so, y,1)).
Note that, as we increase the value y,, the range of y; also increases. This means that the supremum of
the expression B/ys is attained on the subdomain where y, = (8 — 1)/(8 + 1). It is worth mentioning
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that, since the quantity (8 —1)/(8+ 1) € [—1, 1] increases as § increases and because of the observation
made above, we see that the value C increases as B’ increases.

5.2. The case y, < sg. We are going to investigate the simple case (i). Remark 36 implies that so < y;
in other words, the foliation of vertical segments is ©([y,, 1], g), where the value 6(s) on [y,, 1] is equal
to /2. This means that 7;(s) is constant on [y, 1] (see Lemma 13), and it is equal to f(y,)/g(yp) =
(T +1/(p — DHP/? (see (49)).

If (8—1)/(B+1) >y, or equivalently B > 1/(p — 1), then the function B on the vertical segment
with the endpoint (8’, g(8')), where (8 — 1)/(B+1) = B’ € [yp, 1), has the expression (see (14))

f(yp)

(3—8(BY), y3=g(B).
g(yp)

BB, y3) = f(B)+

Therefore,

B(B', y3) _ fOp) n g(B) <f(ﬂ/) SO
y3 g(yp) y3 \gB) gOp)

The expression f(s)/g(s) is strictly increasing on (—1, 1); therefore, (66) attains its maximal value at

>, 3= g(B). (66)

the point y3 = g(B’). Thus, we have

B(y2, y3) _ B(', y3) - B(B',g(B") _ f(B)
s oy gB) g(B")

If(B—1)/(B+1) <y, or equivalently B < 1/(p — 1), then we can achieve the value for C which

= (T2 +BHP? for —1 <y <P, y3=gn).

was achieved at the moment 8 = 1/(p — 1), and, since the function C = C(f’) increases as 8’ increases,
this value will be the best. Indeed, it suffices to look at the foliation (see Figure 10). For any fixed y, we
send y3 to 400, and we obtain that

’ B(yz, y3) .. f(s)+1(s)(y2—s)+0a(s)(yz — g(s))
im —22 = lim
y3—>00 y3 y3—>00 y3
p
. ) 1 \2
= y}LI}éO n(s(y) =t(yp) = <T + (p——1)2> .

5.3. The case y, > so. As was already mentioned, the condition in case (ii) is equivalent to the inequality
so > yp (see Remark 36). This means that the foliation of the vertical segments is O ([so, 1], g) (see
Figure 11). We know that C(B’) is increasing. We recall that we are going to maximize the function
B(y2, y3)/y3; on the domain in (65). It was already mentioned that we can require y, =(8—1)/(B+1)=8".
For such fixed y, = 8’ € [—1, 1], we are going to investigate the monotonicity of the function B(8’, y3)/ys.
We consider several cases. Let 8’ > s9. We differentiate the function B(8’, y3)/ys with respect to y3, and
we use the expression (14) for B to obtain that

i(B(/S/, y3)) _ (B)ys —B(B', y3) _ —f(B)+n(B)gB)
93 y3 2 '

Y3 y32
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Recall that 1, (s) = t2(sg) for s € [so, 1]; therefore, direct calculations imply

f(s0) = (s0 = yp) f" (s0) _fGo) f(B)

20 = o — o=y g6 ~ g8 D=
This implies that
yizg(p) V3 Vi =gy 8B

Now we consider the case B’ < so. For each point y = (8’, y3) that belongs to the line y, = ', there
exists a segment £(y) € O ((c, sol, g) with the endpoint (s, g(s)), where s € [max{8’, a(8)}, so]. If the
point y belongs to the domain of linearity Ang(sg), then we can choose the value sg and consider any
segment with the endpoints y and (sg, g(so)), which surely belongs to the domain of linearity. The reader
can easily see that as we increase the value ys the value s increases as well. So,

i(B(ﬁ’, ya)) _n@)ys = BB y3) _ ) —n@)(B =) +n5)gls)
Iys\ 3 3 '

5 3
Our aim is to investigate the sign of the expression — f(s) — t1(s) (8’ —s) + 12(s)g(s) as we vary the
value y3 € [g(B), +00). Without loss of generality, we can forget about the variable y3, and we can vary
only the value s on the interval [max{a(8"), B'}, sol.
We consider the function R(s, z) &of —f(s)—t1(s)(z—5)+12(s)g(s) with the domain —1 < z < sy and
s € [max{a(z), z}, so] (see Figure 12). As we have already seen, R(sg, so) < 0. Note that R(sg, —1) > 0.
Indeed, R(sg, —1) = t2(s9)g(—1) — f(—1). This equality follows from the fact that

Sf(s0) — f(=1) =t1(s0)(so + 1) + 12(50) (g (s0) — g(—1)),
which is a consequence of Lemma 29. So, (51) and (27) imply
' (=1) = f'(s0) - f'=H _ f=D
g'(=D—g'(s0) g"(=1) ~ g(=1)
The function R(z, so) is linear with respect to z. So, on the interval [—1, so], it has the root y, = —1+2/p.
Indeed,

1 (s0) =

— f(s0) + 12(50) g (s0) + 11 (50) 50 _
t1(s0)

The last equality follows from (51), (53) and (12). We need a few more properties of the function R(s, z).

Yp-

For each fixed z, the function R(s, z) is nonincreasing on [max{«(z), z}, so]. Indeed,
Ri(s,2) = — f'(s) = 1] (s)(z — 5) + 11 (s) +15(5)g(5) + 12(5)g (5). (67)
We take into account the condition (12), so the expression (67) simplifies to
Ry (s, 2) = 13(s)g(s) + 11 (s)(s — 2).

We remind the reader of the equality (11) and the fact that té (s) <0. Therefore, we have R/ (s, z) = y3 té (s),
where y3 = y3(s) > 0. Thus we see that R(s, g’) > 0 for 8’ < y).



INEQUALITY FOR BURKHOLDER’S MARTINGALE TRANSFORM 797

So, if the function R( -, z) at the right end on its domain [max{«(z), z}, so] is positive, this will mean
that the function B/ys is increasing; hence, the constant C(8’) will be equal to
/(=D —= f/(50)

, . B(z,y3)
C = 1 = frd
)= = TR0 = T T o)

(this follows from (51) and the structure of the foliation). Since u((1 + s9)/(1 — sg)) = 0 and given (52),
direct computations show that

(=)= f'(s0) t,,(l 2277 (1 —s5p)P~! )‘1. 68)

g(=1)—g'(s0) (2 +D(p— DA —s50) +22— p)
So it follows that, if 8" < y,, then (68) is the value of C(8’).

If the function R( -, z) on the left end of its domain is nonpositive, this will mean that the function
B/y3 is decreasing, so the sharp constant will be the value of the function B(z, y3)/y3 at the left end of
its domain:

B(z, y3)

3

_ @) _

(T2 + B2, (69)
ne=g 8@

C(p) =

We recall that c is the root of the cup and ¢ < y, (see Remark 34). We will show that the function R(z, s)
is decreasing on the boundary s = z for s € (y, so]. Indeed, (12) implies

(R(s, ) = —[f'(s) +15(5)8(s) + 12(s)g'(s) = —t1(s) +15(s)g(s) <O.

The last inequality follows from the fact that #}(s) < 0 and #;(s) > 0 on (c, 1]. Surely R(y,, y,) >
R(so, yp) =0, and we recall that R(so, so) <0, so there exists a unique s* € [y, so] such that R(s*, s*) =0.
This is equivalent to (62). So it is clear that R(z, z) <0 for z € [s*, so]. Therefore, C(B’) has the value
(69) for B’ > s*.

The only case that remains is when B’ € [y,, s*]. We know that R(z, z) > 0 for z € [y,, s*] and
R(so, z) <0 for z € [y, s*]. The fact that, for each fixed z, the function R(s, z) is decreasing implies the
following: for each z € [y,, s*], there exists a unique s1(z) € [z, so] such that R(z, s1(z)) = 0. Therefore,
for B’ € [yp, s*] we have

B(B. y3(s1(8)))
y3(s1(B))

where the value s;(8’) is the root of the equation R(s1(8’), 8’) = 0. Recall that

C(p) = ; (70)

R(s1(B)), B) = t2(s1)y3(s1) = B(B', y3(s1)) = = f(s1) = t1 (s1)(B" —s1) + 2(s)g(s1). (1)
So the expression (70) takes the form

f'(s1) = fl(a(s)

c(B) = = .
P =060 =)~ gt
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Finally, we remind the reader that

_f8) — fla(s)

n(s) = p :
8'(s) — g'(a(s))
_ fl(a(s)g'(s) = f'(s)g'(a(s))
f1(s) =
g'(s) — g'(a(s))
for s € (c, so], and we finish the proof of the theorem. O

6. Extremizers via foliation

We set W(F, G) = E(G? + t2F%)??. Let N be the candidate that we have constructed in Section 4
(see (54)). We define the candidate B for the Bellman function H (see (5)) as follows:

X1+x2 X2 —Xx1
2 72

B(xl,X2,X3)=N< ,x3>, (x1, x2, x3) € Q.

We want to show that B = H. We already know that B > H (see Proposition 9). So, it remains to show
that B < H. We are going to do this as follows: for each point x € 2 and any ¢ > 0, we are going to find
an admissible pair (F, G) such that

V(F,G) > B(x)—e. (72)

Up to the end of the current section, we are going to work with the coordinates (y;, y2, y3) (see (33)). It
will be convenient for us to redefine the notion of admissibility of a pair.

Definition 40. We say that a pair (F, G) is admissible for the point (y1, y2, y3) € Q1 if G is the martingale
transform of F and E(F, G, |F|?) = (y1 — y2, y1 + Y2, ¥3)-

So, in this case, the condition (72) in terms of the function N takes the following form: for any
point y € 2 and for any ¢ > 0, we are going to find an admissible pair (F, G) for the point y such that

W(F,G) > N(y)—e. (73)
We formulate the following obvious observations:
Lemma 41. (1) A pair (F, G) is admissible for the point y = (y1, y2, y3) if and only if (F,G) =
(£F, FG) is admissible for the point § = (Fy2, Fy1. y3); moreover, U(F, G) = U(F, G).
(2) A pair (F, G) is admissible for the point 'y = (y1, y2, y3) if and only if (F,G) = (\F, »G)
(where . # 0) is admissible for the point § = (Ay1, Ay, |A|Py3); moreover, W(F, G) = |A|PW(F, G).
Definition 42. The pair of functions (F, G) is called an e-extremizer for the point y € Q if (F, G) is
admissible for the point y and W (F, G) > N(y) —¢.

Lemma 41, homogeneity, and the symmetry of N imply that we only need to check (73) for the
points y € Q; where y; = 1 and (y3, y3) € Q3. In other words, we show that W (F, G) > B(y2, y3) — ¢
for some admissible pair (£, G) for the point (1, ys, y3), where (y;, ¥3) € 23. Further, instead of saying
that (F, G) is an admissible pair (or e-extremizer) for the point (1, yp, y3) we just say that it is an
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A

- — — — — — — — — — — — — 4

Figure 12. The domain of R(s, z).

admissible pair (or an e-extremizer) for the point (y», y3). So we only have to construct e-extremizers in
the domain 3.

It is worth mentioning that we construct e-extremizers (F, G) such that G will be the martingale
transform of F with respect to some filtration other than dyadic. The reader can find a detailed explanation
on how to pass from one filtration to another in [Slavin and Vasyunin 2011].

We need a few more observations. For « € (0, 1), we define the a-concatenation of the pairs (F, G)
and (F, G) as follows:

(F,G)(x/a) if x € [0, a],

(Foﬁ,G-é>a<x>={ e .
(F,G)(x —a)/(1 —@)) if x €la, 1].

Clearly, U((F s F,G ¢« G)(x)) = aW(F, G) + (1 —a)¥(F, G).

Definition 43. Any domain of the type 2 N {y; = A}, where A is some real number, is said to be a
positive domain. Any domain of the type €1 N {y, = B}, where B is some real number, is said to be a
negative domain.

The following lemma is obvious:

Lemma 44. If (F, G) is an admissible pair for a point y and (I:", G) is an admissible pair for a point y
such that either of the following is true: y, y belong to a positive domain, or y, y belong to a negative
domain, then (F o F, G « G)q is an admissible pair for the point ay + (1 — ).

Let (F, G) be an admissible pair for a point y, and let (F, G) be an admissible pair for a point j.
Let y be a point which belongs to the chord joining the points y and y.

Remark 45. It is clear that, if (F*, GT) is admissible for a point (y2+, y;) and (F—, G7) is admissible
for a point (y, , y; ), then an a-concatenation of these pairs is admissible for the point (y2, y3) =
a-OF YD+ —a)- (37, ¥7).
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Now we are ready to construct e-extremizers in £23. The main idea is that these functions W and B
are very similar: they obey almost the same properties. Moreover, foliation plays a crucial role in the
contraction of g-extremizers.

6.1. The case sg < yp. We want to find e-extremizers for the points in 3.

Extremizers in the domain Q(@Cup((c, sol, g)). Pick any y = (y2, ¥3) € Q(Ocyup((c, s0l, g)). Then there
exists a segment £(y) € Ocyp((c, s0l, g). Let yt = (s, g(s)) and y~ = (a(s), g(a(s)) be the endpoints
of £(y) in Q3. We know e-extremizers at these points y™, y~. Indeed, we can take the g-extremizers
(FF,G")=(0—-s,1+s)and (F~,G~) = (1 —a(s), 1 +a(s)) (i.e., constant functions). Consider an
a-concatenation (F+ e F~, G ¢« G™),, where « is chosen so that y = ay* + (1 — a)y~. We have

W[(FTeF~, GG ]l =aW(F*, G +(1-a)¥(F',G7)>aB(y")+(1—a)B(y ) —e=B(y)—¢.
The last equality follows from the linearity of B on £(y).

Extremizers on the vertical line (—1, y3), y3 > h(sg). Now we are going to find e-extremizers for the
points (—1, y3), where y3 > h(sg). We use a similar idea to one mentioned in [Vasyunin and Volberg
2010] (see the proof of Lemma 3). We define the functions (F, G) recursively:

—w if0<t<e,
t—¢ .
G(t)=<)/-g< ) fe<tr<l-—eg,
1—2¢
w if l—e<t<1,
d_ if0<t<e,
t—¢ .
F(t)=<y.f(l 2) ife<t<l-—eg,
—2¢
d+ if1—8<[§1,

where the nonnegative constants w, d_, d; and y will be obtained from the requirement E(F, G, |F|?) =
(2,0, y3) and the fact that G is the martingale transform of F. Surely (G),, = 0. The condition

(F),.;, = 2 means that

[
d_+dy)e+2y(1—2¢) =2. (74)

The condition (| F|”), , = y3 implies that

ed? +d”)
y3 =

T 1—(1-2e)yr’ )

Now we use the condition |Fp — F| = |Go— G1|. In the first step we split the interval [0, 1] at the point ¢
with the requirement Fy — F; = Gy — G, from which we obtain w =2 — d_. In the second step we split
at the point 1 — ¢ with the requirement F, — F> = G, — G, obtaining w = 2y — d,. From these two
conditions we obtain d_ +d;+ = 2(1 + y) — 2w, and by substituting in (74) we find

ew

1—¢

y=1+
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Now we investigate what happens as ¢ tends to zero. Our aim will be to focus on the limit value
limg_,o w = wp. We have 1 — (1 —2¢)y? =~ ¢(2 —wp). So (75) becomes
e(d? +d”) 2(2 — wo)?
= — .
1—({1—-2¢e)yr 2—wop

y3 (76)

Note that, for wg = 1+ s, equation (76) is the same as (47). By direct calculations we see that as ¢ — 0
we have
2 2 32\p/2 2 2 32\p/2
el(w”+t7d2)P/* + (w”+t°d 2 —1
(G2 + 7 P, = S D7) 27w 1)
’ 11— —-2e)y>r 2 —wop

Now we are going to calculate the value B(—1, h(s)), where h(s) = y3. From (45) we have
2
B(—1, h(s)) = h(s)t2(s) — ;tl (s).
By using (12) we express t; via f; also because of (47) and (50), we have

2 2 2 2
B@4ﬁ@»=Mwmw——mn=hmm——Uhngﬁn4mw+—g)—f—
p p p p
f(S) - (S _yp)f/(s)( 2g 2 /) /2
el +_ — —
e® =G =ye® \pG,—9 T2%) 15
_g[ﬂw]_ze—mv
Cplyp—s]  2—wop

Thus we obtain the desired result
(G*+T*F)P%) | — B(=1,y3) as ¢ — 0.

Extremizers in the domain SZ(@([SQ, yp), g)). Pick any point y = (y2, ¥3) € Q(@([so, ypl, g)). Then
there exists a segment £(y) € ©([so, y,], &) Let yT and y~ be the endpoints of this segment, so that
yt = (=1, y3) for some y3 > h(sg) and y~ = (5, g(5)) for some § € [yp, s0). We remind the reader
that we know e-extremizers for the points (s, g(s)), where s € [sg, 1], and we know e-extremizers on
the vertical line (—1, y3), where y3 > h(so). Therefore, as in the case of a cup, taking the appropriate
a-concatenation of these e-extremizers and using the fact that B is linear on £(y), we find an e-extremizer
at the point y.

Extremizers in the domain Ang(so). Pick any y = (y1, y2) € Ang(sp). There exist points y* € €1,
y~ €€, where £T =€ (s0, g(s0)) € O([s0, yp), &) and £~ = £~ (s0, g(s0)) € O((c, 50l &), such that
y=ayt + (1 —a)y~ for some a € [0, 1]. We know g-extremizers at the points y* and y~. Then by
taking an a-concatenation of these extremizers and using the linearity of B on Ang(sp) we can obtain an
g-extremizer at the point y.

Extremizers in the domain Q(@([yp, 1], g)). Finally, we consider the domain of vertical segments
Q(Oly,, 11, g). Pick any point y = (y2, y3) € 2(O[y,, 1]). Take an arbitrary point yt = (—1, y;),
where y;’ is sufficiently large such that y = ay™ + (1 —a)y~ for some o € (0, 1) and some y~ = >y ,y3)
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with (1, y, , y3) € 3€2;. Surely, yT and y~ belong to a positive domain. The condition (1, y, , Y3 ) €0
implies that we know an g-extremizer (F—, G™7) at the point y~ (these are constant functions). We
also know an g-extremizer at the point y*. Let (F™ ¢ F~, G « G7), be an a-concatenation of these
extremizers. Then

W[(FTeF7,GTeG )l >aB(y")+(1—a)B(y ) —e.
Note that the condition y = ay™ + (1 —a)y~ implies that
_ 3= 02/%)y;
Y +y3 /v,

Recall that B(y2, g(2)) = f(y2) and B(y") = f(s)+11(s)(—1—s)+12(s) (y{ —g(s)), where s € [s0, ]
is such that a segment £(s, g(s)) € ©([so0, ¥,), &) has an endpoint yt.

Note that as y3+ — 00 all terms remain bounded; moreover, « — 0, y~ — (y2, g(y2)) and s — y,,.
This means that

lim «B(y")+(1—a)B(y)—e= lim zz(s)yi<—y3:(y2/_y2 %
y3 =00 ¥ o0 i Y3 +; /yz
=0(yp)(y3—8g(2)) + f(2) —e&.
We recall that #,(s) =1:(y,) for s € [y,, 1]. Then

)+f(yz)—8

B(y)=f(2) +02(s(y)(y3 —g(2) = f(32) + 2(yp)(y3 — g(y2)).

Thus, if we choose y;r sufficiently large then we can obtain a 2e-extremizer for the point y.

6.2. The case sy > yp. In this case we have so > y, (see Figure 11). This case is a little bit more
complicated than the previous one. The construction of e-extremizers (F, G) will be similar to the one
presented in [Reznikov et al. 2013].

We need a few more definitions.

Definition 46. Let (F, G) be an arbitrary pair of functions. Let (y,, g(y2)) € 23 and let J be a subinterval
of [0, 1]. We define a new pair (F, G) as follows:

N~ (F, G)(x) if x €[0, 1]\ J
(F, G)(x) = { ! \
A=y, 14y if xel.
We will refer to the new pair (F , G) as putting the constant (y,, g(y2)) on the interval J for the pair (F, G).
Sometimes we will denote the new pair (F , é) by the same symbol (F, G).

Definition 47. We say that the pairs (F,, Gy), (Fi—, G1—y) are obtained from the pair (F, G) by
splitting at the point @ € (0, 1) if
(FOZ’GO[):(F’ G)(xa)v xe[Ovl]’
(Fl—a, G1—¢) = (F,G)(x - (1 —a)+a), xe€l[0,1].
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It is clear that W (F, G) = aV(F,, Gy) + (1 —a)W(F|_y, G1—y). Also note that, if (F,, G4) and
(Fi1—q, G1—4) are obtained from the pair (F, G) by splitting at the point « € (0, 1), then (F, G) is an
a-concatenation of the pairs (F,, G,) and (Fi_y, G1—y). Thus, splitting and concatenation are opposite
operations.

Instead of explicitly presenting an admissible pair (F, G) and showing that it is an e-extremizer, we
present an algorithm which constructs the admissible pair, and we show that the result is an e-extremizer.

By the same explanations as in the case sy < y,, it is enough to construct an g-extremizer (F, G) on
the vertical line y, = —1 of the domain 3. Moreover, linearity of B implies that, for any A > 0, it is
enough to construct e-extremizers for the points (—1, y3), where y3 > A. Pick any point (—1, y3), where
y3 = yéo) > g(—1). Linearity of B on Ang(so) and direct calculations (see (14), (51)) show that

' (=1) = f'(s0)
g'(=1)—g'(s0)
We describe the first iteration. Let (F, G) be an admissible pair for the point (—1, y3), whose explicit

expression will be described during the algorithm. For a pair (F, G), we put a constant (s, g(sp)) on an
interval [0, €], where the value ¢ € (0, 1) will be given later. Thus we obtain a new pair (F, G), which

B(—1,y3) = f(=D +13(50)(y3 —g(=1)) = f(=D + (y3 —g(=1))

(77)

we denote by the same symbol. We want (F, G) to be an admissible pair for the point (—1, y3). Let the
pairs (F¢, G;) and (Fi_., G1_.) be obtained from the pair (F, G) by splitting at the point ¢. It is clear
that (F,, G,) is an admissible pair for the point (sg, g(s9)). We want (F;_., G1_.) to be an admissible
pair for the point P = (33, y3), so that

(=1, y3) = (50, 8(50)) + (1 — &) P. (78)
Therefore we require
—1— _
P SSo, y3 —€g(s0) . (79)
1—¢ 1—¢

So we make the following simple observation: if (F;_., G1—_.) were an admissible pair for the point P,
then (F, G) (which is an e-concatenation of the pairs (1 — so, 1 +s0) and (Fi_., G1_)) would be an
admissible pair for the point (—1, y3). The explanation of this observation is simple: note that the pairs
(Fi—¢, G1—¢) and (1 — s, 1 + s0) are admissible pairs for the points P and (sg, g(so)), which belong to
a positive domain (see (78)); therefore, the rest immediately follows from Lemma 44. So we want to
construct the admissible pair (F|_., G|_.) for the point (79).

We recall Lemma 41, which implies that the pair (F;_., G1—.) is admissible for the point

(1 —1—esp 3 —8g(S0)>

1—¢ 1—¢

if and only if the pair (F, G), where (Fi_., —G1-.) = (1 +e&s9)/(1 — 8)(15, G), is admissible for a point

1 _
w=(1. € ’ y3 —&g(s0) S(1—e)r ).
14+esg (14esg)?

So, if we find the admissible pair (I:" , G) then we automatically find the admissible pair (F, G).
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Choose ¢ small enough so that ((8 —1)/(1+e&sp), (yv3—¢eg(s0)) /(1 +e&s9)? - (1 — s)p_l) € Q3 and

e—1 y3—eglso)
14+ 8S0’ (14 esg)?

(1 —e)Pl) = 5(s0, g(50)) 4+ (1 = 8)(—1, y{V)

for some & € (0, 1) and y{" > g(—1). Then

—e+ 0(c?),

- 1+8S()
a (13— eg(s0)/(1 +£50)) - (1 — )P~ — (¢/(1 + £50)) & (50)
3= 1—e/(1+es0)
= y3(1 —&(p+ pso —2)) —2eg(so) + O(e?). (80)

For the pair (F , G), we put a constant (sg, g(sg)) on the interval [0, §]. We split the new pair (ﬁ , G)
at §, so we get the pairs (ﬁg, G(g) and (Fl_(s, Gl_(g). We make a similar observation as above. It is
clear that if we know the admissible pair (I:" 1—8> (N}l,(g) for the point (—1, yél)), then we can obtain an
admissible pair (F , G) for the point

e—1 ’)’3—88(S0)_(1_8)p_1 .
14+es9 (1+esg)?

Surely (F, G) is a §-concatenation of the pairs (1 — sg, 1 + sg) and (17“1_5, 61_5).

We summarize the first iteration. We took ¢ € (0, 1), and we started from the pair (F©, G©) = (F, G),
and after one iteration we came to the pair (FV, Gy = (ﬁl_,;, 61_5). We showed that, if (F(V, G(D)
is an admissible pair for the point (1, ygl)), then the pair (F(©’, G©) can be obtained from the pair

(FM, GM); moreover, it is admissible for the point (1, yéo)).

Continuing these iterations, we obtain the sequence of numbers { yéj )} ;\':0 and the sequence of pairs
{(FD, GO Let N be such that y§") > g(—1). Itis clear that, if (F™, G™)) is an admissible pair
for the point (—1, yéN)), then the pairs {(F 2Ne ))}9’:_01 can be determined uniquely, and, moreover,
(FY,GY) is an admissible pair for the point (—1, y{) forall j =0,..., N — 1.

Note that we can choose sufficiently small ¢ € (0, 1), and we can find N = N (¢) such that y
g(—=1) (see (80), and recall that sy > y,). In this case the admissible pair (FN, G for the point
(-1, y_,EN)) = (—1, g(—1)) is a constant function, namely, (F*™, G‘™) = (2, 0). Now we try to find N
in terms of ¢, and we try to find the value of W (F©@, G©@).

Condition (80) implies that y{" = y{” (1 — &(p 4 pso — 2)) — 2eg(s0) + O(£2). We denote 8 =
p + pso — 2 > 0. Therefore, after the N-th iteration we obtain

N) _
3 =

2g(s0)\  2g(s0)
W= —es) (3" + - +0().
o o
The requirement yéN) = g(—1) implies that
(0)
+2 )
(1 —esg) N = 23 F28E0%0 )

— g(=1)+2g(s0)/80
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This implies that limsup,_, & - N =limsup,_,q¢ - N(¢) < oo. Therefore, we get

0
SN W +2g(50) /80

= 0O (¢). 81
o=+ 2gG0)/8 0 ©1)

e

Also note that
W(FO GOY=W(F,G)=eW(F., G:) + (1 — &)W (Fi_¢, G1—)

1 o
:gf(s())—i_(l_S)ID(FI—E’Gl—s)zgf(S())—{—(]—g)( +850) ’

1
= ef (s0) + (1 —e)(1 — e)( i

=2¢ef(s0) + (1 +&80) ¥ (FV, Gy + 0(e).

p ~ ~
) [8f (so) + (1 =)W (Fi_s5, G1-5)]

Therefore, after the N-th iteration (and using the fact that U(FN) G™)) = f(—1)), we obtain

WO, GO) = (1 +£80)" (f(—l) 2 8(S0)> A
0 0

2f(So)) _ 2f(s0)
)

0 3o

4+ O(¢)

+ 0(e). (82)

= ¢fN (f(—l) +

The last equality follows from the fact that limsup,_ o€ - N(g) < 00.
Therefore (81) and (82) imply that

O 4 2g(s0)/8 2f(G0)\ 2 (s0)
q,F<0)’G(o>=<y3 +24(s0 0>( i 0)_ DRpA
( Ul T e Py A A % TO®

— (-1 O _ 1 (f(—1)+2f(so)/80
SED+ 37 —g(=1) 21 1 25 (0)/3%

)—i—O(s).

Now we recall (77). So, if we show that

(=D +2f(s0)/80 _ f'(=1)— f'(s0)

g(=1)+2g(s0)/80  g'(—=1)—g'(50)
then (83) will imply that W(F©, G©) = B(—1, y§0)) + O(e). So, choosing ¢ sufficiently small, we can
obtain the extremizer (F©, G©) for the point (—1, y3). Therefore, we need only to prove equality (83). It

will be convenient to use the following notations: set f— = f(—1), f' = f'(—1), f = f(s0), f' = f'(s0),
g-=g(=1),g =g'(-1), g =g(s0) and g’ = g(s0). Then (83) turns into

S _ f8L—f¢'—flg+['s

(83)

; ; (84)
2 gf-—rg-
This simplifies into
50— vy = 2 fei—fe'—fle+fg _feL—fd— e+ /g
"p gf-—f'g- g fL+fel

which is true by (53).
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CLASSIFICATION OF BLOWUP LIMITS FOR SU(3) SINGULAR TODA SYSTEMS

CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

For singular SU(3) Toda systems, we prove that the limit of energy concentration is a finite set. In addition,
for fully bubbling solutions we use a Pohozaev identity to prove a uniform estimate. Our results extend
previous results of Jost, Lin and Wang on regular SU(3) Toda systems.

1. Introduction

Systems of elliptic equations in two-dimensional space with exponential nonlinearity are very commonly
observed in physics, geometry, chemistry and biology. In this article we consider the following general
system of equations defined in R?:

Au; +Za,~jhje”f =4ny;§p in By C R> foriel, (1-1)
jel
where I ={1, ..., n}, By is the unit ball in R2, hy, ..., h, are smooth functions, A = (@ij)nxn 18 a constant

matrix, y; > —1 and Jg is the Dirac mass at 0. If n = 1 and a;; = 1, the system (1-1) is reduced to a
single Liouville equation, which has vast background in conformal geometry and physics. The general
system (1-1) is used for many models in different disciplines of science. If the coefficient matrix A is
nonnegative, symmetric and irreducible, (1-1) is called a Liouville system and is related to models in
the theory of chemotaxis [Childress and Percus 1981; Keller and Segel 1971], in the physics of charged
particle beams [Bennet 1934; Debye and Huckel 1923; Kiessling and Lebowitz 1994] and in the theory
of semiconductors [Mock 1975]; see [Chanillo and Kiessling 1995; Chipot et al. 1997; Lin and Zhang
2010] and the references therein for more applications of Liouville systems. If A is the Cartan matrix

2-1 0 0 --- 0
-1 2—-1 0 --- 0
0 -1 2 —1 :
0O --- 0—-1 2 -1
0O --- 0 0-1 2

the system (1-1) is called an SU(n+1) Toda system (which has n equations) and is related to the nonabelian
gauge in Chern—Simons theory; see [Dunne et al. 1991; Dunne 1995; Ganoulis et al. 1982; Leznov
1980; Leznov and Saveliev 1992; Malchiodi and Ndiaye 2007; Malchiodi and Ruiz 2013; Mansfield

MSC2010: primary 35J60; secondary 35J55.
Keywords: SU(n + 1)-Toda system, asymptotic analysis, a priori estimate, classification theorem, topological degree, blowup
solutions.
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1982; Nolasco and Tarantello 1999; 2000; Yang 1997; 2001] and the references therein. There are also
many works on the relationship between SU(n + 1) Toda systems and holomorphic curves in CP", the
flat SU(n + 1) connection, complete integrability and harmonic sequences; see [Bolton and Woodward
1997; Bolton et al. 1988; Calabi 1953; Chern and Wolfson 1987; Doliwa 1997; Guest 1997; Leznov and
Saveliev 1992; Lin et al. 2012a] for references.

After decades of extensive study, many important questions related to the scalar Liouville equation are
answered and the behavior of blowup solutions is well understood (see [Bartolucci and Tarantello 2002a;
2002b; Bartolucci and Malchiodi 2013; Chen and Lin 2002; 2003] for related discussions). However,
the understanding of blowup solutions to the more general systems (1-1) is far from complete. In recent
years, much progress has been made on more general systems and we only mention a few works related
to the topic of the current article. First, Lin and Zhang [2010; 2011] completed a degree-counting project
for Liouville systems defined on Riemann surfaces. Second, for regular SU(3) Toda systems (which have
two equations), Jost, Lin and Wang [Jost et al. 2006] proved some uniform estimates for fully bubbling
solutions (see Section 4 for the definition) using holonomy theory. Later, Lin, Wei and Zhao [Lin et al.
2012b] improved the estimate of [Jost et al. 2006] to the sharp form using the nondegeneracy of the
global SU(3) solutions, which was established by Lin, Wei and Ye [Lin et al. 2012a] among other things.

In this article we mainly focus on the asymptotic behavior of blowup solutions of (1-1) and the weak
limit of energy concentration for SU(n + 1) Toda systems. More specifically, let uk = (u’f e uﬁ) be a
sequence of solutions

n
A+ ayhkes =dnyfsy in B, i=1,...n, (1-2)
j=1
with O being its only possible blowup point in Bj:

max u’ < C(K). (1-3)
KEB\(0}

Since the right-hand side of (1-2) is a Dirac mass, we define the regular part of uf‘ to be

i*(x) =uf(x) =2y log|x|, xeBy, i=1,...,n. (1-4)
Then u* = (u'f, e, uﬁ) is called a sequence of blowup solutions if max; max,¢g, ﬁf — Q0.
‘We assume that yi" — y; > —1, that hll‘, el hf, are positive smooth functions with a uniform bound
on their C3 norm:
% <hf<c, 175 llc3py < C  in By, vk —yi>—1 foralliel; (1-5)

and we suppose that there is a uniform bound on the oscillation of uf‘ on dB; and its energy, | B, hf ui
lu¥(x) —uf(y)| < C forall x,yedBy, / wket <, iel, (1-6)
B

where C is independent of k.
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Note that the oscillation finiteness assumption in (1-6) is natural and generally satisfied in most
applications. The energy bound in (1-6) is also natural for a system or equation defined in two-dimensional
space.

If A= A5, (1-2) describes SU(3) with sources. Our first main theorem is concerned with the energy
limits of solutions to singular SU(3) Toda systems.

Given any 6 > 0, u* has no blowup point in B; \ Bs (in this article we use B(x, r) to denote a ball
centered at x with radius r and use B, to denote B(0, r)). Thus we are interested in the following limit:

o; = lim lim i/ Rketi | i=1,2. (1-7)
5—>0k—o00 27 Jp !
Since, for each § > 0, f By hf uf s uniformly bounded, the limj_, , in (1-7) is understood as the limit of a
subsequence of uX. For convenience we don’t distinguish #* and its subsequences in this article.
Let
wi=1l+y, i=12,
and let
I'={(01,02) 101,00 >0, 0f — 0102+ 035 = 2101 + 214202}

be a quadratic curve in the first quadrant. It is easy to see that I" is contained in the box

[0, 21+ 202+ 3V 3+ papn + 3] % [0, 2+ o + 3V 12+ e + 42
In Definition 1.1 below we shall define a finite set on I". In order to describe the relative positions of
points, we say (c, d) is in the upper right part of (a, b) if c > a and d > b.

Definition 1.1. It is easy to verify that the following six points are on I":

0,00 Q2u1,0),  (0,2u2),  Cui, 2(u1 +12)), 21+ p2), 212), 21 + p2), 2(n1 + 12)).

First we let the six points above belong to X, then we determine other points in X as follows: For
(a,b) € ¥, intersect I with oy =a+2N and oo = b+ 2N (N =0, 1,2,...) and add the point(s) of
intersection to X that belong to the upper right part of (a, b). For each new member (c, d) € ¥ added by
this process, we apply the same procedure based on (c, d) to obtain possible new members.

Theorem 1.2. Let A = Aj, hf.‘ and yl-k satisfy (1-5). Then, for u* satisfying (1-2), (1-3) and (1-6), we have
(01, 02) € X, where o; is defined by (1-7) and X is defined as in Definition 1.1.

Remark 1.3. If y; = y» =0, the system is a nonsingular SU(3) Toda system. One sees easily that
2 ={(0,0), (2,0), (0,2), 2,4), 4,2), 4, D}

Indeed, when the procedure described in Definition 1.1 is applied to any of the six points in X, no extra
point of intersection can be found. For example if we start from (0, 0) and intersect I" by lines o7 = 2N
(N being a nonnegative integer), then we see immediately that the intersection of I" with oy = 2 gives
(2,0) and (2, 4), which are already in . The intersection with oy =4 gives (4, 2) and (4, 4), which also
belong to the six types in X. There is no intersection between I' and o7 = 6. Theorem 1.2 in this special
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case was proved in [Jost et al. 2006]. Recent work of Pistoia, Musso and Wei [Musso et al. 2015] proved
that all six cases for nonsingular SU(3) Toda systems can occur.

Remark 1.4. It is easy to observe that the maximum value of o1 on I is

Spn+ 2+ AV 4 i + 4.

The maximum value of o5 is

%Ml + %Mz + %\/M% + pipe + M%

Thus X is a finite set. As two special cases, we see that:

(1) If

T +%M2+%\/M%+M1M2+M% <2 and 3pu +%M2+%\/M%+M1M2+M% <2
then there are only six points in X:

T ={(0,0), 2u1,0), (0,212), Q1+ p2), 2u2), Qu1, 2(w1 + p2)), Qw1+ p12), 2(w1 + p2)) .
(2) For y; =y, =1, in addition to (0, 0), (4, 0), (0, 4), (4, 8), (8,4) and (8, 8), X has other 14 points.

An earlier version of the current article was posted on the arXiv in March 2013. After that, some work
has been done based on Theorem 1.2 (see [Battaglia and Malchiodi 2014] for example). Theorem 1.2
reflects some essential differences between Toda systems and Liouville systems. Lin et al. [2012a] proved
that all the global solutions of SU(n + 1) Toda systems can be described by n? + 2n parameters and the
energy of global solutions is a discrete set. On the other hand, the global solutions of Liouville systems
all belong to a family of three parameters but their energy forms an (n—1)-dimensional hypersurface
(see [Chipot et al. 1997; Lin and Zhang 2010]). These differences lead to very different approaches in
their respective research. For example, [Lin et al. 2012b] obtained sharp estimates for fully bubbling
solutions (see Section 4 for the definition) of SU(3) Toda systems using the discreteness of energy as a
key ingredient in their proof.

Here we briefly describe the strategy used to prove Theorem 1.2. First we introduce a selection
process suitable for SU(n 4 1) Toda systems. The selection process has been widely used for prescribing
curvature-type equations (see [Li 1995; Chen and Lin 1998], etc) and we modify it to locate the bubbling
area, which is a union of finite disks. In each of the disks, the blowup solutions have roughly the energy
of a global SU(m + 1) Toda system on R? (with m < n), which is the limit of the blowup solutions
after scaling. If m = n, which means no component is lost after scaling and taking the limit, we say
the sequence of solutions in the disk is fully bubbling, otherwise we call it partially bubbling. Next we
introduce the “group” concept to place bubbling disks according to their relative locations. There are only
finitely many bubbling disks and their relative distances may tend to O with very different speed. The
name “group” is used to describe a few disks that are roughly closest to one another and much further from
other disks. Lemma 2.4 is a Harnack-type result that plays an important role in determining the energy
concentration around a group. Suppose there is a circle that surrounds a group and both components of
the blowup solutions have fast decay (see Section 3 for the definition) on the circle. Then a Pohozaev
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identity can be computed on this circle to determine how much energy this group carries. Because of
Lemma 2.4, such a circle can always be found, so the energy within the circle can be determined. Then
we consider the combination of groups by scaling. The relationship among groups is similar to that of
members in a same group. For example, if the distance between two groups is scaled to be 1, the bubbling
disks of one group look like a Dirac mass from afar. We can similarly find circles surrounding groups
that are also suitable for computing Pohozaev identities (i.e., both components of the blowup solutions
have fast decay on these circles). From these Pohozaev identities, we determine how much energy is
contained in each group and all the combinations of groups. One important fact is that one component of
the blowup solutions always has fast decay, even though the other component may not. It is possible for
the first (fast decay) component to turn to a slow decay component as the distance to a group becomes
bigger, but before that happens the second component, which used to be a slow decay component, will
turn to a fast decay component first.

As another application of the Pohozaev identity we establish some uniform estimates for fully bubbling
solutions. These estimates were first obtained by Li [1999] for the scalar Liouville equation without
singularity (using the method of moving planes) and [Bartolucci et al. 2004] for the scalar Liouville
equation with singularity (using the Pohozaev identity and potential analysis). For regular SU(3) Toda
systems, [Jost et al. 2006] established similar estimates using holonomy theory. Our results (Theorem 4.1
and Theorem 4.3) apply to general SU(n 4 1) Toda systems with singularity.

This article is set out as follows. In Section 2 we introduce the selection process mentioned before
and in Section 3 we prove the Pohozaev identity, which is crucial for the proof of Theorem 1.2. In
Section 4 we prove a uniform estimate for fully bubbling solutions (Theorem 4.3 and Theorem 4.1). Then
in Section 5 and Section 6 we finish the proof of Theorem 1.2 according to the strategy mentioned before.

2. A selection process for SU(n + 1) Toda systems
Clearly in the proof of Theorem 1.2 we can assume 0 to be a blowup point:

max {u¥ —2yFlog|x|} - oo, -1
xe€By,iel

because otherwise the blowup type is (0, 0). So, from now on throughout the paper, (2-1) is assumed.

Case one: ylk =-...= y,{‘ =0.

Proposition 2.1. Let A = (a;j)nxn be the Cartan matrix A, hf satisfy (1-5) and u* = (u]f, el uﬁ) be a
sequence of solutions to (1-2) with ylk =...= y,f = 0 such that (1-6) and (1-3) hold. Then there exist finite
sequences of points Xy 1= {x{‘, e, x,l;} (all xf — 0, j =1,...,m) and positive numbers ik ..., l,’jl -0
such that the following four properties hold.:

(1) maxie,{u{f(xf)} = maxB(xngf)’iE,{uf.‘}for allj=1,...,m.
(2) exp(% max;e/ {uf ()NIE — o0, j=1,...,m.
(3) There exists C1 > 0 independent of k such that

uk(x) +2logdist(x, ;) < C, forall xe By, iecl,
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where dist stands for distance.

(4) In each B(x§, 1§) let

vf‘ (y) = uf (ery —i—xf) +2loger, €= e Mi/2 M} = max max uf. (2-2)
:TE SR
Then one of the following two alternatives holds:
(a) The sequence is fully bubbling: along a subsequence, (vllC yeees vﬁ) converges in CIZOC(IRZ) to
(vi, ..., vy) which satisfies
Av; +Zal~jhje”f =0 inR% iel,
jel
lim f > aihte > 4, iel
koo S e
B I =51 UJp,U---UJ,UN, where Jy, Ja, ...,y and N are disjoint sets, N # & and each
Ji (t =1, ..., m) consists of consecutive indices. For eachi € N, v’l‘. tends to —oo over any fixed
compact subset of R%. The components of v* = (v{‘, e vlrj) corresponding to each J; (I =1, ..., m)

converge in C2 (R?) to an SU(|J;| + 1) Toda system, where | J;| is the number of indices in J;. For

loc
eachi € J;, we have
. k
lim / E a,-thlt‘e”f > 4.
k— 00 k gk
B(G.L) ey,

Remark 2.2. In this article we don’t use different notations for sequences and subsequences.

Remark 2.3. For each xf € Xk, suppose 2t§C is the distance from xf to Xg \ {xf}. Then t;.‘/lf — 00
as k — oo if l;? is suitably chosen.

Proof of Proposition 2.1. Without loss of generality we assume

u'f(x'f) = max uf(x).
iel, xeB
Clearly x’f — 0, because max; maxycp, uf — oo and uF is uniformly bounded from above away from the
origin. Let (v’l‘, e v,’j) be defined by (2-2) with xj? replaced by x{‘. Immediately we observe that |Avf|
is bounded because each vf‘ < 0. Consequently, |v£‘ () — vf‘ (0)] is uniformly bounded in any compact
subset of R2. Thus, since v'f (0) =0, (along a subsequence) v'f converges in CIZOC([RZ) to a function v;. For
the other components of v* = (vll‘, ..., uk), either some of them tend to —oo over any compact subset
of R?, or all of them converge to a system of n equations. Let J C I be the set of indices corresponding to
those convergent components. That is, for all i € J, vf converges to v; in CIZOC(IRz) and, forall j e I\ J,
vf‘ tends to —oo over any fixed compact subset of R?. For each i € I\ J, there is J; C J such that i € Jj,
the indices in J; are consecutive and the limit of the vf is one component of an SU(]J; |+ 1) Toda system:

{Avm +Y ey @mihie” =0 in R* forall m € Jj 2.3)

fRz hpe’ < C, me Jq,



CLASSIFICATION OF BLOWUP LIMITS FOR SU(3) SINGULAR TODA SYSTEMS 813

where h,, = lim;_ h’,; (x{‘), (aij) = Ay, and C is the same constant as in (1-6). By the classification
theorem of [Lin et al. 2012a] (if the limit is a system) or [Chen and Li 1991] (if the limit is one equation)
we have

> / aijhje’ =8x forall i € J, (2-4)
JE R
and
v;(x) = —4log|x|+0(1), |x|>2, forallielJ. (2-5)

Thus, for any index i € I, we can find Ry — oo such that
Vi) +2loglyl <C, |yl <R, foriel (2-6)
Equivalently, for u* there exist l’f — 0 such that

uk(x) +2log|x — x| <, |x—xf|<i¥, foriel
and
e”ﬁ("{cwl{‘eoo as k—>o00, i€l.

Next, we let g be the maximum point of max|y|<1,ies uf.‘ (x)+2log|x — x{‘|. If

max uf-‘(x) +2log |x —x{‘| — 00,
lx|<l.iel

we let j be the index such that
u/j‘-(qk) +2log g — x¥| = malxuf(x) +21log |x — x¥| — 0.
e

The following localization is to adapt the original argument of R. Schoen [1988] for the scalar curvature
equation (also see [Chen and Lin 1998]). Set

di = Ylq — x}|
and
Sf(x) = uf(x) + 2log(d — |x —qil)  in Bk, di).
Then clearly, for fixed k, Sf — —o00 as x tends to d B(qy, di). On the other hand, at least for j, we have

Sy (qr) = u" (qr) +2log di — oo.
Let py be where

max max S{c
! xe€B(qx.dr)

is attained and iy be the index corresponding to where the maximum is taken:
u} (pr) +2log(di — | pr — qil) = S5 (qi) — oo. 2-7)
Let
I = 5(dx = | e — i)
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Then for y € B(px, lk), by the choice of p; and /i, we have
uk (y) +2log(di — |y — qi|) < ujfo(pk) +21log(2ly) forall i el.

On the other hand, by the definition of I, we have

di =1y —qil = di — |pk —qkl — |y = pel = I i |y — pi| < Ik,
and
ui (y) < ujy(pr) +2log2 forall y € B(py, ). (2-8)
Next, we set
R = "o PO (29)
and scale u¥ by
—uf-;)(pk)/zy)

175{()7) =Mi~{(l7k+€ —ufo(pk) for i e 1.

k
i

bounded in CIZOC([RQ) and there exists & # J C [ such that, foralli € J, 17[{‘ converges to a limit system

From (2-7) we clearly have &y — oco. By (2-8) and standard elliptic estimates for the Laplacian, v is

like (2-3). On the other hand, 6f converges uniformly to —oo over all compact subsets of R foralli € I\ J.
Clearly (2-6) holds for ﬁf‘. Going back to u*, we have

uk(x) +2log|x —x5| < C for |x —x§| < 1§,

where x’z‘ is the point where max; max g Pl uf.‘ is attained and l'z‘ = ;. Here we note that x§ is neither g,

k
nor py and the distance between pj; and x’z< is small: e”"o(‘m‘)/zlxlzC —prl=0(Q). If we rescale uk around xé‘,

then v* defined as in (2-2) satisfies (a) and (b) in Proposition 2.1. Clearly B(xf, ) N B(x%, 15) = 2.
To continue with the selection process, we let Xy > := {x{‘, x§} and consider

max uf‘ (x) +2logdist(x, Xk 2).

iel,xeB

If, along a subsequence, the quantity above tends to infinity, we apply the same procedure to get x§ and l§.

After each selection we add a new disjoint disk, say B(xX, 1,11‘1), in which the profile of bubbling solutions

is like that of a global system, so from (2-4) we see that
/ th-‘e“f > C for some C > 0 independent of k.
Bk 1) 5
Therefore by (1-6) the process stops after finitely many steps and we have

uk(x) +2logd(x, ) <C, iel (2-10)

Proposition 2.1 is established. U
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2.1. Case two: the singular case y; #0. First, the selection process is almost the same. The difference
is instead of taking the maximum of uf over B we require

0e .

Clearly, in By \ {0}, u satisfies the same equation as the nonsingular case. Then we consider the maximum
of uf‘ (x) +2logdist(x, Xy) = uf.‘(x) + 2log |x| and the selection proceeds the same as before. Therefore,
in the singular case, X; = {0, x’l‘, ey x,’;}.

Lemma 2.4. Let Xy be the blowup set (thus, ifyl.k =0foralli, Xy = {x/f, ..., xK}, and if the system is
singular, ¥ = {0, x{‘, R x,’%}). In either case, for all xy € By \ X, there exists Cy independent of x
and k such that

qu(xl) —uf(xz)l <Cy forall x1, x; € B(xo, %d(xo, Ek)) forall i €l.

Proof. We can assume |x| < 11—0 because it is easy to see from Green’s representation formula that the
oscillation of uf‘ on By \ By, is finite. Recall the regular part of uf‘ is defined in (1-4) and ftf satisfies

A )+ Y ahb o7 =0 in By, el
jel
Let o} be the distance between xg and Y. Clearly, for xo € By \ X and x, x» € B(xo, %d(xo, Ek)),
-~ . Kk
uf (e —uf () = iif (xp) —iif () + O () = | (G, m)—Gxa.m) Y aihk () n|™7 e dn+0(1).
B ,
jel
Here G is the Green’s function on Bj. The last term on the above is O (1) because it is the difference of

two points of a harmonic function that has bounded oscillation on d B;. Since both xy, x; € By,o, it is
easy to use the uniform bound on the energy (1-6) to obtain

k ~k
(r Cer, m) =y (2, ) D aighly (mn|*1 1™ dnp = 0 (1),
B .
jel

where y (-, -) is the regular part of G. Therefore, we only need to show

/ log KL= > ayhkniet dn = 0(1).
B

|x2 — 1

If ne B\ B(xo, %O‘k), we have log(]x; — n|/|x2 —n|) = O(1), then the integration over Bj \ B(xo, %ok)
is uniformly bounded. Therefore, we only need to show

lx1 — 7l k. 2y it lx1 — 7l b uk
log aijh’;In|™ie"s dn = log aijhke"i dn=0(1).
/‘?("0’3""/4) %2 =7l XJ: o Buodor/dy X2 =1l ZJ: o

To this end, let
vi(y) = uf(xo+oxy) +2logoy, ye€Byu, iel (2-11)
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Then we just need to show

/l%m_miﬁw%wwmﬁwm=om. (2-12)
B3/4 |)’2_77| |

We assume, without loss of generality, that e is the image of the closest blowup point in ¥;. Thus, by
the selection process,

vf(m) < —2logIn—e1| +C.
Therefore,

e < Cly—ey| 2.
With this estimate, we observe that [n —e(| > C > 0 for n € B34. Thus, for j =1, 2 and any fixed i € I,
log|y; —
/ llog [y; —nl|e" ™ dn < C/ |g|y—’2n||dn <C.
B34 B3/ |T]—€1|

Lemma 2.4 is established. (I

Remark 2.5. For systems with nonnegative coefficient matrix A, the selection process can also be applied.
See [Chen and Li 1993] or [Lin and Zhang 2010] for more details.

3. Pohozaev identity and related estimates on the energy

In this section we derive a Pohozaev identity for uk satisfying (1-2), (1-3) and (1-6), hf.‘ and yl.k satisfying
(1-5),and A = A,,.

Proposition 3.1. Let A = A,, o; be defined by (1-7). Suppose u* = (u%, ..., uk) satisfy (1-2), (1-6),(1-3)
and (2-1), h* and v} satisfy (1-5). Then we have

n

Z ajjoio; =4 Z(l + vi)oi.
ijel i=1

Proof. We start with a lemma:

Lemma 3.2. Given any €, — 0 such that ¥ C B (O, %ék), there exist [, — 0 satisfying l;, > 2¢; and

¥ () +2logly — —oo forall i € I, where ﬁf(r)::ﬁ uk. (3-1D)
B,

Remark 3.3. By Lemma 3.2 and Lemma 2.4,
uf(x)+2log |x| > —oo forall i €/ and x € 9By,.

This is crucial for evaluating the ® term (the first term on the right) of (3-7) below.
Proof of Lemma 3.2. Since X C B(O, %ek), we have, by Proposition 2.1(3),

ub(x) +2log|x| < C, |x|>«. (3-2)
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The key point of the argument below is that we can always use the finite energy assumption and Lemma 2.4
to make u’f satisfy (3-1). Then we can adjust the radius to make the other components satisfy (3-1) as
well.

First we observe that, for each fixed i, there exists r¢ ; > €, such that

L_tff(rk,i) +2logry; — —o0, (3-3)

because otherwise we would have
ﬁf(r) +2logr>—C forall r > ¢
for some C > 0. By Lemma 2.4, uf has bounded oscillation on each 9 B,. Thus

uk(x) +2log|x| > —C forall x €dB,, e <r<1
for some C. Then

k
= Clx|? e skl <1

Integrating el on Bi \ B,, we get a contradiction on the uniform energy bound of | B, hf.‘ u; . Thus (3-3)
is established.

Now, for u'f we find ry 1 > € so that
ik (ri.1) 4+ 2logry — —oo.
Here we claim that we can assume r; ;1 — O as well. In fact, if r¢ 1 does not tend to 0, by Lemma 2.4
ﬁlf(r) +2logr < —N¢+C, %rk,l <r<rgi,

where N, — oo and satisfies
itk (ry.1) +2logr.; < —Ny.

Using Lemma 2.4 again we have
L‘t’f(r) +2logr < —Ny+C, }‘rm <r< %rkJ.

Obviously this process can be done N times, where N is chosen to tend to infinity slowly enough so
that r, := rk,12_N’f satisfies

it (7y) +2log 7y < =Ny + CNj; — —o0.

We can use ry to replace ry 1. Exactly the same argument shows the existence of s; — O, Nk — 00 such

that
Sk/Tk,1 —> 00,
ﬁ’l‘(r) +2logr < —Nk, reg <r < Sg.

Next we claim that, between ry 1 and si, there must be a r¢ 2 such that

it (ri.2) +2logry < —Nia (3-4)
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for some N, — 00 as k — oo. The proof of (3-4) is very similar to what has been used before: If
this is not the case, s > Cr—2forsome C >0and r € (rk.1, sx). The fact that s /ry,;1 — oo leads to a
contradiction to the uniform bound of the energy of u’é

Thus, we have proved that, for r = r » both ull‘ and u’é decay faster than —2logr:

ik(ry+2logr < =Ny, r=ra, i=1,2,
for some N — oo. Then it is easy to see that there exist sy — 0 and si/ry,2 — oo such that
ﬁf(r)—i—Zlogrf—N,é, rk2 <r<sp, i=12,

for some N, — oo as well. The same argument as above guarantees the existence of /y € (rx 2, s) and
some N;' — oo such that

w5y +2logly < —NY.

Clearly this argument can be applied finitely many times to exhaust all the components of the whole
system. Lemma 3.2 is established. O

Now we continue with the proof of Proposition 3.1.

Case one: y} = 0. Using the definition of o; in (1-7), we choose [ — 0 such that =; C B(0, 3/x) and

L ket =i 0(1) foriel. (3-5)
2 By,

Here we claim that (3-1) also holds, because otherwise we would have

ui(ly) +2logl, > —C.
By Lemma 2.4
ui(ry+2logr>—-Cy, L <r <2y,

which means there is a lower bound on the energy in the annulus By, \ B;,. Consequently

1

k
E hffe”i >o0;+¢€

Boy,,

for some € > 0 independent of k, a contradiction to the definition of o; in (1-7).
Let
vE(y) =uflky) +21ogl, i€l

Then clearly we have

") -1
{Avf(yHZ?:lainf(y)e”-’) =0, yl<i', el (3-6)

k(1) — —o0,
where
HY ) =¥ y), Iyl <!, iel
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The Pohozaev identity we use is

Y[ a2y [ ne
:,/ka > Hf ”H,/Rk/ > (@7a,vf o0k — SaTVuivt),  (3-7)
0B .
VR

B R i)

where R; — oo will be chosen later and (a'/) is the inverse matrix of (a; 7). The key point of the following
proof is to choose Ry properly in order to estimate va on dB /.. Inthe estimate of B /., the procedure
is to get rid of unimportant parts and prove that the radial part of va is the leading term. To estimate all
the terms of the Pohozaev identity we first write (3-7) as

L1 4+Lr =R +Ro+ R3,

where & stands for “the first term on the left” and the other terms are understood similarly. First, we
choose R; — oo such that Rz/z = o(lk_l), then use /; — 0 to show that £; = o(1). To evaluate £,
we observe that, by Lemma 2.4, vf(y) — —o0 over all compact subsets of R?2 \ By/2. Thus we further
require Ry to satisfy

/ HEe" =o(1) (3-8)
B, \B3/s
and, fori € I, by (3-6) and Lemma 2.4,

vf(y) +2log|y| = —oo uniformly in 1 < |y| < Ry. (3-9)
By the choice of [ we clearly have

% A Hike"ik = % ./I;,k hf-‘e”f =o;+o(l), i€l

By (3-8), we have
n
Py =4m Y oi+o(l).
i=1
For %, we use (3-9) to conclude R = o(1).
Therefore we are left with the estimates of %R, and 3, for which we shall estimate va‘ on dBp, . Let

1
Gr(y,n) = 5 log|y —nl+w(y, n)

be the Green’s function on Bl;1 with respect to the Dirichlet boundary condition. Clearly

lk_zy
ly?

]
!

1
ve(y,n) = glog

’

and we have

Vyve(y,m) = O0Wx), y€dB g, n€B. (3-10)
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We first estimate Vvl/.‘ on dBi2. By Green’s representation formula,
k

n
k
do)= [ GO Y ayted an+ Ha,
1 =1

where Hj; is the harmonic function satisfying H;; = vl].‘ on aBlk—l. Since H;; —c; =

IVHir(y)| = Op), so

n
k
Voi(y) = f VyGi(y,m Y aijHfe'l dn+V Hy(y)
B 1 i
j=1
1

k
=5 ), |y 77lzza,jH e dn+ Oly).

O(1) for some cy,

(3-11)

We estimate the integral in (3-11) over a few subregions. First, the integral over Bl—l \B, 2/3 is 0(1)R

because, over this region, 1/|y —n| ~ 1/|n| < o(R, ~1/2

y—n y 1
ol
ly—nl> |yI? ly|?

to obtain

). For the integral over B;, we use

1 kb Y
"2/, |y n|22a”He ( |y|2+0<|y|2)><2“”"1+0(1))

This is the leading term. For the integral over the region B(0, «/Ry/2) \ B, we use 1/|y —n| ~ 1/]y|

and (3-8) to get

/ Za,,H e = o)yl
B ]/2 \Bl |y T]

By a similar argument we also have

a; erf=0(1)|y|
/32/3\<B 112,,0B0.131/2) |y 77|2 Z v

Finally, over the region B(y, |y|/2) we use % ™ = o(1)|n|~2 to get

/B(y I¥1/2) ly nl2 Za’Jer i=o()]y|™!

Combining the estimates on all the subregions mentioned above, we have

wff(y)=—|y%<2ai,~oj+o<1>)+o<|y|—1), vl =R,
j=1

1/2
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Using the above in R, and R3, we have
n n
Z ajjoi0;j = 4 ZU{ + O(])
i,j=1 i=1
Proposition 3.1 is established for the nonsingular case.
Case two: the singular case 3y; # 0.

Lemma 3.4. For o € (0, 1), the following Pohozaev identity holds:

o /33 Z aij(avufavuﬁ — Ivuf- Vulj‘) +ZO’ /33 h* uf

7 i, jel iel
uk uk ij
:ZZ/ hfe ‘ +Zf (X‘Vhf.‘)e i +4m Z ajyiky]]-c.
il Y Bo icl V' Bo ijel
Proof. First, we claim that, for each fixed &,
Vuk(x) =2pfx/|x|*+ 0(1)  near the origin. (3-12)

Indeed, recall the equation for the regular part ﬁi‘ is

k

A @)+ Y PR )P =0 in By
J

By the argument of Lemma 4.1 in [Lin and Zhang 2010], for fixed &, 125‘ is bounded above near 0, then an
elliptic estimate leads to (3-12).
Let Q2 = B, \ Bc. The standard Pohozaev identity on €2 is

k k k ..
Z(/Q(x-wlf‘)e”f +2hf?e“i) =/BQ(Z(x-u)h{Fe“f —i—Za’J(avulj‘.(x-Vuf)—%(x-v)(Vuf‘-Vul;))).
iel i ij

Let ¢ — 0, then the integration over €2 extends to B, by the integrability of hi.‘e”f and (1-5). For
the terms on the right-hand side, clearly 92 = 9B, U d B.. Thanks to (3-12), the integral on 9 B, is
—4r Y, ;allyfy}. Lemma 3.4 is established. O

Let
ok (r) = %/B Wi, el
Lemma 3.5. Let ¢, — 0 such that = C B(0, 1¢;) and
uk(x) +2log|x| - —o0o, |x|=¢, i€l (3-13)

Then we have

> aijoleofe@) =4 1+ yHof ) +o(D). (3-14)

i,jel iel
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Proof of Lemma 3.5. First the existence of €, that satisfies (3-13) is guaranteed by Lemma 2.4. In B, we
let itf‘ (x) be defined as in (1-4). Then

VK () = i (e y) +2(1 4 ) log &

Using vf — —o00 on d B, we obtain, by Green’s representation formula and standard estimates,

Vi (y) = (Zai,-o}%ek) +0(1))y, y €0B.

jel

After translating the above to estimates of u¥, we have

Ix|2 x|’

Vi (x) = (Z(ai,-o;‘(ek) —2y}‘>>i+@ x| = €. (3-15)

jel

As we observe the Pohozaev identity in Lemma 3.4 with o = ¢;, we see easily that the second term on the
left-hand side and the second term on the right-hand side are both o(1). The first term on the right-hand
side is clearly 477 ) oik (ex). Therefore we only need to evaluate the first term on the left-hand side, for
which we use (3-15). Lemma 3.5 is established by similar estimates as in the nonsingular case. U

Thus Proposition 3.1 is established for the singular case as well. ]

Remark 3.6. The proof of Proposition 3.1 clearly indicates the following statements when it is applied
to an SU(3) Toda system. Let B(px, [x) be a circle centered at p; with radius ;. Let E,/( be a subset
of X. Suppose dist(X, d B(px, Ix)) = o(1) dist(Zx \ X, dB(px, Ix)), and we consider the following two
situations: If p;y =0, we have

&1 — & )5 () + 65 () = 2115 (k) + 21265 (1) + o(1).
If0e ¢\ ¥/, then
& ()* = 61 1)5 (1) + 65 (1)* =261 () + 265 () + o(1),
where 5{‘ )y =(01/2m) f B(pedo) hf “} This fact will be used in the final step of the proof of Theorem 1.2.

Remark 3.7. From the proof of Proposition 3.1, we see that the Pohozaev identity has to be evaluated on
fast decay components in order to rule out the R, term. A component is called fast decay if the difference
between itself and the threshold harmonic function tends to —oo; for example, see (3-13). A component
is called a slow decay component if it is not a fast decay component. Later, in the remaining part of the
proof of Theorem 1.2, we shall derive Pohozaev identities over different regions and all of them will have
to be evaluated on fast decay components.

4. Fully bubbling systems

Next we consider a typical blowup situation for systems: fully bubbling solutions. First, let yl.k =0 for
alli e l. Let

A= max{max ull‘, ..., max u],‘l} (41
B By
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and x¥ — 0 be where AX is attained. Let

o) =ufCa+e Py =0k, yew el (4-2)
where Q; = {y: oM/ y 4+ xx € B1}. The sequence is called fully bubbling if, along a subsequence,
{vlf, cee v',j} converge in CIZOC(RZ) to (vi,...,0p) (4-3)
that satisfies
Avi+ ) ajjhje’ =0 in B>, iel, (4-4)
jel
where h; = limy_ o hf(O). Our next theorem is concerned with the closeness between u* = (ull‘, - uﬁ)

and v = (vy, ..., vy).
Theorem 4.1. Let A = A,, u* be a sequence of solutions to (1-2) with yl-k =0foralli € I. Suppose u*
satisfies (1-3) and (1-6), h* satisfies (1-5), and 2K, x* and v are described by (4-1) and (4-2), respectively.
Suppose u* is fully bubbling; then there exists C > 0 independent of k such that

k(e y +x%) = 2k —v;(»)| < C+o() log(1 +|y]) for x e, iel. (4-5)

Remark 4.2. If A is nonnegative, i.e., the system is a Liouville system, Theorem 4.1 and Theorem 4.3
below are established in [Lin and Zhang 2010]. For A = A,, [Jost et al. 2006] proved

k@ Py + x5 =k ()| <C forxeQ, i=1,2.

Clearly this estimate is slightly stronger than (4-5) for n = 2. The Jost-Lin—Wang proof uses holonomy
theory but the proof of Theorem 4.1 is a simple application of the Pohozaev identity proved in Section 3.

If there is a y; #£ 0, we let

and
~ ~ _ 3k ~
() = ke y) — (1 + )ik

forieland y e Q:={y: e_;\k/zy € B;}. We assume

(ﬁ’f, e ﬁﬁ) converge in CIZOC([RZ) to (U1, ..., Uy) (4-6)
that satisfies
n
AT+ Y aijlx[Phje” =0 in R, iel, (4-7)
j=1

where h; = limy_, oo h¥(0).

Theorem 4.3. Let A = A, i*, 0%, (¥y, ..., U,), Ak €, and Q. be as described above, and hf.‘ and yik
satisfy (1-5); then, under assumption (4-6), there exists C > 0 independent of k such that

(™ 2y) — (1 + ik = 5;(y)] < C+o(1) log(1 + |y)  for x € Q. (4-8)

i
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Proof of Theorem 4.1. Recall that o; is defined in (1-7). By Proposition 3.1, we have

Z(l,‘jO’,‘Oj 24201‘. (4—9)

i.jel iel
On the other hand, let
criv::L h;e fori=1,..., n,
27 R2
where v = (vy, ..., vy) is the limit of the fully bubbling sequence after scaling. Clearly o, = (o1y, - . ., Ony)
also satisfies (4-9). We claim that
op=o0, fori=1,...,n. (4-10)

Let s; = 0; — 0,;; we obviously have s; > 0. The difference between o and o, on (4-9) gives

ZaijSiSj+2Z<Za[j0vj—2)Si=O. (4-11)

i,jel iel © jel
First, by Proposition 2.1, we have ) _._, a;jo,j —2 > 0. Next, if either A is nonnegative (a;; > 0 for all
i jer QijSisj = 0. Then (4-11) and s; > 0 imply (4-10).

(R?), we can find Ry — oo such that

jel
i,j=1,...,n)or Ais positive definite, we have )

From the convergence from vf‘ to v; in Clzoc

lvf () — vl =o(1), |y < Ry.
For |y| > Ry, let

ko L k
v (r) = o /33,. v; (y)dS,y.

Aty L [ agho L ket — 2 4% o)
drvi (r) = 27”’/3 AV = 27r /34;“”}1}'6 '= - :
r )J

Then

Hence

ﬁf(r) = —(Zaijaj —i—o(l)) logr+0(1) forall r> 2.
Jjel

Since v¥(y) = 9% (|y|) + O(1) and

vi(y) = —(me-) log|y[+0O(1) for |y|>1,

J

we see that (4-5) holds. Theorem 4.1 is established. U
Proof of Theorem 4.3. By (3-14) we have
> aijoioj =4 (1+y)o. (4-12)
i,jel iel
Recall that v = (vq, ..., v,) satisfies (4-7). Let

1 _—
O'ivzz—/ ]/li|x|2yl€v'.
T JR2
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On the one hand, (o1, ..., 0;y) also satisfies (4-12); on the other hand, the classification theorem of [Lin
et al. 2012a] gives
Y aijojy =242y, i€l (4-13)
jel
Let s; = 0; — 0y, (i € I); then (4-12), which is satisfied by both (o1, ..., 0,) and (o1, .. ., Ouy), gives
Z a;jsis;j + 2 Z( Z ajj0jy — 2— 2)/,').5‘[ =0.
i,jel iel ®jeJ

By (4-13) and the assumption on A, we have s; = 0 for all i € I. The remaining part of the proof is
exactly like the last part of the proof of Theorem 4.1. Theorem 4.3 is established. ]

5. Asymptotic behavior of solutions in each simple blowup area

In this section, we derive some results on the energy classification around each blowup point. First we let
A = A, (the Cartan matrix) and consider:

The neighborhood around 0. Since 0 is postulated to belong to X first, it means there may not be a
bubbling picture in a neighborhood of 0.

Let p = %dist(O, ¥ \ {0}); we consider the energy limits of hf.‘e“f in B,. By the selection process
and Lemma 2.4,

i () +2loglx| <C,  wi)=ai(xD+0M), I|xl<wm, i€l (5-1)
where ﬁf(|x|) is the average of uf.‘ on dBy. Let ﬁ{( be defined by (1-4). Then we have

~k
A )+ ) alx RS =0, x| < 7.
Jel
Let
ik
—2log 8y = max max T
iel xeB(0,%) 1+,

and
V() = @ Gey) 21+ ) log s, Iyl < wd (5-2)

It is easy to see the equation for vf‘ is

AV + Y ayly P R e =0, 1yl < us
jel
Then we consider two trivial cases, first, rk(Sk_l < C. This is the case that there is no entire bubble after
scaling.
Let fik solve
{Af,.k X e iy PR Syets =0, Iyl < ws
fk=0 on |y|=ud "



826 CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

Using v; <0 we have | fl.k| <ConB(0, %;d, l). Since vf — fik is harmonic and vf‘ has bounded oscillation
on dB(0, rk(Sk_l), we have

vE(x) =¥ @B, 7d; "))+ O0(1) forall x € B, 8, 1), (5-3)

where 17{.‘(83(0, %) 1)) stands for the average of vf‘ on dB(0, 7§, 1). Direct computation shows that

/ e dx = / e Oy ay.
B(0,7¢) B(O, %o Y

/ ket dx = O(1)e” @BO.wS), (5-4)
B

Tk

Therefore,

So.if 7 (B(0. w8 1)) — —oo, then [, hj “ dx = o(1).

The second trivial case is when the blowup sequence is fully bubbling. We now have

78, — oo (5-5)
and we assume that (v’l‘, e v,’j) — (v1,...,V,) In C;‘;C(Rz). Clearly,
n
Avi+ Y aijlx[Phje” =0 in R, iel,
j=1
where h; = limy_, o hf(O). By the classification theorem of [Lin et al. 2012a], we have
1 -
2 Soaiy [ 1yPeh dy =204yt v
jel R?
and
vi(y) = =4+ 2ppp1-) log |yl +0(D), |y|>1, iel

By the proof of Theorem 4.3, there is only one bubble.

The final case we consider is a partially blown-up picture. Note that (5-5) is assumed. For the following
two propositions we assume n = 2, i.e., we consider SU(3) Toda systems.

Proposition 5.1. Suppose (1-2), (1-3), (1-5) and (1-6) hold for uk, hf and y;. The matrix A equals A;,
and (5-5) also holds. Suppose s € (0, 1i) satisfies

uk(x) < —2loglx| =Ny, i=1,2,

for all | x| = sy and some Ny — oo. Then (alk (%), azk (sx)) is an o(1) perturbation of one of the following
five types:

2u1,0), (0,2u12), Qw1 +wp2),2m2),  Cuy, 2(wr +wp2)), Qg+ 22, 201 +212).
On 0B(0, 1), for each i either

ub(x) +2log |x| > —-C, |x| =1,
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for some C > 0 or
ué‘(x) +2log|x| < —(2+8)log|x|+dblogdr, |x|= 1, (5-6)
for some & > 0. If (5-6) holds for some i, then
ol (w) = o(1), 2ui +o(1) or 2p1 422+ o(1).
Moreover, there exists at least one ig such that (5-6) holds for i = iy.
Similarly, for bubbles away from the origin we have:

Proposition 5.2. Suppose (1-2), (1-3), (1-5) and (1-6) hold for uk, hf and y;. The matrix A equals Aj;.
Let Xk € Zk \ {O}, ‘L_'k = %dist(xk, Zk \ {O, xk}) and

3 1 k
Sk =exp(—5 max - u; (x)).
x€BO )

Then, for all s; € (0, T), if
uf(x)-i—Zlog |x —xp| < =Ny forall |x —xp|=s, i=1,2,

for some N — oo, then ((1/27[) fB(Xk’Sk) h'fe”f, (1/2m) fB(Xk’Sk) hée“lﬁ) is an o(1) perturbation of one of
the following five types:
2,0, 0,2, 249, 42, 4.

On 0B (xy, T¢), for each i either
uk(x) +2log 7y = —C forall x € dB(xy, T)

or

ui-‘(x) <—(2+93)logt; +dlog Sk forall x € dB(xg, T¢). (5-7)

If (5-7) holds for some i, then (1/2m) fB(Xk 20 hi.‘e”f iso(l),2+o0(1) or 44 o(1). Moreover, there exists
at least one io such that (5-7) holds for iy.

We shall only prove Proposition 5.1, as the proof for Proposition 5.2 is similar.

Proof of Proposition 5.1. Let vf‘ be defined by (5-2). Since we only need to consider a partially blown-up

k 2

situation, without loss of generality we assume v} converges to v; in CIOC(IRZ) and v'z‘ tends to —oo over

any compact subset of R%. The equation for v; is
Avy + 21|y =0 in R?, / hily|*e” < oo,
R2
where iy = limy_, oo h’l‘ (0). By the classification result of [Prajapat and Tarantello 2001] we have

2/ haly e = 8y
RZ
and
vi(y) =—4uloglyl+0(1), |y|>1.
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Thus we can find Ry — oo (without loss of generality, Ry = o( l)thk_I) such that
1 k 2pk of
5= @)yl e™ =2u1 +o(1),
21 Br,
ie., of (8 Rk) =2p1 +o0(1), and

/ RS ly P et = o(1).

Bg,
For r > Ry, recall that

1 k ok
of (ur) = 5 / B @)y P e dy;
B,

then we have

d () = —20F (8kr) +a§(3kr)
dr
P 20%(8
4 gkry =2 (O =203 B oy
dr r
Clearly we have
d _x d _
Ri—v1(Ry) = —4ur +o(l), Rr——v5(Ry) =21 +o(1). (5-8)

dr dr

The following lemma says that as long as both components stay well below the harmonic function
—2log|y| (i.e., both of them are fast decay components), there is no essential change on the energy for
either component:

Lemma 5.3. Suppose Ly € (Ry, ©d; h satisfies
vi +2yf loglyl < —2loglyl = Ni,  Re<lyl<Li, i=1.2, (5-9)

for some N — o0, then
ol (8kRe) = of (8L +o(1), i=1,2.

Proof of Lemma 5.3. We aim to prove that aik does not change much from §; Ry to & Lx. Suppose this is
not the case; then there exists i such that ol.k (8xLy) > oik (8x Ry) + 6 for some 6 > 0. Let Li€e (Ry, Ly) be
such that

m?g(ai" (BkLy) —oF Bk Ry)) =€ for i=1,2, (5-10)
=1,

where € > 0 is sufficiently small. Then, for vf,

_Ul()— 4(1+V1)+€§_2(1+V1)+6. 5-11)

r r

It is easy to see from Lemma 2.4 that

/ P et = o),
Bik\BRk
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which is o (8 Li) = oF (8¢ Ry) + o(1). Indeed, by Lemma 2.4,
f yPiet = 0(1) e’ = o(1).
Br, \Bg, Br, \Bg,

The second equality above is because, by (5-11),
ﬁ]f(r) +2y1k logr < —Np —2log Ry + (—2 — %e) logr, Ry <r<Lg.
Thus aé‘(Skik) = oé‘(SkRk) + €. However, since (5-9) holds, by Remark 3.6 we have
Jim (o (8 Li). 05 (8 Li)) €T
The two points on I' that have the first component equal to 21 are (2u1, 0) and (21, 2(pq + p2)). Thus
(5-10) is impossible. Lemma 5.3 is established. O
From Lemma 5.3 and (5-8) we see that, for r > Ry, either
vE(») + 2y} loglyl < —2log |yl — Ni, Re<lyl<us;', i=1,2, (5-12)
or there exists Ly € (R, ‘L'kék_l) such that
() +2y5 log L = —2log Ly = C, |yl =L, (5-13)
for some C > 0, while, for Ry < |y| < Lg,
i) +2yf loglyl < —Q2+8)loglyl, Re <yl < Li, (5-14)

for some § > 0. Indeed, from (5-8) we see that if the energy has to change, aé‘ has to change first. L can
be chosen so that 02" (8 L) — 02" (81 Ry) = € for some € > 0 small.

Lemma 5.4. Suppose there exist Ly > Ry such that (5-13) and (5-14) hold. For Ly, we assume
L, = o(l)rkék_]. Then there exist f,k such that Z,k/Lk — 00 and f,k = o(l)rk(Sk_l still holds. For
ly| = Ly, we have

M +2(0+yHloglyl < =N, Iyl=Li, i=1,2, (5-15)
for some Ny — oo. In particular,

Vi) +2(1+7{ +18)logy| <0, |yl =Ls, (5-16)
of BeLi) =21 +o(1), oy (SkLr) =2p142u2+o(1). (5-17)

Remark 5.5. The statement of Lemma 5.4 can be understood as follows: Suppose, starting from 9By,
aé‘ starts to change because (5-13) holds. Then, from L to Ly, alk does not change much and v’l‘ is still
far below —2(1 + y]") log |y|, but v’z‘ has changed from decaying slowly (which is (5-13)) to a fast decay
(the i = 2 part of (5-16)). In other words, as cré‘ changes from L; to Ly, v'z‘ changes from slow decay to
fast decay but v’l‘ still has fast decay in the meanwhile. The change of 02" has influenced the derivative
of 1_)’1‘, but has not made alk change much because o*zk changes too fast from L; to Ly.
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Proof of Lemma 5.4. First we observe that, by Lemma 5.3, the energy does not change if both components
satisfy (5-12). Thus we can assume that 02" (8x Ly) < € for some € > 0 small. Consequently,

—4(1 2
gy < ZHIEM A2 gy
dr r
Now we claim that there exists N > 1 such that
o (§k(LikN)) = 2+ y1 + 2 +o(1). (5-18)
If this is not true, we would have €; > 0 and ﬁ’k — o0 such that
o (5 RiLy) <241 +y2 — €. (5-19)

On the other hand, Ry can be chosen to tend to infinity slowly, so that, by Lemma 2.4 and (5-14),
Vi) +2(1+ ) log |yl < —38loglyl, Lk < Iyl < Rely. (5-20)

Clearly (5-20) implies olk(ékLk) = alk(c‘iklékLk) + o(1). Thus, by (5-19),

—2-2 2
if)g(r) > v2+eo/ ‘

ar (5-21)

Using (5-21) and
() = (=2 =2y log[y|+ O(1), Iyl =Ly,
we see easily that

ko k
/ ; |y e — oo,
BO. ReLi)\B(O. L)

a contradiction to (1-6). Therefore (5-18) holds.
By Lemma 2.4,

vF(y) 4+ 210g(NLy) = 05 (NLy) +2log(NLy) + 0(1), |y|=NL;, i=1,2.
Thus we have
I (NLY) < (=2 =2yf — 38) log(N Ly),
U5 (NLi) = (=2 —2y3) log(N Ly) — C.

Consequently,
O3 (N +1DLi) = (=2 =2py) log Ly = C

leads to
1

2 K okga
27 h&)Iy172 e dy = 24+ y1 + 12+ €
B(0,(N+1)Ly)

for some €y > 0. Going back to the equation for 17’2‘ , we have

gk < —

242y + €
dr ’

r=(N+1Ly.
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Therefore we can find Iék — o0 such that RkLk = o(l)rk(Sk_1 and

vs(y) < (=2—2y5 —€p) log |yl — Nk, |yl = RLy,

Vi () < (=2 —2yf — 18) log |yl L <1yl < ReLy.
Obviously,
of Sk RiLy) = of (8 Ly) +o(1) = of (8x Ry) +0(1) = 2(1 + 1) +o(1).

By computing the Pohozaev identity on Ry Ly, we have
05 (S RiLi) =21 4 2p2 + o(1).
Letting f,k = RkL x> we have proved Lemma 5.4. U

To finish the proof of Proposition 5.1, we need to consider the region Ly < Iyl <wd, Vif Ly = o), !
(in which case l~,k can be made to be o(l)rkSk_I), or L, = O(I)Tk3k_1. First we consider the region
ik <|yl < tk(Sk_l when I:k = 0(1)tk8k_1. It is easy to verify that

2y1 =2 1 -
iz‘;’f(r):— Yi V2+0()’ r—ip
dr r r
d _x 6+2y1+4y+0(1) ~
——V,(r) = — , r=Lg.
dr r
The second equation above implies
d i 2ur+4 =
EUZ(F) S - P ’ r= Lk’

for some § > 0. So 02" (r) does not change for r > Ly unless alk changes. By the same argument as before,
either v’l‘ rises to —2log|y|+ O(1) on |y| = rkék_l, or there is ﬁk = o(l)rkfﬁk_l such that

oF(SkLy) =21 +2u2+o0(1), i=1,2.
Since this is the energy of a fully bubbling system, we have in this case both
v () = —Qui+dloglyl. Iyl=us . i=12

for some § > 0.
IfL;,= O(I)Tk8k_l, it is easy to use Lemma 2.4 to see that one component is —2(1 + yl.k) log |y|4+ O(1)
and the other component has the fast decay. Proposition 5.1 is established. U

6. Combination of bubbling areas

The following definition plays an important role:

Definition 6.1. Let Q; = { p]f, e p’;} be a subset of X such that Q; has more than one point in it and
i\ Qr = 8. Oy is called a group if:
(1) dist(p, p%) ~ dist(pf. pf).

where pf, plj‘., pf , pf are any points in Qy such that pf * p’J‘. and pf * pf .
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(2) For any py € % \ Oy, dist(p}, ph)/dist(py, pr) — 0 for all pf, ph € Qi with pf # pf.

Proof of Theorem 1.2. Let 2t;, be the distance between 0 and X \ {0}. For each z; € £; N3 B(0, 21), if
dist(zx, X \ {zk}) ~ ., let Go be the group that contains the origin. On the other hand, if there exists
7 € 9B(0, 21;) such that 7/ dist(z, Xx \ ;) — 00, we let Gy be 0 itself. By the definition of a group,
all members of G are in B(0, Nt;) for some N independent of k. Let

Uf()’) = Mf(rky)+210gtk, ly| < ‘[k_l.

Then we have
2

k —
AVEG) + ) aijht (riy)e'tY = dmyfso, Iyl <t (6-1)
j=1
Let0, Q1, ..., O, be the images of members of G after the scaling from y to 7z y. Then all Q; € By.

By Proposition 5.1 and Proposition 5.2, at least one component decays fast on d B;. Without loss of
generality, we assume

v]f < —N; on 9B

for some N, — o0, and
of (m) = o(1), 21 +0(1) or 2u1 422 +o(1),

Specifically, if 78, I < C, then crlk () = o(1). Otherwise, olk (t) is equal to one of the two other
cases mentioned above. By Lemma 2.4, v’l‘ <—Ny+ConaldB(Q; 1) (t=1,...,m); therefore, by

Proposition 5.2,
1

— W (e et =2m +o(l), t=1,....m,
27 /o)

where, for each ¢, m; =0, 1 or 2. Let 27, L be the distance from O to the nearest group other than Gy.
Then L, — oco. By Lemma 2.4 and the proof of Lemma 3.2, we can find I:k < Ly, I:k — 00, such that
most of the energy of v’f in B(0, Ly) is contributed by bubbles and v'zc decays faster than —2log L on
dB(0, Ly):

1

k
o= . h]f(O)evl =2m+4o(1), 2u; +2m+o(1) or 2(uy 4+ w2) +2m+o(1) (6-2)
(0.Ly)

for some nonnegative integer m, and
vlz‘(y)—l—ZlogI:k — —00, |y] :Zk. (6-3)
Then we evaluate the Pohozaev identity on B(0, ik). Since (6-3) holds, by Remark 3.6 we have

kli)n;o(alk(tkl:k), Uf(fkik)) el

Moreover, by (6-2) we see that limg_, oo (alk (T L 1) ozk (T L x)) € X because the limit point is the intersection
between the line o = limy_, o alk(rk ik) and I'.
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The Pohozaev identity for (alk(rkik), aé‘ (rkik)) can be written as
of (L) Qo (v L) — o (e Li) — 41) + oh (L) QoX (tiLy) — of (e Ly) — 4pa) = o(1).
Thus either
201 (v Ly) — ok (e Ly) > 4y + o(1) (6-4)
or
205 (v Ly) — of (e Li) > 4pa + o(1).

Moreover, if
20f (eLi) — 03 (eLy) = 21 +o(1) and 205 (nlp) —of (wLr) = 22+ o(D),

then, by the proof of Theorem 4.3,

/ Chket =o0(1), i=1,2,

By \tilk

for any /; — 0. In this case we have

o; = lim of (e Ly), i=1,2,

k— 00

and Theorem 1.2 is proved in this case.
Thus, without loss of generality, we assume that (6-4) holds. From the equation for u’f , this means that,
for some § > 0,

- = ~ d - —-2-6 ~
u'f(rkLk) < —2log(tyLg) — Ng, Eu’f(r) < P r=r1Lg. (6-5)

The property above implies, by the proof of Proposition 5.1, that, as r grows from Ly to T¢ Ly, the
following three situations may occur:

Case one. Both uff satisfy, for some N, — oo, that
uk(x) +2log|x| < =Ny, wli<|x|<wuli, i=1,2.
In this case,
of (veLy) = of (e Li) +o(1), i=1,2.
So, on dB(0, i Ly), u’f is still a fast decaying component.
Case two. There exist L1 and Ly € (Ek, L) such that
us(x) = —2log(wlix) =C, |x|=uLix,
uf (x) < —2log(teLok) — Nk, |x|=1xLok, i=1,2, (6-6)

and
of(tLy) = of (v Lag) +o(1). (6-7)
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Since (6-6) holds, by Remark 3.6 we have (limg_, o olk (teLok), limg o oo aé‘ (txL2.x)) € I'. Then we further
observe that, since (6-7) holds, limk_mo(olk (teLok), 02" (txL2.k)) € X, because this point is obtained by in-
tersecting I" with o1 = limy_, oo af(rk Ly). In other words, the new point limk_wo(alk (txL2.x), azk(rkLz,k))
is on the upper right part of the old point limk%oo(of(tklik), 02" (rkik)).

Case three. u’é(x) > —2logt Ly —C, |x| =1Ly,

for some C > 0 and 0¥ (txLy) = of (teLy) + o(1). This means that dB(0, 74 Ly), u* is still the fast
decaying component.

If the second case above happens, the relationship between 01" and aé‘ on B(0, te L) \ B(O, e Lo k) is
the same as discussed before. In any case, on d B(0, t; L) at least one of the two components has fast
decay and has its energy equal to a corresponding component of a point in 3. For any group not equal to
Gy, it is easy to see that the fast decay component has its energy equal to 0, 2 or 4. The combination
of bubbles for groups is very similar to the combination of bubbling disks as we have done before. For
example, let Gg, G1, ..., G; be groups in B(0, €;) for some €; — 0. Suppose the distances between any
two of Gy, ..., G; are comparable and

dist(G;, Gj) =o(l)e, forall i, j=0,...,t, i#].

Also we require (Ek \ (Uf’:o Gl-)) N B(0, 2¢x) = &. Let €1 = dist(Go, G1); then all Gy, ..., G, are
in B(0, Ne;j ;) for some N > 0. Without loss of generality let u’l‘ be a fast decaying component on
dB(0, Nej i). Then we have

of(Neyy) = of (mLy) +2m +o(1),

where m is a nonnegative integer because, by Lemma 2.4, u’f is also a fast decaying component
for Gy, ..., G;. Moreover, by Proposition 5.2, the energy of u'l‘ nG,(s=1,...,t)iso(1),2+o0(1) or
4+40(1). If ug also has fast decay on 0 B(0, Ne€j k), then limkﬁoo(alk(Nel,k), o{‘(NeLk)) € X because
this is a point of intersection between I and o] = limy_, o alk(tk Li)+2m. If

ub(x) > —2log Nej — C, |x| = Nejy,
then, as before, we can find €3 ; in (N€] g, €¢) such that, for some Ny — oo,

uf(x) +2logess < —Ni,  Ixl=e3x, i=1,2,
and
k _ k
o1 (Nepx) = oy (€34).
Thus we have

lim (of (€34), 05 (€34)) € T,
k— 00

because this point is the intersection between I" and o] = limy_, oo o]" (Nerg).
The last possibility on B(0, €;) \ B(0, €1) is

of(ex) = of (Nex) +o(1)
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and
ub(x) +2loger > —C, |x| =&

In this case, u’l‘ is the fast decaying component on d B(0, €).

Such a procedure can be applied to include groups further away from Gy. Since we have only finitely
many blowup disks this procedure only needs to be applied finitely many times. Finally, let sy — 0 be
such that

o; = lim lim of(s;), i=1,2,
k— 00 5;,—0

and, for some N, — 00,
uk(x) +2logsy < —Ni,  |x|=s, i=12.

Then we see that (o, 03) € X. Theorem 1.2 is established. O

Acknowledgements

Part of the paper was finished when Zhang was visiting Chinese University of Hong Kong in April, May
and December in 2012, and Taida Institute of Mathematical Sciences (TIMS) in June 2012. He would
like to thank both institutes for their warm hospitality and generous financial support. The research of
Wei is partially supported by NSERC of Canada. The authors are grateful to the anonymous referee for
scrutinizing the whole paper.

References

[Bartolucci and Malchiodi 2013] D. Bartolucci and A. Malchiodi, “An improved geometric inequality via vanishing moments,
with applications to singular Liouville equations”, Comm. Math. Phys. 322:2 (2013), 415-452. MR 3077921 Zbl 1276.58005

[Bartolucci and Tarantello 2002a] D. Bartolucci and G. Tarantello, “The Liouville equation with singular data: a concentration-
compactness principle via a local representation formula”, J. Differential Equations 185:1 (2002), 161-180. MR 2003h:35063
7Zbl 1247.35032

[Bartolucci and Tarantello 2002b] D. Bartolucci and G. Tarantello, “Liouville type equations with singular data and their
applications to periodic multivortices for the electroweak theory”, Comm. Math. Phys. 229:1 (2002), 3-47. MR 2003e:58026
Zbl 1009.58011

[Bartolucci et al. 2004] D. Bartolucci, C.-C. Chen, C.-S. Lin, and G. Tarantello, “Profile of blow-up solutions to mean
field equations with singular data”, Comm. Partial Differential Equations 29:7-8 (2004), 1241-1265. MR 2005i:58022
7Zbl 1062.35146

[Battaglia and Malchiodi 2014] L. Battaglia and A. Malchiodi, “A Moser—Trudinger inequality for the singular Toda system”,
Bull. Inst. Math., Acad. Sin. (N.S.) 9:1 (2014), 1-23. MR 3234966 Zbl 1295.35372

[Bennet 1934] W. H. Bennet, “Magnetically self-focusing streams”, Phys. Rev. 45 (1934), 890-897.

[Bolton and Woodward 1997] J. Bolton and L. M. Woodward, “Some geometrical aspects of the 2-dimensional Toda equations”,
pp. 69-81 in Geometry, topology and physics (Campinas, 1996), edited by B. N. Apanasov et al., de Gruyter, Berlin, 1997.
MR 98m:58049 Zbl 0911.58019

[Bolton et al. 1988] J. Bolton, G. R. Jensen, M. Rigoli, and L. M. Woodward, “On conformal minimal immersions of 52 into
CP"”, Math. Ann. 279:4 (1988), 599-620. MR 88m:53110 Zbl 0642.53063

[Calabi 1953] E. Calabi, “Isometric imbedding of complex manifolds”, Ann. of Math. (2) 58 (1953), 1-23. MR 15,160c
7Zbl 0051.13103


http://dx.doi.org/10.1007/s00220-013-1731-0
http://dx.doi.org/10.1007/s00220-013-1731-0
http://msp.org/idx/mr/3077921
http://msp.org/idx/zbl/1276.58005
http://dx.doi.org/10.1006/jdeq.2001.4159
http://dx.doi.org/10.1006/jdeq.2001.4159
http://msp.org/idx/mr/2003h:35063
http://msp.org/idx/zbl/1247.35032
http://dx.doi.org/10.1007/s002200200664
http://dx.doi.org/10.1007/s002200200664
http://msp.org/idx/mr/2003e:58026
http://msp.org/idx/zbl/1009.58011
http://dx.doi.org/10.1081/PDE-200033739
http://dx.doi.org/10.1081/PDE-200033739
http://msp.org/idx/mr/2005i:58022
http://msp.org/idx/zbl/1062.35146
http://msp.org/idx/mr/3234966
http://msp.org/idx/zbl/1295.35372
http://dx.doi.org/10.1103/PhysRev.45.890
http://msp.org/idx/mr/98m:58049
http://msp.org/idx/zbl/0911.58019
http://dx.doi.org/10.1007/BF01458531
http://dx.doi.org/10.1007/BF01458531
http://msp.org/idx/mr/88m:53110
http://msp.org/idx/zbl/0642.53063
http://dx.doi.org/10.2307/1969817
http://msp.org/idx/mr/15,160c
http://msp.org/idx/zbl/0051.13103

836 CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

[Chanillo and Kiessling 1995] S. Chanillo and M. K.-H. Kiessling, “Conformally invariant systems of nonlinear PDE of Liouville
type”, Geom. Funct. Anal. 5:6 (1995), 924-947. MR 96j:35052 Zbl 0858.35035

[Chen and Li 1991] W. X. Chen and C. Li, “Classification of solutions of some nonlinear elliptic equations”, Duke Math. J. 63:3
(1991), 615-622. MR 93e:35009 Zbl 0768.35025

[Chen and Li 1993] W. X. Chen and C. Li, “Qualitative properties of solutions to some nonlinear elliptic equations in R2”, Duke
Math. J. 71:2 (1993), 427-439. MR 94{:35046 Zbl 0923.35055

[Chen and Lin 1998] C.-C. Chen and C.-S. Lin, “Estimate of the conformal scalar curvature equation via the method of moving
planes, II”, J. Differential Geom. 49:1 (1998), 115-178. MR 2000h:35045 Zbl 0961.35047

[Chen and Lin 2002] C.-C. Chen and C.-S. Lin, “Sharp estimates for solutions of multi-bubbles in compact Riemann surfaces”,
Comm. Pure Appl. Math. 55:6 (2002), 728-771. MR 2003d:53056 Zbl 1040.53046

[Chen and Lin 2003] C.-C. Chen and C.-S. Lin, “Topological degree for a mean field equation on Riemann surfaces”, Comm.
Pure Appl. Math. 56:12 (2003), 1667-1727. MR 2004h:35065 Zbl 1032.58010

[Chern and Wolfson 1987] S. S. Chern and J. G. Wolfson, “Harmonic maps of the two-sphere into a complex Grassmann
manifold, II”, Ann. of Math. (2) 125:2 (1987), 301-335. MR 882:58038 Zbl 0627.58017

[Childress and Percus 1981] S. Childress and J. K. Percus, “Nonlinear aspects of chemotaxis”, Math. Biosci. 56:3-4 (1981),
217-237. MR 83d:92019 Zbl 0481.92010

[Chipot et al. 1997] M. Chipot, I. Shafrir, and G. Wolansky, “On the solutions of Liouville systems”, J. Differential Equations
140:1 (1997), 59-105. MR 98j:35053 Zbl 0902.35039

[Debye and Huckel 1923] P. Debye and E. Huckel, “Zur Theorie der Electrolyte, II: Das Grengzgesetz fiir die elektrische
Leitfahigkeit”, Phys. Zft. 24:10 (1923), 305-325.

[Doliwa 1997] A. Doliwa, “Holomorphic curves and Toda systems”, Lett. Math. Phys. 39:1 (1997), 21-32. MR 98a:58047
Zbl 0869.35089

[Dunne 1995] G. Dunne, Self-dual Chern—Simons theories, Lecture Notes in Physics Monographs 36, Springer, Berlin, 1995.
Zbl 0834.58001

[Dunne et al. 1991] G. V. Dunne, R. Jackiw, S.-Y. Pi, and C. A. Trugenberger, “Self-dual Chern—Simons solitons and two-
dimensional nonlinear equations”, Phys. Rev. D (3) 43:4 (1991), 1332-1345. MR 92g:81120

[Ganoulis et al. 1982] N. Ganoulis, P. Goddard, and D. Olive, “Self-dual monopoles and Toda molecules”, Nuclear Phys. B
205:4 (1982), 601-636. MR 84c:81045

[Guest 1997] M. A. Guest, Harmonic maps, loop groups, and integrable systems, London Mathematical Society Student Texts
38, Cambridge University Press, Cambridge, 1997. MR 99¢:58036 Zbl 0898.58010

[Jost et al. 2006] J. Jost, C. Lin, and G. Wang, “Analytic aspects of the Toda system, II: Bubbling behavior and existence of
solutions”, Comm. Pure Appl. Math. 59:4 (2006), 526-558. MR 2007h:35099 Zbl 1207.35140

[Keller and Segel 1971] E. F. Keller and L. A. Segel, “Traveling bands of Chemotactic Bacteria: A theoretical analysis”, J. Theor.
Biol. 30:2 (1971), 235-248. Zbl 1170.92308

[Kiessling and Lebowitz 1994] M. K.-H. Kiessling and J. L. Lebowitz, “Dissipative stationary plasmas: kinetic modeling,
Bennett’s pinch and generalizations”, Phys. Plasmas 1:6 (1994), 1841-1849. MR 95a:82111

[Leznov 1980] A. N. Leznov, “On complete integrability of a nonlinear system of partial differential equations in two-dimensional
space”, Teoret. Mat. Fiz. 42:3 (1980), 343-349. In Russian; translated in Theor. Math. Phys. 42 (1980), 224-229. MR 82e:58047
Zbl 0426.35028

[Leznov and Saveliev 1992] A. N. Leznov and M. V. Saveliev, Group-theoretical methods for integration of nonlinear dynamical
systems, Progress in Physics 15, Birkhduser, Basel, 1992. MR 93d:58194 Zbl 0746.58004

[Li 1995] Y. Y. Li, “Prescribing scalar curvature on S” and related problems, 17, J. Differential Equations 120:2 (1995), 319-410.
MR 98b:53031 Zbl 0827.53039

[Li 1999] Y. Y. Li, “Harnack type inequality: the method of moving planes”, Comm. Math. Phys. 200:2 (1999), 421-444.
MR 2000c:58024 Zbl 0928.35057

[Lin and Zhang 2010] C.-S. Lin and L. Zhang, “Profile of bubbling solutions to a Liouville system”, Ann. Inst. H. Poincaré Anal.
Non Linéaire 27:1 (2010), 117-143. MR 2011a:35118 Zbl 1182.35107


http://dx.doi.org/10.1007/BF01902215
http://dx.doi.org/10.1007/BF01902215
http://msp.org/idx/mr/96j:35052
http://msp.org/idx/zbl/0858.35035
http://dx.doi.org/10.1215/S0012-7094-91-06325-8
http://msp.org/idx/mr/93e:35009
http://msp.org/idx/zbl/0768.35025
http://dx.doi.org/10.1215/S0012-7094-93-07117-7
http://msp.org/idx/mr/94f:35046
http://msp.org/idx/zbl/0923.35055
http://projecteuclid.org/euclid.jdg/1214460938
http://projecteuclid.org/euclid.jdg/1214460938
http://msp.org/idx/mr/2000h:35045
http://msp.org/idx/zbl/0961.35047
http://dx.doi.org/10.1002/cpa.3014
http://msp.org/idx/mr/2003d:53056
http://msp.org/idx/zbl/1040.53046
http://dx.doi.org/10.1002/cpa.10107
http://msp.org/idx/mr/2004h:35065
http://msp.org/idx/zbl/1032.58010
http://dx.doi.org/10.2307/1971312
http://dx.doi.org/10.2307/1971312
http://msp.org/idx/mr/88g:58038
http://msp.org/idx/zbl/0627.58017
http://dx.doi.org/10.1016/0025-5564(81)90055-9
http://msp.org/idx/mr/83d:92019
http://msp.org/idx/zbl/0481.92010
http://dx.doi.org/10.1006/jdeq.1997.3316
http://msp.org/idx/mr/98j:35053
http://msp.org/idx/zbl/0902.35039
http://dx.doi.org/10.1007/s11005-997-1032-7
http://msp.org/idx/mr/98a:58047
http://msp.org/idx/zbl/0869.35089
http://dx.doi.org/10.1007/978-3-540-44777-1
http://msp.org/idx/zbl/0834.58001
http://dx.doi.org/10.1103/PhysRevD.43.1332
http://dx.doi.org/10.1103/PhysRevD.43.1332
http://msp.org/idx/mr/92g:81120
http://dx.doi.org/10.1016/0550-3213(82)90080-3
http://msp.org/idx/mr/84c:81045
http://dx.doi.org/10.1017/CBO9781139174848
http://msp.org/idx/mr/99g:58036
http://msp.org/idx/zbl/0898.58010
http://dx.doi.org/10.1002/cpa.20099
http://dx.doi.org/10.1002/cpa.20099
http://msp.org/idx/mr/2007h:35099
http://msp.org/idx/zbl/1207.35140
http://dx.doi.org/10.1016/0022-5193(71)90051-8
http://msp.org/idx/zbl/1170.92308
http://dx.doi.org/10.1063/1.870639
http://dx.doi.org/10.1063/1.870639
http://msp.org/idx/mr/95a:82111
http://dx.doi.org/10.1007/BF01018624
http://msp.org/idx/mr/82e:58047
http://msp.org/idx/zbl/0426.35028
http://dx.doi.org/10.1007/978-3-0348-8638-3
http://dx.doi.org/10.1007/978-3-0348-8638-3
http://msp.org/idx/mr/93d:58194
http://msp.org/idx/zbl/0746.58004
http://dx.doi.org/10.1006/jdeq.1995.1115
http://msp.org/idx/mr/98b:53031
http://msp.org/idx/zbl/0827.53039
http://dx.doi.org/10.1007/s002200050536
http://msp.org/idx/mr/2000c:58024
http://msp.org/idx/zbl/0928.35057
http://dx.doi.org/10.1016/j.anihpc.2009.09.001
http://msp.org/idx/mr/2011a:35118
http://msp.org/idx/zbl/1182.35107

CLASSIFICATION OF BLOWUP LIMITS FOR SU(3) SINGULAR TODA SYSTEMS 837

[Lin and Zhang 2011] C.-S. Lin and L. Zhang, “A topological degree counting for some Liouville systems of mean field type”,
Comm. Pure Appl. Math. 64:4 (2011), 556-590. MR 2012d:35388 Zbl 1214.58008

[Lin et al. 2012a] C.-S. Lin, J. Wei, and D. Ye, “Classification and nondegeneracy of SU(n + 1) Toda system with singular
sources”, Invent. Math. 190:1 (2012), 169-207. MR 2969276 Zbl 1258.35089

[Lin et al. 2012b] C.-S. Lin, J. Wei, and C. Zhao, “Sharp estimates for fully bubbling solutions of a SU(3) Toda system”, Geom.
Funct. Anal. 22:6 (2012), 1591-1635. MR 3000499 Zbl 1271.30017

[Malchiodi and Ndiaye 2007] A. Malchiodi and C. B. Ndiaye, “Some existence results for the Toda system on closed surfaces”,
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 18:4 (2007), 391-412. MR 2008h:35064
Zbl 1148.35021

[Malchiodi and Ruiz 2013] A. Malchiodi and D. Ruiz, “A variational analysis of the Toda system on compact surfaces”, Comm.
Pure Appl. Math. 66:3 (2013), 332-371. MR 3008227 Zbl 1275.35095

[Mansfield 1982] P. Mansfield, “Solution of Toda systems”, Nuclear Phys. B 208:2 (1982), 277-300. MR 85¢:58145

[Mock 1975] M. S. Mock, “Asymptotic behavior of solutions of transport equations for semiconductor devices”, J. Math. Anal.
Appl. 49 (1975), 215-225. MR 50 #7857 Zbl 0298.35033

[Musso et al. 2015] M. Musso, A. Pistoia, and J. Wei, “New concentration phenomena for SU(3) Toda system”, preprint, 2015.

[Nolasco and Tarantello 1999] M. Nolasco and G. Tarantello, “Double vortex condensates in the Chern—Simons—Higgs theory”,
Calc. Var. Partial Differential Equations 9:1 (1999), 31-94. MR 2001e:58022 Zbl 0951.58030

[Nolasco and Tarantello 2000] M. Nolasco and G. Tarantello, “Vortex condensates for the SU(3) Chern—Simons theory”, Comm.
Math. Phys. 213:3 (2000), 599-639. MR 2001j:58025 Zbl 0998.81047

[Prajapat and Tarantello 2001] J. Prajapat and G. Tarantello, “On a class of elliptic problems in R2: symmetry and uniqueness
results”, Proc. Roy. Soc. Edinburgh Sect. A 131:4 (2001), 967-985. MR 2002j:35108 Zbl 1009.35018

[Schoen 1988] R. Schoen, “Topics in differential geometry”, lecture notes, Stanford University, 1988.

[Yang 1997] Y. Yang, “The relativistic non-abelian Chern—Simons equations”, Comm. Math. Phys. 186:1 (1997), 199-218.
MR 98h:58047 Zbl 0874.58093

[Yang 2001] Y. Yang, Solitons in field theory and nonlinear analysis, Springer, New York, 2001. MR 2002m:58001 Zbl 0982.
35003
Received 24 Apr 2014. Revised 21 Jan 2015. Accepted 6 Mar 2015.

CHANG-SHOU LIN: cslin@math.ntu.edu.tw
Department of Mathematics, Taida Institute of Mathematical Sciences, National Taiwan University, Taipei 106, Taiwan

JUN-CHENG WEI: jcwei@math.ubc.ca

Department of Mathematics, University of British Columbia, Vancouver B.C, Canada V6T 172,
and

Department of Mathematics, Chinese University of Hong Kong, Shatin, Hong Kong

LEI ZHANG: leizhang@ufl.edu
Department of Mathematics, University of Florida, 358 Little Hall P.O. Box 118105, Gainesville, FL 32611-8105, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1002/cpa.20355
http://msp.org/idx/mr/2012d:35388
http://msp.org/idx/zbl/1214.58008
http://dx.doi.org/10.1007/s00222-012-0378-3
http://dx.doi.org/10.1007/s00222-012-0378-3
http://msp.org/idx/mr/2969276
http://msp.org/idx/zbl/1258.35089
http://dx.doi.org/10.1007/s00039-012-0193-4
http://msp.org/idx/mr/3000499
http://msp.org/idx/zbl/1271.30017
http://dx.doi.org/10.4171/RLM/504
http://msp.org/idx/mr/2008h:35064
http://msp.org/idx/zbl/1148.35021
http://dx.doi.org/10.1002/cpa.21433
http://msp.org/idx/mr/3008227
http://msp.org/idx/zbl/1275.35095
http://dx.doi.org/10.1016/0550-3213(82)90118-3
http://msp.org/idx/mr/85e:58145
http://dx.doi.org/10.1016/0022-247X(75)90172-9
http://msp.org/idx/mr/50:7857
http://msp.org/idx/zbl/0298.35033
http://dx.doi.org/10.1007/s005260050132
http://msp.org/idx/mr/2001e:58022
http://msp.org/idx/zbl/0951.58030
http://dx.doi.org/10.1007/s002200000252
http://msp.org/idx/mr/2001j:58025
http://msp.org/idx/zbl/0998.81047
http://dx.doi.org/10.1017/S0308210500001219
http://dx.doi.org/10.1017/S0308210500001219
http://msp.org/idx/mr/2002j:35108
http://msp.org/idx/zbl/1009.35018
http://dx.doi.org/10.1007/BF02885678
http://msp.org/idx/mr/98h:58047
http://msp.org/idx/zbl/0874.58093
http://dx.doi.org/10.1007/978-1-4757-6548-9
http://msp.org/idx/mr/2002m:58001
http://msp.org/idx/zbl/0982.35003
http://msp.org/idx/zbl/0982.35003
mailto:cslin@math.ntu.edu.tw
mailto:jcwei@math.ubc.ca
mailto:leizhang@ufl.edu
http://msp.org




ANALYSIS AND PDE
Vol. 8, No. 4, 2015

dx.doi.org/10.2140/apde.2015.8.839

RICCI FLOW ON SURFACES WITH CONIC SINGULARITIES

RAFE MAZZEO, YANIR A. RUBINSTEIN AND NATASA SESUM

We establish short-time existence of the Ricci flow on surfaces with a finite number of conic points,
all with cone angle between 0 and 27, with cone angles remaining fixed or changing in some smooth
prescribed way. For the angle-preserving flow we prove long-time existence; if the angles satisfy the
Troyanov condition, this flow converges exponentially to the unique constant-curvature metric with these
cone angles; if this condition fails, the conformal factor blows up at precisely one point. These geometric
results rely on a new refined regularity theorem for solutions of linear parabolic equations on manifolds
with conic singularities. This is proved using methods from geometric microlocal analysis, which is the
main novelty of this article.
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1. Introduction

This article studies the local and global properties of Ricci flow on compact surfaces with conic singularities.
This is a natural continuation of various efforts, including recent work of Mazzeo and Sesum, to develop a
comprehensive understanding of Ricci flow in two dimensions in various natural geometries. This work is
also partly motivated by extensive recent efforts in higher-dimensional complex geometry toward finding
Kihler—Einstein edge metrics with prescribed cone angle along a divisor, as approached by Mazzeo and
Rubinstein using a stationary (continuity) method with features suggested by the Ricci flow, together with
geometric microlocal techniques. A final motivation is the Hamilton-Tian conjecture, stipulating that
Kihler—Ricci flow on Fano manifolds should converge in a suitable sense to a Kidhler—Ricci soliton with
mild singularities; we make some progress toward the analogue of this conjecture in our setting.

We investigate here the dynamical problem of Ricci flow on a Riemann surface (M, J), with conic
singularities at a specified k-tuple of points p, where the cone angle at p; is 278;. Our main theorems
provide optimal regularity for flow in this setting for cone angle smaller than 27r. We state these results,
deferring explanation of the notations and terminology until later in the introduction and the next section.
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Keywords: Ricci flow, conic singularities, heat kernels.
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Theorem 1.1. Consider a set of conic data (M, J, p, ,5) with all B; € (0, 1), and let g be a CZ’)/ conic
metric compatible with this data (this regularity class is defined in Section 3B) with curvature K¢, € Cl?’y.
If B;(@) : [0, 0] = (0, 1) is a k-tuple of C* functions with B;(0) = B;, then there exists a solution g(t)
of (2-1) defined on some interval 0 <t < T <ty with conic singularities at the points p; with cone angle
2 B;(t) at time t. Fort > 0, g(t) is smooth away from the p; and polyhomogeneous at these conic points,
and satisfies lim;\ o g(t) = go.

The special case of this theorem when B;(¢) = B;(0) is called the angle-preserving flow and is the
two-dimensional case of a recent short-time existence result for the Yamabe flow with edge singularities
by [Bahuaud and Vertman 2014]; the methods developed here to obtain the necessary bounds for the
linear parabolic problem are somewhat more flexible than theirs and yield stronger estimates.

The key step in the proof of this short-time existence result is a new regularity statement for the
linearized parabolic equation. This regularity is one of the main new technical contributions of this article.

Theorem 1.2. Let B € (0, 1). Suppose that (0; — Ag — VIu = f,u(0,-) =¢, where g, V, ¢ € C,(,)’y(M)
and f lies in the parabolic regularity space CZ v/ 2(M X [0, T)). Then, near each conic point,

u=ao(t) +r"P(a(t) cos y +an(t) siny) + O(r?), (1-1)

where ay, a;j(t) € C'*Y/2([0, T)). When g, V, f and ¢ are all polyhomogeneous, then the solution u is
polyhomogeneous on [0, T) x M. If B > 1, a similar expansion holds but there exist additional terms of

order r® (log r)* with 8 € (1/8, 2).

This refined regularity for solutions of singular parabolic equations seems to be new and requires some
delicate analysis that is mostly contained in Propositions 3.6 and 3.9. We expect this type of estimate
should be a standard tool in problems where such equations arise; see [Gell-Redman 2011] for a recent
application.

We go beyond this short-time existence result only for the angle-preserving flow. Theorem 1.2 allows
us to directly adapt Hamilton’s method to get long-time existence of the normalized flow. Convergence,
however, is more subtle. As we explain below, there is a set of linear inequalities (2-14), discovered by
Troyanov, which is known to be necessary and sufficient for the existence of constant-curvature metrics
with this prescribed conic data (for cone angles less than 27).

Theorem 1.3. Let g(t) be the angle-preserving solution of the normalized Ricci flow from Theorem 1.1.
Then g(t) exists for allt > 0. If x(M) <0, or if x(M) > 0 and (2-14) holds, then g(t) converges
exponentially to the unique constant-curvature metric compatible with this conic data.

In the remaining cases we have two parallel results.

Theorem 1.4. Let g(t) be the angle-preserving solution of the normalized Ricci flow, as above. Suppose
that x (M) > 0 and (2-14) fails.

o Define Y (t) to be the t-dependent diffeomorphism generated by the vector field V f(t), where
Af(t) = Rg) — p (where p is the average of R). Then g(t) := y*g(t) satisfies 3g(t)/dt = 2/i(t),
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where [i is the tensor defined by (5-1) with respect to the metric g(t), and we prove that
. A2 WASEERT 2 _
Jim /M (Ol dA®) = lim /M () dA) =0.
Furthermore, the vector field X = VR + RV f satisfies

lim 5 1X (015 dA@) =0.
e Returning to the unmodified normalized Ricci flow, and writing g(t) = u(t, - ) go, the conformal factor
u blows up at precisely one point g € M.

The significance of the tensor p and the vector field X, is that they both vanish on a Ricci soliton. It
would be very interesting to connect the two different conclusions of this theorem.

Remark 1.5. It should be possible to show that there is a #-dependent family of conformal dilations F (¢)
fixing the point of blowup of u(¢), and such that F(r)*g(r) converges (on every compact set K C S%\ p) to
an eternal solution of normalized Ricci flow. One would hope to prove that the family of metrics F'(¢)*g(¢)
converges to a soliton metric, but, unfortunately, this does not seem to be possible with the present methods.
It would also be quite interesting to identify the unique point of blowup of u(¢); the natural conjecture
is that this blowup occurs at the unique conic point p; € p where the Troyanov condition fails.

We learned only in November 2014 of [Phong et al. 2014], where this conjecture is verified. The proof
uses the machinery developed in the recent proof of the Yau—Tian—Donaldson conjecture.

Our goals are, first, to provide a clear and direct analytic treatment of the short-time existence for
this problem, thus circumventing the approximation methods of [Yin 2010], and, second, to establish
convergence to a constant-curvature metric when the Troyanov condition holds. This generalizes [Yin
2013], where only the negative case is handled. We assume throughout that all cone angles lie between
0 and 27. As explained below, this restriction has significant geometric and analytical ramifications.
The regularity theorem accounts for a substantial amount of the analysis here, and is one of our new
innovations. Our methods provide a new approach for obtaining estimates for heat operators on conic
spaces on the naturally associated Holder spaces.

This article is organized as follows. In Section 2 we review some basic facts regarding the two-
dimensional Ricci flow. The heart of the article, Section 3, develops the linear parabolic edge theory on
Riemann surfaces. In particular, Sections 3A-3E review the relevant elliptic theory, based on the methods
of [Mazzeo 1991; Jeffres et al. 2014], but emphasizing the simplifications that occur in this dimension com-
pared to [Jeffres et al. 2014]. Building on this, Section 3F develops the corresponding parabolic regularity
theory. Short-time existence, Theorem 1.1, is proved in Section 3G, while Section 3H contains Theorem 1.2
on the asymptotic expansion for solutions and the further results on higher regularity. The long-time exis-
tence of the flow is a fairly easy consequence of all of this and appears in Section 3J. The convergence result
in the Troyanov regime is the subject of Section 4, while in Section 5 we study the complementary regime.
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2. Preliminaries on Ricci flow
The normalized Ricci flow equation on surfaces is

9g(t) = (p—R(,-))g(), (2-1

where R is the scalar curvature function of the metric g(¢) and p is the (time-independent!) average of the
scalar curvature. For this choice of p, the area A(M, g(t)) remains constant in time. This flow preserves
the conformal class of g(#), so (2-1) can be written as a scalar equation for the conformal factor: if gg is
the metric at t = 0 and g(¢) = u(z, - )go, then (2-1) is equivalent to

ou = Aglogu — Rgy + pu, u(0)=1. (2-2)
This is the fundamental equation studied in this article.

2A. Miscellaneous formulae. In two dimensions, Ric(g) = %R g, where R is the scalar curvature, so
Ricci flow coincides with the Yamabe flow, and both are given by (2-1). This flow preserves the conformal
class of the metric, and so can be written as a scalar parabolic equation. Indeed, if g = e? g, then the
scalar curvatures of these two metrics satisfy

Ao — Ro+ Re? =0, (2-3)

so, with u = e?, (2-1) is equivalent to (2-2). (The reader should note that the conformal factor is often
written ¢ elsewhere, but this is compensated for here by the fact that R =2K.)

If go is any metric with finite Holder regularity and isolated conic points, then its conformal class [go]
admits a representative go which is smooth on all of M. We can even assume that g¢ is exactly Euclidean
in a ball around each p;. Fix any such metric, then choose a conformal factor ¢g € C*°(M \ {p1, ..., pr})
which equals (8; — 1) log r in Euclidean coordinates near each p;. The metric gy = 2% g, is then smooth
away from each p; and has the exact conic form d r2 4 ,sz.rz dy? near p ;- Finally, write the metric go, the
initial condition for the Ricci flow, as upgp. This encodes the finite regularity entirely in the conformal
factor. Using this regular background conic metric g allows for some technical simplifications in the
presentation below. Henceforth we relabel gy as gg, and then consider the initial value problem (2-2)
with u(0) = uo, assuming that go is C** on M \ {p1, ..., px} and exactly conic near each p;.

We record some other useful formulae. First, using (2-3) in (2-2) with ¢ = % logu gives

u=(p—Ru < 9 logu=p—R. (2-4)

Another formulation of the equations for the angle-fixing flow includes a distributional contribution from
the cone points:

dilogu=p—R+2m Y (1= )5y,

This conforms with a standard presentation in higher dimensions, but we primarily work with the
equations (2-2) without the extra delta summands. Denoting the area form for g(¢) by d A, then

d
dA=(p—R)dA. (2-5)



RICCI FLOW ON SURFACES WITH CONIC SINGULARITIES 843

Consequently, the area A() := [, u dA satisfies

d S
d_A(t)Z/ (p—R)dAA =pA(t) —4m x (M, B),
t M

so, if we now fix _
_ M. By 26)
A(0)
then A(¢) = A(0) for all 7.
Note that, by (2-4), uniform bounds on R(#) imply bounds and (at least subsequential) convergence for
logu(t) ast /' co. This means we can focus on the curvature function rather than the conformal factor.

Differentiating (2-3), assuming that g(¢) is a solution of (2-1) on some interval 0 < ¢ < 7', we obtain
R=AghR+R(R—p). 2-7)

When M is compact and smooth, (2-7) implies that the minimum of R is nondecreasing in ¢. Indeed,
Rnmin(t) :=infy; R(q, t) satisfies

d
ERmin = Rmin(Rmin - p)-

Since Ry, (t) is only Lipschitz, the term on the left is defined as the limit infimum of the forward
difference quotient of R, (7). Since p is the average of R, Rnin < p; hence, if p <0, then the right-hand
side is nonnegative, and the claim about Ry, being nondecreasing holds. If p > 0, then, choosing r (¢) so
that dr(t)/dt =r(t)(r(t) — p), r(0) = Rnin(0), a similar argument applied to the difference Ry, — 7 (%)
leads to the same conclusion.

Estimating Ry« is more difficult, especially when R > 0, and we discuss this later.

2B. Conic singularities. In two dimensions, there are two equivalent ways to describe conic singularities.
The first is conformal: using a local holomorphic coordinate, we can write

g =e*|z|*2dz)?, (2-8)

where B > 0 and ¢ is a bounded function (with regularity to be specified later); the second is the polar
coordinate model

g= dr* + rzh(r, y)zdyz, y € Szlﬂ, 2-9)

where £ is a strictly positive function with #(0, y) = 8, again with regularity to be specified later. The
equivalence between these two representations, at least in the model case where ¢ =0 and h =1, is
exhibited by writing |dz|* = dp* + p*dy?, y € S} = R/2nZ, and setting r = pP /B, since then

dr = pP7ldp = g =e*(dr* + p*r’dy?).

The fact that more general conic metrics can be written in either of these two forms is considered
in [Troyanov 1991]. We refer also to [Jeffres et al. 2014, §2.1] for a thorough discussion of this
correspondence. Consequently, if g has a conic singularity at p, then the underlying conformal class [g]
extends smoothly across p, or, in other words, the conformal class [ g] determined by a conic metric contains
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a representative which is smooth across the conic points. (This holds for isolated conic singularities only
in two dimensions, or, more generally, for nonisolated “edge” singularities in complex codimension one.)
It is also convenient to use
a=p8-1,

and we refer to either « or 8 as the cone angle parameter, hopefully without causing confusion. We focus
in this article exclusively on surfaces with conic singularities for which the equivalent conditions

2rB€(0,27), Be@0,1), ae(-1,0) (2-10)

hold. There are good reasons for this restriction: for such cone angles, the uniformization results are
definitive, and, in addition, conic surfaces with cone angles in this range have certain favourable geometric
and analytic properties which are very helpful, and perhaps crucial, in certain parts of the analysis below.
Related issues appear in [Jeffres et al. 2014].

2C. Uniformization of conical Riemann surfaces. Fix a smooth compact surface M, along with a
conformal, or, equivalently, a complex structure J. Denote by p = {p1, ..., px} C M a collection of
k distinct points, and let ,5 ={B1, ..., Br} € (0, DX be a corresponding set of cone angle parameters. As
above, write o; = B; — 1. The conic Euler characteristic associated to this data is the number

k k
XM, By=x(M)+> aj=x(M)+)> B;—k. (2-11)
j=1 j=1
In the higher-dimensional language of [Jeffres et al. 2014], this is the twisted anticanonical class of
the pair (M, > (11— ﬁ;)pi), ie, —Ky — > (1 — B:)pi, where Kp; = T1%*M denotes the class of the
canonical divisor of M.
The uniformization problem asks for the existence of a conic metric g compatible with the complex
structure J with cone parameters 8; at p; and with constant curvature away from these conic points.
This can also be phrased in terms of the distributional equation

Ry =27 ) (1— ;)8 ), = const. (2-12)

Indeed, in conformal coordinates, R, = —A, log y up to a constant factor, where g = V=lydz;®dz =
V—1y|dz)?, and the Poincaré—Lelong formula asserts that —A, log |z| is a multiple of the delta function
at {z = 0} (this can be seen by excising a small neighbourhood near the cone point and using Stokes’
formula). Then (2-12) follows, since, for a conic metric, y = |z|>#~2F near a cone point, with F bounded.

A consequence of this formulation is the Gauss—Bonnet theorem in this setting: if g is any metric with
this conic data, then

2 x (M, B) :/ K, dA,. (2-13)
M

Therefore, if a constant-curvature metric with this conic data exists, then the sign of its curvature K,
agrees with the sign of x (M) + ) _ «;. Note that, because of (2-10), this sign can be positive only when
M = S§? (or RP?2, but for simplicity we always work in the oriented case).
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The next theorem combines results of McOwen [1988; 1993] and Troyanov [Troyanov 1991] (the
existence), Luo and Tian [1992] (uniqueness and nonexistence), and Jeffres, Mazzeo and Rubinstein
[Jeffres et al. 2014] (higher regularity).

Theorem 2.1. Let (M, J, p, ,E) be as above. Then there exists a conic metric with constant curvature
associated to the data (J, p, ,é) if and only if either x (M, E) <0, in which case {B;} € (0, DX can be
arbitrary, or else x (M, B) > 0and, foreach j =1, ...k,

k
aj > Za,- or, equivalently, 2o > Zot,-. (2-14)
i#j i=1
This metric, when it exists, is unique, except when x (M, ,g) =0, in which case it is unique up to a constant
positive multiple, or when M = S* and there are no more than two conic singularities, in which case it is
unique up to Mobius transformations which fix the cone points. Finally, the metric is polyhomogeneous
with a complete asymptotic expansion of the form

Njk

g~ ( 2. Za,-m)rf*"/ﬂ(logr)‘)|z|213—2|dz|2

k>0 =0

The existence and regularity statements here were recently generalized to any dimension in [Jeffres
et al. 2014, Theorems 1 and 2]; in that setting, the Troyanov condition is replaced by the coercivity of the
twisted Mabuchi K-energy functional. Following [Ross and Thomas 2011], these conditions can also be
reinterpreted as saying that the twisted Futaki invariant of the pair (M s> (1=Bp) pi) is nonnegative, or,
equivalently, that this pair is logarithmically K-stable. The generalization of the uniqueness part of this
result to higher dimensions has been accomplished by Berndtsson [2015]. Nonexistence when coercivity
fails can be easily deduced from [Jeffres et al. 2014] together with work of Berman [2013]. We also
remark that Berman’s work gave a new proof of Troyanov’s original results. We refer to [Rubinstein
2014] for a survey of the results mentioned in this paragraph and further references.

The rather curious linear inequalities (2-14) were discovered by Troyanov [1991, Theorem 5], and
we refer to them henceforth as the Troyanov conditions. As just noted, they guarantee coercivity in the
variational approach to this problem, which is key to proving existence, and which plays a key role in our
considerations about the flow below. This coercivity is automatic when x (M) < 0, where simpler barrier
methods suffice [McOwen 1988].

We also remark that, if k£ > 2, then (2-14) can fail for no more than one value of j. Indeed, if these
inequalities fail for two distinct index values j, j’, which we may as well take as j = 1 and j’ = 2, then

k k k
w<mt+Y o m<a+y o = 0<) a,
j=3 j=3 j=3

which is impossible since all the «; are negative.
We discuss the cases k =1, 2 separately. Using that a constant-curvature metric is rotationally symmetric
near each conic point, we see that there can be no constant-curvature metric with only one conic point,
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while, if there are precisely two conic points, then the surface is globally rotationally symmetric, the cone
angles are equal and the metric is the standard suspension dr2 + B2sin’r dy?, 0 <r <. When k <2
and no constant-curvature metrics exist, there are well-known soliton metrics: the teardrop (k = 1 and
any B € (0, 1)) and the (American) football (k =2 and any pair 0 < 8; < B, < 1). These can be obtained
by ODEs methods; see [Hamilton 1988; Yin 2010; Ramos 2013]; Ramos’s paper gives a particularly
complete and incisive analysis.

The variational approach has recently been extended considerably through the work of Malchiodi et al.
to allow angles bigger than 27, even when coercivity fails; see, e.g., [Bartolucci et al. 2011; Carlotto and
Malchiodi 2012]. Our regularity result, Theorem 1.2, holds for such angles, but our proofs of long-time
existence and convergence do not carry over to that angle regime.

2D. Optimal regularity. We have already identified the central role of the refined regularity in Theorem 1.2.
This result considerably sharpens the linear estimates proved by Jeffres and Loya [2003]. At the technical
level, that paper establishes control on two “b-derivatives”, i.e., with respect to the vector fields 79, and 9,
which vanish at the cone points, which imply only that 8,u = O ("), for example. Our Theorem 1.2 shows
that both 9,u and r'=1/#3,u are bounded. It also parallels the recent result [Jeffres et al. 2014, Proposi-
tion 3.3], which concerns the corresponding elliptic Poisson equation Agu = f for the Laplacian of a Kéhler
edge metric g (generalizing the conic metrics considered here). This result in the elliptic case for smooth
(or polyhomogeneous) edge metrics and with data lying in Sobolev spaces appears in [Mazzeo 1991].
These refined regularity statements represent basic phenomena associated to elliptic and parabolic edge
operators. The fact that “singular” terms with noninteger exponents appear in solutions goes back to the
work of Kondratiev and his school in the 1960s. However, since the methods and the particular choice of
function spaces used here are less well known to geometric analysts, we pause to make some additional
remarks. One key fact is that, even for the model (exact conic) case, if Agu = f is Holder continuous
with respect to the metric g (i.e., defining Holder seminorms using the distance determined by g), then it
is not the case — unlike in the smooth setting — that all second derivatives of u are even bounded, let
alone Holder continuous. A basic example of this is the harmonic function u = Re z = r!/# cos y, since,
if % < B <1, then 3%u ~ r'/=2 blows up as r — 0. The optimal regularity is that [,u]g.0,1/5-1 < 00,
where
[v(z) —v(Z)]

Wlsoy =Sy 2y

The results described above show that the phenomena in these examples provide the only mechanism
through which control of second derivatives is lost. They also show that, if 8 (O, %] (the easier “orbifold
regime”), one has full control on the Hessian, since 1/8 > 2. One can obtain a slightly weaker statement
using classical methods; see [Donaldson 2012]. As shown here, and in line with [Jeffres et al. 2014], one
can go further by taking advantage of a detailed description of the structure of the Green function and
heat kernel. Thus, we use here the so-called b-Hélder spaces c’g”, which are defined using the slightly
different seminorms

(@) —v@)Ir +r)”

dy(z, 7)Y

[v]p;0,y = sup

9’
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where r = r(z) and r’ = r(z’) are the g-distances of these respective points to the nearest conic points.

As already noted, [Bahuaud and Vertman 2014] contains a result similar to Theorem 1.1 for the
higher-dimensional Yamabe flow for metrics with edges, while, as announced in [Mazzeo and Rubinstein
2012], direct analogues of Theorems 1.1 and 1.2 for the higher-dimensional Kihler—Ricci edge flow will
appear in [Mazzeo and Rubinstein > 2015].

2E. Historical remarks. The survey [Isenberg et al. 2011] provides a fairly recent account of what is
known about Ricci flow on various classes of smooth surfaces, both compact and noncompact. The survey
[Rubinstein 2014] reviews results on geometry and analysis related to Kéhler edge metrics, including the
special case of conic metrics on Riemann surfaces. The Ricci flow on conic surfaces presents several new
challenges, some geometric and some analytic. For example, the uniformization problem in this setting
is obstructed, in the sense that it is not always possible to find metrics of constant curvature in a given
conformal class with certain prescribed cone angles. In addition, the flow starting at an initial singular
surface is not uniquely defined: there are solutions which immediately smooth out the cone points [Simon
2002; Ramos 2011], and others which immediately become complete and send the cone points to infinity
[Giesen and Topping 2010; 2011]. The solutions studied here, by contrast, either preserve the cone angles
or allow them to change in some prescribed, smoothly varying manner. Our methods are drawn from
geometric microlocal analysis, and are continuations of the elliptic methods used in [Jeffres et al. 2014;
Mazzeo and Rubinstein 2012; > 2015] to study the existence problem for Kihler—Einstein edge metrics.
These provide very detailed information about the asymptotic behaviour of solutions near the conic points.
Indeed, we have already noted that Theorem 1.2, concerning a regularity and asymptotics theorem for
solutions of linear heat equations on manifolds with conic singularities, is a key ingredient, and should be
useful elsewhere too.

The angle-preserving flow for Riemann surfaces with conic singularities was previously studied by
Yin [2010]; his approach provides few details about the geometric nature of the solution and does not
yield precise analytic or geometric control of the solution for positive time. More recently, in [Yin
2013], he establishes long-time existence of the normalized Ricci flow for conic surfaces, and proves
convergence to a constant-curvature metric when the conic Euler characteristic (see Section 2C for the
definition) is negative. However, he only establishes smooth convergence away from the conic points,
and does not describe the precise limiting behaviour near these conic points. There is other work on
this problem by Ramos, contained in his thesis but not yet released (see, however, [Ramos 2011; 2013]).
Another related paper is [Bahuaud and Vertman 2014], which proves a short-time existence result for
the Yamabe flow on higher-dimensional manifolds with edge singularities. Their methods are not far
from the ones here, but our approach to regularity theory developed is simpler in many regards. Recently,
Chen and Wang [2013] use quite different ideas to study the Kihler—Ricci flow on Kihler manifolds with
edges.

We also mention the work of Rochon [2014], where a “propagation of polyhomogeneity” result is
proved in the spirit of Theorem 1.2 but in the complete asymptotically hyperbolic setting; see also Albin,
Aldana and Rochon [Albin et al. 2013], and also [Rochon and Zhang 2012] concerning a similar result in
higher dimensions.
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Finally, we make some remarks about the history of these results and of this particular work. The
initial draft of this paper was completed in the Fall of 2011, though the work on it had started a few
years before, and this material has been presented at conferences since then and announced in the survey
article [Isenberg et al. 2011]. The appearance of this final draft was held up by other commitments of
the authors, as well as our efforts to obtain the most incisive results possible. We now comment on the
relationship between this work and other recent papers. These recent works include Yin’s original [2010]
paper and his very recent follow-up [2013]; these certainly have substantial overlap with the present work,
although our more detailed treatment of the linear and nonlinear regularity theory should be useful in
further and more refined investigations of this problem. In addition, some time ago we were informed
that D. Ramos had obtained results on this problem, relying on the short-time existence results in [Yin
2010]. His work was done independently of ours and has many points of overlap as well, though we have
not seen details beyond what is contained in [Ramos 2011; 2013]. We acknowledge some very interesting
and helpful conversations with him, clarifying his work, shortly before this paper was initially posted.
Finally, we mention the very recent paper by Chen and Wang [2013], which has made substantial inroads
into the higher-dimensional Kihler—Ricci flow in the presence of edge singularities using rather different
methods that do not give higher regularity, and the announcement of Tian and Zhang [2013] concerning
the Hamilton—Tian conjecture in the smooth setting in dimension three.

3. Linear estimates and existence of the flow

We now review some of the basic theory of the Laplacian and its associated heat operator on manifolds
with conic singularities. For brevity, we focus entirely on the two-dimensional case. The main part of this
section is an extension of standard parabolic regularity estimates to this conic setting; the main goal is a
refined regularity result which is necessary for understanding our particular geometric problem. These
estimates also lead directly to a proof of short-time existence.

3A. Elliptic operators on conic manifolds. Let g be a metric on a compact two-dimensional surface M
with a finite number of conic singularities; in fact, to simplify the discussion below, assume that there is
only one conic point, p. Write g = e? g, where go is smooth and exactly conic near p. We now study some
analytic properties of the operator A, + V, where g and V have some specified Holder regularity. Since

D+ Vu=(e?(Ag+e?VIu=f = (Ag+e*VIu=ef,

we may as well replace g by gy and the potential V by ¢?V, and hence it suffices to study operators of
the form A, + V, where g is smooth and exactly conic, and V satisfies an appropriate Holder condition.

We use tools from geometric microlocal analysis to study elliptic operators on surfaces with cone
points. As references for these results, see the monograph by Melrose [1993] and the articles of Mazzeo
[1991], Gil, Krainer and Mendoza [Gil et al. 2006], and [Jeffres et al. 2014, §3 ] for a more extended
expository review. This approach takes advantage of the approximate homogeneity of the Laplacian of a
conic metric of the cone point, as well as the resulting approximate homogeneity of the Schwartz kernels
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of the corresponding Green functions. The strategy is to use these to obtain refined mapping properties of
the operator, as well as regularity properties of its solutions.

In much of the following, it is convenient to replace the conic manifold M with a manifold with
boundary M which is obtained by blowing up the conic point. This blowup procedure (which is described
in more generality below) corresponds to introducing polar coordinates (r, y) around the conic point p
and then replacing p by the circle {(0, y)} = {0} x S at r = 0. The space M is then given the smallest
smooth structure for which these polar coordinate functions give a smooth chart.

3B. Function spaces. We first introduce various function spaces used later. The key to all these definitions
is that it is advantageous to base them on differentiations with respect to the elements of Vb(]\71 ), the
space of all smooth vector fields on M which are unconstrained in the interior but tangent to the boundary.
In local coordinates, any element of this space is a linear combination, with C°°(]\71 ) coefficients, of the
vector fields 70, and 9. Natural differential operators are built out of these; for example, the Laplacian
of an exactly conic metric with cone angle 278 takes the form

Ag=r72((rd,)* + B205)

near p, where y € Szlﬂ. In other words, up to the factor » 2, this is an elliptic combination (sum of
squares) of the basis elements of V.
Now define

CE(M) ={u: V- VoueC'(M) forall £ <k and V; € Vy(M))}.

Because these spaces are based on differentiating by elements of V), observe that C’lj contains functions
like 751 (y), where ¥ € C*¥(S') and Re¢ > 0. We also use the corresponding family of h-Holder
spaces C£+5(A7I). The space C,‘j(]\7[) consists of functions ¢ such that ||@||p.s := sup @] + [@lp.s < 00,
where this Holder seminorm is the ordinary one away from dM, while, in a neighbourhood U = {r < 2},

(@los0=  sup lp(r,y) — (', y)|(r +71)°
U ety I PP Gy — P

Observe that, if we decompose U/ into a union of overlapping dyadic annuli, | J,., A¢, where each
Ag={(r,y): 271 <r <271} then this seminorm (for functions supported in Uf) is equivalent to the
supremum over £ of the Holder seminorm on each annulus,

[Pls.u ~ sup (15,4, (3-D

Said differently, the seminorm can be computed assuming % <r/r’ <2. To verify this, simply note that,

if (r, y) € Ag and (r', y') € Ay with |[£ —¢'| > 2, then
r=r
7]

90, 0) =S¢ V) +r)
=Pty —yp = P

’

so that
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with C independent of ¢ and ¢'.

We also let C’,f“s (1\~4 ) consist of the space of ¢ such that V;--- V¢ € C;f (1\71 ) for all £ < k, and where
V; € V(M) for every j; finally, define rCk T2 (M) = {¢p = r" ¢ : ¢ € CKT2(M)).

The intersection of all these spaces, (), C’g (]\7 ), is the space of conormal functions, denoted by A(M ).
It contains the very useful subspace of polyhomogeneous functions, Aphg. By definition, Appe consists of
all conormal functions which admit asymptotic expansions of the form

N;j
o~ Y > $ie(ridogr).

Rey; /o0 £=0

Note that the conormality condition requires that each coefficient ¢; ¢ lies in C*°(S 1). As an important
special case, C*® (1\71 ) C Aphg(i[ ), since smoothness corresponds to demanding that the exponents in
the expansion above are all nonnegative integers, i.e., y; = j and N; = 0 for all j > 0. Finally, define
AY(M) = A(M) N L™ and A% (M) = Apng (M) N L®(M).

A metric g is CL‘J“S, conormal, polyhomogeneous or smooth if g = ugg, where the background metric
go is smooth and exactly conic, and where the function u satisfies any one of these regularity conditions.

3C. Mapping properties. Suppose that L = A, + V, where both g and V are polyhomogeneous (and V
is real-valued). There is a canonical self-adjoint realization of this operator, which we still denote by L,
defined via the Friedrichs construction associated to the quadratic form f [Vul> = V0ul>dA ¢ and core
domain C;°(M \ {p}). It is well known that the Friedrichs domain of L obtained from this construction
is compactly contained in L2, so this operator has discrete spectrum. We let G denote its generalized
inverse. As an operator on Lz(ﬂ ), this satisfies

AgoG=GoA,=Id—TI, (3-2)

where I1 is the orthogonal projector onto the nullspace of L. Thus IT has finite rank, and a basic regularity
theorem in the subject (see the references cited earlier) states that, if g and V are polyhomogeneous,
then the range of I1, which is the nullspace of L, lies in App,. When V =0, we have rank(IT) = 1 and
IT projects onto the constant functions. We regard each of these integral operators as corresponding to
a Schwartz kernel, which is an element of D'(M x M). The “integration”, or distributional pairing, is
taken with respect to the density dA,. In local coordinates this equals r dr dy; the reader should note
that this is not the standard b-density » ~! dr dy that is commonly used in setting up the b-calculus. The
differences are minor and notational only.

In this subsection we apply the theory of b-pseudodifterential operators to describe the fine structure of
the Schwartz kernel of G. There are many reasons for wanting to know this structure, beyond the simplest
statement that G is bounded on L?. One example is that, once we know the pointwise structure of this
Schwartz kernel, we can show that G and I1 are bounded operators acting between certain weighted
b-Holder spaces. Since the equality of operators (3-2) remains true on these spaces as well, we deduce
that the operator L is Fredholm between these weighted Holder spaces as well as just on L? or Sobolev
spaces. This is very helpful when studying nonlinear problems.
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We are primarily interested in the mapping

L:CI (M) —> C)(M). (3-3)

This is unbounded because, for a general u € C§+‘S, it need only be true that Ayu € r_2C2. Thus the

domain of (3-3) is
DY(L):={ueC(M): Lu= f eCh(M)}, (3-4)

which we call the Friedrichs—Holder domain of L. This space is independent of the potential V. Indeed,
ifu e DY(L), then Agqu= f—VueCl,soueD)(A,). Note finally that D} (A,) is complete with respect
to the Banach norm

g = llell ey + I Agulley.
An essentially tautological characterization of this space is that
DYL)={u=Gf+w: feC and weker LNC; ). (3-5)
However, there is an even more explicit characterization of this space:
Proposition 3.1. Suppose that L = Ay + V with g, V € C3, and u € D)(L) satisfies Lu = f € C)(M).

Then
u=agp+ (ajjcosy—+ap siny)rl/ﬁ +u,

where ag, a1, ayp are constants and i € rZCl%J”S. (Note that the middle term on the right can be absorbed
into ii if B < 1)

To explain the relevance of the terms in this expansion, recall that, using the exactly conic structure
of g near the conic points, we have that, if y € R and ¢ € C*(S"), then

Agr?d(y) = (B20" () +y*¢()r' ™2 and Vr¥é(y) = O@7).

Thus, in terms of its formal action on Taylor series, A is the principal part. The operator A, has special
locally defined solutions r//# (a j1¢c08(jy) +ajzsin(jy)), and the terms in the statement of this result are
simply those special solutions with exponent less than 2.

The L? version of this proposition is a special case of Theorem 7.14 in [Mazzeo 1991], and it is not
hard to deduce the corresponding statement in these b-Holder spaces from that. We sketch a direct proof
below in Section 3E.

Remark 3.2. The higher-dimensional version of this decomposition for solutions of Schrédinger-type
equations on manifolds with edges plays a crucial role in [Jeffres et al. 2014].

3D. Structure of the generalized inverse. We now describe the detailed structure of G. First recall the
definition of conormal and polyhomogeneous distributions. We say that u is conormal of order y on M,
written u € A”(A?), if Vi---Vou € r”L* for every £ > 0 and all V; € V,(M). Such a u is smooth
away from the conic points. Next, let E be an index set, i.e., a discrete subset {(y;, p;j)} C C x Ny such
that there are only finitely many pairs with y; lying in any half-plane Re z < C. We also assume that
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(yj, pj) € E implies that (y; + ¢, p;) € E for every £ € N. We then say that « is polyhomogeneous with
index set E, written u € AE (M), if u € A” (M) and

phg
w~ Y > aj(y)r’idogr),

(vj,pj)EEL<p;

where each aj; € C*°(S 1. Similarly, if X is any manifold with corners, then we can define the space of
polyhomogeneous functions on X; these have the same type of asymptotic expansion at all boundary
faces and product-type expansions at the corners of X.

The reason for introducing polyhomogeneity is that the Schwartz kernel G is polyhomogeneous, not
on (]\7[ )2, but rather on a certain manifold with corners (1\7 )i which is obtained by blowing up (1\71 )2
along the codimension two corner (dM)?. This new space has three boundary hypersurfaces: two are
lifts of the faces 9M x M and M x M and called the left and right faces, If and rf, respectively, and
the third is the front face, ff, which is the one produced by the blowup. There is a natural blowdown
map b : (]\7[ )i — (1\71 )2, and the precise statement is that G = (b),. K, where K is polyhomogeneous
on (M )lz,, with an additional conormal singularity along the lifted diagonal in (M ),27.

There are several useful coordinate systems on (M )i. Using coordinates (r, y) near the boundary on the
first copy of M and an identical set (r’, y') on the second copy, this blowup is tantamount to introducing
the polar coordinates r = R cos @, r’ = R sin 6 and replacing the corner {r =’ = 0} by the hypersurface
{R=0, 6 €[0,/2]}. Thus If corresponds to 8 = /2, tf corresponds to 8 = 0, and the front face ff
corresponds to R = 0. The lifted diagonal is the submanifold {# = /4, y = y'}. If £ = (E}, Eyf) is a pair
of index sets, the first for If and the second for rf, then we say that a pseudodifferential operator A lies in
the space ¥, °°’r”s(1171 ) if the lift K 4 of its Schwartz kernel to (1\7[ ),2) lies in A;’h’sg((ﬂ ),%), where the initial
superscript 7 indicates that K4 = R" 72K "> where K', is C* up to the front face and is polyhomogeneous
at the side faces with index sets Ejf and E.r, respectively. Finally, A € \I—'Zl’r’g(M Yif K4 =R (K 1’4 +K X),
where the first term lies in W, °" € and K "+ is supported in a small neighbourhood of the lifted diagonal,
and in particular vanishes near If Urf, has a conormal singularity of pseudodifferential order m along
the lifted diagonal (so its Fourier transform on the fibres of the normal bundle to the lifted diagonal is a
symbol of order —2 + m), and is smoothly extendible across the front face. The reason for the slightly
odd normalization of the singularity along ff is to make the identity operator an element of \IJI?’O’@’@(M ).
Indeed, relative to the measure r'dr’dy’, the Schwartz kernel of Id is r =18 (r — r")8(y — y), and this lifts
to (M)} as R28(0 — 7 /4)8(y — y').

If g is a smooth conic metric and 8 ¢ Q, then the index set for the expansion of K¢ at 1b and rb is

E={(%+E,O):j, ¢eNo, (j, ) £ (0, 1)}.

This excluded element (0, 1) corresponds to requiring that the expansion not include the term logr. If 8
is rational, or if g is only polyhomogeneous, then we are able to state that the generalized inverse G lies
in lI!b_z’z’E,’E/(M) for some index set E’, which may contain extra terms, including log terms, high up in
the index set; however, the initial part of this index set (and hence the exponents in the initial part of the
expansion of any solution) up to order 2 remains the same. The fact that the index r in the general definition
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equals 2 for the particular kernel K¢ turns out to be very helpful. This correspond to precisely the order of
approximate homogeneity needed to compensate for the fact that the identity operator behaves like R~ at
the front face, and A is approximately homogeneous of order 2. The index sets of G at the left and right
faces are equal to one another because G is a symmetric operator. The fact that £ does not contain the term
(0, 1) is because G is the generalized inverse for the Friedrichs extension. It can also be verified by direct
calculation that, in fact, E does not contain the element (1, 0), for, if it did, then we could produce a poly-
homogeneous element u = G f in the Friedrichs domain which contains a term u; (y)r; this holds because
Agr = O(r~"). We refer to [Jeffres et al. 2014, §3 ] for a more careful description of all of these facts.
Let us say that A € \IJZ”’S is of nonnegative type if m <0, r > 0, all the terms (y, s) in the index sets
Eyr and Es are nonnegative and, if (0, s) lies in either index set, then s = 0. Proposition 3.27 in [Mazzeo

1991] implies that, if A is of nonnegative type, then A : Cg,s — Cg,a is a bounded mapping.

3E. Mapping properties, revisited. We are now ready for:

Proof of Proposition 3.1. Rewrite Lu = f as Agu = f —Vu := f € Cg. Let G denote the generalized
inverse of the Friedrichs extension of Ag, so thatu =G f —IMu; since I'Tu is a constant, we can concentrate
on the first term.

Decompose the Schwartz kernel of G into a sum G’ + G”, where G’ is supported in a small neighbour-
hood of the lifted diagonal of 1(715 (and hence vanishes near If Utf), and G” € Aphg(ﬂ 5); see Section 3F3,
where the parabolic version of this decomposition is described more carefully. Since G’ € ¥, 2299 e
can write G' = r2G’, where G’ € W, *0-2"7
u' e rZCl%J”S.

Turning now to u”, first observe that rd, and 9, lift to the left factor of (1\7 )[27 as smooth vector
fields on M 13 that are tangent to all boundaries. It follows that (ro,)’ Bf G’ e v, 22,00 £or all j, £ =0,
from which it follows that u” € A°(M). Moreover, the initial part of the expansion G — and hence
of G” — at rf takes the form Aor® 4 (A1; cos y + Ao sin y)r!'/? + O(r?), which means that the kernel
(rd, — B~1)(rd,) o G is not only of nonnegative type (and of pseudodifferential order —oo), but in fact

and hence is nonnegative. Since G fe C,%J”s, we obtain that

vanishes to order 2 at rf. Since G” already vanishes to this order at ff, we can remove a factor of 2, i.e.,
write (rd, — B~ )rd, o G” =r>G”, where G” is of nonnegative type and smoothing. This means that

(r3,)(rd, — p~"yu" e r2A(M).
Integrating in r gives that u” = ag(y) + a1 (y)r'/? +r2.A°. Finally, since A u” is bounded, we conclude
that ag is constant and a;(y) = ajj cos y + ayz sin y, as claimed. O
We conclude this discussion with the following application of Proposition 3.1 to our geometric problem.

Proposition 3.3. Let gy be a conic metric and suppose that its scalar curvature Ry, lies in Cg and,
in particular, is bounded near the conic points. If g = e®gq is another conformally related metric,
with ¢ € CEH, then R, € Cg if and only if

dp=co+r""Pciicosy+cpsiny)+¢, ¢e r2C§+‘S,

or, more succinctly, ¢ € Di (1\7 ).
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Proof. Apply the generalized inverse G for the Friedrichs extension of A to the curvature transformation
equation
1
Agyp = Ry — ERg€¢
to get
¢ =T¢ + G(Ry, — 1Ree™).

Suppose now that R, € C,f. The first term ¢ is just a constant, while, by Proposition 3.1, G (R 20— %Rg e2¢)
has an expansion up to order 2.
On the other hand, if ¢ has an expansion as in the statement of this proposition, then R, € Cg. ]

Remark 3.4. The results in 3A—3E are special cases of the ones in [Jeffres et al. 2014, §3], which are
proved for Kidhler manifolds of arbitrary dimension. We have presented this material in some detail since
the statements and proofs in the Riemann surface case are simpler than in higher dimensions, and also
because the discussion above sets the stage for the derivation of the parabolic estimates, which occupies
the remainder of this section.

3F. Parabolic Schauder estimates. We now turn to the parabolic problem, and in particular to the
analogue of Proposition 3.1.

Let (M, g) be a smooth exactly conic metric with cone angle 2w 8 < 27, and set L = Ag+V, where V
is polyhomogeneous; later we relax this to assume that V € Cg. We are interested in the homogeneous
and inhomogeneous problems

{(81—L)v=0, and {(8,—L)M=f, (3-6)
v(0,2) =¢(2), u(0,z)=0,
for which the solutions can be represented as
v(t,z) = f H(t,z,2)p(z) dAy (), (3-7)
M
t
u(t, z) =f/ H(t—1t,z,2)f(t,2)dt' dAg; (3-8)
0JM

here H is the heat kernel associated to L. In order to study the regularity properties of the solution u, we
describe a fine structure theorem for H, similar to the one for the Green function G above. This leads to
a definition of parabolic weighted Holder spaces, and finally a derivation of the estimates for solutions
in these spaces. As in the previous section, we work exclusively with the Friedrichs extension of the
Laplacian.

3F1. Structure of the heat kernel. Denote by gg the complete flat conic metric dr® + B*r? dy? and by
Apg its Laplacian. The first observation is that the model heat operator d; — Ag is homogeneous with
respect to the dilation (¢, r, y) (A2t Ar, ¥), A > 0, and hence, if Hg is the heat kernel associated to
(the Friedrichs realization of) Ag, then

ng(kzt, Ay, Ar Y = A_zng(t, ry,r',y). (3-9)
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In fact, there are explicit expressions:

o0

1 o
Hg(t,r,y,1r',y) = — Z(/ e_kthg/a()Lr)Jg/a()\r/)kdA) cosL(y —y")
=0 70
o0
1 r*+ (r)?) rr’ ,
Sexp( 0N 1 () cos ey — v,
;t < > tfal 5, ) cos =)

These expressions are better suited for studying the action of Hg on L? Sobolev spaces than weighted
Holder spaces, so, just as for the operator G earlier, we describe this model heat kernel, and then the true
heat kernel, using the language of blowups and polyhomogeneous distributions. This structure theory for
the Laplacian on a conic space appears in [Mooers 1999], with basic mapping properties later determined
by Jeffres and Loya [2003].

The function H (¢, z, 7’) is a distribution on R* x (]\7 )2, but the key point is that its lift to the “conic
heat space” (M )i is polyhomogeneous. This will be obvious for the model heat kernel Hg once we
define (M ),21 and, conversely, starting from the ansatz that this lift is polyhomogeneous, we can construct
(the lift of) H as a polyhomogeneous object by standard heat operator parametrix methods.

The conic heat space is defined, starting from R™ x (1\7 )2, through a sequence of blowups. The first
step is to blow up the corner r =’ =t = 0, with a parabolic homogeneity in the variable 7, and, following
that, to blow up the diagonal in (M)? at t = 0. The first blowup is tantamount to introducing the parabolic
spherical coordinates p > 0 and w = (wg, @1, @2) € Si = S2N(R*)3, where

toror
t+r2+@)? and w= (—2, -, —).
P p P
Thus p, w, vy, y" are nondegenerate local coordinates near the new face created by this first step. For the
second blowup we use the coordinates

71—z
R=Vit+lz=7?, 0= , 7,

where z is any interior coordinate system and z an identical chart on the second copy of M. This sequence

of blowups is summarized by the notation
M? = [R* x M?*; {0} x (9M)?, {dt}; {0} x diag;, {dt}].

This manifold with corners has five boundary faces (see Figure 1): the left and right faces If = {w, = 0}
and rf = {w; = 0}, which are the lifts of the faces ' =0 and r = 0, respectively; the front face ff = {p = 0};
the temporal diagonal td = { R = 0}, which covers the diagonal at + = 0, and bf, the original bottom face
at t = 0 away from the diagonal.

The construction in [Mooers 1999] shows that H is polyhomogeneous on (1\71 )% with index set
E={(j/B,0):j e Np} at the left and right faces; note that these are exactly the same as the index sets
for the Green function G at the corresponding faces. The kernel H vanishes to infinite order at bf, while
at td it has an expansion in powers of R, starting with R~ (in general, this is R~4™M™)_Finally, at ff it
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bf bf

Figure 1. The faces of the manifold with corners.

has an expansion in integer powers of p, beginning with p~!. The leading coefficient of the expansion at
this face is precisely the model heat kernel Hg.

3F2. Function spaces. We now describe a family of function spaces commonly used in parabolic problems.
We refer to [Lunardi 1995, Chapter 5] for a careful description of these (in the setting of interior and
standard boundary problems). In the definitions and discussion below, we first introduce a scale of fully
dilation-invariant spaces (jointly in the variables (¢, r)), where the parabolic estimates are obtained by
using scaling arguments to reduce to standard interior parabolic estimates. After that, we refine the
estimates to obtain the maximal expected regularity in .

First, for 0 < § < 2, define 6268/2([0, T] x ]\7) to consist of all u € C°([0, T'] x ]\7) for which
u(-,z) €C¥2([0, T)) forall z € M\ dM and

[160:0.5/2 := sup r°[u( -, 2)1s/2.[0.7] < OO; (3-10)
Z

by contrast, the standard Holder space in ¢, C%%/2([0, T] x M) is defined using the usual seminorm

[ulo,s/2 :=suplu(-, 2)]s/2,[0,7]
Z

(without the extra weight factor ). Next, spatial regularity is measured using the spaces
CrO([0, T1 x M) = {u € C°([0, T] x M) : u(t, -) € Co(M) forall 1 [0, T]},

where the norm is [|ul|p:s,0 = sup,||u(z, - )|lp.s. We still let 0 < § < 2, with the understanding that if 6 = 1
then this is the Zygmund space (so that interpolation arguments can be used). For simplicity below we
omit discussion of this special case. Taking intersections yields the two natural parabolic Holder spaces

Coo2([0, T1 x M) = (10, T1 x M) N ¢, (10, T x M), (3-11a)
o210, T1 x M) = 210, T1 x M) N ([0, T1 x #). (3-11b)
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Thus, functions in CZ(’)‘S/ * have no regularity in ¢ at r = 0, while functions in Cz,a/ 2 satisfy the ordinary
Holder regularity in ¢ even at r = 0. The seminorms on these two spaces agree away from p, while, in a
neighbourhood U of this conic point, these seminorms are described as follows. Decomposing I/ into a
countable union of dyadic annuli, .o A¢, we have

(] lu(t, r,y) —u', r', y)(r +r')°
Ulp0;8,8/2,u4 = SUp  Sup sup
/ ZENQ |t—t’\<2*2[’Z,Z/€Ag |r_r/|6+|t_t/|8/2+(”+"/)5|y_y/|8

and

hssma —sup sup sup 1T Zul T WOl £
SIRUT T tennen I — 1B+ (I — 12 |y — y'P)

These seminorms are equivalent to

lu(t, z) —u(t’, z')| max{r(z)°, r'(z')%}
(1. D)A2) |t —1'13/2 4 dist, (z, 2')°

and
lu(t, z) —u(t’, 2 max{r(z)’, r'(z')°}
([,Z)#(I?/,Z/) |t - t/|8/2 max{r(z)s, r/(Z/)B} + dlStg (Z, Z/)8 ’

respectively, where the radial function r has been extended from i/ to the rest of M to be smooth and
strictly positive.
We also define higher regularity versions of these spaces,

Crr D210, TIx M) and ™ 20, T] x M),

where k is an even positive integer and 0 < § < 2. The former space consists of functions u# such that
Vi Vi(r?d)u € Cgba/ % for i +2j <k, where every V, € V}, (M ), while the latter consists of all u such
that V; - -- v,-a,f ue C;s,a/ % fori +2 Jj <k and every V, €V (M). As before, these are Zygmund spaces
when § = 1. We also introduce weighted versions of these spaces, rVCifH’(kJ”s)/ 2, % = b0 or b. For
later reference, for the same ranges of k and §, cO-k+0/2(10, T x M ) is the space of functions u with
3/ u € CO%/2([0, T] x M) for 2j <k.

Finally, we define the analogues of the Friedrichs—Ho6lder domain:

D20, T1x M) = {u € C2°/* : Au e C2([0, T1 x M)}, +=0b0 or *=b,

again with the higher regularity analogues.
Ifh(t,r,y) e Clgars’(kH)/z is supported in R™ x 4, then the rescaled function h, (¢, r, y) = h(\%t, Ar, y)
satisfies

12 11b0:k+5,(k+8) /2,y = AV 1R llb0:k+5, (k+8) /2,y

(the final subscript in the norms indicates the weight factor). In other words, these spaces are compatible
with the approximate dilation invariance of the heat operator d; — L, which means that we will be able
to prove the basic a priori estimates on them by exploiting this scaling. On the other hand, it is clearly
important to obtain better regularity of solutions in # near r = 0. We obtain estimates on the b-spaces
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starting from the estimates on the b0-spaces and using induction and interpolation. Note that the analogue
of (3-11b) is not true when k > 0; namely, there is a proper inclusion

k+8,(k+6)/2 k+68,(k+68)/2 0,(k+38)/2
C C Cyo ne 2, k>0.

3F3. Estimates. The basic Holder estimates for the homogeneous problem were already determined by
Jeffres and Loya [2003].

Proposition 3.5. Suppose that ¢ € C;j"”s (]\7 ) and
O —L)v=0, vl=0=2¢.
Then v € C£+6’(k+5)/2([0, T] x M) and, furthermore, v(t, -) € Aphg(ﬂz) ﬂDg’B(M) forallt > 0.

The proof in [Jeffres and Loya 2003] of the first assertion here proceeds by direct and rather intricate
estimates in various local coordinate systems, but they do not consider the issue of membership in Dg"s.
The polyhomogeneity of v when ¢ > 0 is immediate from the polyhomogeneous structure of H on M?; also,
ve Dg,a implies that v(z, - ) ~ co(t) + (c11(t) cos y + c12(¢) sin y)r'/# as r — 0; using polyhomogeneity
again, these coefficients are smooth when ¢ > 0.

There are a couple of variants of the inhomogeneous problem, depending on the regularity assumptions
placed on f. We start with the version in dilation-invariant spaces.

Proposition 3.6. Let f € ngr 0. (k+3)/ 2([0, T] x M ) and suppose that u is the unique solution in the

Friedrichs domain to (0, — L)u = f, u|;—0 =0. Thenu € CIZ(TZH’(HZH)/Z([O, T]x ]\7) and

Nl b0 k+2+8,k+2+8)72 < Cll flb0sk+8, (k+8) /2 (3-12)
where C is a constant independent of u and f. In addition,

u(t,z) =u(t,z)+u(t,z), where it € r26§32+8’(k+2+5)/2(ﬂ) and u(t,z) € m C%’e.
>0

The proof of this, which relies on the approximate homogeneity structure of H, adapts readily to the
homogeneous case too, and gives a new proof of Proposition 3.5 which is conceptually simpler than the
one in [Jeffres and Loya 2003].

Proof. Write u as in (3-8). We analyze this integral by decomposing H into a sum of two terms, as
follows. Choose a smooth nonnegative cutoff function y = ¥ P () x @ (w) on M2, where x 1V (p) equals 1
for p < 1 and vanishes for p > 2, and x® (w) has support in {% <wi/wy <2, wy < %} and equals 1
near (0, 1/ V2,1 / ﬁ) (which is where the diagonal {t =0, r = r'} intersects ff). Note that x is (locally)

invariant under the parabolic dilations (¢, r, y, 7', ¥') — (A%t, Ar, y, Ar’, y). Then set

H=Hy+H,, Hy=0-x(p,w)H, H =x(p,wH,
and

u=uo+uy, uj=H;xf j=0,1
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We study u; first. Introduce a partition of unity {y} relative to the covering U = | J Ay; for example,
take ¥, (r) = ¥ (2%r), where ¥(r) € C°((§.4)) = 0 equals 1 for 1 < r < 1 and is chosen so that
> =0 ¥ () =1for 0 <r < 1. Now write

f=Y_fet,r,y),  fe=yuf, and = H* fi.

Thus f, has support in R x Ay, while the support of u1y lies in Rt x (A,—; U A, U Ag11). We can also
assume that f; is supported in some time interval [z, T + 227281 since if |t — t'| > (r + r')? then the
b-Holder seminorm can be estimated by C sup | f¢|. By the support properties of Hi, uy, is supported in
a time interval of at most twice this length. We replace ¢ by t — t without further comment.

Fix £ € Np and let A = 2¢~!; for any function h, define (D;h)(z, 7, y) = h(A=%t, A7, y). Thus,
if h is supported in Ay, then D;h is supported in A| := {(t_, r,y): % <r< 1}. In particular, D, f,
and D;u, are supported in [0, 1] x A; and [0, 1] x (AgU A; U Ajy), respectively. We shall use that
| Dyurellpo;k+2+5,k+2+8)/2 = lu1ellk+2+5,(k+2+5)/2, and similarly for D;, f;.

For convenience in the next few paragraphs, drop the indices £ and 1, and simply write D u = u;,,
D, f = f. Since it also just complicates the notation, we also assume that £ = 0. Using these conventions,
change variables in u = H; x f by setting

F=M% t=)%, F=xrr, F=n.
This yields
r
um‘,f,y):/ /A—“Hl(rz(f—f),rlf,y,rlf,y’)fx(f, F,yNFdFdy' di.
0

For simplicity we have replaced the measure d A, dt’ in the initial integral by r' dr’ dy’ dt'.
The key point is that the polyhomogeneous structure of H; on M }% implies that the family of dilated
kernels
(HOu(E =17, y, 7oy = A2 i@ =1, 0717y, a7 )

converges in Aphe on the portion of the heat space with 7, 7 € [§, 4] as A — oo. In fact, its limit is simply
the heat kernel for the model operator Ag on the complete warped product cone restricted to this range
of radial variables. Since this region remains away from the vertex, we invoke the classical parabolic
Schauder estimates to deduce that, as an operator between ordinary parabolic Holder spaces, the norm
of (Hy), restricted to functions supported in [0, 1] x (AgU A U Ay) is uniformly bounded in A. Hence,
comparing the last two displayed formulae, we see that

- -
s llp0;248, 1452 < CAT N fallvo:s,s2 = Ir “unllpo;2+5,1+8/2 < Cll fallbo;s,s/2

with C independent of A. Restoring the indices, and using the fact that, analogous to (3-1),
1721160: ks, (k+8)/2 2 Sup 1Al posk+5,(k+5) /2
¢
for any function % and any k € Ny, we conclude finally that

I~ 2urllp0:245.1+8/2 < CIL f 1160:5.5/25 (3-13)
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2+48,(148)/2
soulerZCbJ (1+9)/2

We now turn to the estimate for ug = Hyx f, which is the same as the function # in the statement
of the theorem. The polyhomogeneous structure of H is slightly simpler than that for H; indeed, Hy
vanishes to infinite order not only along bf but along td as well. This means that Hy is polyhomogeneous
on the space obtained from M 2 by blowing down td. We first claim that || Hypx f|lco < C|| f||co. The proof
reduces immediately to verifying that fot f w Hot —s,r,y,r', y)r'dr'dy'ds < C independently of ¢,
and this can be done by changing to polar coordinates in M % near ff to see that the integrand is actually
bounded. Details are left to the reader. Since the vector fields r29;, rd, and 0y lift to M }% to be tangent to
the side and front faces, and because of the infinite order vanishing along ¢ = 0, the differentiated kernel
(rzat)i (rd,)’ 8; Hj has the same polyhomogeneous structure as Hy for any i, j, s € Ny. This means that
(r29,)' (ro,)’ ajuo satisfies precisely the same estimates as u( does, whence uy =1 € C%’e for all £ > 0,
as claimed.

This discussion has focussed entirely on the behaviour of H near ff. This is because if we localize H
by multiplying by a cutoff function which vanishes near ff and the side faces, then the estimates reduce to
those for a standard local interior problem with no conic degeneracy. (Il
Remark 3.7. There is one other dilation-invariant vector field, namely #9,, and it is natural to ask about
the regularity of 70,u when f € C];(J)r 2HD/2 Write td; = (t/r*)r?d,, and note that, in the support of Hj,
t/r* is a smooth bounded function; in addition, 73, is tangent to the front face of the heat space, and
hence preserves the expansion of Hy. Taking these two facts together, we see that

(rd) @) (230 (10" u € Cyy"”

provided i + j +2¢ 4+ 2m < k + 2. In particular, we see that u obtains more regularity in ¢ than was
initially apparent near » = 0 when ¢ > 0.

The next estimate is for the Friedrichs—Holder domain norm.

Proposition 3.8. Suppose that f € CI;(J)F(S,(HS)/Z([O’ T]x ]\7) and u is the unique solution to (3, — L)u = f,
ul;=o = 0. Then u lies in the Friedrichs—Holder domain DI;F; 8, (k+8)/2 and satisfies
lll piss.ronz 2= Nuellposkers, e+o)/2 + 1 Agttllpoikrs,era)/2 = ClLF Nbosk+s, k+8)/2- (3-14)

Proof. We must estimate

t
Agu= / f AgH(t—1',2,2)f(s,2)dAgdr’
0Jm
in Czb‘s/ *. The key observation is that the Schwartz kernel K of A, o H is an operator of heat type which
we say is of “nonnegative type” (by analogy with the stationary case), and which therefore gives a bounded
map of the spaces Cgb‘s/ 2. To be more specific, K is polyhomogeneous at all the faces of M?2, and the
terms in its expansions at the left and right faces are nonnegative, while the leading terms at ff and td
are p~* =72 and R4, respectively. To see this, note that A ¢ differentiates tangentially to the left face
(where " — 0) so K has the same leading order as H there; at the right face (r — 0), A, annihilates
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the initial terms r* and r!/# cos y and r!/# sin y in the expansion of H, so the leading order of K is
nonnegative here too; the leading orders exhibit the maximal drop in order to p~* and R~ at the other
two faces because A is not tangent to these faces and acts as a second-order conic operator in (7, y), and
the leading coefficients in the expansion of H there are not annihilated by this operator.

We now proceed as in the preceding proof, decomposing K into K¢+ K and estimating the integrals
corresponding to each. The details are almost exactly the same, except for two facts. First, the extra factor
of 172 =272 no longer appears when rescaling the terms K| » f; because of the drop in leading order
homogeneity (from p~2 to p~#) at the front face. In addition, we appeal to the standard interior estimate
Aulls,s/2 < Cll flls,5,2, where u and f are defined on the product of [0, 1] with a ball of radius 1, A is a
nondegenerate Laplacian on that ball, and, as usual, the norm on the left is only computed over a ball of
radius % A generalization of this interior estimate is that, if J is a kernel on the double heat space of R?
with compact support in all variables, and which vanishes to infinite order at # = 0 but blows up like >
at the new face, td, of the blowup, then ||/ f|l5,5/2 < C|| flls,s/2- The simpler integral estimate for Ko * f
is again essentially the same, since f Ko(t, z,Z') dt d7’ is still bounded as a function of z. This proves
that || Agullpo;k+s,k+8)/2 = Cll fllp0;k+s,k+8)/2- O

We can now turn to the estimates in the b-spaces.

Proposition 3.9. Suppose that [ € Ck+8 (kH)/Z([O T]x ]\7) and u is the unique Friedrichs solution to

0y — LYu = f, u|y=0 = 0. Then u lies in the Friedrichs—Holder domain DkJ”S K2 na satisfies

lullp: k248, k+2+8)/2 < C Il f lb:k+5,(k+8)/2 (3-15)

and
el piess.erarrz == Nt lpskes, ey /2 + N Agttllpsers, )72 = CllLf lbskrs, aeror2- (3-16)

k+2+38,(k+2+68)/2
Moreover,u =i + 1, whereu€r2C++ k+2+8)/ and

h(t, 2) = ao(t) + (a1 (1) cos y + aia(r) sin y)r'/? (3-17)
with ag, a1, a1z € C'°2([0, TY).

Proof First suppose that k = 0. We prove (3-16) using (3-11b). By Proposition 3.8, we already know that
CZJ”S 1872 ﬂD‘S /2 Thus it suffices to show that « and Agu lie in C%%/2 as well. Defining K = AgoH,
we first prove that

Kx:C?nct —s ¢ net

is bounded for £ = 0, 1. For £ = 0, observe first that if f = C is constant then K » f =0, since H x1 =¢.
This means that we may reduce to considering functions which vanish at t = r = 0. Next, if f vanishes
near t = r = 0, then direct inspection of the integral defining K » f shows that this function also vanishes
near t = r = 0; taking the closure in the C° norm (or rather, the C° N Cgba/ 2) norm preserves the property
of vanishing at t =r = 0. The case £ = 1 follows by noting that 9, commutes with H and hence with K.
By interpolation, we conclude the boundedness of

K % CS ,8/2 necos2 6265/2 nco9/2.
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This finishes the proof of (3-16).
248,1+8/2

To obtain (3-15) when k = 0, we must show that u € C; , or equivalently (in a neighbourhood
of the conic point), that (rd,)!d5dfu € C)** if i + j +2¢ <2. If £ =1 (so i = j = 0), we use that
ou=A~Agu+f e Cg,a/ 2, as per the last paragraph. If £ = 0, we observe, as before, that (rd,)’ dy o H is

bounded on Cgb‘s/ 2 NCY%¢ for £ =0, 1, and hence, by interpolation, is bounded on Cg,a/ 2.

Now suppose that & is a strictly positive even integer. We use induction, supposing that (3-16) and (3-15)
have been proved for 0, 2, ..., k — 2. To prove that K = A, o Hx is bounded on CII;M’(H&)/Z, we must
show that K; ; , := (ra,)ia;, 8f oKx: C];H’(HS)/Z — 02’8/2 is bounded whenever i + j + 2¢ < k. There

are three cases. First, if 1 < ¢ < k/2 — 1, then K; j, : C£+5’(k+5)/ 2 C;s,s/ ? is bounded provided

Kijo: C]le*%’(kH*ze)/z — Ci’m is, and, since i + j < k — 2¢ < k — 2, this is known by induction.

Next, if £ = k/2 then, since at" ZoK=Ko 8,k / 2, we reduce directly to the boundedness of K on Cz,s/ 2,
Finally, when ¢ = 0, a bit more work is needed. If V is any b-vector field, we consider either the
commutator [V, Hx] or, more or less equivalently, the commutator [V, 9, — A]. The latter is slightly
more elementary, so we follow that route. Writing g = ¢?(dr? + (1 + B)*r? dy?) near the conic point, it
is easy to check that

[V.Al=pA+qg+ W,

where W is a second-order operator with coefficients supported away from r = 0. Since the estimates we
seek are standard in the support of W, we shall systematically neglect this term in the calculations
below. For this part of the estimate we induct in integer steps, so, to unify the notation, assume

that k e N and 0 < § < 1. Now, suppose that f € C}]fr’s’(HB) /2 and that we have proved by induction that

ue C]l;HH’(kHH)/Z and Au € C]g_HB’(k_HB)/Z. We then compute that

@ — AVu=Vf+(pA+quec, TEHI2

which implies that Vu e Cj +' "1 92 and Avu ey ™ 4972 Finally, V Au= AVu+(pA+q)u

isin Cz_]JrS’(k_H(S)/ ?. Since this is true for every b-vector field V, we conclude that u € C§+2+5’(k+2+5)/ 2

and Au € C’;+6’(k+6)/ 2, as required. This proves (3-16) and (3-15) in general.
It remains to study the expansion as r — 0. We explain the case k = 0 and leave the extension to
spaces with higher regularity to the reader. Recalling the decomposition H = Hy + H; from the proof of

Proposition 3.6, the same interpolation argument as earlier implies that

5,8/2 2+48,148/2
Hl*:Cb’/ —>r26b+’+/.

Next, similarly to what we did in the stationary (elliptic) case, note that rd,(rd, — B~ oHy= rZH(;,
where Hé has nonnegative index sets at ff U If U rf (and vanishes to infinite order at td), which means that
rd.(rd, — B Hug € rzclg(’)k/ ? for all k > 0. Applying interpolation once more, this time for the mappings

(rd,)' 8J0{rd, (rd, — B~ Hox : Cyy > N O™ —s r2Cp > N,

gives that r9,(rd, — B Hug € rzc£+6,(k+3)/z

involving H; are complicated slightly by the fact that [d;, H;«] is no longer zero, but the extra terms can
still be handled.

for every k > 0. Both this and the previous interpolation
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Finally, integrating in r gives that ug = ao(t, y) +ay (¢, y)r'/? +ii’, where i’ € rZCEH’HB/z. Applying

(0 — Ag) to u = ug + uy shows first that ag = ao(r) and a; = ay1(¢) cos y +aj2(t) siny, and then that
ag, a1, aip € C'2([0, T). U

Corollary 3.10. Let u and f be as in Proposition 3.9. Then

lllpkts,Gk+8) 2 < CT N f b k+s,k+5)/2- (3-18)

Proof. The inequality (3-18) is actually a formal consequence of (3-12) and (3-16). Indeed, since
u(0,z)=0,

t T
u(t, z) =/ ocu(t,2)dt = |ullps,0 < / 10:u(T, Hlps,0dT < Tllullp;2vs. 1452 < CTI fllp:s,8/2-
0 0

Similarly, since 0, u(0, z) = Agu(0,z) =0,

t t

WﬂKﬁZNdT=i/ 19eu(z, 2) — 3, (0, )| d

t

IMLQ—MWJNS/
t

5/2 5/2
< ||“||b;2+5,1+8/2/ 2 dr < Clt — |- ([t + 17 + Dlullprass.145/2
t/

for some constant C = C(§) > 0, whence

[ulp0.8/2 < CT |l fllp:5.5/2-
Combining these two inequalities yields (3-18). ([

We make a special note of the fact that the estimate (3-16) is the main one here, since both (3-15)
and (3-18) follow from it.

Corollary 3.11. Let gg be any smooth conic metric, and suppose that g = e® gy with ¢ € C]lf"”S (Zl71 ), where
¢=0at dM. For any R € C/g"”s (1\2), i.e., not necessarily the scalar curvature of gy, set L1 = Ag + Ry.
Then the solution operator Hy to (0; — L1)u = f, u|,—9 =0, satisfies the same set of bounds (3-12), (3-14),
(3-15), (3-16) and (3-18) (for that particular value of k, with constants depending only on gy and the

norms || @llp:x+s, |1 R1llb;k+s-
Proof. We may as well absorb the term R;u into f. Choose a function a € C’f‘s which agrees with e?

in a small neighbourhood of dM and which is chosen uniformly close to 1 on the rest of M, so that
(@ — 1)AoHox||p:x+s < €, where Hy is the heat kernel for 9, — Ag. Writing Ay =aA,

(8; — A)Hox = Id —(a — 1) AgHox;

by our choice of a, the right-hand side is invertible by Neumann series, so we may represent the heat
kernel P~I1 for Al as
Hy = Hyx(Id —(@ — 1) AgHox) ™"

This shows that the solution u to (9, — A Du = f satisfies all the same estimates as the solution u
to (8, — Ag)u = f, with constants depending only on the norm of ¢.
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Taking as given that the solution u exists, but may not satisfy the correct estimates near M, observe
that
(0 — AU —u)=bAou

for some function b € C[';Jr‘s which vanishes in a fixed neighbourhood of the conic points. Noting that, by

standard local parabolic regularity theory, u certainly satisfies the correct estimates on the support of b,
we observe finally that
u=1i—Hx(bAou) = H »(f —bAgu),

from which we again obtain all necessary estimates. It is clear that the constants depend on ¢ only through
its norm 1|l -+5- 0

3G. Short-time existence. We can now apply the mapping properties of the last section to establish the
short-time existence for the angle-preserving solution of the flow (2-2). For this short-time result, we
may as well assume that p = 0, and we consider the flow starting at any D],;"S metric go. Recall that this
means that gg = e"0gp, where gg is a smooth and exact conic and wg € Dlg"s. Now let g(¢) = e?® 80, SO
that (2-2) becomes

9 =e P Agyp — Roe™® = (Agy + Ro)p — Ro+ (¢7? — 1) Agp — Ro(e™® — 1+ )
= L¢ — Ro+ Q(, o) (3-19)

with ¢ (0, -) = 0. By Corollary 3.11, the heat kernel H for 6, — L, L = Ag + Ry, satisfies the same
estimates as before.

Proposition 3.12. Let gy be a Df)’a metric. Then there exists a unique solution ¢ € D£+6’(k+5)/ 2([0, T1x M)
to (3-19) with ¢|;—9 = 0 for some T > 0 depending on the Dlg"s norm of go.

Proof. We suppose that k = 0, leaving the case of general k to the reader. The equation (3-19) is equivalent
to the integral equation

t
¢(I,Z)=// H(t—s,2,7)(Q(¢, Aog) (s, 2') = Ro(s, ) ds d Ay (3-20)
0Jm

Denote the operator on the right by 7 (¢). We claim that there are constants n and 7" so that the convex,
closed set
8,8/2 ~
J={¢ €D, (10, T1 x M) : 1B 115:5,5/2 + | Modllp:s.62 < 0}
is mapped to itself by 7 and, moreover, 7 : J — J is a contraction.
For notational simplicity below, write

lollp:s,5/2 + 1 Ao@llps,s/2 = ll@ .

Denote by B the norm of Hx : Cg,a/z — Di"s/z; cf. Proposition 3.9. Writing ® = H x (—Ry), we then

take n =2||P||p.
To proceed, recall first that, if x € Cg,a/ 2 vanishes at t = 0, then, for0 <t <T,

Ix(t, D) = |x(t, 2) — xO, 2| < T2 x 1p:5.5/25
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and hence

X1 x2dis.s2 < Xt lloolxalpes.sy2 4+ [x1lb:s.5/2 x2lloo < T2 x1 1p:5.5/21 X211 b:5.6/2-
Therefore,
(e — 1)Ao@ lls.62 < CT 1B l:5.5/2 Dodllb:s.525

where the constant C depends on 7; hence,

10(¢. Aod)llp:s.s2 < C1T* 9.
Thus, if ¢ € J, then
IT(@)|lp < BCiT**n* + || ®| p.

By taking T sufficiently small, we can make this less than n again, so 7 maps J to itself.
By the same reasoning, adding and subtracting (e~%2 — 1) Ag¢; shows that

[(e™® — 1) Agp1 — (e — 1) Aodallps.52 < CT (g1 llp + ld2llp) It — d2llp-

The identical estimate for the other term in Q (¢, Ap¢), which does not involve derivatives of the ¢;, is
easier. We deduce that

1T (1) =T (D)o < BCT*2n)|p1 — ¢2|1p>

s0, by taking 7 still smaller, we can make the coefficient less than 4

2
on 7, and hence that there exists a unique solution ¢ € DZ’(S/ ? to (3-20) in J. [l

. This proves that 7 is a contraction

We now prove the short-time existence result for the angle-changing flow. Since this is a side note
of the paper, we make some simplifying assumptions about the initial metric to remove some irrelevant
details from the proof. We assume that the prescribed angle functions B; (¢) are smooth functions of ¢,
although the optimal result should allow these to have only finite Holder regularity. Assume too that there
is only one conic point, and that the initial metric g¢ is the exact conic metric dr? + 8%r> dy?® near r = 0.
Reverting back to the conformal form of the metric, define

So(t) = 2] O 2|dz)?,

We have g(t) =2p'(t) log|z|go(t), or, in terms of the (r, y) coordinates,

#(0 =B O logrio(n. x=>.
Setting g(¢) = u(t, - )go(t), the Ricci flow equation (with o = 0) thus becomes
(Bu+uCkp'logr) = Az logu — Ry ),
or, finally, in terms of ¢ = logu,

hp=e"?Ngyd — Rgyve ? —kp'logr. (3-21)

We seek a local-in- solution to this equation with initial value ¢ (0, -) = 0.
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Unlike the case considered before, the reference metric go(¢) now depends on ¢, and there is an extra
inhomogeneous term —kB'(t) log r. For the first issue we say nothing, because short-time existence for
the heat operators associated to time-dependent metrics is standard; see [Chow et al. 2006]. Regarding
the second issue, since this additional term is polyhomogeneous, we may choose a polyhomogeneous
function qg(t, -) with leading term Ckr?logr that satisfies

(3 — e Ag1))® + Regne ™ = —kp' () logr + x,

where yx is smooth and vanishes to infinite order at r = 0. Now set ¢ = ¢A> + 1 and rewrite (3-21) as an
equation for the unknown function . It is straightforward to check that this equation is different from
the one for the angle-fixing flow in only a few minor ways. There are additional terms in the coefficients
of the nonlinear terms; these, however, are polyhomogeneous in (7, y, t) and vanish at least like 7% log .
Next, there is an additional inhomogeneous term coming from the “error term” y. The general structure
of the equation is very similar to the one considered earlier in this section, and it is a straightforward
exercise to check that this equation has a solution ¥ (¢, - ) for 0 <¢ < T for T sufficiently small.

It is important to note that, unlike in the angle-changing flow, the fact that the conformal factor now
includes a term r*log r means that the curvature Ry is unbounded for ¢ > 0 near r = 0. This is in
accord with the results in the thesis of Ramos.

3H. Higher regularity. It will be very helpful for us later to be able to appeal to some higher regularity
properties of the solution, so we prove these now.

Proposition 3.13. Suppose that g(t) is the solution to the Ricci flow equation with g(t) = u(t)go, where
go is smooth and exactly conic, u(0) € Cg’s, and u € Di’s/z is given by Proposition 3.12. Then u is
polyhomogeneous on (0, T) x M.

Proof. Write u = e? with ¢ satisfying (3-19) and ¢ (0) = ¢ € Cg"s. Since the initial condition is no longer
zero, we have

¢(t,2) = /M Hy(t, z,2)¢o(z") dAy + Hox (Q(¢, Aog) — Ro).

The first term is polyhomogeneous when ¢ > 0 because of the polyhomogeneous structure of Hy. The
second term lies in CIEJ”S’HB/ 2. 50 its restriction to any t = € > 0 lies in CZ"S. Consider the equation
starting at t = e, i.e., replace ¢t by ¢ + €. Then Proposition 3.12 and the uniqueness of solutions shows that

€ DZH’H(S/ * for t > € and, since € is arbitrary, this holds for all + > 0. Bootstrapping in the obvious

way gives that u € D’;H’(kw)/ ? for every k, all in the same interval of existence (0, 7). In other words,
(ra,)fag’a; Aou € 62’8/2 for all j, £, s > 0, which means that « is conormal when ¢ > 0.

From Proposition 3.6, ¢ = ag(t) + rYB(ay;(t) cos y+app(t)siny) + q~5; by what we have just shown,
$€r? A0, T) x M) and ay, a1, a;p € C*°((0, T)). In order to extend this expansion to all higher orders,

assume g is exactly conic (so Ry = 0) in some neighbourhood of » = 0 and write (3-19) there as

r*d,e? = ((ro,)> + B 20))¢.
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Since ¢ is conormal, we may study this formally. Taking advantage of information we have already
obtained, inserting the expansion of ¢ to order 2 shows that the expression on the left has a finite expansion
r2ay(t) +r**1/f (a],(t) cos y +a},(t) siny) and a conormal error term of order r*. Using the operator
on the right shows that ¢ must have an expansion up to order 4, with new terms of orders r2 and r2*1/#
as well as r?/# if B > %, with a conormal error term of order 4. Continuing in this way, we see that ¢ has
an expansion to all orders, as claimed. ]

Corollary 3.14. Let R(t) denote the curvature function of the solution metric g(t). Then R(t) is also
polyhomogeneous on (0, T) x M, and the initial terms in its expansion have the form

R(t) ~ bo(t) +r'/P (b1 (t) cos y + b2 (¢) sin y) + O@?).

In particular, AgR is bounded and polyhomogeneous for all t > 0.

Proof. This follows directly from the polyhomogeneity of ¢ and equation (2-4). U

31. Maximum principles. Before embarking on the remainder of the proof of long-time existence and
convergence, we present some results which show how the maximum principle may be extended to this
conic setting. We adapt the trick of [Jeffres 2005].

The possible difficulty in applying the maximum principle directly is if the maximum of the solution
were to occur at a conic point, so the idea is to perturb the solution slightly to ensure that the maximum

cannot occur at the singular locus.

Lemma 3.15. Suppose that (M, g(t)) is a family of metrics which is in Dg’g/ 2([0, T) x M, polyhomoge-

neous on (0, T) x M ), and that w satisfies
ow=>Aw+X-Vw -I—a(u)2 — AZ),

where X and a are a given vector field and function, respectively, with the same regularity as g(t) and with
a > 0; here A >0 is a constant. Suppose too that w(0, - ) > — A and that sup(lw(t, N+r? | Vw(t, - )|) <00
foreveryt >0, where 0 <o < 1. Thenw > —A forallt <T.

Proof. Define wmin(¢) = inf, . j7 w(t, ¢). By hypothesis, wmin(0) = —A. Suppose that, at some time 7 > 0,
this minimum is achieved at some point g. If g is not one of the conic points, then Aw(z, g) > 0 and

Vw(t, g) = 0; hence
L in(0) = alirmin(1? = 4). (3-22)

Suppose for the moment that we have established this differential inequality regardless of the location of

the minimum. But then, if wy, () were ever to achieve a value less than — A at some ¢y > 0, (3-22) would
/
min

Thus it suffices to show that (3-22) is always true. Fix y with 0 <y < 1 —o. Then, for any k > 1,

give that w’ . (fp) > 0, which is impossible (if 7y > 0 is the smallest time at which wp;, (o) < —A).

define wi(q, t) = w(q,t) —r¥ /k (where r is a fixed radial function near each conic point such that r is
smooth and strictly positive in the interior and r = 0 at a conic point). Suppose that wpi,(¢) is achieved
at some conic point p. We first observe that, for g sufficiently near p, using the hypothesis on |Vw|,

w(t, q) < Wmin(t) +Cri=7 =w(t, p)+Cr'=7,
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where r = r(q), and hence

we(t, ) S w(t, p)+Crl=T — 17 <w(t, p) = wi(t, p)
for r sufficiently small. In other words, (wg)min(¢#) cannot occur at p. Now, the differential inequality
satisfied by wy is

1y 1y 1y 2 2
H,wkZA<wk+Er )—i—X-V(wk—i—];r )—l—a((wk—i—%r ) —A )

At a spatial minimum (away from the conic point), Awy >0 and Vwy =0. On the other hand, Ar? > C rv—2
and | X -VrY| <C r¥~! near r = 0, and, since the first of these terms is positive, these two terms together
satisfy

%(Ar” +X-VrY) > %

Thus altogether, applying the same reasoning as before (and using that (w)min does not occur at a conic
point), we deduce that

@ wiin = €t a((womin + Lrigoy) - a7).

where the minimum of wy is achieved at g (z). The same arguments as above give (wy)min > —A — C'/k,
and hence wmy, > —A — C”/k. Letting k 7 oo proves the result. O

Essentially the same proof gives the following version of the maximum principle:

Lemma 3.16. Suppose that the setup is exactly the same as in the previous lemma, and that

ow = Aw +aw® + bw.
Then

d
- Wmax < aw?  +bwn.  and - Wmin > aw?, + bwpiy. (3-23)

3J. Long-time existence. We are finally able to complete the proof of long-time existence of the solution
of the Ricci flow with prescribed conic singularities. In fact, the proof is a straightforward adaptation of
the original proof of this same fact for the Ricci flow on smooth compact surfaces in [Hamilton 1988].
We refer to that article as well as [Isenberg et al. 2011] for all the details of the proof. We supply here
only the key results which then allow the proofs in those articles to be applied verbatim.

The strategy is to consider the “potential function” f for the metric g(¢). (In the language of [Jeffres
et al. 2014], f is the Ricci potential for g.) By definition, this is a solution to the equation

Ay f = Rery — P, (3-24)

where p is the average scalar curvature. The crucial property that it must satisfy is that |V f| < C. Observe
that f is only defined up to an arbitrary additive constant, which may depend on ¢, but that the proof in
[Hamilton 1988] shows how to choose this constant using the evolution equation satisfied by f.

In any case, we now show that a potential function with bounded gradient exists. Interestingly, this is
one place where the assumption that the cone angles are less than 27 plays a crucial role.
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Proposition 3.17. Suppose that g is a conic metric with all cone angles less than 2w ; suppose too that
g = ugo, where gg is smooth (or polyhomogeneous) on M, u € CZ’B and, furthermore, R, € Cg’s. Then the
solution f to Ay f = Ry — p which lies in the Friedrichs domain and satisfies [ f dA, =0 has |V f| < C.

Proof. By Proposition 3.1 (as well as the fact that the integral of R — p is zero), there exists a unique
solution f which has integral zero, and this function has a partial expansion

f~ap+ (aj1cosy+ap siny)rl/ﬁ +u, ue rZCl%"S.
Since B < 1, it follows immediately that |V f| < C. Il

We recall very briefly that the rest of the proof of long-time existence involves getting an priori uniform
bound on R, ;) where g() is the family of solution metrics, and then using (2-4) to find bounds for log u.
The bounds on Ry, follow easily from the maximum principle, while the bound for Ry, is derived by
considering the evolution equation satisfied by & := Af + |V f|?. For both of these steps, one needs the
maximum principle from the previous subsection, which is permissible since R and % both satisfy the
conditions of Lemma 3.15.

4. Convergence of the flow in the Troyanov case

We are now in a position to be able to prove that the solution g( -, t) converges exponentially as t — oo
to a constant-curvature metric with the same cone angles, provided the Troyanov condition (2-14) holds.

Let W2 denote the usual Sobolev space of L? functions whose gradient is in L? (with respect to go).
Following [Troyanov 1991; Struwe 2002], consider the energy functional F : W2 — R,

F(¢) = fM (IVod|? +2Roe) d Ao,

where the conformal factor has been rewritten as u = e?. (The function spaces W' and W22 used below
are taken with respect to any fixed conic metric that is smooth in the (r, y) coordinates.) The next lemma
says that the Ricci flow is the gradient flow of F with respect to the Calabi L? metric (see, e.g., [Clarke
and Rubinstein 2013, §2]).

Lemma 4.1. [fu is a solution of (2-2), then
d
2 F(@9) = —2/ (R—p)*dA,. @-1)
M

Proof. On smooth, closed surfaces the formula is well known [Struwe 2002, Equation (49)]. Indeed,
recall that, using (2-1) and (2-2),

dp=e?(Aou—Ro)+p=p—R;

from this we get
%f(qﬁ) = 2/ (V¢ -V + Rogy) dAg = Zf ¢1(Ro — Aog) d Ag
M M

=2/ Re%,dAo:—z/(R—p)RdAg,
M M
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and the result follows since [(R — p) d A, = 0. Concealed here is the fact that these integrations by parts
remain valid in this conic setting. This sort of computation will be used repeatedly in the remainder of
this paper. The key point is that the functions involved enjoy sufficient regularity near the conic points
that one may integrate by parts on the complement of an e-neighbourhood of these points and show that
the boundary term tends to 0 with €. ]

Troyanov [1991] proves that the conditions (2-14) ensure that there exists a constant C such that
F(p((t))>=—-C forall t >0.

(In fact, Troyanov considers the stationary problem from a variational point of view and proves that F is
bounded below on W' if (2-14) holds.)

We now prove that ¢ ( -, ¢) is uniformly bounded in W22, This too follows arguments in [Troyanov
1991; Struwe 2002].

Proposition 4.2. With all notation as above, if the conditions (2-14) hold and ¢ is a solution to the flow,
then

¢ (-, Dllw22 = C.

Proof. We sketch the argument and refer to [Troyanov 1991; Struwe 2002] for more details. The starting
point is the uniform lower bound F(¢ (-, t)) > —C. We first claim that

loC-  Dllwr2<C, 1=0. 4-2)

There are three cases to consider. We only give details for the case when x (M, B) > (0, since the
cases where x (M, ,g) < 0 are similar but simpler. The Troyanov condition (2-14) is equivalent to
0<2my =2mx(M, E) < 47 min; {B;}. Choose b suchthat my = x (M, B) < b < 2w min; {;} and set

1(¢) :=ﬁ/M|V¢|2dAO+%/MRO¢dAO.

As in the proof of Theorem 5 in [Troyanov 1991], we have I(¢) > —C for all ¢ € w2, But

1 _ 11 1 2 _
sy T O =10+ 5( b)fM|V¢| dAo>1(¢) = ~C.
Since F(¢) <m,

/ Vol2dAg<C, 120,
M

and Troyanov’s argument then shows that also the L? is uniformly bounded [Troyanov 1991, p. 817],
whence [|[¢ (-, ) |ly12 < C forall t > 0.
It is proved in [Troyanov 1991] that, if 0 < b < 27 min; {2 + 2¢;}, then there exists a constant C such

that ,
/ P dAy < C
M

for all u € W!2 such that [,, udAg=0and [,, [Vu|*dAo < 1. This is the Moser-Trudinger—Cherrier
inequality for surfaces with conic singularities.
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We now prove that

/|V2¢|2dA0§C for all ¢ € [0, 00).
M

Carrying out a standard integration by parts argument over the complement of the e-balls around the
conic points, we obtain

/ IV2¢|*d Ag
M\B(p,€)

:/ |Ao¢|2dA0—1/ R|v¢|2dA0+/ 8vV¢-V¢dao—/ Ao 3y do.
M\B(p,€) 2 M\B(p,€) dB(p.€) dB(p.€)

Using Proposition 3.3 and letting € — 0 gives

/IV2¢|2€1A0=/ |Ao¢|2dAo—1/ RIVS[2 d Ao. 4-3)
M M 2’ M

By (2-3),

/ |A0¢|2dA0§2</ RgdAo+f R2e2¢dAo) §C(1+/ e2'¢'dA0> §C<1+/ el dAO),
M M M M M

since, by Corollary 5.7 (proved later), the scalar curvature is uniformly bounded in time, where b is
any real number such that 0 < b?> < 27 min; {2 + 2;} and C may depend on the choice of 5. Now, by
[Troyanov 1991, Proposition 11], the map ¢ > e? is a compact embedding of W2 in L2, which thus
yields

/ |A0p|*dAg < C,
M
and hence, finally,

/|V2¢|2dA0§C forall > 0. a
M

Proposition 4.3. Let g(t) be the angle-preserving solution of (2-1) provided by Theorem 1.1. If (2-14)
holds, then g(t) converges exponentially to the unique constant-curvature metric in the conformal class
of go with specified conic data.

Proof. We have already shown that ¢ (-, t) exists and ||¢ (-, )| w22 < C for all # > 0. We now invoke the
arguments of [Struwe 2002] verbatim to deduce that g(¢) converges exponentially to a constant-curvature
metric g~ in the conformal class of gg.

It remains to show that g, has the same conic data {p, B} as go. The W22 bound and the Sobolev
embedding theorem give a uniform C° bound |¢ (-, )| < C. This implies that the conic points do not
merge in the limit. Indeed, if i # j and yi’j is the geodesic for g(¢) joining these two conic points, then

diStg(;)(p,', pj) :/ €¢/2 > E/ = EdiStg(O)(Ph Pj)-
Vit' Vit‘

Next, suppose that go, has cone angle parameter §; at p;. Thus, in local conformal coordinates,

g0 =e2|?P 2 dz? and  goo = €% |z|i7%dz)?,
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so by the uniform C° bound it is clear that §; > f8; for all i. Since

X(M)+> Bi=x(M)+)_B;.
we see that ; = f; for all i. O

5. Convergence in the non-Troyanov case

In this final section we consider the case where the Troyanov condition (2-14) fails. As remarked earlier,
the angle inequality fails at just one of the points p;, say pi, and necessarily M = S2. Then, (M, J, p, ,5)
does not admit a constant-curvature metric, and hence, even if g( -, ) converges, its limit must either not
be of constant curvature or else some of the conic data is destroyed in the limit. More precisely, the limit
might be a surface with fewer conic points and different cone angles, and hence might conceivably still
admit a constant-curvature metric. The existence of nonconstant-curvature, soliton metrics with one or
two conic points (the teardrop or American football) on S? can be ascertained using ODEs arguments,
[Yin 2010], and these are the reasonable candidates for limiting metrics in the non-Troyanov case. To
this end, we first show that every compact two-dimensional shrinking Ricci soliton which does not have
constant curvature has at most two conic points. Furthermore, if (2-14) holds, then any shrinking Ricci
soliton must have constant curvature. The next lemma also appears in [Ramos 2013].

Lemma 5.1. If g is a shrinking Ricci soliton metric on M with conic data (p, B) and there are at least
three conic points, then g has constant curvature.

Proof. View g as a Kéhler—Ricci soliton; then
(R—1)g;;=ViV;f,

where the vector field X’ := V' f is a holomorphic vector field on S?\ p. The trace of the soliton equation
gives Af = R — 1, and hence, using the static case of Theorem 1.2 —see also [Jeffres et al. 2014,
Propositions 3.3 and 3.8] — it follows that V f = O(r!/#~1), so must vanish at each of the points p;. This
may also be deduced as in [Luo and Tian 1992, Lemma 3]. Using this same regularity, we can integrate

/ |X|2dA:/ |Vf|2dA:/ (1—R)fdA < .
S2\p S2\p S2\p

However, there is no nontrivial holomorphic vector field on S? which vanishes at more than two points,
so X =0 and hence V;V; f = 0. Finally, using the soliton equation again, R = 1. (I

by parts to get

Lemma 5.2. If (M, J, B , p) satisfies (2-14) and g is a shrinking Ricci soliton metric, then g has constant
curvature, i.e., f = const.

Proof. The argument carries over from the smooth setting, by virtue of Theorem 1.2. We already know
that there exists a constant-curvature metric g with this prescribed data. By rescaling, assume R; = 1.
Write g = ¢?g. Since g is a shrinking soliton, it moves under Ricci flow by a 1-parameter family of
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diffeomorphisms v (¢), so g(¢) = ¥ (¢)*g. Hence, ¢ (-, t) = ¥ *¢ solves
qp= (VI Vo) =e ?(Azp—Rz) +1.
However, R, = e (1 — Az¢p) and R; = 1,50 (V f, V) = — R, + 1, which implies that
(VI Vlg =Ry —1=—Agf,

or, equivalently, div(e?V ) = 0. Multiplying by f and integrating by parts on M \ B.(p) gives

/ IV fI7e? dA, =/ fo, fe? do,

M\Bc(p) dBe(p)

and this converges to 0 as € — 0. Hence, fM |Vf|2dAg =0, so f = const. Thus R, =1 and, by the
uniqueness of constant-curvature metrics with given conic data [Luo and Tian 1992], g = g. ]

Our goal in the remainder of this section is to prove:

Proposition 5.3. Let g(t) be the angle-preserving flow on (M, J, p, ,é) and assume that (2-14) fails.
Define Y (t) to be the t-dependent diffeomorphism generated by the vector field V f (t), where Af(t) =
Roy — p. Then g(t) := *g(t) satisfies g(t)/0t = 2u(t), where [i is the tensor defined by (5-1) with
respect to the metric g(t). We prove that

tim [ 1@, dd=tim [ 1), da=0
and, moreover,
. 2 _
tim [ X, dA=0.
where X =VR+ RV f.

In the next subsections we assemble various facts which lead to the proof of this proposition. These
were all initially developed in the smooth case, and the main work here consists mainly in verifying that
they remain true in this conic setting.

The outline of this proof is as follows: In Section SA we adapt Perelman’s arguments for volume
noncollapsing for the Kdhler—Ricci flow; see [Sesum and Tian 2008]. We then follow the arguments
in [Hamilton 1988], making use of the entropy functional N(g) = f y Rlog RdV,, and showing that
N(g(t)) < C here too. In Section 5C we explain how to apply the maximum principle in the proof of the
Harnack inequality, and hence obtain that Rg,, < C Rjyr. Area noncollapsing, entropy monotonicity and
the Harnack estimate then show that R < C for all ¢ € [0, c0). We also show R > ¢ > 0 for ¢ > 1.

5A. Area noncollapsing via Perelman’s monotonicity formula. Our first goal is to prove an estimate
on the area of small geodesic balls.

Lemma 5.4. Let (M, g(t)) be a compact conic surface evolving by the angle-preserving area-normalized
Ricci flow. Define Riax(t) = sup,cpy Re(r). Then there exists C > 0 so that, for all p € M and t > 0, we
have

Area,nB(p, R H V> —— |
g(t) (ps Rmax (1) ) > R (1)
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Proof. The proof relies on monotonicity properties with respect to the unnormalized Ricci flow of
Perelman’s W functional,

Wig. f0)= G0 [ (VP R+ f =20 dAy,
M

where g is a metric, f is a function and T € R™. For us, g is a polyhomogeneous conic metric and
f(z, 1) = ap(t) + (a11(r) cos y +an(t) sin y)r'/f 412 f(z, 1), where both f and £ lie in C' ([0, 00); C;*°).
This integral is convergent, since |V f| is bounded.

We review the proof of monotonicity of this functional to check that the singularities of g and f do not
cause difficulties. We restrict to the space of triples (g, f, ) such that the measure (47 7)~"/%2e=/ dA ¢ 18
fixed. If (v, h, o) is a tangent vector to this space then, by [Kleiner and Lott 2008, Propositions 5.3 and
12.1],

Wl ro(v, h,o) = (4rt) ™! / [0(Ry + |V fI*) — t(v, Ricg +V* f) +hle ™ dA,
M
This requires justifying the three integrations by parts

/e_f(—Atrgv)dA=—/ Ale™ ) trgvdA,
M M

/e_f(S*(S*vdA=/ (Ve v)dA,
M M

/e_f(Vf, Vh)dA:/ Ae ThdA,
M M

which we do in the usual way, using the expansion for f.
Still following [Kleiner and Lott 2008, §12], set v = —2(Ric, +V2f), sotrgv=—2(Ry + Af), and
alsoh = —Af +|Vf[>— Ry +1/(21), 0 = —1. Then

2
5W|(g,f,f)(v,h,a):/ t‘Ricg +v2f—%g) @rr)~lel dA, > 0.
M

To recover the actual Ricci flow, we add to v and & the Lie derivative terms Ly g and Ly f = V f,
respectively, where V = V f. This new infinitesimal variation corresponds to the flow

8,8 = —2Ric,, atf:—Af—HVflz—Rg—i-% and 97 =—1,
along which we have
1 1 2 12—
5W|<g,f,r>(v»h»0)=/M2T|V2f+§<Rg—;)gij‘ (4rt)~ 27T dA,.

Finally, define
uig, 0 =infWig. f,0): Ure) "2 [y e dag =1},

We have proved that u(g(¢), 7(t)) increases along the Ricci flow. Using this monotonicity, we follow
precisely the same arguments as in Perelman’s proof of volume noncollapsing for the Kéhler—Ricci flow
(see [Sesum and Tian 2008] for details). [l
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5B. Entropy estimate. The potential function f satisfies Af = R — p. Define the symmetric, trace-free
2-tensor

p=Vf—3Afg (5-1)

and the vector field X = VR + RV f. As in the earlier part of this section, g is a gradient Ricci soliton
if u = 0; in fact, one also has X = 0 on any soliton. The entropy function introduced by Hamilton [1988]
when Ry is a strictly positive function on M is the quantity

N(t):/ Rlog RdA.
M

When R changes sign, Chow [1991b] considered the modified entropy
N(t) = f (R—s)log(R—s)dA, (5-2)
M

where s'(t) = s(s — r) with 5s(0) < min,cpy R(x, 0). In either case, if M is smooth, these authors showed
that N(t) < C for t > 0; in the first case, this is based on the monotonicity of N, which follows from the

formula
dN |X|?
— =—[(2lul+ =) dA. 53
7 / < ll” + R (5-3)
We now prove that this entropy function, or its modified form, is still bounded above even in the conic
setting.

Lemma 5.5. If g(¢) is an angle-preserving solution of the normalized Ricci flow, and if the entropy N is
defined by (5-3) if R > 0 everywhere and by (5-2) if R changes signs, then N(t) < C for all t < oo.

Proof. The argument proceeds exactly as in the smooth case once we show that the various integrations
by parts are justified. We assume that R does change signs, since the two cases are very similar, and
follow Chow’s [1991a] proof on orbifolds.

Define L =log(R —s). The proof relies on the following identities:

/ IVR? / IVRI?
R—s R—s
f(Af)2=—/(Vf, VAF), /(Vf, AV f) =—/ |D* £,

[ rar==[19se. [wrvn=-[rar=- [r@-n.
f(VL,Vf):—/LAf:—fL(R—r);

these are all proven using Green’s identity on M \ B(p, €) and taking advantage of the expansions of f
and R to show that the boundary terms vanish in the limit € — 0. ]



876 RAFE MAZZEO, YANIR A. RUBINSTEIN AND NATASA SESUM

5C. Harnack estimate and curvature bound. The proof of the Harnack estimate for R, when R > 0
everywhere, or for R — s if R changes sign, again proceeds exactly as in the smooth [Chow 1991b] and
orbifold [Chow and Wu 1991] cases, although now using the maximum principles from Lemmas 3.15
and 3.16. We outline the main step. Consider P = Q + sL, where

Q=0L—|VL?>—s=AL+R—p and L =Ilog(R—s).

One computes that
P >AP+2VL-VP+1(P* -, (5-4)

where C is a constant chosen so that L > —C — Ct. By Corollary 3.14, R is polyhomogeneous (for ¢ > 0)
and the only terms in its expansion less than 72 are  and r!/#. Using (2-7), the initial terms in the
expansion of AR have the same exponents. Thus, |V P| satisfies the conditions in these maximum
principle lemmas, and we conclude that Q > —C, independently of ¢. The usual integration in spatial and
time variables leads to the Harnack inequality — see [Chow 1991b] for details — and thus gives:

Lemma 5.6. If y € By (x, % R(x, t)), then R(y,t+1) > CR(x, t) for some universal constant C > Q.

Using the entropy bound and area comparison, the boundedness of R follows as in [Hamilton 1988;
Chow 1991b].

Corollary 5.7. There exist constants ¢, C > 0 such that |R(-,t)| < C forallt > 0 and R(-,t) > ¢
fort>1.

Proof of Proposition 5.3. Consider the following modification of the Ricci flow equation:

%éij =24ij = (p— R)g;j —2ViV, f. (5-5)
where R is the scalar curvature of g (the covariant derivatives in the last term are also with respect to g(z),
but we omit this from the notation for simplicity) and f is the same potential function as before. This
differs from the standard flow by the action of the one-parameter family of diffeomorphisms 1, generated
by Vf.ie., §(t) =, g(t), where g(¢) is a solution of the original normalized (but unmodified) Ricci
flow. According to Lemma 5.5, Corollary 5.7, and (5-3), N (¢) is monotone (for ¢ sufficiently large) and

converges to a finite limit, hence

dN
lim — =0;
t—oo dt

recalling (5-3), the conclusion follows from this. ]

Remark 5.8. Hamilton’s original argument showing that the pointwise norm of © converges exponentially
to zero breaks down in our setting for the following reason. As for many of the other quantities we
consider here, the function f admits an expansion

f=ao(®)+rPa;(t) cos y +aia(t) siny) + ar(t)r? + O>+°),
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where the a; and a;; are smooth in 7. This follows from the equation satisfied by R, the equation
Ry — Ag(O) logu(t)
u(t) ’
the asymptotic expansion (1-1) of u(¢), and [Jeffres et al. 2014, Corollary 3.5]. However,
p=Vf-3Afg (5-6)

is a second-order operator applied to f, and not all of these annihilate the troublesome term !/# in the

expansion of f. This means that, although w, and hence |x|, has an asymptotic expansion, this expansion
contains a singular term of the form r!/#=2. This means that the maximum principle is not applicable,
and we cannot conclude the exponential decay of |u|. Note that there is no difficulty with what we prove
above, since this most singular term r'/#~2 is square-integrable with respect to r dr dy.

SD. One concentration point. We now prove the second part of Theorem 1.4, concerning the divergence
profile of the unmodified flow. Namely, we show that the conformal factor ¢ blows up at precisely one
point g as ¢ /' oo, but tends uniformly to zero on every compact set K C S\ {g}. This argument is
drawn from methods developed specifically for higher-dimensional complex analysis, so it is convenient
to now change to the Kihler formalism.

Fix the initial conic metric go; since the flow immediately smooths out any initial metric, we may as
well assume that gy is polyhomogeneous. Denote its associated Kédhler form by w. Define H,, to consist
of all functions ¢ such that ws := w + V/—183¢ > 0, and then denote by PSH,, the L' closure of H,,.
Observe that, since w and wy (or, rather, go and g¢) lie in the same Kihler class, they are conformally
related; indeed,

wy = (1 + App)w, andsimilarly o= (1— AyP)wy.

Here Ag and Ay are the Laplacians for @ and wg, respectively. Note that this implies that
Ao > —1 and Agp <. 5-7)

For any ¢ € PSH,,, we define the multiplier ideal sheaf Z(¢) associated to the presheaf which assigns
to any open set U the space of holomorphic functions

Z(P)(U) ={h € Op(U) : |h|*e™® € L (5, w))}.

It is proved in [Nadel 1990] that Z(¢) is always coherent; moreover, it is called proper if it is neither the
trivial (zero) sheaf nor the structure sheaf Ogo.

Definition 5.9 [Nadel 1990, Definition 2.4]. The multiplier ideal sheaf Z(¢) is called a Nadel sheaf if
there exists an € > 0 such that (1 +¢)¢ € PSH,,.

A fundamental result of Nadel’s [1990] is that any Nadel sheaf has connected support. The proof is not
hard in this low dimension, so we give it below. This uses an extension (for the one-dimensional case only)
of the result [Rubinstein 2009, Theorem 1.3], which in turn extends Nadel’s work from the continuity
method to the Ricci flow. Note too that [Rubinstein 2009] provided a new proof of the uniformization
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theorem in the smooth case using the Ricci flow (see also [Chen et al. 2006] for an earlier and different
flow-based proof), and hence its use here is natural.
We write the flow equation in this setting in terms of the Kéhler potential as

0+ V=103¢ = ws =l p0)=¢y, and ¢ =4, (5-8)

where f,, is the initial value f(0) of the Ricci potential, as defined in (3-24). There is a choice of constant
in this initial condition, and it is explained in [Phong et al. 2007] how to choose this additional constant
so that ¢ remains bounded along the flow. We assume henceforth that this initial condition has been set
properly. We also write A for the (constant value of the) area of (S, g(0)).

Theorem 5.10. Suppose that (S%, J, p, ,5) does not satisfy (2-14). Fix any y € (% 1). Then the solu-
tion ¢ (t), normalized as above, admits a subsequence ¢ := ¢y, for which qs ji=¢— Al f ¢, converges
in L' to ¢oo € PSH,,. Finally, Z(y ¢oo) is a proper Nadel multiplier ideal sheaf with support equal to a
single point.

Proof. We proceed in a series of steps.

Step 1: diam(M, g(¢)) < C. This is a special case of [Jeffres et al. 2014, Claim 6.4]. Indeed, since 8 < 1,
if p, ¢ € M are not conic points then the minimizing geodesic which connects them does not pass through
a conic point. Thus we can apply the standard argument for Myers’ theorem, using that R > ¢ > 0 for
large ¢. This can also be deduced by specializing Perelman’s diameter estimate [Sesum and Tian 2008] to
our setting, which is possible using Theorem 1.2.

Step 2: —inf¢ < sup ¢ + C. The proof of [Rubinstein 2009, Lemma 2.2] carries over without change by
using the twisted Berger—Moser—Ding functional

D(¢):%f&&/\é(ﬁ—log(%/e-f”q’w).

This is monotone along the flow, which gives, after some calculations, that [Rubinstein 2009, (15)]

1 1

We next show that the average A~! [ ¢w is comparable to sup ¢. Indeed, the inequality Al [ ¢w<sup¢
is trivial. For the converse, recall that the Green function of A, normalized so that f Go(g,q)w(g)=0
for every g and G N\ —oo near the diagonal, is bounded from above by a constant Ey. We then write

1
6@~ / o= / G(q. ')At (@0 (@)
_ f (6. q) — Eo)(—Bud(@Ner(q) < - f (G, q) — Eoyo < AEo,

using the first inequality in (5-7). Taking the supremum over the left side gives sup¢ < (1/A) [ pw + C,
as claimed.



RICCI FLOW ON SURFACES WITH CONIC SINGULARITIES 879

To estimate the infimum of ¢ we use a similar trick, but using the upper bound G4(q, ¢’) < E4 and
the second inequality in (5-7). This gives

1
¢>(61)—Z/(bwas:/G¢(quI’)A¢¢>(q/)w¢(q/)
_ / (G(@.q") — Eo) Dot (@)os(q) > / (G(q.q") — Ewos(q) > —AEy,

s0, taking the infimum, —inf¢ < —(1/A) [ pwy + AE,.
It remains only to observe that, special to this dimension, G (g, ¢') = Go(q, ¢'); this is because, if we
write wg = Fo, and if [ fws =0, then

A¢/G¢(q,q/)f(q/)w¢(q/)=F_IAO/G¢(q,q/)f(q/)F(q/)w(q/),

and this equals f(q) when G4 = Gy. This means that E4 = E( and the constant in this inequality does
not vary along the flow.
Putting these inequalities together completes this step.

Step 3: sup, ||¢:]lo = co. Indeed, if this supremum were finite, then, by Step 2, ¢ would be bounded
in C°, and standard regularity estimates would then show that some subsequence of the ¢, converges. The
limiting metric (or rather, the limit of any one of these subsequences) would then need to have constant
curvature. Furthermore, the uniform boundedness of the conformal factor shows that the cone angles
do not change in the limit. This is a contradiction, since we are assuming that the Troyanov conditions
(2-14) fail.

The construction of the Nadel sheaf now proceeds as in [Rubinstein 2009, p. 5846].

Step4: If y € (%, 1) and V,, denotes the support of Z,, := Z(y ¢ ), then V), is a single point. Recall that
a coherent sheaf is locally free away from a complex codimension-two set, so, since we are in complex
dimension one, Z, is a sheaf of sections of a holomorphic line bundle Og2(—k), k > 0. By the properness
assumption, k > 1. We claim that k = 1, which then implies that Z,, is spanned by a single holomorphic
section, which vanishes to order one at precisely one point.

To do this, let U be a small open set and let 4 € 7, (U), and assume that & vanishes exactly to order one
at a point p € U. Then [, U |h|?e™7%?>w < 0o. Now fix a local holomorphic coordinate z which vanishes
at p and assume either that U contains no conic points or, if it does contain one, then p is that point. In
the first of these cases, w is locally equivalent to |dz|?, while ¢ > 4log|z|,and 0 <y < 1. If p = p;
is a conic point, then, assuming that U contains no other conic points, |, U |h|2e™ V9> 726i=2 |dz]? < oo.
This follows just as before but using that ¢, has a singularity of, at worst, 4log|z| —2(1 — ;) log|z|
(recall [w] = Og(2) — > (1 —Bi)[p:i]) and 0 < y < 1. Thus k cannot be greater than one. Since k > 0, it
follows that k = 1, as desired.

There is an alternative proof that does not rely on facts about coherent sheaves, using weighted L? esti-
mates for the 5—equati0n. This proceeds as follows. Let 1 be a (0, 1)-form such that f In|?e"Y9> |dz|? < 0.
It is always possible [Berndtsson 2010, §1] to find a solution p to dp= n that satisfies f |p|2e VP> |dz|? <



880 RAFE MAZZEO, YANIR A. RUBINSTEIN AND NATASA SESUM

c, f In|>e"V%> |dz|> < oo, where C,=0(1- ¥)™ ). The same arguments can be used to verify that
this estimate also holds with respect to the measure |z|*#~2|dz|>. This proves that H'!(S?, 7, =0.
From the long exact sequence in cohomology corresponding to the short exact sequence of sheaves
0—>1Z, - O0gp — OVV — 0, one concludes that HO(Vy, Ovy) = HO(S?, Og2) = C, which means once

again that the support of Z, is connected, i.e., a single point.

These two methods of proof are closely related, of course, by virtue of the identification H'(S?, I,)=
H(S%, 05 (K52 —T,)). O

Following [Clarke and Rubinstein 2013, Lemma 6.5], we can use Theorem 5.10 to deduce estimates
on the conformal factor:

Corollary 5.11. The conformal factor u blows up at exactly one point. On any compact set K disjoint
from that point, u — 0 uniformly, so, in particular, the area of K with respect to g(t) tends to 0.
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GROWTH OF SOBOLEV NORMS FOR THE QUINTIC NLS ON 72

EMANUELE HAUS AND MICHELA PROCESI

We study the quintic nonlinear Schrodinger equation on a two-dimensional torus and exhibit orbits whose
Sobolev norms grow with time. The main point is to reduce to a sufficiently simple toy model, similar
in many ways to the one discussed by Colliander et al. for the case of the cubic NLS. This requires an
accurate combinatorial analysis.

1. Introduction
We consider the quintic defocusing NLS on the two-dimensional torus T2 = R?/(277)?
—idu + Au = |ul*u, (1-1)

which is an infinite-dimensional dynamical system with Hamiltonian

H:/ |Vu|2+1/ |u|® (1-2)
'|]'2 3 -ﬂ—z

having the mass (the L? norm) and momentum

L=/ lu|> and sz S(u - Vu) (1-3)
‘ﬂ'z ‘[2

as constants of motion. The well-posedness result of [Bourgain 1993; Burq et al. 2004] for data
up € H (T2, s > 1, gives the existence of a global-in-time smooth solution to (1-1) from smooth
initial data, and one would like to understand some qualitative properties of solutions.

A fruitful approach to this question is to apply the powerful tools of singular perturbation theory,
such as KAM theory, the Birkhoff normal form and Arnold diffusion, first developed in order to study
finite-dimensional systems.

We are interested in the phenomenon of the growth of Sobolev norms, i.e., we look for solutions which
initially oscillate only on scales comparable to the spatial period and eventually oscillate on arbitrarily
short spatial scales. This is a natural extension of the results in [Colliander et al. 2010; Guardia and
Kaloshin 2015], which prove similar results for the cubic NLS. In the strategy of the proof, we follow
[Colliander et al. 2010] — henceforth abbreviated [CKSST] — as closely as possible; therefore our main
result is the precise analogue of theirs for the cubic NLS. Namely, we prove:

MSC2010: 35B34, 35Q55, 37K45.
Keywords: nonlinear Schrodinger equation, growth of Sobolev norms, Hamiltonian PDEs, weak turbulence.
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Theorem 1.1. Lets > 1, K > 1 and 0 < § K 1 be given parameters. Then there exists a global smooth
solution u(t, x) to (1-1) and a time T > 0 with

lu@) 52y <8 and  |u(T) | gsr2y = K.

Note that we are making no claim regarding the time 7" over which the growth of Sobolev norms
occurs; this is the main difference between the approaches of [CKSTT] and [Guardia and Kaloshin 2015].

1A. Some literature. The growth of Sobolev norms for solutions of the nonlinear Schrédinger equation
has been studied widely in the literature, but most of the results regard upper bounds on such growth. In
the one-dimensional case with an analytic nonlinearity d; P(|u|?), Bourgain [1996b] and Staffilani [1997]
proved at-most polynomial growth of Sobolev norms. In the same context, Bourgain [2000] proved a
Nekhoroshev-type theorem for a perturbation of the cubic NLS. Namely, for s large and a typical initial
datum u(0) € H*(T) of small size ||u(0)||s < &, he proved

sup lu()lls <Ce, |t|<T, T <& ?,

1<T
with A = A(s) — 0 as s — oo. Similar upper bounds on the growth have been obtained also for the NLS
equation on R and R? as well as on compact manifolds.
We finally mention [Faou et al. 2013], which discusses the existence of stability regions for the NLS
on tori.
Concerning instability results for the NLS on tori, we mention the work by Kuksin [1997b] (and see
his related works [1995; 1996; 1997a; 1999]) who studied the growth of Sobolev norms for the equation

—idu+8Au=ul*"u, peN,

and constructed solutions whose Sobolev norms grow by an inverse power of §. Note that the solutions
that he obtains (for p = 2) correspond to orbits of (1-1) with large initial data. A big advance appeared in
[CKSTT], where the authors prove Theorem 1.1 for cubic NLS. Note that the initial data are small in H®.
Finally, [Guardia and Kaloshin 2015] follows the same general strategy of [CKSTT] and constructs orbits
whose Sobolev norm grows (by an arbitrary factor) in a time which is polynomial in the growth factor.
This is done by a careful analysis of the equation and using in a clever way various tools from diffusion
in finite-dimensional systems.

These results do not imply the existence of solutions with diverging Sobolev norm, nor do they claim
that the unstable behavior is typical. Recently, Hani [2014] has made remarkable progress towards
the existence of unbounded Sobolev orbits: for a class of cubic NLS equations with nonpolynomial
nonlinearity, the combination of a result like Theorem 1.1 with some clever topological arguments leads
to the existence of solutions with diverging Sobolev norm. Moreover, Hani et al. [2013] prove infinite
growth of Sobolev norms for the cubic NLS on R x T2,

Regarding growth of Sobolev norms for other equations, we mention the following papers: [Bourgain
1996b] for the wave equation with a cubic nonlinearity but with a spectrally defined Laplacian; [Gérard
and Grellier 2010; Pocovnicu 2011] for the Szegd equation; and [Pocovnicu 2013] for certain nonlinear
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wave equations. We also mention the long time stability results obtained in [Bambusi 1997; 1999; 2003;
Bambusi and Grébert 2006; Grébert et al. 2009a; 2009b; Wang 2008; 2010].

A dual point of view to instability is to construct quasiperiodic orbits. These are nongeneric solutions
which are global-in-time and whose Sobolev norms are approximately constant. Among the relevant
literature we mention [Wayne 1990; Poschel 1996; Kuksin and Poschel 1996; Bourgain 1998; Berti and
Bolle 2013; Eliasson and Kuksin 2010; Geng et al. 2011; Berti and Biasco 2011; Wang 2014; Procesi and
Xu 2013; Berti et al. 2015]. Of particular interest are the recent results obtained through KAM theory,
which gives information on linear stability close to the quasiperiodic solutions. In particular, [Procesi and
Procesi 2015] proves the existence of both stable and unstable tori (of arbitrary finite dimension) for the
cubic NLS.

In finite-dimensional systems diffusive orbits are usually constructed by proving that the stable and
unstable manifolds of a chain of unstable tori intersect. Usually this is done with tori of codimension one,
so that the manifolds should intersect for dimensional reasons. Unfortunately, in the infinite-dimensional
case one is not able to prove the existence of codimension-one tori. Actually, the construction of almost-
periodic orbits is an open problem except for very special cases, such as integrable equations or equations
with infinitely many external parameters (see, for instance, [Pdschel 2002; Chierchia and Perfetti 1995;
Bourgain 1996a]).

In [CKSTT] and [Guardia and Kaloshin 2015] (and the present paper) this problem is avoided by
taking advantage of the specific form of the equation. First one reduces to an approximate equation, the
first-order Birkhoff normal form; see (1-5). Then, for this dynamical system, one proves directly the
existence of chains of one-dimensional unstable tori (periodic orbits) together with their heteroclinic
connections. Next, one proves the existence of a slider solution which shadows the heteroclinic chain in a
finite time. Finally, one proves the persistence of the slider solution for the full NLS. In the next section,
we describe the strategy more in detail.

1B. Informal description of the results. In order to understand the dynamics of (1-1), it is convenient
to pass to the interaction representation picture

.. a2
u(t,x)= Z aj(l‘)el]'x—ﬂm n
jezr?
so that the equations of motion become
—idj= Y ajapapandge’™, (1-4)
J1:72-03-J4-J5 €72
1t tiz—ja—is=J
where we = | j112 + j2|* + 1j31* = Ljal* = 1js|* = 1j 1%
We define the resonant truncation of (1-4) as

—if; = Z BiiBjrBjsBisBis- (1-5)

Jititj—ja—js=j
Ljt P+ 2 P+ 12— ja = 1js12=1 12
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It is well known that the dynamics of (1-4) is well approximated by the one of (1-5) for finite but
long times.! Our aim is to first prove Theorem 1.1 for (1-5) and then extend the result to (1-4) by an
approximation lemma. The idea of the approximation lemma roughly speaking is that, by integrating in
time the left-hand side of (1-4), one sees that the nonresonant terms (those with wg # 0) give a contribution
of order O (a°). By scaling a® () = 1" ta(A ) with A arbitrarily small, we see that the nonresonant
terms are an arbitrarily small perturbation with respect to the resonant terms appearing in (1-5) and hence
they can be ignored for arbitrarily long finite times.

We now outline the strategy used to prove Theorem 1.1 for (1-5).

The equations (1-5) are Hamiltonian with respect to the Hamiltonian function

1 - -
H=3 ) BinBuBisBisBisBo (1-6)
Jiti+i=jatjs+js
L P12 P11 = a P+ s P+ Ls 1
and the symplectic form Q =i dB A dp.
This is still a very complicated (infinite-dimensional) Hamiltonian system, but it has the advantage
of having many invariant subspaces on which the dynamics simplifies significantly. Let us set up some
notation.

Definition 1.2 (resonance). A sextuple (ki, ky, k3, k4, ks, k¢) € (Z*)° is a resonance if
ki+ky+ks—ks—ks—ke =0 and [|ki|*+ [ka|* + |k3|* — [kal* — |ks|* — [ke|* =0.  (1-7)
A resonance is trivial if it is of the form (ky, k3, k3, k1, k2, k3) up to permutations of the last three elements.

Definition 1.3 (completeness). We say that a set S C Z2 is complete if the following holds: for every
quintuple (ky, kp, k3, ka4, ks) € S, if there exists kg € Z2 such that (ky, k2, k3, ka, ks, ke) is a resonance,
then kg € S.

It is easily seen that, for any complete S C 72, the subspace defined by requiring By =0 for all k ¢ S
is invariant.

Definition 1.4 (action-preserving). A complete set S C Z2 is said to be action-preserving if all the
resonances in S are trivial.

We remark that, for any complete and action-preserving S C Z2, the Hamiltonian restricted to S is
given by (see [Procesi and Procesi 2012])

1 6 41p 12 2(p 12 2
H|S=§<§ 1BO+9 Y 1B B +36 D 1BiIP1BkI 1Bl ) (1-8)
JjeS j.keS Jj.k,meS
Jj#k Jj=<k<m

where < is any fixed total ordering of Z°.

1Actually, passing to the resonant truncation is equivalent to performing the first step of a Birkhoff normal form. However,
since we follow closely the proof in [CKSTT], we chose to use similar notation.
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If S is complete and action-preserving, then H|s is a function of the actions |B; |? only, with nonvanish-
ing twist (i.e., the amplitude-to-frequency map is locally one-to-one); therefore, the corresponding motion
is periodic, quasiperiodic or almost-periodic, depending on the initial data. In particular, if 8;(0) = B (0)
for all j, k € S, then the motion is periodic. Finally, since all the actions are constants of motion, so are
the H® norms of the solution.

On the other hand, it is easy to give examples of sets S that are complete but not action-preserving. For
instance, one can consider complete sets of the form S = {ky, ko, k3, k4}, where the k ; are the vertices
of a nondegenerate rectangle in 72, or of the form 6@ = {k1, ko, k3, k4, ks, ke}, where the k; € 72 are

all distinct and satisfy (1-7). Other examples are sets of the form SO = {ky, ks, k3, k4} with
ki+2ky —2ks —ks =0 and |k;|* 4 2|ka|> — 2|ks|* — |ks|* =0, (1-9)

studied in [Grébert and Thomann 2012] or, more generally, the sets 6w = U i 653) studied in [Haus and
Thomann 2013]2. In all these cases, the variation of the H* norm of the solution is of order O(1). Note
that, while sets of the form @, 6@, ™ exist in Z¢ for all d, the nondegenerate rectangles SM exist
only in dimension d > 2. Let us briefly describe the dynamics on these sets. By writing the Hamiltonian
in symplectic polar coordinates B; = \/E ¢'% , one sees that all these systems are integrable. However,
their phase portraits are quite different. In &) one can exhibit two periodic orbits Ty, T that are linked
by a heteroclinic connection. T is supported on the modes k1, k» and T, on k3, k4. The H® norm of each
periodic orbit is constant in time. By choosing &) appropriately, one can ensure that these two values
are different, and this produces a growth of the Sobolev norms. Moreover, all the energy is transferred
from T; to T5. In the other cases, &, &3 &® there is no orbit transferring all the energy from some
modes to others (see Appendix C).
These heteroclinic connections are the key to the energy transfer. In fact, assume that

Sti={vr,...,v}, S:={wi, ..., wy}

with n even are two complete and action-preserving sets. Assume moreover that, for all 1 < j <n/2,
{vaj—1, v2j, waj—1, wo;} are the vertices of a rectangle as in SM. Finally, assume that S; US, is complete
and contains no nontrivial resonances except those of the form (k, vo;_1, v2j, k, waj_1, wa;). As in the
case of GV, the periodic orbits

Ty By =b1(1) #0, By, (1) =0 forall j=1,...,n
and
Ty Bu; () =b2(t) #0, By, (1)=0 forall j=1,...,n

are linked by a heteroclinic connection.

We iterate this procedure constructing a generation set S = UlN: 1 Si, where each §; is complete and
action-preserving. The corresponding periodic orbit T; is linked by heteroclinic connections to T;_;
and T;4. There are two delicate points:

2The papers [Grébert and Thomann 2012; Haus and Thomann 2013] actually consider the one-dimensional case, but of
course the construction of complete sets can always be trivially extended to higher dimensions.
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(i) At each step, when adding a new generation S;, we need to ensure that the resulting generation
set is still complete and contains no nontrivial resonances except for those prescribed and those
implied by the prescribed ones. The prescribed resonances are those of the form (k, vy, vo, k, v3, v4),
where v{, vy € §; and v3, v4 € S; 41 for some 1 <i < N — 1 and {vy, v2, v3, v4} are the vertices of a
rectangle.

(i) We need to ensure that the Sobolev norms grow by an arbitrarily large factor K /§, which requires
taking n (the number of elements in each S;) and N (the number of generations) to be large.

The point (i) is a question of combinatorics. It requires some careful classification of the possible
resonances and it turns out to be significantly more complicated than in the cubic case. We discuss this in
Section 3B.

The point (ii) is treated exactly in the same way as in [CKSTT]; we discuss it for completeness in
Section 3A, Remark 3.2.

Given a generation set S as above we proceed in the following way: First we restrict to the finite-
dimensional invariant subspace where B; = 0 for all k ¢ S. To further simplify the dynamics, we restrict
to the invariant subspace

Bu(@)=b;i(t) forall vesS;,, i=1,...,n;

this is the so called toy model. Note that the periodic solutions T; live in this subspace. The toy model is
a Hamiltonian system, with Hamiltonian given by (2-3) and with the constant of motion J = ZlN: 1 1bi 2.
We work on the sphere J = 1, which contains all the T; with action |b;|> = 1.

As discussed above, we construct a chain of heteroclinic connections going from T; to Ty. Then, we
prove (see Proposition 2.10) the existence of a slider solution which “shadows” this chain, starting at
time 0 from a neighborhood of T3 and ending at time 7 in a neighborhood of Ty_n.3

We proceed as follows: First, we perform a symplectic reduction that will allow us to study the
local dynamics close to the periodic orbit T;, which puts the Hamiltonian in the form (2-6). The new
variables ¢, are the ones obtained by synchronizing the by (k # j) with the phase of b;. Then, we
diagonalize the linear part of the vector field associated to (2-6). In particular, the eigenvalues are the
Lyapunov exponents of the periodic orbit T ;. As for the cubic case, one obtains that all the eigenvalues
are purely imaginary, except for four of them which, due to the symmetries of the problem, are of the
form A, A, —A, —A € R. Note that these hyperbolic directions are directly related to the heteroclinic
connections connecting T; to T;_; and to T ;. It turns out that the heteroclinic connections are straight
lines in the variables c. The equations of motion for the reduced system have the form (2-10) (which is
very similar to the cubic case); this is crucial in order to be able to apply almost verbatim the proof given
in [CKSTT]. Note that it is not obvious a priori that the equations (2-10) hold true: for instance, this
turns out to be false for the NLS of degree 7 and above.

30ne could ask why we construct a slider solution diffusing from the third mode b3 to the third-to-last mode by _7, instead
of diffusing from the first mode b to the last mode by . The reason is that, since we rely on the proof given in [CKSTT], our
statement is identical to their Proposition 2.2 and Theorem 3.1. As there, also in our case, it would be possible to diffuse from the
first to the last mode just by overcoming some very small notational issues.
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The strategy of the proof, which is exactly the same as in [CKSTT], consists substantially of two parts:

o Studying the linear dynamics close to T, treating the nonlinear terms as a small perturbation; one
needs to prove that the flow associated to equations (2-10) maps points close to the incoming hetero-
clinic connection (from T;_) to points close to the outgoing heteroclinic connection (towards T ;1)
(note that, in order to take advantage of the linear dynamics close to T ;, we need that almost all the
energy is concentrated on S;).

« Following closely the heteroclinic connection in order to flow from a neighborhood of T; to a
neighborhood of T .

The precise statement of these two facts requires the introduction of the notions of targets and covering
and is summarized in Proposition 2.13. The main analytical tool for the proof are repeated applications
of Gronwall’s lemma. Our proof of Proposition 2.13 follows almost verbatim the proof of the analogous
statement, given in Section 3 of [CKSTT]. However, the only way to check that the proof works also in
our case is to go through the whole proof in [CKSTT], which is rather long and technical, and make the
needed adaptations. Therefore, for the convenience of the reader, in Appendix A we give a summary of the
proof of Proposition 2.13, highlighting the points where there are significant differences with [CKSTT].

1C. Comparison with the cubic case and higher-order NLS equations. In the cubic NLS, the only
resonant sets of frequencies are rectangles, which makes the choice of using rectangles as building blocks
of the generation set S completely natural. In the quintic and higher-degree NLS many more resonant
sets appear, which a priori gives much more freedom in the construction of S. In particular, in the quintic
case, sets of the form & are the most generic resonant sets, and therefore it would look reasonable to
use them as building blocks. However (see Appendix C), such a choice does not allow full energy transfer
from a generation to the next one and is therefore incompatible with our strategy. The same happens if one
uses sets of the form G, This leads us to use rectangles for the construction of S also in the quintic case.

It is worth remarking that, while nondegenerate rectangles do not exist in one space dimension, sets
of the form &, &® already exist in one dimension. The equations of the toy model only depend on
the combinatorics of the set S. Therefore, if one were able to prove diffusion in a toy model built with
resonant sets of the form &, @ (or other resonant sets that exist already in one dimension), then one
could hope to prove the same type of result for some one-dimensional (noncubic) NLS.

The use of rectangles as building blocks for the generation set of a quintic or higher-order NLS makes
things more complicated, since the rectangles induce many different resonant sets; see Section 2. This
leads to combinatorial problems that make it harder to prove the nondegeneracy and completeness of S.
The equations of the toy model also have a more complicated form than in the cubic case. Since these
types of difficulties grow with the degree, dealing with the general case will most probably require some
careful — and possibly complicated — combinatorics, and one cannot expect to have a completely explicit
formula for the toy model Hamiltonian of any degree.

In the quintic case the formula is explicit and relatively simple, and we can explicitly perform the
symmetry reduction. After some work, we still get equations of the form (2-10) that resemble the cubic
case with some relevant differences: here the Lyapunov exponent A depends on n and tends to infinity
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as n — oo; moreover, the nonlinear part of the vector field associated to (2-6) is not homogeneous in the
variables cg, as it contains both terms of order 3 and 5 (in the cubic case, it is homogeneous of order 3).

For the NLS of higher degree, not only the reduced Hamiltonian gets essentially unmanageable, but
there also appears a further difficulty. Already for the NLS of degree 7, a toy model built using rectangles
(after symplectic reduction and diagonalization) does not satisfy equations like (2-10), meaning that
the heteroclinic connections are not straight lines. Such a problem can be probably overcome, but this
requires a significant adaptation of the analytical techniques used in order to prove the existence of the
slider solution (work in progress with M. Guardia).

1D. Plan of the paper. In Section 2, we assume we have a generation set S = U,N: 1 Si which satisfies
all the needed nondegeneracy properties and deduce the form of the toy model Hamiltonian. Then we
study this Hamiltonian and prove the existence of slider solutions.

In Section 3 we prove the existence of nondegenerate generation sets such that the corresponding slider
solution undergoes the required growth of Sobolev norms.

In Section 4 we prove, via the approximation Lemma 4.1 and a scaling argument, the persistence of
solutions with growing Sobolev norm for the full NLS.

Since some of the proofs follow very closely the ones in [CKSTT], we move them to the appendix.

2. The toy model

We now define a finite subset S = UZNZ 1Si C 7* which satisfies appropriate nondegeneracy conditions
(Definition 2.8) as explained in the introduction. In the following we assume that such a set exists. This
is not obvious and will be discussed in Section 3B.

For reasons that will be clear, and following [CKSTT], the S; will be called generations. In order to
describe the resonances which connect different generations, we introduce some notation.

Definition 2.1 (family). A family (of age i € {1,..., N —1}) is a list (vy, v3; v3, v4) of elements of S
such that the points form the vertices of a nondegenerate rectangle, meaning that

2 2 2 2
vitva=v3+vs and |ui|"+[v2l” = [u3]” 4 |val,

and such that one has vy, vy € §; and vs, v4 € S;+1. Whenever (vy, v2; v3, v4) form a family, we say that
vy, vy are the parents of vs, v4 and that vs, vy are the children of v, v,. Moreover, we say that v is the
spouse of v, (and vice versa) and that v3 is the sibling of v4 (and vice versa). We denote (for instance)
v = vg’ar', vy = vgarz, v =0y, vg =030, vy = vfh‘, vy = vfhz.

Remark 2.2. If (v, vo; v3, v4) is a family of age i, then the same holds for its trivial permutations

(v2, v1; V3, V4), (V1, V2; V4, v3) and (v2, V1; V4, V3).

Definition 2.3. An integer vector A € Z!S! such that

D xi=0 and |Al:=) A <6
i i
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is resonant for S if

D xvi=0 and > Afvil*=0.
i i

To a family F = (vq, va; v3, v4) We associate a special resonant vector A with |A| = 4, through
> Af v; =1+ vy —v3—v4. Similarly, to the couple of parents in the family F we associate the vector ATr
through ), )f” v; = v1 + vy and to the couple of children we associate ATe through ), )»f" v; = U3 + U4,
so that A7 = A7» — A7«

Definition 2.4 (generation set). The set S is said to be a generation set if it satisfies the following:

(1) Foralli e {1,..., N —1}, every v € S; is a member of one and only one (up to trivial permutations)
family of age i. We denote such a family by FV. (Note that ¥ = F" if v = w*P.)

(2) Foralli € {2,..., N}, every v € §; is a member of one and only one (up to trivial permutations)
family of age i — 1. We denote such a family by F,. (Note that F, = F,, if v = w*®.)

(3) Forall v e |JY,' S;, one has v*P # v,
Remark 2.5. The vectors A7 corresponding to the families of a generation set are linearly independent.

Whenever two families F;| and F, have a common member (which must be a child in one family and a
parent in the other one), A”! + A2 is a nontrivial resonant vector whose support has cardinality exactly 6.
This motivates the following definition:

Definition 2.6 (resonant vector of type CF). A resonant vector A is said to be of type CF (couple of
families) if there exist two families F| # F> such that A = (171 4+ 172). (Note that, since |A| < 6, the
two families F; and F, must have a common member.)

Definition 2.7. Given an ordering of S, we have a one-to-one correspondence e; <> v; between the
canonical basis of Z!S and the elements of S.

We say that a generation set is nondegenerate if the following condition is fulfilled:

Definition 2.8 (nondegeneracy). Suppose that there exists A € ZI°!, with }_; A; = 1 and || <5, such that

Z)\i|vi|2_ Zkivi
i i

Then only four possibilities are allowed:

(1) A= 1.

2
=0.

(2) |A| =3 and the support of A consists of exactly three distinct elements of the same family, and the
two A; appearing with a positive sign correspond either to the two parents or to the two children of
the family.

(3) |x| =5 and there exist a family F and an element v € S such that A = £A7 + ¢;. Here, e, is the
vector of the canonical basis in Z!°! associated to v by Definition 2.7.

(4) |A| =5 and there exists v € S (with bfe; <> v) such that A — e; is a resonant vector of type CF.
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Note that, if S is a nondegenerate generation set and A is a resonant vector, then either A = 17 for
some family F or A is a resonant vector of type CF.

In what follows we will assume that S is a nondegenerate generation set. This implies that S is
complete and all the subsets S; are pairwise disjoint, complete and action-preserving. Finally, the only
resonances which appear are those induced by the family relations. Then, the Hamiltonian restricted to S
is

H|s=§<2|/sj|6+9z 1B 1B +36 ) |ﬁj|2|ﬂk|2|ﬁm|2)

jes j.keS Jj.k,meS
J#k Jj<k=<m
N-1
+3 > " (BiBjwBen By + BiBjwByon ﬂjchz)(z STIBP+ Y |ﬁm|2)
i=1 jeS; keS. meJFi
k¢ Fi
N-1
127 By Bjoer BB Byom Byene + Bem Bene By Bjso Bjosn Byor). (2-1)
i=2 jES,'
We restrict to the invariant subspace D C § where By = b; forall k € S; andi =1, ..., N. Denote

by n (which must be an even integer) the cardinality of each generation. Following the construction in
[CKSTT], one has n =2N-1. A straightforward computation (involving some easy combinatorics) of the
Hamiltonian yields

N N N
3
“Hp =) |bl° +9[(n =D bl 4n Y |bk|“|bz|2]
n k=1 k=1 k, =1
k#0
N N N
+6[<n—1><n—2>2|bk|6+3n<n—1) > |bk|4|bz|2:|+36n2 D bkl 1bel b
k=1 k.t=1 k,€,m=1
k#L k<€<m
N—-1 N
+18) " (—|bk|2 —lbepP+n ) |b£|2) (bibi sy + biy1bp)
k=1 =1
N—-1
+36 Y |bel*(bp_ by, + by ibp ) (2-2)
k=2

The equations of motion for the toy model can be deduced by considering the effective Hamiltonian
h(b, b) := H|p(b, E)/n, endowed with the symplectic form Q =i db A db.
Due to the conservation of the total mass L, the quantity

N
= Il

k=1

J =

S|~

is a constant of motion.
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We use this conservation law in order to remove from the right-hand side of (2-2) the terms depending
on n”>. We compute the quantity 3% — 6n%J3: Up to a global phase shift, the subtraction of the constant
term 6n2J3 can be ignored, so with an abuse of notation we keep denoting it by 3. We get

N N N N—-1
3h=4) " |bl®—9n ) |bh|2[2 be|* =2 (b, +b,§+15£)}
k=1 h=1 k=1 k=1

N-1 N-1
+18 Z(_“’k'z — b1 ) Bbi 1 + b1 B7) + 36 Z b (B _1bi g + by bi_y)- (2-3)
k=1 k=2

2A. Invariant subspaces. Since J is a constant of motion, the dynamics is confined to its level sets. For
simplicity, we will restrict to J = 1, that is, to

N
T = {beCN:Z|bk|2=1}.
k=1

All the monomials in the toy model Hamiltonian have even degree in each of the modes (b}, b ), which
implies that
Supp(b) := {1 < j < N | b; #0)

is invariant in time. This automatically produces many invariant subspaces, some of which will play a
specially important role, namely:

(i) The subspaces M; corresponding to Supp(b) = {;} for some 1 < j < N. In this case the dynamics is
confined to the circle |b; |2 = J, with

bj(t) = /T exp[—i(3n — 3)J%t]. 2-4)
The intersection of M; with X is a single periodic orbit, which we denote by T ;.

(i1) The subspaces generated by M; and M, (corresponding to Supp(b) = {j, j + 1}) for some
1 < j < N — 1. Here, the Hamiltonian becomes

3hag =4(1bj1° 4 1bj111%) = 9n(lb;1* + b1 )b |1* + b1 |* = 26307 + b5, b))]
—18(1b; > + b1 P B3b5 | + b7y, b7). (2-5)
Passing to symplectic polar coordinates
bj= \/Tleie‘, bjy1= L',
we have
3hag = (4—9n) (I} + L) +6(I1 + L)1 1L (3n — 2+ 6(n — 1) cos(2(61 — 62)));

since J = I} + I, is a conserved quantity, the dynamics is integrable and easy to study.
We pass to the symplectic variables

J, 11,92 and (p=92—91
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111
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Figure 1. Phase portrait of the two-generation Hamiltonian /5, on X.

and obtain the Hamiltonian
3hyg = (4—9n)J° +6J11(J — I})(3n — 2+ 6(n — 1) cos(2¢)).

The phase portrait (ignoring the evolution of the cyclic variable 6,) restricted to X is described in Figure 1.

Remark 2.9. The coordinates I;, ¢ and the domain given by the cylinder (¢, I;) € S! x [0, 1] are
singular, since the angle ¢ = 6, — 0 is ill-defined when I; = 0 or I; = 1. In the correct picture for the
reduced dynamics, each of the lines /; = 0 and /; = 1 should be shrunk to a single point, thus obtaining
(topologically) a two-dimensional sphere (see Figure 2).

This can also be seen in the following way. The level set J = 1 is a three-dimensional sphere S°, with
the gauge symmetry group S' acting freely on it. Due to the Hopf fibration, the topology of the quotient
space is S?.

As for the case of the cubic NLS (see [CKSTT] and [Guardia and Kaloshin 2015]), there exist
heteroclinic connections linking T; to T ;4. Again as in the cubic case, the orbits have fixed angle

© 1 3n—2 L) M
= ¢o = = arccos| ——— |, S —
ply=%=75 6(n—1) ! 1+ o2

where A = 24/(9n — 8)(3n —4). Our aim will be to construct slider solutions that are very concentrated
on the mode b3 at the time # = 0 and very concentrated on the mode by_, at the time t = 7. These
solutions will start very close to the periodic orbit T3 and then use the heteroclinic connections in order
to slide from T3 to T4 and so on until Ty_5.

2B. Symplectic reduction. Now, since we are interested in studying the dynamics close to the j-th
periodic orbit T;, we introduce a set of coordinates that are in phase with it and give a symplectic
reduction with respect to the constant of motion J. This procedure is the same as was carried out, for the
cubic NLS, in [Guardia and Kaloshin 2015] and, substantially, already in [CKSTT].
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Let 9) be the phase of the complex number bj. Then, for k # j, let c(] ) the variable obtained by
conjugating by with the phase 9V, i.e.,

C](cj) _ bke_m(j).
Then, the change of coordinates (which is well-defined on {b; # 0}) given by
(broo by by by (e s e e E D oD ED )
is symplectic. Namely, in the new coordinates the symplectic form is given by
Q=idc¥ ndeV) +dJ ndv').

Then, we rewrite the Hamiltonian /4 in terms of the new coordinates (from now on, in order to simplify
the notation, we will omit the superscript () in the ¢/} variables, in their complex conjugates ¢/’ and in
the phase /). Thus, we get the expression

3 2
3h=4 Z |ck|6—4< Z |ck|2> +(18n—12)J? Z lck|2—9nJ Z |ck|4—(9n—12)J<Z |ck|2)

k£ [y k£ k£ k£
N—1
+ 18 Z (—lexl® = lexr1* +nd) (RS + o)
=1
k#] Lj
N N
+ 18[ Y lal+ - 1)1] <J -3 |c@|2>(c§_1 +E)
k=1 =1
k#j—1,j L#j
N N
+ 18[ D el +m- 1)1] (J -3 |c€|2>(c§+1 +&,)
k=1 =1
k) j+1 (]
N—-1 N
+36 Z ekl (€11 €1 Go_)+361cj-1 |2(J_Z |Ck|2) (‘3372"“:?*2)
k=2 k=1
k#j-1], j+1 K£j
+36( Z'CH ) Cj- ICJ+I+C]+ICJ 1)
k#]
N
+36|c,-+1|2(1 -3 |ck|2) (A + ). (2-6)
k=1
k£

Observe that the Hamiltonian 4 does not depend on ¢. Since J is a constant of motion, the terms
depending only on J can be erased from the Hamiltonian. Up to those constant terms, one has

h=hy+ry, (2-7)
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Figure 2. A sketch of the phase portrait of the two-generation Hamiltonian /;, on X in
the correct topology.

where h; is the part of order 2 in (c, ¢) (which corresponds to the linear part of the vector field) and ry4 is
of order at least 4 in (c, ¢). By an explicit computation, one obtains

N
hy = zﬂ[@n =) P 30— +&_ +ciy, +E§+1)]. (2-8)

k=1
k#j

It is easily seen that the dynamics associated to the vector field generated by 4 is elliptic in the modes ci
with1 <k <j—2or j+2<k<=<N,while it is hyperbolic in the modes c;_; and c; ;. In order to put
in evidence the hyperbolic dynamics, we perform a change of coordinates which diagonalizes the linear
part of the vector field. Namely, for k = j — 1, j + 1, we set

(e, + c?)c,’f),

cr = (e, + a)c,:r) and ¢, =

1 1
V23 (@?) V23(w?)

where w = ¢'% with

1 3n—2
= —arccos{f - ————1.
=3 6(n—1)

Note that this change of variables affects only the hyperbolic modes, which are expressed in terms of
+ Tt
-0 Ci—1Cit1
the new variables, we get

the new variables (c i) This transformation is symplectic; writing s, as a function of

N

h2:2J2[(3n—2) > |ck|2+\/(9n—8)(3n—4)(cj“_1cj_1+c;“+lcj+1)i|. (2-9)
k;éjlclz,},j+l

We have proved that the periodic orbit (2-4) is hyperbolic and we have explicitly written the quadratic part
of the Hamiltonian in the local variables. Similarly to the case of the cubic NLS, these local variables are
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actually well adapted to describing also the global dynamics connecting two periodic orbits, as discussed
in the previous section.
To this purpose, we study the integrable two-generation Hamiltonian (2-5) after all the changes of

variables described in this section, i.e., in the variables ¢ , and c . Direct substitution shows that the

i+
Hamiltonian is given by

1 _ N _
hayy = 2J\/(9n —8)(3n — 4)chrl it i] — m[(cjil)z + (ch)Z + 291(w2)cj++1cj+1]}.

It is important to note that all the monomials in /¢ contain both ct i and c’_ ;, so the subspaces cJr = 0

j+r
and Cip1 = = 0 (which correspond to the heteroclinic connections) are invariant for the 2- generatlon

dynamlcs It is useful to let ¢* = {cs}n£j—1,j, j+1, sO that the dynamical variables of the Hamiltonian (2-6)

+ — -
become (cJ 1’ jil, Cit1 Ciyr c*, c®).

Now, since

hog = hl,+

l_C/ l—ql—O c*=0>

exploiting also the symrnetry between (¢ ci_ - and (ct _+1) this implies that, in 4, none of the

j—1 j+1

monomials in (¢} c*, ¢*) depends only on one of the variables ¢

— + —
j-1Cj—1 €t Cgr
¢*) have even degree in each of

+
J=10 -1 it J+1’
Finally, we recall that all the monomials in h(cj 1 j—l’ ;FH, Y
the couples (cj, ¢;) and in both couples (ck y Cp )
From these observations, and from the bound O (c?) < J=0(1), we immediately deduce the following

relations about the Hamilton equations associated to /:

¢ =27V On—-8)Bn—4)c;_ + 0(c2c;_1) +0(ch; ey,
¢ =22V =8)Bn—4) et + 0(Pci_ )+ 0(c; ;)
¢ =27V On=8)Bn—4)c;, + 0 C;H) + 0 el (2-10)

¢y =272V =8)Bn—4)ct, + 0(Pel )+ 0(c%; ¢4,
& =27*Bn+2)ic* + 0(c*c"),

where we denote ¢ = (c;r_l, cj__l, c;rH, C;_H, c*), cxj_1 = (c;rH, Cj_+1’ "), c4jp1 = (C}L_l, cj__l, c*).
These relations are the precise analogue of [CKSTT, Proposition 3.1]; the factor 2J 2/On=8)(3n—4)
here replaces the factor +/3 in [CKSTT].

From the equations of motion (2-10), we deduce that

0hog

C]+

—iCjp1 = +0(Cj41%41)-

‘We have

hag =20/ On —8)(3n —4)cT 7 (U — lejlD).
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where c;r , and C;4 can be thought of as functions of (¢, ¢j41). Then

+

. d(ci i) _
¢je1 =200/ On=8)Bn—4)(J — |ej 1) —L2 4 O(cjurefy ) + Ocjanck )

9Cj+1
We compute
(et cr) 2
. JH1Tj+1 + - -
2i 9 = :?s(a)z)(wcj“ a)ch),

from which we deduce

. 209n —8)(3n—4) o _
c,-+1=1\/ N (@cf =ocs, NI =lej1 ) +0(cjrict e D+0(C ey L), (2-11)

which is the analogue for ¢ of equation (3.19) in [CKSTT]. In the same way, one deduces

. 29n —8)(3n —4) o _
cj_I:J\/ 3D (wC}tl—ij,l)(J—Wj—l|2)+0(Cj—1C;lcj,l)*‘O(Cj—lCij,l), (2-12)

which is the analogue of equation (3.19) in [CKSTT] for the evolution of ¢;_;.

2C. Existence of a “slider solution”. In this section, we are going to prove the following proposition
(which is the analogue of Proposition 2.2 in [CKSTT]), which establishes the existence of a slider solution.

Proposition 2.10. For all € > 0 and N > 6, there exist a time Ty > 0 and an orbit of the toy model such
that

1b3(0)| > 1 —¢, bj(0) <€, j#3,
lby—2(To)| = 1 —€, bj(To)| <€, j#N-2.

Furthermore, one has ||b(t)|| ¢~ ~ 1 forall t €0, Tp)].

More precisely, there exists a point x3 within O (€) of T3 (using the usual metric on X), a point Xy _»
within O(€) of Ty—2 and a time Ty > 0 such that S(To)x3 = xy—2, where S(t)x is the dynamics at time t
of the toy model Hamiltonian with initial datum x.

In order to prove Proposition 2.10, we completely rely on the proof of the analogous Proposition 2.2 in
[CKSTT]. In order to keep our notations as close as possible to those of [CKSTT], we rescale the time
t =2/ (9n — 8)(n —4/3)t in our toy model; this means rescaling % to \/gh/Z\/(9n —8)(3n —4), where
h is defined in (2-3), so that the Lyapunov exponents of the linear dynamics are +/3. We hence prove
Proposition 2.10 for the rescaled toy model. By formulae (2-10), (2-11), (2-12), we have the analogue of
Proposition 3.1 and of equation (3.19) of [CKSTT].
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Proposition 2.11. Let3 < j < N —2 and let b(t) be a solution of the rescaled toy model living on ¥ and
with bj(t) # 0. We have the system of equations

¢y =—V3¢_ + 0 )+ 0(c; 1 chy), (2-13a)
¢t =3¢+ 0P )+ 0(c; 1)), (2-13b)
¢ =—V3¢i + 0, ) + O chy ), (2-13¢)
i = \/gc;':—l +O0ef, )+ 0416540, (2-13d)

& =ike* + 0(Pc*), k= V3Gn —2) (2-13e)

 JOn—=8)Bn—4)

Moreover,

: | 3 _ _
Cj1 = m(wcp]—wc,-+1)(1—|cj+1|2)+O(cj+1cj+1c,-+1>+0<cj+1cij+1> (2-14)

and

. 3 - _
éjo1= ‘/m(a}c;l —ac,_ T —leji)+0(cjicl_ i D+ 0(cjmick; ). (2-15)

Finally, since the equations (2-13) come from the Hamiltonian (2-6), which is an even polynomial of
degree six, one has that all the symbols O (c?) are actually O(c3) + O(c>).* For instance,

O(Pci_) =0+ 0, Ok el ) =0(cL; ¢ ) +0Pc; ciy). (2-16)

The only difference with [CKSTT] is that our remainder terms (of type 0(020;_1), 0(c§,é j_lc;“_l),
etc.) are not homogeneous of degree three but have also a term of degree five (which is completely
irrelevant in the analysis).

We now introduce some definitions and notations of [CKSTT].

Definition 2.12 (targets). A target is a triple (M, d, R), where M is a subset of X, d is a semimetric on X
and R > 0 is a radius. We say that a point x € X is within a target (M, d, R) if we have d(x,y) < R
for some y € M. Given two points x, y € X, we say that x hits y, and write x — y, if we have
y = S(t)x for some ¢t > 0. Given an initial target (M, d;, R1) and a final target (M,, d», R>), we say that
(M1, dy, Ry) can cover (M», dy, Ry), and write (M1, d;, Ry) - (M>, d3, R»), if for every x, € M, there
exists an x| € M| such that, for any point y; € ¥ with d(x1, y;) < Rj, there exists a point y, € ¥ with
dy(x2, ¥2) < Ry such that y; hits y;.

We refer the reader to pp. 64—66 of [CKSTT] for a presentation of the main properties of targets.
We need a number of parameters: First, an increasing set of exponents

1€ AJ AT € A7 <o K Ay, < AYL,,

4As in [CKSTT], we use the schematic notation O(-). The symbol O(y) indicates a linear combination of terms
that resemble y up to the presence of multiplicative constants and complex conjugations. So, for instance, a term like

i 2,2 4, . ; 4
2icjqqlejyol Ciiz— 3cjq1lcjqal™ is of the form O(cs) and, more precisely, O(Cj+1c;éj+1)
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which, for sake of concreteness, we will take to be consecutive powers of 10. Next, we shall need a small
parameter 0 < o0 < 1 depending on N and the exponents A which basically measures the distance to T
at which the quadratic Hamiltonian dominates the quartic terms. Then, we need a set of scale parameters

LIy Ky, Ky Ky K L <7,

where each parameter is assumed to be sufficiently large, depending on the preceding parameters and
on o and the A’s. These parameters represent a certain shrinking of each target from the previous one
(in order to guarantee that each target can be covered by the previous). Finally, we need a very large
time parameter 7 >> 1 that we shall assume to be as large as necessary depending on all the previous
parameters.

Setting

{Clv"'vch}:=cfl’b {Chach+la--'aCN}=C2]19

we call c<;_; the trailing modes, c- ;11 the leading modes, c<;_, the trailing peripheral modes, and
finally ¢ ;4o the leading peripheral modes. We construct a series of targets:

e Anincoming target (M;, d;, R;) (located near the stable manifold of T ;) defined as follows: M is
the subset of X where

. + _ ) — 23T
C<j=2,Cj =0, i1 =0, lezjpil=rje ,

R; = T4/ and the semimetric is
— (v =\ . 23T ~ 3T — ~— 43T ~ 33T ~
d; (0, 5) 1=V ooy g —Ecjal + eI =& 1+ et + e 1+ eV esjn — x|

* A ricochet target (M 0, d?, R?) (located very near T itself), defined as follows: M? is the subset of

Y where
- 0 —3T 0 —23T
cejmti € =0, leh 1 <m0 jes ) < %73,
_ A° . ..
R ;= T and the semimetric is
0/, =\ ._ 23T ~ + ~ 3T .— ~—
dj(x,x):=e V3 (|C§j_2—C§j_2|+|Cj+l ~|—cj+1|)+e“[ ch_] _Cj—1|

3V3T ¢y .+ ~+ - ~— =
+e V3 (ICj71+Cj71|+|Cj+1+Cj+1|+|czj+2_czj+2|)

» An outgoing target (M *, d;.r, R;“) (located near the unstable manifold of T ;) defined as follows:
M;.r is the subset of ¥ where

23T

o 2V3T

. - + ,
cfj_l,ch_O, Ciy1 =0, CZJ+2ISI’]-

+ . . .
Rj_ =T and the semimetric is

Y - 2+/3T ~ 43T | — ~— 3T ~ 33T ~
dy (e, 8) = eV fegjoy = eyl + e T er, = 1+ eI+ 1+ e es i — il

By Section 3.5 of [CKSTT], Proposition 2.10 follows from:
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Proposition 2.13. (M} ,d;, R}) — (M), d). RY) forall 3<j<N -2,
(MY, d9, R9) — (M. df . R}) forall 3<j<N=2,
(M}, df, RT) — My, .d7,, Ry, forall 3<j<N=2,

Proof. See Appendix A. (]

Proof of Proposition 2.10. By [CKSTT, Lemma 3.1] we deduce the covering relations
(M3, d3, R) — (My_s, dy_», R} ,); (2-17)

in turn this implies that there is at least one solution b(¢) which starts within the ricochet target (M 0 dg, Rg)
at some time g and ends up within the ricochet target (MI(\),_Q, a'g,_z, R?V_Z) at some later time 71 > ;.
But, from the definition of these targets, we thus see that b(#p) lies within a distance O(rge_ﬁT) of Ts,
while b(t;) lies within a distance O(r]?,_ze*“/gT) of Ty_s. The claim follows. ]

3. Construction of the set S

3A. The density argument and the norm explosion property. The perturbative argument for the con-
struction of the frequency set S works exactly as in [CKSTT, Section 4]. However, for the convenience
of the reader, we recall here the main points.

A convenient way to construct a generation set is to first fix a “genealogical tree”, i.e., an abstract
combinatorial model of the parenthood and brotherhood relations, and then to choose a placement function,
embedding this abstract combinatorial model in R%. Our choice of the abstract combinatorial model is
the one described in [CKSTT, pp. 99-100]. Then, once the combinatorial model is fixed, the choice of
the embedding in R? is equivalent to the choice of the following free parameters:

« the placement of the first generation S; (which implies the choice of a parameter in [R%ZN);
« the choice of a procreation angle ©7 for each family of the generation set (which globally implies

the choice of a parameter in TV 02" since (N — 1)2¥~2 is the number of families).

We let S(S1, 97) be the corresponding generation set and write X' := R2" x TV=02"" for the space of
parameters.

The set of parameters producing degenerate generation sets is small; more precisely, we have the
following:

Proposition 3.1. There exists a closed set of zero measure D C X such that the generation set S(Sy, 97
is nondegenerate for all (S, 9”) € X \ D.

For the proof, see Section 3B.
We claim that the set of (S;, ¥7) € X such that S(S;, 97) C Q32 \ {0} is dense in X. This is a
consequence of two facts:

« the density of @2\ {0} in R? (for the placement of the first generation);

« the density of (nonzero) rational points on circles having a diameter with rational endpoints.
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] @ first generation
/\ second generation
O third generation

@) 1| O fourth generation

X fifth generation

& L 4 @
2 6 i 2

R A
O [

Figure 3. The prototype embedding with five generations. Note that this is a highly
degenerate realization of the abstract combinatorial model of [CKSTT]. Since N =5,
each generation contains 16 points; we have explicitly written the multiplicity of each
point when it is not one. In zero there are: 0 points of the first generation, 8 points of the
second, 12 of the third, 14 of the fourth and 15 points of the fifth generation.

These two points imply that the set of (Sy, #”) € X such that S(Sy, #”) is nondegenerate and
S(S1, 97) c @\ {0} is dense in X.

In order to prove the growth of Sobolev norms, we require a further property on the generation set S,
the norm explosion property

S 1 s— - S
> kP >§2< DIV e (3-1)

keSn_2 keSs3

Given N > 1, our aim is to prove the existence of a nondegenerate generation set S C @2 \ {0}
satisfying (3-1). The fact that (3-1) is an open condition on the space of parameters X, together with the
above remarks, implies that it is enough to prove the existence of a (possibly degenerate) generation set
S C R? satisfying (3-1), which is achieved by the prototype embedding described in [CKSTT, pp. 101-102]
(see Figure 3).

For the reader’s convenience, we recall the construction of the prototype embedding. Let

Si={Li}, $={0,i+1};
then the 2V~! elements of the k-th generation are identified with

(@1oeeor T 2 - 2v1) €857 X ST = 3 (3-2)
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The union of the X is denoted by . For all 1 <k < N — 1, a combinatorial nuclear family with parents
in the k-th generation and children in the (k+1)-st generation is a quadruple

(215 vy Th=2, W, Zps - -+, ZN=1), W ESTUS,, (3-3)

where all the z; with j # k — 1 are fixed, withz; € $if 1 < j<k—-2andz; € §;ifk <j<N -1
Then, the prototype embedding f : ¥ — C ~ R? is the one defined by

N—1
fzi, ... av—) = l_[Zj- (3-4)
j=1
Remark 3.2. For any given positive integer £, the function F : S*~! — R, where

¢
inz = 1},
i=1

S“:{(xl,...,xg)ew

defined by
¢
2
F(xy,...,xp) :ins
i=1
attains its minimum (since s > 1) at

1, x) = @2
and its maximum at
(x1,x2, ..., x¢) =(1,0,...,0).

From this, one deduces that, for each family F with parents vy, v, and children v3, v4, one must have

sl + ol _
1] + [va]®
and therefore, forall 1 <i <N —1,
2s
Zk68i+l I < s—l’
ZkeS,- |k|25
which implies
Zk |k|2s
€5 < ps=D(i=0)
D kes, k1 T
kES,‘

for all 1 <i < j < N. This means that we have to choose N large if we want the ratio

ZkESN,Z |k|2S
2 kes, kI
to be large.

Moreover, since
F(em'2 ey ==+ F(L0,...,00=1,
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we have, forall 1 <i, j <N,
Zkesi |k|25 s—1
_— <n s
D kes; K= T

which implies that n (the number of elements in each generation) also has to be chosen large enough.

In this sense, the prototype embedding and the choice n = 2V ~!

|2s

are optimal, because they attain the
maximum possible growth of the quantity » ", s [k17* both at each step and between the first and the last

generation.

Trivially there exists a one-to-one map from X to S which preserves the age, then the same map
identifies X with the basis vectors of Z!!. This defines the family relations of our generation set. Then,
once we are given a nondegenerate generation set contained in @2\ {0} and satisfying (3-1), it is enough
to multiply by any integer multiple of the least common denominator of its elements in order to get a
nondegenerate generation set S € Z2\ {0} and satisfying (3-1) (note that (3-1) is invariant by dilations of
the set S). Note that we can dilate S as much as we wish, so we can make mingcs |k| as large as desired.

These considerations are summarized by the following proposition (the analogue of Proposition 2.1 in
[CKSTT):

Proposition 3.3. Forall K, §, R > 0, there exist N > 1 and a nondegenerate generation set S C 72 such

that )
kS 2
SN
and such that \
min k| > R. (3-6)

keS

3B. Proof of Proposition 3.1. The proof is composed of several steps. First, we need a lemma ensuring
that any linear relation among the elements of the generation set that is not a linear combination of the
family relations is generically not fulfilled.

Lemma 3.4. Let € 7V 2N , i1 =1,..., M be an integer vector, linearly independent from the subspace
of RN 2N generated by all the vectors M associated to the families. Then, for an open set of full
measure S C X, one has that, if (S, 7)) € &, then S(Si, ©7) is such that

N2N71

> v #0. (3-7)
j=1

Proof. We denote the elements of S by vy, ..., vjg|, with |S| = N2V ~!. For simplicity and without loss
of generality, we order the v; so that couples of siblings always have consecutive subindices.
For each family F, both the linear and the quadratic relations

Y aFv;i=0 and Y ATlv;[*=0
j j
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are satisfied. The coefficients of the linear relations can be collected in a matrix A% with (N — 1)2V 2

rows (as many as the number of families) and N2V !

columns (as many as the elements of §), so that
the linear relations become

ATv=0.
We choose to order the rows of A7 so that the matrix is in lower row echelon form (see figure).

W) w2 w3 wq Ws p5s We pe W7 p7 W8 P38
1 1.0 0-1-1{0 O O O O O
0 1 1.0 0-1-1]0 0 O O
0O 0001 01 0-1-1

0O 0 0o 0O0o1 01 0 0-1-1

Each row of a matrix in lower row echelon form has a pivot, the first nonzero coefficient of the row
starting from the right. Being in lower row echelon form means that the pivot of a row is always strictly
to the right of the pivot of the row above it. In the matrix A7, the pivots are all equal to —1 and they
correspond to one and only one of the children from each family. In order to use this fact, we accordingly
rename the elements of the generation set by writing v = (p, w) € R?* x R* with a = (N — 1)2V 2,
b=N2N"1—a= (N +1)2V=2 where the p; € R? are the elements of the generation set corresponding
to the pivots and the wy € R? are all the others, that is, all the elements of the first generation and one and
only one child (the nonpivot) from each family. Here, the index ¢ ranges from 1 to b, while the index j
ranges from 2 141 to b (note that a +2V~! = b), so that a couple (p;, we) corresponds to a couple of
siblings if and only if j = ¢. Then, the linear relations A”v = 0 can be used to write each p; as a linear
combination of the w, with £ < j only:

pi=> newe nee. (3-8)

<j
Finally, the quadratic relations A7 |v |> =0 constrain each w, with £ > 2V~ (i.e., not in the first generation)
to a circle depending on the w; with j < £; note that this circle has positive radius provided that the

parents of wy are distinct. Then, (3-8) implies that the left-hand side of (3-7) can be rewritten in a unique
way as a linear combination of the w, only, so we have

b
> vewy =0. (3-9)
=1

Hence, the assumption that j is linearly independent from the space generated by the A is equivalent to
the fact that v € R* does not vanish.
Now, let
¢ :=max{¢ | vy # 0},
so that (3-9) is equivalent to

1
we—:—v—z§vewz. (3-10)
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If £ <2N=! then w 7 1s in the first generation. Since there are no restrictions (either linear or quadratic) on
the first generation, the statement is trivial. Hence, assume £ > 2V~!. We can assume (by removing from
& a closed subset of zero measure) that v;, # vy for all & # k. Then the quadratic constraint on w; € R2
gives a circle of positive radius. By excluding at most one point of this circle, we can ensure that the
relation (3-10) is not fulfilled, which proves the thesis of the lemma. U

In view of Lemma 3.4, those vectors u € Z!®! that are linear combinations of the family vectors assume
a special importance, since that is the only case in which the relation ) ;v; = 0 cannot be excluded
when constructing the set S. In that case, we will refer to u ~ 0 as a formal identity. In general, we will
write i ~ A whenever the vector u — A is a linear combination of the family relations.

We introduce some more notation: given a vector A € Z!°!, we denote by 7 ;A the projection of A on
the j-th generation, namely the projection of A on A; C 7'5! defined by

A; := Span({e; | v; belongs to the j-th generation}; 7).

Now, let R, = >_; ;277 be a linear combination with integer coefficients of the family vectors. We
denote by ng, the number of families on which the linear combination is supported, the cardinality of
{i | @; #0}. Moreover, we denote by ”];e(, the number of families of age £ on which R, is supported, the

cardinality of
{i |a; #0 and F; is a family of age k}.

Finally, we denote respectively by mg, and Mg, the minimal and the maximal age of families on which
R, is supported. Then, we make the two following simple remarks.

Remark 3.5. If ”l;ea = n];;:] =1, then w4 | Ry is supported on at least two distinct elements.

Remark 3.6. If n’,‘ea # nll‘gl, then ;41 R, is supported on at least two distinct elements.
Before proving the main result of this section, we need some lemmas.

Lemma 3.7. Ifng, > 3, then R, is supported on at least 8 distinct elements.

Proof. For simplicity of notation, here we put m :=mp, and M := Mg,. First, observe that 7, R, is
supported on 2n’; elements and that 7y 11 Ry is supported on Zn% elements. So, if ny + n%x > 4, the
thesis is trivial.

Up to symmetry between parents and children, we may choose nz < n%x . So, the only nontrivial

cases to consider are (n’l’e’a, n%x) =(1,1) and (n’};a, n%)[) =(1,2).

Case (1,1): We must have M > m + 2, since there must be at least three families in R,. Now, let
C := max; n’ka. If C =1 then, by Remark 3.5, the support of R, involves at least 4 generations and

at least 2 elements for each generation, so it includes at least 8 elements. If C > 1, then there exist
i+1
Ry
7j+1 Ry are supported on at least 2 elements each. Since 7, Ry and mys41 R, are supported on exactly 2

m <i, j < M with i # j such that nlka <n%y " and ngl < ”{ea- Then, by Remark 3.6, 7;+1 R, and

elements and since the four indices m, i + 1, j + 1, M 4+ 1 are all distinct, then we have the thesis.
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Case (1,2): Here, m;, Ry is supported on 2 elements and 7y R, is supported on 4 elements. Moreover,
there exists m <i < M such that n’Rtl < n"Ra, which, by Remark 3.6, gives us at least 2 elements in the

support of ;1 R,. Thus, we have the thesis. (I
From Lemma 3.7, the next corollary follows immediately.

Corollary 3.8. If R, is supported on at most T elements, then R, is an integer multiple of either a family
vector or a resonant vector of type CF.

Lemma3.9. Let A, B,C € R, R > 0 and p, g € R*> ~ C be fixed. Let
ca(®):=p+ Re'7, c(¥):=p— Re'V.
Then, the function F : S' — R defined by
F@) = Alei@)” + Blea@) P + C — |Aci (9) + Bea(9) + g
is an analytic function of ¥, and it is a constant function only if A= B orif (A+ B —1)p+¢q=0.
Proof. An explicit computation yields
F®)=2R(B—A)((A+B—-1)p+q.e’)+K,
where K is a suitable constant that does not depend on . (I

Corollary 3.10. If A #= B and (A+ B — 1)p + g # 0, then the zeros of F are isolated.

Lemma 3.11. Let 7 = (p1, p2; c1, ¢2) = (Viy, Viy; iy, Vi) be a family of age i in S and let A= e, +e;,
be the abstract vector corresponding to the sum of the parents of the family F. Moreover, let i € 7!/
be another vector with || < 5 such that wjju = 0 for all j > i + 1 and such that the support of | and
the support of the abstract vector )< := e;, + e;, corresponding to the sum of the children of F are
disjoint. Finally, let h, k € Z \ {0}. Assume that the formal identity hj + kA" ~ 0 holds. Then, only two
possibilities are allowed:

(1) hp+kr"r =0;

(2) hu + kA%r is an integer multiple ofkﬁ, where F is a family of age i — 1, one of whose children is a
parent in F.

Proof. We first remark that i + kA”7 is supported on at most 7 elements. Moreover, since it is a linear
combination of some family vectors (because of the formal identity 4 + kA”? ~ 0), we are in a position
to apply Corollary 3.8 and conclude that 4.1 + k1”77 must be an integer multiple of either a family vector
or a resonant vector of type CF.

Now, assume by contradiction that 4u 4 kA”7 is a nonzero integer multiple of a resonant vector of
type CF. Then, the support of 4 4+ kA”7» cannot include both parents of the family F, since the support
of a CF vector including a couple of parents of age i should include also a couple of children of age i 42,
but we know by the assumptions of this lemma that the support of 4 + kA”» does not include elements
of age greater than i 4+ 1. Therefore, at least one of the elements in A must cancel out with one of the
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elements in A”7, but then the support of 4 +kA%7 can include at most 5 elements, and therefore it cannot
be a vector of type CF.

Then, if Ay + kA7? is a nonzero integer multiple of a single family vector F, observe that its support
must contain one and only one of the parents of . In fact, if both canceled out, then the support of
hu + kA”7r could contain at most 3 elements, which is absurd. If none of them canceled out, then we
should have F = F, which in turn is absurd since, by the assumptions of this lemma, the support of
hu + kA% cannot include any of the children of the family 7. This concludes the proof of the lemma. [

We can now prove the main proposition.

Proof of Proposition 3.1. The proof is based on the following induction procedure. At each step, we
assume we have already fixed i generations and say & < 2V¥~2 families with children in the (i41)-st
generation. Our induction hypothesis is that the nondegeneracy condition is satisfied for the vectors u
whose support involves only the elements that we have already fixed. Then, our aim is to show that the
nondegeneracy condition holds true also for the set of vectors supported on the already fixed elements plus
the two children of a new family (whose procreation angle has to be chosen accordingly) with children in
the (i+1)-st generation, up to removing from X a closed set of null measure.

First, we observe that, at the inductive step zero, that is, when placing the first generation Sy, the set of
parameters that satisfy both nondegeneracy and nonvanishing of any fixed finite number of linear relations
that are not formal identities is obviously open and of full measure.

Then, we have to study what happens when choosing a procreation angle, i.e., when generating the chil-
dren of a family F = (p1, p2; c1, ¢2) = (v;;, Vi,; Viy, V;,) Whose parents (p1, p2) = (v;,, v;,) have already
been fixed. We need to study the nondegeneracy condition associated to the vector A(A, B, i) € Z!5!
given by

A(A, B, p) := Ae;; + Bei, + 1,

where u satisfies the same properties as in the assumptions of Lemma 3.11, and

|A|+|B|+|u| <5 and A+B+Zﬂj=1-
J

IfA#Bandif (A+B—1)(p1+p2)+2 Zj w;v;j # 0, then we are done, because, thanks to Corollary 3.10,
the nondegeneracy condition is satisfied for any choice of the generation angle except at most a finite
number. Therefore, we have to study separately the case A = B and, for A # B, we have to prove that
(A+B—1)A"r 421 ~0holds as a formal identity only in the cases allowed by Definition 2.8. Whenever the
formal identity (A+B—1)A7» 421 ~ 0 does not hold, we can impose (A+B—1)(p;+p2)+2 Zj v #0
by just removing from X a closed set of measure zero, thanks to Lemma 3.4.

Case A= B: If (A, B) = (0, 0) there is nothing to prove, thanks to the induction hypothesis. Then we

have to study (A, B) = £(1, 1). In this case, thanks to the linear relation defining the family F, we have
the formal identity

MA, B, ) ~ 277 4+ =0T
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with |u| <3, > j v;.“ =—land ) iV = 3. The good point is that v* is entirely supported on the
elements of the generation set that have already been fixed, so we can apply the induction hypothesis
of nondegeneracy to v* and distinguish the 4 cases given by Definition 2.8: we have to verify that
M(A, B, ) accordingly falls into one of the allowed cases:

o v¥ satisfies (1) of Definition 2.8. Then one readily verifies that A(A, B, 1) satisfies either (2) or (3)
of Definition 2.8.

« v* satisfies (2) of Definition 2.8. Observe that the family involved by the statement of (2) cannot be

F, since vt

cannot be supported on either child of the family F. Then u must cancel out one of the
two parents appearing in =A77. It cannot be supported on both parents because that would not be

consistent with |p] <3 and |v*| = 3. Then one verifies that A(A, B, 1) satisfies (4) of Definition 2.8.

o v¥ satisfies (3) of Definition 2.8. Since |[v*| = 1, then nothing cancels out, so the support of v*
includes both parents of F. But this is absurd, so this case cannot happen.

o v* satisfies (4) of Definition 2.8. This case is again absurd, since v* should be supported on 5 of
the 6 elements of a CF vector, including the two parents of the family F.

Case A # B: By symmetry, we may suppose |A| > |B|. Assume that (A + B — 1)A77» 42 ~ 0 holds as
a formal identity; we must prove that this can be true only in the cases allowed by Definition 2.8. First,
we consider the case A+ B — 1 = 0: then, we must have the formal identity u ~ 0 with |i| < 5: so, by
Corollary 3.8, either u is (up to the sign) a family vector (which may happen only if (A, B) = (1, 0)
due to the constraint |A|+ |B|+ || <5) or u = 0. Consider the case (A, B) = (1, 0): if u is a family
vector, then A(A, B, u) falls into case (3) of Definition 2.8; if u = 0, then A(A, B, ) falls into case (1)
of Definition 2.8. If (A, B) = (2, —1) or (A, B) = (3, —2), then u = 0. Then, in both cases, from

2

Y hi(A, B, wlvilP =Y xj(A, B, wv;
J J

with some explicit computations one deduces |c; —c»|? =0, which is absurd, since the induction hypothesis
implies p; # p» and since the endpoints of a diameter of a circle with positive radius are distinct.

Now, if A+ B — 1 # 0 we can apply Lemma 3.11 and deduce that (A + B — 1)A7» 42 is either zero
or an integer multiple of the vector of a family where one of the parents of F appears as a child. Suppose
first (A+ B — 1)A7» +2u =0. Then A + B — 1 must be even. If (A, B) = (—1, 0), then = A7» and
A(A, B, u) falls into case (2) of Definition 2.8. If (A, B) = (2, 1), then © = —A77 and A(A, B, ) falls
into case (3) of Definition 2.8. These are the only possible cases if (A + B — 1)A”» 42 = 0. Finally,
assume that (A 4+ B — 1)A7» 42 is an integer multiple of the vector of a family where one of the parents
of F appears as a child. Then p must be such that the other parent of F is canceled out, so A+ B — 1
again has to be even. If (A, B) = (—1, 0), then 1 — A7 is the vector of a family where one of the parents
of F appears as a child and A(A, B, w) falls into case (4) of Definition 2.8. This is the only possible case,
since the support of © must include one parent of F and the other three members of the family where the
other parent of F appears as a child. This also concludes the proof of the proposition. (I
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4. Proof of Theorem 1.1

In the previous sections we have proved the existence of nondegenerate sets S on which the Hamiltonian
is (2-1) and the existence of a slider solution for its dynamics. We now turn to the NLS equation (1-4)
with the purpose of proving the persistence of this type of solution.

As in [CKSTT], one can easily prove that (1-4) is locally well-posed in 2Y(Z%): to this end, one first
introduces the multilinear operator

N@) : 61 7% x £1(Z%) x £12%) x 17 x (7% — ¢ (7%
defined by
(N(t)(aa b,c,d, f))J = Z aij bj2Cj3Jj4fjseiwﬁt’ 4-1)

J1+ixtiz—ja—is=Jj
so that (1-4) can be rewritten as

—iaj=WN(t)(a,a,a,a,a));.

Then, in order to obtain local well-posedness, it is enough to observe that the following multilinear
estimate holds:

IN@)(a,b,c.d, Plle S lallglibllgliclelidlenll flle - (4-2)

Lemma 4.1. Let 0 < 0 < 1 be an absolute constant (all implicit constants in this lemma may depend
ono). Let B> 1,and let T <« B*log B. Let g(t) := {8 (1)} jez2 be a solution of the equation

g =iN(@)(g(1),g(), g(t), g(t), g(1)) +E(1)) 4-3)

for times 0 <t < T, where N(t) is defined in (4-1) and the initial data g(0) is compactly supported.
Assume also that the solution g(t) and the error term £(t) obey bounds of the form

lg@llerz2y < B, (4-4)

t
/ E(r)dr
0

We conclude that, if a(t) denotes the solution to the NLS (1-4) with initial data a(0) = g(0), then we have

<B! (4-5)
1(72)

la(t) — g®llp1z2) S B~'772 (4-6)
forall0 <t <T.

Proof. The proof is the transposition to the quintic case of the proof of Lemma 2.3 of [CKSTT] and is
postponed to Appendix B. O

Given 6, K, construct S as in Proposition 3.3. Note that we are free to specify R = R(§, K) (which
measures the inner radius of the frequencies involved in §) as large as we wish. This construction fixes
N = N(3, K) (the number of generations). We introduce a further parameter € (which we are free to
specify as a function of §, K) and construct the slider solution b(¢) to the toy model concentrated at
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scale € according to Proposition 2.10 above. This proposition also gives us a time 7o = To(K, §). Note

_ t
bM (1) := A 1b<F>.

We choose the initial data for NLS by setting

that the toy model has the scaling

a;j(0) =61 (0) forall jeS 4-7)

and a;(r) =0 when j ¢ S. We want to apply the approximation lemma, Lemma 4.1, with a parameter B
chosen large enough so that

B*log B > A*Ty. (4-8)
We set g(1) = {g(#)}jcz> defined by the slider solution as
gy =bP ) foral jes,
gj(t) = 0 otherwise. Then we set £(1) := {; (1)} ;cz2 with

&) =— > 8k 8128k 8y ks
k; €Stk +hy+k3—ky—ks=j
w70
where wg = k1 |> + |k2|* + |k3)* — |ka|? — |ks|? — |j|2. We recall that the frequency support of g(¢) is in S
for all times. We choose B = C(N)A and then show that, for large enough A, the required conditions
(4-4), (4-5) hold true. Observe that (4-8) holds true with this choice for large enough A. Note first that,
simply by considering its support, the fact that |S| = C (), and the fact that ||b(¢)||¢=~ ~ 1, we can be

sure that [|b(t)¢1(z) ~ C(N) and therefore

1BD O Nl 2y 18D g1 z2) < A'CN). (4-9)

Thus, (4-4) holds with the choice B = C(N)A. For the second condition, (4-5), we claim

‘/ E()dr
0

This implies (4-5) since B=AC(N) and T = AT,
We now prove (4-10). Since wg does not vanish in the sum defining £, we can replace e/“s* by

S C(NYA24+27°T). (4-10)
el

d[e'”sT /(iwg)]/dT and then integrate by parts. Three terms arise: the boundary terms at T = 0, 7 and the

integral term involving

d

e (8K, 8k> &k 8ks 85 ]-

For the boundary terms, we use (4-9) to obtain an upper bound of C(N)A~>. For the integral term, the
t-derivative falls on one of the g factors. We replace this differentiated term using the equation to get
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an expression that is 9-linear in g and bounded by C(N)A~°T. Once A has been chosen as above, we
choose R sufficiently large so that the initial data g(0) = a(0) has the right size:

(Z |g,<0>|2|j|2“‘)2 ~ 3. (4-11)

jes

This is possible since the quantity on the left scales like A~! and R* respectively in the parameters A, R.
The issue here is that our choice of frequencies S only gives us a large factor (that is, K /8) by which the
Sobolev norm of the solution will grow. If our initial datum is much smaller than § in size, the Sobolev
norm of the solution will not grow to be larger than K. It remains to show that we can guarantee

(Z Iaj(?»4T0)|2|j|2S>2 > K, (4-12)

jez?

where a(t) is the evolution of the initial datum g(0) under the NLS. We do this by first establishing

1
2
(Dg,-(x“To)FUFS) ZK, (4-13)
jes
and then
> g 04 To) —a; (A To) P11 S 1. (4-14)
jesS

In order to prove (4-13), consider the ratio

0. Zies 8 PP 2L 67 G TP 2, U
Y jes & ORI YL PP Y e 117

(4-15)

SetJi =) s |j1%%; by construction, J; /J; ~2°~/ and, by the choice of N, one has J3/Jn_2 < 82K 2.
Then one has
YL OMOPS  Jva(l—e)
SN P OR3 Y eXiadi+t -6
_ 1—e B 1 . K?
€Y di/ AN+ (1—)T3/Ina Ts/Ina+0() ™ 82

provided that e = €(N, K, §) is sufficiently small.
In order to prove (4-14), we use the approximation lemma, Lemma 4.1, to obtain that

. (4-16)

N —

D g (o) —a; (AT PP AT 1P <
JjeS jes

The last inequality is obtained by scaling A by some (big) parameter C and R by C'/* so that the
bound (4-11) still holds while A™277 3" _o|j|* scales as C™°.
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Appendix A: Proof of Proposition 2.13

This proof is in fact exactly the same as in [CKSTT], however in that paper all the results are stated for
the cubic case (even though they are clearly more general) and so we give a schematic overview of the
main steps.

Lemma A.1. Suppose that 0, 7] is a time interval on which we have the smallness condition

T
/ ()P ds < 1
0

then we have the estimates

T
e (1 S eV ler,, (0)] + /0 eVt ()] e

T
et (O S e lety, (0)] + /0 eV ()] ey

lcjx1(T)] S eV [cj21(0)],
Ic¢*(1)] < [c*(0)].

Proof. As in [CKSTT] this lemma follows from equations (2-13) by Gronwall’s inequality and the
definition of O(-). O

We now prove that the incoming target covers the ricochet target. We start from some basic upper
bounds on the flow.

Proposition A.2. Let b(t) be a solution to the toy model such that b(0) is within (Mj_, dj_, Rj_). Let ¢(7)
denote the coordinates of b(t) as in (2-13). Then, for all 0 <t < T, we have the bounds
" (@) = O(T* e 2V3T),
7, ()] = O(oe™D),
[cF (D) = (I H =43 aT), (A-1)
7 (D] = 0@y (14 1) V3T =V3),

[T (D] = Oy e 23T+,

Proof. This is Proposition 3.2 of [CKSTT]. The proof is an application of the continuity method and of
Lemma A.1. U

Now, from these basic upper bounds and from the equations of motion (2-13) and (2-16), we deduce
improved upper bounds on the dynamical variables. We first consider Ci_pswe have

= =3 + O D) + O ) + 0T 73T

for some explicit expression O((c i ) +0((c i )). Let g be the solution to the corresponding equation

$=—V3g+0@EH+0)
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with the same initial datum g(0) = o. One has the bound
g(1) = 0(0e¥™), (A-2)

which is formula (3.35) of [CKSTT]. Then, by estimating the error term Ej.il = le | — &, one has

7 (1) = g(@) + O(T 4 e 2V3T), (A-3a)
O(c) = O(g2) + O(TAi e 2V3Ty, (A-3b)
O(L 1) = O(gh) + O(TH T e 2/3T=V3r), (A-30)

which are respectively formulae (3.36)—(3.38) of [CKSTT]. Now we control the leading peripheral modes.
Inserting (A-3b) in (2-13e), we see that

Csjr = iKCsj2 + O(c2j1287) + O(csjr2gh) + O(TH eV ey 1)),
We approximate this by the corresponding linear equation
i = ixu+Oug?) + O(ug"),

where u(7) € C¥N=/~!. This equation has a fundamental solution G j12(t) : CN=/=! — C¥=/~!. From
(A-2) and Gronwall’s inequality, we have

T
/ ¢*(t)dt = 0(1) (A-4)
0
and
G212l 1GZ 1,1 = 0(D). (A-5)

Setting ¢ j12(0) = e‘zﬁTasz + O(TAfe_3‘/§T), we define
E-jizi=czjp2—e VG jpnaz o,
Applying the bound on c> 1, from Proposition A.2 and Gronwall’s inequality, we conclude
|Ezj32(0)] = O(T* &)
forall0 <t < T, and thus
e i12(0) = e 2T Goj a(T)as jya + O(TH7 e V3T, (A-6)

This is formula (3.41) of [CKSTT].

Now we consider the two leading secondary modes ¢ i1 simultaneously. From (2-13), (A-3) and

+
j+1° €
Proposition A.2, we have the system

&7 —c7 co O(TA;+1674\/§T)
A =v3 )Mo )+ _ .
(‘ﬁl) ( i ) i O(THi 1 e=4/3T+V37y
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Here M (7) is a two-by-two matrix with all entries O(g?) + O(gh. Passing to the variables
a; (1)
aip1(r) = H
]+1( ) ~4 9
(“ j+1 (f)>

~— _ 2V3T+/37 .~ ~+ _
aj+1(r)_e cj_H(t), aj+1(t)_e

where
AT (),
we get the equation
00t j41(7) = A(D)j41 (T) + O (T4 =23 +3T),
{aj+1(0> = a1+ 0T V3T, A7
where A(t) is some known matrix which (by (A-2)) has bounds

0237 0Q)
A(T) :O‘2 (0(6_4\f3f) 0(6—2~/§f)> .

We have obtained formula (3.42) of [CKSTT]. Hence, following verbatim the proof given in [CKSTT],
we get

( e2V3T+/3t .~
+1

emr-ﬁrcj.:l) = Gjp1(D)ajpr + 0T 23T, (A-8)
J

which is formula (3.45) of [CKSTT].
Then, following Section 3.7 of [CKSTT] verbatim, we deduce that the incoming target covers the
ricochet target.

Then, one has to prove that the ricochet target covers the outgoing target. In order to do this, one
should adapt Sections 3.8-3.9 of [CKSTT] exactly as we have done in the previous section. Since this is
completely straightforward, we will not write it down.

The last step consists in proving that the outgoing target (M;.r, d;.r, r;.r) covers the next incoming target
(M, d; y,r; ). Aninitial datum in the outgoing target has the form
c<j1(0) = O(T & 2V3T),
¢741(0) = O(TH =37,
¢l =0 + 01" ™),
e2j42(0) = e Va5 4+ 0T eT)
for some a- j;, of magnitude at most r;f. From (2-13e), (2-14) and (2-15) we deduce
Caia1 = O(lcessi)).

Thus, for all 0 < 7 < 10log(1/0), Gronwall’s inequality gives

1 +
cxj+1(T) = O(Gom T ezﬁT)' (A-9)
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The stable leading mode C;_H can be controlled by (2-13c), which, by (A-9), becomes

. - 1 24T 43T
Cj+1=0(|cj+1|)+0(OT(l)T e V3 .
By Gronwall’s inequality we conclude
- 1 +
¢in(@M=0 (mT“" ¢ MT) (A-10)

Then, taking the cjﬂr | component of (2-11), we obtain, by (A-9) and (A-10),

‘. 2 24T 43T
C;_+l =\/§(1—|Cj_+l| )C7_+1+0<00(1)T je )
As in [CKSTT], we define g to be the solution to the ODE
8:8 =~3(1-18"3§ (A-11)

with initial datum g(0) = o. This solution can easily be computed and is given by
1

g(r) = ,
V14 6—2\/§(T—f0)

1

V14 e2V3n N

1
gR21) = ——==V1-0?
V14 e 2V3n

and that 2ty < 10log(1/0) if o is small enough. Then, estimating as in [CKSTT] (via Gronwall’s

where ¢ is defined by

g.

‘We note that

inequality) the error

A

+ T
Eji=¢cjy—8&

we get
. 1 + o
i@ =g(f)+0<(;0(1) T%e ﬁT)- (A-12)
This (together with (A-9) and (A-10)) implies
0D +0(cH =0 +0@EH + 0 (00 5 TATeﬁT) (A-13)

Now, from (2-13c¢), (A-9) and (A-13), we have

. . A A 1 +
Csjp2 =IKkCsjyo+ O(gzczj-i-Z) + (9(g4czj+2) +0 (WTMJ e 3‘/§T>.

We approximate this flow by the linear equation

i = iku+Oug?) + 0w,
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where u(t) € CN=/~!. This equation has a fundamental solution GZHZ(T) s CN=i=1 5 CcN-J-1 for
all T > 0; from the boundedness of ¢ and Gronwall’s inequality we get

~ R 1
-1
G220 |G (DI S TR (A-14)
As in [CKSTT], a Gronwall estimate of the error

Esjia(t) =2 jia(0) —e T 6o n(t)as 1o

gives

cZHz(r)=e‘2mézj+z<r)az,-+z+0( 5T e —MT), (A-15)

which is equation (3.62) of [CKSTT]. Then, at the time t =219 < 10log(1/0), the estimates become

1
c<j_1(210) = 0( - TA_,*ezﬁT)
(o2
- 1 247 —4IT
¢jy1(270) = 0( om !
C}L+1(2To) Vv1—o02 +0( 0(1) [T)

c>j+2(210) = e_zﬁTézj+2(2TO)azj+2 +0 (

.
o 7247 6—3«/§T).
o

From this, we deduce

1
_ 2 7_ 1 AT /3T
|b,~|_<1—Z|ck|> =0+ 0( —5qT"e .

k#j

Moving back to the coordinates by, ..., by, this means that we have

1
b<j—1Q27) = 0( o0 TAfe_z‘/gT>,
o
1 e
bj(2'[()) = |:O’ +§R0< o TATe\/gT):|etﬂ(’)(2ro)’
o
1 1
PinBm0) = [\/ﬁﬂho( 0(1)TA76_J§T)] el ¢ 0( 0<1>T2A+e_4[T),

T2A+e—3fT)

i) — A
b j12Q2rp) = &7 P02V G (210)as j4a + O (00(1)

where the notation f =N O(-) means that both f = O(-) and f € R. We now have to recast this in terms

of the variables c(] +1), . (j U in phase with T . Following [CKSTT], we denote these variables by
¢1,...,Cn. We first note that
19(”'1)(2‘[0) — ﬂ(j)(Z‘Eo) +ao+ O( 5 T2A+e_4fT)
o
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Then, we deduce our final estimates

- 1 +
C<j-127) = 0<WTA-’ e zﬁT),

— L at a7
¢; (210)=U+O(OO(I)T ie ,

1 +
~t _ 2AT 43T
¢; (2to)—0(—60(1)T ie )

& j12210) = we 3T G (210)as 12+ O < TZA?e—WT).

o 0D

This, together with (A-14), shows that the outgoing target (M;r, dj, r;.L) covers the next incoming target

(M;+1, dj_+ 1 rj_Jr 1) (it is enough to choose a 1, appropriately).

Appendix B: Proof of Lemma 4.1

Proof. First note that, since a(0) = g(0) is assumed to be compactly supported, the solution a(¢) to (1-4)
exists globally in time, is smooth with respect to time, and is in £'(Z?) in space. Write

F@):= —i/ E(t)dt and d(t):=g@)+ F(1).
0

Observe that
—id=Nd—-F,d—F,d—F,d—F,d—F),

and g = O, (B™") and F = 0, (B~'79) by hypothesis. In particular we have d = O,1(B~'). By
multilinearity and (4-2) we thus have

—id=N(d,d,d,d,d)+ Ou(B~>7°). (B-1)
Now write e := a — d and recall that a is the solution of the NLS. Then we have
—i(d+é)=N(d+e,d+ed+ed+ted+e). (B-2)
Subtracting (B-2) from (B-1) (and using (4-2)) we get
i =0p(B"7) +0u (B~ lelln) + Op(lel).
so, taking the £! norm and differentiating in time, we have
d —5-0 —4 5
EllelllﬁB + B el + llelly

We make the bootstrap assumption that ||e[|; = O (B~!) for all t € [0, T'], so that one can absorb the third
term on the right-hand side into the second. Gronwall’s inequality then gives

lelly < B~ exp(CB™*1)
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W I

2

01— 6,

W[
S|

Figure 4. The phase portrait of H on the subspace I + I, = 1; the dynamical variables
are clearly I, 6, — 6,.

for all € [0, T]. Since T < B*log B, we have |le|; < B~!7?/2 and the result follows by the bootstrap
argument. ]

The result of Lemma 4.1 is that g(¢) is a good approximation of a solution to (1-4) on a time interval
of approximate length B*log B, a factor log B larger than the interval [0, B*] for which the solution is
controlled by a straightforward local-in-time argument. We choose the exponent o /2 for concreteness,
but it could be replaced by any exponent between 0 and o.

Appendix C: Two-generation sets without full energy transmission

We describe the dynamics associated to the sets G®, G® given in the introduction.

In & we have six complex variables S, k € & and correspondingly six constants of motion, so
that the system is integrable. Passing to symplectic polar coordinates B = +/Jre'%, we find that Ji, — Jj,,
Ji, — Jiz» Jiy — Jis and Jy, — Ji, are constant in time. Then one can study the dynamics reduced to the
invariant subspace where all these constants are zero. We are left with four degrees of freedom, denoted
by I, I», 01, 65, and the Hamiltonian

H =311 4+ I)* — 6611 L,(I) + 1) + 241,/ 1'% cos(3(6) — 6,))
Then we reduce to the subspace® where I; + I, = 1, and get the phase portrait of Figure 4. It is evident
from the picture that there is no orbit connecting /1 = 0 to /; = 1. One could argue that this is due to our
choice of invariant subspace. However, if we set, for instance, Ji, 7# Ji,, then we cannot transfer all the
mass to k4, ks, k¢ since this would imply Ji, = Ji, = Ji; = 0.
The case of G is discussed in detail in [Grébert and Thomann 2012]. Proceeding as above, one
gets the phase portrait of Figure 5. One could generalize this approach by taking two complete and

SThis subspace is invariant due to the conservation of mass.
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111

|
[SIE]
[SIE]

01— 0,

Figure 5. The phase portrait of G,

action-preserving sets S, Sy and connecting them with resonances as S@ or 3, as we have discussed
in introduction for GV, However, the dynamics is in fact qualitatively the same and one does not have
full energy transfer.

We have experimented also with higher-order NLS equations. We have not performed a complete
classification but it appears that the sets &®, G©® never give full energy transfer, while &V does.
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We describe the complex poles of the power spectrum of correlations for the geodesic flow on compact
hyperbolic manifolds in terms of eigenvalues of the Laplacian acting on certain natural tensor bundles.
These poles are a special case of Pollicott—Ruelle resonances, which can be defined for general Anosov
flows. In our case, resonances are stratified into bands by decay rates. The proof also gives an explicit
relation between resonant states and eigenstates of the Laplacian.
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1. Introduction

In this paper, we consider the characteristic frequencies of correlations,

pre®) =/SM<fo¢_t)-gdu, f. g €C¥(SM), (1-1)

for the geodesic flow ¢; on a compact hyperbolic manifold M of dimension n 4 1 (that is, M has constant
sectional curvature —1). Here ¢; acts on SM, the unit tangent bundle of M, and u is the natural smooth
probability measure. Such ¢, are classical examples of Anosov flows; for this family of examples, we are
able to prove much more precise results than in the general Anosov case.

An important question, expanding on the notion of mixing, is the behavior of pf () as t — +o0.
Following [Ruelle 1986], we take the power spectrum, which in our convention is the Laplace transform
pr.g(X) of ps, restricted to t > 0. The long-time behavior of py, () is related to the properties of

MSC2010: 37DA40.
Keywords: Pollicott—Ruelle resonances, hyperbolic manifolds.
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— >
1 1 Res Re A
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Figure 1. An illustration of Theorem 1, with eigenvalues of the Laplacian on the left and
the resonances of geodesic flow on the right. The red crosses mark exceptional points
where the theorem does not apply.

the meromorphic extension of ¢ 4(A) to the entire complex plane. The poles of this extension, called
Pollicott—Ruelle resonances (see [Pollicott 1986; Ruelle 1986; Faure and Sjostrand 2011] and (1-7) below),
are the complex characteristic frequencies of p ., describing its decay and oscillation and not depending
on f, g.

For the case of dimension n + 1 =2, the following connection between resonances and the spectrum
of the Laplacian was announced in [Faure and Tsujii 2013b, Section 4] (see [Flaminio and Forni 2003]
for a related result and the remarks below regarding the zeta function techniques).

Theorem 1. Assume that M is a compact hyperbolic surface (n = 1) and the spectrum of the positive
Laplacian on M is (see Figure 1)

Spec(A) = {s;j(1 —s;)}, s;€[0,11U (3 +iR).

Then Pollicott—Ruelle resonances for the geodesic flow on SM in C\ (—1 — %No) are

Ajm=—-m—1+s;, meN. (1-2)
Remark. We use the Laplace transform (which has poles in the left half-plane) rather than the Fourier

transform as in [Ruelle 1986; Faure and Sjostrand 2011] to simplify the relation to the parameter s used
for Laplacians on hyperbolic manifolds.

Our main result concerns the case of higher dimensions n 4 1 > 2. The situation is considerably more
involved than in the case of Theorem 1, featuring the spectrum of the Laplacian on certain tensor bundles.
More precisely, for o € R, denote

Multa (o, m) := dimEig" (o),
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A
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am=2/0=0

em=2/{0=1
r— >
Re A

Figure 2. An illustration of Theorem 2 for n = 3. The red crosses mark exceptional
points where the theorem does not apply. Note that the points with m =2, £ =1 are
simply the points with m = 0, £ = O shifted by —2 (modulo exceptional points), as
illustrated by the arrow.

where Eig” (0), defined in (5-19), is the space of trace-free, divergence-free symmetric sections of @™ T* M
satisfying Af = o f. Denote by Multg (1) the geometric multiplicity of A as a Pollicott—Ruelle resonance
of the geodesic flow on M (see Theorem 3 and the remarks preceding it for a definition).

Theorem 2. Let M be a compact hyperbolic manifold of dimension n+1>2. Assume X € C\ (— SN—% No).
Then, for A & —2N, we have (see Figure 2)

m/2]
Multg() = > > Multa(—(t+m+in)* + tn? +m —2¢,m - 2¢) (1-3)
m>0 ¢=0
and, for . € —2N, we have
Lm/2]
Multg) = > Y Multa(—(h+m+1n)* + In? +m —2¢, m —2¢). (1-4)
m>0 {¢=0
m#£E—A

Remark. (i) If Multa (— (2 +m + %n)2 +4n%4+m —2¢,m —2¢) > 0, then Lemma 6.1 and the fact that
A > 0 on functions imply that either A € —m — %n +iR or

rel[—1—m, —m] ifn=1, m>?2¢,
rell—-n—m, —1—m] ifn>1 m>2¢, (1-5)
AE[—n—m, —m] if m=2¢.

In particular, we confirm that resonances lie in {Re A < 0} and the only resonance on the imaginary axis
is A = 0 with Multz (0) = 1, corresponding to m = £ = 0. We call the set of resonances corresponding
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to some m the m-th band. This is a special case of the band structure for general contact Anosov flows
established in the work of Faure and Tsujii [2013a; 2013b; 2014].

(ii) The case n = 1 fits into Theorem 2 as follows: for m > 2, the spaces Fig” (o) are trivial unless o is
an exceptional point (since the corresponding spaces Bd™*(1) of Lemma 5.6 would have to be trace-free
sections of a one-dimensional vector bundle), and the spaces Eig1 (0 +1) and Eig0 (o) are isomorphic, as
shown in Appendix C2.

(ii1)) The band with m = 0 corresponds to the spectrum of the scalar Laplacian; the band with m =1
corresponds to the spectrum of the Hodge Laplacian on coclosed 1-forms; see Appendix C2.

(iv) As seen from (1-3) and (1-4), for m > 2 the m-th band of resonances contains shifted copies of bands
m—2,m—4,.... The special case (1-4) means that the resonance 0 of the m = 0 band is not copied to
other bands.

(v) A Weyl law holds for the spaces Eig"” (0); see Appendix C1. It implies the following Weyl law for
resonances in the m-th band:

Z 27~ HD2 (4 —1)!

Multg (A) = : Vol(M)R"*! R™). 1-
ultg (1) Flo+3)  mia D) ol(M) + O(R") (1-6)

re—n/2—m+i[—R,R]

The power R"*! agrees with the Weyl law of [Faure and Tsujii 2013b, (5.3)] and with the earlier upper
bound of [Datchev et al. 2014]. We also see that, if n > 1, then each m and £ € [0, %m] produce a
nontrivial contribution to the set of resonances. The factor (m +n — 1)!/m!(n — 1)! is the dimension of
the space of homogeneous polynomials of order m in n variables; it is natural in light of [Faure and Tsujii
2013a, Proposition 5.11], which locally reduces resonances to such polynomials.

The proof of Theorem 2 is outlined in Section 2. We use in particular the microlocal method of Faure
and Sjostrand [2011], defining Pollicott—Ruelle resonances as the points A € C for which the (unbounded
nonselfadjoint) operator

X+r:H —-H, r>-—-CyoRex, -7

is not invertible. Here X is the vector field on SM generating the geodesic flow, so that ¢, = 'X, H" is a
certain anisotropic Sobolev space, and Cy is a fixed constant independent of r; see Section SA for details.
Resonances do not depend on the choice of . The relation to correlations (1-1) is given by the formula

o0

o0
Pro() = f e o) di = / e e gy di = (X407 f. 8 2csmn.
0 0

valid for Re A > 0 and f, g € C*°(SM). See also Theorem 4 below.

We stress that our method provides an explicit relation between classical and quantum states, that is,
between Pollicott—Ruelle resonant states (elements of the kernel of (1-7)) and eigenstates of the Laplacian;
namely, in addition to the poles of p 7, (1), we describe its residues. For instance, for the m = 0 band, if
u(x, &), x e M, & € S; M, is a resonant state, then the corresponding eigenstate of the Laplacian, f(x), is
obtained by integration of u along the fibers Sy M; see (2-3). On the other hand, to obtain u from f one
needs to take the boundary distribution w of f, which is a distribution on the conformal boundary S" of
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the hyperbolic space H"*! appearing as the leading coefficient of a weak asymptotic expansion at S" of
the lift of f to H"*!. Then u is described by w via an explicit formula, (2-4); this formula features the
Poisson kernel P and the map B_ : SH"t!' — S" mapping a tangent vector to the endpoint in negative
infinite time of the corresponding geodesic of H"*!. The explicit relation can be schematically described
as follows:

quSXMudE

resonant eigenstates
states of X of A
wr> P* - (woB_) asymptotics at S"

| boundary distributions

For m > 0, one needs to also use horocyclic differential operators; see Section 2.

Theorem 2 used the notion of geometric multiplicity of a resonance A, that is, the dimension of the
kernel of X + A on H". For nonselfadjoint problems, it is often more natural to consider the algebraic
multiplicity, the dimension of the space of elements of 74" which are killed by some power of X + A.

Theorem 3. If ) ¢ —%n - %No, then the algebraic and geometric multiplicities of A as a Pollicott—Ruelle
resonance coincide.

Theorem 3 relies on a pairing formula (Lemma 5.10), which states that

(, u™) 250y = Fn e QIS f5) L2 9m—2070 1) »

where u is a resonant state at some resonance A corresponding to some m, £ in Theorem 2, u* is a
coresonant state (that is, an element of the kernel of the adjoint of (X + 1)), f, f™ are the corresponding
eigenstates of the Laplacian, and F,, ;(A) is an explicit function. Here (u, u*) 2 refers to the integral f uu*,
which is well-defined despite the fact that neither u nor u* lie in L?; see (5-6). This pairing formula is
of independent interest as a step towards understanding the high frequency behavior of resonant states
and attempting to prove quantum ergodicity of resonant states in the present setting. Anantharaman and
Zelditch [2007] obtained the pairing formula in dimension 2 and studied concentration of Patterson—
Sullivan distributions, which are directly related to resonant states; see also [Hansen et al. 2012].

To motivate the study of Pollicott—Ruelle resonances, we also apply to our setting the following
resonance expansion, proved by Tsujii [2010, Corollary 1.2] and Nonnenmacher and Zworski [2015,
Corollary 5]:

Theorem 4. Fix ¢ > 0. Then, for N large enough and f, g in the Sobolev space HN (SM),

Multg (1)

pra@= [ fan [edur Y Y At g+ Oppe ), (19

re(=n/2,0) k=1

where u, i is any basis of the space of resonant states associated to ) and u} , is the dual basis of the
space of coresonant states (so that ), u;_ x ® 2 u5 , is the spectral projector of —X at A).
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Here we use Theorem 3 to see that there are no powers of ¢ in the expansion and that there exists the
dual basis of coresonant states to a basis of resonant states.

Combined with Theorem 2, the expansion (1-8) in particular gives the optimal exponent in the decay
of correlations in terms of the small eigenvalues of the Laplacian; more precisely, the difference between
pf.¢(t) and the product of the integrals of f and g is O(e™"""), where

vo=_min _min{v+m |ve (0,3n—m), v(n—v)+m e Spec”(A)},
0<m<n/2
or O(e~ /2=y for each & > 0 if the set above is empty. Here Spec™(A) denotes the spectrum of the
Laplacian on trace-free, divergence-free symmetric tensors of order m. Using (1-5), we see that in fact
one has v € [1, in —m) for m > 0.

In order to go beyond the O(e~/2~9)") remainder in (1-8), one would need to handle the infinitely
many resonances in the m = 0 band. This is thought to be impossible in the general context of scattering
theory, as the scattering resolvent can grow exponentially near the bands; however, there exist cases, such
as Kerr—de Sitter black holes, where a resonance expansion with infinitely many terms holds; see [Bony
and Hafner 2008; Dyatlov 2012]. The case of black holes is somewhat similar to the one considered here,
because in both cases the trapped set is normally hyperbolic; see [Dyatlov 2015; Faure and Tsujii 2014].
What is more, one can try to prove a resonance expansion with remainder O (e~""/2+1-91) where the
sum over resonances in the first band is replaced by ((ITy f) o™, g) and Iy is the projector onto the
space of resonant states with m = 0, having the microlocal structure of a Fourier integral operator — see
[Dyatlov 2015] for a similar result in the context of black holes.

Previous results. In the constant curvature setting in dimension n+1 =2, the spectrum of the geodesic flow
on L? was studied by Fomin and Gelfand [1952] using representation theory. An exponential rate of mixing
was proved by Ratner [1987] and it was extended to higher dimensions by Moore [1987]. In variable nega-
tive curvature for surfaces and, more generally, for Anosov flows with stable/unstable jointly nonintegrable
foliations, exponential decay of correlations was first shown by Dolgopyat [1998] and then by Liverani
[2004] for contact flows. The work of Tsujii [2010; 2012] established the asymptotic size of the resonance-
free strip and the work of Nonnenmacher and Zworski [2015] extended this result to general normally
hyperbolic trapped sets. Faure and Tsujii [2013a; 2013b; 2014] established the band structure for general
smooth contact Anosov flows and proved an asymptotic for the number of resonances in the first band.

In dimension 2, the study of resonant states in the first band (m = 0) — that is, distributions which lie
in the spectrum of X and are annihilated by the horocyclic vector field U_ — appears already in the works
of Guillemin [1977, Lecture 3] and Zelditch [1987], both using the representation theory of PSL(2; R),
albeit without explicitly interpreting them as Pollicott—Ruelle resonant states. A more general study of
the elements in the kernel of U_ was performed by Flaminio and Forni [2003].

An alternative approach to resonances involves the Selberg and Ruelle zeta functions. The singularities
(zeros and poles) of the Ruelle zeta function correspond to Pollicott—Ruelle resonances on differential
forms (see [Fried 1986; 1995; Giulietti et al. 2013; Dyatlov and Zworski 2015]), while the singularities
of the Selberg zeta function correspond to eigenvalues of the Laplacian. The Ruelle and Selberg zeta
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functions are closely related; see [Leboeuf 2004, Section 5.1, Figure 1; Dyatlov and Zworski 2015,
(1.2)] in dimension 2 and [Fried 1986; Bunke and Olbrich 1995, Proposition 3.4] in arbitrary dimensions.
However, the Ruelle zeta function does not recover all resonances on functions, due to cancellations with
singularities coming from differential forms of different orders. For example, [Juhl 2001, Theorem 3.7]
describes the spectral singularities of the Ruelle zeta function for n = 3 in terms of the spectrum of the
Laplacian on functions and 1-forms, which is much smaller than the set obtained in Theorem 2.

The book of Juhl [2001] and the works of Bunke and Olbrich [1995; 1997; 1999; 2001] study Ruelle
and Selberg zeta functions corresponding to various representations of the orthogonal group. They also
consider general locally symmetric spaces and address the question of what happens at the exceptional
points (which in our case are contained in — %n — %NO), relating the behavior of the zeta functions at these
points to topological invariants. It is possible that the results [Juhl 2001; Bunke and Olbrich 1995; 1997;
1999; 2001] together with an appropriate representation-theoretic calculation recover our description of
resonances, even though no explicit description featuring the spectrum of the Laplacian on trace-free,
divergence-free symmetric tensors as in (1-3), (1-4) seems to be available in the literature. The direct
spectral approach used in this paper, unlike the zeta function techniques, gives an explicit relation between
resonant states and eigenstates of the Laplacian (see the remarks following (1-7)) and is a step towards a
more quantitative understanding of decay of correlations.

An essential component of our work is the analysis of the correspondence between eigenstates of the
Laplacian on H"*! and distributions on the conformal infinity S”. In the scalar case, such a correspondence
for hyperfunctions on S” is due to Helgason [1970; 1974] (see also [Minemura 1975]); the correspondence
between tempered eigenfunctions of A and distributions (instead of hyperfunctions) was shown by Oshima
and Sekiguchi [1980] and van den Ban and Schlichtkrull [1987] (see also [Grellier and Otal 2005]).
Olbrich [1995] studied Poisson transforms on general homogeneous vector bundles, which include the
bundles of tensors used in the present paper. The question of regularity of equivariant distributions on S”"
by certain Kleinian groups of isometries of H"*! (geometrically finite groups) is interesting since it
determines the regularity of resonant states for the flow; precise regularity was studied by Otal [1998] in
the 2-dimensional cocompact case, Grellier and Otal [2005] in higher dimensions, and Bunke and Olbrich
[1999] for geometrically finite groups. In dimension 2, the correspondence between the eigenfunctions
of the Laplacian on the hyperbolic plane and distributions on the conformal boundary S' appeared
in [Pollicott 1989; Bunke and Olbrich 1997]; it is also an important tool in the theory developed by
[Bunke and Olbrich 2001] to study Selberg zeta functions on convex cocompact hyperbolic manifolds
(see also [Juhl 2001] in the compact setting). These distributions on the conformal boundary S§", of
Patterson—Sullivan type, are also the central object of the recent work of Anantharaman and Zelditch
[2007; 2012] studying quantum ergodicity on hyperbolic compact surfaces; a generalization to higher-rank,
locally symmetric spaces was provided by Hansen, Hilgert and Schroder [Hansen et al. 2012].

2. Outline and structure

In this section, we give the ideas of the proof of Theorem 2, first in dimension 2 and then in higher
dimensions, and describe the structure of the paper.
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2A. Dimension 2. We start by using the following criterion (Lemma 5.1): A € C is a Pollicott—Ruelle
resonance if and only if the space

Resy (L) := {u € D'(SM) | (X 4+ A)u =0, WF(u) C E*}

is nontrivial. Here D’ (S M) is the space of distributions on SM (see [Hérmander 1983]), WF(u) C T*(SM)
is the wavefront set of u (see [Hormander 1983, Chapter 8]), and E;; C T*(SM) is the dual unstable
foliation described in (3-15). It is more convenient to use the condition WF(u) C E;; rather than u € H",
because this condition is invariant under differential operators of any order.

The key tools for the proof are the horocyclic vector fields Uy on SM, pictured in Figure 3(a) below.
To define them, we represent M = I'\H?, where H?> = {z € C | Imz > 0} is the hyperbolic plane
and I' C PSL(2; R) is a cocompact Fuchsian group of isometries acting by Mobius transformations.
(See Appendix B for the relation of the notation we use in dimension 2, based on the half-plane model
of the hyperbolic space, to the notation used elsewhere in the paper that is based on the hyperboloid
model.) Then SM is covered by SH?, which is isomorphic to the group G := PSL(2; R) by the map
y €G> (y(i),dy(i)-i). Consider the left-invariant vector fields on G corresponding to the following
elements of its Lie algebra:

L 01 00
(Y ) -0

then X, Uy descend to vector fields on SM, with X becoming the generator of the geodesic flow. We
have the commutation relations

[X,Us]==xUs and [Uy4,U_]=2X. (2-2)
For each A and m € Ny, define the spaces
Vi) :={u e D'(SM) | (X+Mu=0, U"u=0, WF(u) C E}},

and put
Resy (1) := Vi (A).

By (2-2), U™ (Resx (1)) C Resx (A +m). Since there are no Pollicott—Ruelle resonances in the right
half-plane, we conclude that

Resx(A) = V,,(A) for m > —Re .
We now use the diagram (writing Id = U2, Uy = U. for uniformity of notation)

L L

0=Vo(h) —= Vi(A) —— Vo (1) V3(L) e

alle alle wlle

Res())( Q) Res())( r+1 Res())( rA+2)
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where ¢ denotes the inclusion maps and, unless A € —1 — %No, we have
Vinp1(A) = Vi (A) © U_T (RCS?( (A +m)),

and U is one-to-one on Res())( (A + m); indeed, using (2-2) we calculate

m
unur =m!<l_[(2k+m —I—j)) Id on Res%(+m)
j=1

and the coefficient above is nonzero when A ¢ —1 — %No. We then see that

Resy (1) = @D UT (Res% (1 +m)).

m=>0

It remains to describe the space of resonant states in the first band,
Resy (3) = {u € D'(SM) | (X +M)u =0, U_u=0, WF(u) C E}}.

We can remove the condition WF(u) C E} as it follows from the other two; see the remark following
Lemma 5.6. We claim that the pushforward map

ur> f(x) :=/S u(x, §)ds() (2-3)
is an isomorphism from Resg(()») onto Eig(—A(1 + 1)), where Eig(o) = {u € C*°(M) | Au = ou}; this
would finish the proof. In other words, the eigenstate of the Laplacian corresponding to u is obtained by
integrating u over the fibers of SM.

To show that (2-3) is an isomorphism, we reduce the elements of Res?( (1) to the conformal boundary S'
of the ball model B? of the hyperbolic space as follows:

Resy (L) = {P(y, B_(y, &) w(B_(y,&)) | w € Bd(W)}, (2-4)

where P(y, v) is the Poisson kernel: P(y,v)=(1—|y[®)/ly—v|* yeB? veS!; B_:SB>— S' maps
(v, &) to the limiting point of the geodesic ¢; (y, £) as t — —oo — see Figure 3(a) —and Bd(A) C D'(S")
is the space of distributions satisfying a certain equivariance property with respect to I'. Here we lifted
Res())( (1) to distributions on SH? and used the fact that the map B_ is invariant under both X and U_; see
Lemma 5.6 for details.

It remains to show that the map w +— f defined via (2-3) and (2-4) is an isomorphism from Bd(}) to
Eig(—XA(1+ A)). This map is given by (see Lemma 6.6)

FO) =2, w(y) = /§1 P(y, v) P wv)dS) (2-5)

and is the Poisson operator for the (scalar) Laplacian corresponding to the eigenvalue s(1 —s), s =1+ A.
This Poisson operator is known to be an isomorphism for A ¢ —1 — N—see the remark following
Theorem 6 in Section 5B — finishing the proof.
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2B. Higher dimensions. In higher dimensions, the situation is made considerably more difficult by the
fact we can no longer define the vector fields U+ on SM. To get around this problem, we remark that, in
dimension 2, U_u is the derivative of u along a certain canonical vector in the one-dimensional unstable
foliation E,, C T(SM) and, similarly, U u is the derivative along an element of the stable foliation Ej;
see Section 4B. In dimension n + 1 > 2, the foliations E,, E, are n-dimensional and one cannot trivialize
them. However, each of these foliations is canonically parametrized by the following vector bundle £
over SM:

Ex,§)=melM|nlé}, x,§eSM.
This makes it possible to define horocyclic operators
Ul :D'(SM) — D' (SM; QYEY),
where ®'¢ stands for the m-th symmetric tensor power, and we have the diagram

L L L L

0="Vo(») Vi(d) V() V3() S
dle ufle e
Res%, (1) Res!, (A + 1) Res3 (L +2)

where V' = (=1)"(U!)* and we put, for a certain extension X of X to ®'¢E™,

V(W) = {u € D'(SM) | (X +1)u =0, U"u =0, WF(u) C E*},
Rest(A) :={v € D'(SM; QYE) | (X +1M)v =0, U_v=0, WF(v) C E}.

Similarly to in dimension 2, we reduce the problem to understanding the spaces Res'y (1), and an operator
similar to (2-3) maps these spaces to eigenspaces of the Laplacian on divergence-free symmetric tensors.
However, to make this statement precise, we have to further decompose Res'y (A) into terms coming from
traceless tensors of degrees m, m —2, m — 4, ..., explaining the appearance of the parameter ¢ in the
theorem. (Here the trace of a symmetric tensor of order m is the result of contracting two of its indices
with the metric, yielding a tensor of order m — 2.) The procedure of reducing elements of Res (1) to
the conformal boundary $” is also made more difficult because the boundary distributions w are now
sections of @ (T*S").

A significant part of the paper is dedicated to proving that the higher-dimensional analog of (2-5)
on symmetric tensors is indeed an isomorphism between appropriate spaces. To show that the Poisson
operator &, is injective, we prove a weak expansion of f(y) € C®(B"*!) in powers of 1 —|y| as y € B!
approaches the conformal boundary S”"; since w appears as the coefficient in one of the terms of the
expansion, &, w = 0 implies w = 0. To show the surjectivity of &2,", we prove that the lift to H"+! of
every trace-free, divergence-free eigenstate f of the Laplacian admits a weak expansion at the conformal
boundary (this requires a fine analysis of the Laplacian and divergence operators on symmetric tensors);
putting w to be the coefficient next to one of the terms of this expansion, we can prove that f = &, w.
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2C. Structure of the paper. In Section 3, we study in detail the geometry of the hyperbolic space H"*!,
which is the covering space of M. In Section 4, we introduce and study the horocyclic operators. In
Section 5, we prove Theorems 2 and 3, modulo properties of the Poisson operator. In Sections 6 and 7, we
show the injectivity and the surjectivity of the Poisson operator. Appendix A contains several technical
lemmas. Appendix B shows how the discussion of Section 2A fits into the framework of the remainder of
the paper. Appendix C shows a Weyl law for divergence-free symmetric tensors and relates the m = 1
case to the Hodge Laplacian.

3. Geometry of the hyperbolic space

In this section, we review the structure of the hyperbolic space and its geodesic flow and introduce various
objects to be used later, including:

« the isometry group G of the hyperbolic space and its Lie algebra, including the horocyclic vector
fields Uii (Section 3B);

o the stable/unstable foliations E;, E, (Section 3C);

« the conformal compactification of the hyperbolic space, the maps B, the coefficients @, and the
Poisson kernel (Section 3D);

« parallel transport to conformal infinity and the maps .4+ (Section 3F).

3A. Models of the hyperbolic space. Consider the Minkowski space R'"*! with the Lorentzian metric

n+1
gm =dx} — dejz-.
j=1
The corresponding scalar product is denoted (-, - ). We denote by ey, ..., e,+1 the canonical basis

of R:7+1,

The hyperbolic space of dimension n 4 1 is defined to be one sheet of the two-sheeted hyperboloid
H' = {x e RV (x, x)y =1, xo > 0}
equipped with the Riemannian metric

gH = —gM|THn+1.

We denote the unit tangent bundle of H"*! by
SH™ = {(x, &) [x e W™, £ e RV (6, 6)y = —1, (x,§)y =0). (3-1)

Another model of the hyperbolic space is the unit ball B"t! = {y e R"*! | |y| < 1}, which is identified
with H"*+! ¢ R+ via the map (here x = (xg, x') € R x R"*1)

x/

1 2 2y). 3-2
Yot 1 (I+1yl%, 2y) (3-2)

Yy HT S B () = . vl =

1
1=y
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and the metric gz pulls back to the following metric on B"*+!:

4dy?
W= 5. (3-3)
(1—=1y»?
We will also use the upper half-space model U"*! = [R{Z) x R? with the metric
- dzg+dz?
Wy e = 05—, (3-4)
20
where the diffeomorphism ; : B"T! — U"*! is given by (here y = (y1, y') € R x R")
(1—1yl*,2y) 1 (z5+1z* = 1,22)
V) =", 20,2) = . 3-5

3B. Isometry group. We consider the group
G =PSO(l,n+1) CSL(n+2; R)

of all linear transformations of R'"*! preserving the Minkowski metric, the orientation, and the sign
of xo on timelike vectors. For x € R""*! and y € G, denote by y - x the result of multiplying x by the
matrix y. The group G is exactly the group of orientation-preserving isometries of H"*!; under the
identification (3-2), it corresponds to the group of direct Mobius transformations of R"*! preserving the
unit ball.

The Lie algebra of G is spanned by the matrices

X=FEo1+E o Ar=EFEox+Ewo, R j=E ;—E;; (3-6)

fori, j > 1 and k > 2, where E; ; is the elementary matrix if 0 <i, j <n+1 (thatis, E; je; = Jjie;).
Denote fori =1,...,n

U':i=—-Ai1— R, U7 :=—Ai1+ R 3-7)

l ]

and observe that X, U;’, U7, Rit1,j+1 (for 1 <i < j < n) also form a basis. Henceforth we identify
elements of the Lie algebra of G with left-invariant vector fields on G.
We have the commutator relations (for 1 <i, j, k <n andi # j)

(X, UF1=+UF, [UF,UF1=0, [U"U71=2X, [UF,UF1=2Rit1 41,

(3-8)
[Riz1j41, X1 =0, [Rig1j+1, U1 =8 U — 8 U5

The Lie algebra elements Ul.jE are very important in our argument, since they generate horocyclic flows;
see Section 4B. The flows of U i in the case n = 1 are shown in Figure 3(a); for n > 1, the flows of Ui
do not descend to SH™*!.

The group G acts on H"*! transitively, with the isotropy group of ey € H**! isomorphic to SO(n + 1).
It also acts transitively on the unit tangent bundle SH"*!, by the rule y.(x, &) = (y - x, y - &), with the
isotropy group of (eg, ;) € SH"*! being

H={yeGly-e=e y-e1=e}=SOMn). (3-9)
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By (x,6)

exp(U3)(@,€)

(a) (b)

Figure 3. (a) The horocyclic flows exp(+U li) in dimension n 4+ 1 = 2, pulled back to
the ball model by the map i from (3-2). The thick lines are geodesics and the dashed
lines are horocycles. (b) The map A, and the parallel transport of an element of £ along
a geodesic.

Note that H is the connected Lie subgroup of G with Lie algebra spanned by R; ;1 ;11 for 1 <i, j <n.
We can then write SH"+! ~ G/H, where the projection s : G — SH"*! is given by

ws(y) = (y-ep, y-e)) € SH™, yeG. (3-10)

3C. Geodesic flow. The geodesic flow,
@ SH™ > SH'™! 1 eR,
is given in the parametrization (3-1) by
¢ (x,&) = (x cosht 4 & sinht, x sinht + & cosht). (3-11)
We note that, with the projection s : G — SH"*! defined in (3-10),

@1 (s(y)) = ws(y exp(t X)),

where X is as defined in (3-6). This means that the generator of the geodesic flow can be obtained by
pushing forward the left-invariant field on G generated by X by the map mg (which is possible since X
is invariant under right multiplications by elements of the subgroup H defined in (3-9)). By abuse of
notation, we then denote by X also the generator of the geodesic flow on SH"*!:

X=£-0,+x-0. (3-12)

We now provide the stable/unstable decomposition for the geodesic flow, demonstrating that it is hyperbolic
(and thus the flow on a compact quotient by a discrete group will be Anosov). For p = (x, &) € SH"*!,
the tangent space 7, (S H"*1) can be written as

T, (SH™ ) = {(vy, ve) € R | (x, vedyr = (€, ve)m = (x, ve)r + (€, vy = O},
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The differential of the geodesic flow acts by
de:(p) - (vx, vg) = (v cosht + vg sinh?, v, sinhf + vg cosh1).
We have T,(SH"!) = E%(p) ® T,(SH"*"), where E%(p) := RX is the flow direction and
T, (SH™) = {(vy, ve) € RV | (xr, ve) s = (x, ve)w = (€, vi)w = (&, ve)m =0}
and this splitting is invariant under d¢;. A natural norm on 7, ,(SH™1) is given by the formula
| e V)17 2= —(urs o) — (Vg Ve (3-13)

using the fact that v, and ve are Minkowski orthogonal to the timelike vector x and thus must be spacelike
or zero. Note that this norm is invariant under the action of G.
We now define the stable/unstable decomposition Tp(S H*1) = E;(p) ® E.(p), where

Es(p) :={(v, =v) [ (x, v}y = (§, v)» =0},
E (p) :={,v) | {x,v)n = (§, v}y = O}

Then T,,(S[H]”“) = Eo(p) ® E;(p) ® E,(p), this splitting is invariant under ¢, and under the action of G,
and, using the norm from (3-13),

(3-14)

ldgi(p)-wl=e""w|, weEgp), and |dg(p) -wl=e'lw|, weE,(p).
Finally, we remark that the vector subbundles E; and E, are spanned by the left-invariant vector fields
U1+, R U,f and U, ..., U, from (3-7) in the sense that
niEs =span(U|", ..., U @b, n#$E,=span(U;,...,U;)®h.

Here ngEs :={(y,w) € TG | (ns(y),dns(y) - w) € Eg} and ngE, is defined similarly; b is the left
translation of the Lie algebra of H, or equivalently the kernel of dws. Note that, while the individual
vector fields U li, ..., U¥ are not invariant under right multiplications by elements of H in dimensions
n+ 1> 2 (and thus do not descend to vector fields on SH"*! by the map ), their spans are invariant
under H, by (3-8).

The dual decomposition, used in the construction of Pollicott—Ruelle resonances, is

THSH'™) = Ej(p) @ EX () ® Ef(p). (3-15)

where Ej(p), E}(p), E;;(p) are dual to Eo(p), E,(p), Es(p) in the original decomposition (that is, for
instance, E; (p) consists of all covectors annihilating Eo(p) @ E;(p)). The switching of the roles of E;
and E, is due to the fact that the flow on the cotangent bundle is (d¢,” hyx,

3D. Conformal infinity. The metric (3-3) in the ball model B"*! is conformally compact; namely,
the metric (1 — |y|?)2(y~1)* gy continues smoothly to the closure B"+!, which we call the conformal
compactification of H"™!; note that H"*! embeds into the interior of B"*! by the map (3-2). The
boundary S” = dB"*!, endowed with the standard metric on the sphere, is called conformal infinity. On
the hyperboloid model, it is natural to associate to a point at conformal infinity v € S” the lightlike ray
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{(s,sv) | s > 0} € R""*!; this ray is asymptotic to the curve {(+/1+s2,sv) | s > 0} C H**!, which
converges to v in B!,
Take (x, &) € SH"*!. Then (x £&, x £ &)y =0 and xo £ & > 0, so we can write

x+£§=dsL(x, §)(1, B+(x,§))
for some maps
o, SH'™' > RY, By:SH'"M —» S". (3-16)

Then By (x, &) is the limit as ¢+ — o0 of the x-projection of the geodesic ¢;(x, §) in B!
Bi(x,£) = lim 7(p(x,£), m:SH™ - H"*
t—+oo

This implies that, for X defined in (3-12), dB+ - X = 0, since By (¢s(x,&)) = Bi(x, &) for all s € R.
Moreover, since ©(¢;(x,&)) = et (xo + &) = e Py (x, £) from (3-11), we find

XPy=+Dy. (3-17)
For (x, v) € H"*! x S (in the hyperboloid model), define the function

P(x,v)=(xg—x"-v)"" = ((x, (L, v))y) ™" if x = (x0, x") € H'L. (3-18)
Note that P(x, v) > 0 everywhere, and in the Poincaré ball model B"*+! we have

1=yP

T yeB"H, (3-19)

POy, v) =

which is the usual Poisson kernel. Here v is as defined in (3-2).
For (x, v) € " x S”, there exist unique &1 € Sy H"*! such that B (x, £4) = v: these are given by

EL(x,vV)=FxE P(x,v)(,v), (3-20)
and we have

D4 (x,51(x,v)) = P(x,v). (3-21)

Notice that the equations B (x, £+ (x, v)) = v imply that By are submersions. The map v — &4 (x, v) is
conformal with the standard choice of metrics on S" and S,H"*!; in fact, for ¢y, & € T,S",

(0E+(x, v) - 1, 08w (x, 1) - 2)ur = — P (x, 1)*(C1, L)t (3-22)

Using that (x +&, x — &), = 2, we see that

D (x, 5P (x,6)(1 =By (x,8) B (x,§)) =2. (3-23)
One can parametrize SH" ! by

D, (x,8)

) € (S" x S"a xR, (3-24)
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where (§" x §")a is S" x §" minus the diagonal. In fact, the geodesic y (t) = ¢;(x, &) goes from v_
to v, in B"*! and y(—s) is the point of y closest to ¢y € H"T! (corresponding to 0 € B"*!). In the
parametrization (3-24), the geodesic flow ¢, is simply

w_, vy, ) > (v_, vy, s+1).

We finally remark that the stable/unstable subspaces of the cotangent bundle, E¥, E¥ C T*(SH"™),
defined in (3-15), are in fact the conormal bundles of the fibers of the maps B:

Ef(p) = N*(B'(B+(p)), Ej(p)=N*(BZ'(B-(p))), peSH"™". (3-25)

This is equivalent to saying that the fibers of B, integrate (that is, are tangent to) the subbundle
Ey ® E;, C T(SH"t!), while the fibers of B_ integrate the subbundle Eq @ E,. To see the latter
statement, say for By, it is enough to note that d By - X = 0 and differentiation along vectors in E;
annihilates the function x 4+ £ and thus the map B, ; therefore, the kernel of d B contains Ey & Ej, and
this containment is an equality since the dimensions of both spaces are equal to n + 1.

3E. Action of G on the conformal infinity. For y € G and v € S", y - (1, v) is a lightlike vector with
positive zeroth component. We can then define N, (v) >0, L, (v) € S" by

y-(1,v) =N, (v)(1, L, (v)). (3-26)

The map L, gives the action of G on the conformal infinity S" = dB"*!. This action is transitive and the
isotropy groups of e € S" are given by

Hi={yeG|3s>0 y-(egLte) =s(egxer)}. (3-27)

The isotropy groups H. are the connected subgroups of G with the Lie algebras generated by R; 11 ;11
for1 <i < j<n,X,and Ul.jE for 1 <i <n. To see that Hy are connected, for n = 1 we can check directly
that every y € H. can be written as a product ¢’* Ut for some t,s € R, and for n > 1 we can use the
fact that S" ~ G/ Hy. is simply connected and G is connected, and the homotopy long exact sequence of
a fibration.

The differentials of N, and L, (in v) can be written as

y-0,8) = (dNy(v) - £)(1, L, (v)) .

AN, () - = (dxo.y - (0,0)),  (0,dL,(v)-¢) = N
Y

here ¢ € T,S". We see that the map v +— L., (v) is conformal with respect to the standard metric on S";
in fact, for ¢y, & € T,S”,

({dL,(v)-¢1,dL, (V) - &)gert = N,y (V) 2(L1, 82) ot -

The maps By : SH'T! — S" are equivariant under the action of G:

Bi(y.(x,8)) =Ly (B£(x,§)).
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Moreover, the functions @4 (x, &) and P(x, v) enjoy the following properties:
Pi(y.(x,8) =Ny (BL(x,6)Px(x,8), P(y-x,Ly(v))=N,()P(x,v). (3-28)

3F. The bundle £ and parallel transport to the conformal infinity. Consider the vector bundle £ over
SH™*! defined as follows:

E={(x,&v) e SH' x T,H"™ | gy (&, v) =0},

i.e., the fibers £(x, &) consist of all tangent vectors in T H+! orthogonal to &; equivalently, £(x, &)
consists of all vectors in R""*! orthogonal to x and & with respect to the Minkowski inner product. Note
that G naturally acts on &, by putting y.(x,&,v) :=(y -x,y &,y - v).

The bundle £ is invariant under parallel transport along geodesics. Therefore, one can consider the
first-order differential operator

X C®(SH™ &) = ¢ (SH"!: &), (3-29)

which is the generator of parallel transport; namely, if v is a section of £ and (x, &) € S H**1, then Xv(x, &)
is the covariant derivative at t = 0 of the vector field v(¢) := v(¢;(x, &§)) on the geodesic ¢;(x, &§). Note
that £(¢, (x, £)) is independent of ¢ as a subspace of R""*! and, under this embedding, X just acts as X
on each coordinate of v in R!"*!. The operator %X is a symmetric operator with respect to the standard
volume form on SH"*! and the inner product on £ inherited from TH"*!.

We now consider parallel transport of vectors along geodesics going off to infinity. Let (x, &) € SH"+!
and v € T,H""!. We let (x(1), £(1)) = ¢, (x, ) be the corresponding geodesic and v(¢) € T)C(,)I]-I]"Jrl be
the parallel transport of v along this geodesic. We embed v(¢) into the unit ball model B"*! by defining

w(t) =dyr (x(1)) - v(r) € R"™,

where ¢ is as defined in (3-2). Then w(¢) converges to 0 as t — 400, but the limits lim;_, £+ xo(#)w(?)
are nonzero for nonzero v; we call the transformation mapping v to these limits the transport to conformal
infinity as t — *o0o. More precisely, if

v=cé+u, uecfx,§),
then we calculate
tligl xo(w(t) =By (x, §) +u’ —ugBs(x, &), (3-30)
— 400

where Bi(x,£&) € S" is as defined in Section 3D. We will in particular use the inverse of the map
Ex, &) du > u —ugBL(x,§) € Tp,(x5)S": for (x,£) € SH"*+! and ¢ € T, (x,5)S", define (see
Figure 3(b))
al) (X,B (x7 ))
A6, )8 = (0,0) — (0, 8), xhyy(x £ 6) = W=D BEOEN L o ) (3-31)
P(x, B+(x,§))

Here &, is as defined in (3-20). Note that, by (3-22), A is an isometry:

lAL(x, E)¢ gy =18Irrs & € TByr)S". (3-32)



940 SEMYON DYATLOV, FREDERIC FAURE AND COLIN GUILLARMOU

Also, A4 is equivariant under the action of G:
Ay -x,y-§)-dL,(B(x, )¢ = Ny (B£(x, )7 v - (Ax(x, §)0). (3-33)

We now write the limits (3-30) in terms of the O-tangent bundle of Mazzeo and Melrose [1987].
Consider the boundary defining function pg :=2(1 — [y|)/(1+|y|) on B"*!; note that in the hyperboloid
model, with the map ¢ defined in (3-2),

po(¥ (x)) = 2*/’60 tlovxo -1 X'+ O as xg—> oo (3-34)

Vxo+1++/x0—1

The hyperbolic metric can be written near the boundary as gy = (dpg +hp,)/ ,03 with £, a smooth family
of metrics on S”, and ko = d6? is the canonical metric on the sphere (with curvature 1).

Define the 0-tangent bundle °7B"*! to be the smooth bundle over B"*! whose smooth sections are the
elements of the Lie algebra Vo(B™ ") of smooth vectors fields vanishing at " = B"*+!'N{pp = 0}; near the
boundary, this algebra is locally spanned over C*° (@”“) by the vector fields p00d,,, 0099, , - . -, P00, if 6;
are local coordinates on S”. There is a natural map °TB"*! — TB"*!, which is an isomorphism when
restricted to the interior B"*!. We denote by °T*B"*! the dual bundle to °TB"+!, generated locally near
po = 0 by the covectors dpg/ o, d61/po, - - ., d6,/po. Note that T*Brt! naturally embeds into O=gntl
and this embedding is an isomorphism in the interior. The metric gy is a smooth, nondegenerate, positive
definite quadratic form on °TB"*!, that is, g € C*(B"*!; ®%(°T*B" ")), where ®% denotes the space
of symmetric 2-tensors. We refer the reader to [Mazzeo and Melrose 1987] for further details (in particular,
for an explanation of why O-bundles are smooth vector bundles); see also [Melrose 1993, §2.2] for the
similar b-setting.

We can then interpret (3-30) as follows: for each (v, n) € SB"*! and each w e T, B"*+!, the parallel
transport w(z) of w along the geodesic ¢;(y, n) (this geodesic extends smoothly to a curve on B"*+!,
as it is part of a line or a circle) has limits as  — oo in the O-tangent bundle °TB"+!. In fact (see
[Guillarmou et al. 2010, Appendix A]), the parallel transport

_L_(y/, y) : OTan+l — OT},/Bn—H
from y to y' € B"*! along the geodesic starting at y and ending at y’ extends smoothly to the boundary
(v, y") € B! x B"*!\ diag(S" x S") as an endomorphism °7,B"*! — T, B"*+!, where diag(S" x S")
denotes the diagonal in the boundary; this parallel transport is an isometry with respect to gg. The same

properties hold for parallel transport of covectors in °7*B"*!, using the duality provided by the metric g .
An explicit relation to the maps A is given by the following formula:

Ar(x, &)L =dy(x)™" - T (¥ (x), Be(x, §)) - (000), (3-35)

where po¢ € OTp, (r.£)B"*! is tangent to the conformal boundary S".
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4. Horocyclic operators
In this section, we build on the results of Section 3 to construct horocyclic operators
Uy D' (SH™ ! @1 £%) — D/ (SH™; @/ F1e™),

4A. Symmetric tensors. In this subsection, we assume that E is a vector space of finite dimension N,
equipped with an inner product gg, and let E* denote the dual space, which has a scalar product induced
by gg (also denoted gg). (In what follows, we shall take either £ =E&(x,&) or E =T, H™+! for some
(x, &) € SH"*!, and the scalar product g in both cases is given by the hyperbolic metric gz on those
vector spaces.) We will work with tensor powers of E*, but the constructions also apply to tensor powers
of E by swapping E with E*.

We introduce some notation for finite sequences to simplify the calculations below. Denote by <" the
space of all sequences K =kj ...k, with1 <k, <N.Fork;,...k, €™, ji...Jj €<, and a sequence
of distinct numbers 1 < ¢y, ..., ¢, <m, denote by

{f]%j],...,ﬁr—)jr}KEVQ{m

the result of replacing the £,-th element of K by j, for all p. We can also replace some j, by blank
space, which means that the corresponding indices are removed from K.
For m > 0 denote by ®” E* the m-th tensor power of E* and by ®'{ E* the subset of those tensors which

are symmetric, i.e., u € ¢ E* if u(vy(1), . . . Vogm)) =u(v1, ..., vy) forallo €I, and all vy, ..., v, € E,
where I1,, is the permutation group of {1, ..., m}. There is a natural linear projection S : " E* — Q' E*
defined by
* * 1 * * * *
SOT® - @m)=— 3 08 By, 1 E" (4-1)
oell,

The metric gg induces a scalar product on Q™ E*,

m
(V- Qup, W - Quy)g, = H(vj, wigp, Wi, v €E™
j=1
The operator S is selfadjoint and thus an orthogonal projection with respect to this scalar product.
Using the metric gg, one can decompose the vector space ®' as follows. Let (ei)f\’: , be an or-
thonormal basis of E for the metric gz and (e}) be the dual basis. First of all, introduce the trace map

T :®"E* — ®" 2E* contracting the first two indices by the metric: for v; € E, define

N

T (1, ..., vm2) =Y ul€i €. v, ..., 0u2) (4-2)

i=1
(the result is independent of the choice of the basis). For m < 2, we define T to be zero on ®” E*. Note
that 7" maps ®’§+2E* onto ' E*. Set

ey =€ ® Qe €®"E*, K=ki.. kyeo™".
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Then

T( > fKe*K>= Y ) fuxek

K caym+2 Keg™ ged

The adjoint of 7 : ®'S"+2E * — ¢ E* with respect to the scalar product gg is given by the map u —
S(ge ® u). To simplify computations, we define a scaled version of it: let Z : @ E* — ®'S"+2E * be
defined by

m+2)(m+1) (m+2)y(m+1)__,
Z(u) = fs(gE Qu) = f’f (). (4-3)
Then
m—+2
I( Z fKe*K> = Z Z Skek, fie— r—1K €k -
Keam K eam+2 Zérzl
Note that, for u € Q' E*,
T(Zu) = 2m+ N)u+Z(Tu). (4-4)

By (4-3) and (4-4), the homomorphism 77 : @¢E* — ®{E* is positive definite and thus an iso-
morphism. Therefore, for u € ®'§ E*, we can decompose u = u; + Z(uz), where u; € ®'§ E* satisfies
Tw)=0and u, = (TZ)" " Tu e ®’;1_2E*. Iterating this process, we can decompose any u € Q' E*
into

Lm/2]
u= Y T'(u). u €@y TE* Tu,)=0, (4-5)
r=0

with u, determined uniquely by u.
Another operation on tensors which will be used is the interior product: if v € E and u € ®'{ E*, we
denote by ¢, (1) € QY ~!E* the interior product of u by v given by

(v, .oy Up—1) == u(V, U, oo, V1)

If v* € E*, we write t,+u for the tensor t,u with gg(v, -) = v*.

We conclude this subsection with a correspondence which will be useful in certain calculations later.
There is a linear isomorphism between ®'¢ E* and the space Pol™ (E) of homogeneous polynomials of
degree m on E: to a tensor u € ®'§ E* we associate the function on E given by x — P, (x) :=u(x, ..., x).
If we write x = Z,N: | Xie; in a given orthonormal basis, then

m
Ps(er)(x) = ka‘,-, K=k kyea™.
j=1

N a2
i=1 8X,'

The flat Laplacian associated to gg is given by Ag = — ) in the coordinates induced by the

basis (e;). Then it is direct to see that

ApP,(x) =—m(m —1)Pru)(x), uec®E", (4-6)
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which means that the trace corresponds to applying the Laplacian (see [Dairbekov and Sharafutdinov
2010, Lemma 2.4]). In particular, trace-free symmetric tensors of order m correspond to homogeneous
harmonic polynomials, and thus restrict to spherical harmonics on the sphere |x|,, =1 of E. We also
have

Pruy(x) = 2(m+2)(m + D|x*P,(x), ue@FE™ -7

4B. Horocyclic operators. We now consider the left-invariant vector fields X, U :’t Rit1,j41 on the
isometry group G, identified with the elements of the Lie algebra of G introduced in (3-6), (3-7). Recall
that G acts on SH"*! transitively with the isotropy group H ~ SO(n) and this action gives rise to the
projection 775 : G — SH"*!; see (3-10). Note that, with the maps ®.. : SH"*! - R* and B : SH"T! — S”
defined in (3-16), we have

Bi(ms(y)) =Ly(£e1) and ®@i(ms(y)) =Ny(Fe1), yeq,

where N), : S" — R" and L, : S" — S" are defined in (3-26). Since Hy, the isotropy group of e
under the action L,,, contains X and U l.i in its Lie algebra (see (3-27) and Figure 3(a)), we find

d(Bioms)-UX=0 and d(Bioms)-X =0. (4-8)
‘We also calculate
d(®yoms)-UF =0. (4-9)

Define the differential operator on G
Ug=U: Ul K=ki- kpea™

Note that the order in which k1, ..., k,, are listed does not matter, by (3-8). Moreover, by (3-8),

m
[Riv1je1 Ugl =Y Gie Uik — ik Uit jy)- (4-10)
=1
Since H is generated by the vector fields R; 1 j;1, we see that in dimensions n + 1 > 2 the horocyclic
vector fields Uii, and more generally the operators U,jf, are not invariant under right multiplication
by elements of H and therefore do not descend to differential operators on SH"*! —in other words,
if u € D'(SH™t), then Ulj(ﬁ(n;‘u) € D'(G) is not in the image of 7{.

However, in this section we will show how to differentiate distributions on SH"*! along the horocyclic
vector fields, resulting in sections of the vector bundle £ introduced in Section 3F and its tensor powers.
First of all, we note that by (3-14), the stable and unstable bundles E;(x, §) and E,(x, &) are canonically
isomorphic to £(x, &), by the maps

0y :E(x,8)—> Es(x,8), 60_:£x,8)— E (x,8), 0+(v)=(—v,=%v).

For u € D'(SH™*!), we then define the horocyclic derivatives Usu € D' (SH"T!; £*) by restricting the
differential du € D' (SH"+!; T*(SH"*!)) to the stable/unstable foliations and pulling it back by 6.:

Usu(x, &) :=du(x,€)o01 € £ (x, §). 4-11)
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To relate U4+ to the vector fields Ul.i on the group G, consider the orthonormal frame e, ..., e; of the
bundle 73E* over G defined by
e;(y) =y (e € E(ms(y)),

ag1 of RUAH and y— =
(y~H*: (RVH1y* — (RL+1y* More generally, we can define the orthonormal frame ey of TG(R®ME™)
by

where the ej. = dx; form the dual basis to the canonical basis (e;);—o

.....

ey =€, Q---Qe , K=ki...kyed™

We compute, for u € D'(SH'™Y), du(ws(y)) - 0+(y(ej+1)) = Uf(n;iu)(y), and thus

n
wiUsu) =Y UF(iuer. 4-12)
j=I

We next use the formula (4-12) to define /1 as an operator
u:l: :,D/(S[H]IH—I; ®mg*) — D/(SHn+]; ®m+15*) (4_13)

as follows: for u € D/(SI]-I]”“; ®ME™), define Uy u by

n

miUsu) =Y > (UFug)efy, miu= Y  ugek. (4-14)
r=1 Kea™ Keg™
This definition makes sense (that is, the right-hand side of the first formula in (4-14) lies in the image
of 7§) since a section

f=" fxex €D (G:my@"EN), fx €D(G),
Keam
lies in the image of 7§ if and only if R; 11 ;41 f =0 for 1 <i < j <n (the differentiation is well defined
since the fibers of 7§ (®"E) are the same along each integral curve of R;; 1), and this translates to

Rit1,j+1fk —Z((Sﬂqf{z—n Siky fus k), 1<i<j=<n, Kew™ (4-15)

to show (4-15) for f,x = Ur ug, we use (3-8):

+ +
Rivijr1frk =[Riy1,j+1, U Jug + U7 Riq jiuk

m
=3dj, UiiMK — &ir U;_LMK + Z ik U u—ik — S, UXuye— k.-
=1
To interpret the operator (4-13) in terms of the stable/unstable foliations in a manner similar to (4-11),
consider the connection VS on the bundle £ over SH"*! defined as follows: for (x, &) € SH*t!,

(v, w) € Tix.e)(SH™ ), and u € D'(SH™!; €), let VS u(x, €) be the orthogonal projection of

(v,w)
Rl n+1
(v w)

u(x,&) onto E(x,&) c RV
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where V""" is the canonical connection on the trivial bundle SH*™! x R'"+! over SH" ! (corresponding
to differentiating the coordinates of « in R'"*!). Then V5 naturally induces a connection on ®”£*, also

denoted V¥, and we have, for v, vy, ..., v, € E(x, &) and u € D' (SH*!; @),
Usu(x, E)W, 01, .. vp) = (V5 ) (V1. .. U). (4-16)
Indeed, if y(¢) = y(O)e’Uf: is an integral curve of U;E on G, then y(t)es, ..., y(t)e,4+1 form a parallel

frame of £ over the curve (x(t), £(t)) = ms(y (¢)) with respect to VS, since the covariant derivative
of y(t)ex in t with respect to VR g simply y(t)U;—Lek; by (3-7) this is a linear combination of
x(t) =y (t)eg and £(¢) = y (t)e; and thus Vts(y(t)ek) =0.

Note also that the operator X defined in (3-29) can be interpreted as the covariant derivative on &
along the generator X of the geodesic flow by the connection V. One can naturally generalize X to a
first-order differential operator

X D/(SHn-i-l; ®m5*) — ,D/(Sl]_ﬂn-i-l; ®mg*)’ (4_17)

and }TX is still symmetric with respect to the natural measure on SH"*! and the inner product on ®"&*
induced by the Minkowski metric. A characterization of X in terms of the frame e} is given by

mi(Xu)= Y (Xug)ey, miu= Y  uge. (4-18)
Keom Keagm™

It follows from (3-8) that, for u € D/(SI]-I]”“; QME™),
XUsu — UL Xu = Ut u. (4-19)

‘We also observe that, since [Uii, U;—L] =0, for each scalar distribution u € D'(SH"*!) and m € N we have
UTu e D' (SH ! ®'¢E¥), where ®YE* C ®™E™ denotes the space of all symmetric cotensors of order m.
Inversion of the operator I/ is the topic of the next subsection. We conclude with the following lemma,
describing how the operator ¢/} acts on distributions invariant under the left action of an element of G:

Lemma 4.1. Let y € G and u € D' (SH'Y). Assume also that u is invariant under left multiplications
by y, namely u(y.(x, £)) = u(x, &) for all' (x,&) € SH*. Then v = UTu is equivariant under left
multiplication by y in the following sense:

v(y.(x, ) = y.v(x, §), (4-20)

where the action of y on ®'{E* is naturally induced by its action on £ (by taking inverse transposes),
which in turn comes from the action of y on RV"+1,

Proof. We have, for y’' € G,

Ulu(rs(y)) = ) WUgwoms)(y)ek ).
Keam™

1Strictly speaking, this statement should be formulated in terms of the pullback of the distribution u# by the map
(x,8) > y.(x,8).
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Therefore, since U;E are left-invariant vector fields on G,

Ubu(y.ms(y) =Uu(rs(yy) = Y (Ugwoms)(y)ekyy)).
Keam

It remains to note that e} (yy’) = y.ex (¥'). O

4C. Inverting horocyclic operators. In this subsection, we show that distributions v € D' (SH"*!; ®GE)
satisfying certain conditions are in fact in the image of U acting on D’(SH"*!). This is an important
step in our construction of Pollicott—Ruelle resonances, as it will make it possible to recover a scalar
resonant state corresponding to a resonance in the m-th band. More precisely, we prove:

Lemma 4.2. Assume that v € D'(SH"!; Q'S E) satisfies Urv = 0, and Xv = EAv for A & %Z. Then
there exists u € D' (SH"Y) such that UV'u =v and Xu = (A —m)u. Moreover, if v is equivariant under
left multiplication by some y € G in the sense of (4-20), then u is invariant under left multiplication by y.

The proof of Lemma 4.2 is modeled on the following well-known formula recovering a homogeneous
polynomial of degree m from its coefficients: given constants a, for each multiindex « of length m, we
have

f ix“aazaﬂ, 1| = m. (4-21)

lo|=m
The formula recovering # from v in Lemma 4.2 is morally similar to (4-21), with Uf taking the role of 9, ,
the condition U+ v = 0 corresponding to a, being constants, and U;F taking the role of the multiplication
operators x ;. However, the commutation structure of Uf, given by (3-8), is more involved than that of 9,
and x;, and in particular it involves the vector field X, explaining the need for the condition Xv = +Av
(which is satisfied by resonant states).
To prove Lemma 4.2, we define the operator

Vi D/(SH™ @"He%) — DI(SH'™ @"€%),  Vi=Tls,

where 7T is as defined in Section 4A. Then, by (4-14),
wg(Viu) = Z Z(U;ﬁqu)e*K, U= Z Ugey.
Keagm (]EJJ Ke'g/erl

For later use, we record the following fact:
Lemma 4.3. U} = —V., where the adjoint is understood in the formal sense.

Proof. Ifu € CgO(SH”+1; QMEX), v e CP(SH"H; @"+1€*), and ug, vy are the coordinates of mu and
v in the bases (e ) ke and (€7) jc . m+1, then, by (4-14), we compute the following pointwise identity
on SH"*!:

Uz, 0) + (. Vi) =Vew,  w e CPSH™LEN, mw= ) ukixe;.

Kea™
qged
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It remains to show that, for each w, the integral of V1w is equal to zero. Since Vs is a differential operator

/ Viw = f (w, n+)
SHn+1 SHn-H

for all w and some n+ € C®(SH"*!; £%) independent of w. Then 7 is equivariant under the action

of order 1, we must have

of the isometry group G and, in particular, |5+| is a constant function on SH**!. Moreover, using that
f Xf=0forall f e CB’O(SI]-[I”“) and Vi (Xw) = (X F1)Viw, we get, for all w € C°,

?/ (w, nt) :/ Vi(Xw) = —/ (w, Xns).
SHn+1 SHnr+1 SHn+1

This implies that X'ny = +n4 and, in particular,
X[nel* = 2(Xnx, ne) = £2ne |,
Since |ni|2 is a constant function, this implies n+ = 0, finishing the proof. |

To construct u from v in Lemma 4.2, we first handle the case when 7 (v) = 0; this condition is
automatically satisfied when m < 1.

Lemma 4.4. Assume that v € D' (SH*t!; ®E) andUrv =0, T (v) = 0. Define u = Vv € D' (SHM).

Then
n+m—2

]_[ €+ X)) v. (4-22)

UYu=2"m! (
{=n—1

Proof. Assume that
wjv=) frek. fx €D (G).

K E ,Qf”l
Then

+
miu= Y Uffx. miUiwy= Y  UUEfxe;.
Keagm™ K,Jeag™

ForO<r <m,J e o™ 7" and p € o, we have, by (3-8),

Z WU, UFIUE fyxs = £2X Z Ug foxs+2 Z Rp+1,4+1Uf fak -
Keo" Kew" Ked”
qed qgeof
To compute the second term on the right-hand side, we commute R, .41 with UF by (4-10) and
use (4-15) to get
r

Z Rp+1,q+1UIj(quKJ: Z <Z((qulU{:gﬁp}KquJ_SPkZU{:E%q}Kf‘]KJ)-i_UI?fPK]_(SP‘]U;{Ff‘IKJ

Ked” Keag™ ™ t=1
qed qgedd

.
+ 3 (Bak UE fatte—mxrs — Sk UE fatte—a1x)7)

=1
m—1-r

+ ) (5quU?<quK({Hp}J>—3pjeU1?qu<{2+q}J>))-
=1
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Since v is symmetric and 7 (v) = 0, the expressions ZKE%,,%M Sqk, U{f*)p}Kqu‘], quﬂ Jae=q1K)75
and ) .., fqk(¢—q)s) are zero. Further using the symmetry of v, we find

Z Rpi1,qr1UE fyks =(n+m—r—=2) Z Ug fok s

Ke%’ Kea”

qe

and thus
Y Wy UFWE faks =2 Y UFEX+n+m—2r—2)fpk. (4-23)
Ke,(;s;’ Kew"
qe

Then, using that U/+v = 0, we find

r+1
+ +
Y U Uifks= D D UL WU UIUE o fak
Kea/r+l Kea™ =1
qged
r+l1
=2 > Y UFEX+n+m—20fpk,
Kea" =1
=20r+1) Y UFEX+n+m—r—2)fpk,. (4-24)
Ked”

By iterating (4-24) we obtain (using also that v is symmetric), for J € o™,

Ut Z U,?fK:ZmU;Emjm_l Z UT(EX +n—1)fk,

Kea™ Kegm—1
— + -
=d4m(m—1U; . Z USEX +n)(EX +n—1)fkjp i
Keam=2
n+m—2
=2"m! [[ &X+0f.
{=n—1
which achieves the proof. U

To handle the case 7 (v) # 0, define also the horocyclic Laplacians
Ay = —TUL = —Villy : D' (SH™) — D/ (SH™),
so that, for u € D' (SH"1),

n
TgALu = — Z U;:U;:(JT;M).
q=1

Note that, by the commutation relation (3-8),
[X, Ai]=£2A.. (4-25)

Also, by Lemma 4.3, A, are symmetric operators.
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Lemma 4.5. Assume that u € D'(SH*™*') and U7 u = 0. Then
UTT2Azu = —4(X Fm)QX £ (n — 2)TUTu) — 4T (T UTw)).

Proof. We have
TIUS TP Ay =— > UgUFUFuey.

Kegmt?
qged

Using (3-8), we compute, for K € "2 and q €,

[Ug. U]
m+2
_ + + prFE
- Z Ukl---ké—l [Ukz’ Uq ]Ukz+1-.~km+2
=1
m+2

+ + +
=2 Z ak Ujgoyx (EX+m —L+2)+ Uyl Rke+1,q+1UkM...km+2)

m+2 m+2
=2 Z (U{im@qke (EX+m =L+ + Rirrgr)+ Y Gor Uiy =Sk U g K)>
r=~{+1

m+2 m+2
=2 Z <U{jlg—>}K(aqké (FX+m+1D+ Rke+1’q+1) - Z 8kzkr U{jl;—>,r—>q}K> :
r={+1
Since Z/{’"Hu =0, for K € &™*2 and q € o/ we have Ulfu = [Ui, U,f]u =0, and thus
UxUFUFu=[[Ug. UF1. UFu.
We calculate

D g EX +m+ 1) + Riyr1.g11. UF 1= (0 = DU,
qged

and thus, for K € o712,

m+2 m—+2
+ + +
> URUF U =2 Y (W I mtn =D = 3 s, LI e U1

qed (=1 r=0+1 qed
Now, for K € @/"+2,
m+2
D Wik USIEX +m+n— Du
=1 m+2 m+2
=2 (akm Ui sox EX+m) = Y S, U;;H}K) (£X +m+n—1)u
l,s=1 r=s+1
L#s r#l
m+2
=23 Stk Ujs oy (E2X +m)(EX +m+n — Du.
Cr=1

l<r
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Furthermore, we have, for K € &,

m
Y W UFlu=2Ug (m+n)(EX +m) —mu =23 Y S, Ui o gl
qed qed s,p=1
s<p

We finally compute

Y URUFUFu

qeAd
m-+2 m—+2 m—+2
=4 Y Sk Ui g XQXE@A2m=2)u44 Y Y Y Stk kb, U e s e s U
l,r=1 gedd L,r=1 s, p=1
L<r L<r s<p
{s.pInfl.ri=2
which finishes the proof. ([

Arguing by induction using (4-4) and applying Lemma 4.5 to ALu, we get:

Lemma 4.6. Assume that u € D' (SH"™!) and L{'i"Hu =0, TULu) =0. Then, for eachr > 0,

r—1 r
UMY AT u = (—1)%”(1"[(2@ (m +j>)) ( [[er+@m —21')))1’(“11 u).
Jj=0 j=1

Moreover, forr > 1,

r—1 r
TUET ALu) = (=127 r(n+2m +2r —2) ( [JxFmm+ j))) ( [Jex+m- 2j))>1’—1 U™ u).
j=0 j=1

We are now ready to complete the proof of Lemma 4.2. Following (4-5), we decompose v as
V= ZrLZ{)ZJ 7" (v,) with v, € D'(SH"+!; ®’§’_2r5*) and 7 (v,) = 0. Since X commutes with 7 and Z, we
find Xv, = *Av,. Moreover, since U/+v = 0, we have Ui v, = 0. Put

up = (—Az)' V2 v, € D'(SH™).

By Lemma 4.4 (applied to v,) and Lemma 4.6 (applied to VI ~27y, and with m replaced by m — 2r),

r—1
=22+

r

[[er+n-2 j))I’ ULE=2rvrry,)

Jj=0 j=l1
n+m—2r—2 m—r—1 r
=2"(m — 2r>!< [T @ +j>>< [T ¢~ j))(]‘[(zxm - 2j>)z’<vr>.
j=n—1 Jj=m—2r j=1
Since A ¢ %Z, we see that v = U'u, where u is a linear combination of uo, ..., u|;s/2). The relation

Xu = £(A —m)u follows immediately from (4-19) and (4-25). Finally, the equivariance property under G
follows similarly to Lemma 4.1.
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4D. Reduction to the conformal boundary. We now describe the tensors v € D'(SH"!; ®§E™) that
satisfy U1 v = 0 and Xv = 0 via symmetric tensors on the conformal boundary S". For that we define the
operators

Q1 : D'(S"; @"(T*S") — D'(SH"™; @"€")
by the following formula: if w € C*°(S"; @™ (T*S")), we set, for n; € £(x, &),

Qrw(x, EY(M1, .oy ) 1= (wo B (x, (AL (x, &)1, ., AL (X, €)1, (4-26)

where A4 (x,8) : Tp (x,eyS" — £(x,§) is the parallel transport defined in (3-31), and we see that
the operator (4-26) extends continuously to D'(S"; ®'(T*S")), since the map By : SH™! — s7
defined in (3-16) is a submersion; see [Hormander 1983, Theorem 6.1.2]; the result can be written as
Qiw=(Q" (.A:_LI)T).w o By, where T denotes the transpose.

Lemma 4.7. The operator Q+ is a linear isomorphism from D'(S"; ®'§(T*S")) onto the space
{v e D' (SH™; 7€) | Usrv =0, Xv =0} (4-27)

Proof. 1t is clear that Q4 is injective. Next, we show that the image of Q. is contained in (4-27). For
that it suffices to show that, for w € C*(S"; @ (T*S")), we have U+ (Q+w) =0 and X (Qrw) =0. We
prove the first statement; the second one is established similarly. Let y € G, wy, ..., w, € C*(S"; TS"),
and w} = (wj, - ) g, be the duals through the metric. Then

m

Q:(w} @ @i (s(y)) = Z <ﬂ<w o By oms (1)) (AL (ms(y)y - ek+1>)eK<y>
ki,..., kp=1 " j=1

n m

=-=n" Y (]‘[«Ai.w,- o Bx)oms(y), ¥ -ek,.mM)e*K(y),

ki,..., knm=1 " j=1

where we have used (3-32) in the second identity. Now we have, from (3-31),

A+(ms(y))¢ =(0,8) —((0,¢),y -eo)my (eo +e1);

thus
Q(wi® - Qui(s(y) = Y. (H L —w; Biors(y)))),y-ekj+1>M)e’,‘<(y>.
kiyokm=1 > j=1

Since d(B4 o 7yg) - Ugt =0 by (4-8) and Ugt()/ k1) =Y - Uz - eg;+1 i1s a multiple of y - (e 1) =
q):t(n’g()/))(l, Bi(ﬂ'g()/))), we see that U (Q+w) = 0 for all w.
It remains to show that, for v in (4-27), we have v = Q4 (w) for some w. For that, define

U= (®"AD) v e D' (SH"; BL(®T*S"),

where A% denotes the transpose of Ax. Then Usv = 0 and Xv = 0 imply that U, Zt (rgv) = 0 and
X ¥ =0 (where, to define differentiation, we embed 7*S" into R"+1). Additionally, R; 11 j41(7§v) = 0;
therefore 7$v is constant on the right cosets of the subgroup Hi C G defined in (3-27). Since
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(Bioms) ' (BLoms(y)) =y Hx, we see that ¥ is the pullback under B of some w € D'(S"; ®YT*S"),
and it follows that v = Q4 (w). O

In fact, using (3-31) and the expression of £ (x, v) in (3-20) in terms of the Poisson kernel, it is not
difficult to show that Q4 (w) belongs to a smaller space of fempered distributions: in the ball model, this
can be described as the dual space to the Fréchet space of smooth sections of ®@” (°SB"*!) over B"*+!
which vanish to infinite order at the conformal boundary S” = aB"+!.

We finally give a useful criterion for invariance of Q4 (w) under the left action of an element of G:

Lemma 4.8. Take y € G and let w € D'(S"; @ (T*S")). Take s € C and define v = &% Q4 (w). Then v
is equivariant under left multiplication by vy, in the sense of (4-20), if and only if w satisfies the condition

L;w(v) =N,(v)"""w), veS" (4-28)
Here L, (v) € S" and N, (v) > 0 are defined in (3-26).
Proof. The lemma follows by a direct calculation from (3-28) and (3-33). U

5. Pollicott—Ruelle resonances

In this section, we first recall the results of Butterley and Liverani [2007] and Faure and Sjostrand
[2011] on the Pollicott—Ruelle resonances for Anosov flows. We next state several useful microlocal
properties of these resonances and prove Theorem 2, modulo properties of Poisson kernels (Lemma 5.8
and Theorem 6), which will be proved in Sections 6 and 7. Finally, we prove a pairing formula for
resonances and Theorem 3.

5A. Definition and properties. We follow the presentation of [Faure and Sjostrand 2011]; a more recent
treatment using different technical tools is given in [Dyatlov and Zworski 2015]. We refer the reader to
these two papers for the necessary notions of microlocal analysis.

Let M be a smooth compact manifold of dimension 27 + 1 and ¢; = ¢'* be an Anosov flow on M,
generated by a smooth vector field X. (In our case, M = SM, M = I'\H"*!, and ¢; is the geodesic
flow — see Section 5B.) The Anosov property is defined as follows: there exists a continuous splitting

TyM=Eo(y) ® E,(y)® Es(y), yeM, Eo(y):=RX(y), (5-1)

invariant under d¢, and such that the stable/unstable subbundles E;, E, C T M satisfy, for some fixed
smooth norm | - | on the fibers of T M and some constants C and 6 > 0,

ldo,(y)v] < Ce™|v|, v e E(y), 52
ldp_,(y)v] < Ce ™ |v|, v e Eu(y).

We make an additional assumption that M is equipped with a smooth measure p which is invariant
under ¢, thatis, Lxu = 0.
We will use the dual decomposition to (5-1), given by

TTM=E;(»)®E,(»®E{(y), yeM, (5-3)
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where Ejj, E;;, E; are dual to Eo, E;, E, respectively (note that £, and E; switch places), so for example
E(y) consists of covectors annihilating Eo(y) @ E,(y).

Following [Faure and Sjostrand 2011, (1.24)], we now consider, for each » > 0, an anisotropic Sobolev
space

H (M), where C®M)CH (M)CDM).

Here we put u := —r, s :=r in [Faure and Sjostrand 2011, Lemma 1.2]. Microlocally near E;, the
space ‘H' is equivalent to the Sobolev space H ™", in the sense that, for each pseudodifferential operator A
of order 0 whose wavefront set is contained in a small enough conic neighborhood of E}, the operator A
is bounded, " — H~" and H™" — H". Similarly, microlocally near E}, the space H" is equivalent to
the Sobolev space H". We also have #° = L?. The first-order differential operator X admits a unique
closed unbounded extension from C* to H"; see [Faure and Sjostrand 2011, Lemma A.1].

The following theorem, defining Pollicott—Ruelle resonances associated to ¢y, is due to Faure and
Sjostrand [2011, Theorems 1.4 and 1.5]; see also [Dyatlov and Zworski 2015, Section 3.2].

Theorem 5. Fix r > 0. Then the closed unbounded operator
—X:H (M) —> H (M)

has discrete spectrum in the region {Rel > —r/Cy} for some constant Cy independent of r. The
eigenvalues of —X on ‘H", called Pollicott—Ruelle resonances, and taken with multiplicities, do not depend

on the choice of r as long as they lie in the appropriate region.

We have the following criterion for Pollicott—Ruelle resonances which does not use the H" spaces
explicitly:

Lemma 5.1. A number A € C is a Pollicott—Ruelle resonance of X if and only the space
Resx (1) :={u e D'(M) | (X +1)u =0, WF(u) C E}} (5-4)

is nontrivial. Here WF denotes the wavefront set; see, for instance, |[Faure and Sjostrand 2011, Defini-
tion 1.6]. The elements of Resx (1) are called resonant states associated to A and the dimension of this
space is called the geometric multiplicity of A.

Proof. Assume first that A is a Pollicott—Ruelle resonance. Take r > 0 such that Re A > —r/Cy. Then A
is an eigenvalue of —X on ‘H", which implies that there exists nonzero u € H" such that (X + A)u = 0.
By [Faure and Sjostrand 2011, Theorem 1.7], we have WF(u) C E}; thus u lies in (5-4).

Assume now that u € D’ (M) is a nonzero element of (5-4). For large enough r, we have Re A > —r/C
andu € H™"(M). Since WF(u) C E;; and 1" is equivalent to H~" microlocally near E;;, we have u € H".
Together with the identity (X + X)u, this shows that A is an eigenvalue of —X on " and thus a Pollicott—
Ruelle resonance. (Il

For each A with Re A > —r/Cy, the operator X +A : H" — H" is Fredholm of index zero on its domain;
this follows from the proof of Theorem 5. Therefore, dim Resy (A) is equal to the dimension of the kernel
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of the adjoint operator X* 4 A on the L? dual of H", which we denote by #~". Since %X is symmetric
on L2, we see that Resy (1) has the same dimension as the following space of coresonant states at A:

Resy- (1) := {u € D'(M) | (X — )u =0, WF(u) C E¥}. (5-5)

The main difference of (5-5) from (5-4) is that the subbundle E} is used instead of E;; this can be justified
by applying Lemma 5.1 to the vector field —X instead of X, since the roles of the stable/unstable spaces
for the corresponding flow ¢_; are reversed.

Note also that, for any A, A* € C, one can define a pairing

(u,u*y € C, ueResx(L), u™ € Resy+(A™). (5-6)

One way to do that is to use the fact that wavefront sets of u# and u* intersect only at the zero section and
apply [Hérmander 1983, Theorem 8.2.10]. An equivalent definition is obtained by noting that « is in H"
and u* is in H~" for r > 0 large enough and using the duality of H" and #~". Note that, for A # 1*, we
have (u, u*) = 0; indeed, X (uu*) = (A* — M)uu* integrates to 0. The question of computing the product
(u, u*) for A = 1* is much more subtle and related to algebraic multiplicities; see Section 5C.

Since %X is selfadjoint on L? = H° (see [Faure and Sjostrand 2011, Appendix A.1]), it has no
eigenvalues on this space away from the real line; this implies that there are no Pollicott—Ruelle resonances
in the right half-plane. In other words, we have:

Lemma 5.2. The spaces Resx (A) and Resx=()\) are trivial for Re A > 0.

Finally, we note that the results above apply to certain operators on vector bundles. More precisely, let &
be a smooth vector bundle over M and assume that X is a first-order differential operator on D’(M; &)
whose principal part is given by X, namely

X(fu)=fXw)+ (X)X @w), feD M), ueclC®M;é). 5-7)

Assume moreover that & is endowed with an inner product (-, - )¢ and %X is symmetric on L? with
respect to this inner product and the measure . By an easy adaptation of the results of [Faure and
Sjostrand 2011] (see [Faure and Tsujii 2014; Dyatlov and Zworski 2015]), one can construct anisotropic
Sobolev spaces H" (M; &) and Theorem 5 and Lemmas 5.1 and 5.2 apply to X on these spaces.

5B. Proof of the main theorem. We now concentrate on the case
M=SM =T\(SH"™"), M=T\H"",

with ¢, the geodesic flow. Here I' C G = PSO(1,n 4 1) is a cocompact discrete subgroup with no
fixed points, so that M is a compact smooth manifold. Henceforth we identify functions on the sphere
bundle SM with functions on SH"*! invariant under I, and similar identifications will be used for other
geometric objects. It is important to note that the constructions of the previous sections, except those
involving the conformal infinity, are invariant under left multiplication by elements of G and thus descend
naturally to SM.
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The lift of the geodesic flow on SM is the generator of the geodesic flow on SH"*! (see Section 3C);
both are denoted X. The lifts of the stable/unstable spaces Es, E, to SH™*! are given in (3-14), and
we see that (5-1) holds with & = 1. The invariant measure © on SM is just the product of the volume
measure on M and the standard measure on the fibers of SM induced by the metric.

Consider the bundle £ on SM defined in Section 3F. Then, for each m, the operator

X :D(SM; QYE") — D' (SM; QFEY)

defined in (4-17) satisfies (5-7) and %X is symmetric. The results of Section SA apply both to X and X.
Recall the operator ¢/_ introduced in Section 4B and its powers, for m > 0,

U™ :D'(SM) - D' (SM; QYEY).
The significance of U™ for Pollicott—Ruelle resonances is explained by the following:

Lemma 5.3. Assume that A € C is a Pollicott—Ruelle resonance of X and u € Resx (1) is a corresponding
resonant state as defined in (5-4). Then

UMu=0 for m > —Rel.

Proof. By (4-19),
X +r+mlU"u=0.

Note also that WF(U™u) C E};, since WF(u) C E and U™ is a differential operator. Since A +m lies in
the right half-plane, it remains to apply Lemma 5.2 to U u. ]

We can then use the operators U™ to split the resonance spectrum into bands:

Lemma 5.4. Assume that . € C\ %Z. Then

dimResy (1) = Z dim Res". (A 4 m), (5-8)
m>0
where
Res™ (L) = (v € D'(SM; @UE") | (X +1)v =0, U_v =0, WF(v) C EX}. (5-9)

The space Res'y.(X) is trivial for Re . > 0 (by Lemma 5.2). If A € %Z, then we have

dimResx () < Y _ dimRes7 (% +m). (5-10)

m>0

Proof. Denote, form > 1,
Vi) :={u e D'(SM) | (X+1Mu=0, U"u=0, WE(u) C E}}.

Clearly, V,,(A) C Vju+1(1). Moreover, by Lemma 5.3 we have Resx (1) = V(1) for m large enough
depending on A. By (4-19), the operator U™ acts as

U™ 2 Vipp1 (L) — Resy (A +m), (5-11)
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and the kernel of (5-11) is exactly V,, (1), with the convention that Vy(A) = 0. Therefore,
dim V,,11(2) < dim V,,, (1) 4+ dim Resy (A +m)

and (5-10) follows.

To show (5-8), it remains to prove that the operator (5-11) is onto; this follows from Lemma 4.2 (which
does not enlarge the wavefront set of the resulting distribution, since it only employs differential operators
in the proof). (I

The space Res'y (A + m) is called the space of resonant states at A associated to the m-th band; later
we see that most of the corresponding Pollicott—Ruelle resonances satisfy Re A = —%n — m. Similarly,
we can describe Resy«(A) via the spaces Res'y. (A +m), where

Res%t.(A) :={v € D'(SM; ®7E) | (X —Mv =0, Uyv =0, WF(v) C EF}; (5-12)
note that here U/ is used in place of U_.
We further decompose Res’y (1) using trace-free tensors:

Lemma 5.5. Recall the homomorphisms T : Q¢ E* — ®’§'_25*, T:Q¢E"— ®’§1_25* defined in Section 4A
(we put T =0 for m =0, 1). Define the space

Res’y’(1) := (v € Resy(h) | T(v) = 0). (5-13)
Then for all m > 0 and A,
Lm/2]
dimResy (1) = > dimResy >“’(3). (5-14)
£=0
In fact,
m/2]
Res’y'(1) = €P T'Resy >0 (). (5-15)
£=0

Proof. The identity (5-15) follows immediately from (4-5); it is straightforward to see that the defining
properties of Res'y (1) are preserved by the canonical tensorial operations involved. The identity (5-14)
then follows since Z is one-to-one by the paragraph following (4-4). (I

The elements of Res’}?o()») can be expressed via distributions on the conformal boundary S":

Lemma 5.6. Let Q_ be the operator defined in (4-26); recall that it is injective. If rr : SH'*! — SM is
the natural projection map, then

7 Resy*(2) = ®* Q_(Bd™ (1)),
where BA™(1) c D/(S"; &' (T*S")) consists of all distributions w such that T (w) = 0 and
Liw@®)=N,() " "w), veS' yel; (5-16)
L, and N, are as defined in (3-26). Similarly

7 Rest (M) = d% 0, (BA"O(R)), Bd™°(R) =Bd™().



POWER SPECTRUM OF THE GEODESIC FLOW ON HYPERBOLIC MANIFOLDS 957

Proof. Assume first that w € Bd"™%(%) and put o = ®* Q_(w). Then, by Lemma 4.8 and (5-16), ¥ is
invariant under I" and thus descends to a distribution v € D'(SM; ®JE*). Since X ®* = —Ad* and
Uj_(dﬂ_ oms) =0by (3-17) and (4-8), and X and Z/_ annihilate the image of Q_ by Lemma 4.7, we have
(X +2)v =0 and U_v = 0. Moreover, by [Hormander 1983, Theorem 8.2.4] the wavefront set of v is
contained in the conormal bundle to the fibers of the map B_; by (3-25), we see that WF(v) C E;. Finally,
T (v) = 0 since the map A_(x, &) used in the definition of Q_ is an isometry. Therefore, v € Res’}é’o(k)
and we have proved the containment ' Res’)'é’o()») > ®* Q_(Bd™°(1)). The opposite containment is
proved by reversing this argument. O

Remark. It follows from the proof of Lemma 5.6 that the condition WF(v) C E; in (5-9) is unnecessary.
This could also be seen by applying [Hormander 1994, Theorem 18.1.27] to the equations (X +A)v =0
and U_v = 0, since X differentiates along the direction Ey, U_ differentiates along the direction E,
(see (4-11) and (4-16)), and the annihilator of Eo @ E,, (that is, the joint critical set of X + A, U/_) is
exactly E.

It now remains to relate the space Bd™ (1) to an eigenspace of the Laplacian on symmetric tensors.
For that, we introduce the following operator, obtained by integrating the corresponding elements of
Res’)'é’o()») along the fibers of S":

Definition 5.7. Take A € C. The Poisson operators
<@):\i: . D/(Sn, ®mT*§I’l) — COO([H]n+1, ®mT*lH]n+1)
are defined by the formulas
prue= [ e 80w 6 dSE)
ot ] (5-17)
2 w(x) =/ - Py (x, 6" Qy(w)(x, £)dS(&).
S, H"

Here, integration of elements of ®"E*(x, §) is performed by embedding them in ®" Tx*l]-l]’”rl using
composition with the orthogonal projection T,H"*! — £(x, &).

The operators @;t are related by the identity
PEw = 2Fw. (5-18)

By Lemma 5.6, &2, maps Bd™%(1) onto symmetric I-equivariant tensors, which can thus be considered
as elements of C*°(M; ®'T*M). The relation with the Laplacian is given by the following fact, proved
in Section 6C:

Lemma 5.8. The image of Bd™ (1) under &, is contained in the eigenspace Eig" (—\(n 4 1) +m) for
each A, where

Eig"(0) := {f € C¥(M: RT*M) | Af =of, V*f =0, T(f) =0}. (5-19)
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Here the trace T was defined in Section 4A and the Laplacian A and the divergence V* are introduced in
Section 6A. (A similar result for ,@f follows from (5-18).)

Furthermore, in Sections 6C and 7 we show the crucial:

Theorem 6. Assume that A ¢ R,,, where

1 1 -
Rm:{—zn—ENo ifn>1o0rm=0, (5-20)

—%No ifn=1 and m > 0.
Then the map &, Bd™(1) — Eig" (—A(n + A) +m) is an isomorphism.

Remark. In Theorem 6, the set of exceptional points where we do not show isomorphism is not optimal
but is sufficient for our application (we only need R,,, C m — %n — %NO); we expect the exceptional set to
be contained in —n + 1 —Njy. This result is known for functions, that is for m = 0, with the exceptional set
being —n — N. This was proved by Helgason [1974] and Minemura [1975] in the case of hyperfunctions
on §" and by Oshima and Sekiguchi [1980] and Schlichtkrull and van den Ban [1987] for distributions;
Grellier and Otal [2005] studied the sharp functional spaces on S” of the boundary values of bounded
eigenfunctions on H"*!. The extension to m > 0 does not seem to be known in the literature and is not
trivial: it takes most of Sections 6 and 7.

We finally provide the following refinement of Lemma 5.4, needed to handle the case A € (— %n, oo) N3Z:

1
2
Lemma 5.9. Assume that A € —%n + %N. If A € —2N, then

dimResy(2) = Y dimRes}(1+m).

m=>0
m#£—Ai
If A ¢ —2N, then (5-8) holds.
Proof. We use the proof of Lemma 5.4. We first show that, for m odd or A # —m,
U™ (Viup1(X)) =Resy (A +m). (5-21)

Using (5-15), it suffices to prove that, for 0 < £ < %m, the space 7¢ (Res’ﬁ_%’o()\ 4+ m)) is contained in
U (Vir1(X)). This follows from the proof of Lemma 4.2 as long as
A+me¢ZN([264+2—n—m,1—n]U[m—2¢,m—€—1]),
A+m+ingzZn(l, ¢

using that A > —%n, it suffices to prove that

AgZN[=2¢,—€—1]. (5-22)

On the other hand, by Lemma 5.6, Theorem 6, and Lemma 6.1, if £ < %m and the space Res’}’(_zz’o()» +m)

is nontrivial, then
—(k—{—mﬁ—%n)z—{—%nz—l—m—% >m—-20+n—1,
implying
+m+in| <|3n—1], (5-23)
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and (5-22) follows. For the case £ = %m, since A > 0 on functions we have
—(v+m+1n)? + a2 >0,

which implies that A < —m and thus (5-22) holds unless A = —m.
It remains to consider the case when m = 2 is even and A = —m. We have

Res? (0) = Z¢ (Res%’ (0)):

that is, Res';’(_zz/’o(O) is trivial for ¢ < %m. For n > 1, this follows immediately from (5-23), and, forn =1,

since the bundle £* is one-dimensional, we get Resg’;’o(k) =0 for m" > 2. Now, Res?\;o 0) = Resg( 0)
corresponds via Lemma 5.6 and Theorem 6 to the kernel of the scalar Laplacian, that is, to the space
of constant functions. Therefore, Resggo is one-dimensional and it is spanned by the constant function 1
on SM; it follows that Res’y (0) is spanned by Z%(1). However, by Lemma 4.3, for each u € D'(SM),

(T, U™y 2 = (=)™ (V" TE(1), u) 2 = 0.

Since U™ (Vip4+1(A)) C Res%(0), we have U™ = 0 on V,,1(1), which implies that V,, 1 (1) = V,, (1),
finishing the proof. ]

To prove Theorem 2, it now suffices to combine Lemmas 5.4-5.9 with Theorem 6.

5C. Resonance pairing and algebraic multiplicity. In this section, we prove Theorem 3. The key
component is a pairing formula which states that the inner product between a resonant and a coresonant
state, defined in (5-6), is determined by the inner product between the corresponding eigenstates of the
Laplacian. The nondegeneracy of the resulting inner product as a bilinear operator on Resy (1) x Resx= (1)
for A & %Z immediately implies the fact that the algebraic and geometric multiplicities of A coincide (that
is, X + A does not have any nontrivial Jordan cells).

To state the pairing formula, we first need a decomposition of the space Resx (), which is an effective
version of the formulas (5-8) and (5-14). Take m >0, £ < |[m /2| and w € Bdmfzz’o()\). Let Z be the
operator defined in Section 4A. Then (5-15) and Lemma 5.6 show that

m/2) m/2]
Res’y (1) = @D ' Resy *"(1) = @) 7¢(@* Q- BA"*10()).
=0 =0

Next, let
VI :D'(SM; ®(E*) — D'(SM) and Ay :D'(SM)— D'(SM)

be the operators introduced in Section 4C. Then the proofs of Lemma 5.4 and Lemma 4.2 show that, for
A3,
Lm/2]

Resx() =D @ Ve, Ve ()= ALV (@20 (BA" (1 +m))),
m>0 £=0

Lm/2]

Resy-(0) =D @ Vi), Vi Gi= ALV 297 (BA" 240 (b +m))),
m=>0 ¢=0

(5-24)
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and the operators in the definitions of V,(A), V¥,(A) are one-to-one on the corresponding spaces.
By the proof of Lemma 5.9, the decomposition (5-24) is also valid for A € ( 2n oo) \ (—2N); for
A€ (—3n, 00) N (—2N), we have

lm/2] m/2]
Resy(W) = P @D V). Resx-(0) = P @ (). (5-25)
m>0 (=0 m>0 £=0
m#—X m#£—X

We can now state the pairing formula:

Lemma 5.10. Let A & —%n - %No and u € Resx (1), u™ € Resx+(A). Let (u, u™) 25y be defined by (5-6).
Then:

(D) Ifu € VW), u* € VY, (1), and (m, £) # (m', £'), then (u, u*) 2.5y = 0.

) Ifue V), u*eVy,(A), and w e Bd" 240\ 4+ m) and w* € BA" >\ + m) are the elements
generating u and u* according to (5-24), then

(u, M*>L2(SM) = C;nz()»)<<@;+m(w), Hm(w ))LZ(M), (5-26)
where
Cme(h) = 2" 201 m — 20) sin( (31 + 1))
T(m+4n—OTO+n+2m—20T (-1 — O (A —m — jn+£+1)
X
I'(m+ 3n —20)T' (=1 — 20)

’

and, under the conditions (i) either A ¢ —2N or m # —\ and (ii) V,,0()) is nontrivial, we have
cme(A) # 0.

Remark. (i) The proofs below are rather technical, and it is suggested that the reader start with the case
of resonances in the first band, m = ¢ = 0, which preserves the essential analytic difficulties of the proof
but considerably reduces the amount of calculation needed (in particular, one can go immediately to
Lemma 5.11, and the proof of this lemma for the case m = £ = 0 does not involve the operator %,). We

have
02 F'n+2x)

r(in+a)
(i1) In the special case of n =1, m = £ = 0, Lemma 5.10 is a corollary of [Anantharaman and Zelditch

2007, Theorem 1.2], where the product uu* € D'(SM) lifts to a Patterson—Sullivan distribution on SH?2.
In general, if |[Re A| < C and Im A — oo, then c¢,,¢ (1) grows like |A|"/2*.

coo(A) = (4m)~

Lemma 5.10 immediately gives:

Proof of Theorem 3. By Theorem 6, we know that
27 Bd" 200, 4 m) — Eig" X (—(A+m + n)’ + In® +m —20)

is an isomorphism. Given (5-18), we also get the isomorphism

P} Bd" 200 4+ m) — Eig" (= (A +m + 1n)’ + In® 4+ m - 20).
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Here we used that the target space is invariant under complex conjugation. By Lemma 5.10, the bilinear
product
Resy(A) x Resx+(A) — C,  (u, u™) = (u, u*) 2051 (5-27)

is nondegenerate, since the L2(M) inner product restricted to Eig” ¢ (— (A +m+ %n)2 + J—tnz +m— 2@)
is nondegenerate for all m, £.

Assume now that it € D'(SM) satisfies (X + A)%i =0 and i € " for some r, ReA > —r/Cy; we
need to show that (X + A)i = 0. Put u := (X + A)u. Then u € Resx(A). However, u also lies in the
image of X 4+ A on H"; therefore we have (u, u*) =0 for each u™ € Resx«(}). Since the product (5-27) is
nondegenerate, we see that ¥ = 0, finishing the proof. U

In the remaining part of this section, we prove Lemma 5.10. Take some m, m’, £, £’ > 0 such that
20 <m, 2t <m’, and consider u € V¢ (1), u* € V¥, (1) given by

_ ’ Yl
u= Aivi' 2y, ut =AY 2y

where, for some w € Bd”"2¢°(A +m) and w* € Bd" ~2*-0(\ +m’),
v=0"Q (w) eRes” 0 +m), v =" QL (w*) eRes™ 00 +m).
Using Lemma 4.3 and the fact that AL are symmetric, we get
’ [y ’ )
(s u*) paespry = (=1 U 2EAC ALV 0, 0%) o g2 -

By Lemmas 4.4 and 4.6, L{THAﬁVf_Mv = 0. Therefore, if m’ > m, we derive that (u, u*) 255y = 0;
by swapping u and u*, one can similarly handle the case m’ < m. We therefore assume that m = m’.
Then, by Lemmas 4.4 and 4.6 (see the proof of Lemma 4.2),

C4E 5 =20 A £ AL yym—20
(=D U AT ALY

=T U (—A ) V2

FT(A+n+2m—20—DI(=A—OT (A —m —in+£+1)

T(A+m+n—DI(=A—200(=A—m—in+1)

= 2"t (1 — 20)! T T,

If ¢ > ¢, this implies that (u, u*);2.5)) = 0, and the case £’ < £ is handled similarly. (Recall that
T (v) =0.) We therefore assume that m = m’, £ = £'. In this case, by (4-4),

F(m+ %n —E)
F(m+%n—2£)v’

T =2%!
which implies that
T(m+in— T +n+2m—20—1)

T(m+3n—200T(h+n+m—1)
rCa-Or(hm=dnres))
v,V 2 cm—2L % .
(=2 =200 (-A—m—3n+1) L2(SM; @2 £%)

(. u*) p2gspry = (=2)"200 (m — 20)!
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Note that, under assumptions (i) and (ii) of Lemma 5.10, the coefficient in the formula above is nonzero;
see the proof of Lemma 5.9.

It then remains to prove the following identity (note that the coefficient there is nonzero for A ¢ Z or
Rel >m — %n):

Lemma 5.11. Assume that v € RCS%’O()\.) and v* € Res’:@;o()»). Define

Fx) = / v(r, £)dSE),  f*(x) = / v*(x, £) dS(E),
ScM S

M
where integration of tensors is understood as in Definition 5.7. If A & —(%n + No), then

1
n_n/2 1_‘(En—i_)\‘)
mn+r4+m—-—DI'r—-1+1)

(f, f*>L2(M;®”'T*M) = 2 <U, U*>L2(SM;®’"5*)'

Proof. We write
(f, f*>L2(M;®’"T*M) = /2 (v(y, n-), v*(y, 77+)>®’"T)’.*M dydn_dny, (5-28)
S°M

where the bundle %M is given by

S*M ={(y,n-.ny) |y € M, ns € S,M}.
Define also

SAM ={(y, n-,n4) € S°M | —+n4 #0).
On the other hand,

(v, V) p2(smsmeny = /S (V(x, &), v*(x, §))@me(x6) dx d§. (5-29)
M

The main idea of the proof is to reduce (5-28) to (5-29) by applying the coarea formula to a correctly chosen
map SiM — SM. More precisely, consider the following map ¥ : £ — Sil]-l]"“: for (x, &) € SH™H!
and n € £(x, §), define W(x, &, n) := (v, n—, ny), with

Vs+1 0
y ) X s 1
n—-1=AnH &), A =| /sl Js+1
N+ n 3 L
Vs+1 A/s+1
Note that, with |n| denoting the Riemannian length of 5 (that is, |r;|2 =—(n, Mm),
Dy(x,8) 2
(I):I:(y’r’:t):—7 Bi()’»’li):Bi(x,f), |77++777|:—
JI+1nP JI+1nP
Also,
s+1 —% s+1 % s+1
2
det A(s) = = A@s) ' = 0  IVs+1 3V/s+1
h)
—s 41D —3(s+1)
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(- C+
Y
B_(x,£) B4 (z,8) T
=B_(y,m-) =B1(y,n+) x
(a) (b)

Figure 4. (a) The map V¥ : (x, &, n) — (¥, n—, n4). (b) The vectors A (x, )¢+ (which
are equal in the case drawn) and A4 (y, n+)+.
The map W is a diffeomorphism; the inverse is given by the formulas

_ Wyt _ et n:2(n——n+)—ln+—n—|2y
Iy +n-| I+ +n-|’ 1N+ +n-|?

The map ¥ ~! can be visualized as follows (see Figure 4(a)): given (y, n_, 14 ), the corresponding tangent
vector (x, &) is the closest to y on the geodesic going from v_ = B_(y, n_) to vy = By (y, n+) and the
vector n measures both the distance between x and y and the direction of the geodesic from x to y. The
exceptional set {n4 + n_ = 0} corresponds to |n| = oc.

A calculation using (3-31) shows that, for ¢4 € Tp, (x,£)S",

(A£(x,8)1)m
V1+nP?

Here, - stands for the Riemannian inner product on &, which is equal to —( -, - ) 57 restricted to £. Then
(see Figure 4(b))

(Ar(ysn)s) - (A-(y,m-)¢-)
= A (x, 6)¢4) - (A(x,8)0) — T+ P

= (€ (AL (x, ©)Ep)) - (A_(x, §)¢0),
where ¢, : £(x, &) — E(x, &) is given by

AL (y,n4)ee = Ax(x, )¢ + (x £§).

(AL (x, £)¢1) - n) ((A-(x, §)¢-) - n)

e =1 @ - mn.

2
1+ n|?
We can similarly define € : £(x, §)* — E(x, §)*. Then, for {1 € @ Tgi(x’g)S”,
(@™ (AT vy 1) D5, ®" (AT 3 1)) ) g g

= (") @" (AL (6, ) Des, ®" (AT, ) )gupne gy (5-30)
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The Jacobian of W with respect to naturally arising volume forms on £ and Sil]-l]’”rl is given by (see
Appendix A2 for the proof)
Ju(, §,m) =2"A+ 7" (5-31)

Now, W is equivariant under G, therefore it descends to a diffeomorphism
WiEy — SAM,  Evi={(.E.n) | (x.§) € SM, n€E(x, §)).
Using Lemma 5.6 and (5-30), we calculate, for (x, &, n) € &y and (v, n—, ny) =¥V (x, &, n),

(W, 1), v N entem = (L4 ) H®" € v (x, §), v (x, §))amer (&) (5-32)

We would now like to plug this expression into (5-28), make the change of variables from (y, n—, n4)
to (x, &, n), and integrate n out, obtaining a multiple of (5-29). However, this is not directly possible
because (i) the integral in n typically diverges and (ii) since the expression integrated in (5-28) is a
distribution, one cannot simply replace S>M by SiM in the integral.

We will instead use the asymptotic behavior of both integrals as one approaches the set {4 + n_ = 0},
and Hadamard regularization in 7 in the (x, &, n) variables. For that, fix x € Cj°(R) such that y =1
near 0, and define, for ¢ > 0,

xe (v 1=, 1) = x(eln(y. n—, np)I),

where 7(y, n_, n4) is the corresponding component of W~!; we can write
_ n+ —n-|
Xe(y.n—ne) =x\e——— |-
4 +n-|

Then x, € D'(S?M). In fact, x, is supported inside SiM ; by making the change of variables (y, n—, n4+) =
W(x, &, n) and, using (5-31) and (5-32), we get

/2 Xe(¥s n—, 1) (v(y, n-), v*(y, ) enrym dy dn—diny
S2M
=2" / XD+ 1) (@G v(x, §), v (x, §))gmerire) dx d§ dn.  (5-33)
Em
By Lemma A .4, (5-33) has the asymptotic expansion
1
n_nj/2 F(in—i_k)

2 U, V) 20sar amen + c;e" T 4ol 5-34
(n+k+m—1)1“(n—1+/\)< Jiasmeyen) O<j<§kn/2 j (D G-34)

for some constants c;.
It remains to prove the following asymptotic expansion as € — 0:

o
/2 (= xe (s n— )y, 1), VO n)Denrym dy dn—dny ~ Y e 2, (5-35)
S°M ;
Jj=0

where the c/,. are some constants. Indeed, (f, f*)2(a.@m7+m) 18 €qual to the sum of (5-33) and (5-35);
since (5-35) does not have a constant term, { f, f*) is equal to the constant term in the expansion (5-34).
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To show (5-35), we use the dilation vector field n - 9, on &£, which under W becomes the following
vector field on SiM extending smoothly to S?M:

Ly = (3= —n4), 2Ine —n-1?y = dns + = -mom—, =S —n_ PPy — In_+ 3= noms).
The vector field L is tangent to the submanifold {n4 4+ n_ = 0}; in fact,
L(ns = -1 = =L(ns+n0-) = 310 = n- - In4 + 1%,

We can then compute (following the identity L|n| = |n|)

L(|n+—n—|> _ Iny =n-] on $2M.
1+ +n-| N+ +n-|

Using the (x, &, n) coordinates and (5-31), we can compute the divergence of L with respect to the
standard volume form on S%M:

DivL =n(n4-n-).
Moreover, BL(y, n+) are constant along the trajectories of L, and

L(®+(y, n2)) = —5Iny —n- sy, ns).
We also use (3-31) to calculate, for {1 € T, (y,,)S",

L((A+(y, n)¢4) - (A= (¥, 1-)2-2)) = (A4, 1)84) - 1-) (A= (v, n-)-) - n4),
L((Ax(y, 10)82) - n5) = (4 - 1) (Ax (0, n)88) - 1)

Combining these identities and using Lemma 5.6, we get

(L + 32l = n-P) 0y, 1), v (s n ) enrm = my, v, =), 4y v 1) gnem- (5-36)

Integrating by parts, we find
£d, /S = 2601 1) 0 1), T ) dy di- i
= [ L= ) 01, G e dy -
= /SZM(%KITH —n-PP=n(y - n2)) A= xe (v, 1= )W, 02, v ) emrrm dy dn—dny
—m /SZM(I = Xe(¥s =, n)) Ly, v (¥, n-), ln_m)wflr‘ﬂw dydn-_dn,.
Arguing similarly, we see that if, for integers 0 <r <m, p > 0, we put

Iy p(e) := /2 In— 40 PP = xe (v, n— ), v(y ). 1) v (v n)dem—rrem dy dn—dny,
S2M :
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then (¢, — 24 —n —2(r + p)) 1, ,(¢) is a finite linear combination of 1,/ (), where ' > r, p’ > p, and
(r', p) # (r, p). For example, the calculation above shows that

(9: — 21 —n) I () = —5 (A +n) o1 () —m1 o ().

Moreover, if N is fixed and p is large enough depending on N, then I, ,(¢) = O(eN); to see this, note
that 7, , (&) is bounded by some fixed C*°-seminorm of |n_ + n+|2p(1 — Xe(¥, n—, n4)). It follows that,
if N is fixed and N is large depending on N, then

N
( [ [0 =22 —n— 2j>) Ioo(e) = O@™),
j=0

which implies the existence of the decomposition (5-35) and finishes the proof. ]

6. Properties of the Laplacian

In this section, we introduce the Laplacian and study its basic properties (Section 6A). We then give
formulas for the Laplacian on symmetric tensors in the half-plane model (Section 6B), which will be the
basis for the analysis of the following sections. Using these formulas, we study the Poisson kernel and in
particular prove Lemma 5.8 and the injectivity of the Poisson kernel (Section 6C).

6A. Definition and Bochner identity. The Levi-Civita connection associated to the hyperbolic metric gy
is the operator
Vi COM™ THY — e, T*H"H @ TH™)

which induces a natural covariant derivative, still denoted V, on sections of @ T*H"t!. We can work
in the ball model B**! and use the O-tangent structure (see Section 3F), and nabla can be viewed as a
differential operator of order 1:

V: COO(BI’H»L ®m(OT*Bn+1)) N COO(BI’H»I ®m+1 (OT*@I‘!+1))‘
We denote by V* its adjoint with respect to the L? scalar product, called the divergence; it is given
by V*u = —T (Vu), where T denotes the trace; see Section 4A. Define the rough Laplacian acting on
coO(@n+l; ®m(OT*@n+l)) by
A :=V*V; (6-1)
this operator maps symmetric tensors to symmetric tensors. It also extends to D'(B"*!; ®’§1(OT*@”+1))
by duality. The operator A commutes with 7 and Z:

AT ) =T(Au) and AZ(u)=ZI(Au) (6-2)

for all u € D' (B"+; ®V;(OT*@I1+1))‘
There is another natural operator given by

Ap=D*D
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if
D: @ @5 (°TB") — ¢ @ @ T (TTB")

is defined by D := S oV, where S is the symmetrization defined by (4-1), and D* = V* is the formal
adjoint. There is a Bochner—Weitzenbock formula relating A and A p, and, using that the curvature is
constant, we have on trace-free symmetric tensors of order m, by [Dairbekov and Sharafutdinov 2010,
Lemma 8.2],

Ap=— (mDD*+ A+mm—+n—1)). (6-3)
m—+1

In particular, since |SVu|? <|Vu|? pointwise by the fact that S is an orthogonal projection, we see that, for
u smooth and compactly supported, | Du||3, <||Vu|7, and thus, for m > 1, u € C°(H"H!; @7 (T*H* ™)),
and Tu =0,

(Au,u)p2 > (m—+n—1)ul (6-4)

Since the Bochner identity is local, the same inequality clearly descends to cocompact quotients I"\H"*!
(where A is selfadjoint and has compact resolvent by standard theory of elliptic operators, as its principal
part is given by the scalar Laplacian), and this implies:

Lemma 6.1. The spectrum of A acting on trace-free symmetric tensors of order m > 1 on hyperbolic
compact manifolds of dimension n + 1 is bounded below by m +n — 1.

We finally define
E™ =7 T*B"™) Nker T (6-5)

to be the bundle of trace-free symmetric m-cotensors over the ball model of hyperbolic space.

6B. Laplacian in the half-plane model. We now give concrete formulas concerning the Laplacian on
symmetric tensors in the half-space model U"*! (see (3-4)). We fix v € S" and map B"*! to U"*! by
a composition of a rotation of B"*! and the map (3-5); the rotation is chosen so that v is mapped to
0 € U"*! and —v is mapped to infinity.

The O-cotangent and tangent bundles °7*B"*! and °TB"*! pull back to the half-space; we denote
them °7*U" ! and °7TU"H. The coordinates on U"*! are (zo,z) € RT x R” and z = (21, ..., 2,). We
use the following orthonormal bases of °7U"*+! and °T*U"+1:

Z; =700, and Z?‘:ﬁ, 0<i<n.
<0
Note that in the compactification B"*! this basis is smooth only on B"+! \ {—v}.
Let o7 :={1, ..., n}. We can decompose the vector bundle ®’§‘(OT*[U"+1) into an orthogonal direct

sum
m

i T U =P E™. E =span(SUZ)® @ Z}) 1eom+).
k=0
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and we let 7; be the orthogonal projection onto El.(m). Now, each tensor u € ®’§1(0T*[U”+1) can be
decomposed as u = Z;":O u; withu; =m;(u) € E i(m) which we can write as

u=>y ui, u;=8(Z)® @u), ujeE"". (6-6)
i=0

We can therefore identify E{" with E{" ™ and view E™ as a direct sum E™ = @}, E{" ™. The
trace-free condition, 7 (u) = 0, is equivalent to the relations

r+2)(r+1) ,
1)”7-‘1-2’

Tu,)=— 0<r<m-—2, 6-7)

m—-ry(m—r—
and, in particular, all u; are determined by uo and u; by iterating the trace map 7. The u are related to
the elements in the decomposition (4-5) of ug and u; viewed as a symmetric m-cotensor on the bundle
(Zo)* using the metric z, 2h = Y. ZF® ZF. We see that a nonzero trace-free tensor u on U must
have a nonzero ug or u; component.

The Koszul formula gives us, for i, j > 1,

Vz.Z;=6ijZo, Vz,Z; =0, VzZo=—-Z;, Vz,Zo=0, (6-8)
which implies
- h
VZi=-> Z}®Zi=-=, VI;=7;®Z. (6-9)
j=1 %
We shall use the following notations: If IT,, denotes the set of permutations of {1, ..., m}, we write

(1) := (ig(lys - - - » iom)) if 0 €T, f S =8 ®---® Sy is a tensor in @ (°T*U"H!), we denote by
Ti j(S) the tensor obtained by permuting S; with §; in S, and by p; v (S) the operation of replacing S;
by V € °T*U ! in S.

The Laplacian and V* acting on E((,m) and Eim). We start by computing the action of A on sections of
E(()m) and E im), and we will later deduce from this computation the action on E ,im). Let us consider the
tensor Zj := Z;“l Q- - -®Z;fn € E(()m), where I = (iy, ..., i,) € o™ and Z:(,) = Z;“a(l) Q- -®Z;’;(m). The
symmetrization of Z7 is given by S(Z7) = (1/m) }_ .q Z (1) and those elements form a basis of the

space Eém) when [ ranges over all combinations of m-tuples in «# = {1, ..., n}.

Lemma 6.2. Let ug =) ;.. » f1S(Z}) with f; € C®Ut). Then one has

Aug = Z (A+m)f)S(Z)) +2m S(Vug® Z5) +m(m — DS(T (uo) ® Z5 @ Zy), (6-10)
Tea/™

while, denoting d f1 = Y "i_, Zi(f1)Z, the divergence is given by

Viug = —(m — DS(T o) ® Z§) — Y ta.;,S(Z}). (6-11)
Ieag™
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Proof. Using (6-9), we compute

V(f18(Z})) = Z(Z MQRZFS(Z)) + f’(Z) Z D T (Z5® ZE ).

i=0 ! k=1o€ll,

Then, taking the trace of V(f;S(Z7)) gives

VE(f1S(Z]) = —— Z Z 8la(1) ity Pk=1—Z} (Z; @ Q- ®Z:7'(n1))
" k=2 oc€ll,

—Z(Z fz)— > it (ZEy @ ®ZE, ). (6-12)

! oell,

We notice that S(T(S(Z})) ® Z;) is given by

S(TSZp)®z5) = pry— _1) > Za,m)l(,a)rm;((z()@z:‘@@ ®Z )
oell, k=1

which implies (6-11). Let us now compute Vz(fIS(Z}")):
VA(f18(Z)))

= > Z;Zi(f)Z; @ ZF @ S(Z)) — Zo(f1)zg "h ® S(Z})
i,j=0

Z m
+ZZ (fZE®@ZE®S(Z)) + O(f’) Yo ek (Z5 R Z5® Zh )
Jj=l1 : oell, k=1

Z & (fl) > Zflek+2(Z$®Z*®Z*(1))+Z & (fl) > 2772<—>k+2(z ®Zy®Z; 1)

oell, k=1 oell, k=1

m
ZS ® Z Z Tlk+1 (ZS ® Z;(l))

k=1 o€ll,

4 Zo(f1)
m!

m m  m+l

ZZ*® Z Zflek—o—l(z ®Zg(1))+f1 Z Z f]e(-i—l(Z(>)k®fl<—>k+l(z(>)k®zi(1)))-

oell, k=1 k=1 =1
t#k+1

We then take the trace: the first line on the right-hand side has trace —(A f7)S(Z7), the second and fourth
lines have vanishing trace, the first term on the last line has trace —m f;S(Z7), the last term has trace

2f1
o DY Shwiswpiozipiszi(Zia), (6-13)

" oelly, 1<k<t<m

and the third line has total trace

ZZ Zi (fl) Z Zaz io (k) Pk—Z§ (Zg'(l)) (6-14)

oell, k=1
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Computing S(T(S(Z}“)) ®Z;® Zg‘) gives

S(T(S(Z)) ® 2§ ® Z;)
2
= mlmm—1) Z Z Sigiyioey Tlok+2D2et+2(Zo @ ZgQ ZF @+ ® Z; );
l<k<t<moell,
therefore the term (6-13) can be simplified to
m(m—1) f1S(T(S(Z}) ® Z§ ® Z§)).
Similarly, to simplify (6-14), we compute
S(VH(f18(ZD) ® Z7)
=—m—DS(T(fiS(Z}))®Z5® ;) Z(z f1>— Z > STk (Z5®ZE, ® - ®ZE ),
k 1 oell,
so that
Z; (f1)
22 > Zal i Pk 75 (Z3 1)
! o€, k=1
= —-2mS(V*(f1S(Z}) ® Z§) —2m(m — DS(T(f1S(Z)) ® Z§ ® Z}),
and this achieves the proof of (6-10). O

A similarly tedious calculation, omitted here, yields:

Lemma 6.3. Let uy = S(Z; @u)), u} =Y ;.1 81S(Z%) with g; € C®(U™); then the E(()m) ® Eim)
components of the Laplacian of uy are

Aup= Y ((A+n+30m—1)g))S(Z§®Z)+2 Y S(d:gy®Z5) +Ker(mo+m1)  (6-15)
Jegm=1 Jegm—1

and the Eém) D E fm) components of divergence of uy are

" 1 —1
Viur=— Y ((ntm=1gs = Zo@SZ) =" Y S(Z ® i, S(Z5)) +Ker(mo + ).
Jea/m=1 Jegm=1 (6-16)

General formulas for Laplacian and divergence. Armed with Lemmas 6.2 and 6.3, we can show the
following fact, which, together with (6-7), completely determines the Laplacian on trace-free symmetric
tensors.

Lemma 6.4. Assume that u € D' (U1, ®’§’T*[U”+1) satisfies T (u) = 0 and is written in the form (6-6).
Let
w= Y fi1S(Z), wm= )Y gS(Z®Z).

leg™ Jegm—1
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Then the projection of Au onto E(()m) ®F im) can be written

mo(Aw) =Y (A+m)fDS(ZH+2 Y Sd:gs®Z)) +mim— DS h@T (u)),  (6-17)

lTea™ Jeagm-1
m(Auw)y = Y ((A+n+30m—1)g,)S(Z5®Z3) —2m Y S(Z§ @, ;,S(Z}))
Jeagm-1 lea™
+(m — 1) (m —2)S(Z; @ 25 *h @ T (u})) — 2m(m — 1) Z S(Zy®@d. f1 @ T(S(Z]))).

Tea™ (6-18)

Proof. First, it is easily seen from (6-9) that Auy is a section of @I]{:ifz E;m). From Lemmas 6.2 and 6.3,
we have

mo(Awo+u) = Y (A+m) fNSZH+2 Y S(d.g;®Z)). (6-19)
lea™ Jeagm-1

Then, for u;, using S((Za‘)‘g’2 ®uh) =S5(gn Qujy) — S(zazh ®u5) and AT =TA,
o(Auz) = m0(S(29°h ® Auy)) — mo(A(S (25 *h @ u))))
and, writing u, = —%m(m — )T (up) by (6-7), we obtain, using (6-10),
mo(Auz) = m(m — DS (z5*h ® T (uo)). (6-20)

‘We therefore obtain (6-17).
Now we consider the projection on E fm) of the equation (A —s)7 = 0. We have, from (6-10),

m1(Aug) = —2m Y S(Z§ @4, 1, S(Z))),
leg™

where (4, r, means Z?:l Zj(f[)tzj. Then, from (6-15),
mi(Au) = Y ((A+n+30m—1)g,)S(Z5 ® Z3).
./E,Qf’"’l

Using again S((Z(*)‘)‘X’2 Quh) =S(gn Qujy) — S(Zazh ®uj5) and AT =TA, (6-10) gives

T (Aup) = =2m(m —1) Y S(Z§ ®@d. f1 ® TS(Z})).
legm™

Finally, we compute 71 (Au3): using the computation (6-15), we get
T (Aus) = 11(S(z25°h ® AS(ZE @ uy)) — 11 (AS(ZE @ 25 2h @ uy))
= (m—1)(m —2)S(Z} ® z5°h @ T (u})).
We conclude that 71 (Au) is given by (6-18). O

Similarly, we also have:
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Lemma 6.5. Let u be as in Lemma 6.4. Then the projection onto E(gm_l) DE fm_l) of the divergence of u

is given by

mo(Viu)=— Y 14.;,S(Z}) +% Y ((n+m—1)gs = Zo(@NS(Z)), (6-21)
lea™ Jegm—1

(V) = =D (Zofi — m+n—DDSTSEN®Z5) — "L 3" S(Z5 @140, SZ5).
ot Jean (6-22)

Proof. The my part follows from (6-11) and (6-16). For the 7, part, we also use (6-11) and (6-16) but we
need to see the contribution from V*u, as well. For that, we write u’2 = —%m(m -D> ream J1IT(S(ZY)),
as before, and a direct calculation shows that

1 (Viug) = (m — 1) Z (Zof1 —(m+n—=2)fNS(T(S(Z])) @ Z5),
Teag™

implying the desired result. O
6C. Properties of the Poisson kernel. In this section, we study the Poisson kernel 27, defined by (5-17).

Pairing on the sphere. We start by proving the following formula:
Lemma 6.6. Let . € C and w € D'(S"; ®(T*S")). Then

P w(x) = / PG, v (@ (A (& (o) ) w(v) dS ),
gn

where the map &_ is as defined in (3-20).

Proof. Making the change of variables & = £_(x, v) defined in (3-20), and using (3-21) and (3-22), we
have

P w(x) = /S - O_(x, HM@" (A (x, ENHw(B_(x, &) dS(&)

:[ P, ) (@™ (AT (x, - (x, ) w(0) dS (),

as required. U

Poisson maps to eigenstates. To show that &7, w(x) is an eigenstate of the Laplacian, we use:

Lemma 6.7. Assume that w € D'(S"; Q" (T*S")) is the delta function centered at e; = 9y, € S" with the
value e;le R Q e}k',,1+1’ where 1 < ji, ..., jm <n. Then, under the identifications (3-2) and (3-5), we
have

Piwz0,2) =225 ® QL] .

Proof. We first calculate
P(z, e1) = 20.

It remains to show the identity in the half-space model

ATz, 6z, v)efy =25, 1<j<n (6-23)
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One can verify (6-23) by a direct computation; since .A_ is an isometry, one can instead calculate the
image of ej under A_, and then apply to it the differentials of the maps ¥ and | defined in (3-2)
and (3-5).

Another way to show (6-23) is to use the interpretation of \A_ as parallel transport to conformal infinity;
see (3-35). Note that under the diffeomorphism v : B"*! — U"+! v = ¢, is sent to infinity and geodesics
terminating at v to straight lines parallel to the zg axis. By (6-9), the covector field Z;‘ is parallel along
these geodesics and orthogonal to their tangent vectors. It remains to verify that the limit of the field pg Z;f

along these geodesics as z — 0o, considered as a covector in the ball model, is equal to e}f ]

+1°

Proof of Lemma 5.8. 1t suffices to show that, for each v € §”, if w is a delta function centered at v with
value some symmetric trace-free tensor in @' 7,'S", then

(A A(n+1) —m) P w=0, VP w=0, T(P w)=0.

Since the group of symmetries G of H"*! acts transitively on S, we may assume that v = d;. Applying
Lemma 6.7, we write in the upper half-plane model

Prw =2 ug,  ug€ ES™, T(up) =0.

It immediately follows that 7 (22, w) = 0. To see the other two identities, it suffices to apply Lemma 6.2
together with the formula

AZp™h = —r(n+1)zg ™

Injectivity of Poisson. Notice that &, is an analytic family of operators in A. We define the set

1 1 :
Rm={‘i”—zN0 if n>1 or m=0, (6-24)

—1Ng if n=1 and m >0,

and we will prove that, if A ¢ R, and w € D'(S"; ®T*S") is trace-free, then &, (w) has a weak
asymptotic expansion at the conformal infinity with the leading term given by a multiple of w, prov-
ing injectivity of &7,". We shall use the O-cotangent bundle approach in the ball model and rewrite
A;l(x, £1+(x, v)) as the parallel transport 7(y’, y) in °TB"*! with ¥ (x) = y and y’ = v, as explained
in (3-35). Let p € C®°(B"*!) be a smooth boundary defining function which satisfies p > 0 in B"*!,
|dply2g, =1 near S" = {p = 0}, where gy is the hyperbolic metric on the ball. We can for example take
the function p = pg defined in (3-34) and smooth it near the center y = O of the ball. Such a function is
called a geodesic boundary defining function and induces a diffeomorphism

0:[0,¢); xS" — B"*'n {p <€}, 6O(t,v):=0,(v), (6-25)

where 6, is the flow at time ¢ of the gradient veien p of p (denoted also d,,) with respect to the metric 0’gH.
For p given in (3-34), we have, for ¢ small,

2—t
o, v)= 2+tv, veS§".
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For a fixed geodesic boundary defining function p, one can identify, over the boundary S” of B"*!,
the bundle 7*S" and T'S" with the bundles °7T*S" := OTS*,, B! Nkert pd, simply by the isomorphism
v~ p~'v (and we identify their duals 7S" and °T'S" as well). Similarly, over S", E®™ Nkert,y,
identifies with @¢T*S" Nker 7 by the map v — p~"v. We can then view the Poisson operator as an
operator

27 :D'(S"; E™ Nkeriyy,) — C¥ @ @7 (OT*B ).

Lemma 6.8. Ler w € D'(S"; E™ N kertpoapo) and assume that . ¢ R,,. Then 2, (w) has a weak
asymptotic expansion at S" as follows: for each v € S", there exists a neighborhood V, C B"*! of v
and a boundary defining function p = p, such that, for any ¢ € C*°(V, N S",; ®’§'(0T§”)), there exist
Fy € C*™([0, €)) such that, for t > 0 small,

/gn(@;(w)(e(t, V), " (t(0(t, ), v)).0(1))dS,(v)

tTAF_(t) + " FL (1), Ag—In+N,

= 6-26
{I—AF_(t) + " log(t) Fy (1), A€ —gn—+N. (6-26)
using the product collar neighborhood (6-25) associated to p, and, moreover, one has
T(A+in .
F_(0)=C (+3n) (e w, ¢) (6-27)

A+n+m—DCO4+n—1)

for some f € C*°(S") satisfying p = %ef,oo + O(p) near p = 0 and C # 0 a constant depending only
on n. Here dS,, is the Riemannian measure for the metric (p*gn)|s and the distributional pairing on S"
is with respect to this measure.

Proof. First we split w into w; + w,, where w; is supported near v € S" and w is zero near v. For the
case where w, has support at positive distance from the support of ¢, we have, for any geodesic boundary
defining function p, that

s / (2, (w2)(@(1,v)), ®" (T(O(z, ), v)).p(1))dS, (v) € C*([0, €));
this is a direct consequence of Lemma 6.6 and the following smoothness properties:

P (), v)

(v, v) — log| ——————~
p(y)

(-, ) €C®(B x B\ diag(S" x S"); “T*B" @ 'TB" ).

) e C®(B"! x S"\ diag(S" x S")),

This reduces the consideration of the lemma to the case where w is wy, supported near v, and to simplify
we shall keep the notation w instead of w;. We thus consider now w and ¢ to have support near v. For
convenience of calculations and as we did before, we work in the half-space model [RZ) x R? by mapping
v to (2o, z) = (0, 0) (using the composition of a rotation on the ball model with the map defined in (3-5)),
and we choose a neighborhood V), of v which is mapped to z(z) +z|> < 1in U"*! and choose the geodesic

defining function p = z¢ (and thus 6(zo, z) = (20, 2))- (See Figure 5.) The geodesic boundary defining
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Zot 7(2'5 20, 2) Tw(z")

Figure 5. The covector w(z’), the vector ¢(z), and their parallel transports to (zo, z),
viewed in the O-bundles for the case m = 1.

function pg =2(1 —|y|)/(1 4+ |y|) in the ball equals

470

—_— (6-28)
1425+ 1z

po(20,2) =
in the half-space model. The metric dS, becomes the Euclidean metric dz on R" near O and w has
compact support in R". By (3-5) and (3-19), the Poisson kernel in these coordinates becomes

~ / . Z
P(z0.z:2) =/ D P(z0,2:2) with P(zo,257) = 55— @) =log(1+12'P),

2+lz -7
where z, 7 € R" and zg > 0. One has p = A—I‘ef,oo 4+ O(p) near p = 0.

In [Guillarmou et al. 2010, Appendix], the parallel transport t(z, z; 0, z’) is computed for 7’ € R" in a
neighborhood of 0: in the local orthonormal basis Zy = z09d,,, Z; = z¢9;; of the bundle OTU"*!, near v,
the matrix of 7(zo, z; Z’) := t(20, 2; 0, Z) is given by

lz— 22
00 =1 —2P(20,2;2) ,
20
P(z0,2;7)
10, = —Tio = —220(zi —2;) ——————,
20
(zi —z) - (z;—2)

T = 8ij — 2P (20, 2; 2)
20

In particular, we see that 7(zg, z; z) is the identity matrix in the basis (Z;); and thus t(6(zo, z), z) as well.
We denote by (Z;f) j the dual basis to (Z;); as before.

Now, we use the correspondence between symmetric tensors and homogeneous polynomials to facilitate
computations, as explained in Section 4A. To S(Z7), we associate the polynomial on R" given by

PI()C) =S(Z>;)(inzl, PN inzl) =Xy,
i=1 i=1

where x; = [[;—, xi, if I = (i1, ..., im). We denote by Pol” (R") the space of homogeneous polynomials
of degree m on R" and Poljf (R") those which are harmonic (thus corresponding to trace-free symmetric
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tensors in Eém)). Then we can write w = ), Wy Py (x) for some w, € D'(R") supported near O and
Pa(x) € Polf (R"). Each p, (x) composed with the linear map 7(z'; zo, 2)| 7t becomes the homogeneous
polynomial in x
P(z0,2; 7
pa<x —2(z—2)(z =7, x)- L)

20

where (-, -) just denotes the Euclidean scalar product. To prove the desired asymptotic expansion, it
suffices to take ¢ € C;°([0, 00);, x R") and to analyze the following homogeneous polynomial in x
as zo — O:

/ Z<e(”+”fwa,so(zO,z)P(zO,z;-)"“pa(x—2<z—-)<z—-,x>-M»da (6-29)

<0

where the bracket (wy, -) means the distributional pairing coming from pairing with respect to the
canonical measure dS on S”, which in R" becomes the measure 4”¢ "/ dz, and so the ¢*/ in (6-29)
cancels out if one works with the Euclidean measure dz, which we do now. We have a convolution kernel
in z and thus apply the Fourier transform in z (denoted F): writing P (zo; |z — Z’|) for P(zo, z; Z'), the
integral (6-29) becomes (up to nonzero multiplicative constant)

I(z0, x) = Z(F%e*f we), F(@) - Fr. (P(zO; 12D pa (x — 2%;”13@0; |¢|)))> :
R)‘l

o

We can expand py(x — (2¢(¢, x)/z0) P(z0; | 1)) so that

(¢, x)

20

P03 1ED"" pa (x -2 P (20 |¢|)> =D Qral8, 1)z 2 P(ao: ¢,
r=0

where Q, 4(¢) is homogeneous of degree m in x and degree 2r in ¢. Now we have (for some C # 0
independent of A, r, @)

2 n+i+r . Czikzak . An/2+r
%}}_)g(l’ (205 |§'|)Qr,a(§,x)) = m[Qr,a(lag,x)qﬂ /et K)L+n/2+r(|é-|))]§:m§a

where K, (-) is the modified Bessel function (see [Abramowitz and Stegun 1964, Chapter 9]) defined by

(@) L) . _ 0 1 24
KU(Z) = EW if Iu(Z) = ZXZ(; m(i) , (6-30)

satisfying that | K, (z)| = O(e™%/4/z) as z — 00, and, for s ¢ N,

2fs+l (zn)n/Z

o) €12 K (1E]).

F(A+ 1217 E) =
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1 1
When A ¢ (_E” + Z) U (—n - ENO), we have

274257 Qra (0, )T Ko (1)) =20t
2r+n/2ﬂza)»

" 2sin(z(A+in+7))

§ ( 00 Zé(z_r)Qr,a(iag,x)(\%é}]%) _ZZM_nideQr’a(ias’x)(‘%$’2(k+r+£)+n)> .
or(e—r—tn—ry1) 70 Or(e+r+intr+1) )

£=0 £=0

Here the powers of || are homogeneous distributions (note that, for A € R,,, the exceptional powers
|E|7"=/, j € Ny, do not appear) and the pairing of (6-31) with f‘l(ekfwa)]-'(go) makes sense since
this distribution is Schwartz, as w, has compact support. We deduce from this expansion that, for any
wy € D'(R") supported near 0 and ¢ € C°(R"), when A ¢ (—in+Z) U (—n — 1Ny),

1(z0, x) = 25" F— (20, X) + 20" F (20, X)

for some smooth functions Fi € C*([0, €) x R") homogeneous of degree m in x. We need to analyze
F_(0, x), which is obtained by computing the term of order 0 in £ in the expansion (6-31) (that is, the
terms with £ = r in the first sum; note that the terms with £ < r in this sum are zero): we obtain, for some
universal constant C # 0,

F_(0.x)=C ) (e wa, g i

r=0

(=127 T (x+ 1n)
r'llC(A+n+r)

0r.aids, ) (&),

where we have used the inversion formula I'(1 — 2)I"(z) = 7/ sin(7 z) and Q, 4 (I 0g, x)(|§ |%") is constant
in &. Using the Fourier transform, we notice that

0raie. 1)(E) = AL Qra €. 1)l em0 = A (palx — £ (2. X)),

We use Lemma A.5 to deduce that

L) oy
F(0,%)=C Y (e we, 9 paloom! T(A+3n) 3 (=1)'T(A +n+m)

‘TA+n+m) ~ m—r)TA+n+r)

The sum over r is a nonzero polynomial of order m in A, and, using the binomial formula, we see that its
rootsare A= —n—m-+2, ..., —n -+ 1; therefore, we deduce that

T(x+14n)

F_(0,x) = C{e™w, @)gn )
(0, x) (e w, p)r PR by r—

We obtain the claimed result except for A € —%n + N by using that the volume measure on S" is 4™"¢"/
Now assume that A = —%n + j with j € N. The Bessel function satisfies, for j € N,

j—1

EVK;(E) ==

=

(_1)&2]'7172{(.]' —7—1
2!

| .
L E1% +161% (log(IED L, (1E]) + H, (€])
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for some function L;, H; € C®(RY)YNL*(RT) with L j(0) # 0. Then we apply the same arguments as
before, and this implies the desired statement. (I

We obtain as a corollary:

Corollary 6.9. For m € Ny and A ¢ R,,, the operator
2 :D(S"; @U(T*S") Nker T) — CO(H"™; @%(T*H™))
is injective.

This corollary immediately implies the injectivity part of Theorem 6 in Section 5B.

7. Expansions of eigenstates of the Laplacian

In this section, we show the surjectivity of the Poisson operator &7, (see Theorem 6 in Section 5B). For
that, we take an eigenstate u of the Laplacian on M and lift it to H"*!. The resulting tensor is tempered
and thus expected to have a weak asymptotic expansion at the conformal boundary S”; a precise form of
this expansion is obtained by a careful analysis of both the Laplacian and the divergence-free condition.

A

We then show that u = &2,"w, where w is some constant times the coefficient of p™* in the expansion

of u (compare with Lemma 6.8).

7A. Indicial calculus and general weak expansion. Recall the bundle E defined in (6-5). The
operator A acting on C*®(B"*!; E/™) is an elliptic differential operator of order 2 that lies in the 0-
calculus of [Mazzeo and Melrose 1987], which essentially means that it is an elliptic polynomial in
elements of the Lie algebra Vo(B"*!) of smooth vector fields vanishing at the boundary of the closed
unit ball B"*!. Let p € C*°(B"*!) be a smooth geodesic boundary defining function (see the paragraph
preceding (6-25)). The theory developed by Mazzeo [1991] shows that solutions of Au = su which are in
o NL2B"*!; E?) for some N have weak asymptotic expansions at the boundary S" = dB"*!, where
p is any geodesic boundary defining function. To make this more precise, we introduce the indicial family
of A:if A € C, v € S”, then there exists a family 1, ,(A) € End(E" (v)) depending smoothly on v € S"
and holomorphically on A such that, for all u € C* (@”“; Em),

1T AP u)(O(t, v)) = Ly (A)u(0(0, v)) + O(r)

near S", where the remainder is estimated with respect to the metric gy . Notice that I, ,,(A) is independent
of the choice of boundary defining function p.
For o € C, the indicial set spec,(A —o;v) atv € S" of A — o is the set

specy,(A —o;v):={AeC| I ,(A)—oId is not invertible}.
Then [Mazzeo 1991, Theorem 7.3] gives the following:?
2The full power of [Mazzeo 1991] is not needed for this lemma. In fact, it can be proved in a direct way by viewing the

equation (A —o)u =0 as an ordinary differential equation in the variable log p. The indicial operator gives the constant coefficient
principal part and the remaining terms are exponentially decaying; an iterative argument shows the needed asymptotics.
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Lemma 7.1. Fix o and assume that spec, (A — o ; v) is independent of v € S". If u € PP L2 (B E)
with respect to the Euclidean measure for some 6 € R, and (A — o)u = 0, then u has a weak asymptotic
expansion at S" = {p = 0} of the orm

ke

_1_

=y > D P ogp) wie, + 0N
Aespec,(A—o) £eNp, p=0

Re(h)>6—3 Re()+l<é—3+N

forall N € N and all € > 0 small, where k; ¢ € Ny, and w,, ¢, are in the Sobolev spaces
Wiy € H—Re(k)—é—i—é—%(gn; E(m))'

Here the weak asymptotic means that, for any ¢ € C*°(§"), ast — 0,
ki e 1
/ w@@, v)ew)dS,wy = > > D P og0) (i pr @) + OV,
st Aespec,(A—o) £eNy p=0

Re(\)>8—3 Re(h)+¢<8—1+N
(7-1)

where d S, is the measure on S" induced by the metric (p%gn)|s and the distributional pairing is with
respect to this measure. Moreover, the remainder O *+N=12=¢) is conormal in the sense that it remains
Ot**N=12=¢) after applying the operator td, any finite number of times, and it depends on some Sobolev
norm of .

Remark. The existence of the expansion (7-1) proved by Mazzeo [1991, Theorem 7.3] is independent of
the choice of p, but the coefficients in the expansion depend on the choice of p. Let A € spec,(A — o)
with Re(Ag) > 6 — % be an element in the indicial set and assume that k;, o = 0, which means that
the exponent p” in the weak expansion (7-1) has no log term. Assume also that there is no element
A € spec, (A — o) with Re(Ag) > Re(A) > § — % such that A € Ao — N. Then it is direct to see from the
weak expansion that, for a fixed function x € C*®°(B"*!) equal to 1 near S” and supported close to S”
and for each ¢ € C*° (B™*1), the Mellin transform

W@y = [ OO X MROI) dVolg, (). Reg =n-+ L =0,
Bll
(with values in E™) has a meromorphic extension to ¢ € C with a simple pole at { =n — Ay and residue

Res—n—ny () = (W3,0,0, @lsn)- (7-2)

As an application, if p’ is another geodesic boundary defining function, one has p = e/ p’ + O(p’) for
some f € C*°(S") and we deduce that, if wﬁxo,o,o is the coefficient of (p)* in the weak expansion of u
using p’, then, as a distribution on S”",

A
w} 0.0 =€ wy.00. (7-3)

In particular, under the assumption above for Ag (this assumption can similarly be seen to be independent
of the choice of p), if one knows the exponents of the asymptotic expansion, then proving that the
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coefficient of p** term is nonzero can be done locally near any point of S" and with any choice of
geodesic boundary defining function.

Finally, if w;, 0,0 is the coefficient of ,030 in the weak expansion with boundary defining function pg
defined in (3-34) and if y*u = u for some hyperbolic isometry y € G, we can use that pgoy =
Ny_ U po + (’)(pg) near S", together with (7-2) to get

L5 w300 = N} w00 € D'(S"; E™) (7-4)

as distributions on S” (with respect to the canonical measure on ") with values in E". Here N,, L,
are as defined in Section 3E. If we view w;, 0,0 as a distribution with values in ®'¢ T*S", the covariance
becomes

L w300 = Np* w00 € D'(S"; @Y T*S™). (7-5)
Using the calculations of Section 6B, we will compute the indicial family of the Laplacian on E™:

Lemma 7.2. Let A be the Laplacian on sections of E'™. Then the indicial set spec, (A — o, v) does not
depend on v € S" and is equal to

Im/2]
U 1 =22 +na+m+2k@m+n -2k —2) =)
k=0 Lm—1)/2
U |J 1=22+ni+n+30m—1)+2k(n+2m -2k —4) =0},
k=0

Proof. We consider an isometry mapping the ball model B"*! to the half-plane model U"*! which also
maps v to 0 and do all the calculations in U"*! with the geodesic boundary defining function zq near 0.
By (6-7), each tensor u € E™ is determined uniquely by its Eém) and E fm) components, which are
denoted u¢ and u; therefore, it suffices to understand how the corresponding components of I ,(A)u
are determined by ug and u;. We can use the geodesic boundary defining function p = zg; note that
Azl =A(n— M)z forall A € C.

Assume first that u satisfies u; = 0 and u is constant in the frame S(Z7). Then, by Lemma 6.4,

m0(z5 " Azhu)) = Roug = (A(n — A) +m)ug +m(m — 1)S(z5 *h @ T (o)),
T (za’\A(zéu)) =0.
Assume now that u satisfies uo = 0 and u; is constant in the frame S(Z; ® Z7). Then, by Lemma 6.4,
mo(zg " Azgu)) =0,
(25" Azgu)) = Riuy = (A(n — A) +n+3(m — 1D)ug + (m — 1) (m — 2)S(Z§ @ 25 °h @ T (u)).

We see that the indicial operator does not intertwine the uy and u; components and it remains to understand
for which A the number s is a root of Ry or R;.

30ur argument in the next section does not actually use the precise indicial roots, as long as they are independent of v and
form a discrete set.
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Next, we consider the decomposition (4-5), where we define Z(u) = %(m +2)(m+1)S(z, h® u)
foru e Eém); we have

m/2] L(m—1)/2]
w= Y TM@up), wi= )Y SZiI‘W),
k=0 k=0
k (m—2k) k (m—2k—1) .
where u; € E; and uj € E, are trace-free tensors. Using (4-4), we calculate

Ro(T*(u)) = (M(n = 2) + m)TF (uf) + 2Z(T(Z* (uf)))
= (=A% nh+m 4 2kQ2m +n — 2k — 2))T* (uf),
Ri(S(Z5 ®@TFh))) = h(n — 1) +n+3(m — 1)S(Z§ @ TF (uh)) +28(2§ @ T(T (T (u}))))
= (=224 nr+n+30m—1) 4 2k(n +2m — 2k — 4)S(Z; @ TF (u¥)),

which finishes the proof of the lemma. ]

7B. Weak expansions in the divergence-free case. By Lemma 7.1, we now know that solutions of
Au =ou that are trace-free symmetric tensors of order m in some weighted L? space have weak asymptotic
expansions at the boundary of B"*! with exponents obtained from the indicial set of Lemma 7.2. In fact,
we can be more precise about the exponents which really appear in the weak asymptotic expansion if we
ask that u also be divergence-free:

Lemma 7.3. Letu € p’ L2(B"+!; E™) be a trace-free symmetric m-cotensor with p a geodesic boundary

1
12
Assume that u is a nonzero divergence-free eigentensor for the Laplacian on hyperbolic space:

defining function and § € (—oo ), where the measure is the Euclidean Lebesgue measure on the ball.

Au=ocu, Vu=0 (7-6)

for some o =m+ }lnz — u? withRe(u) € [0, %(n +1)— 5) and p # 0. Then the following weak expansion
holds: for allr € [0, m], N > 0, and € > 0 small,

(L,O&p)ru kl/..li
— Z pn/2—,u+r+£wr_u’[ + Z an/2+u+r+£ log(l))pw;,z,p +O(pn/2+N+r—e) (7-7)
£eN £eN =0
Re(—y,)e—i-fo<N—e Re(u)—ie-igN—e P

with wr_ﬂ ' c H—n/2+Re(u)—r—Z+8—l/2(§n; E(m—r))’ w;r; e c H—n/2—Re(,u)—r—€+5—l/2(§n; E(m—r))‘ More-
over, if u ¢ %No, then k, ¢ = 0.

Remark. (i) If u is the lift to H"*! of an eigentensor on a compact quotient M = I'\H"*!, then
u € L®(B"*!; EM™) and so, for all € > 0, the following regularity holds:

W_,.0€ H—n/2+Re(,u)—€ (Sn; E(m))’ W00 € H—n/Z—Re(u)—e(Sn; E(m))‘

(i) The existence of the expansion (7-7) does not depend on the choice of p. For r = 0, this follows
from analyzing the Mellin transform of u as in the remark following Lemma 7.1. For r > 0, we
additionally use that, if p’ is another geodesic boundary defining function, then pd, — p'd, € p Orprt!
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(indeed, the dual covector by the metric is p~dp — (p')"'dp’ and we have p’ = e/ p for some smooth
function f on B"*!). Therefore, (1 p/ap,)”u is a linear combination of contractions with O-vector fields
of pr‘”(t paﬂ)r'u for 0 < r’ < r, which have the desired asymptotic expansion. Moreover, as follows
from (7-3), for each r € [0, m], the condition that w’_/ o= 0 for all r’ € [0, r] also does not depend on
the choice of p, and the same can be said about w,r;,o,o when p ¢ %No.

Proof. 1t suffices to describe the weak asymptotic expansion of u near any point v € S". For that, we work
in the half-space model U"*! by sending —v to oo and v to 0 as we did before (composing a rotation of
the ball model with the map (3-5)). Since the choice of geodesic boundary defining function does not
change the nature of the weak asymptotic expansion (but only the coefficients), we can take the geodesic
boundary defining function p to be equal to p(zg, z) = zo inside |z| 4+ z¢9 < 1 (which corresponds to a
neighborhood of v in the ball model). Considering the weak asymptotic (7-1) of # near 0 amounts to
taking ¢ supported near v in S” in (7-1); for instance, if we work in the half-space model, we shall
consider ¢(z) supported in |z| < 1 in the boundary of U,

We have the decomposition u =}, ux with uy € p? L2(U"*1; Eém)) and we write ux =S((Z)®* ®u})
for some uj € p°L*(U"t; Eém_k)) following what we did in (6-6). Now, since u € p’ L>(B"t!) =
ngQ(@"“L]) satisfies Au = ou, we deduce from the form of the Laplacian near p = 0 that u is in
pd 2 H*(@"*'; E™) for all k € N, where H* denotes the Sobolev space of order k associated to the
Euclidean Laplacian on the closed unit ball. Then, by Sobolev embedding, one has that, for each ¢ > 0,
u|;,=: belongs to (1 + |z|)NL2([R£‘; E™) for some N € N and we can consider its Fourier transform
in z, as a tempered distribution.* Then Fourier transforming the equation (w9 + 71)(Au —ou) =0 in
the z variable (recall that 7r; is the orthogonal projection on El.(m)), and writing the Fourier variable & as
E=7 " &dz; =) ], z0& Z}, with the notations of Lemma 6.4, we get

Y (=20 +nZo+ e +m—0) 1)S(ZD +2i Y 2SE®ZT)
Tea™ Jeg/m=1

+mm—1)Y_ fiS(z5*h @ T(S(Z)) =0. (7-8)
1

and

Y (20 +nZo+ e +n+3m —1) = 0)3,)S(Z}) = 2im Y f1eS(Z})
Jegm=1 leg™

—2imm—1) Y fiSERTSEZM)+m—1)m=2) Y 2:8(z5°h®@T(S(Z})) =0, (7-9)
leg™ Jegm=1

where hat denotes Fourier transform in z and ¢ means 2?21 206t Z;-

4Unlike in Lemma 6.8, we only use Fourier analysis here for convenience of notation — all the calculations below could be
done with differential operators in z instead.
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Similarly, we Fourier transform in z the equation (g 4 7r1)(V*u) = 0 using Lemma 6.5 to obtain

S ifueS@p =1 3 (tm =i~ Zo@NSZ),

leg™ Jegm—1

> @ofi—tm=DINTEZN =1 3 igueSE).

leg™ Jeggm—1

(7-10)

Now, we use the correspondence between symmetric tensors and homogeneous polynomials to facilitate
computations, as explained in Section 4A and in the proof of Lemma 6.8; that is, to S(Z7), we associate the
polynomial x; on R". If £ € R" is a fixed element and u € Pol™ (R"), we write dsu =du.§ € Pol"~!(R")
for the derivative of u in the direction of & and £*u for the element (£, - Jgnu € Pol” ! (R"). The trace
map 7 becomes —(1/(m(m — 1)))Ax. We define ig := ) ;. m f,xl and ity =) ;. m1 &sxs. The
elements fl (20, €) and g;(zo, &) belong to the space C*° (R} ; y’(Rg’)). We decompose them as

20°

mp2 Lm=np2)
do= Y Ix[¥ag) and = Y |x¥ay (7-11)
j=0 j=0

for some ﬁl.zj € Polg'*i*zj (R™) (harmonic in x, that is, trace-free).
Using the homogeneous polynomial description of ug, (7-8) becomes

(—(Z0)* +nZo + € 1* +m — 0)ito + 2izo€ ity — |x[*Ayiio = 0. (7-12)
First, if W is a harmonic homogeneous polynomial in x of degree j, one has A (§*W) = —20: W
and A)% (§*W) = 0; thus one can write
W e W
W= *W——x2)+—x2 7-13
: (5 2 -0 ) TG -t 13

for the decomposition (4-5) of £*W. In particular, one can write the decomposition (4-5) of £*ii; as

Lm—1)/2] . . 9 ﬁzj 9 ﬁZ(j—l)
=) |x|2f(s*ﬁ1’— = .|x|2+“—.).
o n+2(m—2-2j) n+2(m—2j)

We can write A,y = ZE’Z{)ZJ Aj|x|2j_2ﬁgj for \; = =2j(n +2(m — j — 1)). Thus (7-12) gives,
for j < |m/2],

|X|28§L}?1 8512%(]'*1) ) B
n+2m—2-2j) n+2m-—2j)

(7-14)
Notice that 1z (S(Z7)) corresponds to the polynomial (zo/m) dx;.§ = (zo/m) d¢.x; if I € &/™. From
(7-10) we thus have, for ¢,,, :=n+m —1,

(—(Z0)* +nZo+ 2IEP +m —o — 1))y +2iz (E*lﬁj -

—iz00gltg = (Zo — cp)lt1,
e T (7-15)
—iz00su1 = (Zo — ) Axlto.
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Next, (7-9) implies
(—(Z0)* +nZo+ &> +n+3(m — 1) — o)ty — 2iz0delio + 2iz0&* Ariig — |x|* Ay = 0.
Using (7-15), this can be rewritten as
(—(Z0)* + (M +2)Zo+ Z3|E1> —n+m — 1 — o)ty +2iz0E* Aiig — |x|* Aty = 0. (7-16)

We can write A, = Z[(m D72l )J x|?~ 2A2/ for )J =—=2j(n+2(m— j—2)). From (7-16), we get

(—(Z0)* + (n+2)Zo + 22 |£? _n+m_1_0_k,)¢,
A2(j+1) Azj
0 u )» Ol
* ’ZO( g n+2(m 322" +n+2(m—l—2j) (717

We shall now partially uncouple the system of equations for ﬁgj and ﬁ?j . Using (7-13) and applying
the decomposition (4-5), we have

. Ry
~ o2 t+H2m—j—1 _ by 128:0%
Bg(|x|2j j):|x|218§u3/n (m ]. )+2j|x|2’_2 %-*u(z)j_ x| 50. ’
n+2m—-2j—-1) n+20m—2j—1)

. . 2 _ . . 28 ~2j
Be 3 = Pt 2T i (g - ),
Pn42m—2j-2) n+2(m—2j—2)
and, from (7-15), this implies that, for j > 0,
2 A2(]+1)
A2j n+2(m 1) *AZ(]‘H) |x| 8

Zy— =— d 2 1 , (7-18
(Zo Cm)btl lZo(g 0wt 20m—2; 1)+ G+D(&u W 20m = 2]_3) (7-18)

and, for j > 0,

Az(J 1) 2
; Ol 1 ; )
(Zo _Cm)ﬁgj — iZO( gu : (s*ﬁ%J _ x| 5’/‘1. )) (7-19)
2J(n+2(m 2j5)) I’l—|-2(m—]—1) n+2m—2j—2)

Combining with (7-14) and (7-17) we get, for j > 0,

(—(Z0) + (n+4)) Zo+ 2IER +m —0 — A; —4je)i!

2m—2j—1 : 292
iz "2 ZA 2D (eegar U)o (7.00)
n+2m—j—1) n+2(m—2-2j)
(=(Z0)* + (1 +2+4)Zo+ 2|57 —n+m —1 =0 =1 —4je,)i)’
20/+1) |x|20g 1, acuth
2izo(A 4 ) &*a2Y =0, (721
+2izo(Ajr1+45( + ))(5 o 20m = 3 2])> (7-21)
Ajyl Ajyl 2\ A2
—(Z)? h_ Nt ), 21612 _ 1 it _ J
( (Zo) +(”+ j+l) 0+ zpl8] n+m U+j+l(cm J) ug
2m—j—1 2m—2j—2
f2igy B2 S D2 =2 =2) a0

n+2m—2j—1) o =
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and, for j > 0,

Aj A A2 . 2m—=1=2j)+n_ o@;-1
—ZZ—I—(n——_j)Z +Z21EP+m—o+ 2 (c,y — >u S —izo= — o077 =0. (7-23
< 0 F 0 0|$| J(m J) 0 0](n—|—2(m—2])) cU ( )
To prove the lemma, we will show the following weak asymptotic expansion for i =0, 1:
A2 A 2—pA2j+itel , ~2f
(7 o, ) @)= Yz PTEIRGY g)
ZEN(),
Re(—p)+€<N—e¢
+ Z Z Z8/2+1L+2]+1+€ 10g(Zo)p<17),-2;j,L,g,p, o)+ O(Z8/2+2]+1+N_6), (7-24)
£eN, p=0

Re(u)+€<N—e€

J

2j ~2
it and w;.

where w;: are distributions in some Sobolev spaces in {|z| < 1} C R”" and, for u ¢ %NO,

wit,p

we have k, ¢ = 0.
Define, for 0 <r <m and ¢ € C;°(R") supported in {|z| < 1},

F"(¢)(z0) := (ﬁ{)(ZO’ ), 9) if r is even,
(ﬁq_l(z()v 9), @) if r is odd.

Since i} ~' is the Fourier transform in z of iterated traces of u;, Lemma 7.1 gives that the function

F"(¢)(zp) satisfies, forall N e N, € > 0,

ki e
FrGo= Y. Yo D g ogzo) (W) 4, 0) +OG) ) (7-25)
A€espec,(A—o) £LeNy, p=0

RC()\.)>8*% Re(M)+€<N—e

as zg — 0 for some w;»,ﬁ,p in some Sobolev space on {|z| < 1}. We pair (7-20), (7-21) with ¢, and it is
direct to see that we obtain a differential equation in zo of the form

P"(Zo)F"(9)(z0) = —z5 F" (A9)(z0) + 20 F T (Q" ¢) (20) (7-26)
for Zo = z09y,,

Pr(A):==A24+m+2r)h—r(n+r)— AIT”Z"'/"Z =—(r— %n —V)2+M2,

and Q" some differential operator of order 1 with values in homomorphisms on the space of polynomials
in x. Here we denote F"*! = 0.

We now show the expansion (7-24) by inductiononr =2j+i =m,m — 1, ..., 0. By plugging the
expansion (7-25) in (7-26) and using

P"(Zy)z4 log(z0)” = 2 (P§ (M) (log z0)” + pd; P§ (M) (log z0)” " + O((log 20)P ™)), (7-27)

we see that if, for some p, zé(log zo)P is featured in the asymptotic expansion of F”(¢)(zp), then
either A € %n +r—u+Np, orAe %n +r+4+ u—+Np, or zé_z(log z0)? is featured in the expansion of
F"(Ap)(z0). Moreover, if p >0and A ¢ {%n +r :i:u}, then either Zf)‘ (log zo)?' is featured in F” (¢)(zo) for
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some p’ > p, or zé_z(log zo)? is featured in F" (A¢)(zp), or zé_l(log 20)? is featured in F"T1(Q"¢)(z0).
If p>0and A = %n +r+tu, then (since w # 0 and thus 9; Py (A) # 0) either Zo (log ZO)P/ is featured in
F"(¢)(zp) for some p’ > p, or Zo (log z0)P~! is featured in F" (A¢)(z0), or z (log z0)P~! is featured
in F'*1(Q"¢)(z0), however the latter two cases are only possible when A = 2n +r+puand u € 2N0'
Together, these facts (applied to ¢ as well as its images under combinations of A and Q"), imply that the
weak expansion of uizj has the form (7-24).

The asymptotic expansions (7-7) now follow from (7-24), since pd, = Z, for our choice of p and,
for each r € [0, m], by (6-7) and (7-11), we see that (identifying symmetric tensors with homogeneous
polynomials in (xg, x))

m
r'=ry 2 2|_r [2]+2s
(tz) u(x0, X) =Y D" Cmrrs Xy I Pun 40050 () (7-28)
r'=r s>0
r'+2s<m
for some constants ¢, ., s; for later use, we also note that ¢, , 0 7 0. O

7C. Surjectivity of the Poisson operator. In this section, we prove the surjectivity part of Theorem 6 in
Section 5B (together with the injectivity part established in Corollary 6.9, this finishes the proof of that
theorem). The remaining essential component of the proof is showing that, unless # = 0, a certain term in
the asymptotic expansion of Lemma 7.3 is nonzero (in particular we will see that # cannot be vanishing
to infinite order on §” in the weak sense). We start with:

Lemma 7.4. Take some u satisfying (7-6). Assume that, for all r € [0, m], the coefficient w’ 1.0 of the
weak expansion (7-7) is zero. (By Remark (ii) following Lemma 7.3, this condition is independent of the
choice of p.) Thenu =0. If u ¢ %NO, then we can replace w'" 1.0 by w;,o,o in the assumption above.

Proof. We choose some v € S" and transform B"*! to the half-space model as explained in the proof
of Lemma 7.3, and use the notation of that proof. Define the function f € C*°(B"*!) in the half-space
model as follows:
Fe {Zo "udm if m is even,
zg™ut" " if m is odd.

Here ué and ”1 are obtained by taking the inverse Fourier transforms of i ”0 " and @i AZJ . By (7-20) and
(7-21) (see also (7-26)) we have

(Apptr — sn* 4+ p?) £ =0. (7-29)

Denote by tennp([B”“) the set of smooth functions f in B"*! which are tempered in the sense that there
exists N € R such that p; NfeL?>B"). Set r:= E” + w; it is proved in [van den Ban and Schlichtkrull
1987; Oshima and Sekiguchi 1980] (see also [Grellier and Otal 2005] for a simpler presentation in the
case |Re(k) + %n| < %n) that the Poisson operator acting on distributions on hyperbolic space is an
isomorphism

P27 :D(S") — ker(Apest +A(n+21)NCS (B

temp
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for L ¢ —n—Np, and, if Re(}) > —%n with A #£0, any element v € C° (B! with (Aprt1+A(n+A1)v=0

temp
and v # 0 satisfies a weak expansion for any N € N,

N kul

— 2—p+e 2 L 2—u+N

V= (Vo) = Z(pé’/ S I log(po)”vu,e,p> + 00"
=0 p=1

with v_, o # 0; moreover, k,, ( =0if A ¢ —%n + %No, and vy 0,0 # 0 for such A (here v_,, ¢, v, ¢ , are
distributions on S” as before).?
Next, by (7-28), for some nonzero constant ¢ we have

f=clzg 1z)™u = clu, @)

A calculation using (3-5) shows that in the ball model, using the geodesic boundary defining function pg
from (3-34),
0z = —(3(1 = [yP)v+ (1 +y-1)y)dy (7-30)

is a C>®(B"t")-linear combination of 3 1, and a 0-vector field. It follows from the form of the expansion (7-7)
and the assumption of this lemma that the coefficient of pg/ 271 of the weak expansion of f is zero.
(If u ¢ %NO, then we can also consider instead the coefficient of pg /2+u )

By (7-29) and the surjectivity of the scalar Poisson kernel discussed above, we now see that f = 0.
Now, for each fixed y € B"*! and each 1 € Ty[B”H, we can choose v such that n is a multiple of (7-30)
at y; in fact, it suffices to take v such that the geodesic ¢;(y, ) converges to —v as t — +00. Therefore,

for each y, n, we have (u, ®"n) =0 at y. Since u is a symmetric tensor, this implies u = 0. (Il
We now relax the assumptions of Lemma 7.4 to only include the term with r = 0:

Lemma 7.5. Take some u satisfying (7-6). If n =1 and m > 0, then we additionally assume that . #* %

Assume that the coefficient w® 2.0 of the weak expansion (7-7) is zero. (By Remark (ii) following Lemma 7.3,

0

this condition is independent of the choice of p.) Then u = 0. If u ¢ %No, then we can replace w’ 1.0

0 . .
by w, o o in our assumption.

Proof. Assume that w?tu,o = (; here we consider the case of wﬁﬂo = wg,o,o only when u ¢ %NO. By
Lemma 7.4, it suffices to prove that w’, 20 = O forr =0, ..., m. This is a local statement and we use the

half-plane model and the notation of the proof of Lemma 7.3. By (7-28), it then suffices to show that, if

d)giu’o =0 in the expansion (7-24), then ﬁ)iz;iu’o =0foralli, j.

We argue by inductiononr =2j+i =0, ..., m. Assume first thati =0, j > 0, and ti)f(i;l()) =0.
Then we plug (7-24) into (7-23) and consider the coefficient next to 28/ U2 this gives ﬁ)g;/i w0 =01f,

for A = %n + 1+ 2j, the following constant is nonzero:

Aj Aj
—k2+(n—T,])k—i-m—a—i-T,](cm—j):(n—|—2m—2—4j)(:|:2u—n—2m+2—|—4j). (7-31)

5The existence of the weak expansion with known coefficients for elements in the image of 7, is directly related to the
special case m = 0 of Lemma 6.8 and the existence of a weak expansion for scalar eigenfunctions of the Laplacian follows from
the m = 0 case of Lemma 7.3. However, neither the surjectivity of the scalar Poisson operator nor the fact that eigenfunctions
have nontrivial terms in their weak expansions follows from these statements.



988 SEMYON DYATLOV, FREDERIC FAURE AND COLIN GUILLARMOU

We see immediately that (7-31) is nonzero unless m =2 j. For the case m =2, we can use (7-19) directly;
taking the coefficient next to zg/ UM e get zb(z);j p.0=0aslong as In+pu+m # cp, or equivalently
+u # %n — 1; the latter inequality is immediately true unless n = 1, and it is explicitly excluded by the
statement of the present lemma when n = 1.

Similarly, assume that i =1, 0 < 2j < m, and ﬁ)gf 0= 0. Then we plug (7-24) into (7-22) and

consider the coefficient next to zg/Zi“HjH; this gives ﬁ)lzfiu’o =0 if, for A = %n +u+2j+1, the
following constant is nonzero:
) X+l A+ . . -
A+ n+2—- A—n+m—1—0+4- (em—j)=m+2m—4—-4j)(X2u—n—-2m-+4+4j).
J+1 Jj+1

(7-32)
We see immediately that (7-32) is nonzero unless m = 2j + 1. For the case m = 2j + 1, we can use (7-18)
directly; taking the coefficient next to 2/ M e get u?f’ .0 =0as long as 3n %+ @+ m # ¢y, which
we have already established is true. O

We finish the section by the following statement, which immediately implies the surjectivity part of
Theorem 6. Note that, for the lifts of elements of Eig” (—A(n 4+ A) +m), we can take any § < % below.
The condition Re A < % — & for m > 0 follows from Lemma 6.1.

Corollary 7.6. Let u € p®L>(B"+'; E™) be a trace-free symmetric m-cotensor with p a geodesic

1
12
the ball. Assume that u is a nonzero divergence-free eigentensor for the Laplacian on hyperbolic space:

boundary defining function and § € (—oo ), where the measure is the Euclidean Lebesgue measure on

Au=(—A(n+x1)+mu, V'u=0, (7-33)

with Re(L) < % — 8 and ) ¢ Ry, where R, is as defined in (5-20). Then, u = &, (w) for some
w e HReW+-1/2(gn. Q5 T*S"). Moreover, if y*u = u for some y € G, then L, w = Ny*k*’"w.

Proof. For the case Re(\) > —%n we set L = %n + A and apply Lemma 7.3; the distribution w will
be given by C(A)w_, o for some constant C(A) to be chosen, and this has the desired covariance with
respect to elements of G by using (7-5) from the remark after Lemma 7.1.

To see that u = &2, (w) for a certain C (1), it suffices to use the weak expansion in Lemma 6.8 and the
identity (7-3) from the remark following Lemma 7.1, to deduce that C (1) B(A)w_,, o appears as the leading
coefficient of the power o, * in the expansion of u, where B(A) is a nonzero constant times the factor
appearing in (6-27); here pg is as defined in (3-34). (The factor B(}) does not depend on the point v € S"
since the Poisson operator is equivariant under rotations of B"*!.) Then, choosing C(1) := B(1)~!,
we observe that u and &7, (w) both satisfy (7-33) and have the same asymptotic coefficient of o, * in

1

their weak expansion (7-7); thus from Lemma 7.5 we have u = &,"(w). Finally, for Re(A) < —5n with

Aé —%n — %No we do the same thing but setting p := —%n — A in Lemma 7.3. ]

Appendix A: Some technical calculations

Al. Asymptotic expansions for certain integrals. In this subsection, we prove the following version of
Hadamard regularization:
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Lemma A.l. Fix x € C(‘)’O(R) and define for Rea > 0, 8 € C, and ¢ > 0,

Fap(e) := /Ooor“—l(l +1) Py (et)dt.

If a — B & Ny, then Fyg(e) has the following asymptotic expansion as ¢ — +0:

I'le)I'(B —
Faﬂ(g)ZM)((O)+ Z

8 cjeP =t 4+ o(1) (A-1)

0<j=<Re(a—p)
for some constants c; depending on x.

Proof. We use the following identity obtained by integrating by parts:

o0
€0 Fop(e) = / (1 +0)7P0,(x (e1)) dt = (B — @) Fap(e) — BFupr1(e). (A-2)
0
By using the Taylor expansion of x at zero, we also see that
x (1) = x(0) + O(et);

given the following formula, obtained by the change of variables s = (1+¢)~! and using the beta function,

fowzal(lﬂ)f‘dt:%g)_“) if Ref>Rea >0,

we see that

') I'B—«o .
Fop(e) = TP =D 0)+0@) if Re(f—a) > 1.
I'(B)
By applying this asymptotic expansion to Fy g4y for a large integer M and iterating (A-2), we derive the
expansion (A-1). O
For the next result, we need the following two calculations (see Section 4A for some of the notation
used):
Lemma A.2. Foreach £ > 0,
—1)/2 1
27 DT (¢ 4 1)

S®'D,
F(E—i—%n) @1

/ (@) dSy) =

sn—1

where [ =3 7_8;®2;.

Proof. Since both sides are symmetric tensors, it suffices to show that, for each x € R”,

2 =DI2P (€ + )
r (E + %n)

Without loss of generality (using homogeneity and rotational invariance), we may assume that x = 9j.

2
|x ]~

f (x-m**dS(n) =
Sn—]

Then, using polar coordinates and Fubini’s theorem, we have

%r(H%n)/

sn—1

n%ﬁdS(n)=/ eilnlzr;%edn=71(”71)/2F(€+%),

n

finishing the proof. U
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Lemma A.3. For each n € R", define the linear map ¢, : R" — R" by

() =1 m-mn.

2
1+n[?
Then, for each Ay, Az € @¢R" with T(A1) =T (A2) =0, and each r > 0, we have

! 2 \¢
me VA1, Ag) dS(p) = 27"/ " A1, As).
[ (@6, A dson =2 Z o)
Proof. We have
2
%n:Id_l—f—}’z 77*®77,

where n* € (R")* is the dual to n by the standard metric. Then

2 2
/ (@™ rn)Al,Az)dS(ﬂ)Z/ <®m(1—1 d 2"®ﬂ),0(A1®A2)>dS(TI),
sn—1 sn—1 +r

where o is the operator defined by

oM@ @Nu®@®N @ @N)=MON| Q- @y @),

We use Lemma A.2, a binomial expansion, and the fact that the A ; are symmetric, to calculate

m 2r?
/gn_|<® (1_ 1+ 2'7®77)’0(A1®A2)>dS(n)

Y 27‘2 ‘ 2¢ m—=~
Z:ev(m z)'(_ )/SM((@ M ® (@ 1), 0 (A1 ® A2)) dS(n)

prs 1+r2
I T(e43) [ 22
g (=12 m_ 2/~ S(Q'T "), 0 (A1®AL)).
Y e g (1) S D8 sty
Since T (A1) = T (A) =0, we can compute
¢ m—t 26(e)?
(S DH®"1),0(A1® Ar)) = 20! (A1, Az).

Here 2¢(¢!)?/(2¢)! is the proportion of permutations T of 2¢ elements that satisfy, for each j, that
T(2j — 1)+ t(2)) is odd. It remains to calculate

m l ? 2 m
L

— 01(m — 0)! F(ﬁ—i—%n) (2@)' — (m — e)'r (¢+1n)

We can now state the following asymptotic formula, used in the proof of Lemma 5.11:
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Lemma A4. Let x € Ci°(R) be equal to 1 near 0, and take Ay, Az € Q¢ R" satisfying T (A1) =T (A2) =0.
Then, for . e C, A ¢ —(%n + No), we have, as € — +0,

/RX(8|TI|)(1+|77|2)_k_"((®m‘fn)141,A2>d77

r(in+a .
(nt+r+m—DIn—14+2) 0<j<—Rei—n/2

for some constants c;.

Proof. We write, using the change of variables n = /16, 6 € S", and x (s) = ¥ (s?), and by Lemma A.3,

[ e+ @ 6 AL Az)d

=%/(; X(gzt)[%n—l(l-i‘t)—)»—l’l /"1<(®m(gﬁ0)Al,A2>dS(9)d[

n/zz (=1m! (A Az)/OoX(gzt)t"/ZH_l(lth)"\‘”‘edt.
“m—OIT(zn+0) " Jo

We now apply Lemma A.1 to get the required asymptotic expansion. The constant term in the expansion
is (A1, Ap) times

ﬂn/zF(ln+A)i (=1m! "2 (=1)"m!T (3n + » i (-Df (A-3)
? e m—OT(+i+0) ST (n+htm—0)

We now use the binomial expansion

(1 _ t)n+)u+m71

—_— = t
F'n+A+m) ;E!F(n—i-)\—i-m—f)

and the sum in the last line of (A-3) is the " coefficient of

1(1 t)n+k+m 1 (l_t)n+x+m—2 1 oo (_1)1' .
1—1¢ = = 4/;
(=0~ C'(n+A+m) C(n+XA+m) n+A+m—1j2_(:)j!F(n+A+m—j—1)
this finishes the proof. O

A2. The Jacobian of V. Here we compute the Jacobian of the map ¥ : £ — Si H"*+! appearing in the
proof of Lemma 5.11, proving (5-31). By the G-equivariance of ¥, we may assume that x = dy, § = 9,
n = /59, for some s > 0. We then consider the following volume 1 basis of T(, ¢ ,,E:

X1 =(01,00,0), X2=10(32,0,450), X3=10(0,0,—531), X4=1(0,0,03);
axj'aagjsar]jy 3§]§n+1
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We have W (x, §, n) = (v, n—, n4), where

y:(VS+1707\/EaOa~--70)9 7:F\/E7Oa~~~70)-

s 1
ni_<:F /—s+1a ;—S+1

Then we can consider the following volume 1 basis for T, ,, ., )S3H"*!:

Y2=<ﬁao+Ma2,\/f ¥, Vs )

S
s+ 1 _\/s—i—ly
(0,0, /5804 /501 + /5 +182)

Y1=<al Y L)
’«/s—i—l’«/s—i—l ’
_(07\/580_\/581+Vs+18250)

Y Y.
: s+ 1 N Vs +1
ayjaav__/»3v+_j’ 35.]5”—'_1
Then the differential dW (x, &, n) maps
X1 s+ 1Y —+/sY3—/sYa,
Xzi—) Yz,
X3+> —/sY1 + /s +1Y3+ /s + 1Yy,
1 1 1
X4I—> Y3

Y. — Y.
s+ 1 2—}_s-i-l s+ 1 4

Moreover, for 3 < j <n+1, d¥(x, §, n) maps linear combinations of dy;, d;, d;, to linear combinations
of 8yj., 8U_J., 0y » by the matrix A(s). The identity (5-31) now follows by a direct calculation.

A3. An identity for harmonic polynomials. We give a technical lemma which is used in the proof of
Lemma 6.8 (injectivity of the Poisson kernel).

Lemma A.5. Let P be a harmonic homogeneous polynomial of order m in R"; then, for r < m, we have

for all x € R" that
m!r!

ALP(r = (8, x))]cmo=2" P(x).

(m—r)!

Proof. By homogeneity, it suffices to choose |x|=1. Wesett = (¢, x) and u =¢ —tx, and P(x — (¢, x)),
viewed in the (¢, u) coordinates, is the homogeneous polynomial (¢, u) — P ((1 — 12)x — tu). Now, we
write, for all u € (Rx)® and ¢ > 0,

P(tx—u) =Y "7 P;u),
j=0

where P; is a homogeneous polynomial of degree j in u € (Rx)*, and, since the Laplacian A written in
the ¢, u coordinates is —8,2 + A, the condition A, P = 0 can be rewritten

AyPiw)=m—j+2)m—j+1)P;jou), A,Pi(u)=A,P=0,
which gives, for all j and £ > 1,

APy =mm—1)---(m =20+ 1Py, A Py_1(u)|u=o=0.
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We write Ag = Z,::O F/ K (r—k)H)(— 1)ka,2kA;—’< and, using parity and homogeneity considerations,

we have
r —~ (=D 2% 2ym=2j 2jy Ar—k
AgP(x—i(i,ﬂ)I;:o:Zk‘( ey D [ = A" 2 AL Py ()] =0
ki e
(_1)kr! m—2(r— r— r—
= 2 oo ORI AT Py

max(0,r—m/2)<k<r

m!r! 3 (=¥ (2k)! o mir!

—_— PO . —_— O
(m—r)! kK\(r —k)!' 2k —r)! (m—r)!
r/2<k<r
and Py is the constant given by P (x). Here we used the identity
— DT (2k)! ! 2r — 2k)!
2 k'((r —i)'(ék i Nl 2 (_1)kk'(rr— o r('(};’— 2k))' =7
r/2<k<r ' ’ T 0<k=r/2 ) o :
which holds because both sides are equal to the ¢" coefficient of the product
1+1)
A=t (1= = a+n" .
1—1t
since
1 — G +n)!
o=~ ogrer o1 j
) r!d,(l n'=>y" HF 1,
j=0
the #” coefficient of (1+4¢)" /(1 —t) equals the sum of the 0,11, ..., t" coefficients of (1+1)", or simply
a1+ =2 O

Appendix B: The special case of dimension 2

We explain how the argument of Section 2A fits into the framework of Sections 3 and 4. In dimension 2
it is more standard to use the upper half-plane model

H? :={weC|Imw > 0},

which is related to the half-space model of Section 3A by the formula w = —z; 4+ izp.
The group of all isometries of H? is PSL(2; R), the quotient of SL(2; R) by the group generated by
the matrix — Id, and the action of PSL(2; R) on H? is by Mobius transformations:

ab az+b 2
=, e H- c C.
(c d>z cztd © <
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Under the identifications (3-2) and (3-5), this action corresponds to the action of PSO(1, 2) on H? ¢ R!?
by the group isomorphism PSL(2; R) — PSO(1, 2) defined by
1@+ b+ +d» 3@ -b*+2—d* —ab—cd
(? z) | 3@+ b2 —c*—d?) Ya* b —c*+d?) cd—ab]|. (B-1)
—ac —bd bd —ac ad + bc
The induced Lie algebra isomorphism maps the vector fields X, U_, U, of (2-1) to the fields X, U,", U 1+
of (3-6), (3-7).
The horocyclic operators Uy : D'(SH?) — D' (SH?; £*) of Section 4B (and analogously horocyclic
operators of higher orders) then take the form

Uiu = (Uru)n®,

where n* is the dual to the section € C*°(SH?; £) defined as follows: for (x, &) € SH?, n(x, &) is
the unique vector in T, H? such that (£, n) is a positively oriented orthonormal frame. Note also that
n(x, &)=+As(x, &)-c(B+(x, £)), where A (x, &) is as defined in Section 3F and ¢ (v) € T,S!, v e S, is
the result of rotating v counterclockwise by %71; therefore, if we use 1 and ¢ to trivialize the relevant vector
bundles, then the operators Q. of (4-26) are simply the pullback operators by B, up to multiplication
by £1.

Appendix C: Eigenvalue asymptotics for symmetric tensors

C1. Weyl law. In this section, we prove the following asymptotic of the counting function for trace-free,
divergence-free tensors (see Sections 4A and 6A for the notation):

Proposition C.1. If (M, g) is a compact Riemannian manifold of dimension n + 1 and constant sectional
curvature —1, and if

Eig"(0) ={u e C*(M; &ST*M) | Au=0ou, V'u=0, T(u) =0},
then the following Weyl law holds as R — oo:

Z dim Eig" (o) = co(n)(c1(n, m) — c1(n, m —2)) Vol(M)R" ! + O(R™),

o<R?

where co(n) = ((Zﬁ)_"_l/f‘(%(n + 3))) and ci(n,m) = (m+n—1)!/(m!(n—1)") is the dimension of
the space of homogeneous polynomials of order m in n variables. (We put c1(n, m) := 0 for m < 0.)

Remark. The constant cy(n, m) := cy(n, m) — c;(n, m — 2) is the dimension of the space of harmonic
homogeneous polynomials of order m in n variables. We have

co(n,0)=1, cy(n,1)=n.
For m > 2, we have c;(n, m) > 0 if and only if n > 1.

The proof of Proposition C.1 uses the following two technical lemmas:
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Lemma C.2. Take u € D'(M; ®'§T*M). Then, denoting D = S oV as in Section 6A,
[A, VIu=2—=2m —n)V*u —2m — 1)D(T (w)), (C-1)
[A, Dlu = (2m +n)Du +2mS(g ® V*u). (C-2)

Proof. We have
AV'u=T>(V3u), V*'Au=T* (1153 u),

where 7, v denotes the result of swapping the j-th and k-th indices in a cotensor v. We have
ld—1163 = (Id —7162) + T1e2(d —7263) + Tio2T263(Id —T162);
therefore (using that 7710 =T)
[A, V¥]u=T*(VId —712) VU + 1203 (Id =71 2) V).
Since M has sectional curvature —1, we have, for any cotensor v of rank m,

m
(Id—7152)V?V =Y (Tiorsa — Dor2) (8 D V).
e=I

Then we compute (using that 7 (123713) = T (123))

m
[A, V¥]u=T?> <f2<->3 —Id+ Z((fzezw — Bot+3)To3 + o3 (Tloms — f2<_>z+3))> (g®Vu).
=1

Now,
T (g ® Vu) = TH(1204T103(8 ® Vi) = TH(1203T104(8 ® Vi) = —(n + D) V*u,
T (1263(8 ® Vi) = T (1364T163(8 ® Vi) = T (T203T204(8 ® Vi) = —Vu,
and, since u is symmetric, for 1 < £ < m,
THMoe43T103(8 ® Vi) = TH(12o3T1we43(8 ® Vi) = —Vu,
T (G3043T163(8 ® V) = T (1263T26043(8 ® Vi) = Tiop—1 V(T (W)).

We then compute

m—1
(A, V*u=Q2=2m—m)Vu—2 " 115,V(T W),
=1
finishing the proof of (C-1). The identity (C-2) follows from (C-1) by taking the adjoint on the space of
symmetric tensors. U

Lemma C.3. Denote by m,, : @GT*M — Q'T*M the orthogonal projection onto the space ker T of

trace-free tensors. Then, for each m, the space
F":={ve C¥(M; @gT*M) | T(v) =0, Tpt1(Dv) =0} (C-3)

is finite-dimensional.
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Proof. The space F™ is contained in the kernel of the operator
Py :=V*t,41D

acting on trace-free sections of @ T*M. By [Dairbekov and Sharafutdinov 2010, Lemma 5.2], the
operator P, is elliptic; therefore, its kernel is finite-dimensional. (]

We now prove Proposition C.1. For each m > 0 and s € R, denote
W™ (o) :={ueD'(M; {T*M) | Au=ocu, T(u)=0}.

The operator A acting on trace-free symmetric tensors is elliptic and, in fact, its principal symbol coincides
with that of the scalar Laplacian: p(x, &) =& |Z,. It follows that the W™ (o) are finite-dimensional and
consist of smooth sections. By the general argument of [Hormander 1994, Section 17.5] (see also
[Dimassi and Sjostrand 1999, Theorem 10.1; Zworski 2012, Theorem 6.8] — all of these arguments adapt
straightforwardly to the case of operators with diagonal principal symbols acting on vector bundles), we
have the following Weyl law:

Z dim W™ (o) = co(n)(ci(n+1,m) —c1(n+ 1, m — 2)) Vol(M)R"T! + O(R"); (C-4)

o<R?

here ci(n+1,m) —ci(n+ 1, m + 2) is the dimension of the vector bundle on which we consider the
operator A.
By (C-1), for m > 1 the divergence operator acts as

V¥ W™ (o) — W (o +2—2m —n). (C-5)
This operator is surjective except at finitely many points o':

Lemma C4. Let C; = dim F"~!, where F"~! is as defined in (C-3). Then the number of values o such

that (C-5) is not surjective does not exceed C1.

Proof. Assume that (C-5) is not surjective for some o. Then there exists nonzero v € W o +2—2m—n)
which is orthogonal to V*(W™ (0)). Since the spaces wWm=1(o) are mutually orthogonal, we see from (C-5)
that v is also orthogonal to V*(W" (o)) for all o # o. It follows that, for each o and each u € W" (o),
we have (Dv, u);» =0. Since P » W" (o) is dense in the space of trace-free tensors, we see that, for each
ue C®M; @¢T*M) with T (u) =0, we have (Dv, u);> = 0, which implies v € F=1_ It remains to
note that F~! can have a nontrivial intersection with at most C; of the spaces W~ (¢ +2—2m —n). O

Since Eig" (o) is the kernel of (C-5), we have

dim Eig" (o) > dim W™ (¢0') —dim W™ ' (o +2 — 2m —n),
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and this inequality is an equality if (C-5) is surjective. We then see that, for some constant C, independent
of R,

Z dim W™ (o) — Z dim W (o) < Z dim Eig" (o)
o<R? 0<R24+2-2m—n o<R?
<Cy+ Z dim W™ (o) — Z dim W (o),

o<R? 0<R242-2m—n

and Proposition C.1 now follows from (C-4) and the identity c;(n +1,m) —ci(n+ 1, m — 1) = ¢ (n, m).

C2. The case m = 1. In this section, we describe the space Eig! (o) in terms of Hodge theory; see, for
instance, [Petersen 2006, Section 7.2] for the notation used. Note that symmetric cotensors of order 1
are exactly differential 1-forms on M. Since the operator V : C*°(M) — C*°(M; T*M) is equal to the
operator d on O-forms, we have

Eig'(0) = {u € Q' (M) | Au=ou, Su =0}.

Here A = V*V; using that M has sectional curvature —1, we write A in terms of the Hodge Laplacian
Agq :=d§+ 8d on 1-forms using the following Weitzenbock formula [Petersen 2006, Corollary 7.21]:

Au=(Aqg+nu, ueQ(M).
‘We then see that

Eig' (0) = {u € Q' (M) | Agu = (6 — n)u, su = 0}. (C-6)

Finally, let us consider the case n = 1. The Hodge star operator acts from Q! (M) to itself, and we see
that, for o # 1,
Eig!(0) = (xu | u € Q' (M), Aqu = (6 — 1)u, du =0}

={xdf)| f eC®(M), Af =(c —Df}. (C-7)

Note that x(df) can be viewed as the Hamiltonian field of f with respect to the naturally induced
symplectic form (that is, volume form) on M.
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PAVING OVER ARBITRARY MASAS IN VON NEUMANN ALGEBRAS

SORIN POPA AND STEFAAN VAES

We consider a paving property for a maximal abelian *-subalgebra (MASA) A in a von Neumann
algebra M, that we call so-paving, involving approximation in the so-topology, rather than in norm (as in
classical Kadison—Singer paving). If A is the range of a normal conditional expectation, then so-paving
is equivalent to norm paving in the ultrapower inclusion A C M“. We conjecture that any MASA in
any von Neumann algebra satisfies so-paving. We use work of Marcus, Spielman and Srivastava to check
this for all MASAs in B(¢£>N), all Cartan subalgebras in amenable von Neumann algebras and in group
measure space II; factors arising from profinite actions. By earlier work of Popa, the conjecture also
holds true for singular MASAs in II; factors, and we obtain here an improved paving size Ce~2, which
we show to be sharp.

1. Introduction

A famous problem of R. V. Kadison and I. M. Singer [1959] asked whether the diagonal MASA (maximal
abelian *-subalgebra) 9 in the algebra B (¢2N) of all linear bounded operators on the Hilbert space 2\
satisfies the paving property, requiring that, for any x € %(¢>N) with 0 on the diagonal and any & > 0,
there exists a partition of 1 with projections py, ..., p, € 9 such that ” > Pixpi H <e|x].

In striking work, A. Marcus, D. Spielman and N. Srivastava [Marcus et al. 2015] have settled this
question in the affirmative, while also obtaining an estimate for the minimal number of projections
necessary for such & paving, n(x, &) < 12%¢~* for all x = x* € B(L>N).

On the other hand, in [Popa 2014] the paving property for & C %(£2N) has been shown to be equivalent
to the paving property for the ultrapower inclusion D® C R®, where R is the hyperfinite II; factor,
D is its Cartan subalgebra and w is a free ultrafilter on N. (Recall from [Dixmier 1954; Feldman
and Moore 1977] that a subalgebra A in a von Neumann algebra M is a Cartan subalgebra if it is
a MASA, there exists a normal conditional expectation of M onto A, and the normalizer of A in M,
Ny (A) ={u e UW(M) |uAu* = A}, generates M.) It was also shown in [Popa 2014] that if A is a singular
MASA in R, or, more generally, in an arbitrary II; factor M, then A“ C M has the paving property,
with corresponding paving size majorized by Ce~>. (Recall from [Dixmier 1954] that a MASA A C M
is singular in M if its normalizer is trivial, that is, N3/ (A) C A.)

Inspired by these results, we consider in this paper a new, weaker paving property for an arbi-
trary MASA A in a von Neumann algebra M that we call so-paving, which requires that, for any

Popa is supported in part by NSF Grant DMS-1401718. Vaes is supported by ERC Consolidator Grant 614195 from the European
Research Council under the European Union’s Seventh Framework Programme.

MSC2010: primary 46L.10; secondary 46A22, 46L.30.
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x € Mg, ={x € M|x=x"}and ¢ > 0, there exists n such that x can be (&, n) so-paved, that is, for any
so-neighborhood V" of 0 there exists a partition of 1 with projections py, ..., p, in A and an elementa € A
satisfying ||a|| < ||x|| and H‘l(Zz PiXpi —a)q” < ¢|lx]|| for some projection g € M with 1 —q € V" (see
Section 2). We prove that, if there exists a normal conditional expectation from M onto A, then so-paving
is equivalent to the property that, for any x € My, and ¢ > 0, there exists n such that x can be approximated
in the so-topology with elements that can be (g, n) norm paved (see Theorem 2.7). If in addition A is count-
ably decomposable, then so-paving with uniform bound on the number n necessary to (g, n) so-pave any
X € Mg, is equivalent to the ultrapower inclusion A® C M® satisfying norm paving (with M as defined in
[Ocneanu 1985]). In particular, this shows that so-paving amounts to norm paving in the case & C RB(L2N).

We conjecture that any MASA in any von Neumann algebra satisfies the so-paving property (see
Conjecture 2.8). We use [Marcus et al. 2015] to check this conjecture for all MASAs in BN) (i.e.,
for the remaining case of the diffuse MASA L*°([0, 1]) C %(Lz([O, 1])); see Section 3), for all Cartan
subalgebras in amenable von Neumann algebras, as well as for any Cartan subalgebra in a group measure
space II; factor arising from a free ergodic measure-preserving profinite action (see Section 4). At the
same time, we prove that, for a von Neumann algebra M with separable predual, norm paving over a
MASA A C M occurs if and only if M is of type I and there exists a normal conditional expectation of
M onto A (see Theorem 3.3).

For singular MASAs A C M, where the conjecture already follows from results in [Popa 2014], we
improve upon the paving size obtained there, by showing that any finite number of elements in M can
be simultaneously & paved over A” with n < 1 4 16e2 projections (see Theorem 5.1). Moreover, this
estimate is sharp: given any MASA in a finite factor, A C M, and any ¢ > 0, there exists x € M, with
zero expectation onto A such that, if || > Pixpi || < ¢||x|| for some partition of 1 with projections in A,
then n must be at least =2 (see Proposition 5.4). We include a discussion on the multipaving size for
% C B(¢*>N) and, more generally, for Cartan subalgebras (see Remark 5.2).

2. A paving conjecture for MASAs

We will consider several paving properties for a MASA A in a von Neumann algebra M. For conve-
nience we first recall the initial Kadison—Singer paving property [1959], for which we use the following
terminology.

Definition 2.1. We say an element x € M is (&, n) pavable over A if there exist projections py, ..., p, € A
and a € A such that ||a|| < [|x|l, Y/_, pi=1and | }_7_, pixp;—a| <ellx||. We denote by n(A C M; x, &)
(or just n(x, €), if no confusion is possible), the smallest such n. Also, we say that x is pavable (over A)
if, for every ¢ > 0, there exists an n such that x is (g, n) pavable. We say that A C M has the paving
property if any x € M is pavable. We will sometimes use the terminology norm pavable/paving instead
of just pavable/paving, when we need to underline the difference with other paving properties.

It is not really crucial to impose ||la|| < ||x||. Indeed, without that assumption, the element a € A in
an (&, n) norm paving of x satisfies [la| < (1+¢)|/x||, so that, replacing a by a’ = (1 + ¢)"'a, we have
la'| < llxl and |32 pixp: —a'|| < 2ellx]l.
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Also note that, if there exists a normal conditional expectation E of M onto A, then the elementa € A
in an (&, n) norm paving of x satisfies || E(x) —a|| < ¢||x||, so that H > i pixpi — E(x) || < 2¢||x||. In the
presence of a normal conditional expectation, one often defines (e, n) norm pavability by requiring the
partition p1, ..., p, € A to satisfy ||Zl DiXpi — E(x)“ <elx|.

Finally note that, if y;, y» € Mg, are (g, n) pavable, then y; + iy, is (2¢, n?) pavable. Thus, in order to
obtain the paving property for A C M, it is sufficient to check pavability of self-adjoint elements in M.

We next define two weaker notions of paving, involving approximation in the so-topology rather than
in norm.

Definition 2.2. An element x € M is (g, n) so-pavable over A if, for every strong neighborhood V'
of 0 in M, there exist projections pi, ..., p, € A, an element a € A and a projection ¢ € M such that
lall < llxll, >-1—; pi =1, |q(>; pixpi —a)q| <ellx|| and 1 —g € V. We denote by ny(x, &) the smallest
such n. An element x € M is so-pavable over A if, for any ¢ > 0, there exists n such that x is (g, n)
so-pavable. We say that A C M has the so-paving property if any x € My, is so-pavable.

It is easy to see that, if M is a finite von Neumann algebra with a faithful normal trace 7 and x € M,,
then x is (g, n) so-pavable if and only if, given any § > 0, there exist a partition of 1 with projections
Pl,....pn€Aanda € Ag, ||lal| <|x||, such that the spectral projection ¢ of ) ; p;xp; —a corresponding
to [—¢llx]||, el|x||]] satisfies T(1 —g) < 8. As pointed out in [Popa 2014, Remark 2.4.1°], if w is a free
ultrafilter on N, then x € My, has this latter property if and only if, when viewed as an element in M?, it
is pavable over the ultrapower MASA A® of M.

Definition 2.3. An element x € M is (e, n; k) app-pavable over A if it can be approximated in the
so-topology by a net of (g, n) pavable elements in M bounded in norm by «||x||. An element x € M
is app-pavable over A if there exists k¢ such that, for any ¢ > 0, there exists n such that x is (&, n; ko)
app-pavable. We say that A C M has the app-paving property if any x € Mg, is app-pavable.

Obviously, norm paving implies so- and app-paving, with n(x, &) > ng(x, ¢) for all x. The next result
shows that, if a MASA is the range of a normal conditional expectation, then so- and app-pavability are
in fact equivalent.

Proposition 2.4. Let M be a von Neumann algebra and A C M a MASA with the property that there
exists a normal conditional expectation E : M — A. Let x € Mg, n € N, ¢ > 0.

(1) If x is (g, n; k) app-pavable for some k > 1, then x is (2k€’, n) so-pavable for any &' > .
(2) If x is (g, n) so-pavable, then x is (&', n; 3) app-pavable for any &' > s.

Proof. (1) Let x; € M, with ||x;|| < «|lx| for all j be such that x; is (e, n) pavable for all j and
xj converges to x in the so-topology. Fix &’ > ¢. We prove that x is (2«¢’, n) so-pavable, i.e., that, given
any so-neighborhood V" of 0, there exist a partition of 1 with projections pi, ..., p, € A, an element
a€AandqgeP(M)suchthat 1 —g €V and |q(X; pixpi —a)q| < 2«e’|lx]|.

Note that, if necessary by changing the multiplicity of the representation of M on the Hilbert space ¥,
we may assume that the given neighborhood V" is of the form V' = {x € My, | | x&|| < o} for some unit
vector £ € ¥ and o > 0.
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For every j, choose a partition of 1 by projections p; 1,..., pj, € A and an element a; € A such that

n
§  DjiXjDji =4
i=1

Applying the conditional expectation E, it also follows that || E(x;) —a;|| < «e||x]||. Therefore,

<ellx;ll < kellx]l.

<2ke|x].

n
Y prite;— E@))pj.
i=1
Define the self-adjoint elements

n n
Tj = ij,i(x —EX)pji and §;= ij,i(xj —EXj)))pji-
i=1 i=1
Let § = 2(¢’ — &)« || x||. Recall that the normal conditional expectation E is automatically faithful because
its support is a projection in A’ M = A and thus equal to 1. So, we can apply Lemma 2.5 and,
since x; — x strongly, we get that 7; — S; — 0 strongly. Thus, there exists j large enough such that
I(T; = SjEIl < ad.

We claim that, if we denote by ¢ the spectral projection of |T; — S| corresponding to the interval [0, J],
then || (1—¢)&|l <, and so 1—¢q €. Indeed, if not, then ||(1—g)& || > o and thus [|[T; —S;|(1—-¢)& || > o,
implying that

I(T; = SPHEN = NTj = S;1(1 —g)§ll = ad > [[(T; — SpEl,
a contradiction.
On the other hand, a = E (x) satisfies ||a|| < ||x|| and we also have the estimates

n
Hq(ZpJ-,Ax - E(x))p,,,-)qH =llqTiqll < lq(T; — Spqll + 1gS;ql < 8+ 2kcellx|| = 2ce'||x].
i=1

This finishes the proof of (1).

(2) Note that if &’ > 2 then there is nothing to prove. So, without any loss of generality, we may assume
O<e<éeg <2 Leta=1—(¢'—¢)/2and y =1— (ae’ —¢)/6. Note that &’ < 2 implies xe’ > ¢,s0y < 1.
We clearly also have y > «.

Let x € Mg, be (g, n) so-pavable. Fix an open so-neighborhood W of 0 in M. We construct an (&', n)
pavable element y € Mg, with || y| <3|x| and x — y € W. We may assume that x # 0.

By the lower semicontinuity of the norm with respect to the so-topology, it follows that the set

Wi=Wn{heM]||x—nhll>ylx|}

is an open so-neighborhood of 0 in M. Choose an open so-neighborhood W of 0 such that Wo—+Wo C W.
Using Lemma 2.5 below to realize the second point, we can fix an so-neighborhood V'; of 0 such that,
for every projection g € M with 1 —¢g € V'|, we have that:
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o x —qxq € Wo;
e gag —a € Wy for all a € A with ||al| < ||x].

Again using Lemma 2.5 below, we can fix an so-neighborhood Vg C V'; of 0 such that, for every projection
q € M with 1 — g € V', we have the following property:

« For any partition of 1 with projections py, ..., p, € A, the spectral projection ¢’ of ) ; pigp;
corresponding to the interval (1 — ((ae’ — €)/(6n?))?, 1] satisfies 1 — g’ € V1.

Since x is (&, n) so-pavable, we can choose projections py, ..., p, € A, an element a € A and a projection
q € M such that [la|| < |lx|l, Xi_y pi =1, [¢(X; pixpi —a)q| < ellx] and 1 — g € V0.
Let ¢; be the spectral projection of p;gp; corresponding to the interval (1 — ((wg’ —¢)/ 6n2))2, 1]

for each i, and let ¢’ = ), ¢;. By the last of the above properties, we have 1 — ¢’ € V. Define
y=¢q'(x —a)q’ +a and note that ||y|| < ||x —a|| + |la]| < 3]|x||. We will prove that x — y € W and that y
is (¢/, n) pavable.

Indeed, because 1 — g’ € V|, we have

x—y=x—q'xq)+(q'aqg’ —a) e Wo+Wo CW,.

So,x —y €W and ||y|| > y|lx]|. Since this implies |y all < |/y|l, in order to prove that y is (¢’, n) pavable
it is sufficient to prove that || Y i Piypi —va || < ¢&’'|ly|l. To see this, note first that we have

E piypi —ya= E piq'(x —a)g'pi + (1 —y)a= E ei(x —a)e;+(1—y)a,
i i i
and thus

=< + A=)l

“Zpiypi —ya

Since, by the definition of e¢;, we have

Z ei(x —a)e;

2
ag’ —¢e
||el-—e,-q||2=||ei—eiqeill=“ef—e"(p"q”")”5( 6n? )

it follows that |lg" —¢'q|l < >, lle; — eiqll < n(ae’ — €)/(6n?) = (ae’ —€)/(6n). Thus, since ¢; = ¢’ p;,
we get that

ag' —¢

6n

lei —q'qpill = 1@ —4'ppill < llg’'q —4'll <

implying that

HZ piypi —vya
Zei (x —a)e;
i

<> llei —q'qpill Ix —all + ||q’q(2p,-xp,- —a)qq’n + > llx—allllei — pigq'll + (1 =)«
i i i

1

S‘ + (I =p)llx|l
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/ /

aeg' —¢ +¢
< ||x—aII+SIIXII+(1—)/)IIXIIfTIIXII

Sae’ +& B
s = Nyl <ay 'yl < €llyl ,

1

where the two last inequalities hold true because ¢ < ae’ and ay ' < 1. (I

In the proof of the above Proposition 2.4, we used the following elementary lemma:

Lemma 2.5. Let M C B(H) be a von Neumann algebra and P C M a von Neumann subalgebra. Assume
that P is finite and that E : M — P is a normal faithful conditional expectation. If (xy) is a bounded net
in M that strongly converges to 0, then the nets (xya) converge strongly to 0 uniformly over all a € (P):
lim( sup ||xka5||) =0 forevery £ € H.
kae(p),

Proof. Since P is finite, we can fix a normal semifinite faithful (nsf) trace Tr on P with the property
that the restriction of Tr to the center #(P) is still semifinite. Define the nsf weight ¢ = TroE on M
and the corresponding space Ny = {x € M | ¢(x*x) < oo}. We complete N, into a Hilbert space H,: to
every x € N, corresponds a vector x € H,, and M is faithfully represented on Hy, by 7, (x)y = Xy.

Whenever z € #(P) is a projection with Tr(z) < oo, we consider the normal positive functional ¢, € M,
given by ¢, (x) = ¢(zxz). Since these ¢, form a faithful family of normal positive functionals on M, it
suffices to prove that

lil?l( sup @ (a*x;x.a)) =0 forall projections z € %(P) with Tr(z) < oo. (2-1)
ae(P)y

We denote by J, the modular conjugation on H,. Since P belongs to the centralizer of the weight ¢,
we have that Xxa = J,m,(a)*J,X for all x € Ny, and a € P. For z € Z(P) with Tr(z) < oo and a € P, we
then find that

. (a*xixpa) = lGazll® = [y (@) Jpizll* < llallP: (xfxy).
Since lim; ¢, (x;x,) =0, we get (2-1) and the lemma is proved. U

Remark 2.6. For Lemma 2.5 to hold, both the finiteness of P and the existence of the normal faithful
conditional expectation E : M — P are crucial. First note that the lemma fails for the diffuse MASA
in B(H). It suffices to take M = B(L*(T)) and P = L>®(T), with respect to the normalized Lebesgue
measure on [. Consider the unitary operators a, € P given by a,(z) = z". We can also consider the
(an)nez as an orthonormal basis of L2(T) and define x; as the orthogonal projection onto the closure of
span{a, | n > k}. Then, x; — 0 strongly. With £(z) =1 for all z € T, we find that sup,, ||xxa,&|[» =1 for
every k. So, the existence of the conditional expectation E is essential.

The previous paragraph implies in particular that the lemma fails if M = P = B(H). So, also, the
finiteness of P is essential.

We will now relate so- and app-pavability properties for a MASA A C M having a normal condi-
tional expectation E4 : M — A, with the norm-pavability for the associated inclusion of ultrapower
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algebras A” C M. We will only consider the case when A is countably decomposable, i.e., when there
exists a normal faithful state ¢ on A. We still denote by ¢ its extension to M given by g o E 4.

For the reader’s convenience, we recall Ocneanu’s [1985] definition of the ultrapower of a von
Neumann algebra. Given a free ultrafilter @ on N, one lets /,, be the C*-algebra of all bounded sequences
(Xn)n € £°(N, M) that are s*-convergent to 0 along the ultrafilter . One denotes by M%® the multiplier
(also called the binormalizer) of I, in £°°(N, M) (which is easily seen to be a C*-algebra) and one defines
M? to be the quotient M%®/I,,. This is shown in [Ocneanu 1985] to be a von Neumann algebra, called
the w-ultrapower of M. Since the constant sequences are in the multiplier M%, we have a natural
embedding M C M®. It is easy to see that, if M is an atomic von Neumann algebra, then M“ = M; in
particular, BLEN)® = B(£2N).

To define the ultrapower MASA A® C M“, one proceeds as in [Popa 1995, Section 1.3]. One lets
Eg’w 1 €°(N, M) — £°°(N, A) be the conditional expectation defined by Eg’w((xn)n) = (Es(x;))n. One
notices that Eg’w(lw) =1,NL*C(N, A) ={(a,) € £>°(N, A) |lim, ¢(a,a,) =0} and that £°(N, A) C MO,
Finally, one defines A® = (£*°(N, A)+1,)/1,~£>°(N, A)/I,NL>*(N, A). It follows that A“, defined this
way, is a von Neumann subalgebra of M, with E g,w implementing a normal conditional expectation E 4
that sends the class of (x,), to the class of (E4(x,)),. Moreover, by [Popa 1995, Theorem A.1.2], it
follows that A® is a MASA in M“. Note also that E 4« coincides with £ 4 when restricted to constant
sequences in M C M®. From the above remark, the ultrapower of % C B(¢2N) coincides with & C B (¢£2N)
itself.

Theorem 2.7. Let M be a von Neumann algebra and A C M a MASA with the property that there exists
a normal conditional expectation E4 : M — A. Let w be a free ultrafilter on N and denote by A C M*
the corresponding ultrapower inclusion.

(1) An element x € Mg, is so-pavable over A if and only if x is app-pavable over A. So, A C M has the
so-paving property if and only if it has the app-paving property.

(2) Assume that A is countably decomposable. Then x € My, is so-pavable over A if and only if x is
norm pavable over A®. More precisely, if x € Mg, is (¢, n) so-pavable, then x is (&, n) norm pavable

over A?; conversely, if x € My, is (&, n) norm pavable over A®, then x is (¢', n) so-pavable for
all ¢’ > &.

(3) Still assume that A is countably decomposable. Then the uniform so-paving property of A C M is
equivalent to the uniform paving property of A C M®. More precisely, if every x € My, is (¢, n)
so-pavable, then every x € M, is (¢, n) norm pavable.

Proof. (1) follows immediately from Proposition 2.4.
To prove (2) and (3), we assume that A is countably decomposable and it suffices to prove the following
two statements for given 0 < & < ¢’ and n € N:

o If x € M2 is represented by the sequence (x,,) € M%? of self-adjoint elements x,, € My, satisfying
lxm |l < llx|l, and if every x,, is (&, n) so-pavable, then x is (¢, n) norm pavable over A®.

o If x € My, is (&, n) norm pavable over A®, then x is (¢, n) so-pavable.
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Since A is countably decomposable, we can fix a normal faithful state ¢ on A and still denote by ¢ its
extension g o E4 to M. Note that the s*-topology on the unit ball of Mj, coincides with the so-topology,
both being implemented by the norm || - ||,.

We start by proving the first of the two statements above. For every m, the self-adjoint element x,, is
(¢, n) so-pavable. So we can take a partition of 1 with projections p{’, ..., p;’ € A, a projection g,, € M
and an element a,, € A such that [|a,| < [x,| < |lx|| and such that |g, (>"; p/"xp!" — am)gm| <
ellx| and @(1 — g,,) < 27". Since (x,,) and £*°(N, A) are both contained in M%, the sequences
(- Qm)plm(xm - am)P,m)m and (P,m(xm - am)p;n(l — 4m))m belong to 1.

Thus, if we let a = (a,) and p; = (p"), € A®, 1 <i < n, then py,..., p, is a partition of 1
with projections in A and p;(x — a)p; coincides with (g, p!" (X — @) P"Ggm)m in M“. It follows
that Zl- pi (x —a) p; coincides with (qm Zi P (Xm — ap) p{"qm)m in M?, and thus has norm majorized
by ¢|lx]||. So we have proved that x is (g, n) norm pavable over A®.

To prove the second of the two statements above, let x € Mg, be (&, n) norm pavable over A“ (as an
element in M®). Let § > O be arbitrary. We have to prove that there exists an a’ € A with ||a’|| < ||x]|,
a partition of 1 with projections ey, ..., e, € A and a projection g € M such that ¢(1 —¢g) < 6 and
lg 3" eitx —aeiq| < &'llx]l.

Take projections py, ..., p, € A and a € A%, such that ||a]| < x|, >_; pi =1 and ||Zl DiXpi —a|| <
ellx|l. Represent the p; by sequences (p!"),, with projections p!" € A such that ), p!* =1 for all m, and
represent a by a sequence (a,,),, with a,, € Ag, and ||la,,|| < ||la| for all m.

We conclude that there exists a sequence of self-adjoint elements (y,,),, € I, of norm at most 3| x| such
that the sequence (by)m = (}; p" (X —am) p}" — ym),, satisfies [|b,, | < &|x| for all m. Since (ym)m € Lo,
we have lim,, ¢ (|y,»|) = 0, so that there exists a neighborhood V' of w such that the spectral projection g,
of |y, | corresponding to [0, (¢' — ¢)||x||] satisfies ¢(1 — g,,,) < § for any m € V. Thus, for any such m, if
we let a’ = a,,, e; = p!" and g = g, then we have

Hq Y eilx—d)eg

Conjecture 2.8. (1) Any MASA in a von Neumann algebra, A C M, with the property that there exists
a normal conditional expectation of M onto A has the so-paving property (equivalently the app-paving

< 1gmbmgm | + gmymam|l < ellx|l + (" =) llx|| < &’llx]l. O

property). Also, while the equivalence between so- and app-pavability for an arbitrary MASA A in a von
Neumann algebra M is still to be clarified, any MASA A C M (not necessarily the range of a normal
expectation) ought to satisfy both these properties.

(2) Going even further, we expect that the paving size satisfies the estimate ng(x, &) < Ce~2 for all x € M,
for some universal constant C > 0, independent of A C M.

Remark 2.9. (i) There is much evidence for 1° in the above conjecture. By Theorem 2.7(3) and the
fact that the ultrapower of & C B(£2N) coincides with @ C B(£2N), so-pavability for this inclusion is
equivalent to Kadison—Singer paving, proved to hold true in [Marcus et al. 2015]. It was already noticed
in [Popa 2014] that so-pavability over the Cartan MASA of the hyperfinite II; factor D C R is equivalent
to pavability of % C %B(¢£2N), and thus holds true by [Marcus et al. 2015]. In fact, more cases of the
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conjecture can be deduced from [Marcus et al. 2015]. Thus, we note in Section 3 that any MASA in a
type I von Neumann algebra (such as a diffuse MASA in B(¢£2N)) satisfy both so- and app-pavability.
Then in Section 4, we use [Marcus et al. 2015] to prove that any Cartan MASA in an amenable von
Neumann algebra, or in a group measure space II; factor arising from a free ergodic profinite action,
has the so-pavability property. On the other hand, the conjecture had already been checked for singular
MASAs in II; factors in [Popa 2014], and Cyril Houdayer and Yusuke Isono pointed out that, modulo
some obvious modifications, the proof in [Popa 2014] works as well for any singular MASA A in an
arbitrary von Neumann algebra M, once A is the range of normal conditional expectation from M. Finally,
in Remark 5.3, we prove that so-pavability also holds for a certain class of MASAS that are neither Cartan,
nor singular.

(i) The estimate on the paving size ns(x, &) ~ e~2 for all x € My, in point (2) of the conjecture is
more speculative, and there is less evidence for it. Based on results in [Popa 2014], we will show in
Theorem 5.1 that this estimate does hold true for singular MASAs. We will also show in Proposition 5.4
that this is the best one can expect for the so-paving size of any MASA in a II; factor, and thus, since
ng(D C R, &) =n(D C B(E2N), ¢), the best one can expect for the paving size in the Kadison—Singer
problem as well (a fact already shown in [Casazza et al. 2007]). For the inclusions & C B(L2N), the
order of magnitude of the ¢ pavings obtained in [Marcus et al. 2015] is Ce~*, but the techniques used
there seem to allow obtaining the paving size Ce 2. However, in order to prove Conjecture 2.8 in its
full generality, in particular unifying the singular and the Cartan MASA cases (including the diagonal
inclusions Dy C 973(6%), 2 < k < 00), which are quite different in nature, a new idea may be needed.

(iii) The (e, n) so-paving in the case of a MASA A C M with a normal conditional expectation E4: M — A
and a normal faithful state ¢ on M with ¢ o E4 = ¢ should be compared with (g, n) L>-paving in the
Hilbert norm || - ||,, which, for x € M, E 4(x) =0, requires the existence of a partition of 1 with projections
Pl1s---, Pn € A such that || > Dixpi ||(p < ¢llx|ly. This condition is obviously weaker than so-paving,
with n(x, €) > ns(x, €) bounded from below by the Lz—paving size of x for all x € Mg,. It was shown
in [Popa 2014, Theorem 3.9] to always occur, with paving size majorised by £ 2 (in fact the proof in
[Popa 2014] is for MASAs in II; factors, but the same proof works in the general case; see also [Popa
1995, Theorem A.1.2] in this respect). The proof of Proposition 5.4 at the end of this paper shows that
the paving size is bounded from below by &~ for all MASAs in II; factors.

3. Paving over MASAs in type I von Neumann algebras

Marcus et al. [2015] proved that, for every self-adjoint matrix T € My (C) with zeros on the diagonal
and for every ¢ > 0, there exist r projections pi,..., pr € Di(C) with r < (6/8)4, Zle pi =1
and || p;Tp;ll < e||T| for all i (see also [Tao 2013; Valette 2015] for alternative presentations of the
proof). Thus, if @ is the diagonal MASA in 3B = B(¢>N), then & C B has the paving property, with
(D CB; x,e) < 12% 4 forall x = x* € B.

In this section, we deduce from this that any MASA A in a type I von Neumann algebra M has the so-
and app-paving property.
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We also prove that a MASA A in a von Neumann algebra M with separable predual has the norm
paving property if and only if M is of type I and there exists a normal conditional expectation of M
onto A.

We start by deducing the following lemma from [Marcus et al. 2015]:

Lemma 3.1. Let (X, ) be a standard probability space and B = M (C) or B = BL>N) with the
diagonal MASA % C B. Consider the unique normal conditional expectation E of B ® L*°(X) onto
DR LX(X). If T € BQ L®(X) is a self-adjoint element with E(T) = 0 and if € > 0, there exist r
projections py, ..., py € D@ L®(X) withr < (6/¢)*, > i_, pi =1 and ||p;Tp;|| < ¢||T|| for all i.

Proof. Tt suffices to consider B = B(¢£>N). Fix a self-adjoint T € B @ L°°(X) with E(T) =0 and & > 0.
Denote by r the largest integer satisfying » < (6/¢)*. We represent T as a Borel function 7 : X — ®
satisfying |7 (x)|| < ||IT|| and E(T(x)) = O for all x € X. Define Y as the compact Polish space

Y ={1,..., r}N. Forevery ye Y and i € {1, ..., r}, we denote by piy € 9 the projection given by
p; (k) =1if y(k) =i and p; (k) =0if y(k) #i. Clearly, the projections pj, ..., p; with y € Y describe
precisely all partitions of &. Also, for every i € {1, ..., r}, the map y piy is strongly continuous.

Define the Borel map

VY xX—[0,400), V(y,x)= max I T ) pi
i= r

.....

and the Borel set Z C Y x X givenby Z :={(y,x) € Y x X |V (v, x) <¢||T||}. For every x € X, we have
that T (x) € B with ||T (x)|| < ||T] and E(T (x)) = 0. So, by [Marcus et al. 2015], for every x € X there
exists a y € Y such that (y, x) € Z. Defining 7 : ¥ x X — X by w(y, x) = x, this means that 7(Z) = X.
By von Neumann’s measurable selection theorem [1949] (or see [Kechris 1995, Theorem 18.1]), we can
take a Borel set Xo C X and a Borel function F : Xg — Y such that (X \ Xo) =0 and (F(x),x) € Z
for all x € Xj.

The Borel functions p; : Xg — 9, pi(x) = piF(x), then define a partition py, ..., p, of @ ® L*(X)
with the property that || p; Tp;|| < || T| for all i. [l

Proposition 3.2. Let M be a von Neumann algebra of type I with separable predual and A C M an
arbitrary MASA. Then A C M has both the so- and the app-paving properties.

More precisely, for every x € Mg, and ¢ > 0, we have that ny(x, €) < 12%~4. Also, there exists a
strongly dense x-subalgebra My C M with A C My such that, for every x € (My)sa and € > 0, we have
that n(x, g) < 1244,

Proof. Fix an arbitrary MASA A C M. There exist standard probability spaces (Xg, ir)ken and (Xg, (a),
(X¢, pe) such that, writing Ay = L*°(Xy), and A4, A, similarly, the MASA A C M is isomorphic to a
direct sum of MASAs of the form
Dy (C) ® Ak C My (C) ® Ag,
{2 (N)® Ag C BE(N) ® Aq, (3-1)
and L([0, 1) ® A, C B(L*([0, 1])) ® A..
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For the first two of these MASAs, by Lemma 3.1, we get that n(x, &) < 12*¢~* for every self-adjoint
element x.

For the rest of the proof, we consider M = %B(L?([0, 1])) ® L>(X) and A = L>([0, 1]) ® L>°(X) for
some standard probability space (X, u). Fix x € Mg, and ¢ > 0. Let n be the largest integer satisfying
n < 12*~*. We prove that x is (e, n) so-pavable. Choose an so-neighborhood ¥ of 0 in M. For
every r > 0, denote by ¢, € RB(L2([0, 1])) the orthogonal projection on to the subspace H, C L2([0, 1])
defined as

H.={¢ € Lz([O, 1]) | € is constant on every interval r'@—1), r_li) fori=1,...,r}

Define &, ; = \/7)([,_10,1)’,_11-), so that (§,;);=1....r is an orthonormal basis of H,.

When r — oo, we have that g, — 1 strongly. So we can fix r large enough such that 1 — (¢, ® 1) € V.
Denote by e¢; € L*([0, 1]) the projection e; = x[,-1(;_1),-1;)- Define the vector functionals w;; in
B(L*([0,1])), by w;j(T) = (T&;, & ). Define a € A by

-
a=> ¢ ® (wi;®id)(x).
i=1
By construction, |ja| < ||x].

Define the isometry V € B(C", L?([0, 1])) by V(6;)=§,;fori=1,...,r. Define y e M,(C)Q®L>(X)
by y:=(V*®@1Dx(V®1). Wealsoput b= (V*®1)a(V ®1). Denoting the natural conditional expectation
by E: M, (C)® L*®(X)— D,(C)® L*®(X), we have E(y) = b. By Lemma 3.1, we thus find projections
Jis-oo fo € D (C) ® L(X) such that fi +---+ f, = 1 and || fi(y — b) fill < ellyll < ellx|| for
allk=1,...,n.

Define the projections a; € L°°(X) such that f; = Z?:l Eii ®a;. Then, let p; € A be the projections
given by px = > ;_, e; ® ax;. By construction, we have

(V*Q Dpixpe (V1) = fyyfx forall k=1,...,n.

Therefore,

H(qr ® 1)(Zpkka —a>(qr ® I)H =

k=1

D (VR Dprxpe(V @ 1) —bH =
k=1

Z Sy fe —b“ <e|x|.
k=1

Since 1 — (¢, ® 1) € V', we have shown that x is (g, n) so-pavable.

For the final part of the proof, for notational convenience, we replace the interval [0, 1] by the circle T.
We define My C B(L3(T)) as the x-algebra generated by L°(T) and the periodic rotation unitaries.
By construction, My C M is a dense x-subalgebra containing A. By Lemma 3.1, every x € (Mp)s, 1S
(e, 12*=*) pavable for all & > 0. ]

We finally prove that for a MASA A in a von Neumann algebra M with separable predual, the classical
Kadison—Singer paving holds if and only if M is of type I and A is the range of a normal conditional
expectation.
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Theorem 3.3. Let M be a von Neumann algebra with separable predual and A C M a MASA. Then,
A C M satisfies the norm paving property if and only if M is of type I and A is the range of a normal
conditional expectation.

Also, unless M is of type I and A is the range of a normal conditional expectation, there exist singular

conditional expectations of M onto A.

Proof. If M is of type I and A is the range of a normal conditional expectation, then A C M is isomorphic
to a direct sum of the first two types of MASAs given by (3-1). It then follows from Lemma 3.1 that
A C M satisfies the norm paving property.

Conversely, assume that A C M satisfies the norm paving property. Then there is a unique conditional
expectation £ : M — A. By [Akemann and Sherman 2012, Corollary 3.3], this unique conditional
expectation E is normal.

Decomposing M as a direct sum of von Neumann algebras of different types, it remains to prove the
following: if M has a separable predual and is of type II, type III; or type III without a type III; direct
summand, and if A C M is a MASA that is the range of a normal conditional expectation £ : M — A,
then there also exists a singular conditional expectation of M onto A. When M is of type II, the existence
of a normal conditional expectation of M onto A implies that A is generated by finite projections. By
reducing with a projection in A, we may thus assume that M is of type II;, and, in this case, singular
conditional expectations were constructed in [Popa 2014, Remark 2.4.3°] (see also [Popa 1999, Proof of
Corollary 4.1.(iii) and Remark 4.3.3°]).

To settle the type III cases, fix a normal faithful state ¢ on M satisfying ¢ = ¢ o E. First assume that
M is of type IlI; and fix n € N. We prove that there exist matrix units {e;; | 1 <i, j <2"} in M such that
[, ei;jlll < 87" for all i, j. To prove this statement, we use the following nonfactorial version of the
Connes—Stgrmer transitivity theorem [1978, Theorem 4]: if ¢ and p are normal positive functionals on a
type III; von Neumann algebra M with separable predual and if ¢ (a) = p(a) for all a € (M), then, for
every ¢ > 0, there exists a unitary u € M such that ||¢ —upu™| < ¢.

Since A is diffuse relative to #(M) C A, we can choose a partition ¢;;, i =1, ..., 2", of A satisfying
p(ae;;) =27"¢(a) foralla e ¥(M) and i =1, ...,2". In particular, the projections e;; have central
support 1 and are thus equivalent in M. Put v, = e;; and choose partial isometries v;, i =2,...,2",

such that v, v’ = e, and v]'v; = e;; for all i. Define the positive functionals ¥; on ej;Me;; given by
Vi (x) = @(vixv;). Whenever z € #(ej1 Meyy), write z = aey; with a € (M), so that

Vi(2) = p(viav;) = @(avv;) = p(ae;) =27 "¢p(a) = p(ae) = ¥1(2).

By the Connes—Stgrmer transitivity theorem, we can take unitaries u; € e;y Mey such that ||y, —u,; ¥, u’ || <
8"~ for all i. Replacing v; by u;v;, this means that we may assume that || — ;|| < 8=~ for all i.
Define the matrix units e;; = v;"vj. Since ¢ = @ o E, we know that [¢, e;;] = 0 for all i. We then find that
[, ei;jlll <8 " forall i, j.

We now proceed as in [Popa 2014, Remark 2.4.3°]. Define the projection p, = 27" Zi,j e;j. Since
all ¢;; belong to A, we get that E(e;;) =J; je;; and thus E(p,) =27"1. Since ||[¢, ¢;;]|| <8 " forall i, j,
we also have ||[¢, pn]ll <47". Define the normal states ¢, on M given by ¢, (x) =2"@(pyxp,), x € M.
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Also define the normal functionals 1, on M given by 7n,(x) = 2"¢(xp,). Note that ||¢, — n,| <27" and
that n,(a) = ¢(a) for all a € A. So, if Y denotes a weak™* limit point of the sequence ¢,, in M*, it follows
that v is a state on M satisfying {(a) = ¢(a) for all a € A. Defining the projection g, = \/,finJrl Dk, We
get that ¢(g,) <27 and thus g, — 0 strongly. By construction, ¥ (1 — ¢g,) = O for every n. Therefore,
Y is a singular state. Then, averaging ¥ by a countable subgroup Uy C U(A) with the property that
Uy = A, we get, as in the proof of [Popa 1999, Corollary 4.1.(iii)], a singular state yr9 on M that is
A-central and whose restriction to A equals ¢. Then ¥y = @ o€, where € : M — A is a singular conditional
expectation (see, e.g., [de Korvin 1971]).

Finally, assume that M is of type III but without a direct summand of type III;. We prove that there
exists an intermediate von Neumann algebra A C P C M such that P is of type Il and P is the range of a
normal conditional expectation M — P. (We are grateful to Masamichi Takesaki for useful discussions
on the discrete decomposition involved in this part of the proof.) The first part of the proof then shows
the existence of singular conditional expectations P — A, which, composed with the normal expectation
of M onto P, provides singular conditional expectations M — A.

The intermediate type II von Neumann algebra A C P C M can be constructed using the discrete
decomposition for von Neumann algebras of type IlI,, A € [0, 1) (see [Takesaki 2003, Theorems XII.2.1
and XI1.3.7]). To avoid the measure-theoretic complications of a direct integral decomposition of M, we
use the following “global” discrete decomposition. Denote by (o;);cr the modular automorphism group
of ¢ and by N = M %, R the continuous core of M (see [Takesaki 2003, Theorem XII.1.1]). Denote
by (6;);cr the dual action of R on N. Write #(N) = L>*(Z, u), where (Z, ) is a standard probability
space. Note that 6 restricts to a nonsingular action of R on (Z, i). The assumption that M has no direct
summand of type III; is reflected by the possibility of choosing Z in such a way that no x € Z is stabilized
by all # € R. This means that the flow R ~ (Z, ) can be built as a flow under a ceiling function (i.e., a
nonergodic version of [Takesaki 2003, Theorem XII.3.2]). More concretely, we find a nonsingular action
of Z x R on a standard probability space 2 with the following properties:

e The actions of Z and R on 2 are separately free and proper, that is, Z ~ Q is conjugate with
7~ QyxZgivenby n-(x,m)=(x,n+m), and R ~ Q is conjugate with R ~ Q; x R given by
t(yvs)=(yat+s)

» The action R ~ Z is conjugate with R ~ ©2/Z. So, we can identify Q20 = Z and thus = Z x Z
with the action R ~ Q given by ¢ - (x,n) = (- x, w(t, x) +n), where w : R x Z — Z is a 1-cocycle.

Since L*>°(Z) = %(N), the 1-cocycle w gives rise to a natural action R ~ N ® £°(Z). We define
N := (N ® £>°(Z)) x R and consider the action Z ~ N given by translation on £*°(Z) and the identity
on N and L(R). As in [Takesaki 2003, Lemma XII.3.5], it follows that N is of type II and that N' % Z is
naturally isomorphic with M ® B(L*(R)) ® B(¢*(2)).

Since ¢ = ¢ o E, we get that every a € A belongs to the centralizer of ¢. We can then view A ® L(R)
as a MASA of N = M x, R. Also Z(N) C A® L(R). So, the above action R ~ N ® £>°(Z) globally
preserves A ® L(R) ® £°°(Z). We can then define o := (A ® L(R) ® £*°(Z)) x R as a von Neumann
subalgebra of N.
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The dual action R ~ L(R) is conjugate with the translation action R ~ L*°(R). Therefore, the
1-cocycle w trivializes on A ® L(R). This yields the natural surjective *-isomorphism

VAR B(LAR)) ®L°(Z) — .

Choose a minimal projection g € B(L2(R)) ® £°(Z) and put p = V(1 ® g). We then get that
A C pNp C p(N xZ)p. Using the natural isomorphism of N' x Z with M ® B(L2(R)) @ B(L2(Z)), we
can identify p(N X Z)p = M and have found pN p as an intermediate type Il von Neumann algebra sitting
between A and M. Because there is a natural normal conditional expectation of N' X Z onto N, we also
have a normal conditional expectation of M onto pNp. ([l

4. Paving over Cartan subalgebras

The paving property for the diagonal MASA % C B (£2N) was shown in [Popa 2014] to be equivalent to the
paving property for the ultrapower inclusion D C R“, where D is the Cartan MASA in the hyperfinite II;
factor R. As we have seen in Theorem 2.7, this is equivalent, in turn, to the (uniform) so-paving property
for D C R. Thus, [Marcus et al. 2015] implies that so-paving holds true for D C R. We will now use
[Marcus et al. 2015] to prove that, in fact, so-paving holds true for any Cartan subalgebra of an amenable
von Neumann algebra as well as for Cartan inclusions arising from a free ergodic profinite probability
measure-preserving (pmp) action of a countable group, I' ~ X, i.e., A= L®(X) CL®(X)x ' =M.

Theorem 4.1. (1) If M is an amenable von Neumann algebra and A C M is a Cartan MASA of M, then
A C M has the so-paving property, with ng(A C M; x, €) <25 for all x € My,.

(2) Let I" be a countable group and I ~ (X, ) an essentially free, ergodic, pmp action that is profinite.
Then A= L>®(X) C L®(X)xT = M is so-pavable and, for every x € Mg, ng(A C M; x, €) < 13%™4. So,
also, A® C M® satisfies the norm paving property and, for every x € M?, n(A® C M®; x, ¢) < 13%~4.

sa’

Proof. (1) By [Connes et al. 1981], given any x € Mg, and any so-neighborhood " of 0, there exists
a finite-dimensional von Neumann subalgebra By C M, having the diagonal Ay contained in A and
NB,(Ag) C Ny (A), and an element y, = y; € Bo, ||y,ll < llx]|, such that x — y, € V. But, by [Marcus
etal. 2015] (see Lemma 3.1), y, can be (g9, n) paved over A (thus also over A D Ao) for some &y slightly
smaller than &/2 and n < 25*~*. By Proposition 2.4, we conclude that x can be (g, n) so-paved for every
e>0.

(2) Take a decreasing sequence of finite-index subgroups ', < I' such that (X, ) is the inverse limit of
the spaces I'/ I',, equipped with the normalized counting measure. Write r,, : X — I'/I',,. The essential
freeness of I' ~ (X, i) means that, for every g € I' — {e}, we have

i {xel/T, | gx =ux}|
m =
n (Il

0. 4-1)

Write A, =¢*°("/T,). View A; C A, C --- as an increasing sequence of subalgebras of A with dense
union. Fix a free ultrafilter @ on N. For every n € N, define M,, = Mir r,1(C) as the matrix algebra with
entries indexed by elements of I'/ I',,. Consider A, C M,, as the diagonal subalgebra. For g € I', denote
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by ug , € M), the corresponding permutation unitary. Denote by 7, the normalized trace on M, and by
| - l2 the corresponding 2-norm. By (4-1), we have that || E4, (ug ,)|l2 — O for all g € I' — {e}.

Denote by J =[], (M, t,) the ultraproduct of the matrix algebras M,,, with MASA o C JM defined
as A =[], A,. We can then define a normal faithful x-homomorphism 7 : M — Jl, where 7 (au,) € M
is represented by the sequence (aug ,),>n Whenever a € A,,.

Fix & > 0 and denote by r the largest integer that is smaller than or equal to (12/¢)*. We claim that, for
every self-adjoint x € M®, there exists a partition p1, ..., p, of A® such that || p; (x — E 40 (x)) p;i |l < e|lx||
for all i. To prove this claim, it suffices to prove the following local statement: for every self-adjoint
x € M with ||x|| <1, and for all § > 0, m € N, there exists a partition py, ..., p, of A (thus independent
of m and 8, since r was fixed in the beginning) such that the element y =Y ;_, p;(x — E4(x)) p; satisfies

TN <ef+8 forall k=1,....m. (4-2)

Indeed, once this local statement is proved and given a self-adjoint element x € M represented by a
sequence (X,),; with x,, = x, and ||x,,|| < [|lx|| for all m, we find partitions p}’, ..., p;" of A such that
the elements y,, = > ;_; pI" (xm — Ea(xy)) p!" satisfy

| 1
1) < (ellxm Dt + — < CellxD* + — forall k=1,....m.

Defining the projections p; € A® by the sequences p; = (p!"),, and putting y = > "/, p;i(x — E 40 (x)) p;,
this means that |7 (y*)| < (¢]|x|)* for all k € N. Since y is self-adjoint, it follows from the spectral radius
formula that || y|| < ¢]|x||, so that the claim is proved. This means that every self-adjoint x € M® can be
(¢, n) paved for some n < 12%~*. So, by Theorem 2.7, also every x € M, can be (¢, n) so-paved for
some n < 13%~4.

We now deduce the above local statement from [Marcus et al. 2015]. Fix x € M, with |[x] < 1
and fix § > 0 and m € N. By the Kaplansky density theorem, we can take ng € N, a finite subset
F C I' and a self-adjoint xo € span{au, | a € Ay, g € F} with [[xo|| < 1 and ||x — xoll2 < §/(m2™).
We may assume that e € . We prove below that we can find a partition py, ..., p, of A such that
the element yj := Zle pi(xo — Ea(x0))p; satisfies |t(y’(§)| <ek4 /2 forall k =1,...,m. Writing
y = i_y Pi(x — Ea(x))p;, we find that ||y — yoll2 < [lx — xoll2 and also || y[| <2, [[yoll < 2. Therefore,

Iy = yolla <m2" x —xola <5 forall k=1,...,m.

9
2
Thus |7 (yX) — T (y§)| < 8/2, so that (4-2) follows.

We now must find a good paving for xq. For this, we use the ultraproduct Jl and the injective

homomorphism 7 : M — l defined above. Write xo = )_ agug with a, € A,,. Then, m(xg) is

geF
represented by the bounded sequence of self-adjoint elements 7, := ) geF dgllgn- Since || (xg)|| =
llxoll <1, we can take a bounded sequence of self-adjoint elements S, € M,, such that lim,_,, || S,|l =0
and ||7, — S,|| <1 for all n. Take K > 0 such that ||7,,|| < K and || S,|| < K for all n. Take n; > ng

close enough to w such that || S, [l2 < 6/(4m (2K)"~1) and such that (using (4-1)) the projection g € Ay,
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defined by the set
{xel'/T, | gx #x forall g e F"\ {e}}

satisfies |1 —q|l» < 8/2™*2. Write R = T, — S,,,. Since R = R* and ||R|| < 1, by [Marcus et al. 2015],
there exists a partition p1, ..., p, of A,, such that the element ¥ := Zle pi(R— EA,,] (R)) p; satisfies

1Yl < 3ellR = Ea, (R <e.

We define Z := Z;Zl pi(Ty, —EAn1 (T,,))pi. Note that ||Y|| <2 and || Z|| <2K. Also, ||Y —Z||2 < || Sn, ll2.
so that, forall k =1, ..., m, we have

- J
15— 252 < m@K)" 1Sy ll2 < 5.

Then also ||[Y*g — Z¥q ||, < §/4. Because ||[Y*q|| < ||Y||¥ < ¥, we conclude that
170, (Z5q)| §ek+% forall k=1,...,m.
By our choice of ¢, whenever 1 <k <m, aj,...,ax € A,, and g1, ..., gk € &, we have

Tnl (alugl,nl Tt ak”gk,nkQ) = T((lll/lgl Tt akung),

where the left-hand side uses the trace in M,,,, while the right-hand side uses the trace in M. Writing
Yo = iy Pi(xo — E4(x0))pi, we find that

Tk = o (Z5) <&+ 5 Forall k=1,...,m.
Since ||ygq — y§||2 <2™|lq — 1|2 < /4, we get the required estimate
If(ylg)lfek—i—% forall k=1,...,m. 0

Remark 4.2. We believe that [Marcus et al. 2015] can be used to settle Conjecture 2.8 (so-pavability) for
all Cartan subalgebras in II; factors A C M, and in fact for any Cartan subalgebra in a von Neumann algebra.
The following could be an approach to a solution, but we could not make it work. Consider the abelian von
Neumann algebra sl = AV J AJ acting on L2(M). Thisisa MASA in M= (M, e,) = (JAJ) NB(L>(M))
and there exists a normal conditional expectation from the type I von Neumann algebra Jl onto s (see
[Feldman and Moore 1977]). Therefore, o4 C JM satisfies the norm-paving property. If, now, x € M, we
can pave x by a partition p; € AV JAJ. Taking a very fine partition g; € A, we can so-approximate p;
by Y j pi,jJq;J. It should be possible to choose the p; ; as “almost partitions™ of 1 in A such that, for
many j (or at least one j), the py ;, ..., p,; approximately pave x (in the so-paving sense).

In relation to the approach to proving so-pavability for Cartan subalgebras suggested above, let us
mention that the [Marcus et al. 2015] paving property for discrete MASAs in type I von Neumann algebras
allows the following new characterization for a MASA to be Cartan:

Corollary 4.3. Let M be a von Neumann algebra with separable predual and A C M a MASA in M that is
the range of a normal conditional expectation. Let M= (M, e) = (JAJ) NB(L>M) and A = AV JAJ.
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The following conditions are equivalent:

(1) A is a Cartan subalgebra of M.
(2) A is a Cartan subalgebra of M.
(3) A C M has the paving property.

Proof. The equivalence of (1) and (2) follows from [Feldman and Moore 1977]. Since M is of type I,
a MASA in Jl is a Cartan subalgebra if and only if it is the range of a normal conditional expectation.
Also, an abelian subalgebra of [l can only satisfy the paving property if it is maximal abelian. Therefore,
the equivalence of (2) and (3) follows from Theorem 3.3 (and, thus, uses [Marcus et al. 2015]). O

5. Paving size for one or more elements

In [Marcus et al. 2015], it is shown that every self-adjoint element 7" in %(Z,%), 1 <k < o0, can be
(e, 12*¢™*) paved over its diagonal MASA. In the previous section, we have used this result to prove
that any amenable von Neumann algebra M with a Cartan subalgebra A C M is (g, 25*~*) so-pavable
over A; equivalently, any self-adjoint element in M® is (e, 25*¢™*) norm pavable over A®.

On the other hand, it has been shown in [Popa 2014] that, if A is a singular MASA in a II;
factor M, then n(A® C M®; x,¢&) < 2526 2(e~' + 1) < 1250¢ 73 for all x € M. Or, equivalently,
ns(A C M; x, e) < 1250¢ 3 for all x € My, (see [Popa 2014], Corollary 4.3 and the last lines of the proof
of Proposition 2.3). This is shown by first proving that, given any ¢ > 0 and any finite set of projections
in M that have scalar expectation onto A, one can find a simultaneous so-paving for all of them with at
most 2& 2 projections in A (see [Popa 2014, Corollary 4.2]), then using a dilation argument to deduce it
for arbitrary self-adjoint elements.

We will now show that, in fact, the so-paving size for self-adjoint elements over singular MASAs, and
respectively the norm-paving size over an ultraproduct of singular MASAs, can be improved to 4%~ (the
order of magnitude £~ for the paving size is optimal; see Proposition 5.4 below). Moreover, we show
that one can (e, n) so-pave simultaneously any number of self-adjoint elements with n < 1 4+ 4%¢~2 many
projections over a singular MASA, a phenomenon that does not occur in the classical Kadison—Singer
case @ C B(£>N), nor in fact for any Cartan subalgebra in a II; factor A C M (see Remark 5.2 below).
The proof combines the uniform paving of projections that have scalar expectation onto A in [Popa 2014,
Corollary 4.2] with a better dilation argument that allows us not to lose on the paving size, while still
dealing simultaneously with several self-adjoint elements.

Theorem 5.1. Let A, C M, be a sequence of singular MASAs in finite von Neumann algebras. Put
M=][],M,and A=T], Ap.

Let ¢ > 0. For every finite set of self-adjoint elements & C M © A, there exists a decomposition of the
identity 1 = py + - - -+ pn withn < 1+ 16e72 projections pj € A such that

n
> pixp;

j=1

<e|x|| forall x € %F.
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Proof. Fix & > 0 and let n be the unique integer satisfying 16e™2 <n < 14 1672, Also fix a finite
subset {x, ..., x,} C M © A of self-adjoint elements. We may assume that ||xi|| = 1 for all k. Define
vi = (1+x)/2. Notethat 0 < y, <1 and E4(yx) = % Let (B, t) be any diffuse abelian von Neumann
algebra. Write

M =] [(Mx(C) ® (M, * B))

and consider the von Neumann subalgebra AcCM given by

A=[Ja,@B)=AaaB".

Note that, for every n, we have that A, & B C M>(C) ® (M,, x B) is a singular MASA. Therefore, AcCM
is the ultraproduct of a sequence of singular MASAs.
Define the orthogonal projections Qy, € M given by

0, = ( Yk «/yk—yf)
Vyie=yi 1=%
Note that E ;(Qx) = 1.

Applying [Popa 2014, Theorem 4.1.(a)] to X = {Qk — % lk=1,..., m}, we find a diffuse von
Neumann subalgebra By C A such that every product with factors alternatingly from By & C1 and X has
Zero expectation on A. In particular, for all k, we have that By and C1 + CQy are free von Neumann
subalgebras of (M ,T).

Choose any decomposition of the identity 1 = Py + - - - + P, with n projections P; € By satisfying
T(P;) =1/n. Fix j €{l,...,n}and k € {1, ..., m}. Since the projections P; and Qy are free, with
traces respectively given by 1/n and 1, it follows from [Voiculescu 1987, Example 2.8] that

2
1
| PiQuP; — 3P| < NG
Write P; = p; @ q;, where p; € A and g; € B? are projections. The upper left corner of P; Oy P; — %PJ-
equals p;(xx/2)pj, and we conclude that

4
Ipjxepill < T <e.
This ends the proof. -

Remark 5.2. (1) As shown in Theorem 5.1 above, in the case that A C M is singular, any finite number
of elements can be simultaneously (e, n) norm paved over A” with n < 1 4 16e~2. By [Popa 2014,
Theorem 3.7], any finite number of elements can also be simultaneously (g, n) L2-paved over A” with
n < 1+ &2, But this is no longer true for norm paving over a MASA that has “large normalizer”. For
instance, one cannot pave multiple matrices in B(£2N) over its diagonal 9. This can be seen as follows:
Assume M is a finite von Neumann algebra and A C M is a MASA whose normalizer N (A) generates a
II; von Neumann algebra. Then, for any m > 1, there exists a unitary u € N'j;(A) such that E4 (u*) =0 for
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all 1 <k <m—1,u™ = 1. Denote by o the automorphism Ad(u) of A. Assume now that py, ..., p,isa
partition of A that simultaneously ¢ paves the set of m —1 unitaries (uk1k=1,...,m—1}forsome0<c<1.
Then ||piu*p;i|| <cforalli=1,...,nandallk =1,...,m — 1. But ||piufp;|| = || pic*(p:)|l and

piak(p,-) is a projection. Thus, p,-ak(pi) must be zero for all i and k. So, for every fixed i, we find
that p;,o(p;), ..., o (p;) are orthogonal. Thus, t(p;) < 1/m. Since > pi = 1, it follows that
n > m. Note that, by replacing the cyclic group Z/mZ ~ {u* | 0 <k <m — 1} C Ny (A) with the group
(Z2)27)" < Ny (A), acting freely on A, one gets the same result for m = 2', but with a set of m — 1
self-adjoint unitaries.

We conclude that if the normalizer of a MASA generates a type II; von Neumann algebra then, given
any m, there exists a set of m — 1 unitaries in M such that, in order to simultaneously c pave all of them,
with ¢ < 1, we need at least m projections (in the case m =2, the set can be taken of self-adjoint unitaries).
Note that, if u € N3 (A) is as before and we let X = {(u* +u=%)/2, W* —u=)/Qi) |1 <k <m —1},
then any partition of 1 with projections py, ..., p, C A that simultaneously (c/2) paves all x € X must
satisfy n > m = | X|/2 + 1. Thus, under the same assumptions on A C M as before, given any m( and
any cp < %, there exists a set Xo C M, with | Xo| = mg such that, in order to simultaneously cq pave all
x € Xy, we need at least m(/2 projections.

(2) If AC M is aMASA in a von Neumann algebra, X C M and ¢ > 0, we define n(A C M; X, ¢) in the ob-
vious way. Also, for m a positive integer, we letn(A C M; m, ¢) =sup{n(ACM; X, ¢) | X C Mg, | X|=m]},
and call it the multipaving size of A C M. One always has the estimate n(A C M; m, &) <n(A C M; ).
By Theorem 5.1, if A is a singular MASA in a II; factor M, then n(A®” C M®;m,¢) <1+ 162 for all
m>1,¢e>0. By 5.2.1° above, if N3;(A)” is of type II;, then n(A C M; m — 1,¢) > m for all m =2/,
0 < ¢ < 1, while for arbitrary m (not of the form 2/) and ¢ < %, we have n(A C M; my, cg) > mo/2. At
the same time, by [Marcus et al. 2015], we have n(A C M; m, ¢) < (12/g)*".

It would be interesting to find estimates for this multipaving size in this last case (when N/ (A)
is large). By arguing as in the proof of [Popa 2014, Theorem 2.2], we see that n(% C B; m, ¢) =
n(D® C R, m,e) =n(D C M;m,¢) for all ¢ > 0, m € N, where D C M denotes the ultraproduct
inclusion I1, Dy C I1,Mjx(C). Thus, estimating the multipaving size for D C R®, or for D C M, is
the same as doing it for & C %. From Remark 5.2(1) and [Marcus et al. 2015], for each fixed 1 > ¢ > 0,
the growth in m of the multiple paving size n(% C %; m, ¢) is between m and (¢ ~*)". Calculating its
order of magnitude seems a very challenging problem. It would already be interesting to decide whether
this growth is linear (more generally, polynomial), or exponential.

Remark 5.3. Exactly the same proof as that of [Popa 2014, Theorem 4.1.(a)] shows the following more
general result. Let (M, ) be a von Neumann algebra with a normal faithful tracial state, A C M a
MASA in M and A C N C M an intermediate von Neumann subalgebra with the following malnormality
property: the only A-N-subbimodule of L?(M & N) that is finitely generated as a right N-module is {0}.
Then, given any || - ||,-separable subspace X C M © N and any free ultrafilter w on N, there exists a
diffuse von Neumann subalgebra By C A® such that every “word” with alternating “letters” from By & Cl
and X has trace zero. Note that [Popa 2014, Theorem 4.1.(a)] corresponds to the case N = A because,
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by [Popa 2006, Section 1.4], the singularity of A in M implies that L>(M © A) contains no nonzero
A-A-subbimodule that is finitely generated as a right A-module.

By combining this result with the dilation argument as in the proof of Theorem 5.1 above, it follows that
any x € M © N can be so-paved, with ng(A C M; x, &) < 5?72 Thus, if A C N satisfies the so-paving
property, then so does A C M, and we have the estimate ng(A C M; ¢) < 2028_2nS(A C N; ¢e/2).

This observation allows us to derive the so-paving property (and thus the validity of Conjecture 2.8(1)
for a class of MASASs that are neither singular nor Cartan. More precisely, assume that A C M is a
MASA in a II; factor such that the normalizer Nj;(A) generates a von Neumann algebra N satisfying the
conditions: (1) either N is amenable, or A C N can be obtained as a group measure space construction
from a free ergodic profinite action of a countable group; (2) N C M satisfies the above malnormality
condition. Then, A C M has the so-paving property.

Concrete such examples can be easily derived from [Popa 1983]. For instance, [Popa 1983, Theorem 5.1]
provides an example of a MASA A in the hyperfine II; factor M ~ R such that the normalizer of A in M
generates a subfactor N C M with the property that yL>(M & N)y is an infinite multiple of the coarse
N-N-bimodule L2(N) ® L%(N), and thus N C M satisfies the malnormality condition. Other examples
come from free product constructions: let A C N be a Cartan subalgebra of a (separable) amenable
von Neumann algebra of type II; (e.g., the hyperfinite II; factor, N >~ R); let (B, t) be a diffuse finite
von Neumann algebra and denote M = N * B; then, A is a MASA in M, the normalizer of A in M
generates N, and again, by [Popa 1983, Remark 6.3], yL>(M © N)y is an infinite multiple of the coarse
N-N-bimodule, so that N C M satisfies the malnormality condition.

We end with a result showing that the order of magnitude of the paving size obtained in Theorem 5.1 is
optimal. More generally, we show that, for any MASA in any II; factor, the ¢ paving size is at least £ 72,
i.e., sup{n(e, x) | x € Mg} > e~2. The proof is very similar to [Casazza et al. 2007, Theorem 6], where it
was shown that one needs at least =2 projections to & pave self-adjoint unitary matrices.

Proposition 5.4. Let M be a 1l factor and A C M a diffuse abelian von Neumann subalgebra. Let € > 0
and n < e72. There exists a self-adjoint unitary x € M with E 4(x) = 0 and

n n
> pexpe| = Y pexpu
k=1 k=1

for every decomposition of the identity 1 = py + - - -+ p, with n projections py € A.

So, if A C M is a MASA in a 11 factor, then the uniform L* paving size of A C M® is exactly equal

to the smallest integer that is greater than or equal to 2.

>

> € (5-D
2

Proof. Fix ¢ > 0 and n < e ~2. Take r large enough such that

r 1 1 2
> ¢ (5-2)

r—1n r—1

and such that there exists a conference matrix C € M, (R) of size r, that is,

Cij=%1 ifi#}j, Cii=0 forall i, and  (r—1)"Y2C is a self-adjoint unitary.
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Since A is diffuse, we can choose projections ey, ...,e, € Awithl =e;+---+¢, and 7(e;) = 1/r for
every i. Since M is a II; factor, we can choose partial isometries v, ..., v, € M such that v;v} = e; and
viv; = e; for all i. Define

1 r
X = E Cijv;‘vj.
VJr—1 Pt

Note that x is a self-adjoint unitary. Since A is abelian, we have for all i % j that

O=eiejEA(v7vj) =eiEA(v;"vj)ej = EA(el-v;kvjej) = EA(vl-*vj).

Since C;; =0 for all i, we get that E4(x) = 0.
Choose an arbitrary decomposition of the identity 1 = p; + - - - + p, with n projections py € A. We
prove that (5-1) holds. First note that

n
Z DikXDk
k=1

Since A is abelian, we can define the projections p;; = e; pr. Writing py = er: | Pik>» we get for every
ke{l,...,n} that

n

2 n
= lpexpil3 =) t(pexpix). (5-3)
2 k=1

k=1

r r
(P pix) = Z T(Pixpjx) = Z T(pikXpjixe;)
hj=l ij=1

1 r

= r—1 Z Ciij(PikU?Ujpij;fvi)

ij=1

1 r r

= ( Z T(0; Py ViV P V) — Z t(vipikv;“vipikv;k))

ij=1 i=1

1 r
l(t(Tkz)—r(pk)), where Tk:Zvipikvf.

o i=1

In combination with (5-3), it follows that

n
Z DiX Pk
k=1

We next observe that, as positive operators, we have

n n 2
Sz (Xn). (5-5)
k=1

k=1

S| LI 1
= /) ———. 5-4
s T 1T<; k) r—1 (>-4)

Indeed, defining the elements T, R € M| ,(C) ® M given by

T=(T I, ---T,) and R=(1-.--1),
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we get that

n

n 2
(Z Tk) =TR*RT* <||R|’TT*=n)_T_.

k=1 k=1

So, (5-5) follows. By construction, we have that Zzzl T =req. So, in combination with (5-4) and (5-2),

we find that
n
Z PiXPk
k=1

Thus we have proved (5-1).
Now assume that A C M is a MASA in the II; factor M. It follows that the uniform L2-paving size of
A® C M? is at least e ~2. On the other hand, if n is an integer and n > €72, it was proved in [Popa 2014,

1 1 1 1
—t(r’e) — = r_ > g2,
—1n

> =
- r—1 r—1n r-—1

2
2

Section 3] that every element x € M can be (e, n) L>-paved. (]
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