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MULTIDIMENSIONAL ENTIRE SOLUTIONS FOR AN
ELLIPTIC SYSTEM MODELLING PHASE SEPARATION

NICOLA SOAVE AND ALESSANDRO ZILIO

For the system of semilinear elliptic equations
AVl~=V,~ZV2, Vi >0 in R",
i
we devise a new method to construct entire solutions. The method extends the existence results already
available in the literature, which are concerned with the 2-dimensional case, also to higher dimen-
sions N > 3. In particular, we provide an explicit relation between orthogonal symmetry subgroups,
optimal partition problems of the sphere, the existence of solutions and their asymptotic growth. This

is achieved by means of new asymptotic estimates for competing systems and new sharp versions for
monotonicity formulae of Alt—Caffarelli-Friedman type.

1. Introduction

The elliptic systems

AVi=Vi ¥, VE,
{ i lZ];ﬁl J in [RN’izl,...,k, a-D

Vi =0,

which arise in the blow-up analysis of phase-separation phenomena in coupled Schrodinger equations,
has attracted increasing attention in recent years, and by now many results concerning existence and
qualitative properties of the solutions are available. For a detailed explanation about how (1-1) appears, we
refer to [Berestycki et al. 2013a; 2013b; Soave and Zilio 2016]. We prove the existence of N -dimensional
solutions to (1-1) in RV for any N > 2. By this, we mean that we construct solutions in RY which cannot
be obtained from solutions in lower dimensions by adding a dependence on some “mute” variable. Our
results extend the construction developed in [Berestycki et al. 2013b], which concerns the planar case
N =2. In this perspective, we mention that previous results contained in [Berestycki et al. 2013a; 2013b]
only regard the existence of solutions in dimension N =1 or 2, and the question of the existence in higher
dimensions was up to now open.

In order to state our main results, we introduce some notation. We denote by O(N) the orthogonal
group of RV and by &; the symmetric group of permutations of {1, ..., k}. Let us assume that there
The authors are partially supported through the project ERC Advanced Grant 2013 No. 339958 “Complex Patterns for Strongly
Interacting Dynamical Systems — COMPAT”. Zilio is also partially supported by the ERC Advanced Grant 2013 No. 321186
“ReaDi — Reaction—Diffusion Equations, Propagation and Modelling”.

MSC2010: primary 35B06, 35B08, 35B53; secondary 35B40, 35J47.

Keywords: entire solutions of elliptic systems, Liouville theorem, nonlinear Schrodinger systems, Almgren monotonicity
formula, optimal partition problems, equivariant solutions.
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1020 NICOLA SOAVE AND ALESSANDRO ZILIO

exists a homomorphism % : G — &y, where G < O(N) is a nontrivial subgroup. We define the equivariant
right action of G on H'(RY, R¥) in the following way:
Gx H'®RY, R — H'RY, R, (1)
(8. u) > gt = (U(e)1(1) O 8 - -+ Uih(g)~ () © &)

where o denotes the usual composition of functions, and we used the vector notation u := (uy, ..., ug).
The set

Hgm ={uecH' R, R :u=g-u forall geg)
is the subspace of the (G, h)-equivariant functions.

Definition 1.1. For k € N, a nontrivial subgroup G < O(N), and a homomorphism % : G — &, we write
that the triplet (k, G, h) is admissible if there exists a (G, h)-equivariant function u# with the following
properties:

(1) u; > 0 and u; # 0 for every i;
(i1) u;u; =0 for every i # j;
(iii) there exist g2, ..., gx € G such that
u;=uyog; fori=2,...,k.

Remark 1.2. Notice that, if (k, G, k) is admissible triplet, then all the (G, h)-equivariant functions satisfy
(iii) in the previous definition with the same symmetries g;; indeed, by (iii) and equivariance we deduce
that (h (gi))*l(i) =1 for every i, so that any equivariant function satisfies

vV = v(/’l(gi))fl(i) 04 =V104; for all i = 1, ey k. (1-3)

This tells us that any equivariant function associated to an admissible triplet is completely determined by
its first component: if we know that v is (G, h)-equivariant and that (k, G, h) is an admissible triplet, then
(1-3) holds true, and hence vy, ..., v; can be obtained by knowing v, and g, ..., g-.

We also underline the fact that there may exist symmetries in G whose corresponding permutation is
the identity. In this case, these symmetries are imposed on the single components.

Finally, we observe that the definition of admissible triplet implicitly imposes several restrictions on
(k, G, h). For instance, by (iii) we immediately deduce that & can never be the trivial homomorphism
g — Gy, g — id for all g. Moreover, we also deduce that G has at least k different elements.

Let (k, G, h) be an admissible triplet. We let A g 5 be the set of those ¢ € H L(SN=1 RK) such that
¢ is the restriction on S¥~! of a (G, h)-equivariant function fulfilling Definition 1.1(1)—(iii). ~ (1-4)

We consider the minimization problem

k
. —2\2 a1 [Vowil? —
Cg.my i= inf L ( (N 2) +f§ : (? X 2), (1-5)
pehigm k i—1 2 fgn—l @; 2

where Vj denotes the tangential gradient on SV=!.
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Theorem 1.3. For any admissible pair (k, G, h), there exists a solution V of (1-1) with k components
in RN satisfying the following properties:

e Vis (G, h)-equivariant,

e we have

lim ;/ sz € (0, +00). (1-6)

r—-+oo pN=I42bwam Jop P

Here and in the rest of the paper B, (xp) denotes the ball of centre xy and radius r; when xo = 0, we
simply write B, for the sake of simplicity.

Since the theorem is quite general, we think that it is worthwhile to spend some time making some
explicit examples. This will be done in Section 2.1. For the moment, we anticipate that with our result
we can recover Theorems 1.3 and 1.6 in [Berestycki et al. 2013b], and moreover we can produce a wealth
of new solutions existing only in dimensions N > 3.

We also observe that condition (1-6) establishes that the solution V grows at infinity, in quadratic
mean, like the power |x|‘®9» . It is worth remarking that for any solution V to (1-1) it is possible to
define the growth rate as the uniquely determined value d € (0, +o00] such that

+oo if m<d
2 )
rl}r-ll:loo rN= 1+2’"/ ZIV { if m>d,
By i
see Proposition 1.5 in [Soave and Terracini 2015] and its proof. Therein, it is also shown that V' has
algebraic growth, i.e., it satisfies the pointwise upper bound

Vix) 4+ Vi(x) <C(A +|x|%) forall x e RY (1-7)

for some C, a > 1, if and only if its growth rate d is finite; we point out moreover that, as shown in [Soave
and Zilio 2014], the system does indeed admit solutions with exponential (i.e., nonalgebraic) growth.

Theorem 1.3 not only specifies the growth rate of the function (d = £(k, G, h)), but also states that, for
this precise growth rate, the limit

2
rl}ﬂfloo N- 1+2d/ ZV

is positive and finite. In this perspective we can prove that the solutions of Theorem 1.3 have minimal
growth rate among all the possible (G, h)-equivariant solutions.

Theorem 1.4. Let (k, G, h) be an admissible pair and let V be a (G, h)-equivariant solution of (1-1).
Then the growth rate of 'V is at least £(k, G, h).

Both the proofs of Theorems 1.3 and 1.4 exploit the hidden relationship between the elliptic system (1-1)
and optimal partition problems of type (1-5). This relationship arises for instance by means of the validity
of the following modification of the celebrated Alt—Caffarelli-Friedman monotonicity formula, tailor-made
for the study of (G, h)-equivariant solutions.
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For Ve H'(RV,R andi =1, ..., k we define

12 2 2
) ‘=/ IVVilE+ VY4 Vi
I Y |x|N-2 '

Proposition 1.5. Let (k, G, h) be an admissible triplet. There exists a constant C > 0 depending only
on N and (k, G, h) such that, for any (G, h)-equivariant solution V of (1-1), the function

> —Cr R ) - J(r)

J2KEk,G) €
is monotone nondecreasing for r > 1 (we recall that £(k, G, h) has been defined in (1-5)).

The expert reader will have already recognized the similarity with the original Alt—Caffarelli-Friedman
monotonicity formula, proved in [Alt et al. 1984]; monotonicity formulae of Alt—Caffarelli-Friedman
type for competing systems are key ingredients for the results in [Conti et al. 2005; Farina and Soave
2014; Noris et al. 2010; Soave and Terracini 2015; Soave and Zilio 2015; Wang 2014]. The previous
result is, to our knowledge, the first example of a monotonicity formula under a symmetry constraint.

We review now the main known results regarding entire solutions of the system (1-1) which were
already available, starting with the system with k = 2 components. The 1-dimensional problem was
studied in [Berestycki et al. 2013a], where it is proved that there exists a solution satisfying the symmetry
property V5(x) = V;(—x), the monotonicity condition V| > 0 and V; < 0 in R, and having at most linear
growth, in the sense that there exists C > 0 such that

Vix)+ Va(x) <C(1+|x|) forall x e RV,

Up to translations, scaling and exchange of the components, this is the unique solution in dimension N = 1;
see [Berestycki et al. 2013b, Theorem 1.1]. The linear growth is the minimal admissible growth for
nonconstant positive solutions of (1-1). Indeed, in any dimension N > 1, if (Vy, V») is a nonnegative
solution of (1-1) (which means that the condition V; > 0 is replaced by V; > 0) and satisfies the sublinear
growth condition

Vit + Va(x) < C(+1x[*)  in RY

for some o € (0,1) and C > 0, then one of V; and V, is O and the other has to be constant. This
Liouville-type theorem has been proved by B. Noris et al. [2010, Proposition 2.6].

Differently from the problem in R, in dimension N = 2, and hence in any dimension N > 2, the
system (1-1) with £ = 2 has infinitely many “geometrically distinct” solutions, i.e., solutions which cannot
be obtained from each other by means of rigid motions, scalings or exchange of the components; see
[Berestycki et al. 2013b, Theorem 1.3; Soave and Zilio 2014, Theorems 1.1 and 1.5]. These solutions can
be distinguished according to their growth rates and symmetry properties. In particular, Berestycki et al.
[2013b] proved the existence of solutions having algebraic growth, while the results in [Soave and Zilio
2014] concern solutions having exponential growth in x that are periodic in y.

Regarding systems with several components, the aforementioned existence results admit analogous
counterparts for any k > 3; see [Berestycki et al. 2013b, Theorem 1.6; Soave and Zilio 2014, Theorem 1.8].
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It is important to stress that the proofs in [Berestycki et al. 2013b; Soave and Zilio 2014] use the fact
that the problem is posed in dimension N = 2, and apparently cannot be extended to higher dimensions
(see Remark 4.4 for a more detailed discussion).

In parallel to the existence results, great efforts have been devoted to the analysis of the 1-dimensional
symmetry of solutions under suitable assumptions; this, as explained in [Berestycki et al. 2013a], is
inspired by some analogy with the derivation of (1-1) and of the Allen—Chan equation, for which symmetry
results in the spirit of the celebrated De Giorgi’s conjecture have been widely studied. In this context, we
recall that, assuming k =2 and N =2, A. Farina [2014] proved that, if (V}, V) has algebraic growth and
9, V| > 0 in R2, then (V1, Vo) is 1-dimensional. In the higher-dimensional case N > 2 with k = 2, Farina
and the first author proved a Gibbons-type conjecture for (1-1); see [Farina and Soave 2014]. Furthermore,
K. Wang [2014; 2015], as a product of his main results, showed that any solution of (1-1) with £k = 2
having linear growth is 1-dimensional. We mention also [Berestycki et al. 2013a, Theorem 1.8; 2013b,
Theorem 1.12], which are now included in Wang’s result.

As far as the 1-dimensional symmetry for systems with k > 2 is concerned, we refer to [Soave and
Terracini 2015, Theorem 1.3], where the main results in [Farina and Soave 2014; Wang 2014; 2015]
are extended to systems with many components by means of improved Liouville-type theorems for
multicomponent systems, which relate the number of nontrivial components of a nonnegative solution
of the first equation in (1-1) and its growth rate. In this perspective, Theorem 1.4 is the counterpart of
[Soave and Terracini 2015, Theorem 1.7] in a (G, h)-equivariant setting. As a product of these two results,
we can also derive the following:

Corollary 1.6. Fork, N € N, let

le(SN_l) = inf sup A (w;),
(@15 0k)€E€PE j=1,. Kk
where P is the set of partitions of S¥~! in k open disjoint and connected sets, and )\ denotes the

first eigenvalue of the Laplace—Beltrami operator on SN, Also, let (k, G, h) be any admissible triplet
with G < O(N). Then

LSV < bk, G, h).

It is tempting to conjecture that equality holds for an appropriate choice of (G, ), at least for some
values of k, N. Indeed, in light of the known results in the literature, this is the case for k =2 and k = 3,
for every N. For k = 2, the only (up to isometries) optimal partition for £,(SV~!) = 1 is the partition
of the sphere into two equal spherical cups [Alt et al. 1984]. This is clearly also an optimal partition
for £(2, G, h) if G is equal to the group generated by the reflection T with respect to a hyperplane through
the origin and 4 (7T') is defined as the permutation exchanging the indices 1 and 2. In the case k =3, an
optimal partition for £3(S¥~!) = 2(N — 1) is the so-called Y -partition (see [Helffer et al. 2010; Soave
and Terracini 2015]) which is then optimal also for £(3, G, h) if G is equal to the group generated by the
rotation R of angle %71 around the xy axis and A (R) is the permutation mapping 1 into 2, 2 into 3 and
3into 1.
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To conclude, we mention also the contribution of Wang and Wei [2014], who considered the fractional
analogue of (1-1). Such problems exhibit new interesting phenomena with respect to the local case.
Moreover, we observe that our results, as those in [Berestycki et al. 2013b], seem to be somehow
connected with those in [Wei and Weth 2007], which concern finite energy decaying solutions of a
different problem.

Structure of the paper. in Section 2 we recall some known results needed for the rest of work, and which
permit us to show, in Section 2.1, several concrete applications of Theorem 1.3. Section 3 is devoted to
the proof of the equivariant Alt—Caffarelli-Friedman monotonicity formula, Proposition 1.5; finally, in
Section 4, we give the proofs of the other main results, Theorems 1.3 and 1.4.

2. Preliminaries and application of Theorem 1.3

We introduce some notation and review some known results. Let 8 > 0, and let U be a solution to

{AU,- =pU; Y, U; in Bg,

2-1
U,‘ >0 in BR. ( )

For 0 <r < R, we set

HWU,r) :—

’tl

EWU,r):= —/ Z|VU| +8 Y UG

I<i<j<k

,r) = € Almgren Irequency runction).
HU,r ST TTEAREnEY
Under the previous notation, by Proposition 5.2in [Berestycki et al. 2013b] it is known that N, ") is

monotone nondecreasing for 0 <r < R,

d 2 2
SHWU.N= rE(U,r)—l— / ZU U;

’t<j

and, for any such r,
2

l<]
/ /s SN IH(U ) <N®U.,r). (2-2)

The frequency function, also called Almgren’s quotient, gives information about the behaviour of the
solutions with respect to radial dilations. Indeed, the possibility of defining a growth rate for any solution
to (1-1) is a direct consequence of the monotonicity of N(V, ). We recall that, as proved in [Soave
and Terracini 2015, Proposition 1.5], for any solution V to (1-1) there exists a value d € (0, +oc] such
that

. A/ [ SE V2 _ {+oo if d <d, 03

r—+00 r2d 0 if d'>d,
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and d < +oo if and only if V has algebraic growth. We write that d is the growth rate of V, and it is
remarkable that

d= lim N(V,r); (2-4)
r——+00
again see [Soave and Terracini 2015, Proposition 1.5] (the result is stated in [Soave and Terracini 2015]
for solutions with algebraic growth, but its proof works also without this assumption). Notice that on
the left-hand side of (2-3) we have the quadratic average of V on spheres of increasing radius divided
by a power of r2; thus the name growth rate.

In the previous discussion 8 > 0 was fixed. Let us now consider a sequence of parameters 8 — 400
and a corresponding sequence {Ug} of solutions to (2-1). The asymptotic behaviour of the family {Upg}
has been studied in [Berestycki et al. 2013a; Dancer et al. 2012; Noris et al. 2010; Soave and Zilio
2015; 2016; Tavares and Terracini 2012; Wei and Weth 2008] and many results are available. We only
recall that, if the sequence is bounded in L°°(Bpg), then it is in turn uniformly bounded in Lip(Bg),
and hence up to a subsequence it converges to a limit U in %% (Bg) and in HILC(B r) (see [Soave and
Zilio 2015; Noris et al. 2010]). If U # 0, then U is Lipschitz continuous and {U = 0} has Hausdorff
dimension N — 1. Moreover, H (U, r) is nondecreasing and is nonzero for every r > 0 (see [Tavares and
Terracini 2012]).

An important application of this asymptotic theory lies in the possibility of defining blow-down limits
of entire solutions to (1-1). We recall part of [Berestycki et al. 2013b, Theorem 1.4] (k = 2) and [Soave
and Terracini 2015, Theorem 1.4] (k arbitrary). Let V be a solution to (1-1), and for any R > O let us
define the blow-down family

Ver(x) = V(Rx).

H(V,R)!/?

If V has algebraic growth, i.e., its growth rate d = N (V, +00) is finite, then {Vg} converges, in Cloo’f (RM)

. 1
and in H,.

with homogeneity degree d and such that

(RM), as R — 400 and up to a subsequence, to a homogeneous vector-valued function Vi,

o the components V; o, are nonnegative and with disjoint support: V; oo V; o = 0 for every i # j;

e Vioo— V) forany i # j is harmonic in the interior of its support.

When k =2, it then results that (Vi oo, V2.00) = (W, W), where W is a homogenous harmonic polynomial
in RY, and hence necessarily d is an integer.

2.1. A wealth of new solutions: applications of Theorem 1.3. We recall that, for any £ > 2, problem (1-1)
has several solutions in R?. Clearly, these are also solutions in higher dimensions, and up to now it was
an open question whether or not there exist N-dimensional solutions of (1-1) in RY with N > 3, i.e.,
solutions in RY which cannot be obtained as solutions in R¥~! by adding a dependence on a variable.
Theorem 1.3 gives a positive answer to these questions. In what follows we show how to use Theorem 1.3
as a recipe to construct entire solutions of (1-1).
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A concrete example in R for k = 2. To start with a very concrete example, we focus on problem (1-1)
in R? with k = 2, and we examine the case where G is equal to the group of symmetries generated by
the reflections T, T» and T3 with respect to the planes {x = 0}, {y = 0} and {z = 0}, respectively, and
h : G — G is defined on the generators of G by h(T;) = (1 2) for every i. We used here the standard
notation (1 2) to denote the cycle mapping 1 to 2, and 2 to 1. In order to check that this is an admissible
triplet, we verify that

(1, u2) = ((xyz2)™, (xyz)7)

is a (G, h)-equivariant function satisfying (i)—(iii) in Definition 1.1. For the equivariance, we explicitly
observe that
T; - (uy,uz) = (u2o0T;,uroT;) (see (1-2))
= (ur, ua) (by definition of u)

for every i, and since G is generated by T}, T3, T3, this is sufficient to conclude that u is (G, h)-equivariant.
Points (i) and (ii) in Definition 1.1 are straightforward, and (iii) is satisfied since u, = u; o 7; for any i. As
a consequence, by Theorem 1.3 there exists a (G, h)-equivariant solution (Vy, V») of (1-1) in R3 with k =2
having growth rate equal to £(k, G, h) = N(V, 400) (we recall that the growth rate is always equal to
the limit at infinity of the Almgren frequency function; see (2-4)). Since the symmetries of G involve
the 3 variables, this solution cannot be obtained by a 2-dimensional solution adding the dependence
of 1 variable: V| — V} is not constant since V has growth rate £(2, G, h) > 0; moreover, thanks to the
symmetries 71, T>, T3, we have that the function V| — V, vanishes on the set {x =0} U {y =0} U {z = 0}.
Since the projection of this set on any 2-dimensional subspace is equal to the entire subspace but V is
nontrivial, we immediately deduce that the solution cannot be 2-dimensional.

In this particular case we can also explicitly compute £(2, G, k), in the following way: by minimality,

1, JelVeby 2 1) +1< 1, JeVsbya) 2 _1)
4 JelGytE 2 4 JelGyn=2 2)

2
and the right-hand side is equal to 3; indeed, since ® := xyz is a homogeneous harmonic polynomial of

1
02,6, h) < i(

degree 3, its angular part ®|g2 solves
—ApP|g = 12P|2  in S?,

and this permits us to carry out explicit computations. This means that ¥ (the blow-down limit) is a
homogeneous harmonic polynomial of degree £(2, G, h) < 3. It is then necessary that ¥ = & = xyz;
to check this, we can simply consider all the homogeneous harmonic polynomials in R? with degree at
most 3, which have been classified, and observe that the only one being (G, &) equivariant is ®. As a
consequence, the degree of homogeneity of W is 3 =4£(2, G, h).

General case in RN with k = 2. The very same argument as before can be considered by taking any
homogeneous harmonic polynomial ® in RV of degree d € N with a nontrivial finite group of symmetries G;
by this we mean that there exists a group of symmetries with generators 71, . .., T}, such that ¥ oT; = ®F,
To any 7; we associate the cycle (1 2). This induces a homomorphism 4 : G — G5, and it is not difficult to
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check that (2, G, h) is an admissible triplet. Indeed, by assumption the pair (11, up) = (®*, ®~) fulfills
(i)—(ii) in Definition 1.1, and is (G, h)-equivariant: the equivariance follows by

T; - (uy,up) = (upoT;,uroT;) (see (1-2))
= (u1, uz)

for any i. Points (i) and (ii) in Definition 1.1 are trivial, and (iii) is satisfied since uy = uj o T; for any i by
assumption. If, as in the example above, the group G is chosen from the beginning so that the symmetries
of G involve all the N variables, we obtain an N-dimensional solution to (1-1). Explicit cases where the
previous argument is applicable are the following:

o At first, we show how we can recover Theorem 1.3 in [Berestycki et al. 2013b]. In dimension N = 2,
we take @, (x, y) := Re((x + iy)d), with d € N. Then ®, is symmetric, in the previous sense, with
respect to the group of symmetries generated by the reflections 77, ..., Ty with respect to its nodal lines:
CDEI'E oT; = ®. By the previous argument, we find (G, h)-equivariant solutions of the problem with growth
rate £(2, G, h), which clearly are 2-dimensional. Reasoning as in our first example, it is not difficult in
this case to check that £(2, G, h) =d.

o Secondly, we construct infinitely many new solutions in R3. We take ®4(x, y) := Re((x + iy)H)z,
with d e N. Let Ty, ..., T; denote the reflections with respect to the nodal planes of Re((x + i y)d ), and
let T, denote the reflection with respect to {z = 0}. Then CIDZE oT; = ®F, so that the general argument
above is applicable, and hence we find a (G, h)-equivariant solution of (1-1) with growth rate £(2, G, h).
As in the first example, since the nodal set of V| — V, has surjective projection on any 2-dimensional
subspace, V is necessarily 3-dimensional. We can also check that £(2, G, h) =d + 1. Since (dF, D) is
a (G, h)-equivariant function, we have

1, Jo Ve @] 1)+1( 1, JeVe®yl? 1).

47 [Llepr 2 4 falegr 2

As in the previous example, we can prove that the right-hand side is equal to d+1. On the other hand, using

1
02,6, h) < §< >

the blow-down theorem and explicitly observing that the only (G, #)-equivariant homogeneous harmonic
polynomial in R* with degree less than or equal to d + 1 is @4, we conclude that £(2, G, h) =d + 1.

» We conclude with the observation that the previous constructions can be extended in any dimensions.
For instance we can consider the harmonic polynomial ® = x; - - - xp, together with the symmetry group
generated by the reflections 77, ..., Ty with respect to the coordinate planes {x; =0},i =1,..., N;
notice that ®* o 7; = &7 for any i. In the same way we could consider the harmonic polynomial
W = Re((x] +ix2)%)x3 - - - xy, together with symmetry group generated by the reflections 71, ..., Ty
with respect to the nodal hyperplanes of DMe((x1 4 ix2)¢), and by Rs, ..., Ry, reflections with respect to
the coordinate planes {x; =0},i =3, ..., N.

The case k > 3 in R For k > 3 components, we first show how to recover Theorem 1.6 in [Berestycki
et al. 2013b]. We thus focus for the moment on the dimension N = 2. Let kK > 3 and, for any m € N,
letd = %mk. We denote by R, the rotation of angle 7/d, by T, the reflection with respect to {y = 0}
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(this corresponds to complex conjugation in C), and we consider the group G < O(N) generated by R,
and Ty. We define a homomorphism 4 : G — & (the group of permutations of {1, ..., k}) letting

h(Ry):=(12---d) and h(Ty):i—>k+2—1,

where the indexes are counted modulus k. We can explicitly check that (k, G, k) is an admissible triplet.
Let us consider the function
_[r?cos(dd) in Ul RF({—m/2d <6 < 7/2d)),
= {0 otherwise,
Uy :=Uu10 Rd,

U == U}—1 0 Rd =Ujo Rs_l.
It is (G, h)-equivariant, as

Ry -u=wroRg,uioRy,...,up—10Ry) =u,

Ty-u:(Lt]OTy,ukoTy,uk_loT,...,M30Ty,u20Ty)=u.

It clearly satisfies (i) and (ii) in Definition 1.1, and for (iii) it is sufficient to note that u; = uj o R}~
for every j = 2,...,k. By Theorem 1.3, we obtain a (G, h)-equivariant solution V of (1-1); the
fact that V is 2-dimensional follows again from the symmetries: if V were 1-dimensional, then we
could say that |, 2{Vi — V; = 0} is the union of straight parallel lines. But, on the other hand,
{Vo — V3 =0} = Ry ({VI — Vo, = 0}), which cannot be parallel whenever d > 1, i.e., whenever k > 3.

To complete the analogy with the results in [Berestycki et al. 2013b], we still would have to prove
that N(V, +o0) = £(k, G, h) is equal to d. Since we are in dimension N = 2, this can be done by means
of explicit computations, following the line of reasoning already adopted in the previous examples. We
decided to not stress this point for the sake of brevity.

The general case k > 3 in R3. The case k >3 and N > 3 is intrinsically more involved, and hence we
focus on some particular examples given by the groups of symmetries of the Platonic polyhedra. Let us
consider for instance the group G4 < O(N) associated to the tetrahedron 7. It is known that this group is
isomorphic to G4. The isomorphism /4 is obtained labelling all the vertices of 7, and associating to any
g € G4 the permutation induced on the vertices themselves. In order to define the function ¢ satisfying
(i)—(iii) of Definition 1.1, we first take a tetrahedron with barycentre 0, and define on a face A a positive
function ¢; that is 0 on dA and symmetric with respect to all the transformations in G4 leaving A invariant.
By rotation, we can define ¢;, ¢3 and ¢4 on the remaining faces. Now, considering the radial projection
of the tetrahedron into the unit sphere S?, we obtain a function (o1, - .., pa) whose 1-homogeneous
extension is by construction (Gy, h4)-equivariant, and satisfies (i)—(iii) of Definition 1.1. Thus (4, G4, h4)
is an admissible triplet, and Theorem 1.3 yields the existence of a (G4, h4)-equivariant solution for the
system with 4 components in R3. Since the symmetries of the tetrahedron involve the dependence on
3 variables, this solution is not 2-dimensional.
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In a similar way, one can construct (Gg, hg)-equivariant solutions with respect to the group of symmetries
of the cube Gg (isomorphic to a subgroup of Gg through an isomorphism 4g) for systems with k = 3
or k = 6 components. To this purpose, we consider a cube with barycentre 0 in R3, and we define on
a face A a positive function ¢; that is O on dA and symmetric with respect to all the transformations
in Gg leaving A invariant. By rotation, we can define ¢y, ..., ¢s on the remaining faces. Considering
the radial projection of the cube onto the unit sphere S?, we obtain a function (g1, ..., ¢s) Whose
1-homogeneous extension is (Ge, hg)-equivariant and satisfies (i)—(iii) of Definition 1.1. Theorem 1.3
then gives a 3-dimensional (Gg, hg)-equivariant solution to (1-1) with 6 components in R3. In order to
obtain a 3-component (Gg, hg)-equivariant solution, we proceed as in the previous discussion replacing
@1 with V1 = @; + ¢4, where @4 has support on the face opposite to A in the cube. By rotation, we
determine v/, and 3, each of them supported on the union of two opposite faces. As before, we can then
consider the radial projection onto S?, and afterwards its 1-homogeneous extension (Y(, ¥», ¥r3), which
is (G, he)-equivariant and satisfies (i)—(iii) of Definition 1.1. For the equivariance, we recall that any
isometry of the cube is identified by the faces that three given adjacent faces are mapped to (this is why
we could construct solutions with cubical symmetry for systems with 3 components). In conclusion, by
Theorem 1.3 we obtain a (Gg, he)-equivariant solution of (1-1) with kK = 3 components.

Arguing in a similar way, we may also obtain equivariant solutions with respect to the symmetries of
the octahedron for systems with kK = 4 and k = 8 components, and so on.

3. An Alt—Caffarelli-Friedman monotonicity formula for equivariant solutions

In this section we aim at proving Proposition 1.5. We always suppose that (k, G, &) is an admissible triplet,
according to Definition 1.1. Moreover, we often omit the phrase “up to a subsequence” for simplicity. The
proof is divided into several steps, and, as usual when dealing with Alt—Caffarelli-Friedman monotonicity
formulae for competing systems, is based upon a control on an “approximated” optimal partition problem
on SV~!. For any u € H'(SV~!, R¥), we let

Ig(u) =

Xk: y (fgn—l |V9ui|2 + %ﬂ”lz Zj;éi u?)
i=1 Jori u;

where

o= (552 i (52),

We denote by I:I(g, ny the subspace of (G, h)-equivariant functions in H I(SN-1 RK), and we introduce
the optimal value

Lg(k,G, h):= inf Ig.
Hg.n

In what follows, to keep the notation as simple as possible, we simply write £ and £z instead of £(k, G, h)
and £g(k, G, h), respectively.
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Lemma 3.1. Both £ and €g are positive and achieved ( for all B > 0). It follows that g — £ as f — +00,
and there exists a minimizer for £g, which solves

—Agui,lg :)\ﬁu,’,ﬁ —,3141',/3 Zj;ﬁi u% in SN_I,
uip>0 in SN, (3-1)
Jev-1 ”1‘2,;3 =1 forall i,

where Lg > 0 and Ay denotes the Laplace—Beltrami operator on SN=1. Moreover, u g — @ weakly
in H'(SN~!, R*) and ¢ is a nonnegative minimizer for (.

Proof. Restricting ourselves to the subset of functions in I:I(g,h) whose components have prescribed
L2(S¥~1)-norm equal to 1, it is easy to check that the functional I s is weakly lower semicontinuous and
coercive. Since I:I(g’ ny 1s also weakly closed, the direct method of the calculus of variations ensures the
existence of a minimizer ug for £g, which can be assumed to be nonnegative. By the Palais principle of
symmetric criticality (notice that /g is invariant under the action of any symmetry in O(N)), the Lagrange
multipliers rule, and the strong maximum principle, it follows that ug satisfies

—Douip+ 34 1+ 1jp/1i,p) Bui pus g = higuip in SN,

ujp > 0 in §N—1’
where

e ! 2. 1p2 2
WHip =y (/gnl |Voui gl” + 3 Bu; g Zuj,,s)-
J#i
The equation for u; g is nothing but (3-1): indeed, thanks to the symmetries in H (G, h) (see Remark 1.2),
we have w; g = ;g and A; g = A; g > 0 for every i # j. Finally, £g > O since otherwise ug =0, in
contradiction with the normalization condition.
As far as ¢ is concerned, we introduce an auxiliary functional /4 : I:I(g’ n — (0, 4+00], defined by

{(l/k) SV (Jopr VUi fu u?) if wiu; =0 ae.on S"! forany i # j,
+

Io(u) :=
o0 (1) otherwise.

It is easy to see that Iz is increasing in B and converges pointwise to I, implying that /., is a weakly
lower semicontinuous functional in the weakly closed set Hg ), and that /g I'-converges to I, in the
weak H'-topology. Moreover, since the family {1 g} 18 equicoercive, any sequence {ug} of minimizers

for Ig converges to a minimizer u of /. Finally, by definition, £ > £g for every 8 > 0, whence £ > 0
follows. O

Further properties of the sequence {ug} are collected in the next two lemmas.

Lemma 3.2. The sequence {ug} is uniformly bounded in Lip(SV~1). Moreover, the sequence (Ap) is
bounded.

Proof. Let {ug} be a sequence of minimizers for {4 satisfying (3-1), weakly converging to a minimizer u
for £. As Ig(ug) =g < ¢, there exists C > 0 such that

2 2
Buigy ujs=C.

N—-1 .
S J#
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Moreover, by weak convergence, {ug} is bounded in H I(SN=1 RK). Therefore, testing the first equation
in (3-1) against u; g, we deduce that {Ag} is a bounded sequence of positive numbers, and this implies,
through a Brézis—Kato argument (see for instance [Tavares 2010, page 124] for a detailed proof and
[Brézis and Kato 1979] for the original argument), that {zg} is uniformly bounded in L®(SV~1, R). By
the main results in [Soave and Zilio 2015], we infer that {ug} is uniformly bounded! in Lip(SV -, O

Lemma 3.3. We have ug — ¢ strongly in the H'(SN=1) topology, in CO*(SN~1) for every 0 < a < 1,
and

. 2 2 _
ﬂETWﬁLN—I ui’ﬂuj’ﬂ o
Moreover, g — £({ + N —2) and
{—Aewi =L+ N —=2)¢; in {¢; >0},

fsN—l 901'2 =1
Proof. Thanks to Lemma 3.2, we can simply apply Theorem 1.4 in [Noris et al. 2010]. To check that
Ag — L(£ + N —2), we observe that, by boundedness, Ag — Ao > 0 as B — +o0. Therefore, recalling
that ug — ¢ in HY(SN-I RY), fori =1, ...,k we have
{_AG%' = Aoo®; in {g; > 0},

ngfl ‘Piz =1.
This implies that

! N—2)\? . N=2 (N—z)2 N2
K_kZ\/( 2 >+/§N1|V9‘p‘| 2 = 7 ) them 5
1

whence the thesis follows. |

The following result is the counterpart of Lemma 4.2 in [Wang 2014] in a (G, h)-equivariant setting;
see also Theorem 5.6 in [Berestycki et al. 2013b] for an analogous statement in dimension N = 2.

Lemma 3.4. There exists a constant C > 0 such that
tg>0—Cp~'4

Before proving the lemma, we need a technical result. We recall that I:I(g,h) denotes the set of
(G, h)-equivariant functions in H'(SV~1, RK).

1t is worth mentioning that the results in [Soave and Zilio 2015] are proved for the Laplace operator in the interior of subsets
of RV, and their extension to a Riemannian setting presents some technical difficulties; the general extension of [Soave and Zilio
2015] to equations on manifolds will be the object a future contribution [Smit Vega Garcia et al. > 2016]. We anticipate here the
main argument: the key ingredients for the regularity results in [Soave and Zilio 2015] are elliptic estimates, an Almgren-type
monotonicity formula and a sharp version of the Alt—Caffarelli-Friedman-type monotonicity formula. Thus, we need to extend
these three tools for systems on SN=L The elliptic theory is already available, as is the Almgren-type monotonicity formula (see
for instance [Tavares and Terracini 2012, Section 7]). The Alt—Caffarelli-Friedman-type monotonicity formula represents the
only obstruction, but it can be obtained by combining the results in [Teixeira and Zhang 2011] (an Alt—Caffarelli-Friedman-type
monotonicity formula for scalar equations on Riemannian manifolds) and in [Soave and Zilio 2015] (the sharp version of the
Alt-Caffarelli-Friedman-type monotonicity formula for systems in the euclidean space). Once these three tools are available, the
proof proceeds as in [Soave and Zilio 2015].
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Lemma 3.5. Letu € [:I(g’ n)- Then the function u, defined by

also belongs to PAI(g, h)-

Proof. As u; € H'(SN™1), it follows straightforwardly that # € H'(SV~!, R¥). We have to show that it
is also (G, h)-equivariant, and to this end it is sufficient to show that v is (G, h)-equivariant. This can be

checked directly:
Vin(g)~1 (i) (8(X)) = U(n(gy-1y(8(X)) — Z 1 (g(X)) = Ugpey -1 (8(X)) — Z U(h(g)-1() (&(X))
J#Hh (@)D J#
= ;i (x),
where the last equality follows from the fact that u is (G, h)-equivariant. U

Proof of Lemma 3.4. In order to simplify the notation, only in this proof we write V and A instead of Vy
and Ay, respectively. Let us consider the functions #g, defined in Lemma 3.5. Since the components
of itz have disjoint supports, we can use it as a competitor for £. We aim at showing that g is actually
close enough to ug in the energy sense, and in doing this we shall use many times the properties proved
in Lemma 3.2. To be precise, we shall prove that there exists a constant C > 0 such that

1-cp V% < /§ | 7y <1+Cp'2%, (3-2)

L, wisP < [ Vi cpt 63)

Before we continue, let us point out that second estimate can be derived from an analogous one: there
exists C > 0 independent of B and & > 0 such that, for almost any & € (0, §), we have

/ 'W’?ﬂ|25f \Vu; p|> +C~ 14+ C8.
{ﬁ,'dg >5} SN-1
Indeed, if the previous estimate is satisfied,

[ Vgl = [ Wil tim [ Wit [ 9 cp
Sh {i1;, >0} 80" J(a; 5>5) Sh-1

Notice that in principle the value & could depend on B, but this is not a problem since C is, on the contrary,
a universal constant.

Pointwise bounds. The boundedness of {ug} in Lip(S¥~!) (Lemma 3.2) implies that there exists a
constant C; > 0 such that
B Puigujp<Cy forall i # j. (3-4)

The proof is a straightforward adaptation of the one in [Soave and Zilio 2016, Theorem 1.1], which
regards the same estimate in subsets of RV .
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As a consequence we have that, for each 6 € SN—1 and each B >0,

ug(0) > 2I<C11/2,8_1/4 for at most one index i, (3-5)

where C; is the same constant as appears in (3-4). Indeed, assuming the contrary, there would exist two
distinct indices i # j satisfying the previous inequality, and hence
4UPC1BT2 < uip@)ujp®) < C1B2,
a contradiction.
Finally, we observe that
hip0) =0 = u;p(0) <2k(k—1)C,>p~"/*, (3-6)
If not, we have that (3-5) holds for i, and moreover
2k —1)C B <uip@) <Y ujp0) < (k—1) maxuj.p(0);
— Jj#i
J#

hence there exist two indexes for which (3-5) is satisfied in 6, a contradiction.

Integral bounds for the Laplacian. We prove that there exists a constant C > 0 (independent of 8) such
that
/ |Au; gl <C. (3-7)
SN—I

Indeed, directly from the equation and the divergence theorem,
0= —Au; = A i g — : 2.;
ng_l( Uui,p) —/SN—1 pUip — Puip ZMJ

J#
that is,

= /;Nl Buip Zuﬁﬁ /gNl BUiB =

J#

as the functions u; g are bounded in L°(SN=1) and {1 g} is bounded. Consequently,

2
/;NllAui’ﬂl < /§Nl )\.ﬂui’ﬂ +,Bui,,3 Zuj,ﬁ <C.

J#
Integral bounds for the competition term. Using (3-5) and the computations in the previous point, we
deduce that

Bui g+ 1 g1l 1l <) /
{ujp<uip)

=< Z(”ui,ﬂ“Loc({”i.ﬁfujﬂ}) /

itj {uip=<ujp}

k
i=1

ui,ﬂfuj,ﬁ} i

2
ﬂ”/ﬁ”i,ﬂ)
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Integral bounds for the normal derivatives. For analogous reasons, we can show that there exists a
constant C > 0 and § > 0 small enough such that, for almost every & € (0, §),

/ i 5] < C.
8{&,-_ﬂ>8}

Firstly, since the function i; g is regular for B fixed, the set d{ii; g > &} is regular for almost every 6 > 0,
by Sard’s lemma. Moreover, since i; g is nonnegative and regular, if § < 8 is small enough then

/ |0vidi g = — / dlli p. (3-8)
i p>6) a{a;, p>8}

Hence, for almost every 6 € (0, 8) the set d{i; p > 8} is regular, and (3-8) holds. With this choice we are
in position to apply the divergence theorem, and consequently

/ 81)12,'7,3‘ == / Aﬁ,‘ﬂ
ala; p>8) {ii g>8}

where C is independent of § by (3-7). With similar computations we also have the uniform estimate

/ Ovit; g
iti p>5)
Estimates for the L*(S™~1) norm. Thanks to (3-5) and (3-6), we have
f (fip—uip) = / (fip — uip) +/ (fi,p — uip)?
S {ii; >0} {i2;, p=0}

2
:/ (ZLUﬁ) +f M%ﬂ < C'B—I/Z’
{ui.ﬁ>2j¢i ujpl {it; p=0}

J#

k

<[ Ylauglzc
{ﬁi.ﬁ>8} 1

j=

<C.

whence (3-2) follows.

Estimates for the H' (SV~') seminorm. As a last step, we wish to estimate the L? norm of Vii;. - Since
d{u; p > 8} is regular, we can apply the divergence theorem, deducing that

/ Vi, g|? =/ (—Adi )it g +[ (Dviti )ity g
{1, 5>6} {1 p>6} i p>8}

:/ (—Aui’ﬁ)ui,ﬁ+/ Au,'”g Zuj,,g
{it; p>8) i >0}

{ir.p> J#
) ) .
+/ A(Z“j,ﬁ)“i,ﬁ +5/ 81,1/![,5.
{LAt,',ﬁ>5} j#t 3{L’iiﬁ>5}
an
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The first term (I) can be bounded, also recalling that 15 > 0, using the equation

f (—Auipluip = / hpiii g —Buig Y ui g
{it; p>8} {it; p>8}

J#

2 2 2 2 2
= le ApUip —5”i,ﬁ2“j,ﬁ+/w i) ul
S j;él S \{u,',[;>8} j;él
2 2 2
2/ Vi gl —i—/ o ﬂui,ﬂZuj’ﬁ.
Sh-1 SN 1\{ui./3>8} j#i

The term (II) can be expanded further as

/ A(Zu]’,ﬁ)ﬁiﬁ
{iii p>8)

J#i
_ / v(zum) N+ 6 / av(zu,,ﬂ)
{ﬁi,ﬁ>5} i 3{12i,/3>5} i
=‘/\A (Zu{,;,g)Al/Ati,ﬂ—/ A <Zuli,ﬁ>avﬁ[,’3 +(Sf i 8U<Zu‘,‘”3>.
{iti,p >0} ji o{u; p>8} i o{u; g>0} i

Recalling the previous computations, and using again (3-5), we have

/ Vi g
{i; p>68}

=< [Vu;, |2+/ pu? u? +/ Au;, uj. +/
/§N_' hP SN=1\{i; p>8} Lp Z 7P {i; p>8} hp Z a

J#i u i {dj p>8}

(Zuj’f;)Aﬁi’ﬂ

J#

_/ <Zuj,/3>8vﬁi,,3+8/ 3,,1/!,'“3
i p>3) a{i; p>3}

J#

</ |Vu; g|> +CB~"* 4 Cs,
gN-1

which, as already observed, implies (3-3).
With (3-2) and (3-3) we are in position to complete the proof. By minimality, £ < I, (iig) for every S,

which gives

k A k —
¢ < lzy(fgtvlwui,ﬁ) - 12y<ng1|Vui,ﬁ|2+Cﬂ ‘/4)
— A2 — —
k3 Jsw-riizg ko 1-Cpml2
k
1 RCEN ) 2 —1/4 _ —1/4
§§Z;y(/§m|w,,ﬂ| +§ﬁui,ﬁ;uj,ﬁ)+c,3 =5+ Cp VA, O
i= J#i

The proof of Proposition 1.5 can be obtained in a somewhat usual way.
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Sketch of the proof of Proposition 1.5. Arguing as in [Conti et al. 2005, Section 7], or [Noris et al. 2010,
Lemma 2.5], or else [Soave and Zilio 2015, Theorem 3.14], it is possible to check that

1
d Ji(r) - Ji(r) 2ke+gzy r fop, IVitil® + 507 32 45
_ ) :

— log =
2kt 2
r J: aB, Ui

dr
Changing variables in the integrals (see Theorem 3.14 in [Soave and Zilio 2015] for the details), we

deduce that ) R 5
3 (f Jop,IVuil” + 3u; j#ﬂh):>k£
14 ) > ki,2,
; [ 3B, Yi

where £,> denotes the optimal value £ for 8 = r?. Coming back to the previous equation and using

T

Lemma 3.4, we conclude that

d (Jl(r)"'Jk(V)

7y log 2k

and, integrating, the thesis follows. (]

) > 2r—k(z,2 —0) > —2kCr /2

4. Construction of equivariant solutions

For an admissible triplet (k, G, k), we prove the existence of a (G, h)-equivariant solution to (1-1) with k
components. We partially follow the method introduced in [Berestycki et al. 2013b], which consists in
two steps:

« firstly, we prove the existence of a sequence of (G, h)-equivariant solutions Vg, defined in balls of
increasing radii R — +00;

« secondly, we show that this sequence converges locally uniformly in RV to a nontrivial solution.

With respect to [Berestycki et al. 2013b], we modify the construction conveniently choosing R from the
beginning; this substantially simplifies the proof of the convergence of {Vy}, and we refer to Remark 4.4
for more details. Finally, in the last part of the proof we characterize the growth of the solution using the
Alt—Caffarelli-Friedman monotonicity formula for (G, h)-equivariant solutions.

By Lemma 3.1, we know that the optimal value ¢ (see (1-5)) is achieved by a nonnegative (G, h)-
equivariant function ¢ € H'(SV~!, R¥). Differently from the previous section, we take

k
21 2
22— E 2 _1. 4-1
/;Nl Y k i=1 /§N1 vi (&

This choice is possible, since the minimum problem for £ is invariant under scaling of type ¢t > f¢
with ¢ € R, and simplifies some computations.

Lemma 4.1. For any B > 0 there exists a (G, h)-equivariant solution {Ug} to the problem
AUip=BUigY ;. Uiy in B,
Uipg>0 in By,
Uip =g on 3B, = SN
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Moreover,
(1) Uig(0)=U;p0) foralli, j=1,...,kand B > 0;
(ii) letting

k
EW)= | Y IVUP+p) UU;.

By i<j

the uniform estimate Eg(Ug) < € holds;,

(iii) there exists a Lipschitz continuous function 0 # Us, such that, up to a subsequence, Ug — Uy in
CO%(By) for every a € (0, 1) and in Hll)c(Bl).

Proof. 1t is not difficult to check that the functional £4 admits a minimizer Up in the H'-weakly closed
set of the (G, h)-equivariant functions in H 1(By, RF) with the prescribed boundary conditions. The fact
that this minimizer solves the Euler—Lagrange equation is a consequence of Palais’ principle of symmetric
criticality. Property (i) follows straightforwardly by the equivariance (recall Remark 1.2). Concerning
property (ii), we introduce the £-homogeneous extension of ¢, defined by
RETY X
o) = lel'v(77)
By minimality, £g(Up) < Eg(¢), so that it remains to check that £g(¢) < €. At first, since ¢; is an
eigenfunction of —Ag on {¢; > 0} associated to the eigenvalue £(¢ + N — 2), the function ¢; is harmonic

in {¢; > 0}. Furthermore, by definition,
>, e=
9B,

i

for every i. Therefore, using the Euler formula for homogeneous functions, we deduce that

o=y [vaP=Y [ wer=>[  gas=t> [ o g-
g Xl: By Xl: {¢:>0}NB, XI: 0B1N{¢; >0} Xl: 9B1N{¢; >0}

It remains to prove (iii). By (ii) and the boundary conditions, the sequence {Ug} is bounded in H Y(By),
and hence it converges weakly to some limit U,,. By compactness of the trace operator, Uy, % 0. All the
functions Ug are nonnegative, subharmonic and have the same boundary conditions, and hence by the
maximum principle they are uniformly bounded in L*°(B;). This, as recalled in Section 2, implies the
thesis. (]

We plan to use the solutions of Lemma 4.1 in order to construct entire solutions to (1-1). Our method
is based on a simple blow-up argument. For a positive radius rg to be determined, we introduce

Vi p(x) i= B2rgU; p(rpx).
By definition, Vg solves

2 .
AVip=VipD_Vig in Bin
j#

A convenient choice of rg is suggested by the following statement.
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Lemma 4.2. For any fixed B > 1 there exists a unique rg > 0 such that

2
[ v
B iz
Moreover rg — 0, and consequently By, — RY, in the sense that for any compact K C RN we have
K € By, provided B is sufficiently large.
Proof. We have to find rg > 0 such that ,BréH (Ug, rg) = 1. The strict monotonicity of H(Ug, -) (see
Section 2) implies the strict monotonicity of the continuous function r — pr>H (U, 8, 7). By regularity,
for any fixed 8,
2

- 1/ ZUfﬂ_ﬁhmﬁ ZUfﬂ(O)

’11

lim ,BrzH(Uﬁ, r)=lim

and, by the normalization (4-1), BH (Ug, 1) = B > 1. This proves existence and uniqueness of rg. If, by
contradiction, rg > ¥ > 0, then by Lemma 4.1(iii) and the monotonicity of H(Ug, -) we would have

lOO_ ’

1= BrzH(Ug.rp) > Br*H(Ug.

B =1
which gives a contradiction for 8 > 1/C. In order to bound from below the second-to-last term, we recall
that since 0 £ Uy, we have H(Uy, ) #0 for all 0 < r < 1 (see Section 2). |

Lemma 4.3. Up to a subsequence, Vg — V in Cﬁ)C(RN), and V is an entire (G, h)-equivariant solution
of (1-1) with N(V,r) < £ for everyr > Q.

Proof. Since Eg(Ug) < € and H(Ug, 1) = 1, by scaling and using the monotonicity of the Almgren
quotient we have

&)

N(Vs,r) < N(Vﬂ, %) =NUs, 1) < HULT) S

(4-2)

forevery 0 <r < 1/rg, B> 0. Now let r > 0; then, for B sufficiently large,

d 2 2 22 o 28 2 / 21,2
—log H(Vg,r) ==N N+ ———7—— E Vove < —|— E Vave.
dr Og ( P r) r ﬂ(vﬁ r) I"N_lli(lﬂ,r) /;ri<j l rN_l]i(lﬂ’r) B, i<j l !

Integrating the inequality for r € (1, R), and recalling (2-2), we infer that
H(Vg, R)

R2¢
independently of 8. By subharmonicity and standard elliptic estimates, we deduce that Vg converges

<H(Vg, e =e* forall R>1, (4-3)

in C?(Bg) to some limit V&, and since R has been chosen arbitrarily, a diagonal selection gives convergence
to an entire limit V, which is clearly (G, h)-equivariant. Since V solves (1-1) and
k
/331 121: Vfﬂ =1 and Vi.p(0) =V; (0) forall i, j

(see Lemmas 4.1 and 4.2), all the components of V are nontrivial, and hence nonconstant. [l
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We now show that the growth rate of the solution is exactly equal to £. In light of the upper bound on
the Almgren quotient proved in the previous lemma, this is a consequence of Theorem 1.4.

Proof of Theorem 1.4. Let us assume by contradiction that there exists a (G, h)-equivariant solution V
with growth rate less than £ — ¢ for some ¢ > 0. By monotonicity it results N(V,r) < N(V, +o00) <{l—¢
for every r > 0. We consider the blow-down sequence

Vr(x) = V(Rx).

1
~VH(V,R)

By Theorem 1.4 in [Soave and Terracini 2015], it converges in CIOO’“

C

(RM) to a limit W, which is segregated,
nonnegative, homogeneous with homogeneity degree 6 := N(V, +00) < ¢ — ¢, and such that AW; =0
in {W; > 0}. The uniform convergence entails the (G, h)-equivariance, and hence the trace w of W on the
sphere SV ! is an admissible competitor for ¢, in the sense that £ < I, (@) (I is defined in Lemma 3.1).
The value I, (@) can be computed explicitly; indeed, by harmonicity, homogeneity and symmetry, w;
is an eigenfunction of the Laplace—Beltrami operator —A, on a subdomain of S¥~!, associated to the
eigenvalue (8 + N — 2). This, by definition, implies that /(W) = § < £, in contradiction with the
minimality of £. O

So far we proved the existence of a (G, h)-equivariant solution having growth rate £ in the weak sense
of (2-3). It remains to show that the stronger condition (1-6) holds. First we make the following remark.

Remark 4.4. Both Theorem 1.3 and [Berestycki et al. 2013b, Theorem 1.6] are based upon the same
two-step procedure: construction of solutions in balls Bg of increasing radius, and passage to the limit
as R — 4o00. The main difference is in the fact that while in [Berestycki et al. 2013b] the authors
prescribed the value of the functions on the boundary 0Bg, we prescribed the value on dBj, conveniently

choosing rg. This permits us to greatly simplify the proof of the convergence, since by the doubling

2
loc

sequence. In [Berestycki et al. 2013b, page 123], this compactness is proved in a different way, using fine

property (4-3) the normalization on 3B is enough to have C2 _(R")-convergence of our approximating

tools such as Proposition 5.7 therein, which seems difficult to generalize to higher dimensions.

Lemma 4.5. We have |
lim — H(V,r) € (0, +00).

r—>0o0 ]"26

Proof. 1t is easy to prove that the limit exists and it is less than 1. Indeed

d , HV.r) HV.,r) 20 2
Iy log — _H(V’r)—T_r(N(V,r)—E)go,

and by construction H(V, 1) = 1. Letting
. HV,r)
L= lim =5
we are left to show that L > 0. Recalling that N(V, +00) = £, we have

E H 1 E
L= tim (EYD) . g HVon Ly e BV
r2t r—+o0 E(V ., r) { r—oo r2t

’
r—0o0
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and the thesis follows if

. . EWV,r)+HV,r)
lim inf >

r—>0o0 ]"2‘6

0.

To this aim, we note that with computations analogous to those in [Soave and Zilio 2016, conclusion of
the proof of Theorem 1.5] we can prove that

1
E(V,ry+H(V, C 1 13
: r)rzz ( r)zrTe(h(r)---Jk<r>>1/"=C(m11<r>--.1k(r)>,

where the integrals J; are evaluated for the function V. Since V is a (G, h)-equivariant solution of (1-1),
we are in position to apply the Alt—Caffarelli-Friedman monotonicity formula of Proposition 1.5, whence
EV,r)+H(V,r)

720
for every r > 1. O

—12

> C( (1) Je(1) 7*eC" > ce”
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TIME-PERIODIC APPROXIMATIONS OF THE EULER-POISSON SYSTEM
NEAR LANE-EMDEN STARS

JUHI JANG

We show a long-time validity of the time-periodic linear approximations to the gravitational Euler—
Poisson system near Lane—-Emden equilibria for all relevant adiabatic exponents. To prove the result, we
reformulate the problem in Lagrangian coordinates and use the weighted energy estimates together with
Hardy inequalities.

1. Introduction and formulation

One of the simplest fundamental hydrodynamical models for describing the motion of self-gravitating
Newtonian inviscid gaseous stars is the compressible Euler—Poisson equations:

8l10 +V * (,Ou) :0’
pu+u-Vu)+Vp=—pVo, (1-1)
AD =4mp,

where (¢, x) € Ry x R? and p, u and p denote respectively the density, velocity and pressure of gas.
® is the gravitational potential and it is related to the gas through the Poisson equation. We consider
polytropic gases with equation of state given by

p =Ko, (1-2)

where K is an entropy constant and y > 1 is the adiabatic gas exponent. There are many interesting
works available on the Euler—Poisson system (1-1); for instance, see [Luo et al. 2014; Makino and Ukai
1987; Nishida 1986] for the existence theory, [Makino 1992] for a nonexistence result and blowup, and
[Deng et al. 2002; Jang 2008; 2014; Luo and Smoller 2008; 2009; Rein 2003] for the stability and
instability theory. However, some important questions are still waiting to be answered. In this paper, we
are interested in long-time radial solutions to (1-1) around the Lane—-Emden equilibrium stars.
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for Advanced Study through the NSF grant DMS-1128155.
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The spherically symmetric solutions to the system (1-1)— p(¢, x) = p(¢t,r) and u(¢t, x) =u(t,r)x/r,
where r = |x| — satisfy the equations

1 2
10[ + "_2(” pu)l’ =O7

(1-3)
47 !
pu; + puu, + p, + _2,0/ ps2ds =0.
r 0
Static solutions (pg(r), ug = 0) of (1-3) satisfy the ordinary differential equation

d 4 "

ap | h ,os2 ds =0, (1-4)

dr r2 Jo

which can be transformed into the famous Lane—-Emden equation [Chandrasekhar 1938]. Nonnegative
solutions of (1-4) can be characterized according to y as follows [Chandrasekhar 1938; Lin 1997]:
Letting M(p) = f 47s%p(s) ds be the total mass of a star, if y > g and M > 0 then there exists at
least one compactly supported solution p such that M (p) = M. For y > ‘3‘, every solution is compactly
supported and unique. If y = g and M > 0, there is a unique solution p with infinite support. If 1 <y < g,
there are no stationary solutions with finite total mass. The compactly supported equilibria for g <y<?2
are called the Lane—Emden stars; see also Section 1B.

It is well known [Chandrasekhar 1938; Lin 1997] that the boundary behavior of compactly supported
Lane-Emden solutions is characterized as follows:

p(r) ~(R=r)/=Y" for r ~R. (1-5)

This boundary behavior is often referred to as physical vacuum [Liu and Yang 2000]. As far as the
full dynamics of compressible flows involving physical vacuum is concerned, the degeneracy and the
interaction with nonlinearity make the analysis nontrivial. Despite its physical importance, even local-in-
time well-posedness of compressible Euler equations in the presence of physical vacuum was established
only recently [Coutand and Shkoller 2012; Jang and Masmoudi 2009; 2015]. For more discussion on
physical vacuum, we refer to [Jang and Masmoudi 2011] and for other problems involving vacuum see
[Jang and Masmoudi 2012; Liu 1996; Liu and Yang 1997; Makino et al. 1986; Sideris 2014].

The goal of this article is to investigate a detailed structure of the solutions to (1-3) near the compactly
supported Lane—Emden stars beyond the local existence. More specifically, we will construct the time-
periodic linearized solutions and show the validity of such linear approximations in the fully nonlinear
setting for large times for all g < y < 2. To this end, we will first introduce suitable Lagrangian
coordinates in accordance with the recent advancement of physical vacuum, and formulate the problem
in such Lagrangian coordinates.

1A. Lagrangian coordinates. Let 1(t, x) be the position of the gas particle x at time ¢, so that
n:=u(t,n,x)) fort >0 and n(0,x)=rny in Q. (1-6)

Here Q is a compact smooth domain and ng : 2 —  is a diffeomorphism with positive Jacobian
determinant. For the purpose of this article, we take €2 as a ball, which corresponds to the support of a
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Lane—Emden solution and the initial density. Our choice of 7y will depend on the initial density profile
and in fact, in our setup, the identity map will correspond to the equilibrium state. The following are the
Lagrangian quantities:

v(t,x)=u(t,n(, x), o, x)=pt, i x), WY, x)=>tn@,x)),
A= (Dn)~ !, J =det Dn, a=JA.

We use Einstein’s summation convention and the notation F,; to denote the k-th partial derivative of F.
In this subsection, we use i, j, k, [, r, s to denote 1, 2, 3. The Euler—Poisson equations (1-1) read as

Ql‘—i_QAljvi’j =07
ovl + KANo? = —0AYW,; (1-7)
AR (AN, ) = 4mo.

Since J, = J A{ v, j we find that oJ = p(0)J(0) = pj, det Dng, where pj, is a given initial density
function. For pj, exhibiting the same boundary behavior as p such that pi,/p is a smooth positive
function, we choose 7 so that

0J = pindet Do = p, (1-8)

where p is the equilibrium density profile of the Lane-Emden star given by (1-4). Existence of such
an no follows from the Dacorogna—Moser theorem [1990].
By using the relation Af.‘ =J _laf‘, we see that the system (1-7) is reduced to

P, + Kaf (7 77 ) = —pAf Wy,

AR, ) =4 pd (1-9)
along with
=0, (1-10)
Now we introduce the equilibrium enthalpy
w=Kpr (1-11)

We will work with the enthalpy w rather than the density p, since w behaves like a distance function
near the boundary regardless of the values of y under the physical vacuum condition (1-5). This w will
be treated as the weight function. By using the Piola identity af .k = 0, we see that the system (1-9) takes

the form
wvl 4 (w' T AR Ve = AR
ARAN ) = 4K w T, (-2
where
o= (1-13)
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Here o has been introduced for notational convenience. We will use both @ and y, which are related
through (1-13), in the equations and the estimates throughout the article. For instance, the range of the
adiabatic exponents of our interest reads in terms of « as

g<y<2<:> l<a<5.

For the spherically symmetric Euler—Poisson flows, it is convenient to introduce the expansion and
contraction variable £ as

n(t, x) =&, r)x, (1-14)

where r = |x|. Since 1, = & x = v, we have v(¢, r) = r &. Since 3; = (x'/r)d,, we can write

J=82E+&r and (Dp)' =11 S

L (yixd 1-15
e T terenr ) (-15)

and hence Af.‘ is given by
= % _ & (1-16)
§ EE+&D
Now, for spherically symmetric functions, the gradient Ai.‘ak is given by
.

Al =—""—0,
r§+é&r)

and the Laplacian Afak (Aﬁ dy) is given by

I &r)
ARo (Ald)) = a,( a,).
S R A P vt P

Thus the Poisson equation in (1-12) for spherically symmetric flows takes the form

1 < (SF)Z ) —a, o 7—1
9, W, ) =dr K *w " (1-17)
(S+Srr)($r)2 E+&r

Based on (1-14), (1-23) and (1-16), we see that the momentum equation in (1-12) for spherically sym-
metric flows can be written as an equation for &:

wOl

— VY
r +&r)

for t > 0 and 0 <r < R, where R is the radius of the Lane—Emden star. We remark that no boundary

2
uﬂ&r+%ﬁmw“ﬂ@%s+am»ﬂ)+ =0 (1-18)

conditions are necessary to construct smooth solutions for (1-18) due to the degenerate weights [Coutand
and Shkoller 2012; Jang and Masmoudi 2015]. More detail on the Lagrangian formulation described in
the above can be found in [Jang 2014].

Note that from (1-17) the potential term can be also written as

o o r
w w 4 w
w*s? ds =

o
L VL i / Fdx.
rE+&r) T g3 Jy K £2r3 Jpo.r
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This potential term has the right weight w* and it is of lower order with respect to the differential
structure. It looks harmless. However, the potential term plays an important role in the stability theory,
as shown in [Jang 2014; Rein 2003]. Not surprisingly, we will show that it also has an impact on the
validity time of the time-periodic linear approximations.

1B. Lane—Emden star configuration in the Lagrangian formulation. In this subsection, we will iden-
tify the Lane—Emden stars satisfying (1-4) in our Langrangian formulation. The static equilibria of the
Euler—Poisson system under spherical symmetry governed by (1-18) can be found by setting £ = 1. It is
clear that w satisfies the ordinary differential equation

1 1+ w* (" 4n 2
;8r(w a)+r_3/(; ﬁwas dSZO, (1-19)
or equivalently
2 4 o
wrr—l-;wr—l—mw =0. (1—20)

This is the so-called Lane—-Emden equation, which has been studied extensively. In particular, we recall
the well-known existence result from [Chandrasekhar 1938; Lin 1997]: supplemented with the normal-
ized boundary conditions

w0)=1 and w,(0)=0

for a given finite total mass M, there exist a ball-type solution w to the Lane—Emden equation (1-20)
and a finite radius R when 1 < @ < 5, or equivalently g <y <2,suchthat ) w>0for0O<r <R
and w(R) = 0; (ii) —oo < w, < 0 for 0 < r < R; (iii) w satisfies the physical vacuum condition (1-5).
The Lane—Emden configuration w enjoys better regularity. The regularity results of w are summarized
in Section 2A.

We next write (1-18) in a perturbation form around the equilibrium state given by £ =1 and &, = 0.
Letting £ =1+ ¢ with || < 1, we obtain the equation for ¢ as

(14¢)? w® " 47

o2
————— | —w%%ds=0. (1-21
TENILEN A Th (-2

w* &y +

(WL + A+ +5r)) +

1C. ¢ formulation. We further introduce a variable ¢ whose equation displays a better structure for
the pressure gradient term in our coordinates. Let

v=0+0+ 500 (1-22)
Then, since dv//d¢ = 1+ 2¢ 4+ ¢% > 0, by the inverse function theorem ¢ = ¢ () can be regarded as a
smooth function of vr. Notice that

1 1
J=+0% A+ +gn =1+ (P +2+50)), =14 507, (1-23)

and

__ W S R
(1+¢)2 TTA402 (403

9] (1-24)
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Thus (1-21) can be written in terms of ¥ as

o4 ) v
w-r 11[’11‘ 2wr WI +r3ar<w]+a((l+lz(r3w)r> _1))
r

+0% (1407
+ 1=d+oy 2 wr /r 4—7-[w°‘s2 ds =0. (1-25)
(1+0)* o K
Notice that (1-25) relies on the Lane—Emden equation (1-19).
Throughout the paper, we will use 2f 3 95 to denote that 2{ < C*B for a generic constant C > 0. We
will use big O notation to describe the leading order of small quantities.

2. Time-periodic linearized solutions and main result

In this section, we study the linearized Euler—Poisson system around compactly supported Lane—Emden
stars for g <y <2(.e., 1 <a<)5). We will first derive the linearized equation of (1-25). Notice that
by Taylor’s theorem, for sufficiently small i, the nonlinear pressure term in (1-25) can be written as

15 _y_ YV 3
1+r—2(r V), —l—r—z(r V), +h, 2-1)

where £ is a smooth function of (1/r?)(r*y), and h = O(|(1/r®)(r*¥), |2) Also, the ¢-related part of
the last term in (1-25) can be written as
1= +0)*  —4r—62—-43—¢*  —4y-20° -3 ¢
a+0% (14)* B (14

where f is a smooth function of ¢ (and hence ¥) and f = O(|¢|*) = O(|y|?) due to (1-22).
Then the linearized equation of (1-25) reads as

=—4y + f, (2-2)

1
wertyy, — yro, (w1+°‘r—2(r31ﬁ)r> +4r30, (w' )y =0, (2-3)

where we have used (1-19). We will denote the last two terms by L. A simple computation shows that

Ly =—yr’d, (w1+“rlz(r3lﬁ),) +4r79, (w' )y
= —y "ty + (@4 =3y)r’e 'ty 2-4)
The associated eigenvalue problem is given by
Ly = aw*rty. (2-5)

Then L is self-adjoint and hence X is real. In fact, this eigenvalue problem was considered by Eddington
[1918] to explain the luminosity variations of the Cepheid variables and Beyer [1995] studied the spec-
trum for L in L2((0, R), dr), which consists of simple eigenvalues A <--- <A, <Ay <---— 00. See
also Proposition 1 in [Makino 2015]. We recall that in [Lin 1997], the stability criterion was introduced
based on the eigenvalues: w* (~p) is called neutrally stable if A > O for all eigenvalues A and unstable if
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A < 0 for some eigenvalue A, and it was shown that w® (~p) is unstable forany 3 <« <5 (g <y < %)

and stable for 1 <o <3 (% <y < 2) in the mass Lagrangian framework. In particular, for 1 <o <3
(3 <y <2), the least eigenvalue A, is positive.
Now fix a positive eigenvalue A = A, for some A, > 0 and an associated eigenfunction ¥ = W(r)
of L:
LY = w’rty. (2-6)

We take W that is bounded near both » ~ 0 and r ~ R, in particular W € H, where H is a Hilbert space
with the norm

R R
||\IJ||31 E/ u)lJrO‘r“(\l-’,)2 dr-i—/ wrrtw? dr.
0 0

For more discussion on the existence of such W, see [Makino 2015]. Then, for a given constant 6,
Wi(t, 1) := sin(v/At 4 6) W (r) (2-7)
is a time-periodic solution to the linearized equation (2-3).

2A. The behavior of ¥ near the origin and near the boundary. Notice that W satisfies
A rtW = —y (w' ) + (4 = 3y) ('t P, (2-8)

We can deduce the regularity of W from (2-8) based on the behavior of the Lane—Emden solution w. In
what follows, we summarize the results from [Jang 2014] regarding w and W.

Lemma 2.1 (regularity of w). Let 1 <« <5 be given and let w be a ball-type solution to the Lane—Emden
equation (1-20). Then:

(1) w is analytic near the origin. Moreover,
wr)=1-brr+0@¢", r~0,

for some positive constant b > 0. Also, (8,2]‘“ w)(0) = 0 for any nonnegative integer k > 0.

(2) Bﬁw is uniformly bounded on (0, R) for each 0 <i < o + 2 and also w(k_n/zaf“w is uniformly
bounded on (0, R) for each 1 <k <2« + 1. In addition, w enjoys the integral regularity
R
f w"””r4|8,j+1w|2 dr <o
0
foreach0 < j <3a+3.

Lemma 2.2. Let V € H be the solution to (2-8). WV is analytic at r = 0 and, moreover, ¥ = a + O (r)

around the origin, where a is a constant.
Lemma 2.3. Let V be the solution to (2-8) in H. Then:
(1) V has the following integrability: for any 0 < 8 < «,

R R
/ wPriw? qr —I—/ w! TP WY dr < 0.
0 0
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Moreover, for any 7 > 1, &
/ wrt? dr < co.
0

(2) W has the following regularity: for 1 <k <20 +1,
R
/ w4 @2 dr < oo,
0

The proofs of Lemmas 2.1, 2.2 and 2.3 can be found in [Jang 2014]. Based on the above lemmas, we
deduce that W belongs to the function spaces of interest to us, namely it has a finite total initial energy
for 1 <a < 5;see (2-12) and (2-14).

2B. Main result. We are interested in solutions (v, ¥;) of (1-25) with the form

Yt r;€) =ey(t,r) +e2p(t, r; €), (2-9)

where y is a time-periodic linearized solution given in (2-7) and € is a small positive parameter. For
given initial data for (¢, &;)|;=0 or (i, ¥;)|;—0 having a finite energy via (2-14), we can construct local-
in-time solutions to (1-21) and hence to (1-25) for 0 < ¢ < T, where T is independent of €, by the local
existence theory [Coutand and Shkoller 2012; Jang and Masmoudi 2015; Luo et al. 2014]. We can set
e2p(t,r;€) ==Y (t,r; €) — ey (t, r) to deduce that €2¢ is bounded in the corresponding energy norm.
However, ¢ could be very large when € is small. Our aim is to show that this does not happen, namely
¢ is bounded for all sufficiently small € for all 0 < ¢t < T. In order to establish |¢|| = O(1), we will
derive the uniform-in-€ estimates of ¢. Let us first derive the equation for ¢.

Plugging the ansatz (2-9) into (1-25), using the fact that | solves (2-3), and also using (2-2), we
obtain

wrten w“r“(wl)n( 1 _1)_2w“r4|(w1)t+e<pt|2
(1+¢)* ¢ 1+ (1+¢)

3

1 r 1
+ r—za, <w1+“ ((1 + ey + Ezgo))r) -1+ )/—2(”36‘//1)r))
€ r r
f

— 4w rt® (g + w'rte(r) = =0,
€
where @ (r) is the prescribed function defined by
1 / 4 (w'*9),

— a2 _
d>(r)=r—3 —awsds—

Wy
=—(1 —. 2-10
o K rw® (I+0) r ( )

Notice that @ (r) > 0 for each 0 < r < R. By further using (¥1);; = —Ay; as well as (2-2), we arrive at

wa’A‘/’n f 2war4|(¢1)z +€(/’t|2
+ Awry? + dhewr? —awrtyn L —
dr0° (U Vi V1 . A1)
r’ I4a 15 2 - 1 5
+ o (w (14 5 E +E20), ) — 1y 5@y,
€ r r
— 4w rtd(r)p + wrtd (r) S 0. (2-11)

€2
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We are concerned with the behavior of (¢, ¢;)(¢, r; €), the solutions of the initial value problem
of (2-11) with given initial data (¢, ¢;)(0, r; €) = (¢o(r), ¢1(r)). We remark that the appearance of € in
the denominator of the first and third lines in (2-11) is not harmful because f = f ()= 0|y 1) =0(€?).
For the second line in (2-11) involving the second-order differential operator, at least formally, it is of
order 1 with respect to €. To make it rigorous, it needs to be treated very carefully. Notice that we have
not decomposed it into the linear and nonlinear parts yet.

Motivated by the work on physical vacuum [Jang 2014; Jang and Masmoudi 2009; 2015], we consider
the weighted energy norms: for j > k >0,

R R R
g/‘,kE/ a+k 4|8’ kak%l dr+/ I+a+k 4|3J kak(ﬂrl dr—i—/ a+k 4|aJ kak(p| dr
0 0 0

=EF L Bk L B (2-12)
Notice that the following relations hold:
ENN =&Y for j=k=1, G ="M for j=1,j=k>0. (2-13)
We define the total energy & by
4 j
En=>_ > &, (2-14)
j=0 k=0

where [¢] = max{N € Z: N <a},sothat 0 <« —[a] < 1.
We also introduce the energy space

[a]+4

[oz+5
Za={(§0o 1) Z/ “rf10fgol? dr + Z/ “Eriofe dr<oo}

We are now ready to state our main result.

Theorem 2.4. For given initial data (¢g, ¢1) € Z, independent of €, let (¢, ¢;) = (@, ;) (t, r; €) be the
solution of (2-11) with finite total energy for 0 <t < T satisfying (¢, ¢;)(0, r; €) = (po(r), ¢1(r)). Then,
ifl<a<3 (A—L <y < 2) there exists an €g = O(1/T) > 0 such that supy_,r Et) = 0(1) for all
O<e<ep,and,if 3<a <5 ( <y < ) there exists an €g = O(1/e“T) > 0 for some constant k > 0
such that supy_, 1 Et)y=0() forall 0 < e < €.

As a direct consequence of Theorem 2.4, we have ||y —eyr|z = O (€?), which asserts the validity
of the time-periodic linear approximations 1r; defined in (2-7) for the nonlinear solutions ¥ to (1-25)
having the form of (2-9). In fact, Theorem 2.4 recasts a recent work by Makino [2015], in which the
time-periodic linear approximations were shown for y for which y/(y — 1) is an integer and g <y <2
in a suitable weighted Sobolev space. More importantly, our theorem covers all the relevant exponents y
and it answers an open problem proposed in [Makino 2015]. We take a different approach: while in
[Makino 2015], the Nash—Moser—Hamilton theory was used to prove the result, we use the weighted
energy estimates that have been proven to be useful to study physical vacuum states of compressible
flows [Coutand and Shkoller 2012; Jang and Masmoudi 2015].
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The energy inequalities obtained in this article yield a rather concrete upper bound for the total energy
involving €, which gives an estimate for an upper bound for ¢ as stated in the theorem. It is noteworthy
to observe the qualitative difference on the upper bound €y between % <y < 2and % <y < %. We
recall that ‘3—‘ < y < 2 corresponds to the stability regime of Lane—Emden stars and g <y < ‘3—‘ to the
instability regime [Deng et al. 2002; Jang 2008; 2014; Lin 1997; Rein 2003]. Our result indicates that for
a given large time 7', a small expansion (approximation) parameter € in the instability regime needs to be
taken much smaller than the € in the stability regime in order to guarantee the validity of the expansion
(approximation) ansatz (2-9). Even if the same A > 0 is allowed to be chosen in (2-7), the set of small
parameters € to hold up the validity of such linear approximations could be very different depending on
the value of the adiabatic exponent y. Of course, this comparison and characterization deduced from the
energy inequalities may not be optimal.

The estimates of ¢ obtained in the subsequent sections can be used to establish the existence of the
solutions i to (1-25) of the form (2-9) with the corresponding initial data of the same expansion form
having a finite total energy. We will not pursue this direction in detail in this article, but will make one
comment. In this perspective, one can fix a small parameter € first and then derive a lower bound on
T = T (e) that guarantees the existence of the solutions. Then Theorem 2.4 implies that 7 = O(1/¢) for
y > ;—‘ and T = O(In(1/¢)) for g <y < ‘3—‘. We observe that the lifespan of the solutions having finite total
energy for a given small € > 0 may depend on whether y falls into the stability regime or not. Again,
this comparison may not be optimal; it would be an interesting problem to study the optimality of such
lower bounds.

We can also consider the limit of € — 0 and the convergence rate. Note that a maximal time 7 of the
convergence of ¥ to 0 (0 corresponds to the Lane—-Emden stars) goes to infinity as € — 0, namely the
convergence to the equilibrium becomes global. And the rate of convergence may depend on whether
the value of y is in the stability regime or not. It is interesting to point out that a similar question was
studied in a completely different context, Hilbert expansion from the Boltzmann theory [Guo et al. 2010;
Guo and Jang 2010].

Finally, we remark that by no means does Theorem 2.4 imply a stability result in the usual sense, but it
gives a set of initial data having the form (2-9) of which evolutions for later times stay in the same form.
In particular, it was shown in [Jang 2014] that for g <y < % there exists a family of initial data for (1-21)
leading to a nonlinear instability for the Lane—Emden equilibrium and thus there’s no hope to show the
stability result for general initial data. On the other hand, for y > ‘3—‘, [Rein 2003] gives a nonlinear
stability result based on a variational approach. However, the result of [Rein 2003] is conditional, in that
the existence of the desired solutions was assumed without a proof. It still remains an interesting open
problem to prove a complete stability result for the Euler—Poisson system for y > % and we hope that
this work provides interesting evidence towards a satisfactory stability theory.

The rest of the paper will be devoted to the proof of Theorem 2.4. The proof consists of three parts.
First we give the L° bounds of functions in terms of our energy norms (2-12) by using Hardy inequalities.
Then we derive the energy inequalities for nonlinear instant energies (4-1) by the weighed energy method.
The estimates of the total energy involving spatial and mixed derivatives are obtained by elliptic estimates.
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The embedding results will be used to close the weighted energy estimates as well as the elliptic estimates
for the solutions of (2-11). The final step of the proof, solving differential inequalities, will be given in
Section 7.

3. L* bounds and embeddings

The goal of this section is to derive the L° bounds of ¢ and its derivatives with suitable weights by using
the energy norms introduced in (2-12) and (2-14). To this end, we will utilize the Hardy inequalities and
embedding inequalities.

3A. Hardy inequalities. We recall the following version of the Hardy inequality:

Lemma 3.1 (Hardy inequality). Let k > 1 be a given real number and let g be a function satisfying
fol sK(g? + ¢g'?) ds < oo. Then we have

1 1
/ s*2g%ds 3 f sk (g* +1¢'1%) ds.
0 0

For the proof of Lemma 3.1, we refer to [Kufner et al. 2007]. Since our energies involve different
weights near the origin and near the boundary, we will utilize the localized version of the above Hardy
inequalities as in [Jang 2014]. We begin by recalling the following results:

Lemma 3.2 [Jang 2014]. (1) For any function u satisfying fO3R/4 ruy | dr + fO3R/4 rHul? dr < oo,

R/2 3R/4 3R/4
f r2|u|2dr;j/ r4|u,|2dr+/ r*ul? dr. 3-1)
0 0 0
(2) For any function u satisfying fOSR/4 rup > dr —I—f03R/4 rHuy)? dr +f03R/4 rHul? dr < oo,
R/2 3R/4 3R/4 3R/4
/ |u|2drj/ r4|u,,|2dr+/ r4|ur|2dr+/ rHul*dr. (3-2)
0 0 0 0
(3) Let a > 1 be given. For any function v satisfying f1§/4 w|v,|? dr +f1§/4 w®|v|2dr < oo,
R R R
/ w2 > dr 5/ w“|v,|2dr+/ wv| dr. (3-3)
R/2 R/4 R/4

We can now derive Hardy embedding inequalities.

Lemma 3.3. Let m be any nonnegative integer. Then

2 3R/4 m R

2, ﬁZ/ r4|afu|2dr+2f w2 5k 12 g (3-4)
— 1 Y0 _nYR/4
k=0 k=0

R R/2 R
/ Iuldr:/ |u|dr+/ lu,| dr =: (1) + (ii).
0 0 R/2

Proof. Consider
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By Holder’s inequality and (3-2), we obtain

R/2 % 3R/4 3R/4 3R/4 2
() 3 (/ |u|2dr) 3 (/ r4|u|2dr—|—/ r4|8,u|2dr+f r4|a,2u|2dr> :
0 0 0 0

For (ii), we first apply Holder’s inequality to get

R 3/ (R 3
(i) < < / wotlel dr) ( / w“_[a]lulzdr) )
R/2 R/2

Notice that f]f/z wt dr < 00, since 0 <o — [a] < 1 and w ~ R —r near r = R. We then apply the
localized Hardy inequality (3-3) to the second term repeatedly to deduce the result. (|
Lemma 3.4. Let m be any nonnegative integer. Then

m+1

3 3R/4 R
||u||goj2/ r4|afu|2dr+2/ w2 k|2 ar, (3-5)
k=0 "0 k=0 7 R/4

Proof. Notice that, since u is a function on the interval (0, R), u is bounded by the w1 norm:

R R
el é/ |u|dr+f | dr.
0 0

By applying (3-4) to each term, we obtain the desired result. U

3B. L*® bounds. A direct consequence of the above Hardy embedding inequalities is the validity of the
boundedness assumption (4-9) within our energy space.

o2 ). (G=1)/240+2 z1/2
Lemma 3.5. (1) lol + 1o + ol + D [r*Pw 0 el ZET,
g=1

where 5(q) =0 for g <[a], §(q) =1 forq =la]l+ 1, and 5§(q) =2 for g = [a] + 2.

[o]42

1 =1/2

2) el + Lo+ > 1P @O0y o) < £V,
g=1

where §(q) =0 for g <[a], 8(q) =1 forq =la]l+ 1, and 5(q) =2 for g =[a] + 2.

Proof. We will present the details for the terms
8t3g0, 0;0r, r3<2>w1/23;‘¢, rzw([“]+2)/28t[“]+38r<p.

Other terms can be treated in the same way. To see the boundedness of 3>¢, we apply (3-5) for u = 33¢
with m = [«] + 1:
[e]+2

3 3R/4 R
”ag(p”go j Z/ r4|a'{<8t3§0|2 dr + Z / wa—[d]+2[d]+2|8’{<a?¢|2 dr.
k=00 k=0 Y R/4

Then, since w is bounded from below and above on (0, %R) and r is bounded from below and above on
(%R, R), we deduce that the right-hand side is bounded by &.
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To see the boundedness of 9,0, ¢, we apply (3-5) for u = 9,0,¢ with m =[] + 2:

2 2, 3R 4yak+ln 2 & (R )20l 4 kg 12
||3r3r¢||oo§§ / ri0, " orp|T dr + E / w9 T 9, 0] < dr
k=00 o Y R/4

It is easy to see that the right-hand side is bounded by £.
For the boundedness of r*@w!/ 283 @, we divide into two cases: 2 < [a¢] <4 and [«] = 1. For the first
case, 6(2) = 0. In this case, it suffices to show the boundedness of w(8,4 ©)>. By the Sobolev embedding,

R R
lw(@9) oo 3 / w(@tp)? dr + / |(w(;'9)?),| dr.
0 0

Since w, is bounded, by using the Cauchy—Schwarz inequality,

R R
lw(@'e)? e 3 / 19}l dr + f w?19,9;} | dr.
0 0

We now apply Hardy inequalities (3-2) and (3-3) to obtain

3 (3R/4 e+l R
lw@7e)lloe 3 / r* okt dr+ ) / w9k ol 2 dr
k=070 k=0 Y R/4

3 (3R/4 e+l R
52/ rokote 1 dr + Z / w* ok ot 2 dr,
k=070 k=0 YR/4

where we have used w!**! < w®. Notice that the right-hand side is bounded by &.
When [«] = 1, we have §(2) = 1. In this case, it suffices to show that r2w(8,4<p)2 is bounded by E.
Applying Sobolev embedding, the Cauchy—Schwarz inequality and Hardy inequalities, we obtain

R R 2 R
||r2w(a;‘go)2||oo5/ |8,4go|2dr+/ r4w2|a,a;‘<p|2dr,j§ / rrw k9583 p|* dr.
0 0 0
k=0

Since [a] = 1, the right-hand side is bounded by £.

[a]+2)/2at[°‘]+3a

To prove the boundedness of 72w @, we first apply Sobolev embedding and use the

boundedness of w and w, to obtain

R
I w D250, 6o 3 / e I
0

R R
+ / rw (@221 o dr + f r2wtD2) 525113 ) gy
0 0
By Holder’s inequality,

R R
||r2w([0[]+2)/28t[0!]+3arg0||§O j / r2wa—[a]+[a] |8t[01]+3ar¢)|2 dl” +/ r4w0l—[0l]+[ol]+2|ar28t[01]+3(p|2 dr.
0 0

Notice that the second term in the right-hand side is £[***!. For the first term in the right-hand side we
apply Hardy inequalities (3-1) and (3-3) to ensure that it is bounded by £[*!+3:0 and glel+4.1, ]
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The results can be extended to other quantities involving more spatial derivatives. In the next lemma,
we present the weighted L bounds of ¢,, and its time derivatives.

Lemma 3.6. We have
[o]42

Y R @yla2g) 2 8, (3-6)
q=0

where 6(q) =0 for g <[a], §(q) =1forq=[a]+1,and é(q) =2 for g = [a] + 2.

Proof. The choice of §(q) is clear because of (3-5). We will focus on the bound near the boundary. So
we will assume that §(¢) =0 and ¢ is supported in (}‘R, R). We will use the W!! bound for the squared
quantity:

R R
L N e W CL ORI
0 0
R R R
3 fo w07 82¢9)? dr + /O w? (3] 9%p)> dr + /O w3792 8¢ dr
R R
= / w? (37 0%p)? dr + f wit2 (7 83p)? dr,
0 0

where we have used the Cauchy—Schwarz inequality and the boundedness of w. Applying the Hardy
inequality (3-3), we obtain

m+1 R
1,092 N2 242 qak+2 2
1w (3 870)*lloo 3D / w99 ) dr.
0
k=0

Choose m = [a] 42 — g. Then, since w2 Jw** and 0 <k <[a]+3 —gq,

[al4+3—q g [a]+3—¢q
1 2 2 2 4— k+2 12 cq+k+1,k+1 rad
w3 07¢) Nl 3 D fw“”* Hlela gl gt e Par 30 Y gt < O
0
k=0 k=0

Remark 3.7. The strengths of the weights appearing for 9; +2<p, o +18,(p and 9,9 in the previous
lemmas depend on the number of spatial derivatives as well as the number of time derivatives. This is
due to the energy structure of .

4. The instant energy

In this section, we will introduce the various energies and establish the equivalence of the temporal
instant energy and the total energy for (¢, ¢;).
Let T > 0 be given such that the solutions to (1-21) or (2-11) satisfy the bound

sup [(Co¥)(t, )l = sup |¢(ey(t,r)+e2pt,r)| <t forall 0<r<T.
re(0,R) re(0,R)
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For each time 0 < ¢t < T, we introduce the following instant energies and the total energy for the
solutions to the ¢ equation (2-11). The higher-order (temporal) instant energy is, for j > 0,

, R 4197 0,12 R I+a j—y-1 38]' 2 R )
£l E/ Wil e dr—i—/ y 2 70 )] dr—a(y)/ 4w rt o (r)|3] o dr, (4-1)
0 0 0

1+ 2
where J was defined in (1-23), and a(y) =1 for y > ‘3—‘ and a(y) = 0 otherwise. The total instant energy
is
[a]+4

) = Z gl ). (4-2)

j=0

A simple computation shows — see also the equivalent expressions for L in (2-4) —

—r9, (w”“%(r%/f)r) = —(w'*ry,), =317, (' Y. 4-3)

Multiply this identity by ¥ and integrate to obtain

R wl+a R R
f |(r31/f)r|2dr:/ w1+“r4|¢,|2dr+/ 3wertd (r)y? dr. (4-4)
0 0 0

r2

We observe that (4-4) gives another expression for the spatial part of the instant energy £/ if J = 1
throughout the domain for all time. However, it is not obvious we can guarantee the positiveness of £/
since J varies in time and radius. In the following lemma, we show the positivity of £/ and equivalence
of the homogeneous energy £/0 for all sufficiently small € > 0.

Lemma 4.1. Suppose that £ given in (2-14) is bounded for all 0 <t < T. Then we have
El=¢/+R/, (4-5)
where &/ and R/ satisfy the estimates
(1) (1+e+e2EV2HEI0 L8 X (1+e+e2EY2)EN0,
(2) [R| 2 (e +€2EV/HENY,
(3) |dR//dt| =X (e + €2EV?)EID,
for all sufficiently small € > 0.

Proof. To extract the positive part of £/, we will rewrite the spatial part similarly as in (4-4). To this end,
from (4-3) we first obtain

1
—r3, <w1+“JV1—2(r3w),> = -y,
r
=33 77wy — 377, (T T hw! Ty, (4-6)
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which in turn yields the integral identity
R, 1+a y—y—1
w T JTY
R e
0 r

R R R
:/ w1+°‘J_V_1r4|1/f,|2dr+/ 3w°‘J_V_1r4CI>(r)w2dr—/ 3,20, (J Y " Hhw! ey dr.  (4-7)
0 0 0

By using (4-7), we write £/ as &/ = &/ + R/, where

) R w(xr4|8j(pt|2 R .
¢/ :/ ————dr+ / w9l o, 2 dr
T+ o? v, 107 ¢r|

R .
+ Gy —4a(y)) / w7 A (o] ol dr.
0
) R . R .
RJ:_3y/ r38,(J_y_l)w1+“|8tj(p|2dr+4a(y)/ 7P Dwrt e (r)19] @) dr. (4-8)
0 0

Since 3y —4a(y) > 0 for all y, we now see that ¢/ is positive for all y. Moreover, by (1-23), (2-9),
Taylor expansion and Lemma 3.5, we deduce the first result, which shows that ¢/ is equivalent to £/-0.
The estimate of R/ follows similarly. Here we present the detail for the bound of dR/ /dt. We start with
the second term. The time derivative of the second term consists of the two terms

R . R : .
f IV 2L wert @ (r)19] o dr, / 7 = Dwrt® ()] 93/ ¢, dr.
0 0
Then, since ®(r) <ocand |[J 7V 72J;| Ze+€?EY/? and |J 77~ —1| 2 e +€%£'/2 by Lemmas 3.6 and 3.5,
we obtain the desired bounds in terms of £/, On the other hand, the time derivative of the first integral
of R/ consists of the two terms
R . R o
/r38r8,(17’1)w1+“|8,](p|2dr, fr3a,(171)w1+“a,f<pa;<p,dr.
0 0
By Lemmas 3.6 and 3.5, we see that |wd,d,(J 7 ~!)| 2 e +€2£!/2. Hence, by further using the localized
Hardy inequality (3-1) near the origin, we have

R . _ R . _ _.
/ r28,8,(J 7V Hw 9/ P dr| 3 (e +€2E'?) f rw®9] g2 dr 3 (e +€2EVHEID,
0 0

For the second term, we use |wd,(J 71| =< € 4+ €2E'/2 as well as the Cauchy—Schwarz inequality to
get

R . .
/r38,(J_V_1)w1+“8,J(p8thotdr

R . R .
j(e—i—ezgl/z)(/ r2w“|a,f<p|2dr+/ r4w“|a,f<p,|2dr>.
0 0 0

We apply (3-1) to the first integral to obtain the desired bound. (I

Lemma 4.1 implies that, if £ is bounded, a nonlinear instant energy £/ in (4-1) is equivalent to the
homogenous energy £/:° given in (2-12) for all sufficiently small € > 0.
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The next goal is to derive the a priori estimates for £ and £ under the assumption

[a]+2

— 2
ol + 1ol + loul + Y [P OwaD 2120 + g, + gy |
e= [al+2 [a]+2
+ Y P @Qw o g+ Y Jw VR @D 201 < M, (4-9)
q:l q:O

where M is a fixed constant. We recall that the validity of this assumption within the total energy £
was provided in Lemmas 3.5 and 3.6. The a priori estimates consist of two parts: the temporal energy
estimates for £, and the elliptic estimates to recover all other terms in &.

We start with the energy estimates of £.

5. Weighted energy estimates

This section is devoted to the proof of this proposition:

Proposition 5.1. Suppose that (¢, ;) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy & is bounded. Moreover, we assume (4-9). Then & enjoys the energy inequality
%Sj«/z—i-(l—a(y))8+(6+62M)(8+\/§x/§), (5-1)

where a(y) =1 fory > ;—‘ and a(y) = 0 otherwise, and € > 0 is small enough.

Remark 5.2. £ is positive for all sufficiently small € due to Lemma 4.1, Hence +/€ is well defined in
the right-hand side of (5-1).

Lemma 5.3 (£°). Suppose that (¢, ¢,) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy & is bounded. Moreover, we assume (4-9). Then

L g0 SVE (1 —a()E*+ (e + EMYE +E), (5-2)
where a(y) was introduced in the definition of E°.
Proof. We begin by multiplying (2-11) by ¢ and integrating over (0, R):
I 2wt ) +ecpz|2> "
¢ (1+2)7 ’

R 3 e 1, 5 Y 1,
+/ —28,(w (<1+—2(r (Y +e <p)),) —l+yS@ €W1)r>>§0zdr
0o € r r

R wrte, K ) 4 4
/ a +é_)4(p, dr—i—/ (4)»w“r Ui +4rewr Yo — Aawr oy
0 0

R R f
— / 4w’ r* @ (r)pg, dr +/ wr®(r) ¢, dr =0.
0 0 €

We denote the left-hand side by Z,f: 1 Ir.. The first term I; can be rewritten as

1d [Rwriel R wrt o2 (e(Y1)e + €2 ¢r)
=24 7 g4
2dt Jo (14+0)* o (A+2¥  (140)?
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where we have used (1-24). For I,, we use the boundedness of (/); and f = O(|ey; +€%¢|?) to deduce
that
|| 3 VEY+ €%+ €% sup g |E°.

For I35, we integrate by parts and use (2-1):

R l+a 1, 5 v I 5 3
I :_/ 2 <<1+—2(r (e +e ¢>),> At y—G exmr)(r o), dr
0 r 4

k h
=- / w! ™ (—%(r% + —2)(r3<p,)r dr
0 r €

R y 4 h 3
- _/ 1+"‘(——2J—V_1(r3§0)r +( - 1)—2(r3<ﬂ>r+—z)(’*‘ﬂf)r dr
0
4
dt

R 2 2
/ wm]yll(rcp)l dr+y(y+1)/ 1+ajy2J|(r¢;)| dr
0 r

S

r2

R R
e Y
—~ / whte g 1—1)r—2<r3<o>r(r3¢,)rdr— / w1+“€—2<r3<pt)rdr.
0

0

L I}

Since J; = 3v; + 1, = 3(e (Y1) +€2¢;) + 1 (€ (W1)sr +€2¢;,), the commutator involving J; is bounded
by (€ +€>M)E. Notice that |J 7V ~1 — 1| = O(|(1/r)(r*(ey1 +€29)),|) S € +€>M, so by the Cauchy—
Schwarz inequality we see that

131 3 e+ M) (E°+EN.

Since h = O(|(1/r3) (3 (e + €29)), |), we have

13 ZVET+ €€+ &Y + € sup|— U (p)’ & +-&h).
It is easy to see that
R
Iy = —Zi / wert® (r)e® dr (5-3)
dt J,
and also it satisfies
|14 3 E°. (5-4)

Ify > , we will use (5-3) so that 14 contributes to the energy. If y < < , then we will use the estimate (5-4),
in Wthh case the contribution of £° in the right-hand side of the energy inequality will be of order 1.
For the last term, we obtain

15| S VEO + €0+ €% sup || E°.
This finishes the proof. U

As Lemma 5.3 indicates, the right-hand side of the energy inequality involves higher-order energy
due to the nonlinearity and degeneracy, and thus the energy estimates cannot be closed at the physical
energy level £°. This motivates us to go beyond &£°.
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The time differentiation of (2-11) yields

wer? Aw*r* g, (e +e?
fuo ST CDDH D) | gty (), + rew s ()i + drewr g,

(14)* 14+¢)7
o 4 i_ o 4 ﬁ_ 4war4((‘//1)t+€¢t)((wl)tt+€§0tt)
—Aw'r (1/f1)z6 AwTryn A1)
_ 14war4((1ﬂ1)t + 6%)2(6(%% + 62‘,0[)

(14)10
r’ e gyt 13 2 L s
—y 550, (w7 (S e+ e00), ) = 5 Pewnn,
— 4w“r4d>(r)got + w“r4<1>(r)z—£ =0, (5-5

where we have substituted J for its equivalent expression given in (1-23). We next present the estimates
for £,

Lemma 5.4 (£'). Suppose that (¢, ¢,) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy £ is bounded. Moreover, we assume (4-9). Then

d

Egl SA+eMVE + 1 —a(y)E' + (e + M +e*M>)(E' +£") + eV ELIVET (5-6)

Proof. We multiply (5-5) by ¢;; and integrate it over (0, R). We denote each integral by I; for 1 <k <12.
We will estimate them term by term. /1 forms an energy plus a commutator and thus /1 + /I, can be written
as

hL+5L=

1d R wre.)? R2werdg2 (e(Y1); + €2¢r)
———dr — dr,
0 0

2dt (14¢)* 1+

where we have used (1-24). Note that the second term is bounded by (e +e2M)E! since (Y1), is bounded
and |¢;| < M due to (4-9).
I3 is a source term and it is easy to see that

[13] S VE!
due to the boundedness of ;. For 14 and Is, we apply the Cauchy—Schwarz inequality to obtain
s+ 15| S e(€+E").

In order to estimate I and I7, we recall (2-2) and that f = O (leyr; +€2¢|?). Then f/e = O (v +€p|?)
and f;/e€ = O(e(y1 4+ €9)((Y1); + €¢y)). Hence we deduce that

ol + I7] 3 eVE + (2 + M) (E2+&N).
Ig and Iy can be similarly estimated:

1] SVE + (e +E2M)(E°+ €Y and  |Io] 2 eVE 4+ (2 + M +* M) (0 + &Y.
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We next move onto /19, which will give rise to another energy term. We first rewrite the fourth line
in (5-5):

3 1 1
~y 50 (w‘*“ (J‘V“ (r—z(r%e(l/u)t + e%)),) - r—2<r3e(zm),>,))

—y—1_
=—yriy, (w”“ry—1 %(r%») —yria, (w““("y—l)riz(ﬂ(m)t)r). (5-7)

By replacing the fourth line using (5-7), we have two terms in /1o, denoted by 1110 and / 120. For I 110, we
integrate by parts to obtain a perfect time derivative plus a commutator:

R R
1 _yd a j—y—1 1, 3 y(y +1) o gy, L3
IlO_EE 0 w YT ﬁ|(r (pt)r| dr+T o w ¢J7Y J[ﬁ|(r (pt)r| dr.

Note that J; = 3, + vy, = 3(e (V1) +€2¢;) +r(e(Y1);r +€2¢;,). Thus the commutator is bounded by
(e +€*M)E". For I3, we first rewrite it as

R —y—1
J7V P —11
Iiy=—v f r3<onar(w‘*“fr—z(ﬁ(wl),)r) dr
0

R 3 —y—1
= _Vf ’"‘Qﬂtt(wHa)r
0

J —1
— G +r(Y)e) dr

K a7
+y<y+1)/0 Pt T G+ ) dr

R —y—1
J 7V -1
—y / r3<pnw1+“7<4<w1>n FrWe)dr =1 + I+ 15,
0

For 112(’)1 and 11263, we note that (J 77~ — 1)/e = —(y + (P (Y1 + €9)),)/r2 + h/e, where h =
0(‘(1’3(61//1 + ezqo))r/rz‘z), which yields [(J7Y~ 1 —1)/e€| =< 1+ eM. Then, from Hélder’s inequality
and the regularity of i1,

R 3 R i
|150’3|,5(1+6M)( f w“r“wf,dr) ( f w“+2(r2|<z/u)n|2+r4|(w1>trr|2)dr) S (14+eMVE
0 0

For 112(’)1, since |(w!'*¥),| ~ w®, we apply the Hardy inequality near the boundary. Then, from the
regularity of v/, we obtain

115" 2 (1 +eM)VEL

For 3%, we first note that J, /e = (49, +r,,)/€ = 4((¥1), +€@,) + (Y1), +€@y,). Then, from the
regularity of ¥y,

R i R
|11262|§</ w“r“so,%dr) (/ w°‘+2<r2|<w1)r|2+r“|(1/u>rr|2)dr)
0 0

R Y/ (R 3 _
—{—e(/ w“r4(p,2t dr) (/ w"‘+2(r2|gor|2—|—r4|(prr|2)dr> XA +evELHVEL
0 0

1
2
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Next, it is easy to see that
d (R
In=-27 f wrt*®(r)p?dr and || 3 EL (5-8)

If y > %, then I;; will contribute to the energy via (5-8). If y < %, then we will use the estimate (5-8),
in Wthh case the contribution of £! in the right-hand side of the energy inequality will be of order 1.
For the last term, since f;/e> = 0((1#1 +ep) (Y1) + E(pt)), we obtain

1o IVE +(e+M)(E°+EN.
This finishes the proof of the lemma. (]

Lemmas 5.3 and 5.4 give rise to the energy inequality for £ + £'. However, the right-hand side
involves M from the assumption (4-9) as well as £"!. In order to justify the assumption and to close the
estimates, we will carry out the higher-order estimates.

The equations for 3, ¢, 1 <i <[a]+4, can be written in the form

48’ i o (4 2
(pn+chjw“r43,l 019} 1( (W) +e wt))

(1 +0)* 1+¢)

i
+ 8w r* Ny (1)) + Z cojdhew®r* e, ynd] o = awrte v
=0 j=0

—Zc2]2w rroi (1) +€¢z)2)3zj(

7
€

=
(1+2¢)7

1 , )
—yrid, ('11)1+°‘J_V_1 r—z(rsat‘(p)r) - 4w°‘r4<1>(r)8t’<p

i—2

= Lerra (whea ™ a S,

j=0

L (T =1 1 :
—Zczjyﬂar(w”"a,’ j(—>r—2(”3(3z]¢1)z)r>+wr4<I>(r)——0 (5-9)

€

where ¢y, ¢2; and c3; are binomial coefficients. Notice that we have used (5-7) to write the elliptic,
spatial part.
We record the high-order energy inequalities for the solutions to (5-9):

Lemma 5.5 (£, i > 2). Suppose that (¢, ¢;) satisfy (2-11) for 0 < t < T and the corresponding total
instant energy & is bounded. Moreover, we assume (4-9). Then

%5" S (1+eM)VE +(1—a(y))E!

i J
+Z(6+62M)k251+2(6+62M)k( Z@)«/? (5-10)

j=0 k=1 j=0 1=0
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Proof. We multiply (5-9) by 9! ¢, and integrate it over (0, R). We denote each integral by Ji for 1 <k <11.
As before, we will estimate them term by term. As in the case of /; in the previous lemma, the first term
Jj forms an energy plus a commutator:

Lad [fwrtigel f 2w |3} i (e (Y1): + €201)
wrrdied”
2dt (1+§)4 0 (1+¢)

Jl dr7

where we have used (1-24). Note that the second term is bounded by (e +e2M)E since (Y1), is bounded
and |¢;| < M due to (4-9). For J,, we note that the second factor in the summation of the second term
in the first line of (5-9) has the form

€] () +€20] T o e + 0, 1<k <

thus, since |¢| < %, essentially J, consists of the following terms: foreach 1 <k < j <i,
R i it i i
f wr*dlo:d; T o (ed] T ()i + €20] @) (e () + €20 T dr
0
k j+1 k
= e/ “rolods ! T (W (e () + €20 dr
0

R
e / 40 0 0,00 K pr (e (W) + €29)* dr
0
=J, +J3. (5-11)

For le, we recall (1);; = —Ay; and hence a,f'"‘ (Y1), is a constant multiple of ¥r; or (¥1),. By further
recalling that vr; and (), are bounded and |¢,| X M, and by using the Cauchy—Schwarz inequality, we
see that

[ Se(e+eM)! g &7,

For J22, letl <j <[ ]—i—l first. Then

R o _ .
I3 | = € / w2 r29] g @I HAD2 251 g 4y G=k=D257 7K ) (e (1), + €200 L dr
0

. ‘ R >
fezsup|w(Jk1)/28t]_k<p;|(6+62M)k1\/§<f a—jtk+l 4|8' ]+1<p Izdr) .
0

2,1
‘12

By (4-9), sup|w<j—k—1>/28tj_k<pt| < M. To estimate J;"', since k > 1 we first observe that J;"' 3 &
when j=1,and J;"' < &~" when j =2. Now, when 2 < j < [£]+1 we apply the Hardy inequality (3-3)
near the boundary j — 2 times to obtain

R Jj—

| . . —— .
/ a—j+k+1 4|8’ i+ o dr<Z/ a2 -2) 4 i+ 8fgot|2d Z Fi—i+1HLI
0
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']+2§j§iwewrite

Now, for J22, when there exist i and j such that [’7

R y o
2] = €2 / W r29] g 29I gy @D 250 K o (), + o) dr
0

. . R l
< 62 Sup|w(l—j)/28;7j+l(pt|(6 +€2M)k_1 /gi(/ a—i+j 4|8J k(ptl dr) )
0

Note that sup‘ w =/ 28; ~J H(p, ’ <M due to (4-9). Let 122 2 be the integral in the last term; we apply (3-3)
i — j times to get

i—j R —J
2,2 a—i+j42(i—j) 41qi—kal 2 j—k+1,1
J 52/ w04 5T g o 2 dr 3 E: gi-

1=0 Y0 =0

We summarize the above estimates for J;:

1

i _..\2

12l 2 E, (e+e*M)* el + V& E €2M(€+€2M)k_l( 2: Sj’l).
0<l<j<i

1<k, j<i 1<k<i

Next, by using (1), = —Ar; and the boundedness of ¥; and (y),, we easily deduce that
|J5] 3 VEL

Likewise, B,i I Y1 in Jy is a constant multiple of i or (i1), and hence, by the Cauchy—Schwarz inequal-

i
el Se ) €.
j=0

To estimate J5, we observe that 8tj f/€ consists of terms like

ity, we obtain

(8! 7y + €8] ) 0k + €k )

for 0 <k < j <i. The contribution coming from a’"‘wl &y, ai_kgo a4y or a’"‘wl 3k can be
bounded by eVE +€2 Z ._o &/ The remaining nonlinear part can be controlled similarly as done for J;
by using L> bounds and Hardy inequalities. By the boundedness of J Y1, it would suffice to estimate

R ,
63/ w“r48t’(p,8tj_k(p8tk<p dr.
0

By symmetry of indices, we may assume 0 <k < [ ] If kis O or 1, then by (4-9) the integral is bounded
by €3 M (' + £/7%=1) with the understanding that £~' = £°. Suppose 2 < k < [ ] Then we get

R ‘ R ‘ )
e3f w“r48,’(p,8t]_k(p8tk<p dr = 63/ w“/era; gotw(“*k“)/zrzatj_k(pw(kfz)/zatk(p dr
0 0

R 1
;563 sup|w(k_2)/28t](g0|"5i</ oa—k+2 4|8] k(ﬂ| dl") )
0

J5
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Due to (4-9), sup|w(k_2)/ 28{‘ g0| < M. For 151, we apply the Hardy inequality (3-3) k£ — 2 times to obtain

>~

k—2 R 2
— — i—k Si—k—
J51 j Z/ wOl k+24+2(k 2)r4|8t] 8£¢|2 dr j 5.[ k 1+l,l‘
1=0 0

N
Il
o

We have derived the estimate of Js5 as
Lo o N2
|Js| SevE +e2y e +63M(Zé’f +«/§< > 51”) )
j=0 j=0 0<i<j<i-3
We next estimate Jg. First let j = 0. Then the third line of (5-9) essentially takes the following form
wrt O] (W) + 0] e OF (Wi +edf g, 0<k <i.

We may assume 0 < k < [’5] As before, it is easy to see that the contribution coming from 1, related
terms is bounded by VE te lezo &£J. The remaining nonlinear part can be controlled similarly as in
the previous case by using (4-9) and Hardy inequality:

R ‘ . k—1 B %
62/ wrtdl g9l * @ 0f pr dr 3 EMVE! ( Z S’_k”’l) .
0 1=0
Now let 1 < j <i. Then the second time-differentiated term ag’ ((14+¢)77) consists of the terms

(€] 7" (1) +€20] ") (e() i + 20", 1<m <.

The term Eatj_m(l/f] )i (€(Y1); +€%¢,)" ! is bounded by € (e +€?M)" ! and thus, by the same argument
as in the previous case, the corresponding integral in Jg is bounded by

R . . . .
e(e+ My / W (01T W) + €07 K o) 0k (w1 + €0k ) dr
0

R »
ZJele+eEMym! <\/5+ e+ + 62/ wr*dl o0, g1k, dr)
0

k—1 1
[ — 1 N — — . 2
<e(e+e2M)"! (x/5+ e(EF 47170y L EMWVE +VEi)) ( 3 gzjkw) )
1=0
where we have expanded B,i —J (((wl), + e(p,)z) and assumed k < [%(i —J )]. The last case is of the form,
forl<m<jandk <i-—j,

R
. P P P —1
€’ / w8l (9 T W) + €0 T ) (0K (). + €0k @) o] " g (e (i) + 200)" T dr,
0
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which is bounded by
R o o .
(e +e2 My / wr* i 0, T (Wi + €9 T o) OF ()i + €0f )] " gy dr
0

R o .
= 62(6 + GZM)m_1 (51 +&m +€f war4ati<ﬂt(a;_1_kfpt + 3;](§0t)atj_m‘/’t dr
0

Js

R L .
+€2/ wrtdi g8, gk oid] gy dr>,
0

I3
where we have used the boundedness of 1| and (i1);. The estimation of J6l is similar to previous
nonlinear terms. First, if m = j then it is clear that J1 SME +ETF L Soletl <m < j—1.
If 1 < j <[4]+ 1, take the supremum of w®/~"=1/ 28] “" ¢, and apply the Hardy inequality to deduce
that

j-1 1
3= M@(zgi—j—kﬂ,z +gk+l,l>2.
1=0
If [§]+2 < j <i, then take the supremum of w' =/~ D2 R g, + d¢,) when j < i, the supremum
of ¢, when j =i, and apply the Hardy inequality to obtain J} 3 M~/& (Z] | Eimi—kALl Bk, 1)1/2
By the same argument as before, we deduce that

i—j—1
Jér_jM(gl_i_gj_m_{_\/E Z j m+ll 1/2
=0

It now remains to estimate J62. Here, not only j but also k£ will matter. Let us start with 1 < j < [’5] +1.
Due to the symmetry of indices, we can assume that k < [%(i —J )]. Notice that, if m = j or k =0, then
the last factor or the third factor is bounded by M and thus this reduces to the case that has been treated
before. Let | <m < j—1land 1 <k <[1(i — j)]. We write J?Z as

R o . :
J62:/ wa/ZrZatz(ptw(a—k—j+m+2)/2r28tl—J—k(ptw(k—l)/Zatk(ptw(]—m—l)/ZatJ—m(pt dr.
0

Hence by (4-9) we first see that
R 1
J62<M2\/§</ o—k—j+m+2 4|8’ j—k ol a’r) )
0

By applying the Hardy inequality (3-3) j + k — 2 times to the last term we obtain
jHk—2 1
J62 jMZ@< Z S—i—j—k—i-l,l) _
1=0
Now let [{]+2<j<i. If j=iorj=i—1,thenk=0o0rk=1,and thus JZ 3 M*( +&/~™).
If k=0 or k=i — j, then this reduces to the previous case. So we assume [2] +2<j<i-—2and
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1 <k <i—j—1. In this case, we have

R o . -
]62:/ wa/2r28[l(ptw(z—j—k—l)/28;—j—k(ptw(k—l)/28[k(ptw(a—l+]+2)/2r28il ™ o dr
0

j—2 1

<M2\/§<lz cj— m+ll>

=0

We next move onto J7, which will contribute to the energy. Integration by parts yields

R
J7:y/ 8,(r38t'(p,)w1+°‘1_y ! (r 9, '), dr
0

_rd
)

R 1 +
d[f w1+°‘J_y_]r—2|(r38’<p)r| dr +Mf wltey=r= 2J—I(r38t</>)r| dr,
0

where the commutator is bounded by (€ + e2M)E!.
Jg satisfies
d (* Wt i 2 i
Js :_2E r’®r)|d,¢|"dr and |Jg| ZE'.
Ify > ‘3—‘, the first expression will be used, so that Jg can contribute to the energy. If y < %, then we
will use the estimation, so the contribution of £’ in the right-hand side of the energy inequality will be
of order 1.
Next, for Jg, by distributing the spatial derivative we write it as

i—2 R
. i1 ;
= c3,~/ O (w0 (Y 1>r—2<r38/<ot>rdr
. 0
j=0

R . .
+Zc3j/ a;¢tr3w1+°‘a;*“far(J—V—‘) 30/ 1), dr
. 0
+ZC3]'/ Al irw! ™o, (I (48] 9,91 + 0] 821 dr.
. 0

We denote the integrals in the above three summations by JJ, J92, 193’. We start with J91. Notice that
97" (1771 consists of 3 /" FI)(J)k for0 <k <i — j —2, where

o T =T o ) (e e 0T ). 512)

Let j+1<[1] Then |w/2(1/r2) (38} g1 3 M by (4-9), and |J;[* = (€ +€>M)*. We also recall that
(w!t®), = —rw*d(r), where ®(r) is bounded. Thus

1

R
Inglj(e+ezM)"M«/8f(/ aipApimim ok g2 dr) .
0
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From (5-12) we use the regularity of vr; and apply the Hardy inequality to obtain

R R R o
/ e T Rl L P P / w0 T T P dr € / w I r0)9! T R 2 dr
0 0 0
j+1
;\<J62+64Zgi—j—]—k+l,l' (5_13)
1=0
Hence we have |JJ| S e(e+e> M) MV/E (1+¢( T é_”'*j*“k”*l)l/ ) for j+1 < [4]. Now suppose
[%] < j <i—2. Then |w(i_j_2_k)/28,l_]_l_kJ| =< €+ €>M. Therefore, by further applying the Hardy
inequality,
’ L. % g %
a1 3 (e +€MMHIVEr ( / w“i+j+2+k—2|(r3azjfpz)r|2dr) S e+ Ve ( 3 EHIW) .
0 r

=0

We next treat Jg. Let j < [1(i —3)]. Then [wU*?/2(43]8,¢, +rd] 8%¢,)| 3 M by (4-9). Thus

1

R ) . 2
131 2 (e + ezM)"M\/E</ w29k dr> ,
0

where we have used |J; [ < (e + e2M)F. Hence, this case is the same as in the previous case of J91
(see (5-13)) except for the factor 72 instead of r*. The weight r* is recovered by applying the Hardy
inequality (3-1) once. Notice that the Hardy inequality near the boundary is used multiple times in
(5-13) and thus we obtain the same result as in J91. Now suppose [%(z’ — 3)] < j <i—2. Then
Jwi=i=2=0/25=I =17k 1 < ¢ 4 2p1 Therefore, by further applying the Hardy inequality,

1

R ) .
451 3 (e + M) T IMVE ( / w G 210) 0,002 + 4107 070 12) dr)
0
i—j—2 L
_< (E +62M)k+1M /5l< Z €j+2+l l+1)
1=0
Now J92 can be treated similarly to J93 by considering j < [%(i —3)] and j > [% @i —3)], since the nonlinear
structure and number of spatial derivatives involved are essentially the same. We omit the details.
We next move onto Jig. As in Jo, we first distribute the spatial derivative to write

i—1
Jio ° R J7rTh 1N 1 ;
_7=Zc3jf i '), 07 () S @ oo, dr
. 0
j=0

+ZC 1+aallja Jyl_l l 331' d
3j t‘/’z’” w }"2<r (07 Yr1)o)r dr

— _ vl . .

+§ :cgj / digriw' e ! J(—e )(485“0111»+a#“(w1)rr>dr.
. 0
j=0
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We denote these summands by J 110, J 120 and J 130. Before we discuss further, we remark that, since 8,j + Y
is a constant multiple of ¥r; or (i1);, the last factor in the integral doesn’t lose derivatives at all and it is
just a nice function with a desirable regularity in our weighted spaces. We will treat J 110 and J 130. Notice
that 73 (w'+%), < r*w®. We first consider j =i — 1. Then, by recalling |(J =7 ~' —1)/e| 2 1+€eM (see the
estimation of / 120 in the previous lemma) and the regularity of vr;, we deduce that the integral is bounded
by (1 4+ eM)+/E". The same argument yields the same bound for the case j =i — 1 of J 130. Now let
0<j<i—2 Thend '~/ ((J77~1=1)/e) consists of (1/€)(d. /1) (J,)¥ for 0 <k <i—j—2, where
8; AR AT given in (5-12). The estimates of J 110 and J 130 can be obtained in a similar way as in the previ-
ous case. The differences are the presence of 1/¢ and that the last factor in the integral is a given function
in this case, which only makes the argument easier. As can be seen in (5-12) and (5-13), B,i_j —Iky /€ 1s
bounded by the total energy and the result will be 1/¢ times the corresponding estimates of J9l and J93.
By the same argument, we can obtain the estimate of J120 as 1/e times the corresponding estimates of 192.
In all cases, the leading order of the bounds is Vel , while the leading order for Jg is e (M VE 4+ & h.

Lastly, J1; can be estimated in the same way as in the case j =i in J5. The difference is the order of €:
i i 1
, . - . 2
iz vE ey ren( Lo ¥ o))
j=0 j=0 0<I<j<i-3

This finishes the proof of the lemma. O

6. Elliptic estimates

Proposition 6.1. Suppose that (¢, ¢;) satisfy (2-11) for 0 <t < T and the corresponding total energy
is bounded. Moreover, we assume (4-9). Then & enjoys the estimates

EZN4+(U+e*MHE+EM?> +E+2M?E) (6-1)
for all sufficiently small € > 0.

Notice that (6-1) is trivially obtained for £/ for 0 < j < [a] + 4 because £/-° and £/ are equivalent.
Moreover, due to (2-13), it suffices to estimate gi’k for 1 <k < j <[a]+4. We start with the simplest
case j =1 and k = 1 and then move onto the general case j > 2.

Lemma 6.2 (E'1). Suppose that (¢, ;) satisfy (2-11) for 0 <t < T and the corresponding total instant
energy & is bounded. Moreover, we assume (4-9). Then there exists a constant C > 0 such that

EM L1+ +MHE +EHY +EEM* + (1 +2MHEL).

Proof. In this case, because of (2-13), we only need to show that fOR w>tr#|@,.|? dr is bounded by the
temporal instant energy. By using (2-1) and (4-3), we rewrite (2-11) in the form

V(wl+ar4§0r)r g

f

€2

o .4
Wr @t

— o 4
= (1+§)4 +wr*®(r)

+ 4kw“r4§//12 + drew*r*yrio — awrty

2wt W) e
(1+¢)7

h
+ 3y —4)w°‘r4d>(r)(p+r3<w1+“—2> . (6-2)
€ r
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We will exploit the elliptic structure of the term in the left-hand side of (6-2). Square both sides of (6-2),
divide them by w®r* and integrate the result over (0, R) to get

R )/2
f —— (w12 dr
0

war4
R war4|¢n|2 R R
3 —dr+/ w“r4w4dr+e2/ wirty ol dr
./0 (1+2¢)8 0 ! 0 !
R 2 R 2 R . a4 4
i / 4 S / wrt (Y1) + €y
+ werty | S| dr + wert|®(r)=| dr +
/0 Vile 0 e 0 (1+0)H

2
dr. (6-3)

war4

R R h
+/ war4|<D(r)(p|2dr+/ r3(w1+°‘—2)
0 0 €/,

We denote the integral in the left-hand side by / and each integral in the right-hand side by I for
1 <k < 8. It is clear that

L2E, L1, I3 (6-4)

For I, and I5, we recall that f = O (e +€%¢|?). Then, by using the boundedness of 1/; and ® as well
as (4-9), we have
L 321 +e*M2E%, s 31+ M2e0

Similarly, we obtain
Is 31+e*M?e, 1,2 &5

The last term involves the full derivatives and it needs to be estimated carefully. Recall that

Y

1 3 2 2 2
(€ + ) =3P +€9) +r€W)r + 7o)

1
r—z(r3(€1/f1 +€29)),

L 3 2
h=h(r—2(r (e +e w))r)=0(

We then see that
3 1+a h 3 1+ah(1) 3 1+a h
rr\w 6_2 =ruw T : (4((wl)r +epr) +r((W)er + €§0rr)) +ri(w )re_a

where 2 means the first derivative of 4 with respect to the argument. By using the notation ® given
in (2-10), we write (w'T¥), = —rw®®(r) and, hence, we see that I3 is bounded by

R jAey; R L
Is 3 f Wt | () + e dr + / wrert
0

0

2 2

|(wl)rr +€§0rr|2 dr

2

= dr=1I3 + I + 5.

R h
+/ wrt e )
0

Notice that |2(D/€| <1+eM and |h/€?] =1 +e>M?. Tt is easy to see that

13 3 (1 +eM)*(1 + €€,
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For 181 and 183 , we further employ the Hardy inequalities near the origin (3-1) and near the boundary (3-3)
respectively to deduce that

13 2 +EM>) (1 +2E0+EN).
We now turn our attention to the integral / in the left-hand side of (6-3). First notice that

(wl+(xr4¢r)r=wl+(xr4(prr+4wl+0l 3§0 +(w1+(¥) ro, _w1+(¥ 490 +4w1+(x 3(p _wochq)(r)gor‘

R
I:yZ/ wozr4
0

By expanding out terms, we see that

Then I reads as
4w, 2
W,y + - - r®(r)e,

I R K
ﬁ=/ w? g, ? dr+16/ g, dr+/ wr®|®(r)| g, |* dr
0

R R R
+8/ 2+a73§0rr(pr dr —2/ e SCD(V)gDrr(Pr dr —8/ wl+ar4(l)(r‘)|(pr|2dl”.
0 0 0

1! 12

For I' and 12, we integrate by parts to get

R R
1= @R -2 [ Cwtr P ar
0 0

2 R R
112/0 w1+°‘r4<b(r)|g0,|2dr—12/ 29,214 12 dr,

R R R
12:—/ w“r6|<1>(r>|2|gor|2+5/ w‘+°‘r4<1><r>|gor|2dr+/ S8 () g 1 dr.
0 0 0

=4

Hence we obtain

R R
/ 2hady 2 dr+4f 2a 210 2 g
0

1 K iaa 2 24a (F o 2 ko 5
=3[ wrtemle Par—4r s [Cuttrt e Pdr— [Cutre g Par.
Y 0 I+a Jo 0

e

It is clear that the last three terms in the right-hand side are bounded by the zeroth-order energy £°.
Combining all the estimates, we deduce the result. This finishes the proof for the case of j = 1 and
k=1. O

We now turn into the cases [«¢]+4 > j > 2. As in the case of j = 1, we will directly use the equation
and take advantage of the elliptic estimates. What is subtle and interesting here is to capture the correct
behavior of solutions in the normal direction 9, near the boundary.
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Lemma 6.3 (g‘r/’k for 1 <k < j, 2 <j). Suppose that (¢, ¢;) satisfy (2-11) for 0 <t < T and the
corresponding total instant energy & is bounded. Moreover, we assume (4-9). Then there exists a constant
C > 0 such that

J J m
EFZ+etmhd ey 62<M2 ++EMH DN ‘;’”).

1=0 m=1 [=1

Proof. Notice that because of (2-13), it suffices to show that each spatial energy term Erj K for 1 <k<j
satisfies the inequality. We will present the detail for j = 2; other cases follow by induction on j, k.
When k = 1, the spatial energy term £2! contains one temporal derivative and two spatial derivatives.
The time differentiation of (6-2) is the place to start. Notice that the time derivative does not affect the
weights at all since w and r do not change with time. Therefore, following the same procedure for £!-!
in the previous lemma, we can deduce that

EF Z1+A+M)E+E +E)+ 1+ M)A +2EN +E7).

To deal with £ 3,2’ which contains three spatial derivatives, we will first derive the equation for ¢,
from (6-2). By following the idea in [Jang 2014], first divide both sides of (6-2) by r3w?

y(wrey, + (1 +a)w,re, +4we,)

S fo2ri(): +egl?
+4hryf 4+ dheryrp — )»rlﬁl— +rd(r )— T+

(1 T §)4 + @y —dHrd(r)e

1) h
+w— (WD +eg) +r (V) +epr) + L+ w5

Then we take 9, of both sides of the above equation and move the terms involving ¢, into the right-

hand side to get

Y (Wr@rrr + 24+ )W, r @rr + Swery)
= —y(G+a)wre + A +a)w,rer)

+ ((1“"§)4> +AA YD), +4he (i), —)»<“ﬂli>r + (rq)(r)eé),
2r|(Y1); + €|
- ( (1+2) > ey RrEme,

B h
+ (w7(4((x/mr +e0) + (W) +epr) + (1 +a>wr€—2) . (6-5)

As in the previous lemma, we square both sides of (6-5), multiply by w!T*r> —here the choice of
the multiplier w!*® has been inspired by the analysis carried out in [Jang and Masmoudi 2015] — and

integrate it over (0, R) to obtain an integral inequality similar to (6-3). We denote the integral in the
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left-hand side by / and the integrals in the right-hand side by I, 1 <k < 9. For I} we apply the Hardy
inequality near the origin (3-1) to overcome stronger weights near the origin:

R
B3 [t P Pl P r S04+ EL
0

For I,, we obtain

R, 1+a. .4 2 R, 1+a,2 2 R, 1+a,.4 2 2
w w w € +€
12ﬁ/ | @rerl dr / =@ dr / i (e(P1)r ®r)l dr
0 0 0

(1+1¢)8 (14+¢)8 1+
SEX L (N EXO (e +tMPHE!,

where we have applied the Hardy inequality (3-1) to the second term. Next, by the regularity of 1| and
the Hardy inequality (3-1), we observe that

L+ 1 31 +€%0.
For Is and I, we note that f = f(ey +€2¢) = O(leyri +€?¢|?) and f, = fV - (e(¥1), +€2¢,). Hence
Is+ I 3 1+ * M0
Similarly, by using the Hardy inequality (3-1) and (4-9) we have
L 2 1+eM* 0+ &Y.
Since (r®(r)p), = ®(r)p +r® () ¢ +r®(r)e:, by (3-1) for the first term again we see that
Ig 2 &

For Iy, we note that the last line of (6-5) can be written as follows:

(1)
wT(S((x/fl)rr +€0r) + (D) rer + €0rrr)) + WhD (A1) + €00) +r () + €00))

(1 h
+@2 +O[)er(4((wl)r +ep) +r(()r + E(prr)) + +0l)wrr€_2,

where #® means the second derivative with respect to the argument. Thus Iy includes ¢, @, @, With
different weights and it can be treated in a similar way as we did for Ig of (6-3) in the previous lemma.
We expand it out and apply the Hardy inequalities both near the origin (3-1) and near the boundary (3-3)
to deduce that

Iy 3 (1+eM?(1+e*(E°+EM +E77)). (6-6)
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What follows now is the elliptic estimate for / coming from the first term in (6-5), which will give
rise to the term £22:

R
1:/ 2 gy + (24 @)W Qe + Swy | dr
0

R R
=/ g dr+(2+a)2f w1 | dr+25/ g, dr
0 0

R R
+2(2+ Ot)/ 2+Ol"'4wr(p0rrr(prr dr + 10/ 3+(X’j(prrr(prr dr
0 0

I! 12

R
—|—10(2+a)/ w3 w, @ dr.
0

For I' and I, we integrate by parts to get

I R R
/ (W), r*w, @ |2 dr — / 2+“r3wr|<prr|2dr—/ wtrtw,, |, 1> dr
2+« 0 0

R R
—_C+a) / Ly, gy 2 dr — 4 f W, g 2 dr — / Wb 1o Pdr,
0 0

R
P=—5(3+a) / W, g, 1P dr — 15 / g, 1 dr.
0

Thus we obtain

R R
/ gy, 2 dr+10/ o2y, P dr
0

R R
—I—(@=3) f W, g P dr + 2 +a) / 2ady, Lo P dr.
0 0

By noting w, = —r®(r)/(1 + «), we see that the last two terms are bounded by £!!. By combining
with all other estimates, we deduce that

EX N+ 4+MHE +EN+E2+EM + 1+ M) (1 +2(E0 4 EN 4 £22).

By the previous lemma, the desired result follows and this finishes the proof of the case j = 2.
Other cases can be done inductively: take o, derivatives of (6-5), square it, multiply by appropriate
weights depending on the number of spatial derivatives, and exploit the Hardy inequalities and the elliptic
estimates. The procedure and the estimates are similar to the previous cases and we omit the details. [

The inequality (6-1) in Proposition 6.1 now follows from Lemmas 6.2 and 6.3 by considering a suitable
linear combination of £/ to absorb £/~1%~! and €2 DI i E™! into the left-hand side.
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7. Proof of Theorem 2.4

Since M = E'/2, (6-1) yields
EX1+E+€2E+€4E2

Therefore, for all sufficiently small € > 0, we deduce that the total energy is bounded by the total temporal
energy:
EI1+E.

Now from the energy inequality (5-1) in Proposition 5.1, we obtain
%\/E <14+ (1 —a(IVE+ (€ +EMWE+VE 21+ (1 —a()IVE+eVE+(eVE?2. (-1
First let y > ‘3—‘, in which case a(y) = 1. So the differential inequality becomes

%«/E 214 evVE+ (eVE)?,

which in turn gives rise to
%(ex/g—l- 1) S e(eVE+1)2

Therefore, by solving this differential inequality, we deduce that
VEO) + (e/E(0) + 1)t
1 —e(e/EO)+ D)t~
Hence, in the case of y > %, we conclude that supy, -7 JE () is bounded for all sufficiently small € < ¢,
where g = O(1/T).
Next let y < ‘3—‘. Then we need to solve

%«/E S 1+VE+EWE)

NEOWN

Equivalently,
%(62ﬁ+ DS (EVEF1D)2+€e2—1.

Let k =+/1 —€2. Then

1 1 d B o
— L(EVEF1) 32k
<e2ﬁ+1—k e2ﬁ+1+k)dt<

VEO)(14k)2e™ —e?) + (1 +k) (e — 1)
(I+h)(1+k— (1 —k)e2k — e2/E(0) (e — 1))
Notice that 1 +k=1++/1—€2=0(1) and 1 —k =€?/(14++/1 — €2) = O(€?). Therefore, we conclude,

for y < %, that supy<, <7 VE(t) is bounded for all sufficiently small € < €, where €] = O(1/e<T) for
some k > 0.

Thus
VEn) 3

Remark 7.1. If we fix a small € > 0 in the ansatz (2-9) instead of fixing a time T, then the above results
would imply that (2-9) can be justifieduptot <T = O(1/¢) for y > % andt <T =O(|ln€]) for y < %‘.
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SHARP WEIGHTED NORM ESTIMATES
BEYOND CALDERON-ZYGMUND THEORY

FREDERIC BERNICOT, DOROTHEE FREY AND STEFANIE PETERMICHL

We dominate nonintegral singular operators by adapted sparse operators and derive optimal norm estimates
in weighted spaces. Our assumptions on the operators are minimal and our result applies to an array
of situations, whose prototypes are Riesz transforms or multipliers, or paraproducts associated with a
second-order elliptic operator. It also applies to such operators whose unweighted continuity is restricted
to Lebesgue spaces with certain ranges of exponents (po, go) with 1 < pg <2 < g9 < co. The norm
estimates obtained are powers « of the characteristic used by Auscher and Martell. The critical exponent
in this case is p = 1 + po/q,. We prove e = 1/(p — po) when po < p <panda = (g0 — 1)/(q0 — p)
when p < p < qo. In particular, we are able to obtain the sharp A, estimates for nonintegral singular
operators which do not fit into the class of Calderén—Zygmund operators. These results are new even in
Euclidean space and are the first ones for operators whose kernel does not satisfy any regularity estimate.

1. Introduction

In the last ten years, it has been of great interest to obtain optimal operator norm estimates in Lebesgue
spaces endowed with Muckenhoupt weights. One asks for the growth of the norm of certain operators,
such as the Hilbert transform or the Hardy—Littlewood maximal function, with respect to a characteristic
assigned to the weight. Originally, the main motivation for sharp estimates of this type came from certain
important applications to partial differential equations. See for example Fefferman, Kenig and Pipher
[Fefferman et al. 1991] and Astala, Iwaniec and Saksman [Astala et al. 2001]. Indeed, a long-standing
regularity problem has been solved through the optimal weighted norm estimate of the Beurling—Ahlfors
operator, a classical Calder6n—Zygmund operator; see [Petermichl and Volberg 2002]. Since then, the
area has been developing rapidly. Advances have greatly improved conceptual understanding of classical
objects such as Calderén—Zygmund operators. The latter are now understood in several different ways,
one of them being through pointwise control by so-called sparse operators; see, most recently, [Lacey
2015; Lerner and Nazarov 2015]. We bring this circle of ideas to the wide range of nonintegral singular
operators, such as those considered in [Auscher and Martell 2007a]. Under minimal assumptions, we now
demonstrate control by well-chosen sparse operators and derive optimal norm estimates in weighted spaces.

From a historic standpoint, Hunt, Muckenhoupt and Wheeden [Hunt et al. 1973] proved that the Hilbert
transform is bounded on L2 if and only if the weight w satisfies the so-called 4, condition. Then the

This project is partly supported by ANR projects AFOMEN no. 2011-JS01-001-01 and HAB no. ANR-12-BS01-0013, as well as
the ERC project FAnFATE no. 637510. Petermichl is a member of IUF.
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extension for p € (1, 00) of the class 4, for weights was made legitimate by the characterization of the
Hardy-Littlewood maximal operator on L2 . These classes, as well as the “dual classes” RH, (describing
a reverse Holder property), originally in Euclidean space, are only defined in terms of volume of balls,
so this entire theory has been extended to the doubling framework. Calderén—Zygmund operators have
been proved to be bounded on L if w € 4 p- More recently, the so-called 4, conjecture (which is now
solved) was about the sharp dependence of this operator norm with respect to the A, characteristic of the
weight. This conjecture was solved by Petermichl and Volberg [2002] for the Beurling—Ahlfors transform,
by Petermichl [2007; 2008] for the Hilbert and Riesz transforms (see also the alternative proof by Lacey,
Petermichl and Reguera [Lacey et al. 2010]) and by Hytdnen [2012] for arbitrary Calderén—Zygmund
operators. The idea of dyadic shift [Petermichl 2000] and the seminal articles on two-weight questions
of dyadic operators by Nazarov, Treil and Volberg [Nazarov et al. 1999; 2008] were very influential in
this area at that point. While [Nazarov et al. 1999] influenced earlier proofs, [Nazarov et al. 2008] was
important for later proofs. Recently Lerner [2010; 2013a; 2013b] has obtained an alternate proof of this
result, by exploiting the notion of local mean oscillation rather than dyadic shift in order to control the
norm of a Calderén—Zygmund operator by the norm of some specific operators, called sparse operators.
Most recently, Lacey [2015] and Lerner and Nazarov [2015] gave another proof, which gets around the
use of local oscillation through pointwise control.

Simultaneously, in recent years people were also interested in weighted estimates for nonintegral
singular operators in a space of homogeneous type. Even on Euclidean space, Riesz transforms vL—1/2
may be considered in several situations where we do not have pointwise regularity estimates of an
integral kernel, for example L. = — div(A4V) with bounded coefficients A, or L = —A 4+ V with some
potential V. The situation is even more difficult if we are looking at Riesz transforms on bounded
subsets (with Neumann—Dirichlet conditions), second-order elliptic operators on Lipschitz domains,
and Riesz transforms on Riemannian manifolds, for example. For all such operators, there is only a
range of exponents (pg,qo) Where we have L? estimates for the semigroup (e7*L), and its gradient
for p € (po,qo). Weighted estimates for such operators are more delicate, naturally restricted to these
same ranges of p. We refer the reader to [Auscher and Martell 2007a] for a recent survey about weighted
estimates.

In this current work, we aim to combine these two fashionable problems and give a modern approach
to singular nonkernel operators. This setting had been resistant to many of the ideas developed in recent
years. Indeed, we are going to adapt the approach of Lacey [2015] in order to be able to deal with
nonintegral singular operators. The main idea relies on defining a suitable maximal operator and then
controlling the operator by sparse operators (whose definition is modified from the previous works). We
describe our method in a very general setting given by a space of homogeneous type, equipped with a
semigroup. However, we point out that even in the Euclidean case our results are new, since they do
not rely on any pointwise regularity estimates of the kernel of the considered operators. Moreover, we
modify the maximal operator that we are going to use: instead of the maximal truncated operator used by
Lacey [2015], we use truncation in the “frequency” point of view (where the notion of “frequencies” has
to be understood in terms of the semigroup). Simultaneously, we will use a slightly weaker notion of
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sparse operators; both of these facts will allow us to give a proof which is simpler than Lacey’s proof.
However, we are not able to recover the full 4, result in its generality: indeed, the assumptions we need
require that the considered operator satisfies a suitable decomposition in the frequency point of view (see
Remark 1.5). As shown in Section 3, that covers the main prototypes of operators. It is interesting to
observe that the proof of these sharp weighted estimates can be substantially simplified in our situation and
extended to operators whose kernel does not satisfy any regularity estimate. Recently, Bui, Conde-Alonso,
Duong and Hormozi [Bui et al. 2015] have extended Lerner’s approach for operators with kernels having
LPo-[°° regularity estimates (which corresponds to the case gg = 0o, as we will see in Section 3D). We
emphasize that this work is the first one where we are able to consider the case go < oo and where no
regularity is required on the eventual “kernel”, which (as shown in the examples in Section 3) will allow
us to deal with various situations in terms of operators and ambient spaces.

1A. The setting. Let M be a locally compact, separable metric space equipped with a Borel measure p
that is finite on compact sets and strictly positive on any nonempty open set. For a measurable subset 2
of M, we shall often denote 1 (2) by |€2].

For all x € M and r > 0, let B(x, r) be the open ball for the metric 4 with centre x and radius r. For a
ball B of radius r and A > 0, denote by A B the ball concentric with B and with radius Ar. We sometimes
denote by r(B) the radius of the ball B. Finally, we will use u# < v to say that there exists a constant C
(independent of the important parameters) such that u < Cv, and u >~ v to say that ¥ < v and v < u.
Moreover, for a subset Q@ C M of finite and nonvanishing measure and f € LllOC (M, 1), we denote
by fq fdn = (1/|R|) [q f du the average of f on €. We let .Il be the uncentred Hardy-Littlewood
maximal operator. For p €[1, 00), we abbreviate by .Il,, the operator defined by Jil, (/) := (Jl/t(| f1? )) 1/p
for f € Lf;c(M, ).

We shall assume that (M, d, u) satisfies the volume doubling property, that is,
|B(x,2r)| < |B(x,r)| forall xe M, r>0. (VD)
It follows that there exists v > 0 such that

v
|B(x,r)| < (g) |B(x,s)| forall xe M, r>s>0, (VD,)

which implies

B(x.r)| < (M
S

v
) |B(y,s)| forall x,ye M, r>s>0.

An easy consequence of (VD) is that balls with a nonempty intersection and comparable radii have
comparable measures.

Let us recall that, for 0 < 6 < 7, a linear operator L with dense domain %5 (L) in L2(M, ) is called
O-accretive if the spectrum o (L) of L is contained in the closed sector Sg4 :={{ € C: |arg{| < 0} U {0},
and (Lg, g) € Sy+ forall g € D, (L).

We suppose that there exists an unbounded operator L on L?(M, ) satisfying these assumptions:
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Assumptions on L. Let L be an injective, 0-accretive operator with dense domain %, (L) in L>(M, 1),
where 0 < 6 < 7. We assume that there exist two exponents 1 < po < 2 < qo < 00 such that, for all balls
B1, B, of radius NG

_ _ _ 2
le™ || Lro(B,)> L90(By) S | B1| 71/ P0| By |1/ d0e=cd(B1. B/t (1-1)

As a consequence, L is a maximal accretive operator on L?(M, jt), and therefore has a bounded H*
functional calculus on L2(M, i). The assumption 6 < 7 implies that —L is the generator of an analytic
semigroup (e *L),~¢ in L2(M, p) (see [Albrecht et al. 1996; Kato 1966] for definitions and further
considerations). The last part in the assumption means that the considered semigroup satisfies L20-1.90
off-diagonal estimates, an extension of L2-L? Davies—Gaffney estimates. In situations where pointwise
heat kernel bounds fail (see below for examples), this has turned out to be an appropriate replacement.

In this work, we study weighted estimates for nonintegral singular operators satisfying some cancellation
with respect to this operator. We consider a linear (or sublinear) operator 7" satisfying the following
properties:

Assumptions. (a) T is well-defined as a bounded operator in L.

(b) (LPo-L90 off-diagonal estimates) There exists Ny € N such that, for all integers N > Ny and all
balls By, B, of radius /t,

v+1
2

- - d(Bi, B2)*\~
ITGLYN e~ || LroB)—Lo0(B,) S | B~/ 70| By| /90 (1 +(+2))

(¢c) There exists an exponent p € [pg,2) such that, for all x € M andr > 0,

1
2 90 ) .
(][ | Te " L ylao dM) < inf My (TH)(y)+ inf My, (/)(¥).
B(x,r) Y€B(x,r) Y€B(x,r)

s

Item (b) encodes the fact that the operator 7" has some cancellation property which interacts well with
the cancellation of the considered semigroup. Item (c) is a property which allows us to get off-diagonal
estimates for the low-frequency part of the operator 7. We point out that (b) and (c) are the main
assumptions and were already used in numerous works to replace the notion of Calderén—-Zygmund
operators (see, e.g., [Auscher 2007; Auscher et al. 2004] and references therein).

We will assume the above throughout the paper. We abbreviate the setting with (M, u, L, T).

1B. Results. Consider the setting (M, u, L, T) satisfying the above assumptions. Then we claim that
such an operator satisfies weighted boundedness. Indeed, such an operator satisfies the three following
properties:

e T is bounded on L2

¢ For every r > 0 and some integer NV large enough, T({ —e™" 2L)N satisfies LP0-L90 off-diagonal
estimates (outside the diagonal); see Corollary 4.2 for a precise statement.

o T satisfies the Cotlar-type inequality of Assumption (c) for some p; < 2.
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We then know from [Auscher 2007, Theorems 1.1 and 1.2] —see also the earlier results in [Auscher
and Martell 2007a; Blunck and Kunstmann 2003; Auscher et al. 2004] — that T is bounded in L? for
every p € (po,qo). By [Auscher and Martell 2007a, Theorem 3.13], T also satisfies some weighted
estimates: for every p € (po.qo) and every weight w € 4, NRH,,/p) (see Section 6 for a precise
definition of this class of weights), the operator T is bounded in L%. However, it is not clear from these
previous results how the quantity ||7'||z» _, ;» depends on the weight @. The methods used do not tend
to give optimal estimates.
Our main result is the following:

Theorem 1.1. Consider the setting (M, v, L, T') as above. For p € (po, qo), there exists a constant cp
such that, for every weight w € A/, "RHg,/py >

o
||T||LZ—>L£, = Cp ([a)]AD/DO [w]RH(Cl()/P)/) ’

1 -1
o= max{ , do } (1-2)
P—Po qo— 7P

with

In particular, by defining the specific exponent
Po
p:=1+ = €(po.q0).
4o
we have a = 1/(p — po) if p € (po.pl, and & = (g0 —1)/(q0 — p) if p € [p. q0).
Remark 1.2. In the case go = p,, we have p = 2 and obtain a sharp L2 inequality with an exponent

1

~ 2-po’

Remark 1.3. If pg =1 and gy = 0o, we obtain « =max{1, 1/(p—1)} and so we reprove the 4, conjecture
for such operators. Note that we are then able to prove these sharp estimates in the case of the Riesz

o

transform 7' = V.L~1/2 in the situation where this operator does not fit the Calder6n—Zygmund framework
(there is no pointwise regularity estimate of the full kernel); see Section 3.

Remark 1.4. We also prove the optimality of such estimates (in terms of the growth with respect to
the characteristic of the weight) for sparse operators, which are shown to control our operators. The
optimality also still holds for the operator itself if we know some “lower off-diagonal” estimates.

Remark 1.5. On the Euclidean space R”, consider the canonical heat semigroup and an “arbitrary”
Calderén—Zygmund operator T': a linear L2-bounded operator with a kernel K satisfying the regularity
estimates

d(y.z)
d(y,z) +d(x,y)
for some & > 0 and all points x, y, z with 2d(y, z) < d(x, z). Then it is well known that 7" is L?-bounded
for every p € (1, 00). Consequently, we can check that our Assumptions are satisfied for po = 1 and

K(x. ) = Kz, )|+ [K(r. %) — K(z.3)] < ( ) d(x. )™

any qo < oo as large as we want. Unfortunately, it is unclear to us if our approach could recover the
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optimal 4, estimates for arbitrary Calder6n—Zygmund operators (which would correspond to go = 00).
It appears that Assumption (b) describes an extra property on the operator 7, a kind of suitable frequency
decomposition or representation (as Fourier multipliers or paraproducts, for example). It is interesting to
observe that, under this extra property, we are going to detail an “elementary” proof of the sharp weighted
estimates (simpler than all the existing proofs, such as [Lerner 2013b; Lacey 2015]), which has also the
very important property that is extends to nonintegral operators with no regularity property on the kernel.

We remark that this extra property already appeared in [Duong and Mclntosoh 1999, Theorem 3],
where boundedness of the maximal operator T° # (see Section 4 for the definition) in the case ¢¢ = 0o
was shown, and that this is also the only place where we are using it. See also [Duong and McIntosoh
1999, Remark, p. 251]. Moreover, as illustrated in Section 3, this extra property is satisfied for the main
prototype of Calder6n—Zygmund operators.

2. Notation and preliminaries on approximation operators

2A. Notation. For p € [1,00), asubset £ C M and a measure A on E, we write L?(E, d)) for the
Lebesgue space, equipped with the norm

1
Ve ce.an = ( /E T dk)p.

For convenience, we forget £ if E = M is the whole space and A if A = p is the underlying measure.
Thus, L? stands for L? (M, ). For a positive function w, we write L2 for the weighted Lebesgue space,

1
1/l = (/M Iflpwdu)p-

For a positive function p: M — (0, 00), we identify the function p with the measure p du in the sense

equipped with the norm

that, for every measurable subset £ C M, we use
p(E) = / pdu.
E

For a ball B, we let So(B) = 2B and S;(B) = 2/T1B\ 2/ B for j > 1. By extending the average

notion to coronas, we let
fo rau=pist [ s
S; (B) S; (B)

2B. Operator estimates. The building blocks of our analysis will be the following operators derived
from the semigroup (e ~*L),~o. They serve as a replacement for Littlewood—Paley operators.

Two different classes of elementary operators will be needed: (P;);~¢, corresponding to an approx-
imation of the identity at scale /f commuting with the heat semigroup, and (Q;);>¢, wWhich satisfies
some extra cancellation with respect to L.
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Definition 2.1. Let N > 0 and set cy = f0+°° sNe=Sds/s. For t > 0, define

V)= ety Ne L 2-1)
and -~
d
ﬂm=ﬁ 0 < =g (L), (22)

with ¢ (x) := ¢! fx+°° sNe=Sds/s for x > 0.
Remarks 2.2. Let p € [po, qo] with p < oo and N > 0.
(i) Note that Pt(l) =e¢ 'L and le) =tLe 'L The two families of operators (P,(N))t>0 and (Q;N)),>0

are related by
19, PN = 1Lgh (1) = — 0.

(i) If N is an integer, then QEN) = (—DNcyttVoNe 'L and PI(N) = p(tL)e 'L, where p is a
polynomial of degree N — 1 with p(0) = 1.

(iii) By L7 analyticity of the semigroup and (1-1), we know that, for every integer N > 0 and every ¢ > 0,
PI(N) and QgN) satisfy off-diagonal estimates at the scale +/. See the arguments in [Hofmann et al.
2011, Proposition 3.1], for example.

(iv) The operators Pt(N) and QgN) are bounded in L?, uniformly in ¢ > 0. See [Auscher and Martell
2007b, Theorem 2.3], taking into account (iii).

Proposition 2.3 (Calderén reproducing formula). Let N > 0 and p € (po,qo). For every f € L?,

lim PMf=f inL?, (2-3)
t—>0+
lim PV f=0 in L7, (2-4)
t—>+o00
and
+o0
f:/ Myt iy e, (2-5)
0
In particular, it follows that as L?-bounded operators we have the decomposition
t
PV = Id—f o) %. (2-6)
0

3. Examples and applications

Our assumptions on L hold for a large variety of second-order operators, for example uniformly elliptic
operators in divergence form and Schrédinger operators with singular potentials on R”, or the Laplace—
Beltrami operator on a Riemannian manifold. For more precise examples of L and references, see
Section 3B, where we give some examples of singular integral operators 7' that fit into our setting. See
also [Auscher and Martell 2006].
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3A. Holomorphic functional calculus of L. Let 0 <60 <o <, where 8 denotes the angle of accretivity
of L. Define the open sector in the complex plane of angle o by

Sg:={zeC:z#0, |argz| <o}.

o

2, and let

Denote by H(S?) the space of all holomorphic functions on .S
H>(Sg) :={p € H(S7) : [¢lloo < 00}.

By our assumptions, L has a bounded H functional calculus on L2 Blunck and Kunstmann [2003]
showed that, under the assumption (1-1), the functional calculus can be extended to L? for p € (po,qo)-

We now obtain the following weighted version: Let o > 6 and let ¢ € H*°(S2). Set T = ¢(L). We
check our Assumptions. Item (a) is a restatement of the fact that L has a bounded H*° functional calculus
on L2 Since T commutes with e~ L , we can obtain (c) as a consequence of (1-1) (we do not detail
this here; similar estimates are done in the sequel). Finally, for large enough N, by adapting [Auscher
et al. 2008, Lemma 3.6] one can show that ¢(L)(¢tL)N e 'L satisfies L90-L90 off-diagonal estimates.

t

Combining this with L?0-190 off-diagonal estimates for e /L gives (b). We therefore have:

Theorem 3.1. Let p € (po,qo) and w € A ) ,, "RH g,/ py- The operator L has a bounded holomorphic

functional calculus in LE with, for every o > 0,

o
le()ILr— 12 = cpo (@, [@IR ) 9]0

forall ¢ € H®(S?) and a as defined in (1-2).

3B. Riesz transforms. The L?-boundedness of Riesz transforms on manifolds has been widely studied
in recent years. We refer the reader to [Bernicot and Frey 2015] for recent work and references for more
details about such operators.

Several situations fit into our setting; we can consider specific operators, or specific ambient spaces, or
both. Let us give some examples; more can be studied, like Riesz transforms on bounded domains or
those associated with Schrodinger operators.

Dirichlet forms. Let (M, d, ) be a complete space of homogeneous type, as above. Consider a self-
adjoint operator L on L? and the quadratic form € associated with L, that is,

€(f.g) = /M fLg dp.

If € is a strongly local and regular Dirichlet form (see [Fukushima et al. 1994; Gyrya and Saloff-Coste
2011] for precise definitions) with a carré du champ structure, then, with I" being equal to this carré du
champ operator, assume that the Poincaré inequality (P;) holds, that is,

(][B f—]gfduzdu)i Sr(][BdF(f,f))é (P,)

for every f € 9(€) and every ball B C M with radius r.
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If the heat semigroup (e ~*L),~¢ and its carré du champ (v/7Te™L),- ¢ satisfy LP0-L90 off-diagonal
estimates, then it can be checked that our Assumptions are satisfied for the Riesz transform (see [Auscher
et al. 2004])

R:=TL7V?2 = ckF(/oo(tL)ke_tL ﬁ),
0 NG

for some numerical constant c; and every integer k > 1.!
In particular, for pg = 1 and gy = oo, we get the following result:

Theorem 3.2. Consider the Riesz transform R in one of the following situations:

e Euclidean space or any doubling Riemannian manifold with bounded geometry and nonnegative
Ricci curvature (see [Li and Yau 1986]).

e In a convex doubling subset of RY with the Laplace operator associated with Neumann boundary
conditions (see [Wang and Yan 2013]).

Then, for every p € (1,00) and every weight w € Ap, we have
; 1
1Rl pe 2 Sloly, with a= max{l, E}

Note that in these situations we only have Lipschitz regularity of the heat kernel; the full kernel of the
Riesz transform does not satisfy any pointwise regularity estimate and so does not fit into the class of
Calder6n—Zygmund operators (as previously studied in [Lerner 2013b; Lacey 2015]).

Second-order divergence form operators. Consider a doubling Riemannian manifold (M, d, i), equipped
with the Riemannian gradient V and its divergence operator div = V*. To a complex, bounded, measurable,
matrix-valued function A = A(x), defined on M and satisfying the ellipticity (or accretivity) condition
Re(A(x)) > kI > 0 a.e., we may define a second-order divergence form operator

L=L4f:=—div(AV f).

Then L is sectorial and satisfies the conservation property but may not be self-adjoint.

Assume that the Poincaré inequality (P5) holds on (M, d, j1). If the semigroup (e /L), and its gradi-
ent (v/1Ve L), o satisfy LP0-L90 off-diagonal estimates, then it can be checked that our Assumptions
are satisfied for the Riesz transform

R:=VL 2= /oo V(tL)ke L at
: & e .
0 Vi

We refer the reader to [Auscher 2007] for a precise study in the Euclidean setting of the exponents
po and ¢g¢ depending on the matrix-valued map 4. For example, we have po = 1 and g¢o = o0 in
dimension v = 1.

1t is known that the assumed Poincaré inequality (P,) self-improves into a Poincaré inequality (Pp, ) for some p; < 2 (see
[Keith and Zhong 2008]), which allows us to check Assumption (c).
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3C. Paraproducts associated with L. Throughout this subsection we assume that the semigroup satisfies
the conservation property, which means that e %1 = 1 for every ¢ > 0, as well as the fact that the semigroup
is supposed to have a heat kernel with pointwise Gaussian bounds (which correspond to L!-L > estimates).

Paraproducts with a BMO function. In recent works [Bernicot 2012; Frey 2013], several paraproducts
have been studied in the context of a semigroup. They allow us to have (as is well known in Euclidean
space) a decomposition of the pointwise product with two paraproducts and a resonant term (we also
refer the reader to [Bailleul et al. 2015] for some applications of such paraproducts in the context of
paracontrolled calculus for solving singular PDEs). Moreover, BMO spaces adapted to such a framework
have been the focus of numerous works, so it is natural (as in the Euclidean setting) to study the linear
operator given by the paraproduct of a BMO function.
Let us recall some definitions. A BMOp, function is a locally integrable function f € Llloc such that

1
2
I/ Iso, = sup( fir-ertpp dﬂ) |
B B

where we take the supremum over all balls B with radius r > 0. Such BMO spaces satisfy “standard”
properties, such as the John—Nirenberg inequality and 7°(1) theorem. In particular it is known (see
[Bernicot and Zhao 2012; Bernicot and Martell 2015]) that, since the semigroup satisfies L'-L*® off-
diagonal estimates, the norm in BMOp, can be built through an L7 oscillation for any p € (1, c0) and the
corresponding norms are equivalent. For some integer k, the paraproduct under consideration is

()= [ oPPr pg <.

Using square function estimates, we then know that ng) g is uniformly bounded in L*° for g € BMOy,
so that ITg is L?-bounded. Assumptions (b) and (c) are also satisfied with pg = 1 and gy = oo (see details
in the above references) and so we may apply Theorem 1.1 to the previous paraproduct for g € BMOy..

Algebra property for fractional Sobolev spaces. Bernicot, Coulhon, and Frey [Bernicot et al. 2015] have
used some paraproducts associated with such a framework involving a heat semigroup in order to study
the algebra property for fractional Sobolev spaces. We refer to [Bernicot et al. 2015] for more details and
references for other paraproducts associated with a semigroup. Then, up to some constant ¢, we have
the product decomposition for two functions

J8 =g (f) + I (g),
with the paraproduct defined by

()= [ or-pMe 4

Fix a function g € L; then, for « € (0, 1), we are looking for the LZ-boundedness of II g¢» Which
corresponds the to L?-boundedness of T := LY/2]] gL_“/ 2. In [Bernicot et al. 2015], we gave different
situations and criteria under which our Assumptions are satisfied. Mainly we considered the condition,
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introduced in [Auscher et al. 2004], that, for some p € (2, co],

supH JViTe k| H < 400, (Gp)
>0

p—=>p

where I is the carré du champ associated with the operator L (and |I" - | is its modulus). In this way, we
may apply Theorem 1.1 to 7' and obtain a sharp algebra property for weighted fractional spaces, sharp
with respect to the weight. We obtain the following estimates:

Theorem 3.3. Let (M, d, jt,€) be a doubling metric measure Dirichlet space with a carré du champ (see
[Bernicot et al. 2015] for more details) and assume that the heat semigroup e 'L has a heat kernel with
usual pointwise Gaussian estimates. For some s € (0, 1) and p € (1, 00), consider the following weighted
Leibniz rule: for every weight w and all functions [, g € {h € L*°: LS'2(h) e Lby,

L2 ()l e S c@)(IL flipp lgloo + | f ool L2 gl 12 ). (3-1)

(@) (3-1) is valid for p € (1,2) and s € (0, 1) with every weight w € Ap "RH (5, ) and a constant

. L 1 1
¢(©) = (@4, [Olkn,, )" with o= max{ﬁ, ﬂ}'
(b) Under (Gy) for some q € (2,00), (3-1) is valid for p € (1,q) and s € (0, 1) with every weight
w € Ap NRH g~/ py, where ¢~ € (p, q), and a constant

. ) 1 g —1
c(w) = (0], [wRn,— )" with o:= max{p i —p}'

(c) Under (Gso), (3-1) is valid for p € (1, 00) and s € (0, 1) with every weight w € Ay and a constant
. 1
c(w) = [a)]fflp with o= max{F, 1}.

Other estimates can be obtained by combining the results of this paper with the other estimates of
[Bernicot et al. 2015].

3D. Fourier multipliers. Let us also explain how we can recover the results of [Bui et al. 2015]. The
main linear result [Bui et al. 2015, Theorem C] fits into our framework and corresponds to the particular
case gg = 0o. Let us focus on the application to linear Fourier multipliers.

Consider a linear symbol /2 on RY satisfying the Hérmander condition M (s, /), which is

1
sup(rlet> [ jagml ds ) <oc
R>0 R<|¢|=<2R

for all |@| </, some s € (1,2] and / € (v/s, v). To this symbol we associate the linear Fourier multiplier

T(f) = Tu(f) : x / Em(E) () de.

For every r € (v/l,00), [Bui et al. 2015, Lemma 5.2] shows that the kernel of T satisfies some
L"-L®° regularity off-diagonal estimates. So consider a smooth function v such that v is supported on
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B(0,4)\ B(0, 1) and well-normalized with fooo @(té) dt/t =1 for every &. Then, with the elementary
operators

To(f) x> / F*Em ()T (6) £ (6) de,

it can be proved that our Assumptions are satisfied for po = r and g9 = co. Consequently, Theorem 1.1
allows us to regain [Bui et al. 2015, Theorem 5.3(a)]. Moreover, since 7 is self-adjoint, by duality we
also deduce that the kernel of 7 satisfies some L!-L"’ off-diagonal estimates. Similarly, one can then
show that our Assumptions are satisfied for pg = 1 and g9 = r’. Consequently, Theorem 1.1 allows
us to regain [Bui et al. 2015, Theorem 5.3(b)]. So we regain the same full result as [Bui et al. 2015,
Theorem 5.3], with the exact same behaviour of the weighted estimates with respect to the weight.

The same comparison can be done for the linear part of their main result [Bui et al. 2015, Theorem C].
Under their assumptions (H1) and (H2), our Assumptions are satisfied with gg = co. We leave the details
to the reader.

4. Unweighted boundedness of a certain maximal operator

Before introducing and studying a certain maximal operator related to 7', we first explain some technical
details of off-diagonal estimates.

4A. Off-diagonal estimates. We fix an integer N > Ny (with Ny as in our Assumptions) and write,

fort > 0,
_ TQ(N).

Let p € (po.qo). The Calderén reproducing formula (see Proposition 2.3) gives the identity

d— / Q(N) dt

in L?. Since T is assumed to be sublinear, we can decompose the operator for f € L? into

(1= [l @-1)

Fix ¢ > 0 and the elementary operator T;. From Assumption (b) we know that T} satisfies L#0-1.90
off-diagonal estimates at the scale +/7. Then consider a ball B of radius r > 0 with r < /7 and its dilated
ball B := (y/1/r)B. We have B C B and |B| < (v/1/7r)"|B], so

1 v 1
70 1\ 20 ; D
(£ au)” < (i) S piman)” (42)
B r =0 S;(B)
Lemma 4.1. Consider three parametersr, e,t > 0. Let N € N with N > max{%v +1, No}.

(1) If r? <& <t, we have, for every ball B, of radius r and the dilated ball B s = (\/¢/1)By,

1 1
(A ) St (f g au)”
Bf lr

e =0
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(2) If t < & < r?, we have, for every ball B, of radius r, every j > 3, every ball BJE of radius /¢
included in Sj(By), and every function [ supported on B,

1 1 1
(f T = L)Nfl""du) "< f‘“*”( )2(][ Ifl”"du)po
Bﬁ r2 B,

The same estimates are true for Ty (I — P(N)) in place of Ty(I — e_rzL)N

Proof. Consider the first case, 7% < & < t. We show the result for 7 (1 — P(N )) and then explain how to
modify the proof in the case of T;(/ —e™" L)N By the definition of P (év ), we have

P(N) /Q(N)dS

1 »2 tTlod
(][ |Tt(1—Pf£V’)f|q°du) < / (][ |TtQ§N>f|q°du) ds,
Bz 0 Bz N

&

Hence,

Note that 7y = TQ(N) and QgN)Q(N) (s/(s + t))N Q§2+At[) (up to a numerical constant) as well

as s +t >~ t. Using Assumption (b) and (4-2) for s < r? with r? < e < t, we obtain that

1 1
20 N 20
(][ |TtQ§N>f|q°du) "<(%) (f |Ts+tf|q°du)°

Y 7t \ 200 70
<(3)(%) q°zz—l<v+1>(][ IfI”"du) ,
t e ZlBﬁ

>0

where we used that s +¢ < 7. Since s < r2 < &, we can estimate (s/7)N (¢ /£)"/290 by (s/t)N /290 and
then deduce that, for k > 0 such that 2%r ~ /7,

N_ v

N—Y_ % 2 % 5, %
(:v) 240 2—l(v+1)(][ | /|70 dM) < (r_) (f) 220 5- l(”+1)(][ | f170 dﬂ)
t leﬁ t t ZIBf

fi
v+1

N L
()2 (i) 2 5 =(+)+1) ][ | /170 dp po
~ A\t r2 2i+k B, ’

where we used that /V is sufficiently large that %N —v/(2q¢) > %(v 4+ 1). We then conclude by summing

over / and integrating over s € (0, r?).
2

In the second case, when 7 < ¢ < r~, we follow the same reasoning: with T = max{s, ¢},

‘I% min{s, 7} N=30 T VT-H r2\2po %
(][ ITzQ§N)f|”°du) 5(—’ ) (zj 2) (—) (][ Iflpodu)
Bﬁ T 241y T B,

N_ v 1
2

. __v 1 1
< (—mln{s, t}) 240 (L) 22—1’(v+1) ][ |f|po du Po’
~ \max{s, 7} r2 B,
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where we used that N > v 4+ 1. We may now integrate over s and obtain the desired result.
. . . _2 .
The modifications required for the case T; (1 —e™" L)V are straightforward. We first observe that

2

) r N Nr2 d
(I—e 7N = (/ Le—sE ds) =/ a(s)(sL)NesE ?S
0 0

a(s)::sl_N‘{(sl,...,sN)e (O,rz)N 81 +-'-+sN=s}‘ <1.

with

Define ws(N) (L) :=a(s)(sL)Ne L. Then

Nr?
—r2 d
(- = [Ty &

Now we can also write QgN) ws(N) (L) = (min{s, ¢ }/max{s, t})N®sJ with some operator ®; ; satisfying
LPo-190 off-diagonal estimates, and conclude as above. O

2

Considering the particular case ¢ = r~, we may integrate over ¢ the two inequalities of Lemma 4.1

and, from (4-1), deduce the following result:

Corollary 4.2. For an integer N > max{%v +1, NO} andr >0, T(I — e_rzL)N satisfies LP0-1.90
(strictly) off-diagonal estimates at the scale r > 0: if By and B, are two balls of radius r > 0 with
d(By, By) > 4r, then for every function f supported on By we have

) N d(By, By)\ O +D %
(][ T = L)Nfl"Odu) s(1+#) (][ |f|”°du) .
B> r B,

4B. Maximal operator. We now fix an integer N > max{%v +1, No} (and all the implicit constants
may depend on it).

Definition 4.3. Define the maximal operator 7# of T by

o0
T* £(x) = sup (][ T / oMyt
%ball B r(B)2
35X

90
d,u) , XEM,

for f e L1,

loc*

By definition of P(N) f ) Qg ds/s, we then have

1

N q0

= un (£ irriperman)”. xem,
ba]l

for f e LI

loc*
Lemma 4.4. Consider a sequence (u)e of L* functions which converges (in L?) to some function u € L?
when ¢ tends to 0. Then, for almost every x € M, we have

e—>0

lu(x)| < liminf][ |ue| du.
B(x,8)
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Proof. Due to the Lebesgue differentiation lemma, we know that

[u(x)] fliminf][ |u| du.
e—>0

B(x,¢)
Then we split, as follows:

f Iuldui][ Iusldu-i-][ u— | .
B(x,8) B(x,8) B(x,8)

The second part is pointwise bounded by JM[us — u](x), which converges in L2 to 0 (due to the
L?-boundedness of the maximal function), which allows us to conclude the proof. O

As a consequence of the previous lemma with the L2-boundedness of 7" and Proposition 2.3, we
deduce the following result:

Corollary 4.5. For every function f € L? we have, almost everywhere,

TN = T*)).
Proposition 4.6. The sublinear operator T* is of weak type (po, po) and is bounded in LP for every
p € (po.2].

Remark 4.7. In the definition of the maximal operator, the previous boundedness still holds if we replace
the average on the ball B by any average on AB for some constant A > 1. In this case, the implicit
constants will depend on A.

Proof. We proceed in two steps:

Step 1 (L?-boundedness of T#). We first claim that 7# satisfies the following Cotlar-type inequality
(p1 €[po,2) is introduced in our Assumptions):

T* f(x) S Mp, (TF)(x) +Mp, f(x), x€M. (4-3)
Indeed,
L
_ (N 0
0 = sup (. 17200 11 au)”

B>x
and, since N is an integer, we have by Remark 2.2(ii), with » = r(B), that
P = p(r2Lye "t
with p a polynomial function. We then factor as
TP = (Te "L/ (p(r2L)e ™ 1/?),
By Assumption (c), Te™" ?L/2 satisfies some LP!-L90 estimates and, by Assumption (b) and Lemma 4.1,
both T (I — P N)) and p(rzL)e_’ L/2 gatisfy LP1-LP1 off-diagonal estimates at the scale r. We may

compose these two estimates in order to obtain similar estimates as Assumption (c) for 7P , (V) and then
directly obtain (4-3).
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This in particular implies that 7% is bounded on L2, since T is bounded on L? by assumption, and the
Hardy-Littlewood maximal operator Jl,, is bounded on L? as p; < 2.

In the second step, we now use the extrapolation method of [Auscher 2007; Blunck and Kunstmann
2003] to show that 7% is of weak type (po, po), which by interpolation with the L?-boundedness will
conclude the proof of the proposition.

Step 2 (weak type (po, po) of T#). We apply [Auscher 2007, Theorem 1.1] (see also [Blunck and
Kunstmann 2003]). As shown in Step 1, 7% is bounded on L2 By assumption, we know that (¢ 7L),~
satisfies LP0-L? off-diagonal estimates. It remains to show that T%(I — e LN satisfies LP0-L2 off-
diagonal estimates (not including the diagonal), where we will use (for convenience, but it could be chosen
differently) the same integer N as the one defining the maximal operator, which is chosen sufficiently
large. More precisely, for a ball B € M of radius r and a function b € L0 with suppb € B, we will
show that

I BTV T — e BN bl 25, gy S c(DIBITV P bliLrocsy. S =3 (4-4)

with coefficients ¢ (/) satisfying } ;> , ¢( 7)2% < 0.

For x € M and ¢ > 0, denote by By ¢ a ball of radius /¢ containing x. Then recall that 7; = T QEN)

and
TN
d/,L) .
Let x € Sj(B) for j > 3 and consider first the case r? < &. Applying Lemma 4.1(1), we then deduce that

. @ (r2\7(  d(B.By)?\ 3 70
(e s () s
B.x.E B

Since & < 1, it follows that either 2/ > /7, in which case d(B, Bx) >~ 2Jr, or 27r < \/7, in which case
d(B, Bx,s) <2+/t. So, in both situations, we have

"1 —e_’ZL)Nb(x) < sup(][
BX.E'

e>0

o0
T/ oM (1 —e LN} %
&€

d(B, By ¢)> 47 2
i ( Zx,s) ~ 14+ Z”'

1

Consequently, we get

5 % r2 % 4J 2 _VZLI %
(][ T —e L)Nb|q°du) s(—) (1+ ) (f Ibl”"du) .
Bu.: ! ‘ B

We then have to integrate along ¢ € (&, 00) and we split the integral into two parts, depending on whether
t <4712 ort > 4/r%. We then obtain that
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q0 %
du)

2

([ e GE) e 7)) (L)
; 2) 7 T a2\ ) )\ U
1

sz—j(v—l—l/z)(f b0 d,u)po,
B

which corresponds to the desired estimate (4-4) with ¢(j) = 277/ +1/2),
Consider now the case ¢ < r2. Again, let x € S;j(B) for j > 3. We split the corresponding part of
T#(I — e_’zL)Nb(x) into

1

q0
sup (][ 1T(I — e~ LYN p|a0 du) + sup (][
e<r2 \JBx ¢ e<r2 \VBx ¢

Let S i (B) be a slightly enlarged annulus such that By ; C S i (B) for x € §;(B). We estimate the
first term /1 (x) in (4-5) against the maximal function, localized in S; (B) due to the restriction of the

(..

o0
/ T, e N &
&€

=

1

€ _rZLN dt 90 )qO
T:(I — b—| d
/0 t( e ) \/; w
=:11(x) + I(x). (4-5)

supremum to small ¢ and the assumption j > 3. This gives, for x € S;(B),
2
11(x) < Mgy (15, gy T —€™ BYNb)(x).

By Holder’s inequality and Kolmogorov’s lemma (see, e.g., [Duoandikoetxea 2001, Lemma 5.16]) for .y,
we have

27 BIT V2N | agsy myy S 1277 BIT? Mgy (15, 5y TU = 1)V b)|

Sj(B)
; _ 2
S BITYONTU = N Lao 5, 3y

L2(2/B)

By Corollary 4.2, we know that T(1 —e™" 2L)N satisfies LP0-1.90 (strictly) off-diagonal estimates at the
scale r, thus giving (4-4) for this part with coefficients ¢(j) = 2~/(+1),
For I,, on the other hand, we can directly estimate, using Lemma 4.1(2),

1 1
_ 2 . t \2 Do
Bae V0T (1 =BV b a5,y < 2 f<v+1>(r—2) (][B bjPo du) |

Therefore, we may then integrate over ¢ € (0, ). By taking the supremum over ¢ € (0, 7?) and over x,
and using Minkowski’s inequality, we obtain (4-4) also for I, with coefficients ¢(j) =2—/C+tD 0O

5. Boundedness of the maximal operator by sparse operators

As done in previous works (see for example [Petermichl 2007; Hytonen 2012; Lerner 2010; 2013a; 2013b;
Lacey 2015]), the analysis will involve a discrete stopping-time argument that relies on nice properties
associated with a dyadic structure, which is by now well-known in the context of doubling space. We first
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recall the main results and then, by using this structure, we detail the stopping-time argument to bound
the maximal operator 7# by some specific operators, called sparse operators.

5A. Preliminaries and reminder on dyadic analysis. We first recall several results about the construction
of adjacent dyadic systems (see [Christ 1990; Sawyer and Wheeden 1992; Hytonen and Kairema 2012]
for more details).

Definition 5.1. Let us fix some constants 0 < ¢y < Cyp < oo and 6 € (0,1). A dyadic system (with
parameters cg, Cy, 8) is a family of open subsets (Qfx)aeﬂl,lez satisfying the following properties:

e For every / € Z, the ambient space M is covered (up to a set with vanishing measure) by the disjoint
union of the subsets at scale /, that is, there exists Z; with p(Z;) = 0 such that

M=|]0uz.

[ A¥=7]
« If /> k, @ € o and B € o then either 0 € Of or Q5N 04 = 2.
e For every / € Z and « € 4, there exists a point Z(lx with
B(zl, co8") € O, € B(zl, Co8") =: B(QL,). (5-1)

For a cube Qf;, k €7, a € @7, we call the unique cube Qllg_l, B € _4, for which Qé‘ C Q]é_l the
parent of Q{ft. We denote the parent of Q € % by Q¢ and call Q a child of Q%.

We refer the reader to [Hytonen and Kairema 2012] for a variant where the negligible Z; does not
appear if the subsets are not necessarily assumed to be open. We also refer to a very recent survey by
Lerner and Nazarov [2015] about dyadic structures and how they are used for proving weighted estimates
of singular operators.

Then we have the following result (see [Hytonen and Kairema 2012] and references therein):

Theorem 5.2. There exist constants ¢y, Cy, 6, finite constants K = K(cg, Cy, §) and p = p(cg, Co, §),
as well as a finite collection of families gb, b=1,2,..., K, where each %" is a dyadic system (with
parameters cg, Co, §) with the following extra property: for every ball B = B(x,r) € M, there exists
be{l,...,K}and Q € %" with

BC Q and diam(Q) < pr. (5-2)
We define
K
@:=|_) 2P,
b=1

and call a cube Q a dyadic cube whenever Q € 9.
For every dyadic set O € @, we let £(Q) := 8%, where the integer k is determined by

§k*+1 < diam(Q) < 8X.
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This result means that in typical situations it is sufficient to consider a dyadic system instead of the
whole collection of balls.

Definition 5.3. Given one of the previous dyadic systems 9k and a nonnegative weight 4 € L}

loc> W€
define its corresponding maximal operator, weighted by /, by
gbk 1
My [fNx) = sup | oot | [ fThdp ). x €M,
x€QEIK (Q) )
for every f € Lllcc(h du).
Lemma 5.4. Uniformly in k € {1, ..., K} and in the weight h, the maximal operator Jl/t%k is of weak

type (1, 1) and strong type (p, p) for the measure h du for every p € (1, <.

We refer the reader to [Lerner and Nazarov 2015, Theorem 15.1] for a detailed proof of this result and
more details. For completeness, we give a short proof here.

Proof. Since A/t%k is L°°-bounded (and so L*°(/ dp)-bounded), it suffices by interpolation to check its
weak L' (h dj)-boundedness.
Fix a function f € L!(hdu). For every A > 0, we consider the set

Q)= {x e M M [f1(x) > AL

Due to the properties of the dyadic system, there exists a collection 9 := (P)pey C @k of dyadic sets
such that ) = (Jpe, P (up to a subset of measure zero) and such that each P € 2 is maximal in Q)

1
W))/Pumdum.

Due to the maximality, the dyadic sets P € 9 are pairwise disjoint and so we conclude that

Q) =Y WPy =iy /P lhde <37 .

Ped Peo

and, for every P € 2,

which leads to weak L!(h du)-boundedness, uniformly with respect to /. O

We will also need the weak type of a slight modification of the previous maximal function.

Lemma 5.5. Fixk €{1,..., K} and consider the maximal function
M*[f1(x):= sup inf M[f](y), x€ M,
xeQeak V€@

for every f € LlloC (hdw). It follows that M*[ f] = M| /] almost everywhere. Consequently, the maximal
operator MW* is of weak type (1, 1) and strong type (p, p) for every p € (1, 00].
Proof. Indeed, since the quantity inf,cg L f(y) is decreasing with respect to Q, it follows that
MfUx) = lim  inf M[/](y) = M[f](x),
x€Q yeQ
diam(Q)—0
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where we have used the Lebesgue differentiation lemma, which implies the last equality for almost
every x e M. O

5B. Upper estimates of the maximal operator with sparse operators. From the previous subsection we
know that we have several dyadic grids @ for b € {1,..., K}. In the sequel, we define % := | J f=1 gb
and call any element of 9 a dyadic set.

Definition 5.6 (sparse collection). A collection of dyadic sets & := (P)pey C D is said to be sparse if
for each P € ¥ one has

> W) < Fu(P), (5-3)

Qé&chy(P)

where chg(P) is the collection of ¥-children of P, namely the maximal elements of & that are strictly
contained in P.

For a dyadic cube O € %, we denote by 50 its neighbourhood
50:={xeM:d(x,Q) <4L(Q)}.

Theorem 5.7. Consider an exponent p € (pg, qo). There exists a constant C > 0 such that, for all f € LP
and g € L? ', both supported in 5Q for some Q¢ € D, there exists a sparse collection ¥ C D (depending
on f and g) with

‘/QOTf-gdu

A careful examination of the proof shows that, indeed, if the initial ball Q( belongs to the dyadic
grid @b for some b € {1,..., K}, then the whole sparse collection ¥ belongs to the same dyadic grid gb.
However, it will be important in Proposition 6.4 (to prove sharp weighted estimates for sparse operators)

1
<cy ’“‘(P)(][sp ]P0 du)” (][SP g% du)%.

Pey

to play with the different dyadic grids.

Proof. Let p € (po,qo)- Suppose f € LP and g € L? supported in 5Q for a dyadic set Q¢ € ¥. Fix
the parameter b € {1, ..., K} such that Q¢ € %@® . For some large enough constant 1 (which will be fixed
later), define the subset

1
E= {x € Qo max{ Zo,Pof(x)’ Tgof(x)} e n(][;Q | f1P0 d,u)po }»

where both Ji*

00.70 and TEO are defined relative to the initial subset Q¢ € b as follows: for every x € Q,

Qo.pol /1) = sup_ inf Ay, [/1(7)

x€QCQpY
Qexb
0 \ay
dﬂ)

4 (N, . dt
TQ()f(x) = sup (][ ’T/ i ()=
xeQcQo\Jol| Juo)? 4

Qeab

and
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We extend both Jl/L*Q o and T# by 0 outside Q.

Due to the properties of dyadlc subsets, we know that every Q € 9b is contained in a ball with
radius equivalent to £(Q). Thus, up to some implicit constants, ¥ 0,70 is bounded by the Hardy—
Littlewood maximal function /l,, (see Lemma 5.5) and T’ E is controlled by the maximal operator 7.
So Proposition 4.6 yields that both Jl/L* 0270

Then it follows that u(E) < (1/n) M(Qo) So, 1f n is chosen large enough, then we know that E is an
open proper subset of Q. In the sequel, all the implicit constants will only depend on the ambient space.

For convenience, we only emphasize the dependence relative to 1, which will be useful later to show how

and T# are of weak type (pg, po).

n can be fixed.
Consider a maximal dyadic covering of E, which is a collection of dyadic subsets (Bj); C 9® such
that

e the collection covers E: E = | ; Bj, up to a set of null measure, with disjointness of the dyadic
cubes;

e the dyadic cubes are maximal, in the sense that B N E€ # & for every j, where we recall that Bf
is the parent of B;.

Since u(Bj) < u(E) < n~ ' u(Qy), if n is chosen large enough then, using the doubling property of
the measure 1, we deduce that we also have

w(B7) = 1(Qo).

Due to the properties of the dyadic system, we then deduce that BJq is included in Q¢, and so the
maximality of B; yields

1 1
max{yiean?mpo[f](yx (f | /Z(B;_,)Z oM () du)’“}sn(ﬁgouwpwu)”‘). (5-4)

We first initialize the collection & := {Qy}, which we are going to build in a recursive way. For B € 9,
define the operator T by

«(B)?
: : dt
Taf =T [ 0 (1sm Y

Step 1. In this step, we aim to show that, for some numerical constant C,

1
< ConlQol(f, 117 an)” (f, et du)

‘/ Tf-gdu
Qo

TB S gd/t‘ (5-5)

Seeking that, write

'/ Tf-gd,u‘f‘/ Tf'gdli"f“/Tf'gdﬂ‘-
Qo Qo\E E
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For the first part, notice that |7/ (x)| < Téof(x) < r](fSQO | f]P0 du)l/po for a.e. x € Q¢ \ E by

definition of E. Hence
1 1
0 Po q/ q(’)
Tf-gdu| =nu(Qo) [ /170 dp lg|fodu | .
Qo\E 5Q0 Qo

For the part on E, we use the covering to obtain

33

J
1 1

: : 90 / a4

=S| [ o el S up( f 1= 1aprman) (£ e an).
j VB j By B

The first sum enters into the recursion and is acceptable in view of (5-5). For the second sum, we have

£(B))*
N dt
+‘T/0 ¢ )(1(53,-)Cf)7

Using the doubling property, we can estimate the first term against the maximal operator and get

1 1
o q0 a0 o0 qo\ go
N) , dt 40 N) - dt 90
(L) omraa)"<(f |r[ " ore™)
B;| JuB))? 4 B¢l Jus;)? 4
£(B9)? 90\ 2o
< inf T#f(z)+(][ T/ 7 pdt )°.
z€BY B¢ ) t

(B))?
By the maximality of the dyadic cubes B;, we know that B]‘.‘ intersects E¢; hence, from (5-4), we have

‘/ETf-ng /BjTB,-f-gdu'+ j /;j(T_TBj)f'ng‘

=

. (5-6)

‘(T—TBj)f

* dt
rf oM
£(Bj)?

1
. u 0
inf T" f(z) <n | /170 du .
zeBY 500
Moreover, we also know that for every dyadic set B; we have
1
. o Po
it (1) <u( f11man )
y<Bj 5Q0

which yields in particular that

OO
(][ T / 0 EN)f r
Bel Ju

(Bj)?

A

1 ay2 1
qo)qo /é(Bj) (][ 7™ fja0 dll)qo dt
¢(B;)> \JB¢ l

1
sn(][ 1P du)”".
500

We do not detail this last inequality, since it is a simpler particular case of the next one.
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For the second term in (5-6), we use the LP0-190 off-diagonal estimates for Ty = T QgN) from
Assumption (b). We have that

(5B))° c | Sk(By).
k=2

1 2 1
|’ \ao _ [HB) 0 dy
du) < [ ][ | T:(fLsByo)lPdu)  —
1 o 5, ‘

L(B))? )
[ oM Lsm &
08, @ 4
S| (]i |Tt(flsk(3,.>)|q°du) dt
J

k>2

and can therefore decompose

(£,

For fixed ¢ € (0, Z(Bj)z) we know that T satisfies LP0-L90 off-diagonal estimates at the scale /7. We
then cover Sy (B;) by balls of radius V/t, with a finite overlap property (by the doubling property of the
measure). We then deduce that these balls R satisfy

d(R,Bj) = {(Bj) and d(R,Bj)=~d(Sk(B;), Bj) ~2"((B)).
Moreover, the number of these balls needed to cover S (B;) is controlled by

2’%(3;))“

i (5-7)

#(R) < (

By summing over such a covering, we get

1 1
d Po
(][ T sl d) <Z(1+ (R.5) ) (]iwmdu)”

4k 0(B;)? KU(B)\Po g L o \Po
(1 () E(frman)

By Holder’s inequality with the bounded overlap property of the collection { R} with (5-7), we then have

1 1 v

7o _ Po 2’%(3)),,/
2 : po 4 po J 0’
= (/Rm M) S (/sk(Bj) /1 M) ( Vit

hence
1 v+1 1
% 4ke(B;j)2\~ 2ke(Bj) Y’ 70
7/ A)I""du) s(1+—’) (—) (][ Iflp"du)
(][B,- t Sk (B)) / Ji Sk(B))
1

vi ok
- Od .
(2"@(31))(]{%(3,.) 71 an

A
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We therefore get

1

((B;)? ale @ & po [(YBf N\ g
L et <E () [ i)
(][Bj Lo ¢ a) (L rma)” [T (5555 4
S %
0
s ML i)
k=2 Sk (Bj)
1
po
ssup(f, 1r1man)
k>2\J2k B;
76
< inf Jl/tpof(z)Sn(][ Ifl”") ; (5-8)
z€BY 500

where we used (5-4).
On the other hand,

1
(][ |g|% du)q" < inf My g(2).
B; z€Bj Y
and, using | J ; Bj = E, Kolmogorov’s inequality, the fact that £(E) < u(Qo) (since n will be chosen
larger than 1) and supp g € 50,

‘

1

% <M(Qo)(][5Q g% du)q .

o~

|g|%0

S u(By) i gl = [ ggle10) dia2) S () '%
; j

Therefore, putting all the estimates together, we have shown that

1 1 1 1
q0 ’ q’ po / q/
. _ . q0 4 90 0 Po q, |70
Ej M(B])(]ijl(T Tp;) f| u) (][B, g M) érm(Qo)(][SQolfl ) (][SQOIgI )

where the implicit constant only depends on the ambient space through previous numerical constants.
This concludes the proof of (5-5).

Step 2 (recursion and conclusion). Starting from the initial dyadic cube Qg, we have built a collection of
dyadic cubes (Q{ )j such that

1 1
) Do , rA . .
'/ Tf-gdu‘ SConu(Qo)(][ | f170 du) (][ |70 dﬂ) ’ +Z/ Tyif? -8 du’,
Qo 5Q0 5Q0 J o !

where f/ and g/ are both supported in SQ{ and are pointwise bounded by f and g, respectively.

Moreover, the following properties hold:

(a) Small measure: for some numerical constant K,

Y u(@) < Qo).
J
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(b) Disjointness and covering: (Q{ )j are pairwise disjoint and included in Q.

We then add all these cubes to the collection ¥, and rename ¥ = ¥ U | J j{Q{ }. And we iterate the

procedure. For every cube Q{ , there exists a collection of dyadic cubes (Qg’k) & such that

'/ijj-gjdu‘
01 pi N
| : o
<com@D( L 1rman)” (f temoan) + %
501 501 P

with the properties that f/ * and g’ * are pointwise bounded by f and g, and also:

Jopo Tog 7% |
2

Small : 4 < Kol
(a) Small measure Xk:M(QZ ) < nM(Ql)

(b) Disjointness and covering: ( é’k)k are pairwise disjoint and included in Q{.

We then add all these cubes to the collection ¥, to obtain ¥ = S U J I Kt ék} We iterate this reasoning,
which allows us to build the collection ¥ with the property that

'[QOTf-ng

Indeed, it is easy to check that the remainder term at the i -th step is an integral over a subset of measure

1
=con ¥ ) f e )" ( f et )"

Qe¥

which tends to 0 as i goes to co. So for fixed f € L? and g € L?" with p’ < 0o, the remainder term also
tends to 0.

It remains for us to check that this collection & is sparse.

So consider Q € &. By the disjointness property of the selected dyadic cubes, it is clear that any child
O € chy(Q) has been selected (strictly) after O and in the collection ¥ generated by Q. Using the
smallness property of the measure in the algorithm, we know that summing over all the cubes R selected
strictly after Q in the collection generated by Q gives us

~

/ ~
3 u(R) = Z(%) Q) < n_igu(Q)-

ReYo 1>1

We then deduce that, by choosing 7 large enough, the selected collection is sparse. O

6. Boundedness of a sparse operator

Definition 6.1 (4, weight). A measurable function @ : M — (0, 00) is an 4, weight for some p € (1, 00)

if
’ p_l
[w]4, := sup (][ a)du)(][ w!™P d,u) < 00,
ball B\J B B
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with p’ the conjugate exponent p’ = p/(p —1). For p = 1, we extend this notion with the characteristic
constant

[w]4, := sup (][Ba)du)(eiseigfw(x))_l.

ball B

Definition 6.2 (RH, weight). A measurable function @ : M — (0,00) is an RH, weight for some

q € (1,00) if
1 ~1
[w]rn, := sup (][ w? du) (][ a)du) < 00.
ball B\J B B

For ¢ = oo, we extend this notion with the characteristic constant

~1
[w]RHe 1= sup (esssup w(x)) (][B w d,u) .

ball B x€B

We recall some well-known properties of the weight.
Lemma 6.3. (a) If p € (1,00) and w is a weight, then w € Ap if and only ifol=? € Ap with

1—-p’ —1
(@', =llf 7.

(b) (see [Johnson and Neugebauer 1991]) If ¢ € [1, oo], s €[1, 00) and w is a weight, then v € Ag N"RH;
if and only if * € Agg—1)41 with

N S S
[ ]As(q—1)+1 = [w]Aq[w]RHS-
We prove the following sharp weighted estimates for the “sparse” operators:

Proposition 6.4. Let pg, qo €[1, 00] be two exponents with po < qo, and let p € (po, qo)- Suppose that S
is a bounded operator on L? and that there exists a constant ¢ > 0 such that for all f € L? and g € L?’
there exists a sparse collection & with

isca=e X (f e du)”l" (f, 1ot an )’

Pey

0\‘_

w(P).

Denote

/
ri= ((]_0) (£ - 1) +1 and §:=min{gy, po(r —1)}.
p Po

Then there exists a constant C = C(S, p, po.qo) such that, for every weight w € A p;p, "RH(g,/py - the
operator S is bounded on L with

o
||S||LL’Z,—>L£, = C([w]Ap/po [w]RH(qo/p)’) ’

=) =l )
a:=—-— ] =max s .
S\ p P—DPo qo—p

with
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In particular, by defining the specific exponent

Do
p:=1+ = €(po.q0):
4o

we have o = 1/(p — po) if p € (po,p], and a = (q0 —1)/(q0 — p) if p € [p. qo0)-

Remark 6.5. The property po < p is equivalent to the condition py < qg, and the property p < g¢ is also
equivalent to the condition pg < go. So the assumption guarantees us that

Po <P <qo.

We note that, using extrapolation theory (as developed in [Auscher and Martell 2007a, Theorem 4.9])
and by tracking the behaviour of implicit constants with respect to the weights, a sharp weighted estimate
for one particular exponent p € (pg, qo) allows us to get the sharp weighted estimates for all the exponents
in the range p € (po, qo). Here we are going to detail a proof which directly gives the weighted estimates
for all such exponents.

Remarks 6.6. (1) In the case where gg = p6, it is p = 2 and we obtain sharp weighted estimates with
e
o = max , .
P—Po P+Ppo—pPo

(2) In particular, in the situation where py = 1 and go = 0o, we recover the “usual” sharp behaviour,

the power

dictated by the 4, conjecture, with the power
o= max{l, L}
p—1
(3) In the case gy = 0o, we obtain

o =max{l, (p— po)~'}.

which is the same exponent as in [Bui et al. 2015] and allows us to regain their result (the linear
part) as explained in Section 3D.

Remark 6.7. For a weight w, we know (see Lemma 6.3 and [Auscher and Martell 2007a, Lemma 4.4])
that
e 1-p’
w € Ap/po ﬂRH(qO/p)/ = o= P e Ap//% ﬂRH(p(/)/p/)/ .

These are also equivalent to
w@/P) ¢ 4,

with r := (qo/p) (p/ po — 1) + 1. We have the estimates on the characteristic constants

(qo0/p)

[0/ P)] )1”—1

4, < (@014, [@0]RH G, /) and [U]Ap//q(/) [U]RH“,(/)/I,,), < (1014, o [0IRH g py

Proof of Proposition 6.4. Let us define three weights,

/

_ Y ’
o=, u:=cWP/P) and v:=W@/P)
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()

Combining the previous remark with Lemma 6.3, the fact that w € 4, ,, "RHy, /)y yields that v € 4,

r—1
sup (][ vdu) (][ u du) <[vl4, < []@0/P),
ball B\J B B

[w]:= [w]Ap/po [w]RH(qo/p)”

Then u = v!~"" with

and so

where we set

the characteristic constant of the weight w in the class 4 ,/,, MRH(y, /). Using the comparison between
dyadic subsets with balls and the doubling property of the measure 1, we then deduce that

r—1
sup (][ vdu) (][ udu) < [ola, <[] @0/P), (6-1)
Qexp \JQ (0]

We know that the dual space (with respect to the measure du) of L2 is Lg/. So the desired
L2 -boundedness of S is equivalent to the inequality

S @ SIS s el - (6-2)

/
Let us fix two functions f € L2 and g € LZ . Then, by assumption, there exists a sparse collection &
such that

1 1
RGTIEDS (fsp 170 du)”‘) (][SP gl du)qOM(P)-

Pey

For every P € ¥, we know that there exists a dyadic cube P such that 5P C P and u(P) < u(5P).
We split & into K collections (¥ ) =1
is a subcollection of &.

We now fix k € {l,..., K}. Forevery P € ¥}, we set Ep C P to be the set of all x € P which are
not contained in any ¥ -child of P. By the sparseness property of &, we then have

x for which P € 9¥. Each collection S is still sparse, since it

.....

n(P) =2u(Ep)

and the sets (Ep) pey, are pairwise disjoint.
So we have

S \"_‘

K 1
COEIEIIPY (][P 170 du)p (][P gl du) W(Ep). (6-3)
k=1Pe%y
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We then change the measure with the weight u as follows:

1 1
(][ | ]P0 dM)pO — (][ |u_1/p0f|p°u dM)PO
P P

1 1
1 Po Do
= ( — /lu_l/l"’flp"udu) O(fudu) ° (6-4)
u(P)Jp P
Similarly, we have

1 1
(fteto ) = ( f, 1 1isbgisboan )
| .
= v Y0g %0 d ) )(][ vd )qo. 6-5
(U(P)/ | glfovdu vdn (6-5)

Set a := 87" (go/ p)’, with § := min{g(, po(r — 1)} and B := 1/ po — (r —1)/q;,. We note that § <0
is equivalent to p > p and is also equivalent to § = q6; whereas § > 0 is equivalent to p < p and

to 6 = po(r — 1). We are first going to detail the end of the proof in the case 8 < 0 and then explain that
the situation B > 0 is very similar.

Step 1 (the case p > p, i.e., § < 0). Putting the two last estimates, (6-4) and (6-5), into (6-3) yields

1
(S(/). )] Z 3 (u(P) [t i du)

=1 PeYy
—1/q{ 19
X v 0g|0p d
(U(P)f | gl M)

5
(o) (o)
P P
which comes from (6-1).

Since B <0and Ep C P C P with w(Ep) > %/L(P) > ¢, iu(P), where ¢, is a constant only dependent
on the doubling property of w and constants of the dyadic system, we deduce that

(][Pudu)ﬂ ch_ﬂ(][EPud,u)B.

Then let us define two other weights,

S \"_‘

B
(][Pudu) w(Ep), (6-6)

Slo) " @/PY, (6-7)

where we used that

(S

@ = ov?/% and p::wup/p‘). (6-8)

1—r

. / o .
Since u = v~ ", an easy computation yields

u—ﬂwl/P’pl/P — g/ yl/r — 1. (6-9)
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By Holder’s inequality with y := 1/(1 — ) €0, 1] and the relation
1=Z+l,+(1—y),
p p

we have
WEP) = | WP 1P p Py du < u(Ep) P w(Ep)/? p(Ep)"/P. (6-10)
P

Hence,

B
(][E udu) W(Ep) = w(Ep)Pu(Ep)'F < w(Ep)'/? p(Ep)'/.

So, coming back to (6-6) we then deduce that

1
SIS Y (M(P) [t du)

k=1Pec¥y 1
x( f|v l/q"gl""vdu) o (Ep)/? p(Ep)?.
v(P)

With the dyadic weighted maximal function (see Lemma 5.4 for its definition) and since Ep C P C P,
we deduce that

[(S(/). &)l
Z Z me —1/P0f|170)1/1’0 ianl/L%jk(|v_1/q6g|q‘/))l/q/ow(Ep)l/p/,o(Ep)l/p
k= 1Pefk Ep
1 1
Y Y ([ i gy o) ([ ooy oo )
k=1PeY Ep Ep

By Hélder’s inequality and using the disjointness of the collection (E'p) pey, , One gets
1

K 1
(SO, g} < [F Z(/ A (=70 ppo)Pl70 du)p (/ m%"’(w—uqagwa)p’/qgwdu)p
k=1

Since p € (po, go), the dyadic maximal function A/t%k is L?/Po (4 dy)-bounded (uniformly in the weight u;
see Lemma 5.4) and similarly for the weight v, hence

(/|v—1/"6g|1’/wdu)p ‘

1
/

(freroan)”,

hSTos

(S(). &) sw( [time flppdu)

Due to the definition (6-8) of p and w, we conclude

=

(S().2)] S [ (/Iflpa)du)

which corresponds to (6-2).
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Step 2 (the case p <, i.e., B > 0). In this situation, (6-7) still holds and, due to the choice of §, it yields
(instead of (6-6))
1

< [w]® - L —1/po £|Po Po
(Sl Sl 30 3 (o [ s d

k=1PeYy

1
—r B
x( L /Iv‘l/q6g|q6vdu)q°(][vdu) W(Ep), (6-11)
v(P)JpP P

ﬂ_._l 11 1
gy 8 qy por—1)

with

=—(r—1)8.

In particular, since we are in the situation 8 > 0, we know that B =< 0. We can then reproduce a similar
reasoning as in the first step, using the inequality

(o <(f, o

We use the same weights @ and p as defined in (6-8), and the exact same computations allow us to

1—

conclude since, by definition, u = v' " ', which implies

uP = =B = =B, O

7. Sharpness of the weighted estimates for the “sparse operators”

We are going to show that the exponents we obtained previously are sharp for sparse operators. We do so
only for dimension n = 1, since higher-dimensional cases follow through minor modifications.

So let us consider the Euclidean space R, equipped with its natural metric and measure. We first state
some easy estimates on specific weights. For p > 1, the weight wg, : x = |x|* belongs to 4, if and only
if -1 <a < p—1. One has

1 and [wp—1—e]A,, ~ gD

[w_1+8]Ap ~ 8_
as e — 0.

On the other hand, if s > 1 then w_ /44 is critical for RHs. When ¢ — 0,

—1
[W_1/s+elrRH, ~ € /s,

Having these sharp estimates, we are now going to prove the optimality of Proposition 6.4. Consider
the particular sparse collection & of those dyadic intervals contained in [0, 1] that contain 0, namely
¥ ={I,:=10,27"]:n € N}. Then ¥ is a sparse collection. We consider sharpness in the inequality

1 . 1/4; .
E |1] (|f|p0)1/p0 (Igl%0); ™ < ®((@]po.g0.p) 11 f ||L5, ||g||Lg/v (7-1)
Iy

where 1 < pg <2 < g < oo are fixed and, to simplify the notation, we denote by (- ); the average on
the interval 7.
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Proposition 7.1. For p € (pg, qo), there exist functions [ and g such that, asymptotically as r — oo,
the power function ®(r) = r% is the best possible choice, where @ = 1/(p — po) if p € (po,p] and

a=(q0—1)/(qo—p)if p €[p,q0)-

Notice that for go = oo the above sum corresponds to the pointwise-defined operator

Sf= > Aren/Pu

I1<%[0,1],0el
tested against g.
For convenience, we also will use the following notation (introduced in [Auscher and Martell 2007a]):
for a weight w,

[@]po.g0.p = [“)]Ap/po [w]RH(qo/p)"

Proof. Let p € (po, p]. Consider functions f; := x x_l/l’0+£)([0,1] and g ;= x x_l/P</>+8X[O,1].
One calculates, for I, = [0, 27"] with n = 0, that

/ —
s} = T eyl
! Poé
and
’ /ph—
(lgaltoy a0 — 2T yneqning

I"l 4
(1—q},/ p} +qje)/4o

by noticing that g,/ py < 1.
Hence we obtain, for the left-hand side of (7-1),

o0
1
—1/po —2ne _ —1/po o 1/po.—1
€ 22 =¢ - (1)8 e e .
1
Choose the weight we = W p/ pg—1—¢ := X > xP/Po=1=¢ \which is critical for Ap/py» With
[@ela,,)p, ~ e~ P/Po=D) a5 ¢ 0.

We also notice that w, is a power weight of positive exponent and therefore [a)g]RH(q spy ~lase—0.
Thus, [©e]pg.q0.p ~ &~ P/P0~1 and [wg]ll)éfé’o,g“) —1/po We calculate

1
1 1
I fell e :(/ x—l—l—(p—l)sdx) ="
€ 0

. 1—p’
With 0, = w, ¥ we calculate
1
/

||ge||Lp/=(/ /et dx) i
og 0

Gathering the information gives e ~1/Pg=1/P'¢=1/Po o the right-hand side and e~1e~1/P0 on the left,
showing that the choice of ® cannot be improved for this range of p.
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Now let p € [p, go). To treat this range, we apply what we have found before to the modified exponents
1 <gqg <2< py < oo. We have seen examples of sharpness for the sum

1 1/q] 1 1/(s—qp)
D I f1%), °(g]7)/ 7" ~ [ Ol s 1 Le 18y
I3
when ¢ < s < p/(q(/),pf)). Indeed, with f; := x > x" 90+ 10 13, g = x> x~1/a0Fey 5 47 and
we := X > |x|*/90717¢ we obtain that the left-hand side is of order s '&¢~1/90, and || £, s, ~ e~1/$ and
||gs||Lb/~8 175" Now observe that [p(gq. )l =Pp(Po.q0). Note also that, therefore, p(po. q0)<s <qo.

Using this for s" = p, it remains to calculate [ag]g,%oqol)},/(qo p) , where o, = a)s1 2.

0 (x) = |x|(p /ag—1-e)(1—p) _ |x|—1/(qo/p)’+(p—1)e

This weight is of negatlve exponent and critical for RH g,/ ) With [0¢]py.40,p ~ € —1/@0/P)" Therefore,

[oe 1()%(3‘]01,)’/ @=p) _ o~1/ay, Gathering the information, we obtain that the left-hand side is of order
¢ 1¢71/9 and of order e V90e=1/Pe=1/P" when using ®(r) = r%, showing that the estimate cannot be
improved. O
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EXISTENCE, UNIQUENESS AND OPTIMAL REGULARITY RESULTS
FOR VERY WEAK SOLUTIONS TO NONLINEAR ELLIPTIC SYSTEMS

MIROSLAV BULICEK, LARS DIENING AND SEBASTIAN SCHWARZACHER

We establish existence, uniqueness and optimal regularity results for very weak solutions to certain
nonlinear elliptic boundary value problems. We introduce structural asymptotic assumptions of Uhlenbeck
type on the nonlinearity, which are sufficient and in many cases also necessary for building such a theory.
We provide a unified approach that leads qualitatively to the same theory as the one available for linear
elliptic problems with continuous coefficients, e.g., the Poisson equation.

The result is based on several novel tools that are of independent interest: local and global estimates for
(non)linear elliptic systems in weighted Lebesgue spaces with Muckenhoupt weights, a generalization of
the celebrated div-curl lemma for identification of a weak limit in border line spaces and the introduction
of a Lipschitz approximation that is stable in weighted Sobolev spaces.

1. Introduction

We study the following nonlinear problem: for a given n-dimensional domain 2 C R" with n > 2, a given
f:Q — R™" with N e N arbitrary and a given mapping A : Q x R"*Y — R™N find u : @ — RV
satisfying

—div(A(x, Vu)) = —div f in €,

1-1
u=>0 on 0%2. (-1

Owing to a significant number of problems originating in various applications, it is natural to require
that A is a Carathéodory mapping, satisfying the natural coercivity, growth and (strict) monotonicity
conditions. It means that

A(-, n) is measurable for any fixed n € RN, (1-2)

A(x, -) is continuous for almost all x € €2, (1-3)
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and there exist positive constants c¢; and ¢, such that for almost all x € Q and all 51, 1, € R <N

cilmli>—ca < A(x,m)-m (coercivity), (1-4)
|AGx, )| < ca(1 4 |m1]) (growth), (1-5)
0<(A(x,n1)—A(x,n2)) (1 —n2) (monotonicity). (1-6)

If for all n; # n, the inequality (1-6) is strict, then A is said to be strictly monotone.

Under the assumptions (1-2)—(1-6), it is standard to show (with the help of the Minty method [1963])
that, for any f € L*>(Q; R™*V), there exists u € WOI’Z(Q; R™N) that solves (1-1) in the sense of distribution.
In addition if A is strictly monotone, then this solution is unique in the class of Wol’z(Q; RV)-weak
solutions.

An important question that immediately arises is whether such a result can be extended to a more
general setting. Namely,

whether for any f € L9(S2; RN with g € (1, 00)

there exists a (unique) u € WO1 1(Q; RN ) solving (1-1) in the weak sense.

2)

If g #~ 2, then we call the problem of existence and uniqueness to (1-1) beyond the natural pairing. If
g >2and f € L1(2; R"N), then f € L*(Q; R"™N) as well, and the standard monotone operator theory
in the duality pairing provides a WOI’Z(Q; RY) solution to (1-1). Thus, in this case, (2) calls only for
improvement of the integrability of Vu. If ¢ < 2, then the considered question is more challenging as
the existence of an object with which to start any kind of analysis is unclear. This is the reason why,
for 1 <g <2, WO1 1(Q; RV)-solutions are called very weak solutions.

Our general aim is to establish, for a given f € L7(Q2; R™V) with g € (1, 00) \ 2, the existence of a
(unique) WO1 1(Q; RY) solution to (1-1)—(1-6), i.e., to give the affirmative answer to (2). However, for
general operators, this is not possible due to the following two reasons:

(i) the way how the nonlinearity A(x, ) depends on 7,

(ii) the way how the nonlinearity A(x, ) depends on x.

We shall discuss each of these points from two perspectives: the available counterexamples and so far
established affirmative results (that were rather sporadic and had several limitations).

First, we consider (1-1) with A depending only on 7. If g > 2, then there always exists a (unique) weak
solution and the only difficult part is to obtain appropriate a priori estimates in the space Wg’q(Q; RM).
On the one hand, for general operators, such a priori estimates are not true for large ¢ > 2. This
follows from the counterexamples due to Necas [1977] and Sverdk and Yan [2002], where they found a
mapping A that does not depend on x and satisfies' (1-2)—(1-6) and showed that the corresponding unique
weak solution is not in ¢! or is even unbounded for smooth f. This directly contradicts the general
theory for ¢ >> 2. The singular behavior of solutions in the above-mentioned counterexamples is due to
the fact that the mapping A depends highly nonlinearly on the vectorial variable 5. On the other hand,

INot only does the mapping A satisfy (1-2)—(1-6), it has even more structure. It is given as a derivative of a uniformly convex
smooth potential F, which makes the counterexamples even stronger.
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if g €[2,2+¢), then the WOl “1(Q2; RM) theory can be built for general mappings fulfilling only (1-2)—(1-6),
where ¢ > 0 depends on ¢; and c,. For such g, it is known that, if f € L9(2; R"*N) then there exists a
solution u € Wol’q(Q; R™) to (1-1). Such a result can be obtained by using the reverse Holder inequality
(see, e.g., [Giaquinta 1983]) and holds also for more general growth conditions, including operators of
p-Laplacian type. For the p-Laplacian itself, A(x, n) := |n|?~2n with p € (1, 00), various positive results
are known for large exponents (in this case g € (p, 0o) or even BMO estimates) [Iwaniec 1983; Caffarelli
and Peral 1998; Diening et al. 2012]. The theory is built on the seminal works of Uraltseva [1968] (the
scalar case) and Uhlenbeck [1977] (the vectorial case).

For ¢ < 2, the situation is even more delicate. In this case, the existence of any solution is not
straightforward at all. Indeed, a general existence theory for operators satisfying (1-2)—(1-6) alone might
be impossible to get. Up to now, the only general result holds for g € (2 — ¢, 2 + ¢) with ¢ depending
only on ¢j and ¢; and A being uniformly monotone and also uniformly Lipschitz continuous, i.e., for all
n1, 2 € RN and almost all x € 2,

|ACe, m) — A(x, m2)| < 2l — 2. 1-7)

In this case, we know that for all f € L(Q; R"*V) there exists a unique solution u € WO1 1Q; RN)
to (1-1) whenever g € (2 —¢, 2+¢) [Bulicek 2012], and we also recall [Greco et al. 1997] for the result in
the so-called grand Lebesgue spaces L® (). Moreover, for a general operator satisfying only (1-4)—(1-5),
it may be shown with the help of the technique developed in [Bulicek 2012] that any very weak solution
to (1-1) satisfies the uniform estimate

/|Vu|qu§C(cl,cz,q,9)f|f|qu forallg e 2—¢,2+¢). (1-8)
Q Q

However, any existence theory for ¢ “away” from 2 is either missing or impossible.

More positive results are available in the scalar case N =1 (and even for a more general class of operators
including the p-Laplacian) but for the smoother right-hand side, i.e., the case when f € Wh1(Q; R")
or at least f € BV(2; R"). Then the existence of a very weak solution is known; see the pioneering
works [Boccardo and Gallouét 1992; Stampacchia 1965]. Furthermore, one can study further qualitative
properties of such a solution [Mingione 2013]. Moreover, in case f € wh1(Q; R"), the uniqueness of
a solution can be shown in the class of entropy solutions [Bénilan et al. 1995; Boccardo et al. 1996;
Dal Maso et al. 1997; 1999]. On the other hand, in case f € BV(£2; R"), or more precisely if div f is
only a Radon measure, the uniqueness is not known. An exception is the case when div f is a finite
sum of Dirac measures. In that case, the study on isolated singularities by Serrin implies the uniqueness
for very general nonlinear operators including the p-Laplace equation; see [Serrin 1965; Friedman and
Véron 1986] and references therein. To conclude this part, we would like to emphasize that all results
for smoother right-hand side surely do not cover the full generality of the result we would like to have,
which may be easily seen in the framework of the Sobolev embedding. Indeed, if f € W'!(Q; R"), then

f e L"™=D(Q: R") and we see that the case g € (2, n'(p —1)) remains untouched even in the scalar case.’

2Throughout the paper, we use the notation of dual exponents g’ :=¢g/(g — 1).
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The second obstacle, related to (ii), is the possible discontinuity of the operator with respect to the
spatial variable. To demonstrate this in more detail, we consider the linear problem

—div(a(x)Vu) = —div f in £,

(1-9)
u=>0 on 022,

with a uniformly elliptic matrix a. Note here that (1-9) is a particular case of (1-1) with A(x, n) :=a(x)n
and A fulfilling (1-2)—(1-6) with N = 1. In case a is continuous and € is a ¢'-domain, one can
use the singular operator theory and show that for any f € L9(2; R") there exists a unique weak
solution u € W(}’q (£2) to (1-9) [Dolzmann and Miiller 1995, Lemma 2]. This can be weakened to the case
when a has coefficients with vanishing mean oscillations; see [Iwaniec and Sbordone 1998] or [Di Fazio
1996]. However, the same is not true in the case that a is uniformly elliptic with general measurable
coefficients. Even worse, it was shown by Serrin [1964] that for any ¢ € (1, 2) and f = O there exists
an elliptic matrix a with measurable coefficients such that one can find a distributive solution (called a
pathological solution) v € WO1 1)\ Wol’z(Q) that satisfies (2-5). These pathological solutions should
be excluded as only the zero function itself is the natural solution, which of course is the unique weak
solution u € Wol’z(Q) in case f = 0. This indicates that any reasonable theory for ¢ € (1, 2) must be able
to avoid the existence of such pathological solutions.

Thus, to get a theory for all g € (1, 00), the counterexamples mentioned above indicate that we need to
assume more structural assumptions on A, which we shall describe in detail in the next section, where we
recall our problem, introduce the structural assumptions on A and formulate the main results of this paper.

2. Results

As discussed above, we study the problem (1-1) with a mapping A fulfilling (1-2)—(1-6). Further, inspired
by the counterexamples recalled in the previous section and also by the available positive results, we shall
assume in what follows that the mapping A is asymptotically Uhlenbeck; i.e., we will assume that there
exists a continuous mapping A:Q— RN 5 grxN fulfilling the following:

for all ¢ > 0, there exists k > 0 such that ~

’ ' A —A < . 2-1
for almost all x € € and all n € R™*V satisfying || > k, |AGe m) ol < elnl -1)

This assumption combined with (1-4)—(1-6) implies that A necessarily satisfies

ciln* < Ax)n-n <caln)* forall n e RN, (2-2)

Although the above assumption might seem to be restrictive, it enables us to cover many cases used in
applications. The prototypical example is of the form

ACe,m) =a(x, [y with lim a(x, 2) = a(x), where @ € €(Q). (2-3)
—> 00

Note that @ may be measurable with respect to x and the required continuity must hold only for a. The
assumptions (1-4)—(1-6) are met if a is strictly positive and bounded and if the function a(x, A)A is
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nondecreasing with respect to A for almost all x € Q. The fact that, besides (1-2)—(1-6), we will not
assume anything more than (2-1) makes our approach general.

Moreover, to obtain the uniqueness of the solution, we will consider a stronger version of (2-1). Namely,
we shall assume that A is strongly asymptotically Uhlenbeck; i.e., we will assume that there exists a
continuous mapping A : @ — RN x RV fulfilling the following:

— A(x)

for all & > 0, there exists k > 0 such that, ‘ 0A(x,n) - 2-4)
= <e. -

RHXN an

for almost all x € Q and all n € satisfying |n| > k,

Concerning the example (2-3), the condition (2-4) follows if a(x, A) is differentiable with respect to A for
A > 1 and limy_, |a’(x, A)A| = 0. This includes the approximations for the p-Laplace operator

a(x, |n) =max{u, |n|"~?}  for p e (1,2),
a(x, |n) =min{ ", [n|P~2}  for p € (2, 00),

which are (for small w) arbitrary close to the original setting.
The first main result of the paper giving the answer to (2) is the following:

Theorem 2.1. Let Q be a bounded €'-domain and A satisfy (1-2)—(1-6) and (2-1). Then for any
f e L9(2; R™NY with g € (1, 00), there exists u € Wol’q(Q; R"™NY such that

/ A(x, Vu) - Vo dx :/ f-Vedx forall g€y (2 RY). (2-5)
Q Q
Moreover, every very weak solution u € WOl ’q(Q, RN) to (2-5) with some G > 1 satisfies

/|Vﬁ|qu§C(A,q,§2)<l+/|f|qu). (2-6)
Q Q

In addition, if A is strictly monotone and strongly asymptotically Uhlenbeck, i.e., (2-4) holds, then the
solution is unique in any class Wol’q(Q; RN with g > 1.

Notice here that (2-5) is nothing else than the weak formulation of (1-1). Next, we would like to
emphasize the novelty of the above result. First, to derive the estimate (2-6), one can use the comparison
of (2-5) with the system with A(x, n) replaced by A(x)n to end up with (2-6) provided that the left-hand
side of (2-6) is finite a priori. From this point of view, the a priori estimate (2-6) is indeed clear. On the
other hand, and what is not obvious, is that (2-6) holds for all very weak solutions to (2-5) that belong to
some W(;’é(Q; RY) for some g > 1.

Second, Theorem 2.1 implies that we can construct solutions for the whole range q € (1, 00), which
makes the existence theory identical to the theory for linear operators with continuous coefficients since
we know that the linear theory is not true for ¢ =1 or g = oo.

Third, Theorem 2.1 provides the uniqueness of the very weak solution for vector-valued nonlinear
elliptic systems without any additional qualitative properties of a solution, e.g., the entropy inequality. In
particular, the result of Theorem 2.1 directly leads to the uniqueness of a solution when div f is a general
vector-valued Radon measure. As this is of independent interest, we formulate this result in the following
corollary, where we shall denote by the symbol J((£2; R") the space of R"-valued Radon measures.
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Corollary 2.2. Let Q be a bounded 6€'-domain and A satisfy (1-2)—(1-6) and (2-1). Then for any
f € M(2; RN), there exists u € Wol’" “8(Q; R™N)Y with arbitrary & > 0 such that

/A(x,Vu)-Vgodx: (f.9) forall g€y (2 RY). (2-7)
Q
Moreover, every very weak solution i € Wol’q(Q, RN) to (2-7) with some § > 1 satisfies for all g € (1, n")

/Q|Vﬁ|q dx < C(A, g, DA+ FI5)- (2-8)

In addition, if A is strictly monotone and strongly asymptotically Uhlenbeck, i.e., (2-4) holds, then the
solution is unique in any class W(:’q(Q; RN) with g > 1.

Although Theorem 2.1 gives the final answer to (2), it is actually a consequence of the following
stronger result. It shows the existence of a solution that is optimally smooth with respect to the right-hand
side in weighted spaces. For p € [1, 00), we denote by o, the Muckenhoupt class of nonnegative weights
on R" (see Section 3 for the precise definition) and define the weighted Lebesgue space L5 (RQ) :=
{(f e LY (Q); f9|f|1’a)dx < 00}. Then we have the following result.

Theorem 2.3. Let Q be a bounded 6'-domain, A satisfy (1-2)—(1-6) and (2-1) and f € L0 (Q; RN
for some pg € (1, 00) and wy € A p,. Then there exists au € Wol’l(Q; RYN) solving (2-5) such that for all
p € (1, 00) and all weights w € ., the estimate

fqulpwdx §C(Ap(a)),§2,A,p)(1—|—/|f|pa)dx) (2-9)
Q Q

holds whenever the right-hand side is finite. Moreover, every very weak solution u € WO1 ’6(9, RV)
10 (2-5) with some g > 1 satisfies (2-9). In addition, if A is strictly monotone and strongly asymptotically
Uhlenbeck, i.e., (2-4) holds, then the solution is unique in any class Wol’q(Q; RN) with g > 1.

Clearly, Theorem 2.1 is an immediate consequence of Theorem 2.3. Observe that (2-9) is an optimal
existence result with respect to the weighted spaces. It cannot be generalized to more general weights,
which is demonstrated by the theory for the Laplace equation in the whole R”, where one can prove that
(2-9) holds in general if and only if @ € ${,. This follows from the singular integral representation of the
solution and the fundamental result of Muckenhoupt [1972] on the continuity of the maximal function in
weighted spaces.

At this point, we wish to present the following corollary of Theorem 2.3. It shows that if f €
L4(Q; R™N) the solution constructed by Theorem 2.3 implies an estimate in terms of a Hilbert space
that therefore inherits the spirit of duality. Denoting by M f the Hardy-Littlewood maximal function (see
the Section 3 for the precise definition), we have the following corollary.

Corollary 2.4. Let Q be a bounded €'-domain and A satisfy (1-2)—(1-6) and (2-1). Then for any
f e L9(Q; R™>N) wit}f q € (1, 2], there exists u € Wol’q(Q; RN) satisfying (2-5). Moreover, any very
weak solution i € Wol’q(Q; RN) with some § > 1 fulfilling (2-5) satisfies the estimate

fﬂdx<C(A Q f)(1+f|f|qu> (2-10)
o (I+Mpyra =048 o ‘
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As mentioned above, the estimate (2-10) preserves the natural duality pairing in terms of weighted L2
spaces, and as will be seen in the proof, the estimate (2-10) plays the key role in the convergence analysis
of approximate solutions to the desired one. Indeed, the weighted L? integrability is the key property
of the system, and we wish to emphasize that the only L?-a priori information (with ¢ < 2) does not
seem to be sufficient to pass to the limit with the nonlinearity of approximating sequences. The reason
for such a speculation is that all known methods for identification of the weak limit in the nonlinearity
A(Vu) are based on the identification of the “weak” limit of A(Vu) - Vu on “large” sets. However,
having only L7-estimates with ¢ < 2, any identification of this type is impossible. On the other hand,
we believe (based on the result of the paper) that the key estimate should reflect the duality pairing with
possibly Muckenhoupt weight exactly as in (2-10). Having such an estimate, the new technique developed
in the paper allows us to reconstruct the nonlinearity, although it is governed by a weakly converging
subsequence only. It highly relies on the weighted theory that allows us to use the weighted biting div-curl
lemma; see Theorem 2.6. To support the conjecture about the only possible choice of estimates in the
weighted spaces preserving the duality pairing and reflecting the right-hand side, we quote the recent result
[Bulicek and Schwarzacher 2016]. Here the theory for general operators with measurable coefficients and
having a p-Laplacian-like structure is developed for all ¢ € (p — ¢, p] with € > 0 depending only on the
nonlinearity. Observe that the L?-estimates for these p-Laplacian-like operators and g € (p — ¢, p] have
been known for some time [Lewis 1993; Greco et al. 1997] but the existence even in that case was not
possible. Moreover, we wish to mention that the proof for the a priori estimates by Lewis [1993] already
relied on the characterization of Muckenhoupt weights via the maximal operator. Therefore, we strongly
believe that the effort to establish the very weak solution for the p-Laplace problem should not be blindly
focused on obtaining L?-estimates for ¢ < p but we should rather focus on the weighted L?”-estimates.

Next, we formulate new results that are on the one hand essential for the proof of Theorems 2.3 and 2.1
but on the other hand of independent interest in the fields of harmonic analysis and the compensated
compactness theory. These results are mainly related to two critical problems: first to the a priori
estimate (2-9) and second to the stability of the nonlinearity A(x, Vu) under the weak convergence of Vu.
To solve the first problem, we use the linear system as a comparison to provide (2-9). The weighted theory
for linear problems is known for 2 = R” in the case of constant coefficients (see, e.g., [Coifman and
Fefferman 1974, p. 244]) but seems to be missing for bounded domains and linear operators continuously
depending on x. Therefore, another essential contribution of this paper is the following theorem.

Theorem 2.5. Let Q@ C R" be a bounded 6'-domain, v € A, for some p € (1, 00) be arbitrary and
A € G RN Ny sarisfy for all z € R™N and all x € Q

cilnl> < Ax)n-n <clnl? (2-11)

with some positive constants c¢; and ¢;. Then for any [ € L5 (Q: RN there exists unique v €
W, (2 RN) solving

fA(x)Vv(x)-VgD(x)dx:f fx)- Vo) dx forall g €)' (2 RY) (2-12)
Q Q
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and fulfilling
fIVvI”wdx < C(@ sl (@), p,cl,cz>/ flPwdx. (2-13)
Q Q

In addition, if o € Wy (2; RY) for some q > 1 fulfills (2-12), then v = v.

We wish to point out that we include natural local weighted estimates in the interior as well as on the
boundary that are certainly of independent interest (see Lemmas 5.1 and 5.2).

The second obstacle we have to deal with is an identification of the weak limit, and for this purpose,
we invent a generalization of the celebrated div-curl lemma.

Theorem 2.6 (weighted, biting div-curl lemma). Let Q@ C R" be an open bounded set. Assume that
for some p € (1,00) and given w € A, we have a sequence of vector-valued measurable functions
(@, b2, Q@ — R" x R" such that

sup/ la*|Pw + |bF|P @ dx < oo. (2-14)
keN JQ

Furthermore, assume that, for every bounded sequence {c"},‘c’i1 from W(} "°(Q) that fulfills

Vek —~*0  weakly* in L®(Q),

there holds
lim [ b*-Vcfdx =0, (2-15)
k—o0 Jo
lim | afdc* —d5o,cfdx=0 foralli,j=1,... n. (2-16)

k—o0 Jo

Then there exists a subsequence (a*, b*) that we do not relabel, and there exists a nondecreasing sequence
of measurable subsets E; C Q with |2\ E;| — 0 as j — oo such that

a* —a weakly in L' (2; R"), 2-17)
b* —b weakly in L'(Q; R"), (2-18)
a* - bfw —~a-bw weakly in Ll(Ej)for all j € N. (2-19)

The original version of this lemma, first invented by Murat [1978; 1981] and Tartar [1978; 1979], was
designed to identify many types of nonlinearities appearing in many types of partial differential equations.
However, they assumed stronger assumptions on a* and b* than (2-15)—(2-16), which lead to (2-19)
for E; = Q. To be more specific, they did not assume weighted spaces and considered w = 1 and they
required that (2-15) hold for any c* converging weakly in W'? and (2-16) for any c¢* converging weakly
in W!-7', The first result more in the spirit of Theorem 2.6 is due to Conti et al. [2011], who worked
with w = 1 and kept (2-15)—(2-16) but assumed the equi-integrability of the sequence a* - b*. Such a
result is then based on the proper use of the Lipschitz approximation of Sobolev functions introduced
in [Acerbi and Fusco 1984], which we shall use here as well. The first use of the biting version of this
result is in [Buli¢ek 2015], where the very similar technique for identification of the nonlinearity as in
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this paper is used but yet without the presence of Muckenhoupt weights. In this paper, we finally use
the full strength of the weighted biting div-curl lemma, which is able to cover a borderline case in two
ways: the integrability assumptions on a* and b* are minimal with respect to Lebesgue spaces (2-14)
and the convergence assumptions (2-15)—(2-16) on div(b*) and curl(a¥) are minimal. In addition, exactly
this version of the div-curl lemma was one of the key results of this manuscript used in the recent paper
[Buli¢ek and Schwarzacher 2016] to treat the p-Laplacian problem.

The proof of Theorem 2.6 relies on the original proof but is completed by using the Chacon biting
lemma [Brooks and Chacon 1980; Ball and Murat 1989] and also a very improved Lipschitz approximation
method in the framework of weighted spaces, which is yet another essential result of the paper.

Theorem 2.7 (Lipschitz approximation). Let Q2 C R" be an open set with Lipschitz boundary. Let
g€ Wol’l(Q; RN). Then for all » > 0, there exists a Lipschitz truncation g* € Wol’oo(Q; RN such that

g-=g and Vg =Vyg in {M(Vg) <}, (2-20)
|Vgh| < IVelxmve<ny +CAximve)=ry almost everywhere. (2-21)

Further, if Vg € LL(Q; RN for some 1 < p < oo and w € Ay, then

fWgHPwdx < C(sy (), 2, N, p)/ VelPwdx,
« @ (2-22)

/ V(g — g" P dx < Csly (), 2, N, p) VelPwdx.
Q QN{M(Vg)>Ar}

This result has its origin in the paper [Acerbi and Fusco 1988]. The approach was considerably
improved and successfully used for the existence theory in the context of fluid mechanics; see, e.g.,
[Frehse et al. 2000; Diening et al. 2008; 2013; Diening 2013] or [Breit et al. 2012; 2013] for divergence-
free Lipschitz approximation. However, these results do not contain the weighted estimates (2-22) and
for this reason we also provide its proof in this paper.

Finally, for the sake of completeness, we present straightforward generalizations of the above results.
First, we establish the theory for the nonhomogeneous Dirichlet problem.

Theorem 2.8. Let Q be a bounded €' -domain, A satisfy (1-2)—(1-6) and (2-1), f € Lf;g(Q; RN and
ug € WH1(Q; RY) be such that Vug Lg,g(Q; IR"XN)for some pg € (1, 00) and wy € A p,. Then there
exists a solution u of (2-5) such that u — ugy € WOI’I(Q; R™N), and for all p € (1, 00) and all weights
w € s, the estimate

/|W|Pwdx 5C(Ap(a)),Q,A,p)(1+/(|f|p+|Vuo|p)a)dx> (2-23)
Q Q

holds whenever the right hand side is finite. Moreover, every very weak solution u of (2-5) fulfilling U—1ugp€
WO1 1(Q, RN) with some § > 1 satisfies (2-23). In addition, if A is strictly monotone and strongly asymp-
totically Uhlenbeck, i.e., (2-4) holds, then the solution is unique in any class W59(Q; RN) with § > 1.

Second, we remark that, for the theory for (1-1), the assumptions (2-1)—(2-4) are not necessary and
can be weakened.
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Remark 2.9. At this point, we wish to discuss possible relaxations of the conditions (2-1) and (2-4)
that might be useful for further application of the theory developed here. The proofs of existence or
uniqueness do not require that the matrix A(x, n) converge uniformly to a continuous target matrix A(x)
but rather that the two matrices are “close” for values || > k for some k. Indeed, it is possible to quantify
the necessary closeness in accordance with the ellipticity and continuity parameters of A(x) and 9€2. A
different relaxation of (2-1) and (2-4) could be done in a nonpointwise manner by replacing the pointwise
asymptotic conditions by asymptotic conditions in terms of vanishing mean oscillations (VMO).

We conclude this section by highlighting the essential novelties of this paper:

(1) A complete unified WO1 1(Q; RN)-theory for nonlinear elliptic systems with the asymptotic Uhlenbeck
structure satisfying (1-2)—(1-6), (2-1) and (2-4) has been developed in such a way that the theory is
identical with that for linear operators with continuous coefficients: Theorems 2.1 and 2.8. Moreover,
the new estimate suitable for numerical purposes is established in Corollary 2.4.

(2) A maximal regularity in weighted spaces of any very weak solution is established as well as its
uniqueness, which in particular leads to the uniqueness of very weak solutions to the problems with
measure right-hand side: Theorem 2.3 for the nonlinear case and Theorem 2.5 for the linear setting.

(3) A new tool in harmonic analysis, the Lipschitz approximation method in weighted spaces, is
developed: Theorem 2.7.

(4) A new tool for identification of a weak limit of the nonlinear operator, the biting weighted div-curl
lemma, is invented: Theorem 2.6. Such a tool has a potential to improve the known methods in
compensated compactness theory in significant manner.

To summarize, this paper proposes a new way to attack more general elliptic problems than those discussed
in Section 2. Indeed, it seems that the only missing point in the analysis of more general problems,
e.g., the p-Laplace equation, is the formal a priori estimates beyond the duality pairing. Once such
a priori estimates are available, one can follow the method introduced in this paper and gain an existence
and uniqueness theory for general problems beyond the natural duality. Indeed, the first step in this
direction was already done in [Buli¢ek and Schwarzacher 2016], where more general operators having
the p structure are treated.

The structure of the paper is somewhat in reversed order. After introducing some auxiliary tools and
some necessary notation in Section 3, we first prove the main Theorems 2.1 and 2.3 in Section 4. For that
result, we use the (technical) theorems, which are each independently proved in Sections 5-8. Finally
Section 9 is dedicated to the proofs of the corollaries.

3. Auxiliary tools

3A. Muckenhoupt weights and the maximal function. We start this part by recalling the definition of
the Hardy-Littlewood maximal function. For any f € Ll (R"), we define

loc

Mf(x) = sup ]é IFay i ][ O] dy = )] dy,

R>0 Br(x) |BR(X)| JBr(x)
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where Bg(x) denotes a ball with radius R centered at x € R". We shall use similar notation for vector- or
tensor-valued functions as well. Note here that we could replace balls in the definition of the maximal
function by cubes with sides parallel to the axes without any change. We will also use in what follows
the standard notion for Lebesgue and Sobolev spaces. Further, we say that o : R* — R is a weight if it
is a measurable function that is almost everywhere finite and positive. For such a weight and arbitrary
measurable 2 C R”, we denote the space L5 () with p € [1, 00) as

1/p
LP(Q) = :u (Q—= R fllgr = (/;z|u(x)|pa)(x) dx) < oo}.

Note that our weights are defined on the whole space R". Next, for p € [1, c0), we say that a weight w
belongs to the Muckenhoupt class s, if and only if there exists a positive constant A such that for every

ball B C R"
, /(p'=D
(][ a)dx)(][ a)(pl)dx) <A if p € (1, 00), (3-1)
B B

Mw(x) < Aw(x) if p=1. 3-2)

In what follows, we denote by A ,(w) the smallest constant A for which the inequality (3-1) or (3-2)
holds. Due to the celebrated result of Muckenhoupt [1972], we know that w € &, is for 1 < p < o0
equivalent to the existence of a constant A" such that for all f € LP(R")

/IMflpa)dx SA’/lflpa)dx. (3-3)

Further, if p €[1, 00) and w € A, then we have an embedding L2(Q)— Ll () since for all balls B c R”

loc

1/p ) 1/p' 1 1/p
JACE (][Ifl”de) (][ o= '=D dx) < (wpw))”f’(—fuv’wdx) .
B B B w(B) Jp

In particular, the distributional derivatives of all f € LY are well defined. Next, we summarize some
properties of Muckenhoupt weights in the following lemma.

Lemma 3.1 [Turesson 2000, Lemma 1.2.12]. Let w € A, for some p € [1, 00). Then w € s, for all g > p.

Moreover, there exists s = s(p, Ap(w)) > 1 such that w € L},

1/s
<][ o’ dx) < C(n, Ap(a)))][ wdx. 3-4)
B B

Further, if p € (1, 00), then there exists 0 = o (p, Ap(w)) € [1, p) such that w € A,. In addition, w €
is equivalent to ="'~V Ay

(R™) and we have the reverse Holder
inequality, i.e.,

In the paper, we also use the following improved embedding L5 (2) < L{ () valid for all w € s,
with p € (1, 00) and some g € [1, p) depending only on A, (). Such an embedding can be deduced by a
direct application of Lemma 3.1. Indeed, since w € 4, we have o~ P ey p- Thus, using Lemma 3.1,
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there exists s = s(A,(w)) > 1 such that

1/s
(][ a)_s(p_l)dx) < C(Ap(a)))][ w™ P dy.
B B

Consequently, for g :=sp/(p+s —1) € (1, p), we can use the Holder inequality to deduce that

1/q I/p ) 1/(sp)
(farrae) = (frvese) (fo o)
B B B

1 1/p
SC(Ap(w))(melflpde) ; (3-5)

which implies the desired embedding.
The next result makes another link between the maximal function and # ,-weight.

Lemma 3.2 [Torchinsky 1986, p. 229-230; Turesson 2000, p. 5]. Let f € LIIOC(R") be such that M f < 0o

almost everywhere in R". Then for all a € (0, 1), we have (M f)* € . Furthermore, for all p € (1, 00)
and all « € (0, 1), there holds (Mf)™ P~ € o,

We would also like to point out that the maximum w; V w; and minimum w; A w; of two s ,-weights
are again o ,-weights. For p =2, we even have A (w1 A w2) < A(w;) + Az(w2), which follows from the
simple computation

1 1 1
][wlszdx][ dxf[(][wldx)/\(][ wzdxﬂ — 4+ —dx
B B W1 N3 B B B W] [0))

< Az(w1) + Azx(wn). (3-6)

3B. Convergence tools. The results recalled in the previous sections shall give us a direct method for
a priori estimates for an approximative problem (1-1). However, to identify the limit correctly, we use
Theorem 2.6, which is based on the following biting lemma.

Lemma 3.3 (Chacon’s biting lemma [Ball and Murat 1989]). Let Q be a bounded domain in R", and let
{v"}72 | be a bounded sequence in LY (). Then there exists a nondecreasing sequence of measurable

subsets E; C Q with |2\ Ej| — 0 as j — 00 such that {v"},en is precompact in the weak topology
ole(Ej),for each j € N.

Note here that precompactness of v" is equivalent to the following: for every j € N and every ¢ > 0,
there exists a § > 0 such that for all A C E; with [A| <J and alln e N

/ W dy <e. 3-7)
A

3C. Li-theory for linear systems with continuous coefficients. The starting point for getting all a priori
estimates in the paper is the following:

Lemma 3.4 [Dolzmann and Miiller 1995, Lemma 2]. Let Q2 be a €'-domain and B € €($2, RN *nxN)y

be a continuous, elliptic tensor that satisfies for all n € RN and all x € Q

cilnl* < B(x)n-n < ealnl? (3-8)
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for some cy, c; > 0. Then for any f € L1(Q2; R"N) with q € (1, 00), there exists unique w € Wol’q(Q; RM)
solving
—div(BVw) =—divf inQ

in the sense of distribution. Moreover, there exists a constant C depending only on B, q and the shape
of Q such that

IVwllra@) < C(B,q, D fllLa)- (3-9)

4. Proof of Theorems 2.1 and 2.3

First, it is evident that Theorem 2.1 directly follows from Theorem 2.3 by setting w = 1, which is surely
an A ,-weight. Therefore, we focus on the proof of Theorem 2.3. We split the proof into several steps.
We start with the uniform estimates, which heavily rely on Theorem 2.5, then provide the existence proof,
for which we use the result of Theorem 2.6, and finally show the uniqueness of the solution, again based
on Theorem 2.5.

4A. Uniform estimates. We start the proof by showing the uniform estimate (2-9) for arbitrary u €
WO1 4(Q; RY) with ¢ > 1 solving (2-5). Without loss of generality, we can restrict ourselves to the case
q € (1, 2). First, we consider the case when f € Li(Q; R"*N) with some weight € ;. For j € N, we
define the auxiliary weight w; :=w A j(1 + M|Vu|)? ~2. Then it follows from Lemma 3.2 and the fact
that ¢ € (1, 2) that w; € ;. Moreover, we have

Ar(@)) < As(@) + Ar(j (1 + M| Vu)T7?) = As(@) + Ao((1+ M|Vu)?7?) < Cu, )

and also that Vu, f € quj (2; R™N). Next, using (2-5), we see that for all ¢ € ‘68’1(9; RY)

/A(x)w.wdx=/(f—A(x,Vu)JrA(x)w)-v(pdx. (4-1)
Q Q

Since the right-hand side belongs to LLZO/_ (Q; R™N), we can use Theorem 2.5 and the assumptions (1-5)
and (2-2) to get the estimate

f|Vu|2w,~dx§C(A,A2(wj),sz,cl,cz)/|f—A(x,Vu)+A(x)Vu|2wjdx
Q Q
SC(A,u,w,Q,cl,cz)(/|f|2wjdx+/|A(x,Vu)—A(x)Vu|2wjdx)
Q Q

sC(A,u,w,Q,cl,cz>f<|f|2+k2>wjdx
Q -
|A(x, Vu) — A(x)Vul|?

{1Vul=k) |Vul?

+C(A,u,w,§2,c1,cz) IVulzwjdx.

Finally, we set
2 1

£ = =
2C(A,u, w, 2, ¢y, 2)
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and according to (2-1) we can find k such that
|A(x, Vu) — A(x)Vul? - 1
|Vul|? T2C(A,u, w,Q,c1,02)

provided that |Vu| > k. Inserting this inequality above, we deduce that

~ 1
/ Vulw;dx < C(A,u, 0,2, cl,c2>/<|f|2+k2)wjdx+ 5[ Vulo; dx.
Q Q Q

Since we already know that Vu € cho]_ (Q; R™N) and k is fixed independently of j, we can absorb the
last term into the left-hand side to get

/|Vu|2a)j dx5C(A,u,w,9,61,62)/(|f|2+1)w‘/dx-
Q Q

Next, we let j — oo in the above inequality. For the right-hand side, we use the fact that w; < w, and for
the left-hand side, we use the monotone convergence theorem (notice here that w; /" w since M|Vu| < 0o
almost everywhere) to obtain

/|Vu|2a)dx§C(A~,u,a),§2,c1,cz)<l+/|f|2a)dx).
Q Q

Although this estimate is not uniform yet, since the right-hand side still depends on the A, constant
of (1 + M|Vu|)?~2, it implies that Vu € Li(Q; R"*N) for the original weight w. Therefore, we can
reiterate this procedure; i.e., going back to (4-1) and applying Theorem 2.5, we find that

/szwdxsc(fi, Az«u),9,cl,cz>/|f—A<x,w>+A<x>W|2wdx
Q Q

<C@, Az<w>,Q,cl,cz>/(|f|2+k>wdx
Q ~

|A(x, Vi) — A(x)Vul?
(IVulzk) |Vul?

+C(A, A2 (), 2, c1, ¢2) |Vu|*wdx.

Since we already know that Vu € L?U(Q; R"N), we can use the same procedure as above and absorb the
last term into the left-hand side to get

/|Vu|2wdx SC(cl,cz,Az(w),Q,A)(1+f|f|2wdx>. (4-2)
Q Q

We would like to emphasize that the constant C in (4-2) depends on w only through its Aj-constant.
Therefore, by the miracle of extrapolation [Cruz-Uribe et al. 2006, Theorem 3.1] (see also [Rubio de
Francia 1984]) applied to the couples (Vu, f), we can extend this estimate valid for all s,-weights to all
s ,-weights. In particular, we find that

/qu|pa)dx§C(cl,cz,Ap(a)),Q,A)<1+/|f|pa)dx) forall 1 < p<ooandw e o),
Q Q

which is just (2-9) from our claim.
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4B. Existence of a solution. Let f € LI (Q; R™N) with some p € (1,00) and w € s p be arbitrary.
Then according to (3-5), there exists some gg € (1, 2) such that L2 (Q) < L%(Q). Therefore, defining
wo = (14+Mf)%~2, we can use Lemma 3.2 to obtain that wy € s and it is evident that f € L2, (2; R™N).

The construction of the solution is based on a proper approximation of the right-hand-side f and a
limiting procedure. We first extend f outside of Q by zero and define f* := f Xilf1<k)- Then f k are
bounded functions, | f¥| 7 | f| and

f*— f strongly in L}, N L (R R™N). (4-3)

For such an approximative f*, we can use the standard monotone operator theory to find a solution
uk € Wy (92 RV) fulfilling

/ A(x, Vub) . Vo dx = / f*. Vedx forallge WOI’Z(Q; RY). 4-4)
Q Q
Hence, we can use the already proven estimate (2-9) to deduce that
/ Vi Py dx < C(cr e2, Az(wp), 2, A)(l + / |f"|2wodx)
Q Q
= C(c1, €2, qo, f, Az(wo), A)<1 +/ | f1Pwo dx)
Q
<Cler, 02, 2, A, f, w). 4-5)

Using the estimate (4-5), the reflexivity of the corresponding spaces, the embedding LZ)O(Q) — L9(Q)
and the growth assumption (1-5), we can pass to a subsequence (still denoted by u*) such that

u¥* —~u  weakly in WOI’qO(Q; RM), (4-6)
Vit — Vu  weakly in L2 N L% (Q; R™N), (4-7)
A(x,Vu*) ~ A weakly in L] NL%(Q; R™M). (4-8)

Next, using (4-5)—(4-7), the weak lower semicontinuity and the unique identification of the limit u
in Wh1(Q), we obtain

/ ViuPon dx < Cer, e, As (o), 2, A)(l + / | f Py dx). (4-9)
Q Q

The last step is to show that u is a solution to our problem, i.e., that it satisfies (2-5). Using (4-4), (4-3)
and (4-8), it follows that

/A.V¢dx:ff-vwdx foralltpe%g’l(ﬂ; RY). (4-10)
Q Q

Hence, to complete the existence part of the proof of Theorem 2.3, it remains to show that

A(x) = A(x, Vu(x)) in Q. (4-11)
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To do so, we use® Theorem 2.6. We denote a* := Vu* and b* := A(x, Vu). By using (4-5) and (1-5),
we find that (2-14) is satisfied with the weight wy. Also the assumption (2-15) holds, which follows
from (4-3), (4-4) and (4-10). Finally, (2-16) is valid trivially since a¥ is a gradient. Therefore, Theorem 2.6
can be applied, which implies the existence of a nondecreasing sequence of measurable sets E; such that
|2\ E;| — 0 and

A(x, Vu*) - ViFwg — A-Vuwy  weakly in L'(E;). (4-12)
For any B € LZ)O(Q; R"*N), we have that Bwg and also A(-, B)wo belong to L%/wO(Q; R"*N), and
therefore using (4-7) and (4-8), we can observe that

(A(x, Vu*) — A(x, B)) - (Vu* — B)wg — (A — A(x, B)) - (Vu — B)wy weakly in L' (E;). (4-13)

Due to the monotonicity of A, we see that the term on the left-hand side is nonnegative and consequently
its weak limit is nonnegative as well and we have that

/ (A—A(x, B)) - (Vu— B)wydx > 0 forall B € L2 (2 R"”Y) and all j € N. (4-14)
E.

J

Therefore, it follows that

/(A—A(x,B))-(Vu—B)wodxz/ (A—A(x, B))- (Vu — B)wy dx,
Q Q\E;

and letting j — oo (note that the integral is well defined due to (4-7) and (4-8)) and using the fact that
|2\ Ej| — 0 as j — oo and the Lebesgue dominated convergence theorem, we obtain

/ (A—A(x, B))-(Vu—B)wpdx >0 forall B e LiO(Q; RNy,
Q
Hence, setting B := Vu — eG where G € L™ (Q2; R"V) is arbitrary and dividing by &, we get
/ (A—A(x,Vu—eG))-Gwpdx >0 forall G e L¥(Q; R"N).
Q

Finally, using the Lebesgue dominated convergence theorem, the assumption (1-5) and the continuity
of A with respect to the second variable, we can let ¢ — 04 to deduce

/ (A— A(x, Vi) - Gapdx >0 forall G € L®(Q; R™N).
Q

Since wy is strictly positive almost everywhere in €2, the relation (4-11) easily follows by setting, e.g.,

A—A(x, Vu)
1+ |A—A(x, Vu)|

Thus, (4-10) follows and u is a very weak solution.

3 Although Theorem 2.6 is formulated for vector-valued functions, it is an easy extension to use it also for matrix-valued
functions, which is the case here.
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4C. Uniqueness. Letuy, up € Wol’q(Q; RY) with ¢ > 1 be two very weak solutions to (2-5) for some
given f e LH(Q; R™N), where p € (1, 00) and w € . Then it directly follows that

/ (A(x, Vi) — A(x, Vup)) - Vo dx =0 for all ¢ € €' (2; R™M). (4-15)
Q

First, consider the case that f € L?(2; R™). Then using the result of the previous part, we see that
Ui, Uy € W(} ’Z(Q; RY), and therefore due to the growth assumption (1-5), we see that (4-15) is valid for all
(RS WO1 ’Z(Q; RY). Consequently, the choice ¢ := u; — u» is admissible, and due to the strict monotonicity
of A, we conclude that Vu; = Vu, almost everywhere in 2 and due to the zero trace also that u; = u5.

Thus, it remains to discuss the case f ¢ L2(Q; R"*V). But since f € LY (Q; R™N) with p > 1 and @
being the o ,-weight, we can deduce that f € LP0(Q; R™N) for some pg > 1; see (3-5). Consequently,
following Lemma 3.2, we can define the s{,-weight wq := (1+M f)P°~% and we get that f € LZ)O (Q; RPN,
Therefore, the weighted a priori estimates imply that Vu; € quo(Q; R"N) for i = 1, 2. Hence, defining
a new weight w” := 1 A (nwp), which is bounded, we also get that for each n the solutions satisfy
Vu; € L2, (S2; R"N). Moreover, we have the estimate A, (w") < A2(1)+ As(nwy) = 1+ A (wp) < C(f).

"

Hence, rewriting the identity (4-15) into the form
/in(x)(w1 —Vuy)-Vedx :fg(/i(x)w] — A(x, Vuy) — (A(x)Vus — A(x, Vur))) - Vo dx, (4-16)
which is valid for all ¢ € ‘68’1 (2; R™N), we can use Theorem 2.5 to obtain
fgwul — Vus*o" dx < C/QM(X)Wl — A(x, Vup) — (A(x)Vup — A(x, Vup)) P dx  (4-17)

with some constant C independent of n. Moreover, due to the properties of the solution and ", we can
deduce that the integral appearing on the right-hand side is finite. In order to continue, we first recall the
following algebraic result, whose proof can be found at the end of this subsection.

Lemma 4.1. Let A fulfill (1-4), (1-5), (2-1) and (2-4). Then for every & > 0, there exists C such that for
all x € Q and all 9y, 7y € RN

|A(x, 1) — ACx, m2) — A) (1 — m2)| < 811 — mal + C(3). (4-18)

Next, using the estimate (4-18) in (4-17), we find that for all § > 0
/Q|Vu1 —VuPo"dx < C /Q 8|Vu — Vus 0" + C(8)w" dx. (4-19)
Thus, setting § := 1/(2C), we can deduce that
/lem — VuPw" dx < C(S)/Qa)” dx <C, (4-20)

where the last inequality follows from the fact that €2 is bounded and @™ < 1. Hence, letting n — o0 in
(4-20), using that w" ' 1 (which follows from the fact that wg > 0 almost everywhere) and using the
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monotone convergence theorem, we find that

/ |Vu; — Vus)? dx < C.
Q
Hence, we see that u; —uy € WOI’Z(Q; RY). In addition, using (4-18) again,
/lA(x,Vul)—A(x,Vu2)|2dx
Q

ng|A(x,Vu1)—A(x)Vu1—A(x,Vu2)+A(x)vM2|2dx+2/|A(x)Vu1—A(x)Vu2|2dx
Q Q

§C(1+f|w1 —Vu2|2dx) <C.
Q

Therefore, (4-15) holds for all ¢ € Wol’z(Q; R"*N) and consequently also for ¢ := u; — u, and the strict
monotonicity finishes the proof of the uniqueness. It remains to prove Lemma 4.1.

Proof of Lemma 4.1. Let § be given and fixed. According to (2-1) and (2-4), we can find k > 0 (depending
on §) such that for all x € Q and all |n| >k

|A(x, 7)) — A(x)n] PA@JD
il an

To prove (4-18), we shall discus all possible cases of values 1 and n,. Recall here that § and k are already
fixed.

—A(x)| < %. (4-21)

The case |n1| < 2k and |n;| < 2k. In this case, we can simply use (1-5) to show that
|AGe, 1) — Alx, m2) — A@) (i — m2)| < CA+ ]+ [n2]) < C(1 +4k)

and (4-18) follows.
The case |n1| < 2k and |n;| > 2k. In this case, we again use (1-5), which combined with (4-21) leads to

. A — A(x, )
mumo—Aumﬁ—Awmn—mnscu+mm+-(””Mﬂ@””Mﬂsca+%H~%ﬁ

<c 8|m2 —mi|
< (1+2k+|m|)+T < C(1+4k)+8|n—nil.

Therefore, (4-18) holds. Moreover, the case |n1| > 2k and || < 2k is treated similarly.

The case |n1| > 2k and |n;| > 2k. First, let us also assume that

2l <2[m —n2| and || < 2|n; — 2. (4-22)
In this setting, we use (4-21) to conclude

A(x)na — A(x, m2)
|m|+' [n2]
(2]

A)n — Ax, 1)
1]

)
< Z(Iml +[n21) < 8Im —nal,

|A(x, m1) — A(x, n2) — Ax) (1 — )| <
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which again directly implies (4-18). Finally, it remains to discuss the case when at least one of the
inequalities in (4-22) does not hold. For simplicity, we consider only the case when || > 2|n; — 12|
since the second case can be treated similarly. First of all, using the assumption on 1, and 1,, we deduce
that for all # € [0, 1]

71l
[ty + (A =il =1In1 =t —n2)| = |Im| —tInt —n2l = |Im| = In1 — 2| 27 > k.

Hence, since any convex combination of 1 and 1, is outside of the ball or radius k, we can use the
assumption (4-21) to conclude

|A(x, m2) — A(x, 1) — Ax) (2 — 1)

hd .
/0E(A(x,tanr(l—t)m)—A(X)(tnz+(1—t)m))dz

/1 (aA(x, tm+ 1 —1)n)
0 At + 1 —1)n)

and (4-18) follows. O

i
. )
—A(X))(ﬂz—m)dl 5/ Z|772—771|dl§5|772—771|
0

5. Proof of Theorem 2.5

We start the proof by getting the a priori estimate in the standard nonweighted Lebesgue spaces, which is
available due to Lemma 3.4. Let us fix a ball Q¢ such that 2 C Q. Since w € s ,,, we can use (3-5) to show
that for some ¢ > 1 we have L (Qo) — L9(Qy). Thus, f e Ll(Q; R™N) implies that f € LI(Q; RN,
The starting point of further analysis is the use of Lemma 3.4, which leads to the existence of a unique
solution u € Wo1 ’q(Q; R™) to (2-12) with the a priori bound

y 1/q B 1/q
</|Vu|‘fdx> sC(A,q,m(/vrfdx) .
Q Q

Consequently, using (3-5), we deduce

1 i 1/q 1 » 1/p
—_ \Y% dx <C(A,p, 2, d dx . 5-1
(|Qo|fg' ! ) =cp "<°°))<w(Qo)/g'f"” ) e

It remains to prove the a priori estimate (2-13). We divide the proof into several steps. In the first one, we

shall prove the local (in €2) estimates. Then we extend such a result up to the boundary, and finally we
combine them to get Theorem 2.5.

5A. Interior estimates. This part is devoted to the estimates that are local in €2; i.e., we shall prove the
following:

Lemma 5.1. Let B CR" be a ball, w € 1, arbitrary with some p € (1, 00) and A € L*°(2B; R XN xnxNYy
arbitrary satisfying

ciln> < A@)n-n<can|* forall x € 2B and all n € R™V.
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Then there exists § > 0 depending only on p, cy, c2 and A ,(w) such that, if
|[A(x) — A(y)| <6 forallx,ye€?2B,

then for arbitrary f € L5 (2B; R"™*NY and u € WH4(2B; RN) with some § > 1 satisfying

/ A(x)Vu(x)-w(x)dx:f f(x)-Veo(x)dx forall p € €)' 2B; RY),
2B 2B

the following holds:

1/p 1/p 1/p 5 1/q
(fquV’wdx) §C< |f|pa)dx) +C(][ wdx) (][ |Vu|qu> , (5-2)
B 2B 2B 2B

where the constant C depends only on p, c1, ¢ and A, ().

Proof. First, we introduce some more notation. For w, we denote w (S) := f g dx. Next, using Lemma 3.1,
we can find g € (1, g) such that w € s4,/,. Note here that u € wh42B; RY), which follows from the
fact that 2B is bounded. In what follows, we fix such ¢ and introduce the centered maximal operator

1/q
(Mq(g))(x):sup(][ Igl"dy> :
r>0 B, (x)

Since M, (g) = (M(|g|?))"/4, we see from the definition and the choice of ¢ (which leads to w € Ay (R"))
that the operator M, is bounded in LI (R™). We shall also use the restricted maximal operator

with power ¢

l/q
(M7 () (x) = sup (ﬁ ( )|g|‘fdy> ,

p=>r>0

and it directly follows that for every Lebesgue point x of g
18 ()] < (M7P()(x) < (My(8))(x).
The inequality (5-2) will be proven using the proper estimates on the level sets for |Vu| defined through
0, :={x e R"; My(xoVu)(x) > A}.

Please observe that O, are open. Next, we use the Calderén—Zygmund decomposition. Thus, for fixed
A > 0and x € BN O}, using the continuity of the integral with respect to the integration domain, we can
find a ball Q, (x) such that

2 < ][ |x2Vul?dx <219 and ][ |x28Vul?dx <249 forallr >r,. (5-3)
er(x) 0, (x)

Next, using the Besicovich covering theorem, we can extract a countable subset Q; := O, (x;) such that
the Q; have finite intersection, i.e., there exists a constant C depending only on #n such that for all i € N

#jeN, 0:NQ; #a}<C.
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In addition, it follows from the construction that

0.NB=|_JQinB). (5-4)

ieN

1/q
A:=( |Vu|qu) ,
2B

and it directly follows that for any O C R"

1/q |ZB| 1/q
][IXzBVulqu <|—] A
0 10|

Consequently, assuming that A > 22" A, we can deduce for every Q; that

1/q 1/q 1/q
VA <)< ( IXZBVulqu> < (IZﬂ) A= 22n/q<ﬂ> A
0i |0l 120;]

Since g > 1, this inequality directly leads to |2Q;| < |B|. Therefore, using the fact that Q; = O, (x;)
with some x; € B, we observe that 2Q; C 2B. Moreover, it is evident that for some constant C depending

Then we set

only on the dimension n
1Qil = C(n)|Qi N BY. (5-5)

Since w € H,, the above relation implies (see, e.g., [Stein 1993, §V.1.7])
w(Qi) = Cn, Ap(w)w(Q; N B). (5-6)
Next, for arbitrary ¢ > 0 and k£ > 1, we introduce the redistributional set
Ul = O Nix € R"; My(f x28)(x) < €A}
Finally, we shall assume the following (recall that § comes from the assumption of Lemma 5.1):

there exists kK > 1 depending only on cy, ¢3, n, p,

a NUXNB|<C(cy,ca, Qil. (5-7
and A, (@) such that for all s€ (0, 1) and all 1 =27 o |21 VerNBI=C e mEDIQ. G-7)

We postpone the proof of (5-7) and continue assuming that it holds true with fixed k such that (5-7)
is valid. Hence, using (5-7), the Holder inequality and the reverse Holder inequality (which follows for
A ,-weights from (3-4)) and (5-6), we obtain for some r > 1 depending only on n, p and A ,(w)

10 N U?,k N B|)l/r/
0]
<Cn, p, Ap(@), c1,c2)(E+8)"w(Qi) < Cn, p, Ap(®), c1, c2)(e + ) 0(Q; N B).

1/r
@(QiNULNB) < C(n>|Qi|(][Q} " dx) <

By using the finite intersection property of the Q;, we find

(U NB) < Cn, Ap(),c1,c2)(e+8)" 0 (0, N B). (5-8)
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Finally, using the Fubini theorem, we obtain
o0 x
/ |VulPwdx = p/ o({(Vu)xg > ADAP~1dr < APw(B) +p/ A lw(0,NB)dr.  (5-9)
B 0 A
Therefore, to get the estimate (5-2), we need to estimate the last term on the right-hand side. To do so,
we use the definition of U Q « and the substitution theorem, which leads for all m > kA to

m m m )\’
[ wteinmas [ rlewifnmas | )\Pla)<{Mq(fX23)>8z})d)»
k k ’

A A kA

5-8) e ™ kP
<C(e+9) rf AP w(O/\/kﬂB)d)»-i-—/ My (f x28)|Pwdx
kA peP Jgn

, m/k
<C(p,q,¢, Ap(w))/ |f|pa)dx+Ck"(8+8)1/'/ AP lw (0, N B) da
2B A

kA
<C(p,q,e, Ap(w))/ |f|Pwdx+CkP(e+5)1/”/ AP w(0, N B)da
2B A

m
+ CkP (s +8)'/" / AP w(0, N B)da,
kA

where we used the fact that w € ,,/,. Finally, assuming (note that k is already fixed by (5-7), and at
this point, we fix the maximal value of § arising in the assumption of Lemma 5.1) that § is so small
that CkP8'/"" < % we can find ¢ € (0, 1) such that Ck? (e + 8)1/’/ < % Consequently, we absorb the last
term into the left-hand side, and letting m — oo, we find that

/m M w(0,NBYdA < Clk, p.g. A,,(w))(/ |f1Pe d +pr(3>).
kA 2B

Substituting this into (5-9), we find (5-2). To finish the proof, it remains to find k > 1 such that (5-7)
holds.
Hence, assume that 9; " BNU E)‘ « 7 9. Then it follows from the definition of U, g)‘ . that

1/q
(f Iflqu> <2"gh. (5-10)
20;

For A > 22" A (which implies 2Q; C 2B), we compare the original problem with

—div(A;Vh)=0 in20Q;,

(5-11)
h=u ond2Q;),

where the matrix A; is defined as A; := A(x;). Lemma 3.4 ensures the existence of such a solution (just
consider u — h with zero boundary data). Moreover, the matrix A; is constant and elliptic and therefore
we have the local L>® — L! estimate for 4, i.e.,

sup |Vh| < C][ \Vh| dx, (5-12)
(3/2)0; 20;
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where the constant C depends only on n, c; and c,. Further, since u solves our original problem, we find
—div(A;V(u —h)) =—div((A—A;))Vu— f) in2Q;,
u—h=0 on 020Q;.
Therefore, we can use Lemma 3.4 to observe
][ |[V(u—h)|?dx < C][ |A— A;|9|Vu|? dx—i—C][ | f19dx < C(e? +689)29, (5-13)
2Q,‘ 2Qi 2Qi

where for the second inequality we used (5-3), (5-10) and the assumption that |[A(x) — A(y)| < 6 for
all x, y € B. Then using the definition of Q;, we see that, for all y € Q; and all r > r; /2, we have that
B, (y) C B3,(x;) and Q; C B3, (x;). Consequently,

][ [x28Vul? dx§3"][ |x28Vu|?dx <6"117,
B (y) Bsy (x;)

where we used (5-3). Choosing & > 6" and assuming that ¢, < 1, we get by the previous estimate,
the sublinearity of the maximal operator and the weak Harnack inequality (5-12) that for all x € Q; N
{M,(Vu) > ki}

My (Vu)(x) = M7 (Vu)(x) < M7 2(Vh)(x) + M (Vu = Vi) (x)

1/q
< C(][ |Vh|1 dx> + M2 (Vu = Vh)(x) < Ch4+M;"*(Vu — V) (x).
20;

Hence, setting k := max{C + 1, 6"}, we can use the weak L?-estimate for the maximal functions and the
estimate (5-13) to conclude

M, (V) > K3 0 Qi) = 1MV = Vi 2 )0 Qi = 3 [ V=i d
20;
<CE+)0il,

which finishes the proof of (5-7) and Lemma 5.1. [l

5B. Estimates near the boundary. In this part, we generalize the result from the previous paragraph and
extend its validity also to the neighborhood of the boundary.

Lemma 5.2. Let Q C R" be a domain with €' boundary, » € A p be arbitrary with some p € (1, 00) and
A € L®(Q; RPN>nXNy be grbitrary satisfying

ciln> < A@)n-n<canl* forall x € 2B and all n € R™V.
Then there exists r* > 0 and § > 0 depending only on 2, p, c1, ¢ and A ,(w) such that, if

sup  |A(x) —A(Y)[ =9,

x,yeQ; | x—y|<r*
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then for arbitrary f € L (Q; R™N) and u € WO]”;(Q; RN) with some G > 1 satisfying
f AVu-dex:f f-Vedx forallgoe%g’l(ﬂ; RV, (5-14)
Q Q

we have for all xy € Q and all r < r* the estimate

B r/q
][ |Vu|pa)dx§][ lelpa)dx+][ a)dx<][ CIVulqu) . (5-15)
By (x0)N2 Bor (x0)N<2 Boyr (x0)N<2 Bor (x0)N<2

First notice that in case By, (xg) C 2 the inequality (5-15) follows from Lemma 5.1. Therefore, we
focus only on the behavior near the boundary. Hence, let xq € 32 be arbitrary. Since Q € ¢!, we know
that there exist «, 8 > 0 and rg > 0 such that (after a possible change of coordinates)

B = {(x', x); X | <, a(x) — B <xy <a(x)} CQ,
B, ={(x", xp): ¥ <, a(x) <x, <a(x)+ B} C Q.

Here, we abbreviated (x1, ..., x,) := (x/, x,). Moreover, we know that for all r < ry/2 it holds that
Byr(x0) N C Bt and By, (x0) N Q¢ C Bj,. In addition, we have a € €' ([—a, «]""!) and Va(0) = 0.
For later purposes, we also denote

By, :=BFUB U{(x,x); x| <, a(x) =x,)
and define a mapping 7 : B} — B, as
T(x', x) := (¥, 2a(x") —x,)  with J(x) := VT (x),ie., (J(x));j := 8x;(T (x));.

It directly follows from the definition that |det J(x)| = 1 and also that T and T~ are ¢' mappings.
Finally, we extend all quantities into B, as follows:

. u(x) for x € B},
u(x) = 1 0
—u(T~'(x)) forxe B, ,
- A(x) for x € B},
A(x) = -1 1\ T (-1 2
J(T " x)AT'x)J' (T'x) forxe B, ,
~ (x) forx € B}t,
fo={/® o
—J(T " x)f(T7"(x)) forxe B,
- w(x) for x € BT,
w(x) = _1 o
(T (x)) forxe B, .

It also directly follows from the definition and the fact that u has zero trace on 9€2 that it € wha (Byy; RMY).
Finally, we show that for all ¢ € %8’1 (B,,; RY) the following identity holds:

J

AVii -V dx :/ f-Vedx. (5-16)
By,

0
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i RY)and g :=goT €€y (B} RY)

(Avﬁ_f)v(pdx=/ (ANV( )auV(X) f”( )> a(paﬂ“(X)

By, By, Xj

v ~ 1
:/ (_AZV(X)—a(" T e ))—BW(T CD g
.

o 0x; 0x;

_ T gy NI 0)
_/,-0( Ay (x)—B(T—l(x))kaf (T (x)— f; (x)>—a(T T (T~ ' (x)) dx

For this, we observe that for any ¢ € C@g "B

ro’

dx

Xi

a"l/v
@t (x) d
Xm

=/B+ (—Aﬁj”(Tx) a( )J,;l( V) = fHTx)J (x )>

- /B+ (AX)Vu(x) — f(x)) - V@(x) dx.

In particular, for all ¢ € <€0 (B : RY)

r()’

(AVﬁ—f)-V(<poT—1)dx:—/ (AVu — f)-Vedx. (5-17)
Brg By,
Thus, if we define for ¢ € ‘68’1(Br0; RV the function

_ {gooT_1 on B, ,

® on Bt

ro’

then @ € €)' (B,,; RY) and (5-17) implies
/ (AVii— f)-Vgdx =0.
By,
Therefore,
| @vi-frvear= [ Gvi-f)-ve-grac= [ Gvi-f)-vie-pan
By, By, By,
Using (5-17) again, we get
/ (AVii— f)-Vodx = —/ (AVu— f)-V((g —p) o T ") dx.
B B

ro 0

Since (¢ — @) o T~! =0 on 92, we finally deduce with the help of (5-14) that

/ (AVii— f)-Vedx =0
By,

forall ¢ € %8’1(Br0; RY), which proves (5-16).

Consequently, we see that (5-16) holds, and therefore, we shall apply the local result stated in Lemma 5.1.
To do so, we need to check the assumptions. First, the ellipticity of A can be shown directly from the
definition and the fact that J is a regular matrix. Moreover, the constant of ellipticity of A depends only
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on the same constant for A and on the shape of €2. Further, to be able to use (5-2), we need to show small
oscillations of A. Since 7T is 6!,

sup [A(x) — A< sup [J@AXITx) —JMAMIT )]

x,yeB,-B x,yeB,J(r)
<C sup |[A(x)—AW|+C sup [J(x)—=J)I
x,yEBrg x,yEB,JB

Similarly, we can also deduce that

sup  JA(x) — A< sup [J)AX)JIT(x) — A®Y)]

xeB,?),yeB,JB x,yeBrJ(r)
<C sup |[A(x)—AM)|+C sup [J(x)AX)J (x) — Ax)]
x,yeB,T) xeB,JB
<C sup |A(x)—A(y)|+C sup [Vax")|.
x,yeB% xeBrJ(r)

Therefore, due to the continuity of J and the fact that Va(0) = 0, we see that for any § > 0 we can find
r* > 0 such that

8
C sup |[J(x)—J(y)|+C sup |Va(x’)|<§.

+ +
x,yeBr* xeBr,F

Thus, assuming that

1)
sup |A(x) — A(y)] =5
x,yeQ;Clx—y|<r*

we can conclude that

sup |A(x) — A(y)| < 8.

X,YEB,x

We find é > 0 and fix r* such that all assumptions of Lemma 5.1 are satisfied and we consequently have

1/p _ 1/p I/p 3 1/q
(][ |V12|pc75dx> §C<][ |f|p&3dx> —I—C<][ c~odx> <][ |Vft|”dx>
B, (x0) By, (x0) By, (x0) By, (x0)

and (5-15) follows directly.

5C. Global estimates. Finally, we focus on the proof of Theorem 2.5. Recall that the ball Qy is a superset
of Q. Since A is continuous, we can find for any § > 0 some r* such that

sup  |A(x) —A(Y)|[ =3.

X, Y€ |x—y|<r*

Therefore on any sufficiently small ball, we can use the estimate (5-15). Since  has ¢! boundary, we
can find a finite covering of Q2 by balls B; of radius at most equal to »* such that | B; N Q2| > ¢|B;|. Then
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it follows from (5-15) and (5-1) that
(ZB) 5 r/q
/qu|”a)dx<C/|f|”a)dx+CZ 2B (/Qwuwdx)

r/q
sc/|f|Pwdx+C<p,c7,A,sz)w(Q@(fWur?dx) sC(A,sz,Ap<w>>f|f|f’wdx,
Q Q Q

which finishes the proof of Theorem 2.5.

6. Proof of Theorem 2.6

We start the proof by observing that (2-14) leads to the estimate
/ la* - b¥|w dx < f 1d“|Pw + PP wdx < C.
Q Q

Consequently, we can use Lemma 3.3 to conclude that there is a nondecreasing sequence of measurable
sets £; C Q2 fulfilling |22\ E;| — 0 as j — oo such that for any j € N and any ¢ > 0 there exists a § > 0
such that for each U C E; fulfilling |U| < §

sup/ la* - bF|w dx §sup/ ld¥|1Pw + [PX|P wdx <. (6-1)
keN JU keNJU

Consequently, for any E;, we can extract a subsequence that we do not relabel such that
a* -b*w —a-bw weaklyin L'(E)), (6-2)
where a - bw denotes in our notation the weak limit. Further, since L% (Q) and LC’(’,/(Q) are reflexive, we
can pass to a (nonrelabeled) subsequence with
ar —a weakly in L?(Q; R"),

, (6-3)
by — b weaklyin L? (Q; R").

Our goal is to show that
a-bw=a-bw almosteverywhere in €. (6-4)

Indeed, if this is the case, then it follows that not only a subsequence but the whole sequence fulfills (6-2).
Since w € HA,, we can find by (3-5) some g > 1 such that LP(Q) — L4(). This implies

a* —~a weakly in L9(Q; R"). (6-5)
Moreover, since the mapping g — gw!/* is an isometry from L? () to L*(2), we also have
a* 0P —~ aw'’?  weakly in LP(2; R"), (6-6)
bro'/? —~ bo'/P" weakly in LP (Q; R"). (6-7)
Then, extending a* by zero outside €2, we can introduce d* such that

Ad* =a* in R":
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i.e., we set d* :=a* x G, where G denotes the Green function of the Laplace operator on the whole R".
Then, using (6-5), we see that

d* —~d weakly in W24 (R"; R"), (6-8)
where
Ad=a inR"

In addition, using (2-14) and the weighted theory for Laplace equation on R” [Coifman and Fefferman
1974, p. 244], we can deduce

V2d* -~ Vv2d  weakly in LP (R"; R"*"™"). (6-9)

Hence, to show (6-4), it is enough to check whether

bt (@* —Vdivd")w —~b-(a—Vdivd)o weakly in L'(E)), (6-10)
bk -V (divd)w — b - V(divd)w weakly in L'(E}), (6-11)
forall j e N.
First, we focus on (6-10). Assume for a moment that we know
lim /|ak—a—|—V(div(d—dk))|rdx:O (6-12)
k— 00 Q

for all nonnegative T € %(£2). Then for any ¢ € L*(E)),

lim bk . (ak —Vdiv dk)a)go dx
k—o00 E;

= lim [ b" (a—=Vdivd)wpdx + lim f b* - (a* — a4 V div(d — d*))we dx

k— 00 E; k—o00 E;
D / b-(a=Vdivdopds + lim | b*- (@ —a+Vdivd —d)op dx
E_/ — 00 Ej

and (6-10) follows provided that the second limit in the above formula vanishes. However, we first notice
that (for a subsequence) (6-12) implies that

b* - (a* —a+ V div(d — d*))wp — 0  almost everywhere in Q. (6-13)

Second, using (6-8) and (6-6), we see that for any U C E

1/p'
/|b"-(ak—a+Vdiv(d—d’<)>ww|dx50||<o||oo||a’<—a||Lg<m(/ |b’<|Pwdx) :
U U

Then the equi-integrability (6-1) also guarantees the equi-integrability of the sequence (6-13), and
consequently, the Vitali theorem leads to

lim | b*-(a*—a+ Vdiv(d — d*)wedx =0,

k— 00 E;
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which finishes the proof of (6-10) provided we show (6-12). First, it follows from (2-16) and (6-5) that
for a subsequence that we do not relabel 8xia§ - ijaf — Oy;aj — 0x;a; strongly in (Wol’r(SZ))* for all

i, j=1,...,n. Therefore, by the regularity theory for Poisson’s equation, we find that
O dt — 0y,df — dy,d; — dy,d;  strongly in Wi/ () (6-14)
foralli, j=1,...,nandallr €[1, g), where g > 1 comes from (6-5). Moreover, using the definition of d*,

n n
af =3 divd* =) 9L df —dy,0y,dp = D 0x, (3, df — dx,dy,),
m=1 m=1

and with the help of (6-14), we see that (6-12) directly follows and the proof of (6-10) is complete.
The rest of this section is devoted to the most difficult part of the proof, which is the validity of (6-11).
For simplicity, we denote e* .= divd¥, and due to (6-8) and (6-9),
ek —~e  weakly in W0 (R"), (6-15)
Vet — Ve weakly in LI (R"; R"), (6-16)

where e = divd. Since we are interested only in the convergence result in 2, we localize e by a proper
cutting outside 2. To be more precise on the ball B (recall that it is a ball such that Q2 C B), we set

N 4
ep=e'rt

with T € 9(B) being identically one in €2. In addition, we can observe that

ek —~ep  weakly in Wy (B), (6-17)
Vel — Vep weakly in LP(B; R"). (6-18)
Indeed, the relation (6-17) is a trivial consequence of (6-15), and for the validity of (6-18), it is enough to
show that
/ |Vek|Pwdx < C.
B

Since |Ve’;3| < C|Vek| + Clek — (55| + C|(e*) 5|, where 611; denotes the mean value of ¢* over B, it
follows from (6-15) and (6-16) that we just need to estimate the term involving lek — (¢¥)g|. But using
the pointwise estimate lek — (K g| < C(BYM (VeX),

/B|e’;g — () p|Pwdx < C/R IM(VeN)|Pwdx < CA,(w) . Ve |Pwdx < C,

where we used the properties of o ,-weights. Finally, since e’l‘g € Wol’l(B), we can apply the Lipschitz
approximation (Theorem 2.7), which implies that for arbitrary fixed A > Ao and for any k£ we find the
Lipschitz approximation of e% on the set B and denote it by egk. Then thanks to Theorem 2.7, for any A,
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we can find a subsequence (that is not relabeled) such that

Vel ~* Veh  weakly* in L(B; R"), (6-19)
Velfg’A — Vey  weakly in LP(B; R"), (6-20)
el strongly in €(B). (6-21)

Please notice that we do not have any a priori knowledge of how the limit e% can be found; we just know
that it exists.

In the next step, we identify the weak limit of bk - Ve];”\ . Due to (6-3) and (6-19), we see that
this sequence is equi-integrable and consequently poses a weakly converging (in the topology of L')
subsequence. Therefore, to identify it, it is enough to show that for all n € D(2)

lim bk-Ve]l;’Andx=f b-Ve%ndx.
Q

k—oo Jo

However, using (2-15), (6-19) and (6-21), we can deduce that

lim | b*- Vel ndx = lim bk-(w’;k—wg)ndx+/b-Vegndxzfb-Vegndx
k—oo Jo k—oo Jo Q Q

and therefore

b Vel ~b.Vely  weakly in L1(Q). (6-22)

Finally, let ¢ € L>°(E}) be arbitrary and C := C(J|¢|l«). Then we check the validity of (6-11) as follows:

lim / (b* - V(divd*) —b - V(divd))wp dx| = lim / (b*-Vek —b-Vep)wp dx
k—o00 E; k—o00 E;
< lim / (B - Ve —b-Veh)we dx +Climsup/ 1611V (& — i) w dx
k—oo|/JE; k—o0 JE;
+/ b-V(eB—eg)a)(pdx
Ej
bk Vekt —b.veh 215 | Vel + |b|| Ve
< lim/ (b Vep B2 4 +Climsup/ e (D71IVey”| 1P eBDdx‘
k—o0| JE; l+ew k—oo |JE; l+ew

+Climsup/ |bk||V(e]1§ —elfg"\)la)dx-l—
Ej

k— 00

/ b-V(egp — e)l\g)a)(p dx
E,

J

. ea?|bM|Vep"| | vk _ ok
< C limsup ———  + Climsup 16|V (e —epg™)wdx
E 1+ew E;

k— 00 I k— 00

2 A
. +C / o WIIVeRl 4 4+ aD + () + AV),  (6-23)
E

14+cew

/ b-V(egp — e%)a)(p dx
E.

J J
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where the last identity follows from (6-22) since ¢/ (1 + ew) is a bounded function whenever ¢ > 0. In
the next step, we show that all terms on the right-hand side vanish when we let ¢ — 0 and A — oco. To
do so, we first observe that thanks to Theorem 2.7 and the weak lower semicontinuity

Vet — Vel weakly in L2 (Q; R"), (6-24)
P~ ek weakly in Wh(R), (6-25)
fgwegw + | Ve |Podx < agy@w’;w +|Vek|Pwdx < C. (6-26)

Therefore, applying the Holder inequality, we have the estimate
/ b||Veylwdx < C.
Ej

Consequently, using the Lebesgue dominated convergence theorem (and also the fact that w is finite
almost everywhere), we deduce

lim IV) = C lim |b||VeB|

e—>04 e»JrE

dx =0. (6-27)
o

For the second term involving ¢ the key property is the uniform equi-integrability of b¥ stated in (6-1).
Indeed, applying the Holder inequality and (6-26) we have

lim (I)—Chrnsuphmsup/ bX||Ve l;klga) %ol dx

e—04 e—>0; k—o00
sw 1/p' 1/p
gcnmsuphmsup(/ 16517 w ) (/ Ve |1’a)dx>
e—=>0y k—o0
) ) by EO® s
< C lim sup lim sup 1% w dx
e—0y k—oo EjN{w>A} I+ew

;o Ew I/p
4+ C lim sup lim sup(/ 16K 1P w dx)
e—>0y k—o0 E;jN{w=<i} l4+ew

) 1/p
§Climsup(/ Ibk|”a)dx) )
k— 00 E;jn{w>A}

Since |[{w > A}| < C/X, we can use (6-1) and let . — oo in the last inequality to deduce

2

€
limsuplimsuplimsupf |bk||Ve’§A| lol
Ej 1 +ew

A—o00 &0y k—o0

dx =0. (6-28)



1146 MIROSLAV BULICEK, LARS DIENING AND SEBASTIAN SCHWARZACHER

Next, we let A — oo in all remaining terms on the right-hand side of (6-23). Using (2-22) and the Holder
inequality,
lim sup(Il) = C lim sup lim sup / |bk||V(e]l§ — elfg’}‘)la) dx
Ej

L—00 rA—o00  k—oo

= C lim sup lim sup IkaIV(elfg —elfg’k)kt)dx

r—o0  k—o0o /E_/-O{M(Ve’;)>)L}

A—>o0 k>0

1/p’
< Climsup lim sup( f |bk|P (udx) =0, (6-29)
E;N{M(Vek)>a)

where the last inequality follows from the fact that [{M (Ve’lg) > A}| < C/X and (6-1). Finally, we are left
to show

f b-Vieg —e}\;)axpdx‘ =0. (6-30)
E

lim (1) = lim
A— 00 A—>00 ;

However, to get (6-30), it is enough to show that
Vel — Vep weakly in L”(Q; R").
Due to (6-26), we however have that there is some ez € W'4() such that
e% — ep weakly in W4 (),
Vel — Ve weakly in L?(Q; R").

Hence, due to the uniqueness of the weak limit, it is enough to check that eg = eg. To do so, we use the
compact embedding W Q) > L1(Q) to get

leg —egll1 = lim /|e)f,—eg|dx= lim lim |el§)”—e];;|dx
A—00 Jo rA—o00k—00 Jo

. . ko
= lim lim leg —elgldx
A—>00k—00 Jon(M(Vek)>a)

< lim lim [le&* — ek, 12N (M (Vek) > )]V < € 1im A7V =0,
L—00 k—00 A—>00

and consequently (6-30) holds. Hence, using (6-27)—(6-30) in (6-23), we deduce (6-11) and the proof is
complete.

7. Proof of Theorem 2.7

This part of the paper is devoted to the proof of Theorem 2.7. All statements except (2-22) are already
contained in [Diening et al. 2013, Theorem 13] (see also [Diening 2013] for a survey on the Lipschitz
truncation). The first inequality of (2-22) follows directly from the second one, so it is enough to prove
the second estimate.

It follows from (2-20) and (2-21) that

IV(g— &My <IV(g— g xmegs=ullr
<IVgxmwe=ulliLr +cllixmg=allpr-
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We need to control the second term in the last estimate. Let us consider the open set {M(Vg) > A}. For
every x € {M(Vg) > A}, there exists a ball B,(,)(x) with

k<][ [Vg|dx <2A. (7-1)
By (x)

These balls cover {M (Vg) > A}. Next, using the Besicovich covering theorem, we can extract from this
cover a countable subset B; that is locally finite, i.e.,

#{jeN; BiNB; # 3} < C(n). (7-2)
Using (7-1) and (7-2), we have the estimate

I xmwe=nly, = o(M(Ve) > 1) <) A w(B)

P l 1/(p'=1)
§Z<][ |Vg|dx) o)=Y f |Vg|f’wdx<][ W=D dx) o(B)
i Bi i Bi Bi
55&,,(0))2/ [Vgl?wdx SC(n)sﬁp(w)/ IVg|Pwdx.
— /B, (M(Vg)>1)

This directly leads to the inequality
I xm@g=nlly < C)sty @) P IVEXiM(vg)=1 21

which proves the desired estimate (2-22).

8. Proof of Theorem 2.8

We present only a sketch of the proof here since all steps were already justified in the proof of Theorem 2.3.
Hence, to obtain the a priori estimate (2-23), we observe that

/Q A(x)(Vu — Vug) - Vo dx = /Q(f — A(x)Vug + A(x)Vu — A(x, Vu)) - Vo dx,
which by the use of Theorem 2.5 (note here that u — ug has zero trace) and (2-1) leads to
wiu — Vuo|Pwdx <C fg(|f|f’ + Vol + |A(x)Vu — A(x, Vu)|?)w dx
< C(e)/s;(lflp + [ Vugl? + 1)wdx+8/Q|Vu|pa)dx.

Consequently, choosing ¢ small enough and using the triangle inequality, we find (2-9). The existence is
then identically the same; we just also need to approximate ug by a sequence of smooth functions such that

u](j — up strongly in whi(Q; RY).
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Finally, for the uniqueness proof, we use a similar procedure and see that if | and u, are two solutions then
/ Ax)(Vu; —Vuy) - Vo dx = / (A(xX)(Vuy — Vuz) + A(x, Vuy) — A(x, Vuz)) - Vo dx,
Q Q
and since u| —us € Wol’q (Q; RY), we may now follow step by step the proof of Theorem 2.3.

9. Proofs of corollaries

Proof of Corollary 2.2. The proof of Corollary 2.2 is rather straightforward. Indeed, for a given measure
f € M(Q; RY), we can use the classical theory and find v € Wol’" ~(Q; RY) for all ¢ > 0 solving

f Vu-Vedx = (f,¢) forallpee)' (Q;RY).
Q
Then it follows that u is a solution to (2-7) if and only if it solves
f A(x, Vu) - Vo dx :f Vu-Vedx forall g € €)' (2 RY). 9-1)
Q Q

Thus, we can now apply Theorem 2.1 with f := Vv and all statements in Corollary 2.2 directly follow. [J

Proof of Corollary 2.4. We show that Corollary 2.4 can be directly proved by using Theorem 2.3. Indeed,
by setting
w=(1+M)"2 =M1+,

where we extended f by zero outside €2, we can use Lemma 3.2 to deduce that w € s, provided that
lg —2| < 1. Since g € (1, 2), we always have |g — 2| < 1 and therefore w € sd,. Consequently, we can
construct a solution u according to Theorem 2.3. Next, using (2-9) and the continuity of the maximal
function, we can deduce

/%dx=/|Vu|2wdx<C(Az(a)) Q)(1+/|f|2a)dx)
o (1+Mf)2-q Q - ' Q

_ |f1?
EC(Az(w),Q)<1+f(Mf)qu) EC(f,Q,q)(l-i-/lfl”dX),
Q Q

which is nothing else than (2-10). O
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ON POLYNOMIAL CONFIGURATIONS IN FRACTAL SETS

KEVIN HENRIOT, IZABELLA EABA AND MALABIKA PRAMANIK

We show that subsets of R” of large enough Hausdorff and Fourier dimension contain polynomial patterns
of the form
(e, x+ Ay, .., X+ Ay, X+ Ay +0Oe,), xeR', yeR",

where A; are real n x m matrices, Q is a real polynomial in m variables and e, = (0, ..., 0, 1).

1. Introduction

We investigate the presence of point configurations in subsets of R” which are large in a certain sense.
When E is a subset of R"” of positive Lebesgue measure, a consequence of the Lebesgue density theorem
is that E contains a similar copy of any finite set. A more difficult result of Bourgain [1986] states that
sets of positive upper density in R" contain, up to isometry, all large enough dilates of the set of vertices
of any fixed nondegenerate (n—1)-dimensional simplex. In a different setting, Roth’s theorem [1953]
in additive combinatorics states that subsets of Z of positive upper density contain nontrivial 3-term
arithmetic progressions.

When a subset £ C R is only assumed to have a positive Hausdorff dimension, a direct analogue of
Roth’s theorem is impossible. Indeed Keleti [1999] has constructed a set of full dimension in [0, 1] not
containing the vertices of any nondegenerate parallelogram, and in particular not containing any nontrivial
3-term arithmetic progression. Maga [2011] has since extended this construction to dimensions n > 2. The
work of Laba and Pramanik [2009] and its multidimensional extension by Chan et al. [2016] circumvent
these obstructions under additional assumptions on the set £, which we now describe.

When E is a compact subset of R”, Frostman’s lemma [Wolff 2003, Chapter 8] essentially states that
its Hausdorff dimension is equal to

dimy E = sup{oz €[0,n): sup wu(B(x,r))r* <oo forsome u € Jl/t(E)},

xeR?, r>0
where AL(E) is the space of probability measures supported on E£. On the other hand, the Fourier dimension
of E is

dimg E = sup{,B € [0,n): sup |(&)|(1+E))P/* < oo for some 1 € Jl/L(E)}.
EeRn

This work was supported by NSERC Discovery grants 22R80520 and 22R82900.
MSC2010: primary 11B30; secondary 28 A80.
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It is well-known that we have dimg(E) < dimg(E) for every compact set E, with strict inequality in
many instances, and we call E a Salem set when equality holds. There are various known constructions
of Salem sets [Salem 1951; Kaufman 1981; Bluhm 1996; 1998; Kahane 1985; Laba and Pramanik
2009; Hambrooke 2016], several of which [Kérner 2011; Chen 2016] also produce sets with prescribed
Hausdorff and Fourier dimensions 0 < 8 < o < n.

In a very abstract setting, one may ask whether it is possible to find translation-invariant patterns of the
form

S, y) =0, x+@1(y), ..., x +@(y)) (1-1

in the product set E x --- x E, where the ¢; : 2 C R" — R" are certain shift functions. When
n—+m > (k+ 1)n, the map @ is often a submersion of an open subset of R"*" onto R*+D7 and then
one can find a pattern of the desired kind in £ via the implicit function theorem. A natural restriction
is therefore to assume that m < kn in this multidimensional setting. Chan et al. [2016] studied the case
where the maps ¢;(y) = Ay are linear for matrices A; € R"*", generalizing the study of Laba and
Pramanik for 3-term arithmetic progressions, under the following technical assumption:

Definition 1.1. Let n, k, m > 1 and suppose that m = (k —r)n+n’ with 1 <r <k and 0 < n’ <n. We

say that the system of matrices Ay, ..., Ay € R™™ is nondegenerate when
AT ... AT
rk|: J ]k—r+1] :(k_r_|_1)n
In><n e Inxn
for every set of indices {ji, ..., jk—r+1} C {0, ..., k}, with the convention that Ay = 0,,x,.

Requirements similar to the above arise when analyzing linear patterns by ordinary Fourier analysis in
additive combinatorics [Roth 1954], and there is a close link with the modern definition of linear systems
of complexity one [Gowers and Wolf 2010]. The main result of [Chan et al. 2016] gives a fractal analogue
of the multidimensional Szemerédi theorem [Furstenberg and Katznelson 1978] for nondegenerate linear
systems when the Frostman measure has both dimensional and Fourier decay. We only state it in the case
where n divides m for simplicity.

Theorem 1.2 (Chan, Laba and Pramanik). Letn, k,m > 1, D > 1 and «, B € (0, n). Suppose that E is a
compact subset of R" and . is a probability measure supported on E such that

w(B(x,r) < Dr* and |u(E)| < Dm—a) P+ &) P2

forallx e R", r > 0and & € R". Suppose that (A1, ..., Ay) is a nondegenerate system of n X m matrices
in the sense of Definition 1.1. Assume finally that m = (k —r)n with 1 <r < k and, for some ¢ € (0, 1),

2(kn—m)
k+1

k
{—-|n<m<kn, +e<B<n, N—CupkmeD, (A) SU<N

2

Iy fact, this theorem was proved in [Chan et al. 2016] under the more restrictive condition |1 (¢)| < D(1 + |& |)_/3 /2 for
a fixed constant D. However, by examining the proof there, one can see that the constant D = D, may be allowed to grow
polynomially in n — «, as was the case in the original argument of [Laba and Pramanik 2009].
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for a sufficiently small constant ¢, i m.e,p,(a;) > 0. Then, for every collection of strict subspaces V1, ..., V,
of R"™™ there exists (x,y) € R"™  VU---UV, such that

(x,x+ A1y, ..., x +Agy) € EFTL

Note that the Hausdorff dimension « is required to be large enough with respect to the constants
involved in the dimensional and Fourier decay bounds for the Frostman measure. A construction due to
Shmerkin [2015] shows that the dependence of @ on the constants cannot be removed.

In practice, Salem set constructions provide a family of fractal sets indexed by «, and it is often possible
to verify the conditions of Theorem 1.2 for « close to n; this was done in a number of cases in [Laba
and Pramanik 2009]. The requirement of Fourier decay of the measure p serves as an analogue of the
notion of pseudorandomness in additive combinatorics [Tao and Vu 2006], under which we expect a set
to contain the same density of patterns as a random set of the same size.

In this work we consider a class of polynomial patterns, which generalizes that of Theorem 1.2. We
aim to obtain results similar in spirit to the Furstenberg—Sarkozy theorem [Sarkozy 1978; Furstenberg
1977] in additive combinatorics, which finds patterns of the form (x, x + yz) in dense subsets of Z. A
deep generalization of this result is the multidimensional polynomial Szemerédi theorem in ergodic
theory of [Bergelson and Leibman 1996; Bergelson and McCutcheon 2000] (see also [Bergelson et al.
2008, Section 6.3]), which handles patterns of the form (1-1) where each shift function ¢; is an integer
polynomial vector with zero constant term. By contrast, the class of patterns we study includes only one
polynomial term, which should satisfy certain nondegeneracy conditions. We are also forced to work with
a dimension n > 2, and all these limitations are due to the inherent difficulty in analyzing polynomial
patterns through Fourier analysis. On the other hand, we are able to relax the Fourier decay condition on
the fractal measure needed in Theorem 1.2.

Theorem 1.3. Letn,m, k >2, D > 1 and «, B € (0, n). Suppose that E is a compact subset of R" and
W is a probability measure supported on E such that

w(B(x,r) < Dr* and |i@E)|<Dn—a) P(1+E)F?

forall x e R*, r > 0 and & € R". Suppose that (A1, ..., Ay) is a nondegenerate system of real n x m
matrices in the sense of Definition 1.1. Let Q be a real polynomial in m variables such that Q(0) = 0 and
the Hessian of Q does not vanish at zero. Assume furthermore that, for a constant By € (0, n),

(k—1n<m<kn, Bo<B<n, n—CgynkmD,(A)Q <A<N

for a sufficiently small constant cg, n k.m,D,(A;),0 > 0. Then, for every collection Vi, ..., V, of strict
subspaces of R"*", there exists (x, y) € R"™ ~ (Vi U---UV,) such that

(X, X+ A1y, .o, X+ A1y, x + Ay + 0()ey,) € EFTY (1-2)
where e, = (0,...,0,1).

Our argument broadly follows the transference strategy devised by faba and Pramanik [2009] and
its extension by Chan and these two authors [Chan et al. 2016]. However, the case of polynomial



1156 KEVIN HENRIOT, IZABELLA LABA AND MALABIKA PRAMANIK

configurations requires a more delicate treatment of the singular integrals arising in the analysis. The
weaker condition on 8 is obtained by exploiting restriction estimates for fractal measures due to Mitsis
[2002] and Mockenhaupt [2000]. A more detailed outline of our strategy can be found in Section 3. By
the method of this paper, one can also obtain an analogue of Theorem 1.2 with the same relaxed condition
on the exponent B, and we state this version precisely in Section 9.

For concreteness’s sake, we highlight the lowest-dimensional situation handled by Theorem 1.3. When
k =n =2 and m = 3, this theorem allows us to detect patterns of the form

Y1 Y1
X X X 0
N R e O R [ P
X2 X2 X2 O, y2, ¥3)
y3 V3

for matrices A;, A> € R>3 of full rank such that A; — A, has full rank and for a nondegenerate
quadratic form Q in three variables. We may additionally impose that y;, y2, y3 € R ~\ {0} by setting
V; ={(x, y) € R®:y; =0} in Theorem 1.3. For example, when A; =[190], A,=[93}]and Q(») =IyI%,
we can detect the configuration

[Jﬁ} [X1+y1i| |: X1+y3 ]

x| ety ety +yi+yi 43

with y1, y2, 3 € R~ {0}. However, we cannot detect the configuration
(x,x+y,x+y), xeR, yeR~{0},

for then we have n =m = 1 and k = 2, and the condition m > (k — 1)n is not satisfied.

Note also that, in the statement of Theorem 1.3, one may add a linear term in variables yi, ..., y,, to
the polynomial Q without affecting the assumptions on it. This allows for some flexibility in satisfying
the matrix nondegeneracy conditions of Definition 1.1, since one may alter the last line of Ay at will. For
example, the degenerate system of matrices [(1) (1) 8], [8 8 (1)] and the polynomial Q(y) = |y|? give rise to

[x1:| |:X1 +y1] [xl + 3 :|
x| |ty et

Rewriting |y|> = y; + y2 + y3 + Q1(y), we see that Q; still has nondegenerate Hessian at zero and the

the configuration

configuration is now associated to the system of matrices [(1) (1) 8], [(1) (1) {], which is easily seen to be
nondegenerate. One possible explanation for this curious phenomenon is that, by comparison with the
setting of Theorem 1.2, we have an extra variable at our disposition, since m > (k — 1)n > [%k—|n
Finally, we note that there is a large body of literature on configurations in fractal sets where Fourier
decay assumptions are not required. Here, the focus is often on finding a large variety (in a specified
quantitative sense) of certain types of configurations. A well-known conjecture of Falconer [Wolff 2003,
Chapter 9] states that when a compact subset E of R" has Hausdorff dimension at least %n, its set
of distances A(E) = {|x — y| : x, y € E} must have positive Lebesgue measure. This can be phrased
in terms of E containing configurations {x, y} with |x — y| = d for all d € A(E), where A(E) is
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“large”. Wolff [1999] and Erdogan [2005; 2006] proved that the distance set A(E) has positive Lebesgue
measure for dimy E > %n + % and Mattila and Sjolin [1999] showed that it contains an open interval for
dimg E > %(n + 1). More recently, Orponen [2015] proved using very different methods that A(E) has
upper box dimension 1 if E is s-Ahlfors—David regular with s > 1. There is a rich literature generalizing
these results to other classes of configurations, such as triangles [Greenleaf and Iosevich 2012], simplices
[Grafakos et al. 2015; Greenleaf et al. 2014a], and sequences of vectors with prescribed consecutive
lengths [Bennett et al. 2015; Greenleaf et al. 2014b].

In a sense, the configurations studied in these references enjoy a greater degree of directional freedom,
which ensures that they are not avoided by sets of full Hausdorff dimension. By contrast, a Fourier decay
assumption is necessary to locate 3-term progressions in a fractal set of full Hausdorff dimension (as
mentioned earlier) and, in light of recent work of Mathé [2012], it is likely that a similar assumption is
needed to find polynomial patterns of the form (1-2). It is, however, possible that our nondegeneracy
assumptions are not optimal, or that special cases of our results could be proved without Fourier decay
assumptions.” Loosely speaking, we would expect that configurations with more degrees of freedom are
less likely to require Fourier conditions, but the specifics are far from understood and we do not feel that
we have sufficient data to attempt to make a conjecture in this direction.

2. Notation

We define the following standard spaces of complex-valued functions and measures:

‘G(Rd) = {continuous functions on [R{d},
SP([R{‘I) = {Schwartz functions on [R{d},
€ (R%) = {smooth compactly supported functions on R¢},
€, (R%) = {nonnegative smooth compactly supported functions on R%},

Mt (Rd) = {finite nonnegative Borelian measures on Rd}.

Similar notation is employed for functions on T¢. We write e(x) = %™ for x € R. We let £ denote
either the Lebesgue measure on R? or the normalized Haar measure on T¢. We let do denote generically
the Euclidean surface measure on a submanifold of RY. When f is a function on an abelian group G and
t is an element of G, we denote the z-shift of f by T'f(x) = f(x +1). When A is a matrix we denote its
transpose by AT. We also write [n] = {1, ..., n} for an integer n and Ny = N U {0}.

3. Broad scheme

In this section we introduce the basic objects that we will work with in this paper. We also state the
intermediate propositions corresponding to the main steps of our argument, and we derive Theorem 1.3
from them at the outset.

2 After this article was first submitted for publication, a result of this type was indeed proved by losevich and Liu [2016].
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We fix a compact set £ C R" and a probability measure p supported on E. For technical reasons, we

suppose that E C [—%, %]n. We fix two exponents 0 < 8 < « < n, as well as two constants D, Dy, > 1,

where the subscript in the second constant indicates that it is allowed to vary with «. We assume that the
measure o verifies the following dimensional and Fourier decay conditions:

w(B(x,r)) < Dr* (xeR", r>0), (3-1)

L) < Da(1+16D7F2 (5 € R"). (3-2)

We suppose that the second constant involved blows up (if at all) at most polynomially as « tends to n:
Dy <(n—a) 90, (3-3)

We also let k£ > 3 and we consider smooth functions ¢, ..., ¢ : 2 C R™ — R", where Q2 is an open
neighborhood of zero. We are interested in locating the pattern

S, y) =, x+@1(y), ..., x +@(y)) (3-4)

in Ef*!. While this abstract notation is sometimes useful, in practice we work with the maps

((Pl(y), D) ¢k(Y)) = (Aly’ LRI Ak—lya Aky + Q(y)en)s (3_5)
where (Ay, ..., Ax) is a nondegenerate system of n x m matrices in the sense of Definition 1.1 and
0 €R[yi, ..., ym] is such that Q(0) = 0 and the Hessian of Q does not vanish at zero. We also fix a

smooth cutoff ¢ € %g‘; (R™) supported on €2 such that ¥ > 1 on a small box [—c, c]" and the Hessian
of Q is bounded away from zero on the support of . This cutoff is used in Definition 3.2 below. We
take the opportunity here to state an equivalent form of Definition 1.1 when m > (k — 1)n.

Definition 3.1. If m > (k — 1)n, we say that the system of matrices (A;)i<i<x With A; € R™* is

nondegenerate when, for every 1 < j < k, and writing [k] = {i1, ..., ix—1, j}, the matrices
m}“@“dm,ug—@y“mb—@n
(where the hat indicates omission) have rank (k — 1)n.
We also state a few notational conventions applied throughout the article. When (A, ..., Ay) is

a system of n x m matrices, we define the kn x m matrix A by AT = [Ay e Al]. Unless mentioned
otherwise, we allow every implicit or explicit constant in the article to depend on the integers n, k, m, the
constant D, the matrices A; and the polynomial Q, and the cutoff function vr. This convention is already
in effect in the propositions stated later in this section.

We start by defining a multilinear form which plays a central role in our argument.

Definition 3.2 (configuration form). For functions fy, ..., fi € $(R"), we let

A(fo, .- fi) =/Rn /Rm fo) fix +@1(0) - -+ fux +@r(y)) dx ¥ (y) dy.

In Section 4, we show that the multilinear form has the following convenient Fourier expression:
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Proposition 3.3. For measurable functions Fy, ..., F;, on R" and K on R we let
A (Fo, ..., Fi; K) :/ Fo(=b1 = =8 F1E) - FrE0 K (§) dé (3-6)
(R™)
whenever the integral is absolutely convergent or the integrand is nonnegative. For all fy, ..., fir € $(R"),
we have

Afo, s f) = N (for s fis D,
where J is the oscillatory integral of Definition 4.1.

We may extend the configuration operator to measures whenever we have absolute convergence of the
dual form:

Definition 3.4. When Ao, ..., Ax € AT (R") are such that A*(JAg|, ..., [Axl; |J]) < oo, we define
A0,y - M) = Aoy v e ey iy ).

When A ; € ¥(R"), this is compatible with Definition 3.2 by Proposition 3.3.

The next step, carried out in Section 5, is to obtain bounds for the dual multilinear form evaluated at
the Fourier-Stieltjes transform of the fractal measure ©. Such bounds hold only in certain ranges of «,
and under certain restrictions on #n, k, m.

Proposition 3.5. Let By € (0, n) and suppose that, for a constant ¢ > 0 small enough with respect to n, k

and m,
k—Dn<m<kn, Bo<B<n, n—cPfpsa<n. (3-7)
Then
Al A TD Spy (n—a) ™00, (3-8)
Recalling Definition 3.4, we see that A(u, ..., n) is well-defined under the conditions (3-7). In

practice, we will need slight variants of Proposition 3.5, which are discussed in Section 5. In the same
section, we obtain singular integral bounds for bounded functions of compact support.

Proposition 3.6. Suppose that m > (k — 1)n. Then there exists € € (0, 1) depending at most on n, k and m
such that the following holds: for functions fo, ..., fi € €2°(R") with support in [—%, %]n,

Ao SIS TT 1505 - L5 11GE
0<j<k

In Section 6, we construct a measure detecting polynomial configurations, by exploiting the finiteness
of the singular integral in (3-8) and the uniform decay of the fractal measure.

Proposition 3.7. Let By € (0, n) and suppose that (3-7) holds. Then there exists a measure v € MT (R"™)
such that

o vl =AM, ..., w0,
o v is supported on the set of (x, y) € R" x Q such that (x, x +¢1(¥), ..., x + () € EFL,
o v(H) =0 for every hyperplane H < R"*™™,
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In Section 7, we show how to obtain a positive mass of polynomial configurations in sets of positive
density, through the singular integral bound of Proposition 3.6 and the arithmetic regularity lemma from
additive combinatorics.

Proposition 3.8. Suppose that m > (k — 1)n. Then, uniformly for every function f € €2°(R") such that
Supp f C[—4. 5], 0< f<land [f =1 €0, 1], we have

A(fy..o )2 L.

In Section 8, we show how to obtain a positive mass of configurations by a transference argument, by
which the fractal measure u is replaced by a mollified version of itself which is absolutely continuous
with bounded density, allowing us to invoke Proposition 3.8.

Proposition 3.9. Let By € (0, n) and suppose that
k—Dn<m<kn, PBp<B<n, n—cBy)<a<n
for a sufficiently small constant c(By) > 0. Then

A, ..., u)>0.

At this stage we have stated all the necessary ingredients to prove the main theorem.

Proof of Theorem 1.3. We may assume that E C [— ¢, 1%

not affect the assumptions on w, (A;) and Q except for the introduction of constant factors in bounds. By

]" after a translation and dilation, which does

Proposition 3.7, there exists a measure v € T (R"*™) with mass A(pu, ..., u) supported on
X={x,)eR"xQ:(x,x+A1y,....x+ A1y, x + Ay + Q(V)en) € E"“}

and such that v(V;) = 0 for every collection of hyperplanes Vi, ..., V, of R"*". We have therefore
proven the result if we can show that ||v]| = A(u, ..., u) >0, for then v(X ~ (Vi U---UV,)) > 0 and the
set X (V1 U---UV,) cannot be empty. We may apply Proposition 3.9 to obtain precisely this conclusion
when « is close enough to n with respect to By (and the other implicit parameters n, k, m, D, A, Q). J

To conclude this outline, we comment briefly on the role that the Fourier decay hypothesis plays in
our argument. Using the restriction theory of fractals, the assumption (3-2) is used together with the ball
condition (3-1) in Appendix B to deduce that ||ft] 2+, < oo for an arbitrary ¢ > 0, provided that « is close
enough to n (depending on ¢). The Hausdorff dimension condition (3-1) alone does yield information
on the average Fourier decay of p, via the energy formula [Wolff 2003, Chapter 8], but this type of
estimate seems to be insufficient to establish the boundedness of the singular integrals we encounter.
Section 5 on singular integral bounds and Section 7 on absolutely continuous estimates only use the
Fourier moment bound above. On the other hand, the estimation of degenerate configurations in Section 6
and the transference argument of Section 8 exploit in an essential way the assumption of uniform Fourier
decay.
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4. Counting operators and Fourier expressions

In this section we describe the various types of pattern-counting operators and singular integrals that
arise in trying to detect translation-invariant patterns in the fractal set of the introduction. First, we
define an oscillatory integral which arises naturally in the Fourier expression of the configuration form in
Definition 3.2.

Definition 4.1 (oscillatory integral). For & € (R™* and 6 € R” we define

Jo(€) = / O+ AT Y+ QO (M dy, T = .

We now derive the dual expression of the configuration form announced in Section 3.

Proof of Proposition 3.3. By inserting the Fourier expansions of fi, ..., fr and using Fubini, we have
A(fos -y ) = / Jox) fi(x +@1(3) -+ fi(x + o (y)) dx ¥ (y) dy
R JRm

[ Ae e /R Fo)el(Er+ - +E0) - x]d

(R
8 /R elér-1(y) + -+ & oY () dy dé; - - - dE.

Recalling Definition 4.1 and the choice (3-5), we deduce that

Afor .oy f) = fo(—&1 — - =& fiE) -~ @) (§) d&; - - . O

(R”)k

We single out a useful bound for the configuration operator, typically used when the A; are either the
measure u or a mollified version of it.

Proposition 4.2. For measures Ao, . .., Ay € MT(R™), we have
k
[AGo, - AL < [T IR - Aol =5, Tl =55 1),
=0

where the left-hand side is absolutely convergent if the right-hand side is finite.

Proof. This follows from Definition 3.4 and the successive bounds

|A*(io,...,ik;1)|</ Iho(E1 + -+ ED A (ED] - Ak )| ()] d&

(R)*

k
<1‘[||i,-||‘;o/([RE ] R+ + & ED - @D 1T ®)] dg. O
j=0

In some instances we will need a slightly more general multilinear form, as follows.
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Definition 4.3 (smoothed configuration form). For functions fy, ..., fi € $(R") and F € F(R"*™), let

Afon-e fii F) = / /,,,F(x’ WA i+ 0100 - fild + e dx pdy. (@1

Proposition 4.4. For functions fy, ..., fi € $(R") and F € S(R"T™), we have

k
A(for - fi F) =/ Fe,0) | fol—k—&1—---—&) ] fi(6)Jo (&) d& di do.
R? x Rm ([R”)k =1
Proof. By inserting the Fourier expansions of F, f1, ..., fi and using Fubini, we obtain

Afor fi F) = / fmF(x, W Ao frlx +o1(0) - filx +oe(y)) dx ¥ () dy
=f Fk.) ﬁ(&)---f(&)f Solr)el(c +& 4 +£) - x]dx
Rr xR™ (R R
X/me[G‘erél‘<p1(y)+-~-+%‘k-wk(y)]w(y)dydél‘--d%‘dedG

=/ F(ic,0) fol—ic =& — = &) fiE) - &) Jp(§)dEdicdo. O
R x R (Rk

5. Bounding the singular integral

This section is devoted to the central task of bounding the singular integral (3-6) when the kernel K
involved is the oscillatory integral Jy from Definition 4.1. We will rely crucially on the following decay
estimate:

Proposition 5.1. Assuming that the neighborhood 2 of zero has been chosen small enough, we have
o (®)] S (1+ATE+6)™"2 (£ € R, 6 €R™). (5-1)

Proof. By Definition 4.1, we have Jy(§) = I (AT€ + 6, &,), where

10 i) = [ e 3+ i QNI ()dr.

Consider the hypersurface S = {(y, Q(y)) : y € Supp(¥)} of R”*!; then our assumptions on Q mean
that S has nonzero Gaussian curvature. Observe that [ is the Fourier transform of 1} dog, where oy is the
surface measure on S and 1 is a smooth function with the same support as . Therefore it satisfies the
decay estimate [Stein 1993, Chapter VIII]

1L VD] S A+ L+ 1 D2
uniformly in (¥, ym41) € R™H!, which concludes the proof. (]

The main result of this section is a bound on the singular integral for functions in L* for a range of s
depending on n, m, k. In practice we will apply the proposition below when s is close to 2, which requires
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the parameter m’ to be larger than (k — 1)n, and when the functions F; are powers of |fi| or bounded
functions supported on [—% %]”

Proposition 5.2. Ler 1+ % <s <k+1and m' > 0, and write
Ko (&) =(1+|ATE+0)™? (£ € RH*, 0 €R™).

Let Fy, ..., Fy be nonnegative measurable functions on R"*. Provided that

m' > 2kn — @n,

(5-2)
we have, uniformly in 6 € R™,
A*(FOa coes Frs K(‘),m’) Ss,m’ “F()”s s “Fk”b

The first step towards the proof of this proposition is to bound moments of the kernels Ky ,,/ on certain
subspaces. Consider the k + 1 linear maps (R")* — R” given by

E> -G+ +&) =6, & § (I1<j<k).

For every 0 < j < k and 5 € R”, the set {§ € (RM)* : &; = n} is an affine subspace of (RMH* of
dimension (k — 1)n. Recall that AT : R™ — R™, so that in the regime m > (k — 1)n we expect
(14 |A7-])~" to have bounded moments of order q > (k — 1)n on each of the subspaces {§; = n}, under
reasonable nondegeneracy conditions on the matrix A. As the next lemma shows, what is needed is
precisely the content of Definition 3.1.

Proposition 5.3. Let 0 < j < k and suppose that m > (k — 1)n. Then for g > (k — 1)n we have, uniformly
inneR"and 0 € R™,

/ (14 |ATE +0) ¢ do(€) <, 1.
§j=n

Proof. First note that the assumptions of Definition 3.1 mean that AT is injective on {& : & =0} for0< j <k.
To see that, observe that the conditions

ATE=0,£=0=£=0 (0<;<k)

can be put in matrix form

A{ AT ...AT
j Klg=0 =0 (1<j<h),
o Eme = a0 asicw
AI AL
|:In><n In><n E_O = §—0

Since m 4+ n > kn, the (m+n) x kn matrices above have empty kernel if and only if they have rank kn, a
set of conditions which is easily seen to be equivalent to that of Definition 3.1.
Now let

I= / (1+|ATE+0)"1do(§).
&j=n
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We parametrize the affine subspace {£; = n} by § = R§" 4+ &,, where &’ runs over (R, § € (RMK is
picked so that (§,); =n, and R € O (R*") is a rotation mapping the subspace R*=Dn to (£ i =0}. We
obtain

1:[ (1+|ATRE + ATE, +0)77dE’,
R(k n

and we write B = ATR € R™>k" which is injective on R*~D", Consider the orthogonal decomposition
ATE, +60 = BE, o +y with & o € R D" and y € (B(R*~D"))L and observe that, by Pythagoras and
injectivity,

|BE' + A&, +0|=|BE +&0)+vI=>I|BE +E&0)| 218 +&l

Via the change of variables §' <— &'+ &, ¢,

1< / (1€ de’,
R&k—=Dn

which is bounded for ¢ > (k — 1)n, uniformly in n € R". U

Proposition 5.4. Let Fy, ..., Fy be nonnegative measurable functions on R". Let t € (0, 1) and let
p, p' € (1, +00) be parameters with % + # = 1. Let H > 0 be a parameter and suppose that K is a
nonnegative measurable function on R™ such that

/ K& do(§)<H (neR", 0<j<k).
&i=n

Then
k kL% ﬁi
N (Fo,....Fo K)< H'/V l_[( / Fj ()™ *+ D7k dn) ( / IO dn) "
j:0 RVI n
Proof. We write I = A*(Fy, ..., Fr; K). By a first application of Holder,
F T+(1 ‘L’)K d
1= o] ﬂ JE) (&) dt
P \F (1=0)p' Y
(L) ) (] ({1 rerr)
Rn)k R”)k
= (IN'? x (I)'/7". (5-3)

We can rewrite [ as follows:

1
=/ ]‘[F@,)fpds / I (1‘[Fj<sj)”’)kds.

0</j<k
J#
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By Holder, we can then reduce to integrals each involving only & of the &;:

k

I < H(/(Rn)k

i=0

1_[ F (%- )fp(k+1)/k d£> +1 )

0< <k
J ;éi

Recall that £y = & + - - - + &, so that after appropriate changes of variables each inner integral splits and
we have
k k

k 1 _k_
H( I/ F(n)f’“k*“/"dn)k“:l_[( / F(n)”’("“”kdn)k R

i=0 N0<j<k j=0
J#

To treat the integral I, we separate variables by Holder, and then integrate along slices [Nicolaescu 2011]:

k
n=[ 1R ke o
@) g

k 1

([ Atk a)™
(Rm)*

j=0

N

1

k 1
=H< / ) F,-<n>“—”f”(k+”< /S KE" da(&)) dn) o
j= neR” i=n

=0 5]

Inside each inner integral we use the fiber moment condition, so that eventually

1

k 1
, k+1
L<H] |< / Fj(p)-or kD dn) : (5-5)
. R»
Jj=0

The proof is finished upon inserting (5-4) and (5-5) into (5-3). [l

It remains to determine the parameters (t, p) in Proposition 5.4 that lead to a bound involving a single
L® norm.

Corollary 5.5. Suppose that 1 + % < § < k+ 1. Then there exist unique parameters t € (0, 1) and
p € (1, 00) depending on k and s such that

s=ﬁ%hn_4k+npu—r) (5-6)

where % + % =1, and for such (z, p) we have

k+1
s

1
P’
szL( kH) (5.8)

S 5-7)
p




1166 KEVIN HENRIOT, IZABELLA LABA AND MALABIKA PRAMANIK

Proof. Starting from (5-6), and dividing by kkil p in the first identity and by kkil pp’ in the second, we

obtain the equivalent identities
k s k1 k
T—m; and (;‘f‘_)f—— (5-9)

Inserting the left-hand expression of 7 in the right-hand identity, we deduce the relation (5-7). This is
easily solved in p and p’, and one finds that

Erh () oot

which in particular recovers (5-8). It can be checked that % € (0, 1) under the given conditions on s.
Inserting this value of % in the first identity of (5-9), we find that

_L(I_L>
T k-1 k+1/°

which again lies in (0, 1) for the given range of s. ([

T

Proof of Proposition 5.2. Apply Proposition 5.4 with K(§) = (1 + |AT§ + 6])~™2 and the choice of
parameters (t, p) from Corollary 5.5. By (5-7), this gives

k k
IV (Fo, ..., Fis K| < HYP TTAE; IH® PP/ 6D = g Ve T s,
j=0 j=0

where H = max; sup,, g féj=n(1 + |ATE + GI)_P”",/2 do(§). Via Proposition 5.3 and (5-8), we have

H <. 1 provided that
T =
p s
From Proposition 5.2, we now derive useful bounds on the dual form A*, which are needed to develop
the results of Sections 6-8. In the course of the proof, we refer to a restriction estimate from Appendix B,
which states essentially that /i is in L>** when 8 remains bounded away from zero and « is close enough
to n. Recall the notation 7% f = f(k + -) from Section 2.

Proposition 5.6. Let By € (0, n) and suppose that, for a constant ¢ > 0 small enough with respect to n, k
and m,

k—Dn<m<kn, PBp<B<n, n—chp<La<n.
Then there exists € € (0, 1) depending at most on n, k and m such that

Al—e A l— N 1-
sup  AN(T*[Al 5 @l ™8, .. 1Al 55 [ el %) < oo,
(1c,0) RN x R

ATl AT D Sy (=) 7O

Proof. Let ¢, § € (0, 1) be parameters. Recalling the majoration (5-1), we apply Proposition 5.2 to
Fo=T*“|ji|'~® and F; = |2|'~¢ for i > 1, with parameters m’ = (1 —&)m and s = (24 8)/(1 —¢). The
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condition (5-2) is fulfilled when m > (k — 1)n and ¢, § are small enough with respect to n, k, m. We
obtain, uniformly in ¥ € R"” and 6 € R™,

AR A A5 a0 Ses AN = A0S .
By Proposition B.3 and (3-3), we conclude that
AT 1 TR 1) ) Sespy (=) 7O,
and the second bound follows since |J| < |J |1-e. [l

Proof of Proposition 3.6. Let ¢ € (0, 1) be a parameter. By Proposition 4.2 and (5-1), we have
IACfor - SOV T A0S - A (1015 LAl 85 (L4 AT p7/2). (5-10)

0<j<k

For ¢ small enough with respect to n, k, m, we may apply Proposition 5.2 with s =2/(1 —&) and m’ =m,
together with Plancherel:

A fol 5 AT A+ AT D) ST A e lls—e)
=[50 1F015°
=[50 105"
<TTioo A1,

where we used the assumption Supp( f;) C [—%, %]n in the last line. Inserting this bound in (5-10) finishes
the proof. U

6. The configuration measure

In this section, we aim to construct the measure v € M (R"*™) specified in Proposition 3.7. We make
extensive use of the singular integral bounds derived in the previous section. Our treatment is similar to
that of [Chan et al. 2016], but we work in a more abstract setting. We assume throughout this section that
the dimensionality conditions (3-7) are met, so that singular integral bounds are available.

We start with the proper definition of v, which is the content of the next proposition (recall Definition 3.2
and Proposition 3.3). We define an extra shift function ¢y = 0 for notational convenience.

Proposition 6.1. Define the functional v at F € $(R"*™) by
<U7 F> :;%A(I’Lé‘a "'v/'l’é‘; F)v

where j1e = [ * ¢ for an approximate identity ¢ with ¢ € €2°, (R"). Then v is well-defined and we have,
for every F € $(R"T™M),

W, FY =N, ..., 5 F) and |(v, F)] <|[FllacA(t, ..., 1),

where the integrals defined by the right-hand sides converge absolutely. Therefore v extends by density to
a positive bounded linear operator on 6.(R"™).
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Proof. By Proposition 4.4, we have

k
Altte, - s e F)sz F i, 6) ( A= =& = =8 [ [ G To®)he (€, ) dE dic do,
j=1

Rn)k

where ho (&, k) = (,23(—8(16 +&+---+&)) ]_[';:1 qAb(sSj). Since A, is bounded by 1 in absolute value and
tends to 1 pointwise as &€ — 0, the limit of A (e, ..., ue; F) as e — 0 exists and equals A*((, ..., [L; ﬁ)
by dominated convergence, since we have uniform boundedness of

k
/Wuf“(x, O J VG 1+ 80 [T12EDJo(&)] d& dic do

j=1

< sup A*(|Tm|,|m,...,|m;|J9|)xf Bk, 0)] die d6 < oo,
(k,0)eRr xR™ Rrtm

via Proposition 5.6 and the majorations |Jp| < |Jo|'~¢ and || < |Q]' 2. Recalling Definitions 3.2 and 4.3
and using the positivity of u., we also have

[(v, F)| = lim [A(fe, - - -, e F)| < | Flloo im A (e, ..., e).
e—=0 e—=0

By Fourier inversion (Proposition 3.3) and another instance of the dominated convergence theorem,
exploiting the finiteness of A*(|f|, ..., |fi|; |J|) provided by Proposition 5.6, we obtain

(v, F)| < IIFIIOOE)A*(/%,...,@S; J) =1 Flloo A (s ..., 15 J).
This last quantity equals || F|lcoc A(K, . .., u) by Definition 3.4. ([l

Proposition 6.2. When defined, the measure v of Proposition 6.1 is supported on the compact set

X={(x,y) € ExSuppy: (x, x +91(), ..., x +¢x(y) € EF}.

Proof. We can rewrite X = (E x Supp¢¥) N &1 (EFD), where ® is the smooth map defined by (3-4), so
that X is closed and bounded, and therefore compact. Since its complement X¢ is open, it is enough to
show that (v, F)) =0 for every F € €7°, (R™™) such that Supp F C X¢. By compactness we know that
there exists ¢ > 0 such that

m Xkd(x +¢;j(y),E)>c>0 forall (x,y) e Supp FN(R" x Supp ¥).
<

<J<

On the other hand,

k
(v, F) = lim F(x, ) [ ] e+, () dx v (y) dy.
>0 Supp FN(R" xSupp ¥) =0

For ¢ small enough, since p. is supported on E + B(0, Ce) for a certain C > 0, the integrand above is
always zero. U

Proposition 6.3. We have ||[v| = A(u, ..., 1.
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Proof. Consider the compact set X from Proposition 6.2, and the larger compact set
Y= {(x, y) €R" xSuppy:d(x +¢;(y), E) <1 for 0<j < k}.

Pick a smoothed ball indicator F € CGCC”"JF([R{’””") such that F =1 on Y. Since v is supported on X C Y,
we have

k
VR = (v, F) = lim Fxr, ) [ ] rex+9; () dx () dy.
e—0 R” xSupp ¥ =0

Since (x, y) — ]_[l;:O te(x +¢;(y)) is supported on Y for ¢ small enough, we therefore have
p(R"™™) = lim A(ie, . . ., ie).
e—0

By the same reasoning as in the end of the proof of Proposition 6.1, again using A*(|il, ..., |i]; |J]) < oo
provided by Proposition 5.6, we find eventually that ||v| = A(u, ..., u). O

We now turn to the last expected feature of the configuration measure v, which is that it has zero mass
on any hyperplane.

Proposition 6.4. We have v(H) = 0 for every hyperplane H of R"*™,

Proof. Consider a hyperplane H < R"™" and a rotation R € O,,,(R) such that H = R (RHm=1 5 {0}).
Consider parameters L > 1 and § € (0, 1]. We consider a Schwartz function Fs of the form

Fror=x(;)2(3) e
where x € $(R"~1) and E € ¥(R) are nonnegative with x > 1 on [—1, 17"~ and E(0) > 1. Writing
H; = R([—L, LT~ x {0}), we therefore have v(H;) < (v, Fs), and it is enough to show that (v, Fs)
tends to 0 as 6 — O for every fixed L > 1. By Proposition 6.1, writing y = (k, 8) € R" x R™, we have

k
vor=[ /( B == =8 [T 0(6) d dy 6-2)

j=1

We assume that x and E have been chosen so that their Fourier transforms are supported on cen-
tered balls of radius 1, which is certainly possible. Recalling (6-1), we therefore have, for every
(u,v) € R xR,

|Fso R(u, v)| = F5 0 R, )| S L™ 1 pyepo1 -8 Lpyesor. (6-3)
We next show how to obtain some uniform y-decay from the other factor in the integrand of (6-2).
By (3-2) and (5-1), since 8 < n < m, we have

k

k
aGe+E1+ - 4EO [ TIRED o @) Sa U+Ic+&E1+ - +&D P2 [ [a+E D20+ 1ATE+o]) ™/
j=1 j=1

S (I +E 4 - A& +HE |4 - &+ ATE+0]) P2,
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Using this in conjunction with the triangle inequality and the decompositions 6 = (AT€ +6) — Zl;zl A; &;
andc =(+& +---+&)— ZIJ‘-ZI &, we deduce that

k
G+ &+ + 8 [ [IAENTo @) So A+l +10) 7 < A+ 1y P2 (6-4)
j=1
Let € € (0, 1) be the small parameter in the statement of the proposition. At this point we have two
parametrizations y = (k, 8) = R(u, v) with («, 8) € R* x R™ and (u, v) € R™™~! x R. By integrating
in (u, v) coordinates in (6-2) and bounding I:"(;(y) via (6-3), we obtain

-1
(v, Fs)| S / e LTS g
Rrt+m=IxR

k
(/ ) |t +& + -+ &)l 1_[ A EIJp(E)] d§> du dv.
(R") P
j=1
By pulling out an e-th power of the inner integrand and using (6-4), we infer that

(v, F5)| Sa / L] e / 8+ Lyjcs— - (1 + | (u, v)) /2
Rn+m—1 R

k
(/ e g+ 8 [ TIAENI ™ 1 @)1 ds) du dv
(R™) i
j=1
S osup AT AT AT el ) x 6/ (1+[o) ™~ dv.
(k,0)€R" xRm |v|<8-!
The supremum above is finite by Proposition 5.6 and for & small enough the last factor is bounded by §°4/2.
Therefore (v, Fs) — 0 as § — 0, as was to be shown. |

Proof of Proposition 3.7. It suffices to combine Propositions 6.1-6.4, recalling that we assumed (3-7) in
this section. u

7. Absolutely continuous estimates

In this section we verify that absolutely continuous estimates are available when the shifts in (3-4) are
given by polynomial vectors and the singular integral converges. We work with the notation of abstract
shift functions.

The strategy, as in the regularity proof of Roth’s theorem [Tao 2014], is to use the U? arithmetic
regularity lemma to decompose a nonnegative bounded function into an almost-periodic component,
an L? error, and a part which is Fourier-small. The precise version of the regularity lemma that we
need is found in Appendix A. To neglect the contribution of Fourier-small functions, we use the fact
that the counting operator is controlled by the Fourier L* norm for bounded functions, in the sense of
Proposition 3.6. To show that the pattern count for almost-periodic functions is high, we need uniform
lower bounds for certain Bohr sets of almost-periods, the proof of which will occupy subsequent parts
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of this section. We define a Bohr set of T" of a frequency set I' C Z", radius ¢ € (O, %] and dimension
d =|I'| < oo by
B=B[,8)={xeT":||E-x|| <§ forall £ T}. (7-1)

We first prove the following conditional version of Proposition 3.8:

Proposition 7.1. Suppose that m > (k — 1)n and, uniformly for every Bohr set B of T" of dimension d
and radius § > 0,

Ply el—c.cl™ :o1(0). ... o(y) € B} Zas 1.

Then, for every function f € €2°(R") supported on [—%, %]n suchthat0 < f < land [ f =17 €(0,1],
we have

A(Cf,.... )2 L.

Proof. We let k : (0, 113 — (0, 1] be a decay function and ¢ € (0, 1] be a parameter, both to be determined
later. Write the decomposition of Proposition A.2 with respectto e and x as f = fi1+ fo + fa=g+ f3.
Note that f1, g = 0 and f1, f>, f3, g are supported in [—%, }L]" and uniformly bounded by 2 in absolute
value. Expanding f = g + f3 by multilinearity and using Proposition 3.6 together with the Fourier bound
on f3 in (A-5), we obtain

A(f,...,f):A(g,...,g)+0<ZA(>x<,...,f3,...,>«<)>:A(g,...,g)—i—O(K(s,d_],S)E/) (7-2)

for an ¢ € (0, 1) depending at most on n, k, m. Recall that we assumed that ¢ is at least 1 on a
box [—c, ¢]™ in Section 3, and let

E={yel[—c,cl" :01(3), ..., 0(y) € B}, (7-3)

where B is the Bohr set of Proposition A.2. For reasons that shall be clear later, we first restrict integration
to the set E, using the nonnegativity of g:

A(g""’g)>/(_/ g-T‘p‘(y)g---T‘pk(>’)gd58>dy.
E n

Next, we focus on the decomposition g = f1 + f> and exploit the L2 bound on f> in (A-5) by Cauchy—
Schwarz in the inner integral:

A(g»»g)}/\(-/. gT("l(y)gT(Pk(}’)gdofg) dy
E n
2/( fl‘T(pl(y)fl"‘T(pk(y)fldgj_Zf *---T(p«f(y)fz---*dfﬁ)dy
E R n

> / ( fi- T</7I(y)fl . T‘Pk(y)fl d¥ — 0(8)> dy.
E R~

Finally, we use the almost-periodicity estimate for f; in (A-5) and the definition (7-3) of E to replace the

shifts of f) by itself:
A(g,...,g);/(/ . 1k+1dc,<£—0(s)>dy.
E _11

2°2
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By nesting of L? ([— ]n) norms and the nonnegativity of f;, we infer that

11
2°2

A(g,...,&')?/E((/[_

Choosing & = ct¥*! with a small ¢ > 0, and recalling (7-2) and the assumption on E, we obtain

k+1
fi d:e) - 0(e>) dy = L(E) - ("' = 0(e)).

LT
22

A, ) =6, d HT* — Ok (ed™, d 1, 8)7).
Choosing k (¢, d™',8) = ¢’ - (c(8, d~")e)'/¢, recalling that d, 5! Sex 1 St 1, we obtain
A(fy.oo, )= e, dHe* ! >0 1 a
It remains to determine a lower bound on the measure of the intersection of preimages of a Bohr set by
the shift functions. This can be done when the shift functions are polynomial vectors, by reduction to a

known diophantine approximation problem, and in fact there will be a series of intermediate reductions.
We let d denote the L°° metric on R” or R and we define

lxllvn =d(x, Z*) = max d(x;, Z)

\l <n

for x € R". In all subsequent propositions in this section we also liberate the letters n, k, m from their
usual meaning, and we indicate the dependencies of implicit constants on all parameters. Our objective is
to prove the following statement:

Proposition 7.2. Lett,m,n,l,d > 1. Let Q1, ..., Q; : R™ — R" be polynomial vectors with components
of degree at most | and such that Q;(0) =0 foralli € [t]. Foré&y,...,&; € R", we have

F{y el—c.c"1Qi(y) &jliv <& forall (i, )) €[] x[d1} Zeamran 1.
Our first reduction is to a finite system of conditions on monomials modulo 1.
Proposition 7.3. Letl,m >1and X =1{0, ..., 1} ~{0}. Forevery I € X, letd; € Ny and &; € R%. Then?
Ply el—c,cl™ 1y & llya <e forall I € X} Zerm @ 1.

Proof that Proposition 7.3 implies Proposition 7.2. Let X ={0, ..., [}~ {0} and write Q; =) keln] Qirex
with Qix =Y ey ;’k) I Forevery I € X we defined; =t+d+n and & = (a}’k)fjk)(i,Lk) € Titd+n,
to make the following observation:

1Qi(y)-§jllr<e forall (i, j) €[] x[d]

Z Za(lk)y S]k

< £ for all (i, j) € [t] x [d]

keln] IeX
£
— Iy aﬁlk)éj—]k”—ﬂ' S forall (i, j,k) e[t x[d]x[n], € X
n
= Iy €1l < —— forall I € X.
nlm

3Here and in the sequel we set RO = {0} and ||0[|0 = 0O, so that the conditions involving a space RO are void.
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Applying Proposition 7.3 with ¢ <— ¢/nl"™ and (d;, &;) as above, we find a lower bound on the quantity
under study which depends only on ¢, [, m, ¢, d, n. (I

Our second reduction consists in a straightforward induction, which reduces the dimension of the
problem to 1.

Proposition 7.4. Letl > 1, dy,...,d; e Ngand & e RY, ... & € R%. We have
Py el—c.cl: /&l <e forall jelll} Zerw 1.

Proof that Proposition 7.4 implies Proposition 7.3. We induct on m > 1, the case m = 1 being precisely
Proposition 7.4. Assume that we have proven the estimate for dimensions less than or equal to m, and
write a tuple I € {0, ..., l}erl ~A{0}as I = (J, ip41) with J € {0, ..., I}" and i1 = 0. We distinguish
the conditions involving y,,+ or not by Fubini:

SB{y €[—c,c]™: Iy & |1y, <& forall Ie X}

=/ 1 1[Iy ypsi&rllpa, <& forall (J,imer) =1 € X]|dy; - dyy dyms
[7(‘,(}]"”’
=/ 1[lly”&/llya; < e forall (J,0)=1 € X]
[—c,c]™
f it -y &1l < forall (J. i) =1 € X i1 > 1]dyyr dys - dyn.
[—c,c]

By first applying the induction hypothesis with m =1 at fixed yy, ..., ym, and then by applying another
instance of the induction hypothesis, we find that this quantity is indeed bounded from below by a positive
constant depending only on ¢, [, m and (dj). U

Our final reduction is a simple discretization argument, which reduces the problem to the following
known diophantine approximation estimate (see also [Green and Tao 2009, Proposition A.2; Baker 1986,
Chapter 7]).

Proposition 7.5 [Lyall and Magyar 2011, Proposition B.2]. Let! > 1 and d;, ..., d; € Ny. Let o; € R4
fori=1,...,land N > 1. We have

N~'#{In| <N : Infallyq; <& forall j €1} Zer @) 1.

Proof that Proposition 7.5 implies Proposition 7.4. Consider a scale N > 1 going to infinity. Write each
ly|<casy=n+u)/N withneZandu € (—3, 1], so that y/ =n//N/ + 0;(1/N) for every j € [I].
For N large enough with respect to (§;), ¢ and /, we therefore have

i 50

N7 |- S

T

i &
1771t <& = :.
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This yields

Ply el—c.cl: lly’&jllqe; < e forall j e [l1}

n+u 1 i Sj e .
= = Hul < 5, ||nf == <5
> Y §E{y Nl < 5. |n 7l <5 forallje[l]}
In|<cN/2 T
>N—1#{|n|<ﬂ: WATH forallje[l]}.
2 N-] -H—dj
Applying Proposition 7.5 concludes the proof. O

To conclude this section we may now derive the absolutely continuous estimates stated in Section 3.

Proof of Proposition 3.8. 1t suffices to combine Propositions 7.1 and 7.2, recalling the shape (3-5) of our
shift functions. ]

8. The transference argument

This section is concerned with proving that A(u, ..., u) > 0, by the transference argument of [Laba
and Pramanik 2009] exploiting the pseudorandomness of the fractal measure p as @« — n. We start by
recalling the decomposition of [Chan et al. 2016, Section 6] of the fractal measure y into a bounded
smooth part (a mollified version of ) and a Fourier-small part (the difference with the first part). This is
the part of the argument where one lets « tend to # in a certain sense, and then the Fourier tail exhibits
very strong, exponential-type decay in n — «.

Proposition 8.1. There exists a constant C1 > 0 depending at most on n and D, and a decomposition
=+ o, where iy = f A2, f € 6R®RM, 0 f<Cr, [f=1,Supp f C[—g g Il <2IA
fori e{1,2} and

l2lloo S (n— a)_o(l)e—ﬁ/(%ﬁ)(n—a)‘

Proof. Let L > 1 be a parameter. Consider a cutoff ¢ € 6€2°(R") such that [¢ =1, Supp¢ C B(O, %)
and 0 < ¢ < Cy for a certain Co = Cy(n) > 0, and define ¢; = L"¢(L-). Let f = w=*¢r and consider the
decomposition p = 1 + po with w1 = f d¥ and po = o — wy. We can already infer that f >0, [f =1,
|ii] < 2|a| fori =1, 2 and Supp u; C [—%, %]n, since we assumed that E C [—%, %]n in Section 3.

Next, we show that f is bounded. Since ¢, has support in B(0, 1/(16L)), by (3-1) we have

1 _
< n Ol‘
ok 16L)] S GoDL

rw= [ P10 =) () < e loe - B
B(x,1/(16L))
Choosing L = ¢'/"~® we deduce that
I flloo < CoDe =: Cy.

Finally, we bound the Fourier transform of fi,. Observe that, for every & € R",

f2(8) =ﬁ(§)(1 —(13(%)). (8-1)
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Since f ¢ =1, we always have |1 — ¢(§ /L)| < 2. On the other hand, since ¢ has support in B(O lé) we

have
(2) =20 (1-(7))
11—l 2)l = l—el—)])d
) d)(L)' B(O,l/lé)d)(X) ‘\L !

By inserting these two last bounds in (8-1), we obtain

Il
~ L

IMz(§)|<mm(1 E)I @)l

Consequently, by (3-2) and (3-3) we have
. 1&]
A2 S (n—a)” 0“>mn< L ) min(1, 1§77,

By considering separately the ranges |&| > L% @8 and |£| < L¥®*P), we find that
12)] < (n—a) ODL=P/CHH)
Recalling our choice of L, we have
12(8)] < (n— ) O We=P/CHH—a) .

We now establish the positivity of A(u, ..., 1), using the previous decomposition, with the main
contribution from the absolutely continuous part estimated by Proposition 3.8, and the other contributions
bounded away by Proposition 5.6.

Proof of Proposition 3.9. We consider the decomposition p = 1 + o from Proposition 8.1, and expand
by multilinearity in

Ay =CT A/ /O + O A iz, ),

where the sum is over 2t! — 1 terms and the stars denote measures equal to either j; or ws. By
Proposition 3.8, we deduce that, for a certain constant ¢ > 0, we have

A(,u,...,u)>c—0<ZA(*,...,,uz,...,*)>.
By Proposition 4.2, we have, furthermore, for any ¢ € (0, 1),
A o) = c = O(IRallg A AR5, L A5 1TD).

By taking ¢ to be that appearing in Proposition 5.6, and inserting the Fourier bound on p, from
Proposition 8.1, we find that

A, ..., ) =c— O,Bo((n _ Ot)_0(1)6_8"30/(2"_’30)("_0{)),

where we used the monotonicity of x/(2 + x). This can be made positive for « > n — c¢(fp, ¢) with
c(Bo, €) > 0 small enough. U
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9. Revisiting the linear case

In this section we indicate how the method of this article may be modified to obtain the following extension
of Theorem 1.2, which allows for any positive exponent of Fourier decay for the fractal measure. For
simplicity we only treat the case where n divides m, which already covers all the geometric applications
discussed in [Chan et al. 2016].

Theorem 9.1. Letn,k,m > 1, D > 1 and «, B € (0, n). Suppose that E is a compact subset of R" and
W is a probability measure supported on E such that

w(B(x,r) < Dr* and |(E)| < Dm—a) P+ g) P2

forall x e R", r > 0and & € R". Suppose that (Ay, ..., Ay) is a nondegenerate system of n X m matrices
in the sense of Definition 1.1. Assume finally that m = (k — r)n with 1 <r < k and, for some By € (0, n),

%(k —Dn<m<kn, Bo<B<n, n—CupimpyD ) <A<N

for a sufficiently small constant c, i m gy, p,(A) > 0. Then, for every collection of strict subspaces
Vi, ..., Vg of R"™ there exists (x, y) € R*™™ Vi U---UV, such that

(x, x+A1y,...,x+Aky)eEk+l.

Note that the condition on m is equivalent to that of Theorem 1.2. We only sketch the proof of
Theorem 9.1, since it follows by a straightforward adaption of the methods of this paper, with the only
difference lying in the treatment of the singular integral.

We start by stating a slight generalization of Holder’s inequality that was already used (for [ =k+1, r =k)
in the proof of Proposition 5.4. We write (U ]) for the set of subsets of [/] of size r.

Proposition 9.2. Let (X, 9N, 1) be a measure space and let 1 < r < I. For measurable functions
Fi,..., Fi: X — C, we have

/anldk [/HIFII/’dA}/(ﬁ).

X jen se(l) jes
Proof. First observe that, for arbitrary real numbers ay, ..., a; > 0, we have
/G2
o= IT (o)
Jelll Se([i]) Jj€eS

Next, let I = [y [1,cp || dr and apply Hélder’s inequality in

1_/ 1_[ <H|F |) /(ﬁill)dk< nl [/(1_[|F |>(£)/(H)dk]l/(1).

jes Se([i]) jes

-1

r—l) =[/r, which concludes the proof. O

A quick computation shows that (i) / (
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We now place ourselves under the assumptions of Theorem 9.1, and in particular we assume that
the matrices Ay, ..., Ay are nondegenerate in the sense of Definition 1.1. We also write A9 = O, xp
throughout. This matches the framework of this paper except that now Q = 0.

We fix a smooth cutoff v € 627, (R") which is at least 1 on a box [—c, c]". We define the oscillatory
integral

1O = [ sy dy =P -ATE) ©0-1)
The counting operators are now defined by*

Aforeos fi) = /R fR o) f1 G Ary) - fulx + Apy) dx ¥ (y) dy,

A*(For .., Fis J)=/ Fo(—&1 = — &) F1(E) - - Fu(E0)J (€) dE,

(R”)k

for functions f;, F; € $(R"), and we have A(foy, ..., fr) = A*(fo, R fk; J) as before.
Since we assumed that ¥ € €2°(R™), it follows from (9-1) that

IJEI Sy A +14TEN~Y (9-2)

for every N > 0. Via some matricial considerations (as in [Chan et al. 2016, Lemma 3.2]), it can be
checked that Definition 1.1 is equivalent to the requirement that AT : R¥* — RK*~"" ig injective on each
subspace of the form

(£ e R (&) jes =),

where S is a subset of {0, ..., k} of size r and 5 € R"™", and we write £, = —(&; + - - - + &) as before.
Now consider an arbitrary subset S of {0, ..., k} of size r. By (9-2) one quickly deduces that

/@) TP do®) <, 1 (g >0, e ®)), 9-3)
jljes=n

in the same manner as in the proof of Proposition 5.3.

In our linear setting one may naturally obtain a better range of m for which the multilinear form A* is
controlled by L® norms. The next proposition demonstrates this, and it is applicable to our problem only
when (k4 1)/r > 2, or equivalently m = (k —r)n > %(k — Dn.

Proposition 9.3. We have

IA*(Fo, ..., Fi; DI S TFollk+1/r - - 1Fll k1)) -

4In fact, one could work without cutoff functions in the y variable, as was done in [Chan et al. 2016], which simplifies the
estimates somewhat. Here we keep smooth cutoffs to stay closer to the framework of the article.
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Proof. Write [ = A*(Fy, ..., Fx; J)and [0, k] ={0, ..., k} for the purpose of this proof. By Proposition 9.2,

we have
l_[ <KRn )k

se()

Integrating along slices, and invoking (9-3), we obtain

¢
r< 1 (/ IIFM;)“‘*”/’(/ |J<§>|‘/’do<s>>dn)
®")” (&j)jes=n

(¢
1‘[Fj@,-)("*“/wus)ﬂ/’d&) :

jes

/[R'l)k l_[(F (S]) |J(£)|1/(k+1)) dS o

Se(lO;kJ) jes
/(¢
< 11 (/ [15 ><"+”/’dn> .
Se([o}k]) R)’

Therefore each inner integral splits and we have

/T CED/ETh
rs 1 (1_[/ Fap*trr dn) = |1 (/ Fj(ap®ebrr dn) .
se () Njes jefog MR
Since (k+1)/(rf1) = (k+1)/r, it follows that I < ]_[je[o’k] | Fjll(k+1y/r> as wWas to be shown. [l

With Proposition 9.3 in hand, it is a simple matter to adapt the rest of the argument in this paper. In fact,
one would need a slight variant of that proposition involving a shift 6, as in the case of Proposition 5.2.
From such a proposition one may deduce the natural analogues of Propositions 5.6 and 3.6, which will
impose the same conditions on « and §, and a distinct condition m > %(k — 1)n on m. With these singular
integral bounds in hand, the arguments of Sections 6—8 go through essentially unchanged, and one obtains
Theorem 9.1 by the process described at the end of Section 3.

Appendix A: The arithmetic regularity lemma

In this section, we derive a version of the U? arithmetic regularity lemma, following Tao’s argument
[2014], with minor twists to accommodate functions defined over R" instead of T”. This set of ideas
itself originates in [Bourgain 1986], albeit in a rather different language. We include the complete proof
since the exact result we need is not stated in a convenient form in the literature.

We defined a Bohr set of T" of a frequency set I' C Z", radius § € (O, 3
in (7-1). We define the dilate of a Bohr set B of a frequency set I" and radius § by a factor p € (0, 1]
as B(T, §), = B(T, p3). Note that B(T", §) = ¢~'(25 - Q) for the cube Q =[—1, 1]" and the morphism
¢ R > T x — (£- x)ger. We can find a cube covering of the form Q C |J,.,(t + 8 - Q) with
IT|=T1/81¢ < (2/8)¢, and therefore

1] and dimension d = |T'| < oo

I=lp~"@I<) 197t +5- 0.

teT
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By the pigeonhole principle, there exists ¢ € T such that ¢~ (t+8- Q)| > (%S)d and, since ¢~ (t+68- Q) —
¢~ '(t+6-Q) C B, we deduce that

|B| = |B(T, 8)| > (18)" forall 8 e (0,1]. (A-1)

Now consider the tent function A(x) = (1—|x|)™ on R, which is 1-Lipschitz, bounded by 1 everywhere,

and bounded from below by % on [—%, %] For any Bohr set B, we define functions ¢p, vg : T" — C by

_ 9
o5’

so that f vg =1 and %l By SVB < 1p. The function vp is essentially a smoothed normalized indicator
function of the Bohr set B, and its most important properties are summarized in the following proposition:

o) = (5 wplg xl). vy

Proposition A.1. For any Bohr set B of frequency set I' C 7" and radius § € (0, %], we have

Ivslloo < (46) 7 (A-2)
IT"vs —vlloo < (26)“p for 1€ By pe.1] (A-3)
V(&) =14+0() for £EeT. (A-4)

Proof. Note that f op > %|B1 2l = %(%S)d by (A-1), which implies the first estimate. For every x, t € T",
we also have

1oy=d| A (] 1
axo+0) = a0l < 2(39) | (5 supl - e+ = A5 sup s 1)

When ¢ € B,,, we have || - ]| < pé for every & € T, and therefore [vp(x 4+1) —vp(x)| S (}18)761,0 since
A is 1-Lipschitz, and we have established the second estimate. To obtain the third, consider £ € I" and
observe that, since vp is supported on B and ||§ - x|| < § for x € B, we have

f)B(f):/;vg(x)e(—é‘x)dx=(1+0(8))/ vp =1+ 0(). ]

Proposition A.2. Let ¢ € (0, 1] be a parameter and let « : (0, 113 — (0, 1] be a decay function. Suppose
that f € €2°(R") is such that 0 < f < 1 and Supp f C [—%, %]n. Then there exists a decomposition

f=fi+fH+ fywith fi e €°®R"), Supp f; C [—1. 1] 1file <1, 120, i+ 220, [fi=[f

as well as a Bohr set B of dimension d <., 1 and radius § 2, 1 such that
IT'fi— filw<e forallteB, |fila<e,  Iflem) <kl d™,8). (A-5)

Proof. We initially consider f as defined on the torus T", by identification with its 1-periodization from
the cube [—%, %]n Consider sequences of positive real numbers

28282262 and 12m=2---Zn =
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to be determined later. We define sequences of frequency sets I'; and Bohr sets B; of dimension d;, and
measures v;, inductively for i > 0 by

1
Civi =T U{fI = niya} U U{|‘3j| Znit1},  Biy1=BTi41,08i41),  Vigl =V, (A-6)
j=0
, Bo = B(I'g, 80) and vy = vp,, so that dy = n and, by the

We initialize with I'g = {ey, ..., e,}, §p < %
C [ %, %] for all i. Note that, by Chebyshev, we also have a

definition (7-1) of Bohr sets, we have B;
dimension bound

212 i A2
(WA ;5
5 +E -
Miv1 =0 Mt

By Plancherel and the bound (A-2), it follows that

div1 <d;i +

di 550,...,51‘,1,%,1,1’)1‘ 1 (l 2 l) (A_7)

We start by finding a piece of the Fourier expansion of f which is small in L. To this end observe that

k
S IfEL2dfIE=21f15<2

i=0 TipaxT;
By Chebyshev’s bound, it follows that
2 4
. . S €
#{0<1 <k: Y IfP 5} =

FH—Z\Ft

Choosing k = [4/ 821, we obtain the existence of an index 0 < i < k such that
P (A-8)
IFEANY;

We now decompose f into three pieces f1, f2, f3: 1" — C defined by
f=f*vi+(fxvipn— f*v)+(f = f*vip) = fit+ 2+ fr

Since f takes values in [0, 1] and f v; = 1, the functions fi, f>, f3 take values in [—1, 1] by simple
convolution bounds. It is also clear that fi and f; + f> are nonnegative and [ f; = [ f.
Let us first analyze the L?-small piece. By Plancherel and (A-8), we have

ILf %vigr — fxvill3 =D [F @)D (m) — 0 om)[?

meZ"

g2

A 2|a A 2 )
ST+ D ISP B )~ Dim). (A-9)
melU(Z"\Ti4+2)
For m € I'; C T'j4+1, by (A-4) we have |D;+1(m) — U;(m)| < 8;41 +8;. For m & ' 45, the definition (A-6)
of I';4, implies that |D; (m)| < ;42 and |D;11(m)| < n;42. Inserting these bounds into (A-9), we obtain

I f #vigt — fxvill3 < 367+ O + 81 + mig2) < €7, (A-10)
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provided that §;, n; < ce? for all j.
Next, let us focus on the almost-periodic piece. Introducing a parameter p; € (0, 1], we deduce
from (A-3) that, for t € B,,, we have

T v = f % villoo < IFINIT v = villoo Sn 8 % i <, (A-11)

choosing p; = cnsSlfl" . We write Si = p;6;, and from (A-7) we see that Si depends at most on n, €, &g, . .., &;
and 1y, ..., ;.
Finally, we consider the Fourier-small piece. By Fourier inversion,

ICf = f 5 vip) Mise@ny = sup | fm)] |1 — g1 (m)].

meZ"

For m € T'; 41, we have |1 — V;1(m)| < ;41 by (A-4), while for m & I'; 1, the definition (A-6) of T'; 4
shows that | f (m)| < ni+1. Therefore

I = f*vieD) i@ S Si +mit S c(endi ', 8) (A-12)
for a small constant ¢ > 0 provided that we choose the §; and n; recursively satisfying
max(8;+1, ni+1) = cmin(k (e, d; ', §), €%).

At this stage we have obtained the desired bounds (A-5) over T" and for a Bohr set E,- = B;(I';, 8;), and
from (A-7) and the construction of the §; it follows that d; S 1 and §; 2.« 1.

To finish the proof we now consider the functions fi, f>, f3 as functions on R" supported on [—%, %]"
—%, %]" the convolutions f xv; over T" may

be readily interpreted as convolutions over R", and the functions f; are supported on [_41'1’ %]n The

Since f and the Bohr sets measures v; are supported on [

properties (A-10) and (A-11) are readily viewed as holding over R", thus we only need to verify that f3

has the appropriate Fourier decay at real frequencies. We claim that, since f3 has support in [—‘—1‘, %]",

we have || f3|| ey Sl f3 |12 (z»y and, by taking the constant ¢ in (A-12) small enough, we obtain the

desired Fourier decay estimate. To prove this claim, consider a smooth bump function x equal to 1 on
11

[_Z’ Z]n. For & € R", expanding f as a Fourier series yields

f®) =/ HExE)e(—E - x)dr =) fa(k)f X®e(k—&)-x)dx =Y f3(k)F (& — k).
[—1/4,1/4]" kezn R" kezn
Using the smoothness of yx, it follows that, uniformly in & € R”,

1BEIS N Bliean Y A+1E—kD™"D < | Al O

keZ"
Appendix B: Uniform restriction estimates for fractal measures

In this section we obtain restriction estimates for fractal measures satisfying dimensionality and Fourier
decay conditions, with uniformity in all the parameters involved. We liberate 1, @ and 8 from their usual
meaning and track dependencies on all parameters, such as the dimension . To facilitate our quoting of the
literature, we first recall the functional equivalences in Tomas’s 7*T argument [Wolff 2003, Chapter 7].
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Fact B.1. Suppose that u € MT(R") and p € (1, +0o0], and that p' is given by % + % =1. Let R > 0.
The following statements are equivalent:

1 2 <RIl gy forall feFRY, (B-1)
lg diello@n < RIIgllr2@e  forall g € L*(dp). (B-2)

We now fix two exponents 0 < 8 < o < n and two constants A, B > 1, and we restrict our attention to
probability measures p on R” satisfying

w(B(x,r)) < Ar® (xeR",r>0), (B-3)
AE)| < BA+IENT? (£ eR"). (B-4)
We define the critical exponent
dn — )
po =2+ —5 (B-5)

so that the Mitsis—Mockenhaupt restriction theorem [Mitsis 2002; Mockenhaupt 2000] states that each of
the inequalities in Fact B.1 holds for p > pg for a certain constant R = R(A, B, o, 8, p, n). We wish
to use (B-2) with g =1 and p = 2 4+ § with a fixed small § > 0, which is possible when « is close
enough to n by (B-5), but to be useful this requires some uniformity in «. The constants in [Mitsis 2002;
Mockenhaupt 2000] can be given explicit expressions in terms of the parameters involved, and in fact one
could likely adapt the version of Mockenhaupt’s argument in [Laba and Pramanik 2009, Proposition 4.1],
to relax the condition 8 > % there to 8 > 0. We provide instead a direct derivation from the estimate of
[Bak and Seeger 2011], which includes explicit constants.

Proposition B.2. Let By € (0, n). There exists Cy g, > 0 such that, when B = By, the estimate (B-1) holds
for p = po with R = C, g, max(A, B)Po/?P,

Proof. Apply [Bak and Seeger 2011, Equation (1.5)], replacing a <— o, b < %ﬁ, d<n, p<p,so
that ¢ = 2p/ po; and note that & and § belong to the compact interval [Bg, n]. Since g > 2 for p > po, by
nesting of L*(du) norms this yields

1/ 1 22wy < 1 lLau) < (Cup) /1AM 2P0 gla-A=2100 ) £y
< Cu gy max(A, BY?CP|| £l Ly oy O

Alternatively, one may choose to track down the dependencies on constants in Mitsis’s simpler argument
[2002], which would lead to a similar estimate for the constant R in (B-1), up to a harmless (for our
argument) factor (p — po)~'. Via Proposition B.2, it is now possible to bound the moments of fi of order
slightly larger than 2 when « is close enough to n, with only a moderate dependency of constants on «.

Proposition B.3. Let § € (0, 1) and By € (0, n). Suppose that u is a probability measure satisfying (3-1)
and (3-2). Then, uniformly for n — %3,30 <o <nand By < B <n,we have

A~ 1/2
I2llots Spon DY

Proof. We consider the exponent p = 2+ 4. Recalling (B-5), we have p > pg in the stated range of o. We

can therefore invoke Proposition B.2 with A = D < 1 and B = D,, so that the extension inequality (B-2)

holds for g = 1 with R <g,., Da/”. O
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FREE PLURIHARMONIC FUNCTIONS ON NONCOMMUTATIVE POLYBALLS

GELU POPESCU

We study free k-pluriharmonic functions on the noncommutative regular polyball B,,, r=(ny, ..., n;) € N,
which is an analogue of the scalar polyball (C"1); x - - - x (C");. The regular polyball has a universal model
S :={S;,j} consisting of left creation operators acting on the tensor product F2(Hn]) R - Fz(an) of
full Fock spaces. We introduce the class 7, of k-multi-Toeplitz operators on this tensor product and prove
that 7, = span{.A%.A,} 5T, where A, is the noncommutative polyball algebra generated by S and the
identity. We show that the bounded free k-pluriharmonic functions on B, are precisely the noncommutative
Berezin transforms of k-multi-Toeplitz operators. The Dirichlet extension problem on regular polyballs
is also solved. It is proved that a free k-pluriharmonic function has continuous extension to the closed
polyball B, if and only if it is the noncommutative Berezin transform of a k-multi-Toeplitz operator in
span{A*.A,} 1.

We provide a Naimark-type dilation theorem for direct products [F:[1 X oo X [Fj[k of unital free semigroups,
and use it to obtain a structure theorem which characterizes the positive free k-pluriharmonic functions
on the regular polyball with operator-valued coefficients. We define the noncommutative Berezin (resp.
Poisson) transform of a completely bounded linear map on C*(S), the C*-algebra generated by S, ;, and
give necessary and sufficient conditions for a function to be the Poisson transform of a completely bounded
(resp. completely positive) map. In the last section of the paper, we obtain Herglotz—Riesz representation
theorems for free holomorphic functions on regular polyballs with positive real parts, extending the classical
result as well as the Kordnyi—Pukanszky version in scalar polydisks.

Introduction 1185
1. k-multi-Toeplitz operators on tensor products of full Fock spaces 1190
2. Bounded free k-pluriharmonic functions and the Dirichlet extension problem 1204
3. Naimark-type dilation theorem for direct products of free semigroups 1209
4. Berezin transforms of completely bounded maps in regular polyballs 1216
5. Herglotz—Riesz representations for free holomorphic functions with positive real parts 1227
References 1232
Introduction

A multivariable operator model theory and a theory of free holomorphic functions on polydomains which
admit universal operator models have been recently developed in [Popescu 2013; 2016]. An important
feature of these theories is that they are related, via noncommutative Berezin transforms, to the study of

Research supported in part by NSF grant DMS 1500922.

MSC2010: primary 47A13, 47A56; secondary 47B35, 46L52.

Keywords: noncommutative polyball, Berezin transform, Poisson transform, Fock space, multi-Toeplitz operator, Naimark
dilation, completely bounded map, pluriharmonic function, free holomorphic function, Herglotz—Riesz representation.
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the operator algebras generated by the universal models as well as to the theory of functions in several
complex variables. These results played a crucial role in our work on the curvature invariant [Popescu
2015a], the Euler characteristic [Popescu 2014], and the group of free holomorphic automorphisms on
noncommutative regular polyballs [Popescu 2015b].

The main goal of the present paper is to continue our investigation along these lines and to study the
class of free k-pluriharmonic functions of the form

FX)=Y) - Y. dwpXia o XeaXig - Xig, awp €C,
mieZ my€eZ ai,ﬂie[ﬁfi
log|=m;, |Bi|=m;

where the series converge in the operator norm topology for any X = {X; ;} in the regular polyball
B, () and any Hilbert space H. The results of this paper will play an important role in the hyperbolic
geometry of noncommutative polyballs [Popescu > 2016]. To present our results we need some notation
and preliminaries on regular polyballs and their universal models.

Throughout this paper, B(#) stands for the algebra of all bounded linear operators on a Hilbert space H.
We let B(H)™ X -+ X B(H)"™, where n; e N:={1,2, ...}, be the set of all tuples X := (X, ..., X¢)

in B(H)" x---x B(#H)"* with the property that the entries of X, := (Xs 1, ..., X n,) commute with the
entries of X; := (X;1,..., Xt ,,) forany s, t € {1, ..., k}, s # . Note that the operators X 1, ..., Xsn,
do not necessarily commute. Let n := (ny, ..., n;) and define the polyball

Py(H) :=[B(H)"' 11 ¢+ X [B(H)™]4,
where
[B(H)']1 :={(X1,...,X,) € B(H)": ||X1X’f +~-+XnX;';|| <1}, neN.

If A is a positive invertible operator, we write A > 0. The regular polyball on the Hilbert space H is
defined by
B, (H) :={X € P,(H) : Ax(I) > 0},

where the defect mapping Ax : B(H) — B(H) is given by
AX = (ld— d)Xl)O- . -O(id— (ka)

and ®y, : B(H) — B(H) is the completely positive linear map defined by

n;
Oy, (Y):=Y X;;YX}, YeBH).
j=1

Note that if k = 1 then B, () coincides with the noncommutative unit ball [B(H)"'];. We remark
that the scalar representation of the (abstract) regular polyball B, := {B,, () : H is a Hilbert space} is
B, (C) = P, (C) = (C")1 x - - - x (C™);.

Let H,, be an n;-dimensional complex Hilbert space with orthonormal basis ¢!, . . ., eﬁli. We consider
the full Fock space of H,,, defined by F2(H,,) :=C1 ® D -, Hy,"» where H,.” is the (Hilbert) tensor
product of p copies of H,,. Let [F,J{i be the unital free semigroup on n; generators g’l', ey g,’;[_ and the
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identity g}. Set e!, := e}l ®: - ®eJ‘:p ifa= gj.l- g; e[, and e :=1 € C. The length of « € F;} is
defined by || :=0if @ = g;, and || := p if « :g]l gj with ]1, .., jp €{1,...,n;}. We define the
left creation operator S; ; acting on the Fock space FZ(H,[,) by setting Si,je(’;l = e;i_a, o€ [F,J{i, and the
operator §; ; acting on the Hilbert tensor product F 2(Hy) ® -+ ® F2(H,,) by settiﬂg

S =I® --QI®S;,;®I®---QI,
= = = =
i — 1 times k — i times

wherei € {l,...,k}and j € {l,...,n;}. We define S := (S, ..., Sx), where S; :=(S;1,..., Si.n,), Or
write § := {S; ;}. The noncommutative Hardy algebra F;° (resp. the polyball algebra .A,) is the weakly
closed (resp. norm closed) nonselfadjoint algebra generated by {S; ;} and the identity Similarly, we
define the right creation operator R; ; : D F? (Hp,) — F2(Hnl) by setting R; je, := e, g fora € [FJr and
the corresponding operator R; ; acting on F?(H,,) ® -+ ® F?(H,,). The polyball algebra R, is the
norm closed nonselfadjoint algebra generated by {R; ;} and the identity.

We proved in [Popescu 2016] (in a more general setting) that X € B(H)"' x --- x B(H)"™ is a pure
element in the regular polyball B,(H)™, i.e., limy, @g}i (I) = 0 in the weak operator topology, if
and only if there is a Hilbert space D and a subspace M C F 2(Hnl) R ---QF 2(an) ® D invariant
under each operator S; ; ® I such that X7 = (S; ; ® | pqe, under an appropriate identification of #H
with M+, The k-tuple S := (81, ..., S8k), where S; := (S;.1...., Si ), is an element in the regular
polyball B, (®f.‘:1 F*(H,,))" and plays the role of left universal model for the abstract polyball B, :=
{B,(H)™ : H is a Hilbert space}. The existence of the universal model will play an important role in this
paper, since it will make the connection between noncommutative function theory, operator algebras, and
complex function theory in several variables.

Brown and Halmos [1963] showed that a bounded linear operator T on the Hardy space H?(D) is
a Toeplitz operator if and only if S*T'S = T, where S is the unilateral shift. Expanding on this idea,
a study of noncommutative multi-Toeplitz operators on the full Fock space with n generators F2(H,,)
was initiated in [Popescu 1989; 1995] and has had an important impact in multivariable operator theory
and the structure of free semigroup algebras (see [Davidson and Pitts 1998; Davidson et al. 2001; 2005;
Popescu 2006; 2009; Kennedy 2011; 2013]).

In Section 1, we introduce and study the class T, n:=(ny, ..., ng) € Nk, of k-multi-Toeplitz operators.
A bounded linear operator T on the tensor product F 2(Hnl) QR --QF Z(an) of full Fock spaces is called
a k-multi-Toeplitz operator with respect to the right universal model R = {R; ;} if

R;STRi,tzastTy s,te{l,..., n;},

for every i € {1, ..., k}. We associate with each k-multi-Toeplitz operator T a formal power series in
several variables and show that we can recapture 7' from its noncommutative “Fourier series”. Moreover,
we characterize the noncommutative formal power series which are Fourier series of k-multi-Toeplitz
operators (see Theorems 1.5 and 1.6). Using these results, we prove that the set of all k-multi-Toeplitz
operators on *_, F2(H,,) coincides with

span{A; A, }-S0T — span{A; A, ywor,
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where A, is the noncommutative polyball algebra.

In Section 2, we characterize the bounded free k-pluriharmonic functions on regular polyballs. We prove
that a function F : B, (H) — B(?H) is a bounded free k-pluriharmonic function if and only if there is a k-
multi-Toeplitz operator A € T, such that F(X) =Bx[A] for X € B, (#), where By is the noncommutative
Berezin transform at X (see Section 1 for the definition). In this case, A = SOT-lim,_,| F(rS) and there
is a completely isometric isomorphism of operator spaces

®:PH*(B,) > T,, ®F):=A,

where PH* (B,,) is the operator space of all bounded free k-pluriharmonic functions on the polyball.
The Dirichlet extension problem [Hoffman 1962] on noncommutative regular polyballs is solved.
We show that a mapping F : B, () — B(#) is a free k-pluriharmonic function which has continuous
extension (in the operator norm topology) to the closed polyball B, (H)~, and write F € PH(B,,), if
and only if there exists a k-multi-Toeplitz operator A € span{.A%.A,} "I such that F(X) = Bx[A] for
X € B, (H). In this case, A =lim,_.| F(rS), where the convergence is in the operator norm, and the map

@ : PH(B,) — span{A; A, )11, @ (F):= A4,

is a completely isometric isomorphism of operator spaces.

In Section 3, we provide a Naimark-type dilation theorem [1943] for direct products F, := [F,J{1 XX [F,J{k
of free semigroups. We show that a map K : F, x F,” — B(€) is a positive semidefinite left k-multi-
Toeplitz kernel on F, if and only if there exists a k-tuple of commuting row isometries V.= (Vi, ..., Vx),
Vi=(Vi1,..., Vin), onaHilbert space K D £ —i.e., the nonselfadjoint algebra Alg(V;) commutes with
Alg(Vy) for any i, s € {1, ..., k} with i # s —such that

K(o,0)=P:V}Vy|,, o.0cF/,

and K =V, r+ Vof. In this case, the minimal dilation is unique up to isomorphism. Here, we use the
notation Vg 1= Vi g+ Vi if 0 = (01,...,00) € Ff, and Vi, := Vi o Vi, if oy = g -+ g} € FF
and V; i := I. For more information on kernels in various noncommutative settings we refer the reader
to the work of Ball and Vinnikov [2003] (see also [Ball et al. 2016] and the references therein).

We prove a Schur-type result [1918], which states that a free k-pluriharmonic function F on the
polyball B, is positive if and only if a certain right k-multi-Toeplitz kernel I'f, associated with the
mapping S — F(rS) is positive semidefinite for any r € [0, 1). Our Naimark-type result for positive
semidefinite right k-multi-Toeplitz kernels on F," is used to provide a structure theorem for positive free
k-pluriharmonic functions. We show that a free k-pluriharmonic function F : B, (H) — B(E) ®min B(H)
with F(0) = I is positive if and only if it has the form

FX)= ) PeViVs.® XX},
(a,p)ef

where V =(Vy, ..., Vi) is a k-tuple of commuting row isometries on a space K D € and & = (&, . . ., &) is
the reverse of ¢ = (cxy, ..., ), i.€., &; :gfk . gfl if o; :gl’fl cee gfke [F,J{I_. The general case, when F(0) >0,
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is also considered. As a consequence of these results, we obtain a structure theorem for positive k-harmonic
functions on the regular polydisk included in [B(H)]; X, - - - X [B(#H)]1, which extends the corresponding
classical result in scalar polydisks [Rudin 1969].

In Section 4, we define the free pluriharmonic Poisson kernel on the regular polyball B, by setting

PR, X) := Z Z Z T,&l'"R;ck,&le,B]"'Rk,Bk®X1,al"'kaakXT,ﬂl"'Xl?ﬂk
mieZ myel a,»,ﬂ,-e[Fji,ie{l ..... k}
loj|=m7, | Bi|=m]
for any X € B, (H), where the convergence is in the operator norm topology. Given a completely bounded
linear map w : span{R,;R,} — B(E), we introduce the noncommutative Poisson transform of p to be the
map Pu: B,(H) = B(E) Quin B(H) defined by

(Puw)(X) :=a[P(R, X)], X € Ba(H),
where the completely bounded linear map
f=pu®id: span{RERy )1 @pin B(H) — B(E) @min B(H)

is uniquely defined by 1(A®Y) := n(A) @Y for any A € span{R;R,} and Y € B(#). We remark that,
in the particular case whenn; =---=n; =1, H=K=C, X=(X1,...,X) € D*, and W is a complex
Borel measure on TX (which can be seen as a bounded linear functional on C(T*)), we have that the
noncommutative Poisson transform of & coincides with the classical Poisson transform of p [Rudin 1969].

In Section 4, we give necessary and sufficient conditions for a function F : B, (H) — B(E) Qmin B(H)
to be the noncommutative Poisson transform of a completely bounded linear map i : C*(R) — B(E),
where C*(R) is the C*-algebra generated by the operators R; ;. In this case, we show that there exist a
k-tuple V.=(Vi,..., Vi), Vi= Vi1, ..., Vi), of doubly commuting row isometries acting on a Hilbert
space K, i.e., C*(V;) commutes with C*(V;) if i # j, and bounded linear operators Wi, W : £ — K
such that

FX) =W DICx(V)"Cx(V)IW2®1), X € By(H),
where '
Cx(V)=UQAx(D'AD ][I - Via @ X} == Vin, ® X},
i=1

In particular, we obtain necessary and sufficient conditions for a function F : B, (H) = B(E) Qmin B(H)
to be the noncommutative Poisson transform of a completely positive linear map u : C*(R) — B(£). In
this case, we have the representation

F(X)=W*"®@ DICx(V)"Cx(V)IW®I), X e&By(H).
In Section 5, we introduce the noncommutative Herglotz—Riesz transform of a completely positive
linear map w : span{R;R,} — B(E) as the map Hu : B,(H) — B(E) Qmin B(H) defined by

k
(H)(X) = /fc(z [T0-R@Xii— — R, ®Xin) ™' - 1)
i=1



1190 GELU POPESCU

for X := (X1, ..., X,) € B,(H). The main result of this section provides necessary and sufficient
conditions for a function f from the polyball B, () to B(E) Qmin B(#H) to admit a Herglotz—Riesz-type
representation [Herglotz 1911; Riesz 1911], i.e.,

f(X)=Huw)(X)+i3f0), XeB,(H),

where u : C*(R) — B(&) is a completely positive linear map with the property that u(R;Rg) = 0
if Ry Rp is not equal to R, or R) for some y € F,". In this case, we show that there exist a k-tuple
V=W,....,Vi), Vi=Vi1,..., Vipn), of doubly commuting row isometries on a Hilbert space X and
a bounded linear operator W : £ — K such that

k
fX)=W*® 1)(2 [JoU-VHi®@Xii— = V5 ®Xin) ' — 1)(W®1) +iSf(0)
i=1

and W*V;VgW =0 if Ry Rg is not equal to R, or R} for some y € F,.

We remark that, in the particular case when ny = - - - = ny = 1, we obtain an operator-valued extension
of the integral representation for holomorphic functions with positive real parts in polydisks [Kordnyi and
Pukénszky 1963].

1. k-multi-Toeplitz operators on tensor products of full Fock spaces

In this section, we introduce the class T, of k-multi-Toeplitz operators on tensor products of full Fock
spaces. We associate with each k-multi-Toeplitz operator 7' a formal power series in several variables
and show that we can recapture 7 from its noncommutative Fourier series. Moreover, we characterize the
noncommutative formal power series which are Fourier series of k-multi-Toeplitz operators and prove
that T, = span{.A*.4,}5°T, where A, is the noncommutative polyball algebra.

First, we recall (see [Popescu 1999; 2016]) some basic properties for a class of noncommutative
Berezin-type transforms [1972] associated with regular polyballs. Let X = (X1, ..., Xx) € B, (H)™ with
Xi=WXi1,..., Xin). Weuse the notation Xio = Xi,j1 cee Xi,jp if a; = g§1 s g?p € U:;llri and Xi’g(i) =1.
The noncommutative Berezin kernel associated with any element X in the noncommutative polyball
B, (H)~ is the operator

Kx:H— F*(Hy)®-- ® F?(Hy,) ® Ax(I)(H)
defined by

Kxh:i= > e ® @y @Ax(D'?X] 5 Xiph, heH,
Bk i=1,...k
where the defect operator Ay (/) was defined in the introduction. A very important property of the
Berezin kernel is that KXXI?‘J = (Sl?’jj R I)Kyx foranyi € {1,...,k}and j € {1, ..., n;}. The Berezin
transform at X € B,,(H) is the map By : B(@le F2(H,,,,)) — B(H) defined by
k

Bxlgli=Ky(e®h)fKx, ge¢ B(® F2<Hn,->).
i=1
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If g is in the C*-algebra C*(S) generated by S; 1, ..., S;,,, where i € {1, ..., k}, we define the Berezin
transform at X € B, (#H)~ by

Bylg] = lim Kx(gQL)K,x, geC*(S),

where the limit is in the operator norm topology. In this case, the Berezin transform at X is a unital
completely positive linear map such that

BX(SOLS;):X“X;, a,ﬁE[F:] X'--Xﬂ:+

ng?

where Sy := 814, koo if &€ 1= (a1, ..., ) € [F,T1 X e X F,J{k.

The Berezin transform will play an important role in this paper. More properties concerning non-
commutative Berezin transforms and multivariable operator theory on noncommutative balls and poly-
domains can be found in [Popescu 1999; 2013; 2016]. For basic results on completely positive and
completely bounded maps we refer the reader to [Paulsen 1986; Pisier 2001; Effros and Ruan 2000].

Definition 1.1. Let & be a Hilbert space. A bounded linear operator A € B(E ® ®j_; F2(H,,)) is called
k-multi-Toeplitz with respect to the universal model R := (R, ..., Ry), where R, ;== (R; 1, ..., R; ,;), if

(I(S@R:js)A(IS@Rl,l):SSIA’ S,te{l,...,n[},

foreveryi e {1,...,k}.

A few more notations are necessary. If @, y € F,', we say that y <, w if there is o € F;/ \ {go} such
that = oy. In this case, we set w \, y := o. Similarly, we say that y <; o if there is o € F \ {go}
such that w = yo and set w \; y := 0. We denote by & the reverse of « € Fi', i.e., @ = g, --- g, if
a=g; - g, €F’. Notice that y <, w if and only if 7 <; @. In this case we have (w\,y)” =d\;7. We
say that w is right comparable with y, and write w ~ y, if any one of the conditions w <, y, Yy <, w or
o = y holds. In this case, we define

" ’ " ’
cf(w,y):: w\ry 1 Y <rw and (0, y) = Y \ro 1 w<ry

g0 if o<,y orw=y, g0 if y<,0orow=y.
Letw=(wy,...,wr)andy =(y1, ..., ¥x) bein [F,J{1 XX [F,J{k. We say that @ and yp are right comparable,
and write @ ~ p, if for each i € {1, ..., k}, any one of the conditions w; <, y;, ¥; <, w; or w; = ;

holds. In this case, we define

f (@, y) = (cf (@1, 1), ... (@, ) and ¢ (@, ) = (c; (@1, 1), ..., ¢ (@, y).  (1-1)

Similarly, we say that @ and y are left comparable, and write @ ~|. y, if @ ~ Y. The definitions of
clJr (@, ) and ¢; (w, y) are now clear. Note that

@) =¢(@p) and ¢ (@) =c (@ 7).

For each m € Z, we set m™ := max{m, 0} and m™~ := max{—m, 0}.
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Lemma 1.2. Leta=(ay, ..., o) and B= (B, ..., Br) be k-tuples in [F,J{1 X -XI]:,J{k such that a;, B; € I]:,J{[_
forie{l,... k}with|a;|=m,, |,8,~|:m;randm,~eZ. Ify=W1,..., ) and ® = (wy, ..., w) are
k-tuples in Ff x - x F}, then the inner product

(Sl,al’ .. Sk»akslk,ﬁl' .. S;:,ﬂk(ell/l ® e ®e§k , e:()] ® e ®e§)k>
is different from zero if and only if @ ~. y and (a1, ..., o B, .., Br) = (¢ (@, ¥); ¢ (@, P)).

Proof. Under the conditions of the lemma, S, g, S;"ﬂj = S;"ﬂj Sio forany i, je{l,... k}, o; € Fji
and B; € [F,J{j. Note that the inner product is different from zero if and only if S;w; = «;y; for any
i€{l,...,k}. Letm; € Z and assume that |o;| =m; > 0. Then B; = g; and, consequently, w; = «;y;.
This shows that y; <, w;, cj (wi, yi) =« and ¢, (@i, yi) = gé. In the case when |8;| = mj’ > 0, we have
;i = gl and Biw; = y;. Consequently, w; <, Vi, ¢; (w;, i) = g4 and ¢; (w;, ;) = Bi. When o;; = B; = g},
we have w; = y;. Therefore, the scalar product above is different from zero if and only if @ ~. ¥y and
@1y 0 B B) = (¢ (@, ¥); ¢f (@, ). O

If Bi, yi € F} and, foreach i € {1,...,k}, Bi <¢ yi or B; =;, then we write 8 </ .

Lemma 1.3. Given a k-tuple y = (y1, ..., y) € Ff x - x F} , the sequence

ng’

(S Sk,akslk,,sl' .. S;;,ﬁk(e;l/l ®--- ®e)’ik)}

consists of orthonormal vectors if «;, B; € [F*, ief{l,....k} withm; € Z, |a;| =m;, |Bi| = m;r

and B <¢ y.

Proof. First, note that S1 g, - - Sk, ST 5, - S, (e}, ®--®el ) #0if and only if S* 5, (€},) # 0 for each
i €{l,...,k}, which is equivalent to 8; <, y; or B; = y;. Therefore, <g Y.

Fixie{l,...,k} and y; € [F,J{I, We prove that the sequence {S; 4, S; ﬂ y} consists of orthonormal
vectors if «;, B; € [F,J{l_ have the following properties:

(1) If |&;| > O then B; = gf), and if | B;| > O then o; = gf).
(i) Bi <¢vi-

Indeed, let (a4, B;) and (o, B) be two distinct pairs with the above-mentioned properties. First, we
consider the case when gé # Bi <¢ ;- Then o; = g6 and, consequently, Sia; St 5 e, 7'/\ b Similarly,
if gy # B/ <¢ vi then af = g; and, consequently, S, O,/S* ’ = VB Since (Otl, Bi) # (ozl, B;), we
must have Bi # B!, which implies ey\ g+ ey\ Bl On the other hand if B/ = g0 then o] € [FJr and
S; O/S ﬂ,e e It follows that S,,O/S ﬂ/e LS a/Sl 5/e

The second case is when g; = go Then «; € [FJr and S; o, S }3’ v = €a;Cy,. As we saw above,

_eaey,J_e

S; O/S ,e is equal to e1ther [ (when g/ = gO) or e! Vi\CB! (when 8y 7 B; <e¢ vi). In each case, we have
SialS; - ,e LS a/S , which completes the proof of our assertion. Using this result one can easily
complete the proof of the lemma. U
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We associate with each k-multi-Toeplitz operator A € B(E ® ®f: W F 2(H,,i)) a formal power series

¢a(S) 1= Z o Z Z Ay, Brenn) ® Stiay - Sk’“kSik,ﬂl' o Sliﬂk’
mieZ my el a,-,‘B,-e[F;:'i,ie{l ..... k}

loi|=m7, |Bi|=m]
where the coefficients are given by
(A ool €) = (A ®x), £®Y), h,LeE, (1-2)

and x :=x;® - Qxk, y =y1 @+ - @ y with

xi=¢ey and y; =1 if m; >0,
! l ﬁz yl A (1_3)

x;=1 and y; =efx[ if m; <O,
foreveryi e {1,...,k}.

The next result shows that a k-multi-Toeplitz operator is uniquely determined by is Fourier series.
Theorem 1.4. If A, B are k-multi-Toeplitz operators on € @ ®f:1 Fz(Hni), then A = B if and only if
the corresponding formal Fourier series ¢ 4(S) and ¢p(S) are equal. Moreover, Aq = ¢ 4(S)q for any
vector-valued polynomial

k
9= Y, e ®e,® -0c,
w,-e[F;fl_,ie{l ..... k)
|wi |<pi
where hy, ... o) €E and (p1, ..., pr) € Nk,
Proof. Let w = (wy, ..., wx) and y = (yy, ..., k) be k-tuples in [F;; X - X [Fj{k, and let i, b’ € £. Since

A is a k-multi-Toeplitz operator on £ ® ®f=1 F2(H,,), we have
(Ah®e, ®---®¢e\). N Qe @ - ®el)
=(AU: @Ry Rey)(h®1),(Is ® R 5, R ) (W ® 1))

_ {AG @@t B if @~y
0 otherwise,

where ¢ (@, y) and ¢, (w, y) are defined by (1-1). Consequently,

1 k 1 k
Ah®e, ®---®ey) = Z At @y @yt @€y @ B¢,
w=(w1,..., a)k)elF:[l ><--~><[Fn+k
[Oladty 4
is a vector in £ ® ®f:1 F2(H,,). Hence, we deduce that, for each y = (y,..., %) € Fiox-xFr,
the series
*
Z A(Cf(w,y);cf(w,y))A(C;'-(w,)’)it‘r_(w’)’)) (1-4)
welF x--xFf
1 k
[Oladr 4
is WOT-convergent. Due to Lemma 1.3, given y = (y1,..., ¥%) € [F,J{1 X -0 X [F,J{k, the sequence

{S1.01" " Skos T,ﬂ."'Sif,ﬁk(ely. ®-- @)}, where a;, g € L i e {1, ... .k} withm; € Z, |a;| =m],
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|Bi| = mlJr and B <y y, consists of orthonormal vectors. Note that, in this case, we also have a ~. 8 and,
consequently, A,,..a:B1,...80 = At @.p):cr (@, p))- Hence, and taking into account that the series (1-4)
is WOT-convergent, we deduce that

Pa(S)(h®e), @ - ®e},)
= Z Z Z Aoyt oo ﬁk)h®51.a1"'sk.ock51k,,31'"S/Zk,,sk(e;l/l ®...®el;k)

mieZ my€Z ai,ﬁie[ﬂfi,ie{l ..... k}
loj |=m;, |Bi|l=m]
is a convergent series in £ ® ®f-‘:1 F2(H,).Lety = (y1,...,y) and @ = (w1, ..., w;) be k-tuples in
Fi x---x[F}f. According to Lemma 1.2, the inner product

(Sl,()ll' .'SkvakST,ﬂl'.'S;ck,ﬁk(e]lfl ®®e)lik ’eclol ® ..®e§)k>

is different from zero if and only if @ ~.. y and («y, ..., &, B1,..., Bx) = (c,*(a), V) ¢, (w,y)). Now,
using (1-4), one can see that

(aS)(h®e), @ - ®ek). N ®el @ ®eb)

= Z Z Z <A(011 ----- ag; B, ﬁk)hvh/>

myeZ miel o; BieFt, i 1 1
1 k Ol‘,,ﬁlrE[FnE 1;{‘1, af} X <Sl,a1 . Sk,akST,ﬁ] . S;:,,Bk (ey] KRR el;k s ew] R QR es)k)
o :mi , 1Pi :mi

_ A @i @b i @ ~ey,
0 otherwise,
1 k 1 k
=(A(h®e, ®---®¢e)), h'®e, @ -®e,)

forany h, " € &, and y = (y1, ..., %) and @ = (w1, ..., @) in [F,J{l X - X [F:[k, which shows that
Aq = ¢4 (S)q for any vector-valued polynomial in £ ® ®f:1 F 2(Hnl.). Therefore, if the formal Fourier
series @4 (S) and pp(S) are equal, then A = B. O

When G is a Hilbert space, Cq:p) € B(G), and the series

)= Z Z Ca;py and Xp:= Z Z Cla:p)

meZ,m<0 o, BeFr meZ,m=0 a,BeFr
lal=m~, |Bl=m™ la|l=m~, |Bl=m™

are convergent in the operator topology, we say that the series

Y. ), Cap =i+

meZ a, el
lee|=m"~, |Bl=m~
is convergent in the operator topology. In what follows, we show how we can recapture the k-multi-Toeplitz
operators from their Fourier series. Moreover, we characterize the formal series which are Fourier series
of k-multi-Toeplitz operators. Let P denote the set of all vector-valued polynomials in £ ® ®f:1 F?(H,,),
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i.e., each p € P has the form

q= Z h(wl ..... a)k)®ecl()l®"'®e§)k9

where iy, .. .o € E and (p1, ..., pr) € NK,

Theorem 1.5. Let {A(q,.....01:51,....50) ) be a family of operators in B(E), where a;, B; € [F,J{l_, lot;| = m;,
\Bil=m;}", mi e Zandi €{l,... k}. Then

§0(S) = Z Z Z A(D[[ ..... ;s Bryees ﬂk)®S1,Ol1'"Sk,otkSTyﬁl"'S;:”Bk
mieZ myel ai,ﬂieﬂ:;ri,ie{l ..... k}
loi [=m;, | Bil=m
is the formal Fourier series of a k-multi-Toeplitz operator on EQ ®f=1 F2(Hnl.) if and only if the following

conditions are satisfied:

(i) Foreachy = (y1, ..., v) € F; x--- xF} , the series

k
Z A(c,*(w,y);c:(w,y))A(c?(w,y);cF(w,y))
W€l - xF
[Oladi 4

is WOT-convergent.
(i) If P is the set of all vector-valued polynomials in € ® ®f.<:1 Fz(Hnl.), then

sup  sup  [lo(rS)pll < oo.
rel0,1) peP.lIpll<1

Moreover, if there is a k-multi-Toeplitz operator A € B (5 ® ®f§:1 F2(Hnl. )) such that ¢ (S) = @ (S), then
the following statements hold.:

k . .
@ @)= Y D Al @r= IS, S ST S,
meZ mkEZai,,B,-elF;[i,ie{l ..... k}

loi|1=m7, | Bi|=m
1 1

is convergent in the operator norm topology, and its sum, which does not depend on the order of the
series, is an operator in

span{f*g : f. g € B(€) Omin An} 11,
where A, is the polyball algebra.
(b) A=SOT-lim,_ 1 ¢(rS) and

|All= sup [l@rS)|=lim|[eFS)]= sup [@(S)ql]l.
ref0,1) r—1 qeP,lgll<l

Proof. First, we assume that A € B(S ® ®f: W F 2(H,,l.)) is a k-multi-Toeplitz operator and ¢ (S) = @4 (S),

where the coefficients A, ..«.:8,.....5,) are given by (1-2) and (1-3). Note that (i) follows from the proof

.....
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of Theorem 1.4. Moreover, from the same proof and Lemma 1.3 we have ¢4 (S)(h ® e}l,I R ® e]’ik) and,
consequently, g4 (rS)(h ® e)l,l RX--® e]’ik), r €0, 1), are vectors in £ ® ®f=1 FZ(H,ZI.) and

lim pA(rS)(h®e), @+ ®ey) =a($)(h®ey, @ ®e)) =Ah®e), @+ ®ey)  (1-5)

forany y = (y1,...,y) in F} x---xF} and h € £. Note also that, due to (i) and Lemma 1.3, we have

QA8 ....nS)(h®e), ®---Qel)eE® ®*F_, F2(H,,) forany r; € [0, 1), i € {1,...,k}. Now,
we show that the series

k
loti [+1Bi |
Z Z Z Ay, i, ﬁk)®(1_[r,‘a )Sl,al'"Sk,akSik’ﬁl---S;ﬁk

mel  mp€el o, BieFl, i€l ..k} i=1
|Oli|=m,-is |Bil=m;
is convergent in the operator norm topology and its sum is in span{f*g : f, g € B(E) ®min Aa} 1,
where A, is the polyball algebra. We denote the series above by @4 (r1 Sy, ..., rS;). Since A is a
k-multi-Toeplitz operator, it is also a 1-multi-Toeplitz operator with respect to Ry := (R, 1, ..., Rk ), the
right creation operators on the Fock space F2(H,,). Applying Theorem 1.4 to 1-multi-Toeplitz operators,
we deduce that A has a unique Fourier representation

Va(S) =) Y Clawip ® SeaSip,

myel ak, Bk EfF,J{k

lox |=m, | Bl=m

where Cy,.4,) € B(é’ ® ®f:1] F Z(Hn,-))- Moreover, we can prove that, for any r¢ € [0, 1),

+
Ua(riSi) = Z Z T C ® St St g (1-6)
my€el Olk,ﬂkEF,Tk
lo |=my., |Bl=m;
is convergent in the operator norm topology. Indeed, since 4 (Sx) is the Fourier representation of the
1-multi-Toeplitz operator A with respect to Ry := (Rg 1, ..., Rk n,), item (1) implies, in the particular
_ k * . . x . .
case when y; = go,'th'at Do eFt, Clar:sh Clan: ) is WOT-convergent. Since A is also a l—multl—Toeplltz
operator, we can similarly deduce that the series ) 4 p+ Ct.5,C*,  is WOT-convergent. Since
BreFu, (803810 ™ (gk: i)

Sk.1s -+, Sk.n, are isometries with orthogonal ranges, we have

wl 1/2
(673 __.m *

H Z C(ak:gg) &7 Sk | =% Z C(ak;g{;)c(ak;g(’;) ’

arely, Jag|=m areF
al 1/2
Q| o* __.m *

H Y. Curpo @ Stal =] D0 CitpoClppo|

BreFi, . |Bil=m el
for any m € N. Now, it is clear that the series defining 14 (r¢Sx) is convergent in the operator norm
topology and, consequently, ¥4 (r Sx) belongs to

k—1

I
span{f*g :fg€ B(S®® Fz(Hn,-)) ®minAnk} ,

i=1
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where A, is the noncommutative disc algebra generated by S i, ..., Sk, and the identity. For each
ief{l,....k},weset& :=EQF*(H,)® - ® F*(Hy,).
The next step in our proof is to show that

Ya(reSe) =By [Al:=(Ig, , ® K} s )(A® Tp2p, ) g, ® Kiisy)s (1-7)

where K, g, : F2(H,,k) — FZ(H,,k) ® Dy, C Fz(an) ® FZ(H,,k) is the noncommutative Berezin kernel
defined by

Kysé= Y e @Ays ('S} g8, &eF (Hy),

Brels,

and D, 5, := Ay, 5,(I)(F?(Hy,,)). Lety =(y1, ..., %) and @ = (w1, . . ., wy) be k-tuples in [F,‘f1 x---xFrF

ng’
set g := max{|yk|, |wk|}, and define the operator

Q4= Z Z Clon:pr) @ Sk S;:,ﬂk'
miel lmkl<q oy, prely,

loe|=mp, |Bel=m}

Since ¥4 (Sx) p = Ap for any polynomial p € P, a careful computation reveals that

<B?z~t9k[A](h ®e)1/1 ®- - ®el)(/k)’ W ®eclo1 ®:- - ®65)k)

= (AR I, ) h®e) @@k @Kys(eh)), W ®e), @ @k @ Ky (eh))

N <(A ® IFZ(an))< Z h®e, ® @y ®e, ® Ays (DS, (e];”‘)>’
OlkEﬂ:,Tk
X Hod, 0 0d! 0ch@aus 5Tk}

BreFa,

(X aths e @ 0 9 8051125 6,
akE[F:{k
Y Hee, ®-®e ®ef, ®Ark5k(1)1/2SZ’ﬂk(efok)>

Brefa,

o0
=ZZ Z Z <A(h®e)1/1 ®“'®e];’1;11 ®e§k),h/®ei)l®---®e§);ll ®ell-§3k>

m=0 p=0 oy eFy; PreF,),

g l=m |Bel=p X (A5 (D'2SE (€8 Ars, (DS 5 (€h)

q q
=23 Y (0h@ey @@ @), M ®e), @0l @ef)

m=0 p=0 o, eF BreF}

ol =m Bl =p X (A, (D'2SE 4 (€5, Ars (DS g (eh))

o0 o0
=23 Y (0heey @@ @) M ®e), @0 @)

m=0 p=0 ayeF} BreF}’

g =m [Bel=p X (A (DS 4 (€5 ), Aps (DS 4 (el))
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= <(Qq 02y IFZ(an))(h ®e71/1 ®---Q® el}(/[:ll ® K}’kSk(e]]ik))’ h/ ®eclol - ®€Zk__ll ® KrkSk(eﬁ,k»

= (B [Qq1(h @ e}, @ @e)). W ®e,, @+ B, )
> Y {Cappo @S0 St p) @ e} @@k ). W ®el, @ ®ek)

mi€Z,Iml<q . Breff

lo|l=mp, |Bel=m;

=[Ya(rS)h®e), ® - ®ey ). h' ®e), @+ Deb, )

for any h, h’ € £. Consequently, (1-7) holds for any r¢ € [0, 1). Hence, and using the fact the noncommu-
tative Berezin kernel K, g, is an isometry, we deduce that

IYa(reSOll < Al rr €10, 1).
Moreover, one can show that
A = SOT-lim ¥4 (rySi).

rr—1
Indeed, due to (i) (for 1-multi-Toeplitz operators), we have || 4 (r¢ Sx) p— ¥ a(Sk) pll = 0 as ry — 1 for any
polynomial p € &_1 ® F2(an) with coefficients in &_1. Since Y4 (Sp)p = Ap and |4 (re S|l < [|A|l
for any ry € [0, 1), an approximation argument proves our assertion.

Now, we prove that the coefficients C(q,:p,) € B(€ ® ®f‘;11 F%(H,,)) of the Fourier series 4 (Sx) are
1-multi-Toeplitz operators with respect to Rx—; := (Rk—1,1, ..., Rk—1.n,_,). Foreachi e {1,...,k—1},
s, t € {l,...,n;}, and any vector-valued polynomial p € £ ® ®f:1 F 2(Hn,~) with coefficients in &,
Theorem 1.4 implies

Z Z [(Ifk—z ® R;‘js)c(ahﬂk)(lgk_z ® Ri,t) ® Sk,ozk S;:,,Bk](p)

myeZ aksﬂkE[F;:—k

o=, |Bel=mi =g ® R} )Va(SK)(Ie ® Ri 1) (p)
=e® R )A(I: ® Ri)(p)
=385 A(p) =851 ¥a(SK)(p)
=8u Y. Y (Clap ® Sear St p) (D)

myel o, B E|F:er

lok|l=my, |Bel=m;
Hence, we deduce that

(g, ® R ) Cloyp) Ui, ® Riit) = 85 Cay )

foranyi e{l,...,k—1}ands,t €{l,...,n;}, which proves that C(y, ., is a 1-multi-Toeplitz operator
with respect to Ry—1 := (Rk—1,1, ..., Rk—1,,_,). Consequently, similarly to the first part of the proof,
C (a0 has a Fourier representation

Vi po (Sk-1) = Y > Clon v, Bitf) @ Sk—1ax 1 Sk—1_,» (1-8)

mg—1€Z ak—1,Bk—1 EfF,Tkil

lok—1|1=my_y, |Be—11=m;_,
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where Cy, | op: 1.0 € B(Ek—2). Moreover, as above, one can prove that, for any r,_; € [0, 1), the
series Y (g, g (Fk—1Sk—1) is convergent in the operator norm topology, and its limit is an element in

span{f*g: f, g € B(Er—2) ®min An,_,} 11,

where A, | is the noncommutative disc algebra generated by Si_1 1, ..., Sk—1.,_, and the identity. We
also have

lirgl Vien: o) Tk—18k—1) P = Coy:p) P
1

Tr—
for any vector-valued polynomial p € &_» ® F2(H,,_,). As in the first part of the proof, setting
Bf‘::ilsk71 [M] = (I£k72 02y K;,;c—lsk—l)(u ® IFZ(H,,k_I))(ISk,Z 2 Krkflskfl)a ue B(En—l)v

one can prove that

Vi Te=15k-1) = B5' o [Caepn]  and ¥ 0 Tr=1S=D | < 1Ciay 0 (1-9)

for any r¢_1 € [0, 1). Moreover, we can also show that
Clay; o = SOT- lim Y ) (rk—15k—1)-
rk,1~>1
Now, due to (1-6), (1-7), (1-8) and (1-9), we obtain
([Bfl?—tlsk—l ® idB(Fz(an))] ° f:.tgk)[A]

_ ext otk |+1Br *
=> Y B g [Cappol®r, Sk.on Sk,
mi€el ak,ﬂkeﬂfk
lo |=mp, | Bel=m}

= Z Z Z Z rllcmklrllcnikl_]lC(akflqak;ﬁkfl,ﬂk)

my€Z my_ €7 ak,ﬂke[F,fk aj—1.Be-1€F

i * *
® Skt Sk—1.p1 ® Sk Sk gy

_ i _
lal=m, |Bel=m] |ox—1l=m;_,, |Be1l=mi_,

where the series are convergent in the operator norm topology. Continuing this process, one can prove

that there are some operators Cy,,...a;:8,.....5,) € B(E) such that the series ¢(r1S1, ..., rSk) given by

,,,,,

il |1
Z Z Z Tk ‘ T "Caa,... o B ﬂk)®Sl,a1"’Sk,t¥kS;k,ﬂ|'"S;:,ﬂk

myeZ mieZ ai,ﬂieﬂ::r[_,ie{l ,,,,, k}

loi |=m, |Bi|l=m]"
is convergent in the operator norm topology and
_ ext : ext . ext
o181, ..., Sk) = [BrlSl ® ldB(®§<=2 Fz(Hni))] o [Brzsz ® 1dB(®ff=3 F2(Hn,-))] 0---0 BrkSk [A]. (1-10)
Since the noncommutative Berezin kernels K, s,, i € {1, ..., k}, are isometries, we deduce that

loriSt, ..., SO < IAll, ri €][0,1).
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Note that the coefficients of the k-multi-Toeplitz operator ¢(r; Sy, ..., r¢Sk) satisfy the relation

M Cl i pohs £) = (@(1S1, - SO (R R X), (E® Y)), (1-11)

.....

where x, y are defined as in (1-3). Since A is a k-multi-Toeplitz operator, so is Y, := Bf;‘gk [A]=vYa(reSk)

and, iterating the argument, we deduce that
Vi = [BRs, ®idp g Fa 00 B [A]

is a k-multi-Toeplitz operator. In particular, Y,, ., is a 1-multi-Toeplitz operator with respect to
Ry :=(R11, ..., Ry,,). Applying the first part of the proof to ¥,, ., we deduce that

SOT_rlligll [Bflxgl ® idB(®ff:2 FZ(Hn,- ))] [er ..... rk] = er ,,,,, e

Continuing this process, we obtain

}’k~>1 ’’’’’

SOT-lim - - SOT-lim [B%, ® id gy, r2qa, Y] = A-
Consequently, using (1-10), (1-11) and (1-2), we deduce that

(Clan,sar:prop)ls ) = (A @), LR Y) = (A, 1. ) 15 £),

which shows that g4 (1 Sy, ..., reSk) = @(r1 81, ..., rS) for any r; € [0, 1). Hence, we obtain

oa(r18Sy, ..., 1k S) = Z Z Z r]LmH...,»{ml'

myeZ mieZ ai,ﬁieﬂz;lr[,ié{l ..... k} A(
(431

loi|l=m7, | Bi|=m
1 1

..... i Brob) ® Sty Sk ST g, SE gy

where the series are convergent in the operator norm topology. Moreover, due to (1-10), we have
loa(riSt, ..., eSOl < [IAll,  ri €[0, 1).

Due to (1-5), we have

lim gs(rS)(h® ey, @ ®e)) = Ah® ey, ® @),

Since ||@a(r Sy, ..., rS;)| <||Al, an approximation argument shows that
SOT—lirr} oa(rSy, ..., r8y) =A. (1-12)
r—
Let € > 0 and choose a vector-valued polynomial g € P with ||g|| = 1 and ||Aq]|| > ||A|| — €. Due

to (1-12), there is ro € (0, 1) such that ||@a(roS1, ..., 7r08k)qll > ||All — €. Hence, we deduce that
Sup, cpo.1) llpa (St ... rSIl = 1Al

Now, let 1, r, € [0, 1) with r; < rp. We already proved that g(S) := @4 (281, ...,7S8) is in
span{f*g : f, g € B(E) ®min An}'l. Due to the von Neumann-type inequality [1951] from [Popescu
2016], we have ||g(rS)|| < |lg(S)|| for any r € [0, 1). In particular, setting r = r; /ro, we deduce that

loa(riSt, ..., riSOI < llga(@2S1, ..., 280
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It is clear that lim, | ||@a(rSy, ..., 7Sk)|| = ||A|l. On the other hand, since Ag = ¢4(S)g for any
vector-valued polynomial g € £ ® ®$‘:1 FZ(H,,,.), we deduce that ||A|| = SUP,ep, ql1<1 le(S)qll.

Now we prove the converse of the theorem. Let {A(q, ... a;:4:.....5} be a family of operators in B(E),
where «;, B; € [F;:_, li| =m;", |Bil = ml?L, m; € Zandi € {1,...,k}, and assume that conditions (i)
and (ii) hold. Note that, due to (i), ¢(S)p and ¢(rS)p, r € [0, 1), are vectors in £ ® ®f:1 F2(Hn,.) and

}f} p(rS)p=9(S)p

for any p € P. Since SUP pep. I pl<1 le(rS)p|l < oo, there exists a unique bounded linear operator
A, € B(E®Q\_, F2(Hy,)) suchthat A, p=(rS)p forany p e P. If f € EQQ’_, F2(H,,) and {py,} is
a sequence of polynomials p,, € P such that p,, — f asm — 0o, we set A, (f) :=1limy,—00 @(rS) pp;-
Note that the definition is valid. On the other hand, note that

sup  lo(S)pll < oo.
PeP,lIpll=l

Indeed, this follows from the facts that lim,_; ¢(rS)p = ¢(S)p and SUP pep, | pli<1 le(rS)pl|l < oo.
Consequently, there is a unique operator A € B (5 ® ®f:1 F?(H,, )) such that Ap = ¢(S) p for any p € P.
Since lim, 1 A, p = lim,—1 9(rS)p = ¢(S)p = Ap and sup, o ) |Ar]| < oo, we deduce that A =
SOT-lim,_, | A,.

Now we show that A is a k-multi-Toeplitz operator. First, note that Sy q,- -+ Sk.o ST g+ Sg g, 18 @
k-multi-Toeplitz operator for any «;, 8; € [F,J{l_, ie{l,....k}withm; € Z, |a;| =m; and |B;| = m;r. Itis
enough to check this on monomials of the form /& ® e}l/l Q- -Q® e)’jk. Consequently,

(Is @R )e(rS)(Us @ Ri)p =8up(rS)p, s, tefl,... n},

forany p e P andeveryi € {1, ..., k}. Hence, A, has the same property. Taking » — 1, we conclude that
A is a k-multi-Toeplitz operator. On the other hand, if x ;= x| ® - - - Qx;, y = y1 @ - - - ® yy, satisfy (1-3)
and h, £ € £, we have

(Ah®@x), E®y) = lim(A,(h©x), (@)
= liml(go(rS)(h ®x),LRYy)
_ hn%(rz,t. B A o pirhs €)

=<A(t¥1 ,,,,, ag; By ﬁk)h’&'
Therefore,

PS)i=Y - Y > Ay B @ St Sk ST g Sk g,

mieZ my€eZ a,-,ﬂ,—e[Fz'i,ie{l ..... k}

lj |=m;, |Bi|l=m
1 1

is the formal Fourier series of the k-multi-Toeplitz operator A on £ ® ®f‘: W F 2(Hy,). ]
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Theorem 1.6. Let {A(,,...au:8....50)} be a family of operators in B(E), where a;, B; € I]:,J{l_, loti| = m;,
|Bi | :m;r, m;eZandi €{l,...,k}, and let

P8 =y > AarsooatiiPro) ® Star Sk Stp, St g,

mieZ mieZ Oli,ﬁiEfF,Ti,iE{l ----- k}

loj|=m7, |Bi|=m;

be the associated formal Fourier series. Then ¢(S) is the formal Fourier series of a k-multi-Toeplitz
operator Aon £ ® ®f:1 FZ(Hn,.) if and only if the series defining ¢(rS) is convergent in the operator
norm topology for any r € [0, 1) and

sup [l@(rS)|l < oo.
rel0,1)

Moreover, if A is a k-multi-Toeplitz operator on £ ® ®i-‘:1 F?(H,,), then ¢(rS) = BYS[A] and

SOT-lim B[] = A, where BEY[ul i= (I ® K/ ® gy p2(s ) U ® Krs), 1 € B0,

and K,g is the noncommutative Berezin kernel associated withrS € B, (®le F 2(Hnl. )).

Proof. Assume that ¢ () is the formal Fourier series of a k-multi-Toeplitz operator A on £ ®®f:  F 2(Hn,.).
Then Theorem 1.5 implies that ¢ (rS) is convergent in the operator norm topology and

[All = sup ll@S)I.
ref0,1)

We recall that the noncommutative Berezin kernel associated with rS € B, ((X)i-‘:1 F*(H,,)) is defined on
Q) F2(H,,) with values in ®'_, F>(Hy,,) ® Dys C (Q_, F2(Hu)) ® (R, F2(Hy,)), where

k

Dys = Arsu)(® F2<Hni>).
i=1
Lety =1, ..., %), @= (w1, ...,w) € [Fj{l x---x[ij, set g :=max{|y1|, ... vl lo1], ..., |wk|}, and

define the operator

Iy = Z T Z Z A o) @ SO!S;’

mieZ,|mi|<q mye,|mi|<q a,-,ﬂ,-e[F,J{k, ie{l,...k}

loi|=m7, |Bi|=m;
where we use the notation S := Si,¢," " Sk, If € = (1, ..., 04) € [F;; X e X [F,Tk. We also set
ey = eél - ® e’ojk. Note that
(Bf’g‘[A](h ®ey), h ®eg)
= (U ®K/)AR gy oy VU @Krs)(hBey), ' Dey)
= <<A®1®¢_1 ) D h®ea®As(DS ey, ) h’®eﬂ®Ars<l)1/ZS;<ew>>

acFf, xxFi BeF, - xFf,
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= Y Y. (AG@e) @A s(D)'2S;(e)), ' ®eg®@As(D)'?Sj(e0))

aeﬂ:f{l ><~~~><I]:,J{k ﬂEI]:,J,r1 ><~~~><[F,J{k

= Y. Y (A ®eq). W ®ep)(Ars(D)'*Siley). Ars(D)' /7S (ew)

acFf, xxFf BeF x--xFf

= > > Yo (T ®eq). W @ep)(Ars(D)' /S (ey), Ars(D)'/?Sj(ew)
mi€Z,|lm|<q mkGZ,ImkISqai,ﬂieﬂ:,fk,ie{l ,,,,, k}

laj|=m; . |Bi|=m;"
= > Y (Tyh®eq). ' ®ep)(Ars(D)'/Si(ey). Ars(D)'/?Sj(ew)
aclf xxFy BeR!, xxFi
=(Is:® K )Ty ®lgt  rm,)) e @Krs)(h®ey), h®ey)
= (B§[T41(h®ey), h' ®ey)
- Z Z Z (Awr....cop... ﬂk)®r2f='(|ai‘+|ﬂi‘)sasl>;)(/’l®€y),h,®€w>

mieZ,|m|<q mp€l,|mi|<q a,-,ﬁ,-e[F,Tk,ie{l ..... k}

lj |=m;, |Bi|l=m;
1 1

= (pa(rS1,....rS)(h®ey), h' ®ey).

Consequently, we obtain
BIS[Al=@a(rS1,....rS), rel0,1),

which proves the second part of the theorem.

To prove the converse, assume that {Aw,, . ...} 15 a family of operators in B(E), where
o, Bi € I]:,Ti, lai| =m;, |Bil = ml.+, m; € Zandi €{l,...,k}, and let ¢(S) be the associated formal
Fourier series. We also assume that ¢ (rS) is convergent in the operator norm topology for each r € [0, 1)
and that

M := sup |lpS)| < oo.
rel0,1)

Note that ¢(rS) is a k-multi-Toeplitz operator and

K (et -
go(rS)(h®311q® . .®e)lik) — Z rZ,:1(|C, (0,p)|+]c; ((x),}’)DA(c;‘_(w’y);cr_(w’y))h®e;)l®‘ . ‘®e§)k
w=(w1,..., a)k)efFf{l x~~~><[F;rk
W™~y
is a vector in £ ® ®f=1 FZ(H,ZI.). Hence, we deduce that, for each y = (y1, ..., »%) € [F,J{1 X e X [F,J{k,

k + _
<r2f=1“r (@yyre oD 3" < leSIPIAI* < MA|

+ +
nlx---x[Fnk

O™~y

*
A(C,Jr(w,y);cf(w,y))A(C;F(w,}’)wr_(w,}'))h’ h>

welF

for any r € [0, 1) and h € £. Taking r — 1, we get condition (i) of Theorem 1.5. Applying Theorem 1.5,
we deduce that ¢ (S) is the Fourier series of a k-multi-Toeplitz operator. U
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We remark that, due to Theorem 1.6, the order of the series in the definition of @4 (7S, ..., rS;) (see
Theorem 1.5(a)) is irrelevant.

Theorem 1.7. Let n = (ny, ...,n;) € N* and let T, be the set of all k-multi-Toeplitz operators on
E®®"_, F2(Hy,). Then

T =span{f*g : f. g € B(E) ®umin An) > =span{f*g: f, g € B(E) Omin An} " ",
where Ay is the polyball algebra.

Proof. Let
G :=span{f*g: f. g € B(E) ®min An}l I

According to Theorem 1.5, if A € T, and ¢4 (S) is its Fourier series, then ¢4 (rS) € G for any r € [0, 1)
and A = SOT-lim ¢4 (rS). Consequently, T, C GSoT, Conversely, note that each monomial S;Sg,
A S I]:,J{1 x -+ x [Ft, is a k-multi-Toeplitz operator. This shows that, for each Y € G,

ni?
Ue®R;DY(U:®@Rip) =6uY, s,te{l,....n},

for every i € {1, ..., k}. Consequently, taking SOT-limits, we deduce that G3°T C T,, which proves
that G597 = T5,.

Now, if T € GWOT  an argument as above shows that T € T,, = GS9T Since GSO9T c GWOT | we conclude
that 75, = GSOT = gWOT, O

Corollary 1.8. The set of all k-multi-Toeplitz operators on (X)f.‘:1 F2(H,,) coincides with
spaln{.»él;‘;.a‘ln}’SOT = span{.A’ A, VOT,

where Ay is the polyball algebra.

2. Bounded free k-pluriharmonic functions and the Dirichlet extension problem

In this section, we show that the bounded free k-pluriharmonic functions on B, are precisely the
noncommutative Berezin transforms of k-multi-Toeplitz operators and solve the Dirichlet extension
problem for the regular polyball B,,.

Definition 2.1. A function F with operator-valued coefficients in B(E) is called free k-pluriharmonic on
the polyball B, if it has the form

F(X) = Z Z Z A, i ,Bk)®X1v0‘|'“kaakXiﬁl“'X;‘kaﬁk’
mieZ myeZ ai,ﬂ,e[Fjl'i,ie{l ..... k}

loi |=m7, |Bi|l=m;
1 1

where the series converge in the operator norm topology for any X = (Xy, ..., Xi) € B,(H), with
X; = (Xi1,...,Xin), and any Hilbert space #.
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Due to the remark following Theorem 1.6, one can prove that the order of the series in the definition
above is irrelevant. Note that any free holomorphic function on B, is k-pluriharmonic. Indeed, according
to [Popescu 2015b], any free holomorphic function on the polyball B, has the form

SX=> > > Aw..ap®Xia Ko, X € By(H),

mieN myeN a,e[F+ iefl,....k}
|¢¥z| =m;

where the series converge in the operator norm topology. A function F : B, (H) — B(E ® H) is called
bounded if

[Fll:= sup [[F(X)| <oo.
XeB,(H)

A free k-pluriharmonic function is bounded if its representation on any Hilbert space is bounded. Denote
by PHZ°(B,,) the set of all bounded free k-pluriharmonic functions on the polyball B, with coefficients
in B(§). Foreachm =1, 2, ..., we define the norms || - ||,,, : M,,(PHZ°(B,)) — [0, 00) by setting

ILFijImllm := sup [|[F;; (X)1m I,

where the supremum is taken over all n-tuples X € B, (H) and any Hilbert space H. It is easy to see that
the norms || - ||,,, m = 1,2, ..., determine an operator space structure on PHZ°(B,,), in the sense of Ruan
(see, e.g., [Effros and Ruan 2000]).
Let T, be the set of all k-multi-Toeplitz operators on £ ® ®f‘: W F 2(H,,). According to Theorem 1.7,
we have
T = span{f*g : f. g € B(E) ®umin Au} >,

where A, is the polyball algebra. The main result of this section is the following characterization of
bounded free k-pluriharmonic functions:

Theorem 2.2. If F : B,,(H) = B(E) Qmin B(H), then the following statements are equivalent:
(i) F is a bounded free k-pluriharmonic function;

(ii) there exists A € T, such that
F(X)=BY'[Al'= (s @ Kx)(A® I)(I: ® Kx), X € By(H).
In this case, A = SOT-lim, | F(rS). Moreover, the map
O :PHZX(B,) —> Ty, P(F):=A,
is a completely isometric isomorphism of operator spaces.

Proof. Assume that F is a bounded free k-pluriharmonic function on B, and has the representation from
Definition 2.1. Then, for any r € [0, 1),

F(rS) espan{f*g: f, g € B(E) Qumin An} "

and, due to the noncommutative von Neumann inequality [Popescu 1999], we have sup, g 1) [ F(rS)| =
| Flloo < 00. According to Theorem 1.6, F(S) is the formal Fourier series of a k-multi-Toeplitz operator
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AeB (8 ®Q),_, F*(H, )) and A =SOT-lim,_,| F(rS) € T,. Using the properties of the noncommutative
Berezin kernel on polyballs, we have

FrX)= @ Ky)[F(rS) ®Inl(le ® Kx), X € By(H).

Since the map Y +— Y ® I3 is SOT-continuous on bounded subsets of B (5 ®Q,_ F 2(H,,l.)), we deduce
that
SOT-lirri F(rX)= s ®Ky)I[A® I](Ic ® Kx) = BY'[A]
r—

Since F is continuous in the norm topology on B, (#), we have F(rX) — F(X) as r — 1. Consequently,
the relation above implies F(X) = Bf’,}“[A], which completes the proof that (i) implies (ii).

To prove that (ii) implies (i), let A € 7, and F(X) := B‘}}“[A] for X € B,,(H). Since A is a k-multi-
Toeplitz operator, Theorem 1.5 shows that it has a formal Fourier series

PS):=Y -y > Ay BB @ St Sk ST g, Sk g,
mieZ ;nkeZa,v,ﬂie[Fr*l'i,ie{l ..... k}

lai |=m7, |Bil=m;
1 1

with the property that the series ¢(rS) is convergent in the operator norm topology to an operator in
span{f*g : f, g € B(E) ®min An}"I. Moreover, we have A = SOT-lim,_, | ¢(rS) and

[All = sup llg@S)I.
ref0,1)

Hence, the map X +— ¢ (X)) is a k-pluriharmonic function on By, (7). On the other hand, due to Theorem 1.6,
we have ¢(rS) = BS{[A], where

Bul = (e @ K ® Igi oy, )Ue ® Krs),  u € BE),
and K, g is the noncommutative Berezin kernel associated with S € B,, (®f: W F Z(Hn,-))- Note that
p(rX) =B5'lp(rS)] = Us ® KY)[p(rS) ® I4]1(Ig ® Kx).
Now, using continuity of ¢ on B,(H) and the fact that A = SOT-lim, | ¢ (rS), we deduce that
(X)) = SOT—rli_r)r} o(rX) =B [A]l= F(X), X € B,(H).

To prove the last part of the theorem, let [F;;],, € M,,(PHZ’(B,)) and use the noncommutative von
Neumann inequality to obtain

I[Fijlmll = sup |[[[Fij(X)]mll = sup |[Fij(rS)]mll-
XeB,(H) rel0,1)

On the other hand, A;; := SOT-lim,_, F;;(rS) is a k-multi-Toeplitz operator and
Fij(rS) =Us @ K'9)(Aij ® Iy Fz(Hni))(Ig ®RK,s).

Hence, we obtain

sup |[[Fij(rS)]mll < I[Aijlmll.
rel0,1)
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Since [A;j]n := SOT-lim, [ F;; (rS)]n, we deduce that the inequality above is in fact an equality. This
shows that ® is a completely isometric isomorphisms of operator spaces. (I

As a consequence, we can obtain the following Fatou-type result concerning the boundary behaviour
of bounded k-pluriharmonic functions.

Corollary 2.3. If F : B,(H) = B(E) Quin B(H) is a bounded free k-pluriharmonic function and X is a
pure element in B, (H)™, then the limit

SOT-lirr} F(rX)
r—
exists.

Proof. If X is a pure element in B,(H)~, then the noncommutative Berezin kernel Ky is an isometry
(see [Popescu 2016]). Since F is free k-pluriharmonic function on B,,, we have

F(rS) e span{f*g: f, g € B(E) @min Ap) 1!
and F(rS) converges in the operator norm topology. Consequently,
FrX)=Us@KY)[FrS) ® Iy1(Is ® Kx).

Since F' is bounded, Theorem 2.2 implies SOT-lim, | F(rS) = A € T, and supy, _; [|F(rS)|| < oo.
Using these facts in the relation above, we conclude that SOT-lim,_,| F (r X) exists. O

We denote by PHZ(B,,) the set of all free k-pluriharmonic functions on B, with operator-valued
coefficients in B(£), which have continuous extensions (in the operator norm topology) to the closed
polyball B,(H)~ for any Hilbert space ‘H. Throughout this section, we assume that A is an infinite-
dimensional Hilbert space. In what follows we solve the Dirichlet extension problem for the regular
polyballs.

Theorem 2.4. If F : B,,(H) = B(E) Qmin B(H), then the following statements are equivalent:

(1) F is a free k-pluriharmonic function on B, (H) such that F(rS) converges in the operator norm
topology as r — 1.

(ii) There exists A € P :=span{f*g: f, g € B(E) Qmin An} " such that
F(X)=BY'[A], X € B,(H).

(ii1) F is a free k-pluriharmonic function on B, (H) which has a continuous extension (in the operator
norm topology) to the closed ball B, (H)~.

In this case, A =lim,_| F(rS), where the convergence is in the operator norm. Moreover, the map
¢ :PH:(B,) > P, @(F):=A,

is a completely isometric isomorphism of operator spaces.
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Proof. Assume that (i) holds. Then F has a representation

F(X) = Z Z Z A(Oll ,,,,, ag; By ,Bk)®X1 ap’ XkolkXI B le,ﬁk’
mieZ myeZ ai,ﬂie[Fjl'i,ie{l ..... k}

lai|1=m", |Bi|=m;
i i

where the series converge in the operator norm topology for any X = (X1, ..., Xy) € B,(H). Since the
series defining F'(rS) converges in the operator topology, we deduce that

A= rll_l;nl F@S) eP. (2-1
On the other hand, we have
BYUF(r$)] = s ® KY)F(rS) ® Inl(lg ® Kx) = F(rX)
for any r € [0, 1) and X € B,,(H). Hence, and using (2-1), we deduce that
BY'[A] = lim F(rX) = F(X),

which proves (ii). Now we show that (ii) implies (i). Assuming (ii) and taking into account Theorem 1.7,
one can see that A is a k-multi-Toeplitz operator. As in the proof of Theorem 2.2, the map defined by
F(X):= Bg}“[A], X € B,,(H), is a bounded free k-pluriharmonic function. Moreover, we proved that

F(rS)=B%[Al, rel0,1), (2-2)

F(rS) € P and also that A = SOT-lim,_,; F(rS) and || A| = sup, ¢ 1) | F (rS)||. Since A € P, there is
a sequence of polynomials qm in S;Sg such that g,, — A in norm as m — oo. For any € > 0, let N e N
be such that |[A — g, || < 6 for any m > N. Choose § € (0, 1) such that ||Be’“[qN] gnll < %e for
any r € (6, 1). Note that

IBTSLA] — Al < IBSSIA — gnlll + 185§ lan] — gl + llgy — All < A —gnll + 3¢ <€

forany r € (8, 1). Therefore, lim, _, Bf’g‘[A] = A in the norm topology. Hence, and due to (2-2), we deduce
that lim, .| F(rS) = A in the norm topology, which shows that (i) holds. Since # is infinite-dimensional,
that (iii) implies (i) is clear.

It remains to prove that (ii) implies (iii). We assume that (ii) holds. Then there exists A € P such
that F(X) = B?‘[A] for all X € B,(H). Due to Theorem 2.2, F is a bounded free k-pluriharmonic
function on B, (#). For any Y € B, (H)~, one can show, as in the proof that (ii) implies (i), that
F(Y) :=lim,_, | Be’“[ ] exists in the operator norm topology. Since ||BeX‘[A]|| < ||A|l for any r € [0, 1),
we deduce that ||F M)l < |A] for any Y € B,(H). Note also that F is an extension of F. Lastly, we
show that F is continuous on B, (H)~. To this end, let € > 0 and, due to the equivalence of (ii) and (i),
we can choose rg € [0, 1) such that [|A — F(r9S)| < %6. Since A — F(r¢S) € P, we deduce that

IF(Y) = F(roY)|| = | lim BiY[A] = F(roY)|| < limsup | BSY[A] — F(roY)|| < [A = F(roY) || < 5€

r—1
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forany Y € B,(H)™. Since F is continuous on B, (#), there is 6 > O such that | F (roY) — F(rnoW)|| < %e
for any W € B, (H)~ with ||W — Y| < §. Now note that

IE(Y) = F(W)| < IF(Y) = F(roY) || + | F(roY) — F(roW) || + | F(roW) — E(W)|| < €

for any W € B, (H)~ with |W Y| <. [l

3. Naimark-type dilation theorem for direct products of free semigroups

In this section, we provide a Naimark-type dilation theorem for direct products F:{l Xeee X F:{k of unital free
semigroups, and use it to obtain a structure theorem which characterizes the positive free k-pluriharmonic
functions on the regular polyball with operator-valued coefficients.

Consider the unital semigroup F," :=F x --- x F! with neutral element g := (88 ---» ). Let
o= (wy,...,wr)and y = (y1, ..., ) be in [F,J{1 X o X [F,;Lk. We say that @ and y are left comparable,
and write ® ~1. Y, if for each i € {1, ..., k}, one of the conditions w; <; ¥;, ¥; <; w; or w; = y; holds

(see the definitions preceding Lemma 1.2). In this case, we define

(@, 7) = (@1, 7)), ....c] (0, ) and ¢ (@, ) :=(c; (@1, Y1), -- -, ] (W, Vi),

where

o\1y ify< o, y\ro if o<y,

c;r(a), y) = { and ¢; (w,y):= {

20 if w<;y or w=y, g0 if y<joworw=y.

We say that K : F,F x F, — B(E) is a left k-multi-Toeplitz kernel if K (g, g) = I¢ and

K(o. o) = {K(c;r(a, w); ¢, (0,w) if 0~ w,

0 otherwise.

The kernel K is positive semidefinite if, for each m € N, any choice of Ay, ... h, € &, and any o=

(al(i), - a,fi)) € F;, it satisfies the inequality

m
Y (K@ .a)h; i) = 0.
ij=1

Definition 3.1. A map K : F,' x F,” — B(€) has a Naimark dilation if there exists a k-tuple of commuting
row isometries V = (Vy, ..., k), Vi=(Vi1, ..., Vi), on a Hilbert space I D &, i.e., the nonselfadjoint
algebra Alg(V;) commutes with Alg(V;) forany i, s € {1, ..., k} with i % s, such that

K(o,®)=P:V}V,

+
e 0,@wEF].

The dilation is called minimal if £ =/, riVol.

Theorem 3.2. A map K : F,} x F,/ — B(H) is a positive semidefinite left k-multi-Toeplitz kernel on the
direct product F, of free semigroups if and only if it admits a Naimark dilation.
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Proof. Let Ky be the vector space of all sums of tensor monomials ) | seFi €o ® hg, where {hq} . P is a
finitely supported sequence of vectors in H. Define the sesquilinear form (-, - )k, on Ko by setting

<Z o®hy, Y ea®h;> = Y (K. 0he. hy)w. he by €H.

weF, oeF, 0 w,0cF,

Since K is positive semidefinite, sois (-, - )i, Set N :={f € Ko : (f, f) =0} and define the Hilbert space
obtained by completing Ky /N with the induced inner product. Foreachi € {1, ...,k}and j €{l,...,n;},
define the operator V; ; on Ky by setting

Vi,j( > e,,®ha) = Y e ®®e  ®eyo ®en,, @ Qeq @hg.

oeF, o=(01,....00)€F;

Note thatif p € {1, ..., n;} then

(S o)l Z ron)

weF, oeF, Ko
= Z (K(0]9"'aai—lagjo-i’ai+]9"'aak;w]a"'7wi—]agpa)iawi+]9"'aa)k)ha)ah:y>7-[
w,0cF,
Y wocr (K@, @he, hy)y if j=p,
0 otherwise.
Hence and using the definition of (-, -)x,, we deduce that, for each i € {1,..., k}, the operators
Vi1, ..., Vi, can be extended by continuity to isometries on K with orthogonal ranges. Note also that,

ifi,se{l,....k},i#s, je{l,...,n;}andt € {l, ..., ns}, then
VijVst(eq, ® - Qs ®h) =€5 @ - Qeg_ Begi, €, " Qo Qe,, o, & Qe ®h
when i < s. This shows that V;; Vs, =V, V;;. Since
(eg®h,eg®h')c = (K (g, g)h, W)= (h,h)y, h,h' e,
we can embed H into K by setting & = e, ® h. Note that, for any @, 0 € F, and h, ' € 1, we have
(VEVoh, W) ic = (Voh, Voh') i = (e @ h, e @ W) = (K (0, @)h, h').

Therefore, K (0, @) = Py V;}V,|,, for any o, w € F,". Since any element in Ky is a linear combination
of vectors V,h, where o € F,f and h € H, we deduce that IC = \/wE Fi V,H, which proves the minimality
of the Naimark dilation.

Now we prove the converse. Let V = (V1, ..., V,) and V; =(V; 1, ..., Vi) be k-tuples of commuting
row isometries on a Hilbert space K D H. Define K : F, x F,” — B(H) by setting K (0, @) = Py V;} Vo4,
for any o, w € F,f. Assume that 0, @ € F, and ¢ ~jc w. Using the commutativity of the row
isometries Vi, ..., Vi, we can assume without loss of generality that there is p € {1, ..., k} such that
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W <[ 01, .., Wp X[ 0p, Opy] <[ Wpil, ..., 0k <j . Since each V; = (Vi 1, ..., V;,,) is an isometry, we
have V* V; ¢ = §;,1. Consequently, and using the commutativity of the row isometries, we deduce that
<Vl,a)1' v Vk,wkhy Vl,Ul' o Vk,o'kh/>

= <V2,a)2' te Vk,wkh’ Vl,(T]\la)l VZ,O‘z' 0 Vk,(fkh/>

= <V2,w2' te Vk,wkh’ V2,0'2' o Vk,()'k Vl,()‘]\/a)] h/>

/
= Vp+t,op01 Vol Vpti,op00 Vo Vieonvor Voo, v, 10
_ /
= (VP+1,wp+1\10p+1 VP+2,wp+2‘ o Vk:wkh’ VP+2’%+2’ e Vk,ck Vlm\zwl‘ o Vpaap\lwph )

/
= <VP+2,wp+2’  Viox VP+1,wp+1\10p+1h’ VP+2,0p+2' Vo Vioyor vaap\lwph )

/
= <Vp+1,wp+|\10p+| e Vk,wk\lffkh’ Vl,al\zwl T Vp,cfp\zwph )

k * /
<V1,01\1w1 e Vp,Up\]COp Vp+1swp+1\l0p+1 T Vk,a)k\lo'kh’ h )

for any h, ' € H. Therefore, for any o, @ € F,", we have

PHV* V - lf g ~1 ®
K(a’w):PHV:Vw|H= ¢ (0.0) € (“’w)|H .c
0 otherwise,

_[K(c[ (o, @) ¢/ (0,®) if 6~ o,
1o otherwise,

and K (g, g) = I. This shows that K is a left k-multi-Toeplitz kernel on F,'. On the other hand, for any
finitely supported sequence {/},cp; of elements in H, we have

D (K@ 0ho he)= ) (PuVyVoluho ha) H Z Voo 20
w,0€F, w,0€F,
Therefore, K is a positive semidefinite left k-multi-Toeplitz kernel on F,. ([l

We remark that the Naimark dilation provided in Theorem 3.2 is minimal. To prove the uniqueness of
the minimal Naimark dilation, let V' = (V{, ..., V,), V/ = (Vif oo Vl/ a.)» be a k-tuple of commuting
row isometries on a Hilbert space X' O H such that K (o, w) = Pf(Vé)*V(L
with the property that £ =\, . Fi V.M. For any x, y € H, we have

|,, forany o, @ € F,} and

(Vox, Vay)ic = (K (0, ©)x, y)3 = (P (VI*V.x, y)r = (Vox, Vi)

Consequently, the map
W( ) Vah,,) = Vih,
oeF, ocF;

where {hq}, g+ 1s any finitely supported sequence of vectors in H, is well-defined. Due to the minimality
of the spaces K and K’, the map extends to a unitary operator W from K onto K'. Note also that
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WV, ;= V,'/,jW foranyi e{l,...,k}and j € {1,...,n;}, which completes the proof of the uniqueness
of the minimal Naimark dilation.

We should mention that there is a dual Naimark-type dilation for positive semidefinite right k-multi-
Toeplitz kernels. A kernel I' : F,” x F,7 — B(€) is called right k-multi-Toeplitz if T'(g, g) = I¢ and

IN'o,w) =

(o, w);c; (0, w) if 0~ o,
otherwise,

where c:r (0,), ¢, (0, w) are defined by (1-1). We say that I' has a Naimark dilation if there exists a
k-tuple W = (Wy, ..., W,), W; =W, 1,..., W;,,), of commuting row isometries on a Hilbert space
K > € such that I'(6, @) = P WEW,|, forany 0, w € F,.

Theorem 3.3. Amap ' : F, x F, — B(H) is a positive semidefinite right k-multi-Toeplitz kernel on F,*
if and only if it admits a Naimark dilation. In this case, there is a minimal dilation which is uniquely

determined up to isomorphism.

Proof. We only sketch the proof, which is very similar to that of Theorem 3.2, pointing out the differences.
First, Ky is the vector space of all sums of tensor monomials ) | seFi €5 ®hg, where {hg}, o P is a finitely
supported sequence of vectors in 4, while the sesquilinear form (-, - ), on Ky is defined by setting

<Z e ® ho, Z€6®hé> = Y ([(0, ®hy, ).
Ko

weF, oeF,; w,0€F,;
Foreachi € {1,...,k} and j € {1, ..., n;}, we define the operator W; ; on Ky by setting
Wi,j( > e ®ha) = ) e ® ®e By ®es,, O Deg ®hg.
oeF,;f o=(01,...,01)€F,;y

Taking into account the relations
+ ~ _ + ~ ~ — ~ _ —_ o~ ~
¢ (0, w) =c¢/(0,0) and ¢, (0,w) =¢; (0,®),

we deduce that

0 otherwise,
F(c;r(a, w) ¢ (0,0)7) if 0~ o,
- {0 otherwise,
T (0, @): ¢y (6,®) if &~ @,
N {0 otherwise,
=I(0,®)

for any o, @ € F,". The rest of the proof is similar to that of Theorem 3.2. We leave it to the reader. [J
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Let F be a free k-pluriharmonic on the polyball B, with operator-valued coefficients in B(£) with
representation

F(X) = Z Z Z Ay, B, ﬁk)®X1,Ol1'"Xk,akXT,ﬂl"'Xlt,ﬂkv (3-1)
mieZ myel o;, i€k, iefl,... .k}
|<¥i|=m,~is |Bil=m;
where the series converge in the operator norm topology for any X = (X, ..., Xx) € B,(H), with
X; :==(Xi1,..., Xin), and any Hilbert space H. We associate to F the kernel I'r : F,} x F,” — B(€)
given by
r(o,w):= !A(Cf(ﬂyw):cr(ﬂ,w)) if o NT.C @, (3-2)
0 otherwise.
One can easily see that I'f is a right k-multi-Toeplitz kernel on F,”. In what follows, we prove a
Schur-type result for positive k-pluriharmonic functions in polyballs.

Theorem 3.4. Let F be a k-pluriharmonic function on the regular polyball By, with coefficients in B(E).
Then F is positive on B, if and only if the kernel I, is positive semidefinite for any r € [0, 1), where F,
stands for the mapping X — F(rX).

Proof. Forevery y := (y1,..., ¥) € [F,J{l X+ X [F,J{k, we set ey 1= 611/1 ®-~®e'§k and Sy := 81y, Sk.y-
Let F be a k-pluriharmonic function with representation (3-1). Taking into account Lemma 1.2, for each

y,welFr x---xF", rel0,1),and h, h’ € &£, we have

ni ni’

/ / K o 1 *
(FUS)(h®ey) W' ®eo)=> > Y (Aol W )rE= TS, e, )

meZ myeZ a,-,ﬂ,-e[Fz'I,,
ie{l,....k}

k . . .
- irZil(lalHﬂLl(A(c,*(w,y);cr(w,y»h’ W) if @~y
0 otherwise,
= (Cr,(w, y)h, h').

Hence, we deduce that the kernel I'f, is positive semidefinite for any » € [0, 1) if and only if F(#S) >0
for any r € [0, 1). Now, let X € B,(#) and let r € (0, 1) be such that (1/r)X € B,(H). Since the
noncommutative Berezin transform B, x is continuous in the operator norm and completely positive,
so is id ® B(1/r)x. Consequently, we obtain

F(X)=@d®Bu/mnx)[F(r$1=0, X € By(H).
Note that if F is positive on B, then F(rS) > 0 for any r € [0, 1). O

Corollary 3.5. Let f : B,(H) — B(E) Q@min B(H) be a free holomorphic function. Then the following
statements are equivalent:

(i) R f > 0 on the polyball B,,.



1214 GELU POPESCU

@{1) Mf#S) =0foranyr €[0,1).
(iii) The right k-multi Toeplitz kernel 'y, z, is positive semidefinite for any r € [0, 1).
Let us define the free k-pluriharmonic Poisson kernel by setting
PY,X) = Z Z Z Yﬁ&."'YZ&kYLB]'“Yk,Bk®X1,a1"'Xk,akXT,ﬁl'"X:,ﬂk

mieZ myel a,-,ﬁ,-e[F,Ti,ie{l ..... k)

loj|=m, |Bi|l=m;

forany X e B,(H) andany ¥ = (Y3, ..., Yp) with Y; = (i1, ..., Yin,) € B(K)" such that the series
above is convergent in the operator norm topology. Let @ C F,F x F, be the set of all (e, 8) where
a=(ar,...,o), B=(B1. ..., B) € F, aresuchthata;, B; €Fyf, || =m;, |Bil =m; for some m; € Z.

Theorem 3.6. A map F : B,(H) — B(E) Qmin B(H) with F(0) = I is a positive free k-pluriharmonic
function on the regular polyball if and only if it has the form

F(X)= Y PeV;Vg, ®XuX},
@B)e

where V.= (Vy, ..., Vi) is a k-tuple of commuting row isometries on a space KC D & such that

Y PeViVl @r®HPIS,sp >0, relo, D),
(e, B)e2

and the series is convergent in the operator topology.

Proof. Assume that F is a positive free k-pluriharmonic function which has the representation (3-1)
and F(0) = I. Due to Theorem 3.4, F(rS) > 0 and the right k-multi-Toeplitz kernel I'r, is positive
semidefinite for any r € [0, 1). Taking limits as r — oo, we deduce that ' is positive semidefinite
as well. According to Theorem 3.3, I'r has a Naimark-type dilation. Therefore, there is a k-tuple
V =(Vi, ..., Vi) of commuting row isometries on a Hilbert space K D £ such that I'(6, @) = Pc V, V|,
for any o, w € F,f. Using (3-1) and (3-2), we deduce that

F(X) = Z PeViVi|. ® Xo X,
(a,B)e
where the convergence is in the norm topology. This shows, in particular, that F'(r.S) is convergent.

To prove the converse, assume that V = (V, ..., V) is a k-tuple of commuting row isometries on a
space K D £ such that

Y PeViVsl @rtPls,s5 >0, relfo, D), (3-3)
(a,eQ
and the convergence is in the operator norm topology. Let X € B, () and let r € (0, 1) be such that
(1/r)X € B, (H). Since the noncommutative Berezin transform B/, x is continuous in the operator
norm and completely positive, so is id ® B(j/,)x. Consequently, we obtain

F(X):= (id®B(1/,)X)< > nggvﬁ\g®r“'+'ﬂ's“5;3> >0, XeB,(H). 0
(a,p)e
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We remark that the condition (3-3) is equivalent to the condition that the kernel defined by the relation
[y (6,®) = rleitlel pe V.Vl for any o, w € F,' is positive semidefinite. We should also mention
that one can find a version of the theorem above when the condition F(0) = I is dropped. In this case,
F(0)=A® I with A > 0 and we set

Ge=[(A+ele) ' ?QINF+ele @ D[(A+e€le) 1 ?®1], €>0.

Since G, is a positive k-pluriharmonic function with G.(0) = I, we can apply Theorem 3.6 to get a
family V (e) = (Vi(€), ..., Vi(€)) of k-tuples of commuting row isometries on a space K¢ D & such that

F(X) = lim Y (A+ele)' P[PeVi @ V(o) J(A+ele)' > ® Xo X,
(o, 3)e

where the convergence is in the operator norm topology.

Definition 3.7. A k-tuple V = (Vi, ..., Vi) of commuting row isometries V; = (V; 1, ..., Vi ;) is called
pluriharmonic if the free k-pluriharmonic Poisson kernel P(V, rS) is a positive operator for any r € [0, 1).

Proposition 3.8. Let V =(V1,..., Vi), Vi= Vi1, ..., Vin,), be a k-tuple of commuting row isometries.
Then V is pluriharmonic in each of the following cases:

(1) k=1andn, e N.

(ii) V is doubly commuting, i.e., the C*-algebra C*(V;) commutes with C*(Vy) if i, s € {1,...,k}
withi #s.

(iii) ny=---=ny = 1.

Proof. 1t is easy to see that V is pluriharmonic if the condition in (i) is satisfied. Under the condition (ii),
the proof that V' is pluriharmonic is similar to the proof of Theorem 4.2(i), when we replace the universal
operator R with V. Now, we assume thatny =---=n; =1. Then V = (Vy, ..., V), where Vi, ..., Vi
are commuting isometries on a Hilbert space K. It is well known [Sz.-Nagy et al. 2010] that there is
a k-tuple U = (Uy, ..., Uy) of commuting unitaries on a Hilbert space G D K such that U;|x = V;
fori € {1, ..., k}. Due to Fuglede’s theorem (see [Douglas 1998]), the unitaries are doubly commuting.
Due to (ii), P(U, rS) is a well-defined positive operator for any r € [0, 1), where the convergence
defining the free k-pluriharmonic Poisson kernel P (U, rS) is in the operator norm topology. On the other
hand, we have

PV, r8) = (Pc® DNPWU.,rScogs  rn, ) =0
which completes the proof. (I

Proposition 3.9. Let V = (Vy, ..., Vi) be a pluriharmonic tuple of commuting row isometries on a
Hilbert space K and let £ C K be a subspace. Then the map

F(X):=FPe®@DPWV, X)legn, X € Bu(H),

is a positive free k-pluriharmonic function on the polyball B, with operator-valued coefficients in B(E)
and F(0) = 1.
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Moreover, in the particular cases (i) and (iii) of Proposition 3.8, each positive free k-pluriharmonic
function F with F(0) = I has the form above.

Proof. Since V is a tuple of commuting row isometries, the free k-pluriharmonic Poisson kernel P(V, rS)
is a positive operator for any r € [0, 1) and so is the compression (Ps @ I)P(V, rS) |g®®§:1 F2(H, )" Let
X € B,(H) and let r € (0, 1) be such that (1/r)X € B,,(H). Since the noncommutative Berezin transform
id ® B(1/,)x 1s continuous in the operator norm and completely positive, we deduce that

F(X) =P ®@DPV, X)lggn =20, X € By(H),

where the convergence of P(V, X) is in the operator norm topology. Therefore, F is a positive free
k-pluriharmonic function on the polyball B, with operator-valued coefficients in B(£) and F(0) = 1.
To prove the second part of this proposition, assume that F is a positive free k-pluriharmonic function
with F(0) = I. According to Theorem 3.6, F has the form

F(X)= Y PeV;Vg, ® XX},
@.p)e

where V = (Vy, ..., V) is a k-tuple of commuting row isometries on a space K O £ and the convergence
of the series is in the operator norm topology. Since in the particular cases (i) and (ii) of Proposition 3.8
V is pluriharmonic, one can easily complete the proof. U

We remark that the theorem above contains, in particular, a structure theorem for positive k-harmonic
functions on the regular polydisk included in [B(#H)]; X¢- - - X< [B(#H)]1, which extends the corresponding
classical result on scalar polydisks [Rudin 1969]. In the general case of the polyball it is unknown if all
positive free k-pluriharmonic functions F with F(0) = I have the form of Proposition 3.9.

4. Berezin transforms of completely bounded maps in regular polyballs

We define a class of noncommutative Berezin transforms of completely bounded linear maps and give
necessary and sufficient conditions for a function to be the Poisson transform of a completely bounded or
completely positive map.

Let H be a Hilbert space and identify the set M,,(B(H)) of m x m matrices with entries from B(#)
with B(#™), where H is the direct sum of m copies of H. Thus we have a natural C*-norm
on M,,(B(#H)). If X is an operator space, i.e., a closed subspace of B(#), we consider M,,(X) as a
subspace of M,,(B(#)) with the induced norm. Let X, ) be operator spaces and let u : X — ) be a
linear map. Define the map u, : My, (X) — M,,(Y) by u,, ([x;;]) := [u(x;;)]. We say that u is completely
bounded if ||ul[ch :=sup,,> lum|l < o0o. If |lullcy < 1 then u is completely contractive; if u,, is an isometry
for any m > 1 then u is completely isometric; and if u,, is positive for all m then u is called completely
positive. For basic results concerning completely bounded maps and operator spaces we refer to [Paulsen
1986; Pisier 2001; Effros and Ruan 2000].
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Let K be a Hilbert space and let u : B((@f;1 F Z(Hn,»)) — B(K) be a completely bounded map. It is
well known (see, e.g., [Paulsen 1986]) that there exists a completely bounded linear map

k
/jL = M@ld . B(® FZ(H,,I.)) &Qmin B(H) — B(’C) ®min B(H)

i=1

such that A(f ®Y):=u(f)®Y for f e B((§§§‘:l F?(H,,)) and Y € B(H). Moreover, ||]lco = [|/t]lcb
and, if u is completely positive, then so is . We introduce the noncommutative Berezin transform
associated with p as the map

k
By : B(@ FZ(Hn[)) x By(H) = B(K) @min B(H)
i=1

defined by
k
Bu(A, X) = ICx(A® L)Cxl. Ac B(@ F2<Hn,.>>, X € By(H).
i=1
where the operator Cxy € B (®f:1 F?(Hy,) ® 7—[) is defined by

k
Cx = Ugy g, @ Ax(D) [ JU ~ Ry @ X}~ — Riw, ® X},) !

i=1
i=1

and the defect mapping Ax : B(H) — B(H) is given by
AX = (id—CDXI)o- -'O(id—q)xk),

where @y, : B(H) — B(H) is the completely positive linear map defined by

n;
Dy, (Y):= in,jyx;ij, Y € B(H).

j=1

We need to show that the operator / — R; 1 @ X/, —---— R; o, ® X;ni is invertible. Let Y = (Y7, ..., Y%)
with Y; := (Yi1, ..., Yin) € B(H)". We introduce the spectral radius of Y by setting

1
. 2(p1+-+pi)
r(Y):= limsup Yo Yy ] ‘ ,
(P1-ees PREZ, aieFl, loil=pi
ie(l,...k}
where Yy = Y14, - Vi for o= (a1, ...,a) € Kl x--- xFf and Yo, :=Y; -+ Vi j, for o; =

g§.| ‘e gj.l) € [F,J{l,. We remark that, when k = 1, we recover the spectral radius of an 7n;-tuple of operators,
ie., r(Y;) = limp_)ooH Zﬁieﬁ,\ﬁilzp Y iT,Bi |1/2p. Note also that

I"(Yi) =F(Ri,1 ®Y;ﬁ<1 +- "+Ri,n,v ®Yi>t<ni)

and r(Y;) <r(Y)foranyi € {1, ..., k}. Consequently, if r(Y) < 1 then r(¥;) < 1 and the spectrum of
R ® Y;"1 + - +R,® Y;,kn,- is included in D := {7z € C: |z| < 1}. In particular, when X € B, (#), the
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noncommutative von Neumann inequality [Popescu 1999] implies r(X) < r(¢S) = ¢ for some ¢ € (0, 1),
which proves our assertion.

Proposition 4.1. Let B, be the noncommutative Berezin transform associated with a completely bounded
linear map | : B(®f:1 FZ(Hnl.)) — B(K).

(i) If X € B,(H) is fixed, then

k
Bu(-, X): B(® FZ(H,Z,.)) — B(K) @min B(H)
i=1

is a completely bounded linear map with ||B, (-, X)|lcb < lelleblCx N>

(i) If p is selfadjoint, then B, (A*, X) = B, (A, X)*. Moreover, if i is completely positive then so is
the map B, (-, X).

(iii) If A € B(®f:1 F*(H,,)) is fixed, then the map
B.(A,-): By(H) = B(K) Qmin B(H)
is continuous and || B, (A, X)|| < |ulleo|AIICx |I* for any X € Bu(H).

Proof. Parts (i) and (ii) follow easily from the definition of the noncommutative Berezin transform
associated with . To prove (iii), let X, Y € B, () and note that

1Bu(A, X) = Bu(A, DIl < [1llICx(A® L) (Cx — Cy)ll + Inlll(Cx — Cy)(A® L) Cy |l
< el ANCx = CylIAICx | + [ICy D).

The continuity of the map X +— B, (A, X) will follow once we prove that X +— Cy is a continuous map
on B, (). Note that

k
[To-RcH™!

i=1

k k
[Ta—rReH)™' -] -Ryp™

i=1 i=1

|Cx—Cyll <|Ax ()| +HIAx(D2—Ay (D)

’

where Ry: :=1 — Ri1 ® X[} — -+ — Rin, ® X], . Since the maps X — ]_[le(l - RX;«)_1 and
X — Ax(I)'/? are continuous on B, (%) in the operator norm topology, our assertion follows. The
inequality in (iii) is obvious. ]

We remark that the noncommutative Poisson transform introduced in [Popescu 1999] is in fact a
particular case of the noncommutative Berezin transform associated with a linear functional. Indeed, let T
be the linear functional on B((g)f.;1 F%(H,,)) defined by t(A) := (A(1), 1). If X € B,(H) is fixed, then
B:(-,X): B((X)f.‘:l F 2(Hm.)) — B(H) is a completely contractive linear map and

(B:(A, X)x,y) =(Cx(A® 1)) Cx(1®x),1®y), x,yeH.
Hence, we have
B (A, X)=Kyx(A® Ky,
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where Ky is the noncommutative Berezin kernel at X. Note also that if A € B(®f:  F 2(H,,L,.)) is fixed,
then B; (A, -): B,(H) — B(#) is a bounded continuous map and ||B; (A, X)|| <||A|| for any X € B,(H).

We mention that, if n; =---=nz =1, H=Cand X =A = (A, ..., Ax) € D¥, then we recover the
Berezin transform of a bounded linear operator on the Hardy space H*(D), i.e.,

k
B.(A, ) =] [ = nP) Ak ki), A€ B(H* (DY),

i=1
where k; (z) := ]_[le(l —xizi)Vandz = (z1, ..., zx) € DX,
Define the set
A:={(o,w) e F xF:0~cw and (6, ) = (] (0, w), ] (0, w))}. (4-1)
Set A :={(6,®) : (6, ) € A} and note that
A:={6.8) e F xF:6~.&and (6,®) = (c}(6,®),c; (6.®)}

Moreover, we have A = A. In the case (0, w) € A, one can easily see that cf (0,w) = c:r (0, ®w) and
¢ (0,w)=c, (0,w).

In what follows, we introduce the noncommutative Poisson transform of a completely positive linear
map on the operator system

Ry Ry :=span{RyRg :a, B € F} x - xF}},

where R := (Ry, ..., Ry) and R; := (R; 1, ..., R;,,) is the n;-tuple of right creation operators (see
Section 1). Regard M,,(R:R,) as a subspace of M,, (B((X)f.‘:1 F?(H,)))). Let M,,(R;R,) have the
norm structure that it inherits from the (unique) norm structure on the C*-algebra M,, (B (®f“:1 F Z(Hn,- )))
We remark that

R,Rn=span{R,Rp : (e, f) € A} = span{RgRﬁ t(a, B) € A},

where A = A is given by (4-1). If 11 : R;Rn — B(E) is a completely bounded linear map, then there
exists a unique completely bounded linear map

fi=p®id: RyRy" ! @min B(H) = B(E) @min B(H)
such that

AARY)=u(A)®Y, AeR,R, Y cBH).

Moreover, ||fi|lco = ||itllcb and, if p is completely positive, then so is fi.
We define the free pluriharmonic Poisson kernel by setting

P(R, X) := ZZ Z ta BRI R G R g ®Xia Xea X g Xi g
meZ  mel a,»,ﬂ,-e[F;i,ie{l ..... k}

loj|=m7, | Bi|=m]
1 1
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for any X € B,,(#), where the convergence is in the operator norm topology. We need to show that the

latter convergence holds. Indeed, note that, for each i € {1, ..., k} and r € [0, 1), we have
Wi = Z Z Rz&i Ri,ﬁi ®r|ai‘+|ﬂi‘Si’°‘i S;jﬂi
m;eZ Ol,',ﬂieﬂ:;:'l_

i |=m7, |Bi|=m;

- p,-li—l>noo( Z R;Ij&i ®rlailsivai + Z Ri,Bi ®r|ﬁilslffﬂf>’

aiEH:ni ,BiEI]:nl-
O<lei|<pi 0=|Bil=pi

where the limit is in the operator norm topology. One can easily see that

Wi Wi =P(R,rS)

e 1 DY 1 DY * ~ s e e * ~ ~ e e e ~
= Jim e Tim D0 D > Ria o RGR R
mieZ myeZ a,-,ﬂ,-e[F,Ti,ie{l ..... k) S (a1
< < N o .
lmil=<pi [my| < pk o | =, |Bil=m Q r&i=1 1BV g, o Skoay

X ST Sipe

Therefore, the series defining P(R, rS), i.e.,

Z Z Z T’&l. .. Rl?&le,Bl' Ry 5, ®r2?:1(\ail+lﬂf|)slm. .. Sk’aksf’ﬂ] ... Slf,m
mieZ meel o;, Bk, iefl,... .k}
|ei |=m,~i, |Bil=m
are convergent in the operator norm topology. We remark that, due to the fact that the operators Wy, ..., Wi
commute, the order of the limits above is irrelevant. Fix X € B,,(H) and let 7 € (0, 1) be such that (1/7)X
is in B, (H). Since the noncommutative Berezin transform B ,)x is continuous in the operator norm, so
i81d ® B, x. Consequently, applying id ® B/, x to the relation above, we deduce that

1d® B/ x)[P(R,rS)]
= plli—r>noo . pggnoo Z . Z Z ta RLG R g R

m el miel o, BieFt,ie{l,... .k} " "
Imil<pr  |mgl<px " ®X1,a1'"Xk,akxl,/}."'xk,ﬁk’

i |=m7, |Bi|=m;

where the limits are in the operator norm topology. This proves our assertion. Now, we introduce the
noncommutative Poisson transform of a completely bounded linear map u : R R, — B(E) to be the
map Pu : By(H) = B(E) Qmin B(H) defined by

(Pw)(X) :== A[P(R, X)], X € B,(H).

The next result contains some of the basic properties of the noncommutative Poisson kernel and the
noncommutative Poisson transform.

Theorem 4.2. Let i : R; R, — B(E) be a completely bounded linear map.
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(1) The map X — P(R, X) is a positive k-pluriharmonic function on the polyball B,,, with coefficients
in B(®§‘:1 FZ(Hni)), and has the factorization P(R, X) = C3Cx, where

k
Cx =gt pp,) ® Ax(D'? l—[(l —Ri ®X — - —Rin®X;,)"".

i=1
(i) The noncommutative Poisson transform Pu is a free k-pluriharmonic function on the regular
polyball By, that coincides with the Berezin transform B,(1, -).
(iii) If w is a completely positive linear map, then P 1 is a positive free k-pluriharmonic function on B,,.
Proof. The fact that X — P (R, X) is a free k-pluriharmonic function on the polyball B,, with coefficients

in R, R, was proved in the remarks preceding the theorem. Setting A; := R; 1®r S| —---— R, ®rS;,
foreachi € {1, ..., k}, we have

Wi= Z Z R?j&i Rivﬁi ®r|ai|+|ﬂflsi’“i S;jﬂi
m;eZ ai’ﬁieu:nt-

loi |=m;, |B;|=m;
=(I—A)"' =T+ —-A)!
= —A)T'A—A) =T =ADT = A)+ T = ADIUT =AY~

ni

-1 2 -1
= (I — A;k) |:I®fl Fz(Hnl-) ® (I®f€1 F2(Hn,-) - Zr Sl,]S;jj)] (I - Al) .

j=1
Recall that R; ;R; ; = R; ;R; ; and R,-,SR"/‘T’[ = Rj’tR,-’s forany i, j € {1,...,k} withi # j and for any
sefl,...,n;}and r € {1, ..., n;}. Similar commutation relations hold for the universal model S. Since
P(R,rS)=W;--- W, and Wy, ..., W are commuting positive operators, we deduce that
k
P(R,rS) = (l_[(l — Rzl QrSi —-— R;‘jni ®rS,-,nl.)l)
i=1 f
x(U@AsI)][[U-Rii@rS; = —Riy, ®rS}, )"

i=1
for any r € [0, 1), and P(R, rS) = C¢C,s > 0. Now, let X € B, (#) and let r € (0, 1) be such that
(1/r)X € B, (H). Since the noncommutative Berezin transform B(j,,)x is continuous in the operator
norm and completely positive, so is id ® B(j /) x. Consequently, applying id ® B(j/,)x to the relations
above, we deduce that

P(R. X) = (id®B/nx)[P(R, rS)]
k k
=[[u-R; \@Xi1— =R}, ®Xin) " URAX(I) [ [U-Ri\®X]— - -~ R, ®X], )
i=1 i=1
= CxCyx,

which completes the proof of (i).
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Using the results above and the continuity of /& in the operator norm, we deduce that the noncommutative
Berezin transform B, (I, -) associated with p coincides with the Poisson transform P . Indeed, we have

B, X) = a(CxCx)

:ZZ Z (R} 5 - leale,ﬁl'”Rk,ﬁk)®X1~al'"Xk»“kXT,ﬂf”X/t,,Bk
mieZ  mpel o;,pie I]:Jr iefl,..., k}

ot | =m; ,1Bil= m
= (P(R, X))
= PwX)

for any X € B, (H), where the convergence is in the operator norm topology of B(X ®H). This proves (ii).
Note also that the Poisson transform P is a free k-pluriharmonic function on B,, with coefficients in B(E).
If 11 is completely positive, then so is ji. Using the fact that 4 (C3Cx) = (Pu)(X), we deduce (iii). [

Consider the particular case when n; = --- =n, =1, H =K =C, X = (Xy,..., Xi) with
% e D, and u is a complex Borel measure on TX. Note that 4 can be seen as a bounded
linear functional on C(T*). Consequently, there is a u+n1que bounded linear functional /1 on the operator
system generated by the monomials S : S S, ;o

Xj:r]e

S;:m where my,...,my € Z,and Sy, ..., S
are the unilateral shifts acting on the Hardy space H2(T*), such that

+
my o wmt *m e+
k S 1 S k) /,L(elml ?1, lmk (pke lml(pl .e my (/Jk)’ mi, ..., mg€ Z

A m;
s, - S,
Indeed, if p is any polynomial function of the form
.

- mg _m m k
p(Zl,...,Zk,m,...,Zk)—za(ml ,,,,, mk)Zl’ Tyt @ w) e DY,

where a(p,

|l:\l/(p(Sl’ A Sk’ Sik’ AR S;:))l - |/'L(p(€l(p17 ey el(pk’ e_lgol LR | e_lgok))|
<lwlllpCSy, - ooy Sks SToeaos SO
Therefore, i is a bounded linear functional on the operator system span{.A}.A4,}!"I. Note that the

noncommutative Poisson transform of [, i.e., B, (1, -), coincides with the classical Poisson transform
of /. Indeed, for any z = (r1€'?, ..., rve!%) € D, we have

~ T Pr % + % pT .
Bul.oy= Y S plesy e s
(p1,eer PR)EZF
= Z /_,L(Elplgpk)zflzlfl‘
(p1sen PR)EZF
= <f e C”kdu(§)> i
(P1seees pk)GZ"

— Ak( Z {Pl| i rlLPk\eipl(ﬁ—(ﬂl) .. eipk(Qk—Wc)) du(t) = /w{ P(z,0)du(?),
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where
P, ) =P 0 —¢) - PO —90), (=7, ... %) eTk,

and P, (6 —¢) = (1 —r?)/(1 —2r cos(9—¢) +r?) is the Poisson kernel of the unit disc (see [Rudin 1969]).
We recall that A denotes the set of all pairs (e, B) € F,” x F,, where F, :=F} x--- xFf, with
the property that & ~. § and (&, B) = (clJr (e, B), c; (e, B)). We remark that (e, B) € A if and only
if (e, ﬁ) € A. As before, we use the notation & = (e, ..., o) if ¢ = (etq, ..., 0) € I]:,J{.
Throughout the rest of this section, we assume that £ is a separable Hilbert space.

Lemma 4.3. Let u : R Rp, — B(E) be a completely bounded linear map. For each r € [0, 1), define the
linear map (1, : R Ry — B(E) by

1 (RyRg) :=r' Pl (RERg), (o, B) € A,
where |ot| ;= |o)| +- -+ o] if @ = (a1, ..., ) € Fyf. Then
(1) u, is a completely bounded linear map;
(1) llpelleb = supo<p <y e lleo = limy— 1 [|12r llebs
(iii) pr(A) — w(A) in the operator norm topology as r — 1 for any A € R, Ry;
(iv) if u is completely positive, then so is wu, for any r € [0, 1).

Proof. Let

p(R*R):i= ) awpRiRs aep eC,

(a,p)eA CA
card(A)<Rg

and 0 <r; < rp < 1. Using the noncommutative von Neumann inequality [Popescu 1999], we deduce that

r ri
ler, (P(R*, R)|| = lu(p(ri R*, riR)) || = Huz (p(ER*, ER» < llun i p(R*, R)||.

In particular, we have ||| < [|[n|| for any r € [0, 1). Similarly, passing to matrices over R, R, one
can show that ||ty llcb < llttr,lley if 0 <71 <12 <1, and ||u,llep < lItlley for any r € [0, 1). Now,
one can easily see that j,(A) — w(A) in the operator norm topology as r — 1 for any A € R;R,,
and ||ulleb = supy<, -1 llerllch- Hence, and using the fact that the function r — ||u,|[cp 1S increasing
for r € [0, 1), we deduce that lim,_, | ||, ||cp €xists and it is equal to || t]|cp-

To prove (iv), note that 1, (p(R*, R)) = wu(B,g[p(S*, S)]). Since the noncommutative Berezin
transform B, g and u are completely positive linear maps and p(R*, R) is unitarily equivalent to p(S*, S),
we deduce that p, is a completely positive linear map for each r € [0, 1). ]

Let F be a free k-pluriharmonic function on the polyball B,,, with operator-valued coefficients in B(E),
with representation

FX)y=Y) ). Yo Ao © X Xea Xig - Xig,
mieZ myel a,-,ﬂ,-e[F,*,’i,ie{l,...,k}

loti |=m, |Bil=m
1 1
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We associate to F and each r € [0, 1) the linear map vg, : R R, — B(E) by setting

vi, (RyR) :=r""PIAG,  oip g (@, B) €A, 4-2)

.....

We remark that vg, is uniquely determined by the radial function r — F(rS). Indeed, note that, if
X =X1Q - Qx, y=y1 Q- ® y satisfy (1-3) and 4, £ € £, we have

(FrS)(h®x), t@y) = (r""PIAG, _ap..poh €)= (vi (RERDK, £),  (a, B) € A.

In what follows, we denote by C*(R) the C*-algebra generated by the right creation operators R; ;,
wherei € {1,...,k}and j €{l,...,n;}.

Theorem 4.4. Let F : B,,(H) — B(E) ®min B(H) be a free k-pluriharmonic function. Then the following
statements are equivalent:

(1) There exists a completely bounded linear map u : C*(R) — B(E) such that F = Ppu.
(i) The linear maps {vF,},c|0,1) associated with F are completely bounded and sup, _; ||VF, |lcb < 0.
(iii) There exist a k-tuple V.= (V1,..., Vi), Vi=(Vi1,..., Vi), of doubly commuting row isometries
acting on a Hilbert space K and bounded linear operators Wi, W, : £ — K such that
F(X) = (W} @ DICx(V)*Cx(MI(W2® D),
where
k
Cx(V) =@ Ax(DD U~ Via @ X} == Vim ® X5,) 7"
i=l1
Moreover, in this case we can choose v such that || it||cb = Supy<, -1 [V, Ilcb-

Proof. Assume that (i) holds. Then

FX)=) -} Y. MRig o RiGR RGO Xiar Xea Xi g Xi g,
miel myel a;,ﬂ;e[Fj,’i,ie{l ..... k}
i |=m; . |il=m
for any X € B, (#), where the convergence is in the operator norm topology. Set A (q;g) := (R R 5) for
any (o, B) € A. Consequently, for each r € [0, 1), we have

v, (RyRg) :=r""PIu(RIR;), (a, B) € A.

We recall that (e, B) € A if and only if (a, B) € A. Applying Lemma 4.3, we deduce that {vr }is a
completely bounded map and

lulrzir, lleb = sup [[vE, [lcb < 00,
0<r<Il

which proves that (i) implies (ii).
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Now, we prove that (ii) implies (i). Assume that F is a free pluriharmonic function on B,, with
coefficients in B(£) and such that condition (ii) holds. Let {g;} be a countable dense subset of R;R,.
For instance, we can consider all the operators of the form

p(R*, R) := > aw.pRERg,

(a,B)eA: a|<m,|B|<m

where m € N and the coefficients a, g) lie in some countable dense subset of the complex plane. For
each j, we have |[vg, (g;) || < M|lq;|l for any r € [0, 1), where M := supy_, _; [IVE, l|cb-

Due to the Banach—Alaoglu theorem [Douglas 1998], the ball [ B(£)]), is compact in the w*-topology.
Since £ is a separable Hilbert space, [ B(€)],, is a metric space in the w*-topology which coincides with
the weak operator topology on [B(£)],,. Consequently, the diagonal process guarantees the existence
of a sequence {r,,},_, such that r,, — 1 and WOT-lim,, | vf, (g;) exists for each g;. Fix A € R, R,
and x, y € £ and let us prove that {(vg, (A)x, y)}o>_
so that |lg; — All <e€/BM]|x|/|lyll). Now we choose N so that |((vprm (gj) — VF, (gj)x, y)’ < %e for

any m, k > N. Due to the fact that

| is a Cauchy sequence. Let € > 0 and choose g;

[((VE,, (A) =vE, (A)x, y)| < [(vE,, (A=g))x, )|+ |((VE,, (@) = vE, @))x, )|+ |(vE, (qj—A)x, )|
<2M|x Iyl A=g;ll+ [{(VE,, (a)) = VE, (g;)x, ¥)

’

we deduce that ‘((vprm (A) — VF,, (A))x, y)} < € for m, k > N. Therefore,

P (x,y) = (vg,, (A)x, y)

lim
m—0o0
exists for any x, y € £ and defines a functional ® : £ x £ — C which is linear in the first variable and
conjugate linear in the second. Moreover, we have |®(x, y)| < M||A|/|lx|||y|l for any x, y € £. Due to
the Riesz representation theorem, there exists a unique bounded linear operator B(£), which we denote
by v(A), such that ®(x, y) = (v(A)x, y) for x, y € £. Therefore,

v(A) = WOT- lim1 Vg, (A), A€R,Ra,

and [[v(A)|| < M|/ A]. Note that v : R; R, — B() is a completely bounded map. Indeed, if [A;;],
is an m x m matrix over R, R,, then [v(A;j)], = WOT—limrk_H[vFrk (Aij)lm. Hence, [[[v(A;p)]nl <
M||[A;j]n]l for all m, and so ||v|lc, < M. Note also that v(R;i;RB) = A(:p) for any (e, B) € A, where
A« p) are the coefficients of F'. By Wittstock’s extension theorem [1981; 1984], there exists a completely
bounded linear map u : C*(R) — B(E) which extends v such that |||y = ||V]cb. Since F = Pu, the
proof of (i) is complete.

Now, we prove the equivalence of (i) with (iii). If (i) holds, then according to Theorem 8.4 from
[Paulsen 1986] there exist a Hilbert space K, a x-representation 7 : C*(R) — B(K), and bounded operators
Wi, Wy : € — K with ||| = ||W1]l|W2]| such that

u(A) =Win(A)Wy, A€ C*(R). (4-3)
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Set V;j :=n(R;;) fori € {l,...,k} and j € {1,...,n;} and note that V = (Vy,..., V), V; =

Vi1, ..., Vin,),1s a k-tuple of doubly commuting row isometries. Using Theorem 4.2, one can easily
see that the equality F' = Pu implies the one from (iii). Now, we prove that (iii) implies (i). Since
the k-tuple V.= (V1, ..., Vi), Vi=(Vi1,..., Vi), consists of doubly commuting row isometries on

a Hilbert space IC, the noncommutative von Neumann inequality [Popescu 1999] implies that the map
7 : C*(R) — B(€) defined by
m(RyR}) := VoV, o, BeF,,
is a x-representation of C*(R). Define  : C*(R) — B(€) by setting u(A) := Win(A)W,, A € C*(R),
and note that u is a completely bounded linear map. Using the relation
F(X) =W DICx(V)"Cx(V)I(W2® 1)

and the factorization P(V, X) =Cx(V)*Cx (V) (see also Theorem 4.2), we deduce that F(X) = Pu(X)
for X € B,(H). O

We introduce the space PH!(B,) of all free k-pluriharmonic functions F on B,, such that the linear
maps {vr, },¢[0,1) associated with F" are completely bounded and set || F'|[1 := supg<, | [[VF, [leb < 00. As
a consequence of Theorem 4.4, one can see that || - ||| is a norm on PH!(B,) and (PH'(B,), || - |l1) is a
Banach space that can be identified with the Banach space CB(R;R,, B(£)) of all completely bounded
linear maps from R, R, to B(E).

Corollary 4.5. Let F : B,(H) — B(E) Qmin B(H) be a free k-pluriharmonic function. Then the following
statements are equivalent:

(i) There exists a completely positive linear map  : C*(R) — B(E) such that F = P .
(i1) The linear maps {VF, }r<[0,1) associated with F are completely positive.

(iii) There exist a k-tuple V.= (V1, ..., Vi), Vi=(Vi1, ..., Vi), of doubly commuting row isometries
acting on a Hilbert space K D & and a bounded operator W : £ — K such that

F(X)=W*® DI[Cx (V)" Cx(V)IW D).

Proof. The proof is similar to that of Theorem 4.4. Note that for (i) implies (ii) we have to use
Lemma 4.3(iv). For the converse, note that if vy, r € [0, 1), are completely positive linear maps then

IvE lleo = lve, (DI = lIve [l = | Ag:g) s

where g = (g(]), ey gé) is the identity element in F,". As in the proof of Theorem 4.4, we find a
completely bounded map v : R; R, — B(&) such that

v(A) = WOT- liml v, (A), AeR,Ra.
Fm—>
Since v, r € [0, 1), are completely positive linear maps, one can easily see that v is completely positive.

Using Arveson’s extension theorem [1969], we find a completely positive map u : C*(R) — C which
extends v and such that || it|lco = ||v]|cb- We also have that F = P u. Now, the proof that (iii) is equivalent
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to (i) uses Stinespring’s representation theorem [1955] and is similar to the same equivalence from
Theorem 4.4. We leave it to the reader. ]

An open question remains. Is any positive free k-pluriharmonic function on the regular polyball B,
the Poisson transform of a completely positive linear map? The answer is positive if kK = 1 (see [Popescu
2009]) and also when n| = - - - = ny (see Section 3).

5. Herglotz—Riesz representations for free holomorphic functions with positive real parts

In this section, we introduce the noncommutative Herglotz—Riesz transform of a completely positive
linear map u : R, R, — B(€) and obtain Herglotz—Riesz representation theorems for free holomorphic
functions with positive real parts in regular polyballs.

Define the space

RH(B,) :=span{di f : f € Hol¢(B,)},

where Holg (By,) is the set of all free holomorphic functions in the polyball B,, with coefficients in B(E).
Lett: B((@f“:1 F%(H,,)) — C be the bounded linear functional defined by 7(A) = (A1, 1). We remark
that the radial function associated with ¢ € RH(B,,), i.e., r — ¢ (rR) for r € [0, 1), uniquely determines
the family {v,, },c(0,1) of linear maps vy, : R; R, — B(E) defined by (4-2). Indeed, note that

Vg, (R3) = (id® T)[(I ® RY)p(rR)],

Vg, (Rg) := (id® 7)[p(rR)(I ® Ry)],
forany o = (a1, ..., o) € F,f :=F} x-- - x [F,J[k, where @ = (&1, ..., ) and Ry := Ry o, - - R4, and
v, (R Rp) = 0 if Ry Ry is different from R, or Ry for some y € F,". Consider the space

RH' (By) = {(p € RH(By) : vy, is completely bounded and supg—, _; [V, [lcb < oo}

If p € RHl(B,,), we define [|@][1 := supy-, - [[vg, llcb- Denote by CBo(R;Rn, B(E)) the space of all
completely bounded linear maps A : R, R, — B(E) such that A(R; Rg) = 0 if R} Rg is not equal to R,,
or R}, for some y € F,f.

Theorem 5.1. (RH'(B,), || - ||l1) is a Banach space which can be identified with the Banach space
CBo(R;Ru, B(E)). Moreover, if ¢ : By(H) — B(E) Qmin B(H) is a function, then the following
statements are equivalent:

(i) ¢ is in RH'(B,,).
(ii) There is a unique completely bounded linear map (1, € CBo(R;,, Ry, B(E)) such that ¢ = Pi,.

(iii) There exist a k-tuple V.= (V1,..., Vi), Vi=(Vi1,..., Vi), of doubly commuting row isometries
on a Hilbert space K and bounded linear operators Wy, Wy : £ — K such that

p(X) =W DICx(V)"Cx(MI(W>® 1)

and WiV VgWs = 0 if Ry Rg is not equal to Ry, or Ry, for some y € F.
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Proof. Define the map W : CBy (R R,, B(&)) — RH'(B,) by W (w) :="Pu. To prove the injectivity of W,
let 41, o bein CBg (R, Ry, B(E)) such that W (1) =W (12). Due to the uniqueness of the representation
of a free k-pluriharmonic function and the definition of the noncommutative Poisson transform of a
completely bounded map on R;R,, we deduce that ju1(Ry) = n2(Re) and wi(R}) = u2(R}) for
a el x---xFf, and 1 (RyRg) = 2 (Ry Rp) = 0 if Ry R is not equal to R), or R for some y € F,f.
Hence, we deduce that 1| = w».

By Theorem 4.4, for any ¢ € RH'(B,) there is a completely bounded linear map j1, € CB(R Ry, B(E))
such that ¢ =Ppu, and ||@|[1 = ||ty lcb- This proves that the map W is surjective and [Py ll1 = ||ty lch-
Therefore, (i) is equivalent to (ii).

Now, the latter equivalence and Theorem 4.2 imply

9(X) = (Pury)(X) = [1y(CxCx), X € Bs(H), (5-D

where
k

Cx = Ugy o, @ Ax(D') [ JU ~ R @ X}y = = Riw, ® X5,) 7"
i=1
Due to Wittstock’s extension theorem [1984], there exists a completely bounded map @ : C*(R) — B(E)
that extends p, with [|iglley = [|®|lch. According to Theorem 8.4 from [Paulsen 1986], there exist a
Hilbert space K, a x-representation  : C*(R) — B(K), and bounded operators W, W, : £ — K with
I = [[Wil[[IW2]| such that

O(A) =Win(A)W,, AeC*(R). (5-2)

SetV; j:=n(R; ;) foriefl,...,k}and j €{l,...,n;} and note that V = (Vi, ..., V,) is a k-tuple of
doubly commuting row isometries V; = (V; 1, ..., Vi ). Using (5-1) and (5-2), one can deduce (iii). The
proof that (iii) implies (i) is similar to the proof of the same implication from Theorem 4.4. (]

Consider now the subspace of free holomorphic functions H'(B,,) := Hol(B,,) N PH!(B,) together
with the norm || - ||;. Using Theorem 5.1, we can obtain the following weak analogue of the F. and
M. Riesz theorem [Hoffman 1962] in our setting.

Corollary 5.2. (H YB), |l - 1) is a Banach space which can be identified with the annihilator of R,, in
CBo (R, Ru, B(E)), i.e.,

(R,)* :={u € CBy (RiRu, B(E)) : n(Ry) =0 forall @ € F,\, || > 1}.
Moreover, for each f € H'(B,), there is a unique completely bounded linear map ny € (R,)* such
that f =Py

Given a completely bounded linear map u : R, R, — B(E), we introduce the noncommutative
Fantappie transform of p to be the map Fu : B, (H) — B(E) @min B(H) defined by

k
(Fu)(X) = ﬁ(]‘[(! — R ®Xi1—-—R, ®X,~,m)—‘)
i=1
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for X := (X1, ..., Xx) € B,(H). We remark that the noncommutative Fantappi¢ transform is a linear
map and Fpu is a free holomorphic function in the open polyball B, with coefficients in B(E).

Let u: R; R, — B(€) be a completely positive linear map. We introduce the noncommutative
Herglotz—Riesz transform of p on the regular polyball to be the map Hu : B,,(H) — B(E) ®min B(H)

defined by
k

(H) (X) = /1(2 [T0-R ®@Xii—— R, ©Xin) ™' — 1)

i=1
for X := (X1, ..., Xx) € Bn(H). Note that (Hu)(X) = 2(Fu)(X) —n() ® 1.

Theorem 5.3. Let f be a function from the polyball B,(H) to B(E) @min B(H). Then the following
statements are equivalent:

(1) f is a free holomorphic function with R f > 0 and the linear maps {vy s, }rc[0,1) associated with R f
are completely positive.

(i1) The function f admits a Herglotz—Riesz representation
FX) = (Hp)(X)+i3f(0),

where (u : C*(R) — B(&) is a completely positive linear map with the property that (R Rg) = 0 if
R, Ry is not equal to Ry, or R}, for some y € F;.

(iii) There exist a k-tuple V.= (V1, ..., Vi), Vi=(Vi1, ..., Vi), of doubly commuting row isometries
on a Hilbert space K and a bounded linear operator W : £ — K such that

k
f(X) = (W*®I)(2]_[(1 —VN®Xii— =V ®Xin)! —I)(W®I)+i§sf(0)
i=1

and W*VyVgW =0 if R, Rg is not equal to Ry, or R}, for some y € F;.

Proof. We prove that (i) implies (ii). Let f have the representation f(X) =), £ A@) ® Xo. Due
to Corollary 4.5, there exists a completely positive linear map wu : C*(R) — B(&) such that W f = Ppu.
Consequently, we have

() =35(Ag) +A%). wRa) =3A%,), w(R)=3An forallacF,, |a|>1,

and ,u(R;i;Rﬁ) = 0 if R, Rp is not equal to R, or R}, for some y € F;\. Using the definition of the
Herglotz—Riesz transform, we obtain

k
(Hu)(X) = ﬁ(Zl_[(l R ®Xi —— R, ®Xi,) ' — 1)
i=1

= ) Aw®Xe+ A ®T —3(Ag) + Al ®1

ackF;
=fX) - %(Afg) —Ag)®I
= f(X)—i3f(0),
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which proves (ii). Now we prove that (ii) implies (i). Assume that (ii) holds. Then

FX) =2(F)(X) —u) @I =i f(0)

is a free holomorphic function on the polyball B,. Taking into account that (R, Rg) =0 if R Rg is not
equal to R, or R}, for some y € F,/, and using Theorem 4.2, we deduce that

WX+ [0
= 3 (HW(X) + (HW(X)*)

k k
=ﬁ<n(1_Rz1®Xi,] _"'_R?jni®Xi,n,-)1_1+1_[(I_Ri,l®X?j1_"'_Ri,n,~®X?ini)1)

i=1 i=1

= [L(P(R, X)) = 0.

Therefore, N f is a free k-pluriharmonic function such that i f = Pu. Due to Corollary 4.5, we deduce
that the linear maps {vy; 1, },¢[0,1) associated with ) f are completely positive.

Now, we prove that (ii) implies (iii). Assume that (ii) holds. According to Stinespring’s representation
theorem [1955], there is a Hilbert space C, a *-representation 7 : C*(R) — B(K) and abounded W :£ — K
with [|(D)| = |W|* such that u(A) = W*z(A)W for all A € C*(R). Setting V; ; := 7 (R;;) for all
ief{l,...,k}and je{l,...,n;},itis clear that the k-tuple V = (Vi, ..., Vi), Vi=(Vi1,..., Vi), con-
sists of doubly commuting row isometries. Note that, if R, Rg is not equal to R, or R, for some y € F,
then

W*ViVaW = W*r(RERg)W = u(R:Rp) = 0.

Now, one can easily see that the relation f(X) = (Hu)(X) + i3 f(0) leads to the representation in (iii),
which completes the proof.

It remains to prove that (iii) implies (ii). To this end, assume that (iii) holds. Since the k-tuple
V=WV,....,Vk), Vi=(Vi1,..., Vin,), consists of doubly commuting row isometries on a Hilbert space
KC, the noncommutative von Neumann inequality [Popescu 1999] implies that the map 7 : C*(R) — B(&)
defined by

7(RuRp) :=Vo Vs, a, BeF,,

is a x-representation of C*(R). Define i : C*(R) — B(&) by setting w(A) := W*m (A)W. It is clear that
W is a completely positive linear map and (iii) implies

k
FX) = n(z [1¢ R ®@Xii— — Rl ®Xin) ™! —1) +i3/(0).
i=1

Note also that
W(RyRg) = W (R,Rg)W = W*V;VgW =0

if R; Rg is not equal to R,, or R;’j for some y € F,". This shows that (ii) holds. [l
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In the particular case when n; = - - - = n; = 1, we obtain an operator-valued extension of Kordnyi—
Pukanszky integral representation for holomorphic functions with positive real part on polydisks [Kordnyi
and Pukéanszky 1963].

In what follows, we say that f has a Herglotz—Riesz representation if Theorem 5.3(ii) is satisfied.

Theorem 5.4. Let f : B,(H) — B(E) Qmin B(H) be a function, where n = (ny, ..., ng) € NK, If f admits
a Herglotz—Riesz representation, then f is a free holomorphic function with R f > 0.

Conversely, if f is a free holomorphic function such that R f > 0, then there is a unique completely
positive linear map j : R, + R, — B(E) such that

FO) = HWEY) +i3f©0), ¥ € - BalH).
Moreover,
FX) =2 K*u(Ry) @ Xo — () ®1, X € By(H).
acF,
Proof. The forward implication was proved in Theorem 5.3. We prove the converse. Assume that f has
the representation

fX)=) Aw®Xy, XeBy(H). (5-3)
acF,

First we consider the case when %(A(g) + Afg)) = Ic. Since R f > 0 and N £ (0) = I, Theorem 3.6 shows
that there is a k-tuple V = (Vy, ..., Vi) of commuting row isometries on a space K D £ such that

RfX)= Y PeViVj|.® Xo X}
(0,w)eF; xF,;
The uniqueness of the representation of free k-pluriharmonic functions on B, implies
1Aw ifacF  B=g,
P5V5V5|5= %Afﬁ) if e F/,a=g, (5-4)
0 otherwise.
SetT; j :=(1/k)V; ; fori e {1,...,k}and j € {1, ..., n;}. According to Proposition 1.9 from [Popescu
2016], the k-tuple T := (T, ..., Ty), T; := (Ti1, ..., Ti ), is in the closed polyball B,(K). Using
Theorem 7.2 from [Popescu 2016], we find a k-tuple W := (W1, ..., W;) of doubly commuting row
isometries on a Hilbert space G D K such that W;fjl,C = Tl*] foralli e {1,...,k}and j € {1,...,n;}.
Define the linear map u : C*(R) — B(£) by setting

;. a.BeF,.

1(RGRG) = Pe[ Pk WW5 ]
Note that p is a completely positive linear map with the property that u(R ﬂ) = (1/2k'8 ‘)A?‘ﬂ) and
W(RZ) = (1/2k1*N A ) if o, B € F,} with a # g and B # g, and (1) = I¢. Consequently, (5-3) and (5-4)
imply
FX) =2 KRy @ Xa—u(HQI, X € By(H).

acF;t
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Setting Y := (1/k) X, we deduce that

fN) =23 pRYKY, — (@1
ackF,

k
— ,1(2 [1¢ - R ®@kYii—---— R}, @kYi) ™' — 1)

i=1

= (Hup)(kY)

for any Y € (1/k) B, (H), which completes the proof when A ) = Ic. Now, we consider the case when
Ci) = %(A(g) + A{,)) = 0. For each € > 0, define the free holomorphic function

ge 1= (Cg) + €)™ P Lf +€le ® Iy)(Cigy + )72

and note that 9ig.(0) = I. Applying the first part of the proof to g., we find a completely positive linear
map ie : C*(R) — B(E) with the property that

1 _ _
Me(RB) = W(C(g) +€l) l/zAzkﬁ)(C(g) +el) 172
and
1
Re(RE) = ——(Cgy+ €)™ ?Ag)(Cigy +e)™1/?

T 2klel

ifa, e F, witha # g and B # g, and pe (1) = I¢. Setting v (§) := (Cgy + €)1/ ? 11 (§)(Cigy +€I)1/?
for all £ € C*(R), one can easily see that v, is a completely positive linear map with the property
that ve(Rj) = (1/2k|ﬂ|)A?ﬂ) and ve(R%) = (1/2k1")A () if &, B € F," with & # g and B # g, and
ve(I) = C(g) +€lg. Following the proofs of Theorem 4.4 and Corollary 4.5, we find a completely positive
linear map v : C*(R) — B(€) such that v(§) = WOT-lim,_,¢ v¢, (§) for & € C*(R), where {¢} is a
sequence of positive numbers converging to zero. Consequently, we have v(R ﬁ) = (1/2k'B |)A>(kﬂ) and
V(R}) = (1/2k1*) Ay if &, B € F,f witho # g and B # g, and v(I) = C(g)- As in the first part of this
proof, one can easily see that

) = (HWKY) +i3F©). ¥ € LBy(H).
and

FX) =2 KR @ Xe —v()®I, X € By(H). 0

acF,
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BOHNENBLUST-HILLE INEQUALITIES FOR LORENTZ SPACES
VIA INTERPOLATION

ANDREAS DEFANT AND MIECZYSEAW MASTYLO

We prove that the Lorentz sequence space {2,,/(m+1),1 1S, in a precise sense, optimal among all sym-
metric Banach sequence spaces satisfying a Bohnenblust—Hille-type inequality for m-linear forms or
m-homogeneous polynomials on C". Motivated by this result we develop methods for dealing with
subtle Bohnenblust—Hille-type inequalities in the setting of Lorentz spaces. Based on an interpolation
approach and the Blei—Fournier inequalities involving mixed-type spaces, we prove multilinear and
polynomial Bohnenblust-Hille-type inequalities in Lorentz spaces with subpolynomial and subexponential
constants. An application to the theory of Dirichlet series improves a deep result of Balasubramanian,
Calado and Queffélec.

1. Introduction and classical results

In seminal work, Bohnenblust and Hille [1931] proved that there exists a positive function f on N
such that, for each n and every m-homogeneous polynomial on C”, the £,-norm with p =2m/(m 4 1)
of the set of its coefficients is bounded above by the constant f(m) times the supremum norm of the
polynomial on the unit polydisc D". The primary interest of this result is that f(m) is independent of
the dimension n and, moreover, the exponent 2m/(m + 1) is optimal. This result was a key point in the
celebrated solution by Bohnenblust and Hille of Bohr’s absolute convergence problem for Dirichlet series
(see, e.g., [Bohnenblust and Hille 1931; Bohr 1913; Defant et al. 2016; Defant and Sevilla-Peris 2014]).

Recently, more sophisticated results were obtained and successfully applied to verify several long-
standing conjectures in the convergence theory for Dirichlet series (and intimately related complex analysis
in high dimensions). A striking improvement was given in [Defant et al. 2011], proving that f(m) in fact
grows at most exponentially in 7, and a recent result even states that f(m) is subexponential, in the sense
that for every € > 0 there is a constant C(¢) such that f(m) < C(eg)(1 + €)™ for each m € N [Bayart et al.
2014b]. Estimates of this type proved to be useful in many different areas of analysis, for example the
modern 4, -theory of Dirichlet series and (the intimately connected) infinite-dimensional holomorphy (see,
e.g., [Bayart et al. 2014a; Defant and Sevilla-Peris 2014]), the study of summing polynomials in Banach
spaces (see [Albuquerque et al. 2014; Defant et al. 2012; Dimant and Sevilla-Peris 2013], for example),
and even in quantum information theory (see [Montanaro 2012]) and more generally in Fourier analysis
of Boolean functions. A good general reference in this area is the recent book of O’Donnell [2014].

Mastyto was supported by the Foundation for Polish Science (FNP).

MSC2010: 46B70, 47A53.

Keywords: Bohnenblust—Hille inequality, Dirichlet polynomials, Dirichlet series, homogeneous polynomials, interpolation
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Our aim is to prove multilinear and polynomial Bohnenblust-Hille inequalities in the setting of Lorentz
spaces. In the remainder of this introduction we give more precise details on the state of the art of BH
inequalities (multilinear and polynomial) and isolate the two natural problems that mainly concern us.

We will consider Banach sequence spaces (X(/), || - ||x) of C-valued sequences (x;);es, which are
defined over arbitrary given (index) sets /. In what follows, Lorentz spaces will play an important role.
Given 1 < p <ooand 1 <¢g < oo, the Lorentz space £, 4(I) (£ 4 for short) on a nonempty set / consists
of all x = (x;);ey for which the expression

el - §Ckes w97 — =12 g <o, M)
P supyes k1/Px} if ¢ = oo,
is finite. Here, as usual, for a given x = (x;);es € £oo(I), we denote by x* = (x]’.k)j eJ the nonincreasing
rearrangement of x, defined by

x]’-":inf{k>():card{iel:|xl~|>/\}§j}, JjeJ,

where J = {1,...,n} whenever card I = n, and J = N whenever [ is infinite. The expression (1) is
anorm if ¢ < p and a quasinorm if ¢ > p. In the second case, || [|¢, , is equivalent to a norm. Of course,
£y, p is the Minkowski space £, since the map x +— x™* is an isometry.

The following two finite index sets will be of special interest: for each m, n € N,

MOm,n) =i =(i1,....im) ik €N, 1 <ig <n} and  $(m.n) ={j € M(m.n): j1 < j2 <+ = jm}.

Below we explain the two inequalities we are interested in, the so-called multilinear and polynomial
Bohnenblust-Hille inequalities, and we motivate the two problems we intend to handle.

The multilinear BH inequality. Given a Banach sequence space X (defined over arbitrary index sets)
and m € N, we denote by

BHY"'(m) € [1, 0]

the best constant C > 1 such that for each n and every complex matrix a = (4; )i eu(m,n) We have

[(@i)ieaimmllx < Cllalloos (2)
where
lalloo = sup Z a,-xl-l1 X
||(xlk)7=1"00§1 i=(i17"'7im)€M(m7n)
1<k<m

For the sake of completeness we give a short review of the history of the inequalities of the form (2),
emphasizing those results, old and very recent, which are of relevance to this article. (For more on that
we once again refer to [Defant and Sevilla-Peris 2014].) The case m = 2 reflects a famous result of
Littlewood [1930]:

BHZ“/I; (2) < 0.
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Solving Bohr’s so-called absolute convergence problem on Dirichlet series, Bohnenblust and Hille
[1931] studied the case of arbitrary m and proved that

1t
BH?zumuern (m) < oo. 3)

This result was improved by [Blei and Fournier 1989; Fournier 1987] showing that, even,

1t
BHrélzum/(m-&-l).l (m) < ©0. )

In Section 4 we give a modified version of their proof from [Blei and Fournier 1989].
Finally, Bayart, Pellegrino and Seoane-Sepulveda [Bayart et al. 2014b] showed that the constants in (3)
are subpolynomial in the following sense: there is a constant k¥ > 1 such that for all m we have

BH;P;::/WH) (m) <km1—1/2, 5)

where y is the Euler—Masceroni constant. Note that there exists a uniform constant C > 0 such that, for
any finite index set /,
1€p (1) = L£p,1 ()| = C log(card I); (6)

hence, by (5), there exists § > 1 such that, for each m, n and every matrix (a; ); e s(m,n)»

1@0)icaonmllzmonsny,1 < m’ (ogn)jalloo.
In view of this, and comparing with (4) and (5), the following natural question appears:

Problem 1. Does there exist a constant § > 0 such that for each m we have

BHZI;urlnt/(m-H).l (m) = mg?

We provide far-reaching partial solutions extending all results mentioned before. The main contributions
are given in Theorems 6 and 12.

The polynomial BH inequality. Every m-homogenous polynomial

P(z) = Z coz”

aeNg
la|=m
in n complex variables z = (zy, ..., z,) € C" can be uniquely rewritten in the form
P@) =}, ¢z Zim ™
Jeg(m,n)

and we denote its supremum norm by

IPlloo= " sup

Iz 2 o<1

§ : CjZjr " Zjm|

J=(i1,....in)€F(m,n)

Given a Banach sequence space X (defined over an arbitrary index set) and m € N, we denote by

BH?:l(m) € [1, o0]
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the best constant C > 1 such that, for each n and every m-homogeneous polynomial P as in (7), we have

[(cj(P))jesmmlx < CIP|oo- (®)

Let us again give a short review of the most important results on such inequalities (for more information,
again see [Defant and Sevilla-Peris 2014]).
By inventing polarization, Bohnenblust and Hille [1931] deduced from (3) that

1
BHZmumﬂ) (m) < 0. ©)

The fact that p = 2m/(m + 1) is optimal here was a crucial step in the solution of Bohr’s so-called
absolute convergence problem. Again, mainly motivated by problems on the general theory of Dirichlet
series and holomorphic functions in high dimensions, the first qualitative improvement of the constants
was done in [Defant et al. 2011]: for every & > 0 there is a constant C(g) > 0 such that, for all m,

BH! (m) < C(e)(V2 + &)™. (10)

Lam/m+1)

Bayart et al. [2014b] proved that these constants are even subexponential in the following sense:

pol m
Blem/(mH)(m) <C(e)(1 +¢&)™. (1D

We are going to see that a standard polarization argument extends (9) to Lorentz spaces:

pol .
BHezm/(mH)’l(m) < 00; (12)

but the following problem will turn out to be much more challenging:

Problem 2. To what extent do (10) and (11) hold when we replace €3,/ (m+1) by the Lorentz sequence
space Lomjm+1),17

Concerning the extension of (10), our main result is given in Theorem 14.

Why do Lorentz spaces play an essential role within the context of Bohnenblust—Hille inequalities?
We prove (see Theorem 1) that, among all symmetric Banach sequence spaces X satisfying a multilinear
or polynomial Bohnenblust-Hille inequality as in (2) or (8), the sequence space X = {,,/(n+1),1 is the
smallest one (and in this sense the “best”).

2. Preliminaries

Throughout the paper, for a given finite set {X;};e; of Banach spaces which are all contained in some
linear space ¥, we denote by €, .; X; the Banach space of all x € ();<; X; equipped with the norm

Ixle,e, x: = D Ixlx,

iel

For each m € N we denote by Jl(m) and $(m) the union of all M(m,n) and $(m,n), n € N, respectively.
We define an equivalence relation in JtL(m,n) in the following way: i ~ j if there is a permuta-
tion o of {1,...,m} such that (i1,...,im) = (jo(1) - - -+ Jo(m))» and denote by [i] the equivalence class



BOHNENBLUST-HILLE INEQUALITIES FOR LORENTZ SPACES VIA INTERPOLATION 1239

of i € M(m,n). The following disjoint partition of JL(m, n) will be very useful:

Mem.m)y =) [jl

J€g(m,n)

For 1 <k <m, let ?;(m) denote the set of all subsets of {l, e m} with cardinality k. We denote the
complement of S € P (m) in {1,...,m} by S.IfSe P (m), then let M (S, n) be the set of all indices
i:S —{l,...,n},soin the special case S = {1, ..., k} we clearly have that Jl(k, n) = (S, n). Finally,
fori e M(S,n)and j € /l/t(§,n) we define i @ j € J(m, n) through

e i on S,
i = ~
J j on S.
Given m, n, k e N with 1 <k <m and 1 < p, g < oo, we define the norm || - [, ,k,p,q) ON the

space CM":1) of all matrices a = (ai)iemim,n) by

pla\1/p
llonniepy = D ( 2 ( 2 '“"@"'q) ) ’

SePi(m) “ieM(S,n) " j e(S,n)

and denote the corresponding Banach space by

P SN G).

SePy(m)

Clearly, this is the £;-sum of all Banach spaces £, (S)[{4 ()], where EP(S)[Kq(§)] is, by definition,
Cmm) normed by

pla\1/p
”“”ﬁp(sueq(ﬁ)]:( > ( > |“i®i|q) ) :

PieM(S,n) " jeu(S,n)

We will consider (classes of) Banach lattices. Of particular importance are symmetric spaces. We
recall that a Banach lattice £ on a measure space (2, X, ) is said to be symmetric if g € E and
| fIlE = llglle whenever iy = g and f € E. Here jur denotes the distribution function of f, defined
by () = p{t € Q:|f(t)| > A} for A > 0. Throughout the paper, by a Banach sequence lattice on a
finite or countable set / we mean a real or complex Banach lattice E on the measure space (1,27, 1)
(on I, for short), where p is the counting measure. In the case when E is symmetric, E is said to be a
symmetric Banach (sequence) space.

A symmetric space E is called fully symmetric whenever it is an exact interpolation space between
L1(w) and Lo (p); that is, for any linear operator 7: L1(i) + Loo(it) = L1(it) + Loo(it) such that
1T, (w—L,e) <1and | T||1 (u)—>Lo () <1 we have that T maps E into £ and | T||g—g < 1. It
is well known that symmetric spaces that have the Fatou property or have order continuous norm are fully
symmetric (see [Bennett and Sharpley 1988; Krein et al. 1982], for example).
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We will need the concept of discretization of a Banach lattice. Let (€2, X, i) be a measure space and
letd = {Qk}]]cv=1 C X be a measurable partition of €2, i.e., 2 = U,ZCVZI Q, where Q; N Q2; = & for each
i,je{l,... N}y withi # j. Then, given a Banach lattice X on (2, =, xt), the discretization X¢ is
the Banach space of all simple functions f € X of the form f = Z,]Ll &k xo, € X, equipped with the
induced norm from X.

The notion of Lorentz spaces over arbitrary measure spaces will be essential in what follows. Given a
measure space (£2, X, ) and 0 < p < 00, 0 < g < oo, the Lorentz space L, 4(2, ) (Lp,¢(2) or Ly 4,
for short) is defined to be the space of all (equivalence classes of) measurable functions f on €2, equipped
with the quasinorm

((a/p) [ £*@0)119/ P~ ar) T if g < oo,
sup,s.o t'/7 f*(1) if ¢ =00

where f* is the decreasing rearrangement of f, defined on [0, 00) by

1L, =

fH() =inf{s > 0: pur(s) <1}.

(We adopt the convention inf & = 00.) In the case when 2 = [ is a nonempty set with counting measure p,
the space L, 4(€2, ) in fact coincides with the Lorentz sequence space {p 4(I) already defined in (1).
Indeed, in this case, given a function f = x on Q = I we have x; = f*(¢) forevery t € [k —1,k), k € J,
where J = {1,...,card I} if [ is finite and J = N if / is infinite. Thus || /||, , = ||lx||¢, ,, where the
latter norm is as defined by the formula (1).

We recall that the Kothe dual space (£,1)" of the Lorentz space £,,1 = £p,1(I) coincides with the
Marcinkiewicz space m,, which consists of all complex sequences x = (x;);es such that

k
1
|x\lm, = sup —— x¥ < o0
P keJkl/pjg1 J

and which, with this norm, forms a Banach space. Moreover, we note that by standard comparison with
the integral of #* on [1, N], we have for each N € N and every « € (0, 1),

i L —N1 ®, (13)
pat k<
Combining this inequality (for o = 1/p) with x;’ < k=1/p [xlle, o for k € J yields
mp = Lp oo
up to equivalent norms:
?IIXIIm,, < xllep o = 1xllmy. X € £p oo

(As usual we write 1/p’ :=1—1/p.) Many of our arguments will be based on interpolation theory. Here
we recall some of its basic concepts and provide some special facts we are going to use. Recall that if
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A = (Ag, A1) is a quasinormed couple then, for any a € Ag + A1, we define the K-functional
K(t,a; A) = inf{{|aol|a, +tl|lailla, :a0o+a1 =a}, t>0.

For 0 <6 < 1 and 0 < g < 00, the real interpolation space (Ao, A1)g,q4 is the space of all a € 4¢ + 41,
equipped with the quasinorm

0o 0 . dt 1/q
fallog = ([0 Ktaiipr &)
with an obvious modification for g = oo.
The following well-known and easily verified interpolation property holds: if (4¢g, A1) and (Bo, B1)
are two quasinormed couples, 7" is a map from (Ag, A1) to (Bo, By) (i.e., T: Ao + A1 — By + B
and the restrictions of T to A; are bounded from A; to B; for each j € {0, 1}) with the quasinorms

M; = ||T :A; — Bj|, then T: (Ao, A1)g,4 — (Bo, B1)g,4 is also bounded and, for its quasinorm M, we
have

M<M}=Omf.

Lorentz spaces arise naturally in the real interpolation method since most of their important properties can
be derived from real interpolation theorems. We briefly review some basic definitions. The pair (L1, Leo) is
especially important for the understanding of the space L 4. Itis well known that, for every f € L1+ Loo,

K(t, fi L1, Loo) zfotf*(s)ds =tf*@), t>0.

Hence, for each 6 € (0, 1),
1£loa = ([ 027 dt)

An immediate consequence of Hardy’s inequality is the following well-known formula, which states that,
forl<p<oo, 1<g<ooandf=1-1/p,

(L1, Loo)og = Lpyg-
and, moreover,

1
?HfII(Ll,LOO)@,q S () P (A O O SR PR

The following result will be used (which follows from the more general Theorem 4.3 of [Holmstedt
1970]): Let 1/ p=(1—60)/po+6/p1, 0< po, p1 <00, po # p1 and 0 < g < oo. Then, up to equivalent
norms, we have

(Lpo» Lp, )0,q =Lpg.
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More precisely,
—1—min(1/q,1/ po) —min(1/¢,1/p1) [ P Va

c'o o) (1 —g) ’ m If L,

= (110 S P
l/q

< Co~mx(1/a.1/po) (| _ gy=max(1/q.1/p1) (2) £z (14)
= q r.q°

where C > 0 is a universal constant.

We will also make intensive use of complex interpolation, and denote by [Ag, A1]g the complex
interpolation spaces as defined, for example, in [Calderén 1964]. We recall that if Xy and X; are two
complex Banach lattices on a measure space (2, X, @) then

[Xo, X1]g = Xg XY, (15)

with equality of norms provided one of the spaces has order continuous norm; here, following Calderén,
we denote by Xol_eXf the Calderén space of all x € LO() such that |x| < A|xo|*~?|x1|? p-a.e. on Q
for some constant A > 0 and some x; € X; with |x;|x;, <1fori =0, 1. We put

”x”XA—QX? =inf A.

3. The optimality of Lorentz spaces

The following theorem motivates our study; we show that, in the context of multilinear and polynomial
Bohnenblust—Hille inequalities, Lorentz spaces are in a certain sense optimal. Before we state and prove
these results we recall that, if X is a symmetric Banach sequence space on / and y4 denotes the indicator
function of a set A C I, clearly || y4|lx depends only on card(A4). The function ¢y (k) = || x4llx, where
A C I with card(A) = k, is called the fundamental function of X. Tt is well known (see, e.g., [Krein
et al. 1982, Theorem 2.5.2]) that, if 1 < p < 0o and X is a symmetric Banach sequence space on / such
that || x4|lx = card(A)'/? for every indicator function x4 (that is, ¢x (k) = k1/? for every A C I with
card(A) = k), then £, 1 — X with

Ixllx < lixlle,,» x€&pa.

Thus £,,1 is the smallest symmetric Banach sequence space on / whose norm coincides with the £,-norm
on indicator functions.

Theorem 1. Fix a positive integer m. The Lorentz space £y, /(m+1),1 IS the smallest symmetric Banach
sequence space X such that BH?“h(m) < oo. Also, the Lorentz space Ly, )(m+1),1 is the smallest
symmetric Banach sequence space X such that BHg;l(m) < oQ.

Proof. We follow an argument inspired by [Bohnenblust and Hille 1931]. Assume that X is a symmetric
Banach sequence space such that BH?“lt(m) < 00, i.e., for each n € N and every complex matrix
a = (a;i )i ep(m,n) We have

lallx <BHE" (m)lalloc. (16)
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It suffices to show that the fundamental function

n

>

i=1

¢n) = , nenN, (17)

X

satisfies
(m+1)/2m)

¢(n) < C(m)n (18)
for each n € N. For fixed N, choose some N x N matrix (a,s) such for every r, s we have |a,s| = 1 and
Z,]y:l Arisr = Nbrs (€.g., ars =e2™"S/N with 1 <r, s <N), and define the matrix a = (a; )i et(m,n) BY

ail...im = ailiz o 'aim_lim-

Since |aj,...i,,| = 1, we have ¢ (N™) = ||a||x. We now estimate the norm ||a||oc. We first do the trilinear
case m = 3, where the argument becomes more transparent. We take x, y, z € CV with supremum norm
at most 1; then, using the Cauchy—Schwarz inequality and the properties of the matrix, we have

> ajajexivize| <Y | aijajxiy ||z
i,j,k k 'i,j
2\1/2
< Nl/z( Y aijajkxiy; )
i,j
1/2
= Nl/z( Z iy j1 Qiz joXiy Xip Yj1 Vo Zajlkajzk)
11912
J15J2
1/2 2 1/2
Nl/le/z( 2. ailjdi2jxil)_cizyj.)7j) = N( ijlz)
i1,2 J
1/2 1/2
fN(ZZailja_izjxiljiz) =N3/2(Z|xi|2) §N4/2-
ivin J i
In the general case we take Z(l), . ,Z(m) eCN , each with supremum norm at most 1, and repeat this
procedure to get
N
Z Qjjin Ay lzmzl(ll) . (m) < N™/? (Z |z(1)|2) < N™2NV2, (19)
i1yeesim=1

Hence ||a|loo < N+1/2 for each N, and by (16) we have ¢(N™) < BH;““(m)(Nm)(mH)/(zm). Since
for each positive integer n there is N such that N <n < (N + 1), we finally obtain (18).

To prove the second statement, we assume that X is a symmetric Banach sequence space such that, for
each n and every m-homogeneous polynomial P(z) = ZaeN” la|=m CaZ®, We have

| (ca)aenit,ja1=m]|x < BHE (m)] Pllco-
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Following nontrivial ideas of Bohnenblust and Hille [1931] it is possible to modify the proof of the first
statement, which leads to a sort of deterministic proof of the second statement. Here we give an alternative,
probabilistic argument. As in (17) we consider the fundamental function ¢ (n), n € N, of X. Then, by
the Kahane—Salem—Zygmund inequality (see [Kahane 1985], for example), there is a constant Cgsz > 1
such that for every choice of N there are signs ¢, = £1 for which

_ 1/2
eaz” ECKSZ(N(m+n]:’ 1)logm) .

sup
zeDN

aeN(])V
loe|=m
Since the sequence (¢ (N)/N) is nonincreasing and for each N we have
NT < (N+m_1) <N™,
m! m -

it follows that ¢(N™) < m!¢((N +r:l” _1)) for each N. Combining the above estimates we conclude that,
for each N,
¢ (N™) < BHY (m) Cszm! /log m(N™)m+D/@m)

This easily implies that there exists a constant C(m) > 0 such that
¢ (n) < Cm)n™m+V/CEmM — p e N,

and the conclusion again follows. O

4. Multilinear BH inequalities for Lorentz spaces revisited

In this section we present a slightly modified proof of (4), which was first given in [Blei and Fournier
1989]. We need to prove four preliminary lemmas.

Lemma 2. For each matrix a = (a,-),- ei(m,n) and each S C M(m,n),

E(S) Z |at | _m”a”Zm/(m 1),00°

where
E(S):= max card{i; :i € S}.

1<k<

Proof. Clearly

k(m 1)/m * < ”a“Zm/(m_l)!oo? lfk Snm

Now note that ) ;. ¢ |a; | has not more that £(S)” summands and that ZE(S) a* (k) sums the first

E(S)™ many largest |a;|, I € S. As a consequence, we obtain by (13) (with « = 1 — 1/m) that
E(S)™ E(S)™

Y lail < Z ag < Nalley, on1y.co Z k=0 < mllallg,, 1.0 E(S),

ieS
as desired. O
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Lemma 3. For each matrix a = (a; ); e u(m,n) the index set M(m,n) splits into a union of m subsets Sy
such that, for every 1 < g < 00,

max ||aSk | ml/‘1|

~ <
1<k<m Coo (N (kD] = @llegmnsn—11.00°

where, for S C M(m, n), we put a® = a; fori € S and a® =0 fori &€ S.
Proof. 1t suffices to show the desired inequality for ¢ = 1: for arbitrary 1 < g < oo apply the case g =1

to |a|'/4 instead of to a. In view of Lemma 2 we show that there are appropriate sets Sy for which

1
Sk ~ _ .
B 1 et @n = o S E(S) Z.e < a1,
> 1

and without loss of generality we may assume that the supremum on the right side is at most 1.
Given 1 < k < m, observe that

Yo lail= Y lail < E(MGn.n)) =n.

{=1ieM(m,n) i eM(m,n)
ir=4~L

Hence there is some 1 < £(k) < n such that for

Ty ={j € MOn,n): jx = E(k)}

D lail =1

|
€T

we have

Then, for

m
Ny =(m.m)\ | T¢.
k=1
we obviously get E£(Ny) <n — 1. If we now repeat this procedure with Ny instead of . (m, n), then we
obtain m new index sets Tkz, 1 <k <m, in Ny, for which

Y lail <1

ieT?
and m m
E(N2)<n—2 with N, = (Jl/t(m,n)\ U Tkl) \ ( U T,f).
k=1 k=1

Continuing for j € {3,...,n}, we find index sets Tj, 1 <j<n, 1<k <m,such that

Y lail=1, 1<k<m 1<j<n (20)

ieT,g
and

n m
E(Ny)=0 with N, =(m.nm)\ | J | J 1{.
j=1k=1
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Define, for 1 <k <m,
n
Se=J 1.
Jj=1
Obviously, we have that N, = & and hence

m
Mm.n) = |_) Sg.
k=1

Finally, for any 1 <k <m,

Sk P Sk ..
™ W grpyte, cm = | S9° 2 g1 = sup 2 lai@;l = 1.
ieM(k},n) T dem(kyn)
iojeli_, T}

Let us comment on the argument for the last estimate: Assume without loss of generality that n = 2.
Then, by construction, given j = 1 or j = 2 we have that either i & j € Tk1 for all i € M({k},n) or

i®je Tk2 foralli € JI/L({/k\}, n). The conclusion follows from (20). O
Lemma 4. For each matrix a = (a; )i e y(m,n) and every 1 < g < o0,
1/q N
Nallegm/q—1ymna =m Z “a”el({k})[eq,({k})]'
1<k<m

Proof. Since for every 1 <r < oo we have m, = {;,00 With || - ¢, .. <l - [, and ({;,1)" = m, isometrically,
the required inequality follows by Lemma 3 and a simple duality argument. Indeed, take a matrix a and
sets Sk according to Lemma 3. Then

o olaibil= Y. Y laib;*|

i eM(m,n) 1<k<m ieM(m,n)

Sk
= 2 e, qanie, @™ Mo cenie, o

1<k<m
Sk N ~
= max D%, cenie, @@ > ety canre, @@
- - 1<k<m

1/q
S L T D L P e

1<k<m

the desired conclusion. O

The last lemma needed is the following so-called mixed BH inequality (this is a simple consequence of
the multilinear Khinchine inequality; see, e.g., [Bayart et al. 2014b; Bohnenblust and Hille 1931; Defant
et al. 2016]).

Lemma 5. For each n and each matrix a = (a; )i e sy(m,n) We have

1/2 »
Z( > |a,-@,~|2) < V2" Maloo. 1<k <m.

J=1 "G euky,n)
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Combining Lemmas 4 (with ¢ = 2) and 5 gives the proof of (4). As a byproduct we get the following
estimate for the constant:

mult 1/2 /am—1
BHp L (m)<m N/

We note a disadvantage of this proof: it does not give polynomial growth of BHZ";“/( o
m/(m .

: mult :
we obtained for BHL’zm/(ern (m) in (5).

(m) in m as

4.1. Polynomial growth, part I. We are going to give a first improvement of the result from (5). Our
estimate shows that the symmetric Banach sequence space

X =Lom/m+1),2(m—1)/m

satisfies the BH inequality from (2) with a constant growing subpolynomially in m. It is important to
note that X is strictly larger than the Lorentz space £3,,/(n+1),1; however, X has the same fundamental
function as €5, (m+1),1, Which of course fits with Theorem 1.

Theorem 6. There exists a constant § > 0 such that, for each m,

BH?;rLt/(m—H) 2(m—1)/m (m) = mS‘

The proof combines ideas and tools from [Blei and Fournier 1989; Bohnenblust and Hille 1931;
Littlewood 1930] with some more recent ones from [Bayart et al. 2014b]. The following lemma, the
proof of which is explicitly included in the proof of [Bayart et al. 2014b, Proposition 3.1], is crucial.
For 1 < p <2 we write A, > 1 for the best constant in the Khinchine—Steinhaus inequality: for each
choice of finitely many oy, ...,ay € C,

N
N
o), <A Eaz
”( k)k_1||€2— p([ﬂ_N P k<k

where dz stands for the normalized Lebesgue measure on the N-dimensional torus TV. Recall that
Ay <+/2forall 1 < p <2.

D 1/p
dz) ,

Lemma 7. For each n, each matrix a = (a; )i e p(m,n) and each 1 < k < m, we have

—k
1@ G, e 2k /Ge+1),2) < A/ 1y BHE s ey 1, (KD 1l oo

The second lemma needed is an immediate consequence of [Blei and Fournier 1989, Theorem 7.2]:
Lemma 8. For each 1 < q < oo there is a constant C4 > 1 such that, for each 1 <t < q and each matrix
a= (ai)ieM(m,n)’

”a”@mq,/(mq-i-t—q),t = Cqm”a”(m,n,m—l,t,q)-

Proof of Theorem 6. For ¢ =2 and t = 2(m — 1)/ m we have mqt/(mq +t—q) =2m/(m + 1). Hence,
given a matrix a = (a; )i es(m,n)> Lemma 8 yields

lla ”52m/(m+1).2(m—1>/m < Comlla] (m,n,m—1,2(m—1)/m,2)-
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Moreover, by Lemma 7 we have

@l nn,m—1,20n—1)/m,2) < A2m—1)/m BHyen . (m —1)]|alloo.

Combining with (5) we conclude (because A, < V2 foreach 1 < p <2) that

< Comv2k(m = 1)V/2|| g o0,

as required. ([

“a ”sz/(m—&-l).z(m—l)/m

4.2. Polynomial growth, part I1. In this section we use complex and real interpolation as well as results
from [Fournier 1987] to improve Theorem 6 considerably (see Theorem 12). The starting point for what
we intend to prove is the following result:

Lemma 9. Foreachm,n, k € Nwith1 <k <m we have that
my—1
= (k) :

Proof. A variant of this result is mentioned without proof in [Fournier 1987, p. 69] — the special case k = 1

B USLeo(S)] = i1 ((m, n))
SePy(m)

is given in Fournier’s Theorem 4.1; for the general case, analyze the proof of that theorem and use in
particular his Theorem 3.3 instead of Theorem 3.1, in combination with Cauchy’s inequality. O

We will need the following obvious technical result; since we here are interested in precise norm
estimates, we prefer to include a proof.

Lemma 10. Let J be a finite setandletY and X, j € J, be Banach lattices on a measure space (2, X, ).
Then @jGJ(XjI_GYQ) = (@je] Xj)l_eY'gfor every 6 € (0, 1), with

1-60
ED(XJ.I_GYQ) s (@Xj) Y| <card J,
jeJ jeJ
1-6
‘ (@Xj) Y% EB(XJ-I_GYG) <card J.

jeJ JjeJ
Proof. Choose x € EBI-GJ(XJ.I_GYB) with norm less than 1. Since || x| y1-6y¢ < 1 for each j € J, there
exist y; € Y and x; € X; with ||y;|ly <1 and ||x;[|x, <1 for each j € J such that

-6, 10
x| < I 0 0ys1% g el

This implies
. 1-6 0
x| < (min |x max .
x| = (min b))~ (max )

Clearly, Hminkel |xk|”€9_,~€,Xj <D jesllxjllx; <cardJ and HmaxkeJ |yk|”Y <card J yield

x € (EB XJ)I_OYG

jeJ
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with
||x||(@jej X;)1-0y?® < card J.
This shows the first estimate from our statement. The proof of the second statement is straightforward. [
Now we use real and complex interpolation to deduce, from Lemma 9, the following result:
Lemma 11. Foreachm,n,k € Nwith 1 <k <m we have

N m\3/2
D o/t 1SS = Lom/m+1).2k e+ 1) (M(m, 1)) H = 2( k ) :
SePy (m)

Proof. We claim that the following norm estimate holds:

=)

where M = M(m,n). Indeed, combining complex interpolation first with Lemma 10 (with norm (’;: ))
and then with Lemma 9 (with norm (',?)_1/ 2), we obtain

P u®S)= B G [d), loo(S)]1)2]

S e (m) SePy (m)

= @ [LEULELUS)EoSN],

SePy(m)
= P [LU. L)),

SePy (m)

01 (0), 1(S)[Loo(S ith norm < ('
= lato. @ aowad] o vinom < (})

S Py (m)

B G2 = lomsmriy.a (W)
SePy(m)

. m\—1/2
= [C1 (M), Lk, 1 (M)]1 /2 with norm < (k)

= Lam/(m+k),1 (M).

Observe that the last equality here holds with equality of norms; to see this note that for every 1 < p < 0o
and 0 < 6 < 1 we have, by (15),

E = [L1(A), L1 (M)]g = €1 (M) 70, 1 ()"

Taking Kothe duals we obtain E' = KOO(JI/L)l_e(mp (M))? = (mp)l/e, which, for 6 = % and p=m/k,
gives E' = My, /(m—k) (M), and by duality

E = Lom)m+ky,1 (M).
This proves the claim from (21). Now, for 6, = (k — 1)/ k we have

[£1(S). €2(S)]e, = Cok/k+1)(S)-
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Hence we deduce from (21) and, again, Lemma 10 that
P /OS] = @ [(S). (5] [2(5)]
SePy (m) SePy (m)

= P [t S]],

SePy(m)

= D [L®Ld) L],

S Py (m)

c»[ P zl(S)[fz(&’)],ez(Ju)] with norm =< ()
SePy(m) Ok

. m\ (1=0x)/2
= Wam/m+k),1 (M), £2(M)]g, with norm < (k )

and so the norm of the inclusion map is less than or equal to

(;;:)(;Z)(I—Gk)/z _ (,Z)Hl/(zk) - (,;:)3/2.

We now need the equality
Cam/m+k),1 (W), L2()]e, = Lom)m+1),2k/(k+1)
with
1 T€2m(m-1e),1 (A0, €2 (M1, > Lomym1),2k /G +1) (M) | < 2.

In fact, from (15) it follows that for 1 <¢q; < p; < oo with j =0, 1 and 6 € (0, 1) we have

[Zpo,qov Zpl »d1 ]0 = (zpo,qo)l_e (KPI »d1 )9-

And, further, for 1/p=(1—-0)/po+6/p1 and 1/q = (1 —06)/qo + 8/4q1 it can be shown, similarly to
in the nonatomic case in [Grafakos and Mastyto 2014, Lemma 4.1], that in the atomic case we have

(Zpo,qo) 1-f (epl »q1 )9 = 61),(1

with
1 Cpo.q0)' ™0 (€py.q1)? = Lpgll <27

Thus, taking 8 = (k —1)/k, qo = 1, po =2m/(m + k) and p; = g1 = 2, we obtain the required
embedding. Combining all together, we finally arrive at

~ mA3/2
B r/wr1y 2] = Lomjon+1)2k/Ge+1) || < 2( X ) :
SePy(m)
which completes the proof. O

A combination of (5) and Lemmas 7 and 11 leads to the following substantial improvement of
Theorem 6:
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Theorem 12. For each m, k € Nwith 1 <k <m we have

mult m m—k mult
Lom/am+1).2k/(k+1) (m) = 2( k ) 2k/(k+1) BH@zk/(kJrn (k).
In particular, for each k there is some §(k) > 0 such that, for each m >k,

mult

8(k)
Lam/(m+1).20m—k)/ (m—k+1) )

(m) <m

5. The polynomial BH inequality for Lorentz spaces

Let us start with a standard polarization argument, showing how the multilinear BH inequality in Lorentz
spaces from (4) transfers to a polynomial BH inequality in Lorentz spaces (as already stated in (12)).

Theorem 13. Given m € N, there is a constant C > 0 such that for every m-homogeneous polynomial
P =3 icommn)CiZir"*" Zjm in n complex variables we have

||(cj)j€}(m,n)||52m/(m+1).1 = C”P”OO’

in other terms,
pol

Lom/m+1).1 (m) < oo.

Proof. Take some m-homogeneous polynomial P as above, and let a = (a;); eu(m,») be the associated
symmetric matrix. Then for every j € $(m,n) we have

cj =card[jla;
and, by standard polarization,
mm
lalloo < 1P .
Obviously,

1€p,1(MGm, 1)) = Ly 1 (F(m, 1)), Bi)icuimny = (b)) jegomm]| < 1.

Combining all this we obtain

[(cj)jesemmllam/m+1),1 = l(card[jla;) jegemm)lesm ons1a
=< ||(Card[i]ai)ie/l/t(m,n)||€2m/(m+1),1
<m! ” (ai )iGJl/L(m,n) ||€2m/(m+1),1

mult m mult
=m!BH " . mMlallee =m™BHZ " ()] Plloo,

which is the estimate we aimed for. O

5.1. Hypercontractive growth. We now improve the preceding theorem by showing for X =4£5,,/(m+1),1
that the constant BH§(01 (m) in fact has hypercontractive growth in m1; this extends (10) from Minkowski
spaces L2, /(m+1) to Lorentz spaces €2, /(m+1),1-

Theorem 14. For every ¢ > 0 there is a constant C(g) > 0 such that, for each m,

BH!® (m) < C(s)(N2 + &)™,

Lom/m+1).1
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Our proof needs four preliminary lemmas. The understanding of the diagonal operator
D(m,n): CHmm:s <y I (1) ¢ mmy > (card[F]1TD/CM g 1y o,

will turn out to be crucial; here C7-7):5 stands for all symmetric matrices in C*-"), namely all matrices
(@i )i et(m,n) for which a; = a; whenever j € [i]. Moreover, for 1 < p < oo denote by E;’I(M(m, n))
the subspace CH(m-1)5 of £p,1(M(m,n)), and similarly define the subspace £, (M(m,n)) for 1 < p < co.
In Lemma 16 we will use interpolation in order to establish norm estimates for these diagonal operators
in Lorentz sequence spaces. In order to do so, we need another technical lemma on real interpolation:

Lemma 15. Let X and X1 be fully symmetric spaces on a measure space (2, %, ). If X g and X {1 are
discretizations of Xo and X generated by the same measurable partition of 2, then for every 6 € (0, 1)
and 1 < g < oo the inclusion map id: (Xg, Xii)gﬁq — (Xo. X1)g,q is an isometric isomorphism, i.e.,

1 £l xd xdyo, = 1/ ko, x000, for f e (X5 X{Dog.

Proof. Let {Q k}llcv=1 C X be a given measurable partition of 2. Define the linear map

N
. 1
P:Ly () + Loo(1t) = L1(1) 4+ Loo(it), f'_)];(ﬂ(ﬂk) /Qkf du)mk-

Since P:(L1(n), Loo(it)) = (L1(1), Loo(p)) With | Pz, ()»L,¢) =1 and [| Pl () > Loo(w) = 1,
and Xo and X are fully symmetric, it follows that

P:(Xo, X1) = (X&, x¢9)

with || P ||X,-—>Xj‘/ <1 for j €{0, 1}. This implies that, for every f € X{f + X4, we have, since P(f) = f,

K@t [ X8, X3 =K(t, Pf:Xo.X1) < K(t, [: X0, X1), 1>0.
Since the opposite inequality is obvious, the required statement follows. O
The next result will be essential:

Lemma 16. There is a uniform constant L > 0 such that, for each m and n,

H D(m, n): E;m/(m.g_]),l (M(m,n)) — £2m/(m+1),1 ($(m,n)) H <Lm.

Proof. The proof is based on interpolation, and the abbreviations M = J(m,n) and $ = $(m,n) will be
used. We claim that

[D(m,n): 63 (M) — L1 (P <1, [|D(m,n): L5(M) — L(P)] < /m. (22)
Indeed, for every a € CH0m-7):5 e have

ID(m.myallg 5 =Y card[j1™ T/ C™q;1 =" card[ j]* /@™ card j]]a, |
JEF JEF

< llaj| = il =llallescu
< ) card[j]la;| lai| = llalles

JE€S iei
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and
1/2 1/2
1DOn. mYalengs) = (Z card[ /1D |2) - (anrd[j](’"“)/"'—1 card( ] |a,-|2)
JES JjEg
1/2 1/2
- (m!)l/@'")(zcard[j] |a,~|2) < f( 3 Jas |2) = i lalescu.
JEF ie

which proves (22). We now apply the two-sided norm estimate from (14). In the special case when
po=qo=1, pr=q1=2,qg=1and 8§ = (m—1)/m, we have p = 2m/(m + 1) and, in particular,
1<(p/q)"1 =2m/(m + 1) <2. Then, for I = M(m,n) or I = $(m,n),

1D, L21))m-1)/m,1 = Loam/m+1),1I),

and there is C > 0 such that, for all ¢ € C1m.n).s

m3/2 Cm2
C(m—1) ”a”fzm/(mﬂ),l(l) = ”a”(51(1)542(1))(;n—1)/m.1 = m—1 ||a||€zm/(m+1),1(1)' (23)

It follows from Lemma 15 that

el o3 40,63, 00) a1yt = 1111 (0)L200) ryyms fOT @ € TS, 24)

Now we interpolate; we recall that, for every operator T’ between interpolation pairs (Ag, A1) and (By, B1)
and every 0 < 6 < 1, we have

1T (Ao, A1)g,1 — (Bo. B1)g,1 | < IT: Ao — Bol|'°|IT: A1 — By]|°.
In particular,
| D(m, m): (€5 (), €5 (M) gn—1)/m,1 = €1(E), €2(E))m—1)/m.1 |
<1 D0m, m): €510 — & (D™ DO, n): 65) — ()] D/,
@M(m,n),s

As a consequence we obtain that, for every a €

m3/2
C(m—1) I1D(m,n)a ||52m/(m+1),1 (€0)

(23)

< [[D(m,m)al (5,625 m—1)/m.1

< [ D(m.n): 45 (M) — £ (D™ | Dm. n): £5(M) = L2 NP ™ @l (63 60,65 00) 01y 1
1D (m ., n): €65 (M) — L1 (D™ D (., n): €50 — L2 (0D ™ all e, 0,65 (0)om1y /1

||D(m n): 05 (M) — £ ()| ™| D (m, n): £5(M) — La(F)]| 1)/’"2’”

@9

la ||62m/(m+1) 1(9)-

Combining the above estimates with (22), we conclude that, for every a € CMm,n).s.

2 (m—1)/m 2
”D(m’n)a”eZm/(m—i-l).l(/‘/t) <C*Jmym ||a||52m/(m+1).1(§) =C m“anezm/(m-s-l).l(})’
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and this completes the proof. O

In what follows we will need the Khinchine—Steinhaus inequality for homogeneous polynomials due
to [Bayart 2002]: given 0 < p < g < 00, for every m-homogeneous polynomial P on C" we have

1/ m 1/
(/ |P<z)|4dz) qs\/z (/ |P<z)|sz) " 25)
" p "

note that it is shown in [Defant and Mastyto 2015, Theorem 2.1] that the constant \/q/_p that appears is
optimal. For the proof of Theorem 14, this fact will only be used for the case p =1 and ¢ = 2.

Next, we also require a lemma— which is (implicitly) in [Bayart et al. 2014b] and (explicitly) in
[Defant et al. 2016, Section 9] — however only in the case k = 1.

Lemma 17. Let P =} i cg(n.n) CjZji" " Zjn be an m-homogeneous polynomial in n variables and let
a = (ai)iem(m,n) be its associated symmetric matrix. Then for every S € Pr(m), 1 <k < m, we have
1 2k

SRS [k lm_k (m —k)!m™
. 2 + m-—K):m mult
( Z ( Z card[1]|ai@j|) ) < B (m_k)m—km!Bezlll/(k+l)(k)“P”°°'

iems.m " jeu(S,n)

The fourth lemma is an immediate consequence of [Blei and Fournier 1989, Theorem 3.3]; here we
will use only the case g = 2.

Lemma 18. Given 1 < g < oo, there is a constant C4 > 1 such that, for every matrix a = (a; )i e p(m,n)»

”alumq/(m—‘,-q—l),l = Cqm”a”(myn;l:laq)'
We are now ready to give the proof of Theorem 14.

Proof of Theorem 14. Assume that P is an m-homogeneous polynomial on C" with coefficients
(¢j) jegm,n) and denote by (a; ); es(m,n) the coefficients of the associated symmetric m-linear form A.
We have the simple fact that, for all i € M({1},n) and j € Jl/L({T}, n),

card[i @ j] <mcard[j].
Hence we deduce from Lemmas 16, 18 (with ¢ = 2) and 17 (with k = 1) that, for each m and n,
I(cj)jesmmllzm/m+1),1
= ||(card[i]ai)iegm.n)ll2m/m+1),1

< Lm||(card[i "= FD2m gy immy l2m/mt 1

< LmCym||(card[i '~ TD/ @My, o o lomam1.1.2)

1/2
= LmszSmax Z Z |Card[i @j](m—l)/(Zm)aiEBj{z)
P
S iy Jjem({1}n)
(m—1)/(2m) 2 1
< LmCym ma m card[ j))m—D/Cm) g s )
< LmCom max - > Y. |emcard[j]) i)

ied{13,m) " jen(T),n)
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1/2
<LmCommm=D/@m)  max Z Z card[j](m_l)/m|aj|2)

S
€P1(m) Pem{1},n) " jeu{1},n)

1/2
< LmCommm=D/@m)  max Z Z card[j]|aj|2)

Se®i(m) ie{1},n) * jeu{1dn)

(m—1)'m™

(m-1)/(2m) /51
<LmCymm V2 X =D

X B X [ P loo.

This completes the argument. ([

We conclude with the following remark: The estimate (11) suggests that the constant /2 in Theorem 14
could be improved. Here /2 appears since our proof applies (25) for p = 1 and ¢ = 2, which is an
inequality on homogeneous polynomials of arbitrary degree m. We have already indicated that the constant
V/2 in the inequality (25) is optimal (note that, in contrast to this, the best constant in (25) for polynomials
of degree only m = 1 equals /7 /2; see [Sawa 1985; Konig 2014]).

5.2. The Balasubramanian—Calado-Queffélec result revisited. In this section we improve a remarkable
result by Balasubramanian, Calado and Queffélec [Balasubramanian et al. 2006]. By ?(™c¢o) we denote
the linear space of all m-homogeneous continuous polynomials on cg, which, together with the supremum
norm on the open unit ball in ¢g, forms a Banach space. On the subspace cqg of all finite sequences in cg,
each such polynomial has a unique monomial series decomposition P(z) = Z|a|=m ca(P)z% z € coo,
(or, in different notation, P(z) = > _ jegm)CiZjs Z € co0). A Dirichlet series D =) a,n~* is said to
be m-homogeneous whenever a, # 0 implies n = p* and |«| = m (where p is the sequence of primes).
All m-homogeneous Dirichlet series D = ), a,n~° which converge on {s : Res > 0} and are such
that the holomorphic function D(s) = Y »o; apn™ for Res > 0 is bounded form (together with the
supremum norm on {s : Res > 0}) the Banach space .
It is remarkable that there is a unique isometric isomorphism

B: P(Mco) > o, P = Z cq(P)z% = D = Zann_s,
jal=m z

such that ¢y = a, whenever n = p% (For more information see [Defant et al. 2016; Defant and Sevilla-
Peris 2014; Queffélec and Queffélec 2013].) Then the following theorem is an immediate consequence of
this identification and Theorem 14:

Theorem 19. For every Dirichlet series D = ), ayn™" € HZ, we have (ay) € Lom/m+1),1. More
precisely, for every € > 0 there is C () > 0 such that, for every D € 2,

oo

1
> iy = CEOW2+8)"[Dlloo. (26)
n=1

At the end of the previous section we discuss in some detail why our proof of Theorem 14 and then
also (26) leads to the constant V2.
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Note that for every sequence a = (an) € €2 /(m+1),1 We have

o0

1 .1
> lanl D amy = > Um0 < 00

Balasubramanian et al. [2006] proved that there is a constant c(m) > 0 such that, for every Dirichlet
series D =Y 02 [ aun~* € 7,

Z | (logn)(m 1)/2
n

T,m—D)/@m) <c(m)| D cos 27

and in addition it is shown that the exponent in the log term is optimal. In contrast to (26), it is unknown
whether the best constant in (27) has exponential growth.

A natural question appears: how is this result related to the estimate from Theorem 19? To see this,
let £1(w) be the weighted £;-space with weight w = (wy) given by

(log n)(m_l)/2

n= D Gm neN. (28)

We observe that £1(w) is different from £5,,,/(+1),1; in fact, if we would have £1(w) C £2,,/(m+1),1, OF
equivalently 1 C €2, /(m+1),1 (w™1), then by the closed graph theorem

sup ||en||E2m/(m+1) 1(@—1) < 0.
neN

But since, for each n € N,

pm—1)/(@2m)

= (log n)m=D/m’

€n

||en||e2m/(m+l).l(w_]) =
N Lo2m/m+1).1

we get a contradiction. Similarly, if £,,/n+1),1 C £1(w) then there would exist a constant C > 0 such
that, for each N € N,

(logn)(m /2
Z 1 (m—1)/ 2m) ”Ze"
n=1

which is again impossible. We conclude the paper with the following formal improvement of Theorem 19

N

en — CNm+D/@m)

<C
41 (@)

n=1 am/m+n.1

and the Balasubramanian—Calado—Queffélec result (27):

Corollary 20. For each m € N and every Dirichlet series Y o apn™> € 37,

(an)n € l1(w)N eZm/(m-H),l’

where the weight w is given by the formula (28).
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ON THE NEGATIVE SPECTRUM OF THE ROBIN LAPLACIAN
IN CORNER DOMAINS

VINCENT BRUNEAU AND NICOLAS POPOFF

Dedicated to Monique Dauge on the occasion of her 60th birthday

For a bounded corner domain €2, we consider the attractive Robin Laplacian in 2 with large Robin
parameter. Exploiting multiscale analysis and a recursive procedure, we have a precise description of
the mechanism giving the bottom of the spectrum. It allows also the study of the bottom of the essential
spectrum on the associated tangent structures given by cones. Then we obtain the asymptotic behavior
of the principal eigenvalue for this singular limit in any dimension, with remainder estimates. The
same method works for the Schrodinger operator in R" with a strong attractive §-interaction supported
on 2. Applications to some Ehrling-type estimates and the analysis of the critical temperature of some
superconductors are also provided.
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1. Introduction

1A. Context: Robin Laplacian with large parameter. Let M be a Riemannian manifold of dimension n
without boundary and €2 an open domain of M (in practice one may think M =R" or M = S"). We are
interested in the eigenvalue problem

—Au=\u on €2,
{ (D

du—au=0 on 0RQ.
Here o € R is the Robin parameter and 0, denotes the outward normal to the boundary of 2. We assume
that €2 belongs to a general class of corner domains defined recursively, such as in [Dauge 1988]. This
class of corner domains of M, precisely defined in Section 2, consists of open bounded sets 2 C M such
that each point in d€2 can be associated with a tangent cone. We ask the sections of these tangent cones
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1260 VINCENT BRUNEAU AND NICOLAS POPOFF

to satisfy the same property, that is, as open sets of $"~! to themselves be corner domains. The corner

domains of S being its nonempty subsets, this leads to a natural recursive definition of corner domains; see

[Dauge 1988; Bonnaillie-Noél et al. 20164, Section 3] for a more complete description and examples. Note

that these domains include various possible geometries, like regular domains, polyhedra and circular cones.
We denote by Q,[€2] the quadratic form of the Robin Laplacian on 2 with parameter o:

Qu[Q1(w) == IVullFs gy — @lulFaq), € H'(Q). )

Since €2 is bounded and is the finite union of Lipschitz domains (see [Dauge 1988, Lemma AA.9]), the
trace injection from H' () into LZ(d) is compact and the quadratic form Q,[£2] is lower semibounded.
We define L,[€2], its self-adjoint extension, whose spectrum is a sequence of eigenvalues, and we denote
by A(£2, ) the first one. It is the principal eigenvalue of the system (1).

The study of the spectrum of L, [€2] has received some attention in the past years, in particular for the sin-
gular limit @ — +o0. This problem appeared first in a model of reaction diffusion for which the absorption
mechanism competes with a boundary term [Lacey et al. 1998], and more recently it was established that the
understanding of A (€2, «) provides information on the critical temperature of surface superconductivity un-
der zero magnetic field [Giorgi and Smits 2007]. Let us mention that such models are also used in the quan-
tum Hall effect and topological insulators to justify the appearance of edge states (see [Asorey et al. 2015]).

In view of the quadratic form, it is not difficult to see that A(2, ) — —o0 as @« — +oo (while
in the limit « — —oo they converge to those of the Dirichlet Laplacian). When Q C R" is smooth,
M, a) < —a? for all @ > 0; see [Giorgi and Smits 2007, Theorem 2.1]. More precisely, it is known that
MR, o) ~ Cqa? as « — +oo for some particular domains: for smooth domains, Cq = —1 (see [Lacey
et al. 1998; Lou and Zhu 2004] and [Daners and Kennedy 2010] for higher eigenvalues), and, for planar
polygonal domains with corners of opening (6x)x=1....N»

Cqog=— 029,?21(1’ sin 2 %Gk).
This last formula, conjectured in [Lacey et al. 1998], is proved in [Levitin and Parnovski 2008]. For general
domains €2 having a piecewise smooth boundary it is natural to study the operator on tangent spaces and,
from homogeneity reasons (see Lemma 3.2), one expects that A(Q2, @) ~ Cqoa? when o — 400, with
some negative constant Cgq. Levitin and Parnovski [2008] consider domains with corners satisfying the
uniform interior cone condition. For each x € 92, they introduce E (I1,), the bottom of the spectrum of
the Robin Laplacian on an infinite model cone IT, (if x is a regular point, it is a half-space) and show

lim 2650 _ inf E(IL). 3)

a—>+00 o

But we have no guarantee concerning the finiteness of E(I1,) and, moreover, even if it is finite, we don’t
know if their infimum over 92 is reached. Then an important question is to understand more precisely
the influence of the geometry (of the boundary) of Q2 in the asymptotic behavior of (€2, ) in order to
give meaning to (3) (in particular proving that inf,cyq E(I1,) is finite) and, if possible, to obtain some
remainder estimates.
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1B. Local energies on admissible corner domains. In this article, our purpose is to develop a framework
in the study of such asymptotics by introducing the local energy function x — E(I1,) on the recursive
class of corner domains (see [Dauge 1988]). The natural tangent structures are given by dilation-invariant
domains, more succinctly referred as cones. When the domain is a convenient cone I1, the quadratic form
in (2) may still be defined on H L. By immediate scaling, Q,[I1] is unitarily equivalent to 20, [I].
Therefore the case where the parameter is equal to 1 plays an important role and we write Q[T1] = O [IT].
For a general cone, we don’t know whether Q[IT] is lower semibounded, and we define

b 2T
wer'(m |lull
u#0

the ground state energy of the Robin Laplacian on I1. For x € , denote by IT, the tangent cone at x.
When I1, is the full space (corresponding to interior points), there is no boundary and E(Il,) = 0,
whereas, when I, is a half-space (corresponding to regular points of the boundary), it is easy to see
that E£(I1,) = E(R;) = —1 (see [Daners and Kennedy 2010]). Moreover, when I, is an infinite planar
sector Sp of opening 6, E(I1,) is given by

—sin"? 16 if 6 € (0,7),

-1 if 6 € (m, 27); @)

E(Sp) = {
see [Lacey et al. 1998; Levitin and Parnovski 2008]. No such explicit expressions are available for general
cones in higher dimensions. In view of (3), we introduce the infimum of local energy E(IT,) for x € 2,
which, from the above remarks, is also the infimum on the boundary:

&(R2) ::xiG%fQE(Hx). 5)

Our goal is to prove the finiteness of & (£2) (and firstly of E(I1,) for x € Q) for admissible corner domains
and to give an estimate of A(Q2, o) — a2&(Q) for o large. In view of the above particular cases, the local
energy is clearly discontinuous (even for smooth domains it is piecewise constant with values in {0, —1}).
We will use a recursive procedure in order to prove the finiteness and the lower semicontinuity of the
local energy in the general case. It relies also on a multiscale analysis to get an estimate of the first
eigenvalue, as developed in [Bonnaillie-Nogl et al. 2016a] for the semiclassical magnetic Laplacian.
Unlike [Bonnaillie-Noél et al. 2016a], where the complexity of model problems limits the study to
dimension 3, for the Robin Laplacian we have a good understanding of the ground state energy on corner
domains in any dimension. Moreover these techniques allow an analog spectral study of the Schrédinger
operator with §-interaction supported on closed corner hypersurfaces and on conical surfaces.

1C. Results for the Robin Laplacian. We define below generic notions associated with cones.

Definition 1.1. A cone IT is a domain of R” which is dilation invariant:

px eIl forall x eIl, p>0.
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The section of a cone IT is TT N S"~!, generically denoted by w. We say that two cones IT; and I,
are equivalent, and we write I1; = I,, if they can be deduced one from another by a rotation. Given a
cone I1, there exists d € N with 0 < d < n such that

N=R"%xTI, with I" aconein R

When d is minimal for such an equivalence, we say that I' is the reduced cone of I1. When d = n, so
that [T =T", we say that IT is irreducible.

In the following, 3, denotes the class of admissible cones of R" and ® (M) denotes the class of
admissible corner domains on a given Riemannian manifold M without boundary. We refer to Section 2
for precise definitions of these classes of domains.

Theorem 1.2. Let I1 € B, be an admissible cone.

(1) E(IT) > —o0 and the Robin Laplacian L[I1] is well defined as the Friedrichs extension of Q[I1]
with form domain D(Q[I1]) = H'(IT).

(2) Let I" be the reduced cone of T1. Then the bottom of the essential spectrum of L[I'] is &(w), where @
is the section of T.

This theorem generalizes to cones having no regular section the result of [Pankrashkin 2016], where
the bottom of the essential spectrum is proved to be —1 for cones with regular section (as discussed at the
end of Section 1A, in this case &(w) = —1).

The crucial point of this theorem is to show that the Robin Laplacian on a cone, far from the origin,
can be linked to the Robin Laplacian on the section of the cone, with a parameter related to the distance
to the origin.

Notice that this theorem provides an effective procedure to compute the bottom of the essential spectrum
for Laplacians on cones. In particular, as shown by Remark 6.4, we obtain that [Levitin and Parnovski
2008, Theorem 3.5] is incorrect in dimension n > 3; indeed, we construct a cone which contains an
hyperplane passing through the origin for which the bottom of the essential spectrum (then of the spectrum)
of the Robin Laplacian is below —1.

The next step is to minimize the local energy on a corner domain €2 and to prove that &(€2) is finite.
Thanks to Theorem 1.2, we will be able to prove some monotonicity properties (on singular chains; see
Section 2B for the definition), which, combined with continuity of the local energy (for the topology of
singular chains), allow us to apply [Bonnaillie-Noél et al. 2016a, Section 3] and to obtain:

Theorem 1.3. For any corner domain Q2 € © (M), the energy function x — E (I1,) is lower semicontinuous
on Q and we have £(Q) > —oo.

To get asymptotics of A(€2, o) with control of the remainders, we need to control error terms when
using change of variables and cut-off functions. However, the principal curvatures of the regular part
of a corner domain may be unbounded in dimension n > 3 (think of a circular cone), so the standard
estimates when using approximation of metrics may blow up. We use a multiscale analysis to overcome
this difficulty and we get the following result:
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Theorem 1.4. Let Q € D(M) with n > 2 the dimension of M. Then there exists oy € R, two constants
C* > 0and two integers 0 <V <V, <n—2 such that

—C a7 <\ (Q, ) —a?E(Q) < CHa> Y forall a > a.

The constant ¥ corresponds to the degree of degeneracy of the curvatures near the minimizers of the
local energy; its precise definition can be found in (29). The constant v describes the degeneracy of the
curvatures globally in Q; see Lemma 4.1. In particular, when € is polyhedral (that is, a domain with
bounded curvatures on the regular part), v = v = 0.

The proof of the lower bound relies on a multiscale partition of the unity where the size of the balls
optimizes the error terms. The upper bound is less classical: using the concept of singular chain, we
isolate a tangent “subreduced cone” for which the bottom of the spectrum corresponds to an isolated
eigenvalue (below the essential spectrum). Then we construct recursive quasimodes, coming from this
tangent “subreduced cone”.

Note finally that for regular domains more precise asymptotics involving the mean curvature can be
found ([Pankrashkin 2013; Helffer and Kachmar 2014] in dimension 2 and [Pankrashkin and Popoff 2015;
2016] for higher dimensions). A precise analysis is also done for particular polygonal geometries: the
tunneling effect in some symmetry cases [Helffer and Pankrashkin 2015], and reduction to the boundary
when the domain is the exterior of a convex polygon [Pankrashkin 2015]. In all these cases, the local
energy is piecewise constant, and new geometric criteria appear near the set of minimizers. In fact, the
local energy can be seen as a potential in the standard theory of the harmonic approximation [Dimassi
and Sjostrand 1999] and, under additional hypotheses on the local energy, it is reasonable to expect more
precise asymptotics in higher dimensions. For polygons (dimension 2), another approach would consist
in comparing the limit problem to a problem on a graph, in the spirit of [Grieser 2008], the nodes (resp.
edges) corresponding to the vertices (resp. sides) of the polygons. But it is not clear how such an approach
could be generalized to any dimension.

1D. Applications of the method for the Schrodinger operator with §-interaction. Let Q2 € D(M) be
a corner domain and let § = 02 be its boundary. We consider Lg[M , §], the self-adjoint extension
associated with the quadratic form

QoM. S1(w) = | Vull T2y — @llutl o), u € H'(M).

The associated boundary problem is the Laplacian with the derivative jump condition across the closed
hypersurface S: [0,ulsq = au. It is well known (see, e.g., [Brasche et al. 1994]) that, since S is bounded,
LZ[R", S] is a relatively compact perturbation of Ly = —A on L%(R"), and then

Oess (L2 [R", S]) = 0ess (Lo) = [0, +00).

Moreover, L3 [R", S] has a finite number of negative eigenvalues. If we denote by A°(S, ) the lowest
one, by applying our techniques developed for the Robin Laplacian all the above results are still valid,
replacing A(2, a) by A%(S, ). In particular, for x € S, the tangent cone to €2 at x is IT, and its boundary
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is denoted by S;. We still define the tangent operator as L‘; [R", S,], and the associated local energy
E%(S,) at x, and their infimum &?(S). Then:

Theorem 1.5. Theorems 1.2—1.4 remain valid when replacing the Robin Laplacian Ly[S2] by the
8-interaction Laplacians L3[M, S], M(2, @) by A%(S, &), E(I1,) by E°(S,) and £() by &°(S).

When x belongs to the regular part of S, Sy is an hyperplane and

E°®R", Sy) = E°(R, {0}) = —; (©6)

see [Exner and Yoshitomi 2002]. Therefore &% (S) = —% when S is regular, and we obtain the known
main term of the asymptotic expansion of A?(S, &) proved in dimension 2 or 3 (see [Exner and Yoshitomi
2002; Exner and Pankrashkin 2014; Dittrich et al. 2016]).

To our best knowledge the only studies for §-interactions supported on nonsmooth hypersurfaces are for
broken lines and conical domains with circular section (see [Behrndt et al. 2014; Duchéne and Raymond
2014; Exner and Kondej 2015; Lotoreichik and Ourmieres-Bonafos 2015]). In that case, we clearly
have a(Lg[[R”, S) = oo (L‘f[[RR”, S]) (see Lemma 3.2), and it is proved in the above references that the
bottom of the essential spectrum of L*[R", S] is _zlt' In view of our result, it remains true when the
section of the conical surface is smooth. Moreover, our work seems to be the first result giving the main
asymptotic behavior of A%(S, ) for interactions supported by general closed hypersurfaces with corners.

Remark 1.6. For the Robin Laplacian and the §-interaction Laplacian, we can add a smooth positive
weight function G in the boundary conditions. These conditions become, for the Robin condition,
oyu = aG(x)u, and, for the §-interaction case, [d,u] = «G (x)u. In our analysis, for x € 92 fixed, we
have only to change « into G (x) and, clearly, the results are still true by replacing &(€2) and &3(S) by

Ec(Q) = inanG(x)zE(nx), EL(S) == ingG(x)zE‘s(Sx).

For the Robin Laplacian, these cases were already considered in [Levitin and Parnovski 2008; Colorado
and Garcia-Melian 2011].

1E. Organization of the article. In Section 2, we recall the definitions of corner domains, in the spirit of
[Dauge 1988; Maz'ja and Plamenevskii 1977], and we give some properties proved in [Bonnaillie-Nogl
et al. 2016a]. Section 3 is devoted to the effects of perturbations on the quadratic form of the Robin
Laplacian. It contains several technical lemmas used in the following sections.

Section 4 contains the proof of the lower bound of Theorem 1.4. It is based on a multiscale analysis in
order to counterbalance the possible blow-up of curvatures in corner domains. In particular it involves the
lower bound liminf,—, 1 o A(€2, @) /oe2 > &(£2) in any dimension, which is also used in Sections 5 and 6.
Notice that in Section 4, at this stage of the analysis, the quantity & (€2) is still not known to be finite; its
finiteness will be the recursive hypothesis of the next two sections.

Section 5 is a step in a recursive proof of Theorem 1.3 developed in Section 6. Then, when the
finiteness of & (£2) is stated, Theorem 1.2 is a direct consequence of Lemmas 5.2 and 5.3 (see the end of
Section 6A).
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In Section 7, we prove the upper bound of Theorem 1.4. This is done by exploiting the results of
Section 6 in order to find a tangent problem that admits an eigenfunction associated with &(€2). Then we
construct recursive quasimodes, qualified either as sitting or sliding, from the language of [Bonnaillie-No¢l
et al. 2016a].

In Section 8 we give two possible applications of our results. A purely mathematical one concerns
optimal estimates in compact injections of Sobolev spaces. In the second one we recall how, from the
study of A(2, ), we derive properties on the critical temperature for zero fields for systems with enhanced
surface superconductivity (where o~ is related to the penetration depth).

2. Corner domains

Here we give some background of so-called admissible corner domains; see [Dauge 1988; Bonnaillie-Noél
et al. 2016a].

2A. Tangent cones and recursive class of corner domains. Let M be a Riemannian manifold without
boundary. We define recursively the class of admissible corner domains © (M) and admissible cones 3,
in the spirit of [Dauge 1988]:

Initialization: 3o has one element, {0}. D (S°) is formed by all nonempty subsets of S°.

Recurrence: Forn > 1,

(1) acone IT (see Definition 1.1) belongs to *§3,, if and only if the section of IT belongs to DS,

(2) Q € ©(M) if and only if Q is bounded and, for any x € , there exists a tangent cone IT, € 3, to Q2
at x.

By definition, I, is the tangent cone to 2 at x € Q if there exists a local map ¥y : Uy — Vy, where U,
and V, are neighborhoods (called map-neighborhoods) of x in M and of 0 in R", respectively, and v, is
a diffeomorphism such that

Yr(x) =0, Wyo)x)=1 Y (UNQ)=V, NIl and (U, NIRL) =V, NIII,. @)

In dimension 2, cones are half-planes, sectors and the full plane. The corner domains are (curvilinear)
polygons on M with a finite number of vertices, each one of opening in (0, 7) U (7, 27r). This includes,
of course, regular domains.

The key quantity in order to estimate errors when making a change of variables is

Kk (x) = [[d¥ [l w1, ®)

It depends not only on x, but also on the choice of the local map. Note that, unlike for a regular domain, the
curvature of the regular part of a corner domain may be unbounded (think of a circular cone). Therefore,
k (x) is not bounded in general when picking an atlas of €. An important subclass of corner domains are
those who are polyhedral: a cone is said to be polyhedral if its boundary is contained in a finite union of
hyperplanes, and a domain is called polyhedral if all its tangent cones are polyhedral.
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As proven in [Bonnaillie-Noél et al. 2016a], for a polyhedral domain it is possible to find an atlas such
that « is bounded. In the general case, we will have to control the possible blow-up of «.

A list of examples can be found in [Bonnaillie-Noél et al. 2016a, Section 3.1]. Let us recall that, in
dimension 2, all cones are polyhedral and therefore so are all corner domains, but this is not true anymore
when n > 3: circular cones are typical examples of cones which are not polyhedral.

2B. Singular chains. For xo € Q, we denote by I'y, € Py, the reduced cone of IT,, — see Definition 1.1 —
and wy, the section of I'y). A singular chain X = (xo, ..., x)) is a sequence of points, with xo € Q,
X1 € Wy,, and so on. We denote by €(£2) the set of singular chains (in €2), €, (2) the set of chains
initiated at xo and QjO(Q) the set of X € &€,,(€2) such that X # (x¢). We denote by /(X) the integer p + 1
that is the length of the chain. Note that 1 </(X) <n + 1, and that /(X) > 2 when X € QI;)(Q).

With a chain X is canonically associated a cone, denoted by I1x, called a tangent structure:

o If X = (xq), then Iy = IT,,.

o If X = (xp, x1), write as above, in some adapted coordinates, IT,, = R —do % I'y,. Let Cy, be the
tangent cone to wy, at x;. Then, in the adapted coordinates, [Tx = Rr—do % (x1) x Cy,, where (x;) is
the vector space spanned by x; in I'y,.

» And so on for longer chains.

We refer to [Bonnaillie-Nogl et al. 2016a, Section 3.4] for complete definitions. Since singular chains
are one of the tools of our analysis, we provide below some examples for a better understanding. In these
examples, we assume for simplicity that Iy, is irreducible.

o If x| € I, (an interior point), then Iy, v is the full space.

o If x; is in the regular part of the boundary of w,,, then Cy, is a half-space of R"~! and Ty, y,) is a
half-space of R". In particular, for a cone with regular section, all chains of length 2 are associated
either with a half-space or the full space. The chains of length 3 are associated with the full space,
and there are no longer chains.

o If TT,, C R? is such that its section is a polygon and if x| is one of its vertices, then C,, is a
two-dimensional sector, and I ) is a wedge. If x; is on the boundary of the sector Cy,, then
T (xy.x,.xp) 18 @ half-space, but, if x, is on the interior of the sector, then (g y, »,) = R>.

Given a cone I1 € 3, we will also consider chains of I1, for example chains in €y(IT) are of the form
(0, x1, ...), where x| belongs to the closure of the section of the reduced cone of IT.

The main idea is to consider the local energy as a function not only defined on €2, but also on singular
chains: €(2) > X+ E(I1x). In order to show regularity properties of this function, we define a partial
order on singular chains: we say that X < X" if /(X) <1(X') and x; = x;, for all k <[(X). We also define
a distance between cones through the action of isomorphisms:

(1, 1) =4 min 1L=L 0+ min 1L=5 1], ©)
LeBG LeBG

BGL, BGL,
LT=IT LIT'=I1
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where BGL, is the ring of linear isomorphisms L of R" with norm ||L|| < 1. Note that by definition the
distance between two cones is 400 if they do not belong to the same orbit for the action of BGL,, on ‘J3,,.

We then define the natural distance, inherited on €(2), by D(X, X') = [|xo — x|l + D(Ix, Ix'); see
[Bonnaillie-Noél et al. 2016a, Definition 3.22]. Then [Bonnaillie-Noél et al. 2016a, Theorem 3.25] states
that any function F : €(2) — R, monotonous and continuous with respect to D, is lower semicontinuous
when restricted to  (which corresponds to chains of length 1). We will show these two criteria; see
Corollaries 6.2 and 6.3.

3. Change of variables and perturbation of the metric

This section contains mainly technical lemmas, which are useful in the following sections. We define the
operator with metric and we show the influence of a change of variables from a corner domains toward
tangent cones on the quadratic form.

3A. Change of variables and operator with metrics. We need to know how a change of variables
transforms the quadratic form of the Robin Laplacian. Indeed, we will consider diffeomorphisms
¥ : O — O, where O and O’ are open sets, in these two situations:

o O and O’ will be cones in *13,, and v will be a linear map on R", or

o O and O’ will be map-neighborhoods, respectively of a point in a closure of a corner domain and
of 0 in the associated tangent cone.

This change of variables will induce a regular metric G : O" — GL,,. In the case where ¥ is linear, G will
be constant.

Let Lé(O/ ) be the space of the square-integrable functions for the weight |G| ~!/?, endowed with its
natural norm |[v]l 2 := Sy IvI2IGI™/2. Due to the previous hypotheses, L (0') = L*(0'). Let g = Glyor
be the restriction of the metric to the boundary. We introduce the quadratic form

Q0. G](v>=/ <GVv,Vv>|G|1/2—oe/ wlPlgl Y2,
00

/

Due to the above hypotheses on @ and G, we can define this quadratic form on H'!(?’), endowed with
the weighted norm || - || L2

Lemma 3.1. Let O and O’ be open sets and  : O — O’ a diffeomorphism as above. Let J := d(y ) be
the Jacobian of ¥ " and G :=J'(J~")T the associated metric. Then, for allu € H'(0),

Qu[01() = Qu[O, Gluwoy™") and |ull 20y = lluo ¢_1||L26(o’)-

Said differently, if we define U:u > uo w_l, then U is an isometry from LZ(O) onto Lé((’)’ ), and
Q,[0', GIU = Q,[0]. We will also use scaling on cones:

Lemma 3.2. Let I1 be a cone and u € H'(T1). For a > 0, we define uq(x) := oc*"/zu(x/a). Then
luellp2 = llull2 and  QqlM](u) = a” QU] (ua).

In particular, Qu[I1] and o Q[I] are unitarily equivalent.
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3B. Approximation of metrics. We will be led to consider situations where J —1[ is small (and so is G —1).
Therefore, for v € H' ('), we compute

QO Gl(v)—QulO'1W) = | ((G=D)Vv, VV)|G|~2+ [ |Vu]*(IG|"* =) +a / lvl*(lgl™"/2=1)
(o4 (o4 a0’

and therefore
1040, Gl(v) — Qu[O](v)]
< (IG =1l (NGI™* = Ul + D+ G2 = Ul ) IVVI7, + el g1 = 1 oo IVl 22000y

where || - || denotes the L°° norm on supp v. Assume now that ||J — [z < I; then there exists a
universal constant C > 0 such that

|QalO', GI(v) = QulO'IW)] < CIT =V (IVOIT2 +allvl207)- (10)
This may be written as
(A= CII =) VlI7 — (I 4+ CIT =) vl 201,
< Q[0 Gl(w) < 1+ CIT =) IVVl72 —a(1 = CIT =) vl 1250y
That is, for [|J — 0| e small enough:
1-=CJJ =1 IILgo)(IIVvlliz —a%wlmam)

< Q0. GIw) = (1 4+ CIT = 1) IV0IE, — ar e (1n)
= ul0, =< Lo 12 I+ CI =1l 1230 |-
Similarly, we have a norm approximation: assuming that ||J — 1|z~ <1,

(I=ClI =Tl vliz < vl = A+ CIT=Dlzg)llvl2 forall ve L*(0). (12)

By applying the previous inequality to tangent geometries with a constant metric, we will deduce the
continuity of the local energy on strata in Section 6A.

3C. Functions with small support. The following lemma compares the quadratic form with a metric to
the one without metric for functions concentrated near the origin of a tangent cone:

Lemma 3.3. Let Q € (M), let xo € Q, and let Yy, - Uxy = Vx, be a map-neighborhood of xo. Let G be
the associated metric, defined in Lemma 3.1. Then there exist universal positive constants ¢ and C such
that, forall r € (0, c/k (x0)) with B(0,r) C Vy,, and all v € Hl(I"IxO) compactly supported in B(0, r),

(1 = Crk(x0)) Qu- [T, 1(v) < Qu[Iy,, Gl(v) < (14 Crk(x0)) Qu+[TTx,1(v), (13)
where LT Crec(ro)
n _ 1FCre(xo
o (rxo) = g e (14
and

llvllz2 = llvll 2 | = Crec(xo)llvll 2.
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Here «(x) is as defined in (8).

Proof. Let J be the Jacobian of w);)l. Since v is supported in a ball B(0, r) and J(0) = [, by the direct
Taylor inequality we get [|[J — [ '[| L 5(0,r)) < r I lwieoy) = rk(xo). We use (10), and we follow the same
steps leading to (11) and (12). O

Remark 3.4. When the quadratic forms are negative, the above inequality implies
Qu- [Ty 1(v) = QulTlyy, Gl(v) < Qi+ [Ty 1(v). (15)
The following lemma will be useful when studying the essential spectrum of tangent operators:
Lemma 3.5. Let Q € ©(M) and choose xo € Q such that E (T xo) 18 finite. Let Uy, be a map-neighborhood
of xo. Then
lim sup inf  «2Q,[Q]u) < E(IT,,).

a——+oo ucH' (), ||lul=1
supp u Cly,

This property is still true if Q2 € °3,,.
Proof. Obviously, E(I1,,) <0. Let € > 0 be such that E(II,,) + € < 0. Note that

E(ITy,) +€

—— < (0, 1). 16
E(l‘IxO)Jr%ee( ) (16)

The functions in H'!(T1,,) with compact support are dense in H'(IT,,), therefore there exists ve € H'(T1,,)
with compact support such that [|ve¢|| =1 and Q[T1,](ve) < E(Iy,) + %e. Let Vy, = ¥y, (Uy,); We choose
r > 0 such that

BO,r)CV,, and r<——, (17a)
K (x0)
1 —Crx(xp) 2 €

Conditions (17a) will allow us to apply Lemma 3.3. Note that (17b) is possible because of (16). The
reason for this last condition will appear later. The value at = ot (x¢, r) is well defined in (14). The
(normalized) test function

Vet (x) 1= (@) ?ve (@™ x)
satisfies
Qo+ [Ty ] (Ve ot) = (@) ? QLT 1 (we) (18)
(see Lemma 3.2) and its support is
supp ve o+ = () 7! supp ve.

Therefore there exists o large enough such that

supp ve o+ C B(0, 1), (19)
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so we can apply Lemma 3.3. Therefore, by combining (18) with estimates (13), we get

QulTyy, Gl(Ve.o+) < (14 cric(x0)) Qo+ [Ty 1 (ve, o+ )

= (1 + cri (x0)) (@) ? Q[ 1(ve)

< (1+cre(xo)) (@) (E(Ty) + 1€).
Due to (17a) and (19), we can define

R —1
Ue,q = Ve gt © on s

with supp u¢ o C Uy,, and Lemma 3.1 gives Qu[R](u¢ o) = QulIly,, G](ve,o). Moreover, ||u€,0l||2 =
||v||i2 < 14 Crk(xo); therefore, keeping in mind that for € small enough E (Iy,) + %e < 0, we get
G

QulQea) 1 e\ (1-Crexo)\ , ¢
W <(a") (E(on)+§> = (HC—FK(X())> o (E(on)-l-z)-

Setting u = u¢ o/ ||Uuc |l and using (17b), we have proved
Qu[2](u) < E(Tly) +€

and we get the lemma. Since, locally, a cone of 93, satisfies the same properties as a corner domain, the
above proof works when €2 is a cone. (I

Remark 3.6. As a direct consequence of the previous lemma, the min-max principle would provide a
rough upper bound for limsup,,_, , ., A(a, £2) /o by £(S2). But, at this stage, we still don’t know whether
&(Q2) is finite or not when €2 is an n-dimensional corner domain.

4. Lower bound: multiscale partition of the unity

In this section, we prove the lower bound of Theorem 1.4 for any domain 2 € ©(M). We note at this
point that this lower bound has interest only when &(£2) > —oo, which is not proved yet.

It relies on a multiscale partition of the unity of the domain by balls. Near each of these balls, we will
perform a change of variables toward the tangent cone at the center of the ball, and we will estimate the
remainder. However, the curvature of the boundary near each center of a ball may be large as this one
is close to a conical point. We will counterbalance this effect by choosing balls of radius smaller with
regard to the distances to conical points.

The following lemma is a consequence of [Bonnaillie-Nogl et al. 2016a, Section 3.4.4 and Lemma B.1]:

Lemma 4.1. Let Q € D (M) and let v be the smallest integer satisfying
I(X) > vy = Ilx is polyhedral forall X e €(2).

For each sequence of scales (8)o<k<w, in (0, +00) there exists hg > 0, an integer L > 0 and a constant
c(Q) > 0 such that, for all h € (0, hy), there exists an h-dependent finite set of points P C Q such that,
forall p € P, there exists 0 < k <V such that:
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o The ball B(p, 2h%++%) is contained in a map-neighborhood of p.
o The curvature associated with this map-neighborhood (defined by (8)) satisfies
c(£2)
K(p) = h50+...+51<_1 :
e QC Upe73 B(p, h®%T1%) and each point of Q belongs to at most L of these balls.

We will need the standard IMS formula;! see for example [Simon 1983, Lemma 3.1]:

Lemma 4.2. Let x1, ..., xy € C°(Q) be such that Zl]\il X12 = 1. Then

N N
IVull> =Y IVOuwl* =Y uVxl® forall ue H' ().
=1 =1

We set h =~ and we now choose a partition of unity (x p) pep associated with the balls provided by
the previous lemma; each x, is C* and is supported in the ball B(p, 20~ CGot+3)) “and

5 _
ZpeP Xp = 1 on £, (20)
Y pep IVXpl3 < C()a®  with § =80+ - 485, .

We apply Lemma 4.2 together with the uniform estimates of gradients (20):
Qul Q1) =Y QulQ1(tpu) = D MuVxpl* = Y QulQ1(xpu) — C( Q)™ [Ju*.
PEP peP peP

Therefore we are left with the task of estimating Q,[2](x,u) from below for each p € P. Let y, be
a local map on B(p, 20~ @0ty apd vy = (xpu)o wljl. Let G, be the associated metric. Then we
deduce from Lemmas 3.1 and 3.3 that (recall that the quadratic forms are negative)

Qu[Q1(Xpw) _ Qalllp, Gpl(vp)
Il xpull? IIUpIIép

> (1+ C(X(‘SOJF‘“J“S")/{(p))%
P

> (1+ Ca™ 0 FWk(p)) (@) E(T) = (14 Cla™ Wi (p))a’s(Q)
=a’8(Q) + 0 (™),

where we have used Lemma 4.1 to control « (p).
Lemma 4.2 provides

0,[Q1(w) > <(x2£(§2) + Z O (a>%) + 0(a25)> lul> forall ue H'(Q).
k=0

Recall that § = ZE;O Jk; these remainders are optimized by choosing o = --- =43, and 2 — §p =26 =
2(v4 + D)éy, that is, 8o = 2/(2v 4 + 3). We deduce from the min-max principle that there exists op € R

11MS stands for Ismagilov, Morgan and Simon.
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and C~ > 0 such that
MR, @) > a?8(Q) — C o> forall o> ayp, (21)

which is the lower bound of Theorem 1.4.

5. Tangent operator

In this section we describe the Robin Laplacian on a cone IT, linking some parts of its spectrum with its
section w.
5A. Semiboundedness of the operator on tangent cones.

Lemma 5.1. Let I1 €°13,, and let w be its section. Let R >0, and let u € H ' (IT) with support in B(0, R)C.2
Then

. Mo, )
Q[H](u)z<r13£ — )uuniz(m.

Proof. Let ¢ : (r, 6) — r6 be the change of variables from R, x w into IT and denote by v(r, 8) :=uo¢p™!

the function associated with the change of variables. We have

1 —_
IVullym, =f (larv|2+ SlIVev(r, -)niz(w))r" Ldr;
r>R

therefore,
1
QM) = / ;I Vov(r Dz "™ dr = / 10, 2" 2
r>R T r>R
zf %Qr[w](v(r,'))r"_]drzf lz,\(w,r)nv(r,-)||iz(w)r"—‘dr
r>R T r>R T
. )\,((,(), r) 2 —1
e LR
and the lemma follows. O

We now prove the following:

Lemma 5.2. Let I1 €, be such that its section w satisfies & (w) > —oo. Then E(I1) > —oo and the Robin
Laplacian L[T1] is well defined as the Friedrichs extension of Q[I1] with form domain D(Q[I1]) = H ' (IT).

Proof. Since &(w) is supposed to be finite, (21) implies

A
lim inf ")

r— 400 r

> &(w). (22)

Let x; and x» be two regular cut-off functions defined on R, such that supp x; C [0,2R), x1 =1
on [0, R] and X12 + X22 = 1. Lemma 4.2 provides

QM) = Y QUTI(xiu) — Y IV xiull™ (23)

i=1,2 i=1,2

2R = 0 is included, with B(0, 0) = &.
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Denote by D(If the set of functions in H'(ITN B(0, 2R)) supported in B(0, 2R). Since [1N B(0, 2R) is a
corner domain, D(f has compact injection into L2(ATINB(0, 2R)); see [Dauge 1988, Corollary AA.15].
We deduce the existence of a constant C1(R) € R such that

QIMI(x1u) = Cr(Rxull 2 rns0.2ry = CLR X127 2, -

Let € > 0; from (22) we deduce the existence of R > 0 such that

AMw, 1)
r2

> &(w)—e€ forall r >R
and therefore Lemma 5.1 gives
2
Q(XZM) Z ((go(a)) - 6) ”XZM ”Lz(l_[)'
There exists C > 0 such that ) . ||V x; |I> < C,R~2 for all R > 0. Therefore we deduce that there exists
C3 = C3(R, €, w) € R such that
2
Q[H](u) > C3 ||u||L2(H)'

We deduce that the quadratic form is lower semibounded and the operator L[I1] is well defined as the
self-adjoint extension of Q[II], and its form domain is A '[IT]. O

5B. Bottom of the essential spectrum for irreducible cones. Let I1 € 13, with m > n, and let I" be its
reduced cone. In some suitable coordinates, we may write

[M=R""xT
with I € %3, an irreducible cone. The associated Robin Laplacian admits the decomposition

L[IT] = _AR’”*” ® |]n + I]m—n QLIT']. (24)
In particular,
S(L[IT]) = [E(T), +00).

Moreover, if E(I') is a discrete eigenvalue for L[I'] and u is an associated eigenfunction (with exponential
decay), then [ Qu is called an L°°-generalized eigenfunction for L[IT] (this is linked to the notion of
L°-spectral pair). Therefore we are led to investigate the bottom of the essential spectrum of L[T'].
We prove:

Lemma 5.3. Let I" € I1,, be an irreducible cone of section w such that &(w) > —oo. Then the bottom of
the essential spectrum of L[I1] is & (w).

Proof. From Persson’s lemma [ 1960], the bottom of the essential spectrum of L[I"] is the limit, as R — +o00,
of
QII'[(¥)

weH' (D), w0 ||Y]?
supp(V)NB(0,R)=2

Y(R):=
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Lower bound. From Lemma 5.1, we get directly

Mw, R)
R2

liminf X (R) > liminf
R—+00 R—+00

and we deduce from (22) that
liminf X (R) > & (w).
R—+o00

Upper bound. By scaling— see Lemma 3.2 — we immediately have

ryw
S(R)— R Qulll(¥)
veH' (D), w0 ||V
supp(V)NB(0,1)=2
Each point x in T\ B(0, 1) has a tangent cone IT,. If we let x| := x/|x| € @, and let C,, be the tangent
cone to w at x, then ITy =R x C,,. Therefore, by tensor decomposition of the Robin Laplacian (see (24)),
E(Cy,) = E(I1y). Thus the finiteness of & (w) implies the finiteness of E(I1y), and from Lemma 3.5 we
have

limsup Z(R) < E(TI;) forall x e T\ B(0, 1). (25)
R—+4o0
Using moreover that
inf E(Tly) = inf E(Cy) =& (w), (26)
xelM\B(0,1) x1€dw

and taking the infimum in (25) over x € r \ B(0, 1), we deduce

limsup X(R) < &(w),
R—+00

and the lemma follows. (I

6. Infimum of the local energies in corner domains

6A. Finiteness of the infimum of the local energies. In this section, we prove the finiteness of &(€2) for
any 2 € ®(M) and for any n-dimensional manifold M without boundary, by induction on the dimension 7.

In dimension 1, bounded domains are intervals and the associated tangent cones are either half-lines or
the full line whose associated energies are respectively —1 and 0 (by explicit computations), therefore the
infimum of the local energies is finite.

Let n > 2 be fixed and let us assume that, for any corner domain w of an n—1-dimensional Riemannian
manifold without boundary, we have

&(w) > —00.

We want to prove that the same holds in dimension 7.
As a consequence of the recursive hypothesis, E(IT) is finite for all IT € 3, —see Lemma 5.2 —and
we can study the regularity of the local energy with respect to the geometry of a cone:

Proposition 6.1. Assume the recursive hypothesis in dimension n — 1. Then the map Tl — E(I) is
continuous on*B,, for the distance D defined in (9).
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Proof. Let I1 €°13,, and let (I;)xen be a sequence of cones with D (I, IT) — 0 as k — 4-00. This means
that there exists a sequence (Ji)ren in GL, with Ji (IT) =TI1, ||J¢]| <1 and || Jx — ]| = 0 as k — +oc.
Then, as a direct consequence of (11) and (12), we deduce that

QIM, G¢l(v)  Q[M](v)

too vl TIE
G,

for all ve H'(ID).

Recall that the form domain of Q[IT, G¢] is H!(IT); see Section 5A. Since Q[I1;] and Q[I1, G;] are
unitarily equivalent (see Lemma 3.1), we deduce that E(I1;) — E(I1) as k — +o0. ]

By definition of the distance on singular chains (see Section 2B), we get:

Corollary 6.2. Assume the recursive hypothesis in dimension n — 1. Let M be an n-dimensional manifold
as above, and let 2 € D (M) be a corner domain. Then the map X — E (Ilx) is continuous on €(2) for
the distance D. In particular, x — E(I1y) is continuous on each stratum of Q.

Let M be an n-dimensional manifold as above, let 2 € © (M) and let xo € 9$2; in what follows, I, is
the reduced cone of I, and w,, € (S is its section, with d < n. We note that (26) may be written
as

g(wxo) = xégg E(H(x()axl))'

0

Therefore, Lemmas 5.2 and 5.3 show that
E(ITy) < E(IT(y,,x,)) forall xi € @y,.
We deduce by immediate recursion:
Corollary 6.3. Let X and X; be two singular chains in €(2) satisfying X < Xp; we have
E(Ilx,) < E(Ix,).

We combine this with Corollary 6.2 and we can apply [Bonnaillie-Nogl et al. 2016a, Theorem 3.25] to
get the lower semicontinuity of the local energy function x — E(IT,), and, from the compactness of 2,
we deduce that £(€2) is finite. This concludes the proof of Theorem 1.3 by induction.

As a consequence, Lemmas 5.2 and 5.3 imply Theorem 1.2.

6B. Second energy level. Note that for a cone which is not irreducible, the spectrum consists in essential
spectrum, and Theorem 1.2 does not apply. However, there still exists a threshold in the spectrum: the
second energy level of the tangent operator of a cone I1 € *13, is defined as

&4 (M) := inf E(Iy),
XeCk ()

where we recall that (’Zg(l'[), defined in Section 2B, is the set of singular chains of IT of the form
X =(0,...) and with /(X) > 2, where /(X) is the length of the chain.
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Using Corollary 6.3 with X; = (0), then taking the infimum over the chain X, > X; with [(X;) > 2,
we get E(IT) < &*(IT). We also get &*(IT) = infy ¢y E(I1(0,x,)) and therefore, by (26),

E(w) = &*(I), (27)

where o is the section of the reduced cone of I1. The quantity &* will be the discriminating value in the
analysis carried out in Section 7.

6C. Examples. The inequality E(IT) < &*(IT) is strict if and only if the operator on the reduced cone
has eigenvalues below the essential spectrum. The presence (or absence) of a discrete spectrum is an
interesting question in itself, and we describe here some examples for which this question has been studied.
Due to the clear decomposition of the Robin Laplacian on a cone of the form R" ™" x I' —see (24) — we
only treat the case of irreducible cones.

When T is the half-line, E(I') = —1 < 0= &*(I'), and an associated eigenfunction is x > ¢~ *. The
case of sectors is given by (4): the inequality is strict if and only if the sector is convex. In that case, an
associated eigenfunction is (x, y) — e */$"% where x denotes the variable associated with the axis of
symmetry of the sector, and 6 is the opening angle.

Pankrashkin [2016] provides geometrical conditions on three-dimensional cones with regular section.
He shows that, when I" € B3 is a cone such that R?\ T is convex, E(I') = &*(I"). On the other hand, if
R3\ I is not convex, then E(I") is a discrete eigenvalue below the essential spectrum.

Note finally that Levitin and Parnovski [2008] use a geometrical parameter to give a more explicit
expression of E(IT) when the section of IT is a polygonal domain that admits an inscribed circle.

Remark 6.4. In [Levitin and Parnovski 2008, Theorem 3.5], it is stated that the bottom of the spectrum
of the Robin Laplacian on a cone which contains an hyperplane passing through the origin is —1. The
following example shows that this statement is incorrect because the bottom of the essential spectrum
could be below —1: Take a spherical polygon & C S? such that

e w is included in a hemisphere,

e o has at least a vertex of opening 6 € (7, 27).
Let [T C R? be the cone of section w, and let I1 be its complement in R3. The cone M contains a half-space,

has an edge with opening angle § =27 — 6 € (0, ). Then, from Theorem 1.2 and (4), we get that the
bottom of the essential spectrum of L[IT] is below — sin™2 %5 , and therefore E (ﬁ) < —1.

7. Upper bound: construction of quasimodes

In order to prove the upper bound of Theorem 1.4, we construct recursive quasimodes. The subsections
below correspond to the following plan:

(A) Use the analysis of Section 6 to find a chain X, = (xo, ..., x,) € €(£2) such that L(ITx,) admits a
generalized eigenfunction associated with the value &(§2), then construct a quasimode for L [ITx, ].
We do this by using scaling and cut-off functions in a standard way.

(B) Use a recursive procedure (together with a multiscale analysis) to construct a quasimode on ITy,.
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(C) Use this quasimode to construct a final quasimode on €2, and choose the scales to optimize the
remainders.

7A. A quasimode on a tangent structure. The next proposition uses the quantity &* to state that there
always exist a tangent structure that admits an L°°-generalized eigenfunction associated with the ground
state energy.

Proposition 7.1. Let I1 € B,,. Then there exists X € €y(I1) satisfying
E(Tlx) = E(T1) and E(Ilx) < &*(Ix). (28)

Let Ix € By be the irreducible cone of Tlx. Then there exists an L*°-generalized eigenfunction for L[TTx]
associated with E(I1). Moreover it has the form 1 ® W, in coordinates associated with the decomposition
[y = R"? x I'x, where Wx has exponential decay.

Proof. The proof of the existence of X is recursive over the dimension d of the reduced cone of I1. The
initialization is clear; indeed, when d = 1, we have that IT is a half-plane, E(IT1) = E(Ry+) = —1 and
&*(I) = E(R) = 0. Moreover, ¥x(x) = e~ provides an eigenfunction for L[R™].

We now prove the heredity. First we find a chain X satisfying (28):
o If E(IT) < &*(I1), then X = (0) and Iy = IT.

o If E(IT) = &*(IT), we use Theorem 1.2: the function x; — E(I1,,) is lower semicontinuous on @,
where w is the section of the reduced cone of IT. Therefore there exists x| € dw such that &*(I1) =
&(w) = E(I1y,) = E(T1¢,)). The dimension of the reduced cone of Il y,) is lower than that of IT;
therefore, by the recursive hypothesis, there exists X' € €y(IT(o.,)) such that E(ITx) = E(IT(x,))
and E(TTy) < &*(ITx). We write this chain in the form X’ = (0, X”), and the chain X’ is pulled
back into an element of &y(I1) by setting X = (0, x1, X”) € €y(IT). Note that I1x = Iy, so that
E(T.x)) = E(Ilx) = &*(IT) = E(I1) and E(T1x) < &(I1x).

From Theorem 1.2 and (27), E (ITx) < &*(I1x) means that E(ITx) is an eigenvalue of L(Ix) below
the essential spectrum; therefore, there exists an associated eigenfunction Wy with exponential decay, and
(y,2) = W(z) for (y,z) e R" 4 x T is clearly an L*°-generalized eigenfunction for LIR"™ ¥ x I]. O

First, thanks to the lower semicontinuity of local energies, we choose xo € €2 such that E(I1,,) = &(£2).

Then, using Proposition 7.1, we pick a singular chain X, = (x, . . ., x,) such that L[ITx, ] has a generalized
eigenfunction associated with E(Iy,). We let Xy = (xo, ..., x¢) for 0 <k < v, and Ilj := Ix,.
We define
v :=inf{k > 0 : I[1; is polyhedral}. (29)

The index v provides the shortest chain such that ITj; is polyhedral, with ¥ =400 when I1,, is not polyhedral.
Moreover, when V is finite the tangent structure I is polyhedral for all v <k < v, and v <n — 2, since
any chain of length strictly larger than n — 2 is associated either with a half-space or with the full space.

The tangent structure I, is (in some suitable coordinates) R? x I', with I, irreducible. We denote by
nr, the projection onto I', associated with this decomposition. Then, by Proposition 7.1, there exists an
eigenfunction u with exponential decay for L[I',] associated with E(IT,).
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Let x € C*°(R™) be a cut-off function with compact support satisfying
x(ry=1 ifr<l1 and x(r)y=0 if r > 2.

We define the scaled cut-off function

Xa(r) = x (@),
where é € (0, 1) will be chosen later. The initial quasimode is
uy(x) = xo(lxDurr(ax)), x €llx,.

Standard computations show that

Q[ ]w,) IV ()it |1
= VY —WPE(Q) + — 2
T A PR
in particular,
gﬁgﬁﬁﬁza%«n+om“y (30)

7B. Getting up along the chains. The previous section provides a quasimode u, for L[I1,]. The aim
of this section is a recursive decreasing procedure in order to get a quasimode for L[I1g]. Therefore,
this step is skipped if v = 0. This case happens when E(I1,,) < &*(I1,,), and the quasimode is called
sitting, as was introduced in [Bonnaillie-Noél et al. 2016a]. Otherwise we suppose that v > 1, and we
will construct quasimodes uy defined on Iy, for O < k < v. These quasimodes are called sliding.

In what follows, (di(a))k=1,..,» and (rx(a))k=0,...» are positive sequences of shifts and radii (to be

determined) going to 0 as o« — +o0.
Let 1 <k < v and assume that u; € H'(I1) is constructed and is supported in a ball B(0, r;(«)). This

is already done for k = v; see the last section. For 1 <k < v, we define
vp = di(a)(0, x;) € Ty,

where (0, x;) € I[1x_; are cylindrical coordinates associated with the decomposition IT;_; = RP* x I'y_;.
Intuitively, vy is a point of IT;_; satisfying ||vx| = di(«) and is collinear to (0, xi).
We construct uj_; as follows:

e Local map at vi: The tangent cone to IT;_; at vy is I itself. Let v : U,, — V,, be a local map. The
map-neighborhoods U, and V,, (of vx € IT;_; and 0 € I, respectively) can be chosen of diameters smaller
than cidi (o), where ¢y is the diameter of the map-neighborhood of x;. Moreover, when k > v, Tl is
polyhedral, so v is a translation. When this is not the case, by elementary scaling, « (vy) <k (xx)/di (@0);
see [Bonnaillie-Noél et al. 2016a, Section 3] for more details on this process. Since the (xz)o<k<y are
fixed, we can choose v fixed map-neighborhoods associated with these points, and a constant ¢(£2) > 0
such that

c(2)/di(er) if k <V,

waf{dg) if k>4l

(31
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‘We now add the constraint that

O s ws too i k<7 (32)
di(a)
so that rri (vy) — O for all 1 <k < v, and we can define, for « large enough,
1-C
= ﬂ, (33)
1+ Crix(vy)
where C is the constant appearing in Lemma 3.3.
o Change of variables: First we rescale uy (the reason for this will appear later): let
i (x) = T ()" Pu (T (@)x). (34)
This function satisfies
]l = lluell and Q-+ [Tl (itx) = (@) Qo [T ] (u), (35)

where oz,;Ir = 1 (). Recall that suppuy C B(0, r¢(a)) by the recursive hypothesis on uy. Then, due
to (32), we have cidi (o) > rr(a) /i (o) for o large enough, and therefore

supp ity C B(O, ri (@) /(@) C V.
As a consequence, we can define on U N I1;_; the function
Up—1 = Uk O Y. (36)

We can extend this function by 0 outside its support so that u;_; € H'(IT;_;). Its support is inside a ball
centered at 0 and of size d + diam(U) = (1 + ¢)dy, so we set

Fk—1 = (1 + Ck)dk. (37)
We derive from this recursive procedure a quasimode uq on I1p, localized in a ball B(0, ro(a)).

7C. Quasimode on the initial domain Q and choice of the scales. Now we set vy := xo, and we still
define 7y by (33), then 129 by (34) and u_; by (36). Note that « (vg) is constant since vg = xg is fixed. We
compare Qg [[Tr_1](ur—1) with Qu[I1x](ug) for 0 < k <v. We have, from Lemma 3.1,

QulTTx, Grl(ug) = Qu[Mg—11(ug—1). (38)

where Gy := Jk_l(Jk_l)T is the associated metric with J; := dl/lk_l.
Since, by construction, rik (vg) — 0, we can apply Lemma 3.3, in particular the inequality (15):

QulTk, Gil(ur) < Qur [T ().
Combining this with (35) and (38) we get, forall 0 <k < v,

Qo [T 11(ur—1) < T () Qu [T (),
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and therefore

QulQ1u—1) < [ [ m@)* QulTy1(ws).

k=0
Recall that « (vg) is fixed; we get, from (31),
r ry
Q(X[Q](M,ﬂ =< <1 + C<I”0 + d_l +-- d_ +rﬁ+l +-- +rv)> Qa[nv](uv)-
1 v

‘We now choose r; () = oc_zﬁzo % when k < v and r, =ry when k > v, with §; > 0. The shifts are set
by (37), so that ry/d; = O(a~%) for all 1 <k < . Moreover, the scale § of Section 7A is related by
8 =Y 1—o 8 and (30) provides

v v
Qu[Q)(u_1) < (1 +) 0<a—5k)) @E(Q) + 0@®) =a*6(Q) + Y 0@ )+ 0@®).
k=0 k=0
The error terms are the same as in Section 7C; therefore, we make the same choice of scales 6y =2/(2vV+3)
for all 0 <k <v. By construction, #_1 is normalized, therefore the min-max theorem implies the upper
bound of Theorem 1.4.

8. Applications

In the applications below, one must keep in mind that the finiteness of &(€2) is one of our results, and
that this quantity can be made more explicit for particular geometries; see [Levitin and Parnovski 2008].
Moreover, this quantity goes to —oo as the corners of a domain €2 gets sharper: this is clear in dimension 2
since the local energy at a corner of opening 6 goes to —oo as & — 0; see (4). In higher dimension, it
could be possible to use the approach from [Bonnaillie-Noél et al. 2016b] in order to show that the local
energy goes to —oo for sharp cones (see the definition of a sharp cone therein).

8A. On the optimal constant in relative bounds zero for the trace operator. The trace injection from
H'(Q) into L*(R) being compact, the following relative 0-bound holds: for all € > 0, there exists
C(€) > 0 such that

letl1 250 < €lIVUlF2iq) + C@lull7ag, forall ue HY(Q). (39)

This inequality is a particular case of Ehrling’s lemma. It can be written as

C(e)
Qi/el Q1) =z —— lull}sq, forall ue H'(Q).
Thus, by definition of A(2, ), for each € > 0 the best constant C(¢) in (39) is

Cle) = —eA(Q, é)

From Theorem 1.4, we obtain that this constant is essentially e~ 1&(Q)]. More precisely:
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Proposition 8.1. Let Q € ©(M) be an admissible corner domain. Then there exist g > 0 and y € (O, %)
such that, for all € € (0, €),

|&(€2)] _
||”||L2(BQ) <€||VM“L2(Q)+(—+O( 4 1) ”M“LZ(Q) forall MGH (Q)

Let us recall that the finiteness of A(€2, «) is closely related to the compactness of the injection of
HY(Q) into L?*(3R) and, for some cusps, where A(L2, &) = —oo, this injection is not compact (see
[Nazarov and Taskinen 2011; Daners 2013]).

8B. Transition temperature of superconducting models. In the study of superconducting models, the
physics literature has explored over the years the possibility of increasing the critical fields. Another more
interesting and more recent idea is to increase the temperature below which the normal state (i.e., the critical
point of the Ginzburg-Landau energy for which the material is nowhere in the superconducting state) is
not stable. For zero fields associated to a superconducting body €2, enhanced surface superconductivity
is modeled via a negative penetration depth b < 0 and, following [Giorgi and Smits 2007], this critical
temperature is given by

TP (Q) = TCOA(Q %) (40)

where £(0) > 0 is the so-called coherence length at zero temperature, T, is the vacuum zero field critical
temperature for b = oo (corresponding to a superconductor surrounded by vacuum) and A(2, «) is the
first eigenvalue of the Robin problem.

Thanks to Theorem 1.4, for |b| small enough we have

£(0)?

Tb(Q) >Teo +Toy—5 b2

(1€ +0(b"))

for some y € (0, %) Since |£(€2)| > 1 and goes to 400 as the corners of 92 become sharper, our
results are consistent with the general physical principle of increase of TCb(Q) due to confinement (see for
instance [Montevecchi and Indekeu 2000, Section 4] and see [ Yampolskii and Peeters 2000; Baelus et al.
2002] concerning superconducting properties of nanostructuring materials).
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