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THE INTERIOR C? ESTIMATE FOR THE MONGE-AMPERE EQUATION
IN DIMENSION n =2

CHUANQIANG CHEN, FEI HAN AND QIANZHONG OU

We introduce a new auxiliary function, and establish the interior C? estimate for the Monge—Ampére
equation in dimension n = 2, which was first proved by Heinz by a geometric method.

1. Introduction
We consider the convex solution of the Monge—Ampere equation
det D’u = f(x) in Bg(0) C R>. (1-1)

When the solution u is convex, (1-1) is elliptic. It is well known that the interior C 2 estimate is an
important problem for elliptic equations. For the Monge—Ampere equation in dimension n = 2, the
corresponding interior C? estimate was established by Heinz [1959], and for higher dimensions n > 3
Pogorelov [1978] constructed his famous counterexample, namely irregular solutions to Monge—Ampere
equations.

Later, Urbas [1990] generalized the counterexample for o}, Hessian equations with k > 3. So the
interior C? estimate of the o, Hessian equation

o»(D*u) = f in Br(0) CR" (1-2)

is an interesting problem, where o2 (D?u) = o5 (A(D*u)) = Zlfz’] <iy<n MiAins the eigenvalues of D?u are
A(D?*u) = (A1, ..., Ay), and f > 0. For n =2, (1-2) is the Monge—Ampere equation (1-1). For n =3
and f =1, (1-2) can be viewed as a special Lagrangian equation, and Warren and Yuan [2009] obtained
the corresponding interior C? estimate in their celebrated paper. Moreover, the problem is still open for
general f with n > 4 and nonconstant f with n = 3.

Moreover, Pogorelov-type estimates for the Monge—Ampere equations and the o, Hessian equation
(k > 2) were derived by Pogorelov [1978] and Chou and Wang [2001], respectively, and see [Guan et al.
2015; Li et al. 2016] for some generalizations.

In this paper, we introduce a new auxiliary function, and establish the interior C? estimate as follows:
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Theorem 1.1. Let u € C*(Bg(0)) be a convex solution of the Monge—Ampére equation (1-1) in dimension
n=2,where 0 <m < f <M in Bg(0). Then

|D*u(0)] < CyeC23upI1Dul/R? (1-3)

where Cy is a positive constant depending only on m, M, Rsup |V f| and R*>sup |V f|, and C; is a
positive constant depending only on m and M.

Remark 1.2. By Trudinger’s gradient estimates [1997], we can bound | D% (0)] in terms of u. In fact,
we get from the convexity of u that

OSCHRO) U _ 4supg, o) lul

sup |Du| < <
Br2(0) R/2 R
and
D2 (0))| SCleczsmpgk/z(mIDu\z/(R/2>2 §C1616C25up3R(0) |u|2/R4' (1-4)

Remark 1.3. The result was first proved by Heinz [1959]. In fact, Heinz’s proof depends on the strict
convexity of solutions and the geometry of convex hypersurfaces in dimension two. Our proof, which is
based on a suitable choice of auxiliary functions, is elementary and avoids geometric computations on the
graph of solutions.

Remark 1.4. The interior C? estimate of the o, Hessian equation (1-2) in higher dimensions is a
longstanding problem. As we all know, it is hard to find a corresponding geometry in higher dimensions,
so we cannot generalize Heinz’s proof or Warren and Yuan’s proof to higher dimensions. But the method
in this paper and the optimal concavity in [Chen 2013] is helpful for this problem.

The rest of the paper is organized as follows. In Section 2, we give the calculations of the derivatives
of eigenvalues and eigenvectors with respect to the matrix. In Section 3, we introduce a new auxiliary
function, and prove Theorem 1.1.

2. Derivatives of eigenvalues and eigenvectors

In this section, we give the calculations of the derivatives of eigenvalues and eigenvectors with respect to
the matrix. We expect the following result is known to many people; for example see [Andrews 2007] for
a similar result. For completeness, we give the result and a detailed proof.

Proposition 2.1. Let W = {W;;} be an n x n symmetric matrix with eigenvalues (W) = (A1, A2, ..., A,)
and with corresponding continuous eigenvector field T’ = (rf, e 'c,’;) e S". Suppose that W = {W;;}
is diagonal with A; = W;; and corresponding eigenvector 7'=(0,...,0,1,0,...,0) ¢ S" ! with the 1 in

the i-th slot. If Ay is distinct from the other eigenvalues, then we have, at the diagonal matrix W,
0 if i =k forall p,q,
1 s .
! — i1 k, =1, == k, 2_1
oW, Py if i #k, p=i,q (2-1)
0 otherwise;
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9%tk 1 ) )
W oW~ Gx—rgp U PEE
821'1.]‘ 1 s . azfik 1 . )
Wi dWii O — 1)? FiFEk Wi dWie Ok — 1) FiFEk
u 1 ik g, gtk
WigdWat i — hi i — g
82‘cik )
————— =0 otherwise.
OW g Wy

Proof. From the definitions of eigenvalue and eigenvector of a matrix W, we have

where t¥ is the eigenvector of W corresponding to the eigenvalue A;. Thatis, fori =1, ..., n,

(W —rxDTh =0,

(Wi — k)t + Z Wijtj =0.
J#
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(2-2)

(2-3)

(2-4)

(2-5)

(2-6)

When W = {W;;} is diagonal and A is distinct from the other eigenvalues, A, and % are C? at the
matrix W. In fact,

r,f:l and rik=0f0ri7ék at W.

Taking the first derivative of (2-6), we have

ow;; oA otk oW otk
( ok )r,-"+(Wi,~—Ak) ‘ +Z< J r]’~‘+W,-,-—J)=0.
W,y W,y AL Wpq

Hence, for i =k, we get, from (2-7),

oAk _ Wik _{1 if p=k, g=k,

Wyy  IWy, 0 otherwise,
and, fori #k,
atk aW;;
(Wi = Ai) = +Z Y rj'? =0,
Wpq < Wy
J#i
then
k . i =1 =
ari — 1 Wik . Py if p L, q k,
Wpg e —2i Wy 0 otherwise.

Since t¢ € "1, we have

=" P =)+ + @+ + @)

(2-7)

(2-8)

(2-9)

(2-10)
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Taking the first derivative of (2-10), and using (2-7),

ar,f
W,y

=0 forall (p,q). (2-11)
For i = k, taking the second derivative of (2-6), and using (2-7),

( 82Wkk 82)\,]( ) k+Z(8Wk] 81']]( n 8ij Br]k ) 0
j— T =0,
Wy Wy Wy dW,s ) S\ OWpg 0Wys  OWys OWpg

hence
1

PV (E)ij otk aw,; orh )_ e hg
WpgWrs S \OWpg W,y OWys OWg p—
0 if otherwise.

if p=k,q#k, r=q,s=k,

if r=k,s#k p=s, g=k (212)

For i # k,
oW;; Ak 8Tik n oW;; oAk 8Tl-k
Wpy Wy oW, \ oW, 0W,s ) 9W,,

a2tk aw:. otk aw.. otk
+(W”—)\,k)—l+2( lj J + tj J >=0,
#i

W,y OW, Wy OW,s  IW,g OW,,
then
a2tk 1 otk 1 1 o
! = ! — lf l # k, (2'13)
32tk 1 0w, otk 1 1
= 4L = if i £k, i#q,q#k (2-14)
Wiy W Ak — A aWig W Ak — A Ax — Ay
32tk 1 drg otk 1 1
L A S S if i #k; (2-15)
Wik Wi A — A Wik OW;i Ae— A A — A
92tk
—L =0 otherwise. (2-16)
W,y OW,.
From (2-10), we have
2k k k
ok 07Ty, N dr; 0T _
OWpgdWrs ot Wy Wi
then
92k ok ark [——L L i sk g=k r=p, s=¢q
S S N e R T T ’ ’ ’ ’
IWpg Wy i £k Wpg IWrs 0 otherwise.

The proof of Proposition 2.1 is finished. O
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Example 2.2. When n = 2, the matrix (j;}! /12 ) has two eigenvalues

(it um) +V n — ux)? +dunpun and dp = (11 +uz) — /(Ui — uxn)? +4unun
B 2 B 2

uip Ui\ 10 &1\
<(M21 Mzz) g (0 1)) <52) =0
_ (22 —u11) — /(11 — u22)? +durua
2

Then the eigenvector t corresponding to Aj is

Al

with A1 > M. If A1 > Ap,

we get

&1

and %’2 = —Uujni.

(&1, 62)
NGRS
By direct calcutions, we can get the derivatives of eigenvalues and the eigenvector t with respect to the
matrix, and this verifies Proposition 2.1.

T=—

3. Proof of Theorem 1.1

Now we start to prove Theorem 1.1.
Let 7(x) = t(D%u(x)) = (11, ) € S' be the continuous eigenvector field of D%u(x) corresponding
to the largest eigenvalue. Let

o= {x € Br(O) 1 7% — x P+ (x, T(0))? > 0, r? — (x, 7(x))? > 0}, (3-1)

where r = R/ V2. Ttis easy to show that X is an open set and B, (0) C ¥ C Bg(0). We introduce a new
auxiliary function in X as follows:

¢ (x) =n(x)Pg(31Dul*)u:-, (3-2)

where 7(x) = (r? — x>+ (x, T(x))?) (r* — (x, T(x))?) with B =4 and g(1) = <!/ with co = 32/m. In
fact, (x, (x)) is invariant under rotations of the coordinates, and so is 7(x).

From the definition of X, we know n(x) > 0in X, and =0 on 0 X. Assume the maximum of ¢ (x) in
¥ is attained at xo € X. By rotating the coordinates, we can assume D?u(x) is diagonal. In the following,
we let A; = u;; (x0), A = (A1, A2). Without loss of generality, we can assume A; > A, and t(xg) = (1, 0).

If

nii < 1o3<1 + M +rsup |Vf|+ %M)r“ =: 0,

then we easily get

1 1
Uz (0)z(0)(0) < m¢(0) < m¢(xo)

2,2
< @ecosuple /r

< 103(1+ M + 7 sup |V f[)e(co+2M/m sup [ Duf/r?,
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Hence we get

e ()] < tz0yr0)(0) < 103(1+ M +7 sup [V f [ elot2M/mswpIDul/r® - for a1 £ € S,

This completes the proof of Theorem 1.1 under the condition niA; < ©.
Now, we assume nA; > ®. Then we have

Mo © M sup |D
il —=103<1+M+rsup|Vf|+—M).
m r

From (1-1), we have

Hence A is distinct from the other eigenvalue, and 7 (x) is C? at xo. Moreover, the test function

¢ = Blogn +log g(31Dul*) +logui

attains the local maximum at x¢. In the following, all the calculations are at xg.
Then, we get

ni g/ Ulli
0=g; :,8_l+_zukuki+—,
n 8 X Uil

so we have
/
Ui n 8 e
—— =—pPp— — —Uujuj if i=1,2.
uii n

At xg, we also have

2 " 12 /
ni N 8§88 8 Ullii
0= gi =ﬁ<l——;) +T E UjUki E ululi‘i‘g E (uriug; + uugii) + —— —
I I Kk

n n Uil
2 1 2
.. . . us,.
(M T (0 D) + -
non 8 X i ouyy
since g"g — g’'> =0. Let
2
F“:adetmu:h’ 22=8detDu=M’
auy ouy)
pi2_0detDxu oy 9detDu
ouy ’ ouy
Then from (1-1) we get
=L
Al

Differentiating (1-1) once, we get
Flupi+ F?ux; = f;,
then

1 1 '
Up; = ﬁ(fi —F un) = o aan

(3-3)

(3-4)

(3-6)

(3-7)
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Differentiating (1-1) twice, we get

32 det D*u 32 det D*u
F11”1111+F22u2211 = J11— —’/‘111’/‘221_2—”2
f aunauzz 8u128u21 12

2
= fi1 —2urnuni +2uj,

u
= fu +2u%12—214111<£ — iﬂ)

Al AL U
2
Ui Ui
—f11+2”112—2f1—+2f(u1) (3-8)
1
and
1 2 9% det D%u 9% det D?u 9% det D?u
F lupinn+ Funin = fio — ——F——uiuan — ———F——uniUi12 — 2——————U121U4212
ou110u) Judu du120uU2
= flo —urnu2 — w2421 + 2u112u21
2 fun fi fun
=f12—u111(———— tuip| ————
Al AL U Al A up
Ui Ui
=fot+fi——fr—. (3-9)
Ui Ui
Hence

2
SIOMLICEEATE DILERE SILYR™) LTS ol )

- Uil
i i

2 /
= ﬂ)»z(? - F) + Br (% - %) + g—()»l +r) f+ g—(ulfl +us f>)

1 Ui Uiy uing uinn
+—(f11+2”%12 2fl—+2f ) —?»1
Uil Uil Uiy uii

2 2 2
Zﬁ(iﬂﬂlﬁ)_ fm M&+i(m) _pfium

AL M n A1 n? n? o A\ up up un
M (uin\ A ’ 2 g
F () 2 (B ) + £ fxl——w 1.1 — Ll
2 \un 2 no g Al
>ﬁ(iﬂm@) S M"_%+L(m>2
T\ 1 A1 n? n?  2x1 \ up
SWATTY) ,32 3 g m | f1l fi
gl 2 A ——v v -2 o 30
+2<M“)+2 +,3f 2+ f1 IVul |V f|— ™ o (3-10)
Lemma 3.1. Under the condition nk; > ©® we have, at xop,
2 6 2 /
8Bfr M [fu ru
pl < SIC(M) S Py _appS ol G-11)
1N n°i 4 \ up g gn r
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and
f N2 18 Y f (un) M Uiz r?
L ) s 2 B ) = — ) == 2—
'8<M77+177 N 28f1 Ph n 2h1 \ un 4 \ up Al
rt ot LA | filr? 6ﬂ|f1|2r4 128fr*
—4 32 - —24 - +
'B|f12|77 i ni3 o A3 g nA1 ( nii nA1 )
8 4 2 48 32 2 2.8
_( BIFIAE | 488110 3261 P ) 412
3 n°Al n*if
Proof. At xg, T = (11, T2) = (1, 0). Then from Proposition 2.1 we get
2 0T 2 0T, 0T U12;
m l . .
<x,8ir>=2xma—g=2xma s = gty = ifi=1,2. (3-13)
m=1
From the definition of #n, then we have, at xg,
n=(?—Ix+{x, 1)) = (x, 1)%) = (P = x> — x]). (3-14)

Taking the first derivative of 1, we get

i = (=2x; +2(x, T)(x, 1)) (rF — (x, 1)) + (* = |x* + {x, T)D)(=2(x, T){x, 7))
= (=2 +2x1 (i1 + (x, %)) (¢ = x7) + (rF = x3) (= 2x1 Bi1 + (x, §;7)))
_{ 2x1(r? —x2)+2x1(x alt)(xz—xl) ifi=1,

200 =) F2x (x, o) (k2 —xD) if i =2.

Hence
) 2 2 2
2x1(r? —x Xy —X7 U
i”_é=51<1—2)+2xw2 2 1i>
An n n A=
8 6 8 8 2 8 6 A 2
fﬂi L2+Lz LILA R ﬂzfr M un2) (3-15)
M\ 7 n Ui n*hi 4\ un
Also we have
) 2 _ 42 x2— x2
m_ ZIelTox) L BT um
n n n A —Ap
:MJrlexzx%_xlz—] (ﬁ_iﬂ)
n n A — A2\ A Al U1
) 2 .2 2_ .2 2_ .2 1 2—x2 1 '
:M 1_x1(x2 D07~ x) ﬁ +2x1X2x2 ! i ﬂﬂ‘i'g_”l”ll
. 7 A — Ao Ap N A=A A n 8
(s b 1 (6,
" ! n M=t \A g
2_ 2 2_x2 7 —x7
Y2 —x 1 —2x1(rc —x X5 — X u
+2x1xp2 L 1,3 1 24 2x1x0 2 L
N Al— A2 Al n A=
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:—2x2(r2—x12) (1_x1(x22—x12)(r2—x§) 1 <f1+_ e f,Ble(r — X5 )))
n n )»1—)\.2 )\.1 n
2 2\2 ’
X5 — Xy f m g
+(2x1x2 ; ) o )2/3( B guzuzz)
then we get
2 2\2
1+ 82(2 xz—x1> S )@
( P (XIXZ n A1 —22)?%/) 1
=—2x2(r2—x%) <l_x1(x%—x12)(l’2—x22) 1 <£ _/ lf_iﬂle(” —x2)>)
n n )\1_)\.2 )\,1 i
—2x2(r2—x12) 2x12x2(x22—x12) (r x22 f f
—up 3-16
n n? (A1 — )»2)2/3 1 (>-16)
Hence
g'm g'2r r (£l 28f17\ | 16pr° f* ¢
f—— Uy > ,Bf——( +nk (k | if+ i )—l— 2 A3 g|u2|>|uzl
2r3 1,1 1
> ﬂf——( +4+4+4+4>|le
:_4ﬂf_r_@ (3-17)
gn r

In fact, 2 /n ~ —2x2(r* — xlz)/n if nA; is big enough, and we get from (3-16)
2 2 2\2 2 2 2\2 2
2z (e (o) )3 (-0 (o5 5 5)
n (A =227/ n n (A1 —22)
( x2(r? —x2)>2(1 2_}’5(@+g—/|u1|f 28113 ) 8pr° g_| 2|f—2) (1_ﬁ216r8i>2
i\ A g i At g T M n* a3
2x2(r — 1)\ 164 1 1V 1Y
e e — ) [1- —
103 103 10 103 103

1 ZXz(r —x)\?
=5(H)

Taking second derivatives of n, we get

v

v

mii = (=24 2(x, T){x, T)is +2(x, 7)ix, 1)) 7 = (x, T)%)
+2(=2x; +2(x, T){x, 7)) (=2(x, T){x, T);)
+ (7 = x4 (o, 1) (=20x, T (x, T — 20x, T)i(x, 1))
=(=2+2x1(x, )i + 20 + (x, ;7)) = x7)
+2(=2x; +2x1(8i1 + (x, % T))) (—2x1(8i1 + (x, 9;7)))
+ (r? = x3)(—2x1 (x, T)ii —2(8i1 + (x, 9;1))?),
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SO

n=—20% —x3) = 2x1(x} —x3)(x, T)11 4+ (@4x5 — 12x) (x, 91 7) + (2x5 — 10x7) (x, d;7)%,  (3-18)

My =—2(r* —x3) = 2x1(x% — x3) (x, T)2n + 8x1x2(x, D7) 4+ (2x5 — 10x7) (x, 8,7)°. (3-19)
Hence

r2 —x? r2 —x? x(x% — x2
ﬁ(i@ +A1@) = —w(i 2 4 1) —mu(i(x, e rm)
AL M n Aom n n Al
+ﬁf(x2(4x§—12x12) Ui +x§(2x§-10x%)( Ui )2>
A n Al — A n Al — A
8x1x§ U1 XZZ(ZX%—IOX%)( uno1 )2>
+,9/\1< + . (3-20)
Al — A2 n Al — A2

Direct calculations yield

2 [ T o 02T

LT = — E T, | =2— E —

vt 8x12< n '”) ox
2

Ty ATy 821,
:2814 upql"‘zxm 9 Upgll + . 9u Upg1Ursi
pq 1 Pq pqOlrs

321'1

0+ + ( i L
= Xl UpgllUpsl T X2\ T Upgll T 5 UpglUrsi
Ot pg Outyg Ot pg Ut pg Out g

2
Ui 1 Ur2u111 U122

=—x +x u +2x| — + .

1<?»1 —)»2> 2()»1 —)»2) 2 2( (A —22)% (A —)»2)2>

Similarly, we have

9Ty T 921,
= 28 upq2+2xm a_”pq22+Wupq2ur52
Upq el Upq UpqgOUrs

1 um \ 1 U112U221 U222
=2 U1 —Xl( ) +x7 U122 +2x| — + ,
()»1 —)»2) A=A A=A (A1 —22)% (A1 —A2)?

L oyt i = — i L (Y o (2 g (Y
)\’1 ) 11 1\A, 1722 = 1)\’1 1 )“1_)\’2 1M1 )\’1_)\’2

1 U112 Uil
+x2( )(f12+f1——f2<—))
Al— A Ul Uil

uri Ui
2 — . 3-21
* x2< (M—Az)2f1+(x1—xz)2f2> G-2D

then
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From (3-20) and (3-21), we get

r2 —x2 rz —x2 x1x0(x% — x2 1 u
=-2 (i 2 4 1>—2,3 LAl 2)( )(flz—fz(ﬂ
A7 n n Al — A2 Ui

N ( Ui )2(2ﬁix12(x12 —x3) +ﬂix§(2x§ - 10x12))
Al — A2 A n A n

)

" Ui (_213)51(9612—)622) (x ﬁ—Zx i >+Igim(4x%—12x12))
n

2 2
A=A Al Al — A2 Al n

2 20,2 2 20m9,2 2
u xr(xy—x x5(2x5 —10x
+< 221 ) (2,3)\1 1( 177 2)+ﬁk1 2( 277 1))

Al — A2

U1 X1 (xf —x3) < 2 ) 8x1x3
+———|2———(2M +2x2 + B
M—?»z( ] A=A n

2

r _xlz 2 4 4

r r r
—2Bf — —2B| f12] — 28| f2l
nA1 n

(A1 —A2) N —22)
_( U2 )Zﬂiﬁ_‘ U2

4 123
(6/8 | f1l V_+ﬁi r)
A1—=22)/) A1 7m Al — A2 A=A Al M

L3001

v

— 28

uii

1 RPN 8rt 1 | 4ﬂr4| Hl LB 123
(A —22)? 2! ! N A=A 2! n At ! n

2 2
r-—xj Uil

4
un

B 4Bl —api ol
nii 12 A 2 n
4 3
A7

r4
n Al
w2\ f 16r
_(Mu)ﬂ): N AL

2w\ 16r (1Al f
_2<F+F w) )P et
1 1\ U411 n 1 1

v

— 280

Uiz

uii

L3001

uii

4
)(Sﬁr—@ﬂm
n A

v

— 280

r r r
—2Bf —— — 4Bl fial — — 32— -8B
nii nii ni a3 nii

A (u112>2<32,3fr4 N 128r* N 24,8fr4) A (12,B|f1|2r4 N 24,8fr2)
2 \un nk% nk% r])»% 2 nk% 17)»%

2 4 4

u 648 fr 168r
(et 1y
2x01 \ U 17)\,1 r])\‘l 4 4

_L<16ﬂr4|fz|2 N (48/3r3)2+ (8/3#‘@)2)
20 i n n f

n

2.2 2 4 2,4 4 3
rt—x |f1f2lr _24ﬂ|f1|r

24r3 )

1429
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r’—xj r? ré 2 | f1 falr | filr?
—2Bf — —4B| fial — — 32— —88 — 24—
nii nii ni a3 nii

o (uﬂf ~ (6ﬂ|f1|2r4 N 12ﬂfr2)
4\ un nii nii
_f <m>2_<8ﬁfr4|fz|2 L (8B fre +32/32|fz|2r8>
20\ un ni; i naf )

Now we just need to estimate —281; (r> — xlz)/n. If x22 < %rz, we get

> =28

rz—xl2 8 16 1c¢co

18
2B — M= 2 2 =22 ol
B ; e e 2r2f1 2gf1
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2 2 / 2
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and

ﬂ<imm@> . _1g_’ﬁ1_ml(@)z_i(m)z_ﬂ<m)z
A1 M n 2¢ n 20 \ U1 4\ up
r’ rt ot LSl |filr?
—2ﬂfm—4ﬁ|fu|m—szﬂ nlk? —8p o —24p -y
_<6ﬂlf1I2r4 N 12ﬂfr2>
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_< iy - n*hi * n?i f )

This concludes the proof of Lemma 3.1.

Now we continue to prove Theorem 1.1. From (3-10) and Lemma 3.1, we get

2
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nii nii i A n?arf

g rtlus| g \ful fE 8Bfr®
—ABfS == = S VUl [V f| = S =2 —
gn r g Al far nen

4 |filr?

(3-22)

(3-23)
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com 8r2-M 3272\ fial 12872 r2 2 3272-r2 fifal 9682 -r|fi]

Z 53 3 3
2r nii nii niy nij nii
24r2-r2|fil> 48r2 M 32r%-M-r?|fol> 1922-M-r® 512712 fo>- 1/m
nii nii A3 nh nh
_16r%-com Jua|  co IV Vul _1ful i 32Mr6.
n 2 r Al mhj n?h
So we get
IVul\ 4
nh <C[1+ re, (3-24)
r

where C is a positive constant depending only on ¢, m, M, r|V f| and r2|V2 f|. So we easily get

1z e 0) < —50(0) < 5 (xp) < c(l 21Dl ”')eco WP DU/ < gl sop D
r r r

and
Il/l (0)| < Ut (0)z (0 (0) < (:e(co 2) suplDulz/r2 for all S € Sl. (3‘25)
33 0)z(0) —

This completes the proof of Theorem 1.1 under the condition nA; > ®. Hence Theorem 1.1 holds.

Remark 3.2. The eigenvector field t is important. In fact, it is well-defined when the largest eigenvalue
is distinct from the others, and T depends only on the adjoint matrix. For the Monge—Ampere equation
in dimension n > 3, we do not know whether the largest eigenvalue is distinct from the others, so our
method is not suitable for this case.
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