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Dedicated to the memory of Professor Abbas Bahri who left us on January 10, 2016.

We consider a nonlinear critical problem involving the fractional Laplacian operator arising in conformal
geometry, namely the prescribed o-curvature problem on the standard n-sphere, n > 2. Under the
assumption that the prescribed function is flat near its critical points, we give precise estimates on the
losses of the compactness and we provide existence results. In this first part, we will focus on the case
1 < B <n —20, which is not covered by the method of Jin, Li, and Xiong (2014, 2015).

1. Introduction and main results

Fractional calculus has attracted the interest of a lot of scientists during the last decades. This is
essentially due to its numerous applications in various domains: medicine, population modeling, biology,
earthquakes, optics, signal processing, astrophysics, water waves, porous media, nonlocal diffusion, image
reconstruction problems; see [Hajaiej et al. 2011] and the references [1, 2, 6, 7, 13, 14, 19, 22, 25, 36, 38,
41, 43, 45, 46, 58] therein.

Many important properties of the Laplacian are not inherited, or are only partially satisfied, by its
fractional powers. This gave birth to many challenging and rich mathematical problems. However, the
literature remained quite silent until the publication of the breakthrough paper of Caffarelli and Silvester
[2007]. This seminal work has hugely contributed to unblocking a lot of difficult problems and opening
the way for the resolution of many other ones. In this paper, we study another important fractional PDE
whose resolution also requires some novelties because of the nonlocal properties of the operator present
in it. More precisely, we investigate the existence of solutions for the Nirenberg fractional nonlinear
equation

Pou=c(n,o)Ku"t?/=29)  for y > 0on S”, (1-1)

where o € (0, 1), K is a positive function defined on (S", gg,),

[‘(B+%+U) \/ n—1\2
Po=——2""2 B=/|-A (—)
*r(B+1l-o0) e T\
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I is the gamma function, c(n, o) = F(% + 0) / F(% — a), and A,_, is the Laplace—Beltrami operator
on (S", gg.). The operator P, can be seen more concretely on R" using stereographic projection. The
stereographic projection from S" \ {N} to R" is the inverse of F : R" — S§" \ {N} defined by

Fix) 2x  xP—1
x == 9 b
14 x]2" |x]2+1

where N is the north pole of §”. For all f € C*°(§"), we have

2 —(n+20)/2 . 2 (n—20)/2
<Pa(f>>°F=(1+|x|z) (=) ((1+|x|2) (foF)), (1-2)

where (—A)? is the fractional Laplacian operator (see page 117 of [Stein 1970], for example).
For o =1, the classical Nirenberg problem consists of the following question: which function K on
(S", gg,) 1s the scalar curvature of a metric g that is conformal to g¢,? This is equivalent to solving

Pv+1=—-A, v+1=Ke* onS? (1-3)

g§)’l
and

Piw+1=—A,  w+bm)Row =bm)Kw"+>/"=? onS" n>3, (1-4)

where g = ezvggn, b(n) = m—2)/(@n —1)), and w = e 2V/4 and where Ry = n(n — 1) is the scalar
curvature of (8", 8sn)-

To our knowledge, the very first contribution to this topic is due to D. Koutroufiotis [1972]. He has
been able to solve the above Nirenberg problem (1-3) when K is an antipodally symmetric function
which is close to 1. However, his approach only applies to S2. Following a self-contained method, Moser
[1973] has solved the Nirenberg problem on S? for all antipodally symmetric functions K which are
just positive somewhere. Later on, Chang and Yang [1988] have succeeded in removing the symmetry
assumption on K in dimension 2 and Bahri and Coron [1991] have extended these results to dimension 3.

Another important issue related to the study of the classical Nirenberg problem is the compactness of
the solutions. This has first been addressed by Chang, Gursky and Yang [Chang et al. 1993], Han [1990]
and Schoen and Zhang [1996], for n =2 or n = 3.

Compactness and existence of solutions in higher dimensions have been established in the breakthrough
papers of Li [1995; 1996]. Let us point out that the situation is completely different in higher dimensions
(n > 3). More precisely, when n = 2 or n = 3, a sequence of solutions of the Nirenberg problem cannot
blow up at more than one point. If n > 3, there could be blow ups at many points, which considerably
complicates the study of the problem. Many aspects of this very interesting situation have been addressed
in [Ambrosetti et al. 1999; Ben Ayed et al. 1996; Ben Mahmoud and Chtioui 2012; Chen and Lin 2001;
Li 1995; 1996].

Another stimulating situation is the study of higher orders and fractional order conformally invariant
pseudodifferential operators P,f on (S§", ge.), which exist for all positive integers & if 7 is odd and for
k= {1, cees %} if n is even. These operators were first introduced by Graham, Jenne, Mason and Sparling
[Graham et al. 1992]. Beyond the case Plg which corresponds to the operator associated to the classical
Nirenberg problem discussed above, the operator P5 is the well known Paneitz operator; see [Abdelhedi
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and Chtioui 2006; Djadli et al. 2000; Paneitz 2008; Wei and Xu 2009] and references therein. Up to
positive constants, Plg (1) is the scalar curvature associated to g and P2g (1) is the so-called Q-curvature.

In the last two decades, it has been realized that the conformal Laplacian P#, and more generally P?,
play a central role in conformal geometry. As mentioned previously, the classical Nirenberg problem is
naturally associated to the conformal Laplacian. Consequently, the higher order Nirenberg problems are
associated to Graham, Jenne, Mason and Sparling operators (known as the GIMS operators). Recently, a
recursive formula for GIMS operators and Q-curvature has been found by Juhl [2014; 2013] (see also
[Fefferman and Graham 2013]). Moreover, Graham and Zworski [2003] have introduced a family of
fractional order conformally invariant operators on the conformal infinity of asymptotically hyperbolic
manifolds thanks to a scattering theory.

After this seminal paper, new interpretations of the fractional operators and their associated Q-curvatures
have been the subject of many studies; see for example [Chang and Gonzélez 2011]. For the Q-curvature
of order o on general manifolds, we refer to [Chang and Gonzélez 2011; Gonzalez et al. 2012; Gonzdlez
and Qing 2013; Graham and Zworski 2003; Qing and Raske 2006] and references therein. Prescribing
Q-curvature of order o on S” can be interpreted as a generalization of the Nirenberg problem, called in
this context the fractional Nirenberg problem.

For 0 < o < 1, this challenging problem was first addressed in [Jin et al. 2014; 2015]. In these two
groundbreaking papers, the authors were able to show the existence of solutions of (1-1) and to derive
some compactness properties. More precisely, thanks to a very subtle approach based on approximation
of the solutions of (1-1) by a blow-up subcritical method, they proved the existence of solutions for the
critical fractional Nirenberg problem (1-1) (see Theorems 1.1 and 1.2 of [Jin et al. 2014]). Their method is
based on tricky variational tools; in particular, they have established many interesting fractional functional
inequalities. Their main hypothesis is the so-called flatness condition. Namely, let K : S" — R be a
C? positive function. We say that K satisfies the flatness condition (f) p if for each critical point y of K
there exist b; = b;(y) € R* for i < n, with 221:1 b; # 0, such that in some geodesic normal coordinate
centered at y we have

K@) =K@y + ) bilx—y)il’ +Rx—y), (1-5)

i=1

where Z.Eﬂ:]o IVSR(Y)|1y]|™#~* = o(1) as y tends to zero. Here V* denotes all possible derivatives of
order s and [B] is the integer part of 8. However, they were only able to handle the case n —20 < 8 <n
in the flatness hypothesis. This excludes some very interesting functions K. In fact, note that an important
class of functions, which is worth including in any results of existence for (1-1), are the Morse functions
(C? having only nondegenerate critical points). Such functions can be written in the form (f) g with
B = 2. Since Jin, Li and Xiong require n —20 < B <n (0 < ¢ < 1), their theorems do not apply to this
relevant class of functions. Moreover, they require some additional technical assumptions (K antipodally
symmetric in Theorem 1.1 and K € C"! positive in Theorem 1.2 of [Jin et al. 2014]).

Motivated by [Jin et al. 2014; 2015] and aiming to include a larger class of functions K in the existence
results for (1-1), we develop in this paper a self-contained approach which enables us to include all the
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plausible cases (1 < 8 < n). Our method hinges on a readapted characterization of critical points at
infinity. The approach is different for 1 < 8 <n —20 and n — 20 < 8 < n. In this work, we handle the
first case.

The spirit of our method goes back to the work of Bahri [1989] and Bahri and Coron [1991]. Never-
theless, the nonlocal properties of the fractional Laplacian involve many additional obstacles and require
some novelties in the proofs. Note that in [Abdelhedi and Chtioui 2013], the first two authors have given
an existence result for n = 2, 0 < 0 < 1, through an Euler—Hopf-type formula. In their paper, they
assumed that K is a Morse function satisfying the nondegeneracy condition

AK(y) 20 whenever VK (y) =0. (nd)

We point out that the criterion of [Abdelhedi and Chtioui 2013] has an equivalent in dimension 3 (see
[Abdelhedi and Chtioui > 2016]). However, the same method cannot be generalized to higher dimensions
n > 4 under the condition (nd), since the corresponding index counting criteria, when taking into account
all the critical points at infinity, are always equal to 1. Recently, Y. Chen, C. Liu and Y. Zheng [Chen et al.
2016] proved an existence result for n > 4, under the (nd) condition and another topological condition, in
the case where the index counting criteria, when taking into account all the critical points at infinity, are
equal to 1, but a partial one is not equal to 1.

Convinced that the nondegeneracy assumption would exclude some interesting class of functions K,
we opted for the flatness hypothesis used in [Jin et al. 2014; 2015]. But again, in order to include all
plausible cases (both 1 < 8 <n —20 and n — 20 < 8 < n), we need to develop a new line of attack with
new ideas. This is essentially due to the structure of the multiple blow-up points, which is much more
complicated than in the classical setting. Many new phenomena emerge. More precisely, it turns out that
the strong interaction between the bubbles, in the case where n — 20 < 8 < n, forces all blow-up points
to be single, while in the case where 1 < 8 < n — 20 such an interaction of two bubbles is negligible with
respect to the self interaction, and if 8 = n — 20 there is a phenomenon of balance that is the interaction
of two bubbles of the same order with respect to the self interaction. In order to state our results, we need
the following notations and assumptions. Let

K={yeS"|VK(y) =0}, Kn2o={yeK|B=p()=n—20},

Kt = {ye/c BT >0}, f() = #lbe = bi(y) | 1 =k < n and by <0},
k=1

For each p-tuple, 1 < p < #K, of distinct points 7, := (yy,, ..., yi,) € (Kn—25)?, we define a p x p
symmetric matrix M (t,) = (m;;) by

“_n—205 —ZZ=1bk()’l,-)
IR Se DI

(1-6)

_ -Gy, yi;)
L — (n 20’)/2 i J
mij =2 VK i) K ()20
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where
1

(I—cosd(yy, yi,;))=20)/2"

dx i "2

= d c1 = _—
D= Jo G pperzorz 9= Ly

GOy yi;) =
(1-7)

Here x; is the first component of x in some geodesic normal coordinate system. Let p(z,) be the least
eigenvalue of M(z,).

Assume that p(7,) # 0 for each 7, € (K,—2,)”, 1 < p < K. (Ayp)

Now, we introduce the following sets:

31—20 = {Tp = (}’11, -.-,}’1,,) S (ICJ’_\]Cano)p | 1 SPSWC and Yi #yj for all i 75]}
For any 7, = (y,, ..., y1,) € (K)?, we write

p
(oo =p— 14y (n—i(y,)).

j=1
Theorem 1.1. Assume that K satisfies (A1) and (f)g with1 < <n —20. If

Z (_l)i(fp)oo + Z (_l)l(fl/,)oo _ Z (_l)i(fp)oo-i-i(‘[]/,)oo #1’

00 ’ 00 ’ 00 o0
Tﬁecn—Za Tpec<n—2(7 (T/”Tp)ecn—Za ><C<n—2(7

then (1-1) has at least one solution.

In Part II, we will address the case n — 20 < 8 < n, following another approach and recovering the
main existence results of [Jin et al. 2014; 2015]. More precisely, we will prove:

Theorem 1.2. Assume that K satisfies (A1) for each p > 1 and (f)g withn —20 < B <n. If

Z (_1)i(y)oo + Z (_1)i(fp)oo £1,

y€K+\’Cn_2g Tp Ec,?iza
then (1-1) has at least one solution.

We organize the remainder of our paper as follows. Section 2 is devoted to recalling some preliminary
results related to the variational structure associated to problem (1-1). In Section 3, we characterize the
critical points at infinity of the associated variational problem. In Section 4, we give the proofs of the
main results. The characterization of critical points at infinity requires some technical results, which, for
the convenience of the reader, are given in the Appendix.
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2. Preliminary results

Problem (1-1) has a variational structure; see Section 3 of [Jin et al. 2015], as well as [Chen and Zheng
2014; 2015; Chen et al. 2016; Jin et al. 2014]. The Euler-Lagrange functional associated to (1-1) is

2
[ull

J(u) = (fg,, KMZH/(H—ZU))(H_ZG)/n

foru e H°(S"), (2-1)

where H? (S") is the completion of C*°(S") by means of the norm

1/2
|ul| = (/ Pguu) . (2-2)
Sn

Problem (1-1) is equivalent to finding the critical points of J subjected to the constraint u € £, where
ST=weX|u>0} and EZ={ucH(S"||ul|=1}

The exponent 2n/(n — 20) is critical for the Sobolev embedding H? (S") — L4(S"). This embedding is
continuous and not compact. The functional J does not satisfy the Palais—Smale condition on £, but
the sequences which violate the Palais—Smale condition are known. In order to describe them, let us
introduce some notation. For a € " and A > 0, let

5 (1=20)/2

Sun(x) =2 (2-3)

(14102 = (1 = cos(d(x, a))) ">
where d( -, -) is the distance induced by the standard metric of " and ¢ is chosen so that §, ; is the
family of solutions for

Pou=u"t20/=20)  fory > 0on S"; (2-4)

see page 1113 of [Jin et al. 2014]. For ¢ > 0 and p € N*, we define the set V (p, ¢) of potential critical
points at infinity to be the set of u € ¥ for which there exist aj,...,a, € S", ay,...,a, > 0, and
Ay ooy Ap > e~ ! satisfying

<e,

p
u— E :aigais)\i
i=1

|7 )"/ 20O K () — 1] < e foralli, j=1,...,p,

gij <e foralli # j,

) . (20—n)/2
gij = ﬁ—l—k—j—{—ki)»jlai—ajlz .
)Lj Ai

where

Following [Li and Zhu 1995; Brezis and Coron 1985], the failure of the Palais—Smale condition can be
described as follows.
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Proposition 2.1. Assume that J has no critical points . Let (uy) be a sequence in £ such that J (uy)
is bounded and 3J (uy) goes to zero. Then there exist an integer p € N*, a sequence (er) > 0 which tends
to zero, and an extracted subsequence of the uy, again denoted (uy), such that uy € V(p, &x).

If u is a function in V (p, €), one can find an optimal representation, following the ideas introduced in
[Bahri 1996]. Namely, we have:

Proposition 2.2. Forany p € N*, there is €, > 0 such that if € <&, andu € V(p, €), then the minimization

p
=Y idia)
i=1

has a unique solution («, A, a) up to a permutation.

problem

min
o;>0,1;>0,a;,€S"

If we denote
p
Vi=u— Zais(uh)\i)’
i=1

then v belongs to H° (S") and, arguing as in page 175 of [Bahri 1989], satisfies the condition
96; 96;
(v,0)=0 forg;=8;, —, —andi=1,...,p, Vo)
8)»,' 861[

where 8; = 4,5, and (-, -) denotes the inner product in H° (S") defined by

(u, v) =/ vPyu.

We say v € (V) if v satisfies (Vy). The following Morse lemma completely gets rid of the v-contributions.

Proposition 2.3. There is a C' map which, to each (a;, a;, »;) such that Zf’zl ;84,5 belongs to
V(p, €), associates v = v(«, a, A) such that v is unique and satisfies

p p
J(Z ai(S(a,‘,Ai) + 1_)) = UIé’l(i‘%){J(Zai(S(ai,}\i) + v) }
i=1 i=1

Moreover, there exists a change of variables v — v — V such that

p p
J (Zaf%,m + v) =J (Zai&ai,m - ﬁ) +IVIP
i=1

i=1

Furthermore, under the assumption (f)g, 1 < B < n, there exists ¢ > 0 such that the following holds:

Xp:( n/2 IVIi(a,)I n (log )Lé-zjrnzzjz)/(zn)>
i=1 ; Ki

Z (n+20)/2(n— 20))(1og gk_rl)(n-i-Zo)/(Zn) lfl’l >3,

+c %gkr(logg 1y(n=20)/n s

k#r
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To conclude this section, we state the definition of critical point at infinity.

Definition 2.4. A critical point at infinity of J on X7 is a limit of a flow-line u(s) of the equation

ou _ —aJ (u(s)), u(0)=uo,
as

such that u(s) remains in V(p, e(s)) for s > s9. Here e(s) > 0 and — 0 when s — +o00. Using
Proposition 2.2, u(s) can be written as

p
() =Y i ()8a,5).0: (5 + V().
i=1

Defining ¢; := lim «;(s) and y; :== lim a;(s), we denote a critical point at infinity by
§— 400 s—+00
p
Z&ia(i,',oo) or (yl’ sy yp)oo-
i=1

3. Characterization of the critical points at infinity for 1 < 8 <n —20

This section is devoted to the characterization of the critical points at infinity in V (p, ), p > 1, under the
B-flatness condition with 1 < 8 <n — 2¢. This characterization is obtained through the construction of a
suitable pseudogradient at infinity for which the Palais—Smale condition is satisfied along the decreasing
flow-lines, as long as these flow-lines do not enter the neighborhood of a finite number of critical points y;,
i=1,..., p,of K such that

Vs eer yp) €PX=CS 5 UCP,, UCS L,y X C2,0).

<n—20 <n—20
Note that we say (y1, ..., yp) €CX_, xC°, if thereexists | <s < p—1suchthat (y1, ..., y;) €CZ
and (Y541, ..., Yp) €C, . More precisely:

Theorem 3.1. Assume that K satisfies (A1) for each p > 1 and (f)g, 1 < <n—20. Let

B :=max{B(y) | y € £}.

For each p > 1, there exists a pseudogradient W in V(p, ) and a constant ¢ > 0 independent of
u= Zle ®i8(a;. ) € V(p, €) such that

1 & IVK (@)
. 1
(@) (3J (w), W(w) < _C(Z Vi +Z — +Ze,~,~>,
i=1 " i=1 VES
I 1w < o[ S L L3 VK@)
(i) (00 e+ 0. W) 4+ 52 (W) < —c Yot )
i=1 " i=1 J#
Furthermore, |W| is bounded in V (p, €) and the only case where the maximum of the A; is not bounded
is when a; € B(yy;, p) with y;, € K foralli =1, ..., p, (i, ..., yi,) € P> and p is a positive constant

small enough such that for any y € K, the expansion (f)g holds in B(y, p).
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In order to prove Theorem 3.1, we state the following two results, which deal with two specific cases
of Theorem 3.1. Let §; = (4, ,1,) and

P
Vi(p,e) = {MZZaiS,- eV(p,e) ‘ai € B(yi;, p), yi; € K\ Kp—po foralli = 1,...,p},

i=1

p
Vo(p, €) = :u = Zaiéi eV(p,e) ‘ai € B(y,, p), yi, € Kp—po foralli =1, ..., p}.
i=1

Proposition 3.2. For p > 1, there exists a pseudogradient Wy in Vi(p, ¢) and ¢ > 0 independent of
u=7yi_ a8 € Vi(p,e) such that

14

1 " |VK (a;
(0 (), W1 () = —c(Z LAYty %)

i=1 M i) i=1

Furthermore, |W1| is bounded in V\(p, €) and the only case where the maximum of the \; is not bounded
is when a; € B(y;,, p) with y;, € Kt foralli=1,..., p,with Vs -5 1,) € CZ _op

Proposition 3.3. For p > 1 there exists a pseudogradient W, in V2(p, €) and ¢ > O independent of
u=Yy"_ ;8 € Va(p, ) such that

p

(8 (), Wa(w)) < —c<2

i=1

1 "L |IVK (@)
4 ey TR
i 1

i#j i=1

Furthermore, |W3| is bounded in V,(p, €) and the only case where the maximum of the \; is not bounded
is when a; € B(y;,, p) with y, € Kt foralli =1, ..., p, with (y;, ..., yi,) €C25

In constructing the pseudogradient W, we will use the following notation. Let u = Zf:] ;8 eV(p,e),
such that a; € B(y;,, p) and y;, e L foralli =1, ..., p. For simplicity, if a; is close to a critical point yj,,
we will assume that the critical point is at the origin, so we will confuse a; with (a; — y;;). Now, let
iefl,..., p}andlet M be a positive large constant. We say that

ieLy if Ajla;| < My,
iel, if Ai|ai|>M1.

Foreachi € {1, ..., p}, we define the vector fields
09;
Zi(u) :a"k"a_/\,»’ (3-1)
198 ek + Ai (ai)el? Xi
X =u; — / by : ST dx, (3-2)
= Ai 0(aik Jme (T4 Al (@)= (14 |x |2+
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where (a;)i is the k-th component of a; in some geodesic normal coordinate system. We claim that X; is
bounded. Indeed, the claim is trivial if i € L. If i € L, by elementary computation we have the estimate

o +diCalPx g | Xk
/ A eyt A= GilldD” L 0| T e
= c(sign A (a;)) (ki1 (@) )P~ (1 4+ 0(1)) (3-3)

for any k, 1 < k < n, such that A;|(a;)x| > M;/+/n. Hence our claim is valid.

Proof of Theorem 3.1. In order to complete the construction of the pseudogradient W suggested in
Theorem 3.1, it only remains (using Propositions 3.2 and 3.3) to focus attention on the two following
subsets of V(p, €).

Subset 1. We consider here the case of u = Zf:] o8 = Zie]l a;d; + Zie]z «;8; such that
Lh#8, L#o, ) wdeVithe). and ) b eVath.e).
ieh ieh

Without loss of generality, we can assume here and in the sequel that

)le"‘<)‘p~

We distinguish three cases.

Case 1: u :=Zai5i g Vvi@n,e)

iel
gh
- {u =3 a8 ‘ a; € By, p), yi, € K* for j=1,..., 81 and y;, # y, for all j ;ék}.
j=1

In this case, the pseudogradient Wl (u) := Wy(uy), where Wy is as defined in Proposition 3.2, does not
increase the maximum of the A;, i € I1. Using Proposition 3.2, we have

~ 1 VK (a;
(00 @), Wiw) < —c(Z RDIIEDD %) + o( 3 g,.‘,.). (3-4)

iel i j#i il iel, jeh
i,jeh
An easy calculation implies that
1 1
gij = 0<W) +O<W) foralli € Iy and all j € I5. (3-5)
i J

Fixing iy € I, we define

Biy

Ni={ieh|X7?>41"} and hi=5h\J.

Using (3-4) and (3-5), we find that

~ 1 VK (a; "o
@ Wz ¥ ey L Y)Y ) 6o

ielhUJ; i iel jFiel i=1
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Let k; be an index such that
|(ai)k;| = max [(a;);]. (3-7)
1<j<n
From Lemma 3.4 we have
l . asu 1 (@i — yi)i 1P 2
<3J(M)Z 2Z(M)><c22 : (Zﬁ>+0( > ——5 ) G
ield; JjFied iedi i ieJiNLy i

Observe that for i < j, we have

20, O +2Jx a_ < —ce;; (3-9)
Ton T Y

oeij .
In addition, for i € J; and j € J, we have A ; < A;, so by (3-18) we obtain A, 8—; < —cg¢;j. These estimates

i

yield

<8J(u), Z —2le~(u)>
- ) 1 [ — 1) |2 )
=—C Z 51]"‘0 ZF + 0 ZT + 0 Z Eij |-

ji ie; Vi ieJiNL, i ieJy, jel
iely, jeJ1UL

Taking m; > 0 small enough, using Lemma 3.5, (3-21), and (3-16) we get

<8J(u),Z—2iZi(u)+m1 Z Xi(u)>

ieJ; ieJiNLy
VK (a; 1 P
= T a2 ro(T ) (X )
[#l ieJy ieJ; )" i=1 )\'i
iely, jeJ1UJy

and by (3-6) we obtain

<8J(u), Wi () +m; (Z —2Ziw) +my Y X,-(u))>

ieJ; ieJiNLy
IVK(a)I
o T Lo ¥ YOy ) e
1611UJ11 i#jel; JFEi lellull i:z
ey, jehJUJy

We need to add the remainding indices i € J,. Note that & := Zjeh a;é; € Va(1Jp, €). Thus, the

pseudogradient Wg (u) = Wy (), where W, is as defined in Proposition 3.3, satisfies

p
<aJ(u),vT/2(u)>§—c<Z 5 D i) lVK(a’)l)Jro( > eij)+o<z xiﬂ) (3-11)

JEJ N i#]j jeh iely, jelr i=1 i
i,je

since |a; —aj| > p fori € Iy and j € J;.
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From (3-10) and (3-11), for W = Wy +m (W2 + Y5, =2/ Zi +m1 Y5,z Xi) we obtain

21 &IVK (@
(0 (u), W) < —C(Z = +3 'Aﬂ +Zgij).
i=1 " i=1

! i#]
Case 2: up = Za,-&,- € Vll(j:tll, g) and up:= Zai&- =4 Vzl(nlz, ),
iel i¢h
where
gh
Vi (th, €) == {u =Y a8 ‘aj € B(y;, p), v, KT forall j=1,....80L and p(y,, ..., yz1,) >0}.
j=1

Let Vi (u) := Wa(uy). By Proposition 3.3, we get

<8J(u),V1(u))§—c(Z%+Z|VKAM+ Z8ij>+0( Z e,-,-). (3-12)

ieh M icl ! i#j ieh, jel
i,jE]z

Observe that V| (1) does not increase the maximum of the A;, i € I», since u, ¢ V21 (fh,¢e). Fixige I,
and let

~

Ni={ien |2 =52 and L=0L\.

Using (3-12) and (3-5), we get

1 VK (a;)] P
(0J(u), Vi(w)) < —C< Z __+ZT+ Z 8,']') —I-O(Z W) (3-13)

Bi
Aj i#]j i=1 i

iehbulJ; i ieh i
l,jelz

We need to add the indices i fori € 72 Let i := Zjefz a;6; and let Vo (u) := Wy (i). By Proposition 3.2,
we have

(0J (u), Va(u)) < _C(Z)Lﬂf Z IVK(aj)| Zgij>+0( Z 8ij)-

jeh jeh A i#] jeh,igh
i,je)

Observe that [ = fl U 72 and we are in the case where for all i # j € I, we have |a; —aj| > p. Thus by
(3-16) and (3-5), we get

P

1

o X w)=o(X:5)
jeh,i¢l i=1 "

and hence

"1 VK (a;
(0 ), Vi) + Va(u)) =< (Z—ﬂ Z'kﬂ+zew).

i=1 lEIzUjé i#]
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Let in this case W = Vi + Vo +m; ), 7 Xi (u), m; small enough. Using the above estimate and
Lemma 3.5, we find that

P p
(370, W) < (Zlﬂ 3 VK@)l VK(al)l ngf)-

i=1 i=1 i)
Case 3: up € Vll (#l1,e) and wup e V21 (1, €).
Fori=1,2, let ‘71 be the pseudogradient in V (p, €) defined by ‘7,-(u) = W;(u;) where W; is the vector

field defined by Proposition 3.2 (fori =1) or 3.3 (fori =2) in Vl.1 (#1;, &), and let in this case W = Vl + ‘72.
Using Proposition 3.3, Proposition 3.2, and (3-5) we get

1 &G IVK (@
(0J (), W) < —c(Z 7 +> l/\ﬂ +Ze,-j>.
i=1 "

1

i i=1 i#j
Notice that in the first and second cases, the maximum of the X;, 1 <i < p, is a bounded function and

hence the Palais—Smale condition is satisfied along the flow-lines of W. However in the third case all the
Ai, 1 <i < p, will increase and go to oo along the flow-lines generated by W.

Subset 2. We consider the case of u = Zle a;8; € V(p, €), such that there exist @¢; not contained in
Uye,C B(y, p). Leti; be such that for any i < i1, we have a; € B(ys,, p), y¢, € K and a;, ¢ UyEIC B(y, p).

Let us define
uy = Z 011‘5,‘
i<iy
Observe that u; must be contained in V(i; — 1, ) or V2(i1 — 1, €), or else u; satisfies the condition of

Subset 1. Thus we can apply the associated vector field, which we will denote by Y, and we then have
the estimate

(0T (), Y (u)) < —C(Z - Z'VK(a’)|+Z ,,)+0( 3 sl-j).

i<iy i i<iy l 1;&] i<iy, j>iy
i,j<ij
Now we define the vector field
y— 1 1 88,, VK(al1 Zzl
Aiy 0a;, IVK(an)I

>0
Using Propositions 3.3, 3.2, and the fact that |[VK (a;,)| > ¢ > 0, we derive
1 1
(0 (u), Y () < —¢—+0 (Z s,-J) —c Y & +o<2 ;).
h i) L= i>ip !
Taking ¢’ > 0 large enough, we find

(8.](1/!) Y’ (I/l) —C(Z - Z |VK(611)| Z gij)-

. z
=i l =i i#j, >0
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Now let W := Y’ +m Y, where m is a small positive constant; then we have

14
(07 (), W) < (Ziﬂ Z'V[i(a’)|+z ,])

i#]

Finally, observe that our pseudogradient W in V (p, ¢) satisfies Theorem 3.1(i), and it is bounded since
[[X; 38;/0X;|| and ||(1/A;)06;/0a;| are bounded. From the definition of W, the A;, 1 <i < p, decrease
along the flow-lines of W as long as these flow-lines do not enter the neighborhood of a finite number
of critical points y;,, i =1, ..., p, of K such that (y;, ..., y;,) € P*™. Now, arguing as in Appendix 2
of [Bahri 1996], Theorem 3.1(ii) follows from (i) and Proposition 2.3. This complete the proof of
Theorem 3.1. O

Proof of Proposition 3.2. In our construction of the pseudogradient Wy, we need the following lemmas.
Write 1,4 for the characteristic function of a set A.

Lemma 3.4. Letu = Zle o;8; € V(p, €) be such that a; € B(y;;, p), y, e Kforalli =1,..., p. We
then have

(0J (), Zi(u)) = =2¢2J (u) Zot,ou aail] + 0(%)
i /

o 1@ =yl . -
+ Lz(l) )\—12 +o ZSU +o Z_ﬂ/ y
4 J
with k; defined as in (3-7).
Proof. Observe that for k € {1, ..., n}, if A;|(a; — yi;,)k| > M1//n, we have

e + A (@i = yi)i P
Ry (1+|x[?)"

dx = O((uil(a — yi"?) (3-14)
if My is sufficiently large. If not, we have

/ I+ A (ai — yi )i lPi =t |
" (14 |x|>)"

dx=0().

Using the fact that the k; defined in (3-7) satisfies A;|(a; — yi, )k, | > M/ /nifi € Ly, Lemma 3.4 follows
from Proposition A.1. U
Lemma 3.5. Let u = Zle a;8; € V(p, €) be such that a; € B(y;,, p), y, € Kforalli=1,..., p. We

then have
0&;; 1 |(al yli)kivsiil 5 !
(8](u),X,(U)>§O(Zk— aalJ )+1L1(l)0<)“ ) 1L2(1)C<)\‘/3 )\—z>+0<; W)’

J# i

with k; defined as in (3-7).
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Proof. Using Proposition A.2, we have

1 A (@i — v |P _ 2
(BJ(u),Xi(u))S—cW(f by, ki = )i al dx)
i \JR

T+ 2il(a =y DEDZ (L4 |x 2y
p
> (Z T)' (3-15)
j=17%j

1 aEij
+0(Z T

J#

Using (3-3) and the fact that
My ...
rillai =yl > —= if i € La,

Jn
Lemma 3.5 follows. 0
In order to construct the required pseudogradient, we have to divide the set V;(p, ¢) into four different
regions, construct an appropriate pseudogradient in each region, and then glue up through convex
combinations. Let Z; and Z, be two vector fields. A convex combination of Z; and Z, is given by
0Z,+ (1 —0)Z,, where 6 is a cutoff function. Let

p n
Vi(poe)i={u= X i € Vilp. o) |y, # v, foralli # j, = 3 bily) > 0,
i=l1 k=1

and A;la; —y;| < é foralli = 1,...,p},

VA(p. e) _{u_zals(amevl(p,eﬂyl £y, forall i # j, Aila; — y,| <8 foralli =1, ...

i=1

and — Z bi(y1,) < 0 for some z}
k=1

M"e

) .
V13(p, €)= {u =D i@ € Vi(p, ) | yi; 7 yi; foralli # jand Ajla; — y;;| > 5 for some ]},

i=1

<

Vip.e) = {u = ZWS(M) € Vi(p.e) | y;, = yi, for some i #J’}-

Pseudogradient in V1 (p,e). Letu = Zleoc,-éi € Vll(p, ¢). For any i # j, we have |a; —a;| > p;

1 1 1
e 0(<A,-Aj><"—2°>/2> (w) *"(w) 10

since B;, Bj <n—20. Let Wl1 (u) = le Z;(u). Using the fact that |V K (a;)|/A; is small with respect
to1/ 1;#, we obtain from Proposition A.1

1 & IVK (@
(00 (), W} () < —C(Z S+ Frel +Ze,~,~).
i=1 " i=1

! i#j

therefore

Pseudogradient in Vlz(p, €). Letu = Zip:1 a;d; € V12 (p, ). Without loss of generality, we can assume
thati =1, ..., ¢ are the indices which satisfy — Y/ _, bx(y;,) < 0. Let

: /3, 1 : Bj
I=ie{l,....p}| 2 WY,
{ief pyIA; < g min A7)
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In this region we define le(u) = l.q:] (—=Zj))(u)+ ) ;c; Zi(u). Using a calculation similar to [Ben Mah-
moud and Chtioui 2012], we obtain
> 1 VK@)
(0J ), Wi @) < = D+ — +) e
T i=1 ! i#j
Pseudogradient in V13 (p,e). Letu = Zle o;d; € V13( p, €). Without loss of generality, we can assume
that ;" = min{a” | 2;1a; — yi,| > ). Let
Ji=lill<i<pandaff = L)

Observe that if i ¢ J we have A;|a; —y;,| > 8. We write u =) ,_;c 2idi + ;. ; @i8; = uy +us. Observe
that u; has to satisfy one of the two above cases, that is, u; € Vl1 (#JC, &) oru; € Vlz(tiJC, ). Let W
be a pseudogradient on V13(p, ¢) defined by W(u) = Wl1 (uy) ifu; € Vll #JC, ), or W(u) = le(ul) if
Uy € Vf(jj]c, ¢). In this region let Wf(u) = ﬁ/(u)+X1(u)—l—ZiemL2 X;(u)—M,Z;(u). By Propositions
A.1 and A.2, we have

P P IVK (g
(0J (u), Wf(u))S—C(ZE+Z|)\ﬂ+ZSU>.
i=1 " i=1

! i#]

Pseudogradient in V14 (p, €). Finally, let u = Zf’zl o;é; € V14 (p, €). Consider
Br={jl1=<j=<panda;e B(y,, p)}

In this case, there is at least one By which contains at least two indices. Without loss of generality, we

can assume that 1, ..., g are the indices such that the set B, 1 <k < g, contains at least two indices. We
will decrease the A; for i € By with different speed. For this purpose, let

0 if 7| <y,

X:[R{—>[RR+, t— .II_J/

1 if | > 1.

Here y is a small constant. For j € By, set x(A;) = Zi#i, icBy X (Aj/A;). Let

LI ={i|1=<i<pandAla —y;| >3}
We distinguish two cases:

Case 1: I} # @. Let in this case

. . Bj . ;
J:{]|15]5[93]’1(1)\.]-/2%1;1’611]1]1)\.;3}.

Observe that, if a; € B(y;;, p), we have |VK (a;)| ~ > p_; |bill(ai — yi,)k|P L. So, if i € Ly we have
IVK (a)|/7i < c/AP, andif i € L, we have

VK (@)| _ [@i =yl P!
<c .
Ai - Ai
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Thus by Lemma 3.5 we obtain

- Bi—1
<al<u>ZX<u>> —CS(Z ; DI Z%)

iel ieJ ie ieliNLy

+0( >

i#j, i€l

Let C = {G, ) |y =Ai/r; <1/y}, where y is a small positive constant. Observe that

1 88,']'

n 94 =o(g;j) forall (i, j) e C,i # j.

This with (3-3) yields

R Bi—1
<8J(M)Zx(u)> —Ca(z ; Z'VK(“')' Z%)

i€l ieJ ieJ ieliNLy
q p
(X X w)ro(X X ) ro(X ) e
k=1 i#jeBy k=1 i#jeBy i=1 i
(i,j)eC,iely (i,))¢C,iel

Forany k=1, ...,q, let A;, = min{A; | i € Bi}. Define

q
Z=-Y > x0pNZ —ylz > X0z,

k=1 jEBk = jEBA
(ir,))¢C (ix.j)eC

where y; is a small positive constant. Using Lemma 3.4, we find that

! deij
<
(0 (), Zw) <c Y Z XG5
k=1 i#Fj
J€B, (j,ir)¢C
1 1 1 |(61'—}’1~)|’3-"_2
—i—cylz Z X (xj )Aja)\ (Z Z ( j )sz >)
k=1 i#j 1 jeBNL, k, J
JE€Bk, (j,ir)eC (i gC

1 |(aj—YI-)|’3f_2
no(L 3 ()
k= leBkﬁLz J J

(j.ir)eC

Observe that by using a direct calculation, we have
881']'

igy, = e ifAiz A A~ A, orla; —ajl 2 8> 0. (3-18)
1
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LetjeBi,1<k<g,andleti,1 <i < p,besuchthati # j. Ifi &€ By, ori € By with(i,j)ea,then

we have by (3-18)
88, 88,’]
Ai —<—ce,j and A;— < —cgjj.
; 0A;

In the case where i € By with (i, j) & Cc (assuming A; < A;), we have x(A;) — x(A;) > 1. Thus,

X )x L ¥ (0 )/\ <hj—L < —cey.

/ a,\
We therefore have

q
(07 (u), Z(u)) < —c(Z Yoo iy, Y s,-,)

k=1 i#j ~ k=1 i#j ~
JE€B, (j,ix)€C JE€Bk, (j,ix)eC

(X 2 (5 )

Bj
k= IJEBAﬂ[g A

(i) £C ’ 2
a; —y.)|P
+y10(2 3 ( e ) )ﬁf )) (3-19)
Ay j

k= IJEBkﬂLz
(i eC

Observe that if j € By with (j, ix) € c , we have j or iy € I;. Thus for M large enough and y; very small,
we obtain from (3-17) and (3-19)

<8J(u), Z X; +M12(u)>

iel
q
|VK(az)|
(T D T a)ro(E T ) e
iel iel k=1 i#j k=1 jeBx J
. J€By (ix. /) £C
since - -
ai — Vi )i I ai — yi; )i 1™ .
I( yl,z)k,| _, |(ai — Y1)k, | forany i € L (3-21)
A Ai

(as M is large enough). Now, let in this region

n

W= Ml(ZXi +M12) +Z(— Zbk>Zi.

iel i¢g] N k=l

We obtain from the above estimates

14
(0 @), Wi (W) < (Z—ﬂ 3o VK@) + X o).

i=1 i=1 i#]

Case2: I, = 2. Let
L={1}1U{i |1 <i<pandAX; ~A}.
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We write

u= Zoe,-é,- +Zai8i =up+up.

ielp i¢12

Observe that, for all i # j € I such thati # j, we have |a; —a;| > §. Indeed, if |a; —a ;| < §,s01, j € By,
we get |a; —aj| <l|a; — y,| +|a;j — y;| <28/A;, since Iy = & and A; ~ A; for all i, j € I. This implies
that

(n—20)/2
MM 2 -
)\._j+)\._l'+ irjlai —ajl <c,

and hence ¢;; > ¢, which is a contradiction. Thus u; € Vlj (812, €), j =1 or 2 or 3. Applying the associated
pseudogradient denoted by W, we obtain

(dJ (), W(u)) < _C(Z% —i—Z lv{iﬂ—i— Zsij) + 0( Z 81‘]‘).

iel, i ieh ! i#j ieh, j¢h
i,jel

Let

.Bl /3!
b = 1<i<p, A’ >mini
=il i <p, min J}

We can add to the above estimates all indices i such that i € J>. So, using the estimate (3-16) we obtain
—_ 1 IVK (a;)] S
(BJ(u),W(u))S—c(ZF—i-ZA—i—i- > ) +o Zx_ﬂ +o > &)
ieh ™  ieh i) i=1 i i,jeBs
i,jel ieh, j¢h

Let M; > 0 be large enough, then the above estimate and (3-19) yields

(0 (), MIZ(“)+W(M)>

_c( = Z'VK(Q’”JFXQ: 3 e+ Ze,,>+0<§ 3 > (3-22)

ie, i ie), k=1i#jeBy i#j i€By i
i,j€h (ik, 1)¢C

By Step 3 in the proof of Proposition 3.3 below and (3-16), we have
<8](u), Z(— Z bk> Z; (M)>
igh k=1
|v1<<a,>| : 3
_C<Z ; +> )+0(Z > e,-,-) <Z—ﬁ (3-23)

i¢J i¢Jr k=1i#jeBy
i¢)

Define

Wi ) = My (M\Z(u) + W () + Z(— Zm) Zi(u).

i¢h ~ k=1



1304 WAEL ABDELHEDI, HICHEM CHTIOUI AND HICHEM HAJAIEJ

Using (3-23), we get

4 S 1 K IVK @)
(@0 ), Wiw) < —c( D 7 +> — +) e,
i=1 i i=1 i#j
since l/k’?i = o(l/ll?ki") for all i € By such that (i, iy) & C.
The vector field W, in V| (p, ) will be a convex combination of w/, j=1,...,4. From the definitions

of le , J =1,...,4, the only case where the maximum of the A; increases is when a; € B(y;,, p),
yi; KT foralli=1,..., p, with y;, # y;, for all i # j. This concludes the proof of Proposition 3.2. [J

Proof of Proposition 3.3. We divide the set V,(p, ¢) into five sets:

n

p
V) (p.e) = {u = iba, € Va(p. e) \ i, # i foralli # j, = " bi(y,) >0,
i=1 k=1

ki|ai—yli|<8foralli=1,...,pandp(yll.,...,ylp)>0},

p n
Vi(p,e)= {u = Zai%xi € Va(p, e) ‘ yi; # yi; forall i # j, — Zbk(yz,») >0,
i=1 k=1

Ai|ai—yli|<6f0ralli=1,...,pandp(yll.,...,y1p)<0},

p
Vi(p.e)=1u=> 43, € Valp.£) ‘ i, # w, foralli # j, Aila; —y,| <8 foralli=1,..., p,
i=l1

n
and there exist j such that — Z bi(yi;) <0
k=1

p
V24(p, g)=u= Zaﬁaili e Vao(p, €) ‘ Vi, # Vi for all i # j,
i=1

and there exist j (at least) such that Aj|a; — y;;| > %

)4
V25(p, g)=3u= Zai‘saiki e Va(p, €) ‘ such that there exist i # j satisfying y;, = yi; }
i=1

We break up the proof into five steps.

Step 1. First, we consider the case u = Zf’zl i85, € V21 (p,e). We have, forany i # j, |a; —aj| > p

and therefore,

(n—20)/2
= 2 _ ~(n—20)/2 G(ai,aj)
B = ((l—cos d(a;, a.,-))/\i),,) (1+o(l)) =2 Gur 2o o).

Here G(a;, a;) is defined in (1-7). Thus,

8‘c/‘ij __n—20 'Z(n_zg)/z. G(a;, Clj)

T 2 Gy o)
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Using Proposition A.1 with 8 = n — 20 and the fact that a:m/(”_zg)K(a[)J(u)”/(”_z") =1+4+o0(1) for all
i=1,..., p, we derive that

83 n— 20’ 1-n/2 n—2o0 - Zlebk 1
<8J(u) aiki > I () n K (@)@ %

+e 2(,1,20)/2 Z G(yl,-, )/l,-) 1
1 “ (K(al_)K(aj))(n—Za)/@a) (A.)\ .)(n—20)/2
ot )
Ai i#]
n—2o0
Here ¢ = c(z)"/ (n=20) % dx. Hence, using the fact that |a; — y;,| < § for § very small, we get
Rr X n
p P 1
<8](u), Zaizi> < —ctAM(yll, e, y[p)A +O(Z W + Zé‘ij)
i=1 i=1 " i#j
< —cp(yzl,...,yzp>|A|2+o<Z == +Zs~),
i=1 i#j
where A =t(1/k§”_20)/2, e 1/)»21_2”)/2). Here M (yy,, ..., y,) is as defined in (1-6) and p (yy,, . .., y1,)
is the least eigenvalue of M (yy,, ..., y;p). Using the fact that for all i # j, we have ¢;; < c/(kikj)(”_za)/Z,

since |a; —aj| > 8, we then obtain
P
<W, > )z —o(X st + o)
i=1 i#]j

In addition, for alli = 1,..., p, if A;|a;| < 8 then we have |VK (a;)|/A; ~ |(a)x|f~ /2 < ¢/AP. Thus,
we derive, for W21 = p A Z;,

p p '
. = e(3 3 TRl )
i=1 i !

i=1 Iy

Step 2. Secondly, we study the case u = Zle i85, € sz(p, e). Since p := p(yy, - -, y1,) is the least
eigenvalue of M(yy,, ..., yi,), it satisfies

(3-24)

' {IXM(yll,...,ylp)X}
inf 5
X eRP\{0} X

Therefore, there exists an eigenvector e = (e;);—=1
foralli =1,..., p. Indeed,

p associated to p such that |e] = 1 with ¢; > 0,

.....

P=t€M(y11,---,ylp)e—zmue +Zml/elej >Zmll|el| +th/|et||ej (3-25)
i#] i#]
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since m;; < 0 for i # j. Observe that if there exists ig # jo such that ¢;,e;, < 0, then the inequality in
(3-25) will be strict. This is a contradiction with (3-24). Therefore e;e; > 0 for all i # j. Hence, we can
work with e = (ey, ..., e,) such thate; > 0, forall i =1..., p. Now, if there exists iy such that e;; =0,
then M (y;,, ..., ylp)e = pe would imply that Z#io mjj,ej =0 and e; =0, a contradiction. Thus, ¢; > 0
foralli=1,..., p.

Let ¥ > 0 such that for any x € B(e, y) ={y € SP~! ||y —e| < y}, we have

XMt )X <3000 ,)

Two cases may occur.

Case 1: A/|A| € B(e,y), where A = ’(1/A§”—20)/2, L l/kg,"_za)/z),

In this case, we define W22 =— f:] o;Z;. As in Step 1, we find that
> 51 &K VK@)
(7 (), Wi @) < —c( D =T +>° y +> i)
i=1 i i=1 i)

Case2: A/IA| ¢ B(e, y).
In this case, we define

p

Ale; — A; A {|Ale— A, A)\ 3d,.»,

o 2 (I AN 0,9 P,
i=l1

n—2o ’ |Al AP dA

Using Proposition A.1, we find that

7
(0J (), W3(u)) = —c|A|2%(’A(t)MA(t))\l:0 +0<Z /\H) +0<Z s,,),

i=1 i i£]
(I—=0)A+t|Ale
where M = M(yy,, ..., y,) and A(t) = [A=0A+11A] |A. Observe that
— e
(1—1)?

'AOMA@) =p+ ('AMA —p|AP).

|(1 =) A +1]Ale]

Thus we obtain %(’fA(t)M A(t)) < —c and therefore,

S | P IVK (g
(0J (u), Wiu)) < —C(Z o +Z | ;a )| +Ze;~,~).

i=1 "i i=1 i#j

Step 3. Now, we deal with the case u = Zf’zl o841, € V23(p, ¢). Without loss of generality, we can
assume that 1, ..., ¢ are the indices which satisfy — > ;_, bx(y;,) <Oforalli=1,...,q. Let

q
! § :
) = —Ol,'Z,'.
i=1
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By Proposition A.1 and (3-18), we obtain

01

(0 (u), Wy () s—c(Z T > eu)-

i=1 " i#j, 1<i<q

Set

_ . . . l . X
I={i|1<i<pand} < 1011511]12[1)»]}.

It is easy to see that we can add to the above estimates all indices i such thati ¢ I. Thus

~ 1
(0 (), Wy (w)) < —c(z e T > e,-,-).

igl i i#],i¢l

If I # @, in this case, we write

u=uy+us, Uy = E i85, Uy = E i85,
iel i¢l

Observe that 11 must be contained in either V21 (#1, €) or sz(]il , €). Thus we can apply the associated
vector field which we denote by VT’% We then have

) 1 VK (@)
(3 (), Wz(u»s—c(Z ot > ei,~+ZT)+0( > e,-,-).
i 1 !

iel i#j,iel i= i#],i¢l

Let in this subset W23 = VT/ZI +m sz for m; a small positive constant. We get

PO " \VK (a;
(8 (u), W5 (u)) < _C(Z =T +Z | ;a )| +Zel~j).

i=1 i=1 i#j

Step 4. We consider next the case u = Y "_; 84,3, € V24(p, g). Let
)‘il Zil’lf{)\.j | Ajlaj| > §}.

For m; > 0 small enough, we claim that

1 = VK (@)
(00 (), (Xiy —m1 Zi)w)) < —c Y ot Doty ).
i=iy i j#il i=1 i
Indeed, for i # j, we have |a; —a;| > p, thus in Proposition A.2 the term )% a‘zagi./)' | is very small with
i 0(ai)k

respect to ¢;;. Hence,

c Xk, + iy (@i 1P Xk, >2 1
aJ(w), X; (u)) < — by 1 a 1 dx +0( + & >
( ( ) 11( )) )‘;‘11_20 </I‘Q” k,l (1 +)“i1|(ail)ki1|)(ﬂ_l)/2 (1 + |x|2)n+l )‘?1_20 H&Z” 3]
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If iy € Ly, in which case § < A;,|a;,| < M|, then an elementary calculation gives

Xt + Aj (@) |P Xk, 2
by J > 0.
(/ A aala@ne DE DR (4 ) =€~

Using (3-26), we get

(0J(u), Xi, (u)) < —

20 +O<Zgilj) = CZ_+0<Z<9i1j>-

1 J#i =iy i J#i

On the other hand, we have, by Proposition A.1 and (3-18),

(0J (), Ziy (w)) < —c Z €ij + 0( n— 20)
VER i

Using (3-27) and (3-28) our claim follows in this case.
If iy € L,, using (3-3), we find

N
(8J (), Xi, (u)) < —C(AZE% + I(a”))\rj:l ) +0<Z %)

J#

p , B—1
1 [(ai)k; |
S—c(Z e + A-l )—l—o(z 8i1,/),

i=iy i n J#i

and by Proposition A.1 and (3-3), we have

| (@i, 1P
DT W), —Zo, W) < —c Y e, + (+>
J# l

Now using (3-21), we obtain

p 1 l B
(00 W), (X, —mlz,-lxu»s_c(Z e e (@ IA)kl )

i=ip i J#i
IVK(a”)I
<o Dt + Dy + V)
i=i i J#i M
since |VK (a;)| ~ [(ai )k, |#=1. Thus, our claim follows.
Now let
I = { |1 <i<pand) <110A }
We have

VK (a;,
(0J (u), (X;, —m1Z,-,)(u))§—c(Z —— Z I (a )I)
el i j#isigl

(3-26)

(3-27)

(3-28)
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Furthermore, using (3-3), we have
1 IVK (a;)]
<aJ(u>, (X,-l —miZi + Y X,») <u>> < _C(Z e Yot 2 i),
i¢l icLy igl i igl ! i#ji¢l
since fori ¢ I andi € L1, we have |[VK (a;)|/ i < c/kf}. We need to add the remainder terms (if I # 9).

Letuy =3¢ 18
can apply the associated vector field which we will denote W24 . We then have

(0 (), W;‘>§—c(szzg + ¥ gij+z|w§ﬂ>+o( 3 gi,).

iel i i#j i, jel iel iel, j¢I

o;84,5,. For all i € I we have A;|a;| < 8. Thus, u; € sz(ﬁl, g) for j =1or2or3,sowe

Let W;‘ =X —mZ;, + Ziil’ieLz X; +m2W§ for m, > 0 small enough. We get

P " \VK (a;
(8 (u), W5 (u)) < _C(Z =T +Z | ;a )| +Zel~j).

i=1 i i=1 i#j

Step 5. We study now the case u = Zle i85, € st(p, ). Let
By={jl1=<j=<panda; € B(y,, p)}

In this case, there is at least one By which contains at least two indices. Without loss of generality, we
can assume that 1, ..., g are the indices such that the set By, 1 <k < g, contains at least two indices. We

will decrease the A; for i € By with different speed. For this purpose, let
il < 0

x:R— RT, [ 0 1 =y

1 if |¢7] > 1.

Here y’ is a small constant.
For j € By, set X(Aj) =i 4; jep, X (*j/*:). Define

q
W25 =—Z Zaj)_((kj)zj.
k=1 jEBk
Using Proposition A.1 and (3-3), we obtain
(8 (), W3 (u)) < qu S Xy
u Ay’
s Wolu))y=¢ '.'ija)\j
k=1 “i#j, jeBx
_ 1 _ (@), 1P
+ Z X(M)O(m> + Z X()»j)0<jT .
j€Bk, jeL, )‘j Jj€Bk, jeLs J

For j € By, with k < ¢, if X (A;) # 0, then there exists i € By such that 1/)»;?_2" = o(g;;) (for p small
enough). Furthermore, for j € By, if i ¢ By (ori € By with A; ~ A ;), then we have, by (3-18),

0&;; de;j
,—” < —cgjj and )L,-—l] = —cgjj.
’ 8kj aki
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In the case where i € By (assuming A; < A;), we have x (A;) — x(A;) > 1. Thus
08ij Eij
XA )k o, + x (A ))» k~—'§—cs,~j.

Thus we obtain

q
(0 (), W3 ) < cZZm»(ZeU = 20>+Z > —<A>0('( Dul” ) (3-29)

k=1 jeBy i#]j k=1 jeBy, jeL,
We need to add the indices j € ( K=l k)c U{j e B | x(;)=0}. Let
)\.io :inf{ki | i = 1, ...,p}.
We distinguish two cases.

Case 1: There exists j such that X (1) #0, ;, ~ A;, and y’ < X;,/A; < I; then we observe in the above
estimate — 1 /A;’O_zc and therefore — Y7 1/A" 2 and — Y, 4 €kr- Thus we obtain

<8J(u),W§(u)>§—c(an 2U+Ze,,>+0(z 3 |(aJ)k| )

i#j k=1 j€By, JEL, ]

Now let p
W5 =W; +my Y X;.
i=1

Using the above estimates with Proposition A.2 and (3-21), we obtain

VK
(aJ(u)’ W;(H)) - _C<Z )\Vl —20 +Z l] +Z | (a )|)

i#j i=1
Case 2: For each j € By, | <k <g, we have A;) < ; (i.e., Aj,/A; <y'), orif X;; ~ A; we have () =0.

In this case we define
q c Iy 1
= ({i | >‘<<Ai>=0}U(UBk> )ﬂ{i < _,}.
io 14

k=1
It is easy to see that ip € D and if i # j € {i | x(4;) =0} U (U7, Bk)c we have a; € B(y;,, p) and
a;j € B(y;;, p) with y;, # y;;. Let
= Zai(Sai;ﬁ.
ieD

Then u; has to satisfy one of the four subsets above, that is, u; € V2j (#1,¢) for j =1, 2, 3, or 4. Thus we
can apply the associated vector field, which we will denote Y, and we have

1 IVK (a;)|
@1 vw) = —o( ¥ + X Y ) ro( X a)
ieD A ieD ! i#j ieD, j¢D
i,jeD
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Observe that in the above estimates, we have the term —1/)»?0_2”, thus we have — le 1 /A?‘za.
Concerning the term — Zi#j gjfori e Dand j € D€, we have

. 1 1
DC — { )’}_ - y_}u<{i|)—((xi)7é0}m(UBk)).
k=1

If j € {i | ¥() # 0y UYL, By. then we have (—&;;) in the estimates (3-29). If j { | ;— > i} we
can prove in this case that |a; —a;| > p. Thus 4

c Cy/(n 20)/2

&ij = (hih ) n=200/2 < (high) =20/ = 0(&igi)

for y’ small enough. We derive that

(8 (), (W3 +m1Y)(w))

q ‘ 52
S_C(ZWKA—,@)' an 20+Zsu) Z 3 _(11)0<%),

ieD i#£j Jj€B, jela J

and hence, by (3-21), we get

<aJ<u), (W§+mly+m2 ) X,~>(u)>§—c(z LY ”+Z|V1<<al)|>

i=1,iely i=1 i#]j i=1

for m; and m, two small positive constants. In this case we define

W3 = W3 +mY +my Y X,

i=l,iel,

The vector field W, in V,(p, &) will be a convex combination of sz ,j=1,...,5. This concludes the
proof of Proposition 3.3. O

Corollary 3.6. Let p > 1. The critical points at infinity of J in V (p, €) correspond to

b 1

Vi e V1) o0 1= 21: W(S(yz,oo)’
where (yi,, ..., y1,) € P™. Moreover, such a critical point at infinity has an index equal to
p ~
iy -5 V1,0 =p—1 —I—Zn—i(y).

i=1
4. Proof of Theorem 1.1

Using Corollary 3.6, the only critical points at infinity associated to problem (1-1) correspond to
Woo = (Viys -+ y,-P) € P°°. We prove Theorem 1.1 by contradiction. Therefore, we assume that (1-1) has
no solution. For any we, € P, let c(w)~ denote the associated critical value at infinity. Here we choose
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to consider a simplified situation where for any wo, # w/,, we have ¢(w)s 7# c(w’)oo and thus order the
c(W)oo With we, € P as

c(Wi)oo < -+ < c(Wiy)oo-

For any ¢ € R, let J; = {u € 7 | J(u) < c}. By using a deformation lemma (see [Bahri and Rabinowitz
1991]), we know that if c(Wi—1)co < @ < c(Wi)oo < b < c(Wi+1)0o, then

Jp 2 Ja U WS (W) oo, (4-1)

where W (wy)o denotes the unstable manifolds at infinity of (wi)so (see [Bahri 1996]) and ~ denotes
retracts by deformation.
Taking the Euler—Poincaré characteristic of both sides of (4-1), we find that

X(Jp) = X (Ja) + (=1) )=, (4-2)
where i (wy)oo denotes the index of the critical point at infinity (wg)o. Let

by <c(Wy)oo = rggi JW) < by <c(Wr)oo <+ < by, < c(Wiy)oo < biy+1-

Since we have assumed that (1-1) has no solution, kao .1 1s a retract by deformation of ¥ T. Therefore
X(kao+1) =1, since 1 is a contractible set. Now using (4-2), after recalling that x(Jp,) = x (@) =0,
we derive

ko
1= Z(—l)“wﬁw. (4-3)
j=1

So, if (4-3) is violated, then (1-1) has a solution.
If there exists wo, # Wy, such that a < c(w)oo = c(w')oe < b, then

Ip = Ty U WP (W) UWX (W) (4-4)
By taking the Euler—Poincaré characteristic of both sides, we find that
X(Up) = X (o) + (= 1) 4 (=1 D=, (4-5)

Repeating the same argument used above, we get a contradiction, completing the proof of Theorem 1.1.

Appendix

This appendix is devoted to some useful expansions of the gradient of J near a potential critical point
at infinity consisting of p masses. These propositions are proved under some technical estimates of the
different integral quantities, extracted from [Bahri 1989] (with some changes).

Proposition A.1. Assume that K satisfies (f)g, 1 < B <n. For any u = Zle a;éjin V(p,e), the
following expansions hold:
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@) <3J(u) A gi > —2ch(u)§a] +o(;sij) +0<%>
i#j i

where ¢y = 2/ (n=20) dy
’ e (14 [y 20027

(i1) If a; € B(yj;, p), yj, € K and p is a positive constant small enough, we have

a6;
<8J(u) A BT>

0&; — _ o 1
—2](1/!)(—0220(] lj+n 2acgn/(n 20),3 i b

) 4 B
= 2n K (ai) 3!
. _ Xk
b r(a: — v Aia —vi) P! d
xg e e TR
—|—0<ZSU+Z )) (A-1)
J# j=1
(iii) Furthermore, if Aila; —yj,| <8, for § very small, we then have
aJ (u), i — 00
u
oA
a; 1 b
=2J(u )<” 29 goy % Z"—ﬂl "—czZaj ”+o(Ze,,+Z )) (A-2)
2n K(ai) Z o

2n/(n—2 1 P
where c3 = Con/(n U)/ ﬁ
sr (14 |x]7)

Proposition A.2. Under condition (f)g, 1 < B <n, foreachu = Z?:l a;jé;j € V(p,e), we have:

96; VK 1
(i) <8](u) > —csJ ()" T2/ 2“’& + 0( > ) +o(§ eij + )
A; 0a; Ai
4 l#]
where cs =/ —yz
re (L+1y[)"
(i) Ifa; € B(yj[, p), yj; € K, we have

(19605 5]
), Ta(aok

38”
da;

_ 20/ (n=20) o (1420 /(1=20) Y S S
=—2(n —20)c, J(u)? )JS /nbk|Xk +Ai(ai — yj)kl AT dy
P ag;
ro( L) +o(X55) +o( S5 o))
i£) izt i i#] ai

where k=1, ..., n and (a;)y is the k-th component of a; in some geodesic normal coordinate system.
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