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We prove dispersive estimates in R?* for the Schrodinger evolution generated by the Hamiltonian H =
—A + V, under optimal decay conditions on V, in the presence of zero-energy eigenstates and resonances.
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1. Introduction

1A. Classification of exceptional Hamiltonians. Consider a Hamiltonian of the form H = —A 4+ V,
where V is a real-valued scalar potential on R>.

We assume V' EL%’I C L%, which is the predual of weak-L?3 and a Lorentz space, L%’l C L%_GHL%+E;
for its definition and properties, see [Bergh and Lofstrom 1976]. By [Simon 1982], this is sufficient to
guarantee the self-adjointness of H = —A + V.

Let Ro(L) := (—A —1)~! be the free resolvent corresponding to the free evolution e /4 and let
Ry (L) := (A + V —A)~! be the perturbed resolvent corresponding to the perturbed evolution e/’ .
Explicitly, in three dimensions and for ImA > 0,

| eitlx—yl

Ro((A+i0)*)(x,y) = pr— (1-1)

The author was partially supported by a Rutgers Research Council grant.
MSC2010: primary 35J10; secondary 47D08.

Keywords: pointwise decay estimates, resonances, zero-energy eigenfunctions.

813


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2016.9-4
http://dx.doi.org/10.2140/apde.2016.9.813
http://msp.org

814 MARIUS BECEANU

It will be shown below that, under reasonable assumptions, H has only finitely many negative eigenval-
ues. Then the Schrodinger evolution restricted to the continuous spectrum [0, 00) has the representation

formula
o0

ltH _ L itn T — —q
Pe = lim = e (Ry(n+ie)—Ry(n—ie))dn.

By the work of Ionescu and Jerison [2003] and Goldberg and Schlag [2004b], it is known that,
when V € L%, the perturbed resolvent Ry (A £ i0) is uniformly bounded in B(Lg, L) on any interval
A € [€g, 00), where € > 0, and has no singularities in [0, c0) except potentially at A = 0.

Observe that Ry = (I + RoV)™! Ry, so Ry has a singularity at zero precisely when I + Ry (0)V,
which is a compact perturbation of the identity, is not invertible.

We denote the null space of I + Ry(0)V by

={p e L>®| ¢+ Ro(0)Ve =0}.

If M # @, we say that H is of exceptional type, while if M = @, we say that H is of generic type.

The sesquilinear form —(u, V'v) is an inner product on M; see Lemma 2.2. This pairing is well-defined
when V € L3*! because u,v e L3>*°N L% by Lemma 2.1.

Let £ := M N L? and P, be the orthogonal L? projection onto £. In Lemma 2.3, we provide a
characterization of £ and show that codimu, £ < 1.

The set £; := £ N L also plays a special part in the proof. In Lemma 2.5, we give a characterization
of £1 and prove that codimg &1 < 12.

A function ¢ € M\ € is called a zero-energy resonance of H. Following [Jensen and Kato 1979;
Yajima 2005], we classify exceptional Hamiltonians H as follows:

(1) H is of exceptional type of the first kind if it has a zero-energy resonance, but no zero-energy
eigenfunctions: {0} = & C M.

(2) H is of exceptional type of the second kind if it has zero-energy eigenfunctions, but no zero-energy
resonance: {0} € & = M.

(3) H is of exceptional type of the third kind if it has both resonances and eigenfunctions at zero energy:
{0y S EC M.

1B. Main result. When H is of exceptional type of the first kind, we let the canonical resonance be ¢ € M
such that (V, ¢) > 0 and —(¢, V) = 1 (one can make these choices by Lemmas 2.3 and 2.2, respectively).
Using the canonical resonance ¢ (x), we define a constant ¢ and a function {;(x) by

_ Ami
(V. )2
We also define a function i, (x) by

L) = e g ().

ho(x) = |/ ("5 M%) ae.
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Let the operators R(¢) and S(¢) be given by

i3z

ae "4
R(t) := xX)® ,
P 3
e x—yl]? Ix -yl Ix—y
S(t) := —iPyV VP, VPo+ PV .
(?) \/H( PPV — — 0 + e (x) = o+ Po - we(y)
Note that

_1
IR@ullp3.00 +[IS@Oullps.00 S 72 [l p3/2.1.

Proposition 1.1 (main result). Assume that (x)?V € L2 and that H = —A+V is exceptional of the
first kind. Then, for 1 < p < % andanyu € L>N L7,

3(1

; _3(1_1
e P = Z(tu+ RO, | Z@ull Ly St 3G ”’)llflan,

. . . 3
where p’ is the dual exponent, that is, % + -5 = 1. Furthermore, assuming only that V € L2°!,

1

Ve
3

fors <p=2,

. _3(1_1 ~ 1
le™ ™ Peullprr St 3G ”/)”u”Ll’v le™ 7 Peullps.c0 S 172 ull 321

Assume that (x)*V e L> and that H = —A+V is exceptional of the second or third kind. Then, for
1 §p<%andanyu eL*NLP?,
e P = Z(0u+ ROu+ S, | ZOullpy <073 677) Lo, (1-3)
where R(t) is missing if H is an exceptional Hamiltonian of the second kind.
In the case when all the zero-energy eigenfunctions of H are in L', one can omit S(t) from (1-3).
Assume that (x)%V € L3> and that H = —A + V is exceptional of the second or third kind. Then, for
j<p=2

. _3(1_1 _ _1
le™ i Peullyw <0 3077wl o, e Polpse <1 H ulln.

Note that, in terms of powers of x, the decay conditions on the potential correspond to |V| < (x)~2~,
V< (x)™* " and [V] < (x)7°.

Additionally, note that these decay estimates also imply a certain range of Strichartz estimates.

The rest of the paper is dedicated to proving this main result, which is a combination of Propositions 2.13,
2.15, 2.18, and 2.19. For brevity, we omit the proof in the case when H is an exceptional Hamiltonian of
the second kind, which is similar to the case when H is exceptional of the third kind.

1C. History of the problem. We study solutions to the linear Schrodinger equation in R® with potential
id;u+Au—Vu=0, u(0)given.

By the RAGE theorem, every solution is the sum of a bound and a scattering component. The quantitative
study of scattering states began with Rauch [1978], who proved that if H = —A + gV, where g € C,
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with exponentially decaying V, then ¢!’H P, has a local decay rate of Z_%, with at most a discrete set of
exceptional g for which the decay rate is =2 . Here P, is the projection on the space of scattering solutions.

Threshold estimates in the presence of eigenvalues and resonances go back to the work of Jensen and
Kato [1979], who obtained an asymptotic expansion of the resolvent R(¢) = (H —¢)~! into

1 1
R()=—({"By—il 2B y+ By +i{ZB; +---

and similar ones for the spectral density and the S-matrix. The condition imposed on the potential was
polynomial decay at infinity of the form (1 + |x|#)V(x) € L%([R{3), where 8 > 2.

The possible singularities in this expansion are due to the presence of resonances or eigenstates at zero.
B_, is the L? orthogonal projection on the zero eigenspace, while B_; is given by

|x — y|?

B_, =P,V
L= 20" oun

VP -9 ®9.

where ¢ is the canonical zero resonance; see above.
Jensen and Kato also obtained an asymptotic expansion for the evolution ¢/*# P, in two cases: if zero
is a regular point, then

GtH P — _(4xi) 2173 By +o(t72),
and if there is only a resonance ¢ at zero then
G P — (i) 22 @+ 0(tT2).

Murata [1982] extended these results by obtaining an asymptotic expansion to any order, for a more
general evolution, with or without singular points, and then proving that each term in the expansion is
degenerate. Murata’s expansion and proof are valid in weighted L2 spaces.

Erdogan and Schlag [2004] obtained an asymptotic expansion of the evolution e’’ H p_ in the pointwise
L'-to-L setting using the Jensen—Nenciu lemma [2001]. The condition assumed for the potential
was that |V(x)| < (x)7!27¢. The same method works in the case of nonselfadjoint Hamiltonians (see
[Erdogan and Schlag 2006]) of the form

2 = —A+M+V1 Vs
- —Vz A—M—Vl ’

assuming that |V (x)| 4+ | Va(x)| < (x) 7107,
At the same time, Yajima [2005] proved a similar expansion for generic Hamiltonians H = —A + V'
when |V (x)| < (x)_%_e, for singular Hamiltonians of the first kind when |V (x)| < (x)_%_e, and of the

second and third kind when |V (x)| < (x)‘lTl_E. His main result stated the following:

Theorem 1.2 [Yajima 2005, Theorem 1.3]. (1) Let V satisfy |V(x)| < C(x)™P for some p > % Suppose
that H is of generic type. Then, forany 1 < q <2 < p < oo such that % + % =1,

le™H poull, < Cor >G5 ully,  where ue L2 LY. (1-4)
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(2) Let V satisfy |V(x)| < C(x)~P for some B > 1—21 Suppose that H is of exceptional type. Then the
following statements are satisfied:

(a) Estimate (1-4) holds when p and q are restricted to % <g=<2=<p<3and % + é =1

(b) Estimate (1-4) holds when p = 3 and g = % provided that L* and L3 are respectively replaced by
Lorentz spaces L3> and L3,

(c) When3< p<ooandl <q< % are such that % + é = 1, there exists a constant Cpq such that, for
any u € L*N L4,

[ P = R(t)—~ SO, < Cpgt > 35 ull.

If H is of exceptional type of the first kind, statement (2) holds under a weaker decay condition
V(x)| < C{x)~P with B > 3.

However, note that, due to a mistake in the proof, the requirement g > 12—1 should be replaced by g > 8.

When the zero-energy eigenfunctions ¢ of H have enough decay, both R(¢) and S(¢) can be taken to
be zero. Indeed, Goldberg [2010] showed that if V' € L%_E N L%Jré and the zero-energy eigenfunctions
are in L' then |e 7"H Pou||fo00 < 3 lee]| 1. We retrieve a similar result in our context.

Some of our results for exceptional potentials of the first kind hold under the same decay assumption
as those for generic potentials: V € L3>!. A similar fact was also recently noticed by Egorova, Kopylova,
Marchenko and Teschl [Egorova et al. 2014] in dimension one.

Several results [Journé et al. 1991; Goldberg and Schlag 2004a; Goldberg 2006; Beceanu and Goldberg
2012] address the issue of pointwise decay in the case of generic Hamiltonians — for L3 €nL3+e
potentials in [Goldberg 2006] and Kato-class potentials in [Beceanu and Goldberg 2012].

Results obtained in other dimensions include [Cardoso et al. 2009; Egorova et al. 2014; Erdogan et al.
2014; Erdogan and Green 2010; 2013a; 2013b; 2013c; Goldberg 2007; Goldberg and Green 2014; 2015;
Green 2012; Schlag 2005].

The current result, Proposition 1.1, represents an improvement on [ Yajima 2005] by half a power of
potential decay for exceptional Hamiltonians of the first kind. We expect the rate of potential decay from
Proposition 1.1 to be optimal for this sort of result.

The same considerations apply in the case of exceptional Hamiltonians of the second and third kind,
also leading to similar improved results. These will constitute the subject of a separate paper.

Below we mostly follow the scheme of Yajima’s proof [2005], making the changes from Holder spaces
to Wiener spaces needed to improve the result. The proof method that we use here is the same as in
[Beceanu 2011; Beceanu and Goldberg 2012].

2. Proof of the statements

2A. Notations. We denote the usual Lebesgue spaces by L? and the Lorentz spaces by L?>?, where
1 < p,q < oo. Note here that LP>P=LP [P is weak-L?, and LP91 C LP*92 for g, < q,. For the
definition and further properties, see [Bergh and Lofstrom 1976].
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Let Sobolev spaces be W*#, where s € R and 1 < p < 0o, and denote weighted Lebesgue spaces by

JL? ={f(x)g(x) | g € LP}.

Fix the Fourier transform to
fo=[ e rman fw=en [ e
Let Ro(A) :=(—=A—21) ! and for A € R,
Rog(h) := ll(RO(A +i0) — Ro(A —i0)).
Concerning the Fourier transform, resolvents, and the free evolution, note that with our definitions
M0 = (Roa(1))" (1),
Roa(A) = (")~ for 1 e R,
iRy(A) = (X[O,oo)(t)eitHO)A(k) for ImA < 0.
Likewise let Ry (A) := (=A+V =)7L
Also, let
e x4 be the characteristic function of the set A;
e M be the space of finite-mass Borel measures on R;
¢ §, denote Dirac’s measure at x;
. (x) = (+1xPD)3;
e B(X,Y) be the Banach space of bounded operators from X to Y and B(X) be the Banach space of
bounded operators from X to itself;
e C be any constant (not always the same throughout the paper);

e a Sbmean |a| < Clb|;

S be the Schwartz space;

e u ® v mean the rank-one operator (-, v)u;

e K(x, y) denote the operator having K(x, y) as its integral kernel.
For a potential V, let V; = |V|2 and V3 = | V|2 sen V.

2B. Auxiliary results. Recall that M is the kernel of I + Ry(0)V in L°.

Lemma 2.1. Let V € L%’l; then M C L3, Conversely, any ¢ € L3 that satisfies the equation
¢ + Ro(0) Ve = 0 must be in L°°, hence in M.

Proof of Lemma 2.1. Let V.= V1 4 V2 where V! is smooth of compact support and ||V 2| 3/2.1 < 1.
Then, if ¢ solves the equation

¢ =—(I+ Ro(0)V?)'Ro(0)V'¢p

= (Tt RV ) R0,

k=0
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where the inverse is the sum of a Neumann series, and thus is bounded on L3 and on L°°.
If p € L™, then V¢ € L'; hence Ry(0)V1¢p € L3>, s0 ¢ € L3,
If ¢ € L3, then V!¢ € L2 hence Ro(0)V'p € L™, s0 ¢ € L™, O

Lemma 2.2. The quadratic form —(u, Vv) is an inner product on M.

Proof. Suppose that u, v € M. By the definition of M, observe that —(u, Vv) = (u, —Av), where
uelL*»*®NL®byLemma2.land —Av=VvelLln L3*!. Thus the pairing is well-defined.
Furthermore, Vu = VRy(0)Vu € L3%° N 13 ¢ L2 and the same holds for Vv, so their pairing is
also well-defined and we can write (u, —Av) = (Vu, Vv).
This expression is positively defined because, setting u = v, the equation (Vu, Vu) = 0 implies that u
is constant; hence, in view of the fact that u € L3> by Lemma 2.1, u = 0. O

Recall that £ = M N L2,

Lemma 2.3. Assume that V € L3, Then, for any ¢ € M, we have ¢(x) € (x)~1 L.
Assume that V € L' 0 L21, Then, for any ¢ € M, we have

CR A |>

47 |x
Thus ¢ € M is in £ if and only if (¢, V) = 0; thus codim € < 1. Also, £ C (x) 2L,

Proof of Lemma 2.3. First, assume that V € L3, Rewrite the eigenfunction equation

e|x|TTL3® N |x|T1L® ¢ L2

60) = [ =V dy
7 S
as
1 —x—
o+ [ v oblem
y>
L L = lx=yl
= Lorosma— [ G0 ar

Note that }|x| —|x - y|| <|y| and lirnR_>ooHX|x|ZR(x) Vi(x) “L3/291 = 0. Then, for sufficiently large R,

we can invert 1 x| — x|
ot =9+ - [ SR VGIs0) dy
T

=R 1x—=yllyl

as an operator in B(L>). Since ¢(y) € L3°° N L, the right-hand side is in L, so we obtain that
|x|op(x) € L°.
Next, assume that V € L1 N L%’l. Start from

. V) 1 1 1
p- 0 [ (e ) YoRm

1 | x| =[x —y|
=— V(yn)e(y)dy,
dr|x| Jrs  |x—yl

which is bounded in absolute value by

1 IVO)IeODII
dm|x| Jrs  [x—yl
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Since p € (x) "1 L®and V e L! OL%’I, this expression is in |x| "1 L® N |x| 71 L3> C (x)~1 L3> c L2,

Since whenever (¢, V) # 0 we have (¢, V)/(4x|x|) & L?, it follows that for ¢ to be in L? it is
necessary and sufficient that (¢, V') = 0.

The space £ is then the kernel of the rank-one map ¢ — (¢, V') from M to C, so it has codimension
at most 1.

Finally, we already know that £ C M C (x)~! L. The eigenfunction equation for a function ¢ € £
for which (¢, V) = 0, can be written as

1 —lx =
0 =—— [ BRIy 5000
T Jws eyl
We further rewrite it as
_ _ 2
e I R R
=R [x =Yyl
I 1 (x| = x = y))?
- =)V dy — — ASa e e VA 7 dy.
r I R e L

The right-hand side is in L°° and, for sufficiently large R, the left-hand side is invertible, as above. This
shows that |x|2¢(x) € L. |

We can continue the asymptotic expansion of eigenfunctions to any order, but first we need the following
lemma.

Lemma 24. Forx, y € R3,

1 1 2
_(—+ xy3) < D 2-1)
x—=yl x| x| |x1%[x =y
and , , \
1 1 X 3(x
_(_+ y3+|y|3_ (yz)S 3Iyl . (2-2)
x—=yl \xl - IxP o 20xP 20x] X x =y
More generally, it seems to be the case (one can prove by induction) that
k |N+1
(y,---,y)‘ Iy To—
IX+y| Z IIN“IX I
Proof of Lemma 2.4. Indeed, we start from
1 1 2xy yI?
(x> +2xy + |y = (Ix})2 = + : (2-3)
X+l +lxl x4yl +Ix]
Then
2xy xyl_xy(xl=lx+aD | P
Ix+yl+IxlIxl [Ux+pl+IxDlx[] ™ Ix]
Therefore,
P
R R B P (2-4)
™ Il
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Consequently,

Ix —yl- |x|+—+{xy(|x| x = yD] < 112 1xl.

[ (1x] = [x = ) = xplx =yl < |x? o

Dividing by |x|3|x — |, we obtain (2-1).
We next perform a more detailed analysis of the same inequality. In (2-3), by (2-4) we have

xy (x| —|x + y|) N (xy)?
(x+yl+1xDIx] ~ 2]x3

Clxrlxl =l 4ah  xp(xl=lx+ D] |G Ry

T(x + yl+ xDx] 2|x|? 2|x|2 T x)?
Furthermore, also in (2-3),
2 PP
|x + I+ Ix[ 2x] 7 [x]?
Therefore,
xy  y? o en?|_ Iy
lx + | =Ix]——=— < : (2-5)
Ix] 20x| 0 20x P |x)?
By (2-4) and (2-5), we then obtain (2-2). O

We can now establish the asymptotic expansion of eigenfunctions.

Lemma 2.5. Assume that V.€ L' N L2, Let ¢ € £ be a zero-energy eigenfunction of H. Then

3

¢ (x) — Z(V(/),yk)' 7 el 2(L3® N L),
k=1
Further assume that V e (x)"1L1 N L3, Then

3

V, —_— IS L>°%° N L),
EWymngw Nl )

3
P — > (V. yi) s —
k=1

| I k=1
In particular, ¢ € £ isin L' if and only if (V, yi) = 0and (V$, yiye) =0 for 1 <k, £ <3.
Let & = EN L. Then codimg & < 12.
Proof of Lemma 2.5. We start from the eigenfunction equation

1
PO= "0 e v
Recall that (¢, V') = 0. Using (2-1), we obtain that

V(y)g(y)dy.

'm)Zwmk

1 y[? Vlleldy
/.

~lx]? [x =yl

Since ¢ € (x)"2L>® and V € L' N L?"!, the right-hand side is in |x|~2(L>*° N L®).
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Using (2-2), we obtain instead that

3
Skt 3)%)6@)‘ 1 YPIVO)lle(»)| dy
V, .
E (¢ ykye)( N /R3

3 5 )|~ 143 _
2 3P 2 F )T ] =yl

3
'¢u»—§jwvu%rﬁ%—
k=1 x|

Since ¢ € (x)"2L® and V € (x)~' L' N L', the right-hand side is in |x|~3(L3° N L*).
These estimates matter only in the region {x : |x| > 1}, since near zero, ¢ € L™ C L' ({|x| < 1}). As
|x|73 L3 c L'({|x| > 1}) and
Xe o Sk 3xpxg
X720 20

¢ L'

are linearly independent, it follows that ¢ € £ is in L! if and only if all the coefficients (V¢, y) and

(Vo, yrye) are zero.
Then & is the kernel of a rank-12 map ¢+ ((gbV, Vi) (¢V,ykyg)) from £ to C'2, so codimg £; <12. O

2C. Wiener spaces.

Definition. For a Banach lattice X, let the space Vy consist of kernels 7'(x, y, o) such that, for each
pair (x, y), we have that 7'(x, y, o) is a finite measure in ¢ on R and

M@Y= [ dIT G0
is an X -bounded operator.

Vx is an algebra under

(ﬂ*DWﬂJ%=/ﬂ@%MBUJﬁ-M@%-

Elements of V y have Fourier transforms
T(x,p, )= / eI AT (x, v, 0),
R

which are uniformly X -bounded operators, f(k) € L°B(X), and, for every A € R, we have T, A) 7, n)=
(Ty * T)™(A).

The space Vx contains elements of the form 8¢(c) T (x, y), whose Fourier transform is constantly the
operator T'(x, y) € B(X). In particular, rank-one operators §¢(0)¢(x) ® ¥ (y) are in Vx when ¢ € X*
and ¢ € X. More generally, f(0)T(x,y) € Vy if f € L' and T € B(X).

Moreover, for two Banach lattices X and Y of functions on R, we also define the space Vy,y of
kernels 7'(x, y, o) such that M (T)(x, y) is a bounded operator from X to Y. The category of such
operators forms an algebroid, in the sense that

I1T1 % Tallvyz < I T1llvy 2 I T2llvx y -
For example, note that

(Ro((A+10)2))" € Vy3/21 foo NVp1 p300 and (33 Ro((h +i0)%)" € V1 poo.
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Indeed, the Fourier transform in A is

(Ro((A +i0)%)"(0)(x, y) = (470) "' § 2y (0),

so we have .
R -
M ((Ro((r +i0)%))") = yrp——
Clearly 1/(4r|x — y|) is in B(L3*!, L) N B(L', L3*).
Likewise,
(3 Ro((A +i0)) " (0)(x, y) = (4m) " i§)x—|(0),
so we have

M((3; Ro(( +10)))") = dm) "1 @1,

which is in B(L!, L>®).
A space that will repeatedly intervene in computations is

W= {L | LY € Vy3/22NVy32, (03 L)Y € VL3/2>2,L3-2}-

This space has the algebra property that L, L, e W => L{(A)Ly(X) € W.
The following technical lemma will be useful:

eislx—yl
(=

oislx—yl
M
(( drm|x -yl

M((Ro((S +i0)%) — Ro(0)

Lemma 2.6 (Fourier transforms).

4ﬂ|x yl’
191

1®1

Ix yl

M((Ro((s +i0)%) 52R0(0) —isigh

|x — yl2
247

))

t) )=

)=
M(( Ro((S+10)2) Ro(O))A) L]

)

))

M((a Ro((s +10)?) 2R0(0)—l S
S

Proof. Let a > 0. Observe that the Fourier transform of /4 in A is 8,(¢). Then

ila a
-1 .
e . :/ ezkb db,
ix 0

o) ( ira 1)/(1%)) = X[0,a](A). Also

e”“‘—l—ika_/”e”‘b—ldb
A2 “Jo A ’

823
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so (€9 —1—ixa)/(iA?))" = (a—1)xX[0.4(1)-

Note that
is|lx—y|

Ro((s +i0)}) = ———
4m|x —y|
has the Fourier transform §|x_,(0) /(47 |x — y|). Thus

islx=yl \N 8. (o)
R 02\ = £ = Oxy9)
o((s+10)%) (4n|x—y|) dnlx—y]

Integrating the absolute value in o, we obtain 1/(4x|x — y|).
Likewise,

(Ro((S +i0)%) — Ro(0) )A _iXfo,lx—y1(0)
s  Amlx—y|

Integrating the absolute value in o, we get 1/(4n) = (1® 1)/(4n).
The Fourier transform of the derivative is

(a Ro((s +10)%) — Ro(0) )“ 0 X0 x—y)(©)
s s - dr|x—y|

Integrating in o, we obtain |x — y|/(87x).
Next,

Ro((s +i0)2) — Ro(0) —isl @ 1\ _ (el =¥I—1 —jglx — y|\"
52 B dms2|x — y|

_ (|x =yl _U)X[O,Ix—yI](G)‘

x| 20
Integrating in o, we obtain |x — y|/(87x).
The Fourier transform of the derivative is
(3s Ro((s +10)?) — Ro(0) —is1 ® I)A _o(lx—yl _U)X[O,lx—y\](o—).
52 dm|x — y|
Integrating in o, we obtain |x — y|?/(24r). |

2D. Regular points and regular Hamiltonians. Before examining the possible singularity at zero, we
study what happens at regular points in the spectrum.

Recall the notation V; = |V|% and V, = |V|% sgn V. The following two properties play an important
part in the study:

Lemma 2.7. Let
RAGIAN

S_jx— ,
47|x — | |x yI(p)

T(x,y,p):

so T(A) = VaRo((A + i0)%)V,. Then:

(C1) limg— o “XpZR(/O)T(P)||VL3/2,2FWL3,2 =0.
(C2) For some N > 1, we have lim¢_;¢ ||TN(/0 +€)— TN(,O)”VLg/z,zﬂng,z =0.
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Here the powers of 7' mean repeated convolution. We refer the reader to similar properties that appear
in the proof of [Beceanu and Goldberg 2012, Theorem 5].

Proof of Lemma 2.7. Suppose Vi and V5, are bounded functions with compact support in B(0, D). It
follows that for R > 2D, we have X( )T(l) = 0, so in particular

Ixe=rT ||VL3/2.20VL3.2 -0

as R — oo, and property (C1) is preserved by taking the limits of V; and V, in L3>2.
Next, fix p € (1, %] and assume that V7 and V, are bounded and of compact support.
Since V7 and V, are bounded and of compact support, 7" also has the local and distal properties

i V2(x)Vi(y)
im || x<e(|x — y)———7— =0,
€0 |x —y] B(L3/2:2)NB(L3-2)

. Va(x)V1(y)

lim ‘X>R(|X_J7|)— =0.
R=00 Ix=»l lsws2answs2)

Combined with condition (C1), this implies that for any € > 0 there exists a cutoff function y compactly
supported in (0, co) such that

”X(/O)T(/O) - T(p)||VL3/2’2ﬂVL3,2 <€

Thus, it suffices to show that condition (C2) holds for x(p)7 (p).
The Fourier transform of x(0)7 (o) has the form

eillx—yl
(XD T ()" ) = Va(x) ———x(Ix — yDV1 (). (2-7)
4|x — y|
Such oscillating kernels have decay in the L? operator norm for p > 1. By [Stein 1993, Lemma on
p. 392], with p’ being the dual exponent, that is, we have % + % =1,
_3
| x@T )W) f | Lo 2771 Sl (2-8)

Taking into account the fact that (x(0)7 (0))” (1) has a kernel bounded in absolute value by

1 1
V)12 IV(»)I2
4r|x — y|

(where |V|% = V1 is bounded and has compact support by assumption), it follows that (x(0)7 (0))" (L)
is uniformly bounded in B(X, L?), B(L?, X), and B(L?) for all A, where X is L%’2 or L32, Therefore,
by also using (2-8) for the middle factors,

T )Y £y s 07 1/ lx-

For N > 2 —I— 2p , this shows that 8, (x(0) T (p))"N are uniformly bounded operators in B(X), where X is
either L3°2 or L3 2 Slnce (X(,o)T (,0)) has compact support in p, this in turn implies (C2).

For general V' € L~ 31 , choose a sequence of bounded compactly supported approximations for which
(C2) holds, as shown above. By a limiting process, we obtain that (C2) also holds for V. O
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Lemma 2.8. Let f(k) = Vo Ro((A +i0)?)V;. Assume that V € L2 and let Ao Z 0. Consider a cutoff
Sfunction . Then, for € < 1, we have

x(A20)a + Toy T ew

The same holds for Ao = 0 if V is a generic potential.
Infinity has the same property: for R > 1, we have

(1- X(%))(l +TO) e W

Proof of Lemma 2.8. Note that I + T (k) is invertible in B(L>2) and in B(L3+2) for all Aq # 0, the
only issue being at zero.

Indeed, assume that I + T (Xo) is not invertible in B (L%’z); then, by Fredholm’s alternative, there
exists a nonzero f € L322 such that

f==VaRo((ho +i0)*)V, f.

Let Vy = Vll + Vlz and V5 = Vzl + sz, where Vl1 and V21 have compact support and are bounded with
||V12||L3.2, ||V22||L3.2 < 1. Then

f==(I+V2Ro((ho +i0)*)V{ + VS Ro((Ao + 1'0)2)1/11)‘1 V) Ro((ho +i0)*) V]! 1,

which implies that /€ L2. Letting g = Ro((Ao 4+ i0)?)V; f, we obtain a nonzero L% solution g of
the equation
g=—Ro((ho+i0)*)Vg.

However, this is impossible for Ay # 0 due to the results of Ionescu and Jerison [2003] and Goldberg and
Schlag [2004b].

When Ay = 0, we have that g is a zero-energy eigenfunction or resonance for H = —A + V, which
cannot happen if V' is a generic potential.

Let

5e() = x(222) (700 - T (ko).

A simple argument based on condition (C1) shows that lim¢_,¢ || S,/ 1V, 3/2.20v, 3, = 0. Then

(P20 + 7o =x(2) (1 + Too +x(25 “)(m) 70a))

A—A S - S —1\k
= x(220) U+ T o)™ S DR (S2e (7 + Tl ™)
k=0
The Fourier transform of the series above converges for sufficiently small €, showing that

(X(k A0)(1 +TO))™ ) € V322N Vyso.
Concerning the derivative,

x(220)0 1 + 7oy = —x(P20)a + T on T ox (2

RS A
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Here
—_ ~ \V2 ~
(X(ksz)(lJrT(k))‘l) €Vpsr2NVisa and (T ()Y € V32 g3
since
1V2(x)| @ V1 (»)]
M(B,T(W))Y) = =2 - T
Then

(X(A_Eko)a)\(l + f(l))_l)v €Vrsn2 ria.

At infinity, for any real number L, one can express (1 — x(%))7 (1) as the Fourier transform of

Sk(0) = (T = RIR) = T)(p) = | Ri(R)[T(0)=T(p )] do

Thanks to condition (C2), the norm of the right-hand side integral vanishes as L — co. This makes it
possible to construct an inverse Fourier transform for

(1-x(&))a+Ton" = (1-x(%)) T ((1-#(%)) )

k=0
via this power series expansion, which converges for sufficiently large R.
Ifonly T N gsatisfies (C2) then one constructs an inverse Fourier transform for

(A VN -1
(1=x(%))u =DV o
in this manner and observes that
N-1
(A Son=1 — (1 (2NN (7 — (7Nl T
(1-x(F))a+Ton™" = (1-x(%)) (1 = =TGN ;)( DETR M),
Finally, concerning the derivative in a neighborhood of infinity, we note that

(1=x(5))onr + 700~ = (1= x(%)) + o~ 070 (1= x(3) ) + TG
Here
((1 —X(%))([ + j:()x))_l)v €Vr322NVy32 and (3;?()\))\/ €Vy3n2 132,
Therefore,

(1- X(%))am + T(x))—l)v € Vpsaapaa. 0

In the case when H is generic, we can cover the whole spectrum [0, c0) by open neighborhoods of
regular points, plus an open neighborhood of infinity, and choose a subordinate partition of unity. We
retrieve a form of [Beceanu and Goldberg 2012, Theorem 2]:

Theorem 2.9. Let V € L>' be a real-valued potential for which the Schrodinger operator H =—A+V
has no resonances or eigenvalues at zero energy. Then

i _3
le ™ Pe flloo < 1172 f 1 (2-9)

In the context of the wave equation, again if the Hamiltonian H is generic, we retrieve the results of
[Beceanu and Goldberg 2014].
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Proof of Theorem 2.9. Consider a sufficiently large R such that
(1- x(%))(l LR ew

by Lemma 2.8. Also by Lemma 2.8, for every Ao € [-4 R, 4R] (including zero, since V is a generic
potential), there exists €(Ag) > 0 such that

A—2Xo -
((k))(l-l—T()\)) eEW.

Since [-4 R, 4 R] is a compact set, there exists a finite covering

—4R,4R] C U A — €M), hg + €(hg)).

Then we construct a finite partition of unity on R by smooth functions 1 = ZII<V=1 X (A) + Xoo(A),
where supp xoo C R\ (—2R,2R) and supp xz C [kk —e(Ap), Ax + e(kk)]. By our construction, for
each 1 <k < N and for k = oo, we have x;(A)(1 + JA“()L))_1 € W, so summing up we obtain that
(I+TH) L ew.

By spectral calculus, we express the perturbed evolution as

. 1 oo |
SHp, = %/o e’“(RV(A+i0)—RV(A—i0))fdA

1 o0 -)\2
=— | " Ry((A+i0)%) fAdAr

i J_so

B % / ™ (Ro((+i0))=Ro((A+i0)2) Vi (I+T (1) "' Va Ro((h+i0)%)) f 1 d:

: ’t)‘zak(Ro(()x+zO) )—Ro((A+i0)2) Vi (I+T (1)~ VaRo((A+i0) ))fdl

2nt
=Z£3 i €in(3x(Ro(()»+l'0)2)—Ro(()»+i0)2)V1(1+T(K))_1VzRo(()»-i-iO)z)))v(,O)fdP-

(2-10)
Since (1 + ]A"()L))_1 € W, it follows that (81(1 + f()\))_l)v € Vp3/2.2 1 3.2. Taking into account that
Ro((AL+i0)H)V; e Vit p3/22 and Va Ro((A + i0)?) e V3.2 100, We Obtain that

Ro((A+i0))Vi(I +T(R) ' VaRo((A +i0)%) € Vpi1 Lo

By definition, this ensures a bound of |t|_% for this expression’s contribution to (2-10). The other terms
are handled similarly. O

We next consider the effect of singularities at zero.

2E. Exceptional Hamiltonians of the first kind. Let

1
Q =5 VzRo(O)Vl —zI
2mi |z+1|=5( )

1z
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and Q = 1 — Q. Assuming that H = —A + V has only a resonance ¢ at zero, then (recalling that
—{(¢, V¢) = 1), by the analytic Fredholm theorem,

0=-10QV¢.

The resonance ¢ € M satisfies the equation ¢ = —R((0) V. Since ¢ € L3 N L, we have that
Q is bounded on L3*2 and on L32, so the constant family of operators Q is in WW. Moreover, Q is in
B(L3-2, L>?) and in B(L??, L32).
Note that, since
MY <min(LAx—y)) = A1 <A x-S,

one has
eiMx—yl

Vz(x)( )Vl()’) S V2 A Vi) (2-11)

Ix—=yl Ix—yl
Thus, when V' € (x)_lL%’l,
I+ T () =1+V2Ro((A+i0))V;

is Lipschitz continuous in B(L?). This implies that, more generally, when V € L%’l, we have that T A)
is continuous in B(L?) (the proof is by approximation).

In a similar manner, by approximating V € L2 with (x)_zL%’1 potentials, we obtain that f(k) is
continuous in B(L%’z) NB(L3?).

Let

K=(I+VsRo(0)V; +0)' 0
Then K is the inverse of O(I + f(O))Q = Q(I—I— VZRO(O)VI) Qin B(QL%’2 N QL3*?), in the sense that
KO(I+ VaRo(0)V1)Q = O(I + V2Ro(0)V1) 0K = Q. (2-12)

By continuity, Q(l + Vo Ro((A + iO)z)Vl) O is also invertible for |A| < 1.
The following lemma, also known as the Feshbach lemma, is extremely useful in studying the singularity
at zero.

Lemma 2.10 (see [Yajima 2005, Lemma 4.7]). Let X = Xo + X be a direct sum decomposition of a
vector space X. Suppose that a linear operator L € B(X) is written in the form

Loy L
L = ( 00 01)
Lo L1y
with respect to this decomposition and that Lo_ol exists. Set C = L1 — LIOLEOI Loi. Then, L™ exists if
and only if C™! exists. In this case,

171:(Q$+L£LMC4LWL£ —L%me4)

—C_ILI()LO_OI c! (2-13)

By definition, an exceptional point A € C is one where I + V, Ro(A)V; is not L2-invertible.
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Lemma 2.11. Assume that V € ()c)_zL%’1 c{x)"'L'n L2 and that H=—A+V is exceptional of
the first type, with a resonance ¢ at zero. Let x be a fixed cutoff function. Then, for some € > 0,

)\, -~ —1 —1 )\. Ami
ANT+TO) ™ =L0)—A (——V V1o,
()T +T0N™ = L0 =27 u(C) g Vae @ Vi
where L € W.
Moreover, zero is an isolated exceptional point, so H = —A +V has finitely many negative eigenvalues.

The computations in the proof of this lemma parallel those in [Yajima 2005, Section 4.3]. The main
difference is using L!-related spaces instead of Holder spaces.

Proof of Lemma 2.11. We apply Lemma 2.10 to
OU+TH)0 OTMQ )
OTMO QU +T(M)Q

Note that Too(A) := O (I + VaRo((A +i0)?)V1)Q is invertible in B(OL3?)NB(OL>?) for |A| < 1
because

1+ 70 ::( (Too(x) T01()\)).

Tio() T1i(d)

Too(0) = O +T(0))0 = O(I + V2Ro(0)V1) O

is invertible on QL%’Z and on QL3’2 with inverse K (see (2-12)), and Too(A) is continuous in the norm
of BIOL?2) N B(OL>?) (see (2-11) above).
Furthermore, start from

(Ro((A+i0)*)™ € V321 poo NVt p3.00 and  (9p Ro((A+i0)*) € Vi foo.
We know that
V|2 € B(L22, LYNB(L®, L¥?) N B(L>®, L2y nB(L32, L3,
Thus V5 Ro((A +i0)?)V; € W and O preserves that. Then Too(A) € W as well.
Next, since Too(0) is invertible, for small € we have X(%)T 0_01 (X)) € W. The proof is as follows: Let
AN = A~ A
Se0):=x(5) 2T M -T©0)0.
A simple argument based on condition (C1) shows that lime—o S’ [V, 5/5.,nv, 5, = 0. Then
A - _ A A\ =~ A _\—1
1(%) Ta0 0 = x(2) (Too @ + x(3:) 27 0) - T(0) 0)

- x(%)T(;f (0) D (=1 (S2e(M) Tgq' ()"
k=0

The series above converges for sufficiently small €, showing that X(%)T 0_01 (A) €Vp322NVps02.
Concerning the derivative,

x(2)0 150 00 = —x (2

€

)Too' 133 Too M x( ) Too' .



DISPERSIVE ESTIMATES IN R3> WITH THRESHOLD EIGENSTATES AND RESONANCES

In this expression, (X(%)To_o1 ()\))V € V322N V32 and (03 Too(A))Y € Vp3/2.2 p3.2. Thus

(x(2) 7' 0) " € Vivna paa.

This computation shows that X(%)T 0_01 A ew.

Let
T(h)— (VaRo(0)Vi +id(dm)" V2 @ V})
JA) := e
_ VaRo((A+i0))Vy = VaRo(0)Vy —iA(4m) 1V, @ V;

)\2
Then (recall that Q = —V,¢ ® V1 ¢),
Ti1i(M) = QU +T(A)0 = O(I + VaRo((x+i0)*)V;)Q
= Q(VaRo((A +i0)*)V1 = V2Ro(0) V1) Q
=120 ® Vo (Ro((A +i0)*) — Ro(0) Vo ® V1 ¢

2
_ (A“Vid’” _32(, J()»)Vz(P))Q

dim

= (Aa =22 Vi, J()V29)) O
=:MAco(A) 0.

Note that ¢o(0) = a~! # 0. Recall that a = 4in/|(V, $)|?.
By the third line of (2-14), co(r) € L' if

eiMx—yl
[ [ vesevmem)| S| dxdy<oc.
R3 JR3 Ax =yl Iz
For every x and y, by Lemma 2.6,
eiMx=yl _ _ X[0.lx—y[1(1) _
Ax—yl g Ix—yl gy

. . 3 =
s0 it is enough to assume that Vg € L1, i.e., that V € L2°!, to prove that ¢o(A) € L.

In order for d;.¢o(A) to be in L', it suffices that

eiMx—yl
|, [ vesevmem| a2 dxdy<oc.
R3 JR3 Ax =yl L!
For every x and y, by Lemma 2.6,
) elMx=yl _ _ H 1 X[10,)x—y () _ |x — y|
Ax =yl gy lx—yl 2

50 95co(A) € L! when V¢ € (x)"1L!, i.e., when V € L.

831

(2-14)
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Regarding J(A), if V € L! then

Ro((A+i0)?) — Ro(0)—ir(4m) 1 ®1
)\2

Moreover, when V € (x)"!L!, we know (9 J(A) V2, Vi) € Z){
Furthermore, considering the fact that ¢ + Ry(0)V¢ = 0, let us define

M) i= (I + T ())Vap = (VaRo((A +i0))V — VaRo(0)V )¢
= A( Viﬂ + AJ(A)) Vg
AP = I+ TW)HVid = (ViRE((L+i0)2)V — Vi R(0)V )

_x( @Jﬁd (k))Vlgb

(TGVap. Vig) = vove)ell @19

and

Note that

MUIM)Y) = |V2(X)|| i

Vi)l

is a bounded operator from L3210 L32, assuming that V € (x)_zLi’l. Thus J(A)Y € Vps/2.2 3.2 and
the same goes for Ady J(A).

Moreover, V& Vil
® |V
AJ (L raleiit

M((.0)") = =

Thus (AJ(A))Y € V2 for V e L and (AJ (L)Y € Vy3/2.2 N V32 when V € (x )_ZL%’I. Further note
that (3), (AJ ()Y = (J(A) + 10, J(X))Y € V3722 3.2. It follows that AJ (L) € W.
Then (recalling that O = —1V5¢ ® V1¢),

Tor(h):= 0T (MQ = 0U +T(1)Q = +T(1)Q~ QU +T ()0
= — AW ® Vig—reo(M) QO

Likewise, 3 L
Tio(M) = =AVagp ® (V¥ (A) +co(M)V19).

By our above computations, it follows that Ty1(A) = AE{(A) and T1o(A) = AE,(A) with E{, E; € W.
Then —T'10(A) Tyo' (M) To1 (1) = A%¢1 (M) Q, where

c1 (M) i= —{¥* (W) +coM) Vi, Ty ) (¥ (W) +co(h) Vad))
=_<(_ V14®V2 e (x)) Vig+co() Vi, Toq (A)((

£: 4® Vi +AJ(A)) Vad+co (A)V2¢)>

(2-16)
For example, one of the terms in (2-16) has the form

(AT*M)Vig, Ty MAT (M) V2. (2-17)
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Since AJ(A) € W and X( ) 0_01 (M) € W and since V1o, V¢ € L3220 L32, it immediately follows
that X( )(2 17)is in L' and its derivative is also in L.
We then recognize from formula (2-16) that, for a cutoff function ,

x(2)ay e Lt and x(2)orer) e 1!

when V € (x)_zL%’l.
Let
C(A) :=T11(A) — T1o(M) Toq' (M) To1 ().
Then
CA) = (ha™' =22(Vig, JM)Vag) +A%c1 (M) 0 = ha™ ' Q + A%, (M) Q.

Thus C(A)/A is invertible for |A| < 1, and when V € (x)~ 27,3+ one has that

1
ra—V+2%c(M) ©

c ' =

1 1 1
- (ka‘l V= +A2e,(0) ka‘l)Q

_ (a c2(A)
"L (@ T+ re ()t ) 0
=al 'O+ EO).

By our computatlons such as (2-15), X( )cz (k) e L! and X( )8102 A e L. Therefore for sufficiently
small €, as Q € B(L>" 2) N B(L>2)NB(L32, L3?), it follows that x(2)EQ) ew.
The inverse of I + T(k) is then given for small A by formula (2-13):

T(;)l + TO_()I TOIC_ITI()TO_OI _TO_OI TOIC_I)

[+T)' =
( ) ( —C_lTl()To_Ol c1

Three of the matrix elements belong to W when localized by X(%) Indeed, recall that X(%) Tyl (M) eW,
Tio(A) = LE{ (%) and To1 (A) = LE»(R), while C~!' = A1 E5 (1), with Ey, E, x(2) E; e W

The fourth matrix element is C~! in the lower-right corner, which is the sum of the regular term
X(%)E (A) € W and the singular term

ar” X( )Q——ak X( )V2¢®Vld)

As an aside, note that A~' (1 — (%)) € L' and the same holds for its derivative. Thus we can also write
the singular term as aA =1 Q.

Further note that (1 + f“)_l is well-defined on a whole cut neighborhood of zero by formula (2-13)
above. Thus zero is an isolated exceptional point, so there are finitely many negative eigenvalues. [

The next lemma shows what happens in the case when the potential has the critical rate of decay.
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Lemma 2.12. Assume that V € L3 and that H = —A + V is exceptional of the first kind. Let x be a
standard cutoff function. Then

x(2)+ TG00 = Ly +37' S,

with L(A) € W and S(A)Y € Vp 3.2 13/2.2 for sufficiently small € > 0.
Furthermore, 0 is an isolated exceptional point, so H has finitely many negative eigenvalues.

Proof of Lemma 2.12. We again apply Lemma 2.10 to
OU+T(G)C  OTMQ '\ _ (Too) Tor (%)
OTMO QU +TM)Q) \Tw) Tiu())

The proof of the fact that X(%)T 0_01 (A) € W is the same as in Lemma 2.11.
Then note that

1+f@y=(

Ti(M) = QU +T(1))Q = QI + VaRo((A +i0)*)V1)Q
= Q(VaRo((A +i0)*)Vi — VaRo(0) V) Q
= V2 ® Vp(Ro((L +i0)%) — Ro(0)) Ve ® V1
=:Aco(A) 0.

Observe that co(0) = a~! # 0. Recall that a = 4iw/|(V, ¢)|?.
Note that cg(X) € L'if

eiklx—yl -1
[, [ vesevmem)| S| dxdy<oc.
R3 JR3 Alx =yl L!
For every x and y, by Lemma 2.6,
Mx =yl |z =yl dzy

50 it is enough to assume that V¢ € L1, i.e., that V € L%’l, to prove that c¢o(A) € L.
Furthermore, recalling that Q = —V,¢ ® V; ¢,

Toi(\):=0TMQ =0 +T(M)Q=T+TM)Q— QU +T(*)Q
= — (V2(Ro((A +i0)%) — Ro(0)) Vo + Aco (M) Vag) ® Vi

_k<?ER0«A+i??y—ROm)

Vo +co(r) V2¢) QVig. (2-18)
Likewise,
Tio(A) = V29 ® (ViI(R((A +i0)*) — Ro(0)) Ve + Aco (M) V1)

RG((A +10)*) — Ro(0)
A

— Ao ® (Vl Ve +co_(k)vl¢). (2-19)
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Thus T1\6 and TOV1 are both in Vy3/22 N V32— T1\6 by the second line of (2-18) and TOV1 by the first
line of (2-19)—when V € L3, Indeed, following the definition, this reduces to

/ V2V le ()]
R3 4r|x -yl

dye L2132
Next, —T79(A) TO_O1 M To1(A) = Ac1 () Q, where
c1(A) = —<V1 (R5((L+10)%) = Ro(0)) Ve + Aco (M) V1 4,

Ro((A+1i0)%) — Ro(0)
A

7o (72
For example, one term from formula (2-20) has the form

Ro((A +i0)*) — Ro(0)
A

Note that Vi (RE((A +i0)2) — Ro(0)) V2 and x(%) Tl (A) are in W, while

Ve + co (A)V2¢)>. (2-20)

<V1 (RE((A +10)%) — Ro(0)) V2 Vig, Tyo! (M V2 14 V2¢>. (2-21)

Ro((A+70)%2) — Ry(0 1% 1%
m(v, 0((A +10)") — Ro( )V1 _ "N e B(L32, L3,
A 45
5 Ro((h +0)2) — Ro(0)
Vz 0 ) 0 V] EVL3/2~2,L3s2'

Taking into account the fact that V¢, V¢ € L%’z, it follows that (2-21) is in L.
Thus we recognize from (2-20) that ¢;(A) € L' when V e L31.
Further note that, since R ((A + i0)?) — Ro(0) = 0 when A = 0, we have c¢;(0) = 0.
Let
C(A) :=T11(A) — T1o(M) Ty (M) To1 (A).
Then
C(A) = Alco(2) +¢1(1)) Q.

Thus C(1)/A is invertible for |A| < 1 and C~1 (1) = A7 ¢, (1) Q, with ¢; locally in L. Consequently,
for small €, we have (X(%))\C_l (k))v € V32 1322,
The inverse of 1 + T (%) is then given for small A by formula (2-13):

—1 —1 —1 —1 -1 -1
I+ Pyt = Tool + Too' To1 C ' 10Ty =Ty To1 C
—C7T0 T, c!
Since Ty,! € Wand Ty, Ty € Vy3/22 N Vy a2, while

\4
(X(%))\C_l()x)) €Vr32 1322,
it immediately follows that

MUI+TON =Tool (W) € Vpsa g3

and that (I + T )~1, given by formula (2-13), exists on a whole cut neighborhood of zero. O
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Recall that by (1-2)

3

“j% GO ®L(), Lix) = e i ().

Proposition 2.13. Assume that (x)*V € L2 and that H = —A + V is an exceptional Hamiltonian of
the first kind with canonical resonance ¢ at zero. Then, for 1 < p < % and R(t) as above,

—i

R() =

e "M p oy = Z(t)u+ R(t)u,

1_ _1
3G S e 1ZOul s <3 s

3

I1Z@)ullp»r <t

Furthermore, for 3 5<p=2

. 3(1_1
le™ ™ Pall <3G o

1 1 _
Here;—l—;-l.

Proof of Proposition 2.13. Write the evolution as
e itHp f = % / e_it}‘z(RO((A +i0)2) = Ro((A +i0)2) Vi T (W)™ VaRo((A +10)2)) f A dA.
R

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.11. First, take a
sufficiently large R such that (1 — x(%))(I + T (1))~ € W. Then for every Xo € [-4R, 4R] there exists
€(Ao) > 0 such that

A—ho .
(()\))(l—i—T(k)) ew

if Lo # 0, while the conclusion of Lemma 2.11 holds when Ay = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

—4R,4R]C U (hk —€(hi), A +€(hp)).

Then we construct a finite partition of unity on R by smooth functions 1 = xo(1)+ 21]27:1 XA+ Xoo(A),
where supp xoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xz C [)»k —e(Mg), A + e(kk)].
By Lemma 2.8, for any k # 0, we have y; (A)(I + f(k))_l eW,so (1—yxo())(I + YA”()\))_1 eW.
By Lemma 2.11, Xo(k)f (1) also decomposes into a regular term L € W and a singular term
—2 " xoMaV2p @ V1.
Let Z be given by the sum of all the regular terms in the decomposition:

21(0i= 1 [ ¢ (Ro(Go+10)) = Ro(GH0) VL) V2 Ro (Gt 107

—~(1=xo(W) Ro(A+i0)H) Vi T (M) Va Ro((A+i0)*) A d A

:L/e"”zak(Ro((k+i0)2)—R0((k+i0)2)V1L(A)VzRO((A+iO)2)
R

2t
—(1=x0(A) Ro((A+i0)*) V1 T (M) V3 Ro((A+i0)?)) d A
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_< e—"%f(ak (Ro((A+i0)3)—Ro((A+i0)*) Vi L(A) V2 Ro((A+i0)?)
12 JR A~ v
—(1=x0 (W) Ro((A+i0)*) V1 T (M) V2 Ro((A+i0)?))) () dp.

The fact that || Z1 (t)u| L < |t|_% lue|| 1 follows by knowing that

(92 (Ro((A +1i0)%) — Ro((A +i0)*) V1 L(A) V2 Ro((A +i0)?)
— (1= X0 Ro((A +i0)) Vi T (W) V2 Ro((A +i0)))))” € Vi1 poo.

The fact that || Z(t)ul|;2 < |lu| ;2 follows by smoothing estimates. Indeed, the first term is bounded

since it represents the free evolution, and note that
IV2Ro(-%10) /12 S lz2:
e L(EVR) + (1= xo(EVINT (V)| L) < O

S|\ F .
LS

X

H/ Ro(h £i0)V; F(x, 1) dA
R

Combining these three estimates, we obtain the L? boundedness of Z;.

By interpolation between the two bounds, we obtain that, for % + # =1,withl < p <2,

_3(1_1
1 v St Lp,
1Z1@ullyy <3677y

as well as
_1
Z1@)ullps.c0 S 2ullp3/2.0.

Let Z, be the term corresponding to the singular part of the decomposition from Lemma 2.11, given by

220 = 7 [ 710G R0+ 107V @ VoRo((h-+10))

B i pitlx—z1] pitlz2—yl
- / / ) V)V ()P (a) S dzy dzy
T Jr (R3)2 47T|X—21| 47'[|22—y|

The subsequent Lemma 2.14 is the same as [Yajima 2005, Lemma 4.10], the only difference being the
space of potentials for which the result holds. For the sake of completeness, we repeat the proof given in

[Yajima 2005].
Lemma 2.14. For V € (x)"' L3,

_3 _1
I(Z2(t) = RM)ullLee St 2ullpr, 1 Z2(Dullpsco St 2lullps/2. (2-22)

Proof of Lemma 2.14. Let b = |x —z1| + |z — y| and

1 . .
Ct.b)y=— /R eI HIAL L ) .
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We express Z,(t) as
V(z1)9(z1)V(z2)$(22)

le de.
X —z1[]z2 = ¥

Z3(t) = / C(t, bya
(R3)2
Note that

2 A b
C(t,b) = Tet(eut () (Z)

Then C(¢,b) < =2 and

(S

_ V(z z1)V(z z
ozt [ ERETREE s,
Clearly
|4
/ | (Zl)¢(21)| dZ] EL)3€,00 and / |V(22)¢(22)| de E L;,OO’
R3S |z1 — X R3S 22—

implying the second half of (2-22):
1Z2@ull oo S 072 ull L.
We also have = 5
FE g n(50) =1 57 sl + 1)),
It is easy to see, for

B =2(x—z1||z1]| + |22 = yl|z2| + |x — z1 |22 = ¥]) + |21 1> + | 22|,

that
QD141 i GP IR A1) (i (vt a4 i 42 41| < 4_1?
It follows that

o3 oI (x4 y?) /4t

C(t,b)— <(1+b+B) 2.

ATt
Then
T AT V(2 (20)V(2)$(22) dzy dzy
Zy(t) — a
(R3)2 Nt |x —z1||y — 22|

le de.

<t_;/ (1454 B)|V(z)p () V(22)(22)]
~ (®3)2 |x —z1|]z2 — ¥
Now note that, for V € (x)_lL%’1 and ¢ (x) < |x|71,

/ (I+b+ B)|V(z1)¢(21)V(22)9(22)]
(R3)2

|x —z1|]z2 — I

sup dzy dzy < 00
X,y

and v J
/R3 (z)¢(z1) dzy — b(x).

|x —z1]

The first part of conclusion (2-22) follows. O
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: _1 .
Note that R(#) also satisfies | R(¢)ul|z3.00 St~ 2|ul 1 3/2.1, so the same holds for the difference:

_1
I(Z2(2) = R@)ul L300 S 2l L3721

By interpolation with the L'-to- L estimate of Lemma 2.14, we obtain that, for 1 < p < 3,

_3(1_
1(Z20) — Repull o <7367 ul o,
Since the same is true for Z;, we obtainfor 1 < p < 35 that

NZ@ullpy = |(Z1(t) + Z2(6) = RO)u | St 2(%_#)”“””,

where e {"H Py = Z | (t)u + Zz(l)u = Z()u + R(t)u.
Knowing that || Z; (£)ul| 13.00 St~ 2 |||l 1 3/2.1 leads to the conclusion that | e~//H P, Ll||L3 oo Slullp3r2.1.
Combining this with the L2 estimate ||e /¥ P.u||; > < ||u| 12, we obtain that, for 3 5<p=2,

i _3(1_1
e Pl 503G .
Thus we have proved all the conclusions of Proposition 2.13. O

Proposition 2.15. Assume that V € L2 and that H = —A + V' is an exceptional Hamiltonian of the
first kind. Then
. 1
le™ 7 Peullps.co S 172 Jullgas2a,

and,for% <p=<2
: _3(1_1
le™ Paall <173 G77) .

1,1 _
Herep—{—p,—l.

Proof of Proposition 2.15. Write the evolution as
. 1 , ~
eTHHp = — / e_”)‘z(Ro((k +i0)%) = Ro((A +i0)) V1T (M)~ VaRo((A +i0)%)) fA dA.
T JR

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.12. First, take
a sufficiently large R such that (1 — x(%))(Z + T'(A))~! € W. Then, for every Ao € [-4R,4R], there
exists €(Ag) > 0 such that

A—ho .
((M)(HT(A)) ew

if Lo # 0, while the conclusion of Lemma 2.12 holds when Ay = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

—4R,4R]C U (hk — €(hi), A + €(Mp)).

Then we construct a finite partition of unity on R by smooth functions 1 = xo(A) + ZIILI X (A) + Xoo(A),
where supp xoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xz C [)»k —e(Ap), A + e(kk)].
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By Lemma 2.8, for any k& # 0, we have yx (1) (I + T(k))_l eW,so(1—xo(X))(I + YA”()\))_1 eW. By
Lemma 2.12, xo(A)({ + T (A))~! also decomposes into a regular term L € WV and a singular term A~1S,
with the property that SV € V3.2 13/2.2.

Let Z; be given by the sum of all the regular terms of the decomposition:

Zl(l)::%/e"“‘z(Ro((k+i0)2)—R0((k+i0)2)V1L(A)VZRO((A+i0)2)
R ~
—(1=x0 (W) Ro((A+i0)) V1 T (W) V2 Ro((A+i0)*)) A d

i[e—”“ak(RO((A+i0)2)—R0((A+i0)2)VlL(A)VZRO((AHO)Z)
R

- 2t
—(1=x0(A) Ro((A+i0)) Vi T (M) Va Ro((A+i0)%)) d A

:33 e—"%(aA(RO((A+i0)2)—R0((A+i0)2)VlL(A)VzRO((HiO)Z)

12 JR ~
—(1=x0(M) Ro((A+i0)) Vi T (W) V2 Ro (A+i0)2))) " (p) dp.
The fact that || Z1 () u|| oo < |t|_% |lee]| 71 follows by knowing that

(32 (Ro((A +170)%) — Ro((A +i0)*) V1 L(A) V2 Ro((A +i0)?)
— (1= xo(AW)Ro((A +i0))Vi T (M) VaRo((A +10)%)))" € V1 foo.

Using smoothing estimates, it immediately follows that Z;(z) is L?-bounded; see the proof of
Proposition 2.13. Interpolating, we obtain the desired || Z; (#)u| f3.00 < 2 |lee]|73.1 estimate.
Let Z, be the singular part of the decomposition from Lemma 2.12, given by

Z,(t) = % /R eI RO((A 4 10)2) Vi S(AM) Va Ro((A +i0)2) dA. (2-23)

Note that (Ro(()h+i0)2)Vl)VEVL3/2.2,L3,oo, S()»)VGVLs,z’L3/2,2, and (VzRo((k—i—iO)z))vEVLyz,l,L3.2.
Thus
Ro((A+i0)*)Vi(AS(A)VaRo((A +i0)%) € Vps/21 p3.00.

By taking the Fourier transform in (2-23), this immediately implies the conclusion that || Z5(¢)u| ;3.0 <
t_% lullf3/2.1.

Putting the two estimates for Z; and Z, together, we obtain that |e ™" P.u|3.00 < |lullp3/2.1.
Interpolating with the obvious L? bound ||e™*H P.u||; > < ||u||} 2, we obtain the stated conclusion. [

2F. Exceptional Hamiltonians of the third kind. We next consider the case in which H is exceptional
of the third kind; that is, there are both zero eigenvectors and zero resonances. Recall that 7'(1) =
VaRo((A +i0)?)V;.

Lemma 2.16. Suppose that V € (x)_4L%’1 and H = —A + V has both eigenvectors and resonances at
zero. Let x be a standard cutoff function. Then, for sufficiently small €,

A ~ M (VoPyVi  iVaPyVi]x—y|2VPyV; % V
((2) 0+ T =24 () (P2t 4 PRI e 809
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where L(X) € W and ¢ is a certain resonance for H =—A+V.
Furthermore, 0 is an isolated exceptional point for H, meaning that H has finitely many negative
eigenvalues.

The computations in the proof of this lemma parallel those in [Yajima 2005, Section 4.5]. The main
difference is in using the space W instead of Holder spaces.
Proof of Lemma 2.16. We study (I + T (\)~" := (I + VaRo((A + i0)2)V1)_1 near A = 0.
Let
1 -1
0=—— (VaRo(0)Vy —zI)  d-.
271 Jiz+11=5

Take the orthonormal basis {¢1, ..., ¢} with respect to the inner product —(Vu, v) for M so that
{¢2,...,¢nN} is abasis of £ and (¢, V') > 0. This condition determines ¢; uniquely.

Define the orthogonal projections 71 onto CVj¢; and 7, onto V; PyL? with respect to the inner
product —(sgn Vu,v), i.e., 11 = —Vo¢1 @ Vi¢ and 1y = — ngvzz Vagi ® Vi¢j, and let

Qo=0:=1-0, 01:=0m0, Qr:=0m0.

The following identities hold in L?:

QjQk =8jx1 for j,k=0,1,2, Qo+01+0,=1,
(I +V2Ro(0)V1) 01 = Q1 (I + VaRo(0) V1) =0,
(I 4+ V2Ro(0)V1) Q2 = Q2(1 + V2R (0) V) =0,
0:(M2®V1)00=0, 0:(128V1)01 =0, Q(V2®V1)02=0,
Qo(V2®V1)02=0, 01(V2®V1)Q2=0.
These identities follow from Q,V, = 0 and Q3 V; = 0, which in turn follow from the fact that eigen-
vectors ¢y, are orthogonal to V, that is, (¢g, V) =0for2 <k < N.
We first apply Lemma 2.10 to invert Q({ + T (A))Q in QL? for small A, after writing it in matrix
form with respect to the decomposition QL? = Q;L? + Q,L*:
QI +T0NQ1  iTMQ> | _ (Tu@) Tiz(d)
0:T(MQ1 01+ f(x))Qz) B (Tzl (*) Tzzm) '
The inverse will be given by formula (2-13); that is,

QU +T(M)Q = (

(2-24)

A~ _ T 1—|—T 1T C lT T 1 —1 IT C 1
) 1 12 21 12
(Q(l 1 ( ))Q) - ( " ! 22 " H 22 ’

-1 -1 -1
_sz T21T11 C22
where

Cap = Ty — To1 T;;' Tha.

As in the case of exceptional Hamiltonians of the first kind, let

T(A)— (VaRo(0) Vi +id(dm)" V2 @ V})
)\2

JA) =
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Then (recall that Q1 = —V,¢1 ® Vi¢y),
T = Q1 +T ()01 = Q1(I +VaRo((A +i0)*)V1) 0,
= 01(VaRo((A +i0)) V1 = V2 Ro(0)V1) 01
= V21 ® V1 (Ro((A +10)*) = Ro(0)) Vb1 ® Vighy
V, 2
= ()L|<4L>| 23 (Vigr. J(A)V2¢1>) 04
in

= (Aa '+ A% (W) 0.
Here a = 4im/|(V, ¢1)|> # 0. As in the proof of Lemma 2.11, note that ¢; (1) € L' when V € L! and
d,¢c1(A) € L when V € (x)"!1L!.

It follows that 77 (X) is invertible for |A| < 1 in Q;L? and

1
a4+ X%2ci (M)

_(a c1(A)
- (X e +Ac1<x>)a—l)Q1
=1"1aQ; + EQL).

Tl_ll()‘):)\ Ql

Here and below we denote various regular terms by E£(1), i.e., terms with the property that X(%) EM)ew
for sufficiently small €.
Likewise, since O, (V> ® V1) = (V2 ® V1)0, =0,

T12(A) = Q1(1 + VaRo((A +i0)*)V1) 0>

I®1
47

- QIVZ(RO((A 1 i0)%) — Ro(0)— i )VIQZ

x_
= —szl(V2| ny|V1 +)\.V2€1()\)V1)Q2
=-101V, |x;y|V1Q2+A3E(A),
where
Ro((h+i0)%) = Ro(0) —i A 181 4 a2 1221
e1(A) = T T
_\3
By Lemma 2.6,
x—y)? x— |3
M((el(k))A)z| 24y| and M((a)bel(k))’\):l P
T 967

Thus E(A) := Q1V2e1(A)V1 Q2 € W when
/(R3)2 V(x)$1(x)|x = y P V(0 (v) dx dy < o0,

which takes place when V € (x)™2L! (recall that |¢; (¥)| < (»)™1).
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Likewise we obtain

V101 + A EQ);

x_
Tor(0) = =320,V - Yl

hence, combining the previous results,

BT T = a0, Nvi0 P 0, 1),
Furthermore,
Tao (k) = Q2(1 + VaRo((A +i0)*)V1) 02
: L 1®1
= Qsz(Ro(()»+10)2)—R0(0)—lk )Vle
2 lx — | | —y? 2
=-1"02| V2 S e Vi—=A"Vae2(M) V1 ) Qa.
Here 5
1®1 — —
er(0) = 3= Ro((h+10)2) = Ro(0) — ir 8L _jp2lXx =21 sl = )
47 87 24w
By Lemma 2.6,
lx — |3 Ix —y|*
AY Ay
M(e2(M)") = 6, ond M ((9,e2(A)™) A%0m

Thus E(A) := O, V5e,(A) V10, € W when
o VOO =V O)0) dx dy < 0,
which holds true when V € (x)72L! (recall that |¢% ()| < (»)~2). Then

Vi+iAV,

2
Tzz(M:—AZQz( Al Al VI)Q FAEQ). (2:25)

Let P, be the L? orthogonal projection onto the set £ spanned by ¢, ..., ¢n. By relation (4.38) of
[Yajima 2005],
-1

x—
| y|V1Q2) =V, Py V7.

81

(Qsz

Also note that
VaPoViQa = Q2Vo PoVy = Vo Pyl

By (2:25).
_ -1
T () = —)»_Z(Qsz ngnyl Vi Qz)
2 _ —1\k
St ((ren 2 e i2mm ) (e Mnes) )
k=0

o0
:A‘szPOVIZ(lkV2|X P Vi—A E(k))VzPon
k=0
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Therefore, by grouping the terms by the powers of A, for [A| < 1,

2
Tz—zl(x)=k—2V2P0V1+i)r1V2POV| 4y| VP Vi + EQ)).

Then we write
Cao(A) = Tao (M) — Ta1 (W) Ty (M) Ti2(A)

= (I = Ta (W T W T2 T3, () Taa ().

By our previous estimates, T51(A) T, (M) T12(A) Ty,' (A) = AE (L), where E(A) € W. Then, by means
of a Neumann series expansion, we retrieve that

Col () = T () Y (T (W T () T2 (W) T35 (1)*
k=0
=T5,' (V) + T3, W T Q)T Q) Tia(W T35 (W) + E(L),

SO
-1 -2 -1 |x — J’|2
C22 ()\,)=)\ VoPoVi +iA~ Vo PV VPyVi
e y'VQ p, = —y b, + E.
If we set
3 = PV _y|V¢168
then x | | |
Vo PV Vi1V, VPyVi=—=V2¢1 @ 1 V7.

Then we get that

_ 12 5 y
a y' VPV A" aVady ® 61 Vi + E(0).

Cort (W) = A2Va PoVy +id ™'V PV
Furthermore,

LT T 0)Cs () = (- aQ1+E(k))sz1(Vz

V1+AE(A))Q2( T2Va P Vi+ih T E (X))

=2""a(- V2¢1®V1¢1)V2

VPO Vi+E())
=—a)™! V2¢>1®¢1V1+E()~)-
Likewise we obtain
—CR' M MTH (M) = —ah ™ Vagy @ ¢ Vi + E(L),
T W T2(WCL )T M T (M) = E(L).
By (2-24), we have that (Q(I + T'(A)) Q)_1 is given in matrix form modulo E(1) € W by

(_ak_l Va1 @ Vi ~a)" Vs ® Vig

~ i ). @26
—a)l W @ Vigr ATEVoPoVi +id T Vo Py V |x2::;|2 VP Vi—A"laVagy ® Vl¢1)
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Therefore, if we define the canonical resonance as ¢ = ¢1 — 451, we have that ¢ satisfies ¢ € M and
(¢, V)=1and

_v|2
L VaPoVi | iVaRVEREVR avip @ Vig

(U +T1)Q) " =23 - ;

+EQ). (2-27)

We apply Lemma 2.10 again after writing / + T (A) in matrix form with respect to the decomposition
= QL?+ QL?, where QL?* = V, M:

QU +T(NQ  OTMWQ '\ _ (Soo®) Sor(d)
OT(MO QU +T(NQ)  \S1®) Sum))
Next, let A(A) := Soo(A)~!. Then X( )A()») e W for sufﬁ01ently small €. Indeed, it is easy to see

that Soo(A) € W. Furthermore, S0 (0) is invertible on QL2’ N O L3? of inverse K; see (2-12).
As in the proof of Lemma 2.11, let

I+T(k)=<

scm =x(2)edwm-70)a.

A simple argument based on condition (C1) shows that lime¢ [|Se(A)|lv, 5,5 ,nv, 3, = 0. Then
AN o— A
x(2) 5000 = x(2) (5000 + (2 2F 1) - T0p )~

= x(%)Sx (0>Z( DF (S2 ()55 0)".

This series converges for sufficiently small €, showing that ( (%) (k)) € V322N V3.2,
Concerning the derivative,

(A)axs () = ()‘)S&)l (x)aksoo(x)x(zk—e)sgol ).
In this expression,
(X(%)So_ol ()»))V €Vr322NVy32 and (X(;—6>3ASOO()L)>V € V322 32

since M ((9,.To0(2))") = (IV2| ® [V1])/(47). Thus

( (k)a)‘s O‘)) € V322 32

From this we infer that X( )A(A) € W, so A is a regular term.
We compute the inverse of I + T(k) by finding each of its matrix elements:

(2-28)

—C_ISH)A c!

o< (4150508 450

Here
C(A) = S11(A) = S10(A) A(A)So1 (A).
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S10(M)AM)So1(A) = OT (M) A(W)T (L) O may be written as
(Qlf(m(x)f(x)gl Qlf(MA(A)f(x)Qz) _ (szn(A) mum)
Q2T (MAMTMNQ1 Q2T (WAMT (M)Q2) \MEa() A En®))
Indeed, consider, for example, sz“(k)A(k)f(A) Q,. Tt can be reexpressed as
02T (WAMT (V)02

R ) 2_R 181 R . 2—R 1®1
o((A+i0) ))\2 Oy 4y, RLCATO) )kz 2O~ 4 10, 230

For this computation, we assume that ¥ € (x)™*L2°!. Taking a derivative of (2-30), we obtain terms

(2-29)

=110,V,

such as
Ro((A+i0)%)—Ro(0)—iA 181 Ro((A+i0)2)—Ro(0)—i A 12L
Qszax( ° o ° o Y0, (231)

Note that the range of Q5 is spanned by functions V,¢y, with 2 < k < N, such that |¢ ()| < (y) ™2
and V5 € (x)72L3%2 s0 Vo € (y)"*L32. Also

Ro((h+10)%) — Ro(0) —i A 121\ \" 2
M((VZB;L( o((A +1i0)? ))\2 0(0) —i )Vl) ) |V2||x J/| Vy| € B(L32, L3,

)VIA@)VZ

Likewise

02 _ ) 1x1 A
(1 R IOD RO IR VY

> 4y, V| € B(L32, L32).

This shows that (2-31) € Vy3/2.2 3.2. By such computations, we obtain that QZT(k)A(k)f(k)Qz =
A4 E5, (M), where X( )E22 (A) e W for sufficiently small €. In this manner, we prove (2-29).
By (2-26), we have S 11 )= (QT(X) 0)~ ! is of the form

iy (MTEQ) ATTEQ)
S ()= (X_IE(A) A—zE(x))'
Then, letting N (1) := S1;' (1) S10(A) A(1)So1(A), by (2-29),
N() = S (M) S10(0) S (1) So1 (M)

. )\_IE()\) )\._IE()\.) )\ZEII()\) )\3E12()x)
a ()\_IE()\) k_zE()\)) ()\3E21()x) K4E22(k))
_ (AE() A2E()
B ()\E()») ?»ZE()»))‘
This shows that C(1) is invertible for A < 1:
CA) =511(A) = S10(M)AR)So1(A) = S11(A)(1 = N(1)),

SO

C'M)=UI-=NO) 'S
=S M) +UT-=NQM)T'NR)SER. (2-32)
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: -1 —103Y .
A computation shows that (I — N(A))™" N (A)S[; (A) is a regular term:

(1 N NS () = EQ) G%; iig&;) (i_i%; i_l%i)
— E().
By (2-32) and (2-27),
C'M) =S+ EQR)
Ix—y?
24

= AV PoVi+id T Vo PV VPoVi—ar™' V29 @ Vig + E(2).

One can then also write C ! as
_ ATTEQ) ATTE()
c 'y = .
®) (X_IE(X) k_zE(?»))

We also have
Sot(M) =0T +T(M)Q =AE (M) Q1 + 2> E2 (1) Qs
with regular terms E¢, E, € W:

Ro((h+1i0)%) — Ro(0)

-, V101,
Ro((A+i0)2) = Ro(0)—irl ®1
22

Showing that £, E, € W requires assuming that V € (x)_4L%’1.
Therefore, the following matrix element of (2-28) is regular near zero:

ATYEQ) ATTE(M

AT EA) ATCEQ)

Ei(h):=0V;

Ey(A):= 0V, V10s.

AG)So1(WNCTI (M) = (AAG) E1 () A2 AR) E2 (1)) (

One shows in the same manner that the matrix element C ~1(1)So(A) A () of (2-28) is regular near zero.
Finally, the last remaining matrix element A + AS¢;C~! S04 of (2-28) consists of the regular part A
and

ASo1C7'S10A = E() (LE(A) A2E(M)) (A_IE(X) X_IE(A)) ()”EO‘)

E(\

ATYE(L) AT2E() A2E(k)) @)
=AE(}).

Thus this is also a regular term. It follows by (2-28) that YA“()»)_1 is up to regular terms given by

Ix — y|?

A2V Py Vi + i VR Py V VPyVi —al™ Voo ® Vi ¢,
which was to be shown. O

We next prove a corresponding statement in the case when V' has an almost minimal amount of decay.
. . 1,3 . .
One can also obtain a resolvent expansion when V e (x)~!L2°!, but it does not lead to decay estimates.
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Lemma 2.17. Suppose that V € (x)_zL%’1 and H = —A +V is an exceptional Hamiltonian of the third
kind. Let x be a standard cutoff function. Then, for sufficiently small €,

X(%)(I F PO = LAY+ A7 SO + A2 Vo Po VL

where L(A) €W, S(A)Y €Vy3.2 1322, and Py is the L? orthogonal projection on E.
Furthermore, 0 is an isolated exceptional point, so H has finitely many negative eigenvalues.

Proof of Lemma 2.17. We study (I + T(k)) . (I + Vo Ro((A+1i0) )Vl) " near A = 0.

Let 0= 0Q;4+0,, Qo=0,and Q; and Q2 be as in the proof of Lemma 2.16.

Also take again the orthonormal basis {¢1, ..., ¢} with respect to the inner product —(Vu, v) for M
so that {¢,,...,¢n} is a basis of £ and (¢1, ) > 0.

We apply Lemma 2.10 to invert Q(1 + T(k)) Q in QL? for small A, after writing it in matrix form
with respect to the decomposition QL? = Q;L* + 0, L?:

O\I+T(W01  0:1T(M)0> _ (Tu@) Ti2(d)
0,701 QU +T(A)0:)  \Taad) T2V
The inverse will be given by formula (2-13), that is,

QU +T()Q = (

(2-33)

~ T+ T, T, C'T —T'1,C}
(Q([+T()\'))Q)_1:< 11 + 12 21 11 12 22)’

_sz T21T11 C2_21
where

Cay = Tan —To Ty, Ths.
Then (recall that Q1 = — V21 ® Vi),

i) = 01(I+TM)01 = 01(I +VaRo((A+i0)2)V1) 0,
= 01(VaRo((A+i0)*)Vi — V2R (0) V) 04
= Va1 ® Vo1 (Ro((A +10)*) — Ro(0)) Vep1 ® Vi

=:Aco(A) Q1.
Here ¢o(0) = a = 4in/|(V,$1)| # 0. Note that co(r) € L! when
piMx—yl _ 1
[ [ vescovonm| S e <o
L}L
Since
eiMx—yl _q 1
Mx=yl g

it is enough to assume that V¢, € L1, i.e., that V e L%’l, in view of the fact that ¢y € (x)~1 L.
It follows that Ty (}) is invertible for |A| < 1 in Q;L? and

T ) =2y ' (W) 01 = A7 EW).
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A),.—1 A T1 :
Here X( c)co (1) € L for sufficiently small .
Likewise, since Q,(Vo, ® V1) = (VL2 ® V)0, =0,

T12(M) = 01 (1 + VaRo((A +i0)*) V1) Q2
Ro((A +i0)?) — Ro(0)—ir(dn) 11 ®1

=120V, 2 V102
=1%01e(}) Q2.
Since by Lemma 2.6
M((RO((A +i0)2) — Ro(0) —iA(4n) 11 ® 1)A) _ lx—yl
e 8

it follows that e(1) € L if
/ [ V(x)$1(x)V(¥)r (y)x — p| < o0,
R3 JR3

that is, if V € L.
Likewise we obtain T5; (1) = A2Q,e(1)Q;; hence, combining the previous results,
To(MTH (W T12(0) = 12 Q2e(1) Qs

Furthermore,
Tao (M) = Qa2(I + VaRo((A +i0)})V1) Q2

Ro((A +i0)2) — Ry(0) —ir1&L
0 2 2 V10,

V102 +A02e(R) Qz)-

=220,V;

|x — |
T

=—1? (Qz V2
Again by Lemma 2.6, e(X) € L'if
|, ] vesvmsemls - P <.
R3 JR3

that is (taking into account that ¢y, ¢p < (x)72),if V e L.
Let Py be the L? orthogonal projection onto the set £ spanned by @5, ..., ¢y. By relation (4.38) of
[Yajima 2005],

X — —1
(Q2V2| 2 Y Vle) =-V2PyV1.
e
Then
C22(A) = Tan(A) — Ta1 (M Ty, (M) T12(h)
x—
= —KzQszl 87Ty| V102 +1° 02e(1) Qs

Therefore,

Co)' (W) = A2 Vo Po Vi + 471 Q0e(M) 01
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Furthermore, we then obtain that
T W T2MC35 (W) =171 01e(M) 0147 Q1e(1) Q2472 02e(1) 02
=17101¢()0x.
Likewise we obtain
—CR' WTa W' (M) =271 Q2e (V) Q1.
T W TMCR W T WL () = 01e(M) Q4.

By (2-33), we know that (Q(I + YA"()L)) Q)_1 is given in matrix form by

A71Q1e(M) 04 A71Q1e(V) 02
(U +T())0) " =271 02e() Q1 A 2VaPeVi + 471 02e(1) 0, |, (2-34)
A10e(M) O + 172V, Py V)

where X(%)e(k) e L' for sufficiently small €.

We apply Lemma 2.10 again after writing / + f(k) in matrix form with respect to the decomposition
L?=QL?+ QL?, where QL? = V, M:
QU+TM)Q  OTMQ '\ _ (Sooh) Sor(h)

OTMQ QU +T(G)NQ)  \Sid) Sut))

Next, as in the proof of Lemma 2.16, let A(A) = So_ol (X). Then X(%)A(k) € W for sufficiently small €.
We compute the inverse of I + f(k) by finding each of its matrix elements:

A+ AS()]C_lSl()A ASolc_l
_C1S,04 ct )

1+f(x)=<

I+TO) "= ( (2-35)

Here
C(A) = S11(A) = S10(M) A(A)So1 (A).

S10(M)A(N)Se1 (M) = OT (W) AT (L) O may be written as

(Qlf(A)A(x)Tle Qlf(A)A(A)ﬂA)Qz):(AZQIe(MQI k3Qle(k)Q2) 236
02T (MAMNTMQ1 QT MAMNTM)Q2)  \A1 02601 A7 02e(10:)

where e(A) € L.
Indeed, consider, for example, Q, T (A)A(A)T (A) Q. It can be rewritten as

0T (M AMT ()02
30,7, Ro((A +i0)?) —)LRO(O)—iM ®1 VLA, Ro((A —I—iO}?z) — Ro(0) o -
Assuming that V € (x)"2L3!,
M((V2 Ro(()\+i0)32)—R0(0) VI)A) _ |V2|E|V1| € BLI?).
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Likewise

A2 T

Ro((A +10)2) — Ro(0) —ia L2\ -
M((Vz 0((A+10)%) — Ro(0) —iA 55 Vl) )=|V2||X8 y||Vl|eB(L%’2,L3’2).

This implies that (2-37) = A3 Q,e0(1) Q5 and ey (X) € L. In this manner, we prove (2-36).
By (2-34), we know that S1_11 (A) = (QT (A) Q)7 ! is of the form

A 101e(M)0; A—lQle(k)QZ)
AT 02e(M) Q1 A7202e(M)02)

Then, letting N(A) := Sl_l1 (A)S10(A)A(A)So1(A), by (2-36),

S5 () = (

NQ) := S (M)S10(M)Sgq (1) So1(A)
_ ()‘_IQIeO‘)Ql )»_lQlé’()\)Qz) ()»ZQle()»)Ql )»3Q1€()\)Q2)
A102e(M) 01 AT202e(M)02) \W? Q2e(M) 01 A3 02e(1) 0,
_ ()‘Qle()\)Ql )\2Q1€()»)Q2)‘
AQ2e(M) Q1 AQ02e(A) Q2
Therefore N (0) = 0. This shows that C(}) is invertible for A < 1:

CA) =511(4) = S10(M)A(A)So1(A) = S11 (M) = N(Q)),

SO
C'M=U-NGR)'SH'R)
=SH )+ =NG)'NRSTH ().
A computation shows that
-1 —1 _
=Ny NS w=0ewe ([0 S,
_ (Qle()\)Ql Q1e(A) 0, )
02e(M) 01 A7102e(M)0,)°
By (2-38) and (2-34),
C') =S M) +2"10e(M)0
=A"2V, PoVi + A1 0e(1) 0.
Note that A B R
So1(A)=0TM) Q=0 +T*))Q
07, Ro((A + iOZz) — Ro(0)

where E{(L)Y € V322 when V € (x)"! L. Therefore,

Vi@ =AE( (D),

AR So1()CTI ) = AMAE (A2 0e(M) Q0 =27 S(),

851

(2-38)

AQ1e(A) 0 )\lee()»)Qz)()»_lQle()\)Ql )»_lQle()\)Qz)
A102e(M) 01 AT202e(A) 02
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where S(A)Y € V3.2 13/2.2. Likewise S19(A) = AE»(A), where E3(A)Y € Vp3.2. Then
CT ()S10MAR) = 217'SM),

where S(A)Y € V3.2 p3/2.2.
Finally, for the last remaining matrix element 4 + A4S¢;C~1S;94 of (2-35), we use the fact that

ASo1C7 ' S194 = AMAE (M)A "2 Qe(A) QLE2 (M) A(L) = S(A),

where S(A)Y € V32 3/2.2. Also recall that A(A) € W.
We have thus analyzed all the terms in (2-35) and the conclusion follows. O

Recall that

ae~ ¥ j1x12
R(t) := X)® , X):=e 4 ¢(x),
() NTi e (x) ® L1 (y), 8i(x) P(x)
_j3m
S(f)ize l4 (—lPon y|2VPo+Mz(X)| |Vl"o+1"oV| |Mz(y))
NVt 8
where
1x|2 16x|2
et i= - |/ (@5 — "5 b,
Although it is not immediately obvious, it is also true that
IS@ulzsce 72 ullpa2a, (2-39)

Indeed, note that since (¢, V) = 0 for the eigenvectors ¢y, with 2 < k < N (recall that ¢; is the
resonance),

e (X)|x = y[VPo = s (x)(|x — y[ = |x[) VPo,

which is bounded in absolute value by

Z |12 ()] / V)] dy @ ¢ (2)].

k=2

By definition, |p,(x)| < |x|~!. This leads to (2-39), since ¢ € (x)"2L>® and V ¢ L3
We use Lemma 2.16 as the basis for the following decay estimate:

Proposition 2.18. Let V satisfy (x)*V(x) € L3>, Suppose that H is of exceptional type of the third kind.
Then, for 1 §p<%andu€L2ﬂL1’,

e™H Poy = Z(Oyu + RO+ SOu, | Z@Oull < 3G ull . (2-40)

Here % + % = 1. If in addition all the zero-energy eigenfunctions ¢y, with2 <k < N, are in L', then
we can take S(t) = 0.
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Proof of Proposition 2.18. Write the dispersive component of the evolution as
JMHpf = % / ¢ (Ro((h +10)2) = Ro((A +i0)) Vi T (1)~ VaRo((h +10)2)) £ A d .
R

We use the same method as in the proofs of Propositions 2.13 and 2.15. Consider a partition of unity
subordinated to the neighborhoods of Lemmas 2.8 and 2.16. First, following Lemma 2.8, take a sufficiently
large R such that

(1- X(%))(I + T ew.

Then, again by Lemma 2.8, for every Ao € [-4 R, 4 R], there exists €(Ag) > 0 such that

A—ho I
x( o )(1 LT Lew

if A 5% 0 while the conclusion of Lemma 2.16 holds when Ay = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

N

[4R. 4R C | (hx — (i) Aic +€(up)).
k=1

Then we construct a finite partition of unity on R by smooth functions 1 = xo(A) + ZIILI X (A) + Xoo(A),
where supp xoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xz C [kk —e(Ap), Ak + e(kk)].

By Lemma 2.8, for any k # 0, we have xx(A\)(1 + T (L)~ e W, so (1 — xo()) (I + T(A)~ e W.
By Lemma 2.16, for L € W,

VaPoVi  iVaPyVIx—y|2VPy Vi
A2 A

Let Z; be the contribution of all the regular terms in this decomposition, such as the free resolvent,

(1= %o +T ()", and L():

Yo (T + 7)™ = LGy + 000 i)

Zl(t):=i/[Re_i’)‘z(Ro((k+i0)2)—R0((k+i0)2)V1L(A)VzRO(()nLiO)Z)

—~(1—x0 (M) Ro((A+i0)) Vi T (M) Va Ro((A+i0)?)) L d

L/e—”“ak(RO((A+i0)2)—R0((A+i0)2)VlL(A)VZRO((HiO)Z)
R

! —(1=x0(A) Ro((A+i0)) Vi T (M) Va Ro((A+i0)?)) d A
:% e_i%(E)X(RO((A+iO)2)—R0((A+iO)2)VlL(X)VzRo((A+i0)2)
e —(1=xo (M) Ro((h+i0)*) V1 T (1) Va Ro(1+i0)%)))” (o) dp.
The fact that || Z; (£)ul| .1 < |1]72 [[u]| Leo follows by knowing that
(92 (Ro((A +i0)%) — Ro((h +i0)*) V1 L(A) V2 Ro((A +i0)?)
— (1= xo(A)Ro (A +i0))Vi T (M) VaRo((A +10)?)))" € V1 foo.
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By smoothing estimates, it also follows that Z (¢) is L?-bounded; see the proof of Proposition 2.13. By
interpolation, we also obtain the estimate || Z(¢)u| 13.00 < ||u]lf3/2.1.
Let Z,(¢) be the contribution of the term aA ™! xo(X) Vo ® V;¢b:

Zz(t)::%/Re—”“)(o(x)Ro((x+i0)2)V¢®V¢R0((A+i0)2) dh.
By Lemma 2.14,
_3 _1
[(Z2(2) = R(®)ullpo <t 2ullpr, |1 Z2(Dullps.co St 2 Jullp3/2.1.

We are left with the terms

|x —yl2

A2 Ro((A+i0)2)VPyVRo((A+i0)%) and iA 'Ro((A+i0)®)VPyV VPyVRo((A+1i0)3).

Let their contributions be

| yl2

)(z(z)::%l/R —ith? Ro((A+i0)) VPV

-1 .
X3(t) := — lim eI RO+ i0)) VP VR (A +i0))A" 1 dA.
I §—0 J|A|>$

—1
1 X2(Oullps.co T2 U321,
(2-41)

—iS—”

By [Yajima 2005, Lemma 4.12],
2
X (u+i— P, le il

‘ ATt 247

This lemma has a proof similar to Lemma 2.14. It requires, in addition, that |¢; (x)| < |x| =2 for every

_3
St ullp
Lo°

VP

eigenfunction ¢; € £, with 2 < j < N, which is guaranteed by Lemma 2.3.
By [Yajima 2005, Lemma 4.14],

1
[ X3()ullLs.co S 2]ullps/2.1,

3
e 4
HXs(t)u— ﬁ( t(x )| |VP +P0V| |ut(y))
The proof of [Yajima 2005, Lemma 4.14] depends on (y)3V(y)¢(») being integrable, which is also true
here since ()] < (¥)~" and (y)>V(y) € (y)"2L3! c L.
Combining the two results (2-41) and (2-42) and knowing that ||.S(¢)u||13.c0 < 2 llu|lz3/2.1 by (2-39),
we obtain that

. (2-42)
St 2 ullpr
LOO

_3 _1
[(X2(0)+X3()=S@)ullpoe St 2 lullpr,  [(X2(@)+X3()=S@O)ullpsc0 St 2 ullps/2.0. (2-43)
Recall that

TP = Z(t1)+ Zy(t) + X2 (1) + X3(1) = Z(t) + R(1) + S(2).
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We obtain for Z(t) = Z1(t) + (Z2(t) — R(¢)) + (X2 (¢) + X3(¢) — S(¢)) that
_3 _1
[Z@Oullpee St 2lullpr, 1 Z@ullps.ce <172 |ullps/2.

Conclusion (2-40) follows by interpolation.

Finally, assume that all the eigenfunctions ¢ are in L! for 2 <k < N (recall that ¢ is the resonance).
Then, by Lemma 2.5, it follows that (Vy, y¢) = (Vor, veym) =0forall L and mand all 2 <k < N.
As a consequence, we immediately see that

3
PoV|x—y[*VPo = PoV(|xI> +|y*)Po—2 )  PoVxgyx VPo = 0.
k=1
Since (¢, V) =0 and (Vy, y¢) = 0, we can also rewrite

Xy
() — 3| VP = Mz(X)(Ix—yI x4 m)VPO-

Then note that |x|(|x —y|—Ix|+ %) V Py is bounded in absolute value by

N
Z/ DPEIVO 1660 dy ® i (2],
k=2 /R

which is bounded from L' to L since ¢ € (x)"2L>® and V € (x)_lL%’l. Having gained a power of
decay in x, we use it by }M,(x)|x|_1 ‘ < t~!. Therefore,
_1 _3
|t 72 e () Ix = pIVPou | oo S 72 ull 1

Consequently, when ¢y € L' for 2 <k < N, we can remove S(¢) from (2-43). Hence we retrieve
conclusion (2-40) without .S, as claimed. O

Proposition 2.19. Assume that V € (x)_zL%’l and that H = —A + V is an exceptional Hamiltonian of
the third kind. Then
. 1
le™ ™ Peullps.00 S 172 ]l p3/2.
and,for% <p=<2
—itH -3 (i—%)
le™ " Peullppr S 2237 2" uf| Lo
1 1 _
Here T = L.
The proof of this proposition parallels the proof of Proposition 2.15.

Proof of Proposition 2.19. Write the evolution as
R 1 . A~
eTHHp = — / e_”)‘z(Ro((k +i0)%) — Ro((A +i0)) V1T (M) ' VaRo((A +i0)%)) fA dA.
T JR

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.17. First, take a
sufficiently large R such that

(1- X(%))u + ) ew.
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Then, for every Ag € [-4R, 4 R], there exists €(A¢) > 0 such that

A—ho .
x( o )(I—i—T(A)) ew

if Ao # 0, while the conclusion of Lemma 2.12 holds when 1o = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

N
[<4R.4R] C | J (A — €(hio). Ak + €(hp)).
k=1

Then we construct a finite partition of unity on R by smooth functions 1 = xo(1) + ZII<V=1 Xie(A)+ Xoo (),
where supp xoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xz C [Ak —e(Ag), Ax + e(kk)].

By Lemma 2.8, for any k # 0, we have y; (A)(I + T(k))_l eW,so (1—yxo())(I + f”(k))_1 eW.
By Lemma 2.17,

xoMT +TM) " =LA+ A7 S + A2V, Py,

where L € W and SV € V32 13/2.2.
Let Z; be given by the sum of all the regular terms of the decomposition:

Zl(t):z%/e"“‘z(Ro((k-l—iO)z)—Ro((k—i—iO)z)V1L(A)VZRO((A+i0)2)
R ~
—(1=x0 (W) Ro((A+i0)) V1 T (W) V2 Ro((A+i0)*)) A d A

i/e—”“ak(RO((HiO)Z)—RO((HiO)z)VlL(A)VZRO((AHO)Z)
R

- 2t
—(1=x0(A) Ro((A+i0)) Vi T (M) Va Ro((A+i0)%)) d A

_< e_"%(8A(Ro(()»+i0)2)—R0((k+iO)2)V1L(A)VzRo((A+iO)2)

t% R A~ v
—(1=x0 (M) Ro((A+i0)) Vi T (1) V2 Ro((A+i0)%))) " (p) dp.

The fact that | Z1(¢)u| g < |t|_% |lee]| 71 follows by knowing that

(92 (Ro((A +i0)%) — Ro((A +i0)*) V1 L(A) V2 Ro((A +i0)?)
— (1= o) Ro((A +i0) Vi T W VaRo((A +i0)?)))” € V1 foo.

Using smoothing estimates, it immediately follows that Z;(¢) is L2-bounded; see the proof of
Proposition 2.13. Interpolating, we obtain that || Z (¢)u||3.00 < 2 lleell 3.1
Let Z, be the following singular term in the decomposition of Lemma 2.17:

Zy(1) = % fRe_”)‘zRo(()» +i0)) VS VaRo((A +i0)*) dA

= tgl . e"'% (Ro((A +i0)) Vi S(A) V2 Ro((h +10))) " (p) dp.
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Note that
(Ro(A+i0)) V1)  €Vpsna psce, SA)Y €Vpsa i and  (VaRo((A+i0)%)Y € Vysa 3.

Thus
Ro((A+i0)*)Vi(AS(A)VaRo((A +i0)%) € Vps/21 3,00

This immediately implies that || Z, (¢)ul|13.00 S =2 el p3/2.1.

We are left with the contribution of the term A =2V, Py V;. This is the same as the term X3 from the
proof of Proposition 2.18. By (2-42), we have || X3(¢)ul|13.00 < 2 lleell 3721

Putting the three estimates for Z, Z,, and X3 together, we obtain that ||e =/"H Pou||; 3.00 < |l p3/2.1.
Interpolating with the obvious L? bound ||e™H P.u||;» < ||u||} 2, we obtain the stated conclusion. ]

Acknowledgments

This paper is indebted to Professor Kenji Yajima’s article [2005], from which it borrows several lemmas,
as well as the general plan of the proof. I would like to thank Professor Avy Soffer for referring me to
that article and Professor Wilhelm Schlag for introducing me to this problem. I would also like to thank
the anonymous referee for the many useful comments.

The author was partially supported by the NSF grant DMS-1128155 and by an AMS—Simons Founda-
tion travel grant.

References

[Beceanu 2011] M. Beceanu, “New estimates for a time-dependent Schrodinger equation”, Duke Math. J. 159:3 (2011), 417-477.
MR 2831875 Zbl 1229.35224

[Beceanu and Goldberg 2012] M. Beceanu and M. Goldberg, “Schrodinger dispersive estimates for a scaling-critical class of
potentials”, Comm. Math. Phys. 314:2 (2012), 471-481. MR 2958960 Zbl 1250.35047

[Beceanu and Goldberg 2014] M. Beceanu and M. Goldberg, “Strichartz estimates and maximal operators for the wave equation
in R3”, J. Funct. Anal. 266:3 (2014), 1476-1510. MR 3146823 Zbl 1292.35063

[Bergh and Lofstrom 1976] J. Bergh and J. Lofstrom, Interpolation spaces: An introduction, Grundlehren der Mathematischen
Wissenschaften 223, Springer, Berlin, 1976. MR 0482275 Zbl 0344.46071

[Cardoso et al. 2009] F. Cardoso, C. Cuevas, and G. Vodev, “Dispersive estimates for the Schrodinger equation in dimensions
four and five”, Asymptot. Anal. 62:3-4 (2009), 125-145. MR 2521760 Zbl 1163.35482

[Egorova et al. 2014] 1. Egorova, E. Kopylova, V. Marchenko, and G. Teschl, “Dispersion estimates for one-dimensional
Schrodinger and Klein-Gordon equations revisited”, preprint, 2014. To appear in Russian Math. Surveys. arXiv 1411.0021

[Erdogan and Green 2010] M. B. Erdogan and W. R. Green, “Dispersive estimates for the Schrodinger equation for C -
potentials in odd dimensions”, Int. Math. Res. Not. 2010:13 (2010), 2532-2565. MR 2669658 Zbl 1200.35036

[Erdogan and Green 2013a] M. B. Erdogan and W. R. Green, “Dispersive estimates for matrix Schrodinger operators in
dimension two”, Discrete Contin. Dyn. Syst. 33:10 (2013), 4473-4495. MR 3049087 Zbl 1277.35294

[Erdogan and Green 2013b] M. B. Erdogan and W. R. Green, “Dispersive estimates for Schrodinger operators in dimension two
with obstructions at zero energy”, Trans. Amer. Math. Soc. 365:12 (2013), 6403-6440. MR 3105757 Zbl 1282.35143

[Erdogan and Green 2013c] M. B. Erdogan and W. R. Green, “A weighted dispersive estimate for Schrodinger operators in
dimension two”, Comm. Math. Phys. 319:3 (2013), 791-811. MR 3040376 Zbl 1272.35053

[Erdogan and Schlag 2004] M. B. Erdogan and W. Schlag, “Dispersive estimates for Schrodinger operators in the presence
of a resonance and/or an eigenvalue at zero energy in dimension three, I, Dyn. Partial Differ. Equ. 1:4 (2004), 359-379.
MR 2127577 Zbl 1080.35102


http://dx.doi.org/10.1215/00127094-1433394
http://msp.org/idx/mr/2831875
http://msp.org/idx/zbl/1229.35224
http://dx.doi.org/10.1007/s00220-012-1435-x
http://dx.doi.org/10.1007/s00220-012-1435-x
http://msp.org/idx/mr/2958960
http://msp.org/idx/zbl/1250.35047
http://dx.doi.org/10.1016/j.jfa.2013.11.010
http://dx.doi.org/10.1016/j.jfa.2013.11.010
http://msp.org/idx/mr/3146823
http://msp.org/idx/zbl/1292.35063
http://dx.doi.org/10.1007/978-3-642-66451-9
http://msp.org/idx/mr/0482275
http://msp.org/idx/zbl/0344.46071
http://dx.doi.org/10.3233/ASY-2009-0916
http://dx.doi.org/10.3233/ASY-2009-0916
http://msp.org/idx/mr/2521760
http://msp.org/idx/zbl/1163.35482
http://msp.org/idx/arx/1411.0021
http://dx.doi.org/10.1093/imrn/rnp221
http://dx.doi.org/10.1093/imrn/rnp221
http://msp.org/idx/mr/2669658
http://msp.org/idx/zbl/1200.35036
http://dx.doi.org/10.3934/dcds.2013.33.4473
http://dx.doi.org/10.3934/dcds.2013.33.4473
http://msp.org/idx/mr/3049087
http://msp.org/idx/zbl/1277.35294
http://dx.doi.org/10.1090/S0002-9947-2013-05861-8
http://dx.doi.org/10.1090/S0002-9947-2013-05861-8
http://msp.org/idx/mr/3105757
http://msp.org/idx/zbl/1282.35143
http://dx.doi.org/10.1007/s00220-012-1640-7
http://dx.doi.org/10.1007/s00220-012-1640-7
http://msp.org/idx/mr/3040376
http://msp.org/idx/zbl/1272.35053
http://dx.doi.org/10.4310/DPDE.2004.v1.n4.a1
http://dx.doi.org/10.4310/DPDE.2004.v1.n4.a1
http://msp.org/idx/mr/2127577
http://msp.org/idx/zbl/1080.35102

858 MARIUS BECEANU

[Erdogan and Schlag 2006] M. B. Erdogan and W. Schlag, “Dispersive estimates for Schrodinger operators in the presence
of a resonance and/or an eigenvalue at zero energy in dimension three, II”, J. Anal. Math. 99 (2006), 199-248. MR 2279551
Zbl 1146.35324

[Erdogan et al. 2014] M. B. Erdogan, M. Goldberg, and W. R. Green, “Dispersive estimates for four dimensional Schrodinger and
wave equations with obstructions at zero energy”, Comm. Partial Differential Equations 39:10 (2014), 1936-1964. MR 3250981
Zbl 1325.35017

[Goldberg 2006] M. Goldberg, “Dispersive bounds for the three-dimensional Schrédinger equation with almost critical poten-
tials”, Geom. Funct. Anal. 16:3 (2006), 517-536. MR 2238943 Zbl 1158.35408

[Goldberg 2007] M. Goldberg, “Transport in the one-dimensional Schrodinger equation”, Proc. Amer. Math. Soc. 135:10 (2007),
3171-3179. MR 2322747 Zbl 1123.35046

[Goldberg 2010] M. Goldberg, “A dispersive bound for three-dimensional Schrodinger operators with zero energy eigenvalues”,
Comm. Partial Differential Equations 35:9 (2010), 1610-1634. MR 2754057 Zbl 1223.35265

[Goldberg and Green 2014] M. Goldberg and W. R. Green, “Dispersive estimates for higher dimensional Schrédinger operators
with threshold eigenvalues, II: The even dimensional case”, preprint, 2014. To appear in J. Spectr. Theory. arXiv 1409.6328

[Goldberg and Green 2015] M. Goldberg and W. R. Green, “Dispersive estimates for higher dimensional Schrédinger operators
with threshold eigenvalues, I: The odd dimensional case”, J. Funct. Anal. 269:3 (2015), 633-682. MR 3350725 Zbl 1317.35216

[Goldberg and Schlag 2004a] M. Goldberg and W. Schlag, “Dispersive estimates for Schrodinger operators in dimensions one
and three”, Comm. Math. Phys. 251:1 (2004), 157-178. MR 2096737 Zbl 1086.81077

[Goldberg and Schlag 2004b] M. Goldberg and W. Schlag, “A limiting absorption principle for the three-dimensional Schrodinger
equation with L? potentials”, Int. Math. Res. Not. 2004:75 (2004), 4049-4071. MR 2112327 Zbl 1069.35063

[Green 2012] W. R. Green, “Dispersive estimates for matrix and scalar Schrédinger operators in dimension five”, Illinois J.
Math. 56:2 (2012), 307-341. MR 3161326 Zbl 06233916

[Ionescu and Jerison 2003] A. D. Ionescu and D. Jerison, “On the absence of positive eigenvalues of Schrodinger operators with
rough potentials”, Geom. Funct. Anal. 13:5 (2003), 1029-1081. MR 2024415 Zbl 1055.35098

[Jensen and Kato 1979] A. Jensen and T. Kato, “Spectral properties of Schrodinger operators and time-decay of the wave
functions”, Duke Math. J. 46:3 (1979), 583-611. MR 544248 Zbl 0448.35080

[Jensen and Nenciu 2001] A. Jensen and G. Nenciu, “A unified approach to resolvent expansions at thresholds”, Rev. Math.
Phys. 13:6 (2001), 717-754. MR 1841744 Zbl 1029.81067

[Journé et al. 1991] J.-L. Journé, A. Soffer, and C. D. Sogge, “Decay estimates for Schrodinger operators”, Comm. Pure Appl.
Math. 44:5 (1991), 573-604. MR 1105875 Zbl 0743.35008

[Murata 1982] M. Murata, “Asymptotic expansions in time for solutions of Schrodinger-type equations”, J. Funct. Anal. 49:1
(1982), 10-56. MR 680855 Zbl 0499.35019

[Rauch 1978] J. Rauch, “Local decay of scattering solutions to Schrodinger’s equation”, Comm. Math. Phys. 61:2 (1978),
149-168. MR 0495958 Zbl 0381.35023

[Schlag 2005] W. Schlag, “Dispersive estimates for Schrodinger operators in dimension two”, Comm. Math. Phys. 257:1 (2005),
87-117. MR 2163570 Zbl 1134.35321

[Simon 1982] B. Simon, “Schrodinger semigroups”, Bull. Amer. Math. Soc. (N.S.) 7:3 (1982), 447-526. MR 670130
Zbl 0524.35002

[Stein 1993] E. M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton
Mathematical Series 43, Princeton University Press, 1993. MR 1232192 Zbl 0821.42001

[Yajima 2005] K. Yajima, “Dispersive estimates for Schrodinger equations with threshold resonance and eigenvalue”, Comm.
Math. Phys. 259:2 (2005), 475-509. MR 2172692 Zbl 1079.81021

Received 2 Mar 2015. Revised 17 Dec 2015. Accepted 26 Feb 2016.

MARIUS BECEANU: mbeceanu@ias.edu
Institute for Advanced Study, Einstein Drive, Princeton, NJ 08540, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/BF02789446
http://dx.doi.org/10.1007/BF02789446
http://msp.org/idx/mr/2279551
http://msp.org/idx/zbl/1146.35324
http://dx.doi.org/10.1080/03605302.2014.921928
http://dx.doi.org/10.1080/03605302.2014.921928
http://msp.org/idx/mr/3250981
http://msp.org/idx/zbl/1325.35017
http://dx.doi.org/10.1007/s00039-006-0568-5
http://dx.doi.org/10.1007/s00039-006-0568-5
http://msp.org/idx/mr/2238943
http://msp.org/idx/zbl/1158.35408
http://dx.doi.org/10.1090/S0002-9939-07-08897-1
http://msp.org/idx/mr/2322747
http://msp.org/idx/zbl/1123.35046
http://dx.doi.org/10.1080/03605302.2010.493967
http://msp.org/idx/mr/2754057
http://msp.org/idx/zbl/1223.35265
http://msp.org/idx/arx/1409.6328
http://dx.doi.org/10.1016/j.jfa.2015.04.004
http://dx.doi.org/10.1016/j.jfa.2015.04.004
http://msp.org/idx/mr/3350725
http://msp.org/idx/zbl/1317.35216
http://dx.doi.org/10.1007/s00220-004-1140-5
http://dx.doi.org/10.1007/s00220-004-1140-5
http://msp.org/idx/mr/2096737
http://msp.org/idx/zbl/1086.81077
http://dx.doi.org/10.1155/S1073792804140324
http://dx.doi.org/10.1155/S1073792804140324
http://msp.org/idx/mr/2112327
http://msp.org/idx/zbl/1069.35063
http://projecteuclid.org/euclid.ijm/1385129950
http://msp.org/idx/mr/3161326
http://msp.org/idx/zbl/06233916
http://dx.doi.org/10.1007/s00039-003-0439-2
http://dx.doi.org/10.1007/s00039-003-0439-2
http://msp.org/idx/mr/2024415
http://msp.org/idx/zbl/1055.35098
http://dx.doi.org/10.1215/S0012-7094-79-04631-3
http://dx.doi.org/10.1215/S0012-7094-79-04631-3
http://msp.org/idx/mr/544248
http://msp.org/idx/zbl/0448.35080
http://dx.doi.org/10.1142/S0129055X01000843
http://msp.org/idx/mr/1841744
http://msp.org/idx/zbl/1029.81067
http://dx.doi.org/10.1002/cpa.3160440504
http://msp.org/idx/mr/1105875
http://msp.org/idx/zbl/0743.35008
http://dx.doi.org/10.1016/0022-1236(82)90084-2
http://msp.org/idx/mr/680855
http://msp.org/idx/zbl/0499.35019
http://dx.doi.org/10.1007/BF01609491
http://msp.org/idx/mr/0495958
http://msp.org/idx/zbl/0381.35023
http://dx.doi.org/10.1007/s00220-004-1262-9
http://msp.org/idx/mr/2163570
http://msp.org/idx/zbl/1134.35321
http://dx.doi.org/10.1090/S0273-0979-1982-15041-8
http://msp.org/idx/mr/670130
http://msp.org/idx/zbl/0524.35002
http://msp.org/idx/mr/1232192
http://msp.org/idx/zbl/0821.42001
http://dx.doi.org/10.1007/s00220-005-1375-9
http://msp.org/idx/mr/2172692
http://msp.org/idx/zbl/1079.81021
mailto:mbeceanu@ias.edu
http://msp.org

Nicolas Burq

Massimiliano Berti

Sun-Yung Alice Chang

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Vadim Kaloshin

Herbert Koch

Izabella Laba

Gilles Lebeau

Laszl6 Lempert

Richard B. Melrose

Frank Merle

William Minicozzi 11

Clément Mouhot

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF
Patrick Gérard
patrick.gerard @math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Princeton University, USA

chang @math.princeton.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

Princeton University, USA
cf@math.princeton.edu

Universitit Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu
University of Maryland, USA
vadim.kaloshin@gmail.com

Universitdt Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Purdue University, USA
lempert@math.purdue.edu
Massachussets Inst. of Tech., USA
rbm @math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu
Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Werner Miiller

Yuval Peres

Gilles Pisier

Tristan Riviere

Igor Rodnianski

Wilhelm Schlag

Sylvia Serfaty

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andras Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

Universitit Bonn, Germany

mueller @math.uni-bonn.de

University of California, Berkeley, USA
peres @stat.berkeley.edu

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

University of Chicago, USA
schlag@math.uchicago.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2016 is US $235/year for the electronic version, and $430/year (4+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2016 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 9 No. 4 2016

Peierls substitution for magnetic Bloch bands 773
SILVIA FREUND and STEFAN TEUFEL

Dispersive estimates in R with threshold eigenstates and resonances 813
MARIUS BECEANU

Interior nodal sets of Steklov eigenfunctions on surfaces 859
JIUYI ZHU

Some counterexamples to Sobolev regularity for degenerate Monge—Ampere equations 881

CONNOR MOONEY

Mean ergodic theorem for amenable discrete quantum groups and a Wiener-type theorem for 893
compact metrizable groups
HuicHI HUANG

Resonance free regions for nontrapping manifolds with cusps 907
KIRIL DATCHEV

Characterizing regularity of domains via the Riesz transforms on their boundaries 955
DORINA MITREA, MARIUS MITREA and JOAN VERDERA

2157-5045(2016)9:4;1-8



	1. Introduction
	1A. Classification of exceptional Hamiltonians
	1B. Main result
	1C. History of the problem

	2. Proof of the statements
	2A. Notations
	2B. Auxiliary results
	2C. Wiener spaces
	2D. Regular points and regular Hamiltonians
	2E. Exceptional Hamiltonians of the first kind
	2F. Exceptional Hamiltonians of the third kind

	Acknowledgments
	References
	
	

