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TIME-PERIODIC APPROXIMATIONS OF THE EULER-POISSON SYSTEM
NEAR LANE-EMDEN STARS

JUHI JANG

We show a long-time validity of the time-periodic linear approximations to the gravitational Euler—
Poisson system near Lane—-Emden equilibria for all relevant adiabatic exponents. To prove the result, we
reformulate the problem in Lagrangian coordinates and use the weighted energy estimates together with
Hardy inequalities.

1. Introduction and formulation

One of the simplest fundamental hydrodynamical models for describing the motion of self-gravitating
Newtonian inviscid gaseous stars is the compressible Euler—Poisson equations:

8l10 +V * (,Ou) :0’
pu+u-Vu)+Vp=—pVo, (1-1)
AD =4mp,

where (¢, x) € Ry x R? and p, u and p denote respectively the density, velocity and pressure of gas.
® is the gravitational potential and it is related to the gas through the Poisson equation. We consider
polytropic gases with equation of state given by

p =Ko, (1-2)

where K is an entropy constant and y > 1 is the adiabatic gas exponent. There are many interesting
works available on the Euler—Poisson system (1-1); for instance, see [Luo et al. 2014; Makino and Ukai
1987; Nishida 1986] for the existence theory, [Makino 1992] for a nonexistence result and blowup, and
[Deng et al. 2002; Jang 2008; 2014; Luo and Smoller 2008; 2009; Rein 2003] for the stability and
instability theory. However, some important questions are still waiting to be answered. In this paper, we
are interested in long-time radial solutions to (1-1) around the Lane—-Emden equilibrium stars.
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The spherically symmetric solutions to the system (1-1)— p(¢, x) = p(¢t,r) and u(¢t, x) =u(t,r)x/r,
where r = |x| — satisfy the equations

1 2
10[ + "_2(” pu)l’ =O7

(1-3)
47 !
pu; + puu, + p, + _2,0/ ps2ds =0.
r 0
Static solutions (pg(r), ug = 0) of (1-3) satisfy the ordinary differential equation

d 4 "

ap | h ,os2 ds =0, (1-4)

dr r2 Jo

which can be transformed into the famous Lane—-Emden equation [Chandrasekhar 1938]. Nonnegative
solutions of (1-4) can be characterized according to y as follows [Chandrasekhar 1938; Lin 1997]:
Letting M(p) = f 47s%p(s) ds be the total mass of a star, if y > g and M > 0 then there exists at
least one compactly supported solution p such that M (p) = M. For y > ‘3‘, every solution is compactly
supported and unique. If y = g and M > 0, there is a unique solution p with infinite support. If 1 <y < g,
there are no stationary solutions with finite total mass. The compactly supported equilibria for g <y<?2
are called the Lane—Emden stars; see also Section 1B.

It is well known [Chandrasekhar 1938; Lin 1997] that the boundary behavior of compactly supported
Lane-Emden solutions is characterized as follows:

p(r) ~(R=r)/=Y" for r ~R. (1-5)

This boundary behavior is often referred to as physical vacuum [Liu and Yang 2000]. As far as the
full dynamics of compressible flows involving physical vacuum is concerned, the degeneracy and the
interaction with nonlinearity make the analysis nontrivial. Despite its physical importance, even local-in-
time well-posedness of compressible Euler equations in the presence of physical vacuum was established
only recently [Coutand and Shkoller 2012; Jang and Masmoudi 2009; 2015]. For more discussion on
physical vacuum, we refer to [Jang and Masmoudi 2011] and for other problems involving vacuum see
[Jang and Masmoudi 2012; Liu 1996; Liu and Yang 1997; Makino et al. 1986; Sideris 2014].

The goal of this article is to investigate a detailed structure of the solutions to (1-3) near the compactly
supported Lane—Emden stars beyond the local existence. More specifically, we will construct the time-
periodic linearized solutions and show the validity of such linear approximations in the fully nonlinear
setting for large times for all g < y < 2. To this end, we will first introduce suitable Lagrangian
coordinates in accordance with the recent advancement of physical vacuum, and formulate the problem
in such Lagrangian coordinates.

1A. Lagrangian coordinates. Let 1(t, x) be the position of the gas particle x at time ¢, so that
n:=u(t,n,x)) fort >0 and n(0,x)=rny in Q. (1-6)

Here Q is a compact smooth domain and ng : 2 —  is a diffeomorphism with positive Jacobian
determinant. For the purpose of this article, we take €2 as a ball, which corresponds to the support of a
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Lane—Emden solution and the initial density. Our choice of 7y will depend on the initial density profile
and in fact, in our setup, the identity map will correspond to the equilibrium state. The following are the
Lagrangian quantities:

v(t,x)=u(t,n(, x), o, x)=pt, i x), WY, x)=>tn@,x)),
A= (Dn)~ !, J =det Dn, a=JA.

We use Einstein’s summation convention and the notation F,; to denote the k-th partial derivative of F.
In this subsection, we use i, j, k, [, r, s to denote 1, 2, 3. The Euler—Poisson equations (1-1) read as

Ql‘—i_QAljvi’j =07
ovl + KANo? = —0AYW,; (1-7)
AR (AN, ) = 4mo.

Since J, = J A{ v, j we find that oJ = p(0)J(0) = pj, det Dng, where pj, is a given initial density
function. For pj, exhibiting the same boundary behavior as p such that pi,/p is a smooth positive
function, we choose 7 so that

0J = pindet Do = p, (1-8)

where p is the equilibrium density profile of the Lane-Emden star given by (1-4). Existence of such
an no follows from the Dacorogna—Moser theorem [1990].
By using the relation Af.‘ =J _laf‘, we see that the system (1-7) is reduced to

P, + Kaf (7 77 ) = —pAf Wy,

AR, ) =4 pd (1-9)
along with
=0, (1-10)
Now we introduce the equilibrium enthalpy
w=Kpr (1-11)

We will work with the enthalpy w rather than the density p, since w behaves like a distance function
near the boundary regardless of the values of y under the physical vacuum condition (1-5). This w will
be treated as the weight function. By using the Piola identity af .k = 0, we see that the system (1-9) takes

the form
wvl 4 (w' T AR Ve = AR
ARAN ) = 4K w T, (-2
where
o= (1-13)
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Here o has been introduced for notational convenience. We will use both @ and y, which are related
through (1-13), in the equations and the estimates throughout the article. For instance, the range of the
adiabatic exponents of our interest reads in terms of « as

g<y<2<:> l<a<5.

For the spherically symmetric Euler—Poisson flows, it is convenient to introduce the expansion and
contraction variable £ as

n(t, x) =&, r)x, (1-14)

where r = |x|. Since 1, = & x = v, we have v(¢, r) = r &. Since 3; = (x'/r)d,, we can write

J=82E+&r and (Dp)' =11 S

L (yixd 1-15
e T terenr ) (-15)

and hence Af.‘ is given by
= % _ & (1-16)
§ EE+&D
Now, for spherically symmetric functions, the gradient Ai.‘ak is given by
.

Al =—""—0,
r§+é&r)

and the Laplacian Afak (Aﬁ dy) is given by

I &r)
ARo (Ald)) = a,( a,).
S R A P vt P

Thus the Poisson equation in (1-12) for spherically symmetric flows takes the form

1 < (SF)Z ) —a, o 7—1
9, W, ) =dr K *w " (1-17)
(S+Srr)($r)2 E+&r

Based on (1-14), (1-23) and (1-16), we see that the momentum equation in (1-12) for spherically sym-
metric flows can be written as an equation for &:

wOl

— VY
r +&r)

for t > 0 and 0 <r < R, where R is the radius of the Lane—Emden star. We remark that no boundary

2
uﬂ&r+%ﬁmw“ﬂ@%s+am»ﬂ)+ =0 (1-18)

conditions are necessary to construct smooth solutions for (1-18) due to the degenerate weights [Coutand
and Shkoller 2012; Jang and Masmoudi 2015]. More detail on the Lagrangian formulation described in
the above can be found in [Jang 2014].

Note that from (1-17) the potential term can be also written as

o o r
w w 4 w
w*s? ds =

o
L VL i / Fdx.
rE+&r) T g3 Jy K £2r3 Jpo.r
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This potential term has the right weight w* and it is of lower order with respect to the differential
structure. It looks harmless. However, the potential term plays an important role in the stability theory,
as shown in [Jang 2014; Rein 2003]. Not surprisingly, we will show that it also has an impact on the
validity time of the time-periodic linear approximations.

1B. Lane—Emden star configuration in the Lagrangian formulation. In this subsection, we will iden-
tify the Lane—Emden stars satisfying (1-4) in our Langrangian formulation. The static equilibria of the
Euler—Poisson system under spherical symmetry governed by (1-18) can be found by setting £ = 1. It is
clear that w satisfies the ordinary differential equation

1 1+ w* (" 4n 2
;8r(w a)+r_3/(; ﬁwas dSZO, (1-19)
or equivalently
2 4 o
wrr—l-;wr—l—mw =0. (1—20)

This is the so-called Lane—-Emden equation, which has been studied extensively. In particular, we recall
the well-known existence result from [Chandrasekhar 1938; Lin 1997]: supplemented with the normal-
ized boundary conditions

w0)=1 and w,(0)=0

for a given finite total mass M, there exist a ball-type solution w to the Lane—Emden equation (1-20)
and a finite radius R when 1 < @ < 5, or equivalently g <y <2,suchthat ) w>0for0O<r <R
and w(R) = 0; (ii) —oo < w, < 0 for 0 < r < R; (iii) w satisfies the physical vacuum condition (1-5).
The Lane—Emden configuration w enjoys better regularity. The regularity results of w are summarized
in Section 2A.

We next write (1-18) in a perturbation form around the equilibrium state given by £ =1 and &, = 0.
Letting £ =1+ ¢ with || < 1, we obtain the equation for ¢ as

(14¢)? w® " 47

o2
————— | —w%%ds=0. (1-21
TENILEN A Th (-2

w* &y +

(WL + A+ +5r)) +

1C. ¢ formulation. We further introduce a variable ¢ whose equation displays a better structure for
the pressure gradient term in our coordinates. Let

v=0+0+ 500 (1-22)
Then, since dv//d¢ = 1+ 2¢ 4+ ¢% > 0, by the inverse function theorem ¢ = ¢ () can be regarded as a
smooth function of vr. Notice that

1 1
J=+0% A+ +gn =1+ (P +2+50)), =14 507, (1-23)

and

__ W S R
(1+¢)2 TTA402 (403

9] (1-24)
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Thus (1-21) can be written in terms of ¥ as

o4 ) v
w-r 11[’11‘ 2wr WI +r3ar<w]+a((l+lz(r3w)r> _1))
r

+0% (1407
+ 1=d+oy 2 wr /r 4—7-[w°‘s2 ds =0. (1-25)
(1+0)* o K
Notice that (1-25) relies on the Lane—Emden equation (1-19).
Throughout the paper, we will use 2f 3 95 to denote that 2{ < C*B for a generic constant C > 0. We
will use big O notation to describe the leading order of small quantities.

2. Time-periodic linearized solutions and main result

In this section, we study the linearized Euler—Poisson system around compactly supported Lane—Emden
stars for g <y <2(.e., 1 <a<)5). We will first derive the linearized equation of (1-25). Notice that
by Taylor’s theorem, for sufficiently small i, the nonlinear pressure term in (1-25) can be written as

15 _y_ YV 3
1+r—2(r V), —l—r—z(r V), +h, 2-1)

where £ is a smooth function of (1/r?)(r*y), and h = O(|(1/r®)(r*¥), |2) Also, the ¢-related part of
the last term in (1-25) can be written as
1= +0)*  —4r—62—-43—¢*  —4y-20° -3 ¢
a+0% (14)* B (14

where f is a smooth function of ¢ (and hence ¥) and f = O(|¢|*) = O(|y|?) due to (1-22).
Then the linearized equation of (1-25) reads as

=—4y + f, (2-2)

1
wertyy, — yro, (w1+°‘r—2(r31ﬁ)r> +4r30, (w' )y =0, (2-3)

where we have used (1-19). We will denote the last two terms by L. A simple computation shows that

Ly =—yr’d, (w1+“rlz(r3lﬁ),) +4r79, (w' )y
= —y "ty + (@4 =3y)r’e 'ty 2-4)
The associated eigenvalue problem is given by
Ly = aw*rty. (2-5)

Then L is self-adjoint and hence X is real. In fact, this eigenvalue problem was considered by Eddington
[1918] to explain the luminosity variations of the Cepheid variables and Beyer [1995] studied the spec-
trum for L in L2((0, R), dr), which consists of simple eigenvalues A <--- <A, <Ay <---— 00. See
also Proposition 1 in [Makino 2015]. We recall that in [Lin 1997], the stability criterion was introduced
based on the eigenvalues: w* (~p) is called neutrally stable if A > O for all eigenvalues A and unstable if
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A < 0 for some eigenvalue A, and it was shown that w® (~p) is unstable forany 3 <« <5 (g <y < %)

and stable for 1 <o <3 (% <y < 2) in the mass Lagrangian framework. In particular, for 1 <o <3
(3 <y <2), the least eigenvalue A, is positive.
Now fix a positive eigenvalue A = A, for some A, > 0 and an associated eigenfunction ¥ = W(r)
of L:
LY = w’rty. (2-6)

We take W that is bounded near both » ~ 0 and r ~ R, in particular W € H, where H is a Hilbert space
with the norm

R R
||\IJ||31 E/ u)lJrO‘r“(\l-’,)2 dr-i—/ wrrtw? dr.
0 0

For more discussion on the existence of such W, see [Makino 2015]. Then, for a given constant 6,
Wi(t, 1) := sin(v/At 4 6) W (r) (2-7)
is a time-periodic solution to the linearized equation (2-3).

2A. The behavior of ¥ near the origin and near the boundary. Notice that W satisfies
A rtW = —y (w' ) + (4 = 3y) ('t P, (2-8)

We can deduce the regularity of W from (2-8) based on the behavior of the Lane—Emden solution w. In
what follows, we summarize the results from [Jang 2014] regarding w and W.

Lemma 2.1 (regularity of w). Let 1 <« <5 be given and let w be a ball-type solution to the Lane—Emden
equation (1-20). Then:

(1) w is analytic near the origin. Moreover,
wr)=1-brr+0@¢", r~0,

for some positive constant b > 0. Also, (8,2]‘“ w)(0) = 0 for any nonnegative integer k > 0.

(2) Bﬁw is uniformly bounded on (0, R) for each 0 <i < o + 2 and also w(k_n/zaf“w is uniformly
bounded on (0, R) for each 1 <k <2« + 1. In addition, w enjoys the integral regularity
R
f w"””r4|8,j+1w|2 dr <o
0
foreach0 < j <3a+3.

Lemma 2.2. Let V € H be the solution to (2-8). WV is analytic at r = 0 and, moreover, ¥ = a + O (r)

around the origin, where a is a constant.
Lemma 2.3. Let V be the solution to (2-8) in H. Then:
(1) V has the following integrability: for any 0 < 8 < «,

R R
/ wPriw? qr —I—/ w! TP WY dr < 0.
0 0
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Moreover, for any 7 > 1, &
/ wrt? dr < co.
0

(2) W has the following regularity: for 1 <k <20 +1,
R
/ w4 @2 dr < oo,
0

The proofs of Lemmas 2.1, 2.2 and 2.3 can be found in [Jang 2014]. Based on the above lemmas, we
deduce that W belongs to the function spaces of interest to us, namely it has a finite total initial energy
for 1 <a < 5;see (2-12) and (2-14).

2B. Main result. We are interested in solutions (v, ¥;) of (1-25) with the form

Yt r;€) =ey(t,r) +e2p(t, r; €), (2-9)

where y is a time-periodic linearized solution given in (2-7) and € is a small positive parameter. For
given initial data for (¢, &;)|;=0 or (i, ¥;)|;—0 having a finite energy via (2-14), we can construct local-
in-time solutions to (1-21) and hence to (1-25) for 0 < ¢ < T, where T is independent of €, by the local
existence theory [Coutand and Shkoller 2012; Jang and Masmoudi 2015; Luo et al. 2014]. We can set
e2p(t,r;€) ==Y (t,r; €) — ey (t, r) to deduce that €2¢ is bounded in the corresponding energy norm.
However, ¢ could be very large when € is small. Our aim is to show that this does not happen, namely
¢ is bounded for all sufficiently small € for all 0 < ¢t < T. In order to establish |¢|| = O(1), we will
derive the uniform-in-€ estimates of ¢. Let us first derive the equation for ¢.

Plugging the ansatz (2-9) into (1-25), using the fact that | solves (2-3), and also using (2-2), we
obtain

wrten w“r“(wl)n( 1 _1)_2w“r4|(w1)t+e<pt|2
(1+¢)* ¢ 1+ (1+¢)

3

1 r 1
+ r—za, <w1+“ ((1 + ey + Ezgo))r) -1+ )/—2(”36‘//1)r))
€ r r
f

— 4w rt® (g + w'rte(r) = =0,
€
where @ (r) is the prescribed function defined by
1 / 4 (w'*9),

— a2 _
d>(r)=r—3 —awsds—

Wy
=—(1 —. 2-10
o K rw® (I+0) r ( )

Notice that @ (r) > 0 for each 0 < r < R. By further using (¥1);; = —Ay; as well as (2-2), we arrive at

wa’A‘/’n f 2war4|(¢1)z +€(/’t|2
+ Awry? + dhewr? —awrtyn L —
dr0° (U Vi V1 . A1)
r’ I4a 15 2 - 1 5
+ o (w (14 5 E +E20), ) — 1y 5@y,
€ r r
— 4w rtd(r)p + wrtd (r) S 0. (2-11)

€2
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We are concerned with the behavior of (¢, ¢;)(¢, r; €), the solutions of the initial value problem
of (2-11) with given initial data (¢, ¢;)(0, r; €) = (¢o(r), ¢1(r)). We remark that the appearance of € in
the denominator of the first and third lines in (2-11) is not harmful because f = f ()= 0|y 1) =0(€?).
For the second line in (2-11) involving the second-order differential operator, at least formally, it is of
order 1 with respect to €. To make it rigorous, it needs to be treated very carefully. Notice that we have
not decomposed it into the linear and nonlinear parts yet.

Motivated by the work on physical vacuum [Jang 2014; Jang and Masmoudi 2009; 2015], we consider
the weighted energy norms: for j > k >0,

R R R
g/‘,kE/ a+k 4|8’ kak%l dr+/ I+a+k 4|3J kak(ﬂrl dr—i—/ a+k 4|aJ kak(p| dr
0 0 0

=EF L Bk L B (2-12)
Notice that the following relations hold:
ENN =&Y for j=k=1, G ="M for j=1,j=k>0. (2-13)
We define the total energy & by
4 j
En=>_ > &, (2-14)
j=0 k=0

where [¢] = max{N € Z: N <a},sothat 0 <« —[a] < 1.
We also introduce the energy space

[a]+4

[oz+5
Za={(§0o 1) Z/ “rf10fgol? dr + Z/ “Eriofe dr<oo}

We are now ready to state our main result.

Theorem 2.4. For given initial data (¢g, ¢1) € Z, independent of €, let (¢, ¢;) = (@, ;) (t, r; €) be the
solution of (2-11) with finite total energy for 0 <t < T satisfying (¢, ¢;)(0, r; €) = (po(r), ¢1(r)). Then,
ifl<a<3 (A—L <y < 2) there exists an €g = O(1/T) > 0 such that supy_,r Et) = 0(1) for all
O<e<ep,and,if 3<a <5 ( <y < ) there exists an €g = O(1/e“T) > 0 for some constant k > 0
such that supy_, 1 Et)y=0() forall 0 < e < €.

As a direct consequence of Theorem 2.4, we have ||y —eyr|z = O (€?), which asserts the validity
of the time-periodic linear approximations 1r; defined in (2-7) for the nonlinear solutions ¥ to (1-25)
having the form of (2-9). In fact, Theorem 2.4 recasts a recent work by Makino [2015], in which the
time-periodic linear approximations were shown for y for which y/(y — 1) is an integer and g <y <2
in a suitable weighted Sobolev space. More importantly, our theorem covers all the relevant exponents y
and it answers an open problem proposed in [Makino 2015]. We take a different approach: while in
[Makino 2015], the Nash—Moser—Hamilton theory was used to prove the result, we use the weighted
energy estimates that have been proven to be useful to study physical vacuum states of compressible
flows [Coutand and Shkoller 2012; Jang and Masmoudi 2015].
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The energy inequalities obtained in this article yield a rather concrete upper bound for the total energy
involving €, which gives an estimate for an upper bound for ¢ as stated in the theorem. It is noteworthy
to observe the qualitative difference on the upper bound €y between % <y < 2and % <y < %. We
recall that ‘3—‘ < y < 2 corresponds to the stability regime of Lane—Emden stars and g <y < ‘3—‘ to the
instability regime [Deng et al. 2002; Jang 2008; 2014; Lin 1997; Rein 2003]. Our result indicates that for
a given large time 7', a small expansion (approximation) parameter € in the instability regime needs to be
taken much smaller than the € in the stability regime in order to guarantee the validity of the expansion
(approximation) ansatz (2-9). Even if the same A > 0 is allowed to be chosen in (2-7), the set of small
parameters € to hold up the validity of such linear approximations could be very different depending on
the value of the adiabatic exponent y. Of course, this comparison and characterization deduced from the
energy inequalities may not be optimal.

The estimates of ¢ obtained in the subsequent sections can be used to establish the existence of the
solutions i to (1-25) of the form (2-9) with the corresponding initial data of the same expansion form
having a finite total energy. We will not pursue this direction in detail in this article, but will make one
comment. In this perspective, one can fix a small parameter € first and then derive a lower bound on
T = T (e) that guarantees the existence of the solutions. Then Theorem 2.4 implies that 7 = O(1/¢) for
y > ;—‘ and T = O(In(1/¢)) for g <y < ‘3—‘. We observe that the lifespan of the solutions having finite total
energy for a given small € > 0 may depend on whether y falls into the stability regime or not. Again,
this comparison may not be optimal; it would be an interesting problem to study the optimality of such
lower bounds.

We can also consider the limit of € — 0 and the convergence rate. Note that a maximal time 7 of the
convergence of ¥ to 0 (0 corresponds to the Lane—-Emden stars) goes to infinity as € — 0, namely the
convergence to the equilibrium becomes global. And the rate of convergence may depend on whether
the value of y is in the stability regime or not. It is interesting to point out that a similar question was
studied in a completely different context, Hilbert expansion from the Boltzmann theory [Guo et al. 2010;
Guo and Jang 2010].

Finally, we remark that by no means does Theorem 2.4 imply a stability result in the usual sense, but it
gives a set of initial data having the form (2-9) of which evolutions for later times stay in the same form.
In particular, it was shown in [Jang 2014] that for g <y < % there exists a family of initial data for (1-21)
leading to a nonlinear instability for the Lane—Emden equilibrium and thus there’s no hope to show the
stability result for general initial data. On the other hand, for y > ‘3—‘, [Rein 2003] gives a nonlinear
stability result based on a variational approach. However, the result of [Rein 2003] is conditional, in that
the existence of the desired solutions was assumed without a proof. It still remains an interesting open
problem to prove a complete stability result for the Euler—Poisson system for y > % and we hope that
this work provides interesting evidence towards a satisfactory stability theory.

The rest of the paper will be devoted to the proof of Theorem 2.4. The proof consists of three parts.
First we give the L° bounds of functions in terms of our energy norms (2-12) by using Hardy inequalities.
Then we derive the energy inequalities for nonlinear instant energies (4-1) by the weighed energy method.
The estimates of the total energy involving spatial and mixed derivatives are obtained by elliptic estimates.



TIME-PERIODIC APPROXIMATIONS OF THE EULER-POISSON SYSTEM NEAR LANE-EMDEN STARS 1053

The embedding results will be used to close the weighted energy estimates as well as the elliptic estimates
for the solutions of (2-11). The final step of the proof, solving differential inequalities, will be given in
Section 7.

3. L* bounds and embeddings

The goal of this section is to derive the L° bounds of ¢ and its derivatives with suitable weights by using
the energy norms introduced in (2-12) and (2-14). To this end, we will utilize the Hardy inequalities and
embedding inequalities.

3A. Hardy inequalities. We recall the following version of the Hardy inequality:

Lemma 3.1 (Hardy inequality). Let k > 1 be a given real number and let g be a function satisfying
fol sK(g? + ¢g'?) ds < oo. Then we have

1 1
/ s*2g%ds 3 f sk (g* +1¢'1%) ds.
0 0

For the proof of Lemma 3.1, we refer to [Kufner et al. 2007]. Since our energies involve different
weights near the origin and near the boundary, we will utilize the localized version of the above Hardy
inequalities as in [Jang 2014]. We begin by recalling the following results:

Lemma 3.2 [Jang 2014]. (1) For any function u satisfying fO3R/4 ruy | dr + fO3R/4 rHul? dr < oo,

R/2 3R/4 3R/4
f r2|u|2dr;j/ r4|u,|2dr+/ r*ul? dr. 3-1)
0 0 0
(2) For any function u satisfying fOSR/4 rup > dr —I—f03R/4 rHuy)? dr +f03R/4 rHul? dr < oo,
R/2 3R/4 3R/4 3R/4
/ |u|2drj/ r4|u,,|2dr+/ r4|ur|2dr+/ rHul*dr. (3-2)
0 0 0 0
(3) Let a > 1 be given. For any function v satisfying f1§/4 w|v,|? dr +f1§/4 w®|v|2dr < oo,
R R R
/ w2 > dr 5/ w“|v,|2dr+/ wv| dr. (3-3)
R/2 R/4 R/4

We can now derive Hardy embedding inequalities.

Lemma 3.3. Let m be any nonnegative integer. Then

2 3R/4 m R

2, ﬁZ/ r4|afu|2dr+2f w2 5k 12 g (3-4)
— 1 Y0 _nYR/4
k=0 k=0

R R/2 R
/ Iuldr:/ |u|dr+/ lu,| dr =: (1) + (ii).
0 0 R/2

Proof. Consider
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By Holder’s inequality and (3-2), we obtain

R/2 % 3R/4 3R/4 3R/4 2
() 3 (/ |u|2dr) 3 (/ r4|u|2dr—|—/ r4|8,u|2dr+f r4|a,2u|2dr> :
0 0 0 0

For (ii), we first apply Holder’s inequality to get

R 3/ (R 3
(i) < < / wotlel dr) ( / w“_[a]lulzdr) )
R/2 R/2

Notice that f]f/z wt dr < 00, since 0 <o — [a] < 1 and w ~ R —r near r = R. We then apply the
localized Hardy inequality (3-3) to the second term repeatedly to deduce the result. (|
Lemma 3.4. Let m be any nonnegative integer. Then

m+1

3 3R/4 R
||u||goj2/ r4|afu|2dr+2/ w2 k|2 ar, (3-5)
k=0 "0 k=0 7 R/4

Proof. Notice that, since u is a function on the interval (0, R), u is bounded by the w1 norm:

R R
el é/ |u|dr+f | dr.
0 0

By applying (3-4) to each term, we obtain the desired result. U

3B. L*® bounds. A direct consequence of the above Hardy embedding inequalities is the validity of the
boundedness assumption (4-9) within our energy space.

o2 ). (G=1)/240+2 z1/2
Lemma 3.5. (1) lol + 1o + ol + D [r*Pw 0 el ZET,
g=1

where 5(q) =0 for g <[a], §(q) =1 forq =la]l+ 1, and 5§(q) =2 for g = [a] + 2.

[o]42

1 =1/2

2) el + Lo+ > 1P @O0y o) < £V,
g=1

where §(q) =0 for g <[a], 8(q) =1 forq =la]l+ 1, and 5(q) =2 for g =[a] + 2.

Proof. We will present the details for the terms
8t3g0, 0;0r, r3<2>w1/23;‘¢, rzw([“]+2)/28t[“]+38r<p.

Other terms can be treated in the same way. To see the boundedness of 3>¢, we apply (3-5) for u = 33¢
with m = [«] + 1:
[e]+2

3 3R/4 R
”ag(p”go j Z/ r4|a'{<8t3§0|2 dr + Z / wa—[d]+2[d]+2|8’{<a?¢|2 dr.
k=00 k=0 Y R/4

Then, since w is bounded from below and above on (0, %R) and r is bounded from below and above on
(%R, R), we deduce that the right-hand side is bounded by &.
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To see the boundedness of 9,0, ¢, we apply (3-5) for u = 9,0,¢ with m =[] + 2:

2 2, 3R 4yak+ln 2 & (R )20l 4 kg 12
||3r3r¢||oo§§ / ri0, " orp|T dr + E / w9 T 9, 0] < dr
k=00 o Y R/4

It is easy to see that the right-hand side is bounded by £.
For the boundedness of r*@w!/ 283 @, we divide into two cases: 2 < [a¢] <4 and [«] = 1. For the first
case, 6(2) = 0. In this case, it suffices to show the boundedness of w(8,4 ©)>. By the Sobolev embedding,

R R
lw(@9) oo 3 / w(@tp)? dr + / |(w(;'9)?),| dr.
0 0

Since w, is bounded, by using the Cauchy—Schwarz inequality,

R R
lw(@'e)? e 3 / 19}l dr + f w?19,9;} | dr.
0 0

We now apply Hardy inequalities (3-2) and (3-3) to obtain

3 (3R/4 e+l R
lw@7e)lloe 3 / r* okt dr+ ) / w9k ol 2 dr
k=070 k=0 Y R/4

3 (3R/4 e+l R
52/ rokote 1 dr + Z / w* ok ot 2 dr,
k=070 k=0 YR/4

where we have used w!**! < w®. Notice that the right-hand side is bounded by &.
When [«] = 1, we have §(2) = 1. In this case, it suffices to show that r2w(8,4<p)2 is bounded by E.
Applying Sobolev embedding, the Cauchy—Schwarz inequality and Hardy inequalities, we obtain

R R 2 R
||r2w(a;‘go)2||oo5/ |8,4go|2dr+/ r4w2|a,a;‘<p|2dr,j§ / rrw k9583 p|* dr.
0 0 0
k=0

Since [a] = 1, the right-hand side is bounded by £.

[a]+2)/2at[°‘]+3a

To prove the boundedness of 72w @, we first apply Sobolev embedding and use the

boundedness of w and w, to obtain

R
I w D250, 6o 3 / e I
0

R R
+ / rw (@221 o dr + f r2wtD2) 525113 ) gy
0 0
By Holder’s inequality,

R R
||r2w([0[]+2)/28t[0!]+3arg0||§O j / r2wa—[a]+[a] |8t[01]+3ar¢)|2 dl” +/ r4w0l—[0l]+[ol]+2|ar28t[01]+3(p|2 dr.
0 0

Notice that the second term in the right-hand side is £[***!. For the first term in the right-hand side we
apply Hardy inequalities (3-1) and (3-3) to ensure that it is bounded by £[*!+3:0 and glel+4.1, ]
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The results can be extended to other quantities involving more spatial derivatives. In the next lemma,
we present the weighted L bounds of ¢,, and its time derivatives.

Lemma 3.6. We have
[o]42

Y R @yla2g) 2 8, (3-6)
q=0

where 6(q) =0 for g <[a], §(q) =1forq=[a]+1,and é(q) =2 for g = [a] + 2.

Proof. The choice of §(q) is clear because of (3-5). We will focus on the bound near the boundary. So
we will assume that §(¢) =0 and ¢ is supported in (}‘R, R). We will use the W!! bound for the squared
quantity:

R R
L N e W CL ORI
0 0
R R R
3 fo w07 82¢9)? dr + /O w? (3] 9%p)> dr + /O w3792 8¢ dr
R R
= / w? (37 0%p)? dr + f wit2 (7 83p)? dr,
0 0

where we have used the Cauchy—Schwarz inequality and the boundedness of w. Applying the Hardy
inequality (3-3), we obtain

m+1 R
1,092 N2 242 qak+2 2
1w (3 870)*lloo 3D / w99 ) dr.
0
k=0

Choose m = [a] 42 — g. Then, since w2 Jw** and 0 <k <[a]+3 —gq,

[al4+3—q g [a]+3—¢q
1 2 2 2 4— k+2 12 cq+k+1,k+1 rad
w3 07¢) Nl 3 D fw“”* Hlela gl gt e Par 30 Y gt < O
0
k=0 k=0

Remark 3.7. The strengths of the weights appearing for 9; +2<p, o +18,(p and 9,9 in the previous
lemmas depend on the number of spatial derivatives as well as the number of time derivatives. This is
due to the energy structure of .

4. The instant energy

In this section, we will introduce the various energies and establish the equivalence of the temporal
instant energy and the total energy for (¢, ¢;).
Let T > 0 be given such that the solutions to (1-21) or (2-11) satisfy the bound

sup [(Co¥)(t, )l = sup |¢(ey(t,r)+e2pt,r)| <t forall 0<r<T.
re(0,R) re(0,R)
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For each time 0 < ¢t < T, we introduce the following instant energies and the total energy for the
solutions to the ¢ equation (2-11). The higher-order (temporal) instant energy is, for j > 0,

, R 4197 0,12 R I+a j—y-1 38]' 2 R )
£l E/ Wil e dr—i—/ y 2 70 )] dr—a(y)/ 4w rt o (r)|3] o dr, (4-1)
0 0 0

1+ 2
where J was defined in (1-23), and a(y) =1 for y > ‘3—‘ and a(y) = 0 otherwise. The total instant energy
is
[a]+4

) = Z gl ). (4-2)

j=0

A simple computation shows — see also the equivalent expressions for L in (2-4) —

—r9, (w”“%(r%/f)r) = —(w'*ry,), =317, (' Y. 4-3)

Multiply this identity by ¥ and integrate to obtain

R wl+a R R
f |(r31/f)r|2dr:/ w1+“r4|¢,|2dr+/ 3wertd (r)y? dr. (4-4)
0 0 0

r2

We observe that (4-4) gives another expression for the spatial part of the instant energy £/ if J = 1
throughout the domain for all time. However, it is not obvious we can guarantee the positiveness of £/
since J varies in time and radius. In the following lemma, we show the positivity of £/ and equivalence
of the homogeneous energy £/0 for all sufficiently small € > 0.

Lemma 4.1. Suppose that £ given in (2-14) is bounded for all 0 <t < T. Then we have
El=¢/+R/, (4-5)
where &/ and R/ satisfy the estimates
(1) (1+e+e2EV2HEI0 L8 X (1+e+e2EY2)EN0,
(2) [R| 2 (e +€2EV/HENY,
(3) |dR//dt| =X (e + €2EV?)EID,
for all sufficiently small € > 0.

Proof. To extract the positive part of £/, we will rewrite the spatial part similarly as in (4-4). To this end,
from (4-3) we first obtain

1
—r3, <w1+“JV1—2(r3w),> = -y,
r
=33 77wy — 377, (T T hw! Ty, (4-6)
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which in turn yields the integral identity
R, 1+a y—y—1
w T JTY
R e
0 r

R R R
:/ w1+°‘J_V_1r4|1/f,|2dr+/ 3w°‘J_V_1r4CI>(r)w2dr—/ 3,20, (J Y " Hhw! ey dr.  (4-7)
0 0 0

By using (4-7), we write £/ as &/ = &/ + R/, where

) R w(xr4|8j(pt|2 R .
¢/ :/ ————dr+ / w9l o, 2 dr
T+ o? v, 107 ¢r|

R .
+ Gy —4a(y)) / w7 A (o] ol dr.
0
) R . R .
RJ:_3y/ r38,(J_y_l)w1+“|8tj(p|2dr+4a(y)/ 7P Dwrt e (r)19] @) dr. (4-8)
0 0

Since 3y —4a(y) > 0 for all y, we now see that ¢/ is positive for all y. Moreover, by (1-23), (2-9),
Taylor expansion and Lemma 3.5, we deduce the first result, which shows that ¢/ is equivalent to £/-0.
The estimate of R/ follows similarly. Here we present the detail for the bound of dR/ /dt. We start with
the second term. The time derivative of the second term consists of the two terms

R . R : .
f IV 2L wert @ (r)19] o dr, / 7 = Dwrt® ()] 93/ ¢, dr.
0 0
Then, since ®(r) <ocand |[J 7V 72J;| Ze+€?EY/? and |J 77~ —1| 2 e +€%£'/2 by Lemmas 3.6 and 3.5,
we obtain the desired bounds in terms of £/, On the other hand, the time derivative of the first integral
of R/ consists of the two terms
R . R o
/r38r8,(17’1)w1+“|8,](p|2dr, fr3a,(171)w1+“a,f<pa;<p,dr.
0 0
By Lemmas 3.6 and 3.5, we see that |wd,d,(J 7 ~!)| 2 e +€2£!/2. Hence, by further using the localized
Hardy inequality (3-1) near the origin, we have

R . _ R . _ _.
/ r28,8,(J 7V Hw 9/ P dr| 3 (e +€2E'?) f rw®9] g2 dr 3 (e +€2EVHEID,
0 0

For the second term, we use |wd,(J 71| =< € 4+ €2E'/2 as well as the Cauchy—Schwarz inequality to
get

R . .
/r38,(J_V_1)w1+“8,J(p8thotdr

R . R .
j(e—i—ezgl/z)(/ r2w“|a,f<p|2dr+/ r4w“|a,f<p,|2dr>.
0 0 0

We apply (3-1) to the first integral to obtain the desired bound. (I

Lemma 4.1 implies that, if £ is bounded, a nonlinear instant energy £/ in (4-1) is equivalent to the
homogenous energy £/:° given in (2-12) for all sufficiently small € > 0.
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The next goal is to derive the a priori estimates for £ and £ under the assumption

[a]+2

— 2
ol + 1ol + loul + Y [P OwaD 2120 + g, + gy |
e= [al+2 [a]+2
+ Y P @Qw o g+ Y Jw VR @D 201 < M, (4-9)
q:l q:O

where M is a fixed constant. We recall that the validity of this assumption within the total energy £
was provided in Lemmas 3.5 and 3.6. The a priori estimates consist of two parts: the temporal energy
estimates for £, and the elliptic estimates to recover all other terms in &.

We start with the energy estimates of £.

5. Weighted energy estimates

This section is devoted to the proof of this proposition:

Proposition 5.1. Suppose that (¢, ;) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy & is bounded. Moreover, we assume (4-9). Then & enjoys the energy inequality
%Sj«/z—i-(l—a(y))8+(6+62M)(8+\/§x/§), (5-1)

where a(y) =1 fory > ;—‘ and a(y) = 0 otherwise, and € > 0 is small enough.

Remark 5.2. £ is positive for all sufficiently small € due to Lemma 4.1, Hence +/€ is well defined in
the right-hand side of (5-1).

Lemma 5.3 (£°). Suppose that (¢, ¢,) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy & is bounded. Moreover, we assume (4-9). Then

L g0 SVE (1 —a()E*+ (e + EMYE +E), (5-2)
where a(y) was introduced in the definition of E°.
Proof. We begin by multiplying (2-11) by ¢ and integrating over (0, R):
I 2wt ) +ecpz|2> "
¢ (1+2)7 ’

R 3 e 1, 5 Y 1,
+/ —28,(w (<1+—2(r (Y +e <p)),) —l+yS@ €W1)r>>§0zdr
0o € r r

R wrte, K ) 4 4
/ a +é_)4(p, dr—i—/ (4)»w“r Ui +4rewr Yo — Aawr oy
0 0

R R f
— / 4w’ r* @ (r)pg, dr +/ wr®(r) ¢, dr =0.
0 0 €

We denote the left-hand side by Z,f: 1 Ir.. The first term I; can be rewritten as

1d [Rwriel R wrt o2 (e(Y1)e + €2 ¢r)
=24 7 g4
2dt Jo (14+0)* o (A+2¥  (140)?
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where we have used (1-24). For I,, we use the boundedness of (/); and f = O(|ey; +€%¢|?) to deduce
that
|| 3 VEY+ €%+ €% sup g |E°.

For I35, we integrate by parts and use (2-1):

R l+a 1, 5 v I 5 3
I :_/ 2 <<1+—2(r (e +e ¢>),> At y—G exmr)(r o), dr
0 r 4

k h
=- / w! ™ (—%(r% + —2)(r3<p,)r dr
0 r €

R y 4 h 3
- _/ 1+"‘(——2J—V_1(r3§0)r +( - 1)—2(r3<ﬂ>r+—z)(’*‘ﬂf)r dr
0
4
dt

R 2 2
/ wm]yll(rcp)l dr+y(y+1)/ 1+ajy2J|(r¢;)| dr
0 r

S

r2

R R
e Y
—~ / whte g 1—1)r—2<r3<o>r(r3¢,)rdr— / w1+“€—2<r3<pt)rdr.
0

0

L I}

Since J; = 3v; + 1, = 3(e (Y1) +€2¢;) + 1 (€ (W1)sr +€2¢;,), the commutator involving J; is bounded
by (€ +€>M)E. Notice that |J 7V ~1 — 1| = O(|(1/r)(r*(ey1 +€29)),|) S € +€>M, so by the Cauchy—
Schwarz inequality we see that

131 3 e+ M) (E°+EN.

Since h = O(|(1/r3) (3 (e + €29)), |), we have

13 ZVET+ €€+ &Y + € sup|— U (p)’ & +-&h).
It is easy to see that
R
Iy = —Zi / wert® (r)e® dr (5-3)
dt J,
and also it satisfies
|14 3 E°. (5-4)

Ify > , we will use (5-3) so that 14 contributes to the energy. If y < < , then we will use the estimate (5-4),
in Wthh case the contribution of £° in the right-hand side of the energy inequality will be of order 1.
For the last term, we obtain

15| S VEO + €0+ €% sup || E°.
This finishes the proof. U

As Lemma 5.3 indicates, the right-hand side of the energy inequality involves higher-order energy
due to the nonlinearity and degeneracy, and thus the energy estimates cannot be closed at the physical
energy level £°. This motivates us to go beyond &£°.
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The time differentiation of (2-11) yields

wer? Aw*r* g, (e +e?
fuo ST CDDH D) | gty (), + rew s ()i + drewr g,

(14)* 14+¢)7
o 4 i_ o 4 ﬁ_ 4war4((‘//1)t+€¢t)((wl)tt+€§0tt)
—Aw'r (1/f1)z6 AwTryn A1)
_ 14war4((1ﬂ1)t + 6%)2(6(%% + 62‘,0[)

(14)10
r’ e gyt 13 2 L s
—y 550, (w7 (S e+ e00), ) = 5 Pewnn,
— 4w“r4d>(r)got + w“r4<1>(r)z—£ =0, (5-5

where we have substituted J for its equivalent expression given in (1-23). We next present the estimates
for £,

Lemma 5.4 (£'). Suppose that (¢, ¢,) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy £ is bounded. Moreover, we assume (4-9). Then

d

Egl SA+eMVE + 1 —a(y)E' + (e + M +e*M>)(E' +£") + eV ELIVET (5-6)

Proof. We multiply (5-5) by ¢;; and integrate it over (0, R). We denote each integral by I; for 1 <k <12.
We will estimate them term by term. /1 forms an energy plus a commutator and thus /1 + /I, can be written
as

hL+5L=

1d R wre.)? R2werdg2 (e(Y1); + €2¢r)
———dr — dr,
0 0

2dt (14¢)* 1+

where we have used (1-24). Note that the second term is bounded by (e +e2M)E! since (Y1), is bounded
and |¢;| < M due to (4-9).
I3 is a source term and it is easy to see that

[13] S VE!
due to the boundedness of ;. For 14 and Is, we apply the Cauchy—Schwarz inequality to obtain
s+ 15| S e(€+E").

In order to estimate I and I7, we recall (2-2) and that f = O (leyr; +€2¢|?). Then f/e = O (v +€p|?)
and f;/e€ = O(e(y1 4+ €9)((Y1); + €¢y)). Hence we deduce that

ol + I7] 3 eVE + (2 + M) (E2+&N).
Ig and Iy can be similarly estimated:

1] SVE + (e +E2M)(E°+ €Y and  |Io] 2 eVE 4+ (2 + M +* M) (0 + &Y.
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We next move onto /19, which will give rise to another energy term. We first rewrite the fourth line
in (5-5):

3 1 1
~y 50 (w‘*“ (J‘V“ (r—z(r%e(l/u)t + e%)),) - r—2<r3e(zm),>,))

—y—1_
=—yriy, (w”“ry—1 %(r%») —yria, (w““("y—l)riz(ﬂ(m)t)r). (5-7)

By replacing the fourth line using (5-7), we have two terms in /1o, denoted by 1110 and / 120. For I 110, we
integrate by parts to obtain a perfect time derivative plus a commutator:

R R
1 _yd a j—y—1 1, 3 y(y +1) o gy, L3
IlO_EE 0 w YT ﬁ|(r (pt)r| dr+T o w ¢J7Y J[ﬁ|(r (pt)r| dr.

Note that J; = 3, + vy, = 3(e (V1) +€2¢;) +r(e(Y1);r +€2¢;,). Thus the commutator is bounded by
(e +€*M)E". For I3, we first rewrite it as

R —y—1
J7V P —11
Iiy=—v f r3<onar(w‘*“fr—z(ﬁ(wl),)r) dr
0

R 3 —y—1
= _Vf ’"‘Qﬂtt(wHa)r
0

J —1
— G +r(Y)e) dr

K a7
+y<y+1)/0 Pt T G+ ) dr

R —y—1
J 7V -1
—y / r3<pnw1+“7<4<w1>n FrWe)dr =1 + I+ 15,
0

For 112(’)1 and 11263, we note that (J 77~ — 1)/e = —(y + (P (Y1 + €9)),)/r2 + h/e, where h =
0(‘(1’3(61//1 + ezqo))r/rz‘z), which yields [(J7Y~ 1 —1)/e€| =< 1+ eM. Then, from Hélder’s inequality
and the regularity of i1,

R 3 R i
|150’3|,5(1+6M)( f w“r“wf,dr) ( f w“+2(r2|<z/u)n|2+r4|(w1>trr|2)dr) S (14+eMVE
0 0

For 112(’)1, since |(w!'*¥),| ~ w®, we apply the Hardy inequality near the boundary. Then, from the
regularity of v/, we obtain

115" 2 (1 +eM)VEL

For 3%, we first note that J, /e = (49, +r,,)/€ = 4((¥1), +€@,) + (Y1), +€@y,). Then, from the
regularity of ¥y,

R i R
|11262|§</ w“r“so,%dr) (/ w°‘+2<r2|<w1)r|2+r“|(1/u>rr|2)dr)
0 0

R Y/ (R 3 _
—{—e(/ w“r4(p,2t dr) (/ w"‘+2(r2|gor|2—|—r4|(prr|2)dr> XA +evELHVEL
0 0

1
2
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Next, it is easy to see that
d (R
In=-27 f wrt*®(r)p?dr and || 3 EL (5-8)

If y > %, then I;; will contribute to the energy via (5-8). If y < %, then we will use the estimate (5-8),
in Wthh case the contribution of £! in the right-hand side of the energy inequality will be of order 1.
For the last term, since f;/e> = 0((1#1 +ep) (Y1) + E(pt)), we obtain

1o IVE +(e+M)(E°+EN.
This finishes the proof of the lemma. (]

Lemmas 5.3 and 5.4 give rise to the energy inequality for £ + £'. However, the right-hand side
involves M from the assumption (4-9) as well as £"!. In order to justify the assumption and to close the
estimates, we will carry out the higher-order estimates.

The equations for 3, ¢, 1 <i <[a]+4, can be written in the form

48’ i o (4 2
(pn+chjw“r43,l 019} 1( (W) +e wt))

(1 +0)* 1+¢)

i
+ 8w r* Ny (1)) + Z cojdhew®r* e, ynd] o = awrte v
=0 j=0

—Zc2]2w rroi (1) +€¢z)2)3zj(

7
€

=
(1+2¢)7

1 , )
—yrid, ('11)1+°‘J_V_1 r—z(rsat‘(p)r) - 4w°‘r4<1>(r)8t’<p

i—2

= Lerra (whea ™ a S,

j=0

L (T =1 1 :
—Zczjyﬂar(w”"a,’ j(—>r—2(”3(3z]¢1)z)r>+wr4<I>(r)——0 (5-9)

€

where ¢y, ¢2; and c3; are binomial coefficients. Notice that we have used (5-7) to write the elliptic,
spatial part.
We record the high-order energy inequalities for the solutions to (5-9):

Lemma 5.5 (£, i > 2). Suppose that (¢, ¢;) satisfy (2-11) for 0 < t < T and the corresponding total
instant energy & is bounded. Moreover, we assume (4-9). Then

%5" S (1+eM)VE +(1—a(y))E!

i J
+Z(6+62M)k251+2(6+62M)k( Z@)«/? (5-10)

j=0 k=1 j=0 1=0
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Proof. We multiply (5-9) by 9! ¢, and integrate it over (0, R). We denote each integral by Ji for 1 <k <11.
As before, we will estimate them term by term. As in the case of /; in the previous lemma, the first term
Jj forms an energy plus a commutator:

Lad [fwrtigel f 2w |3} i (e (Y1): + €201)
wrrdied”
2dt (1+§)4 0 (1+¢)

Jl dr7

where we have used (1-24). Note that the second term is bounded by (e +e2M)E since (Y1), is bounded
and |¢;| < M due to (4-9). For J,, we note that the second factor in the summation of the second term
in the first line of (5-9) has the form

€] () +€20] T o e + 0, 1<k <

thus, since |¢| < %, essentially J, consists of the following terms: foreach 1 <k < j <i,
R i it i i
f wr*dlo:d; T o (ed] T ()i + €20] @) (e () + €20 T dr
0
k j+1 k
= e/ “rolods ! T (W (e () + €20 dr
0

R
e / 40 0 0,00 K pr (e (W) + €29)* dr
0
=J, +J3. (5-11)

For le, we recall (1);; = —Ay; and hence a,f'"‘ (Y1), is a constant multiple of ¥r; or (¥1),. By further
recalling that vr; and (), are bounded and |¢,| X M, and by using the Cauchy—Schwarz inequality, we
see that

[ Se(e+eM)! g &7,

For J22, letl <j <[ ]—i—l first. Then

R o _ .
I3 | = € / w2 r29] g @I HAD2 251 g 4y G=k=D257 7K ) (e (1), + €200 L dr
0

. ‘ R >
fezsup|w(Jk1)/28t]_k<p;|(6+62M)k1\/§<f a—jtk+l 4|8' ]+1<p Izdr) .
0

2,1
‘12

By (4-9), sup|w<j—k—1>/28tj_k<pt| < M. To estimate J;"', since k > 1 we first observe that J;"' 3 &
when j=1,and J;"' < &~" when j =2. Now, when 2 < j < [£]+1 we apply the Hardy inequality (3-3)
near the boundary j — 2 times to obtain

R Jj—

| . . —— .
/ a—j+k+1 4|8’ i+ o dr<Z/ a2 -2) 4 i+ 8fgot|2d Z Fi—i+1HLI
0
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']+2§j§iwewrite

Now, for J22, when there exist i and j such that [’7

R y o
2] = €2 / W r29] g 29I gy @D 250 K o (), + o) dr
0

. . R l
< 62 Sup|w(l—j)/28;7j+l(pt|(6 +€2M)k_1 /gi(/ a—i+j 4|8J k(ptl dr) )
0

Note that sup‘ w =/ 28; ~J H(p, ’ <M due to (4-9). Let 122 2 be the integral in the last term; we apply (3-3)
i — j times to get

i—j R —J
2,2 a—i+j42(i—j) 41qi—kal 2 j—k+1,1
J 52/ w04 5T g o 2 dr 3 E: gi-

1=0 Y0 =0

We summarize the above estimates for J;:

1

i _..\2

12l 2 E, (e+e*M)* el + V& E €2M(€+€2M)k_l( 2: Sj’l).
0<l<j<i

1<k, j<i 1<k<i

Next, by using (1), = —Ar; and the boundedness of ¥; and (y),, we easily deduce that
|J5] 3 VEL

Likewise, B,i I Y1 in Jy is a constant multiple of i or (i1), and hence, by the Cauchy—Schwarz inequal-

i
el Se ) €.
j=0

To estimate J5, we observe that 8tj f/€ consists of terms like

ity, we obtain

(8! 7y + €8] ) 0k + €k )

for 0 <k < j <i. The contribution coming from a’"‘wl &y, ai_kgo a4y or a’"‘wl 3k can be
bounded by eVE +€2 Z ._o &/ The remaining nonlinear part can be controlled similarly as done for J;
by using L> bounds and Hardy inequalities. By the boundedness of J Y1, it would suffice to estimate

R ,
63/ w“r48t’(p,8tj_k(p8tk<p dr.
0

By symmetry of indices, we may assume 0 <k < [ ] If kis O or 1, then by (4-9) the integral is bounded
by €3 M (' + £/7%=1) with the understanding that £~' = £°. Suppose 2 < k < [ ] Then we get

R ‘ R ‘ )
e3f w“r48,’(p,8t]_k(p8tk<p dr = 63/ w“/era; gotw(“*k“)/zrzatj_k(pw(kfz)/zatk(p dr
0 0

R 1
;563 sup|w(k_2)/28t](g0|"5i</ oa—k+2 4|8] k(ﬂ| dl") )
0

J5
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Due to (4-9), sup|w(k_2)/ 28{‘ g0| < M. For 151, we apply the Hardy inequality (3-3) k£ — 2 times to obtain

>~

k—2 R 2
— — i—k Si—k—
J51 j Z/ wOl k+24+2(k 2)r4|8t] 8£¢|2 dr j 5.[ k 1+l,l‘
1=0 0

N
Il
o

We have derived the estimate of Js5 as
Lo o N2
|Js| SevE +e2y e +63M(Zé’f +«/§< > 51”) )
j=0 j=0 0<i<j<i-3
We next estimate Jg. First let j = 0. Then the third line of (5-9) essentially takes the following form
wrt O] (W) + 0] e OF (Wi +edf g, 0<k <i.

We may assume 0 < k < [’5] As before, it is easy to see that the contribution coming from 1, related
terms is bounded by VE te lezo &£J. The remaining nonlinear part can be controlled similarly as in
the previous case by using (4-9) and Hardy inequality:

R ‘ . k—1 B %
62/ wrtdl g9l * @ 0f pr dr 3 EMVE! ( Z S’_k”’l) .
0 1=0
Now let 1 < j <i. Then the second time-differentiated term ag’ ((14+¢)77) consists of the terms

(€] 7" (1) +€20] ") (e() i + 20", 1<m <.

The term Eatj_m(l/f] )i (€(Y1); +€%¢,)" ! is bounded by € (e +€?M)" ! and thus, by the same argument
as in the previous case, the corresponding integral in Jg is bounded by

R . . . .
e(e+ My / W (01T W) + €07 K o) 0k (w1 + €0k ) dr
0

R »
ZJele+eEMym! <\/5+ e+ + 62/ wr*dl o0, g1k, dr)
0

k—1 1
[ — 1 N — — . 2
<e(e+e2M)"! (x/5+ e(EF 47170y L EMWVE +VEi)) ( 3 gzjkw) )
1=0
where we have expanded B,i —J (((wl), + e(p,)z) and assumed k < [%(i —J )]. The last case is of the form,
forl<m<jandk <i-—j,

R
. P P P —1
€’ / w8l (9 T W) + €0 T ) (0K (). + €0k @) o] " g (e (i) + 200)" T dr,
0
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which is bounded by
R o o .
(e +e2 My / wr* i 0, T (Wi + €9 T o) OF ()i + €0f )] " gy dr
0

R o .
= 62(6 + GZM)m_1 (51 +&m +€f war4ati<ﬂt(a;_1_kfpt + 3;](§0t)atj_m‘/’t dr
0

Js

R L .
+€2/ wrtdi g8, gk oid] gy dr>,
0

I3
where we have used the boundedness of 1| and (i1);. The estimation of J6l is similar to previous
nonlinear terms. First, if m = j then it is clear that J1 SME +ETF L Soletl <m < j—1.
If 1 < j <[4]+ 1, take the supremum of w®/~"=1/ 28] “" ¢, and apply the Hardy inequality to deduce
that

j-1 1
3= M@(zgi—j—kﬂ,z +gk+l,l>2.
1=0
If [§]+2 < j <i, then take the supremum of w' =/~ D2 R g, + d¢,) when j < i, the supremum
of ¢, when j =i, and apply the Hardy inequality to obtain J} 3 M~/& (Z] | Eimi—kALl Bk, 1)1/2
By the same argument as before, we deduce that

i—j—1
Jér_jM(gl_i_gj_m_{_\/E Z j m+ll 1/2
=0

It now remains to estimate J62. Here, not only j but also k£ will matter. Let us start with 1 < j < [’5] +1.
Due to the symmetry of indices, we can assume that k < [%(i —J )]. Notice that, if m = j or k =0, then
the last factor or the third factor is bounded by M and thus this reduces to the case that has been treated
before. Let | <m < j—1land 1 <k <[1(i — j)]. We write J?Z as

R o . :
J62:/ wa/ZrZatz(ptw(a—k—j+m+2)/2r28tl—J—k(ptw(k—l)/Zatk(ptw(]—m—l)/ZatJ—m(pt dr.
0

Hence by (4-9) we first see that
R 1
J62<M2\/§</ o—k—j+m+2 4|8’ j—k ol a’r) )
0

By applying the Hardy inequality (3-3) j + k — 2 times to the last term we obtain
jHk—2 1
J62 jMZ@< Z S—i—j—k—i-l,l) _
1=0
Now let [{]+2<j<i. If j=iorj=i—1,thenk=0o0rk=1,and thus JZ 3 M*( +&/~™).
If k=0 or k=i — j, then this reduces to the previous case. So we assume [2] +2<j<i-—2and
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1 <k <i—j—1. In this case, we have

R o . -
]62:/ wa/2r28[l(ptw(z—j—k—l)/28;—j—k(ptw(k—l)/28[k(ptw(a—l+]+2)/2r28il ™ o dr
0

j—2 1

<M2\/§<lz cj— m+ll>

=0

We next move onto J7, which will contribute to the energy. Integration by parts yields

R
J7:y/ 8,(r38t'(p,)w1+°‘1_y ! (r 9, '), dr
0

_rd
)

R 1 +
d[f w1+°‘J_y_]r—2|(r38’<p)r| dr +Mf wltey=r= 2J—I(r38t</>)r| dr,
0

where the commutator is bounded by (€ + e2M)E!.
Jg satisfies
d (* Wt i 2 i
Js :_2E r’®r)|d,¢|"dr and |Jg| ZE'.
Ify > ‘3—‘, the first expression will be used, so that Jg can contribute to the energy. If y < %, then we
will use the estimation, so the contribution of £’ in the right-hand side of the energy inequality will be
of order 1.
Next, for Jg, by distributing the spatial derivative we write it as

i—2 R
. i1 ;
= c3,~/ O (w0 (Y 1>r—2<r38/<ot>rdr
. 0
j=0

R . .
+Zc3j/ a;¢tr3w1+°‘a;*“far(J—V—‘) 30/ 1), dr
. 0
+ZC3]'/ Al irw! ™o, (I (48] 9,91 + 0] 821 dr.
. 0

We denote the integrals in the above three summations by JJ, J92, 193’. We start with J91. Notice that
97" (1771 consists of 3 /" FI)(J)k for0 <k <i — j —2, where

o T =T o ) (e e 0T ). 512)

Let j+1<[1] Then |w/2(1/r2) (38} g1 3 M by (4-9), and |J;[* = (€ +€>M)*. We also recall that
(w!t®), = —rw*d(r), where ®(r) is bounded. Thus

1

R
Inglj(e+ezM)"M«/8f(/ aipApimim ok g2 dr) .
0
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From (5-12) we use the regularity of vr; and apply the Hardy inequality to obtain

R R R o
/ e T Rl L P P / w0 T T P dr € / w I r0)9! T R 2 dr
0 0 0
j+1
;\<J62+64Zgi—j—]—k+l,l' (5_13)
1=0
Hence we have |JJ| S e(e+e> M) MV/E (1+¢( T é_”'*j*“k”*l)l/ ) for j+1 < [4]. Now suppose
[%] < j <i—2. Then |w(i_j_2_k)/28,l_]_l_kJ| =< €+ €>M. Therefore, by further applying the Hardy
inequality,
’ L. % g %
a1 3 (e +€MMHIVEr ( / w“i+j+2+k—2|(r3azjfpz)r|2dr) S e+ Ve ( 3 EHIW) .
0 r

=0

We next treat Jg. Let j < [1(i —3)]. Then [wU*?/2(43]8,¢, +rd] 8%¢,)| 3 M by (4-9). Thus

1

R ) . 2
131 2 (e + ezM)"M\/E</ w29k dr> ,
0

where we have used |J; [ < (e + e2M)F. Hence, this case is the same as in the previous case of J91
(see (5-13)) except for the factor 72 instead of r*. The weight r* is recovered by applying the Hardy
inequality (3-1) once. Notice that the Hardy inequality near the boundary is used multiple times in
(5-13) and thus we obtain the same result as in J91. Now suppose [%(z’ — 3)] < j <i—2. Then
Jwi=i=2=0/25=I =17k 1 < ¢ 4 2p1 Therefore, by further applying the Hardy inequality,

1

R ) .
451 3 (e + M) T IMVE ( / w G 210) 0,002 + 4107 070 12) dr)
0
i—j—2 L
_< (E +62M)k+1M /5l< Z €j+2+l l+1)
1=0
Now J92 can be treated similarly to J93 by considering j < [%(i —3)] and j > [% @i —3)], since the nonlinear
structure and number of spatial derivatives involved are essentially the same. We omit the details.
We next move onto Jig. As in Jo, we first distribute the spatial derivative to write

i—1
Jio ° R J7rTh 1N 1 ;
_7=Zc3jf i '), 07 () S @ oo, dr
. 0
j=0

+ZC 1+aallja Jyl_l l 331' d
3j t‘/’z’” w }"2<r (07 Yr1)o)r dr

— _ vl . .

+§ :cgj / digriw' e ! J(—e )(485“0111»+a#“(w1)rr>dr.
. 0
j=0
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We denote these summands by J 110, J 120 and J 130. Before we discuss further, we remark that, since 8,j + Y
is a constant multiple of ¥r; or (i1);, the last factor in the integral doesn’t lose derivatives at all and it is
just a nice function with a desirable regularity in our weighted spaces. We will treat J 110 and J 130. Notice
that 73 (w'+%), < r*w®. We first consider j =i — 1. Then, by recalling |(J =7 ~' —1)/e| 2 1+€eM (see the
estimation of / 120 in the previous lemma) and the regularity of vr;, we deduce that the integral is bounded
by (1 4+ eM)+/E". The same argument yields the same bound for the case j =i — 1 of J 130. Now let
0<j<i—2 Thend '~/ ((J77~1=1)/e) consists of (1/€)(d. /1) (J,)¥ for 0 <k <i—j—2, where
8; AR AT given in (5-12). The estimates of J 110 and J 130 can be obtained in a similar way as in the previ-
ous case. The differences are the presence of 1/¢ and that the last factor in the integral is a given function
in this case, which only makes the argument easier. As can be seen in (5-12) and (5-13), B,i_j —Iky /€ 1s
bounded by the total energy and the result will be 1/¢ times the corresponding estimates of J9l and J93.
By the same argument, we can obtain the estimate of J120 as 1/e times the corresponding estimates of 192.
In all cases, the leading order of the bounds is Vel , while the leading order for Jg is e (M VE 4+ & h.

Lastly, J1; can be estimated in the same way as in the case j =i in J5. The difference is the order of €:
i i 1
, . - . 2
iz vE ey ren( Lo ¥ o))
j=0 j=0 0<I<j<i-3

This finishes the proof of the lemma. O

6. Elliptic estimates

Proposition 6.1. Suppose that (¢, ¢;) satisfy (2-11) for 0 <t < T and the corresponding total energy
is bounded. Moreover, we assume (4-9). Then & enjoys the estimates

EZN4+(U+e*MHE+EM?> +E+2M?E) (6-1)
for all sufficiently small € > 0.

Notice that (6-1) is trivially obtained for £/ for 0 < j < [a] + 4 because £/-° and £/ are equivalent.
Moreover, due to (2-13), it suffices to estimate gi’k for 1 <k < j <[a]+4. We start with the simplest
case j =1 and k = 1 and then move onto the general case j > 2.

Lemma 6.2 (E'1). Suppose that (¢, ;) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy & is bounded. Moreover, we assume (4-9). Then there exists a constant C > 0 such that

EM L1+ +MHE +EHY +EEM* + (1 +2MHEL).

Proof. In this case, because of (2-13), we only need to show that fOR w>tr#|@,.|? dr is bounded by the
temporal instant energy. By using (2-1) and (4-3), we rewrite (2-11) in the form

V(wl+ar4§0r)r g

f

€2

o .4
Wr @t

— o 4
= (1+§)4 +wr*®(r)

+ 4kw“r4§//12 + drew*r*yrio — awrty

2wt W) e
(1+¢)7

h
+ 3y —4)w°‘r4d>(r)(p+r3<w1+“—2> . (6-2)
€ r
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We will exploit the elliptic structure of the term in the left-hand side of (6-2). Square both sides of (6-2),
divide them by w®r* and integrate the result over (0, R) to get

R )/2
f —— (w12 dr
0

war4
R war4|¢n|2 R R
3 —dr+/ w“r4w4dr+e2/ wirty ol dr
./0 (1+2¢)8 0 ! 0 !
R 2 R 2 R . a4 4
i / 4 S / wrt (Y1) + €y
+ werty | S| dr + wert|®(r)=| dr +
/0 Vile 0 e 0 (1+0)H

2
dr. (6-3)

war4

R R h
+/ war4|<D(r)(p|2dr+/ r3(w1+°‘—2)
0 0 €/,

We denote the integral in the left-hand side by / and each integral in the right-hand side by I for
1 <k < 8. It is clear that

L2E, L1, I3 (6-4)

For I, and I5, we recall that f = O (e +€%¢|?). Then, by using the boundedness of 1/; and ® as well
as (4-9), we have
L 321 +e*M2E%, s 31+ M2e0

Similarly, we obtain
Is 31+e*M?e, 1,2 &5

The last term involves the full derivatives and it needs to be estimated carefully. Recall that

Y

1 3 2 2 2
(€ + ) =3P +€9) +r€W)r + 7o)

1
r—z(r3(€1/f1 +€29)),

L 3 2
h=h(r—2(r (e +e w))r)=0(

We then see that
3 1+a h 3 1+ah(1) 3 1+a h
rr\w 6_2 =ruw T : (4((wl)r +epr) +r((W)er + €§0rr)) +ri(w )re_a

where 2 means the first derivative of 4 with respect to the argument. By using the notation ® given
in (2-10), we write (w'T¥), = —rw®®(r) and, hence, we see that I3 is bounded by

R jAey; R L
Is 3 f Wt | () + e dr + / wrert
0

0

2 2

|(wl)rr +€§0rr|2 dr

2

= dr=1I3 + I + 5.

R h
+/ wrt e )
0

Notice that |2(D/€| <1+eM and |h/€?] =1 +e>M?. Tt is easy to see that

13 3 (1 +eM)*(1 + €€,
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For 181 and 183 , we further employ the Hardy inequalities near the origin (3-1) and near the boundary (3-3)
respectively to deduce that

13 2 +EM>) (1 +2E0+EN).
We now turn our attention to the integral / in the left-hand side of (6-3). First notice that

(wl+(xr4¢r)r=wl+(xr4(prr+4wl+0l 3§0 +(w1+(¥) ro, _w1+(¥ 490 +4w1+(x 3(p _wochq)(r)gor‘

R
I:yZ/ wozr4
0

By expanding out terms, we see that

Then I reads as
4w, 2
W,y + - - r®(r)e,

I R K
ﬁ=/ w? g, ? dr+16/ g, dr+/ wr®|®(r)| g, |* dr
0

R R R
+8/ 2+a73§0rr(pr dr —2/ e SCD(V)gDrr(Pr dr —8/ wl+ar4(l)(r‘)|(pr|2dl”.
0 0 0

1! 12

For I' and 12, we integrate by parts to get

R R
1= @R -2 [ Cwtr P ar
0 0

2 R R
112/0 w1+°‘r4<b(r)|g0,|2dr—12/ 29,214 12 dr,

R R R
12:—/ w“r6|<1>(r>|2|gor|2+5/ w‘+°‘r4<1><r>|gor|2dr+/ S8 () g 1 dr.
0 0 0

=4

Hence we obtain

R R
/ 2hady 2 dr+4f 2a 210 2 g
0

1 K iaa 2 24a (F o 2 ko 5
=3[ wrtemle Par—4r s [Cuttrt e Pdr— [Cutre g Par.
Y 0 I+a Jo 0

e

It is clear that the last three terms in the right-hand side are bounded by the zeroth-order energy £°.
Combining all the estimates, we deduce the result. This finishes the proof for the case of j = 1 and
k=1. O

We now turn into the cases [«¢]+4 > j > 2. As in the case of j = 1, we will directly use the equation
and take advantage of the elliptic estimates. What is subtle and interesting here is to capture the correct
behavior of solutions in the normal direction 9, near the boundary.
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Lemma 6.3 (g‘r/’k for 1 <k < j, 2 <j). Suppose that (¢, ¢;) satisfy (2-11) for 0 <t < T and the
corresponding total instant energy & is bounded. Moreover, we assume (4-9). Then there exists a constant
C > 0 such that

J J m
EFZ+etmhd ey 62<M2 ++EMH DN ‘;’”).

1=0 m=1 [=1

Proof. Notice that because of (2-13), it suffices to show that each spatial energy term Erj K for 1 <k<j
satisfies the inequality. We will present the detail for j = 2; other cases follow by induction on j, k.
When k = 1, the spatial energy term £2! contains one temporal derivative and two spatial derivatives.
The time differentiation of (6-2) is the place to start. Notice that the time derivative does not affect the
weights at all since w and r do not change with time. Therefore, following the same procedure for £!-!
in the previous lemma, we can deduce that

EF Z1+A+M)E+E +E)+ 1+ M)A +2EN +E7).

To deal with £ 3,2’ which contains three spatial derivatives, we will first derive the equation for ¢,
from (6-2). By following the idea in [Jang 2014], first divide both sides of (6-2) by r3w?

y(wrey, + (1 +a)w,re, +4we,)

S fo2ri(): +egl?
+4hryf 4+ dheryrp — )»rlﬁl— +rd(r )— T+

(1 T §)4 + @y —dHrd(r)e

1) h
+w— (WD +eg) +r (V) +epr) + L+ w5

Then we take 9, of both sides of the above equation and move the terms involving ¢, into the right-

hand side to get

Y (Wr@rrr + 24+ )W, r @rr + Swery)
= —y(G+a)wre + A +a)w,rer)

+ ((1“"§)4> +AA YD), +4he (i), —)»<“ﬂli>r + (rq)(r)eé),
2r|(Y1); + €|
- ( (1+2) > ey RrEme,

B h
+ (w7(4((x/mr +e0) + (W) +epr) + (1 +a>wr€—2) . (6-5)

As in the previous lemma, we square both sides of (6-5), multiply by w!T*r> —here the choice of
the multiplier w!*® has been inspired by the analysis carried out in [Jang and Masmoudi 2015] — and

integrate it over (0, R) to obtain an integral inequality similar to (6-3). We denote the integral in the
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left-hand side by / and the integrals in the right-hand side by I, 1 <k < 9. For I} we apply the Hardy
inequality near the origin (3-1) to overcome stronger weights near the origin:

R
B3 [t P Pl P r S04+ EL
0

For I,, we obtain

R, 1+a. .4 2 R, 1+a,2 2 R, 1+a,.4 2 2
w w w € +€
12ﬁ/ | @rerl dr / =@ dr / i (e(P1)r ®r)l dr
0 0 0

(1+1¢)8 (14+¢)8 1+
SEX L (N EXO (e +tMPHE!,

where we have applied the Hardy inequality (3-1) to the second term. Next, by the regularity of 1| and
the Hardy inequality (3-1), we observe that

L+ 1 31 +€%0.
For Is and I, we note that f = f(ey +€2¢) = O(leyri +€?¢|?) and f, = fV - (e(¥1), +€2¢,). Hence
Is+ I 3 1+ * M0
Similarly, by using the Hardy inequality (3-1) and (4-9) we have
L 2 1+eM* 0+ &Y.
Since (r®(r)p), = ®(r)p +r® () ¢ +r®(r)e:, by (3-1) for the first term again we see that
Ig 2 &

For Iy, we note that the last line of (6-5) can be written as follows:

(1)
wT(S((x/fl)rr +€0r) + (D) rer + €0rrr)) + WhD (A1) + €00) +r () + €00))

(1 h
+@2 +O[)er(4((wl)r +ep) +r(()r + E(prr)) + +0l)wrr€_2,

where #® means the second derivative with respect to the argument. Thus Iy includes ¢, @, @, With
different weights and it can be treated in a similar way as we did for Ig of (6-3) in the previous lemma.
We expand it out and apply the Hardy inequalities both near the origin (3-1) and near the boundary (3-3)
to deduce that

Iy 3 (1+eM?(1+e*(E°+EM +E77)). (6-6)
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What follows now is the elliptic estimate for / coming from the first term in (6-5), which will give
rise to the term £22:

R
1:/ 2 gy + (24 @)W Qe + Swy | dr
0

R R
=/ g dr+(2+a)2f w1 | dr+25/ g, dr
0 0

R R
+2(2+ Ot)/ 2+Ol"'4wr(p0rrr(prr dr + 10/ 3+(X’j(prrr(prr dr
0 0

I! 12

R
—|—10(2+a)/ w3 w, @ dr.
0

For I' and I, we integrate by parts to get

I R R
/ (W), r*w, @ |2 dr — / 2+“r3wr|<prr|2dr—/ wtrtw,, |, 1> dr
2+« 0 0

R R
—_C+a) / Ly, gy 2 dr — 4 f W, g 2 dr — / Wb 1o Pdr,
0 0

R
P=—5(3+a) / W, g, 1P dr — 15 / g, 1 dr.
0

Thus we obtain

R R
/ gy, 2 dr+10/ o2y, P dr
0

R R
—I—(@=3) f W, g P dr + 2 +a) / 2ady, Lo P dr.
0 0

By noting w, = —r®(r)/(1 + «), we see that the last two terms are bounded by £!!. By combining
with all other estimates, we deduce that

EX N+ 4+MHE +EN+E2+EM + 1+ M) (1 +2(E0 4 EN 4 £22).

By the previous lemma, the desired result follows and this finishes the proof of the case j = 2.
Other cases can be done inductively: take o, derivatives of (6-5), square it, multiply by appropriate
weights depending on the number of spatial derivatives, and exploit the Hardy inequalities and the elliptic
estimates. The procedure and the estimates are similar to the previous cases and we omit the details. [

The inequality (6-1) in Proposition 6.1 now follows from Lemmas 6.2 and 6.3 by considering a suitable
linear combination of £/ to absorb £/~1%~! and €2 DI i E™! into the left-hand side.



1076 JUHI JANG

7. Proof of Theorem 2.4

Since M = E'/2, (6-1) yields
EX1+E+€2E+€4E2

Therefore, for all sufficiently small € > 0, we deduce that the total energy is bounded by the total temporal
energy:
EI1+E.

Now from the energy inequality (5-1) in Proposition 5.1, we obtain
%\/E <14+ (1 —a(IVE+ (€ +EMWE+VE 21+ (1 —a()IVE+eVE+(eVE?2. (-1
First let y > ‘3—‘, in which case a(y) = 1. So the differential inequality becomes

%«/E 214 evVE+ (eVE)?,

which in turn gives rise to
%(ex/g—l- 1) S e(eVE+1)2

Therefore, by solving this differential inequality, we deduce that
VEO) + (e/E(0) + 1)t
1 —e(e/EO)+ D)t~
Hence, in the case of y > %, we conclude that supy, -7 JE () is bounded for all sufficiently small € < ¢,
where g = O(1/T).
Next let y < ‘3—‘. Then we need to solve

%«/E S 1+VE+EWE)

NEOWN

Equivalently,
%(62ﬁ+ DS (EVEF1D)2+€e2—1.

Let k =+/1 —€2. Then

1 1 d B o
— L(EVEF1) 32k
<e2ﬁ+1—k e2ﬁ+1+k)dt<

VEO)(14k)2e™ —e?) + (1 +k) (e — 1)
(I+h)(1+k— (1 —k)e2k — e2/E(0) (e — 1))
Notice that 1 +k=1++/1—€2=0(1) and 1 —k =€?/(14++/1 — €2) = O(€?). Therefore, we conclude,

for y < %, that supy<, <7 VE(t) is bounded for all sufficiently small € < €, where €] = O(1/e<T) for
some k > 0.

Thus
VEn) 3

Remark 7.1. If we fix a small € > 0 in the ansatz (2-9) instead of fixing a time T, then the above results
would imply that (2-9) can be justifieduptot <T = O(1/¢) for y > % andt <T =O(|ln€]) for y < %‘.
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