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We study the ground state of a dilute Bose gas in a scaling limit where the Gross—Pitaevskii functional
emerges. This is a repulsive nonlinear Schrodinger functional whose quartic term is proportional to
the scattering length of the interparticle interaction potential. We propose a new derivation of this limit
problem, with a method that bypasses some of the technical difficulties that previous derivations had to
face. The new method is based on a combination of Dyson’s lemma, the quantum de Finetti theorem and
a second moment estimate for ground states of the effective Dyson Hamiltonian. It applies equally well to
the case where magnetic fields or rotation are present.

1. Introduction 459
2. Overall strategy 462
3. Second moment estimate 467
4. Energy lower bound and convergence of states 475
Acknowledgments 484
References 484

1. Introduction

The rigorous derivation of effective nonlinear theories from many-body quantum mechanics has been
studied extensively in recent years, motivated in part by experiments in cold atom physics. For bosons,
the emergence of the limit theories can be interpreted as due to most of the particles occupying the same
quantum state: this is the Bose—FEinstein condensation phenomenon, observed first in dilute alkali vapors
some twenty years ago.

The parameter regime most relevant for the description of the actual physical setup is the Gross—
Pitaevskii limit. It is also the most mathematically demanding regime considered in the literature so far;
see [Lieb and Yngvason 1998; Lieb et al. 2000; Lieb and Seiringer 2002; 2006] for the derivation of
equilibrium states and [Erdds et al. 2009; 2010; Benedikter et al. 2015; Pickl 2015] for dynamics (more
extensive lists of references may be found in [Lieb et al. 2005b; Rougerie 2015; Benedikter et al. 2016]).
The main reason for this sophistication is the fact that interparticle correlations due to two-body scattering
play a leading-order role in this regime. The goal of this paper is to present a method for the derivation
of Gross—Pitaevskii theory at the level of the ground state that is conceptually and technically simpler
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than existing proofs, in particular that of [Lieb and Seiringer 2006], which was so far the only method
applicable when an external magnetic field is present.

Our setting is as follows: we consider N interacting bosons in the three-dimensional space R3, described
by the many-body Schrédinger Hamiltonian

N
HN:Zhj+ Z wn (X —Xg) (1-1)
Jj=1 1<j<k<N

acting on the space HV = ®£§m L?(R3) of permutation-symmetric square integrable functions. The
one-body operator is given by
hi=(—iV+ A(x))* + V(x),

with a magnetic (or a rotation) field A satisfying

AeLd (R R3, lim |A(x)le®Fl =0, (1-2)
|x|—=>00
for some constant » > 0 and an external potential V' satisfying
0<VelLl (R, lim V(x)=+oo. (1-3)
|x|—00

We thus consider nonrelativistic particles in a trapping potential, possibly under the influence of an
effective magnetic field, which might be due to rotation of the sample or the interaction with optical fields.
The particles interact pairwise via a repulsive potential wy given by

wy (x) = N?w(Nx), (1-4)

where w is a fixed function which is nonnegative, radial and of finite range, i.e., 1(|x| > Ro)w(x) =0
for some constant Ry > 0. Different scalings of the interaction potential of the form

wp n () = NP w(NPx), (1-5)

with 0 < 8 < 1, have been considered in the literature. The N ! prefactor makes the interaction energy
in (1-1) of the same order as the one-particle energy. Indeed, if § > 0, then

N3Bw(N'3x)m (/ w)80 (1-6)

weakly and thus the interaction potential wg n should be thought of as leading to a bounded interaction
energy per pair of particles. Generally speaking, the larger the parameter f, the faster the potential
converges to a point interaction, and thus the harder the analysis. Note that the cases § < % and B > %
correspond to two physically rather different scenarios: in the former, the range of the potential is much

larger than the typical interparticle distance N —1/3

, and we should expect many weak collisions; while in
the latter, we rather have very few but very strong collisions. In this paper, we consider the most interesting
case B = 1, where the naive approximation (1-6) does not capture the leading-order behavior of the
physical system. In fact, the strong correlations at short distances O(N ~!) yield a nonlinear correction,

which essentially amounts to replacing the coupling constant [ w by (87) x (the scattering length of w).
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Let us quickly recall the definition of the scattering length; a more complete discussion can be found
in [Lieb et al. 2005b, Appendix C]. Under our assumption on w, the zero-energy scattering equation

(2A+wkx))f(x), lim f(x)=1,
|x|—=00
has a unique solution and it satisfies
f@=1=75 Vixl > Ro
X

for some constant a = 0 which is called the scattering length of w. In particular, if w is the potential
for hard spheres, namely w(x) = +o0 when |x| < Rp and w(x) = 0 when |x| = Ry, then the scattering
length of w is exactly Ryp. In a dilute gas, the scattering length can be interpreted as an effective range of
the interaction: a quantum particle far from the others is felt by them as a hard sphere of radius a. A
useful variational characterization of a is

8nazinf%/32|Vf|2+w|f|2, |1|im f(x)=1¢. (1-7)
R X|—>00

Consequently, 87ra is smaller than [ w (the strict inequality can be seen by taking the trial function
1 — g with g € C2(R3, R) satisfying g(x) = 1 when |x| < Ry, and A > 0 sufficiently small). Moreover,
a simple scaling shows that the scattering length of wy = N2w(N -)isa/N.

We are going to prove that the ground-state energy and ground states of Hp converge to those of the
Gross—Pitaevskii functional

Eap(u) == (u, hu) —{—471(1/ lu(x)|* dx (1-8)
R3

in a suitable sense. Note that the occurrence of the scattering length in (1-8) is subtle: this functional is
not obtained by testing Hy with factorized states of the form u®" (which would lead to a functional
with 4 a replaced by % J w). Taking into account the short-range correlation structure which gives rise
to (1-8) is the main difficulty in the proof of the following theorem, which is our main result.

Theorem 1.1 (Derivation of the Gross—Pitaevskii functional).
Under conditions (1-2), (1-3) and (1-4), we have

. . (W, Hy W) .
lim infi —— = inf Egp(u) =: egp. (1-9)
N—oo || W] v =1 N el 2 g3y=1

Moreover, if Yy is an approximate ground state for Hy , namely

i (YN HNYN)
m —————— =eégp,
N—o0 N

then there exists a subsequence YV, and a Borel probability measure |1 supported on the set of minimizers
of Egp(u) such that

lim Tr
{—00

y\(y’je —/ u®Y w®* | du)| =0 Yk eN, (1-10)
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where )/\(I,k]\), = Trp41- N |YN)(UN]| is the k-particle reduced density matrix of Wy. In particular,
if Egp(u) subject to ||u|;2 = 1 has a unique minimizer uo (up to a complex phase), then there is complete
Bose—Einstein condensation

: (k) ®ky 1, k|| _
NlinooTr‘yq,N—WO Yug“l| =0 VkeN. (1-11)

The energy upper bound in (1-9) was proved in [Lieb et al. 2000; Seiringer 2003] (see also [Benedikter
et al. 2016, Appendix A] for an alternative approach). The energy lower bound in (1-9) and the convergence
of one-particle density matrices were proved in [Lieb and Seiringer 2006]. The simpler case A =0 has been
treated before in [Lieb et al. 2000] (ground-state energy) and [Lieb and Seiringer 2002] (condensation). In
this case, the uniqueness of the Gross—Pitaevskii minimizer u follows from a simple convexity argument.
The result in Theorem 1.1 is thus not new, but the existing proofs are fairly difficult, in particular that of
[Lieb and Seiringer 2006] which deals with the case A # 0.

In the present paper, we will provide alternative proofs of the energy lower bound and the convergence
of states using the quantum de Finetti theorem in the same spirit as in [Lewin et al. 2014; 2015a]. Our
proofs are conceptually and technically simpler than those provided in [Lieb and Seiringer 2006]. The
overall strategy will be explained in the next section.

Our result covers the case of a rotating gas where the minimizers of the Gross—Pitaevskii functional
can develop quantized vortices. This corresponds to taking A(x) = Q A x, with Q being the angular
velocity vector. In this case, V' should be interpreted as the trapping potential minus %(Q A x)2. The
assumption V(x) — oo as |x| — oo is to ensure that all particles are confined to the system. Here our
conditions on A and V are slightly more general than those of [Lieb and Seiringer 2006], where A4 is
assumed to grow at most polynomially and V' is assumed to grow at least logarithmically.

The finite range assumption on w is not a serious restriction because we can always restrict the
support of w to a finite ball without changing the scattering length significantly. In fact, it is sufficient
to assume that w is integrable at infinity, in which case the scattering length is well-defined. We
can also work with a more general interaction wy = 0 (with scattering length a ) rather than the
specific choice (1-4), as long as its range goes to zero and limy_, Nay exists; then the result in
Theorem 1.1 still holds with a replaced by limy_, o, Nay . In particular, if wy is chosen as in (1-6) for
some 0 < B < 1, then Nay — (87)! J w. The critical case g = 1 considered in this paper is much
more interesting because in the limit, the true scattering length appears instead of its first-order Born
approximation (87)~1 [‘w.

2. Overall strategy

In this section we give an outline of the proofs of our main results, in order to better emphasize the key
new points for the energy lower bound and the convergence of states.
We shall use the following notation: Let 6 : R3 — R be a radial smooth Heaviside-like function; i.e.,

0<6<l, f(x)=0 for x| <1 and f(x)=1 for |x|=2.
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Let U : R?® — R be a radial smooth function supported on the annulus % < |x] < 1 such that

U(x)=0 and /U=4na.
R3

For every R > 0, define
i =0(3). vac= o (3).

The smooth cut-off function 8 will be used to perform cut-offs in both space and momentum variables,
the latter being always denoted by
p=—iV.

The potential Ug will be used to replace the original one. The important points will be that the integral
of Up yields the correct physical scattering length, and that we will have some freedom in choosing the
range R of Ug.

Step 1 (Dyson’s lemma). The main difficulty in dealing with the Gross—Pitaevskii limit is that an
ansatz u®" does not give the correct energy asymptotics. In this regime, correlations between particles
do matter, and one should rather think of an ansatz of the form

N
[Tucc) [ SCu—x, (2-1)
i=1 1<i<j<N
or a close variant, where f is linked to the two-body scattering process. We shall follow the approach of
[Lieb and Seiringer 2006], relying on a generalization of an idea due to Dyson [1957]. The following
lemma, proved in [Lieb et al. 2005a], allows us to bound our Hamiltonian from below by an effective one
which is much less singular, but still encodes the scattering length of the original interaction potential.

Lemma 2.1 (Generalized Dyson lemma).
Foralls >0, 1 >&>0and R>2Ro/N, we have

N
(1—¢)? N2R?s°
Hy > hi —(1—¢)p?0s(p; Wy —C———, 2-2
N J;(j ( 8)pj s(pj))+ N N e (2-2)
where N
Wy ;:ZUR(xl-—xj) l_[ Orr (X — Xf). (2-3)
i#j k#i,j

Here and in the sequel, C stands for a generic positive constant.

Proof. Recall that the scattering length of wy is @/ N . Therefore, from equation (50) and the first estimate
in (52) in [Lieb et al. 2005a], with (v, a, x, s) replaced by (wy,a/N, 6s, s~1), one has

N-1 N—1
2 1 . 1—¢ . CaR?s®
P0s(p)+ 5 3 wn (=) 2 1 3T UrGe— ) = S
Jj=1 j=1
on L?(R3) for all given points y j satisfying min;cx |y; — yx| = 2R. Since the left side is nonnegative,
we can relax the condition min; xx [y; — yk| = 2R by multiplying the right side by [ [, O2r(¥; — y&)-
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Thus for everyi =1,2,..., N,

N
1 1—¢ CaR?s>
pi0s(pi) + 5 > wy(xi—x)) = N > Ur(xi—x;) [] 0200 —x0) - —
J# J#i k#i,j
Multiplying both sides by 1 — ¢ and summing over i, we obtain (2-2). O

Clarification. The reader should keep in mind that we will choose R = R(N) — 0 (actually N —1/2
R>> N~2/3) then s — oo and & — 0.

The main point of Dyson’s lemma is that we can replace the hard interaction potential wy by a softer
one Ugr which encodes the scattering length conveniently as [ Ug = 4ma. The price we have to pay for
this advantage is twofold, however: first, we have to use all the high-momentum part of the kinetic energy
(note that 65(p) = 1 when p = 2s); and second, the new potential Ugr(x; — x;) comes with the cut-off
nk;éi, j 6(x; — xx). Together they really describe a “nearest neighbor” potential instead of an ordinary
two-body potential. While the first problem is not too annoying, as the low part of the momentum is
sufficient to recover the full energy in the limit, the second problem is much more serious.

Step 2 (Second moment estimate). The lower bound (2-2) leads us to consider the effective Hamiltonian

~ ~ (1—¢)?
HN.:;hj—i- Wi, (2-4)
where
E::h—(l—e)p29s(p)—lcs,s, Ke,s ::infa(h—(l—e)pZGS(p)—1). (2-5)

Here we use the freedom to add and remove the constant N« s to the Hamiltonian to reduce to the
case i1 = 1. In order to ensure that k, s is finite, we need the extra condition
2
|[A(X)|=
im =0,
lx|>00  V(x)

which can be removed at a later stage, as we shall explain below.

(2-6)

We will now seek a lower bound to the ground-state energy of (2-4). The philosophy, as in the previous
work [Lieb and Seiringer 2006], is that if W is the ground state of the original Hamiltonian, then roughly

\IJN %\AI}N 1_[ f(xl-—x,-),
1<i<j<N
where f encodes the two-body scattering process and Uy is a ground state for (2-4). Thus the Dyson
lemma allows to extract the short-range correlation structure, and we now want to justify that Uy can be
approximated by a tensor power u®% ; that is, we want to justify the mean-field approximation at the
level of the ground state of (2-4).
There are two key difficulties left:

e The effective Hamiltonian is genuinely many-body. It can be bounded below by a three-body
Hamiltonian, but obviously one will ultimately have to show that the three-body contribution can
be neglected.
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~1/3 in order to be able to

e To recover the correct energy in the limit, we need to take R < N
neglect the three-body contribution in the effective Hamiltonian. We thus still have to deal with the
mean-field approximation in the “rare but strong collisions” limit. In other words, even though the
effective Hamiltonian is much less singular than the original one, we do not have the freedom to

reduce the singularity as much as we would like.

It is in treating these two difficulties that our new method significantly departs from the previous works
[Lewin et al. 2015a; Lieb and Seiringer 2006]. We shall rely on a strong a priori estimate for ground
states of (2-4). In Lemma 3.1, we assume (2-6) and show that (provided R > N —2/3_which is sufficient
for our purpose)

AN
~ -
(Hy)* 2 3 (Z h,) : 2-7)
J=1
Note that a bound of this kind is not available for the original Hy due to the singularity of its interaction
potential. In particular, (2-7) implies that every ground state 7 N of H N satisfies the strong a priori estimate

(@N,ﬁlﬁz"i[\f) ng’s. (2—8)

This second moment estimate is the key point in our analysis in the next steps. It is reminiscent of similar
estimates used in the literature for the time-dependent problem [Erdds et al. 2007; 2009; 2010; Erdés
and Yau 2001].

Notation. We always denote by C; (or Cg ¢) a (generic) constant independent of s, N and R (or inde-
pendent of N and R, respectively).

Step 3 (Three-body estimate). Next we have to remove the cut-off
1_[ 0(x; —xx)
k#i,j

in Wy to obtain a lower bound in terms of a two-body Hamiltonian. Using the elementary inequality (see
[Lieb and Seiringer 2006, equation (22)])

[T GrGxj—xi)=1= D" (1=62r(x; —x1)),

k:k#i,j kil
we have
N
Wy =Y Ur(xi—x))— Y. Ur(xi —x))(1—62r(x; — xp)). (2-9)
oy keti )k

and we thus have only a three-body term to estimate. Since the summand in this term is zero except
when |x; —x;| < R and |x; —xg| < 4R, the last sum of (2-9) can be removed if the probability of having
three or more particles in a region of diameter O(R) is small enough. This should be the case if R is

1/3

much smaller than N ™"/~ the average distance between particles, but it is rather difficult to confirm this

intuition rigorously.
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In [Lieb and Seiringer 2006], a three-body estimate was established using a subtle argument based on
path integrals (the Trotter product formula). In this paper, we will follow a different, simpler approach.
Instead of working directly with a ground state of Hpy as in [Lieb and Seiringer 2006], we will consider
a ground state U n of the effective Hamiltonian H ~ . Thanks to the second moment estimate (2-7), we
can show that (see Lemma 3.4)

N
D (N, Ur(x1 = x2)02r(x2 = x4) U ) < Ce,s NR?. (2-10)
k=3

The right side of (2-10) is small with our choice N~'/2 > R.

Step 4 (Mean-field approximation). With the cut-off in Wy removed, H n turns into the two-body
Hamiltonian

Ky := %ﬁ- + A—e)” > Ur(xi —x))
= i —

j=1 J N E !
for which we can validate the mean-field approximation. This is the simplest approximation for Bose gases
where one restricts the many-body wave functions to the pure tensor products u®¥ . Since Ug converges
to the delta-interaction with mass [ Ur = 4ma, we formally obtain the following approximation for the
ground-state energy

enL(e,s) ;= inf ((u,ﬁu)+(1—e)24na/|u|4).

llull, 2=1
In Section 4A, we will show that
Alm % =enL(s, 5). (2-11)
A similar result was proved in [Lieb and Seiringer 2006] using a coherent state method, which is a
generalization of the c-number substitution in [Lieb et al. 2005c¢]. In the present paper, we will provide
an alternative proof of (2-11) using the quantum de Finetti theorem of Stgrmer [1969] and Hudson and
Moody [1976]. We note that this theorem has proved useful also in the derivation of the Gross—Pitaevskii
equation in the dynamical case; see [Chen et al. 2015]. The following formulation is taken from [Lewin
et al. 2014, Corollary 2.4] (see [Rougerie 2015] for a general discussion and more references):

Theorem 2.2 (Quantum de Finetti).

Let R be an arbitrary separable Hilbert space and let Wy € ®£\y]mﬁ with |Wy || = 1. Assume that the
o . . 1) )

sequence of one-particle density matrices Yy, converges strongly in trace class when N — oco. Then, up

to a subsequence, there exists a (unique) Borel probability measure [ on the unit sphere S R, invariant

under the group action of S, such that

vy —/ @Y u® | du)| =0 Yk eN. 2-12)

lim Tr
N—o0

This theorem validates the mean-field approximation for a large class of trapped Bose gases, in particular
(see [Lewin et al. 2014] and references therein) when the strength of the interaction is proportional to the
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inverse of the particle number, case 8 = 0 in (1-6). However, when the interaction becomes stronger, the
mean-field approximation is harder to justify. The convergence (2-11) with R > N —2/15 was proved in
[Lewin et al. 2015a] by using a quantitative version of Theorem 2.2 valid for finite-dimensional spaces
[Christandl et al. 2007; Chiribella 2011; Lewin et al. 2015b]. However, this range of R is too small for
our purpose because we are forced to choose R < N —1/2

In this paper, thanks to the strong a priori estimate (2-8), we are able to prove (2-11) for the larger
range R > N ~2/3_ As in [Lewin et al. 2015a; Lieb and Seiringer 2006], we localize the problem onto

energy levels of the one-body Hamiltonian h lying below a chosen cut-off A. At fixed A, it turns out that

in the previous steps.

the projected Hamiltonian is bounded proportionally to N. We are thus in a usual mean-field scaling if
we are allowed to take N — oo first, and then A — oo later. Taking limits in this order demands a very
strong control on the localization error made by projecting the Hamiltonian, however. This control is
provided again by the moment estimate (2-8).

Combining the arguments in Steps 1-4, we can pass to the limit N — oo; then s — co and ¢ — 0
to obtain the energy convergence (1-9) under the extra condition (2-6). In Section 4B, we remove this
technical assumption using a concavity argument from [Lieb and Seiringer 2006] and a binding inequality
which goes back to an idea in [Lieb 1984].

Step 5 (Convergence of ground states). In Section 4C, we prove the convergence of (approximate)
ground states using the convergence of the ground state energy of a perturbed Hamiltonian and the
Feynman—Hellmann principle. A similar approach was used in [Lieb and Seiringer 2006] to prove the
convergence of the 1-particle density matrix. However, the quantum de Finetti theorem helps us to avoid
the complicated convex analysis in [Lieb and Seiringer 2006], simplifying the proof significantly and
giving access to higher-order density matrices.

3. Second moment estimate

In this section, we consider the effective Hamiltonian obtained after applying the generalized Dyson
lemma to the original problem, namely

N
~ - (1—¢)?
Hy = hi W,
N Z i+ N N>
Jj=1

where / and Wy are defined in (2-5) and (2-3), respectively. We will work under the extra assumption (2-6).
Since A € L3 (R® R?) and V grows faster than |A|? at infinity, for every & > 0, we have

(% ~2e71AP) e L3R,
and hence

€),2 K_ “11 412 > _
(5)r*+5 =274 = —C..

In combination with the Cauchy—Schwarz inequality, we get

h=(1=e)p20s(p) = 0% =267 AR +V = £p? + 2~ Co.
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Therefore, info(h) —1 = k¢ s = —C, and
h=Co(—A+V+1). (3-1)
The key estimate in this section is the following:

Lemma 3.1 (Second moment estimate).
Assume that (2-6) holds. For every 1 > ¢ > 0and s > 0, if

R=R(N)>» N72/3

when N — oo, then for N large enough, we have the operator bound
1 N
~ -
(n)? L (Zl h,)
j =

We will show in Section 3C that a convenient lower bound to Dyson’s potential Wy in terms of truly

2
: (3-2)

two-body operators follows from Lemma 3.1.
Before proving Lemma 3.1 in Section 3B, we first collect some useful inequalities on a generic
translation-invariant interaction operator W (x — y) that will be used throughout the paper.

3A. Operator inequalities for interaction potentials. We state several useful inequalities in the following
lemma. In fact, (3-3) is well-known, and (3-4) with § = 0 was proved earlier in [Erdés and Yau 2001,
Lemma 5.3]. In the sequel, we will crucially rely on the improvement to § > 0, and on (3-5), which seem
to be new.

Lemma 3.2 (Inequalities for a repulsive interaction potential).
For every 0 < W e L' N L2(R3), the multiplication operator W(x — y) on L*((R3)?) satisfies

0< W(x—y) < ClWllps2@ms)(—Ax), (3-3)
and, for any 0 < § < %,
0< W(x—y) < Cs| Wl — A0 0 (1= (3-4)
Moreover, forall 1 > >0, s >0, A€ L130C([R§3, R3) and 0 <V ¢ LIIOC(R3),
hxW(x =)+ W(x = p)hy = =C(|W 22 + (1 + ) [Wga2) (1= A1 = Ay). (3-5)

Proof of Lemma 3.2. We will prove this in several steps.

Proof of (3-3). From Holder’s and Sobolev’s inequalities, we have

(/L W(x=»)f) =/ W(x = )| f(x,y)[? dx dy

2/3 1/3
s/([ W(x—y>3/2dx) (/|f<x,y)|6dx) dy

SC||W||L3/2(R3)/(/|fo(xvy)|2dx) dy

for every function f € H'((R3)?). Therefore, (3-3) follows immediately.
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Proof of (3-4). The estimate (3-4) with § = 0 was first derived in [Erdés and Yau 2001]. The following
proof is adapted from the proof (again for § = 0) in [Lieb and Seiringer 2006]. Note that for every
operator K, we have K*K < 1 if and only if KK* < 1. Therefore, (3-4) is equivalent to

VW =) A=A 1= A LYW —y) < Cs|W 1. (3-6)

Let G be the Green function of (1 — A)3~! whose Fourier transform is given by

1
(1 + 4m2|k[2)1=5"

G k) := / e 2TXRG(x)dx =
R3

For every function f € L?((R3)?), one has
(VW =)A= A 1= A W —y) f)
= / FE VW —9)Gx—x)G(y — Y ) VW' —y) f(xX',y) dx dy dx' dy’

_ / W =G —xNPf )P+ WE = y)GO —y) P f (. 9))?
h 2

= Cs[Wllpi (/. f),

where

. dk
Cs = G2=/ GI* = ,
5 /' | S (1 + 42|k |2)2(0-8)

which is finite for all 0 < § < %. Thus (3-6), and hence (3-4), holds true.

Simpler version of (3-5). We are going to deduce (3-5) from the inequality
(FADW(x =) + W(x = y)(=Ax) = =C (W32 + [WllL2) (1= Ax)(1 = Ay). (3-7)

By an approximation argument, one can assume that W is smooth. For every f € H?(R3 x R3?), a
straightforward calculation using integration by parts, and the identity Vy(W(x —y)) = =V, (W(x —y))
gives us

(i (AW —y) + W — )(~Ay) f)
g // Vo PG )V W(x — ) £(x. ) dx dy

=2 // Ve £ Ce )P W — ) + 200 // Vs ) Ve (W(x — 1) f(x. y) dx dy
> _ogi [/ Ve T )V (W(x — ) f(x. y) dx dy
— o [f Yy (Ve FGro ) £ (s ) Wx — y) dix dy

— o // (Vi TG0V £ (0 1) + Vi (Vi P 0) £ (6 ) W(x — ) dx dy.,
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Using Cauchy—Schwarz and Sobolev’s inequality (3-3), we get

Ve f(x, )| +1|V )P
s//l fx.p)l erl yf(x. )l W(x— )| dx dy

S ClWlpar2{f. (=Ax)(=4y) f).
Moreover, by the Cauchy—Schwarz inequality again and (3-4) (with § = 0 and W replaced by W?2),

| // (Y Ve FGr ) S (. y) W = v) dx |

1/2 1/2
< (//IVnyf(x,y)lzdxdy) (//|f(x,y)|2|W<x—y>|2dxdy)

SCIW 2. (1=Ax) (A= A)) f).

‘ f/ Vi T )Yy £ (e )Wk — ) dox dy

Thus we obtain

(£ (AW (x = p) + W(x =) (=A%) f) 2 =CUAW I 372 + W L2){f. (1 = Ax) (1= Ay) f)
for all £ € H?(R3 x R3). This proves (3-7).
Proof of (3-5). From the commutator relation
pxWx—y) =W(x —y)px + (=i VaW)(x —y),
we find that
(PxA(X) + A(X) px + [AX) )W (x = ) + W(x = y) (px Ax) + Ax) px + [4(x)[?)
=2(pxW(x = y)A(x) + AX)W(x = y) px + [AX) PW(x = y))

=2(px + AX)W(x —y)(px + A(x)) =2pxW(x — y) px.
Using

(px + AW (x = y)(px + A(x)) 2 0
and estimating px W(x — y) px by Sobolev’s inequality (3-3), we get
(PxA(x) + AX) px + |AX)P)W(x = y) + W(x — y)(prAX) + A(X) px + [A()?)
= —C|Wp32(=Ax)(—Ay). (3-8)
Finally, by (3-3) again and the Cauchy—Schwarz inequality for operators

:I:(XY—I—Y*X*)§8XX*—|—8_1Y*Y Vs >0, (3-9)
we obtain

PR =Os(px))W(x = y) + W(x = y) p3(1 = bs(px))
= —8p3(1 =5 (p))W(x = y) p3(1 = bs(px)) + 87 W(x - y)
= —C||Wp32(8p3(1 =65 (px)* +67")(=Ax)
for all § > 0. Using 1 — 6;(p) < 1(| p| < 2s) and choosing § ~ s~2 gives

Pr(1=0s(px)W(x = y) + W(x = y) p(1 = 05(px)) = —=C5>[|[W || L3/2(=Ax). (3-10)
From (3-7), (3-8) and (3-10), the bound (3-5) follows. O
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3B. Proof of Lemma 3.1. Before completing the proof of Lemma 3.1, we make a remark on the simpler
case with the Dyson potential Wy replaced by a truly two-body interaction.

Remark 3.3 (Second moment estimate with two-body interactions).

Consider the model case
Yo (=P
Ky = Zhj+ N ZUR(xi—Xj).
Jj=1 i#]

By expanding KIZ\, and using the fact that /; = 0 commutes with Ug (x i —Xg) =0wheni # j andi #k,
and then using (3-5) to estimate terms of the form

hiUR(xi — x;) + U(x; — x;)hi,
we obtain
Kyzx D> hily (3-11)

1<i#j<N

W | —

provided that R = R(N) > N ~2/3_ A similar estimate also holds when / is replaced by the original
kinetic operator /.

We stress once again that we do not expect (3-11) to hold for our original Hamiltonian Hy, which is
in the more singular regime R ~ N ~!. We thus need to work with the Dyson Hamiltonian, and its rather
intricate nature makes the actual proof of Lemma 3.1 more difficult than the one we have sketched for
(3-11). We now proceed with this proof.

Proof of Lemma 3.1. We have

N 2 2 N 4
~ ~ 1— ~ ~ 1-
(HN)z— ( hj) = (1-¢) E (thN—I-WNhe)-{-(N—ZE)WAZI. (3-12)
j=1 (=1

N

As in Remark 3.3, the goal is to bound hy Wx + Wyhy from below. We first decompose the interaction
operator as

Wy =Wa+ Wp,
where
Wa= > Ur(xi—xj) [] 2r(xj —x0).
1e{i,j} k#i,j
Wo= Y Ur(xi—x;) [] 6ar(xj—x0).
i,j=2 ki, j

Estimate of W,. By the Cauchy—Schwarz inequality (3-9), we get

+(hy1Wa + Wahy) < N"'hyWahy + NW,. (3-13)
Let us show that c
Wa < 25 (3-14)
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Indeed, for every given (x1, X2, ...,xy) € (R3)V, the product
Ur(ri—x)) [] 62r(xj —xi)
k#1,j

is bounded by ||Ug||= < CR™3 and it is zero except in the case
X1—Xj|<R<2R< min |x; —xg|.
| il k¢1’j| J 11
By the triangle inequality, the latter condition implies that
|x1 —xj| < R < min |x; —xg|,
k#1,j

and it is satisfied by at most one index j # 1. Therefore,

C
D Ur(ri—x)) [ 6ar(xj—xi) < 45

jiz2 k#1,j
Similarly, we have
Y Ur(xi—x1) [ ber(xi—xp) < %
i=2 k#1,i
and hence (3-14) holds true. From (3-13) and (3-14), we obtain
(I W + Wah) < <3 (1) + 2N 1;} Ur(x; —x,-)k];[ 2R 05— ). (3-15)
i, i,

Here we do not need to estimate the second term on the right side of (3-15) because this term is part
of Wy, which will be controlled by W2 in H2.

Estimate of W;,. We need a further decomposition

Wy, = Z UR(Xi—Xj) 1_[ 92R(xj_xk):Wc_Wd,

i,j=2 k#i,j
where
We:= > Ur(xi—x;) [] 6ar(xj—xp).
i,j=2 k#1,i,j
Wgi= Y Ur(xi—x)(1—=6r(xj—x1)) [] 62r(xj—xp).
i,j=2 k#1,i,j
Note that

We=0, Wz;=0 and hiW,=W.h;=0.
On the other hand, by the Cauchy—Schwarz inequality (3-9) again,
(7 Wy + Wahy) < 8l Wahy + 87 Wy, (3-16)
We have two different ways to bound Wy . First, by (3-3) and (3-1),

(1= 602r(x; —x1)) < CI[1 =02l L3/2(1 — A1) < CsR?y.
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Since here i, j = 2, both sides of the latter estimate commute with

Ur(xi—xj) [] 62r0xj —x0).
k#1,i,j
and we deduce that

(1= 621 (x; —xD))Ur(xi —=x;) || 62r(xj —x1) < CeRPhiUr(xi —x;) [ 62r(xj —xp).
k#1,i,j k#1,i,j

Taking the sum over i, j = 2, we obtain

Wy < CeR2hy W,. (3-17)
Second, let us show that
C
Wi < e (3-18)
Indeed, for every given (x1,Xx2,...,XN) € ([R{3)N , the product
Ur(xi —x;)(1 — O2r(xj — x1)) l_[ Oar(xj — xi)
k#1,i,j
is zero except in the case
|x;i —xj| <R, |xj—x1|<4R, min |x; —xg|>2R. (3-19)
k#1,i,j
By the triangle inequality, (3-19) implies that the ball B(xy,5R) contains B(x;, 2 R), B(x;, % R), and

the balls B(x,', %R) B(x], %R) do not intersect with B(xk, %R) for all k # 1,1, j. Since B(x1,5R)
can contain only a finite number of disjoint balls of radius %R, we see that there are only a finite number
of pairs (i, j) satisfying (3-19). Thus we can conclude that

W; < C||Ur|lpe~ < CR™3.
From (3-16), (3-17) and (3-18), we obtain

. . - - Cs ~ CeR?\ ~
hIWb+thl=h1Wd+Wdh1+2h1Wc>—ﬁ(hl) +{2—- 5 hyWe.

Choosing § ~ R?, we get
- . C. -
Wy + Wyht = === (), (3-20)

Conclusion. From (3-15) and (3-20), we get

C

. - (C
MWy +Wyhy = (NR3

Ce\ -~
+7)(h1)2—2N Y UrCxi—x;) [ 62r(xj —xp).

1€{i,j} k#i,j

Summing the similar estimates with 1 replaced by £ and using

N
> > Urxi—x)) [] 62r(xj —xi) =2Wy,

L=14Le{i,j} k+#i,j
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we find that
N 8 C G\ -
heWn +Wyhg) =2 —| —5 + — hg)®> —2NWy.
> (W + Wihy) (NR3+R)Z(€) N
Therefore, coming back to (3-12), we conclude that (completing a square in the last inequality)

(Fn)? — (Zh)z_(l—e) Z(;;ZWNJFWN}EK)JF(I[;—?“W,%

N
c G -, 2 (1-e)* ,
> (o 1) 2 (ho* =201 —ey Wiy &+ i W

N
>+ =2 i) — N2
(N2R3 + NR);( 2

When R > N_2/3, we have

TIPS
N2R3  NR '
and hence
~ ~ N ~
(Hy)?> 22 hihj + (1—=0(1)) > (hy)*— N2,
1<i<j<N (=1
which yields the result, recalling that in our convention, h=>1. O

3C. Three-body estimate. A first consequence of the second moment estimate in Lemma 3.1 is that we
can conveniently bound Dyson’s Hamiltonian from below by a two-body Hamiltonian. This is done
by first using a simple bound in terms of a three-body Hamiltonian, and then bounding the unwanted
three-body part.

Lemma 3.4 (Three-body estimate).
Assume the extra condition (2-6) holds. For every 1 >¢>0ands > 0,if R= R(N) > N72/3 then

R? =
> URGxi =x7) Y (1= 0ar(xj = xi0)) < Ces i (An)*. (3-21)
i#j k#i,J
Consequently,
al (1 _8)2 2 ~ 4
Hy > Zh, + Y Ur(xi —x;) = Ceys 2(HN) : (3-22)
Jj= i#]

Note the error term involving (ﬁ ~)*, which is well under control since we are interested in its
expectation value in a ground state.

Proof. By (3-3) and (3-1), we have

(1—602r(x2 —xg)) < CesR?hy  fork = 3.
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Since Ur(x1 — x2) commutes with both sides, we get

Ur(x1—x2) Y (1=02r(x2—xk)) < Ce,s RPUR(x1—X2) ) _ I3
k=3 k>3

= 3Ce s R*(Hy—h1—ha—(1—6)> N ' Wy ) Ur (x1—x2)
+3Ce s RRUR(x1—x2) (HN—h1—hy—(1—€)* N ™' Wy)
< 3Ces R* (AN UR(x1—x2)+Ur(x1—x2) Hy)
2
+3CesR? ) " (hjUr(x1—x2)+Ur(x1—x2)h;). (3-23)
j=1
In the last estimate, we have used Wy = 0. Thanks to (3-5) and (3-1), we get forall j = 1,2,
hjUr(x1 —x2) + Ur(x1 —x2)hj = —Ce s R/2(1 = A1) (1 — Az) = —Ce s R h1hy. (3-24)
On the other hand, by the Cauchy—Schwarz inequality (3-9) and (3-4) (with § = 0 and W = Up),

AyNUg(x1 —x2) + Ur(x1 —x2) Hy < 8HyUr(x1 —x2) Hy + 8" Ur(x1 — x2)
< Cg,saﬁ]vﬁlﬁzﬁjv +Cg’s8_1ﬁlﬁz (3-25)
for all § > 0. Choosing § = N ! and using R™3/2 < N, we deduce from (3-23), (3-24) and (3-25) that
Ur(x1 —x2) Y (1 =62r(xa—x)) < Ces R*(N "' Hyhrhoy Hy + Nhihs).
k=3
By symmetrization with respect to the indices, we find that
Z Ugr(x1 —x2) Z (1- 92R(Xj —xp)) < Cg’st(N_lﬁN Z Eiﬁjﬁ]\l + N Z ﬁ,ﬁj)
i) ki, i#) i#)
Combining with the second moment estimate (3-2), we obtain (3-21). From the three-body estimate (3-21)
and the elementary inequality (2-9), the operator bound (3-22) follows. O

4. Energy lower bound and convergence of states

4A. Mean-field approximation. We are now reduced to justifying the mean-field approximation for a
new Hamiltonian with the two-body interaction Ug(x — y), which converges to a Dirac delta much slower
than the original one. The analysis in this section provides an alternative to the coherent states method
of [Lieb and Seiringer 2006].

Proposition 4.1 (Mean-field approximation).
Assume that (2-6) holds. For every 1 > &> 0and s > 0, if

N7Y2> R=R(N)>» N~2/3
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then _
. info(Hy)
lim ————=
N—o0 N

= | llinf_l((u,ﬁu) +(1 —8)247'[61/ |u|4) =:enL(e, 5). 4-1)

Proof. The upper bound in (4-1) can be obtained easily using trial states of the form u®" . For the lower
bound, let us consider a ground state 7 N of H ~ (which exists because & has compact resolvent). Using
the ground-state equation, we find that

(Uy. (Hy)*Ty) = (info (Hn))* < (CosN)* (4-2)
for all k € N. In particular, the second moment estimate (3-2) implies that
(Oy,hi1haUy) < Cey, (4-3)
and the operator estimate (3-22) implies that

. Uy, HyUy)
liminf ——M

1) 2 ) _
lim ini N >hm1nf(Tr(hy )+(1 £)* Tr(Uryg, )). (4-4)

(k) .

Here Vg is the k-particle density matrix of Wy and Ug is understood as the multiplication operator

Ur(x — y) on $2. Since Tr(hy£ ) ) is bounded uniformly in N and h has compact resolvent, up to

a subsequence we can assume that y( )

converges strongly in trace class. By the quantum de Finetti
theorem, Theorem 2.2, up to a subsequence we can find a Borel probability measure fi on the unit

sphere S$) such that

lim Trjy
N—o0

=0 VkeN. (4-5)

(k) / |M®k ®k|dM(U)

We will show that
liminf(Tr(};)/gl) )+ (1—¢)? Tr(UR)/Lz) ) = /((u, ﬁu) + (1 —¢)?*4na / |u|4) dp(u), (4-6)
N —o0 L2 Wy

and then the lower bound in (4-1) follows immediately. Since his positive and independent of N,
(4-5) and Fatou’s lemma imply

11m1nfTr(hy(1)) > /(u,ﬁu)d,&(u). 4-7

It remains to prove
hm 1nfT1r(UR)/~ 2) )=4na / [l ||L4 dp(u). (4-8)

Note that (4-8) does not follow from (4-5) and Fatou’s lemma easily because Ur depends on R = R(N).
We need to replace Ug by an operator bounded independently of N. Since h has compact resolvent, for
every A = 1, the projection

Pr:=1(h <A)

has finite rank. Let us denote
R X2
M:=15p—Py".
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Since Ugr = 0, we can apply the Cauchy—Schwarz inequality (3-9) with
X = P82UL? and Y =UL*n

to obtain
Ug = (P2* + IHUR(PE* +10)

= PR?URPY? + IURTI + P2*URT + IUR P2
> PR2UR PR — 6 'IURTI — 6P 2*URPY?
for all § > 0. Using the operator bound (3-4) and the fact that the %—th power is operator monotone [Bhatia
1997], we have
Ur(x1 —x2) < C[URlIp1 (1= AD*3(1 = A2)*° < Cos (h)* P (h2)*°. (4-9)
Therefore,

PEPURP®? < Coshihy and TIURIL < Cos A Y50 0.

Here in the second estimate, we have used 1g — Py < ATV 5(l;)l/ >, which is a consequence of the
definition of Pp. Thus

Ur— P22URPY? = —Cos (871 + 8A™V%)h1hs.
@
Yy

Tr(URygjl) —Tr(PfZURP,%Zyg)V) > _Cy A0, (4-10)

If we choose § = A~1/10 and take the trace against y~ , then by the a priori estimate (4-3), we find

On the other hand, from (4-9) and the definition of Pj, it follows that the operator norm || Pff’z Ur sz I
is bounded uniformly in N for fixed A. Therefore, the strong convergence (4-5) implies that

: ®2 ®2,,(2) ®2 ®2\ 7~ —
Nh_r)noo(Tr(PA UrPy yqlN) —/((PAu) ,UR(Ppu) )du(u)) =0. 4-11)
Since the left side of (4-7) is finite, every function u in the support of d i belongs to the quadratic
form domain Q(h) of h, and hence Ppu — u strongly in Q(h). Using the continuous embeddings
Q(h)yCc H' C L*, we get
lim lim ((PAu)®2, Ug(PAu)®?) = lim || Ppullfs = |lull7..
i Lim ((PAw)®2, Ur(Paw)®2) = lim || Paullfs = fulls
By Fatou’s lemma,
liminfliminf/((PAu)®2,UR(PAu)®2)d/1(u) >4na/ ull7 o d fiu). (4-12)

A—oo N—>oo

The desired convergence (4-8) follows from (4-10), (4-11) and (4-12). O

Remark 4.2 (Mean-field approximation with two-body interactions).

From the preceding proposition, we obtain easily the convergence (2-11) mentioned in Section 2 because
H N < Ky . In fact, K satisfies the second moment estimate (3-11) (see Remark 3.3), and hence (2-11)
can be proved directly. In particular, the method can be used to derive the energy asymptotics when the
interaction potential is given by (1-5); for 8 < 2, Step 1 (and thus also Step 3) in the proof are not needed.
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One can also obtain some explicit error estimate in Proposition 4.1 and (2-11) by using a quantitative
version of the quantum de Finetti theorem as in [Lewin et al. 2015a, Lemma 3.4].

4B. Convergence of ground-state energy. We now conclude the proof of the convergence of the ground-
state energy. There are two things left to do: remove the high momentum cut-off in the final effective
functional, and relax the additional assumption (2-6).

Proof of energy convergence (1-9). The upper bound in (1-9) was proved in [Seiringer 2003]. The proof
of the lower bound is divided into three steps.

Step 1. We start with the simple case when the extra condition (2-6) holds true. Recall that we are choosing
N2 R=R(N)> N~2/3,
From Lemma 2.1 and Proposition 4.1, it follows that for every 1 > ¢ > 0 and s > 0,

fiminf LUV oy e EO N
N N

+ kK =enL(E,5) + ke s-
N 00 N o0 s,s) N ( ) &,8
Thus to obtain the lower bound in (1-9), it remains to show that

lim lim (enp(e,5) + ke,s) = eGp- (4-13)
e—>0s5—>00

The upper bound in (4-13) is trivial as Enp.(u) + ke,s < Egp(u). The lower bound in (4-13) can be done
by a standard compactness argument provided in [Lieb and Seiringer 2006]. We recall this here for the
reader’s convenience. Let u. ¢ be a ground state for enp (¢, 5), namely

eNL(& S) = (“a,s, Eus,s) + (1 _8)24”a/ |u8,S|4-

From (3-1), it follows that (us s, (—A + V)ugs) is bounded uniformly in s. Since —A 4 V' has compact
resolvent, for every given ¢ > 0, there exists a subsequence s; — oo such that u. s, converges strongly
in L2 and pointwise (in both p-space and x-space) to a function u,. By Fatou’s lemma, we have

li.minf/|u8,sj(x)|4dx2/|ue(x)|4dx»
J—>00

timind [ 21— 6, (lies; (D dp > [ p2lac(p) dp.
Next, using (2-6) as before, we have

ep> + pA+Ap+|AP+V +Ce=0
for some Cy > 0. Using Fatou’s lemma again and the strong convergence in L2, we deduce

li.minf(ug,sj, (8p2 +pA+Ap+|AP+V + Ke,s)ug,sj) > (ug, (8p2 + pA+Ap +|A]* + V)ug).
(e.°]

J—>
Combining these estimates, we get
h,minf(eNL(S, Sj) + Ks,s,-) = (Ms, hus) +(1 —8)247[61 / |M£|4 = (1 _g)zeGP-
j—o00 ;

Taking ¢ — 0, we obtain the lower bound in (4-13).
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Step 2. From now on we do not assume (2-6). Let us introduce the Hamiltonian

M

Hy ny = Zh/-{- Z wy (X; —Xx;)

j=1 1<i<j<M

and denote by E(M, N) its (bosonic) ground-state energy. In this step, we will prove the lower bound
in (1-9) using the additional assumption

E(N,N)—E(N —1,N)<C. (4-14)

We will find a function f : R3> — R4 growing faster than | A|, namely
A
A _,

im =0, (4-15)
x|>o00 f(x)
such that for a ground state ¥ for Hpy, we have
(Wy, f2(x1)Wy) <C. (4-16)

Once this is achieved, we get
info(Hy) _ info(Hy +nY 0 £2(x))) 3
N N
for every n > 0. Since the growth condition (2-6) holds true with V' replaced by V + 2, we can apply

Cn

the result in Step 1 to the Hamiltonian
N
Hy+nY_ f2(x))
j=1

for every given 1 > 0. Then the lower bound in (1-9) follows by taking n — 0.
Now we find such a function f. We will establish a simple binding inequality using an idea in [Lieb
1984]. From the ground-state equation Hy y Wy = E(N, N)Wy, it follows that

E(N.N)(Wy. [2(xn)¥N) = W(UN. [2(xn) HN N UN). (4-17)
By the variational principle and (4-14), we have
HyN—hny =2 Hy-1 N = E(N—-1,N)= E(N,N)—-C.

Note that f2(xy) commutes with all terms in the latter inequality. If f is bounded and sufficiently
regular, we have the IMS-type formula

SPh+hf) = fhf =V 2V 2= V[P, (4-18)
and we deduce from (4-17) that

(Un. (Ven) f2(en) = IV fxen) > = Cf2(xn))¥N) < 0. (4-19)
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Note that if we choose f(x) = e?™*| for some constant 5 > 0, then (4-15) follows from the assumption (1-2).
Moreover, heuristically, (4-16) follows from (4-19) as V /2 grows faster than |V f |2 4+ C f2. To make
this idea rigorous, let us apply (4-19) with f(x) replaced by

gr(x) = exp[b[r —[lx| —r[] ]
Note that g, (x) = e?*| when |x| < r and g,(x) = 1 when |x| = 2r. We can thus apply (4-18) to g,.
Moreover,
Ver —IVegr?—Cgl = (V== C)g?
>g2—(b*+C+ D21V <bh>+C +1)
> g7 — Co
for some constant Cg independent of » > 0. Here we have used the fact that g%l(V <b?+C +1)isbounded
independently of r > 0, which follows from the assumption lim| |, V' (x) = +00. Thus (4-19) gives us

(Wn.gr(xn)¥n) < Co

for all r > 0. Taking r — oo, we obtain (4-16) with f(x) = e?*!.

Step 3. Now we explain how to remove the additional assumption (4-14). This can be done by following

the strategy in [Lieb and Seiringer 2006], which we recall quickly below for the reader’s convenience.

®N

By choosing trial states u®*', we get the upper bound

E(N,N)<CyN
for some constant Cy > 2egp. Forevery N €N, we denote by M = M (N') the largest integer < N such that
EM(N),N)—EM(N)—1,N) < Cp. (4-20)
Then by the choice of M(N), we obtain
E(N,N)—E(M(N),N)= (N —M(N))Co. (4-21)
We can find a subsequence N; — oo such that M(N;)/N; — A € [0,1]. Since (4-20) holds with

M = M(Nj;), we can apply the result in Step 2 with w replaced by Aw and find that

E(M(Nj), N;
lim inf M = egp(Aa) = degp(a). (4-22)
Jj—o00 M j
Here egp(La) is the Gross—Pitaevskii energy with a replaced by Aa and the last inequality in (4-22) is
obtained by simply ignoring part of the one-body energy in the corresponding Gross—Pitaevskii functional.

From (4-21) and (4-22), it follows that
egp(a) = iming Z-ND oy inf(—E(M(Nf)’ NI | ey M= MW M(Nf))
Jj—>00 fi Jj—o0 N; N;
> A2egp(a) + Co(1—A).
Since
ecp(a) < A?egp(a) + 2(1 — A)egp(a)
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and Cy > 2egp(a), we must have A = 1. Thus M(N)/N — 1 for the whole sequence and

E(N,N . . .E(N;,N;
lim ian =lim mfu = egp(a).
N—->o0 Jj—o00 Jj
This completes the proof of the energy convergence (1-9). a

4C. Convergence of density matrices. Now we prove the convergence of ground states in (1-10) by
means of the Feynman—Hellmann principle. For v € L?(R3) and £ € N, we will perturb Hy by

Su,e = N1 Z B (0B iy,

1<ij<-<i¢y<N

Here [v®¢) (v®¢);,
ig-th variables. We have the following extension of (1-9).

i, denotes the operator |v®) (v®¢| acting on the £-body Hilbert space of the i1-th,. ..,

.....

Lemma 4.3 (Energy lower bound for perturbed Hamiltonians).
We assume (1-2), (1-3) and (1-4). For every v € L*(R3) and £ € N, we have

liming TLOUIN =500 e eanu) — [o.u) 29, (4-23)

N—00 N IIuIILz—

Proof. We first work under the extra condition (2-6), and then explain how to remove it at the end. Let
1>e>0ands>0and
N™Y2s R=R(N)> N7?/3,

Recall that from (2-2), we have
Hy — Sy = Hy — Sy + Nkes — Ce s NR. (4-24)

Let ® be a ground state for Hy— Sy.¢- Since ||Sy ¢||/N is bounded uniformly in N, (4-2) still holds
true with ¥y replaced by ®p, namely

(Dn, (Hy)*dn) < (CesN)F (4-25)

for all k € N. Combining (4-25) with the three-body estimate in Lemma 3.4, we get the following
analogue of (4-4):
info(Hy — Sv.0) (Pw. (Hy — Su,0)PN)

lim inf = liminf
N—o0 N N—>o0 N (4-26)

> liminf(Tr(hyg) ) + (1 =) TrUryg ) = Tr([v®) (0% 17, ).
N

Moreover, (4-25) and the second moment estimate (3-2) imply the a priori estimate (P, ftlfzz Wy) < Ce.
Therefore, we can estimate the right side of (4-26) by proceeding exactly as in the proof of Proposition 4.1.
More precisely, by the quantum de Finetti theorem, Theorem 2.2, we can find a Borel probability
measure (t¢ on the unit sphere S$ such that, up to a subsequence,

hm Tr|y
N—

9 /|u®k W duew)| =0 VkeN.
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Using (4-6) with U replaced by @y and employing the fact that [v®¢) (v®¢| is bounded, we obtain

hmlnf(Tr(hy(l))-i-(l 8)2Tr(UR)/ )) Tr(| )<U®6|V<(1>?,))

z/(<u,h"u)+(1—g)24m/|u|4—|<v,u>|”) dpe). (4-27)

From (4-24), (4-26) and (4-27), it follows that

info(Hy — Sy.0)

lim inf — > inf ((u,ﬁu)+(1—s)24na/|u|4—|(v,u)|2z)+K8,s.
N—>oo N lull, 2=1

The lower bound (4-23) follows by passing to the limits s — 0 and then ¢ — 0 as in the proof of (4-13).

To remove the assumption (2-6), we may use the argument in Section 4B. The only extra difficulty
is that when dealing with the analogue of (4-17) with Hy n replaced by Hy y — S, ¢, we have to take
care of the operator f2|v)(v| = |f2v){v|, which may be unbounded as f(x) = ?!*! with b > 0 and v is
merely in L2(R3). However, we can still proceed with all functions v in L2(R3) which have compact
support. Then after obtaining the lower bound (4-23) with those nice functions v, we can extend the
lower bound to all functions v in L?(R3) by a standard density argument. O

Now we are able to prove the convergence of density matrices.

Proof of state convergence (1-10). Let W be an approximate ground state for Hp as in Theorem 1.1. For
every v € L2(R?) and £ € N, from the upper bound in (1-9) and the lower bound in Lemma 4.3, we have

Yy, HyW Uy, (Hy — Sy o)V
lim sup Tr([v®¢) (v ®€|)/(Z))=limsup(< N HNYN) (YN, (HN = Su0) N))
. (info(HN) info(Hy — S, 6))
< lim sup — )
N—o0 N N
<egp— inf (Egp(u)—|{v,u)|?b).
lull 2=

Here v is not necessarily normalized. Therefore, we can replace v by A2y with A > 0 and obtain

limsupTr(| Y ®e|y(£)) l(er—” IIlIlf (Eap(u) — Al{v, ”)|24)) (4-28)

N—oo A ull 2=1

With given v and £, for every A > 0, let 1, be a (normalized) minimizer for u — Egp(u) — A| (v, u)|?¢.
Since (u, hu, ) is bounded and /2 has compact resolvent, there exists a subsequence A; — 0 such that u
converges to Ug in L2, By Fatou’s lemma, u¢ is a minimizer of Egp(u). Moreover,

hmsup; (ecp— inf (Egp(u)—A;(v, ”)|2£))
J—>00 "u”LZ_

<hmsup)L (Eap(up,) — (Eap(uz,) — Aj[(vouz, ) 1*9) = [(v.ug) . (4-29)

J—>00
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From (4-28) and (4-29), we conclude that for every v € L?(R3) and £ € N,

lim sup Tr(|v®z)(v®e|yg])v) < sup |{v,u) %, (4-30)
N—o0 uEMgp
where Mgp is the set of minimizers of Egp(u).

Note that also in [Lieb and Seiringer 2006], the upper bound (4-30) with £ = 1 was proved, and
from it, the convergence of the one-particle density matrices was deduced using an abstract argument of
convex analysis. In the following, we will provide a simpler way to conclude the convergence of density
matrices from (4-30), using the quantum de Finetti theorem. Indeed, by Theorem 2.2 as before, up to
a subsequence of Wy, there exists a Borel probability measure p on the unit sphere S§) such that

Iim Tr
N—>o00

vy —/ @Y u® | du)| =0 Yk eN. 4-31)
We will show that p is supported on Mgp. From (4-30) and (4-31), we get

[|(v,u)|2k du@) < sup |(v,u)|?* VveL*(R3), k eN. (4-32)
UuEMgcp
We assume for contradiction that there exists vg in the support of y and vg ¢ Mgp. We claim that
we could then find § € (0, %) such that
l(v,u)| <1-38% Yue Mgp, Yv e B, (4-33)

where B is the set of all points in the support of y within an L2-distance less than § from vg. Indeed,
if that were not the case, we would have two sequences strongly converging in L2,

vy — Vo, Uy — Uy € Mgp,

with |[u, — vp|| — 0, and thus vy € Mgp. Here we have used that Mgp is a compact subset of L2(R?3).
On the other hand, by the triangle inequality,

2 2l — 2
|(v,u)|>”u” +||v||2 =l >1-28> VYu,veB. (4-34)

Combining (4-32), (4-33) and (4-34), we find that

(1(B))X(1 287 < /B /B (0. 10) ¥ dpau) dps(v)

<[ s Jwa)PFdee) < By -8 (4-35)
B ueMgp

for all k£ € N, and hence, taking k — oo, we have u(B) = 0. This, however, is a contradiction to the

fact that vg belongs to the support of © and p is a Borel measure. Thus we conclude that p is supported

on Mgp and the proof is complete. O
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