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IMPROVEMENT OF THE ENERGY METHOD
FOR STRONGLY NONRESONANT DISPERSIVE EQUATIONS
AND APPLICATIONS

LUC MOLINET AND STEPHANE VENTO

We propose a new approach to prove the local well-posedness of the Cauchy problem associated with
strongly nonresonant dispersive equations. As an example, we obtain unconditional well-posedness of
the Cauchy problem in the energy space for a large class of one-dimensional dispersive equations with
a dispersion that is greater than the one of the Benjamin—Ono equation. At the level of dispersion of
the Benjamin—Ono, we also prove the well-posedness in the energy space but without unconditional
uniqueness. Since we do not use a gauge transform, this enables us in all cases to prove strong convergence
results in the energy space for solutions of viscous versions of these equations towards the purely dispersive
solutions. Finally, it is worth noting that our method of proof works on the torus as well as on the real line.

1. Introduction

The Cauchy problem associated with dispersive equations with derivative nonlinearity has been extensively
studied since the eighties. The first results were obtained by using energy methods that did not make use
of the dispersive effects (see for instance [Kato 1983; Abdelouhab et al. 1989]). These methods were
restricted to regular initial data (s > d /2, where d > 1 is the spatial dimension) and only ensured the
continuity of the solution map. At the end of the eighties, Kenig, Ponce and Vega proved new dispersive
estimates that enable them to lower the regularity requirement on the initial data (see for instance [Kenig
et al. 1991; 1993; Ponce 1991]). They even obtained local well-posedness (LWP) for a large class of
dispersive equations by a fixed point argument in a suitable Banach space related to linear dispersive
estimates. Then, Bourgain [1993a; 1993b] introduced the now so-called Bourgain spaces, where one can
solve by a fixed point argument a wide class of dispersive equations with very rough initial data. It is
worth noting that, since the nonlinearity of these equations is in general algebraic, the fixed point argument
ensures the real analyticity of the solution map. Molinet, Saut and Tzvetkov [Molinet et al. 2001] noticed
that a large class of “weakly” dispersive equations, including in particular the Benjamin—Ono equation,
cannot be solved by a fixed point argument for initial data in any Sobolev spaces H*. This obstruction is
due to bad interactions between high frequencies and very low frequencies. Since then, roughly speaking,
two approaches have been developed to lower the regularity requirement for such equations. The first one
is the so-called gauge method. This consists in introducing a nonlinear gauge transform of the solution
that solved an equation with fewer bad interactions than the original one. This method proved to be very
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efficient for obtaining the lowest regularity index for solving canonical equations (see [Tao 2004; Ionescu
and Kenig 2007; Burq and Planchon 2008; Molinet and Pilod 2012] for the BO equation and [Herr et al.
2010] for the dispersive generalized BO equation) but has the disadvantage of behaving very badly with
respect to perturbation of the equation. The second one consists in improving the dispersive estimates
by localizing it in space-frequency-depending time intervals and then mixing it with classical energy
estimates. This type of method was first introduced by Koch and Tzvetkov [2003] (see also [Kenig and
Koenig 2003] for some improvements) in the framework of Strichartz’s spaces and then by Koch and
Tataru [2007] (see also [Ionescu et al. 2008]) in the framework of Bourgain’s spaces. It is less efficient for
getting the best regularity index but it is surely more flexible with respect to perturbation of the equation.

In this paper we propose a new approach to derive local and global well-posedness results for dispersive
equations that do not exhibit too-strong resonances. This approach combines classical energy estimates
with Bourgain-type estimates on a time interval that does not depend on the space frequency. Here, we
will apply this method to prove unconditional local well-posedness results on both R and T = R/277Z
without the use of a gauge transform for a large class of one-dimensional quadratic dispersive equations
with a dispersion between those of the Benjamin—Ono equation and the KdV equation. This class contains,
in particular, the equations with pure power dispersion that read

Ur+0xDSu+uuy =0 (1-1)
with o € [1, 2].
The principle of the method is particularly simple in the regular case s > % We start with the classical

t
//8xPN(u2)PNu
0JR

obtained by projecting the equation on frequencies of order N and taking the inner product with Jju.

Note that the second term in the right-hand side of (1-2) is easily controlled (after summing in N) by

l[]13.00 g5 for s > % This is the main point in the standard energy method that leads to LWP in H*®, s > %
T

space-frequency-localized energy estimate

I PNl F oo grs < [ Pnuolizys + sup (N)?* : (1-2)

t€lo,T[

In order to take into account the dispersive effects of the equation, we will decompose the three factors in
the integral term into dyadic pieces for the modulation variables and use the Bourgain spaces X*? in a
nonconventional way. Actually, it is known that standard bilinear estimates in X5-?-spaces with b = %—l—
fail for (1-1) for any s € R as soon as @ < 2. On the other hand, as noticed in [Zhou 1997], it is easy to
deduce from the equation that a solution u € L°°(0, T'; H®) to (1-3) has to belong to the space X ;_1’1.
This means that, if we accept the loss of a few spatial derivatives on the solution, then we may gain some
regularity in the modulation variable. This is particularly profitable when the equation enjoys a strong
nonresonance relation such as (2-6). Actually, this formally allows us to estimate the second term in (1-2)
at the desired level. However, this term involves a multiplication by 1o ;[ and it is well known that such
multiplication is not bounded in X*~11. To overcome this difficulty we decompose this function into two
parts: a high-frequency part that will be very small in L} and a low-frequency part that will have good
properties with respect to multiplication with high-modulation functions in X*~!-1. This decomposition
will depend on the space-frequency-localization of the three functions that appear in the trilinear term.
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1A. Presentation of the results. In this paper we consider the dispersive equation

Ui+ Lariu+ 10,2 =0 (1-3)

associated with the initial condition
u(0,-) = uyp, (1-4)
where x e Ror T, u = u(¢, x) and ug = ug(x) are real-valued functions, & > 0 is a real number and the

linear operator Ly satisfies the following hypothesis:

Hypothesis 1. L, is the Fourier multiplier operator by ipy+1, where pg+1 is a real-valued odd
function satisfying, for some Ao > 0,

(1) Forany €] > 1 and 0 < A < Ay,

A pep1 ATTE) S 19T (1-5)
(2) Forany (£1, &) € R? with |&1| > 1 and any 0 < A < Ao,
AFNQMATEL A8 | ~ (€ minlE[Siax (1-6)

where
Q1. &) = pat1(E1 + &) — par1(§1) — pat+1(52),

€| min := min(|&1], [&2], |61 + &2])
and  |&|max ;= max (|11, |82], [§1 + &2]).

Remark 1.1. We will see in Lemma 2.1 below that, for « > 0, a very simple criterion on p ensures (1-6).
With this criterion in hand, it is not too hard to check that the following linear operators satisfy Hypothesis 1:

(1) The purely dispersive operators L := dx D§ with o > 0.
(2) The linear intermediate long wave operator L := d, Dy coth D,. Note that here o« = 1.
(3) Some perturbations of the Benjamin—Ono equation, such as the Smith operator [1972], L :=
dx(D2 +1)'/2. Here again a = 1.
Before stating our main result, let us define what we mean by unconditional well-posedness.

Definition 1.2. Let K =R or T, 7 > 0 and s > 0. We will say that u € L°°(0, T'; H*(K)) is a solution
to (1-3) associated with the initial datum ug € H®(K) if u satisfies (1-3)—(1-4) in the distributional sense,
i.e., for any test function ¢ € CX°(]-T, T x K),

/ [ [(@r + Lat19)u + Lpu?] dx dt +f ¢ (0, )ugdx =0 (1-7)
0 K K

Remark 1.3. Foru e L®(0, T; H*(K)), with s > 0, u2 is well defined and is in L (0, T; H~(1/21)(K)).
Moreover, (1-5) forces
Loy1u € L0, T; H*~* 71 (K)).

Therefore, u; € L0, T; HS~*~1(K)) and (1-7) ensures that (1-3) is satisfied in L>°(0, T; H*~*~1(K)).
In particular, u € C([0, T']; HS~*~1(IK)) and (1-7) forces the initial condition u(0) = u¢. Note that this
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actually implies that u € C([0, T]; H?(IK)) for any 6 < s. Finally, we note that this ensures that u satisfies
the Duhamel formula associated with (1-3).

Definition 1.4. Let K =R or T and s € R. We will say that the Cauchy problem associated with (1-3)
is unconditionally locally well-posed in H*(IK) if, for any initial data uy € H*(K), there exists T =
T (|uo|lgs) > 0 and a solution u € C([0, T]; H*(K)) to (1-3) emanating from uy. Moreover, u is the
unique solution to (1-3) associated with u¢ that belongs to L°°(]0, T'[; H*(K)). Finally, for any R > 0,
the solution map uo — u is continuous from the ball of H®(IK) with radius R centered at the origin into
C([0, T(R)]: H*(K)).

Theorem 1.5. Let K = R or T, Ly+1 satisfy Hypothesis 1 with 1 <« <2 and let s > 1 — % with

(s,a) # (%, 1). Then the Cauchy problem associated with (1-3) is unconditionally locally well-posed

in H* () with a maximal time of existence T = (1 + |Jug|| g1—as2) 2@+ 1D/ Qa=1),

Remark 1.6. In the regular case (Cauchy problem in H® with s > %), we actually need (1-6) only for
51l A 162l > 1.

Remark 1.7. Our method also works in the case @ > 2. In this case we get the unconditional well-
posedness in H*(IK) for s > 0.

Remark 1.8. For Ly4+1 := 83729 we recover the unconditional LWP results for the KdV equation in L2 (R)
and L2(T) obtained in [Zhou 1997; Babin et al. 2011], respectively.

For Ly 41 with o € |1, 2[ our results on unconditional uniqueness are, to our knowledge, new for both
the real line case and the periodic case.

In the limit case (s, «) = (%, 1) we do not succeed in proving the unconditional uniqueness result.
However, our method of proof enables us to prove the well-posedness without using a gauge transform.

1/2 is the energy space when o = 1. It is worth noticing

We think that this result is also of interest since H
that, as far as we know, the available results without gauge transformation on the local well-posedness of
the Benjamin—Ono equation in Sobolev spaces H*(R) were restricted to s > 1 (see [Guo et al. 2011]).
Also, the well-posedness in the energy space H 1/2 seems to be new for the intermediate long waves

equation, at least in the periodic setting.

Theorem 1.9. Let K = R or T and assume Ly +1 satisfies Hypothesis 1 with « = 1. Then the Cauchy
problem associated with (1-3) is locally well-posed in H 1/ 2(K) with a maximal time of existence T =
(14 [luollg1/2)~*

Let us assume now that the symbol py 41 satisfies, moreover,

Par1 IS IEl for [E <1 and  |pa+1(§)| ~[E[*TT for [§] = 1. (1-8)
Then it is not too hard to check that (1-3) enjoys the conservation laws

i 2 — i /2,12 1.3 _
77 Ku dx =0 and d[/KUA u| +3u)dx—0,
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where A%/2 is the space Fourier multiplier defined by

Pa+1(8)
3

Combined with the embedding H%/% <> L3, we get an a priori bound of the H%/2-norm of the solution.
We may then iterate Theorems 1.5 and 1.9 to obtain the following corollary:

AT20(E) = “o®).

Corollary 1.10. Let K = R or T and assume Ly+1 satisfies Hypothesis 1 and (1-8). Then the Cauchy

problem associated with (1-3) is unconditionally globally well-posed in HY/2 (K) for 1 <a <2, and
globally well-posed in HY*(T) for a = 1.

Remark 1.11. The linear operators given in Remark 1.1 also satisfy assumption (1-8).

Remark 1.12. If one considers LWP and not unconditional LWP, then the best-known results for (1-1)
with 1 < & < 2 have been obtained in [Herr et al. 2010], where the global well-posedness in L2 (R) is
proved by using a paradifferential gauge transformation. As far as we know, the best available results
without gauge transformation are obtained in [Guo 2012], where the LWP in H¥(R) with s > 2 —« is
proven. This leads to a global well-posedness result only for o > %. Therefore, even for (1-1), our results
improve the local and global available well-posedness results without the use of gauge transformation on
the real line. To the best of our knowledge, they are new on the one-dimensional torus, where we are not
aware of any global well-posedness result.

It is well known that, taking into account some damping or dissipative effects, dissipative versions
of (1-3) can be derived (see for instance [Ott and Sudan 1970; Edwin and Roberts 1986]). One quite direct
application of the fact that we do not need a gauge transform to solve (1-3) is that we can easily treat the
dissipative limit of dissipative versions of (1-3). Such a dissipative limit was, for example, studied for the
Benjamin—Ono equation on the real line in [Guo et al. 2011; Molinet 2013].

Let us introduce the following dissipative version of (1-3):

U+ Log+1u +eAgu +uuy =0, (1-9)
where & > 0 is a small parameter, f > 0 and Ag is a linear operator satisfying the following hypothesis:

Hypothesis 2. We assume that Ag is the Fourier multiplier operator by qg, where qg is a real-valued,
even function, bounded on bounded intervals, satisfying: for all 0 < A < 1 and & > 1,

AMapae) ~ 8P

Remark 1.13. Both the homogeneous operators Df and the nonhomogeneous operators Jf satisfy
Hypothesis 2.

Theorem 1.14. Leth:[RorT,l5&52,0§ﬂ§1+aandszl—%.

(1) Then the Cauchy problem associated with (1-9) is locally well-posed in H* ().
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(2) For ug € H3(K), let u be the solution to (1-3) emanating from ug and let the maximal time of
existence of u in H® be T* = (1 4 |Jug|l gr1-as2)"2@+V/C2=D (note that T* may be infinite).
Then the maximal time of existence Ty of the solution ug to (1-9) emanating from ugy satisfies
liminf,—o T, > T™*. Moreover, for any 0 < Ty < T*, ug — u in C([0, To]; H®) as ¢ — 0.

Remark 1.15. The constraint 8 < 1+« is clearly an artifact of the method we used. We think that it could
be dropped by replacing, in some estimates, the dispersive Bourgain spaces by dispersive—dissipative
Bourgain spaces that were first introduced in [Molinet and Ribaud 2002]. But, since the dissipative
operators involved in wave motions are commonly of order less or equal to 2, we do not pursue this issue.

The rest of the paper is organized as follows: In Section 2, we introduce the notations, define the
function spaces and state some preliminary lemmas. In Section 3, we develop our method in the simplest
case, § > %, while the nonregular case is treated in Section 4. Section 5 is devoted to the proof of
Theorem 1.14. We conclude the paper with an Appendix explaining how to deal with the special case

(s,2) = (3.1).
2. Notations, function spaces and preliminary lemmas

2A. Notation. For any positive numbers a and b, the notation @ < b means that there exists a positive
constant ¢ such that a < cb. We also write a ~ b when a < b and b < a. Moreover, if @ € R, then o
and a— will denote a number slightly greater and less than «, respectively.

For u = u(x,t) € $(R?), Fu = i will denote its space-time Fourier transform, whereas Fyu = (u)"x
and F,;u = (1) will denote its Fourier transform in space and in time, respectively. For s € R, we define
the Bessel and Riesz potentials of order —s, J; and D¥, by

Ju=F 1A+ 2Fu) and DSu=F; (|E) Fru).
Throughout the paper, we fix a smooth cutoff function 7 such that
neCe°(R), 0<n<1, n_,,=1 and supp(n C[-2,2].
We set ¢ (§) :=n(§) —n(2§). Forl € Z, we define

o1 (§) := 9 (27'6),
and, for / € N*,

Vi (€, 1) = o1 (T — pa+1(£)),
where i pg+1 is the Fourier symbol of L4 1. By convention, we also denote
V15, 7) 1= 1(2(t = pa+1(£))).

Any summations over capitalized variables such as N, L, K or M are presumed to be dyadic. Unless
stated otherwise, we work with homogeneous dyadic decomposition for the space-frequency variables
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and nonhomogeneous decompositions for modulation variables, i.e., these variables range over numbers
of the form {2% : k € Z} and {2¥ : k € N}, respectively. Then we have that

D ¢nE)=1 forall §€R* and  supp(¢n) C {3N <|§]| <2N} for N € {2 :k €7},
N>0

and

Y YL =1 forall (£1)eR?

L>1

Let us define the Littlewood—Paley multipliers by
Pyu =5 (@nFru), Qru=F"'(Yr%u),

P>n =) k>N Pk, P<n =Y k<n Pk, O>1 =) k>1 Ok and Q<1 =) g Ok. For brevity
we also write uy = Pyu, u<y = P<nu, etc.

Let y be a (possibly complex-valued) bounded measurable function on R? and define the pseudoproduct
operator IT = I, on #(R)? by

F(TI(f. £))(E) = /R FED8E—ED 2 E1) dE1.

Throughout the paper, we write IT = IT,,, where y may be different at each occurrence of I1. This bilinear
operator behaves like a product in the sense that it satisfies the following properties:

I(f.g)=fg if y=1,
[ etrom= [ rin = [ nucig 1)
R R R

with y1(6,601) = y(61,0) and y»(0,61) = (6 — 61, 0) for any real-valued functions f, g, h € $(R).
Moreover, we easily check from the Bernstein inequality that, if f; € L?(R) has a Fourier transform
localized in an annulus {|&| ~ N;}, i =1, 2, 3, then

3
1
SNZLTT A lze. (2-2)

i=1

‘ /R 0Cf, f2) fs

where the implicit constant only depends on || x || oo (g2) and Nmin = min{N1, N2, N3}. With this notation
in hand, we will be able to systematically estimate terms of the form

f PN u?) 0, Pyu
R
to put the derivative on the lowest frequency factor.

2B. Function spaces. For 1 < p < oo, L?(R) is the usual Lebesgue space with the norm || - ||.» and,
for s € R, H®(R) is the usual Sobolev space with its usual norm,

Iplles = T3 L2
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If B is one of the spaces defined above, 1 < p < oo, we will define the space-time spaces Lf B and Zf B

Feps = ( [ 1Congar)”,

with obvious modifications for p = oo, and

equipped with the norms

=

|—

1715 = (X 12wy )

N>0

For s, b € R, we introduce the Bourgain spaces X *-? related to the linear part of (1-3) as the completion
of the Schwartz space ¥(R?) under the norm

1

2b 1£\25 |5 2 2
Iollgss = ( [t = perr @ €196 ) dsdr) , 2-3)
where (x) := 1 + |x| and i pq+1 is the Fourier symbol of Ly1. Recall that
ollxss = 1Ua (1)l st

where Uy () = exp(tLq+1) is the generator of the free evolution associated with (1-3).

Finally, we will use restriction-in-time versions of these spaces. Let T > 0 be a positive time and
let Y be a normed space of space-time functions. The restriction space Y7 will be the space of functions
v:Rx]0, T[ — R satisfying

[vlly; :=inf{[|]ly |V :RXxR — R, ¥lpxjo,7[ = v} < 00.
2C. Preliminary lemmas.

Lemma 2.1. Let p : R — R be an odd function belonging to C'(R) N C2(R*). Assume that there exist
o > 0 and &y > 0 such that, for all £ > &,

1P @1~ 1% and |p"(&)| ~&*. (2-4)
Then the Fourier multiplier Lo+1 by i p satisfies Hypothesis 1.

Proof. Let 0 < A < &, 1 be a real number. First, by the mean value theorem, for £ > 1,

PTIIS Ip(E0) + A~ DE ! 27 ko) max [p'(6)] + 67!

9 0
and thus

A pATIOIS A% max |p'(§)| + 4T sg
ge[0,0]

as soon as A < (maxgefo,g] |p’(§)|)_1/a. This proves (1-5) for

Ao =min(£y ", ( max 1p'(E)]) ). (2-5)
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Let us now prove (1-6). In the sequel, we take 0 < A < Ao with A defined by (2-5). By symmetry, we
can assume |&;| < |€1]. We separate different cases:

Case 1: |&;| < |£1]. Since, by hypothesis, |£1] > 1, it follows that A~1|£1| > &y and thus there exists
0 € [£1,&1 + &2] such that

2 pAT E +8)) — pATIED| = A%IE| [P/ AT ~ A%|621ATHO1% ~ |82 161]*
Now, if A71|£,| < & then

A p(AT e)| < A%E| max |p/(§)] < |&2] €%
£€[0,£0]

On the other hand, if A71|£,| > &o then
2 pAT ) = 22T p(éo) + p(A T E2) — p(éo)]
< 2% (%] max |p'(§)| + A7 E[IAT E|%)
£€[0,&0]
<&+ A%E] max |p'(§)] < |E2]|&]%.
§€[0,50]
Gathering these two estimates leads to

ATHQA T ATIE) | ~ |6 161]*.

Case 2: |E3| = |€1|. In this case we have A71|&;| > &. Since p is an odd function, by symmetry we can
assume that & > 0.

Case 2(a): £1&, > 0. Then we have 0 < £y < A71& < A71E < A71E) 4 £,. We notice that

ATHQA T e ATE))

A7le
= Aot! /é (P'A7 1 +0) = p'(0)dO + A" T (p(A 7 1 + £0) — p(A T E1) — A% p(&o)
with

IPAT e +80) — p(ATTED| S EATUEY K AT T8

and
A1g
PO +0)— ' (0) = f (6 + ) dp.
0

But, for § > &, p” does not change sign since | p” ()| ~|6|*~! and p” is continuous outside 0. Therefore,
for 0 € [£9, A7 1£;], we get

A7lg A7lE
/ P60+ p)dp ~ / O+ dp~ (A€ + )% —0%) ~ A EL.
0 0
Gathering these estimates we obtain

QA6 AT 6| ~ B8
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Case 2(b): £1&, < 0. For & + & <« —§&3, recalling that p is an odd function, we can argue exactly as
in Case 1, but with &, + &, —&> and & playing the role of &, £ and &; + &, respectively. Finally, for
&1 + & = —&,, we argue exactly as in Case 2(a) with the same exchange of roles as above. O

Lemma 2.2. Assume that py+1 satisfies (1-6) with A = 1. Let L1, Ly, L3> 1,0 < Ny < Ny < N3 be
dyadic numbers and u, v, w € ¥'(R?). Then

/2 I(Qr, Pn,u, Or, PN,v) Q3 Pnsw =0
R
whenever the following relation is not satisfied:
Linax ~ N1 Ng or (Lmax > N1 Néx and  Lmax ~ Lmed), (2-6)

where Ly,x = max(L1, Ly, L3), Lmeq = max({L1, Ly, L3} — {Lmax}) and where the two first implicit
constants in (2-6) are related to the implicit constant in (1-6).

Proof. This is a direct consequence of the hypothesis (1-6) on the resonance function 2(§1, &), since
Q1,6) =o0(t1 + 12,61 + &) —0(r1,61) —0 (2, £2)

with o (7, §) := 7 — pa+1(6). 0

Lemma 2.3. Let L>1,1 < p <ocand s € R. The operator Q <y, is bounded in Lf H?* uniformly
inL>1.

Proof. Let R<|, be the Fourier multiplier by n(t/L), where n is as defined in Section 2A. The trick is to
notice that Q <y u = Uy (?)(R<p, Uy (—t)u). Therefore, using the unitarity of Uy () in H*(R), we infer
that

1Q<rullLr prs = 1Ua(®)(RerUa(~t00)l|p s = || Rer Ua(—00t 2 g1 < |Ua(—0)ull L1 s
= llullr ps- O

For any T > 0, we consider 17, the characteristic function of [0, T'], and use the decomposition

o~

high  {Tow T
Ir = 1%+ 1%, 12r@ =n(%) 7@ @-7)
for some R > 0.
The properties of this decomposition we will need are listed in the following lemmas.

Lemma 2.4. Forany R>0and T > 0,
7Rl ST ART (2-8)

and

1% Iz S 1. (2-9)
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Proof. A direct computation provides
7Rl = /R‘/R(lr(r) - 1T(z - %))@_lr)(s) ds

<
- /R /[0,T]\[s/R,T+s/R]U[s/R,T+s/R]\[0,T]

s/(TAM)@-ln(snds
R R
<TARL

dt

1T n(s)| dt ds

low

Finally, the proof of (2-9) follows directly from the definition of 17" and Young’s inequality. O
Lemma 2.5. Let u € L?>(R?). Then, forany T >0, R > 0and L > R,

1OL (IRl L2 S I1O~Lull 2.
Proof. By Plancherel we get

Ip = 0L(%w) 2

o~

low

= loL(t —w @)1 g *c u(r, )|l L2
— "\ e—iTG=7) _1
> m(r—w(&))/R%(r’—w(s))ﬁ(r’,s)n(’ = )e —d7

T—71
Li>1

Lz.

In the region where L1 < L or L1 > L, we have [t —t’| ~ L v L1 > R, thus I}, vanishes. On the other
hand, for L ~ L1, we get

15 Y 10L0% 0wl S 10~pull o 0
L~L,

3. Unconditional well-posedness in the regular case s > %

In this section we develop our method in the regular case s > % This will emphasize the simplicity of
this approach to prove unconditional well-posedness for (1-3) posed on R or T.

Let A > 0 and L& 1 be the Fourier multiplier by i ¥t py 1 (A1), We notice that if u is a solution
to (1-3) on ]0, T'[ then u, (¢, x) = A%u(A%*1s, Ax) is a solution to (1-3) on 0, A=@+DT[ with Ly
replaced by Lé 11~ Therefore, up to this change of unknown and equation, we can always assume that the
operator Ly41 verifies (1-6) with 0 < A < 1.

3A. A priori estimates. For s € R we define the function space M* as M := L HSN X5~ 1:1 endowed
with the natural norm

ullars = llullzge s =+ llllxs—r1.

For ug € H(R), s > %, we will construct a solution to (1-3) in M 3., whereas the difference of two
solutions emanating from initial data belonging to H*(R) will take place in M. 7{_1.
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Lemma3.1. Let0<T <2,s5 > % and let u € L H? be a solution to (1-3) associated with an initial
datum ug € H*(R). Then u € M§. and

lullaeg < lullLgems + IIMIIL%OHslIMIlL%OH%JF- (3-1)

Moreover, for any pair (u,v) € (L??HS)Z of solutions to (1-3) associated with a pair of initial data
(ug,vo) € (H*(R))?> and any s —1 <r <,
lu = vlipy S Ml —vllpgenr + llu+vllLensllu—viLgenr. (3-2)

Proof. We have to extend the function u from (0, 7)) to R. For this we follow [Masmoudi and Nakanishi
2005] and introduce the extension operator p7 defined by

pru(t) == n@)u(Tu(+)). (3-3)

where 7 is the smooth cut-off function defined in Section 2A and u(¢) = max(1 — |t — 1],0). This pr
is a bounded operator from X79~’b into X%? and from L?(0, T; X) into L?(R; X) for any b € ]—o0, 1],
s € R, p €[1, 00] and any Banach space X. Moreover, these bounds are uniform for 0 < 7 < 1.

By using this extension operator, it is clear that we only have to estimate the X ;_1’1—norm of u to
prove (3-1). As noticed in Remark 1.3, u satisfies the Duhamel formula of (1-3) and u € C([0, T]; H?)

for any 6 < s. Hence, standard linear estimates in Bourgain’s spaces lead to

2 2
ellys=1.0 < N0l prs—1 + 105 @)l ys-10 < lluollgs—1 + 1=l 2 g

S lullpgems—1 + JJull ullLge mrs

14l
LPHZT

by standard product estimates in Sobolev spaces (see [Adams 1975]).
In the same way, for s —1 <r < s we have

lu=vllyr—1.0 Sllwo—vollgr—1 +l+v)w=v)l12 gr Sllu—vliLgegr—1+lutvlrgemslu—virgenr.

since § > %+ and r 4+ s > 0. This proves (3-2). O

Lemma 3.2. Assume u; € M°, i = 1,2, 3, are functions with spatial Fourier support in {|E| ~ N;} with
N; > 0 dyadic satisfying N1 < Ny < N3. For anyt > 0, we set

t
It(ul,uz,m)://H(Ml,uz)u3-
0JR

If N1 <1,
1
LyGar iz, ua)| S NE oo 2 2l 2 Tl 2 (3-4)
In the case N1 > 1,
1
Lo
[Lptaur oz )| < Ny 2 NS oo 2 izl 2 sl + Bzl sl 2.)

1 1
. -
+ NP N5 -zl 2 sl oo 2 + N N5 ¥ oo 2 1zl oo 2 sl oo 2
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Proof. Estimate (3-4) easily follows from (2-2) together with Holder’s inequality, thus it suffices to
estimate |/;| for N1 >> 1. Note that /; vanishes unless N ~ N3. Setting R = N13/2N31/8, we split I; as

Ty, uz,13) = oo (1} U1, 102, u3) + oo (1 U1, Uz, uz) 1= 1" 4 11, (3-5)

where Joo(u, v, w) = [ IT(u, v)w. The contribution of 7 th ieh i estimated, thanks to Lemma 2.4 as well
as (2-2) and Holder’s inequality, by

high %\ 1 high L
Itlg 5N12 ”1;:%{ ”Ll”ul”L‘,’OL%””‘Z”L;”L,%||u3||L‘,’°L,ZC SNy N, 8||“1||L‘;°L§||”2”L‘;°L§”“3”L‘,’°L)2(‘

(3-6)
To evaluate the contribution / ,1°W we use that, according to Lemma 2.2, we have the decomposition

oo (1 gu1, 12, u3) = loo(Qz N, ne (17 %U1), U2, u3)
+ loo (Q <y ng (17%U1), Oz N, No U2, U3)
+ 100(Q<<N1N§(1110,v1veu1)’ Q«ningu2, QN ngus).  (3-7)

1,low

It is worth noting that R < N1 N§ because N1 > 1. Therefore, the contribution /, of the first term
of the above right-hand side to / tl"w is easily estimated, thanks to Lemma 2.5, by

1 1
1,1 3 -1 3 Ar—
1™ < Ng (NS s lion ezl 2 3l oo 2 < Ny N3 ullg-va ezl 2 sl ooz (3-8)

Thanks to Lemmas 2.3 and 2.5, the contribution / tz 1% of the second term can be handled via

1
2.1 > —1
12 S NE(NNSY ™ o 2 iz o s 2,
1
-1
§N1 2N3 a”ul”L?OL%””ZHX—U||u3||L§x- (3-9)

Finally, the contribution of the third term is estimated in the same way. O

Remark 3.3. From (2-1) we see that the estimates in Lemma 3.2 also hold for any other rearrangements
of N1, Nz and N3.

We are now in position to derive our “improved” energy estimate on smooth solutions to (1-3).

Proposition 3.4. Let0 <T <2 and letu € LT H® with s > % be a solution to (1-3) associated with an
initial datum ug € H*(R). Then

2 2 2 2
Iz oo frs < lluolrs + (1 + ||M||L%OH%+)||”||L%OH%+||M||Lc%oHs- (3-10)

Proof. We apply the operator Py with N > 0 dyadic to (1-3). On account of Remark 1.3, it is clear
that Pyu € C([0, T]; H) with d,u € L°°(0, T; H*®). Therefore, taking the L2-scalar product of the
resulting equation with Py u, multiplying by (N )2 and integrating on ]0, [ with 0 < ¢ < T, we obtain

t
(VY2 Pyu()Ps = (N)?* || Pyuol2 + (N)?* /0 /R 0 Py (u?) Py,
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Integrating by parts and applying Bernstein inequalities, this leads to

t
I PNl o s S I PNUONFs + sup (N)* Pnu?)dx Pyu|. (3-11)
r 1€]0,T[ R
Thus it remains to estimate
I:— 25 sup //PN(u )0x Pnul. (3-12)
N>0 telo,T[

According to (3-1), u belongs to My.. We take an extension # of u supported in time in ]2, 2[ such that
lllars S |lul| m.- To simplify the notation we drop the tilde in the sequel.
By localization considerations, we get

Py (W) = Py(uznuzn) + 2Py (uanu). (3-13)

Moreover, using a Taylor expansion of ¢, we easily get
Py (uantt) =uxn Pyu+ N~ I @Oxuan 1), (3-14)
where IT = IT, with y(§,§1) = —i fol ¢'(N~H(E—0&1)) dO € L™. Inserting (3-13)—(3-14) into (3-12)

and integrating by parts, we deduce
t
ISZ Z N1(N)** sup //HXI(MNI,UN)MN‘
0 JR
t
//sz(“NpM~N)UN'
0 JR

N>00<N; <N t€]0,T[
t
//HX3(MN1’MNN1)MN7
0JRr

+ Z Z N1(N)*>* sup
N>00<N; <N t€]0,T[
where y;, 1 <i < 3, are bounded uniformly in N and N;, and defined by
El

+Z Z N(N)** sup

N>0N =N t€]0,T[

x1(§.81) = supp¢N1 (1), (3-15)

€1 E supp (EG_)ISUPP(#NI (1)

x2(8.61) = x (&, El)N N on—E1) ; (3-16)
15(E.8) = S on (E). G-17)
Recalling now the definition of /; (see Lemma 3.2), it follows from (2-1) that
ISy > NN sup [L(un ey, un,)|- (3-18)
N>0NiZN tel0.T[

The contribution of the sum over N <1 is easily estimated, thanks to (3-4) and Cauchy—Schwarz, by

2
Do 2 NNOZlun ez lum 7z, < lull oz 1l e o (3-19)
N<29 Ni1ZN
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Finally, the contribution of the sum over N > 1 is controlled with the second part of Lemma 3.2 by

2 11—
S > NNE[N TN funllpeopallen 2 lluwy lx—i
N>29 N1zN

1y—a 2 —15% 2
+N2N1 ||MN||X71,1||MN1 ”L?OL)ZC +N Nl ”uN”L?OLi ”uN] ”L?OLJZC]

< -
Sl g llagg Il s (3-20)

T
Gathering all the above estimates leads to
Il o0 s < ol + IIMIIM%+ el pas. 1l oo b » (3-21)
T
which, together with (3-1), completes the proof of the proposition. O

Let us now establish an a priori estimate at the regularity level s — 1 on the difference of two solutions.

Proposition 3.5. Let 0 < T <2 and letu,v € L H® with s > % be two solutions to (1-3) associated
with initial data ug, vo € H*(R), respectively. Then

[ — v”i%OHSfl < Mo = vollFps—r + Il + vllags llu — vlljzu%fl - (3-22)
Proof. The difference w = u — v satisfies
w; + D%wy = 0x(zw), (3-23)
where z = u 4 v. Proceeding as in the proof of Proposition 3.4, we infer that, for N > 0,

)Z(S—l)

t
//PN(Zw)BxPNw‘ (3-24)
0JR

N 0 rs—1 ~ N Wo s—1
| PN WG ot S IIPNwONGs— + sup (N
T t€]0, T

Again, according to (3-1), we can take extensions Z and w of z and w supported in time in |—2, 2[ such
that ||Z||as < [|z[la and 0| pps—1 < |lw ||M%_1. To simplify the notation we drop the tilde in the sequel.

//PN(zw)B Pyw|,

it follows from (3-14) and classical dyadic decomposition that, for all N > 0,

Setting

J = Z(N )26=D qup
N>0 t€lo,T[

(3-25)

Py(zw) = Py (za«nw) + PN (znwsn) + Y Pn(zn,w~n,)
Ni>N

=zeNwN + N T (0xzan. w) + PN (Zonwsn) + Y PN w~n,).  (3-26)
Ni>N
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Inserting this into (3-25) and integrating by parts, we infer

1o T miwe(

N>0 1\[1 <N tE]O,T[

t
//HXz(ZNl,w~N)wND
0 Jr

t
//Hxl(le,wN)wN'—l— sup
0JR

t€l]o,T[

t
+30 2 NwPe s | [ Hxa(Z~N,wN1)U)N'
N>0 N, <N telo, 710 Jr
t
+Z Z N(N)Z(s—l) sup //HXS(ZNVWNN])WN‘,
N>0N; >N telo,T1/o Jr

where y;, 1 <i <3, are as defined in (3-15)—(3-17). Therefore, it suffices to estimate

TS0 ) NWOPSTY sup [1i(y, weny way))|
N>0NZN 1€]0,T[

YYD MNPCTD sup [y oy wwy)l
N>0N ;=N t€lo.T]

+ Z Z N(N)z(s_l) sup |1:(zn,, WN, . WN)|
N>0 N, =N t€lo,T[
=J1+ J2+ Js. (3-27)

The contribution of the sum over N < 1 in (3-27) is easily estimated, thanks to (3-4), by

L 2 -1
Z Z N2 (N”ZN”LZOOL)ZC ||wN1 ||L%Hs—l + N1(N1) ||ZN1 ”L%HS ”wN”L;’OL)% ”le ||L%Hsf1
NZ<1N|=ZN

1-2
+ N(Ny) S“ZNl ”L%HS ||wN1 ||L%Hsfl lwn HL‘,’OL%)
2
Slzlipee 2 lwlizoo grs—1 + IIwIIL?OHx_% Izl oo prs lwll oo grs—1 . (3-28)
For the contribution of the sum over N >> 1, it is worth noting that, since s > %, the term J3 is controlled
by J,. The contribution of J; is estimated, thanks to Lemma 3.2, by

2= ar—4 Ar1—
Yo > NNPCUTPINTEN Tz e 2 w2 Ty iy
N>1NiZN ) 5 - )
Lo -
+ NENTzn lx - lwn, 1 o2 + NN lzw e w1 2]

Szl s lwlipgs—rwllpee =1 (3-29)

Finally, in the same way we bound J5 by

25—1[n7—2 A71—
Yo 0 NETNTINI T wn ez (2 2 w11 + llza -t wwy l2)
N>1N=N 1oy
+ N2N®lwnllx-1.1llzn, ”L?"L,%”le ”L?"L%

1
_1 - Qq
+N N1 8||wN||Lt°°L)2€||ZN1 ||L§>°L§”wN1 ”L?"L%]

S lzlaesllwll, — g4 lwllzge gs—1 + M1z llags [lwllpgs—r1 [[wl] (3-30)

LeH 3t
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Gathering the estimates (3-27)—(3-30), we obtain

J 3 (IIZIIMT%Jr lwllazs—1 + Mz larg lwll, —y O lwlizse gs—1 + 121z wllags—1 IIwIIL%OH_%+ . (33D
which leads to (3-22) and completes the proof of the proposition. O

3B. Unconditional well-posedness. Fix s > % First, it is worth noticing that we can always assume that
we deal with data that have small H*-norm. Indeed, if u € L°°(0, T; H®) is a solution to (1-3), then,
for0 <A <1,uy :=A%A%T1. 1.)e L®0,A*T1T; H%) is a solution to (1-3) with Ly replaced
by Lé 41 that is, the Fourier multiplier by iA*T py 1 (A71-). Recall that we assumed at the beginning
of this section that Lé 41 satisfies (1-6) for any 0 < A < 1. For 0 <& < 1, let us denote by %B*(¢) the ball
of H*(R) centered at the origin with radius . Since

—1
luaO)llas < A% 2 lluollas .

we see that we can force u_, to belong to B°(¢) by choosing A = [e(1 + |[uo |l zs)]~ Y/ @=1/2) Therefore,
the unconditional well-posedness in H*(R) of (1-3) for small H ®-initial data with a time of existence T > 1
will ensure the unconditional well-posedness of (1-3) for arbitrary large H ®-initial data with a maximal
time of existence

_2(@+D
T2 1+ uollms)” 21

Existence and unconditional uniqueness. It is well known (see for instance [Abdelouhab et al. 1989]) that
(1-3) is locally well-posed in H* for s > % with a minimal time of existence 7" = T (||uo|| g3/2+) > 0.
So, let u € C([0, To]; H®°(R) be a smooth solution to (1-3) emanating from a smooth initial datum
ug € H®(R) with ||ug||gs < 1. According to (3-10),

Il oo s S NuO) s + A4 Null®  y Dllull o 1y ullF o grs (3-32)
T LPH2T LH?2 T
T

for any 0 < T < min(1, Tp) and s > % Let us denote by T* > T the maximal time of existence of u
in H°°(R). The well-posedness result in [Abdelouhab et al. 1989] ensures that limg 7« [|ul| LPH3 =100
whenever T* is finite. Since

O, 1+ = lu©)][ms <1,
(3-32) together with the continuity of 7+ ||u ||L<;°H1/2+ on |0, T*[ ensure that

<
[l SluOll,, 14 <1

L;C;H%JF
with 77 = min(1, T*). But then (3-32) leads, for any s > %, to

lullLos ms < 1u(0) || as.
This proves that 7/ < T* and thus 7/ =1 and T* > 1.

Now, let ug € H5(R) with s > % From the above estimates, we infer that we can pass to the limit

on a sequence of solutions {u,} emanating from smooth approximations of u#¢ to obtain the existence

2

of a solution u € L3 H*® of (1-3) with initial data uo. Note that one can easily pass to the limit on u;,
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by compactness arguments, since {u, } and {d;uy } are bounded in L H® and L H $=3 respectively.
Estimates (3-22) and (3-1)—(3-2) then ensure that this solution is the only one in this class. Now the
continuity of u with values in H®(R) as well as the continuity of the flow map in H*(R) will follow from
the Bona—Smith argument [1975]. For any ¢ € H?®(R), dyadic integer N > 1 and r > 0, straightforward
calculations in Fourier space lead to

I1P<N¢llys+r S N"ll@llgg and |lo— P<n@llas— S N II1P>nollns - (3-33)

Let ug € H® with s > % be such that ||ug]|zs < 1. We denote by uN € L°°(0, 1; H®) the solution of
(1-3) emanating from uév = P-nyugp and, for 1 < N1 < N,, we set

wi=ulVt — M.
Then, (3-22) and (3-2) lead to
lwllprs=1 < Nw©)lgrs—1 < Ny HIP> ol s - (3-34)
Moreover, for any r > 0 and s > %, we have
™ e < Mg szser < N7 ol (3-35)
Next, we observe that w solves the equation
Wy + Lyt1w = %8x(w2) + 3 M w). (3-36)

Proposition 3.6. Let 0 < T <2 and let w € My with s > % be a solution to (3-36). Then
2 2 3 N 2 N
lwiiZee s < Nw O s + wlipzs + I larg [wliags + Iy lwlarg [wlipgg-—. - G-37)

Proof. Actually, this is a consequence of estimates derived in the proof of Propositions 3.4 and 3.5. We
separate the contributions of 9, (w?) and 9, (u™¥' w). Let ¢ €0, T[. First, (3-21) leads to

t
3 N2 //PNax(w2>PNw]s||w||ip.
0JR T

N>0

Second, applying (3-31) at the level s with z replaced by u™N1, we obtain

t
ZNZS//PNax(uN‘w)PNw
0JR

N>0
which leads to (3-37) since s > % O

Combining (3-2) with (3-37) and (3-35), we get

N 2 N
S W gy wlpzy + T e lhwllagg ol g4
T

2 2 2 2 2
lwiizgs S U+ ol ) [Iwollzzs + luollars lwllasy + ol zs 1wlizgs + Nullwoll s llwllagy wllpgs—1].
Then, the smallness assumption on ||ug|| s and (3-34) lead to

||w||§41s < lwollZs + N12||w||]2‘4iv—1 S Powyuollzys (1+ | Py uollzys) = 0 as Ni— 0. (3-38)
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This shows that {u"V} is a Cauchy sequence in C([0, 1]; H*) and thus {u"} converges in C([0, 1]; H®)
to a solution of (1-3) emanating from u¢. Then, the uniqueness result ensures that u € C([0, 1]; H®).

Continuity of the flow map. Now let {u¢ ,} C H®(R) be such that ug, — uo in H*(R). We want to
prove that the emanating solution u, tends to u in C([0, 1]; H®). By the triangle inequality, for n large
enough,

I —wnllpoops < lu—u® Lo ps + ™ =y looms + luy —unllLeops.

Using the estimate (3-38) on the solution to (3-36) we first infer that

e =™ lags + lun —ud lary S 1IP>Nuollas + | Ponrtonllms
and thus

lim sup(|lu—u™ | 2o s + lln — 0y lILgo 1) = 0. (3-39)
N—o0 neN

Next, we notice that (3-22) and (3-2) ensure that
™ —up lpgy—1 < g — gl s
and thus (3-38) and (3-34) lead to
lu® = 37y S Mg =l WZs + N2l =gy 31 < o —uonlFps (1 4+ N?). (3-40)

Combining (3-39) and (3-40), we obtain the continuity of the flow map. The proof of Theorem 1.5 is

thus completed in the case K = R and s > %

3C. The periodic case. In this subsection we explain the necessary adaptations to treat the periodic case.
First, we define our function spaces in the periodic setting. Since the map u +— uy maps L°°(0, T; H*(T))
into L°°(0, A**1T; HS(AT)), we will have to consider space of functions on the tori AT with A > 1. We
use the same notations as in [Colliander et al. 2004] to deal with Fourier transform of space-periodic
functions with a large period 277A. Then, (d§); will be the renormalized counting measure on A~ 1Z:

[a® @1 ¥ a®

tel— 17

As noticed in [Colliander et al. 2004], (d£), is the counting measure on the integers when A = 1 and
converges weakly to the Lebesgue measure when A — oco. In the definitions below, all the Lebesgue
norms in § will be with respect to the measure (d£),. For a 27 A-periodic function ¢, we define its space
Fourier transform on A~1Z by

P = /Mr e f(x)dx forall £ €A77

The Lebesgue spaces L4(AT), 1 < g < oo, for 2w A-periodic functions, will be defined as usual by
1

lollze = ( A ) |<o(x>|‘1dx)q

with the obvious modification for g = oco.
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The Sobolev spaces H*(AT) for 27w A-periodic functions are endowed with the norm
lolls = 14602 = IxellL2,

where (-) = (1+]-*)"/? and J3p(§) = (£)*0(6).
In the same way, for a function u(z, x) on R x AT, we define its space-time Fourier transform by

0(t, &) = Fr e (u)(1,6) = / / e 1Ty (1 x)dxdt forall (r,6) eRxA71Z.
RJAT

For any (s, b) € R?, we define the Bourgain space X* b of 27 A-periodic (in x) functions as the completion
of (AT x R) for the norm

lullxss = I = pas1 N E) A2 -

Finally, we define the functions ¢ and ¥ and the Fourier multipliers Py and Qy as in Section 2A.
Since we take a homogeneous decomposition in space frequencies, in the periodic setting

u=Pou+ Y Pwu, (3-41)
N=>0
where ﬁo\u(g) =u(0).

Now, with these definitions, we claim that Lemma 3.1 and Propositions 3.4, 3.5 and 3.6 also hold for
27 A-periodic functions with an implicit constant that does not depend on A > 1. Indeed, all the tools (the
Sobolev and Holder inequalities) we used in the proofs of these results work also in the periodic setting,
independently of the period. However, in view of (3-41), we have to care about the contribution of the
null-space frequencies, since we take an homogeneous decomposition. First, since the nonlinear term is a
pure derivative, it is clear that the contribution of the null frequency of the nonlinear term vanishes in all
the estimates. Now, it is also direct to check that

/ Py (uPou)dx Pyu =0 (3-42)
AT
and, in the same way,

/ Py (wPyz)dx Pyw = 0. (3-43)
AT

We thus just have to control the contribution of the terms Py (z Pow) in Proposition 3.5 and Py (u Nt pow)
in Proposition 3.6. But the contribution of the first term in Proposition 3.5 can be easily estimated by

t
N26-D / / P (zPow)dx PN w
0JAT

< sup (@, 0)N?C"IN|Pyzll 2 2l Pywl 22
'€]0,T[ r T

2
SN ”Z”L%OHS ”w”L%OHs—I )

where [|(85/)jezll;1(z) < 1. Finally, the contribution of the second term in Proposition 3.6 can be estimated
in exactly the same way by

t
NZS//A Py (u™N' Pow)dx Pyw
0 T

N
SONlu™ I Lge pstrlwlizsems lwllipge gs—1
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This completes the proof of the regular case s > % in the periodic setting.

4. Estimates in the nonregular case

In this section, we provide the needed estimates at level s > 1 — 5 for 1 <« < 2. We introduce the space

Fs,b — FS,a,b — XS—L—;I,ID-F% + XS—H_TD‘,[)-F%’ (4_1)

endowed with the usual norm, and we define
a+1 14a
Y =Y = LOH A FS%r = [OH O (X 2 4 X5 R,

For ug € H*(R) we will construct a solution to (1-3) that belongs to Y7 for some T' = T'(||uo || g1-as2) > 0.
As in the regular case, by a dilation argument, we may assume that Ly satisfies (1-6) for 0 < A < 1.

Remark 4.1. Except in the case (s, @) = (0, 2), we could simply take Y*% := L H® N xs—(e+)/2,1
since u € L0, T; H®) forces dx(u?) € L®(0, T; H*~@+1/2) To this point of view, (s, @) = (0, 2)
is a limit case since u € L(0, T'; L2) only implies 9, (u2) € L0, T; H~3/27). As in [Zhou 1997], to
overcome this difficulty we have to evaluate our solution in Bourgain’s spaces with different conormal
regularities.

Lemmad4.2. LetO<T <2, l<a<2,s>1-— % and let u € L H® be a solution to (1-3) associated
with an initial datum ug € H*(R). Then u belongs to Y;’a. Moreover, if (s, a) # (0, 2),

lallyp < Do ars (14 ull e 1) (4-2)
and, if (s,@) = (0,2),
2
lllyp2 < Nl zse 2 (14 Do ) (4-3)

Proof. As in Lemma 3.1 we will work with the extension # = pru of u (see (3-3)). Recall that
supp it C [—2,2] x R and that

litllzge s < lullgers  and lillxo.n < lullyon

1

for any (6, b) € R x]—o0, 1]. It thus remains to control the F;’a’z-norm of u. In the case (s, ) # (0, 2),
we actually simply control the X ;_(aﬂ) /21 horm of u. Using the integral formulation (see Remark 1.3),
standard linear estimates in Bourgain’s spaces, and standard product estimates in Sobolev spaces, we

infer that

2 2
Il -1 % ol v D080 S ol e 0

Slllizgers + 1l o pr-g lulliLgons

since, for | <a <2and s > 1—% with (s, a) # (0, 2), we have s +1—-5 >0ands+l—%—(s+1_T“) = %
Let us now tackle the case (s, r) = (0, 2). First we notice that, since L1 (R) < H~1/2=(R), we have

< 2 < i
IIMIIX;%J < lluoll -7 + llu IIL%H,% S lullpsepz (U4 llullpeor2)- (4-4)
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To bound the F22:1/2_norm of u, we first notice that linear estimates in Bourgain’s spaces lead to

< 2
IIMIIFTo.z.% < llwoll -3 + Ilu IIF;),Z__%

and then decompose u? as

ul = Pslu2_|_ Z (PN(P<<Nuu~N)—|— Z PN(”NluNI’))- (4-5)
N>1 N{~N12N

2

The contribution of the first term in the right-hand side is easily controlled by ||u|| Toop2- The contribution
7 Lx

of the second term is easily estimated by

Z Ix PN (P« NUU~N)
N>1

Y Pyox(Penutn)
N>1

.0
XT

<
_1 ~
2

Nl

0.2,
FT

1
2
s( > 1Pw(Panunn) s 1 )

N>1
1
2
< 2 2
< (X Mw; Pl )
N>1
< ||“||L‘7>9L2||u||L°TOLJ2C- (4-6)

To estimate the third term, we take advantage of the X —3/8,-3/ 8_part of F 0.2,-1/2 For N > 1, we have

> 105 Pn (P u Py oz
N{~Ni2N r

1
2

_3_3 (4-7)
X 878

< D NH > 0PN OL(QLiin, QLyiiN))
N{~NizN ' (L,Li,L)
satisfying (2-6)

For the contribution of the sum over L =2 NN 12 in (4-7), we obtain

~ ~ 5 1 2N—3~ ~
Z |10x PN QzNNf(uNIMN]’)”X_%,_% < Z NSN2Z(NN{) 8 |un, ”L%CHMN{ ”L‘,"’L%

Ni~N{zN Ni~N{zN
3
N 4
. N
lilgegs Y ( Nl) w2
Ni=ZN
< ~112 -

with [[(¥2/)ll;2qv) < 1. The contribution of the region where L < NN{ and L1 2 NN in (4-7) is
controlled by

Y. loxPy Qenn2(Qznn2umtn)l, -3 -
Ni~N{zN

3
8

5 1 2v—1 I . ~ R ~
s Y NENEWNDTNF L gl gz S NSl g, (49)
Ni~N{zN
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Finally, the contribution of the last region, where L, L1 <K NN 12 and L, ~ NN 2 in (4-7) is controlled in
the same way. Gathering (4-4) and (4-7)—(4-9), we obtain the desired result for the case (s, ) = (0,2). O

In the sequel we will need the following straightforward estimates.

Lemmad4.3. Leta > 0and w € F®1/2, For1 < B < N1 we have
|0zpwnll2 S BTN |0z pwn ]l oy (4-10)
and, for B = (N)**1, we have
102BwNllr2 < B_%(N)HTO(”QZBWN”FO_%- (4-11)
Proof. Noticing that F0-1/2 = FO.e.1/2 — x—(+e)/2.1 | xy—(1+)/8.5/8 it 5 easy to check that

JET 4o
1Qzpwn L2 S max(B~H(N) 2, BT8(N) 5 Ozpwnll 0.4

o 14a. 3
< B HN)E max (ML) 1) ozpunl o

which leads to the desired result. O
Now we rewrite Lemma 3.2 in the context of the F5:? spaces.

Lemma 4.4. Assume u; € YO, i =1, 2, 3, are functions with spatial Fourier support in {|£| ~ N;} with
N; > 0 dyadic satisfying Ny < Ny < Ns.

I N3 > Land Ny 2 N2 for (p,q) € (2, 00), (00,2)},
|1 (u1,uz,u3)| < ZL IN ZN ||“1||LPL2 ||Q~LN1N “2”Fo 1 ||u3||LqL2
L>1
_1 Dt
+N 2N ||”1||LFL2||”2||LqL2||Q~N1N°‘M3||
_1
+ N, 5(N ) E N ||M1|| pobllu2liz2 lluslipeer2

+N N8 2||U1||L00L2||u2||L°OL2||”3||LOOL2-

Proof. For R = N13 / 4N§l /2=1/ 8, we decompose /; as in (3-5) and obtain from (3-6) that

high i-¢
1P < NN 1‘[ il oo 2 -
i=1
To evaluate / }OW we use the decomposition (3-7) and notice that

1 2a 7 24«

3 a_ 200 7
R=N/N? 3 <NiN;* 2 K N\N§ and NiN§ZN;° >1

Therefore, the contribution [ ,I’IOW of the first term of the right-hand side of (3-7) to 7/°V is easily estimated,

thanks to Lemmas 2.5 and 4.3, by

1
1,1 5 _5 at1
1P S NE (VNSRS o g a2 alze 2
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2,low

which is acceptable. Thanks to Lemmas 2.3, 2.5 and 4.3, the contribution /;”"" of the second term can

be handled in the following way:

1 a+1
2,1 2 —1aA7 2
17V S Y NZ(LNiNS)T'N, 2 luallpr 2 1Q~rningtiall oy sl 2
L>1
1
< LN i 10 ~rnwguzll oy lusllpsrs- (4-12)
L>1

3,low

In the same way, we get that the contribution ;" of the third term in / }OW is bounded by

3.
1177 < Ny (N1N§¥) IN ||741||L1ﬂL2 luzllpe L2 1Q~n g usll Lo
N 2N ||u1||L1’L2 ||“2||LqL2 ||Q~N1N°‘“3|| (4-13)
Gathering all these estimates, we obtain the desired bound. O

Proposition 4.5. Let0<T <2, 1 <a <2,5>1 —% and letu € L‘}o HS be a solution to (1-3) associated
with an initial datum ug € H*(R). Then u belongs to Z%OHS and

Il e 5 Woles + lzgoms Ol g el + el sl 1) (4-14)

Proof. First, we notice that Lemma 4.2 ensures that u € Y. Applying the operator Py with N >0
dyadic to (1-3), arguing as in (3-11), we obtain

t
IPNUlZ o prs < I PNutolFys + sup Py (u?)dx Pyu|. (4-15)
R

t€]o, T[

We take an extension i of u supported in time in |—4, 4 such that ||i||ys < ||u||y;. To simplify the
notation we drop the tilde in the sequel. We infer from (3-18) that it suffices to estimate

I=Y" > NN sup [L(un.u~n, un)l.
N>0 N1 =N 1€]0.7[

The low frequencies part, N < 1, is estimated exactly as in (3-19) by

2
Hu”L‘,"’L%”””L?oHs-

On the other hand, the contribution of the sum over N >> 1 is controlled, thanks to Lemma 4.4, by

> Y ) ||uN||L2H1 gl Mo lum, |y

N>1NZN

5a
N \738
N lunlli—g s w2 s luwy lloge mrs

1

_a
2

+N2T Ul oo e, 12 oo
L¥PH'™2 VILP°H*S

2
S lullyi—g lllzoe s + l12tll oo gyi-g ltllgoprs uellys. (4-16)
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where we use the discrete Young’s inequality in Ny and then Cauchy—Schwarz in N to bound the first
two terms.
Gathering the above estimates we eventually obtain

2
I3 IIMIIYTl—% el zge s + 1ell oo pi-g Iellizge sl - (4-17)
which completes the proof of the proposition. O

4A. Estimates on the difference of two solutions. First we introduce the function spaces where we will
estimate the difference of two solutions of (1-3). Contrary to the regular case, we will have to work in
a function space that puts a weight on the very low frequencies. This kind of weighted space for the
difference of two solutions was, for instance, used in [Ionescu et al. 2008] in the context of short-time
Bourgain spaces.

For 6 € R we define the Banach space

HR) ={pec H'®R) | ¢l 70 < oo}
with
loll o == I(IEI2) ()00 ] 2,

equipped with the norm || - || z7¢. Then we define the space Z?o HY by

1

2
gz i= (3 how o) - (@-18)

N>0

Finally, we define the function spaces Y%and 2%, 0 e R, by
7O =L®HNF% and Zz%=L®HNFO2,

with F?? as defined in (4-1).

Ifu,ve L‘Y’S’ H* are two solutions of (1-3) with s > 1 — %, then, by Lemma 4.2 and Proposition 4.5,
we know that u and v belong to Y7 N Z‘%o H?*. Moreover, again using the extension operator pr, it is
easy to check that

YANLPHS < Y3 (4-19)

with an embedding constant that does not depend on 0 < 7" < 2. Hence, u and v belong to Y; Assuming
that ug — vo € H®, we claim that the difference u — v belongs to Z - Indeed, according to the above
definitions of ¥ and Z*, it suffices to check that P; (u —v) belongs to Z‘;P H*. But this is straightforward,
since, by the Duhamel formula, for any dyadic integer 0 < N < 1 we have

1 2 2
| Pr =)l gse e S o = voll g + N2 (el oo 2 + 1017 o0 2):

We are thus allowed to estimate the difference w = u — v in the space Z ST_3/ 2ta/2
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Remark 4.6. For « > 1, we have s — % + % > s — 1 and thus, contrary to the preceding section, the
derivative of a solution does not belong to the space where we estimate the difference w = u — v of two
solutions. This fact is crucial in the preceding section to recover the derivative in terms as J5 in (3-27)
that contains small space frequencies of w. In this section, we will instead combine the weight on the low
space frequencies of w with the resonance relation to control such contributions.

Proposition 4.7. Let0 <T <2, 1 <a <2,5s > 1—5 andu,v € L H* be two solutions to (1-3) on
10, T'[ associated with initial data ug, vo € H® such that Ug— Vg € Hs Thenu—v € Zs 32+e/2 g
we have

el g Sl gy kel vl g+l ol gy (420
Proof. The fact that u —v € Z3- 3/24a/2
satisfies (3-23) with z = u +v. We extend w from (0, T') to R by using the extension operator pr defined

in (3-3). On account of the uniform bounds on p7 (see the paragraph just after (3-3)), it remains to
s—3/24a/2,a,1/2

follows from the discussion above. Now, recall that w = u —v

estimate the F -norm of w. From classical linear estimates in the framework of Bourgain’s

spaces, the Duhamel formulation associated with (3-23) leads to

1. (4-21)

ol o 3eg.y S Hwoll o gog +10xEWI L 30gy

T T
Let Z and ¥ be time extensions of z and w satisfying [|Z[| g5 < ||zl 75 and | @] zs-3/2+a/2 S[W] ;5-3/2+as2.
. . . . . T . r o,
To simplify the notation we drop the tilde in the sequel. From (4-21) we see that it suffices to estimate

1
2
||ax(zw)||Fs_g+g,_;N(ZMPNa COTE. )

N=>0
We first estimate the low-high contribution Py (P<yzP-yw):

195 Pn(PsnzPanw)l [ —31q. -1 < Z N|Pn (PN, zP~Nyw)|xs—2.0

2

NN
1
S D0 NENINY 2PNy zllpeepa | Pavwll2 2
NN
N —1
1
<
””PNNw”L%HS—%Jr% Z ((N)) I NlZ||L§>°H1—%
NN
Poywl|

<

Similarly, the high-low interactions are estimated as follows:

105 PN (P~NZPsN W) L s—34q.-1 S N[ PN(PnzPsnw)|xs—20

I R
1

N1 \2
< . —
S0Panzlize 3 () 1wl s
N1SN

SNPwzlpe 0l oy
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Now we deal with the high-high interactions term:

(NN SRS 3
Ni>N

Y. xPNOL(OL,ZN, QL,WN,)

(L,Ly,L3)
satisfying (2-6)

R
|

Fimat

We may assume that N1 >> 1 since, otherwise, N < N < 1 and we have

IP<19x(PsizPsiw)ll s-34¢ 1 S IPs1zllLger2lPsiwl]

a 1 _1.
+3-73 L*H 2

For N; > 1, we will take advantage of the fact that X$—13/8+3¢/8,=3/8 « , ps—3/2+a/2,=1/2 Tpe
contribution of the sum over L 2 N N{* can be thus controlled by

> 119x PN Oz nne (znwa)|
N{>N

s 1

F‘_f 272

< D NIPNQannyCnwn)l i3s3 3

8

N1>>N
_13,3a _3
Y > N(NYTSTELTS|PNOLGNwN) L2
Ni>>N LZNNY
3 _13 3a _3 Lt
> NHNYTE RSN TN zm g lom
Ni>N !
1
sy (N)z_%(‘N >)H+%II o205l )
~ N TN INIL2Es TN oo -4
LS°H 2
Ny >N Nl (Nl) t 1

’

< )
Sonllzlizgs “w”L;”H—%

where ||(8,/); ll;2(z) < 1. The contribution of the region where L < NN{* and L1 2 N N{' is estimated,
thanks to (4-10), by

D 19: PN Qanng (Qznngzmwn)llom 13430
Ni>N

odw

3

13 3a
S Y N(NY ST Py (Qznnezn,way)l 2

N >N
3 -1 3a 1-s+%
< D NINPTETEWND TN T 0 wnezm g lom
Ni>N !
1 o
<y (—) Ny (—) 10swwezm | ot lomll .
~ = 1 1 S, 5 1 corFTH
Nisv V) (V1) e bt =

55N||Z||YS||w||Z
t
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where |(8,/) [l;2(z) < 1. Finally the contribution of the last region can be bounded, thanks to (4-10), by

> 18xPy Qanng (QanngzN1Qonngwn)l, o130 3

Ni>N
_134 3a
S ) NN S Py Qanne (Qannezn, Q~nnewn,) 2
Ni>»>N
3 —13 _ 1+%
S Y NINPTETENTNY TN, 0 aennezn e a1 Qonngon | gy
N1>>N
N \2  _isaf (N) 15
< X (o) ™ ()l ton oy
v L) (M)
SNl e 0l s
which is acceptable. This concludes the proof of Proposition 4.7. O

Proposition4.8. Let 1 <a <2,0<T <2andletu,v € LF H® withs > 1 —% be two solutions to (1-3)
associated with initial data ug, vo € H® such that ug — vo € HS. Then!

2
e =vllZ i 3pg © IIuo—voll,Y 3+g t ||u+vlly;;||u—v||~ooHs_f

T T

g llu— HZS_%+Q. (4-22)

2

Proof. Recall that the difference w = u — v satisfies (3-23) with z = u + v. Applying the operator Py
with N > 0 dyadic to (3-23), taking the L? scalar product with Py w and integrating on ]0, ¢[, we obtain
g HINTIHN)ZOTIED) qup

t
//PN(zw)awa.
tel0,T]I/0 JR

/O/R PN(zw)awa'.

We take extensions Z and @ of z and w supported in time in ]—4, 4[ such that ||Z|lys < [[u]lys and
0] zs < Jwll z3.- To simplify the notation we drop the tilde in the sequel.
Proceeding as in (3-27), we get

2
RN 12 gg S 1Pwwol s

DR

Therefore, we have to estimate

J = Z(N_l)(N)Z(S 2% sup
N>0 t€[0,T]

J 3 Z Z Nl)z(s =2 sup |I:(zN, W~nN,, WN,)|
N>0 NN t€]0,T|
+Z Z Ni{N N1>2(S 2 sup |1 (z~nN,, WN, WN,)]
N>0N; =N t€]0, T
+ Z Z N(N_l)(N)z(s_%Ta) sup [I¢(zn,, Wy, WH )
N>0N|=N t€]o, T
= J1+ )2+ 3. (4-23)

I'We include the case a = 1 here since it does not lead to additional difficulties and will be useful in the Appendix to prove
LWP for (o, 5) = (1, 3).
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Estimates for J1. The contribution of the sum over N < 1 in Jj is estimated, thanks to (3-4), by

2 2
S > Nl lpeepz o, 17 o oo S Nhoger2 ol s
N<1NizZN T

The contribution N >> 1 in J; can be controlled with Lemma 4.4 by

S Yot el g 10 wpom o
L>1

3wy ||L?OHS_35a
N>1 N =ZN
S5a
N\38
F(F) " I2W g 0w e lom e
a_ 1 1_a
5= 8 2 2
FNEINE R oyl g o, ||L?OHS_3EC,]

Sllzllyi-g lwll ssa Wl y—35e

LOH ™2

where for the first term we used Cauchy—Schwarz in (N, N1) and then summed in L. Note that for
a > 1 we could replace the L HS~3/2+/2_norm by a standard LS H$~3/2+®/2_norm by invoking the
discrete Young inequality.

Estimates for J,. We separate different contributions. First, the contribution of the sum over N; < 1
is directly estimated by | z|| 112 lw]l The contribution of the sum over N < N; 201=)/3 ng
N1 > 1 is then easily estimated by

> Y NN fzm i gelunll, -t 10N 2 pom3eg
Ni>1 Z2a-o
N<Ny

2
L H—1/2

<Y N ||ZN1||L2HA||w|| .
Ni>1

<
Sllzllizge as IlelL%oﬁ_%

_ 3. a
L2ZH 213
wl|

2(1—a)/3 .

—— 4-24)
T

Finally the contribution of the sum over N1 >>1and N > N; is bounded, thanks to Lemma 4.4, by

)DID DI D DY T N Ty RSy E

N1>>1N N%(l ) - L>1
Nl gy o ||L2Hs_35a 1Q-wnezm oy
_1 Sta —$—5
NSNSV e, oo pgs-35 1m0 2

l —_2
1 N oo*—% Ny
+N4+N 8||w | lwa, |l

S Nzlys (Tl zoo -1 0l

g Vo e
),

e Il wl oy

where again we used Cauchy—Schwarz in (N, N;) and then summed over L.
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Estimates for J3. We first notice that for N < Ny and Ny > 1, since 1 4 2(s — 3;"‘) >0,
N (NTHY(N)26=555) < N (N () 267739,

Therefore, the contribution of this region to J3 is controlled by J,. Finally the contribution of N < N; <1
is easily bounded by ||Z||LooL2 |lw ”L°°H La-
Gathering all the estimates, we eventually obtain

J S lzllys lwl

1wl _3+a+||2|| ~g [l
LOOH z° T

Leoms—3+%
which completes the proof of (4-22). O

4B. Unconditional well-posedness. Let us fix s > 1 — 5. We notice that 1 =5 > 0> s, = % — o, which
is the critical Sobolev exponent associated with (1-3) for dilation symmetry. Therefore, as in Section 3B,
the unconditional well-posedness in H*(R) of (1-3) for small H®-initial data with a maximal time of
existence 7 > 1 will ensure the unconditional well-posedness of (1-3) for arbitrary large H *-initial data
with a maximal time of existence

_2(a+D
T>(1+ |lugllgs)™ 2T .

Moreover, as in Section 3B, estimates (4-2), (4-3), (4-14), and a continuity argument ensure that a smooth
solution with small H®-initial datum has got a time of existence 7 in H°°(R) that is greater than 1.
Now, to prove the existence of a solution with initial data ug € H 1-2/2 e cannot argue exactly as in
Section 3B since, for s = 0, we miss compactness to pass to the limit on the nonlinear term. Instead, we
construct below a sequence of smooth solutions to (1-3) that converges strongly to a solution of (1-3)
emanating from uo. This will be done by using the Bona—Smith argument.

Let ug € H® with s > 1 — % and ||ug|lgs < 1. We denote by u™ the solution of (1-3) emanating
from P<yuo. From the discussion above, uy € C([0, 1]; H*°(R)) and, for 1 < N; < N,, we set

Ny

—ulN2,

w:i=u

Let us note that P<jwg = P<; (u™V' —u™2) = 0 and thus wg € H*(R) with |lwoll zs ~ lwollgs. It then
follows from (4-20)—(4-22) that

a—3

[l o geg IO, 34g SN 1Pwuolas (4-26)
l

Moreover, on account of Lemma 4.2, Proposition 4.5 and (4-19), for any r > 0 we have
™ Ny str S 1™ N gpstr < Mg gstr < N ol - (4-27)
Next, since w satisfies (3-36), the Duhamel formula leads, for any 0 < N < 1, to
| Py wlgeo s < I1PNwoll e + N2 (M 20 + w2 o, 2)
N L°HS ~ NWoll gs L1°°L§ L?OL)ZC

and thus
- N2 2
I1P<twlzoogzs S llwolls + (Il ‘IILE”L% + IIwIIL?oL;C)- (4-28)
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This proves that w € Z7.. We will also need the following estimates on w:

Proposition 4.9. Let 1 <a <2,0<T <2and w € Z% withs >1— % be a solution to (3-36). Then

Niji2 2
lwllyy < lwllzge s (A oo s + 1wl zoo gr5) (4-29)
and
2 2 3 N 2 N
IIwIIZ%oHS S lwollgrs + lwllys + ™ llyp lwlzs + llu IIIY;+g_% IIwIIZST_ng% lwllzs.. (4-30)

Proof. First, (4-29) can be derived exactly as (4-2)—(4-3) of Lemma 4.2. Now, to prove (4-30), we separate
the contribution of 9, (w?) and 9, (u™Nw). First, (4-17) leads to

t
ZNZS/ /PNax(wz)PNw
0 JR

N>0
Second, applying (4-25) at the level s with z replaced by u™N1, we obtain

t
ZNZS/ [PNax(ule)PNw
0o JR

N=>0
. . 3 1
which leads to (4-30) since s — 5 + 5 > —5 fors > 1 — % and Z}, — Y. O

3
S i,

272 2
T T

< Ny . N 2 )
< u ||Y;+i_a||w||z_l||w||z% g llwlizy

Combining (4-28), (4-29), (4-30) and (4-19), we infer that
lw),

3—a
2 2 2 2 2
< (U lluollzzs)*[wollzzs + lloll s lwllys + luwollas lwlZy + Ny 2 ||u0||HS||w||Zs—%+%||w||Zf]-
1

Then, the smallness assumption on ||ug || gs, (4-26) and the continuous injection Z7, < Y7, lead to

lwilZy < llwollggs + NP~ wl® s (4-31)
Z

o
>+3
1

< |IPsny o35 (1 + || Py o || 37s) — 0 as Ny — 0.

This shows that {u”V} is a Cauchy sequence in C([0, 1]; H*) and thus {u™'} converges in C([0, 1]; H*) to
a solution of (1-3) emanating from uo. Note that there is no problem passing to the limit on the nonlinear
term here, since we have strong convergence.

Now, Lemma 4.2, Proposition 4.5 and (4-19) ensure that any L{° H®-solution to (1-3) on ]0, 1] belongs
to Y. - Therefore, according to Propositions 4.7 and 4.8, u is the only solution to (1-3) associated with
the initial datum ug that belongs to L° H*.

To prove the continuity of the solution map in H*(R), we proceed as in Section 3B. Let {u¢ ,} C H*(R)
be such that ug , — 1o in H*(R) and let {u, } C C([0, 1]; H*(R)) be the associated sequence of solutions

to (1-3). Taking the same notations as above, we observe that, by construction,

Pﬁl(uo—u{)\’) = P<i(uon —u(])\fn) =0 forall N >1.
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This ensures that ¥ —u® and Uy —U ,]zv belong to Z ST Estimate (4-31) on solutions to (3-36) then leads to

lu—u™ i zs + llun —uy llzs S I P>nuollas + | P>Nrtonllas .
which yields

lim sup([lu—u™ || Loo grs + llun —up | oo grs) =0. (4-32)
N—o00peN

It remains to estimate [[uY —u®||gs. Note that we cannot use Propositions 4.8 and 4.9 here, since
u{)\f n= uf)v does not belong a priori to H*(R). However, since u{)\’ and ué\{ , belong to H°(R), we know,
from the beginning of this section, that ™ and u,ﬂv belong to C([0, 1]; H°°(R)). We now fix N > 1.

Setting s = max(1, s), we have
||uév —u(l)\”nHHs/ —0 as n—oo.
Therefore, on account of Section 3B,

2(a+1)
luN = | oo =0 as n—>o00 with T~ (14 u [l)” 2.

Since u®v € C([0, 1]; H°(R)) we can iterate this argument a finite number of times to obtain that the
convergence of u,jlv to uV holds actually in C([0, 1]; HS '(IR)). The continuity of the flow map in H*(R)
follows by combining this last result with (4-32).

4C. The periodic case. We use the notations of Section 3C. Let Hy(AT) be the closed subspace of
zero-mean functions of Hy(AT). We define the Banach space H*(AT) as the space H{(AT) endowed
with the norm

luell s = II(Iél_%)(E)Sélng

Let (u,v) € (L>(0, T; H5(AT)))? be a pair of solutions to (1-3) associated with initial data (¢, vg) in
(H*5(AT))? such that ug — v € H5(AT). As noticed in Remark 1.3, (u,v) € C([0, T]; HS™*~1(AT))?
and it is not too hard to check that the mean value is a constant of the motion for such solutions. Therefore,
u(t) — v(t) has mean value zero for all ¢ € [0, T'].

As explained in Section 3C, to extend our result on the torus AT, uniformly for A > 1, we only have to
care about the contributions of the null frequencies each time we used the homogeneous decomposition
in space frequencies. First we notice that in the proof of Lemma 4.2 we do not use any homogeneous
decomposition in space frequencies and thus this lemma still holds in the periodic setting. Note that this
is also true for (4-29), since the proof of this estimate is exactly the same. Moreover, on account of (3-42),
the contributions of the null frequencies vanish in the proof of Lemma 4.2. Now, for Propositions 4.7, 4.8
and 4.9, we only have to care about the contributions of d, Py (wPpz), since, according to the discussion
above, Pow = Po(u —v) = 0 on [0, T]. On account of (3-43), these contributions vanish in (4-22)
and (4-30). Finally, these contributions can be estimated in Proposition 4.7 by

10x Pn (PNwPo2) s 31g.—3 S NIPN(PNwPo2)|xs—20 SN2l o0 p2 Wl 251
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with [[(85,)l71(z) < 1. This is acceptable, since 1 —5 >0 and s — % + % > s—1. The proof of Theorem 1.5
is now complete.

5. Dissipative limits

First, we notice that, if u is a solution to (1-9), then u; defined by u, (¢, x) = A%u(A1 7%, Ax) is a
solution to

Oqup + L qup + AT P Afuy + 30,(up)* =0 (5-1)
with

LY 0@) =2 py 1 AT'E)B(E)
and -
Apo(E) =APqp(A1E)0(8) forall £ R,

Therefore, as in the preceding section, up to this change of unknown, of parameter ¢ and of operators, we
may assume that u satisfies (1-9) with Ly41 and Ag that verify Hypotheses 1 and 2 forall 0 <A < 1.
Second, we notice that Hypothesis 2 now ensures that, for 0 <A <1 and N > 1 dyadic,

B
(A3 Pyv, Pyv)p2 2 N 2| Pyvll7, (5-2)
and
145 P vlz2 S NP Pyvlga. (5-3)

The main point is now to prove that the Cauchy problem (1-9) is locally well-posed in H* uniformly
in ¢ > 0.

Proposition 5.1. Let 1 <o <2,0<B <1+ aands >1— 5. Forany ¢ € H°(R) there exists
T~ 1+ ||u0||H1—a/z)_2(“+1)/(2°‘_1) and a solution ug € C([0, T]; H®) to (1-9) that is unique in some
function space?® embedded in LF(0,T; H®). Moreover, there exists C > 0 such that, for any ¢ € |0, 1],
sup lug(@®)lms = Cllollas. (5-4)
t€l0,T]
Finally, for any R > 0, the family of solution maps Sg : ¢ — ug, ¢ € 10,1[, from B(0, R)gs into
C([0, T(R)]; H*(R)) is equicontinuous, i.e., for any sequence {¢n} C B(0, R)gs converging to ¢ in
H*(R),
lim sup [|Se¢—S oo Hs =0. 5-5
,im_ se]ol?l[ 1Se@ — Se@n || Loo (0,7 (R); Hs (R)) (5-5)
Proof. We treat the cases («, §) # (1, %) This last case can be treated in the same way by using the
estimates derived in the Appendix. First we notice that, for (1-9), in view of (5-2), the energy estimate
(4-14) becomes

el zoo prs + ~/5||”||L2THs+g S llwollzs + Ml oo i-g lullyy + llullzge as IIMIIYTI—% - (5:6)

2For (a,s) # (1, %), this space is simply the space L H* N L%Hs"'ﬂ/z.
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On the other hand, viewing eAgu as a forcing term, (4-2)—(4-3) together with (5-3) lead to

(5-7)

< 2
lullys < ||u||L<><>Hv(1+IIMIILoo 1—g) +elu ”LzTHS—lﬁ“ﬂS'

H

To derive an a priori bound from the above estimates, as in the previous section, we have to use the
dilation argument that is described in the beginning of this section. So the dilation function u, defined by
u; (¢, x) = A%u (A1 1%, Ax) satisfies (5-1) and we set

lllws := llvllLge s + Verrt1=F ]|

s B.
L%-H‘+2
Since B < « + 1, this ensures that, for A < (1 4 ||| gs) 2@ +tD/Ce=D and 0 < T < 2,
luallnvg < loallms + Q4+ lual® g)luall g luallvg
Nr NT

with [|@x |l zs S A%7Y2||@| s < 1. This leads to the uniform bound (5-4) for smooth solutions to (1-9)
by a classical continuity argument.

Now, proceeding in the same way for the difference of two solutions, it is not too hard to check that
(4-20) becomes

lu=ol o e
<|lu— _ _
STl g 308 Tl gt IOl Ju—vl g+l ollpiog u=vl o g
whereas (4-22) becomes
=0l g Vo =0 g S o = ol g + o+ vl =0l
By the same dilation arguments as above, this leads to

Iu=vl oo VRl g S o —voll gy (5-8)

Combining the above estimates and the Bona—Smith argument, we can proceed as in Section 4B and
construct a sequence of smooth solutions that converges strongly in C ([0, T']; H®) towards a solution u,
to (1-9). We thus obtain the existence of a solution u, € C([0,T]; H*) N LZTHH'W2 to (1-9) with
T = (14 |Jug| gi—as2)2@+D/@a=1) and ¢ € H* as initial data. Moreover, (5-8) ensures that this is the
only solution emanating from ¢ in the class LP° H* N leOC HSTP/2_Obviously, this solution satisfies (5-4).
Finally, the equicontinuity of the solution map in C (0, T'; H®) follows from Bona-Smith arguments as in
Section 3B. O

It is clear that the above proposition implies part (1) of Theorem 1.14. Now, part (2) will follow from
general arguments (see for instance [Guo and Wang 2009]). Let us denote by S, and S the nonlinear group
associated with, respectively, (1-9) and (1-3). Let g € H*(R), s > 1 —% and let T = T'(||l¢|| g1-as2) > 0
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be as given by Proposition 5.1. For any N > 0 we can rewrite S¢(¢) — S(¢) as
Se(9) = S(@) = (Se(@) = Se(P<n9)) + (Se(P<ng) — S(P<n @) + (S(P<ny) — S(9))
=IeN +Jen + Kn.
By continuity with respect to initial data in H*(R) of the solution map associated with (1-3), we have

limpy o0 | KN |Loo(0,7:H5) = 0. Moreover, (5-5) ensures that

lim  sup |[/g nllLooo,T:H5) = 0.
N—00q¢]o,1] ° ( )

It thus remains to check that, for any fixed N >0, limg—¢ || Je, ¥ [|Loo(0,7:H5) = 0. Since P<y ¢ € H®(R),
it is worth noticing that S;(P<y¢) and S(P<y¢) belong to C*°(R; H*>°(R)). Moreover, according to
Theorem 1.14 and Proposition 5.1, for all # € R and ¢ € ]0, 1],

1Se(P<n @)l o0 o + IS(P<n @)l o o < C(N.6. gl 2)-
Now, setting ve := Sg(P<ny¢) and v := S(P<y¢), we observe that w, := v, — v satisfies
atw8 + La+1w8 == _%ax(wg(v + vg)) - SAﬂ vg

with initial data w.(0) = 0. For s > 0, taking the H®-scalar product of this last equation with w, and
integrating by parts, we get

d
a7 llwellas < (1+[19x (v + ve) Lz [wellZzs + 117%9x, (v + ve)lwell 2 lwellars + &2 DE ve s -

Applying the mean value theorem to the Fourier transform of the commutator term, it is not too hard to
check that

I30%. f1gll 2 < I fxllgs+1 g ey - (5-9)

which leads to
d 2 < 2 2 2
Ellwe(l)llm SCN. s+ 2. [lellp2)lwe @) s + e C(N, s + B, llell2)"

Integrating this differential inequality on [0, T'], this ensures that limg—¢ ||we ||z (0,7;fs) = 0 and proves
that

ug—u in C([0,T]; H®) (5-10)

with T ~ (1 + |Juo | g 1-as2) 2@FTD/@2=1 Now fix ¢ € H and let T* > 0 be the maximal time of exis-
tence of S(¢). It remains to prove that the time of existence T, of S¢(¢) in H* satisfies liminf,_¢ Tg > T*.
Actually, this follows by a classical contradiction argument. Indeed, assuming that this is not true, there
exist &, \( 0 such that lim 7, = 77 < T*. We set

_2(a+D
8T = (1 1S@) g 7199 T
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which is well defined since 77 < T*. Applying (5-10) about 77 /8(T1) times, we eventually obtain that,
for n large enough,

[ Se, (@) (T1 — 1558(T1)) HHF% < 2”S((p)”L°°(0,T1;H1*%)‘

But then the uniform bound from below on the existence time ensures that T, > 77 + %8 (T7), which
contradicts lim 7,,, = T and proves the desired result. This ensures that, fixing 0 < To < T*, we have
T > Ty for e > 0 small enough. Finally, applying (5-10) about T /8(Tp) times, we get (5-10) with T = Tp.
This completes the proof of Theorem 1.14.

Appendix: The casex =1and s = %

This case is important since H 1/2 i the energy space for the Benjamin—Ono equation and also the
intermediate long waves equation. Unfortunately, we are not able to prove the unconditional well-
posedness in this case. However, we are able to prove the well-posedness without using a gauge transform.
This is useful for treating perturbations of these equations, as we explained in the preceding section. In
this section, we indicate the modifications of the proofs in this case. In the sequel we set

D=

M2 :=L®H>nX"2!

LemmaA.l. Leta =1,0< T <2,andletu € 1\2711/2 be a solution to (1-3). Then

lull g S lull gy oy + lel® (A-1)
W2 I°H?2 MT%

Proof. Working with the extension u = pru (see (3-3)), still denoted u, if suffices to estimate the
X Y21 norm of u. First we notice that the low frequency part can be easily controlled by

[ Psiull g < ul
X

2
- L$L:"

Now, for N > 1, we have

1
lewll . SUPwuoll g+ 82 Y umun,
XT2 H 2 2 L2L2
NéNNzZN T4x
1 1
+N2| Y Py(u-nun,) +NZ| Y Py(uanun,)
L% L% 1212
1<N> KN T7Ltx No<1 rL%
=|IPyuoll,—y +In +IN+Iy.
Clearly,
1
INEN? 30 Tl lungl s
N;~N>2ZN
1
N )i
< -
S UTHNE DY o B LA
N>=ZN
Sonlul?
L®°HZ
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with [|(8,) [;2qn+) < 1. Moreover, we easily get from Bernstein estimates that

Sonlull, o 1 lluell

1
<N2 - <l
iy SN> 30 el lewsloge < sl g Il Y L

Nr<1

with [|(8,/)[[;2(n+) < 1. On the other hand,
1
HINSNZ| Y QNN PN(unun,)

1
+N2
2
1<N> <N

tx

> QunN, PN(uyun,)
1<N> <N

S+,
2

tx

By almost orthogonality, we have

2 \2
1 1

iy < Nz( E ‘)QNNNZPN(M~NMN2) 12 )

1<N2<KN "

L
1 2 2
51\72( > w32 lluns, | 1)
Ix L>®H2

Nor<KN Lo

<
S T Y

<
SNl oo g 14l 7oc 4
with [[(85/) [|;2(y*) < 1. It remains to control II%\,. Since the Fourier projectors ensure (t— p(§)) ~ N Na,
the resonance relation (1-6) leads to |t — p2(§1)| V|t — 11 — p2(§ — &1)|) = N N, for H?V. We separate
the contributions of O>nn,u~n and Q>N nN,U N,. For the first contribution, we have

1 1 1
Iy SN2 Y (NN N Qznnu~n|
1<N> KN

PR L0 P

< luwl,

1 3
<Snllull* ul|* u |
Y

with [[(82/)[[;2n+) < 1 and where we used interpolation at the last step. For the second contribution, we
write

2 1
Iy SN2 ) 1Q«nNu~nlpeopall Qznnuns li2 14
1<N><KN
1 1
SN2 Z N+ U~ u
< 1Q«n Ul ooy 3 Q2NN UM 5 4
1<N> KN
1 1 1
SN2 Z N™#(NN2) 4 lu~p|l 1 |lu 11
oo 2l
1<N><N
1 3
<
SON Nl oo gy el g lell” oy

with [|(8,)[l;2(n+) < 1. Gathering the above estimates, (5-2) follows. O
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Lemma A.2. Leta = 1,0 < T < 2 and let u € M'? be a solution to (1-3). Then

2
el

Ient (A-2)
T

2 2
S lwoll” )+l y llull
H2 L¥HZ M

N~

Proof. We follow the proof of Proposition 4.5. Note that MY2 s Y12, According to (4-15), it suffices
to control

I'=Y" > N(N) sup |[I:(un.u~n, un,)l.

N>0 N =N 1€]0,T|

It is easy to check that the only term of the left-hand side of (4-16) that causes trouble in the case @ =1 is
the first one. This term corresponds to the contribution of Q.. NOUN, and Oy Neu~n,. Fora =1,
we control these contributions by applying Cauchy—Schwarz in (N, Np). For instance, the contribution of
O LN NOUN, is estimated, thanks to Lemma 4.4, by

—1aA—41
Do > N Y LTINTE unllpe 1 Qernngum I oy lu~mllpeor2

N>1N1ZN L>1

1
2
—1 2 2
<YL ( 3 ||uN||L2H§||u~N1||L?OH5)( > 10 rwwpum I

N\'—‘

N

N—"
D=

L>1 NiZN>1 ! NizZN>1
<
Sl Tl g el O
Lemma A.3. Let0 < T <2andletu,v € M;/z be two solutions to (1-3) on 10, T[. Then we have
— <y — — -
[ vllzf% S u vIILOOHv”w + llu +v|| 3 [lu vllzf% (A-3)
T T T
and
2 2
U—v < |juo—v u—+v u—vll-—_1fu—v . A-4
I I7 ol y Sluo—vollZ_y +fu+ ||~l|| Iz - 1 IIZ;% (A-4)
1/2 g2 yl/2
Proof. First we notice that (A-4) is already proven in Proposition 4.8, since M —Yr Y 7 Tt

remains to prove (A-3). We follow the proof of Proposition 4.5. It is not too hard to check that the only
contribution that causes troubles in the right-hand side of (4-21), in the case o = 1, is the contribution
of the low-high interaction term, Py (P<yzwy ). We proceed as in Lemma A.1 . We take extensions Z
and W, supported in |—4, 4[, of z and w such that ||Z|| 571> < ”2”1\71}/2 and | W] z—1/2 < ||w||Z;1/z. For
simplicity we drop the tilde. We first notice that the contribution of P<;z is easily estimated by

[0x PN (Ps1zw~pn) |l

1
pi-y SN2 IPN (Porzw-m)lz, Szl pz ol -
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which is acceptable. Now we decompose the remaining contribution as
[|0x PN(P>>1PSNZU)~N)||F7%,1,7%
SN| Y Py(Pwn,zw~n) 3,
1<KN SN X2
1 _1
SN2 X Qewm PN(Przwan) |+ (N)T2 D Qunny PN (Pyyzwn)|
1<N SN Ix 1<N SN Lix
=Ji,Nn + 2N

By almost-orthogonality,

1
_1 2
Jin < (N) ( > ||Q~NN,PN(Plew~N>||§;X)

IKN <N

1 2
< (N\—3 2 2
< (V) ( RLVE ||w~N||L,og)

1
2
1<KN|SN

Sllwnll o s llzll, 5 1
L®H™ 2" 'L?H?2

which is acceptable. To treat J,, we notice that, since the Fourier projectors ensure that (t— p»(§)) ~ N Ny,

the resonance relation (1-6) leads to |11 — p2(§1)| V [t — 11 — p2(§ —&1)| = NN for J, n. We separate
the contributions of O>nn,zn, and Q>N N, W~ . For the first contribution, we write

_1 1
Dy SN2 Y NZIQzww Phizlip2 lwan o2
1KN1 SN

1 14
SN2 ) (NNDTINFQznm Pzl g o ooz
1KN1 SN

L wn

1 3
< 4 4
Shelly g =0 g

which is acceptable. For the second contribution, according to (4-10), we have

1
< -2
J2 S (N) > lzw, | ooy 192NN WN 2,

1KN1SN

oot [0~N

1 — 3
SN2 Y (NNDTINZ iz

Fis
1KN| N

Iz

Slwnll -1 allzll, 3
t

which is acceptable. Gathering the above estimates we obtain (A-3). O

Gathering Lemmas A.1-A.3 and proceeding as in Section 4B we obtain the local well-posedness
in H'/2 of (1-3) for @ = 1. Note that the uniqueness holds in the space ]\2}/ 2,
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