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SHARP L? BOUNDS FOR THE WAVE EQUATION
ON GROUPS OF HEISENBERG TYPE
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Consider the wave equation associated with the sub-Laplacian on groups of Heisenberg type. We construct
parametrices using oscillatory integral representations and use them to prove sharp L? and Hardy space
regularity results.
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Introduction

Given a second-order differential operator L on a suitable manifold, we consider the Cauchy problem for
the associated wave equation

@ +Lu=0, ul_o=f oul_ =g €]

This paper is a contribution to the problem of L?” bounds of the solutions at fixed time t in terms of
LP?-Sobolev norms of the initial data f and g. This problem is well understood if L is the standard
Laplacian —A (i.e., defined as a positive operator) in R? [Miyachi 1980; Peral 1980], or the Laplace—
Beltrami operator on a compact manifold [Seeger et al. 1991] of dimension d. In this case, (1) is a strictly
hyperbolic problem and reduces to estimates for Fourier integral operators associated to a local canonical
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graph. The known sharp regularity results in this case say that, if y(p) =(d — 1) |% — %‘ and the initial
data f and g belong to the L”-Sobolev spaces L]’:( 2 and L‘;( D—1> respectively, then the solution u( -, 7)

at fixed time t (say t = £1) belongs to L?”.

In the absence of strict hyperbolicity, the classical Fourier integral operator techniques do not seem
available anymore and it is not even clear how to efficiently construct parametrices for the solutions;
consequently, the L? regularity problem is largely open. However, some considerable progress has been
made for the specific case of an invariant operator on the Heisenberg group H,,, which is often considered
as a model case for more general situations. Recall that coordinates on H,, are given by (z, u) with
z=x+iy € C", u € R, and the group law is given by (z,u) - (z', u’) = (z +7 u+u — 13z -Z/)). A
basis of left-invariant vector fields is given by X; = 9/0x; — %yja/au, Y; =9d/dy;+ %xja/au, and we
consider the sub-Laplacian

m
L=-> (X}+Y).

j=l1
This operator is perhaps the simplest example of a nonelliptic sum-of-squares operator in the sense of
[Hormander 1967]. In view of the Heisenberg group structure, it is natural to analyze the corresponding
wave group using tools from noncommutative Fourier analysis. The operator L is essentially selfadjoint
on C°(G) (this follows from the methods used in [Nelson and Stinespring 1959]) and the solution of (1)
can be expressed using the spectral theorem in terms of functional calculus; it is given by

sin(t\/Z)
L v

u(-,t):cos(‘c«/f)f—i— N3

We are then aiming to prove estimates of the form

luC-, Ol SN +T2L)Y 2 £, + e + 2L g, 2)

involving versions of L”-Sobolev spaces defined by the subelliptic operator L. Alternatively, one can
consider equivalent uniform L? — L?” bounds for operators a(z~/L)e* “/Z, where a is a standard
(constant coefficient) symbol of order —y . Note that it suffices to prove those bounds for times 7 = %1,
after a scaling using the automorphic dilations (z, u) — (rz, r2u), r > 0.

A first study about the solutions to (1) was undertaken by Nachman [1982], who showed that the
wave operator on H,, has a fundamental solution whose singularities lie on the cone I"' formed by the
characteristics through the origin. He showed that the singularity set I" has a far more complicated
structure for H,, than the corresponding cone in the Euclidean case. The fundamental solution is given
by a series involving Laguerre polynomials and Nachman was able to examine the asymptotic behavior
as one approaches a generic singular point on I'. However, his method does not seem to yield uniform
estimates in a neighborhood of the singular set, which are crucial for obtaining L”-Sobolev estimates for
solutions to (1).

D. Miiller and E. M. Stein [1999] were able to derive nearly sharp L' estimates (and, by interpolation,
also L? estimates, leaving open the interesting endpoint bounds). Their approach relied on explicit
calculations using Gelfand transforms for the algebra of radial L' functions on the Heisenberg group,
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and the geometry of the singular support remained hidden in this approach. Later, Greiner, Holcman and
Kannai [Greiner et al. 2002] used contour integrals and an explicit formula for the heat kernel on the
Heisenberg group to derive an integral formula for the fundamental solution of the wave equation on
H™ which exhibits the singularities of the wave kernel. We shall follow a somewhat different approach,
which allows us to link the geometrical picture to a decomposition of the joint spectrum of L and the
operator U of differentiation in the central direction (see also [Strichartz 1991]); this linkage is crucial to
prove optimal L? regularity estimates.

In order to derive parametrices we will use a subordination argument based on stationary phase
calculations to write the wave operator as an integral involving Schrédinger operators for which explicit
formulas are available [Gaveau 1977; Hulanicki 1984]. This will yield a type of oscillatory integral
representation of the kernels, as in the theory of Fourier integral operators, which will be amenable to
proving L? estimates. Unlike in the classical theory of Fourier integral operators [Hérmander 1971], our
phase functions are not smooth everywhere and have substantial singularities; this leads to considerable
complications. Finally, an important point in our proof is the identification of a suitable Hardy space for
the problem, so that L” bounds can be proved by interpolation of L? and Hardy space estimates. We then
obtain the following sharp L? regularity result, which is a direct analogue of the result by Peral [1980]
and Miyachi [1980] on the wave equation in the Euclidean setting.

Theorem. Letd =2m+ 1,1 < p <oo,andy > (d — 1)‘% - %‘ Then the operators
(I +72L)""? exp(£it/L)

extend to bounded operators on LP (H™). The solutions u to the initial value problem (1) satisfy the
Sobolev-type inequalities (2).

Throughout the paper we shall in fact consider the more general situation of groups of Heisenberg
type, introduced by Kaplan [1980]. These include groups with center of dimension greater than 1. The
extension of the above result for the wave operator to groups of Heisenberg type and further results will
be formulated in the next section.

1. The results for groups of Heisenberg type

Groups of Heisenberg type. Let d|, d; be positive integers, with d; even, and consider a Lie algebra g
of Heisenberg type, where g = g1 @ g», with dim g; = d; and dim g, = d5, and

[g. 9] C g2 C3(9),

3(g) being the center of g. Now g is endowed with an inner product ( , ) such that g; and g, or orthogonal
subspaces. For u € g3 \ {0}, we define the symplectic form w, on g; by

then there is a unique skew-symmetric linear endomorphism J,, of g; such that

wu(V, W) = (Ju(V), W) “)
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(here, we also used the natural identification of g7 with g, via the inner product). Then, on a Lie algebra
of Heisenberg type,
Ir=—|ulI (5)

for every € g3. As the corresponding connected, simply connected Lie group G we then choose the
linear manifold g, endowed with the Baker—Campbell-Hausdorff product

Vi, U1) - (Va, Ua) := (Vi + Vo, Ur + U + 5[ V1, Val).

As usual, we identify X € g with the corresponding left-invariant vector field on G given by the Lie
derivative:

Xf(9) =2 f(gexpxn)| .

where exp : g — G denotes the exponential mapping, which agrees with the identity mapping in our case.
Let us next fix an orthonormal basis X, ..., X4, of gi, as well as an orthonormal basis Uy, ..., Uy,
of g». We may then identify g = g; + g and G with R% x R% by means of the basis X, ..., Xy,
Uy, ..., Uy of g. Then our inner product on g will agree with the canonical Euclidean product
vVew = Z?Sdz vjw; on R4+ and J,, will be identified with a skew-symmetric d; x d; matrix. We
shall also identify the dual spaces of g; and g, with R% and R%, respectively, by means of this inner
product. Moreover, the Lebesgue measure dx du on R4+ is a biinvariant Haar measure on G. By

d:=d|+d> 6)

we denote the topological dimension of G. The group law on G is then given by

(x,u)-(x/, u’):(x+x’,u+u'+%(fx,x’)), 7
where (f x, x') denotes the vector in R with components (Jy,x, x').
Let
dy
._ 2
L:=— Z X; (8)
j=1
denote the sub-Laplacian corresponding to the basis X7, ..., X4, of g;.

In the special case d, = 1, we may assume that J, = uJ, u € R, where

0 I /2)
J = ! 9
(-Lzl/z 0 ®

and Iy, /> is the identity matrix on R%/2_ In this case G is the Heisenberg group Hy, /2, discussed in the
introduction.

Finally, some dilation structures and the corresponding metrics will play an important role in our
proofs; we shall work with both isotropic and nonisotropic dilations. First, the natural dilations on the
Heisenberg-type groups are the automorphic dilations

S (x,u) = (rx, rzu), r>0, (10)
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on G. We work with the Koranyi norm
10, ) llo := (el + 4u )4,

which is a homogeneous norm with respect to the dilations §,. Moreover, if we denote the corresponding
balls by

0r(x,u) :={(y, V) eG: [y, v) - (x,u)llko <7}, (x,u)€G, r>0,

then the volume |Q, (x, u)| is given by

10, (x, u)| = | 01(0, 0)| r417242

Recall that d| 4+ 2d, = d + d, is the homogeneous dimension of G.
We will also have to work with a variant of the “Euclidean” balls, i.e., “isotropic balls” skewed by the
Heisenberg translation, denoted by Q. g(x, u):

0re(x,u):={(y,v) €G:|(y,v) ' (x,w)|p <r}
={(y,v)eG:|x—y|+|u—v+%(jx,y)|<r}; (11)
here

|G, )| g = lx| 4 |ul

is comparable with the standard Euclidean norm (Ix]? + |u|*)'/?. Observe that the balls Q,(x, u)
and Q, g (x, u) are the left translates by (x, u) of the corresponding balls centered at the origin.

The main results. We consider symbols a of class S77, i.e., satisfying the estimates

d’

—a(s)| <c;j(1+s)~r 7 (12)

(ds))

for all j =0, 1,2, .... Our main boundedness result is:

Theorem 1.1. Let 1 < p < 00, y(p) :=(d — 1)|% — %\ and a € S7VP). Then, for —c0 < T < 00, the
operators a(t JVL)é VL extend to bounded operators on L? (G).
The solutions u to the initial value problem (1) satisfy the Sobolev-type inequalities (2) for y > y (p).

Our proof also gives sharp L' estimates for operators with symbols supported in dyadic intervals.

Theorem 1.2. Let x € CZ° supported in (%, 2) and let A > 1. Then the operators X(A*Irﬁ)ei"“/z
extend to bounded operators on LY(G), with operator norms oWd-D/2y,

In view of the invariance under automorphic dilations it suffices to prove these results for T = =£1, and,
by symmetry considerations, we only need to consider T = 1.

An interesting question posed in [Miiller and Stein 1999] concerns the validity of an appropriate result
in the limiting case p = 1 (such as a Hardy space bound). Here the situation is more complicated than
in the Euclidean case because of the interplay of isotropic and nonisotropic dilations. The usual Hardy
spaces H'(G) are defined using the nonisotropic automorphic dilations (10) together with the Koranyi
balls. This geometry is not appropriate for our problem; instead, the estimates for our kernels require a
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Hardy space that is defined using isotropic dilations (just as in the Euclidean case) and yet is compatible
with the Heisenberg group structure. On the other hand, we shall use a dyadic decomposition of the
spectrum of L, which corresponds to a Littlewood—Paley decomposition using nonisotropic dilations.
This space hilso(G) is a variant of the isotropic local or (nonhomogeneous) Hardy space in the Euclidean
setting [Goldberg 1979]. To define it we first introduce the appropriate notion of atoms. For 0 <r <1,
we define a (P, r) atom as a function b supported in the isotropic Heisenberg ball Q, g (P) with radius r
centered at P (see (11)) such that ||b|, < r~4/?, and f b=0ifr < % A function f belongs to hilso(G) if
f =>_cyb,, where b, is a (P,, r”) atom for some point P, and some radius r,, < 1, and the sequence

1
iso

inf ) lel.
v

where the infimum is taken over representations of f as asum f =) c,b, where the b, are atoms. It
1 (G) is a closed subspace of L'(G). The spaces LP(G), 1 < p < 2, are complex

iso
1

interpolation spaces for the couple (k. (G), L?(G)) (see Section 10) and by an analytic interpolation

180

{cy} is absolutely convergent. The norm on 4. (G) is given by

is easy to see that h

argument Theorem 1.1 can be deduced from an L? estimate and the following h ilso — L' result:

o (G)

180

Theorem 1.3. Lera € S~“=V/2, Then the operators a(v/L)e™ VL map the isotropic Hardy space h
boundedly to L'(G).

The norm in the Hardy space hilso(G) is not invariant under the automorphic dilations (10). It is not
currently known whether there is a suitable Hardy space result which can be used for interpolation and
works for all a(t+/L)e™ with bounds uniform in .

Spectral multipliers. 1f m is a bounded spectral multiplier, then clearly the operator m (L) is bounded on
L*(G). An important question is then under which additional conditions on the spectral multiplier m the
operator m (L) extends from L>NLP(M) to an L? bounded operator for a given p # 2.

Fix a nontrivial cutoff function x € CJ°(R) supported in the interval [1, 2]; it is convenient to assume
that) ., x (2ks)=1forall s > 0. Let Lg (R) denote the classical Sobolev space of order «. Hulanicki and
Stein (see Theorem 6.25 in [Folland and Stein 1982]) proved analogs of the classical Mikhlin—-Hormander
multiplier theorem on stratified groups, namely the inequality

Im(L)lLr—rr < Cpasup || xm(t )12 (13)
t>0

for sufficiently large o. By the work of M. Christ [1991], and also Mauceri and Meda [1990], the
inequality (13) holds true for o > (d + d>)/2; in fact, they established a more general result for all
stratified groups. Observe that, in comparison to the classical case G = R?, the homogeneous dimension
d + d, takes over the role of the Euclidean dimension d. However, for the special case of the Heisenberg
groups, it was shown by [Miiller and Stein 1994] that (13) holds for the larger range o > d /2. This result,
as well as an extension to Heisenberg-type groups has been proved independently by Hebisch [1993], and
Martini [2012] showed that Hebisch’s argument can be used to prove a similar result on Métivier groups.
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Here we use our estimate on the wave equation to prove, only for Heisenberg-type groups, a result that
covers a larger class of multipliers:

Theorem 1.4. Let G be a group of Heisenberg type with topological dimension d. Let m € L*(R), let
x € C° be as above, let

Ap = sup/ ’@§l[xm(t-)](s)}s(d_l)/zds
[s|=R

t>0
and assume

* dR
lm oo +/ 91137 < 00. (14)
2

Then the operator m(\/Z) is of weak type (1, 1) and bounded on L?(G), 1 < p < o0.

Remarks. (i) Let H!(G) be the standard Hardy space defined using the automorphic dilations (10). Our
proof shows that, under condition (14), m(~/L) maps H!'(G) to L1(G).

(i) By an application of the Cauchy—Schwarz inequality and Plancherel’s theorem, the condition

sup || xm(t-)|l;2 <oo forsome f > d

t>0 k 2
implies Az <, R4/2=F for R > 2, and thus Theorem 1.4 covers and extends the above-mentioned multiplier
results in [Miiller and Stein 1994; Hebisch 1993].

(iii) More refined results for fixed p > 1 could be deduced by interpolation, but such results would likely
not be sharp.

2. Some notation

Smooth cutoff functions. We denote by ¢y an even C* function supported in (—1, 1) and assume that
Zo(s) =1 for |s] < %. Let ¢1(s) = ¢o(s/2) — ¢o(s), so that ¢ is supported in (—2, —%) U (%, 2). If we
set £;(s) = ¢1(2177s), then ¢; is supported in (=27, —=2/72) U (2/72,2/) and we have 1 = Y0208 ()
for all s € R.

Let g be a C* function supported in (—%n, %n) which has the property that ng(s) = 1 for |s]| < %n
and satisfies Y ;; n0(t —kw) =1 forall € R. For [ = 1,2, ..., let n;(s) = n(2'~Ls) — no(2's), so that

no(s) = Y72, mi(s) for s # 0.

Inequalities. We use the notation A < B to indicate A < C B for some constant C. We sometimes use
the notation A <, B to emphasize that the implicit constant depends on the parameter . We use A ~ B
if A< Band B S A.

Other notation. We use the definition

FE) =FfE) = / FOe 2 ED gy

for the Fourier transform in Euclidean space R?.
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The convolution on G is given by
frglx,u)= f Fong(x—y,u—v+L(Jx, y))dydv.

3. Background on groups of Heisenberg type and the Schrodinger group

For more on the material reviewed here, see, e.g., [Folland 1989; Miiller 1999; Miiller and Ricci 1996].

The Fourier transform on a group of Heisenberg type. Let us first briefly recall some facts about the
unitary representation theory of a Heisenberg-type group G. In many contexts, it is useful to establish
analogues of the Bargmann—Fock representations of the Heisenberg group for such groups [Kaplan and
Ricci 1983] (compare also [Ricci 1982; Damek and Ricci 1992]). For our purposes, it will be more
convenient to work with Schrodinger-type representations. It is well known that these can be reduced to the
case of the Heisenberg group Hy, /2, whose product is given by (z,1) - (z/, ') = (z +7 1+t + %a)(z, Z/)),
where w denotes the canonical symplectic form w(z, w) := (Jz, w), with J as in (9). For the convenience
of the reader, we shall outline this reduction to the Heisenberg group.

Let us split coordinates z = (x, y) € R4/2 x R4/2 in R%, and consider the associated natural basis of
left-invariant vector fields of the Lie algebra of Hy, /2,

Xj=0y,—1yjd, Yj:=0y,,+3x;8, j=1....%d, and T:=3,

For T € R\ {0}, the Schrédinger representation p, of Hy, /> acts on the Hilbert space L*(R4/?) as
follows:

e (x, y, DRIE) 1= TSP 4 x), he L2RY?).

This is an irreducible, unitary representation, and every irreducible, unitary representation of Hgy, ,» which
acts nontrivially on the center is in fact unitarily equivalent to exactly one of these, by the Stone—von
Neumann theorem (a good reference for these and related results is [Folland 1989]; see also [Miiller
1999]).

Next, if 7 is any unitary representation, say, of a Heisenberg-type group G, we denote by

2(f) = /G fOmg)ds. feL'(G).

the associated representation of the group algebra L' (G). For f € L'(G) and u € 9= R it will also
be useful to define the partial Fourier transform f* of f along the center by

P =Ff(x, n) = fO,u)e gy,  x e RY. (15)
R%

Going back to the Heisenberg group (where g5 = R), if f € $(Hy, /2), then it is well known and easily
seen that

pe(f) = T (@)p:(z,0)dz

R4
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defines a trace class operator on L?(R%/2), and its trace is given by

(o (f)) = [z 412 / £(0,0, 0% di = [z~ £~ (0, 0) (16)
R
for every T € R\ 0.

From these facts, one derives the Plancherel formula for our Heisenberg-type group G. Given
neg = R%, 1 # 0, consider the matrix J,, as in (4). By (5) we have Ji = —Iif |u| =1, and
J,, has only eigenvalues +i. Since it is orthogonal, there exists an orthonormal basis

Xpts oo Xpar 2o Yuts - -+ Yyay 2

of gi = R? which is symplectic with respect to the form wy, 1.e., w, is represented by the standard
symplectic matrix J in (9) with respect to this basis.

This means that, for every . € R% \ {0}, there is an orthogonal matrix R, = R/, € O(d;, R) such
that

Ju =R R,. (17)

Condition (17) is in fact equivalent to G being of Heisenberg type.

L {(G) of L'(G) consisting of all “radial” functions f (x, u) in the sense

that they depend only on |x| and u. As for Heisenberg groups [Folland 1989; Miiller 1999], this algebra

Now consider the subalgebra L

is commutative for arbitrary Heisenberg-type groups [Ricci 1982], i.e.,

frxg=gxf forevery f, geL)4(G). (18)

This can indeed be reduced to the corresponding result on Heisenberg groups by applying the partial
Fourier transform in the central variables.

The following lemma is easy to check and establishes a useful link between representations of G and
those of Hd| /2

Lemma 3.1. The mapping o, : G — Hg, ;2 given by

U
a,u(Z’ M) = (IR;LZ9 M_)’ (Z, M) € Rdl X Rdz,
|l
is an epimorphism of Lie groups. In particular, G/ ker a, is isomorphic to Hy, 2, where kera,, = 't is

the orthogonal complement of 1 in the center R% of G.
Given p € R® \ {0}, we can now define an irreducible unitary representation m, of G on L?(R%) by
putting
Ty = Plu| © Ay
Observe that then 7, (0, u) = e?™iU [ Tn fact, any irreducible representation of G with central character

eI factors through the kernel of o 1« and hence, by the Stone—von Neumann theorem, must be equivalent
to 7y,
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One then computes that, for f € $(G),
nu(N) = | F TRy 0) dz,
R
so that the trace formula (16) yields the analogous trace formula

o, (f) = |l "2 £7(0)
on G. The Fourier inversion formula in R?2 then leads to

£(0,0) = / e, () 2 d.
ueR2\(0}

When applied to §,-1 * f, we arrive at the Fourier inversion formula
f(&)= / (7, (8) 7 (NI dp, g €G. (19)
neR\{0})
Applying this to f** f at g =0, where f*(g) := f(g~1), we obtain the Plancherel formula
1713 = / 172, (O sl % e, (20)
neR™M\{0}

where | T || gs = (tr(T*T))'/? denotes the Hilbert—Schmidt norm.

The sub-Laplacian and the group Fourier transform. Let us next consider the group Fourier transform
of our sub-Laplacian L on G.

We first observe that der, (X) = 'R, X forevery X € g; = R% if we view, for the time being, elements
of the Lie algebra as tangential vectors at the identity element. Moreover, by (17), we see that

RuXpts- s RuXpa2s RuYus oo RuYya 2

forms a symplectic basis with respect to the canonical symplectic form w on R?'. We may thus assume

without loss of generality that this basis agrees with our basis X Lyvenes X di)2> 171, e, ?dl /2 of R4 so that
- . d
doy (X, j))=X;, doy(Y,j))=Y;, j=1,..., ER
By our construction of the representation 7, we thus obtain for the derived representation d,, of g that
- . . di
dm, (X, ) =dp (X)), dm,(Yy ;) =dp, (X)), j=1,..., > 21
Let us define the sub-Laplacians L, on G and L on Ha, /2 by
di/2 di /2
= —Z(X 4Y2), Li==) (X347},
j=1

where from now on we consider elements of the Lie algebra again as left-invariant differential operators.
Then, by (21),
dm,(L,) =dpy(L).
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Moreover, since the basis X, 1, ..., X, 4,72, Yy15 -+ ., Yy a2 and our original basis X1, ..., X4 of g| are
both orthonormal bases, it is easy to verify that the distributions Ly and L, 8y agree. Since Af = f*(Ado)
for every left-invariant differential operator A, we thus have L = L;; hence

dm, (L) =dpy(L). (22)

But, it follows immediately from our definition of Schrédinger representation p, that d,ot(f( i) = 0
and dp,(f’j) =2mit§;, so that dpw(i) =—A:+ (2| w))?|€|? is a rescaled Hermite operator (see also
[Folland 1989]), and an orthonormal basis of L?(R%/2) is given by the tensor products

hlm — hIMI ® - ®h|lt| Qe Ndl/z,

Ady/2°

where At (x) := Qm|p))*he (27| ])!/?x), and

dk
() = (ke 2L

denotes the L?-normalized Hermite function of order k on R. Consequently,

dm, (L)WM = 271|,u|< +2|a|)h'a“', o e N4/2, (23)

It is also easy to see that
dr,(Uj) =2min;l, j=1,...,d. (24)
Now, the operators L, —iUj, ..., —iUyg, form a set of pairwise strongly commuting self-adjoint operators

with joint core ¥(G), so that they admit a joint spectral resolution, and we can thus give meaning to
expressions like (L, —iUy, ..., —iUy,) for each continuous function ¢ defined on the corresponding
joint spectrum. For simplicity of notation we write

U:=(=il,,...,—iUyg).

If ¢ is bounded, then ¢(L, U) is a bounded, left-invariant operator on L?(G), so that it is a convolution
operator

oL, U)f = f*Ky, [feFG),

with a convolution kernel K, € ¥'(G) which will also be denoted by ¢ (L, U)8. Moreover, if ¢ € #(Rx R%),
then (L, U)§ € F(G) (see [Miiller et al. 1996]). Since functional calculus is compatible with unitary
representation theory, we obtain in this case, from (23) and (24), that

7, (o(L, U)S)hH —(p(2n|u|(d +2|a|>,2m>h15' (25)

(this identity in combination with the Fourier inversion formula could in fact be taken as the definition
of (L, U)8). In particular, the Plancherel theorem then implies that the operator norm on L?(G) is given
by

d
lp(L, U)| = sup”wum(?] +2q), u)' ueR® ge N}. (26)
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Finally, observe that
Ky = @(L", 2mp1)s; (27)

this follows, for instance, by applying the unitary representation induced from the character e**/#* on
the center of G to K.
We shall in fact only work with functions of L and |U|, defined by

d
7 (o (L, |U SR = ¢(2n|u|<3 +2|a|>, 2n|u|>hlx“'-

Observe that, if ¢ depends only on the second variable, then ¢ (|U ) is just the radial convolution operator
acting only in the central variables, given by

Fuoo[0(UD F](x, 1) = 9 Q) Fgor f(x, ) forall € (RE) (28)

Partial Fourier transforms and twisted convolution. For ;1 € g3, one defines the u-twisted convolution
of two suitable functions (or distributions) ¢ and ¥ on g; = R%! by

(@*, Y)(x) 1= /Rd @(x = Y (e 7D gy,
1
where w,, is as in (3). Then, with f# as in (15),

(fxt = f"x*,g",

where f * g denotes the convolution product of the two functions f, g € L'(G). Accordingly, the vector
fields X ; are transformed into the p-twisted first-order differential operators X 7 so that (X; /) =X y fH,
and the sub-Laplacian is transformed into the p-twisted Laplacian L*, i.e.,

d
_ _ N2
(L =LFfr == (X2,
j=1
say for f € #(G). A computation shows that, explicitly,

XM =0, +inwu (-, X)) (29)

The Schrodinger group {¢'*""}. 1t will be important for us that the Schrodinger operators e/, 1 € R,
generated by L*, can be computed explicitly.

Proposition 3.2. (i) For f € ¥(G),
M= favl, 120, (30)

where y!* € ' (R?) is a tempered distribution.

(ii) For all t such that sin(2mt|u|) # 0, the distribution y!" is given by

dy
VH’(X) = 2_d1/2 L 2 e—(in/2)|;/,|COt(2n1|m)‘x‘2' a1
t sin(rrt 1)



SHARP L? BOUNDS FOR THE WAVE EQUATION ON GROUPS OF HEISENBERG TYPE 1063

(iii) For all t such that cos(2mt|iu|) # 0, the Fourier transform of y!" is given by

1

@mi/|u)) tan@re| )€
e ) (32)
(cosmt|w|))/2

);[lt ('i: ) =

Indeed, for u # 0, let us consider the symplectic vector space V := g;, endowed with the symplectic
form o := (1/|u])w,. Notice first that, because of (5), the volume form oM/ e the (d, /2)-fold
exterior product of o with itself, can be identified with Lebesgue measure on R% . As in [Miiller 2007],
we then associate to the pair (V, o) the Heisenberg group Hy, with underlying manifold V x R and
endowed with the product

W, u)=@v+v, u+u'+ %a(v, V).

It is then common to denote, for T € R, the t-twisted convolution by x; in place of x; (compare §5 in
[Miiller 2007]). The p-twisted convolution associated to the group G will then agree with the | |-twisted
convolution x|, defined on the symplectic vector space (V, o). Moreover, if we identify the X; € V
also with left-invariant vector fields on Hy, then (29) shows that

X =0y +imlulo(-, X))

agrees with the corresponding |u|-twisted differential operators 5('].” | defined in [Miiller 2007].
Accordingly, our u-twisted Laplacian L* will agree with the |u|-twisted Laplacian

di
L‘Sul — gli[ — Z(XLM‘)Z
j=1

associated to the symmetric matrix A := —/ in [Miiller 2007]. Here,
S=-A ! J, = ! J
™
Consequently,

Pt — GitLy"
From Theorem 5.5 in [Miiller 2007] we therefore obtain that, for f € L3(V),
exp( L0 f=fxuT™, >0
P |,bL| S — lul g is» =

where Ft“f ls is a tempered distribution whose Fourier transform is given by

flm

1 :
H©) = o~ @7/ luo & tanit$)e)

/detcos(2mitS)

whenever det cos(2itS) # 0. Since S? = —1I because of (5), one sees that

sin2mwitS) =isin(2wt)S, cosmwitS) =cos2mt)l.
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Note also that o (¢, n) = (S&, n). We thus see that (30) and (32) hold true, and the formula (31) follows
by Fourier inversion (see Lemma 1.1 in [Miiller and Ricci 1990]).

4. An approximate subordination formula

We shall use Proposition 3.2 and the following subordination formula to obtain manageable expressions
for the wave operators.

Proposition 4.1. Choose x; € C™ so that x,(s) = 1 fors € [?lt 4]. Let g be a C*™ function supported in
(%, 2). Then there are C® functions a; and p,,, depending linearly on g, with a, supported in [%, 4] and

Py, supported in [}‘, 4], such that, forall K =2,3,...,all N, N, > 0,and all A > 1,

K
K—1
sup [9119, a5, ()| < c(K)A™ Y " 11g™ oo Ni+ Ny < = (33)
N =0
K
sup [0, pr ()] < c(K, NAM KN e, Ny <K —2. (34)
$ v=0

and the formula
g0 WDV = X1(A—2L)«/X/ e ay(s)e*t ds + pr (A 2L) ©53)

holds. For any N € N, the functions AN p, are uniformly bounded in the topology of the Schwartz space

and the operators p;, (A~2L) are bounded on L?(G), 1 < p < 0o, with operator norm O(A~N).

For explicit formulas for a; and p;, see Lemma 4.3 below. The proposition is essentially an application
of the method of stationary phase where we keep track on how a, and p, depend on g. We shall need an
auxiliary lemma:

Lemma4.2. Let K e Nand g € CK(R). Let £; € C®°(R) be supported in (%, 2) U (—2, —%) andlet A > 1
and £ > 0. Then, for all nonnegative integers M,

K
< Cu g2 QATHTN QAT 16D e, (36)

_ i Av2
‘/yZMg(y);“](AmZ fy)ett dy
j=0

Moreover, for0 <m < (K —1)/2,

m K
d . . .
)(—d A) / g(y)ety’ dy‘ < Ck AN AT g0, 37)
j=0

Proof. By induction on K we prove the following assertion:

(dg): If g € CX then

K
/yZMg(y)g‘l(A1/22_Ey)eiAy2 dy=A"¥K Z/g(j)()’);j,K,M,A(Y)eiAyz dy, (38)
j=0
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where ¢; k m, A 18 supported on {y : |y| € [26-TA—1/2 2641 A=1/2]) and, for 0 < Jj < K, satisfies the
differential inequalities

16 % A = CUL K, M, )@ A2y Mt CR=D AR, (39)

Clearly this assertion implies (36).

We set 2o.0.m.4(y) = M1 (A/227%y) and the claim (#g) is immediate for K = 0. It remains to
show that (s g) implies (dg ;) for all K > 0.

Assume (slg) for some K >0 and let g € CK*+!. We let 0 < j < K and examine the j-th term in the
sum in (38). Integration by parts yields

. 4 (+D h,ood (g O\ |
Gy N gy / gt D ()L (SiEMAD N ing? 4
/g D¢ kma(y)e y=i [ A Cjkma(y)+g (y)dy A e y

The sum A~ Zf:o [ 8D kma(y)e™” dy can now be rewritten as

K+1
o . 2
ATK 1Z/g(v)()’)é'v,K+1,M,A(y)€lAy dy,
v=0

where
.d (So,k,mA())
So.k+1,MA(Y) =i—\ —F— ),
dy 2y
d _
Co kot a(y) =i Cv. k.M A () _H.Cu I,K,M,A(y)’ l<v<K,
dy 2y 2y
k. k.M A(Y)
Ck+1L,k+1MA(Y) =i—F———.
2y
On the support of the cutoff functions, we have |y| > 2¢~1 A~1/2 and the asserted differential inequalities

for the functions ¢, x+1,m A can be verified using the Leibniz rule. This finishes the proof that (sdg)
implies (A k1), and thus the proof of (36).

We now prove (37). Let {y be an even C* function supported in (—1, 1) and assume that o(s) =1
for [s] < 5. Let £1(s) = ¢o(s/2) — {o(s), so that ¢y is supported in [—2, —3] U[3, 2], as in the statement

of (36). We split the left-hand side of (37) as Z?OZO Iy, where
Iy = /(iyz)’"g(y)g“l (A2274)e™ dy  for £ >0,

and I, is defined similarly with ¢o(A'/?y) in place of 1 (A'/227¢y). Clearly |1y n| < A" ?||gllco
and, by (36),
K
Iﬁ,m Sm,K Z2—6(2K—2m—j—1)A—(1+2m+j)/2”g(j)”oo.
j=0

Since j < K we can sum in £ if m < (K — 1)/2 and the assertion (37) follows. U
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Lemma 4.3. Let K € N and let g € CX(R) be supported in ( 2). Let 1 € C2°(R) be such that x1(x) =1
on ( ) Also let ¢ be a Cj°(R) function supported in [ 3] with the property that ¢(s) =1 on [% 2].
Then

g(Vx)e™ =y (x) [ﬁ / e, ()™ ds + mm], (40)
where ay, is supported in [16, 4] and
) =7 WVis) [ (v 5 )e(3+ 5 )e ™ dy @
and )
511(8) = (1 —~ g(%f))%[gwf )™V (). (42)

Let p,, = x105.. Then the estimates (33) and (34) hold for all . > 1.
Proof. Let W, be the Fourier transform of x — g(ﬁ)e”ﬁ, Le.,

W, (&) :/g(\/)_c)ei)‘ﬁe_zmgx dx:/ng(s)e"(“_zngsz) ds. (43)

Observe that g(y/x) =0 for x ¢ (Alf, 4), thus g(v/x) = x1(x)g(+/x). By the Fourier inversion formula,
we have

g(WX)e™E =y (x)(Ur (x) + 3 (X)),

2
v, (x) = / g( T’:)%(é) 2mixt g

pr(x) = f (1 - ( ’f)) W, (§)e>™ de,
so that p; is as in (42).

We first consider p; and verify that the inequalities (34) hold. On the support of 1 — ¢ (2w & /1), we
have either |27&| < 1/8 or |2r&| > 2. Clearly, on the support of g we have |d;(As — 2mEs?)| > /2 if
|2m&| < A/8, and |9y (As — 2Es?)| > |2mE|/2 if [2wE| > 2A. Integration by parts in (43) yields

02182 [(1 — c@rE /M) W(®)]] < Conyap kI8l (1+ El+ DK

Thus, if Ny < K —2,
oo (- (Z oo

d\M
‘(E) P (x)

where

(44)

<Cn klglcx ﬂdégc& clgllexa KN+
’ (L+ &1+ [aD& r
This yields (34) for N, = 0, and the same argument applies to the A-derivatives.

172

It remains to represent the function A~ /“v, as the integral in (40). Let

§(s) =2sg(s). (45)
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By a change of variable, we may write

. A .
W (£) = e/ 570) / gly+ =) ay. (46)
4mé
We compute, from (44), (46),

Uk(x) — )\’/ S,(S)ei)u/(4s)+i)\xx)\‘—l/zak(S) dS,
where
ax(s) = 1) 'Vg(s) / é(y+ %)e_"“yz dy,
1.€., a; is as in (41). In order to show the estimate (33), observe

1

23,7 Pan(9) = 5 (5) f g(v+5

)(_isyZ)Nze—i)\Syz dy
and then, by the Leibniz rule, 3V 8,2[A~'/2a, (s)] is a linear combination of terms of the form
d \V3 d \N+T . 1 o9
(4£) 15051 [ 26 () [a(5+ ;)| v @7

where N3 + N4+ N5 = N;. By the estimate (37) in Lemma 4.2, we see that the term (47) is bounded
(uniformly ins e [%, 3]) by a constant times

T+ 3))

provided that N> + Ns < (K — N4 — 1)/2. This condition is satisfied if N; + N, < (K — 1)/2, and under
this condition we get

CK7N4

sup [0M N [A 7124, ()1] S ANV 712 gl ok
S

Now (33) is a straightforward consequence. U

Proof of Proposition 4.1. The identity (35) is an immediate consequence of the spectral resolution
L= fR+ xdE,, Lemma 4.3 (applied with x /A in place of x) and Fubini’s theorem. Note that in view of
the symbol estimates (34), any Schwartz norm of p;, A"2.)is O(A~N) for every N € N. The statement
on the operator norms of p; (A~2L) then follows from the known multiplier theorems (such as the original
one by Hulanicki and Stein; see [Hulanicki 1984; Folland and Stein 1982]). O

Thus, in order to get manageable formulas for our wave operators, it will be important to get explicit
formulas for the Schrodinger group €%, s € R.
5. Basic decompositions of the wave operator and statements of refined results

We consider operators a(«/Z)ei ﬁ, where a € §@—D/2 (satisfying (12) with y = (d — 1)/2). We split off
the part of the symbol supported near 0. Let xo € C2°(R) be supported in [—1, 1]; then we observe that



1068 DETLEF MULLER AND ANDREAS SEEGER

the operator Xo(\/z) exp(i \/Z) extends to a bounded operator on L”(G) for 1 < p < oo. To see this, we
decompose xo(v/7T)e'YT = xo(J/T) + Yoo gon(t), T >0, where

an () = xo(WT) (VT = 1) (202" 1) — 22" 1))

with ¢p as in Section 2. Clearly xo(s/-) € C;°. Thus, by Hulanicki’s theorem [1984], the convolution
kernel of Xo(\/z) is a Schwartz function and hence Xo(«/z) is bounded on L' (G). Moreover, the functions
220, (2771 belong to a bounded set of Schwartz functions supported in [—2, 2]. By dilation invariance
and Hulanicki’s theorem again, the convolution kernels of 220, (27" L) are Schwartz functions and
form a bounded subset of the Schwartz space ¥(G). Thus, by rescaling, the operator o, (L) is bounded
on L!(G) with operator norm O (27%). We may sum in n and obtain the desired bounds for Xo(ﬁ)eiﬁ .

The above also implies that, for any A, the operator X()\_I\/Z) exp(i \/Z) is bounded on L' (with
a polynomial and nonoptimal growth in A). Thus, in what follows, it suffices to consider symbols
a € §~@=D/2 with the property that a(s) = 0 in a neighborhood of 0. Then

a(VDyeVt = 37 2T IR (V2R e, (48)

j>C

where the g; form a family of smooth functions supported in (% 2) and bounded in the C§° topology. In
many calculations below, when j is fixed, we shall also use the parameter A for 27,
Let x; be a smooth function such that

supp(x1) € (271%,2'7), (49a)
xi(s)=1 for se 272,29, (49b)
By Proposition 4.1 and Lemma 4.3 we may thus write

a(VD)eVT = mpeg(L)+ Y 2714702y, 27 Lymy (L), (50)
j>100

where the “negligible” operator myeg (L) 18 a convolution with a Schwartz kernel,

mk(p)=\/X/ei)‘/(4r)ax(t)eifp/’\dr with A =2/, &)

1
E 9
We shall use the formulas (31), which give explicit expressions for the partial Fourier transform in the

and the a, form a family of smooth functions supported in ( 4) and bounded in the C° topology.

central variables of the Schwartz kernel of ¢/'L. In undoing this partial Fourier transform, it will be useful
to recall from Section 3 that, if p; denotes the spectral parameter for L, then the joint spectrum of the
operators L and |U| is contained in the closure of

{Go1,02) 102> 0, p1 = (%dl +2q)p> for some nonnegative integer ¢ }. (52)

As the phase in (31) exhibits periodic singularities, it is natural to introduce an equally spaced
decomposition in the central Fourier variable (i.e., in the spectrum of the operator |U|). Let g be a C*™
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function such that

supp(no) C (=3, 37), (53a)
no(s)=1 for s € (—3m, 3m), (53b)
> ot —km)=1 forteR. (53¢)
keZ
We decompose
o
X1 Lymu (L) =Y i A PDTY, (54)
k=0
where
Tk =12 f ei”(‘”)a,\(r)no(%IUl — kn)effm d. (55)

The description (52) of the joint spectrum of L and |U| gives a restriction on the summation in k. Namely
the operator no((t/A)|U| — k) x1(A72L) is identically zero unless there exist positive p; and p, with
p1 = padi /2 such that A%/5 < p; < 512 and (k — %n)k/t <pr< (kn—l—%n)k/t for some 7 € (%, 4). A
necessary condition for these two conditions to hold simultaneously is, of course, ldl (kT[ — %n)k /4 < 522
and, since d; > 2 and A > 1, we see that the sum in (54) extends only over k with

0<k<8A. (56)

We now derive formulas for the convolution kernels of Tf , which we denote by K )]f The identity (31)
first gives formulas for the partial Fourier transforms JFpa, K )]f Applying the Fourier inversion formula,
we get

di

: 2
Kk (x, =)\1/2/ / ir/(47) (2 Tk ) I
5 (X, 1) i J € ax(Ono( 2 |l 5 — ko 2 st /h)

% e—(iﬂ/Z)IXIZIMICOl(ZUIM\T/)») dt e itusn) du. (57)

We note that the term || cot(2m¢|e]) in (57) is singular for 2¢| | € Z\ {0}, and therefore we shall treat
the operator Tf separately from Tf for k > 0. We shall see that Tf and the operators » iX (272 L)ng
can be handled using known results about Fourier integral operators, while the operators Tzkj need a more
careful treatment due to the singularities of the phase function. We shall see that the decomposition into
the operators Tzkj encodes useful information on the singularities of the wave kernels.

In Sections 7 and 8, we shall prove the following L' estimates:

Theorem 5.1. (i) For » > 210,
TN S AETD/2, (58)

(i) Forx>2"0 k=1,2,...,
T N gy S k@D @072, (59)

Note that d; > 2 and thus the estimates (59) can be summed in k. Hence Theorem 1.2 is an immediate
consequence of Theorem 5.1.
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Dyadic decompositions. For the Hardy space bounds, we shall need to combine the dyadic pieces in j
and also refine the dyadic decomposition in (50).
Define

V=270 7 LT, (60)
W; =270y 272 L) (my (L) — T). (61)

In Section 6 we shall use standard estimates on Fourier integral operators to prove:

Theorem 5.2. The operator V' =) j=100 Vj extends to a bounded operator from hl o to L.

180

We further decompose the pieces W; in (61) and let

Wio=20Q 7/ |UNW;,

. (62)
Wijn =57 UDW;;

here again, ¢p and ¢; are as in Section 2, i.e., o is supported in (—1, 1) and ¢; is supported in :I:(%, 2)
with &y + Zj §1(217j =1
By the description (52) of the joint spectrum of L and |U| and the support property (49a), we also have

x5 L) Q77U =0 when 22110 < /=l

i.e., when j <n — 11, and thus

W;n=0 when n>j+11. (63)
Observe from (52), as in the discussion following (55), that, fork =1, 2, ...,

2J

T
4 )

_j 1 . i 5
Zo(2 ’pz)no<2jpz—kﬂ) =0 for r€(5.4), >0, if2/ <(k—3)7

and

- T
12/ "/02)770(5,02 —kn) =0 for 7€ (5%.4), p2>0,
if 274 <2 (k= §) 7 or 16-27 (k+ §)m <27+,
Thus we have, fork=1,2,...,
tQ 7 \UNTS =0 when k > 2,
G TMUNTS, =0 when k ¢ [2778, 272,
Let

§n={{l} if n=0, (64)

{k:2"8 <k <22} if n>1.
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Then, by (54), we have m,; (L) — T = > TX and therefore we get
, DY > 27 2 — Zuk=119j g

Wio =272 g7 |UD Y Ty,
kego
Win =270 @Y D@7 "U) Y T
ke$n

Observe that Theorem 5.1 implies
||Wj’n||L|~>L| 5 2—n(d,_1)/2

uniformly in j.
Define, forn =0,1,2, ...,

Wyp= Y Win

Jj>100

Theorem 1.3 will then be a consequence of Theorem 5.2 and:
Theorem 5.3. The operators V' and W), are bounded from hilso to L'; moreover,

IWolly g S (1+n)27 =D/

The proofs will be given in Section 6 and Section 9.

6. Fourier integral estimates

1071

(65a)

(65b)

(66)

(67)

(68)

In this section we shall reduce the proof of the estimates for Tf and 7" in Theorems 5.1 and 5.3 to standard

bounds for Fourier integral operators in [Seeger et al. 1991] or [Beals 1982].

We will prove a preliminary lemma that allows us to add or suppress x;(A~2L) from the definition

of T)f).
Lemma 6.1. For A > 2!° we have

17 = 1 G DTN i S Ca™Y
forany N.

Proof. The operator T,) — )(1()\_2L)TAO can be written as b, (|L|, |U|), where

_ ; 702
bi(p1, p2) = A2 (1 — 1 ("2 p))At? f a/\(f)e”"(t’p"”no(T> dr

with
A TP

T,01,A)=—+—.
(T, p1, A) 4r+ .

Only the values where p; < 22272 and p1 > 2922 are relevant. Now

do A P

ot 4tz
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and (3/07)"¢ = c,At™""! for n > 2. Note that, for p; > 2°A2, we have lpr| > pi/A — uﬁk >
p1A~ (1 =2792%) > p;/(21). Similarly, for p; < 27242, we have |¢.| > A/16 — 16-279% > 2794,
We use integrations by parts to conclude that
Mt by (A, &)
(@p1)" (3p2)"™
and, in view of the compact support of b;, (A2p1, Ap2), the assertion can be deduced from a result in
[Miiller et al. 1996] (or alternatively from Hulanicki’s result [1984] and a Fourier expansion in pp). [

-N
< Cnl,nz,N)\

(p1, P2)

The convolution kernel for Txo. This is given by

d;

_ il 2
KO(x. :)LI/Z/ f ir/(4s) (27r i) A ain(m e /3
S (x, u) - [Re a ()10 lmk 2sin(2m|pls /A)

w e~ n/DIxPluleot@ululs/2) g 2mitwn) gy,

We introduce frequency variables 8 = (w, o) on the cone

Fg:{@:(w,a)eRdsz:|w|5(7‘[—8)0,a>0}. (69)
Set
T A
w=—, o0=—.
2 4s

Note that o & X for s € supp(a,). We will consider the case § = ‘l‘n in view of the support of 7g, but any
choice of § € (O, %71) is permissible with some constants below depending on §.

If we set
g(t) :=rtcotr, (70)
the above integral becomes
KD (x,u) = // Vw00 B, (1 o)dwdo (71)
with
U, 0,0) =0 (1- ePg(120)) + u, )
and

By (. 0) =4‘1<%)dzl+d2,\3/20d1/2_2ax<ﬁ)'70(|0ﬂ> <#6/0‘|7/0)>aél

The B, are symbols of order (d; —1)/2 uniformly in A and supported in I'. The same applies to ) ;. Bot.
We will need formulas for the derivatives of W with respect to the frequency variables 6 = (w, 0):
L wi §'(lwl/o)

ow
Sty — x| ,
dw; o |w|/o (72)

() - ()
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Now, g is analytic for |t| < 27 and we have

in(2t) —2
g() = sin@r) —2¢ _T)z i (73a)
2sin“ t
) e
2" (r) = (t cos. r3 sin r). (73b)
sin® T
Observe that
g()<0 and g"(r) <0 for 0 <7t <m.
Moreover, as T — 0,
g()=1-4*+ 0",
and hence g’(0) =0 and g"(0) = —%. The even expression
T
g(r)—tg'(m) =1 +/ (—sg"(s))ds
0
will frequently occur; from the above, we get
(t)—1g'(r)>1 for 0<|t| <,
; / 3 (74)
lg(r) —tg'(v)| <10 for 0 <|7| < ym.
Lemma 6.2. We have
K (v, 1)] S AAPREEDEEN (x4 u) =N, 2P 4] > 2, (75)
and
1K) (e, )| S ABPREEDRENG L) x ) < 5. (76)

Proof. If |x| > +/2 we may integrate by parts with respect to o (using (74)), and obtain
IK2(x, u)| Sy A@H2FD/22N 10 =N 0y > /2,

If |u| < 10|x|? this also yields (75). Since max|r|<3z/4 |8’ (7)| < %n, we have |V, V| > 4|u| — %n|x|2,
and hence |V, W¥| > |u| when |u| > 10|x|?. Thus, integration by parts in w yields

K, u)| Sy ADHREFDREN 17N ) > 10]x ]
This proves (75).
Since |g'(t)| <37 for |t| < 3, we have |V, W| > 2[ul if [x|* <2Ju|/(37), and [W,| > 1 if [x]* < 5.
Integrations by parts imply (76). U

Fourier integral operators. Let p <« 1072, Choose x € C f?o([Rd x R?) so that

Iyl + vl = p,
X u,y,v)=0 for {lx—y| <.
lx — yI?+u—v| >4
Let
bi(x, y, u, v, ,0) = x(x,u, y, V) (@, 0),
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as before let g(t) = t cott, and let

O(x,u,y,v,w,0)= \Il(x—y,u—v—i-%(fx,y),a),o’)

d>
:a(l lx — ¥ g<|w|>>+2(4u,-—4vl-—2xTJiy)wi.
i=1

Let §, be the Fourier integral operator with Schwartz kernel

.y, 0) = [ [[ @000 0. 0)dodo
Given Lemma 6.2, it suffices to prove the inequalities

Il < A@=nr2

and

Z kd=D/2g

k>C

< OQ.
hl—L!

(77)

(78)

(79)

(80)

To this end we apply results in [Seeger et al. 1991] on Fourier integral operators associated with canonical

graphs and now check the required hypotheses.

Analysis of the phase function ®. We compute the first derivatives:

O, =—20(x; — y,)g( ) ZZw, TJzy,

cDu,' = 4wl ’

®, = —|x — yg /<|w|)| |+4u,—4u,—2x iy,

o= (1= —sta( ) ooty ()

For the second derivatives we have, with 6 j; denoting the Kronecker delta and J“ = Zflz | Wi

q)xjyk = 20’g<|aﬂ|)3jk — 26},]606](,
Cbxjv, :O’

Oy = —2(xj — yi)E ('wl) ol ZeTJ v,
() ()

uni)'k = Os (Du,-v/ = 0, unia)l = 451’1’ unﬂ =0.

i

and

Jla



SHARP L? BOUNDS FOR THE WAVE EQUATION ON GROUPS OF HEISENBERG TYPE 1075

Moreover,
o]\ Wi T
Doy = 2(xk — Vi) 8 = W—QX Jiex,
ch,'v/ = _48ila
Sitlwl* — wiwy lw|\ @iwr
b=t () () )
wiwy |x =yl (g - PE T8, ool
wj w
q)a),-a = |-x —y|20—;g”(%>,
and
o=t (s() - (),
O Vi (xk yk) 8 P - 8 e
CD(TUI =0,
_ 201 (o]
(Daa)l—lx_y| ;g (?)7
|a)|2 w
¢oo:_|x_y|2Fg”<|O__|)~

The required L? boundedness properties follow if we can show that the associated canonical relation is
locally the graph of a canonical transformation; this follows from the invertibility of the matrix

(bxy (bxv (wa cbxa
q)uy Duy Puw Puo
; (1)
q)a)y Dy Pow Puo
O,y Oyy P O

see [Hormander 1971]. This matrix is given by

2081y —2J° 0 (013 2(x—y)(rg' —8)

0 0 4l 0
(+)31 —41aq, ()33 ()34 ’
2(x—y)T(g—rg/) 0 (*)43 _lx_y|20'_11'2g//

where T = |w|/0o, g, &', ¢” are evaluated at T = |w|/o, x — y is considered a d; x 1 matrix, (x)13 is a
d| X dp matrix, (x)3; 1S a dp x d| matrix, (x)33 is a dr X dp matrix, (*)34 1S a dp x 1 matrix, and (x)43 = (*)§4.
The determinant D of the displayed matrix is equal to

— w — r

20 —y)T(g —t8) —lx —ylPo~le2g”

To compute this, we use the formula

I O\(A =b\(I —-a\ _( A —Aa—b
at 1)\o7 y)\O 1) \aTA+bT —aTAa—2a"b+y)’
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If A is invertible, we can choose @ = —A~'h. Since bTSh = 0 for the skew-symmetric matrix § =
(A~1T — A~!, this choice of a yields the matrix

A 0 (A 0
—bT(ADTA+bT —bT(AHTb—2bTA 'b+y ) \x y+bTA" D)’

and hence

A —b )
det(bT y)=()/+bTA b)det A. (83)

Lemma 6.3. Letc, A € R, ¢> + A? #0. Let S be a skew-symmetric di x dy matrix satisfying S*> = —A>I.
Then cl + S is invertible with

1
I+857 = I— S,
W+ =arn’ o
and det(cI 4 S) = (¢* + A4 /2,
Proof. (cI +8)(cI+8)* = (cI+8)(cI—S8)=c*I —85>=(c*+A>)I. O

In our situation (82), we have A = cI + S with

lo]
(o

c=20g( >, S=-2J%

MOIeover,
A =2,

iy — 2] M)z (M)
J/—Ixyla((7 g\, )

(o) - e ().

In particular, if we recall that T = |w|/o, we see that
di)2 r \*
det A = (208(1)* + 2lo])?)"" = 20)" (—) :
sin T
Moreover,

o= (< () (o) < () o )

_yl2
_ =yl (_fzg”(r) +2(g(v) - fg/(f))zg(rg)g%)'

From (73a), we get
2
g(0) —1¢/() = (—’ ) ,

sint

and, in combination with (73b), this implies after a calculation that

-1 |x—y|2 T .
y+bTA I b="""2 — ).

o sint
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Thus we see from (83) that the determinant of the matrix (81) is given by
di+2
D — ot +1 di-1 (M) o (84)

This shows that D > 0 for |w|/o € [0, ), and D ~ o¥~! for |w|/o € [0, = — §] for every sufficiently
small § > 0. In particular, the matrix (81) is invertible for |w|/o € [0, T — §].

‘We now write

3 () = f Ko (. ) () dy.

where K, is given by our oscillatory integral representation (78). In that formula, we have d, +1 frequency
variables, and thus, given any « € R, the operator convolution with ), ~ $o« 2% i5 a Fourier integral
operator of order
d—1 d—(dr+1)
> YT T
With these observations, we can now apply the boundedness result of [Seeger et al. 1991] and deduce
that

I Il S AVl and |y 27D gy

k>C

S
1

for atoms supported in B,, in the standard Euclidean Hardy space 4. But atoms associated to balls
centered at the origin are also atoms in our Heisenberg Hardy space hilso. Thus, if we also take into
account Lemma 6.2 and use invariance under Heisenberg translations, we get

DTS

k>0

SUF

Remark. We also have
_ g/(M)I@lwlZ—wa +g,,(M) ww! gg//(m>
Dy Puo _ 2 o |a)|3 o 0‘|a)|2 o? o
® ® —|x—)’| T 2
oo Poo o' (|w_|) el (m)
28 s o3 ¢ s

which has maximal rank d» + 1 — 1 = d». Thus the above result can also be deduced from [Beals 1982],

via the equivalence of phase functions theorem.

7. The operators le

We now consider the operators TkA for k > 1, as defined in (55). In view of the singularities of cot
we need a further decomposition in terms of the distance to the singularities. For [ = 1,2, ..., let
ni(s) =no(2"~"'s) — no(2's), so that

no(s) =Y mi(s) for s #0.

=1
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Define
Tl — 3172 / eix/(4r)ak(f)m<%|U| _kJT)eitL/)» dr: (85)
then
00
) (86)
=1

From the formula (57) for the kernels K )]f we get a corresponding formula for the kernels K f’l, namely

dr

. 2
K5 (x :AI/Z/ f ir/ (1) (2 T _ g ) |l
() i Re a (T)m 7T|M|)L T s/

% e—(iﬂ/Z)IXIzlmCot(ZJT\,ulf/?») dt e¥rium) du.

Now we use polar coordinates in R?2 and the fact that the Fourier transform of the surface-carried measure
on the unit sphere in R% is given by

Qm)22 9, Qrlul) with  $,(0) =0 L2245 (o),

the standard Bessel function formula (see [Stein and Weiss 1971, p. 154]). Thus,

d

o0 . 2 2
KE Gy = 2172 f / el”“”m(r)m( Al —kn>(—. ’ )
0 JR A 2sin(2rtp/A)

% e—(iﬂ/2)|x|2pcot(2ﬂp‘[/l) dt (Zn)dz/Z}dz(znpthpdz—l dp

In this integral we introduce new variables

1 27t
0:0= (3 22),
so that (t, p) = ((4s)™", 2Ats/m) with dt dp = A(2ms) "' ds dt. Then we obtain, for k > 1,
d
K)]f’l(x, u) = kd2+(d]+1)/2/ B(s)mi(t _kn)(sit?) 2 tdz—lei)\swt,lxl)}dz(4SM|M|)ds dt, (88)
where
v(t,r)=1—r’tcott (89)
and
B, (5) = 232/2-2 (ka2 <%)sd1/2+d2—2; (90)

thus B, is C*° with bounds uniform in X, and B, is also supported in [%6, 4].
In the next two sections we shall prove the L! estimates

> Z// AT@D2 KR (x w) | dx du = 0(1), 1)

k<8x [=0

and Theorem 5.1 and then also Theorem 1.2 will follow by summing the pieces. Moreover, we shall give
some refined estimates which will be used in the proof of Theorem 5.3.
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An L* bound for the kernels. The expression
Qt)»,k,l :Al+d2/2kd2*l(21k)d1/2 (92)

will frequently appear in pointwise estimates, namely as upper bounds for the integrand in the integral
defining )\_(d_l)/sz’l. Note that

A== D2 KA o <27 ks (93)

the additional factor of 2~/ occurs since the integration in 7 is over the union of two intervals of length
comparable to 27

Formulas for the phase functions. For later reference, we gather some formulas for the 7-derivatives of
the phase ¥ (t,r) =1— rt cott:

t
wt(t,r)=r2< — —cott) (94a)
sin” ¢
2t — sin 2t
2
=r| ——— |; 94b
( 2sin%t ) (94b)
moreover,
2r 2K [t
Y (t, r) = — 3 (sint —tcost) = — 3 Tsintdr. (95)
sin” ¢ sin” ¢t Jo

Observe that ¥;; =0 when tant =t and ¢t # 0, and thus ¢, (¢, r) & rlfor0<rt< %n; namely, we use
(2\/5/(371))t <sint <t to get the crude estimate

% < Y (t,r) < 2, 0<r< %n. (96)

It is also straightforward to establish estimates for the higher derivatives:

/@, <Sré, ] < 3, (97)
and

; r2|t]

Wy, r)=0 TS (98)
for all ¢.

Asymptotics in the main case |u|> (kA)~1. We shall see in the next section that there are straightforward
L' bounds in the region where |u| < (k+1)~!A~!. We therefore concentrate on the region

(e u) : |ul > Clk+ 1)1,

where we have to take into account the oscillation of the terms $ b (4sAt|u|). The standard asymptotics
for Bessel functions imply that

I @) =e"Vw (o) + e my(o)), o] =2, (99)

where @, w, € §~(@~1/2 gre supported in R\ [—1, 1].
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Thus, we may split, for |u| > (k + DAL,
ATEDREE (x u) = AV (L) + BY (x ), (100)

where, with €, ;; as defined in (92),

AV o) = €y / / M (5, 1)V CD=D o (45t |u)) dt dis, (101)
and
BN (1) = € / / Mokt (5, )PP EIDHD 0 (45 1101) i dis: (102)
here, as before, ¥ (¢, r) = 1 — r2t cott and, with 8, as in (90),
dy
I \? -1
Mo, 1) =Brno)| —) 7, (103a)
sint
d
t/k \2 [\
Mk (s, ) = Ba()m(t —km)| - — . (103b)
2 sint k
Note that [0V 921, .1lleo < Cn,.n,2'N2. Moreover, if
Jeg = (km =272m kn =273 U [kn + 273, kr +27'27), (104)
then
Mk (s, 1) #0 = 1€ Jy . (105)

The main contribution in our estimates comes from the kernels Aﬁ’l, while the kernels BI; ! are negligible
terms with rather small L' norm. The latter will follow from the support properties of 1, x; and the
observation that

O (W, |x]) +4rlul) #0,  (x,u) #(0,0);

see (94b). As a consequence, only the kernels A/;’l will exhibit the singularities of the kernel away from
the origin.

The phase functions and the singular support. We introduce polar coordinates in RY and R® (scaled
by a factor of 4 in the latter) and set
r=lx|, v=4|ul.
We define, for all v e R,
G, r,v) =y, r)—tv=1—r’tcott —tv. (106)

Then, from (94b) and (94a),

2t —sin 2t Pt 1 ¢, )
— |t == . (107)
2sin“t sin“t t t

¢ (t, 1, v) = rz(

Moreover, ¢;; = Y, and we will use the formulas (95) and (98) for the derivatives of ¢;,.
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1/k

1/(k+1)

1/ (k+3)

Figure 1. The set {m(r(¢), v(¢)) : t > 0}.

If we set _
sin ¢
r(t) =|—1| r0) =1,
L sine (108)
o) = - - S";zt), v(0) =0,
then we have
v(r) r?—r(1)?
G (t, 1, v) = %rz—v :—(v—v(t)—v(t)w), (109a)
_ r(t)2 —r?
¢, r,v)= W +to:(t, 1, v). (109b)
Thus,
G, rv)=¢(t,r,0) =0 < (r,v) = (r(t), v(1)). (110)

Only the points (r, v) for which there exists a ¢ satisfying (110) may contribute to the singular support I"
of ¢/ ‘ESO. One recognizes the result by Nachman [1982], who showed for the Heisenberg group that the
singular support of the convolution kernel of e YL consists of those (x, u) for which there is a t > 0 with
(Ix], 4lul) = (r (1), v(1)).

Figure 1 illustrates the singular support, including the contribution with |#| near O and |x| near 1.
However, we have taken care of the corresponding estimates in Section 6, and thus we are only interested
in the above formulas for ¢ > %n.

For later reference we gather some formulas and estimates for the derivatives of r(¢) and v(#). For the

vector of first derivatives we get, for ¢t ¢ w7,

<r/(t)) _ sint —zcost (—sign(sin(t)/t)> (a1

V(1) 12 2t~ cost
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with r'(r) = O(¢) and v'(¢) — % = O(t) ast — 0. Hence, forr ¢ w7,

(¢ int\2cost
v _ —sign(ﬂ) cost _ —2r(t) cott. (112)

rl(t) t t
Clearly, all derivatives of ¢ and v extend to functions continuous at £ = 0. Further computation yields, for
positive t ¢ mZ, v > 1,

v+1 v

sint
: (v) — —n —n

51gn< ; )r () Zan,vt s1nt+an,Ut cost (113a)

n=1 n=1

and

v+1 v
v =yt D et sin 20+ "yt 7" cos 2 (113b)

n=1 n=1

here a, , =c,,, =0if n — v is even, and b, , = d, , = 0 if n — v is odd; moreover, y, = (—1)" (v — 1)!

and a; , = (=12 for v =2, 4, .... For the coefficients in the first derivatives formula, we geth; 1 =1,
a1 = —1,d;1 = —1, and ¢z, = 1. For the second derivatives, we have the coefficients a; » = —1,
byo=-2,a32=2,c12=2,dr2 =4 and c3» = —3. Consequently, for the second derivatives we get the
estimates

P <t Vsing| + (A +072, @] <t sin 2|+ (1+1) 7. (114)

Also, [rV ()] <, A+~ and v ()| <, (1 4+1)"% forall ¢ > 0.

8. L! estimates

In this section we prove the essential L! bounds needed for the proof of Theorem 1.2. We may assume
that A is large.

In what follows, we frequently need to perform repeated integrations by parts in the presence of
oscillatory terms with nonlinear phase functions, and we start with a standard calculus lemma which will
be used several times.

Two preliminary lemmata. Let n € C°(R") and choose ® € C* so that V® # 0 in the support of 7.
Then, after repeated integration by parts,

. ! I\ i )
/e’“’(”n(y) dy = (i) /e A<I>(>)§5Nn(y) dy, (115)

where the operator & is defined by

. aVo

In order to analyze the behavior of £V we shall need a lemma. We use multiindex notation, i.e., for
1 n .

B =B, ....p") e (NU{0)" we write 3f = Bﬁ 851 and let |B| = Z?:l B' be the order of the

multiindex.
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Lemma 8.1. Let & be as in (116). Then $Na is a linear combination of C(N, n) terms of the form
a[]l_ aP o
[VO[N
where 2N < j <4N —1landa, By, ..., Bj are multiindices in (NU{0})" with 1 < |B,| < |Bv+1] satisfying:
(1) 0<la| =N;
2) |Byl=1forv=1,...,2N;
(3) lal+ X0, 1Bl =4N:
@ Y (Bl =D =N —lal
Proof. Use induction on N. We omit the straightforward details. (Il
Remark. In dimension n = 1, we see that $"a is a linear combination of C(N, 1) terms of the form

a@ )

@y L @

BeT

where J is a set of integers B8 € {2, ..., N + 1} with the property that Zﬂej(ﬂ —1)=N —a. If Jis the
empty set, then we interpret the product as 1.

In what follows we shall often use:

Lemma8.2. Let A >0,0>0,n>1and N > (n+1)/2. Then

/oo (1+A|U|)—(n—l)/2|v|n—l < Af(n+1)/2p(n71)/2 lfA,O >1,
I TP Yy R PN if Ap<1.

We omit the proof. Lemma 8.2 will usually be applied after using integration by parts with respect to
the s variable, with the parameters n = d, and A = k.

Estimates for |u| < (k+1)"'A~'. We begin by proving an L' bound for the part of the kernels K\ for
which the terms ¢ b (4sAt|u]) have no significant oscillation, i.e., for the region where |u| < C (Ak)~! (or
lu| <AVif k= 0).

Lemma8.3. Let A >1,k>1,1> 1. Then
f/ TGO KE o u) dx du S (k)T 2, (117)
| S(Ak)~!

Proof. First we integrate the pointwise bound (93) over the region where |x| < AK2D™V2 ) ul < (W)Y,
and obtain
@D () dx du S 27 €5 4 k2T (k) R = 2k T A2,

lx|<C (k2172
lu|<C(rk)~!
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If |x| > C(Ak2')~1/2 then, from (94b) and (98), we get that |y, (¢, |x])| > 2%/k|x|? on the support of
ni(t—km); moreover, (3/01) ™ (¢, |x|) = O(|x|*k2'"+D). The n-th r-derivative of n; (1 —km)$,, (4srt|ul)
is O(2"). Thus an integration by parts gives

ATV K ()| < O 27 € (02K )Y
for |x| > (Ak2))~1/2 and |u| < (Ak)~!. The bound O ((2'k)~'A14/2) follows by integration. O

Estimates for |u| > (k+1)"1A~1. We now proceed to give L' estimates for the kernels A];’l and Bf’l
for k > 1 in the region where |u| > (ka)~ L
An estimate for small x. As a first application we prove L! estimates for |x| < (2/ak) ™12, k > 1.
Lemma 8.4. Let C > 1. Then

f/ [AY (v, )| + 1B (x, w)lldx du S 2T~ A=A =D/2, (118)

(x,u):
lx|<C@lrk)=1/2

Proof. Integration by parts with respect to s yields

|AS (e w) 4+ | BE (x, w))

,SNZ Gkl / (1+Ak|ﬂ:|4u|—|x|2cott+t—1|)—1v
— t—km| <2

dt. (119
(14 Ak|u|)(@—D/2 (119)

We first integrate in u. Notice that by Lemma 8.2 we have, for fixed ¢ and fixed r < (2'rk)~12,

dv < )\._(d2+1)/2k_d2.

/OO (14 Akv)~(@=D/2yd2=1
0 (14xk|£lv|—r2cots+1-1))"

We integrate in x over a set of measure < (2'kA)~%/? and then in ¢ (over an interval of length &~ 27!) and
(118) follows. O

L' bounds for Bl;’l.
Lemma 8.5. For A > 1,0 < k < 84,

”Bl)f’l”l g (zlk)fl)\*(dlfl)/zh (120)

Proof. The bound for the region with |x| < (2/Ak)~!/2 (for which there is no significant oscillation in
the 7-integral) is proved in Lemma 8.4.

Consider the region where |x| =~ 2" QIrk)~Y2. We perform N; integrations by parts in ¢ fol-
lowed by N, integrations by parts with respect to s. Denote by &, the operator defined by ¥,g =

3 (8(1)/ (W (r, |x]) +4lul)). Then

‘ I — 32N [s=Ni M s, Do (4hst|u
Bf’l(x,u):C,\,k,,(i/A)N' //em<w(t,x)+4z|u|)( M| D k(s Do (st |ul)}]

dtd
(142219 (¢, |x]) + 4t ] D)V *
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From (94b),
|3, (W (2, 1x]) +4tlul)| 2 2% k|x|* +4lu| 222"

Moreover, for v > 2, 9/ = 0(22’”+1 ”k‘l) and v differentiations of the amplitude produce factors of 20,

Thus we obtain the bound

Colk

k,l <
|B}\ (X, M)l ~ (1 —|-4)J<|u|)(d2_1)/2

=2mN, / (14 2k|l=! = [x[? cot +4Jul]) " dr.
|t—km|<2-!
From Lemma 8.2 (with n = d5, A = Ak and p < k' max{1, 22”1~ 1})

dv < AT@ED2p=d iy (] (22m )~ (=D/2y, (121)

/OO (1 +)\‘kv)*(d2*1)/2vd2*1
v=0 (1 + Ak|v — |x|? cot? +t—1|)N

We integrate in ¢ over an interval of length O (27" and in x over the annulus {x : |x| &~ 2" (2' k)~ 1/2).

This gives
k.l Nt 2" . (dr+1)/27,—d 2my —15(dr—1)/2
|B;" (x,u)|dxdu <2727 ( ) Cy b PN max (1, 27 a5
(/ [ * 20k
X, uU):
|x|%2m(21)hk)71/2 5 (zlk)—l)\‘—(d]—1)/22—m(2N_d])max{l, (22}"}\‘—])(012—])/2}’ (122)
and, choosing N sufficiently large, the lemma follows by summation in m. (I
L' bounds for AX', 21k > 1091
Lemma 8.6. For k <8x, 2/ > 10°1/k,
1451 S @Ry~ am@mbr, (123)

Proof. We use Lemma 8.4 to obtain the appropriate L' bound in the region {(x, u) : |x| < Co(2/ak)~1/?}.
Next, consider the region where

2m2hk) V2 < x| < 2" @l ak) 12 (124)

for large m. This region is then split into two subregions, one where 4|u| = v < 1072227+ 3~ and the
complementary region.

For the region with small v, we proceed as in Lemma 8.5. From (94b), we have |y,| > kr?221 /20
and hence || > 22" H=33~1. Thus, if v < 1072221~ then |¢;| ~ k2% r? ~ 22"+ )~ Moreover,
/¢ = O (22" +v 3 =1 for v > 2. Therefore, if we perform integration by parts in ¢ several times, followed
by integrations by parts on s, we obtain the bound

Colk
(1 + Mk |u|)d=D/2

|AN (e, )| < 2—2'"Nf ) l(1+,\k||x|zcotz—t—1—4|u|\)‘Ndz.
lt—km|<2-
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In the present range, |x|?| cott]| a2 2% (Ak)~! and t~! ~ k~!, and thus we see from Lemma 8.2 that
inequality (121) in the proof of Lemma 8.5 holds. From this we proceed as in (122) to bound

|AY (v, ) dx du < (2'k) 7 AT @027 m@N =) a1, (2212,

le%zm (2[}\/{)71/2
4|M|§107222m+l}u71

For large N1, we can sum in m and obtain the bound CQU)~p=d=D/2,
Next, assume that v > 22"+ 3 ~1/100 (and still keep (124)). Then
|tv+r2tcott—1| > klv| for t € supp(nax.1)- (125)
Indeed, we have rv > 22"2/kx~' /100 > 103 and

—1 22m+l
21| cot 1] < 22’"+2(21Ak)—‘t[sin(%nz—’)] < p2m+6,—1 — mzﬁoh—l ,

where we used (124) and that sino > 2o/ for0 <o < %n. By our assumptions, 2! > IOSX/k > 10%, and
thus the right-hand side of the display is at most v/10. Now (125) is immediate by the triangle inequality.
We use (125) to get, from an N;-fold integration by parts in s,

|AS (e, w)| S 2705 4 (Rkw) =M (D72

Then
i , om d Ni— (D)2 22m+l *N1+d2;_1
|AY (x, w)| dudx <27 Q:A,l,k( ) (Ak)~ M1 <—)
g Vi2k A

|x|%2m (2[)\]()_1/2

—292m+1y —1
4lu|=107222"+ ), < p1=d1/2=d2/2 9 =l(N1=(d2=1)/2) } (d2=1)/2= N1 ym(di+dr+1-2N))

For N, large we may sum in m to finish the proof. ([

Estimates for Ai’l, 2! < A/k. In the early approaches, to prove L” boundedness for Fourier integral
operators, the oscillatory integrals were analyzed using the method of stationary phase [Peral 1980;
Miyachi 1980; Beals 1982]. This creates some difficulties in our case at points where ¢, ¢, and ¢,, vanish
simultaneously, namely at positive ¢ satisfying tant = ¢. To avoid this difficulty we use a decomposition
in the spirit of [Seeger et al. 1991].

In what follows we assume k < 81 and 2! < CoiA/k for large Cy chosen independently of A, k and /.
The choice Cy = 10'° is suitable. We decompose the interval Ji; into smaller subintervals of length
ey/k/(2'1) (which is < 27! in the range under consideration); here & 10719 (to be chosen sufficiently
small but independent of A, k and /).

This decomposition is motivated by the following considerations: According to (130), A¢ (¢, r, v) con-
tains the term —A(r —r(¢))t cot ¢ depending entirely on r and ¢. For ¢ € J; ;, this is of size Ak2!|r —r(¢)|?,
hence of order O(1) if |r —r ()| < (Ak2')~1/2. Moreover, on a subinterval I of Ji1 on which r(¢) varies
by at most a small fraction of the same size, the term —A(r — r(t))?t cott is still O(1) and contributes
to no oscillation in the integration with respect to s. Since |r'(¢)| ~ 1/k by (111), this suggests we
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choose intervals I of length < k(Ak2))~1/2 = ~/k2—Ix~1. Similarly, the first term of A¢ (z, r, v) in (130)
is of size Ak|w(t, r, v)| and does not contribute to any oscillation in the integration with respect to s
if lw(t, r,v)| < (Ak)~!. These considerations also motivate our later definitions of the set P and the
sets P,,, m > 1; see (133).

As before, we denote by 19 a C°(R) function such that ), _, no(t —mn) =1 and supp(1j0) C (—m, ).
Define, for b € mes/k2-I0 17,

_1 /a2
Mk, (S5 1) =My ki (s, t)n0(8 ! T(t —b))- (126)

AVl =" Al (127)

beT Akl

Then we may split

where T 1 C meVk27IA=1 7N Ji g (see (104)), #T; 11 = O(e~'V/A2-1k~1), and
A,;’,lb(x’ ) =Gk /f X(S)Ux,k,z,b(l)eiks(l_lxlztCon_twl)wl (Ast|4ul) dt ds. (128)

We now give some formulas relating the phase ¢ (¢, r, v) = 1 —r’t cott — tv to the geometry of the
curve (r(t), v(t)) (see (108)). By (110) and (112),

d)(tvrv U) — ¢(tv r, U) _¢(t7r(t)’ U(t))
t t
= (r(t)* —r?) cott + v(t) —v

=v(@)—v— (G —r())2r(t)cott — (r — r(t))2 cott

and, setting

w(t.r.v) = v — o) — 22—y, (129)

r'(t)

we get
0, tr Y . rv) — (r — r(0)? cotr. (130)
Moreover,
PN DAL L
t s1n r t
¢(t,r,v) t

= TS O) =), (131)

We shall need estimates describing how w (¢, r, v) changes in z. Use (130) and the expansion

w(t,r,v) —w(b,r,v)

v'(b) v'(t)  v'(b) v'(t)  v'(b)
[v(t)— (b) — ,(b)( r(t)—r(b ))} [r,(t) — r/(b)}(r—r(b))Jr[r,(t) — r,(b)}(r(t)—r(b))-

From (114), we get |r”| +k|v”| <27k~ + k=2 on J;, thus the first term in the displayed formula is
<@~ k=2 4kt —b|>. Differentiating in (112) we also get (v'/r’) =02~ 'k+k=2) on Jk.1, and see that
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the second term in the display is < (2~/k~!4+k~2)|t —b||r —r(b)| and the third is < 2~/ +k~Hk=2(t—b)?.
Hence,

(132)

|t — bl Ir—r(b)l)
k? k '

lw(t, r, v) —w(b, r, v)| 5(2—’+k—1)|r—b|( -

‘We now turn to the estimation of Aﬁlh with k > 1 and b € T, ;. Let, for b > % [=1,2,...,and

m=0,1,2,...,
P =Pm (X, 1, k; b)
:={(r,v) €(0, 00)x (0, 00):v > (Ak) ", [r—r(d)| 2" Ak2)7V2 Jw(b, r,v)| <22 (1K)} (133)

and let

Q= Q1 k: b) ::{{(x,u):(|x|,4|u|)e@o} %fm:O, (134)
{(xe,u) s (|x], 4lul) € P\ Pp—1} if m>0.

For later reference we note that, in view of 2! < A /k, |t —b| < &/k/(A2!) and the upper bound
|r' (1) <2t~ !, we have r(t) — r(b) = O(g/VkA2b), and, by (132),

lw(t, r,v) —w(b, r,v)| 2" k), (rv) € P (135)
Moreover, it is easy to check that, still for |t — b| < e/k/(A2}),
|(r —r(®))* cott — (r —r(b))* cotb| < e22™ (1k)~". (136)

Proposition 8.7. Assume that 1 <k <8A,1=1,2,...,and 2l < CoA/k (and let € in the definition (126)
be at most CO_IIO_IOO). Letb>1andb e I, ;. Then

I
// AR (L) dx du < @)~ @+D2 | 2K (137)
Qo(r,Lk;b) ' A
1
// AR (e, )| dx du <y 27N (1 ~h+D2, [ 2K (138)
QO lkb) A
Proof. Note that, for fixedk > 1,1 >1,b e T, i,
(r,v) € P = r<2mk)! and v<22Mkh (139)

This is immediate in view of 2/k < A, r(b) ~ (2'k)~" and v(b) ~ k~!, and thus

[
r< (Zlk)_l(l +2om %) <2m2Mky~,

v S k—l(l +22m)\—1) S 22mk—l.

(140)

Also recall that v = 4|u| > (Ak)~! for (x, u) € QL (A, L, k; b).
A crude size estimate yields

l
// |ASY (e, w)| dx du < 2t ol jy=(di+D)/2 2)\—" (141)
(x| 4luDePy
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Indeed, the left-hand side is < &v/k/(2!1) €, 41 $, where

dr—1

di—1 42 2my—1
9= /f (kv)~ @012y =1 di=1 gy g, < A A e >
220 \2'k M\ Ak

[r—r®)|<2m @2 2k) =12

lw(b,r,v)| <227 (hk) ™!
in view of (129) and (140). This yields (141). In regard to its dependence on m, this bound is nonoptimal
and will be used for 2" < C(¢).

We now derive an improved L' bound for the region €2,, when m is large. For (r, v) € P, \ P, we
distinguish two cases, I and /I, depending on the size of |¢ (b, r, v)|, and define for m > 0, and fixed &, /
and b,

Rp = {(r,v) € Py \ Py 2 1@ (b, 1, v)| > 27100 —r (b))},

Ry ={(r,v) € P \ P12 [ (b, 1, )| <2710 —r(0))?}.

We also have the corresponding decomposition 2, = I + Q| where Q! and Q7 consist of those
(x, u) with (|x|, 4|ul) € R! and (|x|, 4|u]) € R

m>

Case I: |¢p(b,r,v)| > 2710k (r — r(b))>. We shall show that

respectively.

k

lp(t,r,v)| 2 217" for (r,v) € R, |t —b| <e )=

5y (142)

with ¢ > 0if 0 < & <« 10719 5 chosen sufficiently small. Given (142) we can use an N,-fold integration
by parts in s to obtain a gain of 272"V over the above straightforward size estimate (141), which leads to
f / 1 AL, Ce )| dix du Sy, 2 ATRTIZN) (9l gy =i D)2 ZIT" (143)

S2m

It remains to show (142). We distinguish between two subcases. First, if |[r —r(b)| > 2m=5(nk2H)~1/2,
then by the case / assumption we have |¢ (b, r, v)| > 21_100](22””_10()Jc2l)_1 = 22m=10) -1 apq, by
(130), (135) and (136), we also get (142) provided that & < 272%.

For the second subcase we have |r — r(b)| < 2" (Ak2")~1/2. Since (r, v) ¢ P,,—1, this implies that
lw(b, r, v)| > 22" ~2(rk)~", and since the quantity b(r — r(b))?|cot b| is bounded by 2:t*b(r — r(b))* <
22m=6(b/k)x~!, we also get | (b, r, v)| = 22"31~1, by (130). Now, by (130), (135) and (136), we also
get |p(t,r, v)| > 22— ~lif ¢ is sufficiently small. Thus (142) is verified and (143) is proved.

Case II: |¢ (b, r, v)| <2719k (r — r(b))>. We show
!
¢y (2, 7, )] = 2720222 (o)A (rov) € R |t —b| < ey % (144)
and this will enable us to get a gain when integrating by parts in . To prove (144), we first establish

Ir—rb)| =2"100k2)712 for (r,v) e R, (145)
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Note that if [w(b, r, v)| < 22" 3 (k)" then |r — r(b)| > 2"~ (1k2)) 172, since R c P . Thus, to
verify (145), we may assume |w(b, r, v)| > 22m=3(0k)~!. In this case we get, from (130), (r, v) € P,
and the case /I assumption,

(r—r(b))*|cotb| > |w(b, r, v)|—b" P b, r, v)| > 22" 3 (k) =b k2! 710022 (2 ~1 > 224 ()~

and hence (r — r(b))?2** > 22"=4(xk)~!, which implies (145). In order to prove (144), we use (131)
and (145) to estimate

|1 (b, v)| = — (4Ol —r ) — 2195 ¢ )2
sin® b b
lr—r®)| (r+r) 2k (r +r®)|r —rb)|
=% coE it @l = 2br (b)?
2m—10

= 2275k (r +r (b)) = 2" REPIR G r (0272,

Ak2!
which yields (144) for t = b. We need to show the lower bound for |t — b| < &\/k/(2!1). By (95) we
have |¢; (¢, r, v)| < r?b23%* for |t — b| < &/b/(2!1), and thus

60,7, 0) = 9u(b, 7, V)| < 25722V ke, [ 5 < 27 OB ()

if ¢ « 2719 The second inequality in the last display is easy to check. If r < 2r(b), then use
r <@V A r4r(b), and, if r > 2r(b), then use r — r(b) ~ r +r(b) ~ r. In both cases the asserted
inequality holds for small ¢ and thus (144) holds for |t — b| < &/k/(2!A). We note that, under the
condition (145), the range r < 2r(b) corresponds to 2" < /A(2'k)~! and the range r > 2r(b) corresponds
to 2™ > /A (2lk)~L.

We now estimate the L' norm over the region where (r, v) € 9{% Let &, be the differential operator
defined by ¥,g = 9(g/¢;)/dt. By N integration by parts in r we get (with |x| =r, 4|u| = v)

AV G u) = iV AN / / MO AD =Ny pNi [y, 1 (s, D) (Astv)]dt dis.

To estimate the integrand use the lower bound on |¢, |, (144). Moreover, we have the upper bounds (98) for
the higher derivatives of ¥ (and then ¢), which give 3"¢ = O (2!"*Dbr?) for n > 2. Each differentiation
of the cutoff function produces a factor of (12'k~!)!/2. By the one-dimensional version of Lemma 8.1
described in the following remark, the expression AN ()\bv)(dz_l)/z‘ifiv' (M k1b(s, )y (Astv)]| can be
estimated by a sum of C(N7) terms of the form

M (146)

()»21/]()0‘/2 l_[ 2l(ﬂ+l)kr2
(

(2m231/2k1/2(r + r(b))k‘l/z)“ 53 2m231/2k1/2(r + r(b))k—1/2)ﬁ ’

wherea € {0, ..., N1}, Jisasetof integers 8 €{2, ..., N;+1} with the property that Zﬂej(ﬂ—l) =N|—a.
If J is the empty set then we interpret the product as 1. We observe that, for (r, v) € R, we have
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lr —r(b)| ~ 2" (Ak2H) ™12, Thus, if 2 < \/A(2'k)~1, we have r < (2/k)~" and r +r(b) ~ (2'k)~!, while
for 2" > \/A(2'k)~1 we have r &~ r —r(b) ~ r +r(b) ~ 2" (Ak2)~1/2.

A short computation which uses these observations shows that, in the case 2" < \/A(2'k)~!, the terms
(146) are <27« ]—[ﬂej[Z*mﬁ (2'k/2)B/>71]. In the case 2™ > /A (2'k)~1, the terms (146) are dominated
by a constant times A2~k hHe/2p—2ma ]_[/3Ej 2-mB=D Tn either case, the terms (146) are < 27N since
o+ Zﬂeﬁ B > Nj. This means that we gain a factor of 27"V over the size estimate (141). Consequently,

2'k

/f |ASL O, )| dx du S 2m @t t1=N (ol jy =(di+D/2 = (147)
Qi '

The assertion of the proposition then follows from (143) and (147). [l
L1 estimates for T xk and W; .

Proof of (59). Let us recall that k < 8. If we sum the bounds in Proposition 8.7 over b € 5, ; ;, we get

145 Il S @B~ @DR 2t =
We also have
12774V kL ARl < @y~ @mD, (148)

for the part of Kg;l where |u| < 1/(k)), this follows from Lemma 8.3 and, for the remaining part, this
follows from Lemma 8.5. Combining these two estimates, we find that

J
277D EE S @ @rhR, ol g 2; (149)
Moreover, by Lemma 8.5 and Lemma 8.6, we have
_ , 2/
127D < @I Tl2ni bR gl 10°-. (150)
Altogether this leads to
2T I T S @D, asn
and (59) follows if we sum in /. O

An estimate away from the singular support. For later use in the proof of Theorem 1.4, we need the
following observation:

Proposition 8.8. Let A > 1, let K, be the convolution kernel for the operator X()»*I«/Z)eiﬁ, where
x € F(R), and let R > 10. Then, for every N € N,

/ |K;.(x, u)| dx du < Cy(AR)™V.
max{|x. ul}=R

Moreover, the constants Cy depend only on N and a suitable Schwartz norm of x.
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Proof. This estimate is implicit in our arguments above, but it is easier to establish it as a direct consequence
of the finite propagation speed of solutions to the wave equation [Melrose 1986]. Indeed, write

X()flx/Z)e"ﬁ = X()\*I\/Z) cos /L + %% ()fl«/Z) Sirj/f

with x(s) = sx(s), and denote by ¢, and P the convolution kernels for the operators X()FI\/Z)

and cos +/L, respectively. Then % is a compactly supported distribution (of finite order). Indeed, P is
supported in the unit ball with respect to the optimal control distance associated to the Hormander
system of vector fields Xy, ..., X4, which is contained in the Euclidean ball of radius 10. Moreover,
by homogeneity, ¢, (x, u) = A4 +2d2<p(kx, kzu), with a fixed Schwartz function ¢. Note also that, by
Hulanicki’s theorem [1984], the mapping taking x to ¢ is continuous in the Schwartz topologies. Since
the convolution kernel K for the operator x (A"'WL) cos v/ is given by ¢, @, it is then easily seen
that K7 (x, u) can be estimated by CyIM x| + A% u)~N for every N € N, with a fixed constant M. A
very similar argument applies to ¥ (A\~'v/L) sin (v/L)/+/L, and thus we obtain the above integral estimate
for K. O

9. Controlling the hils 0 L! bounds for the operators I/,

In this section, we consider the operators W, = > ; Wj.n and prove the relevant estimate in Theorem 5.3.
In the proof we shall use a simple L2 bound which follows from the spectral theorem, namely, for jy > 0,

< 2 hd=h/2, (152)
L2~ 2

Preliminary considerations. Let p <1 and let f,, be an L? function satisfying

—d)2

I follz<p supp(fp) C Qp, & = {(x, u) : max{|x|, |ul} < p}, (153)

and we also assume that
/ for,wydxdu=0 if p<3. (154)

In what follows we also need notation for the expanded Euclidean “ball”
Q)O,E,*={(-x’u):max{|'x|’|M|}SC*IO}7 (155)

where C, = 10(1 4+ d, max; || J;|]).
We begin with the situation given by (154). By translation invariance and the definition of &
suffice to check that

1
iso’

it will
W follpr S (1 4n)27@ =072, (156)

We work with dyadic spectral decompositions for the operators |U| and +/L, and need to discuss how
they act on the atom f,,.
For j > 0and n > 0, let H; , be the convolution kernel defined by

XNQHL)GQITMUNSf = fxHjp.
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From (52) we see that
H;j,=0 when n> j+11.

Lemma 9.1. Let p < 1, and let f,, be as in (153). Then:

@) [Ifo* Hjnli S 1and
1o Hynll gt , 5 S @77 (157)

(i1) If f, satisfies (154) then
I fp % Hjplly S minfl, 27" p}. (158)

Proof. By Hulanicki’s theorem [1984] the convolution kernel of x; (L) is a Schwartz function g; on Ré+dz
The convolution kernel of ¢;(|U]) is 8§ ® g», where § is the Dirac measure in R?' and g is a Schwartz
function on R%. Then

Hj,(x,u) = / 212D oy (20 x, 22T w)2U TP g (21 (4 — w)) dw. (159)

Clearly ||H; »|l1 = O(1) uniformly in j and n and, since || f,||1 < 1, we get from Minkowski’s inequality
that || f, * Hjall1 S 1.

For the proof of (157) we may thus assume 2/ > 1/ p, and it suffices to verify that, for every (y, v) € Q, ,
the L! (QE\ o ) norm of the function

2J(di+2dy) 2(j+n)d

. . = dw
(1+27]x — y[+ 22 [wDM (14200 u — v —w + §(Jx, y)[)V

(x,u) —

is bounded by C(2/p)~N if Ny > N +d; + 2d,. This is straightforward. For the proof of (158), we
observe that (159) implies

27 Ve Hjplli + 277"V Hj nlls = O(1).

Moreover, 27" |||x|V,Hj ,|l1 = O(1). By the cancellation condition (154),
7o a0 = [ 1000 Hyls = you= v+ 175 3) = i) dvay
=- f fo(y, U)(fol<y, VxHj,n(x —sy,u—sv+ %s(jx, y)))
+<v + %(fx, y), VMH(x —sy,u—sv+ %S(fx, y)))ds) dydv.

We also use (jx, y) = (f(x —sy), y) and a change of variable to estimate

”fp *Hj,n“ S “fp”l 1Y [”va/',nlll + “quj,n”l + |||x|Vqu,n||1]a

and (158) follows. U
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Proof of (156). For n > 0, split

Wafo= Y. Winfot D Winfot D Winfo=tlup+Iy,+1l,,.

j=n—11 j=n—11 210m 2
2_/'p<2—10n 2—10;1§2jp§210n
The main contribution comes from the middle term and, by (66) and the estimate || f,[l; < 1, we
immediately get
L pll S (14 )27 =072, (160)

Let $, be as in (64), so that #($,) = O(2"). We use the estimate (151) in conjunction with (158), and
estimate

(e8]
Mnpli < D> Y Y 2 DRTE(f, x Hyw)y

2 p<2-10n keg, I=1

%)
< Z Z Z(zlk)—(d|+1)/22n+jp < 2—n(9+(d|—1)/2).
2ip<2-10n ke$, I=1

We turn to the estimation of the term 11, ,. Let ¥, ,, be a maximal ,/ep-separated set of [27—6, 2nt6],
For each g € T, ,, let, for large C > 1,

Nup(B) ={(x,w) : [lx| =r(B)| < VCip,

w(B. x, 4ul)| < C1p} (161)
and

BETpn
Observe that meas(N, ,(8)) Sc¢, 27" @+42=2 p3/2 (by (108) and (112)), and thus meas(N,.,) S¢, p-

We separately estimate the quantity 171, , on N, , and its complement. First, by the Cauchy—Schwarz
inequality and (152) (with 270 s 2107 =1y,

I, ol 1,y S P2, ol S 2710 p) =D 12 £l

n.p)

and, since p?/?| f,l2 < 1,
MLyl s ) < 2=5d=Dn (162)

n,p) ~J

In the complement of the exceptional set N, ,, we split the term /11, , as

o0
Myp= Y DY L, +IVy, 0,

2/ p>210n ke$, I=1
where
k.l —j(d—=1)/2 k1
=277 RPN f x Hy )Xo, e,

k,l —j(d—1)/2k,l
IVnypyj =2 i )/ sz [(fp*Hj’”)XQEE*]’
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and Q, g «isasin (155). From (157) and (151) we immediately get ||IV
and thus

i Sy @)= @221 p) =N,

> ZZHW%] 271,

2/,0>2|0" l 1 kE}n
It remains to show that

o0
ZZ Do M e ) S2TMATDR, (163)

ke}n 2/,0>210”

Let Fjnp=fp*Hjn)X0, ., s0 that | Fj, » | < 1. We shall show that, for k ~ 2",

1Ejonp % Agi ey Sw (277" p)~Nam a2 ol < 108277, (164)
and (163) follows by combining (164) with the estimates (148) and (150).

Proof of (164). We split A];_ ZbEszkl A];’/lb as in (127). For each b € J,;; ;, we may assign a
B(b) € %, , such that |B(b) — b| < Jep. Let T Zlkl be the set of b € J,,;; with B(b) = B. Then

#9751 S <2712, /21+i p. In order to see (164) it thus suffices to show that, for 2/ < 1032/~ |8 —b| < p,

k,l j— — —( di+1)/2 [—j)/2
”Fj,n,p*Azj,b”Ll((N,l_,J(ﬁ))E) SJNI (2171 o)y~ Nip—Umd+D/ 2yt =])/2, (165)

To prove this we verify the following claim: if (X, %) € Q) g« (x,u) € (N,,,p(ﬂ))ﬂ and 2¥"—itn < p,
then

(Ix = &1, 4lu — i+ 3(Jx, H)|) & P2/, 1, k; b); (166)
P, (27,1, k; b) was defined in (133). Indeed the claim implies

k,l k,l
1Fjinp A L, 808 S 1Ay, (%, w)| dx du,

/(|x|74|u|)¢@m (27,1,k;b)

since || Fj . »ll1 = O(1), and (165) follows from Proposition 8.7.
To verify the claim (166), we pick (x, u) ¢ N, ,(B) and distinguish two cases:

() |Ix|=r(B)| =
) |w(B. x|, 4lul)| = Cip and ||x| —r(B)| < V/Cip.

It is clear that the conclusion of the claim holds if we can show that, under the assumption that C; in
the definition (161) is chosen sufficiently large (depending only on J and the dimension d), we have, for
all (X, u) € Qp £ %

; ilp in case (1), (167)

|lx — %] —r(b)| =

lw(b, |x — x|, 4|u—i+ %(jx,x Nl = C;'O in case (2). (168)
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The case (1) assumption implies, for (X, i) € Q, g« (and sufficiently large C1),

v Cip
2 b

lx =X =r®)| = |Ix| = r(B)| = 1% = Ir(B) —r(B)| = C1p"* = Cop — Clb— BI27" >

which is (167).
Now assume that (x, u) satisfies the case (2) assumption. We then have, for all (x, i) € Q) £ .
|w(b. |x — %[ 4Ju— i+ 3 (Jx, £)]) — w(B. |x]. 4Ju])]
< [wb, Ix], 4lul) — w(B, x|, 4uD| + |w(b, bx — &1, 4|u — &+ L (Tx, )|) = w(b, |x], 4lul)|

The first term on the right-hand side can be estimated using (132) (with (¢, b) replaced by (b, 8)), and
we see that it is at most (C + JC 1)p under the present case (2) assumption. The second term on the
right-hand side is equal to

v'(b)
r'(b)

Aul —4lu— i+ L(Jx, B - (Ix] = |x — %D,

and, since the case (2) assumption implies |x| = O (1), we see that the displayed expression is O (p).
Thus, if C; in the definition is sufficiently large, we obtain (168). This concludes the proof of the claim
(166) and thus the estimate (164). O

We finally consider the case where % < p <1, in which condition (154) is not required. This case can
easily be handled by means of Proposition 8.8. To this end, we decompose

a(WL)eVt = 3" 27102071 LyelVE

Jj=10

with g;(s) = 2/@=D/2q(2/5)x(s). The family of functions g; is uniformly bounded in the Schwartz
space. If K; denotes the convolution kernel for the operator g;(27/ \/Z)eiﬁ , we thus obtain from
Proposition 8.8 the uniform estimates

/ |Kj(x, u)|dx du < Cy277V.
max{|x|,lu[}>100
This implies that

/ (@D £,y dxdu 11 S 1.
max{|x/|,|u|}>200
And, by Holder’s inequality,
/ @DV £y 01 dx S 1aWDe Y £l S 1 folla S 1.
max{|x/|,|u|} <200

This concludes the proof of Theorem 5.3. ]
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10. Interpolation and proof of Theorem 1.1

Using interpolation for analytic families, one can deduce Theorem 1.1 from the Hardy space estimate by

noticing that L?(G) is an interpolation space for the couple (hl (G), L*(G)) with respect to Calderén’s

1S0
complex [ -, - ]y method. One has

[h!

1S0

(G), LX(G)]y =LP(G), ®=2— % l<p<2, (169)

with equivalence of norms. It is straightforward to deduce (169) using the method of retractions and
coretractions [Triebel 1995] from an analogous formula for the Euclidean local Hardy spaces /}.; more
precisely, from a vector-valued extension for the spaces [£! (h }E), 2(L*))y =€P(LP), 9 =2—2/p. Fora
direct proof see the preprint version, arXiv:1408.3051, of this paper. However, (169) can also be seen as
a special case of a more general interpolation result by M. Taylor [2009], since hilso can be identified with

the local Hardy space associated with a left-invariant Riemannian metric on the group. We would like to
thank the referee for pointing out this reference.

Proof of Theorem 1.1. By duality we may assume 1 < p < 2. By scaling and symmetry we may
assume T = 1. Let a € S~@~D{1/P=1/2) Consider the analytic family of operators

0
A, = e Z zsz(df1)/221(d71><1/p71/2>§j(ﬁ)a(ﬁ)eiﬁ_
j=0
We need to check that «, is bounded on L? for z =2/p — 1. But, for 3 (z) = 0, the operators o, are
bounded on L?; and for R(z) = 1 we have shown that A, maps h! boundedly to L!, by Theorem 1.3.

180
We apply the abstract version of the interpolation theorem for analytic families in conjunction with (169)
and the corresponding standard version interpolation result for L? spaces; the result is that o is bounded

on L? for ¢+ =2/p — 1. This proves Theorem 1.1. ]

11. Proof of Theorem 1.4

We decompose m = Zkel my, where my is supported in (2k=1, 2k+1y and where hy = my (2% ) satisfies

o0
Zsup/ ()|t D2 dr < A.
=1 k J2

By the translation invariance and the usual Calderén—Zygmund arguments (see, e.g., [Stein 1993]) it
suffices to prove that, for all p > 0 and for all L' functions f» supported in the Koranyi ball Q, := Q,(0, 0)
and satisfying [ f, dx =0, we have

Z//QC mic (VL) fp dx S A+ lmloc. (170)
k

10p

Let x1 € C§° be supported in (1, 5) and such that x;(s) = 1 for s € [, 4]. Then, for each k, write

m (VL) = VD)2V = / (@D ™V ar.
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By scale invariance and Theorem 1.2, the L' operator norm of the operator x;(27% \/Z)eiz_kfﬁ is

O(1+ |t))@=D/2 and thus

o0

(VD) 1o S / I (D1 + [T~ D2ar.

—0o0

Also observe that, since the convolution kernel of y; (\/Z) is a Schwartz kernel, we can use the cancellation
and support properties of f, to get, for some & > 0,

11 R7*VL) foll1 < minf1, X p) Y| £, 1

Thus, the two preceding displayed inequalities yield

> VDl = Cusup [l @I+ DD Tl

k2kp<M -
Su (Umlloo +202) 11 foll1, (171)

where for the last estimate we use |ﬁk(t)| < hilloo < lImloo When 7] < 2.
We now consider the terms for 2¢p > M and M large, in the complement of the expanded Koranyi

ball Q, « = Qc, (for suitable large C > 2). By a change of variable and an application of Proposition 8.8,
. _k _ . _ ]( _ _ .

e VI @D follpige = 1Y Exi @V 2 e S @prH ™V i 2>
P* C*r*Ika

where fpzk/r is a rescaling of f, such that || pzk/r||1 =folh <1

Hence, if M is sufficiently large then, for 2%p>M,

Ime VD) folligs )

< ||fp||1[f k |ﬁk<r>|<1+|r|)<d1>/2dr+<2kp)N/
|T|>2%p

k(D)1 + 1)~ dr},
It|<2kp

and thus
D I VD) follpige ) S lmlloa+ Y At (172)

2kp>M k:2kp>M

The theorem follows from (171) and (172).
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