msp






ANALYSIS AND PDE
Vol. 8, No. 7, 2015

dx.doi.org/10.2140/apde.2015.8.1603

QUANTITATIVE DECAY RATES FOR DISPERSIVE SOLUTIONS
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We study the future causally geodesically complete solutions of the spherically symmetric Einstein-scalar
field system. Under the a priori assumption that the scalar field ¢ scatters locally in the scale-invariant
bounded-variation (BV) norm, we prove that ¢ and its derivatives decay polynomially. Moreover, we
show that the decay rates are sharp. In particular, we obtain sharp quantitative decay for the class of
global solutions with small BV norms constructed by Christodoulou. As a consequence of our results, for
every future causally geodesically complete solution with sufficiently regular initial data, we show the
dichotomy that either the sharp power law tail holds or that the spacetime blows up at infinity in the sense
that some scale invariant spacetime norms blow up.
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1. Introduction

In this paper, we study the quantitative long time dynamics for the spherically symmetric dispersive
spacetimes satisfying the Einstein-scalar field equations. More precisely, these are spherically symmetric
solutions (M, g, ¢) to the Einstein-scalar field system, where g is a Lorentzian metric and ¢ is a real-
valued function on a 3+1-dimensional manifold M, such that (M, g) is future causally geodesically
complete and ¢ scatters locally in the scale-invariant bounded-variation (BV) norm. For these spacetimes,
we establish a Price-law-type decay for the scalar field ¢, the Christoffel symbols associated to g and all
of their derivatives. To obtain the decay results, we do not need to assume any smallness of the initial
data. Moreover, we show that the decay rates in this paper are sharp.
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Figure 1. The dispersive case.
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Figure 2. The black hole case.

The spherically symmetric Einstein-scalar field system, being one of the simplest models of self-
gravitating matter in this symmetry class, has been studied extensively both numerically and mathemat-
ically. In a seminal series of papers by Christodoulou [1987; 1991; 1993; 1994; 1999], he achieved
a complete understanding of the singularity structure of spherically symmetric spacetime solutions to
this system. The culmination of the results shows that generic! spherically symmetric initial data with
one asymptotically flat end give rise to a spacetime whose global geometry is either dispersive (with
a Penrose diagram represented by Figure 1) or contains a black hole region BH which terminates in a
spacelike curvature singularity S (with a Penrose diagram represented by Figure 2). In particular, in
either of these generic scenarios, the spacetime possesses a complete null infinity Z and thus obeys
the weak cosmic censorship conjecture. Moreover, in either case, the maximal Cauchy development
of the data is inextendible with a C? Lorentzian metric and therefore also verifies the strong cosmic
censorship conjecture. We refer the readers to [Kommemi 2013] for a comprehensive discussion of
general singularity structures for spherically symmetric spacetimes.

The remarkable resolution of the cosmic censorship conjectures, however, gives very little information
on the long time dynamics for these spacetimes except for the small data® case [Christodoulou 1993]. In
particular, not much is known about the asymptotic decay of the scalar field as measured by a far-away

1n the BV class, i.e., the initial data for dy (r¢) has bounded variation. More precisely, Christodoulou showed that the
nongeneric set of initial data has codimension at least two in the BV topology.
2That is, when the initial data is close to that of Minkowski space.
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observer at null infinity. In the dispersive case, Christodoulou showed that the Bondi mass decays to zero
along null infinity without an explicit decay rate. In the black hole case, he showed that the Bondi mass
approaches the mass of the black hole, from which one can infer the nonquantitative decay for the scalar
field along null infinity [Christodoulou 1993].

The long time dynamics in the case where the spacetime settles to a black hole was subsequently
studied® in the seminal work of Dafermos and Rodnianski [2005]. They proved a quantitative decay rate
for the scalar field (and its derivatives) in the spacetime including along null infinity Zt and the event
horizon H ™. The proof is based on the local conservation of energy, which is subcritical, together with
techniques exploiting the conformal geometry of the spacetime and the celebrated red-shift effect along
the event horizon. The result in particular justified, in a nonlinear setting, the heuristics of [Price 1972]. It
turns out that the quantitative decay rates, when combined with the results of [Dafermos 2005], also have
interesting consequences for the strong cosmic censorship conjecture in the context of the spherically
symmetric Einstein-Maxwell-scalar field system.

In this paper, we study the other generic scenario, spherically symmetric dispersive spacetime solutions
to the Einstein-scalar field system. Unlike in the black hole case, the monotonic Hawking mass is
supercritical and provides no control over the dynamics of the solution. We thus do not expect to be able
to obtain quantitative decay rates for large solutions without imposing extra assumptions. Instead, we
assume a priori the nonquantitative decay of a critical quantity — the BV norm* — but only locally in
a region where the area of the orbit of the symmetry group SO(3) remains uniformly bounded. Under
this assumption of local BV scattering, we show that the scalar field and all its derivatives decay with a
quantitative rate, reminiscent of the Price law decay rates in the black hole case. (We refer the readers
to the statement of the main theorems in Section 3 for the precise rates that we obtain.) We prove, in
particular, a quantitative decay rate for the scalar field along null infinity.

Our results apply in particular to the class of solutions arising from initial data with small BV norm.
Christodoulou [1993] showed that these spacetimes are future causally geodesically complete. One can
easily deduce from [Christodoulou 1993] that in fact these spacetimes satisfy the BV scattering assumption
and therefore the solutions obey the quantitative decay estimates of our main theorem (see Theorem 3.15).
On the other hand, our results do not require any smallness assumptions on the initial data. We conjecture
that indeed our class of spacetimes contains those arising from large data:

Conjecture 1. There exists initial data of arbitrarily large BV norm whose maximal global development
scatters locally in the BV norm.

In addition to the upper bounds that we obtain in our main theorem, we also construct examples where
we prove lower bounds for the solutions with the same rates as the upper bounds. In particular, there
exists a class of initial data with compactly supported scalar field whose future development saturates the
decay estimates in the main theorem. This shows that the decay rates are sharp. We note that the decay
rate is also consistent with the numerical study of Bizén, Chmaj and Rostworowski [Bizon et al. 2009].

3n fact, they considered the more general Einstein—-Maxwell-scalar field equations.

4Solutions of bounded variation were first studied by Christodoulou [1993] and play an important role in the proof of the
cosmic censorship conjectures [Christodoulou 1999].
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As a corollary of the main result on decay, we show the following dichotomy: either the quantitative
decay rates are satisfied or the solution blows up at infinity. The latter are solutions such that some
scale-invariant spacetime norms become infinite (see the precise definition in Definition 3.12).

The decay result in this paper easily implies that the locally BV scattering solutions that we consider are
stable against small, regular, spherically symmetric perturbations. More ambitiously, one may conjecture:

Conjecture 2. Spherically symmetric, locally BV scattering dispersive solutions to the Einstein-scalar
field equations are stable against nonspherically symmetric perturbations.

Conjecture 2, if true, will generalize the monumental theorem on the nonlinear stability of Minkowski
spacetime of [Christodoulou and Klainerman 1993] (see also a simpler proof in [Lindblad and Rodnianski
2010]). For nonlinear wave equations satisfying the null condition, it is known [Alinhac 2009; Yang 2015]
that large solutions decaying sufficiently fast are globally stable against small perturbations. On the other
hand, our main theorem shows a quantitative decay rate for spherically symmetric, locally BV scattering
dispersive spacetimes. Conjecture 2 can therefore be viewed as an attempt to generalize the results in
[Alinhac 2009; Yang 2015] to the Einstein-scalar field system. We will address both Conjectures 1 and 2
in future works.

1A. Outline of the paper. In Section 2, we discuss the set-up of the problem and in particular define the
class of solutions considered in the main theorem, i.e., the locally BV scattering solutions. In Section 3,
we state the main theorems in the paper (Theorems 3.1 and 3.2), their consequences and additional
theorems on the optimality of the decay rates. In the same section, we outline the main ideas of the proof.
In Sections 4 and 5, we explain the main analytic features of the equations and the geometry of the class
of spacetimes that we consider.

Sections 6 and 7 consist of the main content of this paper. In Section 6, we prove the decay estimates
for ¢, 0,(r¢) and 9, (r¢), that is, the first main theorem (Theorem 3.1). In Section 7, using in particular
the results in Section 6, we derive the decay bounds for the second derivatives for r¢ and the metric
components, that is, the second main theorem (Theorem 3.2).

In the remaining sections of the paper, we turn to other theorems stated in Section 3. In Section 8, we
give a proof of the dichotomy alluded to above, that either the quantitative decay holds or the spacetime
blows up at infinity. In Section 9, we sketch a proof of a refinement of the conclusions of the main
theorems in the small data case. Finally, in Section 10, we prove optimality of the decay rates asserted by
the main theorems.

2. Set-up

In this section, we define the set-up, formulate the equations in a double null coordinate system and explain
the characteristic initial value problem. This will allow us to state the main theorem in the next section.

2A. Spherically symmetric Einstein-scalar-field system (SSESF). We begin with a brief discussion on
the derivation of the spherically symmetric Einstein-scalar-field system (SSESF) from the 34-1-dimensional
Einstein-scalar-field system.
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Solutions to the Einstein-scalar field equations can be represented by a triplet (M, g, ¢), where
(M, g,v) is a 3+1-dimensional Lorentzian manifold and ¢ a real-valued function on M. The spacetime
metric g, and the scalar field ¢ satisfy the Einstein-scalar-field system

{R;w - %guvR = 2T,uv»

Vh3up =0, @-1)

where R, is the Ricci curvature of g, R is the scalar curvature and V,, is the covariant derivative
given by the Levi-Civita connection on (M, g). The energy—momentum tensor 7}, is given by the scalar
field ¢:

Tyo = 9, 9 — 380 9" ¢ ,9. (2-2)

Assume that the solution (M, g,.,, ¢) is spherically symmetric, that is, the group SO(3) of three-
dimensional rotations acts smoothly and isometrically on (M, g), where each orbit is either a point or is
isometric to S? with a round metric. The scalar field ¢ is required to be constant on each of the orbits.
These assumptions are propagated by (2-1); hence, if (M, g,., ¢) is a Cauchy development, then it
suffices to assume spherical symmetry only on the initial data.

The quotient M/ SO(3) gives rise to a 14-1-dimensional Lorentzian manifold with boundary, which
we denote by (Q, gu»). The boundary I' consists of fixed points of the group action. We define the area
radius function r on Q to be

) \/ Area of symmetry sphere
"= 4
and r =0 at I". Note that each component of I is a timelike geodesic.
We assume that I" is nonempty and connected, and moreover that there exist global double null
coordinates (u, v), i.e., a coordinate system (u, v) covering Q in which the metric takes the form

gap dx® - dx? = —Q% du - dv (2-3)

for some €2 > 0. We remark that both assumptions are easily justified if (M, g) is a Cauchy development
of a spacelike hypersurface homeomorphic to R3.
The metric g, of M is characterized by €2 and r and takes the form

g dx” - dxV = —Q%du - dv +r? dséz, (2-4)

where dsé2 is the standard line element on the unit sphere S?. Therefore, we may reformulate the
spherically symmetric Einstein-scalar field system (SSESF) in terms of the triplet (¢, r, 2) as

r 3, dyr = —dyr dyr — 327,
r? 3,0, log @ = 8,1 dyr + 1% — 1 3,4 0,9,
r 0y 0y = —0yr 0y — 0yr 9,9, (SSESF)
2Q719,r 3,92 = 32r +r(3,0)?,
2Q71 9yr 3,Q = 32r +r(3,9)2,

with the boundary condition » =0 along I'.
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2B. Basic assumptions, notations and conventions. In this subsection, we introduce the basic assump-
tions on the base manifold Q, as well as some notations and conventions that will be used in the rest of
the paper.

Definition of Q and M. Denote by R'*! the 1+41-dimensional Minkowski space, with the standard
double null coordinates (u, v). Let Q be a 141-dimensional Lorentzian manifold which is conformally
embedded into R'*! with dsé = —Q?du - dv. Given a nonnegative function  on Q, we define the
set I' :== {(u, v) € Q:r(u,v) =0}, called the axis of symmetry. We also define (M, g,,) to be the
14-3-dimensional Lorentzian manifold with M = Q x S? and g, given by (2-3); this is to be thought of
as the full spacetime before the symmetry reduction. (We refer to Section 2A for the full interpretation.)

Assumptions on the conformal geometry of Q. We assume that I’ C Q is a connected set which is the
image of a future-directed timelike curve emanating from the point (1, 1). We also assume that C; C Q,
where

Ci={u,v)eR" :u=1,1<v < o0}

Furthermore, Q is assumed to be the domain of dependence of I" and C to the future, in the sense that
every causal curve in Q has its past endpoint on either I" or Cj.

Notations for the conformal geometry of Q. Denote by C, (resp. C,) the constant-u (resp. constant-v)
curve in Q. Note that these are null curves in Q.

Given (ug, vo) € Q, we define the domain of dependence of the line segment C,,, N {v < v}, denoted
by D(ug, vy), to be the set of all points p € Q such that all past-directed causal curves passing p intersect
'V (Cy, N{v < vp}) plus the line segment (C,,, N {v < vp}) itself.

Also, we define the future null infinity Z* to be the set of ideal points (u, +00) such that sup¢, r = 00.

Integration over null curves. Whenever we integrate over a subset of C,, or C,, we will use the standard
line element dv or du for the integrals, i.e.,

uz
/ f=/ f@', v)du,
CyN{uy <u<us} u

v
/ f=/ fu,v)dv'.
CuN{v <v=<wy} v

Functions of bounded variation. Unless otherwise specified, functions of bounded variation (BV) consid-
ered in this paper will be assumed to be right-continuous. By convention,

dyfdv or 09,f
will refer to the distributional derivative of f, which is a finite signed measure, and

18y fldv or 3, f]
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will denote the total variation measure. Unless otherwise specified, these measures will be evaluated on
intervals of the form (vy, v;]. Thus, according to our conventions,

/ ’ 0y f(v)dv = f(v2) — f(v1),

Ui

/ 190 £ dv =TV 0, un [ £].

vl
New variables. We introduce the following notation for the directional derivatives of r:

ar or
Ai=—, Vi=—,
av au
The Hawking mass m(u, v) is defined by the relation

1— 27’" = 997 8,r = —4Q7 20,1 d,r. (2-5)
For a solution to (SSESF), the quantity m possesses useful monotonicity properties (see Lemma 4.3),
which will be one of the key ingredients of our analysis. We define the mass ratio to be
e
=

We also define the Bondi mass on C,, by M (u) := lim,_, oo m(u, v), provided the limit exists. The
Bondi mass M; := M (1) =lim,_, o m(1, v) on the initial curve C; is called the initial Bondi mass.

2C. Reformulation in terms of the Hawking mass. The Hawking mass as defined in (2-5) turns out to
obey useful monotonicity (see Section 4B). We therefore reformulate (SSESF) in terms of m and eliminate
Q. Notice that, by (2-4) and (2-5), the metric is determined by r and m.

We say that (¢, r, m) on Q is a solution to (SSESF) if the following equations hold:

w I

dh=———2Av, and v = ———Arv, (2-6)
(1—wyr (1—wyr
2va,m = (1—wr?@,4)* and 2xd,m = (1 —p)r’(d,0)% (2-7)
8,0, rd) = Vg, (2-8)
(1—wyr

and, moreover, the following boundary conditions hold:
r=0 and m=0 along I'.

We remark that, using (2-6), the wave equation (2-8) for ¢ may be rewritten in either of the following
two equivalent forms:

0 (3 (re)) = (3ur)9, (2-8)
9y (3, (rg)) = (Byv)9. (2-8")
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2D. Choice of coordinates. Note that Q is ruled by the family of null curves C,. Since a null curve C,,
with u # 1 cannot intersect C1, its past endpoint must be on I'. Therefore, our assumptions so far impose
the following conditions on the double null coordinates (u, v) on Q: u is constant on each future-directed
null curve emanating from I' and v is constant on each conjugate null curve. However, these conditions
are insufficient to give a unique choice of a coordinate system, as the system (SSESF) and assumptions
so far are invariant under the change of coordinates

u—U@m), v—>Vw), UD)=VI)=1

for any strictly increasing functions U and V. To remove this ambiguity, we fix the choice of the coordinate
system, once and for all, as follows.

We first fix v on Cy, relating it to the function r. Specifically, we will require that v =2r + 1 on Cy,
which in particular implies that

AL, v) = 1. (2-9)

Next, in order to fix u, we prescribe u such that I' = {(u, v) : u = v}. To do so, for every outgoing null
curve C in Q, follow the incoming null curve to the past starting from C NI until the point p, where it
intersects the initial curve C;. We then define the u-coordinate value for C to be the v-coordinate value
for p,.

Under this coordinate choice, D(ug, vg) may be expressed as

D(ug, vo) = {(u, v) € Q:u € [uo, vol, v € [u, vol}.
Moreover, if r and ¢ are sufficiently regular functions on Q, then our coordinate choice leads to
Iim (A +v)(u,v) = lim (A+v)(u, v) =0,
v>u+ u—>v—

Jim (@, +8,)(¢)(uw,v) = lm (3, +3,)(r¢)u, v) =0.

These conditions will be incorporated into precise formulations of solutions to (SSESF) with limited
regularity in the following subsection.

2E. Characteristic initial value problem. We will study the characteristic initial value problem for
(SSESF) with data prescribed on C; under quite general assumptions on the regularity. In this subsection,
we give precise formulations of initial data and solutions to (SSESF) to be considered.

We begin with a discussion on the constraint imposed by (SSESF) (more precisely, (2-6)—(2-8)) on
initial data for (¢, r, m). In fact, the constraint is very simple, thanks to the fact that they are prescribed on
a characteristic (i.e., null) curve C;. Once we prescribe ¢ on Cy, the coordinate condition (2-9) dictates
the initial values of r, and the initial values of m are then determined by the constraint (2-7) along the
v-direction as well as the boundary condition m(1, 1) = 0. In other words, initial data for (¢, r, m)
possess only one degree of freedom, namely the prescription of a single real-valued function ¢ (1, v) or,
equivalently, d,(r¢)(1, v).
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Following [Christodoulou 1993], we say that an initial data set for (¢, r, m) is of bounded variation
BV)if 9,(r¢)(1, -) is a (right-continuous) BV function on [1, co) with finite total variation on (1, c0).
We also define the notion of solution of bounded variation to (SSESF) as follows:

Definition 2.1. A solution (¢, r, m) to (SSESF) is called a solution of bounded variation on Q if, on
every compact domain of dependence D(uy, vo), the following conditions hold:
(1) suppy.up) (—V) <00 and supD(MO’UO))F1 < 00.
(2) Ais BV on each C,, N D(ug, vg) uniformly in u, and v is BV on each C, N D(ug, vp) uniformly in v.
(3) For each a with (a,a) €T,
Iim (v+A)(a,a+¢€)=0.

e—>0+

(4) ¢ is an absolutely continuous function on each C,, N'D(ug, vg) with total variation bounded uniformly

in u, and also an absolutely continuous function on each C, N D(ug, vg) with total variation bounded
uniformly in v.

(5) For each a with (a,a) €T,

lim sup TVis—syx@-s,a)[¢]1 =0, lim sup TV (i—ca-s5)xfa—8}[¢]1 =0,

e—0 0<d<e €‘>OO<6§6
lim sup TV(u,a+8)><{a+8}[¢] = 0» lim sup TV{a+8}><(a+8,a+€) [¢] =0.
€~>00<s<e €>00<s<e

(6) 9,(r¢) is BV on each C, N D(ug, vg) uniformly in u, and 9, (r¢) is BV on each C, N D(ug, vo)
uniformly in v.

(7) For each a with (a,a) € T,
eg%l+(av (r¢)+0u(r¢))(a,a+¢€)=0.

We also consider more regular data and solutions, as follows. We say that an initial data set for (¢, r, m)
is C1if 3,(r¢)(1,-)is C' on [1, 0o) with supc, |8U2(r¢)| < 00. In the following definition, we define the
corresponding notion of a C! solution to (SSESF).

Definition 2.2. A solution (¢, r, m) to (SSESF) is called a C! solution on Q if the following conditions
hold on every compact domain of dependence D(u, vp):

(1) suppy.uy) (—V) < 00 and supD(MO’UO)A—1 < 0.
(2) A and v are C! on D(uy, vo).
(3) For each a with (a, a) €T,

Iim W+A)(@a,a+¢€)= lim (v+X)(a—e€,a)=0.
e—>0+ e—>0+

(4) 98,(r¢) and 8,(r¢) are C' on D(ug, vo).
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(5) For each a with (a,a) €T,
1ir(1)l+(8v (r¢) +ou(re))(a,a+e¢) = li%l+(av (r¢) +0y(re))(a —e€,a) =0.
€—> €—

Remark 2.3. By [Christodoulou 1993, Theorem 6.3], a BV initial data set leads to a unique BV solution
to (SSESF) on {(u, v): 1 <u <148, v > u)} for some § > 0. If the initial data set is furthermore C!,
then it is not difficult to see that the corresponding solution is also C'! (persistence of regularity). In fact,
this statement follows from the arguments in Section 7; see, in particular, the proof of Lemma 7.7.

2F. Local scattering in BV and asymptotic flatness. We are now ready to formulate the precise notion of
locally BV scattering solutions to (SSESF), which is the class of solutions that we consider. In particular,
for this class of solutions, we make a priori assumptions on its global geometry.

Definition 2.4. We say that a BV solution (¢, r, m) to (SSESF) is locally scattering in the bounded
variation norm (BV), or a locally BV scattering solution, if the following conditions hold:

(1) Future completeness of radial null geodesics: Every incoming null geodesic in Q has its future
endpoint on I', and every outgoing null geodesic in Q is infinite towards the future in the affine
parameter. Moreover, there exists a global system of null coordinates (#, v) and Q is given by

Q={(u,v):uell,o0),velu,oc0)l. (2-10)
(2) Vanishing final Bondi mass:
My = ll)rgo M(u) =0. (2-11)

(3) Scattering in BV in a compact r-region: There exists R > 0 such that, for the region Qcy :=
{(u,v) € Q:r(u,v) <R}, we have

/ 182(r¢p)| — 0 and / |8, log | — 0 (2-12)
Cu n Qcpt Cu n Qcpl
as u — OQ.

Several remarks concerning Definition 2.4 are in order.

Remark 2.5. In fact, the condition (2-10) is a consequence of future completeness of radial null geodesics
and the preceding assumptions. To see this, first recall our assumption that C; = {(u, v):u =1, v €[1, 00)}.
Hence from our choice of the coordinate u and future completeness of incoming radial null geodesics, it
follows that the range of u must be [1, oo). Furthermore, for each u € [1, 00), the range of v on C, is
[u, 00) by the future completeness of outgoing radial null geodesics and Definition 2.1. More precisely,
future completeness of C, implies that it can be continued past {u} x [u, vo] as long as fuvo Q% dv < oo,
and Definition 2.1 implies® that Q> = —4Av/(1 — 1) indeed remains bounded on {u} x [u, vo] for every
finite vy.

SWe refer to the proof of Proposition 5.3 below for details of estimating —v/(1 — ) in terms of assumptions on ¢, dy (r¢)
and A.
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Remark 2.6. For more regular (e.g., C') asymptotically flat solutions, (1) and (2) in Definition 2.4 may
be replaced by a single equivalent condition, namely requiring the full spacetime (M, g) to be future
casually geodesically complete as a 14+3-dimensional Lorentzian manifold. In particular, (2) follows
from the deep work [Christodoulou 1987], in which it was proved that if M s > 0 then the space-time
necessarily contains a black hole and thus is not future causally geodesically complete.

Remark 2.7. As we will see in the proof, there exists a universal €y such that (3) in Definition 2.4 can be
replaced by the weaker requirement that there exists R > 0 and U > 0 such that

f 20| < & andf 19, log A| < &
c,N Qcpt Cu,N Qcpt

for u > U. To simplify the exposition, we will omit the proof of this improvement.

Remark 2.8. For a sufficiently regular, asymptotically flat solution to (SSESF), Definition 2.4(1) is
equivalent to requiring that the conformal compactification of Q is depicted by a Penrose diagram as in
Figure 1 (in the introduction). For more discussion on Penrose diagrams, we refer the reader to [Dafermos
and Rodnianski 2005, Appendix C; Kommemi 2013]. In fact, this equivalence follows easily from the
classification of all possible Penrose diagrams for the system (SSESF) given in the latter reference.

We also define the precise notion of asymptotic flatness for initial data with BV or C! regularity. As
we shall see soon, in the main theorems, the rate of decay for the initial data, measured in r, is directly
related to the rate of decay of the corresponding solution in both u and r.

Definition 2.9 (asymptotic flatness of order ' in BV or C'). For o’ > 1, we make the following definition:

(1) We say that an initial data set is asymptotically flat of order ' in BV if 9,(r¢)(1, -) € BV[1, 00)
and there exists Z; > 0 such that

sup(1+r)? |9y (r¢)| < T < o0. (2-13)
Cy

(2) We say that an initial data set is asymptotically flat of order ' in C' if 3,(r¢)(1, -) € C'[1, o0) and
there exists Z, > 0 such that

sup(1 + ) |3, (rd)| + sup(1 + r)®H1102(r¢p)| < T < oc. (2-14)
C| Cl

Remark 2.10. The initial Bondi mass M; := lim,_, . m (1, v) can be easily bounded by CT?; see
Lemma 4.5.

Remark 2.11. Observe that both conditions imply that (r¢)(1, v) tends to a finite limit as v — 00;
in particular, lim,_. », ¢ (1, v) = 0. This serves to fix the gauge freedom (¢, r, m) — (¢ + ¢, r, m) for
solutions to (SSESF).
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3. Main results

3A. Main theorems. With the definitions of locally BV scattering solutions and asymptotically flat initial
data, we now have the necessary means to state the main theorems of this paper. Roughly speaking, these
theorems say that locally BV scattering solutions with asymptotically flat initial data exhibit quantitative
decay rates, which can be read off from the rate @’ in Definition 2.9. The first theorem is for initial data
and solutions in BV.

Theorem 3.1 (main theorem in BV). Let (¢, r, m) be a locally BV scattering solution to (SSESF) with
asymptotically flat initial data of order @' in BV. Then, for w := min{w’, 3}, there exists a constant A; > 0
such that

lp| < Ay min{u=?, r~lu~ @Dy, (3-1)
18,(r¢)| < Ay min{u™“, r=“}, (3-2)
10, (r)| < Aju™®. (3-3)

The second theorem is for initial data and solutions in C!.

Theorem 3.2 (main theorem in C'). Let (¢, r, m) be a locally BV scattering solution to (SSESF) with
asymptotically flat initial data of order o' in C'. Then, in addition to the bounds (3-1)—(3-3), there exists

a constant Ay > 0 such that, for w := min{w’, 3},

102(r¢)| < Ay min{u~ @D =@+, (3-4)
182(r¢p)| < Aqu=@*TD, (3-5)
|0yA| < Ay min{u3, r 73}, (3-6)
10,v] < Apu™3. (3-7)

Some remarks regarding the main theorems are in order.

Remark 3.3. Notice that in Theorem 3.2 the decay rates for 9, and 9, v are independent of the order o’
of asymptotic flatness of the initial data. This is because the scalar field terms enter the equations for
9,0, log A and 9,9, log v quadratically (see equations (4-6) and (4-7)) and thus, as long as o’ > 1, their
contributions to the decay rates of d,A and d,v are of lower order than the term involving the Hawking
mass.

Remark 3.4. By Remark 2.3, a C! initial data set gives rise to a C' solution. Hence Remark 2.6 applies,
and conditions (1)—(2) of Definition 2.4 may be replaced by a single equivalent condition of future causal
geodesic completeness of (M, g) in the case of Theorem 3.2.

Remark 3.5. In general, the constants A; and A, depend not only on the size of the initial data (e.g., Z;
and 7,), but rather on the full profile of the solution. Nevertheless, for the special case of small initial
total variation of d,(r¢), A} and A, do depend only on the size of the initial data; see Section 3C.

Remark 3.6. If the initial data also verify higher-derivative estimates, then the techniques in proving
Theorems 3.1 and 3.2 also allow us to derive decay bounds for higher-order derivatives. The proof of the
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higher-derivative decay estimates is in fact easier than the proofs of the first- and second-derivative decay
bounds, since we have already obtained sufficiently strong control of the scalar field and the geometry of
the spacetime. We will omit the details.

Remark 3.7. The decay rates that we obtain in these variables imply, as immediate corollaries, decay
rates for d,¢, d,¢, etc. See Corollaries 6.9 and 7.13.

Remark 3.8. The decay rates in the main theorems are measured with respect to the double null coordi-
nates (u, v) normalized at the initial curve and the axis I" as in Section 2D. To measure the decay rate
along null infinity, one can alternatively normalize the u-coordinate® by requiring 9,r = —% at future null
infinity. As we will show in Section 5C, for the class of spacetimes considered in this paper, the decay
rates with respect to this new system of null coordinates are the same up to a constant multiplicative
factor.

Remark 3.9. In view of Remark 2.7, the assumption of local BV scattering can be replaced by the
boundedness of the subcritical quantities:

/ 182(r¢)|” < C and / 18, logA|P <C for p > 1.
N Qcpt c,N Qcp(

This is because, for fixed €y, one can choose R to be sufficiently small (depending on C) and apply
Hoélder’s inequality to ensure that

f 182(r¢p)| <& and / 10, log A| < &.
c,N Qcpt cy,N Qcpt

Remark 3.10. We also notice that the proof of our main theorem can be carried out in an identical manner
for locally BV scattering solutions arising from asymptotically flat Cauchy data. More precisely, we can
consider initial data given on a Cauchy hypersurface,

v=f(u) with C'<—f'(u)<CcC,
and satisfying the constraint equation together with the following bounds on the initial data:
A+r)1pl+ (1 +1 (10 + 18 rd)| + |2 — 3|+ |[v+3]) =T

and
(1 +r)‘”/+1(|35(r¢)| +182(r$)| + 19, log 1| + 19, log v]) < L.

Then, if we assume in addition that the spacetime is locally BV scattering to the future, the conclusions
of Theorems 3.1 and 3.2 hold.

Remark 3.11. Our main theorems can also be viewed as results on upgrading qualitative decay to
quantitative decay estimates. Such problems have been widely studied in the linear setting (without the
assumption on spherical symmetry) on nontrapping asymptotically flat Lorentzian manifolds [Dafermos
and Rodnianski 2010; Tataru 2013; Metcalfe et al. 2012], as well as for the obstacle problem on Minkowski

OIn particular, this normalization is used in [Dafermos and Rodnianski 2005] for the black hole case. By changing the null
coordinates, we can thus more easily compare the decay rates in our setting with those in [Dafermos and Rodnianski 2005].
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space [Morawetz 1975; Strauss 1975]. In the nonlinear setting, we mention the work of Christodoulou
and Tahvildar-Zadeh [1993], who studied the energy critical, 2-dimensional, spherically symmetric wave
map system and proved asymptotic decay for the solution and its derivatives.

3B. BYV scattering and the blow-up at infinity scenario. The condition of local BV scattering in the
main theorems follows if one rules out, a priori, a blow-up at infinity scenario. More precisely, we say
that a solution blows up at infinity if some scale-invariant spacetime norms are infinite, as follows:

Definition 3.12. Let (¢, r, m) be a BV solution to (SSESF) such that condition (1) of Definition 2.4
holds. We say that the solution blows up at infinity if at least one of the following holds:

(1) sup A=l = oo, where Ap(u) := lim, 4 A(u, v).

@) [77 7100k 3up — 9y 9y| dv du = 0.

B) [T L7184 8, (v 8, (rd)) — 8,6 3, (v 3, (r))| dv du = o0.
Remark 3.13. We do not prove in the paper the existence or nonexistence of solutions that blow up at

infinity. This is analogous to the blow-up at infinity scenarios which have recently been constructed in
some simpler semilinear, critical wave equations [Donninger and Krieger 2013].

It follows from our main theorem that, if a solution does not blow up at infinity, it obeys quantitative
decay estimates. More precisely, we have:

Theorem 3.14 (dichotomy between blow-up at infinity and BV scattering). Let (¢, r, m) be a BV solution
to (SSESF) such that condition (1) of Definition 2.4 holds. Assume furthermore that the initial data for
(¢, r, m) obey the condition’ limy_, o ¢ (1, v) =0 and

/ 192(r )] dv + sup|d, (r )| < 0. (3-8)
C] Cy

Then, either:

(1) the solution blows up at infinity; or

(2) the solution is globally BV scattering, in the sense that conditions (2) and (3) of Definition 2.4 hold
with R = oo.

This theorem is established in Section 8. It then follows from our main theorems (Theorems 3.1
and 3.2) that, if a BV solution does not blow up at infinity and possesses asymptotically flat initial data,
then it obeys quantitative decay estimates.

3C. Refinement in the small data in BV case. By a theorem of Christodoulou [1993], the maximal
development of data with small BV norms does not blow up at infinity. The previous theorem applies,
and thus the corresponding solution is globally BV scattering, in the sense described in Theorem 3.14.
Moreover, a closer inspection of the proof of the main theorems reveals that the following stronger
conclusion holds in this case:

7By Remark 2.11, this is the only condition on limy s 50 ¢ (1, v) which is consistent with asymptotic flatness.
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Theorem 3.15 (sharp decay for data with small BV norm). There exists a universal €y > 0 such that, for
0 < € < €, the following statements hold:

(1) Ifthe initial data set is asymptotically flat of order ' in BV and
|8, ()| <e,
Ci

then the maximal development (¢, r, m) is globally BV scattering, in the sense that Definition 2.4
holds with arbitrarily large R > 0. Moreover, it satisfies estimates (3-1)—(3-3) with A| < Cz,(Z1 +¢€).

Here (and similarly in (2)), we use the convention that Cz, depends on 1 in a nondecreasing
fashion.®

(2) If, in addition, the initial data set is asymptotically flat of order ' in C', then the maximal develop-
ment also satisfies (3-4)—(3-7) with Ay < Cr,(Zr +€).

The point of this theorem is that we only need the initial total variation to be small in order to conclude
pointwise decay rates; in particular, Z; and Z, can be arbitrarily large. In this sense, Theorem 3.15
generalizes both the small BV global well-posedness theorem [Christodoulou 1993, Theorem 6.2] and
the earlier small data scattering theorem [Christodoulou 1986] for data that are small in a weighted C'
norm. A proof of this theorem will be sketched in Section 9.

3D. Optimality of the decay rates. Our main theorems show upper bounds for the decay rates of the
scalar field ¢ and its derivatives both towards null infinity (i.e., in r) and along null infinity (in u).
For ' = w < 3, if the decay rate of the initial data towards null infinity also satisfies a lower bound, then
we can show that both the r and u decay rates in Theorem 3.1 are saturated. More precisely:

Theorem 3.16 (sharpness of 1~ tail for 1 < w < 3). Let 1 < w < 3. Suppose, in addition to the
assumptions of Theorem 3.1, that there exists V > 1 such that the initial data set satisfies the lower bound

r®o,(r¢)(1,v) > L >0
for v > V. Then there exists a constant L, > 0 such that
dy(ré)(u, v) = L, min{r =, u™},
_8u(r¢)(u’ U) = qu—w,
for u sufficiently large.

Remark 3.17. One can also infer the sharpness of the decay of ¢ from that of its derivatives. We will
omit the details.

This theorem will be proved in Section 10A. In fact, the proof of this theorem is similar to the proof
of the upper bounds in the first main theorem (Theorem 3.1). We will show that after restricting to
u sufficiently large, the initial lower bound propagates and the nonlinear terms only give lower-order
contributions. Notice also that the analogous statement is false for ’ > 3, since the nonlinear terms may
dominate the contribution of the initial data.

8In particular, for Z; sufficiently small, we have the estimate A} < C(Z; + ¢) for some absolute constant C.
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For o’ > 3, we can show that the decay rates in Theorem 3.1 are sharp, in the following sense:

Theorem 3.18 (sharpness of ¢ tail). For arbitrarily small € > 0, there exists a locally BV scattering
solution (¢, r, m) to (SSESF) which satisfies the following properties:

(1) 0,(re)(1, v) is smooth, compactly supported in the v-variable and has total variation less than €:
/ 102(rp)| < €.
Ci

(2) There exists a constant L3 > 0 such that
0, (rép)(u, v) > Ly min{r—>, u™},

— 3 (r¢) (u, v) = Lau >,
for u sufficiently large.

To prove Theorem 3.18, we will first establish a sufficient condition for the desired lower bounds
in terms of (nonvanishing of) a single real number £, which is computed from information at the null
infinity. This result (Lemma 10.1) is proved using the decay rates proved in the main theorems, and we
believe it might be of independent interest. In Section 10C, we will complete the proof of Theorem 3.18,
by constructing an initial data set for which £ can be bounded away from zero. This can be achieved by
showing that the solution is close to that of a corresponding linear problem, controlling the error terms
after taking € > 0 to be sufficiently small and using Theorem 3.15.

3E. Strategy of the proof of the main theorems. Roughly speaking, the proof of decay of ¢ and its
derivatives can be split into three steps. In the first two steps, we control the incoming part® of the
derivatives of the scalar field and metric components, that is, d,(r¢), Bf(rqb) and d,A. To this end,
we split the spacetime into the exterior region Qey := {(#, v) € Q : v > 3u} and the interior region
Oint := {(u, v) € Q: v < 3u}. In the first step, we control the incoming part of the solution in the exterior
region. In this region, we have r = v, u, thus the negative r-weights in the equations give the required
decay of ¢ and its derivatives. We then prove bounds in the interior region in the second step. Here,
we exploit certain (nonquantitative) smallness in the spacetimes quantities as # — 00, given by the
assumption of local BV scattering, to propagate the decay estimates from the exterior region to the interior
region all the way up to the axis. Finally, in the third step, we control the outgoing part of the solution,
that is, 9, (r¢), 83(r¢) and d,v, by showing that the decay bounds that we have proved along the axis
can be propagated in the outgoing direction.

We remind the readers that the above sketch is only a heuristic argument and is not true if taken
literally. In particular, in order to carry out this procedure we need to first show that the local BV
scattering assumption provides some control over the spacetime geometry. As we will show below,
the estimates are derived in slightly different fashions for the first and second derivatives of r¢. We
note in particular that carrying out this general scheme relies heavily on the analytic structure of the
Einstein-scalar field equations, including the monotonicity properties as well as the null structure of the
(renormalized) equations.

9We call these variables “incoming” because they obey a transport equation in the 9,,-direction.
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3E1. Estimates for first derivatives of r¢p. To obtain decay bounds for the first derivatives of r¢, we will

rely on the wave equation

2mAv
0,0y (rp) = méb-

Notice that, when we solve for the incoming radiation 9, (r¢) using this as a transport equation in u, the
right-hand side does not depend explicitly on the outgoing radiation d, (r¢). Instead, the right-hand side
consists of terms that are either lower order (in terms of derivatives) or satisfy a certain monotonicity
property.

In particular, this equation shows that, as long as ¢ can be controlled, we can estimate d,(r¢) by
integrating along the incoming u direction. On the other hand, we can also control ¢ once a bound on
dy(r¢) is known, by integrating along the outgoing v-direction.

To achieve the desired decay rates for ¢, d,(r¢) and 0, (r¢), we follow the three steps outlined above:

(1) Bounds'? for 9, (r¢) and ¢ in v > 3u: In the exterior region, we have r 2 u, v; it is therefore sufficient
to prove the decay in r. First, we prove that sup, (1 +r)¢ is bounded. This is achieved in a compact
region by continuity of the solution!! and in the region of large r by integrating 9, (r¢) in the outgoing
direction from the compact region. Since d,(r¢) can in turn be controlled by ¢, we get the desired bound.
To improve over this bound we define

Bi(U):= sup supu®|g|+ru®"|¢))
uell,U] C,

and show via the wave equation that
r®19y(ré)| < Cur) +en)Bi(U),

where € — 0 as u; — oo. This gives the optimal decay rate for d,(r¢) in the exterior region, up to an
arbitrarily small loss, which can be estimated once B (U) can be controlled.

(2) Bounds for 9, (r¢) and ¢ in v < 3u: For the decay of the first derivatives, the interior region {v < 3u}
is further divided into the intermediate region {r > R} and the compact region {r < R}. In these two
regions, the r-weight in the equation is not sufficient to give the sharp decay rate. Instead, we start from
the decay rate 9, (r¢) obtained in the first step in the exterior region and propagate this decay estimate
inwards. To achieve this, we need to show that f 2mAiv/((1 — w)r?) is small when u is sufficiently large.

(2a) r > R and v < 3u: In the intermediate region, where we still have a lower bound on r, the required
smallness is given by the qualitative information that the Hawking mass approaches 0. Thus, from
some large time onwards, f 2mav/((1 — p)r?) becomes sufficiently small and we can integrate the wave
equation directly to obtain the desired decay bounds.

10The estimates in this region are similar to the corresponding bounds for the black hole case in [Dafermos and Rodnianski
2005]. There, it was observed that the quantity d, (r¢), which Dafermos and Rodnianski called an almost Riemann invariant,
verifies an equation such that the right-hand side has useful weights in r and give the desired decay rates.

Hpy particular, since we are simply using compactness, the constants in Theorem 3.1 depend not only on the size of the initial
data.
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(2b) r < R and v < 3u: In this region, we use the local BV scattering assumption to show that
f{rSR} 2mav/((1 — uw)r?) — 0 as u — oo. This smallness allows us to propagate the decay estimates
from the curve r = R to the region r < R. At this point, we can also recover the control for B;(U) and
close the estimates in step (1). This allows us to derive all the optimal decay rates for ¢ and 9, (r¢).

(3) Bounds for d,(r¢): To achieve the bounds for 9,(r¢), first note that along the axis we have
d, (r¢) = —0,(r¢). Thus, by the previous derived control for 9, (r¢), we also have the decay of d,(r¢)
along the axis. We then consider the wave equation as a transport equation in the outgoing direction for
d, (r¢) to obtain the sharp decay for d,(r¢) in the whole spacetime.

3E2. Estimates for the second derivatives of r¢. As for the first derivatives, we control the second
derivatives by first integrating the equation in the exterior region up to a curve v = 3u. We then propagate
the decay bounds from the exterior region to the interior region using the estimates already derived for the
first derivative of ¢, as well as the local BV scattering assumption. However, at this level of derivatives,
some new difficulties arise, as we now describe.

Renormalization and the null structure. The assumption of local BV scattering implies that

[ aael+iean o (3-9)
CuN{r=R}
as u — 0o. When combined with Christodoulou’s BV theory, this also implies that, as v — oo, we have
f (19u9] + 107 (rp)]) — 0. (3-10)
C,N{r=<R}

Notice that on C, (resp. C,), we only control the integral of Bf(rgz&) and d,¢ (resp. 83(r¢>) and 0,¢).
Suppose, when integrating along the incoming direction to control 83 (r¢) and 0,A, we need to estimate

/ 19u6 0.
va{rfR}

We can apply the BV theory to show that, for v sufficiently large,

/ [0u9| < €.
C,N{r<R}

terms of the form

On the other hand, one can show that

sup |8,¢] <C  sup [32(ro)l,
C,N{r<R} Jﬁ(gvmgcpt)

which can be controlled by the quantity that we are estimating.
However, in (4-2) for 83(r¢>), derived by differentiating (2-8), there are terms of the form

dvp v

such that neither of the factors can be controlled a priori in L' by the local BV scattering assumption. In
other words, the equation does not obey any null condition.
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To deal with this problem, we follow [Christodoulou 1993] and introduce the renormalized variables
2 Aop -1 -1
0, (r¢p) — (0,1)¢, 0y log A — T—ur + @A 0y (rép) — v~ 0, (re)),
vVou _ _
0, (rdp) — ()9, ulog(—v) — 3 T+ dud (0 19, (rg) —v =19, (rg)),

which have the property that the nonlinear terms arising in the equations for these variables in fact have a
null structure. In particular, we can apply the above heuristic procedure to obtain decay estimates in the
compact region r < R.

Nonrenormalized variables and decay towards null infinity. While the renormalization allows us to apply
the BV theory in the interior region, it does not give the optimal r decay rates in the exterior region. For
example, the renormalized quantity

wooA _ _
au%x—yjﬁ;+m¢almow—vlmv@>

decays only as r~2 towards null infinity due to the contribution of (x¢/(1 — w))A/r, which is weaker than
the desired » 3 decay for 9, log A. Therefore, in order to obtain the optimal estimates everywhere in the
spacetime, we need to use the variables 83 (ro), 83 (r¢), dy,A and 9, v together with their renormalized
versions.

Coupling of the incoming and outgoing parts. Finally, an additional challenge is that, unlike the estimates
for the first derivatives of the scalar field, the bounds for the incoming part of the solution, 85 (r¢) and 9, A
are coupled to that for the outgoing part, 32(r¢) and 3, v. Likewise, to control 92(r¢), we need estimates for
Bf(rqb) and d,A. For example, in the equation for 9, log A=/ (A=) A/ r+3,0 A 3, (rd) —v ™13, (rg)),
there is a term involving ag(rqﬁ) on the right-hand side. In particular, in order to obtain the desired decay
for d,A, we need to at the same time prove the decay for 83 (ro).

Strategy for obtaining the decay estimates. With the above difficulties in mind, we can now give a very
rough sketch of the strategy of the proof:

(1) Bounds for 83(r¢) and d,A for large r: As in the case for the first derivatives, we first prove the
optimal r decay for 85 (r¢) and 9, A in the exterior region. To this end, we integrate the equations satisfied
by the nonrenormalized variables. We note that the error terms can all be bounded using the local BV
scattering assumption and the decay estimates already proved for the first derivatives.

(2) Bounds for all second derivatives: Steps (2) and (3) for the decay bounds for the first derivatives are

now coupled. Define

By(U):= sup sup(u®|dZ(r)| +u®92(re)| +u®|dyr| +u®|9,v]).
uel[l,U] Cy

We then show that B,(U') can control the error terms arising from integrating the renormalized equations
in the sense that we can obtain an inequality of the form

|weighted renormalized variables| < C(u3) + €(up)B>(U),
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where €(u) — 0 as up — co. We then prove that the renormalized variables in fact control all the
weighted second derivatives in 3,. After choosing u; to be sufficiently large, we show that B,(U) is
bounded independently of U and thus all the second derivatives have u~® decay.

(3) Optimal bounds in terms of u decay: While we have obtained u ™~ decay for the second derivatives,
the decay rates are not the sharp rates claimed in the main theorem. To finally obtain the desired bounds,
we integrate the equations of the nonrenormalized variables and use the preliminary estimates obtained in
(1) and (2) above. Here, we make use of the fact that the estimates obtained in step (2) are sufficiently
strong (both in terms of regularity and decay) to control the error terms in the nonrenormalized equations.

4. Analytic properties of (SSESF)

In this section, we discuss the analytic properties of (SSESF). These include scaling, monotonicity and
the null structure of the system. All these features will play crucial roles in the analysis.

4A. Scaling. For a > 0, (SSESF) is invariant under the scaling of the coordinate system
ur>au, vV av
together with the scaling of the functions
re—ar, m—am, Q—Q, ¢ .

This in particular implies that the BV norms

/mwi(r@(u,v/)mv’ and f |0y (u, V)| d/

u u

are scale invariant. Thus the a priori assumptions (2-12) are taken with respect to localized versions of
scale-invariant norms.

4B. Monotonicity properties. We first begin with basic monotonicity properties of r.
Lemma 4.1 (monotonicity of r). Let (¢, r, m) be a BV solution to (SSESF). Then we have

v<0 in Q

and
A>0 when 1—p >0,

A=0 when 1—u=0,
A<0 when 1—pu<0.

Proof. This was proved in [Christodoulou 1993, Propositions 1.1 and 1.2]; we reproduce the proof for the
reader’s convenience. Note the equation

3.0y (r?) = =32,

which easily follows from (SSESF). As 9,7> =2rd,r =0 on I" and r > 0 on Q, we easily see that v < 0.
Then, from the definition of 1 — u, the second conclusion also follows. Il



QUANTITATIVE DECAY RATES FOR DISPERSIVE SOLUTIONS TO THE EINSTEIN-SCALAR FIELD SYSTEM 1623

According to the sign of X, a general Penrose diagram Q is divided into three subregions:
T ={(u,v) e Q: 2 <0}, A={u,v)e@:A=0} and R:={(u,v) e Q:Ar>0}.

These are called the trapped region, apparent horizon and regular region, respectively. The next lemma,
which we borrow from [Christodoulou 1993], shows that the solutions to (SSESF) considered in this paper
consist only of the regular region R. Therefore, extensive discussion of 7 and .A will be suppressed.

Lemma 4.2 [Christodoulou 1993, Proposition 1.4]. Let (¢, r, m) be a BV solution to (SSESF). Then
the causal past of T in Q is contained in R. In particular, @ = R if (¢, r, m) satisfies condition (1) in
Definition 2.4.

Next, we turn to monotonicity properties of the Hawking mass m, which will play an important role in
our paper. The following lemma is an obvious consequence of (2-7):

Lemma 4.3 (monotonicity of m). For a BV solution (¢, r, m) to (SSESF), we have
oom=>0 and 9I,m<0 in R.

By the monotonicity d,m > 0, the limit M (1) := lim,_, o m(u, v) exists (possibly +oco at this point)
for each u. This is called the Bondi mass at retarded time u. The following statement is an easy corollary
of the preceding lemma:

Corollary 4.4 (monotonicity of the Bondi mass). Let (¢, r, m) be a BV solution to (SSESF) and suppose
that C, C R for u € [u1, up). Then the Bondi mass M (u) is a nonincreasing function on [uy, us].

The following lemma shows that M; < oo for initial data sets considered in this paper:

Lemma 4.5. Suppose that 3,(r¢)(1, -) is asymptotically flat of order ' > 1 in the sense of Definition 2.9.
Then we have

M; := lim m(1,v) < CT?. (4-1)
V—>00

This is an easy consequence of (2-7) and Lemma 4.1; we omit its proof. By the preceding corollary, it
follows that M (1) < oo for each u.

We conclude this subsection with additional monotonicity properties of solutions to (SSESF), useful
for controlling the geometry of locally BV scattering solutions to (SSESF).

Lemma 4.6. Let (¢, r, m) be a BV solution to (SSESF). For (u, v) € R, we have

A
(u,v) <—>U,v) and 9d,A=03,v <0.
1—u 1—u

Proof. The lemma follows from the formula

‘ = —(—v)"'r(0.9)*
and (2-6). O

A
a, log 1
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4C. Null structure of the evolution equations. In this subsection, we follow [Christodoulou 1993] and
demonstrate that the evolution equations verify a form of null structure. In particular, the null structure
occurs in the equations for the second derivatives of the scalar field and the metric. However, it is
not apparent if we simply take the derivatives of the equations (2-6) and (2-8). Instead, we rewrite
the equations in renormalized variables for which the null structure is manifest. We will perform this
renormalization separately for the wave equations for ¢ and for the equations for A and v.

The wave equation for ¢. Taking 9, of (2-8), we obtain
3 (05 (r)) = 3y(3uA @) = A Dy + (3,04 1),

or equivalently, after substituting in the first equation in (2-6),

au<82<r¢)>=ﬂ W+ T O D s (00~ 4—’"A2v¢. (4-2)
v (1— )2 (1- >2 (1=

Some terms on the right-hand side, such as (1 — 1)~ (3,9)%¢, do not exhibit null structure and are
dangerous near I'. To tackle this, we rewrite

(31)3”)»)45 = au[(av)\)¢] - 81,)\ au¢
Thus, from the first equation, we derive
3105 (rp) — (BN ] = 3,1 Byp — Dy 3. (4-3)

By switching u and v, we obtain the following analogous equations in the conjugate direction:

0,020 ) = —"Y 5.6 T O 0+ T G 4—mxv2¢> (4-4)
o 1=y (1- > ’ (T=pwyr3™
av[ai(np) - (auv)qs = v Bup — v Dyb. (4-5)
The equations for A and v. From (2-6), we have
. 2 N 2
oy logh = —(1 ~ o v, Jylog(—v)= —(1 — M)r)h

Take 9, and 9, of the first and second equations, respectively. Using (2-6), it is not difficult to verify
that

3.9 1o A—;)\_l 2_4—m
u v g — V(8v¢) 3)\‘), (4'6)
l—p (I=wr
log(—v) = Lo 2 4m 4-
0y 0y log(—v) = VT A(0,0) FAV 4-7)
— K (I —wr

To reveal the null structure, we must carry out the renormalization as we have done for (4-3) and (4-5).
Following [Christodoulou 1993], it is easy to check that the above two equations are equivalent to

Ou [8u log K—lL&wL?)v(ﬁ(Wlau (r¢)—v"9, (Hﬁ))} =04 8y (v 9 (r ) —0up 0 (v 104 (rp)) (4-8)
“ur
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and the conjugate equation

av[aulog(—w— - ”+au¢<rlav<r¢>—v—lau<r¢>>]=—auqbav<rlav<r¢>>+av¢auwlav(rgb)).

l—u;
(4-9)

5. Basic estimates for locally BV scattering solutions

In this section, we gather some basic estimates concerning locally BV scattering solutions. These estimates
will apply, in particular, to solutions satisfying the hypotheses of Theorem 3.1.

SA. Integration lemmas for ¢. We first derive some basic inequalities for ¢, 2719, (r¢) and d,¢. We
remark that these are functional inequalities which hold under very general assumptions and in particular
do not rely on the locally BV scattering assumption.

Lemma 5.1. Let ¢ (u, -) and r(u, ) be Lipschitz functions on [u, v] with . > 0 and r(u, u) = 0. Then
the following inequality holds:

0
i< sup |20 0 ), (5-1)
v'elu,v] A
More generally, for u < vy < vy, we have
dy(re)
Ire(u, v1) — ré(u, v2)| < (r(u, v2) —r(u, v1)) sup |— (u, v')]. (5-2)
v'elv, 2]

Proof. We shall prove (5-2), since (5-1) then follows as a special case. Integrating d,(r¢)(u, v’) over
v € [vg, vy], we get

|r¢<u,v1>—r¢<u,vz>|s/ 19y (r) (e, v)] v’

Vi

0y v2
< sup r¢) (u,v)| x f Alu, vy dv
v’ €fvy,v2] V1
0y
= (r(u7 U2) - r(u, vl)) Sup (r¢) (l/t, U,) . D
v'elvy,v2]

Lemma 5.2. Let ¢(u,-) and r(u, -) be functions on [u, v] such that d,¢ is integrable, r is Lipschitz
with & > 0 and r(u, u) = 0. Suppose furthermore that =13, (r¢)(u, - ) is BV on [u, v]. Then the following
statements hold:

(1) We have
/ |3u¢(u,v')|dv’§/ 19y (2 "8y (rep)) (u, v)| dv'. (5-3)

(2) Suppose, in addition, that .73, (r¢)(u, - ) is Lipschitz on [u, v]. Then we have

sup, Au, v
B0, v)] < 4 SPurctun A ,) sup 13y (A " 9,(r)) (u, V). (5-4)
2 1nfv/e[u,v] Au, v') v'elu,v]
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Proof. We proceed formally to compute
A
00 (u, v) =~ ("1 0u(r§) — ) (ut, V)
)\‘ v v
= —(u,v) f (/ dy(A 13, (re)) (u, v") du”)x(u, V) dv’
r u v

A v |
= r—z(u, v) / r(u, v") 3, (A 3y (r)) (u, v") dv”.
u
The above computation is justified thanks to the hypotheses, where we interpret
3y ("0, (rd)) (u, v") dv”

to be the weak derivative of A~'9,(r¢), which is a finite signed measure. For a fixed (u, v), observe that

A
sup r(u, v”)f @, v dv' <1.

v”€elu,v] " rl(u V')

This proves (5-3). For (5-4), note that the function A~'9,(r¢) is absolutely continuous on [u, v], so
3,(A 13, (r¢)(u, -)) exists almost everywhere on [u, v]; moreover, it belongs to L* by the Lipschitz
assumption. Noting that

Au, v’ su A, v
sup % r(u v") dv ”_; Purefun 4( /)
velu,v) 7, ) Jy infy epy, ) Au, V')’

we obtain (5-4). O

5B. Geometry of locally BV scattering solutions. The goal of this subsection is to prove the following
proposition:
Proposition 5.3. Let (¢, r, m) be a locally BV scattering solution to (SSESF) as in Definition 2.4. Assume

furthermore that, on the initial slice C, we have A(1,-) = % and

sup|0y(r¢p)| + M; < oo.
Cy

Then there exist finite constants K, A > 0 such that the following bounds hold for all (u, v) € Q:

AT <, v) <4, (5-5)
A < —v(u,v) <K, (5-6)
I<(—p o)™ <KA, (5-7)
- < 5-8
= 1 —p(u,v) — 69
Moreover, there exists a finite constant V > 0 such that, for all (u, v) € Q, we have
18, (r¢)(u, v)| <, (5-9)

| (u, v)| < AW. (5-10)
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Once we have this proposition, we will denote by A, K and W the best constants such that (5-5)—(5-10)
hold.

By Lemma 4.2, we already know that A > 0, —v > 0 and (1 — ,bL)_l < 00. The first three bounds,
namely (5-5)—(5-7), ensure that these bounds concerning the geometry of the spacetime do not degenerate
anywhere, in particular along the axis I". They will be very useful in the analysis that follows.

The proof of Proposition 5.3 will consist of several steps. We begin with elementary bounds for A
and v.

Lemma 5.4. Let (¢, r, m) be a BV solution to (SSESF) with Q = R. Then, for every (u, v) € Q, we have

Au, v) <A1, v), (5-11)
A, v) < lim A7 v), (5-12)
v(u,v) < — llm A, v). (5-13)

Proof. By (2-6), we have

A, v) = (1 (2 ' v)du'

(1, v) = A( ,U)GXP(/I <mv>(u ,v) du >,

ol v) = lim AGL, v)lexp(/v< 2m )(u’,v)du’),
w—v— (1- /L)r2

W, v)= lim v(,v) (/( 2 )( /)d/)
vu,v_v,_)wvu,v exp 1= u,v)dv' ).

Since —v, (1 — u) > 0 everywhere, (5-11) and (5-12) follow. Moreover, since

lim v(u, v)_— hm Au, V),
vV —u+ u+

and A > 0 on 9, (5-13) follows as well. O

By Lemma 4.2, @ = R holds for a solution (SSESF) satisfying the hypotheses of Proposition 5.3. As
an immediate corollary, we have the following easy upper bound for A:

Corollary 5.5. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then,
by the coordinate condition A(1, v) = % and (5-11), we have
supA < %
Q

Next, we proceed to prove the lower bounds of (5-5) and (5-6). We begin with a technical lemma
concerning a large-r region, which will also be useful in our proof of (5-9) and (5-10).

Lemma 5.6. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then,
for arbitrarily small € > 0, there exists ro > 1 such that

u
sup f L—(u V)
(u,v)e{r=ro} J1

du’ <e. (5-14)
l—ur
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Proof. For (u, v) € {r > ro}, we begin by simply estimating as follows:
- 2M; (=v)
~ (1-2M;/ry) r?

w v
1—ur

The above inequality holds as long as'? we choose rg > max{2M;, R}. Note that if (u, v) € {r > ro},
then the null curve {(«’, v) : u’ € [1, u]} from the initial slice Cy to (u, v) lies entirely in {r > ro}.
Integrating along this curve, we obtain for (u, v) € {r > ro}

“ 2M; 1
/ LE(M/, vl < ——————— —
1 [L—pr (1 =2M;/ro) ro
Taking r¢ sufficiently large, (5-14) follows. U

Next, we prove an analogous result in a large-u region. Key to its proof will be the identity (5-16)
below, which will also be used to relate (5-14) and (5-15) to the desired lower bounds of A and —v.

Lemma 5.7. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then,
for arbitrarily small € > 0, there exists U > 1 such that

v
V

ap [ 2w

v>U JU 1

_Mr

du’ <e. (5-15)

Proof. Let € > 0 be an arbitrary positive number. Using (2-6) and the fact that 1 — u > 0 and —v > 0
on @, we have, forany 1 <u; <up < v,
v
S )

us
/m l_lu’r

In order to prove (5-15), it therefore suffices to exhibit U > 1 such that

du’ =log A(uy, v) —log A(uz, v). (5-16)

sup [log A(u, v) —log A(u', V)| < €. (5-17)
(u,v), W' v)e{u=U}

In order to proceed, we divide Q into three regions: Qcp := {r < R}, Qg s :={R <r < ro} and
Olro.00) := {r = 1o}, where ro > max{2M;, R} is chosen via Lemma 5.6 so that

u
sup /
(uav)eglro,oo) 1

Using (5-16) and the fact that log A(1, v) = % the preceding inequality is equivalent to

€
du’ < =.

mwov o,
(', v) g

1l—ur

sup  [logA(u,v) — 1] < <. (5-18)

W) €Qpry o0 8
Next, we turn to the region Qg ,,1; here we exploit the vanishing of the final Bondi mass. Indeed,
taking U, large enough so that 2M (U;) < R, we may estimate
wov|__ 2MUY)
l—pr|~ (1-2M(U,)/R)R>

(—v) for u>U,.

121ndeed, it suffices to choose ro > 2M; here. The condition ¢ > R will be used in the proof of Lemma 5.7.
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Consider now the timelike curve given by o := {(u/, V) : r(u’, V') = ro}. On yo N {(u, v) : u > Uy},
note that (5-18) holds. Integrating the preceding inequality along incoming null curves emanating from
Yo N {(u, v) :u > Uy}, we obtain, for (u, v) € Qg 1 N{(u, v) : u > Us},

1| € 2MUy)(ro— R)
floghw. ) = 3| < g+ TR R
where Uy = U, (U7, 1) is the future endpoint of the incoming null curve in Qg ,,1 from the past endpoint
of yoN{(u, v) : u > U;}; more precisely, U, =sup{u :r(u, V1) > R}, where V| is defined by r (U, V1) =ryp.
Choosing U, sufficiently large, we then obtain

sup llog A(u, v) — 1| < €. (5-19)
(u,v)€Q[r,ry1Mu=Us} 4

Finally, in Q.p, we use the local BV scattering condition (2-12) to choose U > U, large enough so
that we have

sup llog A(u, v) — log A(u, v)| < <. (5-20)

(u0), 1,0 € QepNu=U) 4
To compare log A(u, v) and log A(u’, v') with u # u’, we use (5-19), (5-20) and the triangle inequality.
Thus, the desired conclusion (5-17) follows. Il

As a corollary of the preceding lemmas and (5-16) (or, more directly, (5-17) and (5-18)), we immediately
see that A and —v are uniformly bounded away from zero.

Corollary 5.8. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then
there exists 0 < A < 0o such that, for all (u, v) € Q, we have

Al < Au,v) and Al < —v(u, v).

Together with Corollary 5.5, this concludes the proof of (5-5). Next, using Lemmas 5.1, 5.6 and 5.7
and the wave equation (2-8) for ¢, we prove (5-9) and (5-10) in the following lemma:

Lemma 5.9. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then
there exists a constant 0 < ¥ < oo such that

sup|dy (r¢)| =W and suplp| < AV, (5-21)
o) o)

where A is the best constant such that Corollary 5.8 holds.

Proof. Note that the second inequality of (5-21) is an immediate consequence of the first inequality,
Lemma 5.1 and Corollary 5.8. The proof of the first inequality will proceed in two steps: First, we shall
show that 9, (r¢) is uniformly bounded on the large-r region, essentially via Lemma 5.6. By compactness,
it immediately follows that d,,(r¢) is uniformly bounded on the finite-u region. Then in the second step,
we shall show that 9, (r¢) is uniformly bounded on a large-u region as well using Lemma 5.7.

By Lemma 5.6, choose ¢ > 0 so that

u
sup /
(u,v)e{r=ro} J1

du' < ——. (5-22)
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We also borrow the notation Qyy,, o) := {(u, v) : 7 (u, v) > r¢} from the proof of Lemma 5.7. Given U > 1,
define W, o) (U) to be

Wirg,00)(U) 1= sup [0, (rép) (u, v)|.
(1,)€ Q.00 NM1=u=<U}

Let (u, v) € Qjpy,00). Using (2-8), we then write

mwovfA A
0,0y (rep) = m;(;(”(ﬁ —roPry) + ;”0¢r0)-

Here, ¢, (u, v) := ¢ (u, vj(u)), where v(j(u) is the unique v-value for which r (u, v(u)) =ro. Note that
the outgoing null curve from (u, vj(u)) to (u, v) € Q.00 lies entirely in Qjyy o0). Thus, by Lemma 5.1
and (5-5), we see that, for (1, v) € Qpy.00) With 1 <u < U,

040y (ré)| <

B 0 AWy 0 (U) + 1ol ) < |2 2 (AW .00y (U) + b1 ])
l—pr 2r [r0.00) 2r ) T l—pr [r0.00) o

Integrating this over the incoming null curve from (1, v) to (u, v) (which lies in Qp; o) N {1 <u < U})
and using Lemma 5.6, we then obtain

Yoo @) = sup 3,09+ 15 %m0 @)+ 19x s 19l

C1NQry,00) yoN{1<u<U}
where yy is the timelike curve {(u, v) : r(u, v) = rg}. Note that the first term on the right-hand side is finite
by the assumptions on the initial data, whereas the last term is finite for every 1 < U < co by compactness
of yoN{(u,v) : 1 <u < U} and continuity of ¢. Then, by a simple continuity argument, it follows that
Wiro.00)(U) < 00 for every 1 < U < oo. Moreover, by compactness of {(u, v) :r(u,v) <ro,1 <u < U},
as well as the uniform BV assumption on d,(r¢), we also have

Wi0,00)(U) 1= sup  [3y(ré)(u, v)| < oo.
(u,v)e{l<u<U}

We now proceed to deal with the large-u region, namely {(u, v) : u > U}. Using Lemma 5.7, we

choose Uy > 1 sufficiently large that
v
sup / o du' < (5-23)
v>Uy J Uy 1—

—_(” v) 10A

ur

Proceeding, as before, via Lemma 5.1, we estimate, for (u, v) € {(u, v) : u > Up},

|00y (r) (u, v)| <

IL—‘A sup [3,(r) (u, v')|.
ur

v €lu,v]

Integrating along incoming null curves from Cy,, we see that

W10,00) (U) < W[0,00)(U0) + 15 ¥10,00) (U)

for any U > Uy. Absorbing the second term on the right-hand side into the left-hand side and taking U — oo,
we obtain (5-21) with ¥ < LW o) (Up) < oo. 0



QUANTITATIVE DECAY RATES FOR DISPERSIVE SOLUTIONS TO THE EINSTEIN-SCALAR FIELD SYSTEM 1631

We are finally ready to conclude the proof of Proposition 5.3, by proving (5-8). Indeed, the upper
bounds in (5-6) and (5-7) would then follow immediately. Moreover, the lower bound in (5-7) is trivial,
as u=2m/r > 0.

Lemma 5.10. Let (¢, r, m) be a solution to (SSESF) satisfying the hypotheses of Proposition 5.3. Then
there exists a finite constant K > 0 such that, for all (u, v) € Q,
—v

l—pn

(u,v) < K. (5-24)

Proof. To prove (5-24), we shall rely on the equation

dy lo v =" 2 -
Jog| 7 ) =27 1r@e)”, (5-25)

which may be easily derived from (2-6) and (2-7).
For (u, v) € Q, we begin by integrating (5-25) on the outgoing null curve from (u, u) € I" to (u, v),

which gives
(_—”)(u,u) 5( lim <_—”)(u, 1/)) exp(/v/\—lr(av@%u,v/) dv/).
1—u vout\1—p u

We claim that limy ., (—v) (&, v') = limy 4 A(u, V') < % and limy ., p(u, v') = 0. The first
assertion is obvious. To prove the second one, we first use (2-7) to write

v
m(u,v) < 5( sup [r*0,0|(u, 1)) / |9y (u, V)| dv'.
v'elu,v] u
Now observe that supv/e[u’v]lrzavqﬁl(u, V') < Cr(u, v) SUP,c(y. )| 0v (r@)| and the remaining integral goes
to 0 as v — u-+, since ¢ is assumed to be absolutely continuous on C, near the axis by Definition 2.1.
By the above claim, we have

-V 1 S 2 N
(—)(u,v)fﬁ:xp(/ AT r(0,0) (u,v)dv).
I_M u

The lemma would therefore follow if we could prove

v
sup / A (3p9) (u, ) dv' < o0.
(u,v)eQ Ju

To achieve this, we shall divide the integral into two parts, one in Qcy and the other in its com-
plement Qgpt. Indeed, defining v*(u) to be the unique v-value such that r(u, v*(u)) = R, we split the
integral into fuv*(”) and fuv W) If v < v*(u), the latter integral will be taken to be zero.

For the first integral, let us begin by pulling out A~!rd,¢ from the integral. Using the identity
A rdye = 2719, (rép) — ¢, we have

v* (1) v*(u)
/ A @2 ) dr < sup (30l e, v) + (91w, ) f 1906, 0] v,

v'elu,v*(u))
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Then, by Lemmas 5.2 and 5.9 and the local BV scattering assumption, the right-hand side is uniformly
bounded in u from above, as desired. For the second integral, note that, by Lemma 4.6 and Corollary 5.8,
we have

A
(1—w ', v) <A (u,v) < $Asup(1—p)~"
I— 19 C
Notice that the quantity sup, (1 — w)~! for the initial data is finite, since 1 — > 0 everywhere and
1 —u(l,v) - 1 as v — o0o. Moreover, for v > v*(u), we have r(u, v) > R. Therefore, in view of (2-7),
we may estimate
v

[ atraerar = g™ [ B - 0@ )
Ci

v*(u) v*(u)

A —1 *
< ESUP(l—M) (m(u, v) —m(u, v*(u)))
Ci

= CA,R,M,-,supCI(l—,u)*l < 09,
from which the lemma follows. Il

We conclude this subsection with a pair of identities which are useful for estimating ['|d,A| du and
f |0y v| dv in terms of information on ¢.

Lemma 5.11. From (SSESF), the following identities hold:

/ ——(u VYdv' = 1og(1—M)(u,v)+/vr1r(av¢)2(u,v’)dv’, (5-26)

v%(rv)( ) du’ =log(1 — ) (u, v)+/( V) (8.0) (W', v) du'. (5-27)

Proof. We shall prove (5-26), leaving the similar proof of (5-27) to the reader. From the proof of

/ ——(u V') =log — v, v)

limy/— 4 v(u, V') .

Lemma 5.4, we have

Comparing with the integral of (5-25), along with the fact that lim,_, ,+ (1 — ) (u, v') = 1, we arrive
at (5-26). O

5C. Normalization of the coordinate system. In Section 2D, the coordinates are normalized so that X is
constant on the initial hypersurface {u = 1}. Alternatively, one can introduce a new coordinate system
(Uoo, Voo) Which is normalized at future null infinity by requiring that veo — —3 | along each outgoing
null curve towards null infinity and require, as before, that I' = {(u, v) : u = v}. We will show that the
coordinate functions u and u, are comparable and thus the main theorem on the decay rates can also be
stated in this alternatively normalized coordinate system.

We can explicitly compute the coordinate change, which is given by

duso

du

() =-2 11m v(u,v), Uso(l)=1 and voo(V) =1ty (v).
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Notice that the limit lim,_, o v(u, v) is well-defined due to the monotonicity of v, and

Uoo (1) = —2/u( lim v(u', v))du’ + 1.
1

V—>00

By Proposition 5.3, the following estimate holds:
2M) M —1) oo — 1 < 2K (u —1).

SD. Consequence of local BV scattering. In this subsection, we give some estimates for 32(r¢), d,¢
and d,v that follow from the local BV scattering assumption. To this end, we will need the analysis for
solutions to (SSESF) with small bounded variation norm in [Christodoulou 1993], in particular:

Theorem 5.12 [Christodoulou 1993, Theorem 6.2]. There exist universal constants €y and Cy such that,
fore < e, if M(1,-) = % and 0,(r¢)(1, ) is of bounded variation with

f 0;0r )] <€, (5-28)
Cy
then its maximal development (¢, r, m) satisfies condition (1) in Definition 2.4 and obeys
jSA<y 3=-vsi jsl-nps<l, (5-29)
sup | (19,07 9,(r$))| + 190 + 19, log A]) < Coe, (5-30)
u>1JC,
SHP/ (19, (™", (r )| + 19| + 13, Jog v]) < Coe. (5-31)
v>1JC,

Remark 5.13. In [Christodoulou 1993], it is implicitly assumed'? that ¢ (1, 1) = 0. Note, however, that
the bounds in the above theorem are stated in such a way that they are invariant under the transform
(¢, r,m)— (¢+c, r, m), under which (SSESF) is also invariant. Any solution may then be transformed to
satisfy ¢ (1, 1) = 0. As a consequence, we do not need to check ¢ (1, 1) =0 in order to apply the theorem.

Using Theorem 5.12, we prove the following bound for locally BV scattering solutions to (SSESF):

Theorem 5.14. Let (¢, r, m) be a locally BV scattering solution to (SSESF). For every € > 0, there exists
ug > 1 such that the following estimate holds:

sup (/ 12 )| +/ 19| +/ 19, 1ogv|> <e.
ve€[ug,00) CoN{u=uo}NQcpt CoN{u=uo}NQcpt CoN{u=uo}NQcpt

Moreover, we have
sup|dy (ré)| < Cg aW. (5-32)
Q

131n [Christodoulou 1993], the intersection between I and the initial outgoing null curve is called (0, 0), as opposed to our
convention (1, 1).
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Proof. We first show that, for a locally BV scattering solution to (SSESF),
/ 19, 18,(r¢))| — 0 as u — oo.
Cqucpl
Expanding this expression, we have

fc o 19, (A 719, (rd))| < f ATH(197 ()| + 13y log M) 3y (rd) ).

Cu N Qcpl

By (5-5) and (5-9), we have

/ |av(rlav<r¢>>|scA,\u/ 102(r$)| + 19, log Al
CquCpl

Cu n Qcp[

which, by (2-12) in Definition 2.4, tends to 0 as u — co. Notice that the quantity f CuN Qe 19,(A"10, (r¢))|
which we have controlled is invariant under any rescaling of the coordinate v and also under the transform
(p,r,m)— (p+c,r,m).

We now proceed to the proof of the theorem. Let vy be sufficiently large and u*(vy) be the unique
r(u*(vo), vo) = R. By the finite speed of propagation of the equations, the solution on C, N Qcpe depends
only on the data on Cy»(yy) N Qept-

In order to apply Theorem 5.12, we change coordinates (u, v) — (U (u), V (v)) in the region bounded
by Cy+,) and C,, to a new double null coordinate (U, V') such that, for U* = U (u*(vp)), we have
A(U*, V) = 1. To this end, define V (v) by

av N
o= 2A(u*(v), v),  V(vg) = vo.
v

Notice that this is acceptable since A > 0. In order for the condition U = V to hold on I', we require
U (u) = V(u). Then, with respect to the coordinate V,

dyr(U*, V) = %

By (5-5), we have

_; . dv dU 1
AT < —, — <.
“dv du 2
Moreover,
) dZV )
/ —— )| dv’ < 2/ |8y A (™ (vo), v)| dv’,
u*(vo) | AV * (vo)

which tends to 0 as vg — oo by the assumption of local BV scattering. For vy sufficiently large, in the

(U, V) coordinate system, fc l|8v((8vr)_18v (r¢))| dV is small and dyr = % The data satisfy

* () N Lep
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the assumptions of Theorem 5.12 and therefore'*

/C (190 (Bur) ™' 9y rd))| + |9y @ + |0y log dyr|) dU — O

) n Qcpl

as vgp — oo. Returning to the original coordinate system (u, v), the first statement easily follows.
Finally, for the L* estimate for d,(r¢), notice that |d,(r¢)| < W at the axis by (5-9) and (7) of
Definition 2.1. Using (2-8”), (2-6) (in particular, the fact that 9,v < 0), (5-10) and (5-6), we have

10, (ré) (u, v)| < ‘I’+A‘IJ/ (—9,v)dv' < Cx AW O

6. Decay of ¢ and its first derivatives

In this section, we prove the first main theorem (Theorem 3.1). Throughout this section, we assume that
(¢, r, m) is a locally BV scattering solution to (SSESF) with asymptotically flat initial data of order o’
in BV, as in Definitions 2.4 and 2.9. Let v = min{«’, 3}.

6A. Preparatory lemmas. The following lemma will play a key role in the proof of both Theorems 3.1
and 3.2. It is a consequence of the scattering assumption (2-12) and vanishing of the final Bondi mass.

Lemma 6.1. Let € > 0 be an arbitrary positive number. For uy > 1 sufficiently large, we have

2mvy
sup / ’—2 <€, (6-1)
velur,00) JConfuzuy} | (1 — wr
/ 2mA 6-2)
sup — | <e. -
welur.00) Je, | (1 — pyr?

Proof. The first statement, (6-1), was proved in Lemma 5.7; thus it only remains to prove (6-2).

Divide Q into Qcpy = QN {r < R} and Qgpt = Q\ Qcp. First, note that by (2-12) we have
/ 2mA €
sup —_— | < =
u€luy,00) J C,NQcpt (1 - M)FZ 2

for u; sufficiently large. Next, we consider Qgpt. Define v*(u) := sup{v € [u, o0) : r(u, v) > R}; note

that r(u, v*(u)) = R by continuity. We now compute

/ 2m _ /OO 2mA
CuNQ v*(u)

uniformly in u > u;. As limy, o M(u1) = 0 by (2-11), the last line can be made arbitrarily small by

o0

)\' / / —1
2 (u, vy dv <2RT'K AM (uy)

(u, V)
*(u) I"z

dv’ < 2KAM(u1)/
v

¢
cpt

taking u sufficiently large. This proves (6-2). O

The following lemma allows us to estimate ¢ in terms of |9, (r¢)|.

14More precisely, we apply Theorem 5.12 to the truncated initial data

dy (ro)(U*, V) for V < vy,

dy (r)(U™, V) = {8\/(V¢)(U*7 vg) for V > vy.
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Lemma 6.2. The following estimates hold:

|61(u, v) < Asupl|d,(rg)| and ru®~"|p|(u, v) < CA(supu®|d,(r)| +supr?|d, (ré)|).
Cy

u CM
Proof. The first estimate follows from Lemma 5.1 and Proposition 5.3. The second estimate is a
consequence of the first when r (u, v) < u, so it suffices to assume r(u, v) > u. Introducing a parameter
v € [u, v], we estimate

ru® gl (u, v) <u®”! /vlav(mﬁ)(u, V)| dv'

V] v A
SAuw_l(suplav(r(p)l)/ /\(u,v’)dv’+Auw—l(suprw|av(r¢)|)/ —(u,v') dv’
Cy u Cy V1 r

w—1

r(u, vy) © ®
< A ——= ) supu®|d,(r¢)| + — sup 7|3y (re)|.
u C, Cy

w—1r(u,v)?

Choosing v; so that r(u, v1) = u (which is possible since r (u, v) > u), the desired estimate follows. [

6B. Preliminary r-decay for ¢. In this subsection, we derive bounds for ¢ which are sharp in terms of
r-weights. As a consequence, they give sharp decay rates towards null infinity.

Lemma 6.3. There exists a constant 0 < H; < oo such that

sup(l1 +r)l¢| < H. (6-3)
Q

Proof. Let r; > 0 be a large number, to be chosen below. Different arguments will be used in {r > r;}
and {r < r1}. For each u > 1, let v](«) be the unique v-value for which r(u, vi(«)) = ri. By the
fundamental theorem of calculus, we have

v

ré =ripu, vi(w)) +/ d(ré)(u, v') dv’. (6-4)

vl ()
Integrate (2-8) along the incoming direction from (1, v) to (u, v). By Corollary 4.4 and Proposition 5.3,
we have

10y (re) (u, v)| < |0, (r@)(1, V)| +

/uﬂ( )(/ )d/
TR

i D) | ( ' )l
sup I(b u,v)|.
2 7 (u’ U) u'e[l,u]

<0, (r¢)(1, v)| +

Substituting the preceding bound into (6-4), we obtain

. v W, KA’M;
sup |rp| < |ri¢(u, vi(u))|+ [0y (r¢)(1, v)|dv + sup supc,np=r)lrel.  (6-5)

C,N{r>ri} vl (u) T wellu]

The first term on the right-hand side is bounded by r; AW, by (5-10), whereas the second term depends
only on the initial data and can be estimated in terms of Z; as follows:

/U |0, (ré) (1, v)|dv' < ATy /00(1 +r(l, v/))_w,k(l, vV)ydv' < 1.
v 1

’1((”) w —1
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Moreover, choosing r; to be large enough that
KAM;
21"1

the last term of (6-5) can be absorbed in to the left-hand side and we conclude

<1
-2

2
sup |r¢| <2r AV + ——AT.
o —1

{r>r1}

On the other hand, in {r < r;} we have

sup |r¢| <riAY
{r<r}

by (5-10). Combining the bounds in {r > r;} and {r < r{}, the lemma follows. O

Remark 6.4. The preceding argument shows that Lemma 6.3 holds with!>
H) < Cg k. a (T1 + V). (6-6)

6C. Propagation of u-decay for 3, (r¢). Here, we show that u-decay estimates proved for 9, (r¢) and ¢
may be “transferred” to 9, (r¢); this reduces the proof of Theorem 3.1 to showing only (3-1) and (3-2).
To this end, we integrate 9,9, (r¢) from the axis I, along which 0, (r¢) = —0,(r¢).

Lemma 6.5. Suppose that there exists a finite positive constant A such that
sup|p| < Au"® and sup|d,(re)| < Au"®.
Q Q

Then
sup|d, (ré)| < (1 4+ K)Au™".
Q

Proof. Fix u > 1 and v > u. Integrate (2-8") along the outgoing direction from (u, u) to (u, v) and take
the absolute value. Using (7) of Definition 2.1, (2-6) (in particular, d,v < 0), (5-6) and the hypotheses,
we have

v
9 (r¢)(u, v)| < lim [3,(r)(w, V)| + sup [p(u, V)| [ (=3,v)dv' < Au""+KAu™. O
vV —u+

u<v'<v u
6D. Full decay for ¢ and 3,(r¢). In this subsection, we finish the proof of Theorem 3.1. By Lemma 6.5,

it suffices to establish the full decay of ¢ and 9,(r¢), i.e., (3-1) and (3-2). For the convenience of the
reader, we recall these estimates:

1p| < Amin{u=®, r 'u=@ P} and |9,(r¢)| < Amin{u"?, r~°}.

For U > 1, let

Bi(U):= sup supu®|g|+ru®"|g)).
ue(l,U] C,

15Notice that, while the constant C1,,k, A depends on Ty, the preceding argument moreover allows us to choose C7; g A to
be nondecreasing in Z;. In particular, for Zy sufficiently small, we have H) < Cg A (Z1 + W). It is for this reason that we prefer
to write the expression C7, g A (Z1 + W) instead of the more general Cz; g A w-
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Notice that this is finite for every fixed U, by Lemma 6.3. To establish the decay estimate (3-1), it
suffices to prove that B (U) is bounded by a finite constant which is independent of U. We will show
that this also implies (3-2). Divide Q into Qex¢ U Qin, defined by

Qext :={(u,v) € Q:v>3u}, Qin:={(u,v)€ Q:v=<3uj.

We first establish a bound for 9, (r¢) with the sharp r-weight, which thus gives the sharp decay rate

N Qext.

Lemma 6.6. Letu; > 1. Then, foru; <u < U,

supr®|d,(r)| <y + Cx p, ur Hy + Cul_lKM,- Bi(U). (6-7)
Cu

Proof. We separate the proof into cases w > 2 and 1 < w < 2.

Case 1: w > 2. First, notice that
¢ < Bi(U)(r~'u™ @)y O™ < By r T Pu2

Applying Lemma 6.3, we also have
¢l < (1+r)""Hi.
By Corollary 4.4 and Proposition 5.3, we have the following pointwise bounds:

<KM(M1).
2

K M; ‘
<—, sup
2 u'€luy,00)

mAv
1—pu| ™

mAv
l—n

sup
u'ell,u;]

Therefore, integrating (2-8) along the incoming direction from (1, v) to (u, v), we have

“ 2miveg ,
|0y (r@) (u, v)| < |0y (r)(1, V)| + ‘/ —— 5w, v)du
1 (L=wr

< 18,(ré)(1, v)| + KM; H, /uldu’+ (ul)Bl(U)/ @) du’
- ’ r2u, v)(1+r@,v) Sy ro(

ui K M; KM (uy)
< |8y (r¢)(1, v)| + Hi + ———B1(U).

r2(u, v)(1 +7ru, v)) ur®(u, v)
Multiplying both sides by r“(u, v) and using the fact that r(u, v) < r(1, v), we conclude
=2
14r
< T+ Cuy kv Hi +uy ' KM; B (U).

r10y(r¢)|(u, v) < r?10,(ré)|(1, v) +u; KM; Hy+uy' KM(u,) Bi(U)

Case 2: 1 < w <?2. We will use the following bounds for ¢. First,
61 < BuW) G~ um @) W) O < ByUyr @ Hu!

Also, Lemma 6.3 implies
ol < (1 +r7~" H
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As in Case 1 we integrate (2-8) along the incoming direction from (1, v) to (u, v):

“ 2mivg ,
10y (r@) (u, v)| < |8y (r@) (1, v)| + / ——— 5, v)du
1 (L=wr

<18, $)(1 )|+KAM1'H1 /”1 V4 /+KAM(M1)B (U)/” =V
r , e —— — - ——
- v 1+r , r? " U ! w ret! "

wK AM; wKAM(uy)

=< |3u(r¢)(1,v)|+r(u’v)(1+r(u’v))1‘11+ o V) Bi(U).

Multiply both sides by ® to arrive at the conclusion, as in Case 1. In this case, note that the second
term is a bit better than what is claimed, as there is no dependence on u; > 1. O

Remark 6.7. The proof of this lemma requires w < 3. More precisely, this limitation comes from the
contribution of the right-hand side of (2-8)

We are now ready to prove the bounds (3-1) and (3-2). The idea is to “propagate” the exterior decay
estimate (6-7) into Qi to obtain decay in u, using the smallness coming from Lemma 6.1 in the region
where u is sufficiently large. On the other hand, the preliminary r-decay estimates proved in Section 6B
will give the desired r-decay rates in rest of the space-time.

Proof of (3-1) and (3-2). Let 1 <u; < U. For (u, v) € Q with u € [3u, U], integrate (2-8) along the
incoming direction from (#/3, v) to (u, v). Then

2mv
(1 —wr?

Multiply both sides by #® and estimate each term on the right-hand side. For the first term, the key
observation is the following: for v > u, the point (%u, v) lies in Qex, Where (6-7) is effective. Indeed,

du'. (6-8)

(', v)

190 ) . )] < 10, r$) /3, )|+ 1( sup sup|¢|)/

w'elu/3,u] Cy /3

note that
(GA)u =A™ (v = (su)) <r(5u.v).

Wi

Thus, by (6-7),
u®(3,(r) (3u. v)| = (3A)" (r” (3u. v) |8, () (3u. v)])
< (3A)°(T1 + Cuy k.o, Hi + CuT ' K M; By (V)
< Cuy k. a0, (D1 + Hi) + Cx aMiuy ' By(U).

For the second term on the right-hand side of (6-8), we have

Mw( |¢I)/u 2y (u' )d’<3w<fu 2y (' )d’>B(U)
- sup sup —— (W', v u < — - _W,v U | ]
2 welu/3,u] Cp u/3 (1 — ;,L)rz 2 /3 (1 — M)rZ
Combining these estimates, we deduce
sup u”[9, (r¢) (u, v)|
Cy y " - / /
<Cuikam T +H)+ | CxaMiu; +C ———— ', v)|du" ) Bi(U). (6-9)
w3l (L=pr
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Recalling the bounds of ¢ in terms of d,(r¢) in Lemma 6.2, we have

Bi(U) < (1+2A) sup sup(u®|dy(rd)|+r®9,(r¢)|).
uell,U] Cy,

The right-hand side can be controlled by (6-9) and (6-7), from which we conclude

u my

;31 (= pyr?

As a consequence of Lemma 6.1, the entire coefficient in front of B (U) can made to be smaller than

Bi(U) < Cuy,x.a,m,(T1 + Hy) + (CK,AML'”]_] + C/ (u', v)
u

du/>Bl(U). (6-10)

(say) % by taking u; sufficiently large. Since B;(U) < 0o, we can then absorb this term into the left-hand
side. Observing that this bound is independent of U > 1, we have thus obtained (3-1).
To prove (3-2), simply apply (6-9) and (6-7), which shows that

sup sup(u®|dy(r@)| +r|9,(r¢)|)

uel[l,U] Cy
<Cy k.o m @+ H)+ (CK,AMiull +C/
u

u 2my W' v)
—— v
31 (1= pyr?

This boundedness of B;(U) that we just proved thus implies (3-2). O

du/>Bl(U).

Remark 6.8. According to the proof that we have just given, the constant A; > 0 depends on our
choice of #; > 1, which in turn depends on how fast the coefficient in front of B;(U) in (6-10) vanishes
as u; — oo. This explains why A; > 0 does not depend only on the size of the initial data, as remarked
in Section 3. Controlling the size of #; > 1 under an additional small data assumption will be key to
proving (1) of Theorem 3.15 in Section 9.

6E. Additional decay estimates. We end this section with the following decay estimates for d,¢, d,¢
and m.

Corollary 6.9. Let (¢, r, m) be a locally BV scattering solution to (SSESF) with asymptotically flat initial
data of order o' in BV, and define ® = min{w’, 3}. Let A be the constant in Theorem 3.1. Then the
following decay estimates hold.:

18,0 < CAymin{r~'u=®, r 2y~ @D}, 6-11)
18u¢p] < Cx Ay r~'u=, (6-12)
m < Ca AT min{ru=2?, u= >~y (6-13)

Proof. Letu > 1 and v > u. Since

rdyg =0,(r¢) —rp, rou¢=20,(r$) —vo,

the estimates (6-11) and (6-12) follow from (3-1)—(3-3) and the fact that supg|A| < 1 supo|v| < K.
On the other hand, by (2-7), we have

mu, v) = %fv AN = w)r2(0yd) (u, v') dv'. (6-14)
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Using [dy¢ (u, v)| < CAr~'u=® (which has just been established), we obtain
m(u, v) < CAAT ru™2°,

which proves a “half” of (6-13). To prove the other “half”, let us introduce a parameter r; > 0 (to be
determined later) and define v (u) to be the unique v-value such that r(u, vi(u)) = r1. For v > vj(u),
split the v'-integral in (6-14) into quT(”) + vaT(u) and use |3, (u, v)| < CA; r~'u® for the former and
18,0 (u, v)| < CA; r2u=®=D for the latter. As m(u,v) is nondecreasing in v, we then arrive at the

estimate
supm < CAA% T+ CAA% rl_lu_z(“’_l).
Cy
Choosing r| = u, we obtain (6-13). Il

7. Decay of second derivatives

In this section, we establish our second main theorem (Theorem 3.2). Throughout the section, we assume
that (¢, r, m) is a locally BV scattering solution to (SSESF) with asymptotically flat initial data of
order ' in C!, as in Definitions 2.4 and 2.9. As discussed in Remark 2.3, (¢p,r,m)isthena C ! solution
to (SSESF). As before, let @ = min{w’, 3}.

7A. Preparatory lemmas. The following lemma, along with Lemma 6.1, provides the crucial smallness
for our proof of Theorem 3.2.

Lemma 7.1. For every € > 0, there exists uy > 1 such that

sup / 0up| <€, (7-1)
ve[uz,00) J CyN{u>uy}
sup /|8vq§| < €. (7-2)
u€luy,00) JCy,

Proof. We will only prove (7-1), leaving the similar proof of (7-2) to the reader. As in the proof of
Lemma 6.1, we divide Q into Q¢ := QN {r < R} and Qgpt = Q\ Qcpt, and argue separately. First, by
Theorem 5.14, we have

€
sup / 0] < 5
ve[uz,00) J CoN{uzu2}NQept

for u, sufficiently large. Next, to derive (7-1) in Qgpt, we define u*(v) := sup{u € [uz, v] : r(u, v) > R},

where we use the convention u*(v) = u, when the set is empty. Then, using Proposition 5.3 and Schwarz,
we compute

“ ) 2KA | [®
| gl = [ o ola = 28 [T LA - oG v a
Qnﬁ{uzuz}ﬁQgpl 1753 R us

<\/2KA ( )<\/2KAM( )
—m(uz,v) <,/ —— .
= R 2 R us
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By (2-11), lim,, , oo M (u2) =0, and (7-1) thus follows. O

The next lemma allows us to estimate the first derivative of ¢ at (u, v) in terms of information on
CoN{(u, V) u<v <v}.

Lemma 7.2. For every (u, v) € Q, the following inequalities hold:

9, (u, v)| < FA% sup [37(r¢p)(u, v+ §A° sup [3,(r¢)(u, v)| sup |d,A(u, V)],

u<v'<v u<v'<v u<v'<v

|94 (u, V)| < A sup (—=v)(u, v)|3up (u, V)]

u<v'<v

Proof. The first is an easy consequence of (5-4) in Section 5A. To prove the second inequality, we start
from the equation

Oy (ro,¢) = —voyo,

which follows from (2-6) and (2-8). Therefore, we have
1

|0, (u, v)| < T,

v
[ ot vav
u
from which the second inequality easily follows. O

In the next lemma, we show that improved estimates for m near I" hold if we assume an L°° control
of 9,¢.

Lemma 7.3. For every (u, v) € Q, the following inequalities hold:

n

Z(u,v) < A% sup [3,(r¢)(u, v')| sup |3y (u, V)], (7-3)
r u<v'<v u<v'<v

17

=, v) < 5A% sup [9,¢(u, V). (7-4)
r u<v'<v

Proof. Recall uw =2m/r. By (2-7), we have

2m(u, v) = /U(l — A (0y0) % (u, V) dv.

Pulling everything except r2A outside the integral and using [ r*A(u, v') dv’ = 3r3(u, v), we ob-
tain (7-4). On the other hand, using A~'r9,¢ = A719,(r¢) — ¢ and fuv ra(u, v)dv = %rz(u, V), we
easily deduce

w
7(% v) < % sup (Azlau(”ﬁ)(u, V)| + Al (u, v)]) 9,6 (u, V).

u<v'<v

From the fact that |¢ (u, v)| < A sup, -, <, 10, (r$) (u, v")|, (7-3) easily follows. O
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7B. Preliminary r-decay for 33 (r¢) and 3,A. In this subsection, we establish decay estimates for af(rqb)
and d,A which are sharp in terms of 7-weights in the region Q.. We remind the reader the decomposition
Q = Qext U Qint, Where

Qext ={(,v) € Q:v>3u}, Qin={(u,v) € Q:v=<3u}.
In particular, note that r > 2A7 ' > 0in Qeyr.

Lemma 7.4. The following estimates hold:

sup 33,1 < Cx A AT, (7-5)
Qexl
w+1q2 3
supr®To (r¢)| < CIh + Cig a,m; A7 (7-6)

Qexl

Proof. We begin by proving (7-5). Recall (4-6):

8,0, 1og ) = —— A~ Tu(8,6)* — — "3
. =——A v -
uvv g I—I,L v (1—/,[,)}’3

Note that 9, log A =0 on C; by our choice of coordinates. Therefore, integrating the preceding equation
along the incoming direction from (1, v) to (u, v), we have

u
m
du' + / _am
A= wr’
Then (7-5) follows using Proposition 5.3, (6-11) and (6-13). We remark that the power of r is dictated
by the second integral.

A, v)| du'.

u
1
|0y log A(u, v)| < f mk_lv(8v¢)2(u/, v)
L=

The proof of (7-6) is very similar. We start by recalling (4-2):
NG L R SOt R
(1= pwr2 ™ ' (- ) 2 (A —pyr™

For u > 1, we have r(u, v) < r(1, v); moreover, by hypothesis, we have the estimate for the initial
data term

(14 r(1, ) 92(re) (1, v)| < Tn.

Therefore, by the fundamental theorem of calculus, it suffices to bound
u u
! v 2 /
/ du +/ —(0vP) P, v)
1 1 1— 12
u u
m
+ / v ' + / _am
pa M) 2 (1= wr3

by CK,A,MiAfr_(“’“). This is an easy consequence of Proposition 5.3, (3-1), (6-11), (6-13) and also (7-5),
which has just been established. Note that the last term is what limits @ < 3. O

2mAv , ,
2 8U¢(u s U) du

(1 —wr

(@M ', v) Ave (i, v)| du’
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7C. Propagation of u-decay for B,f (r¢) and 3, v. Here, we show that certain u-decay for 83(r¢>) and d,v
proved in Qjy; can be propagated to Q. The technique employed is very similar to that in the previous
subsection.

Lemma 7.5. For U > 1, suppose that there exist finite positive constants A, k| and ky such that

0<k <2w+1, 0<k<3w+1

and, foru € [1, U], we have

sup uf119,v| <A and sup uf?[3>(r¢)| < A.
Cu n Qim Cu n Qint

Then for u € [1, U], the following estimates hold:

sup u¥118,v] < Cx A A+ Cg A A2, (7-7)

u

supuf?[32(rg)| < A+ Cg.a A3+ Ci oA supuld,v]. (7-8)
CLI CLl

Furthermore, the following alternative to (7-8) also holds:

2mA

o0
supuk2|83(r¢)| SA-’-CK,AA?-FCK,A\D/ VTR (u,v’)dv’.supuk2|8uv|. (7-9)
Cu 3 |[(L=pr Cu
Proof. Let us begin with (7-7). Recall (4-7):
1 1 _1 2 4m
avau ogv = 1— M)\.V (8u¢) — m)\.v

Given (u, v) € Qe (With u € [1, U]), let us integrate this equation along the outgoing direction from
(u, 3u) to (u, v), take the absolute value and multiply by ulr, Using the hypothesis

sup uk‘|8uv|§A,
QinM(u,v)€Que[1,U]}

(7-7) is reduced to showing

o0
uk‘/ !
3u I -
o0
uk‘/
3u
foru €[1, U].

Using Proposition 5.3 and (6-12), the left-hand side of (7-10) is bounded by

o

1

Cx.aA3 uk1—2w/ —hdv < Cx A AT 2r ™ u, 3u).
3u

W (@3,0)%(u, v)|dv < Ck A A3, (7-10)

Av(u, v)|dv < Cx A A2, (7-11)

(1—p)r’

As u > 1 and r(u, 3u) > 2A~'u, (7-10) follows. Similarly, by (5-7) and (6-13), the left-hand side
of (7-11) is also bounded by‘CK,AA% uk1=20.=1(y 3y), from which (7-11) immediately follows.
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Next, we turn to (7-8) and (7-9); as they are proved similarly to before, we will only outline the main
points. Recall (4-4):

) 2mAv 4dm 2
93, (r)) = ——519 ¢>+ (3u¢) d+ —5 @) — AV

(I —wyr (11— ) 2 (1 —wr?

Fix (u, v) € Qext with u € [1, U]. We then integrate the preceding equation along the outgoing direction
from (u, 3u) to (u, v), take the absolute value and multiply by *2. In order to prove (7-8), in view of the
hypothesis

sup uR |37 (rd) < A,
QintN{(u,v)eQ:ue[1,U]}

it suffices to establish the following estimates for u € [1, U]:

o0
uk2/
3u
o0
ukZ/
o0
ukZ/
u /OO dm
(1 —pr3

The proof of these estimates is similar to that of (7-10) and (7-11); we omit the details. To prove (7-9),
we replace the third estimate by

2mAv
(1 —wr?

3. (u, v)| dv < Cg A A3,

dv < Cx A A3,

2m

T @e . v)|dv < Crady supul,vl,

——— %P (u, v)|dv < Cg A A3

o [ 2mA <l 2mAa o k
u? —z(auv)q&(u,v) dv < Cg AV — (u,v’)dv' -supu*?|o,v|,
3u ,u)r 3u /'L)r Cy
which is an easy consequence of Proposition 5.3. U

7D. Full decay for 33 (ro), 33 (r¢), 9,A and 3, v. With all the preparations so far, we are finally ready
to prove Theorem 3.2. Our proof consists of two steps. The first step is to use the local BV scattering
assumption to prove a preliminary decay rate of u~“ for 85 (re), 0 2(r¢), dyA and d,v. In this step, it is
crucial to pass to the renormalized variables and exploit the null structure of (SSESF), in order to utilize
the a priori bounds in the local BV scattering assumption. The second step to upgrade these decay rates
to those that are claimed in Theorem 3.2. Thanks to the preliminary #~“ decay from the first step, the
null structure is not necessary at this point.

We now begin with the first step. The null structure of (SSESF), as demonstrated in Section 4C, is
used in an essential way.

Proposition 7.6. There exists a finite constant A}, > 0 such that

182(r¢p)| < Abu™®, 102(r¢p)| < Abu~®,
|0,A] < Aju™?, |0,v] < Aju™®.
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Proof. For U > 1, we define

By(U):= sup sup(u®|d;(rd)| +u®19;(re)| +u®|dur| +u®|d,v]). (7-12)
uel[l,U] Cy,

Notice that the above is finite for every fixed U due to Lemmas 7.4 and 7.5. As indicated earlier, we
need to use the null structure of the system (SSESF) as in Section 4C. For convenience, we define the

shorthands
Fy:=0;(r¢) — (3,19,

G :=32(rg) — (3uv)¢,
and
Fy=0,1 hH = =
2 =0y logh — ———+ 0,0 (A" 0, (rép) — v~ 9, (r¢)),
1—ur

. vou -1 -1
G, := c’iulog(—v)—H;-ﬁ-autﬁ()L 0p(rg) —v=0,(re)).

Then (4-3), (4-5), (4-8) and (4-9) may be rewritten in the following fashion:

dy F1 = 0yA 0yp — 0yA 9,0, (7-13)
duFr =04 3,(v '3, (rp)) — dugp 3, (v 3, (rp)), (7-14)
3,G1 = 0yv 3,¢ — 9,V 0,0, (7-15)
9,G2 = =0, 3y (A" 9, (r¢)) + dup 3, (A" 3, (r ). (7-16)

The following lemma is the key technical component of the proof:
Lemma 7.7. There exists a finite positive constant C = Cx, 1, k. and positive function € (u) satisfying
€e(w)—>0 as u— oo

such that the following inequalities holds for 1 <u, < U:

sup W Fi|+u®|G1]) < CAIZ‘FCK,A,MiA?+E(MZ)BZ(U)» (7-17)
QintN{(u,v)€Q:ue[3uz, U]}
sup W®|F>| +u®|Ga|) < Cx A A+ €(u2)Ba(U). (7-18)

QintN{(u,v)€Q:ue3uz, U]}

We defer the proof of this lemma. Instead, we first finish the proof of Proposition 7.6, assuming
Lemma 7.7.

First, we claim that (7-17) and (7-18) imply
sup u®(182(r@)| + 132 (r@)| + [3ur] + 18,v]) < Ho + (e +€)w2)Bo(U)  (7-19)
QincMN{(u,v)eQ:uel3us,U]}

for some constant 0 < H, < oo and some positive function €’(u,) which tends to zero as us — o0.
The point is that F, F>, G| and G, control 83 (ro), 83 (r¢), d,A and 9, v, respectively, up to higher-order
terms, which may be absorbed into the second term on the right-hand side. Indeed, consider u € [3u,, U].
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For F;| and G, we estimate

u®|0p (rg) (u, v)| = u®|Fi + (9,1, v) < u®|Fi(u, v)| +supl@| - Ba(U),

u

u®|0p (rg) (u, v)| = u®|G1 + (3,)| (w, v) < u®|G1(u, v)] +Sgpl¢| B2(U),

which are acceptable, because supc, [¢| — 0 as u > 3uy — oo, by Theorem 3.1. For F,, we use
Proposition 5.3 to estimate
Aop

+dp (A3, rd) —v 13, (rd))
l—pr

U®|9,A| = u”A|Fs +

< U+ 1K Au®|= | + 2 Au® 13,91 (10, (r)| + 18, (ro)]).

L
p

Applying (7-3) (from Lemma 7.3) to the second term on the last line, and then using Lemma 7.2 to
control u®|d,¢|, we arrive at

u®|9,2(u, v)| < Ju”|Fa(u, v)| 4+ Cx o ¥ Sgp(lau(r¢)| +18.(r$)l) - B (U),

which is acceptable in view of Theorem 3.1. Proceeding similarly, but also using the second inequality of
Lemma 7.2 to control |d,¢|, we obtain

u®|d,v(u, V)| < Ku®|Ga(u, v)| 4 Cx A W sup(|8, (rg)| + 19, (r$)|) - B2 (V).

Cu

Combining these estimates with (7-17) and (7-18), we conclude (7-19) with

Hy =Cp\Ir + CK,A,MI-A? + CK,AA%, (7-20)
€'(up) = C sup |p|+Cg AV sup (|3v(r¢)| + |3u(”¢)|)- (7-21)
u>3u; u>3u,

Next, note that the (nondecreasing) function

Hy(us) := sup u®(185(r)| + 183 (r) + 18,21 + [9,v]) = 0 (7-22)
QintNM(u,v)€Q:ue(1,3u,]}
is always finite for any fixed uy > 1, as the region Qin N {(u, v) € Q:u € [1, 3us]} is compact and each
of these terms is a continuous function, since (¢, r, m) is a C! solution (see Definition 2.2). Combining
with (7-19), we obtain
sup (107 @) + 192 (r)| + 18y + 18,v]) < Ha + Hy(u2) + (€ + €) (u2) B2 (U)
QincN{(u,v)€Q:ue[1,UT}
for every u; € [1, U].
Now apply (7-7) and (7-9) in Lemma 7.5 to 83 (r¢), 0,v. Also apply Lemma 7.4 (along with the fact
that r (1, v) > 2A " 'u in Qey and w < 3) to 85 (r@), 0y in Qext. Then we see that there exist a nonnegative
and nondecreasing function H} (1) and a positive function €”(u5) such that

Bo(U) < Hy (u2) + € (u2) Bo(U)
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and €”(uy) — 0 as up — oco. Taking u, sufficiently large, the second term on the right-hand side can
be absorbed into the left-hand side; then we conclude that By(U) < C4, k. Hz” (uy). As this bound is
independent of U, Proposition 7.6 then follows. (|

Remark 7.8. Using (7-7) and (7-9) in Lemma 7.5 and (7-5)—(7-6) in Lemma 7.4, the functions H} (u2)
and €”(u) can be explicitly bounded from above as follows:

/" * 2ma. / / / 2 3
Hy (up) <Cg a1 +W¥ —— (W, v)dv' |- (Hy+ H' (u2) + A7 + A7)
’ 3 | (1—p)r?
+CT + Cx AAT + Cram, A, (7-23)
1 o zm)\’ / / /
€ (uy) <Cgall+W - (u,v)dv' ) - (e +€)(uy). (7-24)
3 | (I—pwr

These bounds will be useful in our proof of Theorem 3.15 in Section 9.
At this point, in order to complete the proof of Proposition 7.6, we are only left to prove Lemma 7.7.

Proof of Lemma 7.7. Let (u, v) € Qi (i.€., v € [u, 3u]) with u € [3u,, U]. In this proof, we will use the
notation €(u) to refer to a positive quantity which may be made arbitrarily small by choosing u, large
enough, which may vary from line to line.

We first estimate F; and F,. Integrating (7-13) and (7-14) along the incoming direction from (%u v)
to (u, v), we obtain

u
|Fi(u, v)| < |Fi(3u, v)| +f |04 3y (u’, V)| + 3,1 Bup (', v)| du,
/3

u

u

[F2(u, v)| < |F2(%M, v)| +/ 18,6 8, (v 3, (rd)) (', V)| + 19,6 3, (V8 (rd)) (', v)| dut’.
/3

Multiply both sides of these inequalities by u®. For v € [u, 3u], note that (%u, v) € Qext and
u < 3Ar(3u, v). Therefore, using Theorem 3.1 for ¢ and 3,(r¢), Corollary 6.9 for 3,¢, Lemma 7.3
for p/r, and Lemma 7.4 for Bf(rq&) and 9,1, we have

u®|Fi(3u, v)| < Car®(19;r )| + 1(3,2)0]) (Fu. v)
< Cpalr+ CK,A,M,-A?7

A
u®|F>(u, v)| < CAr“’(M_lBUM + ﬁ; + 8,07 9, (rg) — v 10, (r¢))|> (Fu,v)
< Ck.2AL

Therefore, we only need to deal with the u'-integrals. For u € [3us, U], we claim that

Mw/u |82 (", v)[19,¢ (', v) | du” < €(u2) B2 (U), (7-25)

u/3

Mw/u 3,2, 0) |13, (i, V)| du” < €(u2) B2 (U), (7-206)
u/3
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M‘”//%Iam(u/, )[19,(v™ 10, (r ) (W', v)| du’ < €(u2) B (U), (7-27)
uw//slauqb(u/, 13,0, rp) (@', v) | du’ < €(u2) By (U). (7-28)

Proof of (7-25). We proceed similarly as in the proof of Theorem 3.1. By (2-6), (5-9) and Lemma 7.2,
we estimate

u”/ |82 (ut', 0)| 13y (u”, v)| du!
u/3

v 2mv / / \Nw 2
<Cy, ———— (', v)| du sup  sup(u)?(19; (ré)| + W[d,A|)
Us (1 —M)}’ w'elu/3,u] Cy
<C (/U—Zm” o )d’)B(U)
= LAWY u,v u 2 .
up (1 _/*'L)rz

Thus (7-25) follows by Lemma 6.1.

Proof of (7-26). We have

u v
u‘”/ |8uA(u’, )| 18,0 (', v)| du” < C(/ 18 (u’, v)lC‘M’) sup  sup(u')”|d,A|
u/3 uz

/ uw'elu/3,u] C,

< C(fvlauqﬁ(u/, v)| du’)Bz(U)-

us

Thus (7-26) follows by Lemma 7.1.

Proof of (7-27). We start with the identity

0,0 (r ) = —— 2 20 0u(r ) — )
vV Mr¢ - (1-“)7’2 v Mr¢ ¢’

which is readily verifiable using (2-6) and (2-8). By (5-10) and (5-32), we estimate
u“’/ 19, (', v)]18, (v 3, (r)) (', V)] dut’
u/3

/
v
< CK,A‘P(/
u

The u’-integral vanishes as up — oo by Lemma 6.1. On the other hand, by Lemma 7.2 and

2mvy

m(u/, U)

dl/) sup sup(u')?|3,9|.
w'elu/3,u] Cp

Proposition 5.3, we have

sup(u')|9,¢| < Ci,a sup()”|8,¢| < Cx a,wB2(U) (7-29)

Cy Cy

for any u’ € [1, U]. Therefore, (7-27) follows.
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Proof of (7-28). Here we divide the integral into two, one in Q. and the other outside. Recall the
notation u*(v) = sup{u € [1,v] : 7(u, v) > R}. Below, we will consider the case u*(v) € [u, u], i.e.,
when the line segment {(u’, v)eQ:u e [%u, u]} crosses {r = R}; the other case is easier and can be
handled with a minor modification.

We first deal with the integral over the portion in Q. We claim that

u”’/ 13u (i, )13, (V'3 (rd)) (', v)| du’ < €(u2)Ba(U).
u*(v)

This is an easy consequence of the bound for |3,¢| in Lemma 7.2, the fact that u and u are comparable
over the domain of integration, and

sup / 10, (v 0,(r¢))] = 0 as uy — o0,
ve[uz,00) J CyN{u>uz}NQept

which follows from (3-3), (5-6) and Theorem 5.14.
We now consider the remaining contribution to the integral. We begin as follows:

u*(v)
e f I DI gD vl

u*(v)
=< CK,A(/ 10y (u', V)| db/) sup sup(u’)“’(|83(r¢)| + ‘I’|3uv|)
u/3 w'elu/3,u*(v)] Cy
u*(v)
< CK,A,\I}(/ 18y (u, V)| du/)Bz(U)-
u/3
For u’ € [%u u*(v)], we have r(u’, v) > R. Thus, by (6-11), we have

u(v) CxA; [® CxAy _,_
/ 18,6 (i, v)| du’ < =X 1/ )@ du’ < 2L, @D
u/3 R us R

which vanishes as u, — o0. Therefore, in the case under consideration, (7-28) follows.

We have therefore obtained the desired bounds for F; and F>. Next, we estimate G and G,. Let us
integrate (7-15) and (7-16) along the outgoing direction from (u, u) on the axis to (u, v). Then we obtain

v
|G1(u, v)| = lim |G1(u,v/)|+/ |90V 3 (u, V)] + 18, Bup (e, V)| AV,
vV —u+ u

G2u, v) < lim |Ga(u, v)] + f 1006 9 (7" 8, (r)) (u, V)| + 18up 0 (A" 00 (rp)) (u, v 0.
Note that

lim 2, v)=0 and lim+(k_18v(r¢)(u, v) —v 10, (rep) (u, v)) =0,

v—=>u+ r

since (¢, r, m) is a C' solution. It follows that lim,_, 4 3,9, (r¢)(u, v) =0 and lim,_, .4 3,8,7 (u, v) = 0.
Moreover, we have

. 2 T 2 . T
Jm 8, (r¢)(u, v) = — lim 8,(r¢)(u,v) and  lim A, v)=— lim 3,v(u,v).
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As a consequence,

lim Gi(u,v)=— lim Fi(u,v) and lim Ga(u,v) = lim F(u,v).
vV —u+ vV—u+ vV —u+ v—u+

Therefore, by the previous estimates for F; and F,, we have
u® 1lim |G (u, v)| < CATy + Ck A m, A} +€u2)Bo(U),
vV—u+

u® lim |Go(u, v')| < Cx. A AT + €(u2) Bo(U),
vV —u+

which are acceptable. Recalling that we are considering (u, v) € Qint, hence v € [u, 3u], we are now left
to establish the following estimates:

M“/3u|3vv(u, V)96 (u, )| dV" < €(u2) B (U), (7-30)
u”/3MI3MV(u, V)3u (u, V)| dv" < €(u2) Bo(U), (7-31)
u“’/julam(u, V)10, (210, (r)) (u, V)| dv' < €(u2) Bo(U), (7-32)
u“’/ugulauqb(u, V)18, (A" 8,(rd)) (u, V)| v < €(u2) Ba (V). (7-33)

Proof of (7-30). Substituting d,v by (2-6) and using (7-29), we have

3u o0 2mA
w / ’ / / ’ ® /
u / |0y v (1, V)| [0y (u, v)| dv §K<f —— W, v) dv) sup  u®|9,¢(u, v)|
u u (1 - /J«)r v’ €lu,3u]

<C ( /m‘—2mk (u, v)
= AW SU u,v
vl 0 ) la=mwre

dl/)Bz(U).

Thus (7-30) follows by Lemma 6.1.

Proof of (7-31). We have

3u %]
u“’f |3MV(M,v/)||3v¢(u,v/)|dv/§/ 180 (e, v)|dv" sup  u®|d,v(u, V)]
u

u v'€lu,3u]

< ( sup /Oolazmb(u, v/)ldv/>Bz(U)-

u>3uy
Thus (7-31) follows by Lemma 7.1.
Proof of (7-32). By (2-6) and (2-8), we have the identity

2m

A= VA3, (r) — ¢).

(A3, (re)) = —
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Then, by Proposition 5.3, we have

3u
Mw/ 19y (1, )18, (071 3y (rp)) (u, v')| dv’

< Cx AV foo 2 )
——(u,v
=k u (I—M)I”z

dl/) sup  u®|dy¢ (u, v)|.

v'elu,3u]
Now (7-32) follows by Lemmas 6.1 and 7.2 and (5-9).

Proof of (7-33). As in the proof of (7-28), we will divide the integral into two pieces. More precisely,
let us define v*(u) to be the unique v-value such that r(u, v*(1)) = R. Assuming v*(u) € [u, 3u], the
integral f;” will be divided into fuv*(") and | v3*"(u). The remaining case v*(u) > 3u can be dealt with by
adapting the argument for the first integral.

For the first integral, we claim that

v*(u)
e / 19ub s 0) 10 O B (r ) a1, v 0 < € ) Ba(U).

From the locally BV scattering assumption (2-12), we have

sup / |8v(k_1av(r¢))| — 0 as uy — oo.
CquCpl

u€[3uy,00)

Combined with (7-29), the claim follows.
Next, we turn to the second integral. By (5-5) and (5-9), we estimate

3u
[ e )l 8,6 B )
v*(u) 3u
< sup  u®|d(AT13u(re)) (u, V)| / |04 (u, v)| dv’
v'e[v*(u),3u] v*(u)
3u
< CruB(U) |0, (u, V)| dv'.

v*(u)

For v" € [v*(u), 3u], we have r(u, v) > R. Thus, by (6-12), we have

3u 3u
CkA CkAl _(y
19, (u, V)| dv' < =KL [ ymo gy < ZEOL, Se=D),
() R J, R 2

which vanishes as u; — oo, and therefore finishes the proof of (7-33). We remark that the fact that we
are in Qjy is used crucially here, as otherwise the integral would not be convergent. O

Remark 7.9. In the case where we have global BV scattering (i.e., conditions (2) and (3) of Definition 2.4
are satisfied with R = 00), we can take R = oo in the preceding argument to obtain the following explicit
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upper bound on € (u»):

2mv
(1—pyr?

€(uy) <Cg.aw Sup /
CoN{u=us}

UE[uz,OO) C Nu>

+C sup / 10401
ve[un,00) JCyN{u=us}

+Cg.aw  SUp f |8, (v, (rep))|
N{u>us}

ve€[uz,00) JC

2ma
+Ck,a,w sup ———— |+ C sup / 10,1
u>3uy (1 - )r u>3uy u
+Ck.aw  SUp / |9, (A1 0u(rep)) | (7-34)
ue(3uy,00) J C

This will be useful in our proof of the sharp decay rate in the case of small BV norm (Theorem 3.15)
in Section 9.

In the second step of our proof of Theorem 3.2, we use the preliminary u~“ decay proved in
Proposition 7.6 to obtain the optimal the u-decay. Key to this step is the following proposition, which
claims optimal u-decay in Qjp:

Proposition 7.10. There exists a constant 0 < A} < oo such that

sup u”t2(rg) < A, (7-35)
sup w2 (rg) < A, (7-36)
m sup w90 < A, (7-37)

sQL;; u|d,v| < AS. (7-38)

Once we establish Proposition 7.10, the desired decay for 32(r¢) and 3,A follow from Lemma 7.4
and the fact that r > 2A ™'y in Qey. Furthermore, the desired decay for 83 (r¢) and 9,v follow from
Lemma 7.5.

Proof. Thanks to the fact that we have pointwise bounds for sufficient number of derivatives (albeit with
suboptimal decay) near I" at this point, it suffices to work with the “nonrenormalized” equations (4-2),
(4-4), (4-6) and (4-7). In particular, we need not utilize the null structure of (SSESF).

Let (4, v) € Qi (ie., v € [u, 3u]) with u > 3. We begin with (7-35). Integrating 8,485(1*(;5) in the
u-direction from }u to u, multiplying by u®*! and using r(3u, v) > 2A~!u, we obtain

u® 3} (rg) | (u, v) < Car®toZ(re)|(3u, v) +u®™! / ' 19,02(r) (', v) du’. (7-39)
u/3

Since (%u, v) € Qext, the first term on the right-hand side is bounded by CpZ> + Cg A m; A?, thanks to
Lemma 7.4. To estimate the u’-integral, we substitute 9, 83(r¢) by (4-2). Then, applying Proposition 5.3,
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Lemma 7.2, Lemma 7.3, Theorem 3.1 and Proposition 7.6, we obtain

10,02(re) | (', v) < Ca, ka2 A1(AY)2.

Thus we have
u®t92(rg)|(u, v) < CaTyr + Cx aa, A3 + Ca, k.4 A1(AD), (7-40)

where we have used the fact that w > 1, and thus 3w — 1 > @ + 1, to throw away the u-weight in the last
term. This proves (7-35).

Next, we prove (7-36). Integrating 9,02 (r¢) in the v-direction from u~+ to v and multiplying by u®*!,
we have

3u
u Hop el v) = im w97 0rd) (e, v+ u / 18,8, (r )|, v') v’ (7-41)

u

Recall that limy 1 82(ré)(u, v') = limy 1 82(ré)(u, v'), as (¢, r, m) is a C' solution. Thus the
first term on the right-hand side can be estimated via (7-40). Substitute 9, 83(r¢) by (4-4) and apply, as
before, Proposition 5.3, Lemma 7.2, Lemma 7.3, Theorem 3.1 and Proposition 7.6. Then we have

18,02(rd)|(u, v') < Ca, g.au A (AS)>.

It now follows that
u® 02 (rg)|(u, v) < CaTr + Ci A, A3 + Ca, k. A A1(AD)?, (7-42)

which proves (7-36).
At this point, combining Lemma 7.2, Theorem 3.1, Lemma 7.4 and (7-40), note that we have the
following improved u-decay for 9,¢:

supu® T 3,¢| < Cp sup(u®32(r¢)| +uA;|d,rl) < B, (7-43)
Q Q

where
B:=CaLry+ Cx.am A+ Ca, k. AAI(A)?> +CrA A (7-44)

We now turn to (7-37). Integrating 9,9, log A in the u-direction from %u to u, multiplying by u> and
using r(%u, v) > %A‘lu, we obtain

u|dy log Al (u, v) < Cr|d, 1og/\|(§u,v)+u3/ 10,8, log A|(u/, v) du’. (7-45)
u/3

Since (%u v) € Qexi, the first term on the right-hand side is bounded by Ck AA%, by Lemma 7.4 and

the fact that A~! < A. Next, substituting 9, log A by (4-6), applying Proposition 5.3, Lemma 7.3 and
Lemma 7.2 and using the improved bound (7-43), we have

19,3y log A (u', v) < C, A B> ()2t
Therefore
M3|3v)~|(u,v) fCK,AA%-i-CK,ABZ, (7-46)
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where we used 2(w + 1) — 1 > 3 to throw away the u-weight in the last term. This proves (7-37).
Finally, we prove (7-38). Integrating 9,9, log v in the v-direction from u+ to v and multiplying by 1>,
we have

3u
w9, logv|(u, v) < lim 139, logv|(u, v) +u3/ 18,8, log v|(u, v') dv’. (7-47)
v—u+ u
Since limy — ;4 9, v(u, v') = — limy 4 9,A(u, V'), the first term is bounded by (7-46). Furthermore,

substituting 9,9, log v by (4-7) and applying Proposition 5.3, Lemma 7.3 and Lemma 7.2 and using the
improved bound (7-43), we have

18,9, log v|(u, v') < Cg. A B2u=2@+D,
As before, it follows that
|9, v](u, v) < Cx A AT + Ck a B, (7-48)
which proves (7-38). Il

Remark 7.11. Combining (7-40), (7-42), (7-46) and (7-48), we see that Proposition 7.10 holds with
Ay < CaTy+ Cx.am A} +Cay kA AI(AY)? + Ck a AT+ Ck A B, (7-49)
where B is as in (7-44).

Remark 7.12. According to the argument of this subsection, note that the size of A in Proposition 7.6
depends on the choice of u, through the term H}(u), where the size of u, depends on the rate of
convergence of €”(uy) — 0 as u, — oo. This explains why A, does not depend only on the size of the
initial data, as remarked in Section 3. On the other hand, as stated in Theorem 3.15(2), we shall show
that, in the case of small BV initial data, A, depends only on the size of the initial data. To achieve this,
we show in Section 9 that we may take u, = 1 under this small data assumption.

7E. Additional decay estimates. As in the previous section, we conclude this section by providing
additional decay rates concerning second derivatives of ¢ and r and improved decay for m near I'.

Corollary 7.13. Let (¢, r, m) be a locally BV scattering solution to (SSESF) with asymptotically flat C'

initial data of order «'. Let A1 and A, be the constants in Theorems 3.1 and 3.2, respectively. Then the
following bounds hold:

18,¢0] < Ca(A; + Ay + Ay Ap) minfu~ @D =2y =@y (7-50)
10,0] < Cx.A(A1 + Az + Ay Ag) min{u~ @D =1~} (7-51)
1029 < Ca(A1+ Az + A1 Ag) min{r~ 1y~ @D =3~ (@=Dy (7-52)
18,8y0] < Cx.A(A1 + As+ Ay Ag) min{r~lu~@TD =2~} (7-53)
02| < Cx (A1 + Ay + A Ap)r ~tu= @t (7-54)
10,0ur] < Cx A(A] 4+ As + A Ap)? min{ru~— 3@+ =2~ o=y (7-55)

m < Cg A(A1+ Ay + A1 Ay)” min{ru~ ot ~Co=Dy, (7-56)
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This corollary follows immediately from the estimates derived in Theorem 3.2. We sketch the proof:

Proof. First, note that (7-50) and (7-51) follows from Corollary 6.9, Theorem 3.2 and Lemma 7.2. Next,
(7-52) and (7-54) are easy consequences of the preceding estimates, Theorems 3.1 and 3.2, and the
identities
ropp=0,(rd) — B,A)p — 21 9up, rdih=0,(rdp) — ()P —2v 3.
On the other hand, for (7-53), we use the identity
7o, 0y = —A 0, — v 0y,

which may be verified from (2-6) and (2-8).
Next, (7-56) follows from Corollary 6.9, Lemma 7.3 and (7-50). Finally, using Corollary 5.5,
Lemma 5.10, (7-56) and (2-6), we conclude (7-55). Il

8. Decay and blow-up at infinity

In this section, we prove Theorem 3.14, that is, unless the solution blows up at infinity, a “future causally
geodesically complete” solution scatters in BV.

Take a BV solution to (SSESF) satisfying the hypotheses of Theorem 3.14 which does not blow up
at infinity. Note, in particular, that @ =R by (1) of Definition 2.4 and Lemma 4.2. In order to prove
Theorem 3.14, our goal is to show that such a spacetime is in fact BV scattering, i.e., (1), (2) and (3) in
Definition 2.4 hold and, moreover, (3) holds with R = oo.

The main step will be to show that there exists a constant C such that, for every € > 0, there exists U
such that, for every u > U, we have

/|83(r¢)|+/ 9,41 < Cae. (8-1)
Cy Cy

This will be achieved in a sequence of lemmas and propositions below.
Before we proceed, we first prove a preliminary bound on A:

Proposition 8.1. There exists 0 < A < 0o such that
AT <, v) <1 (8-2)

Proof. By (1) in Definition 3.12, there exists 0 < A < oo such that sup )‘1:] <A.Aslim, ,,_ Ar(u) =
lim,_,,_ A(u’, v) (see [Christodoulou 1993, Section 7]), it follows from Lemma 5.4 that, for every
(u, v) € Q, we have the estimate (8-2). O

We now proceed to show (8-1). The first step is to show that, for u sufficiently large, the integrals
along C, of |Fi| and |F;| are small. Here, we recall the notation in the proof of Proposition 7.6,

Fi:=32(r¢) — (3,1)9,

Fyi= 08,1 i -1 -1
2:=0plogh — ———+0,¢(A" 0y (r¢p) — v 9,(re)).
l—pr
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Once we obtain the desired bounds for F| and F>, we then derive (8-1) from these bounds. This will be
the most technical part (see discussions in Remark 8.3).
First, we bound the integrals of F; and F»:

Proposition 8.2. For every € > 0, there exists V sufficiently large such that the following bound holds
foru>V:

f (IFil+ | F2])(u, v) < 3e. (8-3)
Cy

Proof. By (2) and (3) in Definition 3.12, we have

o o
// |0yA 0,0 — Oy A 3y dv du < 00
1 u

and

/oofoo|au¢ 9y (v 3, (re)) — 3y 3, (v, (r¢p)) | dv du < .
1 u

Thus, by choosing V sufficiently large, we have

/ / |0yA 0,0 — OyA 0y dvdu < € (8-4)
\% u
and

/ b / 10,6 80018, (r9)) — Bup 9, (v, ()| dv it < €. (8-5)
\% u

From the initial conditions, we easily see that F|(1, -) and F;(1, -) obey fCl |Fi]|+ |F>] < oo. Thus,
by choosing V larger if necessary, we have

/V (F| +1F)(L, v dv <e. (8-6)

Notice that, by equations (7-13) and (7-14), the estimates (8-4) and (8-5) control f f |0, F1| du dv and
[ 18, F>| du dv. Thus, we have

/ (1F1l + [F2))(u, v) dv < 3e

max{u,V}

for every u > 1. In particular, for u > V, we have

/ (F1 + P2 (. v) < 3,
c,
as desired. ]

The inequality (8-3) is the starting point for our proof of (8-1). More precisely, our basic strategy is
to use a continuous induction on v, beginning from the axis, to remove the quadratic and higher terms
from (8-3) and infer (8-1).

Remark 8.3. Before beginning the proof in earnest, we would like to point out two technical nuisances
that we confront: First, in order to estimate the scalar field ¢ itself from F; and F,, we need to integrate
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essentially from null infinity,'® which is opposite to the direction of our method of continuity. Second, as
d,(r¢) is only assumed to be BV, the left-hand side of (8-1) is not continuous in v in general. To overcome
the first, we make use of the invariance of (SSESF) and of F; and F, under the change ¢ — ¢ +c. To
take care of the second, we carefully keep track of the evolution of discontinuities of 9, (r¢).

Notice that, in order to obtain (8-1) from (8-3), we only need to integrate on a fixed hypersurface C,,.
We now fix ug > V and define a new function ¢7u0 by

Puo (U, V) i = P (u, v) — U,l_i)IEJJrqﬁ(uo, v). (8-7)

As remarked before, note that (SSESF) is invariant under the change (¢, r, m) (JSMO, r, m), that is,
(5,40, r, m) is still a solution to (SSESF). Moreover, it is easy to check that F| and F, are also invariant
under this change, i.e.,

Fi = 02(r¢uy) — (3u2) Py

Ao (8-8)
Fa = dulogh = 174 06, 7100 Gn) = v 100w

The new scalar field has been chosen so that <13u0 (ug, -) and 9, (rq_b,m)(uo, -) vanish at the axis, that is,
lim d_buo(uo, v)= lim 31)(1”(5“0)(140, v) = lim 3u(rt7>u0)(uo, v) =0. (8-9)
v—=>up+ v—=>up+ v—>uo+

We claim that the original scalar field ¢ (u, v) obeys the condition

lim ¢(ug,v) =0 (8-10)
V—>00
for every ug > 1. Therefore, by the definition given in (8-7), we see that ¢ and q_buo are also related by
¢(M,U)=$u0(l/l, v)_ /hm auo(u’ v/)~ (8_11)
V' —> 00

To establish the claim (8-10), we proceed as in the proof of Lemma 6.3, but work with ¢ rather
than r¢. Fix ug > 1 and let | > 0 be a large number, to be determined. For each u > 1, let v} (u) be the
unique v-value such that r(u, vj(u)) = ry. Consider (u, v) € {1 <u <uo}N{r > r1}. Using the uniform
bound of m and A/(1 — ) in terms of the data at u = 1 (which holds thanks to monotonicity), we may
integrate (2-8) along the incoming direction to estimate

Co ,
sup [¢p(u, v)|,
r(u, V) yel.ul

10y (r) (e, v) — 8y (r@)(1, v)| <

16More precisely, ¢ is determined from d,(r¢), which in turn can be determined from f |83(r¢)| by integrating
from v = co. Another conceptual reason why information near v = oo is relevant for estimating ¢ is that the initial condition
limy— 00 @ (1, v) = 0 implies that limy_ o0 ¢ (4, v) = 0 for every u > 1. See the discussion before (8-11).
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where C depends only on the data at u = 1. Integrating both sides in the outgoing direction from v} (u)
to v (using (8-2) for the right-hand side) and dividing by r = r(u, v), we obtain

(. v)|
Lot 1
s’r—1|¢<u,vf<u>>|+r(’;ﬂ|¢<1,v1*(u»|+r( V)

r

CoA
9 (1, v) [+ log sup [l (8-12)

r 1 1<u'<u,v>v{(u)

Now the idea is to use (8-12) to first show that ¢ is bounded on the region {1 < u < up} and then
use (8-12) again with the additional boundedness of ¢ to conclude that (8-10) holds. To begin with,
observe that ¢ is bounded on each set compact subset of Q, since it is a BV solution in the sense of
Definition 2.1. Combined with the hypothesis that ¢ (1, v) — 0 as v — oo, we see that the first three
terms are bounded by a constant that depends on ry. On the other hand, by taking r; sufficiently large, the
coefficient (CoA/r)log(r/ry) of the last term can be made arbitrarily small for » > ry. This smallness
allows us to absorb the last term to the left-hand side, and conclude the desired boundedness of ¢ on the
region {1 < u <ug}. Then, plugging in u = ug and the uniform bound for ¢ into (8-12), the claim (8-10)
follows from the hypothesis lim,_, - ¢ (1, v) =0.
Let

v v
Ii(u,v) = / 102(ruy)|(u, v')dv'  and  L(u, v) ::/ [0y A] (u, V) dv'.
u u
In the following two lemmas, we will show that

11 (ug, v) <3€ 4+ Cpli(ug, v)Ir(ug, v), (8-13)
Dy (10, v) < 3€ + Co 11 (1, v)*(1+ I (g, v))*(1 + Ly (ug, v))>eCr 10007 A+hwo.0) (8-14)

for every V < ug < v, with C, independent of u( and v.
Lemma 8.4. There exists a constant C > 0 such that, for every V < ug < v,
11 (uo, v) < 3€ + Cali(uo, v) I2(uo, v).
Proof. In this proof, we fix ug > V and use the abbreviations
¢ = bup () :=0,(ru,) and 3 (r$) == 3;(ru,)- (8-15)

By Lemma 5.1, we have

B0, v)] = 1 / 0,(r) (uo, V) dv < A sup 13,(r$) (o, V). (8-16)

ug up<v'<v

By the fundamental theorem of calculus and (8-9), note that

sup |3, (rep) (uo, v')| < I (uo, v). (8-17)

up<v'<v
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Thus, recalling the definition of Fj in (8-8), we have
v v
hGio.0) = [ B0 )10+ [ 826 w0, o)
up uo

v
< / | F1(uo, v")| dv’" + A 11 (uo, v) I (uo, v)
ug
< 3e+ Cpli(up, v) 12 (uop, v). O
We now move on to estimate I, (ug, v).
Lemma 8.5. There exists a constant C > 0 such that, for every V < ug < v,
D(uo. v) < 3¢ + Cali (o, v)2(1+ 11 (o, v))*(1 + Ia(ug, v))?eCrl o0 A+l
Proof. Again, we fix ug > V and use the abbreviation (8-15), as well as
3u(r) (u, v) := 3y (ruy) (u, v). (8-18)
Recalling the equation for F; in (8-8), in order to control I, (ug, v) from F,, we need to estimate
! Aou / / b= -1 Y -1 Y / /
——— J(up,v)dv and DA™ 0y (rdp) — v~ 0, (rp))(up, v') dv'.
70 11— nr ug
By Lemma 5.11,

v v b)?
/ (LE>(u0, V) dv’ =log(1 — w(uo, v))+f Al (ug, v') dv'.
w \1—pr uo A

Since Q = R, the integrand on the left-hand side is nonnegative. Notice furthermore that, since pu > 0,

log(1 — u(ug, v)) < 0. Thus,
v v N\2
/ (L E)(uo, v/) dv' < / r9:9) (ug, v’) dv’
ugy 1— nr ug A
(mv@

< | 1806 (uo, V")
J A

dv’

- (Z) (I/l(), U/)

v
<2AIi(uo, v)/ |8y (uo, v')| dv’,
uo

where we have used (8-16) and (8-17) on the last line. Using Lemma 5.2, we estimate the integral on the
last line by

/v |8u¢p (o, V)| dv” < /v 10, (A8, (@) (uo, V)|V, (8-19)

and the right-hand side can in turn be estimated, using (8-17), by

v

/ 19,0100 8)) oy V) v < / 926-8) (o, v AV + / A218, 8, (rF) . )| AV’

uo uo

< Al (uo, v) + A% 11 (uo, v) I (u, v).
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Therefore, we have
v A Hn ’ 1 2
——— | (up, v) dv’" < Cpli(ug, v)“ (1 + L (ug, v)). (8-20)
w \1—pr
We now move on to bound f;; 3y 2713, (rep) (o, v') dv'. Using (8-17) and (8-19), we easily estimate

/Iavak_lav(rd_ﬁ)(uo, v/)ldv’SA/ |8u@| (o, v') dv" sup [3,(ré) (uo, v

up<v'<v

< Ca I (ug, v)*(1+ L(uo, v)). (8-21)

Finally, we are only left to bound — fuvo 3,d V13, (ré)(ug, v')dv’. As before, we begin by estimating

/Iavfﬁvlau(r@(uo, v’)ldv/S/ 8,61 (ug, v) dv" sup [v™'9,(r) (uo, V)]

up<v’'<v

< CaLi(ug, v)(1 + L(ug, v)) sup [V '3,(r@)(uo, v).  (8-22)

ug<v’'<v
In this case, we do not wish to pull out v as we have not assumed any bound on it. Instead, we consider

v~19,(r¢) as a whole and note that

. A W hop\-
QW ) =———= v W)+ | —— )¢ (8-23)

l—pr l—pr
Then (8-23) holds since, by (2-6) and (2-8), we have

_ AR\ _ A
0018, (rd) == ——= v %P + | ——= )¢

l—ur l—pr
and, moreover, both the left-hand side and the right-hand side of the equation are invariant under the
transformation ¢ — ¢ + c.

Therefore, by the variation of constants formula and (8-9), we have

v
—_ N A _
V13, (ré) (o, v) = e~/ oV / ej(”"’v)—l 2 ¢ (uo, v') dv’,
—nr

uo
where

v
A
J (uo, v) 12/ —E(uo, v)dv'.
w 1—mr
By (8-17) and (8-20), we have

sup [v™" 9, (r@) (o, V)| < Cali(uo, ) (1+ Lug, v))eCaN1ton o),

up<v'<v
Then, by (8-22), we conclude that
v
f 18,6 V™" 0, (r ) (o, v)| v’ < Ca T (10, v)* (1 + I (g, v)) a0 (10— (8.04)
uo

Combining (8-20), (8-21) and (8-24), we conclude that (8-14) holds. Il
Next, we apply (8-13) and (8-14) to show:
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Proposition 8.6. For u sufficiently large and v > ug, we have
I (uo, v) + L (ug, v) < Cpe.

Remark 8.7. If it is the case that fu'i)(|33(rq_5)| +19y11) (1o, v') dv’ is continuous in v for each fixed uo,
then the desired conclusion follows from (8-13) and (8-14) via a simple continuity argument in v. In
particular, the conclusion follows in the case where the initial data of 3, (r¢) are in W'-! or C'. The only
remaining difficulty is, therefore, to control the size of the delta function singularities in d2(r@) in the
general case where we only have a BV solution.

Proof. We begin by studying the propagation of discontinuities for a BV solution to (SSESF). In the
general case where d,(r¢)(1, -) is only in BV and contains jump discontinuities (at which d, (r¢)(1, -)
is assumed to be right-continuous), notice that the jump discontinuities for a BV function are discrete,
i.e., they occur only at a (possibly infinite) sequence of points V < vy < v» < v3 < ---. On the other
hand, note that, by the initial condition r = 2v on Cy, we have A(1, v) = %; in particular, A is continuous
initially.

Thanks to the initial condition, it follows that A does not possess any discontinuities outside I". Indeed,
from the definition of a BV solution, m and r are continuous. Then, by (2-6), we see that v is Lipschitz in
the v-direction outside of I", with bounded Lipschitz constant on each compact interval of u. Looking back
at (2-6) and recalling that A(1, v) = % we then see that A does not possess any discontinuities outside I,
as desired. Since X is a priori in BV, it follows that fu';|avuu0, v")|dv’ is continuous in v € (ug, 00) with
fuvo|8vk(u0, v)|[dv — 0 as v — ug+.

By the above regularity statements and (2-8), as well as the fact that ¢ is continuous outside I" by the
definition of a BV solution, it now follows that the jump discontinuities of d,(r¢) are propagated along
constant-v; curves. Therefore, for ug > V, we see that d,(r¢)(ug, v) is a right-continuous BV function
on (ug, 00) with jump discontinuities at ug < v; < vy < v3 < --- with the same sizes as 9,(r¢)(1, v).
From (8-7), notice that, using the abbreviations in (8-15) and (8-18),

f 192(r ) (uo, v')| dv' = / [(82(r¢p) — cdyx) (g, v')| dv’

for the constant ¢ = lim,_, .+ ¢ (1o, v), which is independent of v. Thanks to the continuity property
of A(ug, - ), we see that the integral of |85 (ré)(ug, - )| has the same jump discontinuities as |83 (r¢)(ug, -)|.
In particular, by (8-6), each jump of I (ug, v) is at most of size €.

Fix Cp > 1 to be larger than the maximum of the constants from (8-13) and (8-14). First, a standard
continuity argument using (8-13) and (8-14) implies that, if

v v
lim / 182(ré) (1o, v')|dv' < 5Cpre and  lim / [3yA(ug, V)| dv’ < 5e
v—>vi+ uo + uo

V—>V;

(with the convention vg := ug), then

v v
/ |83(r¢7)(u0, V)| dv' <4Cpe and / |0y A (g, V)| dv’ < 4e
uoy uo

for v; < v < Vj41.
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Assume, for the sake of contradiction, that the conclusion of the proposition is not satisfied. Recall
that the integral of |0,A| is continuous. Thus, we have that, for some v; with i > 0,

v
lim / 182(ré) (ug, v')| dv' < 4Cpe
V=V — uo
holds, but at the same time

v
lim /|ag(rq‘>)(u0, V)| dv’ > 5Ce.
V>Vt uo

However, we have seen that the size of the jump in I; (g, v) is bounded by €, which is smaller than Cp €
if Cp > 1. This leads to a contradiction and thus the conclusion of the proposition holds. g

We are now ready to conclude the proof of Theorem 3.14.

Proof of Theorem 3.14. We first establish (8-1). In what follows, we use the abbreviations in (8-15) and
(8-18), such as ¢ = ¢,,,. The idea is to transform back, (@, r, m) — (¢, r, m), using (8-11). Note that |9, A|
remains the same under this change, so it suffices to estimate |83 (r¢)|. By (8-19) and Proposition 8.6, for
sufficiently large uq the limit ¢7(uo, 00) = lim,_, ¢7(u0, v) exists and satisfies

| (uo, 00)| < Cae,

where we note that C, is independent of u.
By (8-11), we have ¢ (u, v) = é(u, v) — ¢(u, oo) for all u. Thus, using Proposition 8.6, we estimate

f 192(r¢) (o, v)| dv = / |82(ré (uo, v) — ré(ug, 00))| dv

uo

5/ Iaf(rq;)(uo,v)Idv+|<l_>(uo,OO)|/ |8uA (1o, v)| dv

0

< CA(€+€2).

Since ug > V is arbitrary, this proves (8-1).

Finally, we prove that conditions (2) and (3) of Definition 2.4 hold. Indeed, since 9, log A = AT1oyA,
(3) in Definition 2.4 follows from (8-1) and (8-2); in fact, it holds with arbitrarily large R > 0. Next,
by (2-7), nonnegativity of 1 — u and u (by Lemma 4.1) and the fact that m is invariant under ¢ — o,

v
m(uo,v) <5 sup |(A7'9,(rd) — @) (uo, v/)I/ |8y (1o, v')| dv’,
up<v'<v ug

where the right-hand side is bounded by C 5 € (with C¢ o nondecreasing in €) by the estimates proved so
far. Therefore, (2) of Definition 2.4 follows. This concludes the proof of Theorem 3.14. O

9. Refinement in the small data case

In this section, we sketch a proof of Theorem 3.15. The idea is to revisit the proofs of the main theorems
(Theorems 3.1 and 3.2), and notice that all the required smallness can be obtained by taking initial total
variation of 9, (r¢) small. Key to this idea is the following lemma:
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Lemma 9.1. There exist universal constants €y and Cy such that, for € < €, the following holds: Suppose
that A(1, ) = % and 0,(r¢)(1, -) is of bounded variation with

fc 12| < e. ©-1)

Suppose furthermore that lim,_, »c ¢ (1, v) =0. Then the maximal development (¢, r, m) satisfies condition
(1) of Definition 2.4 and obeys

1%

sup / ———|+ sup / R < Coe?, (9-2)
vell,ooy Je I 1= r|  uertoo) Je [ 1= r
sup /I3u¢|+ sup /I3U¢I§Co€, (9-3)
ve[l,o0) JCy uell,o0) JCy,
sup / (137(r¢)| +d, logv) + sup f (187 (r¢)| + 8, log 1) < Coe. (9-4)
ve[l,00) JC, uell,00) JC,
Moreover, the bounds in Proposition 5.3 hold with
K+ A<Cy W<Cpe. (9-5)

Proof. This lemma is an easy consequence of Theorem 5.12 and Lemma 5.11 once we show

sup|d, (r¢)| < Coe,
Q

using the additional condition lim,_. o, ¢ (1, v) = 0. By Lemma 5.2, note that f c |0,¢| < Ce; therefore,
integrating from v = oo, we have lim,_, |¢ (1, v)| < Ce. Then, using (9-1) to integrate from v = 1,
where we note that lim,_, . ¢ (1, v) = lim,_ 14 3,(r¢)(1, v), we obtain

sup|dy(r¢)| < Ce.
Cy

Using (2-8'), d9,A <0, Lemma 5.1 (to control |¢| from |3, (r¢)|) and % <A< % (by Theorem 5.12), it
follows that

sup |3, (r¢)| < sup [3,(r¢)(1,v)[+  sup  sup |, v)]| 1 (=3, A) (', v) du'’

D(1,v) 1<v'<v (u,v)eD(1,v) 1<u'<u
<Ce+3 sup [3,(r)l,
D(1,v)
which proves supg (3, (ré)| < Coe, as desired. O

Equipped with Lemma 9.1, we now proceed to outline the proof of Theorem 3.15.

Proof of (1) in Theorem 3.15. That (¢, r, m) is globally BV scattering follows from Theorem 3.14
and the fact that initial data with small total variation cannot lead to a development which blows up at
infinity; the latter fact follows from Theorem 6.2 in [Christodoulou 1993], as well as estimates proved in
[Christodoulou 1993, Section 4].
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It remains to prove that (3-1)—(3-3) hold with A; < Cz,(Z; +¢€) if € > 0 is sufficiently small. By (6-6),
it follows that Lemma 6.3 holds with H; < Cz,(Z; +€), and (6-7) in Lemma 6.6 becomes

supr®|d,(r¢)| < Cru1(Zi +€) + CMu ' By (U). ((6-7))
Cu

Note that M; < C le. Then, repeating the arguments in Section 6D, we see that (6-10) becomes
Bi(U) < Crui(Zy +€) + C(Ziuy ' + €HBi (). ((6-10Y)

It is important to note that the constant C in the last term does not depend on Z;. Take u; = 1000C (1+Z; 5)2.
Then, for € > 0 sufficiently small (independent of Z;), we derive

Bi(U) < Cz,(Z1 +€).

It then follows that (3-1) and (3-2) hold with A; < Cz,(Z; + €). Applying Lemma 6.5, we conclude
that (3-3) holds with A| < Cz,(Z; +€) as well. Il

Proof of (2) in Theorem 3.15. We need to prove that (3-4)—(3-7) hold with A, < Cz,(Z2 +€). The key is
to show that Proposition 7.6 holds with

Ay < Cr(Tr+e). (9-6)

Indeed, by the explicit bounds on the constants (in particular, (7-5), (7-6), (7-7), (7-8), (7-44) and
(7-49)), the desired conclusion easily follows once (9-6) is established.

Note that Z; < 7, by definition, and thus A; < Cz,(Z; + €) by the preceding proof. We furthermore
claim that the following statements hold:

e Lemma 7.7 holds with

€(up) < Ce, (9-7)
for every u, > 1.
o We have
Hy(1) < Cr, (T +e), (9-8)
where we remind the reader that
Hy(1) = sup u® (185 (r @) + 187 (r )| + 13,11 +18,v1),

{(u,v):uell,3],velu,3ul}
according to (7-22).

The first claim follows easily from Lemma 9.1 and (7-34). For the second claim, since 1 <u < 3, it

suffices to prove!’

sup (102(re)| + 182(re)| + |d,A] +9,v]) < C (T2 +e),
D(1,9)

which follows from a persistence-of-regularity argument, similar to our proof of Lemma 7.7.

I7Recall that D(1,9) ={(u,v) :u €[1, 3], v € [u, 3u]} is the domain of dependence of C1 N {1l <v <9}.
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To conclude the proof, recall that we had
By(U) < Hy (u2) +€"(u2) Bo(U),

where B,(U) was defined in (7-12), and H} (u2) and €”(u>) obey the bounds in (7-23) and (7-24),
respectively. Thanks to (9-7), it follows that we may take u; = 1 and €”(1) < Ce, where C does not
depend on Z,. Next, since up, = 1, we see that Hz” (1) < Cz,(Zr + €), by (9-8). Therefore, for € > 0
sufficiently small (independent of Z,), we conclude that

B(U) < Cr,(Ir +¢€),

which proves that Proposition 7.6 holds with (9-6), as desired. U

10. Optimality of the decay rates

In this section, we show the optimality of the decay rates obtained above, i.e., we prove Theorems 3.16
and 3.18.

10A. Optimality of the decay rates in the case 1 < ®’ < 3. In this subsection, we prove Theorem 3.16.
More precisely, we will demonstrate that the proof of the upper bounds for ¢ and its derivatives can in
fact be sharpened to give also lower bounds for 9, (r¢) and 9, (r¢) if the initial data satisfy appropriate
lower bounds for w < 3.

Proof of Theorem 3.16. We first prove the lower bound for 9, (r¢). We split the spacetime into the exterior
region Qgy and interior region Qjn, as before. Notice that, in the exterior region, u < r and it suffices to
prove a lower bound for r“9, (r¢). Similarly, in the interior region, » < u and it suffices to prove a lower
bound for u®a,(r¢).

Revisiting the proof of Lemma 6.6, we note that, instead of controlling d,(r¢) by the initial data
and error terms, we can bound the difference between 0, (r¢)(u, v) and the corresponding initial value
of 9,(r¢)(1, v). More precisely, from the proof of Lemma 6.6, we have

u KM; H KM (uy)

[0y (r¢)(u, v) — 0y (ré)(1, v)| < 2aod oy T e, U)B1(U)
in the case 2 < w < 3 and
wK M; oK M(uy)
|0y (ré) (u, v) — 0y (re)(1, v)| < Hy + By (U)

r(u, v)(14+r(u,v)) u1r®(u, v)

in the case 1 < w < 2. By the decay results proved in Section 6D, we have

sup(Hy +Bi(u)) < A

for some constant A. Therefore, by choosing u; sufficiently large, we have, in the region 3u < v,

r®10y(r) (u, v) — 3, (r¢) (1, v)| < 5L,
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as long as u > u;. We now apply the assumption on the lower bound for the initial data r“d, (r¢)(1, v) > L
for v > V. Choosing u larger if necessary, we can assume that u > V. Then, we derive that, in 3u < v,

r?9,(r¢)(u, v) = SL.

We now move to the interior region, where 3u > v. To this end, we improve the bounds in (6-8). First,
notice that the lower bound in the exterior region implies that there exists L’ such that

u®dy(ré)(u,v) > L' (10-1)

for 3u < v. Then, integrating (2-8) along the incoming direction from (%u, v) to (u, v), we get

1 1 ! my / /
18,(r) (e, v) — 3,(r) (3u, v) [ < 1( sup sup|¢|)f W v)|du.
welu/3.u] Cy w3l (L= pr
By Theorem 3.1, we have
sup [¢| < Aju™®
Cll
for some A > 0. Lemma 6.1 implies that
“1 2my , ,
—— W, v)|du -0
w3l (= pr

as u — 0o. Thus the right-hand side can be bounded by %L’u“’ after choosing u to be sufficiently large.

Combining this with the lower bound (10-1), we have

U3, (r ), v) = 1L

for 3u < v and u sufficiently large.
We now proceed to obtain the lower bound for 9, (r¢) by revisiting the proof of Lemma 6.5. Integrating
(2-8) along the outgoing direction from (u, u) to (u, v), we have

AV

¢

19, 0r) . v) — Tim 3 (r) (e, v)] < /
vV—u+ C.

As before, we use Theorem 3.1, i.e.,
sup |¢| < Aju™”

Cu

for some A; > 0. By Lemma 6.1 and the upper bound (5-6) for |v|, we have
UAY

fcu (I—wr

Therefore, we can choose u sufficiently large such that

u® /
Cll

— 0 as u— oo.

AV

(I =wr o

ENT

¢

-
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Returning to (10-2) and recalling that, for u large,

— lim 9,(r¢)(u,v) = lim 9,(r¢)(u,v") > %L’u“",
vV —u+ vV —u+
we have
_all(r¢)(uv U) = %L/u_w
for u sufficiently large, as desired. (|
10B. Key lower bound lemma. The goal of the remainder of this section is to prove Theorem 3.18. In
this subsection we establish a sufficient condition for the desired lower bounds on the decay of ¢ in

terms of a number (called £) computed on Z". This will be an important ingredient for our proof of
Theorem 3.18 in the next subsection.

Lemma 10.1 (key lower bound lemma). Let (¢, r, m) be a C' solution to (SSESF) which is locally BV
scattering and asymptotically flat initial data of order w =3 in C'. Suppose, furthermore, that

£:= lim r*9,(r¢)(1, v) —I—/OO(MVOOCD)(M) du #0,
v—>0Q 1

where M (1) = limy,_, oo m(u, v), Voo (1) :=limy_, 5 V(u, v) and ®(u) := limy,_, oo r¢ (1, v). Then there
exist constants U, L3 > 0 such that the following lower bounds for the decay of 9,(r ), d,(r¢) hold on
{(u,v):u>U}:
10, (rp) (u, v)| = L3 min{r(u, v) >, u™}, (10-3)
10, (r ) (u, v)| = L3u™. (10-4)

Remark 10.2. By (10-3) and (10-4), 0,(r¢) and 9d,(r¢) have definite signs. In fact, the proof below
shows that the signs of 9, (r¢) and —0,(r¢) agree with that of £.

Proof. Without loss of generality, assume that £ > 0. For 0 < n < 1, define the n-exterior region by

QL :==1{(u,v) € Q:u <nv}.

Step 1. In the first step, we make precise the relation between r and v in Qg for small . We claim that

r o~ %v in this region; more precisely,

r.v) _ 1’ <1Ca poKoA- (10-5)

v 2

Integrating by parts, we have

v v
r(u,v) = / A, v)dv' = —/ A (u, V)V dv +vA(u, v) — ur(u, u).
u

u

To make the leading term vA(u, v) and small number u /v explicit, we rewrite the last expression as
follows:

r(u, v) = v|:k(u, v) — %(k(u, u) —I—/U A (u, v/)v— dv’)].
" u
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Recall that A is uniformly bounded from above and below on Q, namely, Al<a< % Moreover, by
the decay estimates for d,A proved in Theorem 3.2, we have

v ,U/
sup |0, (1, V)| — dv’ < Cy,.
u

(u,v)eQ Ju
As a consequence,
r(u,v)
—Au, )| <NCyya-
Thus (10-5) will follow once we establish
|2, v) = 3] < n*Cay nnkon (10-6)

This inequality is proved by integrating the decay estimate (7-55) for 9,A = 9,,0,r along the incoming
direction, starting from the normalization A(1, v) = % Here, we use the easy geometric fact that, if (u, v)
lies in Qext, then so does the incoming null curve from (1, v) to (u, v).

Step 2. We claim that, for U; > 1 sufficiently large and 0 < n < 1 suitably small, we have

8y (rd)(u, v) = 18(4v) 7 (10-7)
for (u, v) € QL N{u > Uy}.
We begin with
“ 2ma
(B0 aeorm v = aean o+ ) [T rew v a0

obtained by integrating the 9,9, (r¢) equation and multiplying by (1 )3 To prove (10-7), it suffices to
show that the right-hand side of (10-8) is bounded from below by 2£ for (u, v) € QI N {u > U} with
sufficiently large U 1>landsmall0 <n <1.

Note that r = (v —1)on Cy, and v > 77_1 if (u,v) € Q7
sufficiently small, we have

Thus, for (u, v)eQ wand 0 <n <1

ext:

3 .
[(39) () (1, v) = lim r28,(r¢)(1, v)| <
In order to proceed, it is useful to keep in mind the following technical point: for U; > 1, by the decay
estimates (3-1) and (6-13), we have

U1 2mAv
— i

ro',v)|du’ <UCy, 4. (10-9)

sup
v>U,

In what follows, let (u, v) € QeXt N{u > U;}. Using (10-5), (10-9) and the fact that the null segment

from (1, v) to (u, v) lies in Q. ,, we get

ext?

(1 )3 /Lt 2mAiv ¢( / )d ’ / 2mAv ¢( )d < C
Y, —r¢ ', v)du’ — ro ', v)du NCA, Ay K. A-
2N A= wr? e v
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Taking U; > 1 large enough and using (10-9), we may arrange
/ V| 2mAiv
sup
v>U; JU; 1— 12
On the other hand, note that 2mAv(1— )~ 'r¢ (u, v) = Mvs® (1) for each u > 1 as v — oco. Therefore,
by the dominated convergence theorem, for 0 < n < 1 sufficiently small (so that v is large), we have

ré @', v)

o0
du’-i—/ Moo ® ()| du’ < £ L.

Ui

U 2mav , , Ui , , |
T ro(w,v)ydu — Moo ® (') du’| < g£.
1 — K 1

Putting these together and taking 0 < n < 1 sufficiently small, we conclude (10-7).

Step 3. Next, we claim that there exists U, = U, (U, Az, A, K, n) > 1 such that U, > U; and, for
(1, v) € (Q\ QL) N{u = Uy}, we have

3, (rd)(u,v) > 2L u3. (10-10)

Combined with (10-7) (keeping in mind that r ~ %v in QZM by (10-5)), this would establish (10-3).
Take U, > n~'U;, and consider (u, v) € (Q\ Q! ) N{u > Us}. Integrating (2-8), we have

ext

“2miv ,
8v(r¢)(u,v)=3v(r¢>)(nu,v)+/ ¢, v)du.
n

u

Note that (nu, v) € Q. N {u > Uy} since v > u and nu > nU, > Uj. Therefore, by (10-7) and the fact

ext

that n~'u > v (as (u, v) € o\ ngt), the first term on the right-hand side obeys the lower bound
8, (rd) qu, v) = 12 (10) 7 > aneu,

On the other hand, using (3-1) and (7-56), we have

Y 2ma
f m2 vd)(u/, v) du’
T

S|
/ -9
<Ca, 420K / o AU = Cuyann kU
nu (u')

Taking U, large enough, we conclude that (10-10) holds.

Step 4. Finally, we claim that there exists U = U (U, Az, A, K, n) > 1 such that U > U, > U and, for
(u,v) € {u > U}, we have
—3,(rg)(w, v) >’ Lu>. (10-11)

This would prove (10-4), thereby completing the proof of Lemma 10.1.
Our argument will be very similar to the previous step. Take U > U, and consider (u, v) € {u > U}.
Integrating (2-8) along the outgoing direction, we have

V2mAv

72

¢ (u,v)dv.

—0u(r$)(u, v) = =0, (ré)(u, u) —/

Recall that limy_, ,+ 9, (r@) (u, v) = — limy_, ,+ 9, (r¢)(u, v). By (10-10) and the fact that u > U > U>,
we see that the first term on the right-hand side obeys the lower bound

—0,(rep) (u, u) =203 Lu>.
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On the other hand, using (3-1) and (7-56), we have

v 2mA
/ m2 vqﬁ(u, v dv’
LT

Taking U sufficiently large, we conclude that (10-11) holds. U

v
< Ca .tk / min{u"'°, r 2u " A dv’ < Canr K u?.
u

10C. Optimality of the decay rates, in the case »' > 3. In this subsection, we prove Theorem 3.18 by
studying the solution to (SSESF) arising from the initial value

~(V—
du(re)(1,v) =€x( >

N

where x : (—00, 00) — [0, 00) is a smooth function such that

We also require that vy > 2 and N < vg. With such data, the initial total variation is of size at most Ce:

/loo|83(r¢>(1,v)|dv se/oo x’(”?v"o) ‘;V—” <Ce.

—00
We also see that Z; < CevS and 7, < Cevg/N with @’ =3, as

4

v
sup (147)°|8,(r$)|(1,v) <Cevy and  sup (14+7r)*82(r¢)|(1,v) < Ce-2
vell.00) vell,00) N

We are now ready to give a proof of Theorem 3.18. The idea is to compute £ to the leading order
(which turns out to be —ce? for some ¢ > 0) and then control the lower order terms by taking € > 0
sufficiently small and applying Theorem 3.15.

Proof of Theorem 3.18. For this proof, we fix vg =4 and N = 1. We use the shorthand
x():=x@—4.

By the preceding discussion on the size of initial data, we see that Theorem 3.15 applies when € > 0 is
sufficiently small. Therefore, there exists a constant C > 0 independent of € > 0 such that Theorems 3.1
and 3.2 and Proposition 5.3 hold with

A, Ay <Ce, K,A<C. (10-12)
We begin by showing
3y (r¢)(u, v) = €x (v) + Erri (u, v), (10-13)
where

|Err; (u, v)| < Ce minfu™>, r(u, v) ). (10-14)
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The argument is similar to the proof of Theorem 3.16, but this time we rely on Theorem 3.15 to make
the dependence of Err; on € explicit. Indeed, by (2-8), we have

LAV
(I —wr

Then, estimating the right-hand side using Theorem 3.1, Proposition 5.3 and Corollary 7.13, and using
(10-12) to make the e-dependence explicit, (10-14) follows.
Integrating (10-13), we also have

o', v)du'.

[Err1 (u, v)| 5/
1

ré(u,v) = /U 0, (r¢) (u, vy dv’
:e/vx(v')dv/—i—/vErr](u, v') dv’
=eX(u,v)+Erm(u,v),

where X (u, v) 1= fuv x (V") dv" and Errp(u, v) := fuv Err; (u, v') dv’. Integrating (10-14) and using the
bound C~ ' < < %, we easily obtain

|Erry (1, v)| < Ce min{ru=3, u?}. (10-15)
In particular, taking v — oo, we see that
|® (1) — €X (u, 00)| < Ce3u2. (10-16)
We now proceed to estimate M (u#). We begin with the easy observation
M) < Ce’u™, (10-17)
which follows from Corollary 7.13 and (10-12). On the other hand, recalling the definition of M (u)

from (2-7) and using the elementary inequality (a + b)?> > %a2 — b,

1 [ 1—pn A 2

M(M)=§/ T[au(r¢)—;(r¢):| (u, v)dv
L [Yion
=74 5

[ A T 1 [ 1—pn ) 2
(u,v)| x(w) ——X(u, v) dv——/ —|:Err1——Err2} (u, v)dv.
r 2 /), A r

By (10-12), (10-14) and (10-15), we have

%] - A 2
‘lf —H[Errl——Errz} (u,v)dv < Cé°.
" r

2 A

Furthermore, note that (1 — ) > (KA)™' > C~! > 0, by Proposition 5.3 and (10-12). Also, for
(u,v) € [1,2] x[8, 00), note that y (v) =0 and X (u, v) = 1. Therefore, for 1 <u < 2, there exists ¢ > 0
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(independent of € > 0) such that

1 [ 1—p A7 N A7 »
—/ —(u,v)[x——X} (u, v) dv = (4C) /[X——X} (w2 v) 2w, v) dv
4 ), A r " r
> 4C)~! /OO %(u, v) dv
8 r

> cC.

Therefore, we conclude that
M@u)>ce? —Ce® for 1 <u<2. (10-18)
We are now ready to compute £ and complete the proof. We begin by observing that

lim 3|9,(r¢)(1,v)| =0
V—=>00

by our choice of data. Therefore,
o0 o o0
—2:/ M (=)D (1) du:e/ M(u)(—voo)(u)X(u,oo)du+/ M (u)(—vso) (1) Errp (1, 00) du.
1 1 1
By Proposition 5.3, (10-12), (10-15) and (10-17), we have

§C65.

/OOM(M)(—vOO)(u) Err; (1, 00) du
1

On the other hand, by Proposition 5.3, (10-12) and (10-18), we have (taking ¢ > 0 smaller if necessary)
oo 2
e / M (1) (—vo0) ) X (11, 00) du > € / M (1) (—vo0) () X (ut, 00) dt
1 1
2
> A_le/ Mu)du > ce> — Ce'.
1

Therefore, taking € > 0 sufficiently small, we see that —£ > %6‘63 > 0. UJ
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