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PEIERLS SUBSTITUTION FOR MAGNETIC BLOCH BANDS

SILVIA FREUND AND STEFAN TEUFEL

We consider the one-particle Schrédinger operator in two dimensions with a periodic potential and a strong
constant magnetic field perturbed by slowly varying, nonperiodic scalar and vector potentials ¢ (¢x) and
A(ex) for e < 1. For each isolated family of magnetic Bloch bands we derive an effective Hamiltonian that
is unitarily equivalent to the restriction of the Schrédinger operator to a corresponding almost invariant
subspace. At leading order, our effective Hamiltonian can be interpreted as the Peierls substitution
Hamiltonian widely used in physics for nonmagnetic Bloch bands. However, while for nonmagnetic
Bloch bands the corresponding result is well understood, both on a heuristic and on a rigorous level,
for magnetic Bloch bands it is not clear how to even define a Peierls substitution Hamiltonian beyond a
formal expression. The source of the difficulty is a topological obstruction: in contrast to the nonmagnetic
case, magnetic Bloch bundles are generically not trivializable. As a consequence, Peierls substitution
Hamiltonians for magnetic Bloch bands turn out to be pseudodifferential operators acting on sections
of nontrivial vector bundles over a two-torus, the reduced Brillouin zone. Part of our contribution is the
construction of a suitable Weyl calculus for such pseudodifferential operators.

As an application of our results we construct a new family of canonical one-band Hamiltonians H, B
for magnetic Bloch bands with Chern number 6 € Z that generalizes the Hofstadter model Hf .= H0 1 for
a single nonmagnetic Bloch band. It turns out that H? 9. 18 isospectral to Hflof for any 6 and all spectra
agree with the Hofstadter spectrum depicted in his famous (black and white) butterfly. However, the
resulting Chern numbers of subbands, corresponding to Hall conductivities, depend on 6 and ¢, and thus
the models lead to different colored butterflies.

1. Introduction
We consider perturbations of the self-adjoint Schrédinger operator
Hpy,r = 5(=1Vs = Ao)* + Vr,

densely defined on L?(R?), where Ag : R* — R? and Vi : R> — R act as multiplication operators.
Here Ag(x) = (—Boxz, 0) is the vector potential of a constant magnetic field By € R and the scalar
potential Vi is assumed to be periodic with respect to a Bravais lattice I’ C R?. The spectral properties of
the operator Hp, r are extremely sensitive to the relation between the numerical value of By € R and the
area || of one lattice cell. When By and I" are commensurable, in the sense that By|I'|/27m = p/q € Q,
the operator Hp, r is unitarily equivalent by an explicit unitary transformation %, to a countable direct
sum of multiplication operators by real-valued continuous functions E,, : T; — R with E, (k) < E,y1(k)
This work was supported by the German Science Foundation within the SFB TR 71.
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774 SILVIA FREUND AND STEFAN TEUFEL

forall k € Tj andn € N={1,2,...}. Here the two-dimensional torus T; is the Pontryagin dual of a
subgroup I'; of I". In summary, it holds that

oo oo
Hp,r :=FyHp, v T =Y E P, on % := %, L*(R®) = L*(T}: %) = P L*(T). (1)
n=1 n=1
where P, is the orthogonal projection onto the n-th summand in the direct sum. As a consequence,
the spectrum o (Hp, 1) = e | En (T7) is a union of intervals and purely absolutely continuous. If, on
the other hand, By|I'|/27 ¢ Q, then it is expected that o (Hp, ) is a set of Cantor type, i.e., a closed
nowhere-dense set of zero Lebesgue measure. The proof of this so-called ten martini problem was given
only recently [Avila and Jitomirskaya 2009] and it only applies to simple tight-binding models on £2(Z?).
The most prominent picture of this commensurability problem is the fractal Hofstadter butterfly, a plot of
the spectrum of such a simple tight binding model as a function of the magnetic field By; see Figure 2 in
Section 7.

The physical meaning of the operator Hp, r is that of a Hamiltonian for a single particle constrained
to move in a planar two-dimensional crystalline lattice under the influence of a constant magnetic field of
strength By perpendicular to the plane. However, from the point of view of physical applications and exper-
iments, a constant magnetic field By is a highly idealized situation that can be realized only approximately.
The distinction between rational and irrational magnetic fields By is a purely mathematical one. Thus it is
of genuine interest to understand perturbations of Hp, r by potentials A®(x) := A(ex) and ®°(x) := P (ex)
corresponding to magnetic and electric fields B®(x) := e(curl A)(ex) and €°(x) := e(V®)(ex) that are
small and slowly varying in the asymptotic limit ¢ < 1. Here A : R*> — R? and ® : R*> — R are smooth
functions. We therefore consider the self-adjoint Schrddinger operator

for = 5(—iVe — Ag — A)> + Vp + ©F

for a fixed rational value of By|I'|/2m = p/q in the asymptotic limit € < 1 as a perturbation of the simple
block structure (1). It follows by well-known techniques of adiabatic perturbation theory that parts of
the block decomposition (1) are stable under such perturbations: Assuming, for example, for a single
function E, the gap condition E,_;(k) < E, (k) < E,4+1(k) for all k € T}, one can construct from P, an
orthogonal projection IT¢ such that |[[TT¢, H EO,F]H e = 0(£>°). While the restriction PnﬁBo,p P, of the
unperturbed operator to one of its invariant subspaces ran P, acts as multiplication by the function E,,,
the restriction IT; H go’rl'li of the perturbed operator H EO’F to one of its almost invariant subspaces
ran I'1{ a priori has no simple form. The “Peierls substitution rule”, widely used in physics, suggests that
I H B,.r [1; is unitarily equivalent to a pseudodifferential operator with principal part

E,(k— A(ieVy)) + D (ie V)

acting on some space of functions on the torus T7. The main result of our paper is to turn this claim into
a precise statement and to prove it: we show that the blocks IT H gO [T of the perturbed operator are
unitarily equivalent to pseudodifferential operators acting on spaces of sections of possibly nontrivial
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vector bundles over the torus with principal part given by the Peierls substitution rule. A special case of
our main result, Theorem 5.1, is the following statement:

Theorem 1.1. Let A, ® be smooth bounded functions with bounded derivatives of any order and
By|I'|/2m = p/q € Q. For any simple Bloch function E, of the unperturbed Hamiltonian Hp, v satisfying
the gap condition, there exist for ¢ > 0 small enough

e an orthogonal projection TI;,,
e a line bundle Ey over the torus T; with connection V? and Chern number 0 € Z,
o a unitary map U® :ran 1} — L%(Zy), and

* a pseudodifferential operator E}, € P(L%(Eyp)) with

| ES = (Entk = AGeV) + @YD) | g2z, = O@)
such that |[[T1%, Hg, lls@ = 0(e>) and
IUSTIE HY (TIEUS* — Efll g2z, = 0(e). )

In Theorem 5.1 we actually consider a more general situation, where a single band E,, is replaced by
a finite family of bands. Then Ey becomes a vector bundle of finite rank and the Peierls substitution
Hamiltonian is a pseudodifferential operator with matrix-valued symbol. We also compute the subprincipal
symbol of E’ explicitly, which contains important information for transport and magnetic properties of
electron gases in periodic media.

Theorem 5.1, and its special case Theorem 1.1, were shown before for the case By = O [Panati et al.
2003a]. There one has & = 0 and E is a trivial vector bundle over the torus T;‘. For the case By # 0,
the validity and the meaning of Peierls substitution, even on a purely heuristic level, were a matter of
debate (see, e.g., [Zak 1986; 1991]) and, to our knowledge, not even a precise conjecture was stated in
the literature.

Before giving more details, let us mention that the systematic or even rigorous analysis of two-
dimensional systems with periodic potential and magnetic field is a continuing theme in theoretical
physics, for example [Peierls 1933; Blount 1962; Zak 1968; Hofstadter 1976; Thouless et al. 1982;
Sundaram and Niu 1999; Gat and Avron 2003b], and also in mathematical physics and mathematics, for
example [Dubrovin and Novikov 1980a; 1980b; Novikov 1981; Buslaev 1987; Bellissard 1988; Guillot
et al. 1988; Helffer and Sjostrand 1989; Rammal and Bellissard 1990; Helffer et al. 1990; Helffer and
Sjostrand 1990a; 1990b; Nenciu 1991; Gérard et al. 1991; Hovermann et al. 2001; Panati et al. 2003a;
Dimassi et al. 2004; Panati 2007; Avila and Jitomirskaya 2009; De Nittis and Panati 2010; De Nittis and
Lein 2011; Stiepan and Teufel 2013]. We can mention here only a small part of the enormous literature
and we refer to [Nenciu 1991] for a review of the mathematical and physical literature to that point.

Most of the mathematical literature is concerned with the problem of recovering the spectrum and
sometimes the density of states of the perturbed Hamiltonian H go,l“' In some cases this is done by
constructing isospectral effective Hamiltonians in the spirit of the Peierls substitution rule; see, e.g.,
[Rammal and Bellissard 1990; Helffer et al. 1990; Helffer and Sjostrand 1989; 1990a; 1990b; Gérard
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et al. 1991]. With a few exceptions, most notably [Rammal and Bellissard 1990], the limiting cases
By =0 and By — oo were considered. More recently, the question of constructing unitarily equivalent
effective Hamiltonians was taken up in [Panati et al. 2003a; De Nittis and Panati 2010; De Nittis and Lein
2011] and the limiting regimes By = 0 and By — oo are fully understood by now even on a mathematical
level. For a thorough discussion of the question of why unitary equivalence is important also from a
physics point of view, we refer to [De Nittis and Panati 2010]. Let us mention here only one example:
The two canonical models for effective Hamiltonians for the asymptotic regimes By = 0 and By — oo
are exactly isospectral. This is known as the duality of the Hofstadter model; see, e.g., [Gat and Avron
2003a]. However, they are not unitarily equivalent and describe different physics.

The problem of constructing unitarily equivalent effective Hamiltonians in the intermediate regime of
finite By # 0 was, to our knowledge, completely open up to now! and its solution is the main content of our
paper. While we use the same basic approach that was applied in [Panati et al. 2003a; De Nittis and Panati
2010] for the cases By =0 and By — oo, namely adiabatic perturbation theory [Panati et al. 2003b], there
is a major geometric obstruction in extending these methods to perturbations around finite values of By
such that By|I'|/2m = p/q € Q, which we briefly explain. In all cases the projections P, in (1) act on
L?(T*, %) fiberwise, that is, they are given by projection-valued functions P, : T, = L(Hy), k> Py(k).
For an isolated simple band E,, the corresponding projection-valued function P, ( -) is smooth and defines
a complex line bundle over TZ, the so-called Bloch bundle associated with the Bloch band E,. For
By = 0 the Bloch bundles are trivial and the effective operator E; is a pseudodifferential operator acting
on LZ(TT), the space of L?-sections of the trivial line bundle over the torus T7. The Bloch bundles for
By # 0 are not trivial in general and E; has to be understood as a pseudodifferential operator acting on
the sections of a nontrivial line bundle E4 over the torus TT;I“.

An important shortcoming of our result is, however, that we cannot allow for the case of a perturbation by
a constant magnetic field B, corresponding to a linear vector potential A, in all steps of the derivation. While
an (almost) invariant subspace and the corresponding (almost) block structure of the perturbed Hamiltonian
can still be established in this case, and also the effective Hamiltonian Ope(En (k—A(r))+ ®(r)) remains
well defined for linear A, the unitary map intertwining the (almost) invariant subspace and the reference
space, as we construct it, no longer exists. For & = 0 this problem actually disappears, and we recover the
results for nonmagnetic Bloch bands with constant small magnetic fields B obtained in [De Nittis and
Panati 2010; De Nittis and Lein 2011]. Note, however, that the physically relevant situation where B and
also E = —V & are constant over a macroscopic volume containing ¢ ~2 lattice sites is included in all of
our results.

Let us mention that some of the physically relevant questions can be answered without establishing
Peierls substitution in our sense of unitary equivalence. There are, in particular, semiclassical and algebraic
approaches that allow for direct computation of many relevant quantities without the detour via Peierls
substitution. The modified semiclassical equations of motion for magnetic Bloch bands [Sundaram and
Niu 1999] became the starting point for a large number of quantitative results; see, e.g., [Xiao et al.

11t was observed in [Dimassi et al. 2004] that the method of [Panati et al. 2003a] can be directly applied also to magnetic
Bloch bands if one assumes that the magnetic Bloch bundles are trivial. But this assumption is generically not satisfied.
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2010] and references therein. This approach was rigorously derived and extended in [Stiepan and Teufel
2013; Teufel 2012]. In [Gat and Avron 2003b] the authors apply Bohr—Sommerfeld quantization with
phases modified by the Berry curvature and the Rammal-Wilkinson term in order to compute the orbital
magnetization in the Hofstadter model. For the case where B is constant or periodic and & = 0, the
algebraic approach of Bellissard and coworkers [Bellissard 1988; Rammal and Bellissard 1990; Bellissard
et al. 1991] provides a powerful tool for expansions to all orders for eigenvalues, free energies and
quantities derived from there. This approach can also cope with random perturbations and has developed
into a very general machinery; see, e.g., [Bellissard et al. 1994; Schulz-Baldes and Teufel 2013] and
references therein.

We end the introduction with a short outline of the paper. In Section 2 we give a precise formulation of
the setup and introduce all relevant quantities and assumptions. In Section 3 we briefly formulate
the result on the existence and the construction of almost invariant subspaces. We do not give a
proof here, since nothing interesting changes with respect to the nonmagnetic case at this point. In
Section 4 we analyze in detail the structure of magnetic Bloch bundles. As a result we can construct the
reference space for the effective Hamiltonian and the unitary map from the almost invariant subspace
to this reference space. This analysis is one key ingredient of our main result, which we formulate
and prove in Section 5. The result and its proof are based on geometric Weyl calculi for operators
acting on sections of nontrivial vector bundles, the other key ingredients, which are developed in
Section 6. In the final Section 7, we explicitly compute Peierls substitution Hamiltonians for mag-
netic subbands of the Hofstadter Hamiltonian. The Hofstadter model is the canonical model for a
single nonmagnetic Bloch band perturbed by a constant magnetic field By. As a result we find a
new two-parameter family Hf q (see (32)) of Hofstadter-like Hamiltonians indexed by integers 6 € Z
and ¢ € N. The operator Hf , can be viewed as the canonical model for a magnetic Bloch band
with Chern number 6 and originating from a Bloch band split into ¢ magnetic subbands. Like the
Hofstadter model itself, all Hel? 4 are representations of an element of the noncommutative torus alge-
bra, the abstract Hofstadter operator. As a consequence they are all isospectral and lead to the same
black and white butterfly, Figure 2. But the transport properties encoded in the Chern numbers of
spectral bands depend on 6 and ¢ and they give rise to different colored butterflies; see Figure 4.
The results of Section 7 and a more detailed analysis presented in [Amr et al. 2015] suggest that our
main theorem, Theorem 5.1, also holds for perturbations by magnetic fields with potentials A of linear
growth.

2. Perturbed periodic and magnetic Schrodinger operators

We consider perturbations of a one-particle Schrédinger operator with a periodic potential and a constant
magnetic field in two dimensions. The unperturbed operator is given by

Hyi = 3(=iVy — AQ@))* + Vi (x)
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with domain Hj(o) (R?), a magnetic Sobolev space. Here

AO(x):=Box with Bo:= <8 _%0)

and V5 is periodic with respect to a Bravais lattice
T:={ap1+bmnecR’|a,bel}

spanned by a basis (y, y») of R2, ie., Ve(x+y)=Vg(x)forally e I'. We will later assume that ByeR
satisfies a commensurability condition, so that Hyg obtains a magnetic Bloch band structure.

The full Hamiltonian is a perturbation of Hyg by “small” magnetic and electric fields of order &. More
precisely, let A(!) be a linear vector potential of an additional constant magnetic field B; and let A®
and @ be bounded vector and scalar potentials; then the full Hamiltonian H?® reads

H® = 1(=iV, = AP (x) — AV (x) — AP (ex))* + Vi (x) + P(ex) (3)

. 2
with domain H, . 1a)

(R?), where
HT :={f € L*(R*) | iV, + A(x))* f € L*(R?) forall « € N} with |a| < m]}
and Ng={0,1,2,...}.

Assumption 1. Assume that A® e Cee (R?, R?) satisfies the gauge condition A (x)-7, =0 for all x € R?
and that ® € Cgo([Rz, R). Let Vg : R?2 — Rbea measurable function such that Vi(x + y) = Vi (x) for
all y € T and that the operator of multiplication by V¢ is relatively (—=iV=AOQ —e A2 bounded with
relative bound smaller than 1 for all ¢ > 0 small enough.

Under these conditions, Hyg and H?® are essentially self-adjoint on Cgo([Rz), and self-adjoint on
Hi(o)(le) and Hi (R?), respectively. Note that any Vi € L2

1oc(R2) satisfies Assumption 1.

O fgAM
The band structure of Hyg. The magnetic translation of functions on R? by y; is defined by
(T () = P07y (x — 7). @)

On L*(R?) the magnetic translations are unitary and leave invariant the magnetic momentum operator
and the periodic potential:

T (V- ANT; = (-iV-AD) and T;'VeT;=Vp, andthus T;'HupT; = Hys.
Because
T\ Ty = 7BV T

we only obtain a unitary representation of T if (Y2, Boy1) € 2nZ. Here (y», Boy1) = Boyi A 2 is the
magnetic flux through the unit cell M of the lattice ' with oriented volume y; A .

Assumption 2. The flux of By per unit cell satisfies (y2, Boy1) =2np/q € 2w Q.
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By passing to the sublattice I' C r spanned by the basis (v, y2) := (¢¥1, ¥2) and defining the magnetic
translations 77 and 7, analogously, we achieve (y», Boy1) = 2 p € 2nZ. Hence

T:T — LLARY), y=my+nmyT,:=T"T", Q)
is a unitary representation of I' on L?(R?) satisfying
T, ' HysT, = Hys (6)

for all y € I'. Before we introduce the Bloch—Floquet transformation in order to exploit the translation
invariance of Hyg, we first define a number of useful function spaces. Let

He:={f e Li,. (R*) | T, f = f forall y €T},

which, equipped with the inner product (f, &)y, = |, ” f(y»)g(y)dy, is a Hilbert space. Analogously,
form e N,

¥ (R?) == {f € Hr | (—iV — AD)* f € % for all o € N§ with |o| <m}
is a Hilbert space with inner product

(2 8oy 2y = D A=V = AD)fL (=i = AD)g)ge,.

loe|<m

Let I'* be the dual lattice of I, i.e., the Z-span of the unique basis (y;", y;') such that y* - y; = 274;;.
By M and M* we denote the centered fundamental cells of I" and I'*, respectively. On ¥ a unitary
representation of the dual lattice ['* is given by

T = @),y e T(Y) with @) HG) =T ).
Finally, let the space of t-equivariant functions be
¥ = {f € L@, %) | f(k—y*) =1(y") f(k) forall y* eI}

equipped with the inner product (f, g)%, = [ (S (k), g(k))ge. dk, where dk is the normalized Lebesgue
measure on M* and ¥, is a Hilbert space.
For i € C(‘)’O(RZ), the magnetic Bloch—Floquet transformation is defined by

QUppy) (k, y) 1= Y e O H(TL ) (9). (7

yel

It extends uniquely to a unitary mapping Ugr : L2(R?) — 9, and its inverse is given by

UsLg) () = f e (k. 1) .

*

Because of (6) the operator Hyg fibers in the magnetic Bloch—Floquet representation as

D
Hyp = Upp Hyp Uhp = / Hper (k) dk,
M*
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(a) A 0 (Hper (k) . (b) Aff(Hper(k)) \
LE4(k) LE4 (k)
\_/:Ea(k) \/
5 {E5(k)
'Ey (k) E, (k)
G Y G Y

Figure 1. Two sketches of Bloch bands. Note that k € R?, so the graphs of the Bloch
bands are really surfaces. In (a) the families {E(k)}, {E2(k), E3(k)} and {E4(k)} are all
isolated, but none of them is strictly isolated. In (b) they are all strictly isolated.

where
Hper (k) := 3(—=iVy — AQ (3) + b)* + Vi (p)

acts for any fixed k € M* on the k-independent domain %i(m (R?) C ;. The domain Hi(o) (R?) of Hyp
is mapped to

loc

Ug Hx ) (R?) =1 LZ(RZ, 96, (R?)) = Ly, (R, 96 ) (R?)) N ¥

As Hpec(k) basically describes a Schrodinger particle in a box, it is bounded from below and has a
compact resolvent for every k € M*. Hence H,e(k) has discrete spectrum with eigenvalues E, (k) of
finite multiplicity that accumulate at infinity. So let

Ei(k) < Ex(k) <---

be the eigenvalues, repeated according to their multiplicity. In the following, k +— E, (k) will be called
the n-th band function or just the n-th Bloch band; see Figure 1. Since Hpe (k) is T-equivariant, i.e.,

Hper(k — %) = T1(y*) Hper (k)T ()7,

and 7(y™) is unitary, the Bloch bands E, (k) are I"*-periodic functions.
The effective Hamiltonians that we construct will be associated with isolated families of Bloch bands
of the unperturbed operator Hye (k).

Definition 2.1. A family of bands {E, (k)},c; with I =[I_, I;] NN is called isolated, or synonymously
is said to satisfy the gap condition, if

nf’ dist(U e/ {En ()}, U g {Em(K)}) =: ¢ > 0.
We say that {E,,(k)},es is strictly isolated with strict gap d if, for

oy = Une[ UkEM*{En(k)}’
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we have that
inf dist(E,,(k), o7) :=dy > 0.
I, keM*

mé
By P; (k) we denote the spectral projection of Hpe (k) corresponding to the isolated family of eigen-
values {E, (k)},<;. Because of the gap condition, the map

R? — @), k> Pr(k),
is real analytic and with Hpe (k) also T-equivariant. This family of projections defines a vector bundle
over the torus T* := R?/ T'*.
Definition 2.2. Let the bundle 7 : E; — T* with typical fiber 9 be given by
Er 1= (R® X %p) [~ ,
where
(k, ) ~¢ (K, ¢) = K'=k—y* and ¢ =t(y*)¢ forsome y*el*

The Bloch bundle Eg; associated to the isolated family { £, (k)},<; of Bloch bands is the subbundle given
by
Ep = {(k, ¢) € R> x ¥s | ¢ € P(K)Hi}/~, . (®)

Hence, the L2-sections of Z; are in one-to-one correspondence with elements of #, and the L?-sections
of the Bloch bundle are in one-to-one correspondence with functions f € #; that satisfy P; (k) f (k) = f (k)
for all k € R2.

H® as a pseudodifferential operator on ¥,. The operator of multiplication by x on L?(R?) is mapped
under the Bloch—Floquet transformation to the operator iV := AU xUZ. A simple computation shows
that iV} acts as the gradient with domain Hll)c([Rz, #Hr) NH, C ¥,. Hence, by the functional calculus for
self-adjoint operators, the full Hamiltonian H? takes the form

Hp o= Upp H* U = $(—1V, — AQ(3) +k — A V])* + Vi (y) + @[ V)),

where we put A ;= A + A@ and use that eAV (x) = AW (ex) due to linearity. One key step for the
following analysis is to interpret Hgy as a pseudodifferential operator with operator-valued symbol

Hk,r) = 3(—=iVy — AD () +k— AGT)> + Ve (0) + () 9)

under the quantization map k > k and r — ie V. To make this precise, note that H (k, r) is a T-equivariant
symbol taking values in the self-adjoint operators on #¢ with domain %i@) independent of (k, r). For
the convenience of the reader we briefly give the definitions of the relevant symbol classes and refer to
[Teufel 2003, Appendix B] for details on the t-quantization.

Definition 2.3. A function w : R* — [0, 00) satisfying, for some C, N > 0,
w(x) < Cx—y)Nw(y) forall x,yeR*,

is called an order function. Here (x) := (1 + |x|*)!/2.
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Let 7 and 3¢, be Hilbert spaces and w an order function. Then by S¥(£(¥,, #,)) we denote the
space functions f € C®(R*, L(¥,, %>)), which satisfy

I fllw.ap = sup wik, )" @FF £)(k, r)ll@r 9 < oo forall e, BeNG.
(k,r)eR*
Functions in S (£(#1, ,)) are called operator-valued symbols with order function w. For the constant
order function w(k, r) = 1 we write S} (L(¥1, #2)) := SY=L(L(H1, #2)).
Let 7; : ' — £(¥;), j =1, 2, be unitary representations. A symbol f € S¥(£(¥1, #,)) is called
(11, T2)-equivariant if

flk=y*. 1) =0y fk, Nty forall y*e* and (k,r) € R*.

The corresponding space is denoted by S (";l’m (£(3€,, #,)) and equipped with the Fréchet metric induced
by the family of seminorms || - ||y« -

We denote by S% (g, L(#1, X)) the space of uniformly bounded functions

(t1,72)

f 110, &0) = S(, 1) (L(¥1, H2)).
If #) = %, = ¥ and 1| = 12, we write S¥ (e, £(#)) instead.

Proposition 2.4. Let w(k, r) := 1+ |k — A(r)|>. Then the operator-valued function (k,r) — H(k,r)
defined in (9) is a symbol H € S'* (2(%3‘@, Hr)) with T1 = 72 0 and 1p = T.
A

(t1,72)

Proof. Since H(k,r) = Hper(k — A(r)) + ®(r), all claims can be checked explicitly on Hper using
Assumption 1: the (71, 72)-equivariance of H follows from the (7, 72)-equivariance of Hpe, and
Hper € S(3 (£, Hr)) with wo(k, r) := 1+ |k|* implies H € S;*  (R*, L(¥7 ), Hr)). See
[De Nittis and Panati 2010, Lemma 3.8] for details on the last argument. O

Note that the Weyl quantization of a symbol f in S7 _\(£(%, #>)) defines an operator Op ™ ™)( f)
that maps #;-valued, ti-equivariant functions to #,-valued, tp-equivariant functions. For details on this
T-quantization, see [Teufel 2003, Appendix B]. For a general introduction to pseudodifferential operators
with operator-valued symbols in the same context, we refer to [Gérard et al. 1991].

Since the (11, T2)-quantization Op'™ ™) (H) of H restricted to the space of smooth t-equivariant
functions with values in %i(o)(ﬂ%z) agrees with the restriction of HZ,
essentially self-adjoint on this subspace, their closures agree and we will identify them in the following.

and since both operators are

3. Almost invariant subspaces

The first step of space-adiabatic perturbation theory is the construction of the almost invariant subspace
I15%; associated with an isolated family of Bloch bands {E,, (k)},<;. Here I1j is an orthogonal projection
almost commuting with Hg. This concept goes back to [Nenciu 2002] and the general construction was
introduced in [Nenciu and Sordoni 2004; Martinez and Sordoni 2002] based on techniques developed
already in [Helffer and Sjostrand 1990a]. The application to the case of nonmagnetic Bloch bands
including the 7-equivariant Weyl calculus was worked out in [Panati et al. 2003a; Teufel 2003]. Since
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these methods carry over to the case of magnetic Bloch bands without difficulties — see also [Dimassi et al.
2004; Stiepan 2011] — we skip the details of the proof. Note, however, that we add a new observation to
the statement: under the assumption of a strict gap and for sufficiently small perturbations, the resulting
projection IT5 actually commutes with Hfp, since it turns out to be a spectral projection.

Theorem 3.1. Let Assumptions 1 and 2 hold and let {E, (k)},c; be an isolated family of Bloch bands.
Then there exists an orthogonal projection 15 € £(9€;) such that HgI15 is a bounded operator and

I[Hgg, 7111 = 0(e™).
Moreover, T1 is close to a pseudodifferential operator Op* (rr):
ITI7 — Op* ()| = O(™), (10)

where T € Sr1 (g, £(Hy)) = S;‘El(s, F(#s)) with principal symbol wy(k,r) = Pr(k — A(r)).

If {E, (k) }ner is strictly isolated with gap dg and || P || o0 < %dg, then (10) holds for T1; being the spectral
projection of Hgy associated to the interval [inf E;— %dg, sup E; + %dg]. In particular, [Hgg, T15]1 =0
in this case.

Proof. The construction of ITj is given in [Teufel 2003, Proposition 5.16] for general Hamiltonians
with symbol H € §%, _ (R*, (@, %)) for w(k, r) = 1+ [k|?, where H (k, r) is pointwise a self-adjoint
operator on ¥ with domain 9. In the case A" = 0 it applies verbatim also to our Hamiltonian, since
then H € S(“;I’Tz)([RE‘*, 52(%3(0), #r)). The slight modification that allows one to include also a linear term
AD # 0 is worked out in [De Nittis and Panati 2010, Theorem 3.12(1)], where the order function w
is replaced by w4. Note that their assumption (D) on the triviality of the Bloch bundle is not used in
the proof of [De Nittis and Panati 2010, Theorem 3.12(1)]. We remark that the construction of I1j for
nonzero A® and A" = 0 was also done in [Stiepan 2011].

The statement for strictly isolated bands follows from inspecting, for example, the proof of [Teufel
2003, Proposition 5.16], from where the following notation is also borrowed. Under the assumption
of a strict gap, the Moyal resolvent R(¢) can be constructed globally on U, = R* and for ¢ in a fixed
positively oriented circle A C C encircling [inf E;— %dg, sup E; + %dg]. But then [Teufel 2003, (5.28)]

implies Op™(R(¢)) = (Op ™™ (H) — ¢)~! 4+ 0(¢>) and thus, by [ibid., (5.38)],
Op*(m) = 51 O (R de = 5§ (i — )7 dg +0(e™), 0

4. Magnetic Bloch bundles

With respect to the (almost) invariant subspace I1; %, associated to an isolated family of Bloch bands,
the Hamiltonian thus takes the (almost) block diagonal form

Hyp = 5 Hgpll; + (1 — TT5) Hgp(1 — T15) + 0(e™),

where O(¢*°) holds in the operator norm. For strictly isolated bands, 0(£°°) can be replaced by zero
and the prefix “almost” can be dropped. The remaining task is to show that the block ITj HgITj is
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unitarily equivalent to an effective Hamiltonian H.¢g given by Peierls substitution on some simple reference
space Hies.

Let us quickly summarize how this is achieved in the case By = 0 in [Panati et al. 2003a; Teufel
2003]. The smoothness of H (k, r) and the gap condition imply the smoothness of the spectral projection
P;(k — A(r)). In particular, P;(k — A(r)) has constant rank m € N. It is thus natural to choose ¢
as the C"-valued functions over the torus T* = R2 JT%, de., Hper = L%(T*, C™). As in the case of IT,
the unitary map U°® : T199(; — 9..r is constructed perturbatively order by order as the quantization of a
semiclassical symbol u(k, r) < Z?io e/uj(k, r). The starting point of the construction is a unitary map
uo(k,r): Pr(k — A(r))3s — C™ that is smooth and right-t-equivariant:

uotk —y*, r) =uglk, )t(y*)~! forall k € R* and y* € I'*.

In geometric terms this means that we seek a U (m)-bundle isomorphism between the Bloch bundle Ep
and the trivial bundle over the torus T* with fiber C". But such an isomorphism exists if and only if the
Bloch bundle is trivial. It was shown in [Helffer and Sjostrand 1989] for the case m = 1 and in [Panati
2007] also for m > 1 that, in the case By = 0, time-reversal-invariance implies that the Bloch bundle
associated to any isolated family of Bloch bands is indeed trivial and hence an appropriate uy always
exists.

However, Hyp is no longer time-reversal-invariant when By # 0 and the Bloch bundle is in general a
nontrivial vector bundle over the torus. Indeed, its nonvanishing Chern numbers are closely related to the
quantum Hall effect, as was first discovered in the seminal paper [Thouless et al. 1982]. The nontriviality
of magnetic Bloch bundles is the main obstruction for defining Peierls substitution for magnetic Bloch
bands in any straightforward way.

Let us start with a rough sketch of our strategy for overcoming this obstruction. Our reference space
e = ¥, now contains sections of a nontrivial vector bundle E, over T* with typical fiber C" that is
isomorphic to the Bloch bundle Eg;. According to a result of Panati [2007], E,, is uniquely characterized,
up to isomorphisms, by its rank m € N and its Chern number 6 € Z. Of course we could just glue
together local trivializations of Eg; by suitable transition functions in order to construct such a bundle &,.
However, for the definition of the map U® : I15%; — ¥, and for the construction of an appropriate
pseudodifferential calculus on #,, it will be essential to have an explicit characterization of &, with
certain additional properties. To this end, we first explicitly define a global trivialization of the extended
Bloch bundle given by

By = {(k, 9) € R* x ¥z | ¢ € Py (k)3s} (11)

over the contractible base space R2, i.e., an orthonormal basis (p1(k), ..., pm(k)) of P(k)¥¢ depend-
ing smoothly on k € R2. For this we use the parallel transport with respect to the Berry connection
VB = Py (k)Vi Pr (k) + Pj- (k) Vi Pj- (k). Then Eq := (R* x C™)/~,, is defined in terms of the “transition
function” « : R?/ I'* x I'* — £(C™) defined by ¢ (k —y*) =: a(k, y*)T(y*)¢ (k). But the functions @;jk)
are not T-equivariant and their derivatives of order n grow like |k|". Thus they cannot be used directly to
define a symbol of the form ug(k, r);; = le;) (¢ (k—A(r))|. However, they do give the starting point for the
perturbative construction of a unitary Uy : [15%, — P, by setting uo(k, r);; := |@; (k)){@,;(k — A(r))|,
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which is a good t-equivariant symbol. From the frame (¢ (k), ..., ¢ (k)) we also get a bundle isomor-
phism between Ep| and &, that is, a unitary map

Ug : Pr¥e = o, k) = (Uap) j(k) := (@ k), 9(k))s

where P;%; = {f € #, | f(k) = P;(k) f (k)} contains the L?-sections of the Bloch bundle. But U, is
not a pseudodifferential operator and thus it is not clear a priori if

Heff = Uoz Ufni Opr(H)HiUiE*U;(

is a pseudodifferential operator and how its principal symbol looks. This problem will be solved by
introducing a Weyl quantization adapted to the geometry of the Bloch bundle, for which the action of U,
is explicit.

After this rough sketch of the general strategy, let us start with the construction of the frame
(p1(k), ..., ¢n(k)). For this we need a lemma on the properties of the Berry connection.

Lemma 4.1. On the trivial bundle R?> x ¥ the Berry connection
Vi := Pr(k)Vi Py (k) + Pi- (k) Vi P~ (k)
is a metric connection.

For arbitrary x, y € R? let t®(x, y) be the parallel transport with respect to the Berry connection along
the straight line from y to x. Then t®(x, y) € L(¥s) is unitary, satisfies

B (x, y) = Proo)tB(x, y) Pr(y) + Pi-(x)t® (x, y) Pi-(y) (12)
and is T-equivariant:
B -y y—yH=tHPx, Tty (13)

Proof. Let ¥, ¢ : R* — ¥ be smooth functions; then a simple computation yields

V(Y k), (K)o, = (VPP (), (K))at, + (W (), VP ()t
showing that VB is metric. As a consequence, t2(x, y) € L(¥y) is unitary. Let x(s) := y +s(x — y),
s € [0, 1], be the straight line from y to x. Then B(x(s), y) =: tB(s) is the unique solution of

%t3<s>=[(x—y)-VPl<x(s>>,Pz(x(s»]tB(s) with 1% (0) = 1y, (14)

From this and VP; = P;(V P,)PIL + PIL (V Py) Py, one easily computes that

L& P () =0,

which implies 8 (s)* Py (x (s))t 8 (s) = P; (y) for all s € [0, 1], and thus (12). Now ¢ (x(s) —y*, y—y*) :=
1B (s) is the unique solution of

d- * kN7 : z

& @ =1x =) VP =y, Pi(x() —yIIi(s) with 7F0)=Ty. (15

Thus, the T-equivariance of B(x, y) follows from comparing (14) and (15) and using the 7-equivariance
of the projection P;(k). U
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Proposition 4.2. Let {E,(k)},er be an isolated family of Bloch bands with |I| = m. There are functions
@j € C®(R2, %), j=1,...,m, such that (p1(k), ..., ¢, (k)) is an orthonormal basis of Pj(k)¥;s for
all k € R? and having the following property: there is a function « : R/Z — $(C™) taking values in the

unitary matrices such that
plk—y™) = alk)" T (y")p(k)

forall y* =:ny+nyy) el ke R? and ky := (k, y»)/(27). If the rank m of the Bloch bundle is 1,
then ¢ = @1 can be chosen so that

Cl(Kz) — e—iZJTGKz — e—i@(k,yz)’ (16)
where 6 € Z is the Chern number of the Bloch bundle.

Proof. Note that if the Bloch bundle is trivial then any trivializing frame (¢;(k)) j=1,...» would do the job

and & = 1,,x,». In general, we construct a trivializing frame of the extended Bloch bundle Ej, (see (11))
by using the parallel transport with respect to the Berry connection.

Throughout this proof, we use instead of cartesian coordinates the coordinates «; := (k, y;)/(2m),
namely kK = 1y, + k2y, . In particular, we also identify y* = (ny, np) € I'* with (ny, n2) € 7>

Let ko — (h1(k2), ..., hy(k2)) be a smooth, 1-equivariant, orthonormal frame of E{g]|,q=0, ie.,
hj(ky—n3) =7((0,n2))h;(k2) and (hi(k2), ..., hy(k2)) is an orthonormal basis of P;((0, k2))3€s. Since
every complex vector bundle over the circle is trivial, such a frame always exists. Now we define a global
frame of Ep, by parallel transport of /2 along the y,*-direction,

@K1, k2) := 12 ((kc1, k2), (0, k2))h j (k2).

By Lemma 4.1, the functions ¢; : R? — ¥ are smooth and (@ (k), . .., @ (k)) is an orthonormal basis of
P; (k)% for all k € R%. Since t(y*) : ran P; (k) — ran P;(k + y*) is unitary for all k € R2, we have that

Gk —y*) = &k, y)T(y)@: (k) (17)
i=1

with a unitary m x m matrix a(k, y*) = (@i (k, y*))j i=1,...m- The T-equivariance of 4 implies

.....

a((0, k2), (0,n2)) =1,,x,, forall kp €R and ny € 7.
From the t-equivariance (13) of the parallel transport, this also implies
a(k, (0,n2)) = Ly, forall k € R* and ny € Z, (18)

since

15 (1, k2 — n2), (0, k2 — n2))T((0, 1))t (0, k2), (i1, k2))
= 7((0, )t ((k1, K2), (0, k2))T((0, n2)) ' T((0, 2))t2((0, k2), (K1, k2)) = T((0, n2)).

From the definition (17) it follows that & satisfies the cocycle condition

ak—7*, y9ak, %) =ak, y*+7*) forall k e R? and y*, 7* € I'*, (19)
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which, for y* = (0, np) and y* = (ny, 0), together with (18) implies
a(k, (n1,0) =a(k, (n,n2)) forall k€ R* and n, n, € Z.

Hence, & does not depend on 2, and we write & (k, n1) in the following. But then the cocycle condition (19)
with y* = (n1,0) and y* = (0, ny) implies

a((ky, ko —n2), np)a((ki, k2), 0) = a((k1, k2), n1),

and thus the periodicity of @ as a function of «;.
Next we introduce the m xm-matrix-valued connection coefficients of the Berry connection as

(&%(k)) _ _L(@i(k), aklgz,-(k)m) _ ( 0 )
si2, (k) 270 \ (@1 (), 3, (K)) e st (k) )
where sﬁ}i(k) = 0 because the ¢; are parallel along the y,*-direction. From (18) we infer that A2 is

periodic in the y; -direction, that is, that &iz(/q, Ky +ny) = &iz(/q, i) for all k € R? and n, € Z.
If we differentiate both sides of (17) with respect to x, and then project on ¢, (k — y*), we obtain

2ishf, (k — y*)

=Y @ik, n)agi (k, m) 421 Y &jik, n)shf, (k) (k, n).

i,n=1

Z((@(k — ™), 0, @ji(k, n)T(y )i (k) + @i (k, n1) T (™), §i (k)))
i=I
i=1

Since &@}.i (k) = 0, the matrix &(k, n1) is independent of x| and satisfies the linear, first-order ODE
By @ (12, 1) = 27 (sA4%(0, k2)& k2, 1) — @ (1, m) A (1, K2)). (20)

Since @ (k3, - ) : Z — F(C™) is a group homomorphism for every «; € R/Z, we can put &(k2, n1) = o (k)™
with «(k2) := &(k2, 1). This proves the statement of the lemma for the case m > 1 by setting ¢ := ¢.
For m = 1 we evaluate the solution of (20) in order to obtain an explicit expression for «,

@Ko, 1) = exp<2ﬂi/K2 ds (4(0, s) — sA2(1, s))).
0

Introducing the curvature of the Berry connection,
|M*|

2 = 2

de, A2 (K),

by Stokes’ theorem we have

k2 - 47.[2 Ky pl _
27rf (A%(1, 5) — A*(0, 5)) ds = //Q(p,s)dpds::ﬁ(lcg)
0 M*| Jo Jo

I
and thus

&(icy, 1) = e i)
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To obtain the simpler form claimed in the lemma, we put
o(k) := et (2711{29—(2(1{2))(5(]()’
where 0 := Q(1)/(27) is the Chern number of the Bloch bundle. Hence,
ok —y*) =e 2T (y (k). O

Proposition 4.3. Let Assumptions 1 and 2 hold with AV = 0 and let {E,,(k)}ner be an isolated family of
Bloch bands. Then there exists a unitary operator U} € £(9;) such that

UITI U = Py
and U{ = Op®(u) + 0o (e*°), where u < ijo 8ju‘,~ belongs to ST1 (e, L(#5)) and has the t-equivariant
principal symbol uo(k, r) = Y7 19i (k) (i (k — A()| + ug (k, 7).

Proof. We only need to show that a T-equivariant principal symbol ug(k, r) of the form claimed above
exists. Then the proof works line by line as the proof of [Teufel 2003, Proposition 5.18]; see also [Panati
et al. 2003a]. However, according to Lemma 4.1,

uo(k, r) =18k, k — A(r)) = t2((k1, k2), (k1 — A1(r), K2))

is T-equivariant and has the desired form. Here we use the choice of gauge y» - A(r) = 0 and write
as before A(r) = A;(r)y;". Note that at this point we have to assume AWM =0, because otherwise the
k>-derivatives of uy would become unbounded functions of r and uq ¢ S} for all order functions w. [

Definition 4.4. Using the matrix-valued function o constructed in Proposition 4.2, we define

W :={f € Lipc ®,C™") | flk—y*) =)™ f(k) forall ke R*, y* eT'*)

loc

with inner product (f, &), = [+ dk (f k), g(k))cn.
Using the orthonormal frame (¢; (k), ..., ¢, (k)) constructed in Proposition 4.2, we define the unitary
maps
Ug (k) : Pr(K)3; — C™,  f 1> (Ua (k) f)i := (@i (k), [t
Uy : P13t — Ha, [ (Ua f)K)i == (i k), f&))s;-
In the same way that P;¥; is the space of L?-sections of the Bloch bundle ZEg;, the space ¥, is the
space of L?-sections of a bundle Z,.

Definition 4.5. Let
By i= (R* X C™)/~,, (21)
where

(k, X)) ~q (K, M) = kK'=k—y* and A =ak)™™Ar forsome y* = (ny,ny) el

On sections of E, we define the connection V¢ := U, V® U;.
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It was shown by Panati [2007] that even for m > 1 the bundle E, is, up to isomorphisms, uniquely

determined by its Chern number

0 := iﬂ tr(Q (k)) dk.

27 Sy

However, we use a canonical form for « only in the case m = 1, where a canonical choice is (16).

5. The effective Hamiltonian as a pseudodifferential operator
Combining the unitary maps U; : I[15%; — P; %, and U, : P;3; — ¥, into
U TI5H, — #,, U®:=UyU7,
we find that the block IT; HgpIT of Hgy, is unitarily equivalent to the effective Hamiltonian
H" .= U TS HER 15 U

acting on the space ¥, of L>-sections of E,. The remaining problem is to compute explicitly an
asymptotic expansion of HIeff in powers of &, where the leading-order term should be given by Peierls
substitution,

H" = E;(k — A(e V) + ®({eVY) +0(e)
with
Ej(k)ij = (@i (k), Hper(k)p;(k)).

Note that V¢ is the only natural connection on sections of E, as the flat connection, used implicitly for
Peierls substitution in the nonmagnetic case, is not at our disposal. It will be a considerable effort in itself
to properly define the pseudodifferential operator E;(k — A(ieV})) + ®(ieV}') as an operator on ¥, .

In the nonmagnetic case the problem of expanding H.¢r is much simpler. Then not only the Hamiltonian
Hj. = Op'(H) and the projection I = Op* (;r) +0(e*) are 0(¢™)-close to pseudodifferential operators,
but also the intertwining unitary U® = Op*(u) + 0(¢>°). Moreover, #,, contains periodic functions and
Hfff is close to a semiclassical pseudodifferential operator hf}ff(k, ie Vi) with an asymptotic expansion of
its symbol computable using the Moyal product:

H{™ = UTT§ H5RTTS U** = Op™ (u) Op* () Op® (H) Op* () Op® (u*) + 0(£™)
—Op (utmt Himtu*)+0E™).

—.peff
=:hS

In our magnetic case, however, we cannot proceed like this. Although the operators I1} and U} are again
nearly pseudodifferential operators, this is no longer true for U,. The symbol for this operator would
have to be uy (k, r) = Z;":l (@i (k)|, which is in no suitable symbol class because its derivatives of order n
grow like |k|". So we have to deal with the fact that our effective Hamiltonian is of the form

H™ = USTTS Op" (H)TTSUS* = U, P Op™ (h) Py U + 0(™).
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Our solution is to replace the r-quantized operator Op®(h) = h(k,ieV}) by a “Berry quantized” op-
erator OpB(h) = h(k, ieV}?) (see (26)) with a modified symbol h. Because of the unitary equiv-
alence V* = U,VBUY, one expects and we will show that Uyh(k,ieVB)U} = hll(k,ieVE) with
h‘;ff(k, r)ij = (gi(k), h(k,r)p;(k)). We postpone the detailed definitions of the new quantizations
and the proofs of their relevant properties to Section 6. In a nutshell the quantization maps are defined as
follows:

e Forh € ST1 (e, L(¥r)) we put OpB(h) = h(k, ieV,‘f) acting on #-.

o For hh € Sy(g, £(C™)) (see Definition 6.11) we put Op“(h) = h(k, ieV}) acting on .

« For m = 1 and I*-periodic h € S'(g, £(C)) we put Op’(h) = h(k, isV,f) acting on #,, where

VY=V +i0/Q2n) (k, v1) e

The last quantization will only be used for the case m = 1 in order to obtain an explicit expression
for Hfff. Note that changing the connection from V¢ to V¢ makes the quantization rule independent of ¢;.
Moreover, V? is canonical in the sense that its curvature tensor RY(X,Y) =i0|M|/Q2r) (X1Y> — X2 Y1)
is constant.

All in all, the steps leading to a representation of the effective Hamiltonian Hfff as a pseudodifferential
operator are

H{" := U HEp T U™ = U°TT; Op* (H) T5U* = Uy P Op* (h) P UG + 0(e™)
= Uy P; Op®(h) P1U} + 0(™) = Op” (h§™) + 0(e™).

In the following theorem we collect our main results:

Theorem 5.1. Let Assumptions 1 and 2 hold with AW =0 and let {E, (k)}nes be an isolated family of
Bloch bands. Then there exist an orthogonal projection IT5 € £(3€;) and a unitary map U*® € L(I17%, 3y)
such that

[ HE g, T e,y = 0(™) (22)
and, with H,eff = U TS HERITS U,
(e et — e HI U || g0,y = O()1]). (23)

If {E,(k)}ner is strictly isolated with gap dy and || Pl < %dg, then the expressions in (22) and (23)
vanish exactly.
There is an a-equivariant symbol hiff € Sy (e, L(C™)) such that

IHF" = Op® (i) ll2,) = O(e™). (24)
The asymptotic expansion of the symbol h‘;ff can be computed, in principle, to any order in €. Its principal
symbol is given by
hotk,r) = E;(k—A(r)) + ) Lnxm,
where

E;(k)ij := (@i (k), Hper(k)@; (k)) 5,
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and (p1(k), ..., @n(k)) is the orthonormal frame of the extended Bloch bundle constructed in Proposition
4.2. Thus, Peierls substitution is the leading-order approximation to the restriction of the Hamiltonian to
an isolated family of bands:

| H™ — Op(ho) | ¢, = O(e).

Proof. The projection IT} was constructed in Theorem 3.1. The unitary U® := U, Uy is obtained from U7,
constructed in Proposition 4.3, and U,, given in Definition 4.4. Statement (23) follows from (22) by
standard time-dependent perturbation theory.

Now the operator Hy := U{T17 HiI15U;™ is, by construction, asymptotic to the T-quantization of the

semiclassical symbol h:=ufin t Hiim du* € ST1 (¢) with principal symbol

botk, 1) = (i (k — A(r), (Hper(k — A(r) + D (1)@ (k — A1)y, |9 () (0 (K.

As sketched before and as to be shown in Corollary 6.9, one can approximate Op®(h) by the Berry
quantization Op®(h) of a modified symbol / up to an error of order £>. More precisely, in Corollary 6.9
we show that there is a sequence of symbols 4, € Sl with iy = b such that, for any N € N,

N
> " 0pP(hy) — Op™(h) H =0,
n=0

As we will show in Proposition 6.13, the Berry quantization transforms in an explicit way under the
unitary mapping U, to the reference space 3(,. Namely, it holds that U, OpB(hn)U: = Op“(hfff) with

(hDij (k) = (@i (k) Bk, 1) (K)).
Then (24) holds for any resummation hf}ff of the asymptotic series Y &" A, O

As stated in the theorem, one can compute order by order the asymptotic expansion of h‘}ff using
the explicit expansions of the symbols 7z and u# and expanding Moyal products. We now show how to
compute the subprincipal symbol % in a special case, and for this we adopt the notation introduced in the
proof of Theorem 5.1. According to Corollary 6.9 there are two contributions to /1, namely

hik,r)=hic+by = —%i(Vrbo(k, r)-M(k)+ M (k) - Vi ho(k, r)) + b1,
where
M(k) :=[VP;(k), Pr(k)].

While one could compute /4 also for general isolated families of bands, this is more cumbersome and the
result is rather complicated. We therefore specialize to the case m = 1, i.e., to a single nondegenerate
isolated band E,,. Then

bok, r) = (En(k — A(r)) + @ (r)) Py (k)

and, using the ¢ corresponding to (16), we obtain that the Berry connection coefficient (k) =
—1/27) {@n(k), O, ¢n(k)) is a periodic function of k, and independent of k;. Hence, introducing the
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kinetic momentum & := k — A(r) and, recalling that A(r) = A (r)y;", we have &41(12) = o (k). Using
this and specializing to the case I" = Z? for the moment, one finds for the subprincipal symbol of

h=utmtHentu* =P gut Hiu g Py,
by the same reasoning as in the proof of [Teufel 2003, Corollary 5.12], the expression
b1k, 1) = (=1 (B @2 En (B B) = 8, En () + (s2(K) = o (0) (220 (1)
— 01 Ey(k)B(r) + B(r) Re(i(819 (k). (Hper — En) (k)32 <1€)>%f)) Py (k)
— 31V, (En (k) + @ (r) M k),

where k :=k — A(r) and B =curl A = 9, A;. Using P;(k)V P;(k) P;(k) =0, the last term in h; cancels
exactly /¢ in h; and we find
WS (k. r) = (@u (k). k(K. r)gn (K))
= =y (k) (B2 Ey (k) B(r) — 3y, En (k) + (2 (k) — 2 (k) (3@ () — 81 E (k) B(r)) + B(r) (k).
with
M(k) := Re(i(d19n (k), (Hper — En) (k) 32000 (5))3¢;)

the Rammal-Wilkinson term. To get a nicer expression we compute the symbol with respect to the
0-quantization. According to Proposition 6.14 we have to add

- (&41 (k) hET (K, r) + (&ﬁz(k) - %) (3 r))

- 0k -
= =l (k) (3 En(k) + 01D (r)) — (&Qz(k) - 2—711)(8249(?) — 01 E, (k) B(r)).

In summary we have
- ~ - Ok ~ -
"™ (k) = —sly (k) (3@ (r) + 0 En (k) B(r)) — (&Qz(k) - 2—771) (02®(r) — 01 E, (k) B(r)) + B(r)M(k),

where we note that the combination s, (12) —0ky/(2m) is a ['*-periodic function.
So, in summary, we obtain the following corollary:

Corollary 5.2. Let Assumptions 1 and 2 hold with AV = 0 and let E(k) = E, (k) be an isolated
nondegenerate Bloch band. Then there is a T*-periodic symbol h®? e S'(g, £(C)) such that, for the
effective Hamiltonian HS™ := H}if{n} from Theorem 5.1, it holds that

IHE™ — Op? (h*™9) || 56,y = O (™). (25)

The asymptotic expansion of the symbol h®">? can be computed, in principle, to any order in . Its principal
symbol is given by
ho(k, r) = E(k) + @ (r),
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and its subprincipal symbol by
hy(k,r) = sk, r) - (B(r)VE(&)* — V&) + B@r)k),
where k ==k — A(r), VE(k)* = (=0, E(k), 8, E(k)) and
M(k) = —Im((319(k), (Hper — E)(k)B200(k))3,)-

The Berry connection coefficient A is given by

sk, r) = sty (B + (920 — 2=k, 1) s

where the components sl ; are computed from the function ¢ constructed in Proposition 4.2 as

k) = (p(k), 3, p(k)) == (pk), yj - Vo).

i i
27 27

The two terms in the subprincipal symbol have the following physical meaning: Since V E,, (k) is the
velocity of a particle with quasimomentum k in the n-th band, the term in brackets is the Lorentz force on
the particle. Since the #-quantization takes into account the integrated curvature of the Berry connection
of 270 per lattice cell of I'*, the curvature form of the effective Berry connection coefficient s integrates
to zero. The second term in A is a correction to the energy, known as the Rammal—-Wilkinson term. For
the case 6 = 0 we recover the first-order correction to Peierls substitution established in [Panati et al.
2003a].

6. Weyl quantization on the Bloch bundle

In this section we construct quantization schemes that map suitable symbols to pseudodifferential operators
that act on sections of possibly nontrivial bundles. Our construction is related to and motivated by similar
constructions in the literature [Pflaum 1998a; 1998b; Safarov 1997; Sharafutdinov 2004; 2005; Hansen
2011]. As opposed to the case of functions on R”, the relation between a pseudodifferential operator
acting on sections of a vector bundle and its symbol becomes more subtle. If one defines a corresponding
pseudodifferential calculus in local coordinates, as is done in [Hormander 1985], for example, one
can associate a symbol to an operator which is unique only up to an error of order &. To define a full
symbol, one has to take into account the geometry of the vector bundle. This means that instead of
local coordinates, one must use a connection on the vector bundle and a connection on the base space.
This idea goes back to Widom [1978; 1980], who was the first to develop a complete isomorphism
between such pseudodifferential operators and their symbols. However, while he showed how to recover
the full symbol from a pseudodifferential operator and proved that this map is bijective, he did not
provide an explicit integral formula for the quantization map. His work was developed further by Pflaum
[1998b] and Safarov [1997]. Pflaum [1998b] constructs a quantization map which maps symbols that are
sections of endomorphism bundles to operators between the sections of the corresponding bundles. In his
quantization formulas he uses a cutoff function so that he can use the exponential map corresponding
to a given connection on the manifold that may not be defined globally. A geometric symbol calculus
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for pseudodifferential operators between sections of vector bundles can also be found in [Sharafutdinov
2004; 2005], where the author moreover introduces the notion of a geometric symbol in comparison to a
coordinatewise symbol. A semiclassical variant of this calculus can be found in [Hansen 2011]. When
we compute the symbol f such that Op®(f) = OpB(f) 4+ 0(£>), one could say, using the language of
[Sharafutdinov 2004; 2005], that f is the geometric symbol with respect to the Berry connection of the
operator Op* ().

While Safarov [1997] and Pflaum [1998a] provide formulas for the Weyl quantization, this is done only
for pseudodifferential operators on manifolds and not for operators between sections of vector bundles.
Moreover, Safarov and Pflaum consider only Hérmander symbol classes [1985]. In the following we
define semiclassical Weyl calculi for more general symbol classes and include the case of bundles with an
infinite-dimensional Hilbert space as the typical fiber. In addition we prove a Calderén—Vaillancourt-type
theorem establishing L2-boundedness and provide explicit formulas relating the different symbols of
an operator corresponding to different quantization maps. However, our constructions are specific to
bundles over the torus. Requiring periodicity conditions for symbols and functions allows us to project
the calculus from the cover R? to the quotient R?/Z?, an approach already used in [Gérard and Nier 1998;
Panati et al. 2003a; Teufel 2003]. A similar approach was also applied in [Asch et al. 1994], where the
authors consider the Bochner Laplacian acting on sections of a line bundle with connection over the torus.
In our calculus, the Bochner Laplacian — A, corresponding to a connection is obtained by quantization of
the symbol f(k, r) = r? for ¢ = 1 using the same connection.

The Berry quantization. The basic idea of the “Berry quantization” is to map multiplication by r to the
covariant derivative ieV}?. In contrast to the t-quantization, where r is mapped to ie Vi, this has two
advantages. Since ieV}? is a connection on the Bloch bundle, it leaves invariant its space of sections.
As a consequence, f(k, iaV}?) commutes with P; if and only if f(k, r) commutes with P;(k) for all
(k, r) € M* x R?. Moreover, the connection V,]? restricted to sections of the Bloch bundle is unitarily
equivalent to the connection V;’ on the bundle E, via the unitary map U,.

As in [Panati et al. 2003a; Teufel 2003], a symbol f, € S* (e, £(3€y)) is called T-equivariant (more
precisely, (1, 12)-equivariant) if

f:@=v.p) =0 f(q, pr(y)”" foral yel.

The spaces of t-equivariant symbols are denoted by S¥ (e, £(¥r)).
Using the parallel transport B (x, y) with respect to the Berry connection introduced in Lemma 4.1,
we define the Berry quantization Op?( f) € £(3;) for T-equivariant symbols f € S% (£L(%y)) as

OpP2(NHY) (k)

1 .
= Grep fR 2 ( /R S U= )P (ke g U4 9) £ (30 +2), )P (3 (k+3), ¥) ¥ () dy) dr. (26)

Here, in contrast to the usual Weyl quantization rule, we take into account that v is a section of a vector

bundle with connection V® and that the symbol f(-, r) is really a section of its endomorphism bundle.
So, for f (%(k + ), r) to act on ¥ (y) we first need to map ¥ (y) into the correct fiber of the bundle,
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which is done by the parallel transport B (%(k + ), y). However, since the derivatives of #(x, y) are not
uniformly bounded, we introduce a cutoff function x in the definition. The choice of this cutoff function
has only an effect of order O(£°°) on the operator, but it simplifies the following analysis considerably.

Definition 6.1. A function x € C*(R?) is called a smooth cutoff function if supp yx is compact, x = 1
in a neighborhood of 0, and 0 < x <1.

Since we need Opg( f) only for f € Stl (£(%y)) as an operator on #,, we do not follow the usual
routine and show that it is well defined on distributions for general symbol classes. We also do not develop
a full Moyal calculus for products of such pseudodifferential operators, although this could be done easily
with the tools we provide.

For all steps the following simple lemma will be crucial. It states that the cutoff function in the
definition of Op X( f) ensures that all derivatives of the parallel transport in the integral remain bounded
uniformly.

Lemma 6.2. There are constants c,, such that
0%t (x, V)| <co  forall x,y e R* with |x —y| < 1.
Proof. This follows from the smoothness of B and its T-equivariance (13). U
Before we prove #(;-boundedness we first show that Opl)?( f) is well defined on smooth functions.
Proposition 6.3. Let f € S}(£(5r)) and y € C*(R?, %) N ¥.. Then OpS(f)y € C®(R2, ¥y) N .
Proof. First note that, because of the cutoff function, the y-integral in (26) extends only over a bounded

2 N
e—iy.r/s — (1 —¢ ?)’) e—iy-r/s
1+r

region. Thus one can use

and integration by parts in order to show r-integrability of the inner integral. Therefore (Op];( Hv) (k)
is well defined and its smoothness follows immediately, since, by dominated convergence, we can
differentiate under the integral and still get enough decay in r by the above trick. The T-equivariance of
(Op';( ) (k) can be checked directly using the t-equivariance of ¥, B and f. O

Proposition 6.4. Let f € ST1 (ZL(#5)). Then Op];( f) e L(¥;) with

B
10p, (Nl < cxll flloo,@,1),

where the constant c, depends only on x and

Ifllooan =Y. sup (97 8F f(k.r)lloo-
|Bl<4,|p| <1 KM .reR®
Proof. Let 5 : R — [0, 1] be a cutoff function such that suppx C {|r| < 1} and > jer Xj(r) =1, where
Xj(r) = x(r—j),andlet f; := x; f. If we can show that Op];’(fj) e £(#;) and
1/2

sup Y _0pE (/)" OpB(fi)llge, <M and  sup > [OpS(f) OpE(f)* e, <M. Q27
jer’ iez? jer? iez?
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then, according to the Cotlar—Stein lemma — see [Dimassi and Sjostrand 1999, Lemma 7.10] — it follows
that ) jer Op];( fj) converges strongly to a bounded operator F' € £(3(;) with || F'||¢@¢,) < M. However,
the following lemma shows that F = Op>(f):

Lemma 6.5. Ifyr € C®(R?, C*°(R2, ) NF, then there is a constant C such that, for all f € S (£ (%))
with supp f C R? x {|r| > R},

C
10PR (Y Bl < 2511 llow,4.0)-

Proof. Proceed as in the proof of Proposition 6.3, using

. g4 .
efly-r/a — _A2efly~r/e
Ay
instead. U

Hence, on the dense set ¥ € C*®(R?, %) N ¥, the sequence ) j Opg( fi)¥ converges uniformly and
thus also in the norm of 7, to Opf?( Y.
So we are left to show (27), which follows immediately once we can show

1OPS(£)* OPS (f)llwcse,y < Cli = j1+ DI filloo.ca. 1y [ £ lloo 1) (28)
and the analogous second bound for all i, j € 72. Let ¢, ¥ € ¥;; then
(@, OP>(f)* OPS(fi) W),
i [ da [ ayakdrar OIS0 gk (=) @f° (kg 0)

2me)*
X f7(3(q4k), r')i® (5 (q+k), k)e® (k, 5 (k) fi(5(k4+y), r)e® (5(k+), y) ¥ ().

Because of the cutoff functions, the domains of integration for k and y are also restricted to compact
convex sets M* C My C M,, respectively.
For |i — j| > 2, f; and f; have disjoint r-support and

_g2 2

olk- =/ _ e"Ag ek C=/e for r—p £0.
lr —r'|?

Now we insert this into the above integral, integrate by parts, take the norm into the integral and obtain,

for |i — j| > 2,

(@, Op, (f))* OpR(fi)¥)|

a / 1 B1 B2
< (2n8)4/*dQ/Mkdk/Mydy/I;Adrdr — ﬁlzﬁgiak x(q =13 X k= )
x " @195 (k, 3 +0) 98" 7 Ga + k0. ) 1955 (5 a + . &) [ 98 (k. 3k + ) |

x |97 fi (S + ). ) |97 B (S Gk + 3. ) [l DI
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clflealfiles ¥ [ dg [ @[ o[ o[ o
BB Y M My M, supp Xi supp X

e @I

Wlaflx(q — )18 x (k = y)I.
Here the sum } 5
we have that, because of the t-equivariance,

I filoos:= Y sup 18f fj(k. )l =Y sup [[3f f(k. ).

keM keM*
< pd <
= e Bl=4 XS0

g TUNSs over a finite number of multi-indices and we used Lemma 6.2. Moreover,

.....

For the remaining integral we get

/ dq/ dk/ dy/ / d’”qb(q)nnl/piy)”Iaﬂl)((q—k)lla,fzx(k—yﬂ
* My, supp Xi bupp)(j |

2 . Bi B2
= P fM dk (lpwa= 11 % 8 X)) U1, I+ 3" ) (K)
< G =y 1 Bl 103 1 x
s T A

where we used the Cauchy—Schwarz and Young inequalities in the next-to-last step. Here ¢y« (q) :=

(@) 1u+(g) and Yy, (q) = ¥ (q) 1w, ().

In order to obtain a bound uniform in & on ||Op1;( i Opg( Sfi)llse, for alli and j directly, observe that
one can get the factor &*/(|r —r’|* |k — y||q — k|) from appropriate integrations by parts also in r and 7/,
using

aite—yyrse _ TIEERZY) Vi igyyre
|k — y|?

The remaining expression can be bounded as before, noting that 1/|r — r’|? is integrable on R* and that
85 x (k)/|k| is integrable on R2. In summary, we can conclude (28), which finishes the proof. O

Next we check that the choice of the cutoff function only has an effect of order O(&°°).

Proposition 6.6. Let f € S!(£(¥)) and let x1 and x» be two cutoff functions. Then
B B
10pE, () — O ()l = 6(s™).

Proof. Let x¥ := x1 — x2; then 0 < ¢ < |k] < C < oo for all k € supp x. We control the norm of
Op])%( = Op?l( - Opi( f) as in the previous proof. So we have to estimate the integrals

(@, Op3(f)* OPS(f) V)
[ da [ avakarar et g ey @ . bao)

X £ (5(q+k), r)i® (5(q+k), k)% (k, 3G+3)) fi (5 G43), r)e® (5(k43), Y)W ().

= Q2rne)
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Using

2 N
elk=r/e — —& A el ®k=0r/e for k—y #£0,
lk —yI?

we can get any power of £2 by integration by parts and estimating the remaining expression as in the
previous proof. O

In the following we drop the subscript x in OpX( f) in the notation whenever the statement is not
affected by a change of order £*°. Also note that Op*(f) — OpX( f) = 0(e™) for any cutoff function .
Next we relate the 7- and the Berry quantization by using a Taylor expansion of the parallel transport.

Lemma 6.7. For § € R? with |8| < 89 small enough, the parallel transport from z to z + 8 has a uniformly
and absolutely convergent expansion

P+8,2) = Zz” ~~~~~ @SS, =Y Y (@), 8,

-------

where the coefficients t.!
explicitly,
to=1y, and t1(z)=M(2):=[VP(2), PI(2)].

Proof. Note that tB(z + 68, z) = (1), where 7(s) is the solution of
d%t(s) =[5-VPi(z+568), Pi(z+s8)]t(s) =:8 - M(z+s6)t(s) with (0)=1.

Since § - M : R> — L(¥) is smooth and uniformly bounded, the solution of this linear ODE is given by
the uniformly convergent Dyson series

Bz +68,2)—1

& 1 pn Ih—1
=Z/ [ / §-M(z+1d)---8-M(z+1t,6)dt, ---dr
_ 170 0 0

o0

—Z// [y MOTIINE VNG, g,

m1=0 m,=0 n

where in the second equality we inserted the uniformly convergent power series for the real-analytic

function 6 - M,

X m§-v)Y"s - M
5-M(z+t8)=2t( ’)n' @ O

m=0
Theorem 6.8. Let f € St1 (£(3)) and define, for n € Ny,

_1) .
fn(ksr) = Z ( ) e la(k)(ar,l r,

2i)n ¢
a,bGNo ( )
a+b=n

By O, P () ()
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Then §, € S} (L(¥)) and

= 0N, (29)
L(Ho)

N
> " 0p () — OpP(f)

n=0

The first terms are, explicitly, fo(k, r) = f(k,r) and
filk, r) = 3i(V, f (k. r) - M(k)+ M (k) -V, f (k. 1)),

where M (k) = [V P;(k), P;(k)]. Moreover, if f has compact r-support, then

N
Jim > e" Opj () = Opy(f)
n=0
strongly in ¥-.

Proof. The idea is to insert the Taylor expansion of #B from Lemma 6.7 into the integral in the definition (26).
To this end first note that, with § := %(k —y), we have that

Bk, k+y)=®(Ak+y)+8, 2k+y) and P(3k+y),y) =BGk +y) =8, 1Gk+y)"

Assume that f has compact r-support for the moment. Then for ¢ € ¥, we get

1 126-r/¢e I1,..0yig
<0p§<f)w><k>=(2m)2/ Ay dr ey — ) S it (Y y)) 80 £ (k). 7)

a=0

xZ( DP1 P (S 4+ ) 85, 8,0 (3)

_ ! 3 b £\ i25-r /¢
~ (2me)? 5,;0(_1) /W dy dr (Z) (O, -~ O, By o Oy € )
<k = i (k4 ) £ (34 3P (k4 ) )
- G a,;i;o(‘””(%)m fw dy dr 6 g = i (k)
X (= B, By 0, P (B2, 7)i 7 (34 ) Y ()

= £"(Op, (V) (k).

n=0

Here we used that all sums and integrals converge absolutely and uniformly, so interchanging sums and
integrals is no problem. Moreover, by the fact that Op?( )Y is a uniformly bounded and t-equivariant
function, the pointwise convergence implies also the strong convergence in #.
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In order to estimate Ay := (Zflv 01 e Opx(fn) — Opx( f ))1// in 9€;, we estimate, as in the previous
proofs, |{¢, Ayy)|. Write, for the remainder in the Taylor expansion,

A )z +£(8)3, 2)
B(z46,2) = Zz“ ----- a(2)8i,- - 8, + & Vi 8iy++ Biy
N-1 .
=) H @) 8, + RN (2, 881 iy
a=0

1 1 . .
(2me)” / L fR dy dr e/ (k= y)¢" (RN (5 (k4 ), 8)8i -+ 8iy f (3 +3). 1) ()
1
i(k—y)-r/e i, 1
<2ne>2< )/M*d" /Wdyd”e Xk = »)¢* RO R (L (k + ). 8)

X By, - O, A K+ ). F)Y ().

Such an expression can be bounded by a constant times £V ||¢||[|¥|| by obtaining an integrable factor
g?/(|r||k — y|) through additional integration by parts, as in the proof of Proposition 6.4. All other terms
can be treated similarly, so we have shown (29) for f with compact r-support.

For the general statement we use again the Cotlar—Stein lemma on the family of almost orthogonal
operators Ay ; 1= Zn _0 g" OpX (fn.i) — Op];( fi). While this is very lengthy to write down, the estimates
are completely analogous to those of Proposition 6.4, using integration by parts as before. O

Of course, we can reverse the roles of the two quantizations and obtain the reverse statement.

Corollary 6.9. Let | € Sl (£L(y)) and define

fulloryim 3 ey (3, -8y, 0B, Y PG for m e N,

a+b=n (21)”

Then f, € SLR*, L(¥r)) and

— @(€N+1).
L(¥:)

N
> " OpP(fa) — Op™(f)

n=0

The first terms are, explicitly, fo(k,r) ={(k,r) and
fitk, r)y = =50 (Vefk, r) - M(k) + M (k) - V,f(k, r)).

While we do not use the following proposition explicitly, it sheds some light on the geometric
significance of the Berry quantization. It states that Op®( f) commutes with the projection P; if and only
if the symbol f(k, r) commutes pointwise with P; (k).

Proposition 6.10. Let f € S1(¥(%s)). Then
[fk,r), Prk)]=0 forall (k,r)eR* — [Op3(f), P;1=0.
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Proof. Tt suffices to consider the commutator on the dense set C*®(R?, %) N ¥, so we can work with
the integral definition (26) of Op®( f). For ¥ € C*®(R?, %) N ¥; it follows from (12) that

([0p2(f). P1¥) (k)
1
T @n)?

(L ey ) [ (et ). PGP (360, 5) v 0) d) o

so the implication from left to right is obvious. To prove the reverse implication in detail is somewhat
tedious. Since we don’t use it, we only sketch the argument. Assume that [ f'(k, r), P;(k)] = O (k,r) #0.
Then O € Sl (R*, £(%)) and one can show that ||Op§ (0)|| = C > 0 for some C independent of ¢ by
looking at the action of Opg(O) on suitable coherent states. This even implies the stronger statement

[OpB(f), Pll=0(e) = [f(k,r), P;(k)]=0 forall (k,r)eR*. O

The a-quantization and the 0-quantization. The other two quantizations we use are the «-quantization
and the effective quantization. The a-quantization with respect to the connection V* = U,V® U;
is used to map w«-equivariant symbols in C®(R*, £(C™)) to operators in £ (#); see Definition 4.4.
For m = 1 it can be replaced by the effective quantization with respect to the explicit connection
Vi = Vi +i0/Q2n) (k, y1)y».

In both cases the construction is exactly the same as the one for the Berry quantization, which is to use
the parallel transport of the desired connection in the definition of the quantization. Let

%(x,y):C" = C", A 1%(x, Y)A:= Uy (0)1B(x, NUZ (A,

be the parallel transport along the straight line from y to x with respect to the connection V¢ = U, VBU ol
Then t-equivariance of ® implies a-equivariance of 1%, i.e.,

=ty — ) :a<<x2,)/2>) t"‘(x,y)oe(<y’ Vz)) '
b/ 2

For m = 1 we introduce the effective connection V,f =V, +10/(2m) (k, y1)y» and the corresponding
a-equivariant parallel transport

?(x,y):C—>C, i 7(x, y)r:=el0/GNEHyy=xp))
We say that a symbol f € C®°(R*, £(C™)) is a-equivariant if
flk—y*,r)=al)™ f(k, a(k)™ forall y*e'*, k,r e R?,

where we again use the notation «; = (k, y;)/(2m). Note that for m = 1 the «-equivariant symbols are just
the periodic symbols. However, for m > 1 the «,-derivatives of an «-equivariant symbol are in general
unbounded as functions of «;. Thus we define the space of “bounded” symbols S, (£(C™)) as follows:
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Definition 6.11. Let S, (£(C™)) be the space of a-equivariant functions f € C®(R*, £(C™)) that satisfy
sup  [|(@FDP f)(k, r)|lg@my <00 forall o, B € N3
keM* reR?
As always, S, (£(C™)) is equipped with the corresponding Fréchet metric and S, (g, £(C™)) denotes the
space of uniformly bounded functions f : [0, g9) — S (ZL(C™)).

In complete analogy to the Berry quantization, we define for o-equivariant symbols f € S, (£(C™))
and i € ¥, the a-quantization by

(OpS(H¥) (k)
. 1
T (2me)?

and, for m = 1, the #-quantization by

(Op% (NP (k)
1
T (2me)?
= Gnep A;{Z </RZ el K=0r/e 5 (fe — )l W by mi=orad £ (L4 y) )y (y) dy> dr.

Now we can show all results of the previous section in a completely analogous way also for the «- and

fR i ( /R L (ke (ke g (k) f (3K ) ) (K ), y)w(wdy) dr.

/R i < /R ey =yt (k. 3 K+ ) f (3 K+ 3). ) (3 K+ 3). 3) ¥ () dy> dr

the 6-quantizations.

Proposition 6.12. Let f € S,(R*, £(C™)). Then Op%(f) € L(Ha), with

10D (N 9,y < cxll fllooany == Y sup [9F0F f (k. r)ll,
Bl<4 KM
1B=1 "R

where the constant ¢, depends only on x. For m = 1 the same bound holds for Opi ).
Proposition 6.13. Let f € SI(£(%y)) and

ik, )i = (@i k), f (k. r)g; (k).
Then f; € S, (C™) and
Op%(f1) = Us OpS (U
Proof. Tt follows directly from the definitions that f; € S, (C™). The equality of the operators can be
checked on the dense set C*®(R?)N%,, using their integral definitions and the fact that, again by definition,
Ug ()t (x, y) =% (x, »)Ug(y). O

For the case m = 1 we can finally replace the «- by the 6-quantization if we suitably modify the symbol.
To this end we introduce the Taylor series of the difference of the parallel transports as

o
17 (e, kA 8)1% (ke e+ 8) = 4 (k)8 - 8,
n=0
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where
=1 and 10 =i(sh p + (1200 — 2= (k1)) v2) = ist ).

The proof of the following proposition is analogous to the proof of Theorem 6.8. The expressions simplify
a bit because for m = 1 the symbol and the parallel transport commute.

Proposition 6.14. Let f € S'(R*, C) be a periodic symbol and define, for n € Ny,

Then fng e SHR*, C) is periodic and

= 0N, (30)
L(Hy)

N
> " 0p(f;) = Op*(f)

n=0

The first terms are, explicitly, f(f (k,r)= f(k,r) and
S ,ry==dd(k) -V, f (&, 7).

7. Application to the Hofstadter model

In this section we apply the general theory developed in the previous sections to perturbations of magnetic
subbands of the Hofstadter Hamiltonian [1976]. The motivation for doing this is twofold. First it shows, in
the simplest possible example, how magnetic Peierls substitution Hamiltonians can be explicitly computed
and analyzed. Second, we will find strong support for the conjecture that Theorem 5.1 is actually still
valid for perturbations by small constant fields B. Note that the Hofstadter Hamiltonian and related
tight-binding models served not only as model Hamiltonians for the illustration of general results on
perturbed periodic Schrodinger operators but also gave rise to considerable mathematical work dedicated
specifically to them, e.g., [Helffer and Sjostrand 1989; 1990a; Helffer et al. 1990; Bellissard et al. 1991;
Avila and Jitomirskaya 2009]. For a recent overview of the mathematics and the physics literature on the
Hofstadter Hamiltonian we refer to [De Nittis 2010].

The Hofstadter model is the canonical model for a single nonmagnetic Bloch band perturbed by
a constant magnetic field By. It can be seen to arise from the tight-binding formalism in physics or,
alternatively, from Peierls substitution for a nonmagnetic Bloch band. The Hofstadter Hamiltonian is the
discrete magnetic Laplacian on the lattice T =272

HI—IIggf = D+ D} + D, + D} acting on £*(Z%).
Here D; and D, are the (dual) magnetic translations

(Diy)(x) :=¢(x —e)) and (Da)(x) :=e By (x —ey).
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For By = 2np/q we define the corresponding magnetic Bloch—Floquet transformation on the lattice
I'=¢qgZ x 7 as

Upg : (s C1) — LATH €1, QUppy) (k) = Y e (T, ¥)((j,0)) for j=0,...,q—1,
yel
where we recall that the magnetic translations 7, were defined in (5). Note that the fiber space 3; = C?
is now finite-dimensional and thus we can drop the additional phase e~*¥ in the definition of Ugk,
which appeared in (7) to make the domain of Hp(k) independent of k. As a consequence, the range
of AUgr now contains periodic functions on TT; = [0,27/q) x [0,27) and t-equivariance becomes
periodicity. A straightforward computation shows that the shift operators D; become matrix-multiplication

-~

operators D := UpD;Ugp,

00 0 ... eldk 1 0 O 0
10 0 --- 0 0 eBo 0 0
Diky=|01 0 -~ 0 and Dyk)=eck |0 0 e2Bo - 0
00.-- 1 O 0 0 ... 0 elle=DbBo
For the Hamiltonian one thus finds
2 cos(kz) 1 0 . eidki
1 2 cos(ky — By) 1 ... 0
~p 0 1 2cos(kp —2Byp) ... 0
Hygp(k) = : . . . ,
0
0 1
e ik 0 . 1 2cos(ky — (¢ — 1)By)

which is indeed 27 /g-periodic in k; and 2 -periodic in k. The spectrum of Ifl}fgf(k) consists of ¢ distinct
eigenvalue bands E, (k), n =1, ..., g, with periodic spectral projections P, (k), defining the magnetic
Bloch bands and Bloch bundles of the Hofstadter model. The spectrum of Hlfgf is the union of the ranges
of the functions E, (k) and thus consists of g intervals. As a function of By, the spectrum is depicted in
the famous Hofstadter butterfly (Figure 2). Note that for By ¢ 27 Q the spectrum of Hggf is a Cantor-type
set, that is, a nowhere dense, closed set of Lebesgue measure zero; see [Avila and Jitomirskaya 2009].

Osadchy and Avron [2001] produced a colored version of the butterfly by coloring the gaps in the
spectrum according to the sum of the Chern numbers of the overlying bands; see Figure 3. For example,
for By = 271%, the top and the bottom bands have Chern number 1 each and the middle band has Chern
number —2. Thus the gaps are labeled from top to bottom by O (white), 1 (red), —1 (blue), and again O
(white).

Now we apply the machinery developed in the previous sections to determine Peierls substitution
Hamiltonians for magnetic subbands of Hggf. Let By =2mp/q; then ﬁggf(k) is a matrix-valued function
on the torus T; = [0,2m/q) x [0, 27r), but its eigenvalue bands have period 27 /g in both directions.
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o (HBo)

Figure 2. The black and white butterfly [Hofstadter 1976] showing the spectrum of Hlfgf
as a function of By. For rational values By = 27 p/q the spectrum of Hlfgf consists of
g disjoint intervals if ¢ is odd and of ¢ — 1 disjoint intervals if ¢ is even.

Hence we can take as a model dispersion relation
E, (k) :=2(cos(qk1) + cos(qkr)) = e'?*1 4 e79kt 4 itk 4 g~iaka,

This is, up to a constant factor, the leading-order part in the Fourier expansion of any Bloch band E,, (k)
on T7. So we pick an isolated simple subband of ﬁggf(k) with Chern number 6 € Z and approximate its
dispersion by E, (k). If we now perturb By by an additional “small” constant magnetic field B = curl A(x)
with A(x) = (0, Bx)), the Peierls substitution Hamiltonian for this subband is given as the 6-quantization
of E,(k — A(r)),

HQBiq = Ope(Eq (k _ A(r))) — eiq%l _i_efiq%] _i_eiq%z _{_e*iq%Z’
with
Hy=k; and K=k —iBV! =k, —iB,

acting on

Ho = {f € Lic(R?) | f(ki —27/q, ko) =P f(k1, ko) and f(ki, ko —27) = f (ki, ka)}.

Here V,f = (0k,, Ok, +1g0k1/(27)) and, due to our choice of gauge for the perturbing magnetic field, the
operator Helf q depends on 6 only through its domain. Note that this gauge is different from the one used
in Theorem 5.1 and we use it to simplify the analysis of the resulting operator Helf ;- However, since
Theorem 5.1 does not cover the case of a perturbation by a constant magnetic field anyway, our derivation
of Hé? , 18 merely heuristic for any choice of gauge.
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o (HBo)

By/(27)

| 1

W=

Figure 3. The colored butterfly for the Hofstadter Hamiltonian HHOf, as first plotted in
[Osadchy and Avron 2001]. The colored regions are open components of the resolvent
set and the colors encode Chern numbers of overlying Bloch bundles. Physically, the
Chern numbers represent the Hall conductivity of a corresponding noninteracting Fermi
gas. For fixed By, i.e., in each vertical line, the Chern numbers of the single bands sum
up to the total Chern number 6 = 0, as represented by the white region on bottom of the
butterfly.

To determine the spectrum of H(f o 1t 1s sufficient to notice that it has the structure
U+ Ui+ U+ Uj
with unitary operators U; and U, that satisfy
U\U, = 9 80,U; =: “U5U,. 31)

The C*-algebra N, generated by two abstract elements Ll; and 4, satisfying (31) is called the non-
commutative torus. The mappings

B . iq3t;
Tgq Nz = L(3Hp), U >,

thus define a x-representation of N2 into the bounded operators on #. Accordingly, each operator
HQB 4 1s a representation of the abstract element = Uy + U7 + Uy + U5 of Ny for o = g°B. Since
one can show that the representations 7T9 g Are *- isomorphisms onto their ranges (see [De Nittis 2010;
Freund 2013; Amr et al. 2015]), this implies that the spectrum of Hy’ B 4 agrees with the spectrum of $7 ‘B
However, the latter is just the spectrum of HfI ¢ »1.e., 1t is again glven by the black and white Hofstadter
butterfly.
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In order to associate Chern numbers with the spectral subbands of Hel’} 4> We now turn it by a suitable
unitary transformation into matrix-multiplication form. Since H(f q contains within e¥*> a shift by g B
in the k-direction, this is possible if we assume this shift to be a rational fraction of the width 27 /g of
the Brillouin zone, that is, g B = (2/q)p/G or B = (2m/q*)p/G with p and § coprime. To this end we
pass from %y, i.e., from complex-valued functions on the Brillouin zone M ;‘ =10, 2r/q) x [0, 2r), to
(C9-valued functions on the further reduced Brillouin zone M *_=10,27/(qq)) x [0, 2). To define the
corresponding unitary map U5 : %, — L2(M *_ C9), we let

={(ki,k2) e My | ki € [(j —DgB, (j —DgB +21/(qq))} for j=1,....q

and define
UBY) (k) == e?U=DPlAy (k) 4+ (j — 1)gB, ky) for k € M* ,

Thus (UBv) j 18 obtained by restricting vy € ¥y to the region M, translating it to M;‘ §= M and finally
multiplying it by e?*2(=D7/4_The last phase turns the translation by ¢ B in the k;-direction on ¥y into
the cyclic permutation of components in L2(M * _ C9) multiplied by a phase. More precisely, we have

eiq%lw(k) — eiqklw(k], k2) and thus (UBeiq%l.‘p)j(k) — eiq(k1+(j71)qB)l/fj (k)’

and
472y (k) = "y (k1 +qB. k) and thus  (UP 2y (k) = e 0Py (k).

Hence U5 HGB U B acts as the matrix-valued multiplication operator

2 cos(gki) eik2(a=05/2) 0 . e—ik2(q—=605/q)
e k@=02/9 2 cos(q(k, +gB)) eik2(¢—=0p5/9) o 0
5 0 e k@ 0P/ 2cos(q(ki+2gB) ... 0
Hy 4 (k) = : : : . - (32)
: - . .. 0
0 eik2(a=05/3)
elkea=0p/q) 0 . e =019 2 cos(q(ky + (G —1)gB))

Like the Hofstadter matrix HH f(k) also HGB (k) has g distinct eigenvalue bands Ee g k)y,n=1,...,q
By the isospectrality of HQB and Hﬁot , the ranges of these band functlons all agree. However, as functions
5 "¢.n (k) define line bundles over the
torus M;"q and one can compute their Chern numbers by integrating the curvature of the corresponding

they are, in general, distinct. The corresponding eigenprojections P

Berry connection Pf gnlU B V,f UB* over the reduced Brillouin zone M;,,;- Using a program from [Amr
2015], we did this numerically for a large number of values for 6, ¢ and B and found that the Chern
numbers of the subbands of H, B (k) always match the Chern numbers of the corresponding sub-subbands
of the Hofstadter Hamlltoman To make this more prec1se recall that Hy’ B (k) was derived as the
Peierls substitution Hamiltonian for a magnetic subband of HHOf for By =2np / g with Chern number 6
perturbed by a small additional magnetic field B. The Chern numbers of the subbands of Hel? , (k) for
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B/(@2m)

1
|
|
|
| 1
3

Figure 4. The operator H 52’3 is up to a constant factor and higher-order terms in the
Fourier expansion of E; (k) the leading order part of the Peierls substitution Hamiltonian
for the middle band of Hggf for By = 271%. This band has Chern number —2. As can be
seen from the coloring, the Chern numbers of the subbands of H 52’ s for B/(2m) € [O, é]
exactly match the Chern numbers of the corresponding subbands of H]_lfg;F B where
B=B(1-1/(1+7/3B))) = B(1+0(B)).

B = (2/q?)p/q agree with the Chern numbers of the subbands of H}?g: B into which the unperturbed
subband of Hggf splits. Here

B = B<1 — ;> = B<1 — ;) = B+0(B?).
1—27/(q0B) 1—qq/©p)

The situation is depicted in Figure 4. Note, however, that for drawing the colored butterfly of Hglf 4 1tis not
feasible to compute all Chern numbers numerically by integrating the curvature of the Berry connection.
This is because, for large denominators ¢, the matrix Hef q (k) and the number of its subbands becomes
large. Instead, in [Amr 2015] an algorithm was found that allows to compute the Chern numbers of Hf q
in a purely algebraic fashion, similar to the diophantine equations used for labeling the gaps of Hggf.
Also, the code to produce the colored butterfly of H 52’3 in Figure 4 is taken from [Amr 2015] and based
on a code originally developed by Daniel Osadchy. This algorithm, the details on the numerics, and a
much more detailed study of the operator Hf , Will be presented elsewhere [Amr et al. 2015]. There,
we also show how to explicitly incorporate a better approximation to the true dispersion relation of a
magnetic subband and the subprincipal symbol, as given in Theorem 5.1, into the Peierls substitution
Hamiltonian. Then the agreement in terms of Chern numbers depicted in Figure 4 turns into a quantitative
agreement also of the spectrum. We take these numerical results as an indication that Theorem 5.1 also
holds for perturbations by small constant magnetic fields.
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1. Introduction

1A. Classification of exceptional Hamiltonians. Consider a Hamiltonian of the form H = —A 4+ V,
where V is a real-valued scalar potential on R3.

We assume V € L%’l CcL %, which is the predual of weak-L3 and a Lorentz space, L%’l CcL 3—e NL 3 +e.
for its definition and properties, see [Bergh and Lofstrom 1976]. By [Simon 1982], this is sufficient to
guarantee the self-adjointness of H = —A + V.

Let Ro(A) := (—A — A)~! be the free resolvent corresponding to the free evolution e ™2 and let
Ry (L) := (—A + V —1)~! be the perturbed resolvent corresponding to the perturbed evolution ¢ |
Explicitly, in three dimensions and for Im A > 0,

| eitx—yl

Ro((A+i0)*)(x,y) = i T (1-1)

The author was partially supported by a Rutgers Research Council grant.
MSC2010: primary 35J10; secondary 47D0S.

Keywords: pointwise decay estimates, resonances, zero-energy eigenfunctions.

813


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2016.9-4
http://dx.doi.org/10.2140/apde.2016.9.813
http://msp.org

814 MARIUS BECEANU

It will be shown below that, under reasonable assumptions, H has only finitely many negative eigenval-
ues. Then the Schrodinger evolution restricted to the continuous spectrum [0, 0o) has the representation
formula

i . 1
FH P — lim —
€—0 27I

o0
| R+ i) = Ry =i0) .

By the work of Ionescu and Jerison [2003] and Goldberg and Schlag [2004b], it is known that,
when V € L%, the perturbed resolvent Ry (A £i0) is uniformly bounded in B(Lg, L%) on any interval
A € [€g, 00), where €y > 0, and has no singularities in [0, co) except potentially at A = 0.

Observe that Ry = (I + RoV)™ ! Ry, so Ry has a singularity at zero precisely when I + Ry(0)V,
which is a compact perturbation of the identity, is not invertible.

We denote the null space of I + Ry(0)V by
M:={¢p e L®| ¢+ Ro(0)V¢ = 0}.

If M # @, we say that H is of exceptional type, while if M = @, we say that H is of generic type.

The sesquilinear form —(u, V'v) is an inner product on M; see Lemma 2.2. This pairing is well-defined
when V € L3*! because u,ve L3>*NL*® by Lemma 2.1.

Let £ := M N L? and P, be the orthogonal L? projection onto £. In Lemma 2.3, we provide a
characterization of £ and show that codimy £ < 1.

The set £ := £ N L also plays a special part in the proof. In Lemma 2.5, we give a characterization
of £; and prove that codimg &1 < 12.

A function ¢ € M \ € is called a zero-energy resonance of H. Following [Jensen and Kato 1979;
Yajima 2005], we classify exceptional Hamiltonians H as follows:

(1) H is of exceptional type of the first kind if it has a zero-energy resonance, but no zero-energy
eigenfunctions: {0} = & C M.

(2) H is of exceptional type of the second kind if it has zero-energy eigenfunctions, but no zero-energy
resonance: {0} € & = M.

(3) H is of exceptional type of the third kind if it has both resonances and eigenfunctions at zero energy:
{0} & M.

1B. Main result. When H is of exceptional type of the first kind, we let the canonical resonance be ¢ € M
such that (V, ¢) > 0 and —{¢p, V¢p) = 1 (one can make these choices by Lemmas 2.3 and 2.2, respectively).
Using the canonical resonance ¢ (x), we define a constant ¢ and a function {;(x) by

‘- LZP () = ¢ g ().

(V. )
We also define a function p;(x) by

ilx|2 i10x|2

- 1
/L;(x):=l—[ (e i —e"E ) db.
Ix] Jo
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Let the operators R(¢) and S(¢) be given by

_j3r

ae” 2
R(1) := $r(x) ® e (y),
V7 (1-2)
—i3z _ 2 _
S(t) == eﬁ (—iP0V| 24y| VP + e (x )| lVP + v = y|ut(y))
Note that

_1
IR@)ullps.c0 +1S(Oullps.00 S 172 [ul[L3/2.1.
Proposition 1.1 (main result). Assume that (x)>V € L2 and that H=—-A+V is exceptional of the
first kind. Then, for 1 < p < % andanyu € L> N L?,
e -1(-7)
Peu=Z0u+ RWOu, |[Z@Oulp,r St 237 2| flLe,

where p' is the dual exponent, that is, — + # = 1. Furthermore, assuming only that V € L%’l,
for 5<p=2

. 1_1 i _1
le™ T Peull . <1t G2 e, e " Peul| oo <072 |l ps2-

Assume that (x)*V e L2 and that H = —A+V is exceptional of the second or third kind. Then, for
1 §p<%andanyueL2ﬂLp,

w

. 3(1_ 1
e " Peu = Z(t)u+ ROu+ SOu, | ZOullpy S 3G lullze, (1-3)

where R(t) is missing if H is an exceptional Hamiltonian of the second kind.

In the case when all the zero-energy eigenfunctions of H are in L', one can omit S(t) from (1-3).

Assume that (x)*V € L3> and that H = —A+V is exceptional of the second or third kind. Then, for
3
5 < p E 27
2

. 1_1 _i _1
le™ H Peullpy St 3G ”/)”“”LP’ le™ ™ Peullps.co S 072 ullgss2

Note that, in terms of powers of x, the decay conditions on the potential correspond to |V| < (x) ™27,

[VI<(x)™* and [V] < (x)7".

Additionally, note that these decay estimates also imply a certain range of Strichartz estimates.

The rest of the paper is dedicated to proving this main result, which is a combination of Propositions 2.13,
2.15, 2.18, and 2.19. For brevity, we omit the proof in the case when H is an exceptional Hamiltonian of
the second kind, which is similar to the case when H is exceptional of the third kind.

1C. History of the problem. We study solutions to the linear Schrédinger equation in R® with potential
id;u+ Au—Vu=0, u(0)given.

By the RAGE theorem, every solution is the sum of a bound and a scattering component. The quantitative
study of scattering states began with Rauch [1978], who proved that if H = —A + gV, where g € C,
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with exponentially decaying V, then e/ P, has a local decay rate of t_%, with at most a discrete set of
exceptional g for which the decay rate is {~2. Here P, is the projection on the space of scattering solutions.

Threshold estimates in the presence of eigenvalues and resonances go back to the work of Jensen and
Kato [1979], who obtained an asymptotic expansion of the resolvent R(¢) = (H —¢)~! into

1 1
R(O)=—{'"B_y—i{ 2B_y + By +il2By+-+-

and similar ones for the spectral density and the S-matrix. The condition imposed on the potential was
polynomial decay at infinity of the form (1 + |x|‘3)V(x) € L%([R{3), where 8 > 2.

The possible singularities in this expansion are due to the presence of resonances or eigenstates at zero.
B_, is the L? orthogonal projection on the zero eigenspace, while B_; is given by

B_, =PV

Ix—ylzwD
B O_¢®¢’

4
where ¢ is the canonical zero resonance; see above.
Jensen and Kato also obtained an asymptotic expansion for the evolution ¢/* P, in two cases: if zero
is a regular point, then

GtH P, — _(4mi)y 273 By +o(t72),
and if there is only a resonance ¢ at zero then
MH P, = (i) 2172 @ +0(t72).

Murata [1982] extended these results by obtaining an asymptotic expansion to any order, for a more
general evolution, with or without singular points, and then proving that each term in the expansion is
degenerate. Murata’s expansion and proof are valid in weighted L? spaces.

Erdogan and Schlag [2004] obtained an asymptotic expansion of the evolution e/ P, in the pointwise
L'-to- L setting using the Jensen—Nenciu lemma [2001]. The condition assumed for the potential
was that |V(x)| < (x)7!127€. The same method works in the case of nonselfadjoint Hamiltonians (see
[Erdogan and Schlag 2006]) of the form

2 = —A+p+V |Z)
- —V2 A—/L—Vl ’

assuming that |V (x)| 4 | Va(x)] < (x)~107¢,
At the same time, Yajima [2005] proved a similar expansion for generic Hamiltonians H = —A + V

when |V (x)| < (x)_%_e, for singular Hamiltonians of the first kind when |V (x)| < (x)727¢, and of the

second and third kind when |V (x)| < (x)_%_e. His main result stated the following:
Theorem 1.2 [Yajima 2005, Theorem 1.3]. (1) Let V satisfy |V (x)| < C(x)~P for some p > % Suppose
that H is of generic type. Then, for any 1 < g <2 < p < oo such that % + é =1,

1_1

le™"H Peull, < sz_3(2 ) lully.  where ue L* N LY. (1-4)
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(2) Let V satisfy |V(x)| < C(x)" for some B > 171 Suppose that H is of exceptional type. Then the
following statements are satisfied:

(a) Estimate (1-4) holds when p and q are restricted to % <qg=<2=<p<3and % + é =1.

(b) Estimate (1-4) holds when p =3 and g = % provided that L*® and L3 are respectively replaced by
Lorentz spaces L* and L3,

(c) When3 < p<oocandl1 <gq< % are such that % + é = 1, there exists a constant Cpq such that, for
any u € L*N LY,

[ Pe— R() = S|, S Cpgt >33 u,.

If H is of exceptional type of the first kind, statement (2) holds under a weaker decay condition
V(x)| < Clx) P with B > 3.

However, note that, due to a mistake in the proof, the requirement g > % should be replaced by g > 8.

When the zero-energy eigenfunctions ¢ of H have enough decay, both R(¢) and S(¢) can be taken to
be zero. Indeed, Goldberg [2010] showed that if V € L27€N L27€ and the zero-energy eigenfunctions
are in L' then e 7"H Py oo < =2 ||| 1. We retrieve a similar result in our context.

Some of our results for exceptional potentials of the first kind hold under the same decay assumption
as those for generic potentials: V € L3, A similar fact was also recently noticed by Egorova, Kopylova,
Marchenko and Teschl [Egorova et al. 2014] in dimension one.

Several results [Journé et al. 1991; Goldberg and Schlag 2004a; Goldberg 2006; Beceanu and Goldberg
2012] address the issue of pointwise decay in the case of generic Hamiltonians — for L3 €nL3+e
potentials in [Goldberg 2006] and Kato-class potentials in [Beceanu and Goldberg 2012].

Results obtained in other dimensions include [Cardoso et al. 2009; Egorova et al. 2014; Erdogan et al.
2014; Erdogan and Green 2010; 2013a; 2013b; 2013c; Goldberg 2007; Goldberg and Green 2014; 2015;
Green 2012; Schlag 2005].

The current result, Proposition 1.1, represents an improvement on [Yajima 2005] by half a power of
potential decay for exceptional Hamiltonians of the first kind. We expect the rate of potential decay from
Proposition 1.1 to be optimal for this sort of result.

The same considerations apply in the case of exceptional Hamiltonians of the second and third kind,
also leading to similar improved results. These will constitute the subject of a separate paper.

Below we mostly follow the scheme of Yajima’s proof [2005], making the changes from Holder spaces
to Wiener spaces needed to improve the result. The proof method that we use here is the same as in
[Beceanu 2011; Beceanu and Goldberg 2012].

2. Proof of the statements

2A. Notations. We denote the usual Lebesgue spaces by L? and the Lorentz spaces by L?*, where
1 < p,q < oo. Note here that LP-P=L? [P is weak-L?, and LP91 C LP92 for g1 < ¢,. For the
definition and further properties, see [Bergh and Lofstrom 1976].
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Let Sobolev spaces be W*?, where s € R and 1 < p < oo, and denote weighted Lebesgue spaces by

SLP ={f(x)g(x)| g€ L?}.
Fix the Fourier transform to

fo=[ e rman fw=en [ e
Let Ro(A) := (—A —X1)" ! and for A € R,
Rog(h) := ll.(Ro(A +i0) — Ro(k — i0)).
Concerning the Fourier transform, resolvents, and the free evolution, note that with our definitions
¢ = (Roa(1)" (0).
Roa(V) = (")~ for A e R,
iRo(}) = (X[0.00) ()€™ H0) (1) for Im A < 0.
Likewise let Ry (A) := (=A 4+ V =)~ L.
Also, let
¢ x4 be the characteristic function of the set 4;
¢ M be the space of finite-mass Borel measures on R;
¢ §, denote Dirac’s measure at x;
(x) = (1 +1x2)2;
B(X,Y) be the Banach space of bounded operators from X to Y and 5(X ') be the Banach space of
bounded operators from X to itself;

e C be any constant (not always the same throughout the paper);

e a <bmean |a| < Clb|;

¢ S be the Schwartz space;

* 1 ® v mean the rank-one operator (-, v)u;

e K(x, y) denote the operator having K(x, y) as its integral kernel.
For a potential V, let V; = |V|% and V, = |V|% sgn V.

2B. Auxiliary results. Recall that M is the kernel of 7 + Ry(0)V in L°.

Lemma 2.1. Let V € L%’l; then M C L3, Conversely, any ¢ € L>™ that satisfies the equation
¢+ Ro(0)Vp = 0 must be in L°°, hence in M.
Proof of Lemma 2.1. Let V.= V! 4+ V2 where V! is smooth of compact support and ||V ?||;3/2.1 < 1.

Then, if ¢ solves the equation

¢ =—(I+ Ro(0)V?) ' Ro(0)V'¢

= _( Z(_1)k(R0(0)V2)k)RO(O)V1¢,

k=0
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where the inverse is the sum of a Neumann series, and thus is bounded on L3:* and on L°°.

If p € L, then V¢ € L'; hence Ry(0)V1¢p € L3, s0 ¢ € L3,

If ¢ € L3, then V'¢ € L3:!; hence Ro(0)V !¢ € L™, s0 ¢ € L. O
Lemma 2.2. The quadratic form —(u, V'v) is an inner product on M.
Proof. Suppose that u, v € M. By the definition of M, observe that —(u, Vv) = (u, —Av), where
ueL»*NL®byLemma2.1land —Av=VvelLln L3*!. Thus the pairing is well-defined.

Furthermore, Vit = VRy(0)Vu € L3 L3 C L2 and the same holds for Vv, so their pairing is
also well-defined and we can write (u#, —Av) = (Vu, Vv).

This expression is positively defined because, setting # = v, the equation (Vu, Vu) = 0 implies that u
is constant; hence, in view of the fact that u € L3 by Lemma 2.1, u = 0. O

Recall that £ = M N L2,

Lemma 2.3. Assume that V € L3, Then, for any ¢ € M, we have ¢(x) € (x)~1 L.
Assume that V € L' N L%’l. Then, for any ¢ € M, we have

o0~ )

47| x|
Thus ¢ € M is in & if and only if (¢, V) = 0; thus codim g € < 1. Also, £ C (x) 2L,

. 3 . . . .
Proof of Lemma 2.3. First, assume that V € L2!. Rewrite the eigenfunction equation

1 1
px)=—— | —=VOe()dy
4 Jgs |x — y|

e lx|7L3 N |x|TL® ¢ L2,

as

1 Cx—
xlp(x) + — / P =0y ) 16 () dy
4 Jiy=r 1x—=yllyl

1 1 x| —|x —y|
=1 A3 V(e (y)dy — EflylSR ———— V(e (y)dy.

|x —y|

Note that ‘|x| —|x —y” <|y| and limg— o HX|X|ZR(X)V(X)”L3/2’1 = 0. Then, for sufficiently large R,

we can invert
x| —[x =yl

(Top)(0) =4+ 7 [ V0 dy

=R X —=ylyl

as an operator in B(L>). Since ¢(y) € L3°° N L, the right-hand side is in L, so we obtain that
[x|p(x) € L*°.
Next, assume that V e L1 N L%’l. Start from
(9.V) 1 1 1
¢ (x)— = — 1 |V ) dy
lx—yl x|

dr|x| 4x R3
1 lx| —Ix =yl

=— — V(y)o(y)dy,
dm|x| Jrs  |x—yl

which is bounded in absolute value by

L[ Voo,

4mlx| Jps [x—yl
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Since ¢ € (x)"1L® and V € L' N L2"!, this expression is in x|~ LN [x|~' L3 ¢ (x)~1 L3 c L2.

Since whenever (¢, V) # 0 we have (¢, V)/(4r|x|) & L?, it follows that for ¢ to be in L? it is
necessary and sufficient that (¢, V) = 0.

The space £ is then the kernel of the rank-one map ¢ — (¢, V') from M to C, so it has codimension
at most 1.

Finally, we already know that £ C M C (x)~! L. The eigenfunction equation for a function ¢ € £
for which (¢, V') = 0, can be written as

1 X[ —Ix -yl

$0) = ——— Iy (g () dy.

a7 Jo =yl
We further rewrite it as

s Gxl=lx =) )
¥ ¢<x>+4n/||>R e VW Pow) dy
o _ 2
/ (x| =[x = YD V()9 () dy — / = =D g () ay.
4r Iy|<R |x —y]

The right-hand side is in L°° and, for sufficiently large R, the left-hand side is invertible, as above. This
shows that |x|2¢(x) € L. O

We can continue the asymptotic expansion of eigenfunctions to any order, but first we need the following
lemma.

Lemma 2.4. For x, y € R3,

1 1 2
—(—+ "ﬂ)‘ <M @-1)
Ix=yl \lxl x| Ix[?|x =yl
and , ) ;
1 1 3
_(_+ xy3 |yl 3_ (xy)5 )‘ < 3Iyl . (2-2)
Ix—=yl \lxl IxP 0 2lxP 20x] IxXPP|x =yl

More generally, it seems to be the case (one can prove by induction) that

k |N+1
(y,--~,y)’ N -
IX+y| Z IIN“IX vl
Proof of Lemma 2.4. Indeed, we start from
1 1 2xy |y]?
(x? +2xy + [p11)2 = ()2 = + : (2-3)
lx +yl+Ix] |x+ ]+ [x]
Then
2xy xy||xp(xl=Ix+yD | v
Ix+pl+Ixl Ixll [(x+pl+1xDIx ™ |x]
Therefore,

VP .

Xy
eyl == S
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Consequently,

Ix —yl- |X|+—+}xy(lxl v = yD| S P 1xl.

[ (1x] =[x = y)) = xplx = ]| < |x? ™

Dividing by |x|3|x — y|, we obtain (2-1).
We next perform a more detailed analysis of the same inequality. In (2-3), by (2-4) we have

xy(x|=lx+yD)  (xp)?
(Ix +yl+IxDixl — 21x]

Clxrxl =l 40D xp(xl=lx+pD| [ Ry

TlAx 4y xD x| 2|x|? 2|x|? x|
Furthermore, also in (2-3),
|yI? yI? _ Iyl
x + [+ x| 20x] ™ le2
Therefore,
PN I? el Lyl 2.5)
x| 20x] o 2fx P 7 |x]?
By (2-4) and (2-5), we then obtain (2-2). O

We can now establish the asymptotic expansion of eigenfunctions.

Lemma 2.5. Assume that V€ L' N L3!. Let ¢ € & be a zero-energy eigenfunction of H. Then

3
$(x)— Y (V, yk>| |3 € [x[TH(L>® N L™).
k=1
Further assume that V € (x)"'L1 N L3, Then
3

- Ske 3
B0~ V) s = 30 Vo) (515 - A ) el @i L),

3 5
P XA, 25’ 2]

In particular, ¢ € € is in L' if and only if (V, yi) =0and (V, yrye) =0 for 1 <k, £ <3.
Let & :=EN L. Then codimg & < 12.
Proof of Lemma 2.5. We start from the eigenfunction equation
1
P(x) = QT e~
Recall that (¢, V) = 0. Using (2-1), we obtain that
3 2
X 1 IFIV o) dy
b= 2 o |5 [ .
‘ 2 X3 1] Jgs X — |

k=1

V(y)g(y)dy.

Since ¢ € (x)"2L>® and V € L' N L?"!, the right-hand side is in |x|~2(L*% N L®).
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Using (2-2), we obtain instead that

3

d 8 1 3|y d
B =2V Z<¢V,ykye>( Kt 3xm)‘< /R PVl dy

3 3 5 ~ 3 _
P P A 2xF 2P )| Y ad x>l

Since ¢ € (x)"2L>® and V € (x)~'L' N L?!, the right-hand side is in |x|~3(L3%° N L>).
These estimates matter only in the region {x : |x| > 1}, since near zero, ¢ € L>® C L!({|x| < 1}). As
|x|73 L3 c L'({|x| > 1}) and
Xk Spe 3xpxyg
X" 2P 20

gL'

are linearly independent, it follows that ¢ € £ is in L! if and only if all the coefficients (V¢, y) and

(Vo, yrye) are zero.
Then &, is the kernel of a rank-12 map ¢|—>((¢V, Vi) (¢Va)’kye)) from & to C12, so codimg £ <12. O

2C. Wiener spaces.

Definition. For a Banach lattice X, let the space Vy consist of kernels 7'(x, y, o) such that, for each
pair (x, y), we have that T'(x, y, 0) is a finite measure in o on R and

M@Y= [ dIT G0
is an X -bounded operator.

Vx is an algebra under

(T} % Ty) (x, 2, 0) = [ Ti(x.y. T2 (y. 2.0 — p) dy ds.

Elements of V y have Fourier transforms
T(x,y, )= / eTOM AT (x, y, 0),
R

which are uniformly X -bounded operators, f(k) € LY°B(X), and, for every A € R, we have T (k)fz N =
(Ty * T)"(A).

The space Vx contains elements of the form 8¢ (0) T (x, y), whose Fourier transform is constantly the
operator T'(x, y) € B(X). In particular, rank-one operators 8o(0)¢(x) ® ¥ (y) are in Vx when ¥ € X*
and ¢ € X. More generally, f(0)T(x,y) € Vx if f € L' and T € B(X).

Moreover, for two Banach lattices X and Y of functions on R?, we also define the space Vyx,y of
kernels 7'(x, y, o) such that M (T)(x, y) is a bounded operator from X to Y. The category of such
operators forms an algebroid, in the sense that

1Ty *Tallvy , < Tillvy 2 T2llvy y-

For example, note that

(Ro((A +10)%))" € V321 poo NVp1 300 and (33 Ro((h +i0)%)" € Vi1 poo.



DISPERSIVE ESTIMATES IN R3 WITH THRESHOLD EIGENSTATES AND RESONANCES

Indeed, the Fourier transform in A is

(Ro((r +10)%))"(0)(x, y) = (470) " 16)5—,)(0),

so we have :
Ro((A+i0 . —
M((Ro(G:+100%)") =
Clearly 1/(4x|x — y|) is in B(L>*!, L®) N B(L', L3*).
Likewise,
(3 Ro (A +10)2))"(0)(x, ¥) = (47) i85, (0),
so we have

M ((3; Ro(( +10)))") = dm) 1 @1,

which is in B(L', L®).
A space that will repeatedly intervene in computations is

W= {L | LY € V322N Vy32, (0, L)Y € VLs/z.z,L&z}.

This space has the algebra property that L, L, e W => L{(A)L,(A) € W.
The following technical lemma will be useful:

eislx—yl
(=

oislx—yl
M
(( Ydx|x -y

M((Ro((S-HO) )= Ro(0)

Lemma 2.6 (Fourier transforms).

TR

1®1

M((RO((S—HO)) ZRO(O)—Z s18l
S

52

))-
) )=
))-%
M((a Ro((s+10)) RO(O))A) ol y|
))-
M((asRO((S—I—zO)) Ro(@)—is 4&) )

Proof. Let a > 0. Observe that the Fourier transform of ¢?*4 in X is 8,(¢). Then

ila a
-1 )
e - =/ elkb db,
l 0

o) ( ila 1)/(1)\)) = X[0,a](A). Also

ei}‘a—l—ika_ aei)ub_ldb
e _/0 A ’

823
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so (€™ —1—ira)/(iA?))" = (a—1)X[0.4(1)-
Note that

oislx—y]

Ro((s +i0)?) = ————
4 |x —y|
has the Fourier transform §|y_,(0) /(47 |x — y|). Thus

eislx—y| A B 5|x—y|(0)
dr|x—y|) — Aw|x—y|

Ro((s +i0)?)" = (

Integrating the absolute value in o, we obtain 1/(47x|x — y|).
Likewise,

(Ro((S +i0)%) — Ro(0) )A _iX[0,lx—y(0)
s C Amlx—y|

Integrating the absolute value in o, we get 1/(4n) = (1® 1)/(4m).
The Fourier transform of the derivative is

(a Ro((s +10)%) — Ro(0) ) 0 X0 x—y))(0)
s S B dr|x —y|

Integrating in o, we obtain |x — y|/(87).
Next,

(Ro((s +i0)2) — Ro(0) —is1 ® 1)A B (eislx—yl —1—is|x —y|)A
. =

s 4rs?|x — y|
_ (Ix=y1=9)xpo.x—yn (@) (2-6)
4r|x — y|
Integrating in o, we obtain |x — y|/(87).
The Fourier transform of the derivative is

5 Rolls +i0)%) — Ro(0) —is1@1\" _ o(1x = y[=0)X[0,1x—y1(0)

g 52 4|x — y| ’
Integrating in o', we obtain |x — y|?/(24x). O

2D. Regular points and regular Hamiltonians. Before examining the possible singularity at zero, we
study what happens at regular points in the spectrum.

Recall the notation V; = |V|% and V, = |V|% sgn V. The following two properties play an important
part in the study:

Lemma 2.7. Let

_ ax)i(y)

T(x,y,p)i=—————
dr|x —y|

5—|x—y|(p),
50 f(k) = VaRo((A + i0)?)Vy. Then:

(C1) limg ||XpZR(P)T(/0)||VL3/2,20VL3,2 =0.
(C2) For some N > 1, we have lim¢_,q | TN (p + €) — TN(,O)||VL3/2,20VL3,2 =0.
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Here the powers of T' mean repeated convolution. We refer the reader to similar properties that appear
in the proof of [Beceanu and Goldberg 2012, Theorem 5].

Proof of Lemma 2.7. Suppose V7 and V, are bounded functions with compact support in B(0, D). It
follows that for R > 2D, we have x(%)7 (1) = 0, so in particular

||XtZRT||VL3/2.2ﬂVL3,2 —0

as R — oo, and property (C1) is preserved by taking the limits of V; and V, in L3-2.
Next, fix p € (1, %] and assume that V; and V, are bounded and of compact support.
Since V; and V, are bounded and of compact support, 7" also has the local and distal properties

: Va(x)Vi(y)
lim | y < (|x — y|)) ————— =0,
€—>0 lx =yl B(L3/2:2)NB(L32)
. V5(x) V.
lim ‘X>R(|x—yl)M =0.
R—o0 |x - yl B(L3/2.2)NB(L3-2)

Combined with condition (C1), this implies that for any € > 0 there exists a cutoff function x compactly
supported in (0, co) such that

IX()T(P) =T (P)v, 3,220V, 3, <€

Thus, it suffices to show that condition (C2) holds for x(p)7 (p).
The Fourier transform of y(p)7 (p) has the form

eik|x—y|
(XD T (p)" ) = Va(x) ———x(Ix = yDV1 (). -7
4|x — y|
Such oscillating kernels have decay in the L? operator norm for p > 1. By [Stein 1993, Lemma on
p. 392], with p’ being the dual exponent, that is, we have % + # =1,
_3
| T (N M) f || r SA 71/ lILe- (2-8)

Taking into account the fact that (x(0)7 (p))” (1) has a kernel bounded in absolute value by

1 1
V)2V (y)|2
4m|x —y|

(where |V|% = V7 is bounded and has compact support by assumption), it follows that (x(0)7 (0))"())
is uniformly bounded in B(X, L?), B(L?, X), and B(L?) for all A, where X is L32or L32, Therefore,
by also using (2-8) for the middle factors,

A N _3WN-2)
(TN W)™ [y )™ 7 1flx.
For N > 2+ ZTP/, this shows that d,( x(P)T(p))N are uniformly bounded operators in B(X), where X is
either L3°2 or L32. Since (X(,o)T(,o))N has compact support in p, this in turn implies (C2).
For general V € L%’l, choose a sequence of bounded compactly supported approximations for which

(C2) holds, as shown above. By a limiting process, we obtain that (C2) also holds for V. O
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Lemma 2.8. Let f(k) VaRo((A +10)2)V;. Assume that V € L2 and let Ao # 0. Consider a cutoff
function x. Then, for € < 1, we have

x(A20)a + Toy T ew

The same holds for g = 0 if V is a generic potential.
Infinity has the same property: for R > 1, we have

O—%(%)y1+fOﬁ_levv

Proof of Lemma 2.8. Note that I + T'()o) is invertible in B(L?22) and in B(L32) for all Ay # 0, the
only issue being at zero.

Indeed, assume that 1 + T(ko) is not invertible in B(L%’z); then, by Fredholm’s alternative, there
exists a nonzero f € L3 such that

f==VaRo((ho +i0)*)V; f.

Let V1 = V1 + V2 and V, = V1 + V2 where V1 and V1 have compact support and are bounded with
||V12||L3.2, ||V2||L3.2 < 1. Then

[ =—(I+VaRo((ho +i0)H) V2 + V2 Ro((ho +i0)H) V) " V) Ro((ho +i0)) V] /£,

which implies that 1 € L?. Letting g = Ro((Ao +10)?)V; f, we obtain a nonzero L% solution g of
the equation
g =—Ro((ko +i0)*)Vg.

However, this is impossible for Ay % 0 due to the results of Ionescu and Jerison [2003] and Goldberg and
Schlag [2004b].

When 1o = 0, we have that g is a zero-energy eigenfunction or resonance for H = —A + V, which
cannot happen if V' is a generic potential.

Let

5e0) = x(A22) (T () = T Gho)).

A simple argument based on condition (C1) shows that lim¢_,¢ || S/ v, 372,20V, 3, =0. Then

x(220)a+ T =x(2) (1 + TG0 +x(25 “)(T(k) 7))

A—A = - S —1\k
= 1(20) T+ T (o)™ Z(—l)k(szemu + T
k=0
The Fourier transform of the series above converges for sufficiently small €, showing that
(X()\ )LO)(I + T()»)) ) €EVr322N Vo,
Concerning the derivative,

x(220)0, 1 + Toy = —x(220) ( + Ty on T o

SR+ T
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Here
)\-—)\.0 ~ -1 vV ~ y
(X( 2¢ )(1 +T() ) €Vys22NVps2 and  (T(X)Y €Vps2a gz
since
V. 1%
M((aAT(A))V):| 2(X)|f>| 1
T
Then -~ )
(X( _e 0>8A(1+T()»))_1) € V322 132

At infinity, for any real number L, one can express (1— x(%))7 () as the Fourier transform of

Sr(p) = (T = RIR) = T)(0) = [ RA(RO)[T(0)=T(p=0)] do.

Thanks to condition (C2), the norm of the right-hand side integral vanishes as L — oo. This makes it
possible to construct an inverse Fourier transform for

O R ) DB (B )

via this power series expansion, which converges for sufficiently large R.
Ifonly T N gsatisfies (C2) then one constructs an inverse Fourier transform for

(1-x(%))d = =¥y
in this manner and observes that
N-1
(1= (%)) + T = (1= (%)) = ToPN) " =DF T,
Finally, concerning the derivative in a neighborhood of infinity, we note It{hza(i
(1- X(%))axu +700) ™ =~ (1- x(%))(l + 7o) T (1 X(%))(I Loy
Here
1—y 24 (I + f()»))_l : €Vyr322NVy32 and (3kf()»))v €Vy3/22 132,
R
Therefore, v
(1-x(%))mt +700™") €vivea paa. 0

In the case when H is generic, we can cover the whole spectrum [0, 0o) by open neighborhoods of
regular points, plus an open neighborhood of infinity, and choose a subordinate partition of unity. We
retrieve a form of [Beceanu and Goldberg 2012, Theorem 2]:

Theorem 2.9. Let V € L>' be a real-valued potential for which the Schrodinger operator H =—A+V
has no resonances or eigenvalues at zero energy. Then

—i _3
le™ ™ Pe flloo S 1617211 11 (2-9)

In the context of the wave equation, again if the Hamiltonian H is generic, we retrieve the results of
[Beceanu and Goldberg 2014].
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Proof of Theorem 2.9. Consider a sufficiently large R such that
(1- X(%))(I LT Tew

by Lemma 2.8. Also by Lemma 2.8, for every A¢ € [-4R,4R] (including zero, since V is a generic
potential), there exists €(Ag) > 0 such that

A — %o 1
((M)(HT(A)) ew.

Since [-4 R, 4 R] is a compact set, there exists a finite covering
—4R.4R]| C U M —€(hi), hi +€(hp)).

Then we construct a finite partition of unity on R by smooth functions 1 = Z}cvzl Xk (X)) + Xoo (),
where supp oo C R\ (—2R,2R) and supp xx C [)»k —e(Ap), Ap + e()»k)]. By our construction, for
each 1 <k < N and for k = oo, we have x;(A)(1 + YA”()M))_1 € W, so summing up we obtain that
I+TO) ew.

By spectral calculus, we express the perturbed evolution as

P f= ﬁ / " (Ry (+10)-Ry (-i0) f d
:L/ ™ Ry (h+i0)?) fAdA
Tl 00
=% "™ (Ro((A+i0)2)~Ro((A+i0)) Vi (I+T (W)™ VaRo(A+i0)3)) fAd A
2% 295 (Ro((A+i0)2)=Ro((A4+i0)) Vi (I+T (1)~ Va Ro(h+i0)2)) fdA
-5/ ein(3x(Ro((k+i0)2)—Ro(()»+l'0)2)V1(“‘f()‘))_lVZRO(()""iO)z)))V(p)fd’O'

(2-10)
Since (I + ]A”()\))_1 € W, it follows that (8;\ I+ TA“()\))_I)V € Vp3/2.2 1 3.2. Taking into account that
Ro((A+i0)®)V; € Vit p32.2 and V2 Ro((A + i0)?) e V3.2 oo, We Obtain that

Ro((A+i0))Vi(I +T () " VaRo(A+1i0)%) € V1 poo.

By definition, this ensures a bound of |¢ |_% for this expression’s contribution to (2-10). The other terms
are handled similarly. O

We next consider the effect of singularities at zero.

2E. Exceptional Hamiltonians of the first kind. Let

1
PETH (T

1z

0=- (V2Ro(0)Vy —z1)
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and O = 1 — Q. Assuming that H = —A + V has only a resonance ¢ at zero, then (recalling that
—(¢, V¢) = 1), by the analytic Fredholm theorem,

0=-V0QV¢.

The resonance ¢ € M satisfies the equation ¢ = —R(0) V. Since ¢ € L3> N L, we have that
0 is bounded on L3 and on L32, so the constant family of operators Q is in W. Moreover, Q is in
B(L3:2, L3?) and in B(L32, L3:2).
Note that, since
M <min(1,Ax—y)) = M1 <A x— ),

one has
eiAx—yl

1
- |x_y|)V1(y)S V2 ()| A Vi (p)]. (2-11)

Vz(x)(
|x =yl

Thus, when V' € (x)_lL%’l,
I+TM) =1+ VaRo((A+i0)>)V;

is Lipschitz continuous in B(L?). This implies that, more generally, when V € L%’l, we have that YA”()»)
is continuous in B(L?) (the proof is by approximation).
In a similar manner, by approximating V € L2 with (x)_zL%’1 potentials, we obtain that f()\) is
continuous in B(L%’z) NB(L3?).
Let
K=(I+V,Re(0)V; +0Q)' 0.

Then K is the inverse of O (I + j\“(O))Q = Q(I+ VZRO(O)VI)Q in B(QL%’Z N QL*?), in the sense that
KO(I +V2Ro(0)V1)0 = Q(I + VaRo(0)V1) 0K = Q. (2-12)

By continuity, Q(I + VoRo((A+1i 0)2)V1)Q is also invertible for [A| < 1.
The following lemma, also known as the Feshbach lemma, is extremely useful in studying the singularity

at zero.

Lemma 2.10 (see [Yajima 2005, Lemma 4.7]). Let X = Xo + X1 be a direct sum decomposition of a
vector space X. Suppose that a linear operator L € B(X) is written in the form

Lo L01)
L =
(LIO Ly
with respect to this decomposition and that LO_O1 exists. Set C = L1 — LloLo_o1 L. Then, L1 exists if

and only if C~! exists. In this case,

-1 (Lo_ol + Lyl Lot C 7 Lyg Ly —LO_OILOIC_I)

—C7'LyoLy, c! (2-13)

By definition, an exceptional point A € C is one where I + V5 Ro(A)V] is not L>-invertible.
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Lemma 2.11. Assume that V € (x)_zL%’1 c(x)7'L'N L2 and that H = —A +V is exceptional of
the first type, with a resonance ¢ at zero. Let x be a fixed cutoff function. Then, for some € > 0,

A ES -1 1 (A dmi
((2)T+TONT =L -2 "4(2) s Ve @ Vig,
€ €/ |(V.9)?
where L € W.
Moreover, zero is an isolated exceptional point, so H = —A+V has finitely many negative eigenvalues.

The computations in the proof of this lemma parallel those in [Yajima 2005, Section 4.3]. The main
difference is using L1-related spaces instead of Holder spaces.

Proof of Lemma 2.11. We apply Lemma 2.10 to

QU+T()N0  QTWQ \ _ (Too®) Tor(M)
eTMC  QU+TG)e) \Ti®) Tuk))

Note that Tog(A) := O (I + VaRo((A +i0)?)V1)Q is invertible in B(OL3?)NB(OL>?) for |A| < 1
because

1+fay=<

Too(0) = O +T(0))0 = O(I + V2Ro(0)V1) 0

is invertible on QL%’z and on QL3’2 with inverse K (see (2-12)), and To(X) is continuous in the norm
of BLOL3%) N B(OL>?) (see (2-11) above).
Furthermore, start from

(Ro((A+i0)*)" € Vps/2a poo NVpi p300 and (B3 Ro((A +10)*)" € Vp1 foo.
We know that
V|2 e B(L22, LYY NB(L®, L3?) N B(L>®, L22)nB(L>2, L)),
Thus Vo Ro((A +i0)2)V; € W and Q preserves that. Then Too(A) € W as well.
Next, since Too(0) is invertible, for small € we have )((%)TO_O1 () € W. The proof is as follows: Let
AN = A~ P
Sc0):=x(5) 2T M -T©0)0.
A simple argument based on condition (C1) shows that lime—o S’ [V, 5/5.,nv, 5, = 0. Then
)1t =)0 ()70~ T
1(%) 7o' ) = x(%) (Too @ + x(32) 2T 1)~ T0) 0

= 1(2) 75 © 32 D (S0 Tgg! OV
k=0

The series above converges for sufficiently small €, showing that X(%)T 0_01 (A) €Vy322NVysa.
Concerning the derivative,

x(2)0 750 00 = —x(2

€

) Teo! (19 Too () (5) Ta' 1)
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. . _ \"
In this expression, ()((ZLG)TOO1 (k)) € V322N V32 and (03 Too(A))Y € Vp3/2.2 p3.2. Thus

(X(%)ak T()_o1 ()‘))V € V322 132,

This computation shows that (%) 75! (1) € W.

Let
T()— (VaRo(0) Vi +id(dm) " Vo @ V)
JA) = e
. VoRo((A + iO)Z)Vl — V2 Ry (0) V4 —i)x(47T)_1 Vo® W

)\.2
Then (recall that Q = —V52¢ ® Vi¢),
T1(M) = 0 +T(W)0 = QI + VaRo((+i0))V})0
= Q(VaRo((A +i0)*)Vi — V2Ro(0) V1) Q
=126 ® Vo (Ro((A +i0)*) — Ro(0)) Vo ® Vi ¢

V, 2
= (5 2E sz e. vl )0
1T
= (ra™' =27 (V19 M) V29)) O
=:Aco(M) 0. (2-14)
Note that ¢o(0) = a~! # 0. Recall that a = 4iw/|(V, $)|>.
By the third line of (2-14), ¢o(A) € L' if

oiMx=yl _
[, [ vesevmem) S| dxdy<cc.
R3 JR3 Ax =yl gy
For every x and y, by Lemma 2.6,
eiMx—yl _ 'X[O,lx—yl](t) 1
Mx =yl |z =yl ey

so it is enough to assume that Vg € L1, i.e., that V € L%’l, to prove that c¢o(A) € L'
In order for 9y co(A) to be in L', it suffices that

eiMx—yl _1
[, [ vesevmem|n S| dxay<cc.
R3 JR3 Alx —y| il
For every x and y, by Lemma 2.6,
5 eiklx—y| -1 _ ZX[O,lx—y\](l) _ |x — y|
AMx =yl gy Ix—yl 2

so dyco(h) € L' when Ve e (x)"'L1 ie,when V e L.
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Regarding J(A), if V € L! then

Ro((A+i0)%) — Ro(0)—ir(4m) 1 ®1
)\2

Moreover, when V € (x)~!L!, we know (9, J(A) V29, V ¢) € Z){
Furthermore, considering the fact that ¢ + R(0)V¢ = 0, let us define

M) = +TO)Vagp = (VaRo((A+i0)3)V —VaRo(0)V )¢
—A( £: 4® +AJ(A))V2¢
AR =T+ TNV = (ViRg((A + i0)%)V —ViRo(0)V)¢

- x( 18V +AJ*(A)) Vi
47

(V2. Vo) = ve)el @19

and

Note that x— |
MI0)") = V)| =2V )

is a bounded operator from L3210 L32, assuming that V e (x)_zL%’l. Thus J(A)Y € Vp3/22 3.2 and
the same goes for Ady J(A).
Moreover,

V V;

Thus (AJ(A))Y € V2 for V € L' and (AJ(A))Y € V3722 N V32 when V € (x)_zL%’l. Further note
that (3, (AJ () = (J(A) + A0 J(X))" € V322 p3.2. It follows that AJ(A) € W.
Then (recalling that Q = —V5¢ ® V1 ¢),

Toi(W):=0TMQ =0 +TO)NQ=UT+TM)0— 0 +T()0
= —AF(A) ® Vig —Aeo(M) O
= — AP Q) +coM)Vap) @ Vi .

Likewise,

Tio(k) = —AV29p ® (V* (L) +co(M) Vi9).

By our above computations, it follows that T1(A) = AE{(A) and T1o(A) = LE,(X) with Eq, E, € W.
Then _TIOO‘)TO_OI (M) To1(A) = A%c1(A)Q, where

c1(h) i=—(Y* (W) +eo M) Vig. To' () (W (M) +co(M) Vag))
(M ) gt 1o o

2f’ Vi +AJ(A)) Vad+co (A)V2¢)>

(2-16)
For example, one of the terms in (2-16) has the form

(AT*M)Vig, Ty MAT (M) V). (2-17)
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Since AJ (%) € W and x(%)T;;! (A) € W and since V¢, V¢ € L3210 L32, it immediately follows
that X( )(2 17) is in L' and its derlvatlve is alsoin L.
We then recognize from formula (2-16) that, for a cutoff function ¥,

X(%)cl(k) el! and X(%)akcl(A) el!

when V € (x)_zL%’l.
Let
C(A):=T11(A) — T1o(A) Tyo' (M) To1 (A).
Then
CA) = (Aa™' =22 (Vig, JW)Vag) + A%c1 (M) Q =: ha™ ' O + A%c2 (1) Q.

Thus C(A)/A is invertible for |A| < 1, and when V € (x)~ 21,3+ one has that

1

—1 _
¢ M= ra=! +2A2¢; (M) Q

1 1 1
- (ka‘l v +22e(A) Aa‘l)Q

_ (a B ca(A) )
—\a (a=' +rea(h))a! 0
=al'Q+ EM).

By our computations, such as (2-15), X( )62 1) € L' and X( )8Kcz 1) € L. Therefore for sufficiently
small €, as O € B(Lz’z) N B(L>2)NB(L32, L3?), it follows that x(2)ER) e w.
The inverse of I + T(k) is then given for small A by formula (2-13):

—1 —1 -1 -1 -1 -1
(I+T)_1 _ Too +Too To1 C™ TioTyy  —Too To1C .
_C_ITIOTO_QI c!
Three of the matrix elements belong to ¥V when localized by x(%). Indeed, recall that x(%) 7' (A) € W,
Tl()()\)=)\E1()\,) and T()l()x)=)\E2()x),Whlle C_l 1E3()\) with E1 E2 X( )E3 e W.

The fourth matrix element is C~! in the lower-right corner, which is the sum of the regular term
X(%)E (A) € W and the singular term

ah” X( )Q——ak X( )V2¢®Vl¢

As an aside, note that A~! (1 — x(%)) € L' and the same holds for its derivative. Thus we can also write
the singular term as aA~! Q.

Further note that (1 + T )~ ! is well-defined on a whole cut neighborhood of zero by formula (2-13)
above. Thus zero is an isolated exceptional point, so there are finitely many negative eigenvalues. [

The next lemma shows what happens in the case when the potential has the critical rate of decay.
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Lemma 2.12. Assume that V € L>! and that H = —A + V is exceptional of the first kind. Let x be a
standard cutoff function. Then

x(2)a+ TG =Ly +47 s,

with L(A) € W and S(A)Y € Vp3.2 13/2.2 for sufficiently small € > 0.
Furthermore, 0 is an isolated exceptional point, so H has finitely many negative eigenvalues.

Proof of Lemma 2.12. We again apply Lemma 2.10 to
0I+T()O  0T(MQ Too() To1(A)
0TMO QU +T()C) \T®) Tu®)

The proof of the fact that )((%)TO_O1 () € W is the same as in Lemma 2.11.
Then note that

1+f@y=<

T11(0) = QU + T(M)Q = O(I + VaRo((A +i0)*) V1) Q
= Q(VaRo((A +i0)*)Vi — VaRo(0) V1) Q
= V2 @ Vp(Ro((r +10)*) — Ro(0)) V§ ® V¢
=:co(1)0.

Observe that co(0) = a~! # 0. Recall that a = 4in/|(V, ¢)|?.
Note that co(A) € L! if

ihlx—yl _
L, [ vewevmem| Sr——|  dxdy <o
Ax =yl gy
For every x and y, by Lemma 2.6,
eiMx—yl _q . H X[0,|x—y|](t) _q
Mx =yl |z =yl ey

50 it is enough to assume that V¢ € L1, i.e., that V € L%’I, to prove that co(A) € L.
Furthermore, recalling that Q = —V,¢ ® V1 ¢,

Toi(\):=0T(M)Q =0 +TMW)Q=U+TH)0-0(U+T(*)Q
— (Va(Ro((x +i0)%) = Ro(0)) Vo + Aco(M) Vagp) ® Vip
. (V Ro((A +i0)2) — Ry (0)

3 Vo + Co()u)V2¢) QR Vig. (2-18)

Likewise,
Tio(A) = —V2¢ ® (Vi(R§((A +i0)*) — Ro(0)) Ve + Aco (M) V1)

RG((A +10)?) = Ro(0)
A

=-A\V20® (Vl Ve + CO_O»)V1¢)- (2-19)
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Thus T and T,); are both in Vy3/2.2 NV 3.2 — T} by the second line of (2-18) and 7y} by the first
line of (2-19)—when V € L3, Indeed, following the definition, this reduces to

/ V2Vl le ()]
R3

3,2
dye L2 NL3>2,
4l — ] VER

Next, —Tlo()\)To_ol M) To1(X) = Ac1(A)Q, where
c1(h) = —<V1 (RG((A+10)*) — Ro(0)) Ve + Aco (M) V1.

Ro((A +i0)*) — Ro(0)
A

7o (72
For example, one term from formula (2-20) has the form

Ro((A +10)%) = Ro(0)
A

Note that Vi (RE((A +i0)2) — Ro(0)) V2 and x(%) T3l () are in W, while

Vg + co(r) V2¢) > (2-20)

<V1 (R((A+i0)*) — Ro(0))VaVig, Too' (M V2 Vi V2¢>' (2-21)

Ro((A +i0)2) — Ry(0 V. 1% 3
(v, 0((A+1i0)%) — Ro( )V1 _ "o N e B(LE2, 13,
A 4
5 Ro((h+0)2) — Ro(0)
Vs 0 i 0 Vi€Vysna p3a.

Taking into account the fact that V¢, V¢ € L%’z, it follows that (2-21) is in L.
Thus we recognize from (2-20) that ¢; (A) € L' when Ve L3,
Further note that, since R ((A + i0)2) — Ry(0) = 0 when A = 0, we have ¢;(0) = 0.
Let
C() = Ty (0) — Tro (W) g () Tor (0),
Then
C(A) = A(co(2) +¢1(R)) Q.

Thus C(X)/A is invertible for [A| < 1 and C~1 (L) = A~ le, (1) Q, with ¢ locally in L. Consequently,
for small €, we have (X(%)AC_I (A))V €Vi32 13/2.2.
The inverse of I + YA"()\) is then given for small A by formula (2-13):

-1 -1 -1 —1 —1 -1
U+ = Tool + Too' To1 C™ 1 Tho Ty =Ty To1 €
—C7 Ty Ty c!
Since Ty,' € Wand Ty}, T\ € Vp3/2.2 N V3.2, while

k _ \2
(X(E)XC 1()\)) €Vr32 1322,
it immediately follows that

MUI+TON =Too (W) € Vpsapinn

and that (1 + YA“)_I, given by formula (2-13), exists on a whole cut neighborhood of zero. O
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Recall that by (1-2)

3

R() = "j% LB, L) = g,

Proposition 2.13. Assume that (x)*V € L3 and that H = —A + V is an exceptional Hamiltonian of
the first kind with canonical resonance ¢ at zero. Then, for 1 < p < % and R(t) as above,

—i

e "M Py = Z(t)u+ R(t)u,

1_ _1 .
G f e, 1Z@ulpsee <02 fllpsrnn.

3

1Z(@Oull <072
Furthermore, for % <p=<2,

. _3(1_1
le™ ™ Peull, <3G 7)) 1.

1 1 _
Here;+7—l.

Proof of Proposition 2.13. Write the evolution as
e MHp = %/ ~(Ro((A +i0)%) — Ro((h +i0)2) Vi T (W)™ Vo Ro((h +i0)%)) fA dA.
R

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.11. First, take a
sufficiently large R such that (1— X(%))(I +T (A))~! € W. Then for every A € [-4R, 4 R] there exists
€(Ag) > 0 such that

A— Ao _
(()\))(IJrT(k)) ew

if Ao # 0, while the conclusion of Lemma 2.11 holds when Ao = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

—4R,4R] C U M — €M), g + €(hg)).

Then we construct a finite partition of unity on R by smooth functions 1 = x¢(A) + Z}c\; X (M) + oo (1),
where supp xoo C R\ (2R, 2R), supp xo C [—€(0),€(0)], and supp xx C [Ax —€(Ai). Ak + €M) ]-
By Lemma 2.8, for any k # 0, we have y; (A)({ + 7/\“()\))_1 eW,so (1—xo(X))(I + T()\))_l ew.
By Lemma 2.11, Xo(k)f“(k) also decomposes into a regular term L € Y/ and a singular term
—2" 1 xo(M)aVap ® Vig.
Let Z; be given by the sum of all the regular terms in the decomposition:

Z1(0i= 7 [ ¢ (Ro(Go+0)) = Ro(GHi0) VAL V2 Ro (400

—(1=x0 (M) Ro((A+i0)*) V1 T (W) V2 Ro((A+i0)*)) A d

L / ¢T3, (Ro((A+i0)%)—Ro((A+i0)*)Vy L(A) Va Ro((A+i0)?)
R

2t
—(1=x0(A) Ro((A+i0)) V1 T (W) Va Ro((A+i0)?)) d
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_C e_i%(BA(Ro((k+i0)2)—R0((k+i0)2)V1L()\)VZRO(()»—HO)z)

e R y
—(1=x0(A) Ro((A+i0)*) V1 T (M) V2 Ro((A+i0)?))) () dp.

The fact that | Z(¢)u| poe S |z|_% lu| 1 follows by knowing that

(92 (Ro((A +i0)%) — Ro((A +i0)*)V; L(A) V2 Ro((A +0)?)
— (1= xoM))Ro((A +i0)) Vi T (M V2Ro((A +i0)?)))” € Vi1 foo.

The fact that || Z(#)u||z2 < ||ul|z2 follows by smoothing estimates. Indeed, the first term is bounded

~

since it represents the free evolution, and note that
IV2Ro(%10) /12 S0z
e (L(EVR) + (1 - Xo(iﬁ))f(iﬁ))|}L§oB(L2) < o0,

H/ Ro(h£i0)Vy F(x, ) d\
R

S|\ F .
PPN

X

Combining these three estimates, we obtain the 2 boundedness of Z;.

By interpolation between the two bounds, we obtain that, for % + % =1,withl <p=<2,

_3(1_1
12l <3670 o,

as well as
_1
”Zl ([)M”LS,OO s t 2 ||u||L3/2.1.

Let Z, be the term corresponding to the singular part of the decomposition from Lemma 2.11, given by

Z5(1) = % fR eIy W Ro((L +10)2) Ve @ VRo((h +i0)2) dA

iA|z2—y|

a _’[12 eiMx—zl| e
_ 4 / / ) VDV )P (a) S dzy dzy
I JR J(R3)2 47T|X—Zl| 47'[|Zz—y|

The subsequent Lemma 2.14 is the same as [Yajima 2005, Lemma 4.10], the only difference being the
space of potentials for which the result holds. For the sake of completeness, we repeat the proof given in

[Yajima 2005].
Lemma 2.14. For V e (x)~'L3,

I(Za(6) = R@)ullee S 2 ullpr, 1 Za@ulpseo 072 ull sz, (2-22)
Proof of Lemma 2.14. Let b = |x — z1| + |z, — y| and

1 . .
Clt.b) = — / L INAYY
R

LT
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We express Z,(t) as

Zz(z)=/ C(t’b)av(zl)¢(21)v(22)¢(22) dzy dzs.
(®3)? |x —z1]|z2 — |
Note that

e 13‘{’61'%

b
C(t,b) = 7(6 4’ Xo (S)) (2[)

Zol st [ o2 e

1

Then C(¢,b) St~ 2 and

dZ] d22

Clearly
1%
/ |V(Zl)¢(21)| Zl E L3,00 and / | (ZZ)¢(ZZ)| de €L3,00’

R3 R3

|21 — x| x 22— y] i

implying the second half of (2-22):
_1
| Z2(@)ullp3.00 St 2 ullp32.1.

‘We also have

P (L) 1| 2 (17 + 1),
It is easy to see, for

B =2(|x —zil|z1] + |22 = yllz2l + |x — z1]|z2 = p) + |21 |* + |22 |2,
that
B T B R D P B
44
It follows that
e—l 4 t(x2+y2)/4t

3
S(+b+B) 2.
— ( )

C(t,b) -

Then

T AT V(2 (20)V(z2)$(22) dzy dzy
Zz(l) — a
(R3)2 Nt |x —z1[|y — 22

<t_3/ (1+b+4 B)|V(z)¢(z1)V(22)9(22)|
~ (R3)2 |x —z1]]z2 — ¥

Now note that, for V e (x)~! L3 and ¢(x) < x|,

p [ Qb+ DIVEDsGyY (oG
(®R3)?

|x —z1]|z2 =yl

le de <o

and

fR3 V(z))g(z1) dz, — b,

|x —zq]

The first part of conclusion (2-22) follows.

dZ] d22
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Note that R(¢) also satisfies | R(¢)ul|13.00 S 1~z ||l f3/2.1, so the same holds for the difference:
_1
1(Z2(2) = R@)ullp3.00 St 2 ||ull3/2.0.

By interpolation with the L'-to- L estimate of Lemma 2.14, we obtain that, for I < p < 3,

1(Z2(0) = ROullyw <0367 o

Since the same is true for Z1, we obtain for 1 < p < % that

IZ@ullpr = |[(Z1() + Z2(6) = R@)u|| . < 267 il

where e ""H Py = Z(t)u + Z,(t)u = Z(t)u + R(t)u.
. _1 . i
Knowing that || Z; (t)u|  3.00 <t 2 ||| 3/2.1 leads to the conclusion that ||e 7“7 Pout|| ;3,00 <||tt]|p3/2.1.
Combining this with the L? estimate |e ™" P.u|| > < ||u]| 2, we obtain that, for % <p=<2,

i _3(1_1
e~ H Pl < 173G ) .
Thus we have proved all the conclusions of Proposition 2.13. O
Proposition 2.15. Assume that V € L2 and that H = —A + V' is an exceptional Hamiltonian of the

first kind. Then
. 1
le™ ™  Poul|ps.00 S 172 |ull 320,

and, for % <p=<2,
; _3(1_1
e Peull < 172G Jul .

1, 1 _
Herep—l—p,—l.

Proof of Proposition 2.15. Write the evolution as
. 1 . ~
e p = / eI (Ro((M +0)%) — Ro((h + i)V TV VaRo((h +i0)2)) fA dA.
It Jr

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.12. First, take
a sufficiently large R such that (1 — x(%))(Z + T'(A))~! € W. Then, for every Ao € [-4R,4R], there
exists €(Ag) > 0 such that

A—Ao I
x( o )(1 LT tew

if Ao # 0, while the conclusion of Lemma 2.12 holds when Ao = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

N

[—4R.4R] C | (b — (i) e + €(hi).
k=1

Then we construct a finite partition of unity on R by smooth functions 1 = yo(A) + Z,]C\;l XA+ oo (1),
where supp Yoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xx C [kk —e(Ag), A + e(kk)].
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By Lemma 2.8, for any k # 0, we have xz (A)(1 + f(}h))_l eW,so (1—xo(A)(I + 7’\“()\))_1 eW. By
Lemma 2.12, xo(A\)(I + f(k))_l also decomposes into a regular term L € }V and a singular term A ~1.S,
with the property that SV € V3.2 13/2.2.

Let Z; be given by the sum of all the regular terms of the decomposition:

Zl(t)::%/ eI (Ro((A+10)2)~Ro (A +i0)%) V1 L() V2 Ro((A+i0)?)
R ~
—(1=x0o(M) Ro((A+i0))Vi T (M) V2 Ro((A+i0)*)) 1. d

:ﬁ / e85 (Ro((A+i0)*)— Ro((A+i0)2) Vi L(A) Va Ro((A+i0)?)
R

—(1=xo(W) Ro((A+i0))Vi T (1) Va Ro((A+i0)%)) d

=£3 e—"%(ax(Ro((x+i0)2)—Ro((x+i0)2)vlL(A)VZRO((HI'O)Z)

12 Jr R
~(I=xo (M) Ro((+i0)) Vi T (W) V2 Ro (2 +i0)%))) (p) dp.
The fact that | Z 1 (#)u|| g < |t|_% lue|| 1 follows by knowing that

(93 (Ro((h 4+i0)%) — Ro((A +i0)*)Vy L(A) V2 Ro((A +i0)?)
— (1= xo())Ro((A +i0))Vi T (M V2 Ro((A +10)?)))” € V1 poo.

Using smoothing estimates, it immediately follows that Z;(z) is L?-bounded; see the proof of
Proposition 2.13. Interpolating, we obtain the desired || Z1 (¢)u||f3.00 < 2 lue|| 3.1 estimate.
Let Z, be the singular part of the decomposition from Lemma 2.12, given by

Zs(t) = % /R eI RO+ 10)2)Vy S(M)VaRo((r 4 i0)?) d . (2-23)

Note that (Ro(()h'i‘l.O)z)Vl)VGVL3/2,2,L3,OO, S()»)VEVL3,2,L3/2.2, and (VzRo(()\+i0)2))V€VL3/2,1,L3,2.
Thus
Ro((A+i0)*)Vi(AS(A)VaRo((A +i0)*) € V321 p3.00.

By taking the Fourier transform in (2-23), this immediately implies the conclusion that || Z, (¢)u| 13.00 <
3 lleell 3721

Putting the two estimates for Z; and Z, together, we obtain that |e ™" P.u|;3.00 < |lullp3/2.1.
Interpolating with the obvious L? bound |e~** P.u|| > < ||u|| 2, we obtain the stated conclusion. [I

2F. Exceptional Hamiltonians of the third kind. We next consider the case in which H is exceptional
of the third kind; that is, there are both zero eigenvectors and zero resonances. Recall that T ) =
VaRo((A+1i0)*) V7.

Lemma 2.16. Suppose that V € ()c)_“L%’1 and H = —A 4V has both eigenvectors and resonances at
zero. Let x be a standard cutoff function. Then, for sufficiently small €,

A ~ M [ VaPoVi  iVoaPyVi]x—y|2VPyV 1% 1%
X(Z)(I‘I‘T()»))_l=L()\)+X(;)( 2PoVy V2 Po |x—y["VP Vi aV2¢® 1¢)’

A2 A A
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where L(L) € W and ¢ is a certain resonance for H =—A +V.
Furthermore, 0 is an isolated exceptional point for H, meaning that H has finitely many negative
eigenvalues.

The computations in the proof of this lemma parallel those in [Yajima 2005, Section 4.5]. The main
difference is in using the space }V instead of Holder spaces.

Proof of Lemma 2.16. We study (I + T(A))™" := (I + VaRo((A + i0)2)vl)‘1 near A = 0.

Let i
0=——o (VaRo(0)Vy —z1) " dz.
270 Jiz41)=6

Take the orthonormal basis {¢y, ..., ¢ N} with respect to the inner product —(Vu, v) for M so that
{¢2,...,¢N} is a basis of £ and (¢, V') > 0. This condition determines ¢ uniquely.

Define the orthogonal projections 7y onto CVi¢; and m, onto V; PyL? with respect to the inner
product —(sgn Vu,v),i.e., 7y = Vo1 ® Vi¢py and mp = — Zj\;z Vag; ® Vi¢j, and let

Qo=0:=1-0, 01:=0mQ. 0:=0m0Q.

The following identities hold in L?:

QjQk =8kl for j k=012, Qo+ 01+ 02=1,
(I +V2Ro(0)V1) Q1 = Q1(I + V2Ro(0) V1) =0,
(I +V2Ro(0)V1) Q2 = Q2(1 + V2Ro(0) V) =0,
0:(V2®V1)00=0, 02(12®V1)01 =0, 02(2®V1)02 =0,
Qo(V2®V1)02=0, 0:1(V2®V1)02=0.
These identities follow from Q,V, = 0 and Q3 V; = 0, which in turn follow from the fact that eigen-
vectors ¢y, are orthogonal to V, that is, (¢, V') =AO for2<k=<N.
We first apply Lemma 2.10 to invert Q(/ + T(1))Q in QL? for small A, after writing it in matrix
form with respect to the decomposition QL% = QL* + Q,L?:
Q\I+T0N01  O1TMO: \  (Tu(h) Tia(h)
02T (M) Q4 Qx1+f@»Q)‘“(nwm15ﬂm)‘
The inverse will be given by formula (2-13); that is,

QU+f@DQ=(

(2-24)

A~ 1 1+1 12 C 11 1 1 —1 11 C 1
1 12 21 12
(Q([ T() ))Q) ( 11 11 22 11 11 22 ,

-1 -1 -1
_sz T21T11 sz
where

Cyy = Toy — To1 T;;' Ty

As in the case of exceptional Hamiltonians of the first kind, let

T() = (VaRo(0) Vi +ir(dn)~ V2 @ V1)

JO) = >
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Then (recall that Q1 = —V>2¢1 ® Vi¢1),
T = 01 +T ()01 = Q1(I +VaRo((A +i0))11) 0,
= 01(VaRo((A +i0)) V1 = V2 Ro(0)V1) 0,
= V21 ® V1 (Ro((A +10)*) = Ro(0)) V1 ® Vi
V, 2
= ()\|<4L>| — 23 (Vig1, J()»)V2¢>1)) 0
in

=:(ha" ' +A%¢; (1) 0.
Here a = 4in/|(V,$1)|> # 0. As in the proof of Lemma 2.11, note that ¢;(A) € L! when V € L! and
d,c1(A) € L' when V e (x)~1L!.

It follows that 77 () is invertible for |A| < 1 in QL? and

1
ra=l+A2¢1(A)

_(a c1(A)
- (X (a ! +Ac1(x>>a—1)Q‘
=1"1a0+ EQ).

T (W) = 0,

Here and below we denote various regular terms by £ (X), i.e., terms with the property that x (%) E(1) e W
for sufficiently small €.
Likewise, since Q,(Vo, @ V) = (VL ® V1)0, =0,

T12(A) = Q1(1 + VaRo((A +i0)*)V1) 0,

I1®1
4

- Q1V2(Ro(()\ 1 i0)%) = Ro(0) —iA )Vle

x_
Z—AZQI(V2| T[.Vlvl +)\,V2€1()\.)V1)Q2
= —szlelx;ﬂVl 0,4+ E),
where
Ro((k +10)?) — Ro(0) —ia 121 4 3.2 5]
el()\,) = T T )
—A3
By Lemma 2.6,
x—y? x— )3
M((e;(AM)") = | 24y| and M ((dye1(M)) = |_y|_
T 967

Thus E(A) := Q1 Vae1(A) Vi Q2 € W when
/(.Rs)z V(x)$1(x)|x = yI*V(»)gx (v) dx dy < o0,

which takes place when V € (x)72L! (recall that |¢; (y)| < (»)™).



DISPERSIVE ESTIMATES IN R3 WITH THRESHOLD EIGENSTATES AND RESONANCES 843

Likewise we obtain | |
—Y

X
8

Tr1 (M) = =A% Q,V; V101 + A EQ);

hence, combining the previous results,

_ X — X —
T T3 T = Ra0:2 v 0,1, P =2y 0, 1 £,
Furthermore,
Tao(A) = Q2(1 + VaRo((A +i0)*)V1) 02
. LIl
= 0272 Ro((h-+10)) = Ry —iht 22 ) 110
_ Y
= —)xz Q2 (V2 |X yl V] + l)\Vz |X yl Vl —)LZV2€2(X)V1)Q2.
Here X
I1®1 — —
(M) = A‘4(R0((k+i0)2)—R0(O)—ik—® _pa sy )
41 8w 247
By Lemma 2.6,
|x =y |x —y|*
M(er(MD) = ———— M Ny = .
(e2(A)™) 96, nd ((Ore2(1))™) 1507

Thus E(A) := Q2 V2e2(M) V1 Q2 € W when
[ VBRI =V OI0) iedy < e,
which holds true when V € (x)2L! (recall that |¢x ()| < (¥)~2). Then

Ix — | Lo =yl
Vi iV
gp L TiIM T

Ty (A) = —szz(Vz Vl) 0>+ A E(). (2-25)

Let Py be the L? orthogonal projection onto the set £ spanned by ¢, . .., ¢n. By relation (4.38) of

[Yajima 2005],
-1

|x — y|
Vi0s ==V PyV1.

8

(Qsz

Also note that
VoPoViQor = Q2Vo PoVy = Vo PyVy.

By (2-25),
B —1
T5,'(A) = —)»_Z(szz |x8ny| i Qz)
o0 ) _ —1\k
S nt((rea o -izem ) (0 o) )
k=0

—y)?
241w

o0
:x—%@HﬂQE:(MVﬂx

1] —A2E(A)) Va Py V.
k=0
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Therefore, by grouping the terms by the powers of A, for |A| < 1,

|2
T3, () = A" 2Va PoVy +id~ VP0V| y'

VPV + E(A).

Then we write
Cao(A) = Taa (W) — Ta1 (W) Ty (W) T12(X)

= (I = T W T W T12(W) Tz (W) Taa ().

By our previous estimates, 751 () Tl_l1 (SYATICS) T2_21 (A) = AE(A), where E(X) € W. Then, by means
of a Neumann series expansion, we retrieve that

C' () = T55' ) 3 (T VT W T2 00 Ty ()
k=0

=T5' W)+ Ty W T2 M M T12(W) T, (M) + EQ,

S0
—1 ) | y|2
C22 ()\,) = V2POV1 +iA” V2POV VP()V]

v, P y|V1Q1V2|x ylVP0V1+E(A).
If we set

b = Pov X 8_y|V¢1eé’
then N | | |
xX—y X—=Yy ~ ~
Vo PyV - VioV, - VP Vi =—=Vap1 @ 1 V7.

Then we get that

Ix yl2

Cort () = A2V PoVy + i)™ Wy PV VP Vi — A" aVady @ 1 Vi + E(N).

Furthermore,

T )T ()l () = (A aQ1+E(A>>A2Q1(V2

|x—y|

V1+AE(A))Q2( T2V, PoVi+id T E(L))

=2"la(-V21®@Vig1) Vs VPyVi+E)

=—a)"'V2$1®¢1 Vi+E(M).
Likewise we obtain
—C3' W TaWT () = —ar ™ Vagy @ 1 Vi + E(),
T W TiaMCoy W) Ta (M T () = E().
By (2-24), we have that (Q(I + T'(1))Q) " is given in matrix form modulo E(X) € W by
(—a)\ W21 ®@ Vigy —ad "' Va1 @ Vi ) 226)

—aA " Wadi @ Vigr AT2VaPoVy +idT Va PV Ixzzrlz VPVi — A" aVagy & Vi
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Therefore, if we define the canonical resonance as ¢ = ¢; — q~51, we have that ¢ satisfies ¢ € M and
(¢,V)=1and

1_ V, Py V1 iV2P0V|x24J7;| VPy Vi _CIV2¢®V1¢
A? A A

(U +T())0)~ +EQ). (2-27)

We apply Lemma 2.10 again after writing / + YA‘(A) in matrix form with respect to the decomposition
L?* = QL?+ QL?, where QL? = Vo, M:

QU+T()0  OTMWQ '\ _ (Soo®) Sor(d)
OT(M0  QU+TMW)0)  \Sw®) Sum))
Next, let A(A) := Soo(A)~!. Then X( JA(L) € W for sufﬁ01ent1y small €. Indeed, it is easy to see

that Soo(A) € W. Furthermore, Sg0(0) is invertible on QL 320 0 L3*? of inverse K; see (2-12).
As in the proof of Lemma 2.11, let

1+?(A)=<

s = (%) 0T -T)0.

A simple argument based on condition (C1) shows that lime—¢ [|Se(A)[lv, 5,5 ,nv, 5, = 0. Then
AN o— A
x(2) 500 = 1(2) (So00) + 1(2) 0T 1) - T(0)2)

=x(%) 001<0)Z( DF (5200555 ©)".

This series converges for sufficiently small €, showing that ( (%) (k)) € V322N V32,
Concerning the derivative,

(k)aks ) = ()‘)S&)l (A)aksoo(x)x(z)‘—e)s&)l ).
In this expression,
(X(%)So_ol (k))v €Vr322NVr32 and (X(%)&ASOO(X))V €Vy3/2.2 132

since M ((9).T00(2)") = (IV2| ® |V1])/(47). Thus

(X(&)akso_ol (M)V €Vy3/22 132,

From this we infer that X( )A(A) € W, so A is a regular term.
We compute the inverse of 1 + T (A) by finding each of its matrix elements:

(2-28)

—C_ISI()A c!

ey = (145w a5

Here
C(A) = S11(A) = S10(AM) A(A)So1(1).
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S10(A)AA)Se1(A) = OT (M) A(A)T (L) QO may be written as

O TMAMT M1 0iTMAMTM)Q2) _ (P En() 2 En®)
02T (WAMT AN Q1 02T M AMT (M) 03 MEn() MEn))

Indeed, consider, for example, O, YA"()L)A()L)YA“()») 0,. It can be reexpressed as

(2-29)

02T (WAMT () Q>
M0V, Ro((k—i-io)z);ZRO(O)—ik% VAT, Ro((k+io)2);2130(0)—ik% ViOs (230
For this computation, we assume that V' € (x)_4L%’1. Taking a derivative of (2-30), we obtain terms
such as
0,Vai; (RO((A+10) )szO(O) irieL )V1 AV RO((Hio)z);ZRO(o)—M% Vi0s  (@3D)

Note that the range of Q, is spanned by functions V¢, with 2 <k < N, such that |¢x ()| < ()2
and V5 € (x)72L3%2, s0 Vo € (y)"*L32. Also

FM2Y) 1 1®1 A 2
M((Vza)\(RO(()\-HO)) Ro®) =% e )Vl)) |V|| y' Vil € B(L??, L32).

A2
Likewise

Ro((A +10)?) — Ro(0) —iAL8L \»
M((Vz o2 T R “”V)) v e s ie i),

This shows that (2-31) € Vy3/2.2 1 3.2. By such computations, we obtain that QZT(X)A(k)f(A)QZ =
A4 E, (M), where X( )E 22(A) € W for sufficiently small €. In this manner, we prove (2-29).
By (2-26), we have S| 11 ) = (QT(A) 0)7 ! is of the form

i (AMYEG) ATVEQ)
St )= ()FIE(A) k‘zE(A)) '

Then, letting N(A) := Sl_l1 (A)S10(A)A(A)Sp1 (1), by (2-29),
N(}) =S (M) S10M)Sge (M) So1 (1)

_ YE(W) ATE)Y (A E1i (V) AP Eq(0)
o ()»_IE()») )L_ZE()»)) ()\3E21()\) )\4E22(k))

_ (AE(A) AZE(A))

AE(L) A2E()
This shows that C(}) is invertible for A < 1:
C) = S11(A) = S10(A) A(A)So1(A) = S11(A)(1 = N(A)),

SO

C'M) =T -NR)'STI0
=S W) +UT=NO)'NQ)ST ). (2-32)
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- -1 —109Y .
A computation shows that (I — N(1))”"N(A)S[; (A) is a regular term:

o-vorwesior=so (18 250) (75 V50
=E).
By (2-32) and (2-27),
C'W) =S M)+ EQ)

|x — y|?

=AT2Vo Py Vi + il Vo Py V o

VP Vi —al™ Ve @ Vig + E(M).

One can then also write C ! as
_ ATTEQ) ATTE)
1 _
= (x—‘m) rzE(A)) |

We also have
So1(M) = QU +TM)Q =rE{(M) Q1+ A E2(M) 0,
with regular terms E, E, € W:

Ro((A+ 10)3 )— Ro(0) V0.

Ro((A+i0)2) = Ro(0) —irl ®1
)\2

Ei(A):=QV,

E>(A):= QV;

V10s.

Showing that £, E, € W requires assuming that V' € (x)_4L%’1.
Therefore, the following matrix element of (2-28) is regular near zero:

ATTE(L) ATVEQY)

Ao (0)C () = (AW E ) 124G E) (S 1) 52

) — E().

One shows in the same manner that the matrix element C =1 (1)S;0(A) A () of (2-28) is regular near zero.
Finally, the last remaining matrix element 4 + 4.Sy; C ~15,04 of (2-28) consists of the regular part A

and

AS01C7 S04 =EQ) (AE(A) A2E()) (A_IE(A) A_IE()\)) ()LEOL)

E(\

ATLEL) AT2ZEM) AZE(A)) ()
=AE).

Thus this is also a regular term. It follows by (2-28) that f(k)_l is up to regular terms given by

Ix — y|?
24
which was to be shown. O

A2V Po Vi +i A"V PV VPyVi—ar ' Vao ® V9,

We next prove a corresponding statement in the case when V' has an almost minimal amount of decay.
. . 143 . .
One can also obtain a resolvent expansion when V' € (x)~!L2°!, but it does not lead to decay estimates.
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Lemma 2.17. Suppose that V € (x)_zL%’1 and H = —A +V is an exceptional Hamiltonian of the third
kind. Let x be a standard cutoff function. Then, for sufficiently small €,

X(%)(I FT0) T = LY+ A7 1SO) + A2V, Py

where L(A) €W, S(A)Y €Vy3.2 13/2.2, and Py is the L? orthogonal projection on E.

Furthermore, 0 is an isolated exceptional point, so H has finitely many negative eigenvalues.
Proof of Lemma 2.17. We study (I + T (1))~ := (I + VaRo((x +i0)2)V;) ™" near A = 0.

Let 0 =0;+0,, Qo= 0,and Q; and Q5 be as in the proof of Lemma 2.16.

Also take again the orthonormal basis {¢1, ..., ¢} with respect to the inner product —(Vu, v) for M
so that {¢5,...,¢n} is a basis of £ and (¢, V) > 0.

We apply Lemma 2.10 to invert Q(I + T (A))Q in QL? for small A, after writing it in matrix form
with respect to the decomposition QL% = Q| L? 4+ Q,L?:

QI +T0NC1  TMQ: | _(Tu®) Ti()
0, TM01 021 +T(0)02) \Ta1(d) TaV))
The inverse will be given by formula (2-13), that is,

QU +T(M)Q = (

-1 -1 —1 —1 -1 -1
Ty + T Ty Ty T TG, ) (2-33)

7 —1
QU +T0)0) " = ( i -
where
Cy = Tay — T  T;;' Ty
Then (recall that Q1 = — Va1 ® Vi),
T11() = Q1 +T(W)Q1 = Q1 (I +V2Ro((A +i0)*)V1) 04
= Q1(VaRo((A +10)*)V; — V2 Ro(0)V1) Q4
= V261 ® Vo1 (Ro((h +i0)*) = Ro(0)) V1 ® Vi¢py
=:1Aco(A) Q1.
Here co(0) =a =4in/|(V,$1)|*> # 0. Note that c(1) € L' when

elAlx=yl _ 1
dx dy < oo.

/ / V0)$1 () V()1 (1)
R3 [R3

x =l |z

Since .
eiMx—yl _1

1
Lk

Alx =yl

it is enough to assume that V¢p; € L1, ie., that V L%’l, in view of the fact that ¢, € (x)~1L>,
It follows that 77y (X) is invertible for |A| < 1 in Q;L? and

T ) =2"teg ' )01 =2 EQ.
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Here X(%)CJ W) e L! for sufficiently small €.
Likewise, since Q,(Vo, ® V1) = (VL2 ® V)0, =0,
Ti2(0) = Q1(1 + VaRo((A +i0)*) V1) 0,
R 10)2) — Ro(0) —iA(4m) 11 ®1
_ 320,V o((A+10)) ;EO) iA(4r) ®

=1201e(2) 0s.

V10>

Since by Lemma 2.6
M((RO((A +i0)2) — Ro(0) —iA(4m) 11 ® 1)A) Cx—yl

’

A2 8
it follows that e(A) € L! if

/ / V()1 () V (2)gic (»)]x — y] < o0,
R3 JR3

thatis, if V € L.
Likewise we obtain T5;(A) = A2Q,e(A) Q1 hence, combining the previous results,

T (WT ) T12(0) = 4% 02e (1) Q5.
Furthermore,
T22(M) = Q2(1 4+ VaRo((A +i0)*) V1) 02
Ro((A +i0)%) — Ro(0) —ir 121
)\2

05+ )»Qze()»)Qz)-

=120V, Vi0»

|x — y|
8

=-2? (Qz Va
Again by Lemma 2.6, e(A) € LVif
[, ] vesevmsemls - P <.
R3 JR3

that is (taking into account that ¢y, ¢y < (x)72),if V e L.
Let Py be the L? orthogonal projection onto the set £ spanned by ¢, ..., ¢x. By relation (4.38) of
[Yajima 2005],

X — —1
(Qszl g y|V1Q2) =—-VoPyVy.
7
Then
Cao(A) = Taa (M) — Ta1 (W) Ty (W) T12(X)
x_

=200, 42202005

Therefore,

C2_21 ()\) = )\._ZVZPOV] + A1 Qze()u)Qz.
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Furthermore, we then obtain that
—T' M) T12(M)C55 (M) =271 01e(M) Q142 01e(A) 02172 Q2e(M) Q2
=1""01e(1)Q,.

Likewise we obtain
—C3' W WT' () =27 02e(M) 01,
T T2 (M) Co, (W T2 M T M) = Q1e(X) Q1.

By (2-33), we know that (Q(I + JA”()\))Q)_1 is given in matrix form by

A 1Q1e(M) 0y 17 101e(V) Q)
(QU+T1)0) =271 02e() Q1 A 2VaPoVy + 471 Q2e(1) 0 |, (2-34)
)\_IQQ()\)Q-i-)\_ZVzPon

where X(%)e(k) e L! for sufficiently small €.
We apply Lemma 2.10 again after writing 1 + YA“(X) in matrix form with respect to the decomposition
L?=QL?*+ QL?, where QL? = V) M:
0U+T(M)O  0TMQ ) -
QT(M)Q QU +T1)Q
Next, as in the proof of Lemma 2.16, let A(A) = So_ol (A). Then X(%)A(A) € W for sufficiently small €.

We compute the inverse of 1 + T (1) by finding each of its matrix elements:

A+ ASO]C_ISIOA AS()]C_I)

I+ F0) = ( (Soo()») 501()»)) ‘

S10(A) S11(A)

(2-35)

S
I+T@A) _( —C71S104 c!

Here
C(A) = S11(A) = S10(A) A(A)So1 (A).
S10(M)AM)So1 (M) = OT (M) A(M)T (L) O may be written as
(QlfmA(A)f(x)Ql Qlf@)A(x)T(k)Qz) _ (AZQIe(x)Ql A3Qle(k)Q2) 236
QT MAMWTMO1 0T MAMNT(M)02)  \R* 02601 2 02e(1)02)°
where e(A) € L.
Indeed, consider, for example, O »T (}\)A(}\)f(}h)Q ». It can be rewritten as

0T (M AMT (L) 02

SN2y o 10)2) —
Rl XD RO =B Ly, gy, KA =Ry, 039,

=120,V

Assuming that V' € (x)_ZL%’l,

(v Ro(l£107) = Ro® VI)A) UL
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Likewise

Ro((A +i0)2) — Rg(0) —iAL8L \A X — 3
(s S ) ) =l v e it L,

This implies that (2-37) = A3 Q5e0(1) Q5 and e (L) € L. In this manner, we prove (2-36).
By (2-34), we know that Sl_l1 ) = (Qf(k) 0)7 ! is of the form

A1Q1e(V) 04 )k_lQlé’()&)Qz)
A 02e(M) 01 A7202e(M)Q02)

Then, letting N(%) := S7;1(1)S10(A) A(1)So1 (1), by (2-36),

Sﬁl(X)=(

NQ) =S (M) S10(M)Seg (1) So1 (1)
_ ()‘_lQle()‘)Ql )‘_lQleO‘)Q2) ()»ZQ1€()L)Q1 )»3Q1€()\)Q2)
AT 026V Q1 AT202e(M)02) \W? Q2e(M) 01 A2 02e(1) 0,
_ (AQle()\)Ql Alee()&)Qz)
AQ2e(M)Q1 AQ2e(M) Q2 )
Therefore N (0) = 0. This shows that C(}) is invertible for A < 1:

CA) = S11(A) =S10(W)A(A)So1(A) = S11 (M = N(*)),

SO
C'M = -=NW)T'ST' )

=S W) +UT-NM) NS ). (2-38)

A computation shows that

A01e(M) 01 A2Q;e(r A101e(M) 01 A1 0qe(M
a-vay st e =0 (g o, P (i e, 20m001)
_ (Qle()»)Ql 01e(M) 0> )

02e(M) 01 A7 02e(M)02)°
By (2-38) and (2-34),
C'W =S M +1""0e)Q

=A"2V, PoVi + 271 0e(1) 0.

Note that
Sot(M) = QT(MQ =0 +T (W) Q
Ro((A+i0)*) — Ro(0)
A

where E1(1)Y € Vy3/2.2 when V € (x)~! L. Therefore,

=10V, V1Q =AE (),

AMSo1(WCTHR) = AMAEI (WA Qe(M)Q =271 S(),
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where S(A)Y € V3.2 13/2.2. Likewise S19(A) = AE»(A), where E5(A)Y € Vp3.2. Then
CT'MS10MAR) =278,

where S(A)Y € V032 13/2.2.
Finally, for the last remaining matrix element 4 + AS¢;C~!S;04 of (2-35), we use the fact that

AS1CTS104 = AGIAEI(MAT2 Qe(M) QA E2 (M A(L) = S(h),

where S(A)Y € V32 3/22. Also recall that A(A) € W.
We have thus analyzed all the terms in (2-35) and the conclusion follows. O

Recall that

R(t) =1 \/_ ) ® (). L) 1= e 5 p(x).
-3z _ 2 _
S(t) = e\/ﬁ (—iP0V| 24y| VPy+ t(x)' |VP + v - y';L,(y))
where
] 1 2 ox2
/Lt(X)IZl— (ei% e"‘4tI )do.
Ix| Jo

Although it is not immediately obvious, it is also true that
1
IS()ullp3.00 St 2| ullp3/2.0. (2-39)

Indeed, note that since (¢, V') = 0 for the eigenvectors ¢y, with 2 < k < N (recall that ¢ is the
resonance),

pe(X)|x = y[VPo = i (x)(|x — y[ = |x[)V Py,

which is bounded in absolute value by

Z |12 ()] / YTV bre ()| dy @ |pr (2)].

k=2

By definition, |u;(x)| < |x|~'. This leads to (2-39), since ¢y € (x)"2L® and V € L3,
We use Lemma 2.16 as the basis for the following decay estimate:

Proposition 2.18. Let V satisfy (x)*V(x) € L3, Suppose that H is of exceptional type of the third kind.
Then, for 1 < p <%andu el’nL?,

e " Py = Z(t)u+ R(t)u+ S(t)u, | Z(@)ullpr < z_%(l_ )||u||Lp. (2-40)

Here % + % = 1. If in addition all the zero-energy eigenfunctions ¢y, with2 <k < N, are in L', then
we can take S(t) = 0.
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Proof of Proposition 2.18. Write the dispersive component of the evolution as
S P f = % / ¢ (Ro((A +i0)%) — Ro((A +i0)) Vi T (W) VaRo((A +i0)?)) £ A dA.
R

We use the same method as in the proofs of Propositions 2.13 and 2.15. Consider a partition of unity
subordinated to the neighborhoods of Lemmas 2.8 and 2.16. First, following Lemma 2.8, take a sufficiently
large R such that

A 2 -1
(1 X(E))(I LT L ew.
Then, again by Lemma 2.8, for every Ag € [-4R, 4 R], there exists €(Ag) > 0 such that

A—Ao _
(()\))(IJrT(k)) eWw

if Ag # 0 while the conclusion of Lemma 2.16 holds when Ay = 0.
Since [-4 R, 4 R] is a compact set, there exists a finite covering

—4R,4R] C U M — €M), g +€(hg)).

Then we construct a finite partition of unity on R by smooth functions 1 = yo(A) + Z,]C\f:l Xie(A) + Xoo(X),
where supp Yoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xx C [kk —e(Ag), A + e(kk)].

By Lemma 2.8, for any k # 0, we have xx(A\)(I + 7)1 € W, so (1 — xo)(I + T (1))~ e W.
By Lemma 2.16, for L € W,
V2P0V1 inPonx—y|2VP0V1 a

— =V Vig ).

2 T . S V208 Vi
Let Z; be the contribution of all the regular terms in this decomposition, such as the free resolvent,
(1= xo(G)NU +T())~", and L(A):

XoMWT + TN =LM) + Xo(k)(

zm::% /R e—””(RO((A+i0)2)—R0((x+i0)2)VlL(x)szo((HiO)z)

—~(1=x0(A) Ro((A+i0)) Vi T (M) Va Ro((h+i0)*)) A d &

_ |0 (Ro(h0))—Ro(hi0)) VA LK)V Ro((1-+0)°)

i —(1—x0 (M) Ro((A+i0)2) V1 T (M) Va Ro((A+i0)?)) d A
:% e_i%(8A(RO((A+i0)2)—R0((k+i0)2)V1L(A)VzRO((A+iO)2)
e —(1=x0 (W) Ro((A+i0)*) Vi T (3) Va Ro((1+i0)%)))” (o) dp.
The fact that || Z; ()ul| ;1 < |t|™2||ul| Lo follows by knowing that
(92 (Ro((h +i0)%) — Ro((A +i0)*)V L(A) V2 Ro((A +i0)?)
— (1= xo(A)Ro (A +i0))Vi T (M) VaRo((A +10)%)))" € V1 foo.
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By smoothing estimates, it also follows that Z;(¢) is L2-bounded; see the proof of Proposition 2.13. By
interpolation, we also obtain the estimate || Z1(t)u||13.00 < |t p3/2.1.
Let Z,(¢) be the contribution of the term aA ™! xo (1) Vo ® V;¢:

220)i= = [ T 0GR+ 102V © VgRo(Gh-+ 107) 1.
R
By Lemma 2.14,

_3 _1
[(Z2(t) = R()ullpee <t 2 ullpr, [ Z2(0)ullps.co S 172 ullp3/2..
We are left with the terms

|x —yl2

AT2Ro((n+i0)2) VP VR((A+i0)2) and A~ Ro((h+i0)2) VPV VPoVRo((h+i0)2).

Let their contributions be

| yl2

Xo(t) := %I/R _ltszo(()\-l-lO) YWPyV VP()VR()((A-FZO) )dA,

-1 .
X;3(t) := — lim eI RO+ i0)) VP VR (A +i0))A" " dA.
17T §—0 J|A|>$

By [Yajima 2005, Lemma 4.12],

_1
[ Xo(@)ullp3.00 St 2 |ullp3/2.0,
o 2-41)
et Ix —y|? (
Xo(t PyV VP,
H 2()u+l\/n— oV 0

This lemma has a proof similar to Lemma 2.14. It requires, in addition, that |¢; (x)| < |x|~2 for every

-3
St 2 ullp
LOO

eigenfunction ¢; € £, with 2 < j < N, which is guaranteed by Lemma 2.3.
By [Yajima 2005, Lemma 4.14],
o B |x =yl (2-42)

e —Jl _3
VPy+ PyV Stz .
| (B vre e B2 )) st

Loo
The proof of [Yajima 2005, Lemma 4.14] depends on (y)3V(y)$(») being integrable, which is also true
here since ()] < (¥)~" and (y)?V(y) € (y)"2L>! c L.

Combining the two results (2-41) and (2-42) and knowing that || S(¢)u| 7 3.c0 < 2 lee]| 73/2.1 by (2-39),
we obtain that

1
I X3(@OullLs.co St 2|ullps/2.0,

X3(2)

_3 _1
[(X2(0)+X3()=S@)ulpo St 2 lullpr,  [(X2@)+X3()=S@)ulps.c0 St 2|ullp3/2.0. (2-43)
Recall that

TP = Z1 (1) + Za(t) + Xa () + X3 () = Z(1) + R(1) + S(0).
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We obtain for Z(t) = Z1(t) + (Z2(t) — R(t)) + (X2(t) + X3(t) — S(¢)) that
_3 _1
Z@)ullpee St 2|ullpr, NZ@ullpseo St 2|ullg3/2..

Conclusion (2-40) follows by interpolation.

Finally, assume that all the eigenfunctions ¢y are in L! for 2 <k < N (recall that ¢ is the resonance).
Then, by Lemma 2.5, it follows that (Vg, v¢) = (Vég, veym) =0 forall  and m and all 2 <k < N.
As a consequence, we immediately see that

3
PoV|x—y[*VPo = PoV(Ix|* + |y)) Po—2 ) PoVxpyiVPo =0.
k=1
Since (¢x, V) = 0 and (Vy, y¢) = 0, we can also rewrite

Xy
el = 31VP = o) (b= 1= 31+ 32 v
Then note that |x| (|x —y|—|x|+ %) V Py is bounded in absolute value by

N
> [ RVl dy @ gl
=2 /B

which is bounded from L! to L® since ¢ € (x)"2L>® and V € (x)_lL%’l. Having gained a power of
decay in x, we use it by ‘ut(x)|x|_1| <t~!. Therefore,

[ 0 — yIVPou| oo < 173 lull 1.

Consequently, when ¢ € L' for 2 <k < N, we can remove S(¢) from (2-43). Hence we retrieve
conclusion (2-40) without S, as claimed. O

Proposition 2.19. Assume that V € (x)_zL%’1 and that H = —A + V is an exceptional Hamiltonian of
the third kind. Then
; 1
le™ ™ Peul| 300 <172 ull L3721

and, for 3op< 2,
f 250 : _Q(L_L)
le™ ™ Peull <7270 |lul| .

1, 1 _
Herep—l—p,—l.

The proof of this proposition parallels the proof of Proposition 2.15.

Proof of Proposition 2.19. Write the evolution as
. 1 . A~
e p = — / e—”“(Ro((A +i0)*) — Ro((A +i0)H VT (L)' VaRo((A +10)?)) fAdA.
T JrR

We consider a partition of unity subordinated to the neighborhoods of Lemmas 2.8 and 2.17. First, take a
sufficiently large R such that

(1- X(%))([ L) ew.
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Then, for every Aoy € [-4 R, 4 R], there exists €(A¢) > 0 such that

A —ho .
x( ) )(1+T(A)) ew

if Ag # 0, while the conclusion of Lemma 2.12 holds when Ay = 0.

Since [-4 R, 4 R] is a compact set, there exists a finite covering

N

[—4R. 4R C | (hx —€(hp). Ak + €(hp)).
k=1

Then we construct a finite partition of unity on R by smooth functions 1 = y¢(A) + Z}C\Izl XA+ oo (1),
where supp xoo C R\ (—2R,2R), supp xo C [—€(0), €(0)], and supp xx C [kk —e(Mp), A + e(kk)].

By Lemma 2.8, for any k # 0, we have y;(A)(I + 7’\“()\))_1 eW,so (1—xo(X))I + f(k))_l ew.
By Lemma 2.17,

oI +TA) ' =LA+ 27 'S + A2V, Py Yy,

where L € W and SVY € V32 p3/2.2.
Let Z; be given by the sum of all the regular terms of the decomposition:

Zl(t)iz%/e_’”z(Ro((K+i0)2)—Ro((k+i0)2)V1L(X)VzRo((K+i0)2)
R A~
—(1=x0o(M) Ro((A+i0))Vi T (M) V2 Ro((A+i0)*)) A d

L eIt g, (Ro((A+i0)*)—=Ro((A+i0)*)V; L(A) V2 Ro((A+i0)?)

- 2t
! (1= 10(1) Ro(( 02V T () Va Ro(h-+i0)2)) d

= 53 i (92 (Ro((A+i0)*)—Ro((A+i0)*) Vi L(A) V2 Ro((A+i0)?)
t2 JR A~ v
—(1=x0(A) Ro((A+i0)*) V1 T (W) V2 Ro((A+i0)))) " (p) dp.

The fact that | Z; (#)u|| o < |l|_% ||| 71 follows by knowing that

(91 (Ro((A +i0)%) — Ro((A +i0)*) Vi L(X)VaRo((A +i0)?)
— (1= o)) Ro((X +i0))V; T (M) V2 Ro((A +i0)%)))” € Vp1 foo.

Using smoothing estimates, it immediately follows that Z;(¢) is L2-bounded; see the proof of
Proposition 2.13. Interpolating, we obtain that || Z (¢)u||13.00 < 2 lleell 3.1
Let Z, be the following singular term in the decomposition of Lemma 2.17:

Z5(1) = % /Re—““Ro((x +i0)2) Vi S(M)VaRo((A +i0)*) dA

=5 [ (R4 107V SV R+ 107) () .

1
12
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Note that
(Ro(A+i0)) V1) €Vpsnn psce, SV €Vpsagsna and  (VaRo((A+i0)%)Y € Vs 3.

Thus
Ro((A +i0)) Vi (AS(W))VaRo((h +i0)%) € Vps/21 p3.00-

This immediately implies that || Z,()ul|13.00 S 2 lullp3/2.1.

We are left with the contribution of the term A2V, Py V;. This is the same as the term X3 from the
proof of Proposition 2.18. By (2-42), we have || X3(¢)u| 13.00 < = llullf3/2.1.

Putting the three estimates for Z;, Z,, and X3 together, we obtain that ||e ™/"H Pou||;3.00 < |lul13/2.1.
Interpolating with the obvious L? bound |e~** P.u|| > < ||u|| 2, we obtain the stated conclusion. [I
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INTERIOR NODAL SETS OF STEKLOV EIGENFUNCTIONS ON SURFACES

Jiuyi ZHuU

We investigate the interior nodal sets N, of Steklov eigenfunctions on connected and compact surfaces
with boundary. The optimal vanishing order of Steklov eigenfunctions is shown be CA. The singular
sets &, consist of finitely many points on the nodal sets. We are able to prove that the Hausdorff measure
HO° () is at most C A2. Furthermore, we obtain an upper bound for the measure of interior nodal sets,
H'(N;) < CA%/2. Here the positive constants C depend only on the surfaces.

1. Introduction

Let (M, g) be a smooth, connected and compact surface with smooth boundary d.(. The main goal of
this paper is to obtain an upper bound of interior nodal sets

Ny={zeM]|e =0}
for Steklov eigenfunctions, which satisfy

{Age)\ == O, Z € Ma
de,(z)/0v =Ae,(z), z €M,

where v is a unit outward normal on d.l. The Steklov eigenfunctions were introduced by Steklov in 1902

-1

for bounded domains in the plane. They interpret the steady state temperature distribution in domains
where the heat flux on the boundary is proportional to the temperature. They also have applications
in quite a few physical fields, such as fluid mechanics, electromagnetism and elasticity. In particular,
the model (1-1) was studied by Calderén [1980] as solutions can be regarded as eigenfunctions of the
Dirichlet-to-Neumann map. The interior nodal sets of Steklov eigenfunctions represent the stationary
points in JL. In the context of quantum mechanics, nodal sets are the sets where a free particle is least
likely to be found.
It is well known that the spectrum A; of the Steklov eigenvalue problem is discrete with
0=X <A <A <A3<--- and lim %; =o0.
j—00

There exists an orthonormal basis {e;;} of eigenfunctions such that
00 _ sk
€y eC (./‘/L) and / €x; € dVg = 5]-.
ault
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Estimating the Hausdorff measure of nodal sets has always been an important subject concerning the
study of eigenfunctions. This subject centers around the famous Yau conjecture. Recently, much work
has been devoted to the bounds of nodal sets

Z, ={z€ddl]en(z) =0}

of Steklov eigenfunctions on the boundary. Bellova and Lin [2015] proved H m=1l(z.) < CA® with C
depending only on Jt if Al is an m—+1-dimensional analytic manifold. Zelditch [2014] improved their
results and gave the optimal upper bound H™~'(Z;) < Cx for analytic manifolds using microlocal
analysis. For the smooth manifold Jl, Wang and Zhu [2015] recently established a lower bound

H™ (7)) > cAB—m/2,

Before presenting our results for interior nodal sets, let’s briefly review the literature about the nodal
sets of classical eigenfunctions. The interested reader may refer to the book [Han and Lin 2008] and
survey [Zelditch 2008] for detailed accounts about this subject. Let e, be L? normalized eigenfunctions
of the Laplace—Beltrami operator on compact manifolds (M, g) without boundary,

—Age;L =)\.2€)\. (1'2)

Yau’s conjecture states that, for any smooth manifolds, one should control the upper and lower bounds of
nodal sets of classical eigenfunctions as

cA < H"'(N;) < Ca, (1-3)

where C and ¢ depend only on the manifold (. The conjecture is only verified for real analytic manifolds,
by Donnelly and Fefferman [1988]. Lin [1991] also showed the upper bound for analytic manifolds by
a different approach. For smooth manifolds, the conjecture is still not settled. For the lower bound of
nodal sets with n > 3, Colding and Minicozzi [2011] and Sogge and Zelditch [2011; 2012] independently
obtained that

Hn—l (NA) > Ck(3—n)/2

for smooth manifolds. See also [Hezari and Sogge 2012] for deriving the same bound by adapting the
idea in [Sogge and Zelditch 2011]. For the upper bound, Hardt and Simon [1989] gave an exponential
upper bound

anl(N)L) < Ceklnk.

In surfaces, better results have been obtained. Briining [1978] and Yau (unpublished) derived the same
lower bound as (1-3). The best estimate to date for the upper bound is

H' (N < CA?

by Donnelly and Fefferman [1990a] and Dong [1992] using different methods.
Let us return to the Steklov eigenvalue problem (1-1). By the maximum principle, there exist nodal
sets in the manifold Jl and those sets must intersect the boundary dJ(. Thus it is natural to study the size
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of interior nodal sets in Jl. We can also ask Yau-type questions about the Hausdorff measure of nodal
sets. The natural and corresponding conjecture for Steklov eigenfunctions should be exactly the same
as (1-3). See also the open questions in the survey by Girouard and Polterovich [2014]. Recently, Sogge,
Wang and the author [Sogge et al. 2015] obtained a lower bound for interior nodal sets

for n-dimensional manifolds J/. Very recently, Polterovich, Sher and Toth [Polterovich et al. 2015]
verified the Yau-type conjecture for (1-1) on real analytic Riemannian surfaces.

An interesting topic related to the measure of nodal sets is about doubling inequalities. Based on
doubling inequalities, one can obtain the vanishing order of eigenfunctions, which characterizes how
fast the eigenfunctions vanish. For the classical eigenfunctions of (1-2), Donnelly and Fefferman [1988;
1990b] obtained that the maximal vanishing order of e, is of order at most CA everywhere. To achieve it,

a doubling inequality
/ ei < Ce'\/ ei (1-4)
B(zo,2r) B(zo,r)

is derived using Carleman estimates, where B(p, ¢) denotes a ball centered at p with radius ¢. The
doubling estimate (1-4) plays an important role in obtaining the bounds of nodal sets for analytic manifolds
in [Donnelly and Fefferman 1988] and the upper bound of nodal sets for smooth surfaces in [Donnelly and
Fefferman 1990a]. For the Steklov eigenfunctions, we obtain a doubling inequality on the boundary 9.l
and derive that the sharp vanishing order is less than CA on the boundary d.. For Steklov eigenfunctions
in JL, we are also able to get the doubling inequality; see Proposition 5. With the aid of doubling estimates
and Carleman inequalities, the following optimal vanishing order for Steklov eigenfunctions can be
obtained:

Theorem 1. The vanishing order of the Steklov eigenfunction e, of (1-1) in M is everywhere less than C\.

Its sharpness can be seen in the case that the manifold Jl is a ball. Notice that the doubling estimates
in Proposition 5 and the vanishing order in Theorem 1 hold for any n-dimensional compact manifolds.
Singular sets

Sf)L:{ZEJl/He)LIO, VB)LIO}

are contained in nodal sets. In Riemannian surfaces, those singular sets consist of finitely many points
in the 1-dimensional nodal sets. It is interesting to count the number of those singular sets. Based on a
Carleman inequality with singularities, we are able to show an upper bound of singular sets.

Theorem 2. Let (M, g) be a smooth, connected and compact surface with smooth boundary oM. Then
H'(H,) < C3? (1-5)
holds for Steklov eigenfunctions in (1-1).

For the nodal sets of Steklov eigenfunctions, we are able to build a similar type of Carleman inequality
as [Donnelly and Fefferman 1990a], and show the following result:
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Theorem 3. Let (M, g) be a smooth, connected and compact surface with smooth boundary oM. Then

H'(N;) < CA/? (1-6)
holds for Steklov eigenfunctions in (1-1).

The outline of the paper is as follows. Section 2 is devoted to reducing the Steklov eigenvalue problem
into an equivalent elliptic equation without boundary. Then we obtain the optimal doubling inequality
and show Theorem 1. In Section 3, we establish the Carleman inequality with singularities at finitely
many points. Under additional assumptions on those singular points, a stronger Carleman inequality is
derived. We measure the singular sets in Section 4. Sections 5, 6 and 7 are devoted to obtaining the nodal
length of Steklov eigenfunctions. Under the condition of slow growth of L? norm, we find out the nodal
length in Section 6. Based on a similar type of Calderén and Zygmund decomposition procedure, we
show the slow growth at almost every point. Then the measure of nodal sets is derived by summing up
the nodal length in each small square. The letters ¢, C, C;, d; denote generic positive constants and do
not depend on A. They may vary in different lines and sections.

2. Vanishing order of Steklov eigenfunctions

In this section, we will reduce the Steklov eigenvalue problem to an equivalent model on a boundaryless
manifold. The presence of eigenvalues on the boundary 9.t will be reflected in the coefficient functions
of a second-order elliptic equation. Let d(z) = dist{z, 0.} denote the geodesic distance function from
x € Jl to the boundary d.l. Since Al is smooth, there exists a p-neighborhood of 9./t in M such that
d(x) is smooth in the neighborhood. Let’s denote it as .l,. We extend d(z) smoothly in .l by

5(2) = {d(z), z €M,

(2-1)
I(z), zeM\M,,

where /(z) is a smooth function in J\.I,. Note that the extended function §(z) is a smooth function
in JL. We first reduce the Steklov eigenvalue problem into an elliptic equation with Neumann boundary
condition. Let

v(z) = e; exp{Ad(2)}.

It is known that v(z) = e;(z) on d.l. For z € d.ll, we have V¢6(z) = —v(z). Recall that v(z) is the unit
outer normal on z € d.il. We can check that the new function v(z) satisfies

{Agv+b(z)-vgv+q(z)v=0 in M, (2-2)
dv/ov =0 on d.J,
with
{b(z) = —22kvg5(z)2, (2-3)
q(z) =A |Vg8(Z)| - )MAgB(Z)

In order to get rid of the boundary condition, we attach two copies of Jl along the boundary and consider
the double manifold M = it U M. The metric g extends to .l with Lipschitz-type singularity along 3.,
since the lift metric g’ of g on .l to the double manifold .l is Lipschitz. There also exists a canonical
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involutive isometry % : .{l — . that interchanges the two copies of .. Then the function v(x) can be
extended to .l by v o & = v. Therefore, v(z) satisfies

Agv+b(z)-Vgv+G(z)v=0 in Jl. (2-4)
From (2-3), one can see that _
{nlfnwl.% =Ch, 05)
g1l wroo iy = CAZ
After this procedure, we can instead study the nodal sets for the second-order elliptic equation (2-4) with
assumption (2-5). Note that .l is a manifold without boundary.

We present a brief proof of Theorem 1. It is a small modification of the argument in [Zhu 2015], where
the sharp vanishing order of Steklov eigenfunctions on the boundary 9.1l is shown to be less than CA. To
achieve it, we derive the double inequality in a neighborhood of the boundary by quantitative Carleman
estimates.

Proof of Theorem 1. Recall the strategy in [Zhu 2015]; we do an even reflection in a small neighborhood
of the boundary. Then we deal with a second-order elliptic equation with a Lipschitz-continuous leading
coefficient function and satisfying the same conditions as (2-5). By the regularity argument for dealing
with a Lipschitz metric in [Donnelly and Fefferman 1990b], the same Carleman estimates in [Zhu 2015]
hold for (2-4). Let r(z) be the distance function from z to the fixed point zo. If u € C5°(B,,(z0)\{z0}) and
t > Ci(1+ |[bllywi + G117 ), following the arguments in [Zhu 2015] and choosing the test function

g W l.oco
¢(2) =Inr(z) — r€(z) there instead, we have the Carleman inequality

Cllre™ D (Agu+b-Vou+gu)ll2 > t¥2r?e™ Oul| 2 + 2|1 T2 Oy | 12,

where ¢(r) = —Inr(z) + r€(z). See also, e.g., [Bakri and Casteras 2014] for similar estimates on
manifolds with smooth metric. In particular, we have the following lemma:
Lemmad. Letu € C°(Ley <r < ). If > Ci(1+ Bl + 131111 ) Then

/ r4627¢(r)|Ag/u +b- Veu + E]ul2 drdw > Cy7° / r€e?Mu dr dw, (2-6)
where ¢(r) = —Inr(z) +r€(z) and 0 < €, €1, € < 1 are some fixed constants. Moreover, (r, w) are the

standard polar coordinates.

Using this Carleman estimate and choosing suitable test functions, a Hadamard three-ball result can
be obtained in .l following the arguments in [Zhu 2015]. There exist constants rp, C and 0 <y < 1
depending only on J such that, for any solutions of (2-4), 0 < r < r¢ and z¢ € .l, one has

CUHBl 1,00+ ) 7 ’
/ 0?2 < LBy oIS o (/ vz) (/ vz) ' 2-7)
B(zo.r) B(0.2r) B(z0.r/2)

Based on a propagation of smallness argument using the three-ball result and Carleman estimates (2-6),
as that in [Zhu 2015], taking the assumptions (2-5) into account, we are able to obtain the doubling
inequality in J.
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Proposition 5. There exist constants ro and C depending only on M such that, for any 0 < r < rg
and zo € A,

ch
VIl @2y =€ "NV 2B (20,0 (2-8)

for any solutions of (2-4).

One can see that the doubling estimate holds in M if B(zp, 2r) C . By standard elliptic estimates,
one can have the L° norm doubling inequality

A
0]l L @202 < €IV L% B z0r))-

Since J is compact, we can derive that
A
o1l Lo @z0.r) = 7€
for any zg € ., which implies the vanishing order for v is less than CA. So is the vanishing order of u.
This completes Theorem 1. O

3. Carleman estimates

This section is devoted to establishing Carleman inequalities involving weighted functions at finitely
many points. From this section on, .l is a compact Riemannian surface. We construct suitable conformal
coordinate charts near 3.l C .l following the arguments in [Donnelly and Fefferman 1990a, p. 342-343],
where the same construction is established for a Lipschitz double manifold. By the Riemann mapping
theory in [Jost 1984], we first construct charts around 9.l C Jl. We map a half disk centered on the x-axis
in the (x, y)-plane into the manifold /M with the x-axis mapped to dJl. Thus, the metric is locally given
as g(x, y)(dx? +dy?*) with y > 0. The differentiable structure and the definition of the metric on the
double manifold .l correspond to reflection about the x-axis. Thus, we have the required the conformal
charts with g(x, |y])(dx*> 4+ dy?) on the double manifold M. Then we will consider the behavior of
v in a conformal coordinate patch. There exists a finite number N of conformal charts (U;, ¢;) with
¢; 1U; C M—V;cR?andi € {1,2,..., N}. On each of these charts, the metric is conformally flat and
there exists a positive function g; such that g’ = g, (x, y)(dx? + dy?). By the compactness of the surface,
there are positive constants ¢ and C such that 0 < ¢ < g; < C for each i. Under this equivalent metric,
Ny =g; 'A, where A is the Euclidean Laplacian. Hence, (2-4) can be written as

Av+b(z)-Vo+g@v=0 in ¥, (3-1)

where V is the Euclidean gradient and z = (x, y). We use the same notations b(z) and q(2) asin (3-1),
since they satisfy the same conditions as (2-5). They only differ by some function about g;.

By restricting to a small ball B(p, 3c) contained in the conformal chart, we consider v in the small
ball. Let v(z) = v(cz). It follows from (3-1) that

A +b(z)-Vi+G(z)v=0 in Bs, (3-2)

with b = cb and G = cq. If ¢ is sufficiently small, b and q are arbitrarily small.
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The crucial tool in [Donnelly and Fefferman 1990a] is a Carleman inequality for classical eigenfunctions
involving weighted functions with singularities at finitely many points. We will obtain the corresponding
Carleman inequality for the second-order elliptic equation (3-2). We adapt the approach in [Donnelly and
Fefferman 1990a] to obtain the desirable Carleman estimate for (3-2).

Let % C 6 be an open set and ¥ € C;°(2) be a real-valued function. We introduce the differential

operators
1/0 . 0 z 1790 . d

Direct computation shows that 9y = iAlﬁ- By the Cauchy—Riemann equation, u# is holomorphic if
and only if du = 0. For completeness, we present the elementary inequality in [Donnelly and Fefferman
1990a].

Lemma 6. Let ® be a smooth positive function in 9. Then

/ ENR lf(Alnc1>)|u|2<1>. (3-3)
1) 4 9D

Here the integral is taken with respect to the Lebesgue measure.

We want the weight function to involve those singular points. To specialize the choice of ®, we
construct the following function vy:

Lemma 7. There exists a smooth function g defined for |z| > 1 — 2a satisfying the following properties:
(1) a1 < Y¥o(z) < ay with constants ay, a; > 0.

(i) Yo =1o0n{|z| > 1}.

(i) Alnyy>0on{|z] > (1 —2a)}.

@iv) If 1 —2a < |z| < 1 —a, then Alnyry > az > 0.

The existence of such a ¥ follows from existence and uniqueness theory of ordinary differential
equations.
We assume that

Dy ={z|lz—z| <6}

Let D; be a finite collection of pairwise disjoint disks that are contained in a unit disk centered at the
origin. Let

Di(a) ={z| |z =zl = (1 —2a)s}
be the smaller concentric disk. We define a smooth weight function Wy(z) as

if z ¢, Dy,

1
/] =
0@ {wo«z—zz)/a) it ze D

We also introduce the domain

Ar={(1-2a)8 < |z -zl =1 —-a)d}.
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From the last lemma, Wy(z) satisfies these properties:

(1) a1 < Wo(z) < a.
(i) AlnWy >0 for z € R*\ |, Di(a).

(iii) AlnWy > az8~2 for z € A;.

Note that the g; in the above are positive constants independent of A. Let
A=A
!

Suppose that 7 is a nonnegative constant. We introduce ®(z) = ¥ (z)e’mz. For u € C(‘)’O(Rz\ U, Di(a)),
we assume that 9 contains the support of u and A C @ C R?\ U; D;(a). Obviously,

In®(z) =In Wy (z) + t|z|%
Substituting ¢ in Lemma 6 gives that
/ 8ul?Wo(2)e™ " > €1t f ulPWo(2)e™ " + 5872 / ju2e™F, (3-4)
) ) A
where we have used the properties (ii) and (iii) for Wy. The boundedness of Wy(z) yields that

/ 13u|2e P ZC}‘L’/ |u|ze”|2+C48_2/ u|2etl?” (3-5)
1) 9 A

Define the holomorphic function

P =]]c-w.
[

Then 8(u/ P) = du/ P. Replacing u by u/ P in (3-5), it follows that
[ 1P ez cor [ e e o [ el e (3-6)
19 1) A

We will establish a Carleman inequality for second-order elliptic equations like (3-2). Write b(x) =
(b1(x), ba(x)). Let

u=39f +5(b1—iby)f,

where f € Cg° (Rz\ U, Di (a)) is a real-valued function. Then

Ju = [Af+divl§f+l3-Vf+i(a(§lyf) - 3(131”)].

N
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Plugging the above u into (3-6), we obtain

0B f)  dbaf) ﬂw'_zemz
ay 0x

/[|Af+l5-Vf|2+|divl5f|2+‘
9
zczrf |Vf|2|P|—2e"Zz—cgr/ B2 £ 121 P27
9 9
+Cu? f VPP et — 52 / BPISPIPI 2R, (327
A A
If we choose u = f in (3-6), we get
f IV FPIPI 2 = e / PP et (3-8)
19) 9

Since the norm of b is chosen small enough, it is smaller than 7, which will be chosen large enough.
With the aid of (3-8), we can incorporate the terms involving b in the left-hand side of (3-7) into the first
term in the right-hand side of (3-7):

/lAf+B-Vf|2|P|2e"Z'2
@D
chf/ |Vf|2|P|—2ef'Zz+c48—2/ |Vf|2|P|—2ef'“—c46—2/ BRI PP 2. (3-9)
9] A A

Furthermore, if u = f, the inequality (3-6) implies that

/ IV FRIPI 2 > Cu52 / PP 2T, (3-10)
9 A

Applying (3-10) to the last term in the right-hand side of (3-9) gives that

/ |Af+b-VfPIP| 2 > Cefzf | FI21PI 2 + 078‘2/ IVAPIPI 2 311
) ) A
We continue to get a refined estimate for the last term of (3-11). In order to achieve this goal, we need

the following hypotheses for the geometry of the disk D; and the parameter 7 > 1:

(R1) The radius § of each disk Dj is less than as7 .
(R2) The distance between any two distinct z; is at least 2as71/%8.

(R3) The total number of disks Dj is at most agt.

Under the those assumptions, we have these comparison estimates from [Donnelly and Fefferman
1990a]:

Lemma 8. If z| and 7, are any points in the same component A; of A, then:

(G) a7 < e"z”z/efIZZIZ < ag.

(i) ag < |P(zDI/IP(22)| < aso.
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We also need the following Poincaré-type inequality on each annulus: if f € C°°(A;) and f vanishes
on the inner boundary of A;, then

V2 =ans™2 | |1f% (3-12)
Al A

The proof of (3-12) can be found in [Donnelly and Fefferman 1990a]. Let z; € A; be chosen arbitrarily.
By Lemma 8, it follows that

_ 2 2 _
[ v sRp@ e 2 ey e i [ 1947,
A[ ! Al
Since f € C°(R*\ |, Di(a)), the inequality (3-12) yields that
/ VFPIP@I2e ™ = €y e P P26 | 1£12.
Al i A
Using Lemma 8 again, we obtain
/ IV FPIP @) 2™ = €572 / FPIP ()| 2,
A A

Substituting the last inequality into the last term in (3-11) leads to

f|Af+B-Vf|2|P|Zef'Z'zzcérZ/ |f|2|P|26”'2+C1154/ PRI 3413
9 )} A

We summarize the above arguments in the following proposition:
Proposition 9. Assume f € C3°(R*\ U, Di(a)). Then:
(1) It holds that
/@ IAf 45V PP 2™ > ctzfgb | fI21P| 27 (3-14)

(i) If the additional assumptions (R1)—(R3) for D; hold, the stronger inequality (3-13) is satisfied.

4. Measure of singular sets

Let A be a compact smooth surface. In Section 2, we have shown that the Steklov eigenfunction e;
vanishes at all points to order at most C . By the implicit function theorem, outside the singular sets, the
nodal set is locally a 1-dimensional C' manifold. Adapting the arguments in [Donnelly and Fefferman
1990a] for (3-2), we can estimate those singular points in a quantitative way. We are able to obtain an
upper bound for the singular points in terms of the eigenvalue A.

Lemma 10. Singular sets consist of at most finitely many points.

Proof. Without loss of generality, we assume that 0 € &, and choose normal coordinates (x, y) at the
origin. Next we prove there are finitely many singular points in .il. Using Taylor expansion, we expand
v locally at the origin. Then v(x, y) = F;(x, y) + W;11(x, y), where F;(x, y) consists of the leading
nonvanishing term with homogenous order j > 2 and W, (x, y) is a higher-order reminder term. Since
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Av+b(z)-Vv +¢(z)v =0 and the coordinate is normal, we obtain that A F; = 0. Under polar coordinates,
we find that F; = ri(aj cos(jO) + ay sin(j6)). Obviously, r~! 0F;/060 and 0 F;/dr have no common

zero if r # 0. Since

dF; 2

IVF;|* = |-
ar

JF;

L
36

72

’

there exists a small neighborhood AU of the origin such that U N ¥, = 0. Since .il is compact, the lemma
follows. (Il

We plan to count the number of singular points in a sufficiently small ball. Let p € M. Consider a
geodesic ball B(p, cA~!/2). If ¢ is small enough, then this geodesic ball is contained in a conformal chart.
If we choose

w(z) = v(cr~%z)
with ¢ sufficiently small then, from (3-1), w satisfies
Aw+b(x)-Vw+§x)w=0 in B, 4), (4-1)
with b(x) = cA~"/2b(x) and § (x) = ¢22~'G(x). From (2-5), we obtain

{”b”WI’OC(B(OA)) <crl/?

o (4-2)
G 1l @.4y < ¢*A,

with ¢ sufficiently small.
Next we will count the total order of the vanishing of singular points for w in the sufficiently small

ball. We study w in (4-1).

Proposition 11. Suppose z; € I, NB(p, cA~Y2), where v vanishes to order n; + 1. Then Zl n; < CA.

1
10
centered at the origin. Suppose that w vanishes to order n; + 1. Let n; = m; + 1. We first consider the

Proof. 1t suffices to count the number of singular points of w in a small Euclidean ball with radius

case n; > 2. Then m; > 1. Define the polynomial
PR =]]c-z)™
with |z;| < 1—10. Let 9 = B(0,2) and let D; be small disjoint disks of radius § centered at z;. If

fecCy ([R{z\ U, Dl), the inequality (3-14) in Proposition 9 implies that

[P +16-9 FENPIAE = a2 [ P11, (43)
where T = djA. We choose a cut-off function 6(z) such that 6w has compact support in &. We select the
cut-off function 6 € C§°(@\ |, D;) with the following properties:

1) B(zx)=11if|z] < % and |z — zy| > 26.
(i) |VO| < C3 and |A8| < Cy4 if |z]| > %
(iii) |VO| < Cs6~ " and |AG| < Ced72 if |z — 71| < 26.
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Substituting f = 6w into (4-3) yields that

IA@OW) +b - V(Ow) | P| 2 > CZAZ/ lw[2|P|2e

/(|z|<3/2)U(3/2<z|<2) |z]<3/2

From (4-1),
AOw)+b-V(Ow) = —GOw + Abw +2V0 - Vw + b - VOw.

By the assumption on 6, we obtain
|AOw|+|VO - Vw| + |VOw| < C78™ if |z —z;| < 28.

Taking 6 — 0, by the dominated convergence theorem, we have

CKZ/ w2 P72 4 Co(1 +k)2/ (w2 + [Vw[2)| P| 26D
Izl <3/2 3/25lzl<2

> CioA2 / WP, (44
|z]<3/2

Since c is sufficiently small, we can absorb the first term in the left-hand side of (4-4) into the right-hand
side. Then

f (|w|2+|Vw|2)|P|_2€d'MZ|22C11/ lw[?| P2 (4-5)
3/2<|z|<2 lz]<1/2

Obviously, it follows that

max |P|—2/ (] + [Vw|?)ed =’ > Cy1( min |P|—2)/ lw?. (4-6)
l21=3/2 3/2<z|<2 lzl=1/2 lzl<1/2
By standard elliptic theory, the last inequality implies
max |P|_2ed2)‘f lw|*> C11( min |P|_2)/ lwl?. 4-7)
l21=3/2 l21<5/2 lzl=1/2 lzl<1/2

We claim that

. -2
min P
o Sm < Mingzi<1/2 | P

< . (4-8)
max|;>3,2 | P|~2
To prove (4-8), it suffices to verify
e~ “X™ min |P|> max |P| (4-9)
lz1=3/2 lz|=<1/2
away from the singular point z;. Clearly,
max |P| < (3 Zml.
LI = )
Since z; € B(0, 15), we have
(G)=" < min |P).

T z1=3/2
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Combining the last two inequalities, we obtain (4-9). The claim is shown. Let’s return to (4-7); we get

. _2 dsA 2
ming <12 [P[77 € Jiazs 1wl - ek
max|z>3/2 |P|_2 o Cll f\z|§1/2 |w|2 -

, (4-10)

where we applied doubling estimates in the last inequality. Thanks to (4-8), we obtain

Zml <dii.

Since n; = m; + 1 < 2my, we complete the lemma for n; > 2.

If the vanishing order for the singular point is two, i.e., n; = 1. We consider Q(z) = [[(z — z7)"/?
instead of P(z). In this case, Q(z) may not be defined as a single-valued holomorphic function on €. We
pass to a finite-branched cover of the disk % punctured at z;. The Carleman estimates in the previous
sections still work. The same conclusion will follow. [l

Based on the vanishing order estimate in Proposition 11, we are able to count the number of singular
points.

Proof of Theorem 2. We cover the double manifold J( by geodesic balls with radius CA~'/2. Since Jl is
compact, the order of those balls is CA. From Proposition 11, the conclusion in Theorem 2 follows. [J

Remark 12. Thanks to Proposition 11, we can actually show a stronger result. Let z; € [l be a singular
point with vanishing order n; + 1. Then ), n; < C)2.

5. Growth of eigenfunctions

In this section, we will show that the eigenfunctions do not grow rapidly on too many small balls. We still
restrict v to the small geodesic ball B(p, cA~1/2) in the conformal chart. Let w(z) = v(cA~'/?z). Then w
satisfies the elliptic equation (4-1) with assumptions (4-2) in a Euclidean ball of radius 4 centered at the
origin. If we suppose that w grows rapidly, that is,

G / w? < / w? (5-1)
(1-3a)8<|z—z|=(1-3a/4)é (1-3a/2)8<|z—z|=(1-a)s
for all / and some large C, then the following proposition is valid:

Proposition 13. Suppose Dy are disks contained in a Euclidean ball of radius % centered at the origin.

Furthermore, assume that
(R1) 8§ <d\A™", and
(R2) |z — zx| > doA'/?8 when 1 # k.
If (5-1) holds for all 1, the number of disks Dy is less than ds .

Proof. We will use the stronger Carleman estimates in (3-13) in Proposition 9. We prove it by contradiction.
Suppose that the collection D; = {z | |z — z;| < 8} are disjoint disks satisfying the hypotheses (R1)—(R3)
in Section 3. Without loss of generality, we require that all the D; are in a ball centered at the origin with

radius %. As before, Dj(a) ={z | |z —zi| < (1 —2a)é}, where a is a suitably small positive constant. Let
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9 be a ball centered at the origin with radius 2. We choose a cut-off function 6 € C3° (22)\ U, Dl) and
assume 6(z) satisfies the following properties:

(i) 6(z) = lif |z| <1 and |z —z| > (1 — 3a)é for all /.
(i) |VO|+ 20| < C, if |z] > 1.
(ili) |VO| < C367 " and |A0] < C4872if |z — 2| < (1 — 3a)s.

Substituting f = 6w into (3-13) gives that
f |A@OW)+b-V (Ow)*|P| 2™ > €522 / 0w|?|P| 2% co5 / w2 P| 2@ (5-2)
9 9 A

We also assume 7 = d4A. Recall that A= J; A; and A; = {z | (1 —2a)8 < |z —z/| < (1 —a)s}. We first
consider the integral in the left-hand side of the last inequality. Again, by (4-1),

AOw) +b-V(Ow) = —§0w + Abw +2V6 - Vw +b - Vow.
Thus,
IA@OW) +b - VOw) > < C(cr20%w? + |A0Pw? 4 |VO 2| Vw|? + cA|VO |2 w?),

where c is sufficiently small. We will absorb the term involving #?w? into the right-hand side of (5-2).
Since c is small enough, we get

/ (1861°w? +¢|VO 2w + VO | Vi )| P ZeHF
9D
2C7A2/ |9w|2|P|—2ed4MZ'2+cga—4/ 1Gw|?| P| 2™ (5-3)
1) A

Using the properties of 8(z) and taking into account that each D; lies in the ball centered at the origin
with radius 3—10, we obtain

/ (1062w +¢|VOPw? + VO 2 [ Vw|?)| P| 24"
9

> (72 f w | P2 4 Cos WP (5-4)
1/4<|z|<1/2

7 /(1—3a/2)8§|z—21|§(1—a)5

Next we want to control the left-hand side of the last inequality. Write
/ (186Pw? +c|VOPw? + VO [Vw )| P[ 2% = 1+ 37 1, (5-5)
o)
I

where

1 :/ (|A9|2w2 +C|V9|2w2+ |V9|2|Vw|2)|p|72€d4>»\z|2’
1<|z]=<2

= f (106Pw? +¢|VOPw? + |V 2 [Vw[?)| P| 2@,
(1-2a)8<|z—z1<(1-3a/2)8
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By standard elliptic estimates,

I < e%* max |P|2/ w?. (5-6)
lz|>1 3/4<lz|=5/2
Similarly, via elliptic estimates,
I < C105_4(max |P|_2ed4)\|2|)/ w?. 5-7)
Y (1-3a)8<|z—z/|<(1-3a/4)é
Thanks to Lemma 8,
1 = oo~ (min P 22 [ w’. o9
A (1-3a)8<|z—z/|<(1—3a/4)s

Combining these inequalities together in (5-4) leads to

et maX|P|2/ w2+C1184Z(min|P|zed“)‘lzl)/ w?
lz[=1 3/4<|z|<5/2 A (1-3a)8<|z—z/|<(1-3a/4)s

>Cy, min |P|—2/ |w|2+C135_4Zmin(|P|_2ed4MZ|2)/ w2, (5-9)
lzl<1/2 1/4<lz1<1/2 A (1-3a/2)8<|z~z|<(1-a)s

Performing similar arguments as for (4-8) shows that

min |P|"2 > max |P| 2e% X1,
lz|=1/2 lz|>1

If the number of the D; is d3A, then

min |P|2 > max | P| 2e%". (5-10)
[z]<1/2 |z|>1
We claim that
eC“‘}‘/ w? > / w2, (5-11)
1/4<lz1<1/2 3/4<l2/<5/2

We prove the claim by doubling estimates shown in Proposition 5. We choose a ball B(xo, %) C

{z] § < lzl <1} Ttis clear that
1/4<|z|<1/2 B(xo,1/8)

eC'SA/ w? 2/ w?.
B(xo.1/8) B(x0,2/8)

By finite iterations, we can find a large ball B(xo, 3) that contains {z | 2 <|z| < 3}. This yields that

)
/ w? > / w?.
B(x0,3) 3/4<i21<5/2

Then the combination of these inequalities verifies the claim.

Using doubling estimates, we have
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If we choose d3 suitably large, since the number of disks Dy is d3A, also dg is suitably large. From the
inequalities (5-10) and (5-11), it follows that

edS’\male|2/ w? < Cj» min |P|2/ w?. (5-12)
lzI=1 3/4<2|<5/2 lzI=1/2 1/4<iz11/2

This contradicts the estimates (5-1) and (5-9). The proposition is proved. O

6. Growth estimates and nodal length

The purpose of this section is to find the connection between growth of eigenfunctions and nodal length. A
suitable small growth in L? norm implies an upper bound on nodal length. We consider the second-order
elliptic equations

Aw+b*-Vw+g*w=0 in B(,4). (6-1)

Assume that there exists a positive constant C such that ||b* |1, < C and ||g*||w1. < C. The following
lemma relies on the Carleman estimates in Lemma 4. Suppose € is a sufficiently small positive constant.

Lemma 14. Suppose that w satisfies the growth estimate

/ B < Cs f ?, 6-2)
(1-3a/2)eg<r<(1—a)eg (1-3a)eg<r<(1—4a/3)ey

where a and € are fixed small constants. Then, for 0 < €| < lzﬁoeo, we have

€] Cs 2 %
max |w| > C4(—> <][ W ) , (6-3)
r<e €0 B(0,(1—4/3a)€o)

where § denotes the average of the integration.
Proof. We select a radial cut-off function 6 € C§°(3€1 <r < (1 — {§a)eo) that satisfies the properties:
(i) 0(r) =1for 2¢; <r < (1—La)e.
(i) [VO|+|A0] < C for r > (1 — La)e.
(iii) |V6| < C7e; " and |A0] < Cse; ? for r < 3¢;.
From (6-1), we get
A@OW) +b* - V(OW) + ¢* 0w = AW +2V0 - Vio + b* - V.

Assume that 7 > C is large enough. Substituting ¥ = 6w in Lemma 4 yields that

C2r3/r€ezr¢(’)0217)2 drdow <1, (6-4)

where
] — / r*e?™ VAW +2V0 - Vo + b* - VOw|* dr dw.
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Note that ¢ (r) is a decreasing function. Furthermore, by the assumptions on 6(z), we obtain

Igezf‘f’(f'/z)/ |AOW +2V0 -V + b* - VOw|*rdrdw
€1/2<r<3e; /4

+ 7o ((1=10a/9)<0) / |AOW +2V0 - Vb + b* - VOU|*r dr do.
(1—-10a/9)ep<r<(1—11a/10)eg

By standard elliptic estimates, we derive that

[ < Coc?™@/2 /

€1/4<r<e

w2r dr dw—I—Cler“”((l_loa/g)eO)/ w2rdrdow. (6-5)
(1-3a/2)eg<r<(1—a)eg

Taking the inequality (6-4) and assumptions of 6 into account, we have

C]062f¢((17100/9)€0) f
(1-3a/2)eg<r<(1—a)ey

> C2r3f r€e?™ 5% dr dw
3e1 /4<r<(1—10a/9)eg

> G ((1- %a)eo)“/ A Owrdrdo.  (6-6)
3e1/4<r<(1—10a/9)eg

wlr dr dw—I—CgeZW(e‘/Z)/ wrrdr dw

€1/4<r<e

Since € and € are fixed positive constants, taking T large enough we obtain
1 3 10 e—1
ECQT ((1 — 361)60) > C]().

Taking the hypothesis (6-2) into consideration, we can incorporate the first term in the left-hand side
of (6-6) into the right-hand side. It follows that

Coe2d @/ /

€1/4<r<e

02r dr dw > Cpe**¢((1-10a/9<0) / w2rdrdo. (6-7)
3e1/4<r<(1—10a/9)eo

Fix such a 7; adding the term
ezr¢((1—10a/9)eo)/ 02 dr do
r<3e; /4
to both sides of the last inequality yields that
p2Tb(€1/2) / w2r dr dw > Cyj e ¢(1-10a/9<0) / w’rdrdo, (6-83)
r<ep r<(1—4a/3)ey
where we have used the fact that ¢ is decreasing. Straightforward calculations show that
€ Ci2
27 (@ ((1=10a/9e0) ¢ (€1/2)) > (3 (_) )

€0
Thus,

Cn
/ @ dr do > Ci3 (6—1> f @ dr do. (6-9)
r<ep €0 r<(1—4a/3)ey

This completes the lemma. U
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Our next goal is to find the relation between Lemma 14 and nodal length. We assume that the estimate
(6-2) exists. Then the conclusion (6-3) in Lemma 14 holds. For €; < ﬁe, if |z| < €; then using Taylor’s
expansion gives that

_ 1 %w «
w(z) — —

w
~(@]a“t,

©)z 97

e < sup sup d
la|<Cs al 9z |z|<€1 |a|=C5+1

where o = (a1, orp) and 9/9z% = 9/9z1%' - 9/9z2*2. To control the right-hand side of the last inequality,
by elliptic estimates and a rescaling argument we have

1 8% /e \OH!
‘mz)— Y o O sd2<][ wz) (—) :
al B(O, (1—4a/3)ep) €0

a1=cs 4+ 07
3%
0 o
Py 0)z

Using the estimate (6-3) in Lemma 14, we get

‘wz)— > %

le|<Cs

€
<dj (—1) max |w|.
€0/ lzl=e
Choosing €;/¢g sufficiently small, by the triangle inequality we obtain

%w
— (0
9z ©

sup

€1 > dy max |w|.
| <Cs lzl=er

Applying again the estimate (6-3) to the right-hand side of the last inequality yields that

1
2
€0 > ds (][ wz) . (6-10)
B(0,(1—4a/3)ep)

By standard elliptic estimates, we also have

&9 0)

sup Py

la|<Cs

1

2
€0 gdﬁ(][ wz) . (6-11)
B(0,(1—4a/3)ep)

The basic relationship between derivatives and nodal length in two dimensions is shown in [Donnelly
and Fefferman 1990a].

0w

07%

(2)

sup  sup
|z]<€0/2 |a|<C5+1

Lemma 15. Suppose that w satisfies (6-10) and (6-11). Then
H'(z | |z| < d7é and w(z) =0) < dsé.
With the aid of the last lemma, we can readily obtain an upper nodal length estimate.

Proposition 16. Let w be the solution of (6-1). Suppose that € < €y and w satisfies the growth condition

/ 0’ < C3 / . (6-12)
(1-3a/2)e<r<(1—a)e (1-3a)e<r<(1—4a/3)e

H'(z | |z| < doé and w(z) =0) < do€.

Then
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Proof. Since the inequalities (6-10) and (6-11) can be derived from (6-12) by Lemma 14, the proposition
follows from the last lemma. ]

7. Total nodal length

As Proposition 13 indicates, the eigenfunctions cannot grow rapidly on too many small balls. If they grow
slowly, we have an upper bound on the local length of nodal sets by Proposition 16. In this section, we
will link these two arguments together. To achieve it, we will employ a process of repeated subdivision
and selection of squares. The idea is inspired by [Donnelly and Fefferman 1990a].

Assume that B(p, cA~'/?) is a geodesic ball of the double manifold J(. Choosing ¢ to be small, it is

1/2

contained in a conformal chart. Let w(z) = v(cA™/“z) with ¢ sufficiently small. We know that w satisfies

Aw+b(x)-Vw+§x)w=0 in B(,4). (7-1)

We consider the square P = {(x, y) | max(|x[, |y]) < %} in B(0, 4) and divide it into a grid of closed
squares P; with side § < ajx~ . If (5-1) holds for some point z; € P; and for some sufficiently large Cj,
we call P; a square of rapid growth. With the aid of Proposition 13, we are able to obtain the following
result:

Lemma 17. There are at most CA* squares with side § where w is of rapid growth.

Proof. Let I} be the collection of those indices [ for which P; is a square of rapid growth. For each / € I3,

there exists some point z; € P; such that (5-1) holds. Let |/;| denote the cardinality of /;. Define
PF={z|lz—zl <disr'?.

The collection of disks P,* covers the collection of squares P; for [ € 1. We choose a maximal collection
of disjoint disks of P;* and denote it as I». If [ € I, we define

P =z ||z —z| < 4d181'%).

Since the collection of disks in /5 is maximal and they are disjoint, we obtain that

U P2 U P2 U P
lel lel) lel
Thus,

|I| x 16d38%% > |11]62,
which implies
|L2|A > da| 1]

Recall from Proposition 13 that |I,| < d3A. Therefore, we obtain the desirable estimate |/;| < di)2. O

Now we introduce an iterative process of bisecting squares. We begin by dividing the square into a
grid of squares P;(1) with side (1) = a;A~!, then separate them into two categories R;(1) and S;(1).
R;(1) are those where w is of rapid growth and S;(1) are those where (5-1) fails for w. We continue to
bisect each square R;(1) to obtain squares P;(2) with side §(2) = %8(1). Again, we split P;(2) into the
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subcollection R;(2) with rapid growth and $;(2) with slow growth. We repeat the process at each step k.
Then there are squares R;(k) and S;(k) with §(k) = 2iké(l). We count the number of R;(k) and S;(k) at
step k:

Lemma 18. (i) The number of squares R;(k) is at most Co)2.

(ii) The number of squares S;(k) is at most C3\>.

Proof. The conclusion (i) follows directly from Lemma 17. We only need to show (ii). If k = 1, the
conclusion (ii) follows because the total number of squares is at most of order A2. If k > 2 then, by

construction of those squares,
1S1(k)| < 41 R (k = 1)| < C4d?,

where we have used (i) in the last inequality. The lemma is done. (]

The next lemma tells that almost every point lies in some R;(k) with slow growth. It is Lemma 6.3 in
[Donnelly and Fefferman 1990a].

Lemma 19. Uk’l S; (k) covers the square P except for singular points ¥ = {z € P |w(x) =0, Vw = 0}.
We are ready to give the proof of Theorem 3.

Proof of Theorem 3. Consider w(z) = w(z; + €, 8(k)z). Then w(z) satisfies (6-1). Choosing a finite
collection of z; € S;(k) and applying Proposition 16, we have

H'(z|w(z)=0 and z € S;(k)) < Cs27*a~". (7-2)
Furthermore, thanks to Lemma 19,

H'(z | w(z) =0 and max(|x|, |y]) < g) < > H'(z| w(z) =0 and z € S(k))
Lk

<2 Z Cs2* A1 < Cen, (7-3)
k

where we have used (ii) in Lemma 18 and (7-2). Since w(z) = v(cx~/?

z), by the rescaling argument,
we obtain
H'({v(z) =0} NB(p, cA™ /%)) < Cor'/2.

172

Finally, covering .l with order A of geodesic balls with radius cA~!/2, we readily deduce that

H'(z e M| v(z) =0) < C7232,
Thus, so is H'(N}). O
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SOME COUNTEREXAMPLES TO SOBOLEV REGULARITY
FOR DEGENERATE MONGE-AMPERE EQUATIONS

CONNOR MOONEY

We construct a counterexample to W>! regularity for convex solutions to
det D*u <1, Ulyq = const.

in two dimensions. We also prove a result on the propagation of singularities of the form |x,|/|log x| in
two dimensions. This generalizes a classical result of Alexandrov and is optimal by example.

1. Introduction

In this paper we investigate the W2 ! regularity of convex Alexandrov solutions to degenerate Monge—

Ampere equations of the form
det D*u(x) = p(x) <1 in, ulyq = const., (D

where €2 is a bounded convex domain in R”.

In the case that p also has a strictly positive lower bound, W?! estimates were first obtained by
De Philippis and Figalli [2013]. They showed that Aulog*(2 + Au) is integrable for any k. It was
subsequently shown in [De Philippis et al. 2013; Schmidt 2013] that D% is in fact L'*¢ for some ¢
depending on dimension and [|1/pl||z~(q). These estimates are optimal in light of two-dimensional
examples due to Wang [1995] with the homogeneity

u(hxy, A%x2) = A u(xy, x7).

These estimates fail when p degenerates. In three and higher dimensions, it is not hard to construct
solutions to (1) that have a Lipschitz singularity on part of a hyperplane, so the second derivatives
concentrate (see Section 2). However, in two dimensions, a classical result of Alexandrov [1942] shows
that Lipschitz singularities of convex solutions to det D < 1 propagate to the boundary. Thus, in two
dimensions, solutions to (1) are C' and D?u has no jump part. However, this leaves open the possibility
that D?u has nonzero Cantor part.

The main result of this paper is the construction of a solution to (1) in two dimensions that is not W1,
This negatively answers an open problem stated in both [De Philippis and Figalli 2014] and [Figalli 2015],
which was motivated by potential applications to the semigeostrophic equation. We also prove that, in two

MSC2010: 35B65, 35J96.
Keywords: degenerate Monge—Ampere, Sobolev regularity.
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dimensions, singularities that are logarithmically slower than Lipschitz propagate. This result generalizes
the theorem of Alexandrov and is optimal by example.

The W?! estimates mentioned above have applications to the global existence of weak solutions to the
semigeostrophic equation [Ambrosio et al. 2012; 2014]. In this context, the density p solves a continuity
equation that preserves L° bounds. This is the only regularity property of p that is globally preserved,
due to nonlinear coupling between p and the velocity field. It is therefore useful to obtain estimates that
depend on L bounds for p but not on its regularity.

To apply the results in [De Philippis and Figalli 2013; De Philippis et al. 2013] one must assume that p
is supported in the whole space. However, in physically interesting cases, the initial density is compactly
supported. It is thus natural to ask what one can show about solutions to (1). Our construction shows that,
even in two dimensions, one must rely more on the specific structure of the semigeostrophic equation to
obtain existence results for compactly supported initial data.

The idea of our construction is to start with a one-dimensional convex function of x, in the half-space
{x1 < 0} whose second derivative has nontrivial Cantor part, and extend to a convex function on R? which
lifts from these values without generating too much Monge—Ampere measure. To accomplish this we
start with a “building block™ vy that agrees with [xz| in {|x2| > (x1)G } for some « > 1, and in the cusp
{lx2] < (x1)%} grows with the homogeneity

v (Axq, A%x2) = A% (xq, X2).

By superposing vertically translated rescalings of (a smoothed version of) v; in a self-similar way, we
obtain our example.
Our main theorem is:

Theorem 1.1. For all n > 2, there exist solutions to (1) that are not W,
Remark 1.2. It is obvious that solutions to (1) in one dimension are C-!.

Remark 1.3. In our examples, the support of p is irregular. In particular, in the higher-dimensional
examples, the support of p is a cusp revolved around an axis, and in the two-dimensional example, the
support of p has a very irregular “fractal” geometry.

In, e.g., [Daskalopoulos and Savin 2009; Guan 1997] the authors obtain interesting regularity results
when p degenerates in a specific way, motivated by applications to prescribed Gauss curvature.

Our second result concerns the behavior of solutions to (1) near a single line segment in R%. Since
Lipschitz singularities propagate, D?u cannot concentrate on a line segment. (In our two-dimensional
counterexample to W2 ! regularity, D>u concentrates on a family of horizontal rays.) On the other hand,
by modifying an example in [Wang 1995] one can construct, for any € > 0, a solution to (1) that grows
like |x>|/|log x2|'t€, with second derivatives not in L logHe L (see Section 4).

It is natural to ask whether one can take € < 0. We show that this is not possible. Indeed, we construct a
family of barriers that agree with |x,|/|log x;| away from arbitrarily thin cusps around the x;-axis, where
we can make the Monge—Ampere measure as large as we like. By sliding these barriers we prove that
singularities of the form |x;|/|log x»| propagate. Our second theorem is:
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Theorem 1.4. Assume that u is convex on R? and that det D*u < 1. Then if u(0) =0 and u > c|x»|/ |log x3|
in a neighborhood of the origin for some ¢ > 0, then u vanishes on the x-axis.

Remark 1.5. Note that we assume the growth in a neighborhood of 0. For a Lipschitz singularity it is
enough to assume the growth at a point, which automatically extends to a neighborhood by convexity.
(See, e.g., [Figalli and Loeper 2009] for a short proof that Lipschitz singularities propagate.)

Remark 1.6. Theorem 1.4 shows that a solution to det D> > 1 in two dimensions cannot separate from

a tangent plane more slowly than r2e~!/"

in any fixed direction. This quantifies the classical result that
such functions are strictly convex. The idea is that if not, then after subtracting a tangent plane we have
0<u<Clx| +x§e‘1/‘x2| near the origin. Taking the Legendre transform one obtains u™ > c|x;|/|log x3|

near the origin. Applying Theorem 1.4 to u™* gives a contradiction of the strict convexity of u.

The paper is organized as follows. In Section 2 we construct simple examples of solutions to (1) in the
case n > 3 which have a Lipschitz singularity on a hyperplane. In Section 3 we construct a solution to (1)
in two dimensions whose second derivatives have nontrivial Cantor part. This proves Theorem 1.1. In
Section 4 we first construct examples showing that Theorem 1.4 is optimal. We then construct barriers
related to these examples. Finally, we use the barriers to prove Theorem 1.4.

2. Thecasen >3

In this section we construct simple examples of solutions to (1) in three and higher dimensions that have
a Lipschitz singularity on a hyperplane. Denote x € R" by (x/, x,,) and let r = |x’|. More precisely:

Proposition 2.1. In dimension n > 3, for any o > nnTz there exists a solution to (1) that is a positive
multiple of |x,| in {|x,| > (r — 1)¢}.

Proof. Let h(r) = (r — 1)4. We search for a convex function u = u(r, x,) in {|x,| < h(r)*}, with o > 1,
that glues “nicely” across the boundary to |x,|. To that end we look for a function with the homogeneity

u(14+at, 2%x,) = A%u(1 41, xp),

so that d,u is invariant under the rescaling. Let

h(r)* +h(r)™x2,  |x,| <h(r)®,
2|xn, |x,| > h(r)*.

u(r, x,) ={

Then Vu is continuous on d{|x,| < h(r)*} \ {r = 1, x, = 0}. Furthermore, dul—1,x,—0 is the line
segment between +2¢,, which has measure zero. Thus, in the Alexandrov sense, det D?u can be
computed piecewise. In the cylindrical coordinates (r, x,) one easily computes

2\ n—1
L n—1 _ a(n—2)—n _ Xn o
det D?u = r"—2<2“ @i (1 (hma)) ) Pl < H
0, x| > h(r)®.

For o > -7 the right-hand side is locally bounded. O
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e 1

U =2|x,|

€

— /D
e E’ v, s
=

Figure 1. The gradient map of u decreases volume if o« > .

Remark 2.2. The bound on o can be understood by looking at the gradient map of u, which takes a “ring”
of volume like A (r)'*® to a “football” with length of order 1 and radius of order h(r)®~! (see Figure 1).
Then impose that it decreases volume.

Remark 2.3. Observe that det D?u grows like dist."~2~"/% from its zero set. This is in a sense optimal;
if det D>u < C|x,,|"~? then one can modify Alexandrov’s two-dimensional argument to show that the
singularity has no extremal points.

3. Thecasen =2

In this section we prove Theorem 1.1. We construct our example in several steps.
First, let g(¢) be a smooth, convex function such that g(¢) = % fort <0and g(t) =¢* fort > 1,
where o > 1. Then define

Lo
Vi (X1, X3) = {g(x1)+ sy bl =g,

2|xa], X2 = g(x1).
It is easy to check that vy is a C*! convex function, and in the Alexandrov sense,

g"(xl)( x5 )
2 1— , ’
det Dzvl(xl, x2) = g(-xl) g(-xl)Z |.X2| < g(xl)

0, |x2] > g(x1).

In particular, det D?v; is bounded, and decays like X, 2 for x| large. Let v, be the rescalings defined by

1
va.(x1, X2) = v, 1%x2).

Observe that
det D%v; (x1, x2) = det D?v; (Ax1, A%x7),
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and we have
1 —a 2\ ~1
vxzx(x‘Hxl xy) in {x; = A7 N {|x2] < x{}. 2

In the following key lemma we show that any superposition of A vertical translated copies of v, has
bounded Monge—Ampere measure in {x; > 1/2}, and separates from its tangent planes when we step
away from the x,-axis.

Lemma 3.1. Let {xg,i}lN: | be fixed numbers with |x2 ;| < 1 for all i, where N is any positive integer. Let

N
w(xy, x2) =Y vn(x1, X2 —x24).
i=1
Then

det D*w < C(a) in {x; > 3} (3)

for some C(a) independent of N and the choice of {x2;}, and
w(2,x2) > w(0, x2) + () forall|xy| <1, 4)

for some p(a) > 0 independent of N and the choice of {x3,;}.

Proof. We first prove (3). Since det D?v; is bounded we may assume that N > 2. Consider a point
p=(p1, p2) € {x1 > %} Since w is C1, the curves p2 = x2,; = p{ don’t contribute anything to det D*w,
so we may assume that p, # x5 ; & p{ for any i. Then in a neighborhood of p, a subset of M < N of the
translates are not linear, and all are linear if in addition |p,| > 1 + p{. Up to relabeling the indices and
subtracting a linear function of x;, by (2) we can write

M M
M - 2 1 1 2
1= 1=

in a neighborhood of p. Since |x, ;| < 1, one easily computes that

M?> _ _
det D*w(p) < 2055 P Ha—1+ @+ Dp (P +2lp2 + 1),

and det D>w(p) =0if |ps| > 1+ p{. We conclude that
det D*w(p) < C(a),

where C (o) does not depend on N.
To prove (4), since vj is monotone increasing in the e| direction, we have for |x;| < 2 that

v1(2,22) =01 (0, x2) Z V1 (2, x2) — 012V x2) = 2792% = 2)%
Since « > 1, the lower bound p :=27%(2% —2)? is strictly positive.
By (2) the same argument gives

un (2, x2) — N (0, x2) > %
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5
//4 0

lmear / // /

% N
AR

Figure 2. The function u; is a piecewise linear function of x, outside of the four equally
spaced cusps between x, = —1 and xp = 1.

for |xz| < 2. Finally, since |x2 ;| < 1, we have for |x;| < 1 that

N

N
Z}:(UN(Z X2 —x2,7) — N (0, X2 — x2,7)) > 21: % =pn>0,
1= 1=

completing the proof O

We can now complete the construction. Roughly, at stage k we superpose 2¢*! vertical translations
of vk+1, starting at the endpoints of the intervals removed up to the k-th stage in the construction of the
Cantor set.

Proof of Theorem 1.1. Fix

and define
(v, x2) = Y va(xy, xp — 142i/3).
i=0
Then u is a piecewise linear function of x, outside of four equally spaced cusps in {x; > 0} connected to
thin strips in {x; < 0} (see Figure 2).
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=

x1=12 1

/LI /RN

Figure 3. The function u; is obtained by superposing two rescaled copies of ©;, whose
Hessians don’t affect each other in {x1 < %}

Define u; inductively by

i (o1, 2) = g (e (21,332 + ) e (21,332 - ).

We first claim that the det D2uy are uniformly bounded (in k) in {x1 > %} Indeed, each u; is a sum of
2k+1 vertical translates of vor+1 by values in [—1, 1], so this follows from (3).

Next we show that the det D%u; are uniformly bounded in R2. Note that the u; are linear functions
of xp in {x; < 1} x {|x2| > 2}, so in {x1 < %}, the rescaled copies of u; in the definition of u;; are
linear where the other is nontrivial (the determinants “don’t interact”; see Figure 3). Since the rescaling
2+, (2x1, 3x2) preserves Hessian determinants, we conclude that

det Dzuk+1 |{xl§1/2} < sup det Dzl/tk.
x1>0
One easily checks that det D?u; is bounded, so the claim follows by induction.

Since |vy|, [Vuy| < CR%/X in Bg, the functions uy are locally uniformly Lipschitz and bounded and
thus converge locally uniformly to some u.. The right-hand sides det D?u; converge weakly to det D?u,
(see [Gutiérrez 2001]), so

det D2uOo <A<

in all of R2.
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Finally, let

u(xy, x2) = uoo((|x1] =D, x2)

be the function obtained by translating u~, to the right and reflecting over the x,-axis.

It is clear that u is even in x| and x;, and is a one-dimensional function f (x,) in the strip {|x;| < 1}. It
is easy to show that f is the standard Cantor function (appropriately rescaled), so f” has a nontrivial
Cantor part. Indeed, 9,14 (0, - ) jumps by 2% over each of 2¢*! intervals of length 3~%**+1 centered at
the endpoints of the sets removed in the construction of the Cantor set. By (4) we also have

u(£2,0) > u(0,0) + u.
Since u is even over both axes we conclude that
{u <u(0,0)+u} C[-2,2]x[-C,C].

By convexity, u has bounded sublevel sets, completing the proof. U

4. A propagation result

In R?, the second derivatives of a solution to (1) cannot concentrate on a single line segment, since Lipschitz
singularities propagate. (Compare to the example above, where the second derivatives concentrate on a
family of horizontal rays.) In this section we investigate more closely how solutions to (1) can behave
near a single line segment in R

We first construct, for any € > 0, examples that grow from the origin like |x;|/[log x>|'*€, with D?u

1+4€

not in Llog ™ L. We then construct a family of barriers related to these examples in the case € = 0.

Finally, we use these barriers to prove that singularities of the form |x;|/|log x| propagate.

Examples that grow logarithmically slower than Lipschitz.

Proposition 4.1. For any o > 0 there exists a solution to (1) in two dimensions that vanishes at 0 and lies

|11 /e I+1/a g

above c|xy|/|log x; , and whose Hessian is not in L log

Proof. Let Qi = {|x2] < h(x1)e™ !/ 1} for some positive even function /4 to be determined. (By x¥ we
mean |x|?). In €, define

_ o a
(X1, x2) = x ¥ e/ 4 0t 3,

We would like to glue this to a function of x; on Q, = R2 \ €21, which imposes the condition 9,1y = 0 on
the boundary. Computing, we find that

o
W2() = I+ (a+1)t%/a :1+2o¢+1

o 20
I—(a+1)tY/a o 0.

In this way we ensure that u( glues in a C' manner across 92| to some function g(|x2|) in Q, defined by

g(h(t)e "y = T (1 + 1 (1))e V"



COUNTEREXAMPLES TO SOBOLEV REGULARITY FOR DEGENERATE MONGE-AMPERE EQUATIONS 889

The agreement of derivatives on 9€2; gives
g'(he™ ") = 20" h(),
which upon differentiation and using the formula for A gives
g (h()e V™Y =214 1/a + o(1))e/ " 122+,

For |z| small it follows that
1
! >_ -
8O 2 i llog e

giving the nonintegrability claimed (after, say, replacing x; by (Jx;| — 1)4).
It remains to show that det D?uy is positive and bounded. One computes for
x% = s2h(x))2e 2N, 2 <1,
that
det D*ug(x1, x2) = 20 ((1 — 5%) + ( + Dx{ (1 +5%) for) + O (x{*),
completing the proof. U

Barriers. We now construct barriers that agree with |x»|/|log x| except for in very thin cusps around
the x;-axis where the Monge—Ampere measure is as large as we like. Let

ho(t) = 0, t <0,
B ;_1/’(1, t>0,

where o > 0 is large. Let Q1 4 = {|x2]| < h(x1)} be a thin cusp around the positive xj-axis and let €25

be its complement. Our barrier is
xf‘e_l/x? +x‘flel/x?x22 in Qi 4,
bot (XI, x2) =

31x2/[log 2x, | in 4.

Note that b, is convex and bounded by 1 on €5, N {|x2] < %}, and b, is continuous across 91 .
Furthermore, on d€2; , one computes (from inside €21 o) that

31by (x1, x2) = ae” /M1 (4x1 +fo‘ 1)20,

so the derivatives have positive jumps across 921 4.
Set x; 2¢2/*1 = q. One computes in 2 o (where a < 4) that

detDzba=2062x12((1—a)+a_1+c;(3a+1)x‘f+a_l_g(a+1)x12“)

> 012 ;2

I\)I\»

Finally, let 2 := (— %] [ l]. We conclude that b, are convex in 2, with

det D’by > 6% in Q;,NQ,
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Ql,a —€e]

{u <by(-+een}

Figure 4. If u > b, on the right edge of Q1 , N <2, then we get a contradiction by sliding
by to the left.

and furthermore
by <3-27% % for Qi NQ.
Propagation. We prove Theorem 1.4 by sliding the barriers b, from the right.

Proof of Theorem 1.4. By rescaling and multiplying by a constant, we may assume that
u > 3|x2l/llog2xs| in {Ixo] < 1} N By,

with 1(0) = 0 and det D>u < A for some large A. Choose « so large that o> > A. Slide the barriers
by (- —tey) from the right. Since u > b, (- —tey) on 9(821 o +tey) N2 for all |7| small, it follows from
the maximum principle that

u(%, x2) < bo(3, x2)
for some (% xz) € Q1. N 2. (Indeed, if not, we can take t = —e small and obtain
{u <by(-+ee))} C(Qq—e€e)) N,

which contradicts the Alexandrov maximum principle; see Figure 4). Taking « — oo, we conclude that
u(e1/2) =0.

By convexity, near each point on the x;-axis where u is zero, there is a singularity of the same type as
near the origin. We can apply the above argument at all such points to complete the proof. U
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1. Introduction

A countable discrete group I' is called amenable if there exists a sequence {F,};° , (called a right Fglner
sequence) consisting of finite subsets F,, of I such that

lim |L|F,,SAF,1| —0

n

n—o0 | Fy|
for every s € I'.
Let (X, B, u, I') be a dynamical system consisting of a countable discrete amenable group I with a
measure-preserving action on a probability space (X, B, ).
Recall that von Neumann’s mean ergodic theorem for amenable group actions on measure spaces says
the following:

Theorem 1.1 (measure space version of von Neumann’s mean ergodic theorem [Glasner 2003, Theo-
rem 3.33]). Let {F,}.2 | be a right Fplner sequence of T'. Then, for every f € L?*(X, n), the sequence
(1/1Fy]) Zsan s - f converges to Pf with respect to the L norm, where P is the orthogonal projection
from L*(X, 1) onto the space {g € L*(X, ) | s-g = g forall s € T'}.

R. Duvenhage [2008, Theorem 3.1] proves a generalization of von Neumann’s mean ergodic theorem
for coactions of amenable quantum groups on von Neumann algebras (noncommutative measure spaces).
Later, a more general version was proved by V. Runge and A. Viselter [2014, Theorem 2.2].
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There is also a version of von Neumann’s mean ergodic theorem for amenable group actions on Hilbert
spaces, which says the following:

Theorem 1.2 (Hilbert space version of von Neumann’s mean ergodic theorem). Let {F,,} 7 | be a right
Folner sequence of a countable discrete amenable group I and w : I' — B(H) be a unitary representation
of T on a Hilbert space H. Set Hr ={x € H | w(s)x = x forall s e I'}. Then

Jim —— Zn(s):P

n—00 |Fn| oy
n

under the strong operator topology on B(H), where P is the orthogonal projection from H onto Hr.

The group C*-algebra C*(I") equals C(G) for a coamenable compact quantum group G with the dual
group G =T . The counit ¢ of G is given by €(d;) =1 for all s € I'. Hence,

Hr={x e H|m(a)x =¢(a)x forall a € C*(T')}.

With these in mind, the Hilbert space version of von Neumann’s mean ergodic theorem can be reformulated
in the framework of compact quantum groups as follows.

Suppose G is a coamenable compact quantum group such that the dual G is a countable discrete
amenable group I'. Let {F,,}°° | be a right Fglner sequence of I" and 7 : C(G) = C*(I') — B(H) be a
representation of C*(I') on a Hilbert space H. Then

1
lim — w(s)=P
n—o00 |Fn| SEZF,,

under the strong operator topology on B(H), where P is the orthogonal projection from H onto Hp =
{x e H|m(a)x = ¢e(a)x for all a € C*(I'")}.

D. Kyed proves that a compact quantum group G is coamenable if and only if there exists a right Fglner
sequence {F,} 2 of finite subsets in its dual G, that is to say, G is a coamenable compact quantum group
if and only if G is an amenable discrete quantum group [2008, Definition 4.9.]." So it is natural to ask for
a generalization of the Hilbert space version of von Neumann’s mean ergodic theorem to all amenable
discrete quantum groups. This is the main result of the paper.

Theorem 3.1 (mean ergodic theorem for amenable discrete quantum groups). Let G be a coamenable
compact quantum group with counit ¢ and let {F,};” | be a right Fglner sequence of G. Set Hi,, =
{x € H|m(a)x =¢(a)x forall a € A}. For a representation w : A = C(G) — B(H), we have

lim —
n—oo |Fn|w

> dym(x(@) =P (1-1)
aekF,

under the strong operator topology, where P is the orthogonal projection from H onto Hyy,.

I The existence of a Fglner sequence for Kac-type compact quantum groups is shown by Z. Ruan [1996]. Also see [Tomatsu
2006].
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Here | F,|,, stands for the weighted cardinality of F,,. Definitions of | F,|,, dy and x («) are in Section 2.

The left-hand side of (1-1) involves both a representation of a coamenable compact quantum group G
and that of its discrete quantum group dual G, so it illustrates some interactions between them.

The rest of the paper aims at an application of Theorem 3.1. Namely, we prove a Wiener-type theorem
for finite Borel measures on compact metrizable groups.

A finite Borel measure p on a compact metrizable space X is called continuous or nonatomic if
uf{x} =0 for every x € X.

The following theorem of N. Wiener [1933] expresses finite Borel measures on the unit circle via their
Fourier coefficients.

Theorem 1.3 (Wiener’s theorem [Katznelson 2004, Chapter 1, Theorem 7.13]). For a finite Borel measure
W on the unit circle T and every z € T, one has

N N
. 1 Ao n . 1 AooN2 2
Nllnéo NI E Nu(n)z = pfz} and ngnoo N1 E Nlu(n)l = E pix}”.
n=— n=—

xeT

Hence, u is continuous if and only if
q N
. A 2 _
th N1 E N|M(n)| =0,
n=—

where [i(n) := fT 7" du(z) for n € Z are the Fourier coefficients of L.

There are various generalized Wiener’s theorems (we call such generalizations Wiener-type theorems),
including a version for compact manifolds [Taylor 1981, Chapter XII, Theorem 5.1], a version for compact
Lie groups by M. Anoussis and A. Bisbas [2000, Theorem 7], and a version for compact homogeneous
manifolds by M. Bjorklund and A. Fish [2009, Lemma 2.1].

We apply the above mean ergodic theorem (Theorem 3.1) to get a Wiener-type theorem on compact
metrizable groups. This version differs from previous ones mainly in two aspects: firstly we don’t require
smoothness on spaces; secondly we use a different Fglner condition.

Theorem 4.1 (Wiener-type theorem for compact metrizable groups). Let G be a compact metrizable
group. Given y in G and a right Fplner sequence {F,,}° | of G, for a finite Borel measure . on G one has

. 1 aNTET . 1 a2 _ 2
Jim XFjda D REDUEM=ply) and - lim = ) da ) R@EHP= )l
ae

1<i,j<dy aekF, 1<i,j<dy xeG

Hence, | is continuous if and only if
. 1 aNi2
Jim e Y e ) IR =0.
aekF, 1<i,j<dy

Here the u;?‘j are the matrix coefficients of the irreducible unitary representation « of G; see Section 2
for the precise definition.
The paper is organized as follows.
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In Section 2, we collect some basic facts in compact quantum group theory. In Section 3, we prove the
mean ergodic theorem, i.e., Theorem 3.1. As a consequence, we obtain Corollary 3.7, which is used in
Section 4 to prove Theorem 4.1.

2. Preliminaries

Conventions. Within this paper, we use B(H, K) to denote the space of bounded linear operators from a
Hilbert space H to another Hilbert space K, and B(H) stands for B(H, H).

A net {T,} C B(H) converges to T € B(H) under the strong operator topology (SOT) if T)x — Tx
for every x € H, and {7} converges to T € B(H) under the weak operator topology (WOT) if
(hx,y) —> (Tx,y)forall x, y e H.

The notation A ® B always means the minimal tensor product of two C*-algebras A and B.

For a state ¢ on a unital C*-algebra A, we use L?(A, ¢) to denote the Hilbert space of Gelfand—
Neimark—Segal (GNS) representations of A with respect to . The image of @ € A in L>(A, ¢) is denoted
by a.

In this paper all C*-algebras are assumed to be unital and separable.

Some facts about compact quantum groups. Compact quantum groups are noncommutative analogues
of compact groups. They were introduced by S. L. Woronowicz [1987; 1998].

Definition 2.1. A compact quantum group is a pair (A, A) consisting of a unital C*-algebra A and a
unital x-homomorphism
A:A—> AQA

such that
(1) (d®A)A =(A®id)A;
(2) A(A)(1® A) and A(A)(A® 1) are dense in A ® A.
One may think of A as C(G), the C*-algebra of continuous functions on a compact quantum space G
with a quantum group structure. In the rest of the paper we write a compact quantum group (A, A) as G.

The x-homomorphism A is called the coproduct of G.
There exists a unique state 4 on A such that

(h®id)A(a) = (id ®h) A(a) = h(a)l4

for all @ in A. The state & is called the Haar measure of G. Throughout this paper, we use /& to denote it.
For a compact quantum group G, there is a unique dense unital x-subalgebra { of A such that:

(1) A maps from A to o © A (the algebraic tensor product).

(2) There exists a unique multiplicative linear functional ¢ : s — C and a linear map « : s{ — s such
that (¢ ®id)A(a) = (1Id®e)A(a) =a and m(k ®id)A(a) = m(id R«)A(a) = e(a)l for all a € A,
where m : A © A — s is the multiplication map. The functional ¢ is called the counit and « the
coinverse of C(G).
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Note that ¢ is only densely defined and not necessarily bounded. If ¢ is bounded and # is faithful
(h(a*a) = 0 implies a = 0), then G is called coamenable [Bédos et al. 2001]. Examples of coamenable
compact quantum groups include C(G) for a compact group G and C*(I') for a discrete amenable
group I'.

A nondegenerate (unitary) representation U of a compact quantum group G is an invertible (unitary)
element in M (K (H) ® A) for some Hilbert space H satisfying that Uj,U;3 = (id @ A)U. Here K (H) is
the C*-algebra of compact operators on H and M (K (H) ® A) is the multiplier C*-algebra of K (H) ® A.

We write Uy and Ujs, respectively, for the images of U by two maps from M(K(H) ® A) to
M(K(H) ® A® A), where the first one is obtained by extending the map x — x ® 1 from K(H)® A
to K(H) ® A® A, and the second one is obtained by composing this map with the flip on the last two
factors. The Hilbert space H is called the carrier Hilbert space of U. From now on, we always assume
representations are nondegenerate. If the carrier Hilbert space H is of finite dimension, then U is called a
finite-dimensional representation of G.

For two representations U; and U, with the carrier Hilbert spaces H; and H,, respectively, the set of
intertwiners between U and U,, Mor(Uy, U,), is defined by

Mor(Uy, Uz) ={T € B(Hi, H>) | (T @ YU, = U2(T @ )}.

Two representations U; and U, are equivalent if there exists a bijection T in Mor(U1, U,). A representation
U is called irreducible if Mor(U, U) = C.

Moreover, we have the following well-established facts about representations of compact quantum
groups:

(1) Every finite-dimensional representation is equivalent to a unitary representation.

(2) Every irreducible representation is finite-dimensional.

Let G be the set of equivalence classes of irreducible unitary representations of G. For every y € G, let
U” € y be unitary and H, be its carrier Hilbert space with dimension d,,. After fixing an orthonormal
basis of H,, we can write U? as (u?})lsi,jsdy with uz./j € A, and

dV
YN Y Y
Awl) =) ul,®uy
k=1

foralll1<i,j<d,.

The matrix U? is still an irreducible representation (not necessarily unitary) with the carrier Hilbert
space H y- It is called the conjugate representation of U” and the equivalence class of U7 is denoted
by v.

Given two finite-dimensional representations « and 8 of G, fix orthonormal bases for o and 8 and
write & and B as U and U# in matrix forms, respectively. Define the direct sum, denoted by o + S, as
the equivalence class of unitary representations of dimension d, + dg given by

Uu* 0
0o Ut)
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and the tensor product, denoted by a3, is the equivalence class of unitary representations of dimension d,dg
whose matrix form is given by U = U 5 Ug.
The character x («) of a finite-dimensional representation « is given by

do

X(oz)=2u§?‘i-

i=1
Note that x () is independent of the choice of representatives of «. Also we have || x («)| < dg, since
ZZ"ZI usy (u$)* =1 for every 1 <i <d,. Moreover,

xa@+pB)=x@+x(B), x@B)=x@x(PB) and x(@)*=x@)

for finite-dimensional representations « and S.

Every representation of a compact quantum group is a direct sum of irreducible representations. For
two finite-dimensional representations o and §, denote by N Z p the number of copies of y € G in the
decomposition of a8 into a sum of irreducible representations. Hence,

ap=) Ny
-

We have the Frobenius reciprocity law [Woronowicz 1987, Proposition 3.4; Kyed 2008, Example 2.3]

Y _ no  _ aB
Nyg= N%B =Ng,
forall o, B,y € G.
Throughout, we assume that A = C(G) is a separable C*-algebra, which amounts to saying G is

countable.

Definition 2.2 [Kyed 2008, Definition 3.2]. Given two finite subsets S and F of G , the boundary of F
relative to S, denoted by d5(F'), is defined by

85(F)={aeF|N£y>0forsome yeS,ﬁ¢F}U{a§éF|Nofiy>0 for some y € S, B € F}.

The weighted cardinality | F|,, of a finite subset F' of G is given by
|Flw=>_d..
aeF
D. Kyed proves a compact quantum group G is coamenable if and only if there exists a Fglner sequence
inG.
Theorem 2.3 (Fglner condition for amenable discrete quantum groups [Kyed 2008, Corollary 4.10]). A
compact quantum group G is coamenable if and only if there exists a sequence {F,}7° | (a right Folner

sequence) of finite subsets of G such that

5 [0s (Fi) |w
im ——— =

n—>00 | Fyly

for every finite nonempty subset S of G.
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3. Mean ergodic theorem for amenable discrete quantum groups

In this section we prove the generalized mean ergodic theorem.

899

Theorem 3.1. Let G be a coamenable compact quantum group with counit & and {F,}° | be a right

Fglner sequence of G. Fora representation w : A = C(G) — B(H), we have

1
lim
n—>00 | Fy |y

Y dom(x(@) =P

aeF,

under the strong operator topology, where P is the orthogonal projection from H onto
Hiyw={x € H|n(a)x =¢(a)x forall a € A}.
We divide the proof into two major steps:

Step 1. We show that Hip,y = K for K ={x € H | n(x(a))x =dyx forall o« € 6}.

(3-1)

Step 2. The sequence {(l/IFn [w) Zaan dom(x (oa))}:il converges to the projection from H onto K.

Proof of Step 1 for Theorem 3.1. We proceed via two lemmas:

Lemma 3.2. If a state ¢ on A = C(G) for a compact quantum group G satisfies that ¢ (x (®)) = d for

all « € G, then Y =c¢.

Proof. 1t suffices to show that <p(u;?‘j) = §;; forevery a € G and an arbitrary unitary U = (u?;)lsi, j<d, €CL.

Let ¢(U) be the matrix ((p(uf‘j)) in My, (C). Note that ¢ is a state, hence completely positive. By a

generalized Schwarz inequality of M. Choi [1974, Corollary 2.8], we have

e(U)p(U™) <pUU") =1.

Let Tr be the normalized trace of My, (C). Since ¢ (x («)) = dy, we get Tr(o(U)) = 1. It follows that

0 < Tr((p(U) — D(pU) — 1)%)
=Tr(p(WeU)" —U)" —pU) + 1)
=Tr(p(U)pU)") — 1
=Tr(p(U)p(U™)) — 1
<Tr(e(UU*))—1=0.

Hence, Tr(((p(U) —D(pU) — 1)*) = 0, which implies that ¢(U) = 1. This ends the proof.

Lemma 3.3. Let 7 : A= C(G) - B(H) be a representation. Then

Hyw=K={xe H|n(x(a)x =dyx forall a € 6}.

Proof. Note that e(x (o)) =d, for all @ € G [Woronowicz 1998, Formula (5.11)]. Hence H;,y € K.

To show K C Hj,y, we can assume K # 0 without loss of generality.
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Let x € K be an arbitrarily chosen unit vector. By Lemma 3.2, the state ¢, defined by ¢, (a) = (7w (a)x, x)
forall a € A is ¢, since ¢, (x () = d, for all @ € G.
For every a € A, we have
|7 (@)x — e(@)x|* = (w(@)x — e(a)x, w(a)x — e(a)x)
= (m(a)x, w(a)x) — (e(a)x, w(a)x) — (w(a)x, e(a)x) + (e(a)x, e(a)x)
= (m(a*a)x, x) — (e(a)m(@*)x, x) — e(a) (w(a)x, x) + |e(@)?
= &(a*a) —e(a)e(a®) — |e(@)]* + |e(a))?
=0.
This proves that K C Hj,y, and so concludes the proof of Step 1. O
Proof of Step 2 for Theorem 3.1. We start with a lemma:

Lemma 3.4. The orthogonal complement Hlﬂl‘v of Hiyy is

V = Span{n(x(@))x —dyx |@ € G, x € H}.
We need the following well-known fact in functional analysis:

Proposition 3.5. Suppose {T;}jc; is a family of bounded operators on a Hilbert space H. Then the
orthogonal complement of ) jes ker T is

ran{T]T" | jelJ},
the closed linear span of the ranges ran Tf of TJT“ forall jin J.

Proof of Lemma 3.4. Consider the family of operators {7 (x (@) —du},cg in B(H). These are self-adjoint
operators, since

(T (x (@) —do)* =7 (x (@) — da,
Applying Proposition 3.5 to {7 (x (@)) — du},cg gives the proof. U

Now we are ready to finish the proof of Theorem 3.1.
For every x € Hj,y and all n, we have

1 1
dom(x(a))x = d’x = x.
|Fn|wa§ ‘ |Fn|wa§ “

Next we show that

T3 |wazd W7t (X @)z = 0

for all z € V as n — oo. By Lemma 3.4, we only need to prove it for z of the form 7 (x (y))y —d, y for
every ye Hand y € G.
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Forevery ye H and y € G, we have

lim Y domt(x (@) (x(¥))y —dyy)

n—00 |Fn|w aeF,

=lim ——( ¥ + ¥ )dr@x()y—dody7(x(@)y
n=>00 [Fylw \qeFN\o,F,  acFind, Fy .
(by Theorem 2.3 and since x(a)x(y) = x(ay))

. 1 B
= lim Y dam(x(ay))y —dod,w(x(@)y  (ay= ) N, B when a € F,\d,F,)
n=00 | Fylw geF\, F, BEF,
1
=tim ——( ¥ Y AN By - Y dedm(i@)y)
n=00 | Fylw \ qeF\o, F, peF, ey a€F,\d, F, o
(NE,=Nj . and d, = dy)
1
= 1im ——( NGBy = Y dadym(x(@)y)
n—00 | Fyly aan\ayFnﬂ;n “hy aeF%;‘)yF,, o
= 1im ——( S ANy = ¥ | X+ ¥ N dsmx@)y)
n—o00 | Fy |y aeF,\d, F, BEF, aeF,\o, F, - BeF,  B¢F,
(exchange o and 8 in the second term)
=Jim (Y Y ANy - Y [T+ T N py)
nilw

aeF,\dy F, feEF, BeF\d, Fy-acF, agF,
(common terms are canceled)

1
= lim ( > Y. duNgm(x(B))y
n=00 | Fylu \aeFin, Fy BeFirn, Fy Py

— Y Y N ®)y— Y Ngsdem(x(B)y)
ﬂEFn\ayFnOlEanayFn BEFn\ayFnagéFn
=0.

Note that the last equality above holds since, by Theorem 2.3, we have the following:

1
() — Y Y dNgpmG By s T T deNjsdsllyl
| Fulw N4eF,\, F, peFyna, F, |Fulw geF,na, F, «<F,
1
< Y. dydylyl 0
|Fn|w BeF,N0, Fy
1 w 1 o
@O | T Ny = > N dadglly
nlw " BeF,\oy F, acF,No, F, nlw BeF,\o, F, acF,N0, F,

1
= > N dadgllyl
|Fulw geF,No, F, acF,n, F,

< > ddyllyll - 0;
|Fulw acFirn, F,
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3)

2. 2 Ngyda n(x(ﬂ))y” < >3 Ngsdadglyll

BEF\0, Fy a&F, |F lw peFNo, F, agF,
1

IF |w

- S NS dedglyl
[ Fulw per,\o, £y ag N =0

1
> Z Ng 5dedg|lyll
Fulw s, oz 07

1

<

= > d§d7||y||—>0 as n — oo.
|Fn|w Bedy Fy

This completes proof of Step 2 and therefore of Theorem 3.1. ]
For a representation 7 : B — B(H) of a unital C*-algebra B, define the commutant 7w(B)' of 7 (B) by
7(B) ={T € B(H) | Tnw(b) =n(b)T forall b € B}.
Corollary 3.6. In the setting of Theorem 3.1, the projection P is in w(A) N (A)SOT,

Proof. The left-hand side of (3-1) is in JT(A)SOT; hence, so is P. Moreover, for all x, y € H and a € A,
we have

(m(a)Px,y) =¢e(a){Px,y)
and
(Pr(a)x,y) = (m(a)x, Py) = (x,m(@*) Py) = (x, e(a*) Py) = e(a)(Px, y).
This proves P € w(A)’. O

As a consequence, we have the following:

Corollary 3.7. Assume that ¢ is a pure state on A = C(G) for a coamenable compact quantum group G
and {F,};° | is a right Fplner sequence of G. Then

. _J1 fe=e
nlggolFlwa;daw(X(a)) {O Fodte

Proof. When ¢ = ¢, we have e(x (@) =d, forall ¢ € G [Woronowicz 1998, Formula (5.11)]. Hence,

lim
n—o00 |F |w

Z dys (x () = 1.

Suppose ¢ # €.
Consider the GNS representation Ty A— B(LZ(A, ¢)). We have

lim
n—00 |F |w

Y dap(x(@) = lim

acF,

|F| Zd 7o (x (@)(1), 1) = (P(1), 1).

Hence, lim,,_, oo (1/| Fy,|w) Zaan dyo(x(a)) # 0 if and only if P(i) #0.
To prove limy,— oo (1/|Fylw) Zaan dyo(x(a)) =0 for ¢ # ¢, it suffices to prove P(i) =0.



MEAN ERGODIC THEOREM FOR AMENABLE DISCRETE QUANTUM GROUPS 903

Suppose P (1) #0. Then H;,, #0. By Corollary 3.6, the space Hiy,y is an invariant subspace of L%(A, ¢).
Note that m,, is irreducible since ¢ is a pure state. Hence Hjpy = L?(A, ¢). In particular, le Hi,,. Thus,
for all a € A, we have er(a)(i) = e(a)i. It follows that

p(a) = (my(a)(1), 1) = (e(@)1, 1) = e(a)

for all a € A, which contradicts that ¢ # . U

4. A Wiener-type theorem for compact metrizable groups

In this section, we prove the following Wiener-type theorem:

Theorem 4.1. Let G be a compact metrizable group. Given y in G and a right Fplner sequence {F,}72
of G, for a finite Borel measure 11 on G one has

. 1 O N O (1)) : 1 a2 2
lim ;da Z M(uij)uij(y)zu{y} and ’1li>n;°|Fn|w Zda Z e (ui;)1 ZZM{X}-

n—oo | F,
| ﬂlw 1Sls]SdOt OlEFn 151,]§du xeG

Hence,  is continuous if and only if

: 1 a2
i T 2 e 2 il =0.

ael, 1<i,j<dq

Here (u?“/.)li,-,jfda € M,,(C(G)) stands for a unitary matrix presenting o € G.

From now on G stands for a compact metrizable group. When thinking of G as a compact quantum
group, the coproduct
A:C(G)— C(G)®C(G)

is given by A(f)(x, y) = f(xy), the coinverse x : C(G) — C(G) is given by « (f)(x) = f(x~1) and the
counit ¢ : C(G) — Cis given by e(f) = f(eg) forall f € C(G) and x, y € G. Here, e is the neutral
element of G.

Definition 4.2. Given a finite Borel measure u on G, the conjugate i of p is defined by
RN = [ £t = p()
G

for all f € C(G), and ji is also a finite Borel measure on G. In other words, i(E) = w(E~") for every
Borel subset E of G.

For x € G, use §, to denote the Dirac measure at x.
The convolution u * v of two finite Borel measures ¢ and v on G is defined by

p*v(f) = (uv)A(Sf) = fG /G f(xy)dp(x)dv(y)
for all f € C(G). For every Borel subset E of G, we have

u*v(E):/Gv(x—‘mdum=/Gu(Ey—‘)dv<y>.
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If either w or v is continuous, then so is u * v.
We can write a finite Borel measure it on G as . = Zi Aidy, + pc for every atom x; with pu{x;} = A;
and a finite continuous Borel measure .

Lemma 4.3. Let u be a finite Borel measure on G and {F,}>° | be a right Folner sequence of G. Then

1
lim
n—o0 | Fy

D dat(x (@) = pleg}.

ack,

Proof. By Corollary 3.7, the sequence {(1 /N Fulw) Y e F, dyx (a)(x)} C C(G) converges pointwise to 1.,
(the characteristic function of {eg}). The terms of the sequence are bounded by 1 for all x € G; hence, by
Lebesgue’s dominated convergence theorem [Rudin 1987, Theorem 1.34], we have

1 , 1
Jim o D dap (@) = lim | e D dax @) du()
a€eF, a€F,

1
_ /G fim 3" dox (0 (x) dpex)
eF,

n—>00 | Fy |y

= [ tepdu=ntec) 0
G
Proof of Theorem 4.1. Given a finite Borel measure 1« on G and y € G, consider the measure w * §,-1. By
Lemma 4.3, we have

1
lim
n—o0 | Fy |y,

Y dapx 8y 1 (x (@) = px8y-ifeq).

aeF,

Note that
u*dy-1(x (@) = /G fG X (o) (xz) du(x) ddy-1(z)

= /G x (@) (xy ") du(x)

= > uiGy Hdu)

G 1<i<d,

= > D ul@usioThdu)

G l<i<d, 1<j<dy

= Z Z u?‘j(x)bmdﬂ(x)-

O l<izd, 1<j=dy
Moreover,

prdteat= [ [ 1o due) a5, = [ 1t duto = uty)

This completes the proof of the first part.
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Applying Lemma 4.3 to u * &, we have

1
lim
n—>00 | Fyly

D datx A(x(@) = px fileg).

aeF,
Since u =) x; atoms Ai0x; + e with A; = pufx;} and pc a finite continuous Borel measure, we have
i= Z Aiby, + Tic = Z %i8, 1 + ic

Xx; atoms X; atoms

Hence,
WL = Z inx,(sxi #8,1+ inaxi * Iic + Z,\,Mc %81 F e e
i Jj 1 J

Note that ), A8y, * ftc + Zj Ajlc * ij4 + e * (e is a finite continuous measure and

Z)»i)\jgxi *5xj—1 = Z)‘i)‘f(SXfx;l‘
i,] LJ

It follows that

priilegh= ) A= ) nlu)=) ulx)

Xx; atoms Xx; atoms xeG

On the other hand,
o ia(x (o)) = /G fG x (@) (xy) du(x)dia(y)

_ / / K@)y ™) dp(x) de(y)
GJG

= @xyHd d
/G/G > ey dpx) du(y)

1<i<dy,

Z// Z Z ”?;(x)u?i(y_l)dﬂ(x)du(y)
GJG

I<i=dy 1<j=<dqy

=2 > / 5 (x) dpa(x) f W) du(y)
G G

I<i<dy 1<j<dy
2
= > In@)l
1<i,j<dqy

This ends the proof of the first part, and the second follows immediately. (I
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RESONANCE FREE REGIONS FOR NONTRAPPING MANIFOLDS WITH CUSPS

KIRIL DATCHEV

We prove resolvent estimates for nontrapping manifolds with cusps which imply the existence of arbitrarily
wide resonance free strips, local smoothing for the Schrodinger equation, and resonant wave expansions.
‘We obtain lossless limiting absorption and local smoothing estimates, but the estimates on the holomor-
phically continued resolvent exhibit losses. We prove that these estimates are optimal in certain respects.

1. Introduction

Resonance free regions near the essential spectrum have been extensively studied since the foundational
work of Lax and Phillips and of Vainberg. Their size is related to the dynamical structure of the set of
trapped classical trajectories. More trapping typically results in a smaller region, and the largest resonance
free regions exist when there is no trapping.

Example. Let H? be the hyperbolic upper half plane. Let (X, g) be a nonpositively curved, compactly
supported, smooth, metric perturbation of the quotient space (z — z + 1)\H?. As we show in Section 2D,
such a surface has no trapped geodesics (that is, all geodesics are unbounded).

Let (X, g) be as in the example above, or as in Section 2A, with dimension 7 4 1 and Laplacian A > 0.
The resolvent (A — %nz — 02)_1 is holomorphic for Imo > 0, except at any o € iR such that 02 + %nz
is an eigenvalue, and has essential spectrum {Im o = 0}; see Figure 1.

Theorem. Forall x € C0°° (X)), there exists My > 0 such that for all M| > 0 there exists M, > 0 such
that the cutoff resolvent X(A — %nz — 02)_1 X continues holomorphically to {|Rec| > M,, Imc > —M;},

where it obeys the estimate

[x(a =51 =0) "t L2y L20x) = Malo MO, (1-1)

In the example above, and in many of the examples in Section 2D, x (A — %nz —02)_1 X is meromorphic

in C. The poles of the meromorphic continuation are called resonances.

Logarithmically large resonance free regions go back to work of Regge [1958] on potential scattering.
In the setting of obstacle scattering they go back to work of Lax and Phillips [1989] and Vainberg [1989],
whose results were generalized by Morawetz, Ralston and Strauss [1977] and Melrose and Sjostrand
[1982]. When X is Euclidean outside of a compact set, they have been established for very general
nontrapping perturbations of the Laplacian by Sjostrand and Zworski in [2007, Theorem 1], which
extends earlier work of Martinez [2002] and Sjostrand [1990]. More recently, Baskin and Wunsch [2013],

MSC2010: 58]50.
Keywords: cusp, resonances, resolvent, scattering, waves.
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X X Reo

N

X X 8 8 X X —M
Figure 1. We prove that the cutoff resolvent continues holomorphically to arbitrarily
wide strips and obeys polynomial bounds.

Galkowski and Smith [2015], and Galkowski [2015; 2016] have weakened slightly the sense in which
the perturbation must be nontrapping. These works give a larger resonance free region and a stronger
resolvent estimate than the Theorem above, but require asymptotically Euclidean geometry near infinity.
On the other hand, as shown in recent work of Datchev, Kang and Kessler [2015], nontrapping manifolds
with cusps which are merely C!>! (and not C*®) do not have arbitrarily wide resonance free strips as in
the Theorem.

The manifolds considered in this paper are nontrapping, but the cusp makes them not uniformly so:
for a sufficiently large compact set K C X, we have

sup diam y~1(K) = 400,

yel
where I is the set of unit-speed geodesics in X . This is because geodesics may travel arbitrarily far into
the cusp before escaping down the funnel; this dynamical peculiarity makes it difficult to separate the
analysis in the cusp from the analysis in the funnel and is the reason for the relatively involved resolvent
estimate gluing procedure we use below.

Resonance free strips also exist in some trapping situations, with width determined by dynamical
properties of the trapped set. These go back to work of Ikawa [1982], with recent progress by Non-
nenmacher and Zworski [2009; 2015], Petkov and Stoyanov [2010], Alexandrova and Tamura [2011],
Wunsch and Zworski [2011], Dyatlov [2015b], and Dyatlov and Zahl [2015]. Resonance free regions and
resolvent estimates have applications to evolution equations, and this is an active area: examples include
resonant wave expansions and wave decay, local smoothing estimates, Strichartz estimates, geometric
control, wave damping, and radiation fields [Burq 2004; Burq and Zworski 2004; Bony and Héfner 2008;
Guillarmou and Naud 2009; Christianson 2009; Burq, Guillarmou and Hassell 2010; Dyatlov 2012;
2015a; Melrose, S4 Barreto and Vasy 2014; Christianson, Schenck, Vasy and Wunsch 2014; Wang 2014];
see also [Wunsch 2012] for a recent survey and more references. In Section 7 we apply (1-1) to local
smoothing and resonant wave expansions.

If (X, g) is evenly asymptotically hyperbolic (in the sense of Mazzeo and Melrose [1987] and Guillar-
mou [2005]) and nontrapping, then for any M; > 0 there is M, > 0 such that

Hx(A— %nz _02)_1XHL2(X)—>L2(X) < M,lo|™!, |Reo|> M, Imo > —M;, (1-2)
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by work of Vasy [2013, (1.1)] (see also the analogous estimate for asymptotically Euclidean spaces by
Sjostrand and Zworski [2007, Theorem 1'], and related but slightly weaker estimates for more general
asymptotically hyperbolic and conformally compact manifolds by Wang [2014] and S4 Barreto and
Wang [2015]).

The bound (1-1) is weaker than (1-2) due to the presence of a cusp. Indeed, by studying low angular
frequencies (which correspond to geodesics which travel far into the cusp before escaping down the
funnel) in Proposition 8.1 we show that if (X, g) = (z — z + 1)\H?, then

HX(A— %nz _‘72)_1XHL2(X)—>L2(X) > e—C|ImU||O—|—1+2|ImU|/C (1-3)

for o in the lower half-plane and near, but bounded away from, the real axis.

The lower bound (1-3) gives a sense in which (1-1) is optimal, but finding the maximal resonance free
region remains an open problem. The only known explicit example of this type is (X, g) = (z+> z+1)\H?,
for which Borthwick [2007, §5.3] expresses the resolvent in terms of Bessel functions and shows there is
only one resonance and it is simple (see also Proposition 8.1). On the other hand, Guillopé and Zworski
[1997] study more general surfaces, and prove that if the 0-volume is not zero, then there are infinitely
many resonances and optimal lower and upper bounds hold on their number in disks. We apply their
result to our setting in Section 2D, giving a family of surfaces with infinitely many resonances to which
our Theorem applies, but it is not clear even in this case whether or not the resonance free region given
by the Theorem is optimal. The delicate nature of this question is indicated by the result in [Datchev,
Kang and Kessler 2015] showing that nontrapping manifolds with cusps which are merely C!>! (and not
C°°) do not have arbitrarily wide resonance free strips.

Cardoso and Vodev [2002, Corollary 1.2], extending work of Burq [1998; 2002], proved resolvent
estimates for very general infinite-volume manifolds (including the ones studied here; note that the
presence of a funnel implies that the volume is infinite) which imply an exponentially small resonance
free region. Our Theorem gives the first large resonance free region for a family of manifolds with cusps.

For Imo = 0, (1-1) is lossless; that is to say it agrees with the result for general nontrapping operators
on asymptotically Euclidean or hyperbolic manifolds (see [Cardoso, Popov and Vodev 2004, (1.6)] and
references therein). However, if (X, g) is asymptotically Euclidean or hyperbolic in the sense of [Datchev
and Vasy 2012a, §4], then the gluing methods of that paper show that such a lossless estimate for Imo =0
implies (1-2) for some M; > 0; see [Datchev 2012]. In this sense it is due to the cusp that O(|o|~!)
bounds hold for Im o = 0 but not in any strip containing the real axis.

The Theorem also provides a first step in support of the following:

Conjecture (fractal Weyl upper bound). Let I" be a geometrically finite discrete group of isometries of
H™ 1 such that X = T\H"*! is a smooth noncompact manifold. Let R(X) denote the set of eigenvalues
and resonances of X included according to multiplicity, let K C T* X be the set of maximally extended,
bounded, unit speed geodesics, and let m be the Hausdorff dimension of K. Then for any Cy > 0 there is
Ci > 0 such that, forr € R,

#oe R(X):lo—r|<Cy} =Ci(1 + |r|)(m—1)/2'
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This statement is a partial generalization to the case of resonances of the Weyl asymptotic for eigenvalues
of a compact manifold; such results go back to work of Sjostrand [1990]. If I'\H”*! has funnels but no
cusps, this is proved in [Datchev and Dyatlov 2013] (generalizing earlier results of Zworski [1999] and
Guillopé, Lin and Zworski [2004]); if X = F\I]-I]2 has cusps but no funnels, this follows from work of
Selberg [1990]. When 7 = 1 the remaining case is I"\H? having both cusps and funnels. The methods of
the present paper, combined with those of [Sjostrand and Zworski 2007; Datchev and Dyatlov 2013],
provide a possible approach to the conjecture in this case. When n > 2, cusps can have mixed rank, and
in this case even meromorphic continuation of the resolvent was proved only recently by Guillarmou and
Mazzeo [2012].

In Section 2 we give the general assumptions on (X, g) under which the Theorem holds, and deduce
consequences for the geodesic flow and for the spectrum of the Laplacian. We then give examples
of manifolds which satisfy the assumptions, including examples with infinitely many resonances and
examples with at least one eigenvalue.

In Section 3 we use a resolvent gluing method, based on one developed in [Datchev and Vasy 2012a],
to reduce the Theorem to proving resolvent estimates and propagation of singularities results for three
model operators. The first model operator is semiclassically elliptic outside of a compact set, and we
analyze it in Section 4 following [Sjostrand and Zworski 2007] and [Datchev and Vasy 2012a].

In Section 5 we study the second model operator, the model in the cusp. We use a separation of
variables, a semiclassically singular rescaling, and an elliptic variant of the gluing method of Section 3 to
reduce its study to that of a family of one-dimensional Schrodinger operators for which uniform resolvent
estimates and propagation of singularities results hold. The rescaling causes losses for the resolvent
estimate on the real axis, and we remove these by a noncompact variant of the method of propagation of
singularities through trapped sets developed in [Datchev and Vasy 2012b]. The lower bound (1-3) shows
that these losses cannot be removed for the continued resolvent; see also [Bony and Petkov 2013] for
related and more general lower bounds in Euclidean scattering.

In Section 6 we study the third model operator, the model in the funnel, and we again reduce to a family
of one-dimensional Schrodinger operators. To obtain uniform estimates we use a variant of the method of
complex scaling of Aguilar and Combes [1971] and Simon [1972], following the geometric approach
of Sjostrand and Zworski [1991]. The method of complex scaling was first adapted to such families of
operators by Zworski [1999], but we use here the approach of [Datchev 2010], which is slightly simpler
and is adapted to nonanalytic manifolds. The analysis in this section could be replaced by that of [Vasy
2013], which avoids separating variables; the advantage of our approach is that it gives an estimate in a
logarithmically large neighborhood of the real axis (although this does not make a difference here) and
also requires less preliminary setup.

In Section 7 we apply (1-1) to local smoothing and resonant wave expansions. For the latter we need
the additional assumption, satisfied in the example above and in many of the examples in Section 2D,
that X(A — %nz — 02)_1)( is meromorphic in C. In Section 8 we prove (1-3) using Bessel function
asymptotics.
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2. Preliminaries

Throughout the paper C > 0 is a large constant which may change from line to line, and estimates are
always uniform for 4 € (0, hg], where /¢ > 0 may change from line to line.

2A. Assumptions. Let S be a compact manifold (without boundary) of dimension 7, and let
X =R, xS.
Let Rg > 0, and let g be a Riemannian metric on X such that
gligrspryy =dr? +e2 P gs, -1

where dS and dS_ are metrics on S, Ry > 0 and B € C*°(R). We call the region {r < —Rg} the cusp,
and the region {r > Ry} the funnel; see Figure 2.

Suppose there is 6y € (O, %) such that 8 is holomorphic and bounded in the sectors where |z| > Ry
and min{|arg z|, |arg(—z)|} < 26. By Cauchy estimates, for all k € N there are C, Cj > 0, such that if

|z| > Rg and min{|arg z|, |arg(—z)|} < 6o, then
BB (2)] < CrlzI7%, IIm B(z)| < ClImz|/z].

In particular, after possibly redefining Rg to be larger, we may assume without loss of generality that, for
all r € R,
18"+ B"(r)] < - (2-2)
In the example at the beginning of the paper 8 = 0. When the funnel end is an exact hyperbolic funnel,
B(r) = C +log(l +e~2") for r > R,.
We make two dynamical assumptions: if y : R — X is a maximally extended geodesic, assume y (R)
is not bounded and y ! ({r < —R ¢)) is connected. See Section 2D for examples.

— —

cusp ={r < —Rg} funnel = {r > R,}

Figure 2. The manifold X.
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2B. Dynamics near infinity. Let p +1 € C°°(T*X) be the geodesic Hamiltonian; that is,
D= e 2B,

in the region {£r > Rg}, where p is dual to r, and o+ is the geodesic Hamiltonian of (S, dS+). From
this we conclude that, along geodesic flow lines, we have

F(6) = Hpp =2p(t),  p(t) = —Hpr =21+ B'(r(1)]e > HPTDo
so long as the trajectory remains within {£r > Rg}. In particular,
F0) =41+ B/ ()2 =0, (2-3)
Dividing the equation for p by p 4+ 1 — p?, putting p = p/ \/m , and integrating we find

—1 A —1 Ay Lo 3 r(t)—r(0)
tanh™ " p(¢) —tanh™ " p(0) =2+/p + l(t —I—/O B'(r(s)) ds) > 1 max(p(s) s €.} 2-4

where the equality holds so long as the trajectory remains in {&r > Ry}, and the inequality (which
follows from (2-2) and the equation for 7) holds when additionally ¢ > 0, p(0) > 0.

2C. The essential spectrum and semiclassical formulation of the problem. The nonnegative Laplacian
is given by

A|{i">Rg} = DI% _in(l + IBI(V))Dr + 3_2(r+ﬂ(r))ASi,
where D, = —id,, and Ag_ is the Laplacian on (S, dS+). Fix ¢ € C°°(X) such that

Oliiri>Rey = 31 + B(r)). (2-5)

Then

(e Ae = D2 4+ 20 TPIIAg 4+ 102 1V (), (2-6)

—¢
MNitrsre)
where
V() =¢" +¢% —jn’ = §np" + Jn* B + g0

This shows that the essential spectrum of A is [%nz, oo) (see for example [Reed and Simon 1978,

Theorem XIII.14, Corollary 3]); the potential perturbation V is relatively compact since B’ and B” tend
to zero at infinity (see for example Rellich’s criterion [ibid., Theorem XIII.65]).
In this paper we study

P:=h*(e?Ae ™ —1n?) —1. 2-7)
This is an unbounded selfadjoint operator on Lé(X ):={e®u:u e L*(X)} with domain
H}(X):={ueL}(X):e?Ae™Pue LL(X)}={e?u:uc H*(X)}.

Over the course of Sections 3—6 we will prove the following:
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Proposition 2.1. For every x € C§°(X), E € (0, 1) there exists Cy > 0 such that for every I' > 0 there
exist C, ho > 0 such that the cutoff resolvent y(P — 1)~ ! x continues holomorphically from {Im A > 0} to
[—E, E]—i[0, Th] and satisfies

(P — )\)—1 X||L%(X)—>L(%(X) < Ch—1=CollmA|/h (2-8)
uniformly for L € [—E, E]—i[0,Th]and h € (0, hy].

This implies the Theorem.

2D. Examples. In this section we give a family of examples of manifolds satisfying the assumptions
of Section 2A. I am very grateful to John Lott for suggesting this family of examples. In this section
dg(p,q) denotes the distance between p and ¢ with respect to the Riemannian metric g, and Lg(c)
denotes the length of a curve ¢ with respect to g.

Let (H"*1, g;) be hyperbolic space with coordinates

(r,y) eRxR",  gp:=dr’+e* dy*.
Let (X, g5) be a parabolic cylinder obtained by quotienting the y variables to a torus:
X:=Rx((y>y+ci,....y > y+c)\R"),

where the ¢; are linearly independent vectors in R”. Let Ry > 0, put dS4+ = dS_ = dy?, and take
B € C*°(R) satisfying all assumptions of Section 2A, including (2-2). On {|r| > Rg} define g by (2-1),
and on {|r| < Rg} let g be any metric with all sectional curvatures nonpositive. The calculation in the
Appendix shows that the sectional curvatures in {|r| > Rg} are nonpositive so long as (2-2) holds.

The two dynamical assumptions in the last paragraph of Section 2A will follow from the following
classical theorem (see for example [Bridson and Haefliger 1999, Theorem III.H.1.7]).

Proposition 2.2 (stability of quasigeodesics). Let (H"T!, g) be the (n+1)-dimensional hyperbolic
space, let p,q € H" 1, and let yy, : [t1, 2] — H"T! be the unit-speed geodesic from p to q. Suppose
¢ [t1, ;] = W satisfies c(t1) = p, c(t2) = q, and there is C; > 0 such that

1
A t'] < dg, (c(1).c(t")) = Cilt = 1| (2-9)
forallt,t’ €[ty,t,]. Then
max dg, (yp(t),c(t)) = Cy, (2-10)
tefty,0]

where Cy depends only on C.
To apply this theorem, observe first that just as g descends to a metric on X, so g lifts to a metric

on H"*1; call the lifted metric g as well. Observe there is Cg such that

1
C—gh(u,u)fg(u,u)Sngh(u,u), ueTyX, xeX. (2-11)
g
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Indeed, for x varying in a compact set this is true for any pair of metrics, and on {|r| > R} it suffices if
Ce > e2max Bl We will show that if ¢ is a unit-speed g-geodesic in H", then (2-9) holds with a constant C;
depending only on Cg. Since both g and g, have nonnegative curvature and hence distance-minimizing
geodesics, it is equivalent to show that

1

& e(.4) = dgy (p.0) = Crdg(p.9) (-12)

holds for all p,q € H"*!, with a constant C; which depends only on Cg. For this last we compute as
follows: let y be a unit-speed g-geodesic from p to ¢g. Then

123 153
dg,(p.q) < Lg, (y) = / Ve, y)de < / VCeg(7.¥)di = /Cq Lg(y) = \/Cedg(p.q).

This proves the second inequality of (2-12), and the first follows from the same calculation since (2-11) is
unchanged if we switch g and gj,.
Let y : R — X be a g-geodesic and y;, : R — X a gjp-geodesic. For any x € X we have

Jim dg, (ya(1), x) = lim_dg(yy(1), x) = oo,

and by (2-10) the same holds if yy, is replaced by y. In particular y (R) is not bounded.

We check finally that y ~! ({r < —Rg}) is connected. It suffices to check that if instead y : R — H"*!
is a g-geodesic, then y ! ({r < —N}) is connected for N large enough, with N independent of y. We
then conclude by redefining Ry to be larger than V.

We argue by way of contradiction. From (2-3) we see that 7 () is nondecreasing along y in {r < —Rg}.
Hence, if y 1 ({r < —N?}) is to contain at least two intervals for some N > Ry, there must exist times
t1 <ty <tzsuchthatr(y(#1)),r(y(t3)) <—N and r(y(f2)) = —Rg. Now the gj;-geodesic yj, :[t1, t3] = H"
joining y(#1) to y(t3) has r(y,(¢)) < —N for all t € [t1, #3]). It follows that dg, (Y5 (%2), y(t2)) > N — Ry,
and if V is large enough this violates (2-10).

2D1. Examples with infinitely many resonances. In this subsection we specialize to the case n = 1,
B(r) =0 for r < —Rg, B(r) = Bo +log(l +e~2") for r > R, and for some By € R. Then the cusp and
funnel of X are isometric to the standard cusp and funnel obtained by quotienting H? by a nonelementary
Fuchsian subgroup (see, e.g., [Borthwick 2007, §2.4]; note that the funnel end is slightly different here
than in the example at the beginning of the paper).

In particular there is / > 0 such that

X =R, x(R/1Z);, glysr,y = dr* +cosh? rdt?.
If (Xo. g0) =[0,00) x (R/[Z), go = dr? + cosh? r dt?, then the 0-volume of X is

0-vol(X) & voly (X N {r < Rg}) —volgy (Xo N {r < Rg}).

Let Ry (o) denote the meromorphic continuation of X(A — % — 02)_1 x- In this case, Ry(0) is

meromorphic in C [Mazzeo and Melrose 1987; Guillopé and Zworski 1997], and near each pole oy we
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have
k

A4j
Ry(0) = X(; ©—00) + A(U))X,
where the 4; : chomp(X ) — L1200 (X)) are finite rank and A (o) is holomorphic near og. The multiplicity
of a pole, m(0yp) is given by

k
m(o) défrank( Z Aj).
ji=1
Proposition 2.3 [Guillopé and Zworski 1997, Theorem 1.3]. If 0-vol(X) # 0, then there exists a con-
stant C such that
M/C< Y m()<CA* A>C.
lo|<A

We can ensure that 0-vol(X) # 0 by adding, if necessary, a small compactly supported metric

perturbation to g. Then, as A — oo, the meromorphic continuation of R, will have ~ A2-many poles in a

disk of radius A, but none of them will be in the strips (1-1).

2D2. Examples with at least one eigenvalue. In this subsection we consider examples of the form

r

X =RxR"/7"), g:= dr2+exp(2r+2/

—0o0

b) dy?, beCP(R). (2-13)

Asin (2-3), we have i’ = 4(1 +b(r))e_2(’+fr b) ¢, and this is nonnegative as long as b > —1; consequently,
as long as b > —1 the assumptions of Section 2A hold. We will give a sufficient condition on b such that
X has at least one eigenvalue, and also infinitely many resonances.

By the calculation in Section 2C, if ¢(r) := %(r + f_roo b) for all r € R, then

ePNe? = D2+ e 20 D Ay + 10 £V (), V()= tnb (1) + 1n?b(r)? + 1nb(r).

Note V' € Cg°(R), and consequently (see for example [Reed and Simon 1978, Theorem XIII.110])
D? + V(r) has a negative eigenvalue provided V # 0 and [V <0; it suffices for example to take b < 0.
But Zworski [1987, Theorem 2] has shown that if V % 0, then D2 + V(r) has infinitely many resonances:
indeed, the number in a disk of radius A is given by

%(diam supp V)L +o0(X), A — oco.

This eigenvalue and these resonances correspond to an eigenvalue and resonances for A: one multiplies
the eigenfunction and resonant states by e® and regards them as functions on X which depend on r only.

In summary, if (X, g) is given by (2-13), then the assumptions of Section 2A hold if » > —1. It has
infinitely many resonances and at least one eigenvalue if additionally b #£ 0, b < 0.

2E. Pseudodifferential operators. In this section we review some facts about semiclassical pseudo-
differential operators, following [Dimassi and Sjostrand 1999; Zworski 2012; Dyatlov and Zworski
2016].
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2E1. Pseudodifferential operators on R". Form € R, § € [O, %) let S§"(R") be the symbol class of
functions a = ay(x, €) € C°(T*R") satisfying

1025l < Cy gh=20l+IBD (1 4 |5 2)(n—1AD2 (2-14)

uniformly in 7*R". The principal symbol of a is its equivalence class in S§"(R")/ 1S g"_l (R™). Let
ST™R™) = SI(RY).
We quantize a € S§"(R") to an operator Op(a) using the formula

1

Op@(x) = (5

// I E gy (x E)u(y) dy (2-15)

and put ¥§"(R") = {Op(a) : a € S§"(R")}, ™ (R") = W (R"). If A = Op(a) then a is the full symbol
of A, and the principal symbol of A is the principal symbol of a. If A € W§'(R"), then for any s € R we
have ”A”H,erm(Rn)—»Hg(R") < C, where (if A > 0)

Il s ey = [1(1+ % D) 2u]| 2 any

If A€ W (R") and B € W (R"), then AB € W™ (R") and [A, B]= AB—BA € h' =28 wimm'=1 gn),
If ¢ and b are the principal symbols of 4 and B, then the principal symbol of /20=1[4, B]is i Hya, where
Hp, is the Hamiltonian vector field of b.

If K C T*R" has either K or 7*R" \ K bounded in &, then a € S§"(R") is elliptic on K if

la| = (1+ |H™/2)C (2-16)

uniformly for (x, &) € K. We say that A € W"(R") is elliptic on K if its principal symbol is. For such K,
we say A is microsupported in K if the full symbol a of A obeys

9%0al < Co g™ (1 + 151N (2-17)

uniformly on 7*R"\ K, for any «, 8, N. If A is microsupported in K and 4, is microsupported in K,
then A1 A, is microsupported in K1 N K>.

If A € W§"(R") is elliptic on K, then it is invertible there in the following sense: there exists G €
W (R") such that AG —1d and GA —1Id are both microsupported in 7*R" \ K. Hence if B € ‘Ifg"/([R{”)
is microsupported in K and A is elliptic in an e-neighborhood of K for some ¢ > 0, then, for any s, N € R,

) 00
| Bl g uny = C A Bl any + O [l oy (2-18)

The sharp Gdrding inequality says that if the principal symbol of 4 € W{"(R") is nonnegative near K
and B € \Ifg"/([R{”) is microsupported in K, then

(ABu, BM>L2(Rn) > —Chl_zs||B”||?q(m—1)/2(Rn) — O(hoo)”””Hh—N(Rn)' (2-19)
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2E2. Pseudodifferential operators on a manifold. These results extend to the case of a noncompact
manifold X, provided we require our estimates to be uniform only on compact subsets of X. For
convenience we work in the setting of Section 2A, with the notation of Section 2C, but the discussion
below applies to any manifold; see also the discussions in [Datchev and Dyatlov 2013, §3.1] and [Dyatlov
and Zworski 2016, Appendix E]. Note that we take care to quantize a symbol which is compactly supported
in space to an operator which is compactly supported in space.

Write Sg" (X') for the symbol class of functions @ € C*°(T* X) satisfying (2-14) on coordinate patches
(note that this condition is invariant under change of coordinates). The principal symbol of « is its
equivalence class in S§" (X)/th”_l (X), and let S™(X) = SJ* (X).

Let h%°W™%°(X) be the set of linear operators R such that for any x € C§°(X), we have

N
”XR”H(Z/,N(X)_’Hé\,,h(X) + ||RX||H(;hN(X)—>H(j]‘fh(X) <Cnh

for any N, where

Il 0 = 12+ P 2ull 2 ) (2-20)

We quantize a € Sg" (X) to an operator Op(a) by using a partition of unity and the formula (2-15) in
coordinate patches. Let W5'(X) = {Op(a) + R:a € S5"(X), R € h*°*¥™>°(X)}. The quantization Op
depends on the choices of coordinates and partition of unity, but the class W§*(X') does not. If A € W§'(X)
and x € C§°(X), then X/‘% and Ay are bounded as operators H;",’l’" (X)— Hf;,h (X), uniformly in A. If
A€ ¥s'(X) and B € V" (X), then

AB e WM™ (X) and h?7'[4, B]e W Tl(X).

If a and b are the principal symbols of A and B (the principal symbol is invariantly defined, although
the total symbol is not), then the principal symbol of #2=1[A, B] is i Hya, where Hj is the Hamiltonian
vector field of b.

Let K C T*X have either K N T*U bounded for every bounded U C X, or T*U \ K bounded for
every bounded U C X. We say a € S§"(X) is elliptic on K if (2-16) holds uniformly on 7*U N K for
every bounded U C X. We say that 4 € U§"(X) is elliptic on K if its principal symbol is. We say A4 is
microsupported in K if a full symbol a of 4 obeys (2-17) uniformly on 7*U \ K for every bounded
U C X and for any «, 8, N (note that if this holds for one full symbol of A4, it also does for all the others).

If Be \Ilg"/(X ) is microsupported in K and A4 is elliptic in an e-neighborhood of K for some ¢ > 0,
then, for any s, N € R and x € C5°(X),

I Bxul gty = CllABxulzs 00+ OB xull gy oy (2-21)

The sharp Gdrding inequality says that if the principal symbol of A4 € W§'(X) is nonnegative near K and
B e \Ilg"/(X ) is microsupported in K, then for every x € CJ°(X), N € R,
(A By, Byu) 2 x) = =Ch = | Byulfpon-uo
@.

00
(X)_O(h )”X””H(;Q’(X)- (2-22)
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2E3. Exponentiation of operators. For g € Cg°(T*X), Q = Op(q), and ¢ € [0, Cohlog(1/ )], we will
be interested in operators of the form ¢2/%_ By the discussion above, since ¢ € S™(X) for every m € R,
we have ||Q||H(;}1:I_)H¢1)\!Ih < Cy forevery N € R.

We write

etk .= i —(S/h)j 0/,

with the sum converging in the H ; ,(X)—>H ; 5 (X) norm operator topology, but the convergence is
not uniform as 4 — 0. Beals’s characterization [Zworski 2012, Theorem 9.12] can be used to show that
e€Q/h ¢ ‘Ifg(X) for any § > 0, but we will not need this. Let s € R. Then

0 .
||egQ/h|| < Z (Co log(1/ h))’ ”Q”] — oColog(1/ QI — h_COHQH, (2-23)

i
j=0 &

where all norms are H* h(X) — H? h(X)
If AeW{"(X)is bounded as an operator H, S +m (X)—> H? h(X ), uniformly in /, (without needing to
be multlphed by a cutoff), then, by (2-23),

eQ/h 4,—eQ/h) -N i
le Ae ||H(‘/‘j,m(X)_>H$.h(X) <Ch (2-24)
for any s € R, where

N = C0(||Q||H5+m(X)_>Hs+m(X) + 1Ol &3 on(X)—>H h(X))

But, writingadg A =[Q, 4] and e?Q/h go=eQ/h — peado [h 4 for any J € N we have the Taylor expansion

T ei fadn\/ J+1 pl dn\/ !
eSQ/hAe_SQ/h=§:%(a—Q)A+8J‘ /(l—t)Je_”adQ/h(a—Q) Adi.  (2-25)

‘ ! : 0

Jj=0

h h

For any M € N, the integrand maps H (X) to H M(X) with norm O(h~28/+D=N)) "where
N = C0(||Q||H(%1(X)—>H(%I(X) + || Q”H‘;;,W(X)_)H(;y(x))-
Hence applying (2-25) with J sufficiently large we see that (2-24) can be improved to

||e€Q/hAe_€Q/h ”Hx—i-m

om0 =

and the integrand in (2-25) maps HM (X) to H M(X) with norm O(1). Applying (2-25) with J — oo
shows that #2/" 4¢=2C/h ¢ v (X) and applylng (2-25) with J =1 we find

QM g2 h — A _¢[A, O/ h]+ *h™ R, (2-26)

where R € W >°(X).
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3. Reduction to estimates for model operators

3A. Resolvent gluing. In Section 2 we showed that the Theorem follows from (2-8). In this section, we
reduce (2-8) to several estimates for model operators using a variant of the gluing method of [Datchev
and Vasy 2012a], adapted to the dynamics on X.

We will use the following open cover of X:

Qc:={r<—Rg}, Qg :={lr|<Rg+3}, Qr:={r>Rg}.

Let Pc, Pk, Pr be differential operators on X which are model operators for P, with respect to this
open cover, in the sense that they satisfy

P]lQ] = Plﬂj’ ] € {C’ K, F} (3'1)

So Pc is a model in the cusp, P is a model in the funnel, and Pg is a model in a neighborhood of the
remaining region (see Figure 2).
More specifically, let Wg € C*°(X; [0, 1]) be 0 near {|r| < Rg + 3}, and 1 near {|r| > Rg +4}, and let

Px =P —iWk;
let We € C*°(R; [0, 1]) be 0 near {r < —Rg}, and 1 near {r > 0}, and let
Pc=h?D? + h2e 20BN g L B2V (r)—1—iWe(r);
let Wr € C*°(R; [0, 1]) be 0 near {r > Rg}, and 1 near {r < 0}, nonincreasing, and let
Pp =h*D} +h2(1 = Wp(r)e 2B A g+ 02V () — 1 =i WE(r).

The functions W; for j € {C, K, F'}, are called complex absorbing barriers and they make each P;
semiclassically elliptic in the region where W; = 1. Note that we have also chosen Pc and PF so that
we can separate variables, and so that Pg has no exponentially growing term.

Now observe that P; + i W; is selfadjoint on sz., where

Ly =L}(X), L¢:=L*(X.drdS-), L%:=L*(X.drdSy).
Moreover, W; > 0 implies (Im Pju, u) L3 <0, and hence
Jull 2 < AmA) (P = Mull gz, >0,
and, consequently (since Wj is bounded on sz.), when Im A > 0, we can define the resolvents
Rj(M):=(Pj—2)"":L} > L}, je{C. K F}

Using (2-20) and (3-1) gives, for any x; € C°°(X), bounded with all derivatives, and satisfying
supp xj C £2;,

R . -1
je{rCr‘l,z}?,F} lIxj Rj(A)x; ”L%(X)_’Hq%,h(X) =C(Al+(ImA)""), Ima>0. (3-2)
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Below we will show that for every x; € C5°(X) with supp x; C 2, E € (0, 1), there is Co > 0 such
that for all I" > 0 the cutoff resolvents y; R;(A)x; continue holomorphically to A € [-E, E]+i[—I"h, 00),
where they satisfy

LR . —1—Cy|ImA|/5h _
je{rCr’l,aI?,F} ”XJ RJ ()‘)Xj ”quo(X)—)H(f.h(X) <Ch 0 . (3 3)

Here E, Cy, and I are the same as in (2-8), but as elsewhere in the paper the constant C and the implicit
constant 1o may be different.

We will also show that the R;(A) propagate singularities forward along bicharacteristics, in the
following limited sense. Let x; € C5°(X) and let x2, x3 € W1 (X) be compactly supported differential
operators.

e Suppose supp x1 C Rk, supp x2 C Qg N QF, and supp x3 C Q. If further supp x; U supp x3 C
{r < Rg + 2} and supp x2 C {r > Rg + 2}, then, for any N € N,

1x3 REG) X2 R 0112 (x0y 12,01y = Oh™) (3-4)
uniformly for |[Re A| < E, ImA € [-T'h, =],
e Suppose supp x1 C S2¢, supp x2 C Q¢ N Lk, and supp x3 C Qg . If further supp x1 Usupp x3 C
{r <—Rg —2} and supp x» C {r > —Rg — 2}, then, for any N € N,
[ x3Rx (M) x2 Re (M) x1 ”L%(X)—>Lé(X) = O(h™) (3-5)
uniformly for [ReA| < E, ImA € [-T'h, h=N].

Note that in either case there can exist no bicharacteristic passing through 7* supp x1, 7* supp x2,
T* supp x3 in that order. In the first case this is implied by (2-3), and in the second by (2-3) together
with the assumption that y~! ({r < —Rg}) is connected for any geodesic y : R — X. We will use these
facts in the proofs of (3-4) and (3-5) below. Before doing that, however, we will show that these estimates
imply the Theorem.

Proposition 3.1. The estimate (2-8) follows from (3-3), (3-4), and (3-5).

Proof. Let xc. k- xF € C*(R) satisfy yc + xx + xr =1, supp xr C (Rg + 1, 00), supp(l1 — xr) C
(Rg +2,00), and xc(r) = xp(—r) for all r € R. Then define a parametrix for P — A by

G =xc(r=DRcM)xc(r)+ xx(Ir —1IDRxk M xx (rD) + xr(r + DRF (M) xF(r).
Then G is defined for ImA > 0 and xGy continues holomorphically to A € [-E, E]—i[0, I'h]. Define
operators Ac, Ag, AF by

(P—1)G =1d+[xc(r—1), > D}IRc M xc (r) + [xx (Ir — 1), > D}]Rk (M) xx (|r])

+E(r+ 1), > DIIR (M) x F(r)
=Ild+Ac+ Ax + AF;
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/ﬁ
< ax - Ax

Ay

Figure 3. The remainders Ac, Ak, and A g are localized on the right in the region to
the back of the arrows, and on the left near the tips of the arrows (A ¢ is localized on the
right at the support of y¢ and on the left at the support of X/C(' — 1), and so on), and
this implies (3-6). They are microlocalized on the left in the indicated directions, and
this implies (3-7) (since, by (2-3), no geodesic can follow one of the A g arrows and then
the A g arrow, and so on).

see Figure 3. The estimates (3-2) and (3-3) only allow us to remove the remainders Ac, Agx, Ar by
Neumann series for a narrow range of A. To obtain a parametrix with improved remainders, observe that
the support properties of the y; imply that

AL =A% = A% = AcAF = AfpAc = 0; (3-6)
so, solving away using G, we obtain
(P—AMNG(Ud—Ac —Ax —Afr)=1d—AgAc —AcAx —ArpAx — Ax AF.
Now the propagation of singularities estimates (3-4) and (3-5) imply
||AFAK||L(%(X)—>Lé(X) + ||ACAKACAK||L%(X)_>L%(X) = O(h™). (3-7)
In this sense the A r A g remainder term is negligible. We again use (3-6) to write

(P—AMG(Ud—Ac —Ax — A+ AgAc + AcAg + Ag AF)
=1d—ArpAx + AcAxAc + AFAx Ac + Ak AcAx + AcAxk Ar + Ax Ar Ak.

Now all remainders but AcAg Ac, Ax Ac Ak, and Ac Ax AF are negligible in the sense of (3-7).
Solving away again gives

(P-AMNGUd—Ac—Ax —Ap+AgAc + AcAg + Ag A — AcAg Ac —Axg AcAx — AcAg AF)
=ld-ArpAx + ArAxAc + Ak ApAx — Ax Ac Ak Ac
—AcAx AcAg —ArpAxgAcAx — Ax AcAg AF.
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Now all remainders but Ax Ac Ax Ac are negligible. Solving away one last time gives
(P—A)G(Id—AC—AK—AF+AKAC + AcAx + Ag AF
—AcAgAc —Ag AcAg — AcAgAfp + AKAcAKAc)
=ld—ApAg + AcAgAc + ApAg Ac + Ak ApAgx — AcAg Ac Ak
—ApAx AcAx —Ag AcAgk A+ AcAx AcAgAc + ApAx AcAg Ac =:1d+R,
where R is defined by the equation, and || R|| L2(X)—>L2(X) = O(h®). So for h small enough we may
write, for ImA > 0,
(P-2)"'=G(d—Ac —Ax —Ap+ Ak Ac + Ac Ak + Ak AF
o0
—AcAxAc — Ak Ac Ak — Ac Ak Ap + Ak Ac Ak Ac) Y (-R)F.
k=0

Combining this equation with (3-3), we see that x(P —1)~! x continues to holomorphically to |[Re 1| < E,
ImA > —I'"/ and obeys

-1 —1—ColimA|/ h
IX(P =27 Xl L2 xy» 12, cx) = Ch oltmAl/h -

In summary, to prove (2-8) (and hence (1-1)), it remains to prove (3-3), (3-4) and (3-5).
3B. Statements of estimates for model operators. In this subsection we state six propositions: a resolvent
estimate and a propagation of singularities estimate, for each of Rg, Rc, and R . Propositions 3.2, 3.4,
and 3.6 imply (3-3) for j = K, C, and F, respectively. As we discuss after the statements, Propositions
3.3, 3.5, and 3.7 imply (3-4) and (3-5). The first two propositions concern Rg, and we prove them in

Section 4. The next two concern R¢, and we prove them in Section 5. The last two concern R, and we
prove them in Section 6. Hence at the end of Section 6 the proof of the Theorem will be complete.

Proposition 3.2. Forany E € (0, 1) there is Cy > 0 such that for any M > 0 there are C, hy > 0 such that

h=1 4 |Al, ImA >0,
||RK()\)||L%(X)—>H£‘,Z(X) =C {h—leCollmM/h, ImA <0, G9)

for |ReA| < E,ImA > —Mhlog(1/h), h € (0, hp].
Proposition 3.3. Let T € R, E € (0, 1). Let A, B € W°(X) have full symbols a and b with the projections

to X of supp a and supp b compact and suppose that

suppa N [suppb U U exp(al)[p_1 ([—E, E]) Nsupp b]] =g, (3-9)

t=0

where exp(tH)) is the bicharacteristic flow of p. Then, for any N € N,
||ARK(}‘)B”L§)(X)—>H3J1(X) = O(h*™) (3-10)

for [ReA| < E,—Th <ImA <h~V.
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Proposition 3.4. For every x € C5°(X), E € (0, 1), there is Cy > 0 such that, for any M > 0, there
are hy, C > 0 such that the cutoff resolvent x Rc(A)x continues holomorphically from {Im A > 0} fo
{IReA| < E,ImA > —Mh}, h € (0, hyl, and obeys

h=1 4+ Al ImA >0,
”XRC()‘)X||L5(X)—>H£JI(X) =C {h—l—COIIm)»l/h’ Imi <0. (3-1D)

Proposition 3.5. Letrg <0, x— € C§°((—00,70)), x+ € C5°((ro, 00)), ¢ € C*°(R) supported in (—o0, 0)
and bounded with all derivatives, E € (0,1), I' > 0 be given. Then there exists hg > 0 such that

lo(h D)X+ ()Y Re 0=l 2 00 2, 0y = OG) (3-12)

for ReA| < E, =Th <ImA <h™N_ he(0,ho)

Proposition 3.6. For every x € C5°(X), E € (0, 1), there is Co > 0 such that, for any M > 0, there
are hg, C > 0 such that the cutoff resolvent x Rr(\)x continues holomorphically from {ImA > 0} to
{IReA| < E,ImA > —Mhlog(1/h)}, h € (0, ho|, where it satisfies

Bt 4|, ImA >0,
IXRF WXLz 00— m2 00 =€ {h—leCollmWh, Im. < 0. G-13)

Proposition 3.7. Let ro > Rg, x— € C§°((—00,70)), x+ € C5°((rg,00)), ¢ € C*®(R) supported in
(0, o0) and bounded with all derivatives, E € (0,1), I' > 0 be given. Then there exists hy > 0 such that

| x+()REA)x—(r)p(hDy) ||L%(X)—>H£‘,1(X) = O(h*™) (3-14)

for|ReA| < E, —Th<ImA <h™N, he(0,ho

We conclude the subsection by deducing (3-4) and (3-5) from the above propositions.

Take ¢ € C*°(R), bounded with all derivatives and supported in (0, 00), and take X2, X3 € C5°(X)
such that supp ¥» C {r > Rg + 2} and X3 C {r < Rg + 2}, and such that X, x> = x2X2 = x2 and
X3X3 = X3X3 = x3. Then (3-4) follows from

||Z3RF}?Z(P(hDr)||L%(X)—>H£_h(X) + | X2(Id —¢(hDy)) Rk x1 ||L%(X)—>H£_h(X) = O(h®). (3-15)

The estimate on the first term follows from (3-14), while the estimate on the second term follows
from (3-10) if supp(1 — ¢) is contained in a sufficiently small neighborhood of (—o0, 0]; it suffices to
take a neighborhood small enough that no bicharacteristic in p~!([—E, E]) goes from T* supp x; to
(T* supp x2) Nsupp(1 —¢(p)), where p is the dual variable to r in 7* X, and such a neighborhood exists
by (2-4) because when a bicharacteristic leaves 7* supp x; it has p > 0, and (2-4) gives a minimum
amount by which p must grow in the time it takes the bicharacteristic to reach 7* supp X». An analogous
argument reduces (3-5) to (3-12): the analog of (3-15) is

X3 Rk (Id _<P(hDr)))72||L(%(X)_>H£!}1(X) + le(hDr) X2 Re x1 ”Lé(X)—>H£,h(X) = O(h®),
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where ¢ € C*°(R) is bounded with all derivatives and supported in (—00,0), and X2, X3 € C5°(X)
have supp X2 C {r > —Rg — 2} and X3 C {r < —Rg — 2}, and such that X,y = x2X2 = x2 and
X3X3 = X3X3 = X3-

4. Model operator in the nonsymmetric region

In this section we prove Propositions 3.2 and 3.3. Although the techniques involved are all essentially
well known, we go over them in some detail here because they are important in the more complicated
analysis of Pc and Pg below.

4A. Proof of Proposition 3.2. This is similar to the argument in [Sjostrand and Zworski 2007, §4]. Fix
Eye(E,1), e=10Mhlog(l/h).

We will use the assumption that the flow is nontrapping to construct an escape function q € Cg°(T* X),
that is to say a function such that

Hyq <—1 near T*supp(l — Wg) N p~ ' (—Ey, Eq)). 4-1)
The construction will be given below. Then let Q € ¥~°°(X) be a quantization of ¢, and
P.o=e*Qhpre=oQ/h — pr —[Pg, O/ h] + %R,
where R € U™°(X) (see (2-26)). We will prove that
I(Px.e = EN Mz oy b2 ) < 5/6 E' €[=Eo. Eal, (4-2)

from which it follows, using first the openness of the resolvent set and then (2-23), that
. WV
|(Px —A) ||L(20(X)—>H£,h(X) =< m, |ReA| < Eg, [ImA| < Mhlog(1/h), (4-3)

where
N = IOM(”Q”Hj.h(X)—’Hih(X) T2l 2(x)»r20x0) + 1-
Then we will show how to use complex interpolation to improve (4-3) to (3-8).

Construction of g € C§°(T* X) satisfying (4-1). As in [Vasy and Zworski 2000, §4], we take ¢ of the form
J
q=7) 4 (4-4)
j=1

where each ¢; is supported near a bicharacteristic in 7* supp(1 — Wx) N p~ ! ((=Eo, Eo)).
First, for each p € T* supp(1 — Wx) N p~1([—Ey, Ey)), define the following escape time:

To=inf{T eR:[t|>T—1 = exp(tHp)p ¢ T " supp(l — Wk)}.



RESONANCE FREE REGIONS FOR NONTRAPPING MANIFOLDS WITH CUSPS 925

Then put
T =max{Ty : p € T*supp(1 — W) N p~"' (~Eo. Eo])}.

Note that the nontrapping assumption in Section 2A implies that 7" < co. Let Sy, be a hypersurface
through g, transversal to H), near . If Uy, is a small enough neighborhood of p, then

Vo ={exp(tHp)g' 19" € Up NSy, |t| < T + 1}

is diffeomorphic to R?”*~! x (=T —1, T + 1) with g mapped to (0, 0). Denote this diffeomorphism by
(g tp). Further shrinking U, if necessary, we may assume the inverse image of R"~! x {|¢t| > T’}
is disjoint from 7* supp(l — Wg). Then take ¢ € Cé’o([F\RZ"_l; [0, 1]) identically 1 near 0, and y €
Ce°((=T —1,T + 1)) with x" = —1 near [T, T], and put

dp =9 x(tp). Hpqp = 9(p)x (tp).

Note Hpqp <0 on T*supp(l — W) because x' = —1 there. Let V{ be the interior of { H,qp, = —1},
note that the V, cover T*(1 — Wg) N p Y ([~Ey, Eo]), and extract a finite subcover Voo Vo, b
Then put g; = g, and define ¢ by (4-4), so that

J

Hpq =Y 0(yp;) X 1g;)-
j=1

Then Hpq < —1 near T*(1—Wg) N p~!([—Eo, Eo]) because at each point at least one summand is, and
the other summands are nonpositive. O

Proof of (4-2). Let xo € C5°(X;[0, 1]) be identically 1 on a large enough set that xoQ = Qxo = Q. In
particular we have (1 — xo) Wg = 1 — o, allowing us to write

11— XO)””E%(X) = —Im{(Pg . — E")(1 - xo)u, (1 - XO)WLg(X)-
Hence

(11— XO)””L%(X) = ”(PK,s - E,)””L%(X) + ”[PK,F,” XO]“”L%(X)-

To estimate || xou|| L2(X) and the remainder term ||[Pg ¢, xo]u/|| L2(x) We introduce a microlocal cutoff
¢ € Cg°(T*X) which is identically 1 near 7* supp(1 — Wk) N p Y ([—Ey, Eo)) and is supported in the
interior of the set where H,q < —1. Since the principal symbol of Px  — E’ is

Pke—E ' =p—iWg —E —ie{p—iWk.q},
we have

|pk,e—E'|=1—Eo near supp(l—¢)

for |E’| < Ey, provided & (and hence ¢) is sufficiently small. Then if ® € ¥~°°(X) is a quantization
of ¢, we find using the semiclassical elliptic estimate (2-21) that

10d=@) ol g2, (xy = CI(Pre = Eull 2 ) + lll g, x)-
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ImA

Cah

|f1<hN If1=1 |f] < hV

—Mhlog(1/h)
E E+Eg Eo

Figure 4. Bounds on f used in the complex interpolation argument.

Since H,q < —1 near supp ¢ we see that
Impge— E' =—Wg —e{p,q} < —¢ near suppa.
Then, using the sharp Géarding inequality (2-22), we find that
(P, — E/)CDXOMHL%(X)”cDXO“”Lg)(X) > —(Im(Pg ¢ — E®xou, cDXOLl)Lg(X)
—Chlul?,

2
L3(X) H)2(X)

> | xoul
This implies that

”u”Lé(X) <I(1- XO)””Lé(X) + ||®X0”||L%(X) + ”(Id_q))XOUHLé(X)

< Cll(PRe = Eull 20 + & 1 Pre = Eull 2 ) + CH 2l 1 -

As in the proof of (3-2), combining this with
||u||H<§,h(X) = 3||u||Lé(X) + ||(P_E,)u||Lé(X)
= 4”””L5(X) + ”(PK,s - E,)U”L%(X) + CEH”HL%(X),

we obtain (4-2) for A sufficiently small.

Re A

(4-5)

O

Proof that (4-3) implies (3-8). We follow the approach of [Tang and Zworski 1998] as presented in
[Nakamura, Stefanov and Zworski 2003, Lemma 3.1]. Observe first that (3-2) implies (3-8) forImA > Cqh

for any Cq > 0.

Let f(A,h) be holomorphic in A for A € Q = [-Ey, E¢] + i[-Mhlog(1/h), Cqh] and bounded

uniformly in / there. Suppose further that, for A € €2,

ReA|<E = |f|>1, |ReA|e[L(E+ Ey). Eo] = |f]|<h".
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For example, we may take f to be a characteristic function convolved with a gaussian:

— 2 E 2 2
S h) = ﬁlog(l/h)/_ﬁ exp(—log”(1/h)(A = y)*) dy

= erfc(log(l/h)(k — E)) — erfc(log(l/h)(k + E)),

where E = %(3E + Ey), erfcz = 2 [ et dl/\éf. We bound | /| using the identity erfc(z) +
erfc(—z) = 2 and the fact that erfc z = 7~ /2271e=%" (1 + O(z72)) for |arg z| < 37”.
Then the subharmonic function

N ImA
_ -1
g(A,h)=log|[(Pk — 1) ”L%(X)—>H£’h(X)+10g|f()"h)|+ Mh
obeys
g<C ondQN{ReA|=Eo}U{ImA=—-Mhlog(l/h)})
and

g<C+log(l/h) on dQN{ImA = Cqh}.

From the maximum principle and the lower bound on | /| we obtain

_ NImA
log [(Px — 1) 1”[,%()()_)1-15‘}1()()‘*‘ Mh < C +log(1/h),

for X € Q, |[Re A| < E, from which (3-8) follows for A € Q. O

4B. Proof of Proposition 3.3. This is similar to [Datchev and Vasy 2012a, Lemma 5.1]. By (2-21),
without loss of generality we may assume that @ is supported in a neighborhood of p~!([—E, E]) N
supp(1 — Wx) which is as small as we please (but independent of /). In particular we may assume supp a
is compact.

We will show that if (Pg —A)u = Bf with ”f”L(%(X) =1, andif ||Aou| < C h* for some Ag € WO(X)
with full symbol a( such that

ap=1 near suppan p '(—E,E]), suppagn U exp(tHp) suppb = @,
t=0

then || A u| < ChK+1/2 for each A; € WO(X) with full symbol a; satisfying ag = 1 near supp a;. Then
the conclusion (3-10) follows by induction; the base step is given by (3-8).
Let g € Cg°(T* X [0, 00)) such that

ap =1 near suppgq, Hp(qz) <—@T'+1)¢* near suppaj, (4-6)
Hpq <0 on T*supp(l — Wg). 4-7)

The construction of ¢ is very similar to that of the function ¢ used in the proof of Proposition 3.2 above,
and is also given in [loc. cit.]. Write

Hp(qz) =02+,
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where £, 7 € C§°(T™* X) satisfy
€2 > QI + )¢, suppr C {Wg =1}. (4-8)

Let Q, L, R € ¥~°°(X) have principal symbols ¢, £, r respectively. Then

i[P,0*Q]l=—hL*L +hR + h*F + Ry,
where F € W™°°(X) has full symbol supported in suppg and Roo € AW ™°(X). From this we
conclude that

||Lu||i%(X) = —%Im(Q*QPu, )3y T ARUU) 12 oy +HOFUL ) 3y + (’)(h°°)||u||ié(X)

) 2
=—ZIII1(Q*Q(PK —)»)“»WLé(X) —Re(Q*QWKM,H)L%(X) - Zlm)‘”Q“”ié(X)

2
+ (Ru, ”)Lé(X) + h({Fu, ”)Lé(X) + O(h°°)||u||Lé(X). (4-9)
We now estimate the right-hand side of (4-9) term by term to prove that
2 2 2 o 2

Indeed, since supp g Nsupp b = @ and since (Px — A)u = Bf it follows that
Next, we write

_Re<Q*QWKu, U)Lé(x) = —Re(Wk Qu, Qu>Lé(X) + (Q*[WK» Olu, ”>Lé(X)’

and observe that the first term is nonpositive because Wx > 0, and the second term is bounded by

Ch||A0u||i%(X). Since ImA > —I'/ we have

2
—7 ImA[|Qu]| =< 2| Qull

2 2
L2(X) L3 (X)’

while since Wg = 1 on supp r we have the elliptic estimate

(Ru,u) 2 ) = CIR(P = Wl 2 el 3.y + Chll Aoul 2, .

and the first term is (’)(hc’o)||u||i2 X since supp ¥ Nsupp b = &. Finally h{Fu, u>Lé(X) < Ch|Aoul?
by the inductive hypothesis, givir(fg (4-10).
But by (4-8) and the sharp Garding inequality we have

(D*D— QT +1)Q*Qu,u) = —Ch|| Agu|> — Oh™) Ju]|>.
Hence by the inductive hypothesis we have
| Qul® = CH*** Ju)?,

completing the inductive step.
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5. Model operator in the cusp

In this section we prove Propositions 3.4 and 3.5. We begin by separating variables over the eigenspaces
of Ag_, writing

oo
Pc = @ D} + (him)?e 2P L 2V (1) — 1 —iWe (r).

m=0
where 0 = A9 < A; <--- are square roots of the eigenvalues of Ag_. Roughly speaking, it suffices to
prove (3-11), (3-12) with P¢ replaced by P(«), with estimates uniform in @ € {0} U[hA{, 00), where
P(a) = h* D2 + o2 20HBO) L g2y (r) — 1 —i W ().

The precise estimates for these operators which imply Propositions 3.4 and 3.5 are stated in Lemmas 5.1,
5.2, and 5.3 below.

5A. The case o = 0. The analysis of (P(0) —A)~! is very similar to that of Rg in Section 4. The only
additional technical ingredient is the method of complex scaling, which for this operator works just as in
[Sjostrand and Zworski 1991; 2007].

Lemma 5.1. For every x € C$°(X), E € (0, 1), there is Co > 0 such that, for any M > 0, there exist
ho, C > 0 such that the cutoff resolvent x(P(0) — A)~1 x continues holomorphically from {Im A > 0} to
{IReA| < E,ImA > —Mhlog(1/h)}, h € (0, hy], and obeys

IX(P©) = 1) Xll 2y pr2y < Ch™ e CMMHIR, (5-1)

Letrg € R, x— € C3°((—00,19)), x+ € C5°((ro, 00)), ¢ € C*(R) supported in (—o0, 0) and bounded
with all derivatives, I' > 0 be given. Then there exists hg > 0 such that

l(hDr)x+(r)(P(0) — )»)_IX—(V)||L2(R)_>H,12(R) = O(h™) (5-2)
for|ReA| < E, —=Th<ImA <h™N, he(0,ho

Proof of (5-1). We use complex scaling to replace P(0) by the complex scaled operator Ps(0), de-
fined below. As we will see, Ps(0) is semiclassically elliptic for |r| sufficiently large and obeys (5-1)
without cutoffs.

We have

P0)=h>D2+h*V(r)—1—iWc(r).
Fix R > Ry sufficiently large that
supp x U supp x+ Usupp x— C (=R, 00). (5-3)

Let y € C*°(R) be nondecreasing and obey y(r) = 0 for r > —R, y’(r) = tan 6y for r < —R — 1 (here
9 is as in Section 2A), and impose further that 8(r) is holomorphic near r 47§y (r) for every r < —R,
5 € (0,1). Below we will take § < 1 independent of 4.
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h?D? 3 8y" (r)h D,
(L+idy'(r)? (1 +idy'(r))?

If we define the differential operator with complex coefficients

Ps(0) = + W2V +idy(r)—1—iWe(r +i8y(r)).

P(0) =h2D?+h2V(z) —1—iWc(2),

where z varies in {z =r +i8y(r): r € R, § € (0, 1)}, and where W (z) := 0 whenever Im z # 0, then
we have

P(0) = P(O0)|z=rrerys  P5(0) = P(O)| =y +isy(r):remy- (5-4)

We will show that if yo € C°°(R) has supp xo Nsupp y = &, then
X0(P(0)—2) " x0 = xo(Ps(0)—21) "' xo. ImA>0. (5-5)

From this it follows that if one of these operators has a holomorphic continuation to any domain, then so
does the other, and the continuations agree, so that it suffices to prove (5-1) and (5-2) with P(0) replaced
by Ps(0). To prove (5-5) we will prove that if

(PO)—Mu=v and (Ps(0)—Nus=v
for v e L%(R) with suppv C {r : y(r) = 0}, and u, us € L*(R), then

u|{r:y(r)=0} = u5|{r1y(")=0}‘

Thanks to (5-4), it suffices to show that if & solves (ﬁ(O) —ANu = v with il|;—,.,eg) € L?(R), then
Ul{z=r4+isy(r):rer) € L?(R). For the proof of this statement we may take A fixed with Re A = 0 since the
general statement follows by holomorphic continuation.

Observe that for Re z < — R, we have

(P(0)—M)ii(z) = 0. (5-6)

We will use the WKB method to construct solutions u+ to (5-6) which are exponentially growing or
decaying as Re z — —o0. Define

f@=VE)-(+M/h ¢@)=@EfE) ") =51 ()61 ()2
Now (see, e.g., [Olver 1974, Chapter 6, Theorem 11.1]) there exist two solutions to (5-6) given by

VI(@)dZ

us(z) = f(z)_1/4eij;’2-—R (14+b+(2z)), Rez<—R,

taking principal branches of the roots and with the contour of integration y, _g taken from z to —R such
that ~/Re z’ is monotonic along y, —g. The functions b+ obey

|b+(2)| < exp(max(Jp(z)| : 2" € y£)) =1 = Ch
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when Re z > R, where y4 and y_ are contours from —oo to z and from z to — R, respectively, such that
~/Re z’ is monotonic along the contour. It follows that, for fixed / sufficiently small,

ut(z)] < CeReZ/C . u_(z)| > CeRe?/C

for Rez < —R. Hence ii|{;—,.,epy € L?(R) implies that i is proportional to #. This implies that
Ul{z=r+isy(r):rer) € L?(R), completing the proof of (5-5).
Fix
Eye(E,1), e=10Mhlog(l/h).

The semiclassical principal symbol of Pg(0) is
o
(1+i8y'(r))?
In this case the escape function can be made more explicit: we take g € C°(T*R) with

q(r.p) = —4rp(1= Eo)"2,  Hy,(0)q = —8p*(1 = Eo) (1 + 0(8)) (5-8)

on{|r| < R+1, |p| <2}. Let Q € YV"°°(R) be a quantization of ¢ and put

ps(0) = —1=p*(1+0)—1. (5-7)

P5 o(0) = ¢*@/" P5(0)e*C/* = P5(0) — [ P5(0), 0/ h] + &* R,
where R € Y~°(R) (see (2-26)). We will prove

I(Ps,e(0) = EN "Ml p2ys 2y < 5/6 E' €[~ Eo. Eol. (5-9)
from which it follows by (2-23) that
h—N
M log(1/h)’

where N =10M (|| O ||th(R)_)th(R) +1 Ol L2®)—L2®)) +1. Asbefore we will use complex interpolation
to improve (5-10) to

1P5O) = 1) 2y ey = ReA| < Eo. [ImA| < Mhlog(1/h).  (5-10)

1(P5(0) =) 2y 2y < CH™ eI AVE (5-11)

for —E <ReA < E,ImA > —Mhlog(l/h). Combining (5-5) and (5-11) gives (5-1).

Let ¢ € C5°(R; [0, 1]) have ¢(p) = 1 for | p| near [1 — Eg, 1 + Eo] and supp ¢ C {%(1 —Ey) <|p| < 2}.
By (5-7), if § is small enough and / is small enough depending on &, then on supp(l — ¢(p)) we have
|ps.e(0)— E’| = 6(1 + p?)/C, uniformly in E’ € [-Eq, E¢] and in &, where Ds,(0) is the semiclassical
principal symbol of Pj .(0). Hence, by the semiclassical elliptic estimate (2-18),

10d =@ (A Dr))ull pr2 gy = C87M[(Ps £ (0) — E"Y(Ad —¢(h Dy ))ull L2y + Oh™) |[u 7 ()
On supp ¢ (p) we use the negativity of the imaginary part of the principal symbol of Ps .(0). Indeed, on
{(r,p): pesuppo, |r| < R+ 1} we have, using (5-8),

—28y'(r)p*  8ep®
148y’ (n|* (1= Eg)?

Im ps .(0) = Im ps(0) + ImiaHPa’s(o)q = 14+ 0(6)) < —e,
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provided ¢ is sufficiently small. Meanwhile, on {(r, p) : p € supp ¢, |r| > R+ 1} we have

—26 tan Oy p>

——— 4+ 0(e) ==§/C,
|1+i8tan90|4+ (&) ==/

Im p; (0) = Im ps(0) + ImisHps’g(o)q =

provided / (and hence ¢) is sufficiently small.
Then, using the sharp Garding inequality (2-19), we have, for / sufficiently small,

lo(h Dr)ull 2yl (Ps,6(0) — EN)p(h Dy )ull 2y = —(Im(Ps ¢ (0) — ENp(hDy)u, p(h Dy)u) 2g)
> ¢|lo(hD,)ul? — Chl|ul?
Ik Dp)ul}2 gy = Chlluly /2
We deduce (5-9) from this just as we did (4-2) above.

To improve (5-10) to (5-11) we use almost the same complex interpolation argument as we did to
improve (4-3) to (3-8). The only difference is that in the first step we note that

—28y'(r)
[L+i8y'(n]* —
so by the sharp Garding inequality (2-19) we have, for some Cgq > 0,

®)

Im ps(0) =

(Im Ps(0)u, u)p2(r) = —Cgh||u||22(R),

so that ||(Ps(0) —A)~! l2@®) = 1/Cqh, when ImA > 2Cqh. O

Proof of (5-2). Let (Ps(0) —A)u = f, where || /|| 2gy = 1. supp /* C supp x— and P5(0) is as in the
proof of (5-1). We must show that

||(p(hDr)X+(V)u||th(R) = O0(h*™); (5-12)

recall that the replacement of P(0) by Ps(0) is justified by (5-5). To prove (5-12) we use an argument by
induction based on a nested sequence of escape functions.
More specifically, take

q=¢r(Nep(p).  Hpy0)q =209, (r)@p(p) + O(8),

where ¢, € C§°(R: [0, 00)) with supp ¢, C (ro, 00), ¢, > 0 near [ro, R+ 1] (here R is as in (5-3)), ¢, > 0
near supp x+. Take ¢, € C5°(R;[0, 00)) with supp ¢, C (—00,0), go;) < 0 near [-2,0], ¢, # 0 near
supp ¢ N[—2, 0]. Impose further that /g, ﬂp € C§°(R), and that @, > cg, for r < R+ 1, where ¢ >0
is chosen large enough that H, (5¢ < —(2I' +1)g on {r < R+ 1, p > —2}; see Figure 5.

We will show that if [[dou| 2@y = C h* for Ay € WO(R) with full symbol supported sufficiently near
supp ¢ and for some k € R, then || Aju|| 2@ < ChKT1/2 for A € WO(R) with full symbol supported
sufficiently near {r € supp x+, p € supp ¢}. The conclusion (5-12) then follows by induction. (The base
step of the induction follows from (5-11) or even from (5-10).)

In the remainder of the proof all norms and inner products are in L?(R) and we omit the subscript
for brevity.

We write 5 5
Hp,;(O)q :—b +€,
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q=0
ro R+1

q=0 g
Hps009 = —Q2T + 1)gq

q>0
ol supp ¢
Hps009 = —Q2I'+ 1)g

——

Supp X+

Figure 5. The escape function ¢ used to prove propagation of singularities (5-2) in
the case « = 0. The derivative along the flow lines H ()¢ is negative and provides
ellipticity for our positive commutator argument near {r € supp x+, 0 € supp¢}. We
allow H),(9)q > 0 (the unfavorable sign for us) only in {r > R+ 1} and in {p < —2},
because in this region pg(0) is elliptic.

where b, e € CJ°(T*R), b > 0 near {r € supp x+, p € supp ¢, —2 < p}, b2 > (2I" 4 1)q? everywhere, and
suppeN({r < R+1,p>-2}U{r <rog}) =. Let Q, B, E be quantizations of ¢, b, e respectively. Then
i[P5(0), 0*Q] = —hB*B + hE + h*F,
where F € WO(R) has full symbol supported in supp ¢. From this we conclude that
1 Bul? = —% Im(Q* Q(Ps(0) — Mu, u) — % Im Al| Qul|® + (Eu, u) + h(Fu,u) + O(h%)||u].

From (Ps(0) —A)u = f and WF;l O N T*supp f = @ it follows that the first term is O(h%)||u|>.
Similarly WF;l E N (supp f U p(s_1 (0)) = @ implies by (2-18) that the third term is O(4A*)||u||>. The
fourth term is bounded by Ch2k+1||u||2 by the inductive hypothesis, giving
| Bull® < 2T || Qul|* + CH** ! |lu|>.
By (2-19) we have
(B*B— QT +1)Q* Q)u.u) = =Ch| Ru|]?,
where R € \I’g’o(R) is microsupported in an arbitrarily small neighborhood of WF;l 0. Hence ||Ru| <
Ch¥|ju|| and we have
| Qull? < Ch¥Fju)?,

completing the inductive step and also the proof. O
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5B. The case o > h1h. Propositions 3.4 and 3.5 follow from (5-1), (5-2) and the following two lemmas.

Lemma 5.2. For any E € (0, 1) there is Cy > 0 such that for any M, A1 > 0 there are hy, C > 0 such
that if h € (0, hgl,« > Ayh, A € [—E, E]+i[-Mh, o0), then

I(P@) =M 2@y 2y < € log(1/ hyh=1=ColmAl/ A (5-13)
If x € C®(R) has x' € C§°(R) and x(r) = 0 for r sufficiently negative, then
Ix(P@) =2) " Xl 2y g2y < CH™ 1 2COMMA/ (5-14)
in the same range of h, o, A, and with the same Cy and hqg (but with different C).

Lemma 5.3. Let ry < 0, x— € C§°((—00,70)), x+ € C§°((r9,00)), ¢ € Cg°((—00,0)), E € (0,1),
I', A1, N > 0 be given. Then there exists ho > 0 such that

lp(h D) x4 () (P@) = 2™ X () 2y b2y = OB (5-15)

uniformly for o > Aih,Red € [-E, E], =Th <ImA <h=N_ h € (0, ho].

Take g > 0 such that if @ > g and r <0 then a2e2(r+B(") > 3 We consider the cases Mh<a=<a
and oy < « separately.

Proof of (5-13), (5-14), and (5-15) for ag < «. In this case P () is “elliptic” (although not pseudodiffer-
ential in the usual sense because of the exponentially growing term a2e~2("+8("))) and better estimates
hold. Use the fact that W¢ > 0 and a2e =20 +tA()) > 3 for 1 < 0 to write

0 00
1 _
/ |u|? dr < 5/ @22 |2 dr < Re(P(@)u, u) 2y + (5 + O [ul} 2y

—oQ —oQ
o0 o0 o0
/ lu|? dr = / Welu|?dr < / Welul® dr = —TIm(P(a)u, u) 12 (-
0 0 —00
Adding the inequalities gives
1l 2 gy = 20(P (@) = Mull 2gyllull L2y + (5 Re A —ImA + 5+ Oh*)) [ull] 2 qy-
So long as Im A — % ReA + % > ¢ for some € > 0, it follows that
lull 2@y = CN(P (@) = MullL2g)- (5-16)
To obtain (5-13) we observe that
212,112
142 D22,
= ||(h*D? + ozze_z(rJrﬁ(r)))uHiz(R) - ||aze_2(r+ﬂ(r))u||iz(R) —2Re(h?D?2u, aze—z(r+ﬂ(r))u)L2(R)7
while
—Re(h*D?u, aze_2(r+ﬁ(’))u)Lz(R)

= —|lae" "B D,y 2w T 2D, (1+ B (r)ha?e 20 HEONy) s gy,
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so that
17> D} ull 2y < 201 (h* D7 + e 2P| 2 gy < 2)1(P(@) = Mull L2y + CIA |l p2y-

Together with (5-16), this implies (5-13) (and hence (5-14)) with the right-hand side replaced by C(1-+|A|).
The estimate (5-15) follows from the stronger Agmon estimate

I+ P @ =07 %= 2y 2y = O™ EP;

see for example [Zworski 2012, Theorems 7.3 and 7.1]. O

Proof of (5-13) for A1h < a < . For this range of a we use the following rescaling (I'm very grateful to
Nicolas Burq for suggesting this rescaling):

F=r/logRag/x), h= h/log(Rag/a). (5-17)
In these variables we have
P(a) = (sz;)2 + 4a§e_2[(1+;) log(2aro/e)+B(7)] + EZV(F) -1 —iWC(f),
where
B(F) = B(r), V() =logRao/a)*V(r), Wc(F)=Wc(r).
‘We will show that

||(P(a)—x)-1||L%ﬁthF < iy eColmal/h (5-18)

for |ReA| < E, ImA > —Mﬁlog(l/};), from which (5-13) follows.
We now use a variant of the gluing argument in Section 3A to replace the exponentially growing term
4ae 2147 logl@o/)+A(M] with a bounded one. Fix R > 0 such that

F<-R a<ay = ale 20N/ +BE] 5 1,
Take Vg, Vg € C®(R, [0, 00)) such that
Vg (F) = 4a2e 204D log2ao/0)+B(M]  gor 7 < R
and Vg (7) > 4 for all 7, while

173(’7) _ 4a(2)e_2[(1+7) log(20t0 /o) +B(7)] for i >—R—3

and 173 is decreasing in 7 and bounded together with all derivatives, uniformly in « (see Figure 6).
Let

Pe (o) = (hDy)* + VE(F) + B2V (7) — 1 — i We (7).
Pp(e) = (hDy)* + Vg(F) + h*V () — 1 — i Wc (7),
and let Rg = (Pg(a)—A)~!, Rp = (Pp(a) —A)~!. Note that

R <
IRElL2 2 <C
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VE

-R-3 -R

Figure 6. The model potentials Ve and Vg. The former agrees with the function
4a2e= 20+ logQuo/)+B@P] for 7 < —R, and Vp agrees with the same function for
F>-R-3.

by the same proof as that of (5-13) for « > «g. We will show that (5-18) follows from

||RB||L%—>H,12,~, < Ch1ColmAl/h (5-19)

~

for |ReA| < E,ImA > —Mﬁlog(l/};). Indeed, let xg € C°°(R;R) have xg(F) = 1 near 7 < —R—2
and xg(7) = O near 7 > —R—1, and let xp=1—xg. Let

G=xe(r—DRgxe(F)+ xp(r + DRpxB(F).
Then
(P() = 2)G =1d+i* D}, xg (7 = DIREXE(F) + [ DF. x5 + DIRpxs(7) =1d +AE + Ap.
As in Section 3A we have A% = A% = (. We also have the Agmon estimate

A < ,—1/(Ch).
| E||L%_>L2_e ;

7

see for example [Zworski 2012, Theorems 7.3 and 7.1]. Solving away A p using G we find that
(P(@)—=N)G(Ud—Ag) = 1d+0, 5 2(e~ (€M), (5-20)
Lz:— L%

mﬁshmeHGﬂd—ABML;»HgjSCﬁ”eCmmVatMSmmh%(il&.
PG ~
The proof of (5-19) follows that of (5-1) with these differences: the —i W (¥) term removes the need
for complex scaling, and the Vg (7) term puts Pp in a mildly exotic operator class and leads to a slightly
modified escape function g and microlocal cutoff ¢. Fix

Eo€(E,1), e=10Mhlog(1/h). (5-21)
The /-semiclassical principal symbol of Pp (note that Pp € \If§ (R) for any § > 0) is

pB = p*+ V(F) — 1 —iWe (), (5-22)
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where p is dual to 7. Take ¢ € C3°(T*R) such that on {—ﬁ <7 =<0, |p| <2} we have
q(F.p) ==Cq(F + R+ 1.
Re Hppq = —2Cgp" + Cq( + R+ V(7)) < ~Cy(Re pp + 1),
where C; > 0 is a large constant which will be sPeciﬁed below, and where for the inequality we used (2-2).
Let Q € V™°°(R) be a quantization of ¢ with / as semiclassical parameter and put
P = e*Qh ppe=eQ/h — pp o[ pp 0/i+e2h 4R, (5-23)
where R € W °(R) by (2-26). The h-semiclassical principal symbol of Pp . is
PBe=p* + VB(F) =1 —iWc(F) +ieHy,q.

We will prove

|(PB.s—EN 2z =5/e. E'€[=Eo, Eol, (5-24)

from which it follows by (2-23) that
h—N

1P =27 M2 2 ReA| = Eo, [Im| = Mhlog(1/h), (5-25)

=,
i M log(1/h)
where

N = 10M(||Q”H;,2~_’H,;2~ + ||Q||L§_>L’%)+ 1.

The proof that (5-25) implies (5-19) is the same as the proof that (4-3) implies (3-8).

Let ¢ € C3°(T*R) be identically 1 near {(7, p) : —R<F<0, |pl <2, |Re pp(7, p)| < Eo} and be
supported such that Re H,,g < 0 on supp¢. Let ® be the quantization of ¢ with h as semiclassical
parameter. For /1 (and hence / and &) small enough, we have | PBe—E'| = (14 5%)/C on supp(l —¢),
uniformly in E’ € [-Ey, Eg], in @ < @ and in /. Hence, by the semiclassical elliptic estimate (2-18),

|0d—=®)ull 2 = Cl[(Ppe = ENId=®ull 2 + OG™) [ull -
Using the fact that Re Hp g < 0 on supp ¢, fix Cy large enough that on supp ¢ we have
Im pp e = —I/T/C(f) +éeRe Hypq < —¢.

Then, using the sharp Garding inequality (2-19), we have, for / sufficiently small,
”q)“”L%(R) [(PB,e— E/)CD””L,%(R) > —(Im(Ppc — E')Qu, CDM>L§

®)
> el Qul 7o g — CH' 2l 10
g i
We deduce (5-24) from this just as we did (4-2) above. O

Proof of (5-14) for A1h < o < .. Tt suffices to show that

IXRexl 2, < C/h (5-26)
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when |[Re A| < EO, Im A > 0, with Rp as in the proof of (5-13) for Ajh <« <ayq, Eq as in (5-21).! Then
lx(P()—2)" x|l L3>H?, < C/ h (for the same range of parameters) follows by the same argument
that reduced (5-13) to (5 19) above. After this, (5-14) follows by complex interpolation as in the
proof that (4-3) implies (3-8) above. Indeed, take f(A, /) holomorphic in A, bounded uniformly for
AeQ=[-Ey, Eol+i[-Mhloglog(1/h),0], and satisfying

ReA|<E = |f|>1, |ReA|<[X(E+ Eg). Eo] = |f| <h?

for A € 2. Then define the subharmonic function

- Im A
g h) =logllx(P(@) =) Xll 2 gz, +1oglf ()] +2Co— = log(1/ h),

and apply the maximum principle to g on €2, observing that g < C 4 log(1/ %) on 92.

It now remains to prove (5-26), which we do using a “noncompact” variant of the positive commutator
method of [Datchev and Vasy 2012b]. Fix —Rq < infsupp x and take f € L2 with supp f C (=R, 00).
Letu = Rp f. We will show that ||Xu||Hz =Clflig2/n.

As an escape function take g € S°(R) Wlth q = 0 everywhere and such that

_ (1 +2Rge /R0, —Ro >,
(r.p)= {1 +2Rge VR — p(r + Ry + 1)e~ Y/ +R) — _Ro < <0and |p| <2.

We do not prescribe additional conditions on g outside of this range of (r, p), as Ppg is semiclassically
elliptic there. The A-semiclassical principal symbol of Ppg is (see (5-22))

pe=p>+Ve(r)—1—iWc(r),

where Vp(r) = 173(?). Making —R more negative if necessary, we may suppose without loss of
generality that
r>—Ry = Vg(r)=ale 2080

For r < —Ro we have Hyp,q =0, and for =Ry <r <0, [p| <2 we have

Re Hp,q(r, p) = [=2p>(1+1/(r + Ro)) + V(r)(r + Ro + 1)]e™ /O
< —(Re pp + 1)e /U +Ro),

Consequently, we may write
Re Hp,, (q%) =—b*+a,

where a,b € C§°(T*R) and suppa is disjoint from {r < —Ro} and from {—Ro <r < 0} N{|p| < 2}.
Note that
b#0 on {|pg| < Eo}NT*(—Ry,0). (5-27)

Let Q = Op(g) as in (2-15). Then
i[Pp. 0*Ql=—hB*B +hA+[Wc,Q* 0]+ h*Y, (5-28)

INote that for this proof we do not use the variables 7 and h.
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where B, A,Y € W~°°(R) and B, A have semiclassical principal symbols b,a. Note that if yo €
C5°((—Ro, 00)), then by (5-27) and (2-18) we have

||X0“||12qhz < C(IlBulli% + 10g2(1/h)||f||i;), (5-29)
so it suffices to show that
|Bullz, < Ch72( /117, (5-30)
Combining (5-28) with

(iP5, 0* Qlu, u) 2 = —21m(Q* Qu, f) 2 +2(We Q* Qu,u) 2 +2Tm || Qul2,

gives

|Bull2, = (Au,u) 3 + 2 Tm{Q* Qu, f) 13— H{(We Q*Q + Q* QWeu,u) 1

2R Q2 b (Vi (53D

We now estimate the right-hand side term by term to obtain (5-30). Since Pp — A is semiclassically
elliptic on supp a, by (2-18) followed by (5-13) we have

(Au.u) 2] < CILf I3+ CHul, < Clog?(1/ WIS12,
For any € > 0 and x; € C5°(R) with x; = 1 near supp f* we have

2 C
FIm(0*0u. f) 3 < ellxuulZ, + /12

By (5-27) and the elliptic estimate (2-18), if further inf supp x; > — Ry, then (5-29) gives

2 C
7 Im(Q*Qu. f) 3 < Cel| Bull2, + |/ 12,

Next we have, using W > 0 and the fact that A~ [W¢, O*]Q has imaginary principal symbol, followed
by (5-13),

—H(We Q* 0 + 0* QWe)u,u) 3 = —2(We Qu, Qu) 3 + 7 Re([We, 0*10u. u) 13

_ olog1/h) (1/h>

< Chlull?, <

171172

Finally we observe that —2Tm A|| Qu||iz/h < 0 since Im A > 0, while (5-13) implies

log? (1/h)

h(Yu.u)p < C——"—=|1l7

This completes the estimation of (5-31) term by term, giving (5-30). O
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Proof of (5-15) for A1h < a < ay. We begin this proof with the same rescaling to 7 and h, and the
same parametrix construction as for the proof of (5-13) for A1/ < o <« above, but with the additional
requirement that
—R<ry /log?2.
Then if we put
X+(F) = x+(r),  X-(F) = x-(r),
we have
supp X+ C (ro/ log(2eo /), 00) C (ro/ log2,00).  supp x C (=00, =R —1),
and hence

X+ xe(F—1)=0. (5-32)
Then, noting that (5-20) implies
(P@—1)" = Gd—Ap)1d+0;2 , 12(c7/EP)),
we use (5-32) to write
T+ () (P(@) =0 T (F) = X4 (AYRBI-(F) + Oz gz (7P,
Returning to the r and / variables, we see that it suffices to show that
le(h D) x4 () RBX-() 2 2. = OB). (533)

The proof of (5-33) is almost the same as that of (5-2). There are two differences.
The first difference is that as an escape function we use

q=¢r(Mep(p), Re Hppq =2p0,(r)¢p(0) = Vi (r)e, (e, (p),

where ¢, € C§°(R:[0, 00)) with supp ¢, C (rp,00), ¢, > 0 near [rg,0], ¢, > 0 near supp x+. Take
@p € C5°(R; [0, 00)) with supp ¢, C (—00,0), (p;) <O near [-2, 0], ¢, 7# 0 near supp ¢ N[—2, 0]. Impose
further that /¢, /¢ 0 € Cg°(R), and that ¢, > cg, for r <0, where ¢ > 0 is chosen large enough that
Re Hypq <—(Q2I'+1)gon {r <0, p > -2}.

The second difference is that the complex absorbing barrier W produces a remainder term in the
positive commutator estimate, analogous to the one in the proof of (5-14) for A4 < o <« above. The
same argument removes the remainder term in this case. O

6. Model operator in the funnel
In this section we prove Propositions 3.6 and 3.7. As in Section 5, we begin by separating variables over

the eigenspaces of Ag_ , writing

o0
Pr = h*D} + (1= Wr (1) (hhm)?e 20D L 2V () — 1 — i WE (),

m=0
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where 0 = A9 < Ay <--- are square roots of the eigenvalues of A, . Roughly speaking, it suffices to
prove (3-13), (3-14) with Pg replaced by P(«), with estimates uniform in & > 0, where

P(o) = h2D? + (1 = Wp(r)a2e 20D L p2y () — 1 — i Wr (r).

More specifically, with notation as in those two propositions, (3-13) follows from

_ 1A ImA >0
1 ) ,
and (3-14) follows from
7 ()P @) = 1)~ = (V@D 2y 2y = Q). 6-2)

so in this section we will prove (6-1) and (6-2).

To do that we use a variant of the method of complex scaling presented in the proof of Lemma 5.1, but
with contours y depending on ¢ in such a way as to give estimates uniform in «; the a-dependence is
needed because the term a2(1 — Wg(r))e 280D although exponentially decaying, is not uniformly
exponentially decaying as @ — oo. Such contours were first used in [Zworski 1999, §4]; here we present
a simplified approach based on that in [Datchev 2010, §5.2].

Fix R > Ry sufficiently large that

supp x U supp x+ Usupp x— C (=00, R)
and that
Rez> R, 0<argz <6y — |Im,3(z)|§%|1mz|, (6-3)

where 6 is as in Section 2A. Let y = y,(r) be real-valued, smooth in r with y’(r) > 0 for all r, and obey
y(r) =0 for r < R (here and below y’ = d,y). Suppose " € C§°(R) for each a, but not necessarily
uniformly in «. Now put

thrz 5 y"(r)h D,

2 —2(r+iy(r)+B(r+iy(r)))
— 1—W,
G+iy™)?  Uxipeys Ted-Wre

Py(a) =

+h*V (@ +iy(r)—1—iWp(r).
If we define the differential operator with complex coefficients
P(a) = h2D? + (1 — Wg(2))e 2CHB@) L p2y(2) — 1 —i Wp(2),

where z varies in {z =r +i8y(r) :r €R, 6 € (0, 1)}, and where Wg(z) := 0 whenever Im z # 0, then
we have

P(Ol) = ﬁ(a)l{z=r:reR}v Py(a) = ﬁ(a)|{z=r+iy(r):reﬂ3&}-

If xo € C*°(R) has supp xo Nsupp y = @, then

Xo(P(@) =)' xo = xo(Py(@) =)~ xo, Ima >0,
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by an argument almost identical to that used to prove (5-5); the only difference is we construct WKB
solutions which are exponentially growing and decaying as Re z — +oo rather than —oo, and we take
f(2) = (a2 2EB@) 4 p2y(z)—1-1)/ h2.

Consequently, to prove (6-1) and (6-2), it is enough to show that

||(Py (Ol) _ )\.)_1 ”LZ(R)_)H;%(R) < CeC0|ImM/h (6-4)

and
||X+(”)(Py(a) _)‘)_1X—(V)QD(hDr)”Lz(R)_,H}%(R) = O(h*™) (6-5)
for a suitably chosen y, with estimates uniform in o > 0.
Fix R_ > R such that
Im B(z2)| < 3 Imz (6-6)

forRez > R_, 0 < argz < 6, with 6y as in Section 2A. Take g > 0 such that

age—z(R—H)e—ZmaXIReﬁl =38, (6-7)

where max |Re | is taken over RU {|z| > Rg, 0 <argz < 6}. We consider the cases & < ot and o > &t
separately.

Proof of (6-4) for 0 < o < «y. Fix
Eye(E,1), e=10Mhlog(l/h).

We use the same complex scaling as in the proof of Lemma 5.1. In this range y is independent of «
and we put y = §y—, where 0 < § < 1 will be specified later, and we require y—(r) = 0 for r < R_,
y! (r) >0 for all r, and ¥’ (r) = tan 6y for r > R_ + 1.

The semiclassical principal symbol of Py («) is

2

(1 +iy'(r)?
= 2 +a2(1 = Wg(r)e 20T _ 1 _iWe(r) + 0(5),

py(a) — +Ol2(1 _ WF(r))e—z(r+iy(r)+B(r+iy(r))) —1 —lWF(V)

where the implicit constant in O is uniform in compact subsets of 7*R. Moreover,
Re py (@) + 1= p> —0(8).
and, using (6-6),

Im py (@) < —a*(1 — Wr(r)e 20 TRBEHYED in2(y (1) + Im B(r + iy (1))
< —062(1 - WF(r))e—Z(r-f-Reﬂ(r-i-iy(r)) sin )/(V)
= —a?(1 — Wp(r))e 2UHRAUHYO) (1) (1 4+ O(82)), (6-8)
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again uniformly on compact subsets of 7*R. Take ¢ € C°(T*R) such thaton {0 <r < R_+1, [p| <2}
we have

q = _Cq(r + 1)/05
Re Hp,q

o =20 = Wp() + 201+ /() (r + Da?e 20+ 08)
q

<—(Repy,+1)<—p>+0(),
where Cy4 > 0 will be specified later, and provided § is sufficiently small. Let Q = Op(g) and put
Py (@) =e*C'h P, (a)e ™%/ = P, (a) — e[ P, (a), O/ h] + €2 R,
where R € W™°(R) (see (2-26)). As in the proof of Lemma 5.1, (6-4) follows from
[(Py,e(@) — E/)_l ||L2(R)—>H,12(R) <5/e (6-9)

for E' € [—E(), Eo]

The proof of (6-9) combines elements of the proofs of (5-9) and (5-24). Let ¢ € C3°(T*R) be
identically 1 near {0 <r < R_+1, |p| <2, |Re py| < Eo} and be supported such that Re Hj,, g <0 on
supp ¢. Let ® be the quantization of ¢. For § small enough, and / (and hence ¢) small enough depending
on §, we have |py . — E'| > 8(1 + p?)/C on supp(l —¢), uniformly in E’ € [-Ey, Eq), in @ < o and
in h, where py ¢(cr) is the semiclassical principal symbol of P, ¢(«). Hence, by the semiclassical elliptic
estimate (2-18),

104 = @)l 2 5y = CEM(Pye — ENY(Id =)t g2y + OU) [l - sy
Using (6-8) and supp ¢ C {Re H,_.g < 0}, fix C, large enough that on supp ¢ we have
Im py e =1Imp, +eRe Hy.q < —a?(1— WF)e_z(’JrReﬂ)y(l +0(8%) + ¢Re Hy.q < —e.

Then, using the sharp Garding inequality (2-19), we have, for / sufficiently small,

[®Pull 2@ (Pc,e — EN®ull L2®) = —(Im(Pc,e — E') Pu, Pu) 2 gy

> e D2y — Chllul 2.

This implies (6-9) just as in the proofs of (5-9) and (5-24). O
Proof of (6-4) for « > a. Define contours y = y,(r) as follows. Take R, such that

26—2Ra62 max |Re B|

o = min{J, § tan 6, }, (6-10)

where max |Re B| is taken over RU {|z| > Ry, 0 < argz < 6y}. Note that Ry > R + 1 by (6-7). Take y
smooth and supported in (R, o0), with 0 < ’(r) < 1, and such that

y(r) =%, r<R+1,
K <v(r) =%, R+ 1=r <Ry,
y'(r)= min{%,tan 6o}. r= Ra.
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We prove that
|py(@)— E'| = (1+p%)/C (6-11)
uniformly for —E < E’ < E and @ > g, by considering each range of r individually. By (2-18) this
implies (6-4) for o > .
(1) For r < R+ 1 we have
2 (102
prA=y'()7) | —2(r+iy (r)+B(r+iy(r))
Repy(@)+1=——"""-+a"(1-WF(r))Ree yr)+priylr
pr@)+ 1=l S+ o (= Wi ()

> 107+ &P (1= Wi (r)e 2UHRATHTED cos 3y (1))

> 1p> +4(1— Wg(r), (6-12)
where for the first inequality we used y’ < % and (6-6), and for the second (6-7) and y < %. Since
Im p, = —WF whenever Wg # 0, this gives (6-11) forr < R+ 1.

(2) For R+ 1 =<r < Ry we have Re py, () > % p> — 1 by the same argument as in (6-12). This gives
(6-11) for R+ 1 <r < R, once we note that (6-6) and (6-10) imply

2
2p 'V,(V) _ o2 Tm o2 +Hiy () +BG+iv(r))
11+iy'(r)|*
> 6_2 max |Re B|

—Impy(a) =
sin(l”—g) min{%, % tan 90}.

(3) For r > Ry, note that o2|e= 20 +iy (" +BG+iv())| < 1/ (r). We again deduce (6-11) by considering
two ranges of p individually. When p2/|1 +iy’(r)|* < % we have

PEA=Y()Y) 2 pe =20y +BC+ive)) _ |
[1+iy' ()

1,1 1
< = 2] ===
=;+3z-1 1

Re py (o) =

When p?/|1 +iy/(r)|* = 1 we have

2.,
—2/{ y'(r) 4 @2 Im e =20+ (D+BC+iv ()
[L+iy/(r)]*

-2 2 /r
Py (r) +1y'(r) < —3y/(r) = —min{2, 2 an 6,}. O

Im py () =
E - - =
[L+iy'(H)* 2
For a > ag, (6-5) follows from an Agmon estimate just as in the proof of (5-15) for o > ¢ above. For

o < ayp, (6-5) follows from the same positive commutator argument as was used for the proof of (5-33).

7. Applications

In this section we give applications of the Theorem to solutions to Schrodinger and wave equations. Since
such applications are well-known, we only sketch the arguments below, giving references to sources with
further details.
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‘We use the notation
lulls := [I(1 + A)s/2u||L2(X)’ [Alls—>s = sup [Aully. s5.5"€R.
flulls=1

We begin by using (1-1) to deduce polynomial bounds on the resolvent between Sobolev spaces. If
X: X € Cg°(X) satisty X x = x, then for any s € R, we have

[Axulls = C(lxulls 4 1xAulls)-

Hence, for any s, s” € R, we have, letting Ry (0) := x(A — $n? —02)_1)(,

||Rx(0)”s—>s = C”R)“(‘(U)”s/—w/,
IRy (0)lls—s+2 < C(L+ 101 (| R7(0)ls=s + | Rz(0) ls—5).
IRy (0)[ls—>s' < CA+ o) (1 R7(0) 55742 + [ R3(0) [ ss7)-

Consequently, (1-1) implies that for any x € C5°(X), there is Mo > 0 such that for any M > 0, s € R,
s’ <s + 2, there is M, > 0 such that

IRy (0)lls—ss < Mo |Molmelts=s=1 (7-1)
when |Reco| > M,, Imo > —M;.

7A. Local smoothing. By the self-adjoint functional calculus of A, the Schrodinger propagator is unitary
on all Sobolev spaces: for any 5,7 € R, if u € H5(X),

le™ R ulls = llulls.

The Kato local smoothing effect says that if we localize in space and average in time, then Sobolev
regularity improves by half a derivative: for any y € Cg°(X), T > 0, s € R there is C > 0 such that if
ue HS(X),

T
[ etz e <l 72)

This follows by a T T* argument from (7-1) applied with Imo =5 =0, s = 1 (see, e.g., [Burq 2004,
p. 424]); note that in this case the right-hand side of (7-1) is independent of o.

7B. Resonant wave expansions. Suppose X(A — %nz —02)_1 x is meromorphic for o € C. For example

we may take (X, g) as in Section 2D1. More generally, if the funnel end is evenly asymptotically
hyperbolic as in [Guillarmou 2005, Definition 1.2] then this follows as in the proof of Theorem 1.1 in
[Sjostrand and Zworski 1991, p. 747], but in the interest of brevity we do not pursue this here.

Then (7-1) implies that, when the initial data is compactly supported, solutions to the wave equation
(8% + A - %nz)u = 0 can be expanded into a superposition of eigenstates and resonant states, with a
remainder which decays exponentially on compact sets:
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Let x € Cg°(X). There is Mo > 0 such that for any s € R, f € HST1(X), g € H¥(X) satisfying
xf =/f,xg =g, and for any M; > 0 and
s’ <s—MyM,, (7-3)
there are C, T > O such thatift > T, H = \/r%rﬂ, then

M(o;)

(costmy + e = S ey,

Imo; >—M; m=1

< Ce Mt

/

where the sum is taken over poles of Ry (o) (and is finite by the Theorem), M (o;) is the rank of the
residue of the pole at 0}, and each w;j ,, is a linear combination of the projections of f and g onto the
m-th eigenstate or resonant state at oj. This follows from (7-1) by an argument of [Lax and Phillips
1989; Vainberg 1989]; see also [Tang and Zworski 2000, Theorem 3.3] or [Datchev and Vasy 2012a,
Corollary 6.1].

Remark. The local smoothing estimate (7-2) is lossless in the sense that the result is the same if (X, g)
is nontrapping and asymptotically Euclidean or hyperbolic (see [Cardoso, Popov and Vodev 2004, (1.6)]
for a general result). This is because the resolvent estimates (1-1) and (1-2) agree when Imo = 0. The
resonant wave expansion exhibits a loss in the Sobolev spaces in which the remainder is controlled: the
improvement from (1-1) to (1-2) for Imo < 0 means that, when (1-2) holds, we can replace (7-3) with
s’ <.

8. Lower bounds

In this section we prove that, in the setting of an exact quotient, the holomorphic continuation of the
resolvent grows polynomially. As in [Borthwick 2007, §5.3], we use the fact that in this case the integral
kernel of the resolvent can be written in terms of modified Bessel functions.

Proposition 8.1. Let (X, g) be given by
X=RxS, g=dr’*+e¢?ds,

where (S, dS) is a compact Riemannian manifold without boundary of dimension n. Then for any
X € C5°(X) which is not identically 0, the cutoff resolvent X(A 1p2 02)_1 X continues holomorphically
from {Imo > 0} to C\ 0, with a simple pole of rank 1 at 6 = 0.

Moreover, if x # 0 in a neighborhood of {r = 0}, for any € > 0 there exists C > 0 such that

17’12—0 e—ClIm0'||O_|2|Il’n0'|—l/C (8-1)

lx(a ) xlr2osr2 2
when Imo < —g,Reo > C, [Imo| < C|Rea|?/3.

Proof. As in Section 2C a conjugation and separation of variables reduce this to the study of the following
family of ordinary differential operators:

P =D} + e
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where 0 =X1¢ <A <A, <--- are square roots of the eigenvalues of A. We will show that x (P, —0?)" !y
is entire in ¢ for m > 0, and that it is holomorphic in C\ 0 with a simple pole of rank 1 at ¢ = 0 for
m = 0. We will further show that

Ix(P1 =) Xl 2@y L2y = € €M™l |o2mel=1/C (8-2)

when Imo < —¢, Reo > C, |[Imo| < [Reo|?/3.
We write the integral kernel of the resolvent of each Py, using the following variation of parameters
formula:

Rm (V, V/) = _wl (max{r, ”,})W2 (min{r, r,})/ W(Wl ’ wZ)v (8'3)

where y; and ¥, are linearly independent solutions to (P, —o2)u = 0 and W (¥, v5) is their Wronskian.
If m = 0 we take 1 (r) = /"% and ¥, (r) = e~'" (this is the choice for which the resolvent maps
L? to L? for Imo > 0), so that W(;, ¥») = 2ico. Now the asserted continuation is immediate from the
formula (8-3).
To study m > 0 we use, as in [Borthwick 2007, §5.3], the Bessel functions

Yi(r) =L(Ame™"), Y2(r) = Kv(Ame™"), v=—io. (8-4)

We recall the definitions:

, (z/2)*
h)=3 Z KT +k+1)° (8-3)
Ku(2) = 5 (1a0) = 1) 36)

This pair solves the desired equation (see for example [Olver 1974, Chapter 7, (8.01)]) and has
Wronskian W =1 (see for example [ibid., Chapter 7, (8.07)]). When Im o > 0, we have Rev > 0 and
this resolvent maps L? to L? thanks to the asymptotic

I,(z) = Wvﬂ)(l +o(§)) (8-7)

which is a consequence of (8-5), and thanks to the fact that K, (z) ~ e ?/m/2z as z — oo (see for
example [ibid., Chapter 7, (8.04)]). Because I and K are entire in v, we have the desired holomorphic
continuation of the resolvent for all m > 0.

To estimate the resolvent we use (8-6) and (8-7) to write

z7V z¥ z?
Kv(z) = 2sinTENV) (2—”F(—V+1) B 2VF(V+1))(1 +O(T))'

Using Euler’s reflection formula for the gamma function (see for example [ibid., Chapter 2, (1.07)]),

b4 _ _ (v +1)
sin(mv)L(v+1) T = v '
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it follows that

K (2) = l"(v+1)(z_" B z”F(—V+1))(1 +O(?))

2v \27v 2'T(v+1)
SIS e 1 o(T). e

To prove (8-1) we assume (without loss of generality) that there is @ > 0 such that x > 1 on [—a, a],
and fix such an a. Let f be the characteristic function of [0, ], and let

u(r):=(P1—o®)7 1 f(r) =—/0 Ry(r,1") dr’:Kv(Ale_’)/O L(ke™" ) dr'.

Then || x(P1 — o)™ Xl L2@—r2®) = IxullL2@y/ Il /| L2y and hence

3 1 a 1 0 3 a . 2
IXPr =02 M aysz = 5 | O dr =~ [ Kae™) [ 1aear | ar
1| (@ N
=— / I,(Ae™ ") dr! / |Ky(Aie™")|? dr.
aljo —a
Using (8-7) and (8-8) we obtain
”X(Pl _02)_1X||12(R)—>L2(R)
— 2 —r— - . 2
. 1 /“ (Are™)Y g /0 (Are ™)™V . v(Aie™")Y sin(mv)T(—v)? dr. (8-9)
8al|v|?|Jo 2v —a 27V 27
provided |v| is sufficiently large.
We now bound the two integrals from below one by one. First,
a —r’\v ARev
/ ()Lle ) dr'l = 1 |e—av_1|Ze—C|Rev\/C|v|, (8-10)
0 oV 2Rev|U|

since Rev = Imo < —e. Second, using Stirling’s formula (see for example [ibid., Chapter 8, (4.04)])

L(—v) =e’(—v) " /=27/v(1 + O™ YY),

with
|[Re v|
[Tm v|

arg(—v) := % —arctan

T

taking values in (0, 7), and where the branch of (—v)™" is real and positive when —v is, we write

|U sin(m))F(—v)2| — ﬂenllmvle—ZlRevl |v|2|Rev|e—2|Imv|arg(—v)(l + O(|Imv|_1)),

— ne—ZIRevI|v|2|Rev|eZIImv\arctaanev/Iva(l + (’)(|Im Vl_l))

= rr|v|PRevle=3RVE/mE (1 O(Re v|¥ [Imv|™ + [Imv|~)).
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Hence, as long as [Re v|~3|Im v|? is bounded and |v]| is sufficiently large, and using Re v < —¢,

—r)Rev 2Rev

>1|U|—2Reve%(Rev)3/(Imv)2 (Are _
— 2 JRev (kle—r)Rev

(Aie™)™"  v(hie ") sin(wv)[(—v)?
‘ -V 2117-[

- L|V|2|Rev|(£)'Re"'
At

for |r| < a. This implies

r

(Ae™)™"  v(he ") sin(wv)[(—v)?

2 0
dr > %|U|4|Rev|(£>2|Re‘)/ e2Revlr 4.

27V 2V A1 —a
> |U|4|Rev|€_CRev/C.
Combining this with (8-9) and (8-10), and using v = —i g, gives (8-2) and hence (8-1). O

Appendix: The curvature of a warped product

The result of this calculation is used in the examples in Section 2D, and although it is well known,
we include the details for the convenience of the reader. For this section only, let (S, g) be a compact
Riemannian manifold, and let X’ = R x .S have the metric

g=dr’+ [(r)g,

where f € C*°(R;(0,00)). Let p € X, let P be a two-dimensional subspace of 7, X, and let K(P) be
the sectional curvature of P with respect to g. We will show that if 9, € P, then

K(P)=—f"()]/f(r),
while if P C TS and K (P) is the sectional curvature of P with respect to g, then
K(P)=(K(P)— f'(r)*)/f(r)*.
We work in coordinates (x°,...,x") = (r,x',...,x"), and write
g = gopdx” dxP = dar? + gijdx'dx) = dr®* 4 f(r)?g;;dx"dx/,

using the Einstein summation convention. We use Greek letters for indices which include 0, that is indices
which include r, and Latin letters for indices which do not. Then

0agra =0, Orgjk=2/""f"gik. digjk =Sk
We write I" for the Christoffel symbols of g, and T for those of g. These are given by
I =T%,=0, l—‘rjk=_f_1f/gjk, Fijrzf_lfISi', l_‘ijk=i:ijk-
Let R be the Riemann curvature tensor of g:

Ropy’ = 0o, + T, T —0pT 05y — T, Mg,
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Now if P C T,X is spanned by a pair of orthogonal unit vectors V*dy and W%*0y, then K(P) =
RopysV® WPEW?Y V3 and similarly for R and K. Then

Riji' = ﬁ,-jkl +T7 0l =TTy T, = ﬁ,-jkl + (2N (8l gk + 8t gin).

Ryji" =0, T j =T i == i) + S g == " gj
Ifd, € Pwetake V=0, and W = W/9 i any unit vector in 7, X orthogonal to V. Then

K(P) = Ryji, WIWE = — = [TguWI Wk = — =1 f".
Meanwhile, if 3, L P, we may write V = V/9; and W = W/9;. Then
K(P)= (/*Rijrr + (SN (~guigjn + gijgu)) V' W WV
Using the fact that f'V and f W are orthogonal unit vectors for g, we see that
K(P)= f2K(P) - (f~)*(/)*
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CHARACTERIZING REGULARITY OF DOMAINS
VIA THE RIESZ TRANSFORMS ON THEIR BOUNDARIES

DORINA MITREA, MARIUS MITREA AND JOAN VERDERA

Under mild geometric measure-theoretic assumptions on an open subset 2 of R”, we show that the Riesz
transforms on its boundary are continuous mappings on the Holder space ¢ (9€2) if and only if Q is a
Lyapunov domain of order « (i.e., a domain of class ¥!7). In the category of Lyapunov domains we
also establish the boundedness on Holder spaces of singular integral operators with kernels of the form
P(x —y)/lx — y|"~'*!, where P is any odd homogeneous polynomial of degree / in R". This family
of singular integral operators, which may be thought of as generalized Riesz transforms, includes the
boundary layer potentials associated with basic PDEs of mathematical physics, such as the Laplacian, the
Lamé system, and the Stokes system. We also consider the limiting case o = 0 (with VMO(9€2) as the
natural replacement of ¢*(9€2)), and discuss an extension to the scale of Besov spaces.
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1. Introduction

Let 2 C R” be an open set. Singular integral operators mapping functions on 92 into functions defined
either on 92 or in €2 arise naturally in many branches of mathematics and engineering. From the work
of G. David and S. Semmes [1991; 1993] we know that uniformly rectifiable (UR) sets make up the
most general context in which Calderén—Zygmund-like operators are bounded on Lebesgue spaces L7,
with p € (1, oo) (see Theorem 3.1 in the body of the paper for a concrete illustration of the scope of this
theory). David and Semmes have also proved that, under the background assumption of Ahlfors regularity,
uniform rectifiability is implied by the simultaneous L>-boundedness of all integral convolution-type
operators on 9€2, whose kernels are smooth, odd, and satisfy standard growth conditions (see [David and
Semmes 1993, Definition 1.20, p. 11]). In fact, a remarkable recent result proved by F. Nazarov, X. Tolsa,

MSC2010: primary 42B20, 42B37; secondary 35J15, 15A66.
Keywords: singular integral, Riesz transform, uniform rectifiability, Holder space, Lyapunov domain, Clifford algebra,
Cauchy-Clifford operator, BMO, VMO, Reifenberg flat, SKT domain, Besov space.
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and A. Volberg [Nazarov et al. 2014] states that the L2-boundedness of the Riesz transforms alone yields
uniform rectifiability. The corresponding result in the plane was proved much earlier in [Mattila et al.
1996].

The above discussion points to uniform rectifiability as being intimately connected with the boundedness
of a large class of Calder6n—Zygmund-like operators on Lebesgue spaces. This being said, uniform
rectifiability is far too weak to guarantee, by itself, analogous boundedness properties in other functional
analytic contexts, such as the scale of Holder spaces €%, with « € (0, 1).

The goal of this paper is to identify the category of domains for which the Riesz transforms are bounded
on Holder spaces as the class of Lyapunov domains (see Definition 2.1), and also show that, in fact, a
much larger family of singular integral operators (generalizing the Riesz transforms) act naturally in
this setting. On this note we wish to remark that the trademark property of Lyapunov domains is the
Holder continuity of their outward unit normals. Alternative characterizations, of a purely geometric
flavor, may be found in [Alvarado et al. 2011]. The issue of boundedness of singular integral operators
on Holder spaces has a long history, with early work focused on Cauchy-type operators in the plane
(see [Muskhelishvili 1953; Gakhov 1966], and the references therein). More recently this topic has been
considered in [Dyn’kin 1979; 1980; Fabes et al. 1999; Garcia-Cuerva and Gatto 2005; Gatto 2009; Kress
1989; Mateu et al. 2009; Meyer 1990, Chapter X, §4; Taylor 2000; Wittmann 1987].

Consider an Ahlfors regular subset ¥ of R” (i.e., a closed, nonempty set satisfying (2-21)), and equip it
with "1, the (n—1)-dimensional Hausdorff measure in R”" restricted to . The latter measure happens to
be a positive, locally finite, complete, doubling, Borel regular (hence Radon) measure on X. In particular,
the Lebesgue scale L?(X), 0 < p < o0, is always understood with respect to the aforementioned measure.
A good deal of analysis goes through in this setting, such as the L”-boundedness of the Hardy—Littlewood
maximal operator on X, Lebesgue’s differentiation theorem for locally integrable functions on X, and
the density of Holder functions with bounded support in L?(X). See, e.g., [Alvarado and Mitrea 2015;
Coifman and Weiss 1971; 1977; Christ 1990], and the references therein.

Classically, given an Ahlfors regular subset ¥ of R”, the Riesz transforms are defined as principal
value singular integral operators on X with kernels (x; — y;)/(w,—1|x — y|") for 1 < j < n. Specifically,

if w,—1 is the area of the unit sphere in R", for each j € {1, ..., n} define the j-th principal value Riesz
transform
RY f(x):= lim R;f(x), (1-1)
e—>0t

where, for each & > 0,

Rifoi= [ ST pgan o). xex (1-2)
’ wp—1 J YEX |x —y|"
lx—y|>¢e
It turns out that if ¥ is countably rectifiable (of dimension n — 1) then for each f € L2(X) the above limit
exists at H"~'-a.e. point x € X. In fact, a result of Tolsa [2008] states that if an arbitrary set ¥ C R" has
H"1(T) < 400 then:
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¥ is countably rectifiable (of dimension n — 1) if and only if, for each j € {1, ..., n},
. Xj—Yj -
1 LT gyt 1-3
gi)r{)l+fy62 |x_y|n (y) ( )
ly—x|>¢

exists for 7"~ '-a.e. point x belonging to X.

There is yet another related brand of Riesz transforms whose definition places no additional demands
on the underlying Ahlfors regular set X of R"”. The definition in question is of a distribution theory
flavor and proceeds by fixing @ € (0, 1) and considering ¥ (%), the space of Holder functions of order o
with compact support in X. This is a Banach space, and we denote by (¢¥(X))* its dual. Then, for
each j € {1, ..., n}, one defines the j-th distributional Riesz transform as the operator

Rj €Y (2) — (€7(2))" (1-4)

with the property that for every f, g € €¥(X) one has

: = 1 i Yi _ n—1 n—1
Rif.0) = 5o [ [ U ew - fogmla T man w0
20p-1 Jx Jx Ix =yl

where, in this context, (-, -) stands for the natural pairing between (¢ (X))* and €(X). It may
be checked without difficulty that the above integral is absolutely convergent, ultimately rendering the
distributional Riesz transform R linear and continuous in the context of (1-4). Moreover, the distributional
Riesz transform R; just introduced is associated with the kernel (x; — y;)/(w,—1|x — y[") in the sense
that, for each f € €*(X), the functional R; f € (¢ (X))* is of function type on the set X \ supp f and

1

n—1

Rif = [ 2 ) an ) for xe B \supp . (1-6)
w z lx—y"

The above definition of the distributional Riesz transforms is very much in line with the point of view
adopted in the statement of the classical 7' (1) theorem of David and J.-L. Journé [1984]. Originally
formulated in the entire Euclidean space, the latter result turned out to be remarkably resilient, in terms of
the demands it places on the ambient space. Indeed, the 7'(1) theorem has been subsequently generalized
to spaces of homogeneous type (in the sense of Coifman and Weiss [1971; 1977]), a setting where only the
existence of a quasidistance and a doubling measure is postulated (see, e.g., [Auscher and Hyténen 2013,
Theorem 12.3; Christ 1990, Chapter I1V; Han et al. 2008, Theorem 5.56, p. 166]). This is a framework in
which an Ahlfors regular set ¥ C R", equipped with the Euclidean distance and the (n—1)-dimensional
Hausdorff measure, fits in naturally.

As it turns out, much information (of both analytic and geometric flavor) is encapsulated in the action
of the distributional Riesz transforms (1-4)—(1-5) on the constant function 1. Since the function 1 may not
belong to ¢ (%) (which happens precisely when X is unbounded), one should be careful defining R;(1).
In agreement with the procedures set in place by the 7'(1) theorem, we consider R;(1) to be the linear
functional acting on each function g € €¥(X) that satisfies the cancellation condition f 5 8 dH" ' =0
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according to

(R;(1), g)

/ /2 P [¢<y>g<x>—¢<x>g<y>]d%" T dH ()

an 1

//zlx— L(1—¢(x)g(n) dH" T () dH" " (x), (1-7)

(Unl

where ¢ € €¥(X) is an auxiliary function chosen to satisfy ¢ = 1 near supp g. In this vein, let us
remark that, in the case when X is compact, we do have ¢ (X) = €% (X); hence, in particular, we now
have 1 € ¢ (X). In such a scenario, it may be readily verified that R;(1), defined as in (1-7), is the
restriction of the functional R;1 € (¢ (X))*, defined as in (1-5) with f =1, to the space consisting of
functions in ¢ (X) which integrate to zero. It is therefore reassuring to know that the various points of
view on the nature of the action of the distributional Riesz transform R; on the constant function 1 are
consistent.

At the analytical level, the 7'(1) theorem (for operators associated with odd kernels) gives that, for
each fixed j € {1, ..., n}:

The distributional Riesz transform R; from (1-4)—(1-5) extends to a bounded linear operator

. . 1-8
on L*(X) if and only if R;(1) e BMO(X), (1-8)

where BMO(X) is the John—Nirenberg space of functions of bounded mean oscillations on X (regarded
as a space of homogeneous type).

At this stage, a few comments are in order, about the specific manner in which the various brands of
Riesz transforms introduced earlier relate to one another. Assume that ¥ is an Ahlfors regular subset
of R" which is countably rectifiable (of dimension n — 1). First, it turns out that if for some j € {1, ..., n}
one (hence both) of the two equivalent conditions in (1-8) holds then the extension of the distributional
Riesz transform R; to a bounded linear operator on L?(X) (mentioned in (1-8)) is realized precisely by
the principal value Riesz transform R?V (defined for each f € L?(X) asin (1-1) at " '-a.e. x € £). In
particular, for each j € {1, ..., n}:

If ¥ C R” is a compact Ahlfors regular set which is countably rectifiable (of dimension n — 1)
and R;(1) € BMO(Z) then, for H" !-ae. x € %,

R;(1(x) = lim XV gy, (1-9)
yeZ Jx—yI"
[y—x|>¢
Second, if for some j € {1, ..., n} the principal value Riesz transform R?V, originally acting on € (%),

is known to extend to a bounded linear operator on L*(%), then RE.’V coincides on ¢ (%) with the
distributional Riesz transform R; defined as in (1-4)—(1-5). Third, having fixed j € {1, ..., n}, the
principal value Riesz transform REV extends to a bounded linear operator on L*(X) if and only if for
each ¢ > 0 the j-th truncated Riesz transform R; ., defined as in (1-2), is bounded on L*(%) uniformly
in &, which happens if and only if the j-th maximal Riesz transform R; , is bounded on LZ(Z), where,
for each f € L*(X%),

Rj.f(x):=sup|(R;:f)(x)], xe€X. (1-10)

e>0
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All these results may be established via arguments of Calderén—Zygmund theory flavor, such as Cotlar’s
inequality, the Calderén—Zygmund decomposition, Marcinkiewicz’s interpolation theorem and the bound-
edness of the Hardy—Littlewood maximal operator.

At the geometric level, the recent main result in [Nazarov et al. 2014] mentioned earlier may be
rephrased, in light of (1-8), as follows: under the background assumption that X is an Ahlfors regular
subset of R", one has

> is a uniformly rectifiable set <= R;(1) e BMO(X) foreach j €{1,...,n}. (1-11)

Hence, within the class of Ahlfors regular subsets of R", the membership of all R;(1) to the John—
Nirenberg space BMO characterizes uniform rectifiability. As mentioned previously in the introduction,
this result refines earlier work of David and Semmes [1991], who proved that uniform rectifiability
within the class of Ahlfors regular subsets of R” is equivalent to the L?-boundedness in that ambient
of all truncated singular integral operators, uniform with respect to the truncation, (or, equivalently, the
L?-boundedness of all maximal operators), associated with all kernels of the form k(x — y), where the
function k € €°°(R" \ {0}) is odd and satisfies
sup [|x|®" D@7 k) (x)]] < +o0  forall y € Nj. (1-12)
xeRM\ {0}
In relation to the brands of Riesz transforms introduced earlier, the results of [David and Semmes
1991] imply' that, for each j € {1, ..., n}:

Whenever X is a uniformly rectifiable set in R”, the principal value Riesz transform RI;V
is a well-defined, linear and bounded operator on L?(%), which agrees on ¢ (X) with (1-13)
the distributional Riesz transform R;.

From the perspective of (1-11), one of the issues addressed by our first main result is that of extracting
more geometric regularity for X if more analytic regularity for the R;(1) is available. We shall study this
issue in the case when X := 042, the topological boundary of an open subset €2 of R". This fits into the
paradigm of describing geometric characteristics (such as regularity of a certain nature) of a given set
in terms of properties of suitable analytical entities (such as singular integral operators) associated with
this environment. Specifically, we have the following theorem (for all relevant definitions the reader is
referred to Section 2).

Theorem 1.1. Assume Q2 C R" is an Ahlfors regular domain with a compact boundary, satisfying
0Q = 3(Q). Set o :=H""'dQ and define L := Qand Q_ :=R"\ Q.
Then for each « € (0, 1) the following claims are equivalent:

(@) Q is a domain of class €'+ (or a Lyapunov domain of order o).

(b) The distributional Riesz transforms, defined as in (1-4)—(1-5) with ¥ := 02, satisfy
Ri1 € ¢%(0Q) foreach je{l,..., n}. (1-14)

!1n concert with the Calderén—Zygmund machinery alluded to earlier, and bearing in mind (2-48).
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(c) QisaUR domain and, given any odd homogeneous polynomial P of degree | > 1 in R", the singular
integral operator

L Px—y)
Tf(x) := 81_1)11()1+ /|y€a|9 |x_ymf()’) do(y), x€0d%, (1-15)
x—y|>e

is meaningfully defined for every f € €*(02), and maps €“(92) boundedly into itself.
(d) 2 is a UR domain and one has

HN €6 (Qx) foreach je(l, ... n}, (1-16)
where, for j € {1,...,n},
1 Xj—Yj
arfw = [ U2 e, ve (1-17)
Wn—1 Jyq |x —y["
(e) 2is a UR domain and, for each odd homogeneous polynomial P of degree | > 1 in R", the integral
operators
_ P(x—y)
Tof@) = ——7fdo(y), xeQ, (1-18)
aq [x —y|"

map €% (02) boundedly into €* (Q2+).

Moreover, if Q is a €'"* domain for some o € (0, 1), there exists a finite constant C > 0, depending
only on n, a, diam(92), the upper Ahlfors regularity constant of 02, and ||v| 43y (Where v is the
outward unit normal to $2), with the property that for each odd homogeneous polynomial P of degree | > 1
in R" the integral operators (1-18) and (1-15) satisfy

2

1T+ fllge@yy < C2" 1Pl 2esin | f gy forall fe€¥(dR), (1-19)
2

I Tfllg=o) < C2" 1Pl 21| fllewony  forall f €€ (D). (1-20)

The operators described in (1-15) may be thought of as generalized Riesz transforms since they
correspond to (1-15) with

P(x):=

for x =(x1,...,x,) eR", 1 <j <n. (1-21)

n—1
For the same choices of the polynomials, the claim in Theorem 1.1(e) implies that the harmonic single-layer
operator (see (5-66) for a definition) is well-defined, linear and bounded as a mapping

S 0R) — €TUQY). (1-22)

In concert with the above comments, intended to clarify how the distributional Riesz transforms relate
to the principal value Riesz transforms, Theorem 1.1 readily implies the following corollary:

Corollary 1.2. Let 2 be a nonempty, proper, open subset of R" with compact boundary, satisfying
0Q = 3(Q). Then for every a € (0, 1) the following statements are equivalent:

() Q is a domain of class €' .
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(i1) €2 is an Ahlfors regular domain and, for each j € {1, ..., n}, the distributional Riesz transform R ;
defined as in (1-4)—(1-5) with ¥ := 902 induces a linear and bounded operator in the context

R;:€¢%(0Q2) — €*(09). (1-23)

(iii) 2 is an Ahlfors regular domain and

R;j1e€€¢%(0) foreach je{l,... n}. (1-24)
(iv) Q2 is a UR domain and, for each j € {1, ..., n}, the principal value Riesz transform R?V defined as
in (1-1) with ¥ := 02 induces a linear and bounded operator in the context
RY 1 6% (3Q) —> €% (3S2). (1-25)
(v) Qis a UR domain and
R§V1 e €“(Q) foreach je{l,..., n). (1-26)

In dimension two, there is a variant of Theorem 1.1 starting from the demand that the boundary of the
domain in question be an upper Ahlfors regular Jordan curve and, in lieu of the Riesz transforms, using
the following version of the classical Cauchy integral operator in the principal value sense:

.1 f@
pv — L S5 i
e f(2): 81_1)n01+ 371 | cern C—ZdH (¢), zeof. (1-27)
lz=¢l>¢
Theorem 1.3. Let Q2 C C be a bounded open set whose boundary is an upper Ahlfors regular Jordan
curve and fix a € (0, 1). Then Q is a domain of class €' if and only if the operator (1-27) satisfies

CPV] € €% (092).

Under the initial background hypotheses on € made in Theorem 1.1, Q2 being a ' domain is equivalent
to v € €°(9) (see [Hofmann et al. 2007] in this regard). This being said, the limiting case o = 0 of
the equivalence (a) <= (b) in Theorem 1.1 requires replacing the space of continuous functions by the
(larger) Sarason space VMO, of functions of vanishing mean oscillations (on 92, viewed as a space
of homogeneous type, in the sense of Coifman and Weiss, when equipped with the measure o and the
Euclidean distance). Specifically, the following result holds:

Theorem 1.4. Let Q C R" be an Ahlfors regular domain with a compact boundary, and denote by v the
geometric measure-theoretic outward unit normal to Q. Then

v € VMO(0K2) and 0X2 is uniformly rectifiable <= R;1 € VMO(9R2) forall j €{1,...,n}. (1-28)

The equivalence (1-28) should be contrasted with (1-11). In the present context, the additional
background assumption H"~!(3€2\ 8,2) = 0 (which is part of the definition of an Ahlfors regular domain;
see Definition 2.3) merely ensures that the geometric measure-theoretic outward unit normal v to €2 is
well-defined o-a.e. on 92.

The collection of all geometric conditions in Theorem 1.4, i.e., that 2 C R" is an Ahlfors regular domain
such that d€2 is a uniformly rectifiable set, amounts to saying that 2 is a UR domain (see Definition 2.7).
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Concerning this class of domains, it has been noted in [Hofmann et al. 2010, Corollary 3.9, p. 2633] that:

If 2 C R" is an open set satisfying a two-sided corkscrew condition (in the sense of (129
[Jerison and Kenig 1982]) and whose boundary is Ahlfors regular, then €2 is a UR domain. )

In fact, the same circle of techniques yielding Theorem 1.4 also allows us to characterize the class
of regular SKT domains, originally introduced in [Hofmann et al. 2010, Definition 4.8, p. 2690] by
demanding §-Reifenberg flatness for some sufficiently small § > 0 (see Definition 7.6), Ahlfors regular
boundary, and vanishing mean oscillations for the geometric measure-theoretic outward unit normal.
Specifically, combining (1-29), Theorem 1.4, Theorem 7.7, and [Hofmann et al. 2010, Theorem 4.21,
p- 2711] gives the following theorem:

Theorem 1.5. If Q2 C R" is an open set with a compact Ahlfors regular boundary, satisfying a two-sided
John condition as described in Definition 7.3 (Which, in particular, implies the two-sided corkscrew
condition) then

R;j1 € VMO(02) forevery je{l,...,n} < Q is aregular SKT domain. (1-30)

It turns out that the equivalence (a) <= (b) in Theorem 1.1 essentially self-extends to the larger scale of
Besov spaces BY'7(3Q) with p € [1, oo] and s € (0, 1) satisfying sp > n — 1, for which the Holder spaces
occur as a special, limiting case, corresponding to p = co. For a precise statement, see Theorem 7.11.

The category of singular integral operators falling under the scope of Theorem 1.1 already includes
boundary layer potentials associated with basic PDEs of mathematical physics, such as the Laplacian, the
Helmbholtz operator, the Lamé system, the Stokes system, and even higher-order elliptic systems (see, e.g.,
[Colton and Kress 1983; Hsiao and Wendland 2008; Mitrea 2013; Mitrea and Mitrea 2013]). This being
said, granted the estimates established in the last part of Theorem 1.1, the method of spherical harmonics
then allows us to prove the following result, dealing with a more general class of operators:

Theorem 1.6. Let Q be a €' domain, a € (0, 1), with compact boundary, and let k € € (R" \ {0}) be
an odd function satisfying k(Ax) = A"k (x) for all » € (0, 00) and x € R" \ {0}. In addition, assume that
there exists a sequence {m;};en, < No for which

[e.8]
24’21—2'"1||(ASH)"” (k| gn-Dl 2(sn-1) < 400, (1-31)
=0

where Agi-1 is the Laplace—Beltrami operator on the unit sphere S"~ in R".
Then the singular integral operators

TH@ = [ k=37 0)do ), xeQ, (1-32)
@)= lim [ o k= f0)do). x e, (1-33)
lx—yl|>e

induce linear and bounded mappings

T:4%0Q) — €“(Q) and T:€*(ORQ) — €*(ORQ). (1-34)
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We wish to note that Theorem 1.6 refines the implication (a) => (e) in Theorem 1.1 since, as explained
in Remark 6.1, condition (1-31) is satisfied whenever the kernel k is of the form P(x)/ lx "~ for some
homogeneous polynomial P of degree / € 2N — 1 in R". In fact, condition (1-31) holds for kernels k that
are real-analytic away from 0 with lacunary Taylor series (involving sufficiently large gaps between the
nonzero coefficients of their expansions, depending on n, o, diam(9€2), ||v ||« <), and the upper Ahlfors
regularity constant of d€2). Thus, the conclusions in Theorem 1.6 are valid for such kernels which are
also odd and positive homogeneous of degree 1 — n.

Even though the statement does not reflect it, the proof of Theorem 1.1 makes essential use of the Clifford
algebra C¢,,, a highly noncommutative generalization of the field of complex numbers to #» dimensions,
which also turns out to be geometrically sensitive. Indeed, this is a tool which has occasionally emerged
at the core of a variety of problems at the interface between geometry and analysis. For us, one key aspect
of this algebraic setting is the close relationship between the Riesz transforms and the principal value®
Cauchy—Clifford integral operator CP¥ (defined in (5-2)). For the purpose of this introduction we single
out the remarkable formula

n
V= —4CPV<Z(R5?v1)ej) at o-a.e. point on 9%, (1-35)
Jj=1

expressing the (geometric measure-theoretic) outward unit normal to €2 as the Clifford algebra cocktail
Z’;‘:l (R?VI)e ; of principal value Riesz transforms acting on the constant function 1, coupled with the
imaginary units e; in C¢,, then finally distorted through the action of the Cauchy—Clifford operator CP".
Identity (1-35) plays a basic role in the proof of (b)=> (a) in Theorem 1.1, together with a higher-
dimensional generalization in a rough setting of the classical Plemelj—Privalov theorem stating that
the principal value Cauchy integral operator on a piecewise smooth Jordan curve without cusps in the
plane is bounded on Holder spaces (see [Plemelj 1908; Privalov 1918; 1941]; see also [Iftimie 1965]
for a higher-dimensional version for Lyapunov domains with compact boundaries). Specifically, in
Theorem 5.6 we show that, whenever €2 C R" is a Lebesgue measurable set whose boundary is compact,
upper Ahlfors regular, and satisfies H"~1(32\ 9,£2) = 0, it follows that for each « € (0, 1) the principal
value Cauchy—Clifford operator C?V induces a well-defined, linear and bounded mapping

CP:€¢*(0Q) ®CL, —> €*(IQ) @ CLy. (1-36)

The strategy employed in the proof of the implication (a) => (e) in Theorem 1.1 is somewhat akin to that
of establishing a “7"(1)-theorem” in the sense that matters are reduced to checking that Ty act reasonably
on the constant function 1 (see (3-42) in this regard). In turn, this is accomplished via a proof by induction
on/ € 2N — 1, the degree of the homogeneous polynomial P. The base case / = 1, corresponding to linear
combinations of polynomials as in (1-21), is dealt with by viewing (x; — y;)/[x — y|" as a dimensional
multiple of 9; E; (x—y), where E, is the standard fundamental solution for the Laplacianin R". As such, the
key cancellation property that eventually allows us to establish the desired Holder estimate in this base case
may be ultimately traced back to the PDE satisfied by (x; —y;)/|x —y|". In carrying out the inductive step

2In the standard sense of removing balls centered at the singularity and taking the limit as the radii shrink to zero.
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we make essential use of elements of Clifford analysis permitting us to relate T 1 to the action of certain
integral operators constructed as in (1-18) but relative to lower-degree polynomials acting on components
of the outward unit normal v to 2. In this scenario, what allows the use of the induction hypothesis is the
fact that, since €2 is a domain of class ' *%, the components of the outward unit normal belong to €% (3<2).

The layout of the paper is as follows. Section 2 contains a discussion of background material of
geometric measure-theoretic nature, along with some auxiliary lemmas which are relevant in our future
endeavors. In Section 3 we first recall a version of the Calder6n—Zygmund theory for singular integral
operators on Lebesgue spaces in UR domains, and then proceed to establish several useful preliminary
estimates for general singular integral operators. Next, Section 4 is reserved for a presentation of those
aspects of Clifford analysis which are relevant for the present work. Section 5 is devoted to a study of
Cauchy—Clifford integral operators (of both boundary-to-domain and boundary-to-boundary type) in the
context of Holder spaces. In contrast with the Calder6n—Zygmund theory for singular integrals in UR
domains reviewed in the first part of Section 3, the novelty here is the consideration of a much larger
category of domains (see Theorem 5.6 for details). In the last part of Section 5 we also discuss the harmonic
single and double layer potentials (involved in the initial induction step in the proof of the implication
(a) = (e) in Theorem 1.1). Finally, in Section 6, the proofs of Theorems 1.1, 1.3 and 1.6 are presented,
while Section 7 contains the proofs of Theorem 1.4 and the Besov space version of the equivalence
(a) <= (b) in Theorem 1.1 (see Theorem 7.11), and also a more general version of (1-30) in Theorem 7.7.

2. Geometric measure-theoretic preliminaries

Throughout, Ny := N U {0} and we shall denote by 1 the characteristic function of a set E. For « € (0, 1)
and U C R" an arbitrary set (implicitly assumed to have cardinality at least 2), define the homogeneous
Holder space of order o« on U as

¢*(U) :={u:U — C: [ulgeq, < +00}, @2-1)
where [ - ]« (g stands for the seminorm
|u(x) —u(y)|
[t]fey := sup —————. (2-2)
7o x,yeU |x - )’|“

x#y

The inhomogeneous Holder space of order o on U is then defined as
€% (U) :={u € ¢*(U) : u is bounded in U}, (2-3)
and is equipped with the norm

lullge @) = sup |u| + [ulgeqy, forall ue @ (U). (2-4)
U

Also, denote by ¥ (U) the subspace of ¢*(U) consisting of functions vanishing outside of a relatively
compact subset of U. Moreover, if O is an open, nonempty subset of R”, then for given « € (0, 1) define

¢1T(0) := {u € €1 (0) : lullgr+e(0) < +00}, (2-5)
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where
|(Vu)(x) — (Vu) ()]
ullgr+e(oy == sup |u(x)|+ sup [(Vu)(x)| + sup p : (2-6)
xeO xeO x,yeO |x - yl
X#y

The following observations will be tacitly used in the sequel. For each set U C R" and any « € (0, 1), we
have that % (U) is an algebra and the spaces ©*(U) and 4*(U) are contained in the space of uniformly
continuous functions on U, with €*(U) = ¢%(U) and €*(U) = ¢*(U). Moreover, ¢*(U) = ¢*(U) if
U is bounded. Finally, we shall make no notational distinction between a Holder space of scalar functions
and its version involving vector-valued functions. A similar convention is employed for other function
spaces used in this work.

Definition 2.1. A nonempty, open, proper subset 2 of R”" is called a domain of class €'** for some
a € (0, 1) (or a Lyapunov domain of order o), if there exist r, h > 0 with the following significance. For
every point xo € 92 one can find a coordinate system (x1, ..., x,) = (x’, x,) in R" which is isometric to
the canonical one and has origin at xo, along with a real-valued function ¢ € ¢'**(R"~!) such that

QNC(r,h)={x =" x,) eR" ' xR:|x| <r and ¢(x) < x, <h}, 2-7)
where C(r, h) stands for the cylinder
x=x"x) eR"'xR:|x'| <r and —h < x, < h}. (2-8)

Strictly speaking, the traditional definition of a Lyapunov® domain €2 € R” of order « requires that 32
is locally given by the graph of a differentiable function ¢ : R"~! — R whose normal v to its graph X has
the property that the acute angle 6, , between v(x) and v(y) for two arbitrary points x, y € X satisfies
Oy, y < Clx —y|*%; see, e.g., [Iftimie 1965, Définition 2.1, p. 301]. This being said, it is easy to see that
the latter condition implies that v is Holder continuous of order « and, ultimately, that €2 is a domain of
class €'*% in the sense of our Definition 2.1.

We shall now present a brief summary of a number of definitions and results from geometric measure
theory which are relevant for the current work (see the monographs of H. Federer [1969], W. Ziemer
[1989], L. Evans and R. Gariepy [1992] for more details). We say a Lebesgue measurable set 2 C R”
has locally finite perimeter provided V1g is a locally finite, Borel regular, R"-valued measure. Given a
Lebesgue measurable set 2 C R" of locally finite perimeter we denote by o the total variation measure
of V1. Then o is a locally finite positive measure, supported on 0€2. In the sequel, we shall frequently
identify o with its restriction to 92, with no special mention. By L?(9€2, o), where 0 < p < 0o, we
shall denote the usual scale of Lebesgue spaces on €2 with respect to the measure o

Clearly, each component of V1 is absolutely continuous with respect to o, so from the Radon—
Nikodym theorem it follows that

VIQ = —Vo, (2'9)

3 Also spelled as Liapunov.



966 DORINA MITREA, MARIUS MITREA AND JOAN VERDERA

where
v is an R"-valued function with components in L*°(9€2, o) and which satisfies |v(x)| = 1 (2-10)
at o-a.e. point x € 9€2.
Moreover, Besicovitch’s differentiation theorem implies that at o-a.e. point x € dQ2 we have
lim v(y)do(y) =v(x), (2-11)

r=0" JB(x,r)
where the barred integral indicates mean average. We shall refer to v and o as the (geometric measure-
theoretic) outward unit normal to 2 and the surface measure on 02, respectively.
Next, denote by .#" the Lebesgue measure in R” and recall that the measure-theoretic boundary 9,2
of a Lebesgue measurable set 2 C R” is defined by

ZL"(B(x,r)NQ i Z"(B(x, Q
9,9 = {x c 99 limsup B DD o d lim sup 2B X DAY >o}. (2-12)
r—0t rt r—0t rt
Also, the reduced boundary 0*2 of 2 is defined as
9*Q:={x €9Q:(2-11) holds and |v(x)| = 1}. (2-13)

As is well-known (see [Ziemer 1989, Lemma 5.9.5, p. 252; Evans and Gariepy 1992, p. 208]), one has
*QCQCIQ and H"'(3,02\0%*Q) =0, (2-14)

where H"~! is the (n—1)-dimensional Hausdorff measure in R". Also,
o =H"110*Q. (2-15)

Hence, if 2 has locally finite perimeter, it follows from (2-14) that the outward unit normal is defined
o-a.e. on 9,L2. In particular, if
H' 1092\ 8:.Q2) =0, (2-16)

then from (2-13)—(2-14) we see that the outward unit normal v is defined o-a.e. on 9€2, and (2-15)
becomes o = "~ Q. Works of Federer and De Giorgi also give that

0*Q is countably rectifiable (of dimension n — 1), (2-17)

in the sense that it is a countable disjoint union

a*sz:zvu(UMk) (2-18)
keN
where each M is a compact subset of an (n—1)-dimensional ¢ surface in R” and %"~'(N) = 0. It then

happens that v is normal to each such surface, in the usual sense. For further reference let us remark here
that, as is apparent from (2-17), (2-14), and (2-18):

If Q C R" is a Lebesgue measurable set which has locally finite perimeter and for which

2-19
(2-16) holds, then 9€2 is countably rectifiable (of dimension n — 1). ( )
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The following characterization of the class of ¥'** domains from [Hofmann et al. 2007] is going to
play an important role for us here.

Theorem 2.2. Assume that Q2 is a nonempty, open, proper subset of R" of locally finite perimeter, with
compact boundary, for which

IR =9(Q), (2-20)

and denote by v the geometric measure-theoretic outward unit normal to 0S2, as defined in (2-9)—(2-10).
Also, fix a € (0, 1). Then Q is a €'+ domain if and only if , after altering v on a set of o-measure zero,
one has v € €*(022).

Condition (2-20) is designed to preclude pathological happenstances such as a slit disk. By the Jordan—
Brouwer separation theorem (see [Alexander 1978, Theorem 1, p. 284]), (2-20) is automatically satisfied
if 2 is a compact, connected, (n—1)-dimensional topological manifold without boundary (since in this
scenario R" \ 92 consists of precisely two components, each with boundary 0€2; see [Alvarado et al.
2011] for details).

Changing topics, we remind the reader that a set ¥ C R" is called Ahlfors regular provided it is closed,
nonempty, and there exists C € (1, oo) such that

cClrm <y Y Bx,rNnx)<Cr! (2-21)

for each x € £ and r € (0, diam ¥). When considered by itself, the second inequality above will be
referred to as upper Ahlfors regularity. In this vein, we wish to remark that (see [Evans and Gariepy 1992,
Theorem 1, p. 222]):

Any Lebesgue measurable subset of R” with an upper Ahlfors regular boundary is of (222)
locally finite perimeter.

It is natural to make the following definition:

Definition 2.3. Call an open, nonempty, proper subset Q2 of R" an Ahlfors regular domain provided 92
is an Ahlfors regular set and HOQ\ 9,Q2) =0.

Let us remark here that (2-19) and (2-22) imply the following result:

If @ C R" is a Lebesgue measurable set with an upper Ahlfors regular boundary satisfying
H1(92\0,2) =0, then Q is a set of locally finite perimeter and its topological boundary, (2-23)
0€2, is countably rectifiable (of dimension n — 1).

For further use, we record the following consequence of (2-23) and Definition 2.3:

Any Ahlfors regular domain in R” has a countably rectifiable topological boundary (of (2-24)
dimension n — 1).

Later on, the following result is going to be of significance to us:
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Proposition 2.4. Let ¥ C R" be an Ahlfors regular set which is countably rectifiable (of dimension n — 1).
Define o := H""' 'S and consider an arbitrary function f € L\ (X, o). Then, for each j € {1, ..., n},

loc

Xji—Jj
f B P ALt

lim { sup } =0 for o-a.e x€X. (2-25)
e=>0% | re(e/2,e) & /4<|y—x|<r

Proof. Fix j {1, ..., n} and pick some large R > 0. Foreach e € (0, 1), r € (%8, s), and x € XNB(0, R)
split

—y,
L L f(yydo(y) = I, +1I,,r, (2-26)
yer fx—yl"
eld<|y—x|<r
where
Xj—Yyj
Iy = / K0 p(y) — f))do (), (227)
yexr - x —yl”
eld<|y—x|<r
._ Xj— Y B Xj— Y ]
I = f(x){AGEDB(O,R-H) x— y|” do(y) /y?EﬂB(O,R—H) x — y|" do(y)}‘ (2-28)

g/d<|y—x|<l1 r<|y—x|<l

The left-to-right implication in (1-3), used for the set XN B(0, R+1), gives that o-a.e. point x € XNB(0, R)
has the property that, for each § > 0, there exists 65 € (0, 1) such that, for each 6, 6, € (0, 65), we have

TN o (y) - TN e (| < (2-29)
YEZNBO.R+1) |x — y|" YEXZNBO.R+D) |x — y|” ’
O <|y—x|<1 Or<|y—x|<1
In turn, this readily yields
lim { sup |l ,|}=0 for oc-ae.x€XNB(O,R). (2-30)

e—>07F re(e/2,e)

Next, thanks to the upper Ahlfors regularity condition satisfied by X, we may estimate (recall that the
barred integral stands for mean average)

4 n—1
A=(37 [ s@idem sef o= fwidae. @D
€ TNB(x,¢) NB(x,¢)
Hence, on the one hand,
lim { sup |Is,r|} =0 if x is a Lebesgue point for f. (2-32)
>0 "re(e/2,0)
On the other hand, the triplet (X, |- — - |, ) is a space of homogeneous type and the underlying measure

is Borel regular. As such, Lebesgue’s differentiation theorem gives that o-a.e. point in X is a Lebesgue
point for f. Bearing this in mind, the desired conclusion now follows from (2-26), (2-30), and (2-32). [

In the treatment of the principal value Cauchy—Clifford integral operator in Section 5, the following
lemma plays a significant role:
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Lemma 2.5. Let 2 C R" be a Lebesgue measurable set of locally finite perimeter such that (2-16) holds.
Then, for each x € 0*Q, there exists a Lebesgue measurable set Oy C (0, 1) of density 1 at 0, i.e., satisfying

. 210N (0,8)
lim =

e—0t &

1, (2-33)

with the property that

"L QNaB(x,
fim ¢ W) _ 1 (2-34)
r—>0* wWp—1r" ! 2
reOy

Proof. We largely follow a suggestion of Taylor (personal communication, 2015). Given x € 0*2, there
exists an approximate tangent plane 7 to 2 at x (see the discussion in [Hofmann et al. 2010, p. 2627])
and we denote by 7 the two half-spaces into which 7 divides R" (with the convention that the outward
unit normal to 7~ is v(x)). For each r > 0, set ¥ B(x, r) := d B(x, r) N ™ and introduce

Wx,r):=0 B(x,r)A(RNJ0B(x,r)), (2-35)
where, generally speaking, U AV denotes the symmetric difference (U \ V) U (V \ U). With this notation,
in the proof of [Hofmann et al. 2010, Proposition 3.3, p. 2628] it has been shown that

R
/ H YW (x,r))dr =o(R") as R— 0F. (2-36)
0

Thus, if we consider the function
¢ :(0,1) — [0, 00), &) :=r'""H"Y(W(x,r)) foreach r € (0,1), (2-37)

it follows from (2-36) that

R R 1—n R
b(r)dr < (—) f 2N (W(x,r)dr =o(R) as R — 0. (2-38)
R/2 2 0

We introduce the dyadic intervals I} := [2=%+D 2-K] for k € Ny and note that (2-38) entails

Sei=+4 ¢(r)dr — 0T as k — oo. (2-39)
I
For each k € Ny split
Li=AUB, with  Bi:={rel:¢@(r)>/6 and Ay:=I\ B (2-40)

Then Chebyshev’s inequality permits us to estimate

2By _
R /SN T A
In light of (2-39), this implies that if we now define

¢(r)dr =/8 forall k e Ny. (2-41)

0, = J Acc.1), (2-42)
kGNO
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then
lim ¢(r) =0. (2-43)

r—0%
reOy

We claim that (2-33) also holds for this choice of O,. To see that this is the case, assume that some
arbitrary 6 > 0 has been fixed. For each ¢ € (0, 1), let N, € Ny be such that 27Nl < ¢ <27Ne_ Since
N, — 00 as ¢ — 07, it follows from (2-39) that there exists &g > 0 with the property that

o < 6> whenever 0 <¢ < &g and k> N,. (2-44)

Assuming that 0 < ¢ < gy we may then estimate

0

5g—.,sfl(cr)xm(O,g)):
£

e 121((0,6)\ Oy)

<e ' 2'(0.27%)\ 0 =" Y £ (BY)
k=N,

o0
<! Y LUV <7927 < g. (2-45)
k=N,

This finishes the proof of (2-33). At this stage, there remains to observe that since, generally speaking,
|~ N(U) — 2" 1(V)| < "L (U AV), from (2-35) we have

n—1 n—1
‘H (QﬂaB(x,r))_l'iﬂ We.r) _ 1 40 (2-46)
-1

(l)n—lrn_1 2 a)n—lrn_l Wp
for each r € (0, 1). Then (2-34) is a consequence of this and (2-43). ]
Following [David and Semmes 1991] we now make the following definition:

Definition 2.6. Call a subset X of R" a uniformly rectifiable set provided it is Ahlfors regular and the
following holds: there exist ¢, M € (0, co) such that, for each x € ¥ and R € (0, diam X)), there is a
Lipschitz map ¢ : B! — R" (where B ' is a ball of radius R in R"~!) with Lipschitz constant at
most M, such that

H' N (ENBx, RNeBy M) =eR" . (2-47)

Informally speaking, uniform rectifiability is about the ability of identifying big pieces of Lipschitz
images inside the given set (in a uniform, scale-invariant fashion) and can be thought of as a quantitative
version of countable rectifiability. From [Hofmann et al. 2010, p. 2629] we know that:

Any uniformly rectifiable set X C R” is countably rectifiable (of dimension n — 1). (2-48)

Following [Hofmann et al. 2010], we shall also make the following definition:

Definition 2.7. We call a nonempty open proper subset Q2 of R” a UR (uniformly rectifiable) domain
provided €2 is an Ahlfors regular domain whose topological boundary, 9€2, is a uniformly rectifiable set.
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For further use, it is useful to point out that, as is apparent from definitions:

If @ ¢ R” is a UR domain with 9 = 8(Q) then R" \ € is a UR domain with the same

(2-49)
boundary.

We now turn to the notion of nontangential boundary trace of functions defined in a nonempty, proper,
open set 2 C R”. Fix k > 0 and for each boundary point x € d€2 introduce the nontangential approach
region

Fex)={yeQ:|x—y|l <+«x)dist(y, 02)}. (2-50)

It should be noted that, under the current hypotheses, it could happen that [, (x) = @ for points x € 92
(as is the case if, e.g., €2 has a suitable cusp with vertex at x). Next, given a Lebesgue measurable function
u: Q — R, we wish to consider its limit at boundary points x € 92 taken from within nontangential
approach regions with vertex at x. For such a limit to be meaningfully defined at o-a.e. point on 9<2
(where, as usual, o := H"~!1[3Q), it is necessary that

x €Te(x) for o-ae. x €dQ. (2-51)

We shall call an open set 2 € R" satisfying (2-51) above weakly accessible. Assuming that this is the case,
we say that u has a nontangential boundary trace almost everywhere on 9<2 if for o-a.e. point x € 92
there exists some N (x) C I, (x) of measure zero such that the limit

(ulh)x) ;= lim  u(y) exists. (2-52)
yele (x)\N(x)

When u is a continuous function in €2, we may take N(x) = @. For future use, let us also define the
nontangential maximal operator of u as

WNu)(x) := |lull oo, () € [0, 00] forall x € 92, (2-53)

where the essential supremum (taken to be O if [, (x) = @) in the right-hand side is taken with respect to
the Lebesgue measure in R".
The following result has been proved in [Hofmann et al. 2010, Proposition 2.9, p. 2588]:

Proposition 2.8. Any Ahlfors regular domain is weakly accessible. As a corollary, any UR domain is
weakly accessible.

We continue by recording the definition of the class of uniform domains introduced by O. Martio and
J. Sarvas [1979].

Definition 2.9. Call a nonempty, proper, open set 2 C R" a uniform domain if there exists a constant
¢ € (0, co) with the property:
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For each x, y € 2 there exists a rectifiable curve y : [0, 1] —  joining x and y such that
length(y) < c¢|x — y| and which has the property

min{length(y, .), length(y; )} < cdist(z, 92) (2-54)

for all z € y ([0, 1]), where y, ; and y, , are the two components of the path y ([0, 1])
joining x with z, and z with y, respectively.

Condition (2-54) asserts that the length of ([0, 1]) is comparable to the distance between its endpoints
and that, away from its endpoints, the curve y stays correspondingly far from 90€2. Hence, heuristically,
condition (2-54) implies that points in €2 can be joined in €2 by a curvilinear (or twisted) double cone
which is neither too crocked nor too thin. Here we wish to note that, given an open nonempty subset €2 of
R" with compact boundary along with some « € (0, 1), the following implication holds:

Qisa ¢t domain =  is a uniform domain. (2-55)

Throughout, we make the convention that, given a nonempty, proper subset 2 of R”, we abbreviate

p(z) :=dist(z, d2) forevery z € Q2. (2-56)

Lemma 2.10. Let Q2 CR" be a uniform domain. Then for each o € (0, 1) there exists a finite constant C >0,
depending only on o and 2, such that the estimate

[l fuigy < C sug{p(x)l“"lvu(x)l} (2-57)
xe

holds for every function u € €' ().

Proof. Consider ¢ > 0 such that condition (2-54) is satisfied. Let x, y € Q2 be two arbitrary points and
assume that y is as in Definition 2.9. Denote by L and s the length of the curve y* := y ([0, 1]) and
the arc-length parameter on y*, respectively, with s € [0, L]. Also, let s — y (s) € y* be the canonical
arc-length parametrization of y*. In particular, s — y (s) is absolutely continuous, |dy /ds| =1 for almost
every s and, for every continuous function f in €2,

L
/ f 1=/ Sy (s))ds. (2-58)
v 0
Thus, from (2-54) and (2-58), for each « € (0, 1) we have
L L
f p* = f p(y(s)* " ds <! / (minfs, L —s})*~' ds
y* 0 0

L/)2
<2¢!7@ / s Vds =C(c,a) L% < C(c, a)|x — y|*. (2-59)
0
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Then, since |dy /ds| = 1 for almost every s, for every u € € Q) we may write

L L
d
|u(x)—u(y)|=/ 4 Ly (s))1ds 5/ |(w)<y<s))|ds=/ |Vl
ssupuvmpl“}/ po!
r* v*
< Cla=yI*[IVulp'™] i) (2-60)
finishing the proof of (2-57). O

Recall that for each k € N we let .#* stand for the k-dimensional Lebesgue measure in R¥. Also, we
shall let (-, -) denote the standard inner product of vectors in R".

Lemma 2.11. Assume that D C R" is a set of locally finite perimeter. Denote by v its geometric measure-
theoretic outward unit normal and define o := H"~'| 3, D. Also, suppose that F € %”01 (R", R"). Then, for
each x € R,

/ div F d.2" =/ (F, v)da—i—f (F,v)dH"! (2-61)
DNB(x,r) 0. DNB(x,r) DNoB(x,r)

/ div F d 2" =/ (F,v)do —/ (F,v)ydH"! (2-62)
D\B(x,r) 3. D\B(x,r) DNoB(x,r)

for £'-a.e. r € (0, 00), where v in each of the last integrals in the above right-hand sides is the outward

and

unit normal to B(x, r).

Proof. 1dentity (2-61) is simply [Evans and Gariepy 1992, Lemma 1, p. 195]. Then (2-62) follows by
combining this with the Gauss—Green formula [Evans and Gariepy 1992, Theorem 1, p. 209]. ]

We conclude this section by recording the following two-dimensional result, which is going to be
relevant when dealing with the proof of Theorem 1.3.

Proposition 2.12. Let Q@ C C be a bounded open set whose boundary is an upper Ahlfors regular
Jordan curve. Then Q is a simply connected UR domain satisfying 3Q = 3(S2). Hence, in particular,
H' AR\ 8,2) =0 and C\ Q is also a UR domain with the same boundary as S.

Moreover, the curve 0S2 is rectifiable and, if L denotes its length and [0, L] 2 s — z(s) € X is its
arc-length parametrization, then

jfl(E) = fl(z_l(E)) for all measurable sets E C 092, (2-63)

where £ is the one-dimensional Lebesgue measure, and if v denotes the geometric measure-theoretic
outward unit normal to <2 then

v(z(8) = —iZ'(s) for L'-ae. s €0, L. (2-64)

A proof of Proposition 2.12 may be found in [Mitrea et al. 2016].
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3. Background and preparatory estimates for singular integrals

The proofs of the main results require a number of prerequisites, and this section collects several useful
estimates for singular integral operators. The first theorem in this regard essentially amounts to a version
of the Calderén—Zygmund theory for singular integrals on uniformly rectifiable sets.

Theorem 3.1. There exists a positive integer N = N (n) with the following significance: Suppose ¥ C R"
is a uniformly rectifiable set and define o := H"~'| 2. Also consider a complex-valued function

k(—x)=—k h R,
ke eV ®R\(O) sarising | )= TR for each x € (3-1)
kax)=1"""Dk(x) forall »>0, x € R*\ {0}.
For each € > 0, consider the truncated singular integral operator
nfw= [, ke-nf0de). xes, (32
lx—yl>e
and define the maximal operator T, by setting
T.f(x):=sup|T: f(x)], xe€X. (3-3)

e>0

Then for each p € (1, 00) there exists a constant C € (0, 00), depending only on p and X, such that

1T flliLr(s.0) < Cllklsn-tllgn gn-nyl fllLr(s.0) (3-4)

forevery f € LP(X, o). Furthermore, given any p € [1, 00), for each function f € L? (X, o) the limit
Tf(x) := lim T, f(x) (3-5)
e—071
exists for o-a.e. x € X, and the induced operators

T:LP(Z,0) — LP(Z,0), pe(l,o0), (3-6)
T:L'(Z,0) — L">®(, 0) (3-7)

are well-defined, linear and bounded. In addition, for each p € (1, 00), the adjoint of the operator T
acting on LP(Z,0) is —T acting on L? (X, o) with 1/p+ 1/p’ = 1. Finally, corresponding to the
endpoint p = 00, the operator T also induces a linear and bounded mapping

T:L*(X,0) — BMO(X). (3-8)

Once the existence of the principal value singular integral operator 7' defined by the limit in (3-5) has
been established, all other claims follow from [David and Semmes 1991] and standard harmonic analysis.
As far as the issue of well-definedness of T is concerned, it is not difficult to reduce matters to the case
when X is an (n—1)-dimensional Lipschitz graph (Taylor, personal communication, 2015). In the latter
scenario, the desired result is known. For example, the desired conclusion is contained in [Hofmann et al.
2010, Theorem 3.33, p. 2669], where a more general result (applicable to variable coefficient operators on
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boundaries of UR domains) can be found. A direct proof for Lipschitz graphs may be found in [Hofmann
et al. 2015, Proposition B.2, p. 163]. In this vein, see also [David 1991, pp. 63—64] for a sketch of a proof.

Our next theorem deals with nontangential maximal function estimates and jump relations for integral
operators on UR domains. For a proof, the reader is once again referred to [Hofmann et al. 2010,
Theorem 3.33, p. 2669].

Theorem 3.2. Assume Q C R" is a UR domain and let o := H"~' |0 and v denote the surface measure
on 02 and the outward unit normal to 2, respectively. Select a function k as in (3-1) with N = N (n)
sufficiently large, and define

Tiw = [ Ke=nfrdem. rea (3-9)
Then for each p € (1, 00) there exists a finite constant C = C(2, k, p) > 0 such that
IN(T Hlleren.e) <Clfllerea.e) forall feLP(0R,0), (3-10)
and, corresponding to p =1,
||N(7'f)||L'v°°(asz,a) =< C“f”Ll(BQ,o) Jorall f e Ll(agz, o). (3-11)
Also, if “hat” denotes the Fourier transform in R" and i := /—1 € C, then for every f € LP (3, o) with
p €[1, 00) the jump formula
(THB0) = lim T = 5k () (60 +T7(0) (3-12)
is valid at o-a.e. point x € 02, where T is the principal value singular integral operator associated with
the kernel k, as in (3-5).

The Fourier transform in R" employed in (3-12) is

B (&) :=/ e 8 g (x)dx, &eR. (3-13)

Let us also note that the hypotheses (3-1) imposed on the kernel k imply that |k(x)| < [|k|| Lo (g1 lx |1
for each x € R"\ {0}. Hence, & is a tempered distribution in R"” and k, originally considered in the class
of tempered distributions in R”, satisfies

ke€™®R"\{0}) if N eN isevenand m € Ny is such that m < N — 1 (3-14)

(see [Mitrea 2013, Exercise 4.60, p. 133]). In particular, (3-14) ensures that lg(v(x)) is meaningfully
defined in (3-12) for o-a.e. x € 92 whenever N > 2.

Lemma 3.3. Suppose Q2 is a nonempty, proper, open subset of R" with a compact boundary, satisfying
an upper Ahlfors regularity condition with constant ¢ € (0, 00). In this setting, define o :== H"~'|0Q and
consider an integral operator

TF(x) = fmk(’“’ WM do(), xeq. (3-15)
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whose kernel k : Q2 x 02 — R has the property that there exists some finite positive constant Cy such that

Co

kG, Y| = ——— (3-16)
lx — yI”
for each x € Q and o-a.e. y € Q2. Also suppose that
sup |7 1(x)| < 4o00. (3-17)

xeQ
Then for every a € (0, 1) one has

sup |.7f (x)|
xeR
22n—2+a ) ) 4
<cCo T (14 [diam(@2)1*) [ f1gea) + (17 Ll o) + cColdiam@)1" ") || fllx@e)  (3-18)

forevery f € €*(0R2).

Proof. Pick an arbitrary f € €*(0€2) and fix any x € Q. Consider first the case when dist(x, d2) > 1, in
which we may directly estimate

|TF ()| < Coo QDI £l L= a5y < cColdiam(@)1" || fllLee)- (3-19)
In the case when dist(x, d€2) < 1, select a point x, € €2 such that
|x — x| =dist(x, 02) =:r € (0, 1) (3-20)

and split 7 f (x) into I + 11 + I1l, where

[i= / kG ) (FO) — F () do(y), (3-21)
QN B (x4,2r)

o= f k(. ) (F ) — f () do(y), (3-22)
A\ B(xs,2r)

I = (T1)(x) f(xy). (3-23)

Note that
i sf ke £ O) — £ Ge)l dor(y)
IQNB(xs,2r)

<C [y — x4 |*
= O[f]y,ﬂ'a(ag) ————do(y)

9QnB(r.2r) X — y"!
(2r)*
< Co[f]cga(agz)rn—_l 0 (02N B(xy, 2r)), (3-24)
where the third inequality comes from the facts that |y — x,|* < (2r)* on the domain of integration and
that 1/|x —y| <1/|x —x,| =1/r for all y € 0€2. Hence,

|| < 2n_1+aCCO[f]<ga(aQ), (3-25)
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bearing in mind (3-20) and the upper Ahlfors regularity of d€2. Also,

1] < Col flgugren / Dzl o, (3-26)

9\ B(x,.2r) 1X — y["7!
Note that if y € 92\ B(x4, 2r) then
Iy —xul <y —x|+Ix—x] and r<3ly—x = |y — x4| < 2]y — x|. (3-27)

Hence, 1/|x—y|"~ ' <2"=1/|y —x,|"~! on the domain of integration 02\ B(x, 2r). Also, if we introduce

Noe 1 diam(9€2)
=|logy — | € N, (3-28)
r

then 02\ B(xy, 2kr) = & for each integer k > N. Together, these observations and (3-26) allow us to
estimate

- |y — x]®
11| < 2" Col flye ey / —————do(y)

9\ B(x,,2r) |V — X171

N
<2"'Col 1o f e do(y)
o) ; IQNLB(x 2 PN\ B(xy 28] ¥ — X P17
N
<2 'Col flguzey P21~ a (02N B(x,, 24 7)), (3-29)
k=1
Thus, by the upper Ahlfors regularity condition,
N
| < 2" Col flgaqay Y25 r) 1@y
k=1
N
=2°""2cCor® [ flguipay D20
k=1
B (2N)oc
< 2" Cor [ e 21
22n—2+a
< S CCol f oy [diam (BRI (3-30)
Since, clearly, |III| < |7 1|l L@l fllL>@s), the desired conclusion follows. O

Lemma 3.4. Retain the same assumptions on 2 as in Lemma 3.3 and consider an integral operator

2f (x) = /mq(x, nf(ydo(y), xe, (3-31)

whose kernel q : Q x 02 — R is assumed to satisfy

lg(x, y)| < forall x € Q, y € 092, (3-32)

Tl =yl
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for some finite positive constant C1. Also, with p as in (2-56), suppose there exists o« € (0, 1) with the
property that
Cy = sup{p(x)' " |(21)(x)|} < +oc. (3-33)

xeQ
Then one has

22}1 — 1+«

sug{p(x)l “12f DN} = 7= ¢Cil lgnany + Call fll~ae) (3-34)

for every f € €*(0R).

Proof. Select an arbitrary f € €*(9€2). Pick some x € €2 and choose x, € 92 such that |x —x,| = p(x) =:r.
Split 2f (x) into I + II + 111, where

Ii= / 4 D) — f e ldo(y), (3-35)
0QNB(xy,2r)

o= / 4 D) — e ldo(y), (3-36)
IR\ B(x4,2r)

I = (21)(x) f (xy). (3-37)

Then
i s/ g DIFO) = el do(y)
QN B (x4,2r)

|y — x|*
< Cilflgepa) /assz(x N r— ;l” do(y)
¢ )“ e lta
< Cilf loea)y 70 ORN B(x,, 2)) < 2" HeCip(0)* [ flguagy. (3-38)

Next, keeping in mind that 1/|x — y|" <2"/|y — x|" on 92\ B(xy, 2r) (see (3-27)), we may estimate

|y Xs|®
111 < G flye / do(y).
o IQ\B(xs,2r) Tx—ylr
n [y — x4 |*
<2"Cilflgea) ———do(y)

IQ\B(x,,2r) |y — X"

o0
1
<2"Ci[flgea) Z / _—Wda()’)
k=1

AQNIB(xs, 251\ B(xs, 28] |V — X

o0
<2'Cilflgupey P_ 2N "o (@QN B(x,. 2'r))
k=1

o
< 2nC1 [f](ga(aﬂ) Z(zkr)—(n—a)c(2k+lr)n—l
k=1

oo
=22 1eCir* [ flgupey Q%) =
k=1

Given that p(x)'~*|1II| < Caoll fllLeag), the estimate (3-34) is established. [l

22n72+a

chlp(x)“—l[ flgeray- (3-39)
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Lemma 3.5. Let Q2 be a nonempty open proper subset of R" whose boundary is compact and satisfies an
upper Ahlfors regularity condition with constant ¢ € (0, 00). In this setting, define o := H" "' 0Q and
consider an integral operator

TF(x) = fa K@ I0)do(), xeR (3-40)

whose kernel K : Q2 x 02 — R has the property that there exists a finite constant B > 0 such that

B
|K(X,)’)|+|X—)’||VxK(X7y)|SW (3-41)
foreach x € Q and o-a.e. y € 2. Fix some a € (0, 1) and suppose that
A= sup (T +sup{p(0) " V(TH(x)]} < +o00. (3-42)

xeQ xeQ

Then for every f € €*(0L2) one has

sup ITf ()] + Sug{p(X)l_“ V(T )0} < ¢BCp o2+ [diam(3R)]%) [ f14a (a0

+ (24 + ¢B[diam@)1" ) fllL~pe), (3-43)
where

Cpo =22 max{(2* — )~!, 201 —=2¢~H~1}. (3-44)

As a consequence, there exists a finite constant C,, o q > 0 with the property that for every f € €“(9S2)
one has

sup |7 ()] +sup{p(0)' V(T )@} < Cra2(A+ B)|I f lige - (3-45)
xe xeQ
Proof. This is an immediate consequence of Lemmas 3.3 and 3.4. ]

4. Clifford analysis

A key tool for us is Clifford analysis, and here we elaborate on those aspects used in the proof of
Theorem 1.1. To begin, the Clifford algebra with n imaginary units is the minimal enlargement of R" to
a unitary real algebra (C¢,, 4+, ®) that is not generated (as an algebra) by any proper subspace of R" and
such that

xOx=—x> forany x € R" < C,. 4-1)
This identity readily implies that, if {e;},<;<, is the standard orthonormal basis in R", then

ejOej=—1 and e;Oer=—e,Oe; whenever 1 <j#k=<n. 4-2)
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In particular, identifying the canonical basis {e;} <<, from R" with the n imaginary units generating C¢,,,
yields the embedding*

R" <> Cly, R'Sx=(x1.....%) =) _xje; €Cly. (4-3)
j=1
Also, any element u € C¢,, can be uniquely represented in the form

n

uzzz/ulel, u; € R. (4-4)

1=0 |I|=!

Here e; stands for the product e;, © ¢;, © --- O ¢;, if I = (iy,iz,...,i;) and ey := ez := 1 is the
multiplicative unit. Also, Y indicates that the sum is performed only over strictly increasing multi-
indices, i.e., I = (i1, i2, ..., i) with 1 <i| <ip < --- <i; <n. We endow Cl,, with the natural Euclidean
metric

1
2
pu:{E:mnﬂ for each u =Y "use; € Cly. (4-5)
1

1

The Clifford conjugation on C¢,, denoted by “bar”, is defined as the unique real-linear involution on C¢,
for which é;e; = e;e; = 1 for any multi-index /. More specifically, given u = ), use; € Cf, we set
u:= Zlulél where, foreach I = (i1,is, ..., i) with1 <ii <ip <---<i; <n,

er=(=Dle,0e, ,0---0e,. (4-6)

Let us also define the scalar part of u = ), ure; € C, as ug := ug, and endow C¢, with the natural
Hilbert space structure

(u, v) ::Zuw] if u:Zulel, v:Zvlel eCt,. 4-7)
Ji 1 i

It follows directly from definitions that
Xx=—x foreach x e R" — C¢,, (4-8)

and other properties are collected in the lemma below.

Lemma 4.1. For any u, v € Cl,, one has

lul> = (u Q@ it)o = (@ © u)o, (4-9)
(u,v) =M O V)= (u v, (4-10)
UOV=1v01u, (4-11)

4As the alert reader might have noted, for n = 2 the identification in (4-3) amounts to embedding R2 into the quaternions, i.e.,
RZ<— H:= {xo+x1i +x2j +x3k: xq, x1, x2, x3 € R} via (x1, xp) = x1i + xpj € H. The reader is reassured that this is simply
a matter of convenience, and we might as well have arranged that the embedding (4-3) comes down, when n = 2, to perhaps the
more familiar identification R = C, by taking x = (xg, X1, ..., X,—1) =x0+x1€1+...xX,_1€4—1 € Cl;,_1. The latter choice
leads to a parallel theory to the one presented here, entailing only minor natural alterations.
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lul = ful, (4-12)
u© vl < 2"[ul fvl, (4-13)

and
lu ®@v|=|ul|lv| ifeither u or v belongs to R" — Ct,,. (4-14)

Proof. Properties (4-9)—(4-12) are straightforward consequences of the definitions. To justify (4-13),
assume u =) ;ure; €Cl, and v =7y, vye; € Cl, have been given. Then

Z(;u1v161661> <) =Z<Z|u1v1|2>;=|v|;|u1|

I 1 I J

|u@U|= Zu1v161®61

J

1

< lvl(Z |u1|2>2 (Z 1)2 =2"|u] |v]. (4-15)
1 1

Above, the triangle inequality has been employed in the second step. The third step relies on (4-5) and the

observation that, for each fixed I, the family of Clifford algebra elements {e; © e}, coincides modulo

signs with the orthonormal basis {ex } k. The penultimate step is the discrete Cauchy—Schwarz inequality.
As regards (4-14), assume that v € R" < C¢,, and write

WOV =(@OV)OUdV)Y=uO WOV Q)= |v>wUdi)=ul*|v> (4-16)

by (4-9), (4-11), (4-8) and (4-1). Finally, the case when u € R* — (¢, follows from what we have just
proved, with the help of (4-11) and (4-12). O

Next, recall the Dirac operator

n
D:=Y"e;d;. (4-17)
j=1

In the sequel, we shall use Dy and Dp to denote the action of D on a ¢ ! function u : Q — C¢, (where Q
is an open subset of R") from the left and from the right, respectively. For a sufficiently nice domain €2
with outward unit normal v = (v, ..., v,) —identified with the C¢,-valued function v = Z?:l viej —
and surface measure o, and for any two reasonable Cf,-valued functions 1 and v in €2, the following
integration by parts formula holds:

/ M(X)GDV(X)GDU(X)dG(X)=/((DRM)(X)G)v(x)+u(X)®(DLv)(X)) dx. (4-18)
IR Q

More detailed accounts of these and related matters can be found in [Brackx et al. 1982; Mitrea 1994]. In
general, if (27, || - || #) is a Banach space then by 2” ® C¢,, we shall denote the Banach space consisting
of elements of the form

uzzzlulel, u; e Z, (4-19)

1=0 |I|=!
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equipped with the natural norm

luell 2 oce, : Z >l (4-20)

1=0 |I|=l
A simple but useful observation in this context is that:

If Q ¢ R" is a domain of class €'t for some o € (0, 1) then vO :
E*(0R) ®CL, — €*(02) ® CL, is an isomorphism whose norm and the (4-21)
norm of its inverse are at most 2||v||4e5q).

Indeed, by (4-1), its inverse is —v® and the aforementioned norm estimates are simple consequences
of (4-14), bearing in mind that ||v||¢«pq) > 1.

For each s € {1, ...,n} we let [ -]; denote the projection onto the s-th Euclidean coordinate, i.e.,
[x]s ;== x5 if x = (x1, ..., x,) € R". The following lemma, in the spirit of work of Semmes [1989], will
play an important role for us.

Lemma 4.2. For any odd, harmonic, homogeneous polynomial P(x), x € R" (withn >2), of degree | > 3,
there exist a family P.s(x), 1 <r, s <n, of harmonic, homogeneous polynomials of degree | — 2, as well
as a family of odd €*° functions

kys :R"\ {0} — R"—C¢,, 1<r,s<n, (4-22)

which are homogeneous of degree —(n — 1) and, for each x € R"\ {0}, satisfy

P(x)
e Z [krs ()]s (4-23)
r,s=1
I—1 9 [ Ps(x)
(DRrkyg)(x) = n+l_3a_xr(|x|n+l—3 , l=rs=n (4-24)
Moreover, there exists a finite-dimensional constant c¢,, > 0 such that
 max ks ll oo (sn-1) +  max IV keIl oosn-1y < €n 2' 1Pl 151y (4-25)
Proof. Given an odd, harmonic, homogeneous polynomial P(x)ofdegree/ >3 inR", forr,se{l,...,n}

introduce

P(x) = (3,05 P)(x) forall x € R". (4-26)

-1
Then each P, is an odd, harmonic, homogeneous polynomial of degree [ —2 in R", and Euler’s formula
for homogeneous functions gives

n
Px)= Z Xrxs Prg(x) forall x e R" (4-27)

r,s=1

and, foreach r, s € {1, ..., n},

(VP)(x), x) = =2)Prs(x) forall x eR". (4-28)
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To proceed, assume first that n > 3 and define the function k,; : R* \ {0} — R" — (¢, for each
r,s €{l,...,n} by setting

n

- ! (L), " :
ks = 3 TS j;a,aj<|x|n+l_5>e, for all x € R"\ {0}. (4-29)

The fact that n, [ > 3 ensures that bothn+/—3 20 and n +1 — 5 # 0, so each k, is well-defined,
odd, €°° and homogeneous of degree —(n — 1) in R” \ {0}. In addition,

ko (x) = ! Dela, (L™ for all x € R"\ {0}: 4-30
rs(x)—(n+l_3)(n+l_5) R[r(WT)] orall x € \{ }v (' )

hence, for all x € R" \ {0} we may write
1 Pry(x)
Drkys)(x) = D% 9,
a0 = = | ()|

_ -1 Al g Prs(x)
 (n+1=-3)(n+1-5) [’<|x|"+l—5>}

= I +1+1, (4-31)
where
_ -1 3 [(APrs)(x)} _0
m+1—3)(n+1—-5) | |x|H-5 ’

~1
T+l —3)(n+1—5) 8, [2((V Pry) (x), VI|x|~®H=91])]

2 [((VPrs)(X),X)] _ =2, [ Prs(x) ]

(4-32)

:n+l—3 r | |2t =3 n+l—-3" ||t =3 ’
—1 el —1+3 Prg(x)
1l := [ Prs () A|x| " =]] = > :
=D 1= P AT = 0 T

by the harmonicity of P, (4-28), and straightforward algebra. This proves that (4-23) holds when n > 3.
Going further, from (4-29) and the fact that

D @GP0 =) (0P)()=0 and ) Pr(x)=0 (4-33)

r=1 s=1 r=1
(as seen from (4-26) and the harmonicity of P), we deduce that, for each x € R" \ {0},

n

“ B 1 Prg(x)
D ()]s = PRy X_j ara‘s(W)

r,s=1

1
(n+l—3)(n+l—5)

Z Pry (%), 95 [|x] 7))

. P(x)
n+l— Z Prs(-x){| |n+l s—(n+1-— 3)| |n+l 1}_ e [T+ (4-34)
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This establishes (4-24) for n > 3. Moving on, for each y € N7, interior estimates for the harmonic
function P give

2 !
2
187 Pl poo(sn-1y < Cny / |P(x)|dx = cp,y / IP(w)|</ pr i dr) dw = cpy—— | Pllpism-1)s
B(0,2) n—1 0 n—+ [

(4-35)
where we have also used the fact that P is homogeneous of degree /. The estimates in (4-25) now readily
follow on account of (4-29), (4-26), and (4-35).

To treat the two-dimensional case, first we observe that, if Q,,(x) is an arbitrary homogeneous
polynomial of degree m € Ny in R" with n > 2 and A > 0, then

Om(x)

W is a tempered distribution in R”. (4-36)
X

If, in addition, Q,,(x) is harmonic and A < n then (see [Stein 1970, p. 73]) also

Frog (I Q|ﬁ(,f) A) Vn,m grm(i as tempered distributions in R”, 4-37)
where F,_,¢ is an alternative notation for the Fourier transform in R" from (3-13) and
C(m/24+1/2
Vuim, = (D) 2gni2gp L2 L)) (4-38)

C(m/2+n/2—1/2)

Now pick an odd, harmonic, homogeneous polynomial P (x) of degree [ > 3 in R? and define P, for r,

s e{l,...,n}asin (4-26). Hence, once again, each P, is an odd, harmonic, homogeneous polynomial
of degree [ —2 in R2, and (4-27) holds. Moreover, (4-37) used forn =2, m=1—2, A=1and Q,, = Pys

yields P() P (E)

rs\X) 31/2 —1 rs
M= —(=1 271]—'5_)x< e > (4-39)
Now, for each r, s € {1, 2} define the function k., : R?\ {0} —> R? < Cl5 by setting
s Prs(6)
ks (x) := (=D 271 ngjx (g,gjlgﬁ)ej for all x € R?\ {0}. (4-40)
j=1

By (4-36) used withn =2, m =1, A =1and Q,(§) =§,&; P.;(§), it follows that §.&; P &)/ isa
tempered distribution in R?. Consequently, k., in (4-40) is meaningfully defined and, from [Mitrea 2013,
Proposition 4.58, p. 132], we deduce that k,; € ¢ (R? \ {0}). Also, based on standard properties of the
Fourier transform (see, e.g., [Mitrea 2013, Chapter 4]) it follows that &, is odd and homogeneous of
degree —1 in R?\ {0}. In addition,

2
(Drkrs)(x) = (=1)*?2m Y~ 0, Fi L, (éréjPL@))ej o

[+1
S q

=v=1(=1)*"?2x Z’F’Eﬂxer%& rY(S))eJ-@eg =1+1I, (4-41)

I+1
o ]
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where [ and /I are the pieces produced by summing up over j = £ and j # ¢, respectively. Since, in the
latter scenario, §,&; = &;&, while e; © e = —ey O ¢}, it follows that II = 0. Given that e; © e; = —1 for
each j € {1, 2}, we conclude that

(Drkrs) (x) = —/=1(—=1)¥"227 Z L (grsz Pn@))

J |;§|l+l

=—V=l=D"mF, (Sr JIDSrTl(—Sl)>

_ P (§) Prs(x)
(17312 1 rs _ )

(b, [“r“‘( E1T )} - ax’[ N ] (42
where the last step uses (4-39). Hence, (4-23) holds when n = 2. Finally, from (4-29), (4-27) and (4-37)
(used for P) we deduce that for each x € R?\ {0} we have

2

2 Py j2 P
D i)l = (=1)*P2m 37 FL, (asﬂa—g) = (D" F, s1x<|5|(li)l> = [ @

r,s=1 r,s=1

This establishes (4-24) when n = 2.

At this stage, it remains to justify (4-25) in the case n =2. To this end, pick i € %&O(Rz) withO <y <1,
¥ =10nB(0,1) and ¥ =0 on R?\ B(0, 2). Fix r, s, j € {1, 2} and abbreviate u(§) :=£.&; P;(§) /||
for & € R?\ {0}. Then u is locally integrable and defines a tempered distribution in R?. Hence, for each
o e N% with || =2 and & € B(0, 1) we may write

| Feme (W (0)3%u ()| = (¥ d%u, e &N = |(u, 3% (we & ))|
<c / ()| dx < C / |Pr(@)|do < C2 | Plist) (4-44)
B(0,2) S1

and

[P (= w0 ()| < 10 =0l < [ oulds
RZ\B(O,I)
c / 13 u@)| do < C2 | Pl - (4.45)
Sl

Collectively, (4-44) and (4-45) give that, for each o € N% with || =2 and & € B(0, 1),
| Fremog Qu(0)| < 1 Famog (W ()% u ()| + | Fese (1 — Y (x)3%u(x))| < C2 NPl pi(sry;  (4-46)
hence, for each & € B(0, 1) we have
2 2
€21 = Y 1824 = Y 1 Frms Q2u))] < C2 [Pl 151 (4-47)
=1 =1

In particular, ||k, ||Loo(Sl) <Csupy_; la€)| < 2 P| p1(s1y- A similar combination of ideas also yields
IVErsllpoosty < c2! | Pll1s1y- This proves (4-25) in the case n = 2 and completes the proof of the
lemma. [l
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5. Cauchy-Clifford operators on Holder spaces

Let 2 C R" be a set of locally finite perimeter satisfying (2-16). As before, we shall denote by v =
(v1, ..., v,) the outward unit normal to €2 and by o := H"~1| 92 the surface measure on 3. Then
the (boundary-to-domain) Cauchy—Clifford operator and its principal value (or boundary-to-boundary)
version associated with €2 are, respectively, given by

croi=2t [ I oumoesmdan. xee (5-1)
wn—1 Jyq |x =yl
and
pv — 1 r=y }
er = tim S [ S 0v0 0 s0de). xean (52

lx—yl>¢

where f is a C{,-valued function defined on d€2. At the present time, these definitions are informal as
more conditions need to be imposed on the function f and the underlying domain €2 in order to ensure
that these operators are well-defined and enjoy desirable properties in various settings of interest. We
start by recording the following result, in the context of uniformly rectifiable domains.

Proposition 5.1. Let Q C R” be a UR domain. Then, for every f € LP (02, 0) ®Cl,, with p € [1, 00), the
Sfunction C? f is meaningfully defined o -a.e. on 02, and the actions of the two Cauchy—Clifford operators
on f are related via the boundary behavior

CrIE)x) == lim Cf(2)= (31+C™)f(x) for o-ae. x €9R, (5-3)
z€l (x)

where 1 is the identity operator. Moreover, for each p € (1, 00), there exists a finite constant M =
M(n, p, ) > 0 such that

INCHLr@wg.0) < M fllLroo.0)ece, (5-4)
the operator C? is well-defined and bounded on LP (092, 0) ® CL,,, and the formula

C™? =11 on LP(3Q,0)®CL, (5-5)
holds.

Proof. With the exception of (5-5) (which has been proved in [Hofmann et al. 2010]; see also [Mitrea
et al. 2015] for very general results of this type), all claims follow from Theorems 3.1-3.2. ([

The goal in this section is to prove similar results when the Lebesgue scale is replaced by Holder spaces,
in a class of domains considerably more general than the category of uniformly rectifiable domains. We
begin by proving the following result:

Lemma 5.2. Let Q C R" be a Lebesgue measurable set whose boundary is compact and upper Ahlfors
regular (hence, in particular, Q2 is of locally finite perimeter by (2-22)). Denote by v the geometric
measure-theoretic outward unit normal to Q and define o = H"~'|3,Q. Then there exists a number
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N = N(n, c) € (0, 00), depending only on the dimension n and the upper Ahlfors regularity constant c
of 02, with the property that

f ) @v(y)da(y)‘fN forall x R, r € (0, 00). (5-6)
3,Q\B(x,r) [x — Y|

Proof. We shall first show that, whenever 2 C R” is a bounded set of locally finite perimeter, having fixed
an arbitrary x € R", for #!-a.e. ¢ > 0 we have

H'U(QNIB(x, €))

OV(y) dH" " (y) = o

fa YTV oy do(y) = Xy L (57)

LQ\B(x,e) X — yI" QNIB(x,e) 1X — YI"

To justify this claim, we start by noting that the second equality (which holds for any measurable
set 2 C R") is an immediate consequence of the fact that

yEIB(x,e) = (x—y)Ov(y)=x—-y)O(y—x)/e=e. (5-8)
As regards the first equality in (5-7), for each j, k € {1, ..., n} consider the vector field
r . A=Y n
Fir(y) = (0,...,0,| |n,O,...,O) for all y e R"\ {x}, (5-9)
xX—y

with the nonzero component on the k-th slot. Thus, we have F ik EC L(R™\ {x}, R") and, if E, stands for
the standard fundamental solution for the Laplacian A = 812 +---92 in R", given by

L ifn23,
Ey(x) = § @n-1(2—1) |x| for all x € R"\ {0}, (5-10)
o= In |x| if n=2,
then
(div I?jk)(y) = —wp—1(0j0k Ex)(x —y) forall y e R"\ {x}. (5-11)

As a consequence, in R" \ {x} we have

n n
Y divFie;Oec= Y (divFp)e;Oe— Y divFj;
Jok=1 1<j#k<n j=1
= -1 ), ORE)x—)e; Oer+w, 1(AE)(x—-)
1=<j#k=n
=0, (5-12)

using the fact that e; © e = —ex O ¢; for j # k and the harmonicity of E,(x —-) in R" \ {x}.

At this stage, fix an arbitrary ¢, € (0, c0) and alter each F ik both inside B(x, &,) and outside an open
neighborhood of  to a vector field G jk € %01 (R™, R™) (this is possible given the working assumption that
Q is bounded). Then, for #'-a.e. ¢ € (g,, 00), based on the formula (2-62) used for Fi= éjk, D :=Q
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and r := & we may write

0= (/ divﬁkdiﬂ")e@ek: (/ divé-kd.i””)e‘@ek
Z QB ! 2 QBe !

k=1
n
</ Gk, v)do )ej Oer— Z(/ (ij,v)dH”_l>ej®ek
k=1 \Y 0 S\B(x.¢) k=1 \/QNIB(x.¢)
n n
Z(f Jk’ )da)ejG)ek— Z(/ ( ik, V) dH" l)ejG)ek
o1 Va\BG. s) jrm1 \JanaB.e)
-3

f - ) :(y) da(y))ej Ger
9.2\ B(x,¢) |x -l

_ Z (/ (Xj —Yj)vr]:()’) d'Hn_l(y))ej oy
o \Vensees X =yl

X — X —
-/ S @vdo) - [ _ v dH (). (5-13)
3.Q\B(x.e) X — yI" QMIB(x,e) |X — )7|

With this in hand, the first equality in (5-7) readily follows. Thus, (5-7) is fully proved.
To proceed, assume that 2 € R" is a bounded Lebesgue measurable set whose boundary is upper
Ahlfors regular. Then (5-7) implies that, for each x € R",

J.k=1

H"1(B(x, €))

g”—l

= Wn-1 (5-14)

X —
/ _ov(y) da(y)‘
9.\ B(x,e) [X — yl

for #'-ae. ¢ > 0. Now fix x € R” and pick an arbitrary r € (0, co). Based on (5-14) we conclude that
there exists € € (%r, r) such that

X —
/ Ov(y) do(y)
9Q\B(x, ) |X — |

For this choice of ¢ we may then estimate

< wn—1. (5'15)

x—y
/3 Ov(y) do(y)‘

LQ\B(xe,r) 1 X —YI"

<

-y
Ov(y) da(y)' ‘ —Qv(y)da(y)
B(x \B(x,£)]N3,Q |x =l

/ X —
3.2\B(x,e) X — YI"

dH"(y)
< w1+ f ar )
[B(x,r)\B(x,e)lnaQ X — Y|

d/anl
[B(x,2)\B(x,&)]nae 1X — Y|"
<wp 1+ DN B(x, 26) N Q). (5-16)
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If dist (x, 92) < 2¢, pick a point xo € €2 such that dist(x, d2) = |x — xg|. In particular, |x — xg| < 2e¢,
which forces B(x, 2¢) C B(xg, 4¢). As such,

H' N (B(x,26) N Q) < H" ' (B(xp, 46) NOQ) < c(4e)" !, (5-17)

with ¢ € (0, co) standing for the upper Ahlfors regularity constant of d€2. On the other hand, if
dist(x, 9) > 2¢ then H" ' (B(x, 2¢)N32) =0. Thus, taking N :=w,_1+c¢ 4"=1_the desired conclusion
follows from (5-16) and (5-17) in the case when €2 is as in the statement of the lemma and also bounded.

Finally, when € is as in the statement of the lemma but unbounded, consider ¢ := R" \ 2. Then
Q¢ C R” is a bounded, Lebesgue measurable set, with the property that d(2¢) = 92 and 9, (2°) = 0,€2.
Moreover, the geometric measure-theoretic outward unit normal to €2¢ is —v. Then (5-6) follows from
what we have proved so far applied to Q€. U

It is clear from (5-1) that the boundary-to-domain Cauchy—Clifford operator is well-defined on
L'(3K, o). To state our next lemma, recall that p(-) has been introduced in (2-56).

Lemma 5.3. Let Q2 be a nonempty, proper, open subset of R" whose boundary is compact, upper Ahlfors
regular, and satisfies (2-16). Then the Cauchy—Clifford operator (5-1) has the property that, in 2,

o1 {1 if Q is bounded,

Oy (5-18)
0 if Q is unbounded,

and for each o € (0, 1) there exists a finite M > 0, depending only on n, a, diam(9<2), and the upper
Ahlfors regularity constant of 0S2, such that for every f € €*(02) ® CL,, one has

sup 1(CH )] +sug{p(X)l_“|V(Cf)(X)|} < M| fllz=poect,- (5-19)

Proof. The fact that C1 = 1 in Q2 when 2 is bounded follows from (5-7), written for x € € and suitably
small ¢ > 0. That (C1)(x) = 0 for each x € 2 when €2 is unbounded also follows from (5-7), this time
considered for the bounded set 2¢ := R" \ Q (since in this case Q°NIB(x, &) = @ if ¢ > 0 is sufficiently
small). Having proved (5-18), the inequality (5-19) follows with the help of Lemma 3.5. Ol

In contrast to Lemma 5.3 (see also Lemma 5.4 below), we note that there exists a bounded open set
Q c R? = C whose boundary is a rectifiable Jordan curve, and there exists a complex-valued function
f € €'/?(92) with the property that the boundary-to-domain Cauchy operator naturally associated with 2
acting on f is actually an unbounded function in . See the discussion in [Dyn’kin 1979; 1980].

Lemma 54. Let 2 C R" be a uniform domain whose boundary is compact, upper Ahlfors regular,
and satisfies (2-16). Then the boundary-to-domain Cauchy—Clifford operator, for each o € (0, 1), is
well-defined, linear and bounded in the context

C: 60 RCL, —> €*(Q) ®CLy, (5-20)

with operator norm controlled in terms of n, a, diam(9S2), and the upper Ahlfors regularity constant
of 0.

Proof. This is a direct consequence of Lemmas 5.3 and 2.10. ]
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In the class of UR domains with compact boundaries that are also uniform domains, it follows from
Lemma 5.4 and the jump formula (5-3) that the principal value Cauchy—Clifford operator CP¥ defines
a bounded mapping from €“(02) ® C¢,, into itself for each o € (0, 1). The goal is to prove that this
boundedness result actually holds under much more relaxed background assumptions on the underlying
domain. In this regard, a key aspect has to do with the action of CP" on constants. Note that when
Q C R" is a UR domain with compact boundary, it follows from (5-18) and (5-3) that the principal value
Cauchy—Clifford operator satisfies, on 9€2,

o {+% if 2 is bounded, (5-21)
~ |-1 if @ is unbounded.

The lemma below establishes a formula similar in spirit to (5-21) but for a much larger class of sets
Q2 C R" than the category of UR domains with compact boundaries.

Lemma 5.5. Let Q2 C R" be a Lebesgue measurable set whose boundary is compact, Ahlfors regular, and
such that (2-16) is satisfied (hence, in particular, Q2 has locally finite perimeter). As in the past, consider
o :=H""1 9 and let v denote the outward unit normal to Q. Then for o-a.e. x € dS2 there holds

if Q is bounded,
if Q is unbounded.

(5-22)

. 1 xX—y +

! do(y) =

"E—IH)lJr Wn—1 /yGBQ Ix—yI" @U(y) G(y) {
x—y|>¢e

N—= =

Proof. Consider first the case when 2 is bounded. Fix x € 0*Q and pick an arbitrary § > 0. From
Lemma 2.5 we know that there exist O, C (0, 1) of density 1 at O (i.e., satisfying (2-33)) and some r; > 0
with the property that

H-YQNIB(x,
‘ ( x, 7)) ; <5 forall r€O,N(0,r5). (5-23)

a)n—lrn_l
Since (2-33) entails

21 : ! Z! 0,3
i 20:0Gee) _ o 21000 2000 29) —3=3 (24
e—>0t & e—0t e e—>0t &

it follows that there exists &5 € (0, rs) with the property that
20y N (Je,€)) >0 forall &€ (0, e5). (5-25)

From our assumptions on €2 and (5-7) we also know that there exists N, C (0, oo) with .¥ I(N,) =0 such
that for all € (0, co0) \ Ny we have

— H* (N IB(x,
1 /yeasz — Ov(y)do(y) = ( (x I’))

Wn—1 lx —y| wp—1r"!

(5-26)

[x—=yl>r



CHARACTERIZING REGULARITY OF DOMAINS VIA THE RIESZ TRANSFORMS ON THEIR BOUNDARIES 991

Consider next ¢ € (0, &5) and note that [Ox N (%8, 8)] \ N, # &, thanks to (5-25). As such, it is possible
to select € [Ox N (3¢, &) ]\ Ny, for which we then write

/ e o OV o)

_ n
w2yt X iy ey
[ e RO+ [, T

rx|x—y|>¢e/4 [x—=y|>r

Ov(y)da(y). (5-27)

In turn, (5-27), (5-26) and (5-23) permit us to estimate

! 27 Gy do(y) - 1
o1 ) veoe Jx—yp o4OV
2 yl>e/4

T H' N (QNIB(x, r
= a)1 _/ yeIQ lx — yInGV(Y)dU(y)’"F‘ ( rn—g ) _%
n r>|x—yl>e/4 y Wp—1
: / -0 ()d()'+8 (5-28)
< sup v(3) do (y ’ _
re(e/2,e)| @n—1 yean lx — y|"

r>lx—y|>¢e/4

which, in light of Proposition 2.4 (whose applicability in the current setting is ensured by (2-19)), then
yields (bearing in mind (2-14))

lim sup <48 for og-ae. x € 9Q. (5-29)

e—0t

xX—y 1
/ vero r—yp Ov(y)do(y) -5

Wn—1
Tk Sy>e/4

Given that § > 0 has been arbitrarily chosen, the version of (5-22) for 2 bounded readily follows from
this. Finally, the version of (5-22) corresponding to €2 unbounded is a consequence of what we have
proved so far, applied to the bounded set Q¢ := R" \  (whose geometric measure-theoretic outward unit
normal is —v). U

The stage has been set to show that, under much less restrictive conditions on the underlying set €2
(than the class of UR domains with compact boundaries that are also uniform domains), the principal
value Cauchy—Clifford operator CP¥ continues to be a bounded mapping from ¢ (9$2) ® C¢,, into itself
for each o € (0, 1). In this regard, our result can be thought of as the higher-dimensional generalization of
the classical Plemelj—Privalov theorem, according to which the Cauchy integral operator on a piecewise
smooth Jordan curve without cusps in the plane is bounded on Holder spaces (see [Plemelj 1908; Privalov
1918; 1941], as well as the discussion in [Muskhelishvili 1953, §19, pp. 45-49]). In addition, we also
establish a natural jump formula and prove that 2CP" is idempotent on €*(9€2) ® C¢,, for « € (0, 1). We
wish to stress that, even in the more general geometric measure-theoretic setting considered below, we
retain (5-2) as the definition of the Cauchy—Clifford operator CP".

Theorem 5.6. Let 2 C R" be a Lebesgue measurable set whose boundary is compact, upper Ahlfors
regular, and satisfies (2-16). As in the past, define o := 1"~ 3R, and fix an arbitrary a € (0, 1).
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Then for each f € €*(02) ® CL, the limit defining C* f (x) as in (5-2) exists for o-a.e. x € 9, and
the operator C? induces a well-defined, linear and bounded mapping
CPY . €% 0Q)RCL, —> ¥ (0Q) ®CL,,. (5-30)
Furthermore, under the additional assumption that the set 2 is open, the jump formula
CHIB, = (L1+C™)f at o-ae. pointin 3Q (5-31)
is valid for every function f € €*(02) ® C¢,, and one also has
C™?=11 on €* Q) RCL,. (5-32)

Incidentally, given an open set €2 in the plane, the fact that its boundary is a piecewise smooth Jordan
curve implies that d€2 is compact and upper Ahlfors regular, while the additional property that <2 lacks
cusps implies that (2-16) holds. Hence, our demands on the underlying domain €2 are weaker versions of
the hypotheses in the formulation of the classical Plemelj—Privalov theorem mentioned earlier.

Proof of Theorem 5.6. Fix a € (0, 1) and pick an arbitrary function f € ¥“(d2) ® C¢,. Then, for
o-a.e. x € 02, Lemma 5.5 allows us to write

) x—y
1850 fyan Tp O 000
o X—y _ 1
o 81_1)%1+ W1 /xy—e}?ﬁg I — " OvMO(f(y)— fx)do(y)£5f(x)
1 xX—y 1
= / OvMO U —fx)do(y)£5fx), (5-33)
Wn—1 Jyo |x — y|"

where the sign of % f(x) is plus if 2 is bounded and minus if €2 is unbounded. For the last equality, we
have used Lebesgue’s dominated convergence theorem. Indeed, given that f(y) — f(x) = O(|x — y|%), an
estimate based on the upper Ahlfors regularity of d€2 in the spirit of (3-39) shows that the last integrand
above is absolutely integrable for each fixed x € d2. In turn, (5-33) allows us to conclude that the limit
defining CPY f(x) in (5-2) exists for o-a.e. x € d€2. Furthermore, by redefining C*' f on a set of zero
o-measure, there is no loss of generality in assuming that, for each f € ¥*(02) ® C¢,, with o € (0, 1),

e fw =+ [ L ©YOIOU M~ fde() forall x €32, (534

with the sign dictated by whether €2 is bounded (plus) or unbounded (minus).
We now proceed to showing that, in the context of (5-30), the operator (5-34) is well-defined and
bounded. To this end, fix distinct points x;, xo € d€2 and, starting from (5-34), write

CPf(x1) —CPf(xp)=1+1I, (5-35)
where

I:=£1(f(x1) = f(x2) (5-36)
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1

Wp—1

= / {l;“ |nGV(y)®(f(y) foy-——2 ®v(y)®(f(y)—f(Xz))}dff(y)- (5-37)

lx2 — y|"

Next, introduce r := |x; — x»| > 0 and estimate

1| < I, + 11, + 113, (5-38)
where
1 X1
I = — — —
o /|xﬁ’ff|§2 o QYO0 — )~ 0V O ()
(5-39)
while
_ 1 X _ i
mi=_L fxﬁ’efiz, S 00 ()~ f)| do(), (5-40)
_ 1 X2~ _ i
3= /xffﬁizr = lnCDV(y)@(f(y) FG2)|do (). (5-41)
Note that
I < culfly / ﬂ (5-42)
=Cn C*(AQ)QCL, yedQ |xl_y|n—l—ot’

[x1—y|<2r
and, given that |x; — y| < 2r forces |x; — y| < |x; — x2| + |x1 — y| < 3r,

1
Wp—1 yeIR

[x2—y|<3r

2 0v(1) O (f() — ()| do ()

|x2 — vl

I3 <

do(y)

—_— (5-43)
|xp — y|—i

<l flgepoiace, yeaQ
[x2—y|<3r

On the other hand, with ¢ € (0, co) denoting the upper Ahlfors regularity constant of 9€2, for every z € 92
and R € (0, o) we may estimate

da(y) do(y)
/,VEBQ |Z— |n 1, _ yln—l—-a ZfB(z |n—]—a

o~ —
250k 21 R\B(z,2- R)IN3Q 12

2 i

Z(z TRy~ =1=96(B(z,2' 7 R) N 3Q)
j=1
o0
<! Z(z—f R)* = MR® (5-44)
j=1
for some constant M = M (n, «, c¢) € (0, 00). In light of this, we obtain from (5-42) and (5-43) (keeping
in mind the significance of the number r) that there exists some constant M = M (n, «, ¢) € (0, co0) with
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the property that

I +115 < M[f]g'a(agﬂxl —x2|%. (5-45)
Going further, bound
Iy, <II¢ +11°, (5-46)
where
1 X
1y = / L 0v(») O (f(x) — f(x1) do(y)
wn1|) vere Jx —yr I”
|x1—y|>2r
_ 1 X1 d
=l vn oo @Y WAEm) 0 (G~ fE)
|x1—y|>2r
211/2 Xl
< f OV do ()| f () — fGx)]
wn-1|) vere Jx —yr I”
lxi—y|>2r
<M(n, r[flgepasce, (5-47)
where the penultimate inequality uses (4-13) while the last inequality is based on (5-6), and
1 X1 — X2 —
Hf’:—/ ( = n>® MO () = f(x2)do(y)
wp—1|J YEIR N |xp —yI"  |x2—yl
[x1—y|>2r
on/? / Xy —y X —
< — x2)|do
Sl B o y|" 1f ) — ()| do (y)
d
& (5-48)

<cnr[flgepozcr, yeIQ

n—a’
|x1—y|>2r I

lx) —

using the mean value theorem and the fact that f is Holder of order «. Here it helps to note that if y € 02
and |x; — y| > 2r then |€ — y| = |x; — y| for all £ € [x1, x3], and also |y — x| < %Iy — x1|. To continue,
with ¢ € (0, oo) denoting the upper Ahlfors regularity constant of €2 we observe that

/ _do(y) Z f do(y)
e Jxr — yle (B 27+ )\ B(x 20 Inae X1 — yI" e

sz 1" (B(xy, 2/t N0Q)
j=

oo
<"y @Iy = e (5-49)

for some constant M = M (n, «, ¢) € (0, 00). Combining (5-46)—(5-49) we conclude that there exists a
constant M = M (n, o, c¢) € (0, 0o) with the property that

I < M[ flgepaace, 1¥1 — %2/ (5-50)
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From (5-35)—(5-36), (5-38), (5-45) and (5-50) we may then conclude that
ICPY f(x1) = CP" f(x2)| < M flgeaayeer, 11 —X2|*  forall xi,x; € 9Q (5-51)

for some constant M = M (n, «, c) € (0, 00). The argument so far gives that the Cauchy—Clifford singular
integral operator CP¥ maps € (d2) ® C¢, boundedly into itself. Having established this, Lemma 3.3 may
be invoked — bearing in mind that (5-34) forces CPV1 = :I:% —in order to finish the proof of the theorem.
Turning our attention to the last part of the statement of the theorem, make the additional assumption
that the set 2 is open. As far as the jump formula (5-31) is concerned, it has been already noted that
the action of the boundary-to-domain Cauchy—Clifford operator (5-1) is meaningful on Holder functions.
Also, Proposition 2.8 ensures that it is meaningful to consider the nontangential boundary trace in the
left-hand side of (5-31) given that 2 € R" is an open set with an Ahlfors regular boundary satisfying (2-16)
(hence, Q2 is an Ahlfors regular domain; see Definition 2.3). Assume now that some f € €“(02) ® Cl,
with & € (0, 1) has been given and observe that C f is continuous in Q2. Fix x € 9*Q and let O, be the set
given by Lemma 2.5 applied with €2 replaced by the Lebesgue measurable set R" \ 2. In particular,

. HTIOB(x, )\ Q)]
m =

li =. 5-52
e—07T a)nflé‘n*l 2 ( )
e€Oy
For some « > 0 fixed, write
lim Cf(z)= lim i = ov(») e () da(y)
o A _a—1>m+ P Wp—1 JIx=yI=¢e |z — y|" v O f(y)do(y
z€li (x) £€0, 2€lc(x) yedQ
. . =Yy
+ dim - Jim [X_M T QYO — f@)do k)
e€0, 2€lic(x) yEIR
+( lim lim / b GV(y)da(y)>®f(x)
20" En ey ! |x;€ya|§8 lz =yl
=L+hL+1. (5-53)

For each fixed ¢ > 0, Lebesgue’s dominated convergence theorem applies to the limit as z — x, z € [ (x),
in I; and yields

L 1 x—y v
L= lim —— | Ov(y)O f(y)do(y) =CP f(x). (5-54)

e—0t Wp—1 )*e)gilsa |x — y|n
To handle /,, we first observe that, for every x, y € 92 and z € I, (x),
lx =yl <lz—yl+lz—x| < |z—yl+(1+k) dist(z, Q) < [z—y|+ (A +K)|z—y| = 2+K)|z—y|. (5-55)
Hence, since f is Holder of order o,

Q+Kk)!
|x — yln=te’

=y
|z —y|"

(5-56)

©) V()’)'|f()’) = SOOI = [flgepoece,
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so that, based on the upper Ahlfors regularity of 92 and once again Lebesgue’s dominated convergence
theorem, we obtain that

L=0. (5-57)

To treat I3 in (5-53), we first claim that, having fixed z € €, for . l_a.e ¢ > 0 we have

z—Y) =Yy
[ v o) = [, S ovm o) (5-58)
vere <Y yeRng 277

To justify this, pick a large R > 0 and apply (2-61) to D := B(0, R) \ 2 and, for each j, k € {1,...,n},
to the vector field

i Yj
lz—yI"

Fir(y) := (0, ..., 0, 0, ..., 0) forall y e R"\ {z}, (5-59)
with the nonzero component in the k-th slot. We can alter each F ik outside a compact neighborhood
of D to a vector field é‘,-k € (fol (R"\ {z}, R*). Then (5-58) follows by reasoning as in (5-11)—(5-13).
Consequently, starting with (5-58), then using (5-8), and then (5-52), we obtain

; ; 2 . 1 xX—y
i, b o fxym o OV do ) = lim — ﬁc—ylza o @Yo )
e0, € 1 ae BTY beo, n=1 Jermg y
H'"1(@B(x, &)\
_ pim L OB&OND 1 (5-60)
e—0F a)n_lé‘”_l 2

e€O,

A combination of (5-53), (5-54), (5-57) and (5-60) shows that the limit in the left-hand side of (5-53) exists
and matches (%I —i—CPV)f(x). This proves that (5-31) holds for each f € €*(92) ® C¢,, at every x € 0%,
hence at o-a.e. point in €2, by (2-14) and the assumption (2-16).

To finish the proof of the theorem, it remains to establish (5-32) assuming, again, that the set €2 is open.
Suppose this is the case and introduce the version of the Cauchy reproducing formula from [Mitrea et al.
2015, Section 3] to the effect that, under the current assumptions on the set €2,

u:Q2— Cl, continuous, with Dyu=0 in £, NueLl(BQ,a) and u|gt9 exists o-a.e. on 092
= u=Culjy) in Q. (5-61)

Now, given any f € €*(32) ® Cl,,, define u := Cf in Q. Then, by design, u € ¥*°(2) and Du =0
in Q. Also, (5-19) gives that sup, . |[u(x)| < M| f|l4=wo)ece,,» Which, in turn, forces Nu to be in
L>®(0Q,0) C L1(3Q, o), given that 92 has finite measure. Finally, the jump formula (5-3) for Holder
functions, established earlier in the proof, yields

wlje)(x) = (31 +C™) f(x) for o-ae. x € 9. (5-62)
Granted these, the premise of (5-61) holds and gives

u=_C(uljy) in Q. (5-63)
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Moreover, since f € €“(9€2) ® C¢,, and C*" is a well-defined mapping in the context of (5-30), from
(5-62) we see that

ulll, € 6Y(0Q) ® CL,. (5-64)

Going to the boundary nontangentially in (5-63) and relying on (5-62) and (5-31) (bearing in mind (5-64))
then allows us to write

(31+C™)f=(31+C™)(31+CP)f at o-ae. pointon 9, (5-65)
from which (5-32) now readily follows. U

In the last part of this section we briefly consider harmonic layer potentials. Recall the standard
fundamental solution E, for the Laplacian in R"” from (5-10). Given a nonempty, open, proper subset 2
of R, let o :=H"~'|9K2. Then the harmonic single layer operator associated with € acts on a function f
defined on 92 by

Zf(x) ::/ Exx—y)f(y)do(y), xef. (5-66)

a2

Assume that 2 is a set of locally finite perimeter for which (2-16) holds and denote by v its (geometric
measure-theoretic) outward unit normal. In this context, it follows from (4-17), (5-66), (5-1) and the fact
that v © v = —1 (see (4-1)) that the harmonic single layer operator and the Cauchy—Clifford operator are
related via

D.sf=—-CvOf) in Q. (5-67)

Parenthetically, we wish to note that, in the same setting, the harmonic double layer operator associated
with €2 is defined as

DF(x) = ) / WY fydoy), xeQ, (5-68)
Wn—1 Joo |lx—y|"

where (-, -) is the standard inner product of vectors in R*. In particular, from (5-1), (4-10), (4-8)
and (5-68), it follows that

f scalar-valued = 2f=(Cf)o in Q. (5-69)

As a consequence of this and (5-20), we see that if 2 C R” is a uniform domain whose boundary is
compact, upper Ahlfors regular, and satisfies (2-16) then, for each o € (0, 1), the harmonic double layer
operator induces a well-defined, linear and bounded mapping

D€ (0Q) — €*(RQ). (5-70)

Returning to the main discussion, make the convention that V? is the vector of all second-order partial
derivatives in R". Also, once again, recall (2-56).

Lemma 5.7. Let Q be a domain of class €'+ for some o € (0, 1) with compact boundary. Then

A= sup [V(ZD @)+ sup{p() V(LD ()]} < 400 (5-71)

xeQ xe2
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and, in fact, this quantity may be estimated in terms of n, o, diam(9S2), ||v||x«aq) and the upper Ahlfors
regularity constant of 0S2.

Proof. Via the identification (4-3) we obtain from (5-67) that
V(Z1)=D;,.Y1=—Cv in Q. (5-72)

Then, keeping in mind that v € ¥*(02) ® C¢,, under the present assumption on €2, the claim in (5-71)
readily follows by combining (5-72) with (5-19). ]

6. The proofs of Theorems 1.1 and 1.3
We start by presenting the proof of Theorem 1.1.

Proof of (a)=>(e) in Theorem 1.1. Let Q be a domain of class €', « € (0, 1), with compact boundary
(hence, in particular, 2 is a UR domain). Also, assume P(x) is an odd, homogeneous, harmonic
polynomial of degree / > 1 in R” and associate to it the singular integral operator

, P(x—y)
Tf(x):= ) Wf(y) do(y), x€. (6-1)

Qlx—
In a first stage, the goal is to prove that there exists a constant C € (1, 0o), depending only on n, «,
diam(9€2), ||v|l#«(g) and the upper Ahlfors regularity constant of €2 (something we shall indicate by
writing C = C(n, «, Q)), such that for every f € €*(0€2) we have
— 2
sup [Tf (x)| + sug{mx)l AVTH@N} < C2 NPl s 1L f lewon- (6-2)
xe

xeQ

We shall do so by induction on / € 2N — 1, the degree of the homogeneous harmonic polynomial P. When
[ =1 we have P(x) = Z’}Zl ajx; for each x = (xy, ..., x,) € R", where the a; are some fixed constants.
Hence, in this case,

max |a;| < || P|lpo(sn-1y < cnllPllpi(sn-1ys (6-3)
l<j=<n

where the last inequality is a consequence of (4-35) (with ¢, € (0, o) denoting a dimensional constant),
and

n
T=w,1) a;9.7. (6-4)
j=1
Then (6-2) follows from (6-3), (6-4) and Lemmas 5.7 and 3.5. To proceed, fix some odd integer [ > 3 and

assume that there exists C = C(n, a, ) € (1, 00) such that:

The estimate in (6-2) holds whenever T is associated as in (6-1) with an odd harmonic
. . (6-5)
homogeneous polynomial of degree at most / —2 in R".
Also, pick an arbitrary odd harmonic homogeneous polynomial P (x) of degree / in R" and let T be as

in (6-1) for this choice of P. Consider the family P,s(x), 1 <r, s <n, of odd harmonic homogeneous
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polynomials of degree [ — 2, as well as the family of odd ¥*° functions ks : R" \ {0} - R" — C¢,,
associated with P as in Lemma 4.2. For each 1 <i, j <n set

Prg(x)

k"S (X) = |x|n+l—3

for x € R"\ {0}, (6-6)

and introduce the integral operator, acting on Clifford algebra-valued functions f =), fre; with Holder
scalar components f; defined on 0€2,

T f(x) 1= /8 Qk”(x—y)f(y)dcr(y)=z< /a Qk”(x—y)fz(y)da(y))ez, xeQ  (67)
1

Fix such an arbitrary f € ¢%(02) ® C¢,. Then, from the properties of the P,; and the induction
hypothesis (6-5) (used component-wise, keeping in mind that the sum in (6-7) is performed over a set of
cardinality 2"), we conclude that for each 1 <r, s <n we have

_ _ _7\2
sup [(T"™ £)(x)| + sup{ p )"V )|} < 2722202 Pl o)l f s ooyt

xe xeQ
_ _ 72
< eaC2 2N P s [ flew@er, . (6-8)
Moving on, for every r, s € {1,...,n} and f : 92 — C¢, with Holder scalar components, we set
Tu00i= [ k=00 f0)dot). xe (6-9)
aQ

Then, thanks to (4-23), whenever the function f is actually scalar-valued (i.e., f : 02 > R < C¢,) the
original operator T from (6-1) may be recovered from the above T, by means of the identity

n

Tf)= Y [T, f()]s forall x €. (6-10)

r,s=1

To proceed, consider first the case when €2 is unbounded. In this scenario, fix some x € 2 and select
R; € (0, dist(x,9R2)) and R, > dist(x, 02) + diam(9£2). (6-11)

Set Qg, .z, := (B(x, R2) \ B(x, R))) N R, which is a bounded ¢'*® domain in R" with the property
that
dQR, R, = dB(x, R2)) UIB(x, R)) UIQ. (6-12)

We continue to denote by v and o the outward unit normal and surface measure for Qg g,. As a
consequence of (4-18) (used with Qg, g, in place of Q, u = k,s(x —-) € %OO(QRI,RZ) andv=1)
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and (4-24), we then obtain that, for each r, s € {1, ..., n},

f krs(x —y) Ov(y)do(y) =— / (DRkys)(x —y)dy
ISRy Ry 2Ry Ry

-1 0 Prs(x_y)
= i3 Ty ) D
n+1=3 Jag p, 0yr \Ix —y"*

-1

- n+l-3 AQRl Ry K- Nvr () do (). (6-13)

Hence,

(T, o) (x) = /d (=) OV dor ()

=/ krs(x—y)GV(y)da(y)—/ ks (x y)@ da(y)
0k, &, B(x,R)) lx — ¥l

+ / ks (X — ) © —2 dor ()
B(x.Ry) lx — |

[—1
=—/ k”(x—y)v,(y)do(y)—/ k,s(a))@a)da)—i-/ krs(@) OQwdw
n+l-3 QR & n—1 n—1
[—1 / ) [—1 ) Xr — Yr
= [ eaemmdem) - ST [ et o)
n+l-3 Jyq n+1-3 B(x,R)) lx =yl
[—1 / X — Yr
+— k™ (x —y) do(y)
n+1—3 Jypu.ry lx =yl
L sy - = f ¢ oy dot / K (@, d
:— vy e a— r — r
+1— T =3 Je T T3 g e
[—1
= nri—3 (T (x). (6-14)

From (6-14) and (6-8) used with f = v, € €*(0Q2), for 1 <r, s <n we obtain

sup |(T,5) (0)| + sup{ p () |V (T,,0) ()|} < sup [(Tv,)(x)] + sup{p () V(T v,)(x)|}

xeR xeR xeR xeR

_ Y
<, C"R2E D2 Pl p sy I e o) (6-15)

in the case when €2 is an unbounded domain.

When 2 is a bounded domain, we once again consider Q2g, r, as before and carry out a computation
similar in spirit to what we have just done above. This time, however, Qg r, = 2\ B(x, R;) and in place
of (6-12) we have 0Q2g, g, = 0B(x, R;) UdS2. Consequently, in place of (6-14) we now obtain

[ — [—1
(Trsv)(x) = T(T” V) (x) — P /S,,. k™ (w)w, dw — fn] krs(w) ©Owdow. (6-16)
To estimate the integrals on the unit sphere we note that, in view of (6-6), (4-26), (4-35) and (4-25), we
have

K" I oo sn-1) + Wkl oo gsn1y < a2 1P 1oty (6-17)
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Upon observing that ||v||4«@gq) > 1, from (6-16) and (6-17) we deduce that an estimate similar to (6-15)
also holds in the case when €2 is a bounded domain (this time replacing the constant ¢, appearing in (6-15)
by 2¢,, which is inconsequential for our purposes). In summary, (6-16) may be assumed to hold whether Q2
is bounded or not.

Going further, let TT, s be the version of T, from (6-9) in which v(y) has been absorbed into the integral
kernel. That is, for f : 92 — C¢,, with Holder scalar components set

Ty f (x) :=/ (krs(x —y)OV(y) O f(y)do(y), xeL, (6-18)
IR
foreachr,s €{1,...,n}. Since TNLSI =T,sv, from (6-15) we conclude that, foreach r, s € {1, ..., n},

~ _ ~ _ _7\2
sup [(T,s 1) (@) + sup{ p () " V(T,s D)} < e, 222N P pi oy IV [ 02 - (6-19)
xe xe

Given that the integral kernel of T” satisfies

s Il oo sn-19 - 2 | Pllpigsnt)

lkrs(x —y) Ov(Y)| < T i TR (6-20)
IVkrsllpooesi-1y _ cn2 1 Pllpisn-t
|Vilkys (x — y) O ()| < 0D < DD TL O (6-21)
lx — yl lx — ¥
we may invoke Lemma 3.5 with
A= cnc’*22<l*2>221||P||L1(SH)||v||Wm> and B :=c, 2| Pllpisn1y (6-22)

in order to conclude that if 1 <r, s < n then

sup | Tys £ ()| + sup{ p () =V (T 5 ) ()1}

xe2 xeQ

_ _7\2
< Cua,2{C' 222 g o) + 2 Pll 1 g1y | f e oyace,  (6-23)

for every f € €*(02) ® C{,,. Writing (6-23) for f replaced by v ® f then yields —in light of (6-18),
(6-9) and (4-21) (bearing in mind that v ® v = —1) —that for 1 <r, s <n we have

sup ITrs f O+ Sug{p(X)l_“IV(Trsf)(X)l}

< Cra2{C72072 2 ooy + 2} X 210l | Pl s | fllesomsce,  (6-24)
for every f € €*(02) ® C¢,,. In turn, from this and (6-10) we finally conclude that
sup | Tf ()] +sup{p () =¥V (T (%)}
xeQ

xe2

_ _7\2
=n n,a,Q v E*(0R2) v EY(02) Ll(Sn—l CY(0L2) -
<n?Cpa.o{C72207272 v +21y % 2|v|| Pl JILE (6-25)

for every f € ¥*(0€2). Having established (6-25), we now see that (6-2) holds provided the constant
C € (1, 00) is chosen in such a way that

— —2)2 2
n*Cpa.0{C' 2277 Y vl e o) + 220Vl o) < C'2' (6-26)
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for each odd number [ € N, [ > 3. Since 2¢=272/ <2.2" and 2! < C'~22" it follows that the left-hand
side of (6-26) is at most C(n, «, Q)C"zzlz. This, in turn, is bounded by the right-hand side of (6-26)
provided C > max{1, »/C(n, o, Q)}. In summary, choosing such a C ensures that (6-2) holds.
Next, we aim to show that (6-2) continues to be valid if the harmonicity condition on P is dropped,
that is, when
P(x) is a homogeneous polynomial in R” of degree [ € 2N — 1. (6-27)

Indeed, a standard fact about arbitrary homogeneous polynomials P (x) is the decomposition (see [Stein
1970, §3.1.2, p. 69])
P(x) = Pi(x) + |x|>01(x) for every x € R", (6-28)

where P; and Q) are homogeneous polynomials and P; is harmonic. Hence, if P(x) is a homogeneous
polynomial of degree / =2N + 1 in R" for some N € Ny, not necessarily harmonic, then by iterating (6-28)

we obtain
N+1

P(x)=)_ |xPY"VP;(x) forevery x e R", (6-29)
j=1
where each P; is a harmonic homogeneous polynomial of degree [ — 2(j — 1). Since the restrictions

to the unit sphere of any two homogeneous harmonic polynomials of different degrees are orthogonal
in L>(S"1) (see [Stein 1970, §3.1.1, p. 69]), it follows from (6-29) that

N+1
1P 251y = D 1P 172501y (6-30)
j=1
In particular, for each j, Holder’s inequality and (6-30) permit us to estimate
IPillrsn-1y < cnll Pillz2csn-1y < cnll PllL2csn-1y- (6-31)

Combining (6-1) and (6-29), for any x € Q and f € ¥*(d2) we obtain

N+1

P. —
T =) fa 0= () do(), (6-32)
j=1

o [x — y|—1+0=2G-1)

and each integral operator appearing in the sum above is constructed according to the same blueprint as
the original T in (6-1), including the property that the intervening homogeneous polynomial is harmonic.
As such, repeated applications of (6-2) yield
— 2
sup [Tf (x)| + sup{ p () "IV (T} < cal C'2 | Pll 2501l £ lgw o) (6-33)

xeQ xe

for each f € €% (0€2). Since if C is bigger than a suitable dimensional constant, we have ¢,/ < C ! forall ,
by eventually replacing C by C? in (6-33). Ultimately, with the help of Lemma 2.10 (while keeping (2-55)
in mind), we deduce that (1-19) holds for T in 2. That T_ also satisfies similar properties follows in a
similar manner, working in _ (in place of ), which is also a domain of class ¥'T® with compact
boundary. U
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Proof of (e)=> (d) in Theorem 1.1. This is obvious, since the operators %Ji from (1-17) are particular
cases of those considered in (1-18). O

Proof of (d) = (a) in Theorem 1.1. Since we are currently assuming that €2 is a UR domain, Theorem 3.2
applies in 21 and yields (bearing (2-49) in mind) the jump formulas

(7 f 15,0 (0) = F3v;(x) f(x) + lim 0 Ea)(x — ) f(y) do () (6-34)
e=>0% JHQ\B(x,e)

for each f € LP(0K2,0) with p € [1,00), each j € {1,...,n}, and o-a.e. x € 2. Hence, by (6-34)
and (1-16), we have

v =% 1, =R 1], €€7(0Q) forall je{l,... n}. (6-35)

Given the present background assumptions on €2, Theorem 2.2 then gives that  is a 4'** domain. [

Proof of (a) => (c) in Theorem 1.1. Assume that € is a domain of class €'**, « € (0, 1), with compact
boundary. Here, the task is to prove that the principal value singular integral operator 7, originally defined
in (1-15), is a well-defined, linear and bounded mapping from ¢ (d€2) into itself. In the process, we
shall also show that (1-20) holds. Since (a) => (e) has already been established, we know that the singular
integral operator (6-1) maps ¢*(9€2) boundedly into €%(Q) with

2
ITf gy < C2" 1Pl r2gsnn | fllgway forall fe€*(@Q). (6-36)

For starters, let us operate under the additional assumption that the homogeneous polynomial P is
harmonic, and abbreviate

P(x)

k(x):::|x|n—l+l

for all x € R"\ {0}. (6-37)

In this scenario, (4-37) gives that

A p P
k(&) = Fre (|x|n(—+x[)_l) = Vn,,1 m% for all £ € R"\ {0}. (6-38)

Moreover, a direct computation, using Stirling’s approximation formula

V2 m™ 1 2e™m < ml < em™ 2™ forall m e N, (6-39)
shows that (122
o(~"=2/=) if n is even,
= as [ — oo. 6-40
Yall {0(1<"4>/2) if 1 is odd, (6-40)
We continue by observing that, thanks to (4-35),
sup [P ()| < [Pl poe(si-ty < a2l | Pl 1oy, (6-41)

xedQ
Next we note that |v(x) —v(y)| > % forces |x — y|* > 1/2||v|l¢«(5g)), which further implies

|P(v(x)) — P(v(»)I
lx — y|*

-1
< Avllge@e) | Pllcos-1y < a2 T IV llge@ay | Pl L1 sny (6-42)
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by virtue of (4-35), while, if [v(x) —v(y)| < %, the mean value theorem and (4-35) permit us to once

again estimate
PO) = POODI _

- <( sup [(VP)@NIVIgeon) < IV Pl -1 Iviema)
lx — ¥l zev(@).v(y)]

<27 llgeay I Pl (6-43)

By combining (6-38) and (6-40)—(6-43) we therefore arrive at the conclusion that the mapping 02 — C,
X Ig(v(x)), belongs to ¥"“(3€2) and

the mapping 92 5 x > k(v(x)) belongs to €¢(0R) and |k(v(-))|lge) < (6-44)
en2 v llg e | Pll L1 csn1y.-

Next, the assumptions on €2 imply (see the discussion in Section 2) that this is both a UR domain and
a uniform domain. As such, Theorem 3.2 applies. Since T from (6-1) corresponds to the operator T
defined in (3-9) with k as in (6-37), for each f € €“(d2) we obtain from (3-12), (6-44), and (6-36) that
1T o) < [k F +TF | oo + 15RO F [l gugo)

< ITf Bl o) + 27 HIEQ )l o 1| f llse @

= Tflsallg=@e) + a2 [Vllew@a | Plli 1) | f s o)

< TS lgo@, + en2 IVl 1 Pl 2esn 1L f e o

<(C"2" + 2 llge o 1Pl 2 L f e

< (2Pl f o, (6-45)
assuming, without loss of generality, that C > 2 + ¢, ||v||4«(3g) to begin with. Note that the estimate just

derived has the format demanded in (1-20).

To treat the general case, when P is merely as in (6-27), consider the decomposition (6-29) and, for
each f € €%(0R2), write

“ N+1 li Pi(x —y) (v)do () . (646
Jx Z 18_1>0+ yeoQ |x_y|n—1+(1_2<‘,~_1))f y)doly), Xx¢€ . -
j=

lx—=y|>¢

Since every integral operator appearing in the right-hand side of (6-46) is of the same type as the original T
in (1-15), with the additional property that the intervening homogeneous polynomial is harmonic, repeated
applications of (6-45) give

2
ITf e o) < HCH 2Pl 2s-1y |l fllgepy  forall fe@*(OQ). (6-47)

Using I < (C?) for all  if C is sufficiently large and relabelling C* simply as C, the estimate (1-20)
finally follows. O

Proof of (c) = (b) in Theorem 1.1. Observe that the principal value Riesz transforms REV from (1-1) with
Y ;=092 are special cases of the principal value singular integral operators defined in (1-15) (corresponding
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to P asin (1-21)). Hence, on the one hand, R?VI € €*(0€2). On the other hand, since €2 is presently
assumed to be a UR domain, from (1-13) it follows that each of the distributional Riesz transforms R; from
(1-4)—(1-5) with X := 02 agrees with R?V on ¢*(0€2). Combining these, we conclude that (1-14) holds. [J

Proof of (b)=> (a) in Theorem 1.1. Granted the background hypotheses on 2, the assumption made
in (1-14) allows us to invoke the 7'(1) theorem (for operators associated with odd kernels, on spaces of
homogeneous type). Thanks to this, (2-24) and the Calderén—Zygmund machinery mentioned earlier, we
conclude that each of the distributional Riesz transforms R; from (1-4)—(1-5) with ¥ := 92 extends to a
bounded linear operator on L2(dS2), in the form of the principal value Riesz transform RE.’V from (1-1)
with ¥ := 9. In particular, we now have

Rj1=RY1 in L2(0Q). (6-48)
Next observe that, since vOv=—1 ato-a.e. pointon 02 and x —y = Z?:l (xj—yj)ej forevery x, y e R",
from (5-2), (1-1) and (6-48) we obtain
n n
CP'v=—) (R"1)e; = (R;l)e; at o-a.e. pointon d<, (6-49)
j=1 j=1

which, on account of (5-5), further yields

n
4—1‘1) =CPY(CPy) = —CPV(Z(RJ-l)ej) at o-a.e. point on 9%2. (6-50)
j=1
With this in hand, it readily follows from Theorem 5.6 that if condition (1-14) holds then v € €“(9£2).
Having established this, Theorem 2.2 applies and gives that 2 is a domain of class €' *¢. (Il

This concludes the proof of Theorem 1.1, and we now turn to the proof of Theorem 1.3.

Proof of Theorem 1.3. This is a direct consequence of Proposition 2.12 and Corollary 1.2 upon observing
that €PY = le "+ R, where R?V, J =1, 2, are the two principal value Riesz transforms in the plane. [J

We finally present the proof of Theorem 1.6.
Proof of Theorem 1.6. Let
o
klgimi=>_ Y, (6-51)
1=0

be the decomposition of k|g-1 € L2(S" 1Y in surface spherical harmonics. That is, {¥;};en, are mutually
orthogonal functions in L%(S"~!) with the property that for each I € Ny the function

'Yy (x/lx]) - if x € R\ {0},

6-52
0 if x =0, ( )

P(x) = {
is a homogeneous harmonic polynomial of degree / in R". In particular,

Agi1Yy=—I(l4+n—2)Y; on §" ! forall I eNj. (6-53)
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See, for example, [Stein 1970, pp. 68—70] for a discussion. Then, for each / € Ny, we may write

[~ +n =DV 122 gory = [+ = 2™ / kYido
No

:/ lkASn’ 1Yldcozf ](Asn kY, dw, (6-54)
Srl Sn

where the first equality uses (6-51), the second one is based on (6-53), and the third one follows via
repeated integrations by parts. In turn, from (6-54) and the Cauchy—Schwarz inequality we obtain

1Yl 2gsn-1y < T2 A k|l p2gsn-1y  forall € No. (6-55)

We continue by noting that the homogeneity of k together with (6-51) and (6-52) permit us to express

k(x) =

k(x/x]) _ i Vi /IxD) i Prx/lxl) i Pi(x) (6-56)

|x|"*1 |x|"*1 |x|”*1 - — |x|n71+l

=0 =0

for each x € R" \ {0}. For each [ € Ny, let T; and 7; be the integral operators defined analogously to
(1-32) and (1-33) in which the kernel k(x — y) has been replaced by P;(x — y)|x — y|~"~!*D_ Then, for
each f € ¥%(92), we may estimate

8

Z 12 fllge < D €27 P25 | f Nl o

=0 =0

8

= ||Yl||L2(S" W fllge o)
=0
o0
>ochrrmay lkan(Sn-]))||f||mm, (6-57)
=0

IA
N

by invoking (1-19) and (6-55), and keeping in mind that P|gs.-1 = ¥; (see (6-52)). Since for [ large we
have C'2!" < 4" it follows from (1-31) that the series in the curly bracket in (6-57) is convergent to some
finite constant M. Based on this and (6-56), we may then conclude that || Tf ||« (g, < Yol f lge ) <
M|| fll#= (). This proves the boundedness of the first operator in (1-34), and the second operator in (1-34)
is treated similarly (making use of (1-20)). U

Remark 6.1. We claim that (1-31) is satisfied whenever the kernel k is of the form P(x)/ || 1o
for some homogeneous polynomial P of degree I, € 2N — 1 in R". Indeed, writing P (x)/|x|"~ !+l =
P(x/|x])/|x|""! and invoking (6-29), there is no loss of generality in assuming that P is also harmonic
to begin with. Granted this, it follows that k|g.—1 = P|gs-1 is a surface spherical harmonic of degree /,;
hence — see [Stein 1970, §3.1.4, p. 70] — A gu-1(k|gn-1) = —I,(l, +n — 2)(k|gn—1). Choosing m; := 2
for each I € Ny and iterating this formula then shows that the series in (1-31) is dominated by

o
> 42 Uyl + 1 — 21 Kl 2501y < 00 (6-58)
=0
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7. Further results

We start by recalling some definitions. First, given a compact Ahlfors regular set ¥ C R”, introduce
o :=H""!| T and define the John—Nirenberg space of functions of bounded mean oscillations on ¥ as

BMO(Z):={f e L'(Z,0): fH? € L*(Z, 0)}, (7-1)

where p € [1, 00) is a fixed parameter and
1

1 P
#,p o _ 14 -
JrP(x) = 228(0(2 N B ) Jsomen |F ) = fawnl dO(y)> , (7-2)

with fa(x r) the mean value of f on ¥ N B(x, r). As is well known, various choices of p give the same
space. Keeping this in mind, we define the seminorm

[fIemocz) = I fH P |l (s.0)- (7-3)

We then define the Sarason space VMO(Z) of functions of vanishing mean oscillations on X as the
closure in BMO(Z) of €°(X), the space of continuous functions on X. Alternatively, given any « € (0, 1),
the space VMO(X) may be described (see [Hofmann et al. 2010, Proposition 2.15, p. 2602]) as the
closure in BMO(ZX) of ¥*(X). Hence, in the present context,

U €*(T) = VMO(T) < BMO(Y) <> ﬂ LP(Z,0). (7-4)

O<a<l O<p<oo

Proposition 7.1. If Q C R” is a UR domain with compact boundary then the principal value Cauchy-
Clifford operator C? from (5-2) is bounded both on BMO(02) ® Cl,, and on VMO(32) ® CL,,. Moreover,
(CPY)2= il both on BMO(0Q)®CL,, and on VMO (0Q)RCYL,,. Hence, in particular, C* is an isomorphism
when acting on either of these spaces.

Proof. To begin with, observe that in the present setting (5-21) ensures that CP¥ is well-defined on
BMO(@02) ® Cl,,. Now fix f € BMO(9Q2) ® C¢,, and pick some xg € 92 and r > 0. For each R > 0, let
us agree to abbreviate Ag := 32N B(xg, R). Denote by v the geometric measure-theoretic outward unit
normal to  and, with o := H#"~![9€, introduce

A(xg, r) =

X0 —)Y 1
/y o o OV Of () = fa,)do(3) £ 5 fass (7-5)
€ X0 — I

—1
" xo—ylz2r

where the sign is chosen to be plus if €2 is bounded and minus if €2 is unbounded, and where fa, stands
for the integral average of f over A,,. For x € A,, use (5-21) to split

x—y
€dQ\B(x,e) |X —_ y|n

|xo—y|<2r

! / e <|x_y 7Y )Gv(y)G(f(Y)—fAZr)dU(y)-l-A(XO,r), (7-6)

Wp—1 x—=y[" |xo—yl"

P () = lim —— fy OV O () = far) do(y)

e—01T Wy—1

|xo—y|=2r
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then employ this representation (and Minkowski’s inequality) in order to estimate

1 v 5 >
(O’(Ar) A,. |CP f(x)—A(XO,I’)l da(x)) < c(] +[[), (7_7)

where ¢ € (0, oo0) depends only on €2 and

(1 o L\
= <0(Ar) fm ICP(Cf = fan )14yl da) ,

e —n—1/(Q2)
Il :=r /yeBQ (/;r

|xo—y|>2r

xX—y  Xo—Yy
lx =yl |xo—yl"

2\
@) ) 1), d0 ),

Now, the boundedness of CP¥ on L?(dQ2, o) ® Cf,, from Proposition 5.1 gives (bearing in mind that o is
doubling)

1
1 ) 2
= - d < ’ 7.8
- C(a(AZ,) A, |f = fanl U) < clflemopoce, (7-8)

which suits our purposes. Next, we write

)
Hsc/ " F )~ fanldo ()
ooy oI *
i r
=) | "\ £ = fayldo(y)
; Byt \Byj, (2/r) ’

o0
1
<5t U falde
j=l 2J+1,
>
S A
j=1

21
<c) SN o) < ef* (xo) < el flpmovsce, (7-9)
j=1

2j+1,

J
|:|f - fAszr' + Z |fA2k+1, - fAzkr|] do
k=1

Above, the first inequality follows from the mean value theorem, while the second inequality is a
consequence of writing the integral over 02\ Ay, as the telescopic sum over A,j+1,\ Ay, j €N, and the
fact that |xo — y| > 2/r for y € Ayj+1, \ Ayj,. The third inequality is a result of enlarging the domain of
integration from Ajj+1, \ Ayj, to Ayj+1, and using O‘(Az_i+1r) ~ (2/r)"~!. The fourth inequality follows
from the triangle inequality after writing

J
f=Fay = = fayo + Y (Fage, = Fay,)- (7-10)

k=1
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The fifth inequality is a consequence of the fact that, for each k, we have

(f - fA2k+1,) do

AZkr

Sc][ 1f = fayn ldo <c f*1(xo). (7-11)
Azk‘Hr

|fA2k+l,. - fAzkrl =

The sixth inequality is a consequence of Zj’;l 27/(14 j) < 400 and, finally, the last inequality is seen
from (7-3).
From (7-7)~(7-9) we eventually obtain [[(CP" £)*?|| .~ 30.0)ect, < c[fIBMoG@)@cr,; hence,

[CP" fleMo)ece, < cLfIBMop)ect, (7-12)
from which we conclude that the operator
CPY :BMO(0Q2) ® C¢,, — BMO(02) ® C¢,, (7-13)
is well-defined and bounded. Next, that
CPY : VMO(32) ® Ct,, —> VMO(3Q2) ® Ct, (7-14)

is also well-defined and bounded follows from (7-13), the characterization of VMO(92) ® C¢,, as the
closure in BMO(02) ® C¢,, of €*(0€2) ® C¢,, for each a € (0, 1), and Theorem 5.6.

Finally, the claims in the last part of the statement of the proposition are direct consequences of what
we have proved so far, (7-4), and (5-5). O

When @2 € R" is a UR domain with compact boundary, it follows from (1-13) and (3-8) in Theorem 3.1
that R; maps ¢*(9€2) into BMO(9<2) for each j € {1, ..., n}. Hence, in this case, R;1 € BMO(9<2)
for each j € {1, ..., n}. Remarkably, the proximity of the BMO functions R;1, 1 < j <n, to the space
VMO(9€2) controls how close the outward unit normal v to €2 is to being in VMO(9€2). Specifically, we
have the following result:

Theorem 7.2. Let 2 € R” be a UR domain with compact boundary and denote by v the geometric
measure-theoretic outward unit normal to Q. Also, let |CPY ||, stand for the operator norm of the Cauchy-
Clifford singular integral operator acting on the space BMO(02) ® C¢,,. Then, with distances considered
in BMO(0£2), one has

n 1

2

dist(v, VMO(3Q)) < 4||cPV||*( Y " dist(R; 1, VMO(8£2))2> :
j=1

(7-15)

1

( Z dist(R; 1, VMO(&Q))Z)2 < |ICP¥| |« dist(v, VMO(92)). (7-16)
j=1
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Proof. On the one hand, based on (6-50), Proposition 7.1 and the fact that each R?V agrees with R;
on L?(3$2), we may estimate

dist(v, VMO(0R2)) = inf  [v—nlemome)
n

eVMO(92)
= inf v —
neVMO(BQ)(@cen[ nlemopo)ect,
n
= evmomt e, va( (RPVl)E'-i-CPVn)]
neVMO(BQ)QCt, [ ; j j OGeac,

<4lc™), i DR Dej+CMn
EVMO(B Q)RCL, =1 BMO((0R2)®CL,

= 4(|cP"|, inf [ (le)ej—é}
£eVMO(0R2)®Ct, JX_; BMO(02)®Ct,,

n

=4|cPY inf Rjl)e; —
|| ”*gevi?owm[zl( iDe; s]
j:

BMO(92)

n 1
2
=4||Cp"||*(Zdist(Rj1, VMO(8Q))2) , (7-17)
j=1
yielding (7-15). On the other hand, from (6-49) and Proposition 7.1 we deduce — once again by bearing
in mind that each RPV agrees with R; on L?(02) — that

2
(Zdlst(R 1, VMO(R2)) ) geVMo(an )Wn[;(le e, — g]

o BMO(Q)®CL,,

= inf R™1)e; —
geVMol(aQ)eacz,,[;( j ej 5]

= inf CPVy —
§ EVMO(M)@@"[ §IBMoG)®Ct,

BMO(@0Q)®CL,

= inf [CPY(v — ) ]BMOGQ)eCt,
1EVMO(3RQ)®CE,,

< ||CPY inf Vv —
< IC*" I« neVMO(SQ)@Cé,,[ nlemom)ece,

=[C?[l« _inf [v—nlsmowe)
nEVMO(3R)

= [|ICPY]|, dist(v, VMO(0%2)), (7-18)
finishing the justification of (7-16). ]
Having established Theorem 7.2, we are now in a position to present the proof of Theorem 1.4.

Proof of Theorem 1.4. For the left-to-right implication in (1-28), first observe that €2 is a UR domain (see
Definition 2.7). As such, Theorem 7.2 applies and (7-16) gives R;1 € VMO(9€2) for each j € {1,...,n}.
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For the right-to-left implication in (1-28), use (1-11) and the background assumptions on €2 to conclude
that 2 is a UR domain, then invoke (7-15) from Theorem 7.2 to conclude that v € VMO(9€2). O

Moving on, we record the following definition:

Definition 7.3. Let 2 C R” be an open set with compact boundary. Then €2 is said to satisfy a John
condition if there exist 6 € (0, 1) and R € (0, 00), called the John constants of €2, with the following
significance: for every p € 0Q2 and r € (0, R) one can find p, € B(p, r) N such that B(p,, 0r) C Q and
with the property that, for each x € B(p, r) N 3L, there exists a rectifiable path y; : [0, 1] — & whose
length is at most ' and

() =x, y(1)=p, and dist(y,(t), Q) > 0|y, (t) —x| forall € (0, 1]. (7-19)

Furthermore, 2 is said to satisfy a two-sided John condition if both © and R" \ Q satisfy a John condition.

The above definition appears in [Hofmann et al. 2010], where it was noted that any NTA domain (in
the sense of D. Jerison and C. Kenig [1982]) with compact boundary satisfies a John condition.

Next, we recall the concept of §-Reifenberg flat domain, following [Kenig and Toro 1999; 2003]. As a
preamble, the reader is reminded that the Pompeiu—Hausdorff distance between two sets A, B C R”" is
given by

D[A, B] := max{sup{dist(a, B) : a € A}, sup{dist(b, A) : b € B}}. (7-20)

Definition 7.4. Let ¥ C R” be a compact set and let § € (0, 1/(4+/2)). Call  a §-Reifenberg flat set if
there exists R > 0 such that, for every x € X and every r € (0, R], there exists an (n—1)-dimensional
plane L(x, r) which contains x and is such that

D[XNB(x,r), L(x,r)NB(x,r)] <ér. (7-21)

Definition 7.5. Say that a bounded open set 2 C R” has the separation property if there exists R > 0
such that, for every x € Q2 and r € (0, R], there exists an (n—1)-dimensional plane £(x, r) containing x
and a choice of unit normal vector to £(x, r) —call it 71, , — satisfying

{y+tix, € Baor) iy e L), 1 < —jrfcQ,

i 1 (7-22)
{y—i—tn” €B(x,r):yeLl(x,r), t > Zr} C R"\ Q.

Moreover, if €2 is unbounded, it is also required that 32 divides R" into two distinct connected components
and that R" \ © has a nonempty interior.

Definition 7.6. Let Q2 C R" be a bounded open set and 6 € (0, §,). Call Q a 5-Reifenberg flat domain if
 has the separation property and 92 is a §-Reifenberg flat set.

The notion of Reifenberg flat domain with vanishing constant is introduced in a similar fashion, this
time allowing the constant § appearing in (7-21) to depend on r, say § = §(r), and demanding that
lim, o+ 6(r) = 0.

As our next result shows, under appropriate background assumptions (of a “large” geometry nature)
the proximity of the vector-valued function (R;1, R>1, ..., R,1) to the space VMO(9€2), measured
in BMO(0€2), can be used to quantify Reifenberg flatness.
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Theorem 7.7. Assume Q2 C R" is an open set with a compact Ahlfors regular boundary, satisfying a
two-sided John condition (hence, 2 is a UR domain, which further entails that R;1 € BMO(9€2) for
each j). If, with distances considered in BMO(0€2),

n
> dist(R;1, VMO(3Q)) < e, (7-23)
j=1
then Q2 is a 5-Reifenberg flat domain for 6 = C, - ¢, where C, € (0, 00) depends only on the Ahlfors
regularity and John constants of €.
As a consequence, if Rj1 € VMO(02) for every j € {1, ..., n} then actually Q2 is a Reifenberg flat

domain with vanishing constant.

Proof. 1t is known that if Q € R” is an open set with a compact Ahlfors regular boundary, satisfying a
two-sided John condition, and such that

dist(v, VMO(02)) < ¢ (7-24)

(with the distance considered in BMO(0£2)), then €2 is a §-Reifenberg flat domain for the choice § =C, - ¢,
where the constant C, € (0, c0) is as in the statement of the theorem. See [Hofmann et al. 2010,
Definition 4.7, p. 2690 and Corollary 4.20, p. 2710] in this regard. Granted this, the desired conclusion
follows by invoking Theorem 7.2, since our assumptions on 2 guarantee that this is a UR domain
(see (1-29)). O

In this last part of this section we discuss a (partial) extension of Theorem 1.1 in the context of Besov
spaces. We begin by defining this scale and recalling some of its most basic properties.

Definition 7.8. Assume that ¥ C R” is an Ahlfors regular set and let o := H"~!|%. Then, given
1 <p<ooand( <s < 1, define the Besov space

BPP(Z):={feLl(X,0): ||f||B.g,p(2) < 400}, (7-25)
where
1
| f(x) = fO)IP P
. = (%o - " d , 7-26
£l grees) o= I fllecs.o) + (/2 |yt 4o do() (7-26)
with the convention that
B™(X):=%¢"(X) and | flpe(x) = fle). (7-27)
p:p

Finally, denote by (X) the space of functions whose truncations by smooth and compactly

s, loc

supported functions belong to B/"” ().

Consider X as in Definition 7.8 and suppose 1 < pg, p; < 0o and sg, s1 € (0, 1) are such that

1 1
L L T (7-28)
pit n—1 pyo n-—1
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Then [Jonsson and Wallin 1984, Proposition 5, p. 213] gives that

Bg)o’po(E) < B[I"PI(X) continuously. (7-29)
In particular,
BPP(2) > ¢*(X) if pe[l,o0], s€(0,1) with sp>n—1, a:=5— n—1 (7-30)
In turn, from (7-25)—(7-26) and (7-30) one may easily deduce that
BP'P(X) is an algebra if p € [1, 00] and s € (0, 1) satisfy sp >n—1, (7-31)
and
f/g € BP"P(X) whenever f,ge BP(X) and |g| > ¢ >0 o-a.e.on X. (7-32)

Another useful simple property is that, given any p € [1, 00] and s € (0, 1), if F: R — R is a bounded
Lipschitz function then

FofeBlP (X) forevery fe B (X). (7-33)

s,loc

Finally, we note that in the case when X is the graph of a Lipschitz function ¢ : R"~! — R, from [Mitrea
and Mitrea 2013, Proposition 2.9, p. 33] and real interpolation we obtain that, for each p € (1, o0)
and s € (0, 1),

feBPP(E) < f(-,0()eBlPR. (7-34)

Proposition 7.9. Assume Q2 C R" is a Lebesgue measurable set whose boundary is compact, Ahlfors
regular, and satisfies (2-16). Then

CP:BPP(3Q)®Cl, —> BPP(3Q2) ®CL, (7-35)
is well-defined and bounded for each p € [1, 00] and s € (0, 1).

Proof. One way to see this is via real interpolation (see [Han et al. 2008, §8.1] for a version suiting
the current setting) between the boundedness result proved in Theorem 5.6 (corresponding to (7-35)
when p = oo; see (7-27)), and the fact that the operator CP¥ in (7-35) with p =1 is also bounded (which
follows from the atomic/molecular theory for the Besov scale on spaces of homogeneous type from [Han
and Yang 2003]). O

In order to present the extension of Theorem 1.1 mentioned earlier to the scale of Besov spaces, we
make the following definition:

Definition 7.10. Given p € [1, o0] and s € (0, 1), call a nonempty, open, proper subset 2 of R" a

B fﬁ -domain provided it may be locally identified® near boundary points with the upper graph of a real-

valued function ¢ defined in R"~! with the property that djp € BIP (R"") foreach j e {l,...,n—1}.

The stage has been set for stating and proving the following result:

51n the sense described in Definition 2.1.
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Theorem 7.11. Assume Q2 C R" is an Ahlfors regular domain with a compact boundary, satisfying
Q= d(Q). Then, for each s € (0, 1) and p € [1, oo] with the property that sp > n — 1, the following
claims are equivalent:

(a) Qisa Bspﬂ domain.
(b) The distributional Riesz transforms associated with 02 satisfy
Rjl € BP"P(9Q2) foreach je{l,...,n}. (7-36)

Proof. Consider the implication (b) => (a). The starting point is the observation that (7-36) and (7-30)
imply (1-14) fora :=s — (n —1)/p € (0, 1). As such, Theorem 1.1 applies and gives that €2 is a domain
of class 7. Hence, locally, the outward unit normal v to  has components (v;)1< <, of the form

8. /
v e =1 VI (7-37)

—— if j=n,

VI+HIVeG)?

where ¢ € €7 (R"~1) is a real-valued function whose upper graph locally describes . Without loss of
generality it may be assumed that ¢ has compact support.
On the other hand, from the assumption (7-36), Proposition 7.9 and (6-50) we may conclude that

v e BIP(3Q). (7-38)
On account of this membership and (7-34), we obtain
vi(-,e(-)) e B‘{,””(R”_l) foreach je{l,...,n}. (7-39)
Upon recalling (7-31)—(7-32), this further yields

=277
= o))

. . p.p .
proving that €2 is a B{}'| domain.

e BPP(R"") foreach je{l,...,n—1}, (7-40)

Concerning the implication (a) = (b), assume that Q2 is a B;’J’r’; domain with s and p as before.
From the definitions and (7-30) (used with ¥ := R"~!) it follows that  is a domain of class €'
with o :=s — (n — 1)/p. Hence, in particular, €2 is a Lipschitz domain. We claim that (7-38) holds.
Thanks to (7-34), justifying this claim comes down to proving that (7-39) holds, where ¢ is a real-valued
function defined in R"~! satisfying 9 i€ B (R"~1) for each j € {1, ..., n— 1} and whose upper graph
locally describes €2 (again, without loss of generality it may be assumed that ¢ has compact support). To
this end, consider the function F : R — R given by F(¢) := 1/4/1+ |t| for each ¢ € R, and note that F is
both bounded and Lipschitz. Since, by (7-31),

n—1

Vol =) (0,9)(d9) € BPP (R, (7-41)
j=1
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it follows from (7-33) that

va(, @(+)) =—Fo|Vol> € B/}l (R*1). (7-42)
Granted this, another reference to (7-31) gives that, foreach j € {1,...,n — 1},
_ dj¢ _ p.p (pn—1
Vj(',f/)(-))——2——31<0~vn(-,<p(-))€Bs (R*). (7-43)
1+[Ve|

This finishes the proof of (7-39), hence completing the justification of (7-38). Having established this,
bring in identity (6-49) in order to conclude, on account of Proposition 7.9, that

n n
D (Rjlej = Z(R?Vnej = —CPv e BPP(3Q) ®CL,. (7-44)
j=1 =1
Since this readily implies (7-36), the implication (a) = (b) is established. ]

Lastly, we remark that the limiting case s = 1 of Theorem 7.11 also holds provided p € (n — 1, 00)
and the Besov space intervening in (7-36) is replaced by Lf (0€2), the LP-based Sobolev space of order 1
on 952 considered in [Hofmann et al. 2010] (in which scenario €2 is an Lg domain, in a natural sense).
The proof follows the same blueprint and makes use of the fact that CP is a bounded operator from
Lf(a Q) ® C¢, into itself (see [Mitrea et al. 2015; 2016] in this regard).
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