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EXACT CONTROLLABILITY FOR QUASILINEAR PERTURBATIONS OF KDV

PIETRO BALDI, GIUSEPPE FLORIDIA AND EMANUELE HAUS

We prove that the KdV equation on the circle remains exactly controllable in arbitrary time with localized
control, for sufficiently small data, also in the presence of quasilinear perturbations, namely nonlinearities
containing up to three space derivatives, having a Hamiltonian structure at the highest orders. We use
a procedure of reduction to constant coefficients up to order zero (adapting a result of Baldi, Berti
and Montalto (2014)), the classical Ingham inequality and the Hilbert uniqueness method to prove the
controllability of the linearized operator. Then we prove and apply a modified version of the Nash—-Moser
implicit function theorems by Hérmander (1976, 1985).
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1. Introduction

A question in control theory for PDEs regards the persistence of controllability under perturbations. In
this paper we study the effect of quasilinear perturbations (namely nonlinearities containing derivatives
of the highest order) on the controllability of the KdV equation. We consider equations of the form

Up + Uxxx —|—N(x,u, Uy, Uy, Uyxx) =0 (I-1

on the circle x € T :=R/2nZ, with t € R, where u = u(¢, x) is real-valued, and N is a given real-valued
nonlinear function which is at least quadratic around u = 0. For solutions of small amplitude, (1-1) is a
quasilinear perturbation of the Airy equation u; + u,,, = 0, which is the linear part of KdV; then the
KdV nonlinear term uu, can be included in V.

Motivated by a question, which was posed in [Kappeler and Péschel 2003], about the possibility of
including the dependence on higher derivatives in nonlinear perturbations of KdV, equations of the form
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(1-1) have recently been studied in [Baldi, Berti, and Montalto 2014; 2016a; 2016b] in the context of
KAM theory. In this paper we study (1-1) from the point of view of control theory, proving its exact
controllability by means of an internal control, in arbitrary time, for sufficiently small data (Theorem 1.1).

Most of the known results about controllability of quasilinear PDEs deal with first-order quasilinear
hyperbolic systems of the form u; + A(u)u, = 0 (including quasilinear wave, shallow water, and Euler
equations); see, for example, [Li and Zhang 1998; Coron 2007, Chapter 6.2; Li and Rao 2003; Coron,
Glass, and Wang 2010; Alabau-Boussouira, Coron and Olive 2015]. Recent results for different kinds of
quasilinear PDEs are contained in [Alazard, Baldi, and Han-Kwan 2015] about the internal controllability
of 2-dimensional gravity-capillary water waves equations, and in [Alazard 2015] about the boundary
observability of 2- and 3-dimensional (fully nonlinear) gravity water waves. For a general introduction
to the theory of control for PDEs, see, for example, [Lions 1988; Micu and Zuazua 2005; Coron 2007],
while for important results in control for hyperbolic PDEs, see, for example, [Bardos, Lebeau, and Rauch
1992; Burq and Gérard 1997; Burq and Zworski 2012].

Regarding the KdV equation, the first controllability results are due to Zhang [1990] and Russell
[1991]. Among recent results, we mention the work by Laurent, Rosier and Zhang [2010] for large data.
A beautiful review on the literature on control for KdV can be found in [Rosier and Zhang 2009]. For
more on KdV, see the rich survey [Guan and Kuksin 2014], and the many references therein.

1A. Main result. We assume that the nonlinearity N (x, u, iy, lyy, Uyrry) is at least quadratic around
u = 0; namely the real-valued function NV : T x R* — R satisfies

IN(x, 20,21, 22, 23)| < Clz* Vz= (20,21, 22,23) € R, |z] < 1. (1-2)

We assume that the dependence of N on u,,, i, is Hamiltonian, while no structure is required on its
dependence on u, u,. More precisely, we assume that

N(X’ W, Uy, Uy, Uxxx) = N (X, U, Uy, Uxy, Uxxx) —|—N0(X, u,uy), (1-3)
where

Nl(xa Uy Uy, Uy, Unxx) = O { (0 F) (X, U, uy)} — axx{(aux]:)(X, u,uy)}
for some function F : T x R* > R. (1-4)

Note that the case N'=N7, NMy=0 corresponds to the Hamiltonian equation d;u = 9,V H (1), where the
Hamiltonian is

H(u):%/%uidx—l—/T]—"(x,u,ux)dx (1-5)

and V denotes the L?(T)-gradient. The unperturbed KdV is the case F = —%u3.

Notation. For periodic functions u(x), x € T, we expand u(x) = Zn <7 u, e, and, for s € R, we consider

the standard Sobolev space of periodic functions

HY o= H (T, R) o= {u: T — R: fluly <oo,  fulf =" lual*(n)>, (1-6)

nez
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where (n) := (1 4+ n%)!/2. We consider the space C([0, T1, H?) of functions u(t, x) that are continuous
in time with values in H;. We will use the following notation for the standard norm in C ([0, T'], H}):

lullr,s == lullcqo.ry.mzy == sup |u@)]ls. (1-7)
tel0,T]

For continuous functions a : [0, T] — R, we will define
lalr :=sup{la(?)| : t € [0, T]}. (1-8)

Theorem 1.1 (exact controllability). Let T > 0, and let o C T be a nonempty open set. There exist

positive universal constants r, s1 such that, if N in (1-1) is of class C" in its arguments and satisfies (1-2),

(1-3), (1-4), then there exists a positive constant 8, depending on T, w, N with the following property.
Let uin, ueng € H*' (T, R) with

||uin||S| + ”uend”sl < .
Then there exists a function f(t, x) satisfying
f,x)=0 forallx ¢ w, forallt €[0, T],

belonging to C([0, T, H}) N Cl([O, T1, H;_3) N CZ([O, T], H;_é)for all s < sy, such that the Cauchy
problem
{ut+uxxx +N()C, U, Uy, Uxx, uxxx):f V(t,x)el[0, T]xT, (1 9)

u(0, x) = ujn(x)

has a unique solution u(t, x) belonging to C([0, T], H}) N c'qo, 171, H§_3) NC2([0, T, H;_(’)for all
s < 81 which satisfies
u(T, x) = tena(x). (1-10)

Moreover, for all s < s1,

flu, f”C([O,T],Hg) + | 0;u, 8tf||c([o,T],H;*3) + [|0¢ru, 8ttf||c([0,T]’H;‘*6) =< Cs(lluinlls; + llttenalls,) (1-11)
for some Cy > 0 depending on s, T, w, N.

Remark 1.2. In Theorem 1.1 there is an arbitrarily small loss of regularity: if the initial and final data
Uin, Uend have Sobolev regularity H;', then the control f and the solution u are continuous in time with
values in H_ for all s < s;. Such loss of regularity is in some sense fictitious: it is due to our choice
of working with standard Sobolev spaces, but it could be avoided by working with the (slightly “worse-
looking”) weak spaces E/, introduced by Hormander [1985] (see Appendix B). What we actually prove is
that, if the initial and final data are in the weak space (H;')’ (i.e., the weak version a la Hormander [1985]
of the Sobolev space H;'), then f and u are continuous in time with values in the same space (H:')". O

Remark 1.3. Our proof of Theorem 1.1 does not use results of existence and uniqueness for the Cauchy
problem (1-9). On the contrary, our method directly proves local existence and uniqueness for (1-9)
(see Theorem 1.4). This situation occurs quite often in control problems (see Remark 4.12 of [Coron
2007)). O
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1B. Description of the proof. It would be natural to try to solve the control problem (1-9)—(1-10) using
a fixed point argument or the usual implicit function theorem. However, this seems to be impossible
because of the presence of three derivatives in the nonlinear term. A similar difficulty was overcome
in [Alazard, Baldi, and Han-Kwan 2015] by using a suitable nonlinear iteration scheme adapted to
quasilinear problems. Such a nonlinear scheme requires solving a linear control problem with variable
coefficients at each step of the iteration, with no loss of regularity with respect to the coefficients (i.e.,
the solution must have the same regularity as the coefficients). In [Alazard, Baldi, and Han-Kwan 2015]
this is achieved by means of paradifferential calculus, together with linear transformations, Ingham-type
inequalities and the Hilbert uniqueness method.

As an alternative method, in this paper we use a Nash—Moser implicit function theorem. The Nash—
Moser approach also demands the solving of a linear control problem with variable coefficients, but it has
the advantage of requiring weaker estimates, allowing losses of regularity. The proof of such weaker esti-
mates is easier to obtain, and it does not require the use of powerful techniques like paradifferential calculus.
In this sense our Nash—-Moser method is alternative to the method in [Alazard, Baldi, and Han-Kwan 2015]
(for a discussion about pseudo- and paradifferential calculus in connection with the Nash—-Moser theorem,
see, for example, [Hormander 1990; Alinhac and Gérard 2007]). On the other hand, the result that we obtain
with the Nash—Moser method is slightly weaker than the one in [Alazard, Baldi, and Han-Kwan 2015]
regarding the regularity of the solution of the nonlinear control problem with respect to the regularity of the
data: the arbitrarily small loss of regularity in Theorem 1.1 is discussed in Remark 1.2, while Theorem 1.1
of [Alazard, Baldi, and Han-Kwan 2015] has no loss of regularity also in the standard Sobolev spaces.

Nash—Moser schemes in control problems for PDEs have been used in [Beauchard 2005; 2008;
Beauchard and Coron 2006; Alabau-Boussouira, Coron and Olive 2015]. A discussion about Nash—Moser
as a method to overcome the problem of the loss of derivatives in the context of controllability for PDEs
can be found in [Coron 2007, Section 4.2.2]. Beauchard and Laurent [2010] were able to avoid the use
of the Nash—-Moser theorem in semilinear control problems thanks to a regularizing effect. We remark
that Theorem 1.1 could also be proved without Nash—Moser (for example, by adapting the method of
[Alazard, Baldi, and Han-Kwan 2015]).

Now we describe our method in more detail. Given a nonempty open set v C T, we first fix a
C® function x,(x) with values in the interval [0, 1] which vanishes outside w, and takes value yx, = 1
on a nonempty open subset of w. Thus, given initial and final data u;,, #eng, We look for u, f that solve

P(u) = xof,
u(0) = uin, (1-12)
u(T) = uend,
where
P(u) =ty 4 thyyy + N, U, Uy, Uy, Uyyy). (1-13)
We define
P@u) = Xof
O, f):= u(0) (1-14)

u(T)
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so that problem (1-12) is written as

@ (u, f) = (0, tin, tena)-

The crucial assumption to verify in order to apply any Nash—Moser theorem is the existence of a right
inverse of the linearized operator. The linearized operator ®'(u, f)[h, ¢] at the point (u, f) in the
direction (h, @) is
P'u)[h] — Xwp
@' (u, fHlh, 9] = h(0) . (1-15)
h(T)

Thus we have to prove that, given any (u, f) and any g := (g1, g2, g3) in suitable function spaces, there
exists (&, ¢) such that

'(u, Hlh, ¢l =g. (1-16)

Moreover we have to estimate (%, ¢) in terms of u, f, g in a “tame” way (an estimate is said to be tame
when it is linear in the highest norms; see (B-13) and (4-41)).

Problem (1-16) is a linear control problem. We observe that the linearized operator P’(u)[h] is a
differential operator having variable coefficients also at the highest order (which is a consequence of
linearizing a quasilinear PDE). Explicitly, it has the form

P/(u)[h] = 0:h+ (1 +a3(t, x)) Ocxxh +as(t, x) Oxch +ai(t, x) 0ch +ap(t, x)h.

We solve (1-16) in Theorem 4.5. Note that the choice of the function spaces is not given a priori: to fix a
suitable functional setting is part of the problem.

Theorem 4.5 is proved by adapting a procedure of reduction to constant coefficients developed in
[Baldi, Berti, and Montalto 2014; 2016a]. Such a procedure conjugates P’(u) to an operator Ls (see
(2-57)) having constant coefficients up to a bounded remainder. This conjugation is achieved by means of
changes of the space variable, reparametrization of time, multiplication operators, and Fourier multipliers.
Using the Ingham inequality and a perturbation argument we prove the observability of £s. Then we
prove the observability of P’(u), exploiting the explicit formulas of the transformations that conjugate
P’(u) to Ls. The linear control problem (1-16) is solved in L)% by the HUM (Hilbert uniqueness method).
Then further regularity of the solution (%, ¢) of (1-16) is proved by adapting an argument used by Dehman
and Lebeau [2009], Laurent [2010], and Alazard, Baldi, and Han-Kwan [2015].

To conclude the proof of Theorem 1.1 we apply Theorem B.1, which is a modified version of two
Nash—Moser implicit function theorems (Theorem 2.2.2 in [Hormander 1976] and the main theorem
in [Hormander 1985]; see also [Alinhac and Gérard 2007]). With respect to the abstract theorem in
[Hormander 1985], our Theorem B.1 assumes slightly stronger hypotheses on the nonlinear operator, and
it removes two conditions that are assumed in [Hormander 1985], which are the compact embeddings in
the codomain scale of Banach spaces and the continuity of the approximate right inverse of the linearized
operator with respect to the approximate linearization point. This improvement is obtained by adapting the
iteration scheme introduced in [Hormander 1976]. On the other hand, the Nash—Moser implicit function
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theorem in that work holds for Holder spaces with noninteger indices, and it does not apply to Sobolev
spaces (in particular, Theorem A.11 of [Hormander 1976] does not hold for Sobolev spaces).

This method is not confined to KdV, and it could be applied to prove controllability of other quasilinear
evolution PDEs.

The use of Ingham-type inequalities and the HUM is classical in control theory (see, for example,
[Haraux 1989; Micu and Zuazua 2005; Komornik and Loreti 2005; Kahane 1962] for Ingham-type
inequalities and [Lions 1988; Micu and Zuazua 2005; Coron 2007; Komornik 1994] for the HUM).
As mentioned above, the Nash—Moser theorem has also been used in control theory (see, for example,
[Beauchard 2005; 2008; Beauchard and Coron 2006; Alabau-Boussouira, Coron and Olive 2015]). It
was first introduced by Nash [1956], and then several refinements were developed afterwards; see, for
example, [Moser 1961; Zehnder 1975; 1976; Hamilton 1982; Gromov 1972; Hérmander 1976; 1985;
1990; Berti, Bolle, and Procesi 2010; Berti, Corsi, and Procesi 2015; Ekeland 2011; Ekeland and Séré
2015]. For our problem, Hormander’s versions [1976; 1985] seem to be the best ones concerning the loss
of regularity of the solution with respect to the regularity of the data (see also Remark 1.2). As already
said, the theorems in [Hormander 1976; 1985] cannot be applied directly, but they can be adapted to our
goal. This is the content of Appendix B.

1C. Byproduct: a local existence and uniqueness result. As a byproduct, with the same technique and
no extra work, we have the following existence and uniqueness theorem for the Cauchy problem of the
quasilinear PDE (1-1).
Theorem 1.4 (local existence and uniqueness). There exist positive universal constants r, so such that, if
N in (1-1) is of class C” in its arguments and satisfies (1-2), (1-3), (1-4), then the following property holds.
For all T > 0 there exists 8, > 0 such that for all u;, € Hy® and f € C([0, T], H®) N C' ([0, T1, HO76
(possibly f = 0) satisfying

linllso + I fll 7,50 + 102 fll7,50—6 < 8x, (1-17)

the Cauchy problem

{ut + Uxxx +N(x1 U, Uy, Uyx, Uxxx) = fa (t,x) e [0,T]xT,
u(0, x) = uin(x)

has one and only one solution u € C([0, T], H;) N ciqo, 11, H;*3) N C2([0, T, H;*6) forall s < s.
Moreover, for all s < sy,

(1-18)

[|ue ”C([O,T],H;’) + ||8lu||c([(),T]7H;'*3) + ||8It”||c([07T]’Hg*(’)
=< Cs(”uin”so + ”f”C([O,T],H)fO) + ||8tf||C([O,T],H§076)) (1-19)
for some Cy > 0 depending on s, T, N.

Remark 1.5. Theorem 1.4 is not sharp: we expect that better results for the Cauchy problem (1-18) can
be proved by using a paradifferential approach. O

Remark 1.6. The loss of regularity in Theorem 1.4 is of the same type as the one in Theorem 1.1; see
the discussion in Remark 1.2. g
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1D. Organization of the paper. In Section 2 we describe the transformations that conjugate the linearized
operator P’(u) to constant coefficients up to a bounded remainder, and we give quantitative estimates
on these transformations. In Section 3 we exploit these results to prove the observability of P’(u). In
Section 4 we use observability to solve the linear control problem (1-16) via the HUM (Theorem 4.5) and
we fix suitable function spaces (4-36)—(4-37). In Section 5 we prove Theorems 1.1 and 1.4 by applying
Theorem B.1. In Appendix A we prove well-posedness with tame estimates for all the linear operators
involved in the reduction procedure. These well-posedness results are used many times in Sections 3,
4, and 5. In Appendix B we prove our Nash—Moser theorem, Theorem B.1. In Appendix C we recall
standard tame estimates that are used in the rest of the paper.

2. Reduction of the linearized operator to constant coefficients

In this section we consider some changes of variables that conjugate the linearized operator to constant
coefficients up to a bounded remainder. This reduction procedure closely follows the analysis in [Baldi,
Berti, and Montalto 2014; 2016a], with some adaptations.

The linearized operator P’ (u) is

P/(u)[h] = ath + (1 + 613) 8xxxh +az 8xxh +a 8xh + a()h, (2‘1)
where the coefficients @; = a; (¢, x), i =0, ..., 3, are real-valued functions of (¢, x) € [0, T] x T, depending
on u by

a;i =a;(u) = (N )X, U, Uy, Uy, Uyzy), i=0,...,3 (2-2)

(recall the notation N' = N (x, zg, z1, 22, 23)). Note that a, = 29, a3 because of the Hamiltonian structure
of the component N of the nonlinearity; see (1-3)—(1-4).

Lemma 2.1. Let N € C"(T x R*, R) satisfy (1-2). Forall 1 <s <r—3, and for allu € C*([0, T], H:*?)
such that \|\u, d;u, 3 u|T4 <1, the coefficients a;(u) satisfy

llai(u), 0;ai(u), dai(W)llr,s < Cllu, d;u, dprull7, 543, i=0,1,2,3. (2-3)
Proof. Apply standard tame estimates for composition of functions; see Lemma C.2. O

Now we apply the reduction procedure to any linear operator of the form (2-1) where
aZ(t’x) :Caxa3(t,x) (2_4)

for some constant ¢ € R (note that P’ () has ¢ = 2 because of the Hamiltonian structure of V7). Regarding
the loss of regularity with respect to the space variable x, the estimates in the sequel will be not sharp. In
the whole section we consider T > 0 fixed, and, unless otherwise specified, all the constants may depend
on 7.

Remark 2.2. Given a linear operator Lo of the form (2-1), define the operator Lj as

Eéh = _ath - axxx{(l + aS)h} + axx(aZh) — O (alh) + aOh- (2'5)
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Note that —Lj is still an operator of the form (2-1), namely

—L8 =8+ (1 +a}) dxxx +a3 3y +af 3y +af, (2-6)
with
asl:=as, ay =3(a3), —an,
: o @
a) = 3(a3)xx — 2(a2)x +ay, ay = (@3)xxx — (@2)xx + (a1)x — ao.

It follows from (2-6), (2-7) that if Ly satisfies (2-4), then also —Lj satisfies (2-4) (with a different constant),
namely a3 = (3 — ¢) d,a}. In particular, if Ly satisfies (2-4) with ¢ = 2 (which is the case if Lo = P’ (1)),
then — L satisfies (2-4) with ¢ = 1. O

2A. Step 1: change of the space variable. We consider a f-dependent family of diffeomorphisms of the
circle T of the form
y=x+pB(, x), (2-8)

where B is a real-valued function, 27 periodic in x, defined for ¢ € [0, T'], with |B, (¢, x)| < % for all
(t,x) € [0, T] x T. We define the linear operator

(Ah)(t,x) :==h(t, x + B(t, x)). (2-9)

The operator A is invertible, with inverse A~ transpose A” (transpose with respect to the usual Li—scalar
product) and inverse transpose A~7 given by

(A" )@, ) = v(t, y + B (1. ),
(AT, y) = (L+ By, y) v(t, y+ B, y)), (2-10)
(AT R, ) = (1+ B (8, ) (e, x + B2, X)),
where y — y + B(t, y) is the inverse diffeomorphism of (2-8), namely
x=y+B(ty) = y=x+pB(x). Q2-11)
Given the operator
Lo:=0+ A +az(t, x)) dxxx +ax(t, x) sy +ai(t, x) 0x +ao(t, x), (2-12)
with ax(t, x) = ¢ d,a3(t, x), we calculate the conjugate A~'Ly.A. The conjugate A~'a.A of any multi-
plication operator a : h(t, x) — a(t, x)h(t, x) is the multiplication operator (A~'a) that maps v(z, y) to
(A 'a)(t, y) v(t, y). By conjugation, the differential operators become
A'{A=08,+A"B) By, A8 A={ATT1+B0)}0,.
Then A~ 9, A= (A1 9,.4) (A1 d,.A), and similarly for the conjugate of d,,,. We calculate
L= A Lo A =8 +as(t, y) yyy +as(t, y) dyy +as(t, y) dy +ar(t, y), (2-13)

where
ay = A" {(14a3)(14+8.)%}. as = A" {ay (14 B)°+3(14a3) B (14-B.)),

» | (2-14)
as =A" {Bi+(1+a3) Brxx+arPrx+ar(1+y)}, a7 =A""ay.
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We look for B(z, x) such that the coefficient a4 (¢, y) of the highest-order derivative 9y, in (2-13) does
not depend on y; namely a4 (¢, y) = b(t) for some function b(¢) of ¢ only. This is equivalent to

(1+a3(t, x))(1+ B (1, x))> = b(1); (2-15)
namely
Bx=ro, polt,x):=b®)" 1 +ast, x)""? -1 (2-16)

Equation (2-16) has a solution 8, periodic in x, if and only if fT 0o(t, x) dx = 0 for all z. This condition
uniquely determines

1 _3
b(t) = (—/(1+a3(t,x))1/3dx) . (2-17)
2 T
Then we fix the solution (with zero average) of (2-16),
B, x) == (3; ' po) (¢, x), (2-18)
where 3! is the primitive of & with zero average in x (defined in Fourier). We have conjugated £y to
Ly = -/4_1'/:0-/4 = 0; +a4(1) 8yyy +as(t,y) 8yy +as(t, y) ay +as(t,y), (2-19)

where a4(t) := b(t) is defined in (2-17).
We prove here some bounds that will be used later.

Lemma 2.3. There exist positive constants o, 8, with the following properties. Let s > 0, and let
as(t, x), ar(t, x), a1 (t, x), ap(t, x) be four functions with a = c dcas for some ¢ € R. Moreover, assume
8”613, ata39 as, 8ta17 ai, ap € C([Ov T]? H;J’_a)' Let

8(w) = ||0y;a3, 0;a3, as, 0iay, ai, aollr,u+o Y € [0, s]. (2-20)

If 8(0) < 8, then the operator A defined in (2-9), (2-18), (2-16), (2-17) belongs to C ([0, T, L(HL)) for
all n € [0, s] and satisfies

IARN 7, < Cu(lhll7,u +8GO IR T0) ¥R € C(O, T, HY), (2-21)

for some positive C,, depending on ju. The inverse operator A~L the transpose AT and the inverse
transpose A~T all satisfy the same estimate (2-21) as A.

The functions as(t) =b(t), as(t, y), as(t, ¥), a7(t, ), B(t, x), ﬁ(t, y) defined in (2-17), (2-16), (2-18),
(2-14), (2-11) belong to C ([0, T1, HY) for all u € [0, s] and satisfy

1B, B, as, d,as, ag, diag, az || 1., + las — 1, aj|r < C.8(w). (2-22)

Finally, the coefficient as(t, y) satisfies

/ as(t, y)dy =0 Vtel[0,T]. (2-23)
.
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Proof. The proof of (2-21) and (2-22) is a straightforward application of the standard tame estimates for
products, composition of functions and changes of variable; see Appendix C.

To prove (2-23), we use the definition of b(¢) in (2-17), the equality a» = ¢ d,a3, and the change of
variables (2-11), and we compute

fvas(h y)dy=/r[az(1+,3x)2+3(1+a3),3xx(1+ﬁx)](1+/3x)dx

=b<r>{cfax“3—(”x)dx+3 de}
7 14+a3(t, x) T 1+ B.(t, x)

= b(t){cf dx log(1 +as(t, x))dx —I—3/ dx log(1 + B, (¢, x)) dx} =0. O
T T

2B. Step 2: time reparametrization. The goal of this section is to obtain a constant coefficient instead
of a4 (t). We consider a diffeomorphism i : [0, T] — [0, T'] which gives the change of the time variable

v =t & 1=y (1), (2-24)
with ¥ (0) =0 and ¥ (T) = T. We define
Bh)(t,y) :=h( (1), y), (B~ v)(r,y):=v@ (1), ). (2-25)
By conjugation, the differential operators become
B'9B=p(r)d,, B 'o,B=3d, p:=8"1), (2-26)
and therefore (2-19) is conjugated to
B'LiB=pd; + (B a) dyyy + (B as) dyy + (B ag) 9y + (B~ 'ay). (2-27)

We look for v such that the (variable) coefficients of the highest-order derivatives (9, and d,,,) are
proportional; namely

(B™'ag)(v) = mp(v) =m(B~ ¥)(0) (2-28)
for some constant m € R. Since B is invertible, this is equivalent to requiring that
ag(t) = my' (). (2-29)
Integrating on [0, T'] determines the value of the constant m, and then we fix i:
1" 1
m:= —f as(t)dt, Y(t):= —/ as(s)ds. (2-30)
T Jo m Jo
With this choice of ¥ we get

B'LiB=p Ly, Ly:=d +mdyy+as(z,y) dyy +ao(z, y) dy +aio(z, y), (2-31)
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where

1 1 1
ag(t,y) = —— (B~ las)(r,y), ao(t,y):i=—— B lag)(r,y), ai(r,y):=—- B 'a7)(z,y).
p(T) p(T) p(7) 23

Note that for all T € [0, T'] one has
1 1
dy=—— | (B! ,y)dy = / ,y)dy =0. 2-33
Aa8<r Dy = A( a0 dy = S [ aste. ) dy (2-33)

By straightforward calculations, we prove the following lemma.

Lemma 2.4. There exists §, > 0 with the following properties. Let ay € C ([0, T], R) with |as(t) — 1] <,
forallt € [0, T]. Then the operator B defined in (2-25), (2-30) is an invertible isometry of C([0, T], H)
for all s > 0; namely,

I1Bhlr,s = lhllrs Yhe CU0, T, Hy), s > 0. (2-34)

Moreover there exists a positive constant o with the following property. Let ay € C'([0, T, R), with
las(t) — 1] < 64 and |ajr(t)| <1forallt €[0,T]. Lets >0, and as, 0;as, ae, d;a6, a7 € C([0, T], H)
with fT as(t,y)dy =0 forallt €10, T]. Then the functions ag(t, x), ag(t, x), ayo(t, x), ¥(t), p(t) and
the constant m defined in (2-32), (2-30), (2-26) satisfy

m—1|+|y" =1, p— 1|7 + |las, 9:as, ay, d-a9, arollr.s < Cllas, d;as, ag, d:ac, a7l 1.5, (2-35)

where C is independent of s. Moreover one has

f ag(t,y)dy =0 ¥z el0,T]. (2-36)
T

2C. Step 3: multiplication. In this section we eliminate the term ag(t, y) d,, from the operator £,
defined in (2-31). To this end, we consider the multiplication operator M defined as

Mh(z, y) :=q(t, y)h(z, y), (2-37)
with ¢ : [0, T] x T — R. We compute

MTULIM =3, +m dyyy +a11(z, ¥) dyy +ain(t, y) 3y +ai3(z, y), (2-38)
with 3 2asqy +3 c
m a , m )
ay = ag—i-#qy, app = 6@4—%, a3 = Lq (2-39)

We want to choose ¢ such that a;; = 0, which is equivalent to
3mqy + agq = 0. (2-40)
Thanks to (2-36), equation (2-40) admits the space-periodic solution
1 1 }
= — . 2-41
4(x.y) i=exp|—5- (0 a)(x, ) (2-41)
As a consequence, we get

L3:= M ULoM =08, +mdyyy +ana(z, y) 3y +ai3(t, y). (2-42)
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The proof of the following lemma is straightforward.

Lemma 2.5. Lets > 0 and let ag € C([0, T'1, H}) with fT ag(t,y)dy =0 forall t €0, T]. Then for all
w € [0, s, the operator M defined in (2-37), (2-41) and its inverse M~ belong to C([0, T1, L(H)).
Note that M = M.

Furthermore, there exist two positive constants 8., o with the following properties. Assume that
ag, d,as, ay, day, ayp € C([0, T1, H:17) and let

S(M) = ||a89 al‘ag7 a97 alagv alO||T,M+U' (2_43)
Then if 8(0) < 8., for all u € [0, s] the operator M and its inverse M~ satisfy
IMF Rli7. < Cu(llhllze +8(wllklizo) Ve C(0,T1, HY), (2-44)

for some positive C,, depending on ju. Moreover, the functions ai>(t,y), a13(t, y), q(t, y) defined in
(2-39), (2-41) satisfy
lg —1, a1z, d;ai2, azllr,. < Cpé (). (2-45)

2D. Step 4: translation of the space variable. We consider the change of the space variable z = y+ p(7)
and the operators

Th(t,y) :=h(t,y+p@), T 'v(z,2):=v(r,z— p(1)), (2-46)

where p is a function p : [0, T] — R. The differential operators become T’IByT =9, and 7719, T
= 0; + p’(r)d,. This is a special, simple case of the transformation A of Section 2A. Thus

Ly:=T "L3T =8 +md,, +aia(z, 2) 8, +ais(z, 2), (2-47)
where
a14(t,2) == p () + (T an)(t,2),  ai5(t,2) = (T a3)(z, 2). (2-48)

Now we look for p(t) such that a4 has zero space average. We fix

1 T
pi==s | [antsydyas (2-49)
2 Jo Jr
With this choice of p, after renaming the space-time variables z = x and T = ¢, we have
L4 = 0y +m Oxxx +a14(t, x) 0x +ais(t, x), /am(t,x)dx =0 Vrel0,T]. (2-50)
T

With direct calculations we prove the following estimates.

Lemma 2.6. Let a;p € C([0, T], Li). Then the operator T defined in (2-46) and (2-49) belongs to
C([0, T, L(HY)) forall s € [0, +00). In fact T is an isometry, namely

IThllz,s =lhllzs YheC(0, T], Hy). (2-51)

Moreover, T is invertible and its transpose is T' = T
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Lets > 0, and let ay», 0;a12, a13 € C([0, T, H)fH) with ||azll.0 < 1. Then the functions aya, ais, p
defined in (2-48) and (2-49) satisfy

sup |p(H)| + llais, 0ra14, aisllt,s < Cllaiz, 9:a12, a3l s+1, (2-52)
1€[0,T]

where C is independent of s.

2E. Step 5: elimination of the order one. The goal of this section is to eliminate the term a4(¢, x) 0.
Consider an operator S of the form

Shi=h+y(t,x)d; " h, (2-53)
where y (¢, x) is a function to be determined. Note 9,9, = 8,9, ! = mo, where moh := h — 5~ [ hdx.
We directly calculate

L48 — S(B; +Mdyry) = a16 9y + a7 +ais 3y, (2-54)
where
aye :=3myx +ay, ai7:=ais+ Gmyxx +auy)mo, aig =y + My tauyy +aisy.  (2-55)
We fix y as
1 .1
=—u 2-
14 3y Ox A4 (2-56)
so that aj¢ = 0. By the following Lemma 2.7, S is invertible, and we obtain

Ls:=8"L,8=8+mdr +R, R:=8(ay7+aizd; ). (2-57)

Lemma 2.7. There exist positive constants o, &, with the following properties. Let s > 0, let a4, a;s be
two functions with a4, 0;a14, a1s € C([0, T'], H;J”’) and fT ag(t,x)dx =0. Let

3(w) = llaws, 0rara, arsllr,u+o Y €10, s]. (2-58)

If 8(0) < 8, then the operator S defined in (2-53), (2-56) belongs to C ([0, T1, L(HL)) for all i € [0, s]
and satisfies
ISkl < Culllhl7. +8WllklT.0) YR e C(0, T], HY), (2-59)

for some positive C,, depending on . The operator S is invertible, and its inverse S ~1 its transpose ST
and its inverse transpose S™T all satisfy the same estimate (2-59) as S.
The operator R defined in (2-57) belongs to C ([0, T, L(HL)) for all u € [0, s] and it satisfies

IRRN 7. < Cu(8O)IAll7,. + 8w lIhl7.0) VYR € C(0,T], HY). (2-60)
The transpose RT belongs to C ([0, T, L(H!")) and satisfies the same estimate (2-60) as R.

Proof. Estimate ||y 9, 'h Iz, by the usual tame estimates for the product of two functions (Lemma C.1),
then use Neumann series in its tame version. Il
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3. Observability

In this section we prove the observability of linear operators of the form (2-12). Such an observability
property will be used in Section 4 in order to prove controllability of the linearized problem. We split the
proof into several simple lemmas, starting with a direct consequence of the Ingham inequality. Since we
actually need observability of a Cauchy problem flowing backwards in time (see Lemma 4.2) with datum
at time 7', we will accordingly state our lemmas.

Lemma 3.1 (Ingham inequality for 0, +m 9dxxx). For every T > O there exists a positive constant C1(T)
such that, for all (wy,),ez € 2(Z,0C), allm > %,

T .
/ § : wnelmn t
0

neZ
Proof. See, for example, Theorem 4.3 in Section 4.1 of [Micu and Zuazua 2005]. The fact that the
constant C1(T") does not depend on m is obtained by closely following the proof in the above-mentioned

2
di = C\(T) ) |w,|*.

neZ

work, and taking into account the lower bound for the distance between two different eigenvalues
Imn® —mk3| >m > 1 foralln,k e Z, n #k. O

The following observability result is classical (see, e.g., [Russell and Zhang 1993] for a closely related
result); for completeness, we also give here its proof.

Lemma 3.2 (observability for d; + m 0xxx). Let T > 0, and let ® C T be an open set. Let vy € L(T),
m > % and let v satisfy

0v+mo,v=0, v(T)=vr. (3-1)
Then

T
/f|v(t,x)|2dxdrzczuvruiz, (3-2)
0 Jo *

with Cy := C1(T)|w|, where C(T) is the constant of Lemma 3.1, and |w| is the Lebesgue measure of w.

Proof. Let v (x) =Y, .y ane'™, so that v(t, x) =Y, ., wn(x)ei’"”3’, where w, (x) := el mx—mn’T) By

Lemma 3.1, for each x € T we have

/T Z wn(x)eimn3t
0

neZ
Then we integrate over x € . U

2
dt > C\(T) Y [wa () = Co(T) Y lanl* = C1(T) 7 1725

neZ nez

Lemma 3.3 (observability of L5 :=0; +m 0xxx + R). Let T > 0, let o C T be an open set and let m > %
Let R € C([0, T, E(L)ZC)), with ||R(@)h|lo < rollhllo for all h € Li, allt € [0, T], where ry is a positive
constant. Let vy € L*(T) and let v € C([0, T, L)ZC) be the solution of the Cauchy problem

v+moy,v+Rv=0, v(T)=vr, (3-3)
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which is globally well-posed by Lemma A.2(iii). Then

T
/ / o(t, 0P dxdi = Csllvr P,
0 w *

with C3 1= %CZ, provided that rg is small enough (more precisely, ro is smaller than a constant depending
only on T, Cy, where C, is the constant in Lemma 3.2).

Proof. Let v be the solution of 9;v| +m dxx,v1 =0, v1(T) = vr, and let v := v — v;. Then v, solves
(0 +m dxxx + R)v2 = —Rui,  va(T) =0. (3-4)

By (A-10), applied for s =0, « =0, f=—Ruv;, we get
lvaliz.o < 2*7°4T | Rvi lI7,0 < 24T ro | vr o (3-5)

Using the elementary inequality (a + b)> > %az —b*foralla,beR,

T 1 T T
/ /|v|2dxdtz—/ /|v1|2dxdt—/ /|v2|2dxdt.
0 w 2 0 w 0 w

The integral of |v; |2 is estimated from below by (3-2). The integral of |v2|? is bounded by T'||va ||2T’0; then
use (3-5). Il

Lemma 3.4 (observability of L4 := 9; +m 0,y + a14(t, x) 0y + ays(z, x), aj4 with zero mean). There
exists a universal constant o > O with the following property. Let T > 0, and let w C T be an open set.
Let m > % and let a14(t, x), ai5(t, x) be two functions, with a4, 9;a14, a15 € C([0, T], HY),

/ ais(t,x)dx =0 Vi e[0,T], lais, 0:a14, arslir,e <86. (3-6)
T

Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lyv=0, v(T)=vr, (3-7)

which is globally well-posed by Lemma A.3. Then

T
/ /|v(t,x>|2dxdtzc4||vr||iz,
0 Jo *

with Cy 1= %C 3, provided that § is small enough (more precisely, § is smaller than a constant depending
only on T, C3).

Proof. Following the procedure of Section 2E, we consider the transformation S in (2-53), (2-56), which
conjugates L4 to
Ls:=8"L48=08+mdr +R,

where the operator R is defined in (2-57), (2-55); it belongs to C ([0, T], £(L)%)), and satisfies the bounds
in Lemma 2.7. Let v be the solution of (3-7), and define © := S~ 'v. Then 7 solves £L50 =0, 3(T) = 3,
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where U7 := S~ (T)vr, and therefore Lemma 3.3 applies to v if § is sufficiently small. By Lemmas 2.7
and A.3 and Remark A.8 we get

T
/ / IS~ = DvlPdxdt <TI(S™' = Dol < C8vl7o < C'8* vzl
0 w

for some constant C’ depending on T. We split & = v+ (S~! — I)v, and we get

T T
/ /|5|2dxdt§2/ /|v|2dxdr+2c’52||vT||g.
0 w 0 w

Moreover |[vr|lo = [|S(T)vrllo < 2||vr|lo, and the thesis follows for § small enough. Il

Lemma 3.5 (observability of £3 := 0, +m 0xxx+a12(t, X) 0y +ai3(t, x)). There exists a universal constant
o > 0 with the following property. Let T > 0, and let  C T be an open set and let m > % Let ajp(t, x),
a3(t, x) be two functions, with a2, d;a12, a13 € C([0, T, HY),

llaiz2, d;a12, aizlirs < 9. (3-8)
Let vy € L*(T) and let v € C([0, T], L)zc) be the solution of the Cauchy problem
L3v=0, v(T)=nvr, (3-9)

which is globally well-posed by Lemma A.4. Then

T
ff|v(r,x)|2dxdzzcs||vr||iz (3-10)
0 Jo *

for some Cs > 0 depending on T, w, provided that § in (3-8) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cy).

Proof. Following the procedure of Section 2D, we consider the transformation 7~ defined in (2-46), (2-49),
which conjugates £3 to

Ly:=T "L3T =8 +mdyrx +ais(t, x) d; +ais(t, x),

where a4, ais are defined in (2-48), and f1T ai4(t, x)dx = 0. By (2-52), the function p defined in (2-49)
satisfies | p(¢)| < Cé for all t € [0, T]. Let v be the solution of the Cauchy problem (3-9). Then 7 :=7 v
solves £40 =0, 0(T) =T "(T)vr. Let w; = [«1, B1] be an interval contained in w. For § small enough,
one has

[y —p(@), pr —pO] S [a1 =68, 1 +8]Cw Vi e[0,T]

The change of variable x — p(t) =y, dx = dy gives

T T pB1—p@) T
/ |6<r,x>|2dxdr=// |v(t,y>|2dydt§/ /|v<r,y>|2dydr.
0 Joy 0 Ja—p() 0 Jw

By (2-52), for § small enough, Lemma 3.4 can be applied to v on the interval w; and the thesis follows,
since | 9(T)llo = 1T~ (T)vrllo = llvr llo. o
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Lemma 3.6 (observability of £ := 9, + m 0yxx + as(t, x) dxx + ao(t, x) 0x + ajo(t, x)). There exists a
universal constant o > 0 with the following property. Let T > 0, and let ® C T be an open set and let
m > 1. Let ag(t, x), ao(t, x), aio(t, x) be three functions, with as, das, ao, das, ajg € C([0, T1, H?),

fag(t,x) dx=0 Vtel0,T], llas, 0;as, ag, d;a9, aiollr,c < 9. (3-11)
T

Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lov=0, v(T)=uvr, (3-12)

which is globally well-posed by Lemma A.5. Then

T
| [ 1ot op axar = coorl, (3-13)
0 Jo X
for some Cg > 0 depending on T, w, provided that § in (3-11) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cs).

Proof. Following the procedure of Section 2C, we consider the multiplication operator M defined in
(2-37), (2-41), which conjugates £, to

MM =L5,  L3=38 +mdyx +an(t,x)dy +aist, x),

where a5, a3 are defined in (2-39). Let v be the solution of the Cauchy problem (3-12). Then v := M~ lv
solves £30 =0, 9(T) = M~ Y(T)vr. Using (2-45), we have

T T T
/ /lv(t,x)|2dxdt=/ /|ﬁ|2dxdt+/ /|17|2(|q|2—1)dxdtz(C5—C<S)||vT||%.
0 w 0 w 0 w

The first of the two integrals has been estimated from below by applying Lemma 3.5 to £3 (by Lemma 2.5,
this can be done provided that § is sufficiently small). The second integral has been estimated using
the bound (2-45), since |¢(t) — 1| < Cllg — 1|l7.1 < C’5. Moreover, we have used the inequality
lvll7.0 < Cllvr]lo from Lemma A.4. The thesis follows with Cg := %C5 by choosing & small enough. [

Lemma 3.7 (observability of £ := 0; + a4(t) 0xxx +as(t, x) dxx + as(t, x) 0y + a7 (¢, x)). There exists a
universal constant o > 0 with the following property. Let T > 0, and let o C T be an open set. Let ay, as,
ae, a7 be four functions, with a4 € C'([0, T, R) and as, d,as, as, d;a¢, a7 € C([0, T, H?), satisfying

/as(t,x)dx=0 vt €[0,T], llas, d:as, ae, d1ae, a7ll1.0 + las — 1, aylr <34. (3-14)
T

Let vy € L*(T) and let v e C([0, T, L)zc) be the solution of the Cauchy problem
Liv=0, v(T)=vr, (3-15)

which is globally well-posed by Lemma A.6. Then

T
//|v(r,x>|2dxdrzc7||w||iz (3-16)
0 Jo *
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for some C7 > 0 depending on T, w, provided that § in (3-14) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cé).

Proof. Following the procedure of Section 2B, we consider the reparametrization of time B defined in
(2-25), (2-30), which conjugates £ to

BT'LiB=pLy, Lo=0;+mdyy+ag(t,x)dsx +ao(t, x) 3, +aio(t, x),

where p, ag, ag, ajg are defined in (2-28), (2-32) and fT ag(t,x) =0 for all T € [0, T]. Let v be the
solution of the Cauchy problem (3-15). Then ¥ := B~ 'v solves £,0 = 0, #(T) = B~'(T)vr. Using
(2-35), we have

T T
/ /|v(t,x)|2dxdt=/ /|ﬁ(w(t),x)|2dxdt
0 w 0 w

T
2/0 /Iﬂ(w(t),X)lz[ll/(t)-i-(l—lﬁ/(t))]dxdt

T T

:/ f|f)(r,x)|2dxdt—|—f /|f)(1//(t),x)|2(1—w/(t))dxdt
0 w 0 w

> (Co— C8)|lvrll3.

The first of the two integrals has been estimated from below by applying Lemma 3.6 to £, (by Lemma 2.4,
this can be done provided that § is sufficiently small). The second integral has been estimated using
the bound (2-35) for |¢/(t) — 1| and also the inequality ||9]7,0 < C||v7]lo from Lemma A.5. The thesis
follows with C7 := %C6 by choosing § small enough, since || v7]o = 1B=X(T)vrllo = llvrllo. Il

Lemma 3.8 (observability of Ly := 9; + (1 + a3) 0xxx + a2 0xx + a1 0y + ag). There exists a universal
constant o > 0 with the following property. Let T > 0, and let o C T be an open set. Let ¢ € R and
as(t, x), ax(t, x), a1 (t, x), ap(t, x) be four functions with a; = c d,as,

0;:a3, d;a3, a3, da1, a1, apllt,c <9. (3-17)
Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lov=0, v(T)=uvr, (3-18)

which is globally well-posed by Lemma A.7. Then

T
//|v(z,x>|2dxdtzcs||vr||iz (3-19)
0 Jo *

for some Cg > 0 depending on T, w, provided that § in (3-17) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, C7).

Proof. Following the procedure of Section 2A, we consider the transformation .4 defined in (2-9), (2-16),
(2-17), (2-18), which conjugates Ly to

AT LoA = L1 =0, + ag(t) dyxx + as(t, X) dxx + as(t, X) dx + a7 (t, x)
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(see (2-19)), where aq4, as, ag, a7 are defined in (2-14) and fv as(t,x) =0 forall r € [0,T]. Letv
be the solution of the Cauchy problem (3-18). Then 7 := A~ 'v solves £0 =0, #(T) = 7, where
o := A7 (0)vg. Let w; = o1, B1] C w. By (2-22) in Lemma 2.3, for § sufficiently small Lemma 3.7
applies to v on wj, and

T
/ 512 dy dt > Colir |2,
0 Jw;

By Lemma 2.3, |jvr|lo = A(T)vrllo < Cllvr]lo- The change of integration variable y = x + (¢, x),
dy = (14 B, (¢, x))dx gives

T T
/ 1012 dy dt = f/wr v)(t, y)[*dy dt
0 wi

2 T
/ / 1'1(; )(Ct)lx)d dzgz/ /lv(t,x)lzdxdt,
wy () x 0 Jow

where wy (1) := {x : x + B(¢, x) € w;}. We have used the fact that, for § small enough, w,(¢) C w, and the
bound (2-22) for |B, (¢, x)| < C||Bllr2 < C’S. O

4. Controllability

In this section we prove the controllability of the linearized operator L, using its observability (Lemma 3.8),
by means of the HUM. We also prove higher regularity of the control.

Lemma 4.1 (controllability of Lgy). Let T > 0, and let w C T be an open set. Let as, ay, ay, ag be four
functions of (t, x) with a, = 20d.as satisfying (3-17). Let Ly be the linear operator

Lo =0+ (14 a3) Oxxx + a2 dxx +ay 0y + ao. 4-1)

(i) Existence. There exist constants 8o, C such that, if § in (3-17) is smaller than by, then the following
property holds. Given any three functions g,(t, x), g2(x), g3(x), with g, € C([0, T], Lﬁ) and g3, g3 € Li,
there exists a function ¢ € C([0, T1], Li) such that the solution h of the Cauchy problem

Loh = g1+ xwp, h(0)=g (4-2)
satisfies h(T) = g3. (Note that the Cauchy problem (4-2) is globally well-posed by Lemma A.7). Moreover
lellz,o = CAlgillzo+ llg2llo + 11g3llo)- (4-3)

(ii) Uniqueness. Let Lf be the linear operator
Loy = =0 — Orex {(1 + a3) ¥} + ux(a2¥) — dx(ary) + oy (4-4)

The control ¢ in (i) is the unique solution of the equation L@ = 0 such that the solution h of the Cauchy
problem (4-2) satisfies h(T) =

The proof of Lemma 4.1 is given below, and it is based on the following classical lemma. In this
section we use the standard notation (i, v) := [; uvdx.
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Lemma 4.2. Let a3, as, a1, ap be functions satisfying (3-17) and a; = 20,a3. Let L be the operator
defined in (4-4). For every (g1, g2, g3), with g1 € C([0, T, L)%) and g5, g3 € Lz, there exists a unique
@1 € L2 such that for all ¥, € L2, the solutions ¢, ¥ € C([0, T1, L2) of the Cauchy problems

{c;;<p =0, and {W =0, (4-5)
@(T) = ¢ U (T) =1
satisfy
T
/0 (81 + Xop, ¥) dt + (g2, ¥(0)) — (g3, ¥(T)) =0 (4-6)

(note that the global well-posedness of the Cauchy problems (4-5) follows by Lemma A.7 and Remark A.8).
Moreover ¢ satisfies (4-3).

Proof. Given ¢y, Y| € L)%, let ¢, ¥ be the solutions of the Cauchy problems (4-5), and define

T

T
B(gol,wl):zfo (s ) d, A@/n):=<g3,w<T>>—<gz,w<0>>—fO (G v)dr. (4T

The bilinear map B : L% X LJZC — R is well-defined and continuous because | x,,(x)| <1 and, by Lemma A.7
and Remark A.8, ||¢|l7.0 < Cll¢1llo, and similarly for ¢». Moreover B is coercive by Lemma 3.8 and
Remark 2.2. The linear functional A is bounded, with

IA@DI<Cliglroll¥ilo V¥ € L3, lgliz,0 :== llg1llz,0 + llg2llo + llg3llo-
Thus, by Riesz representation theorem (or Lax-Milgram), there exists a unique ¢; € L2 such that
Bpr. y1) =AW1) Vi1 €L} (4-8)
Moreover [lillo < CllAllz2.m) < C'lIgllT,0- Since llliz,0 < Cllgillo, we get (4-3). u

Proof of Lemma 4.1. (i) Let ¢ € L)ZC be the unique solution of (4-8) given by Lemma 4.2. Consider any
Y € L%, and let ¢, ¥ € C([0, T], L%) be the unique solutions of the Cauchy problems (4-5). Recalling
(4-6), (4-2) and integrating by parts, we have

T
0=/0 (91 + K@, V) dt + (g2, ¥ (0)) — (g3, Y(T)
T
=/0 (Loh. W) di + (2. Y (0)) — (g3, ¥(T)

T
= (h(T), (1)) — (h(0), ¥ (0)) +/0 (h, Loy)dt + (g2, ¥ (0)) — (g3, ¥(T))

= (W(T), ¥(T)) — (g3, ¥(T))
= (h(T) — g3, Y1),

from which it follows that 4 (T) = g3.
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(i) Assume that ¢ € C([0, T], Li) satisfies £j¢ = 0 and it has the property that the solution /& of the
Cauchy problem (4-2) satisfies h(T) = g3. Let ¢ := @(T'). The same integration by parts as above shows
that B(¢1, ¥1) = A(y) for all ¥y € L2. By the uniqueness in Lemma 4.2, @ = ¢. (|

Lemma 4.3 (higher regularity). Let T, w, a3, az, a1, ag, Lo, &1, &2, &3 be as in Lemma 4.1. There exist
two positive constants 8, o with the following property. Let s > 0 be given. Assume that ay, a1, ay, az €
C2([0, T1, HS*O). Let

Sw= > lofailruse. wel0 s,
k=0,1,2, i=0,1,2,3
Let | gllT.s :=lIg1ll7.s + l182lls + 1183lls < 00. If 6(0) < b4, then the control ¢ constructed in Lemma 4.1
and the solution h of (4-2) satisfy

e, hllz.s < Cs(llgllr.s +8(s)gllT.0) (4-9)

for some positive C depending on s, T, w. Moreover, if g, € c'(o, 11, H}), then

180, Bihli7.s43 4 1919, Bchlizs < Cs{liglT.sve + 10ig1llTs +3(s)lglr6}- (4-10)

Proof. Let g1 € C([0, T], H}) and g», g3 € H]. Let ¢, h € C([0, T], L)zc) be the solution of the control
problem constructed in Lemma 4.1, namely

Liw=0, Loh=xep+g, h0)=g, h(T)=gs. (4-11)

To prove that h, ¢ € C([0, T], H}), it is convenient to use the transformations of Section 2, to prove
higher regularity for the solution /2, ¢ of the transformed control problem, and then to go back to A, ¢
proving their higher regularity. Recall that

Lo=ABpMTSLsS ' T M B A7, (4-12)
where L5 = 0; +m dyxx +R and A, B, p, M, T, S are defined in Section 2. In particular,

o A is the change of the space variable (Ah)(z, x) = h(t, x + B(t, x)) (see (2-9)), where 8 is defined
in (2-18), (2-16), (2-17);

B is the reparametrization of time (Bh) (¢, x) = h(¥ (), x) (see (2-25)), where v is defined in (2-30);
e p(t) is the function defined in (2-26);

o M is the multiplication operator (Mh)(¢, x) = q(t, x)h(¢t, x) (see (2-37)), where ¢ is defined in
(2-41);

« 7T is the translation of the space variable (Th)(t, x) = h(t, x 4 p(t)) (see (2-46)), where p is defined
in (2-49);

 § is the pseudodifferential operator (Sh)(t, x) = h(t,x) + y (¢, x)ax_]h(t, x) (see (2-53)), where y
is defined in (2-56) and 9 U1 is the primitive of & with zero average in x (defined in Fourier);

e R is the bounded operator defined in (2-57).
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Let
L= =8 —mdpy + R, (4-13)
where RT is the L2-adjoint of R. Let
h = (ABMTS)™'h, g1 = (ABpMTS) g1,
&= (ABMTS) im0 g2, &= (ABMTS) =1 &3, (4-14)
¢ =S"T"M'B'ATp, K@= UBoMTS) " (xo(STTT M B 1 AT 1§).
Note that, except for S~!, S~7, the operator K is a multiplication operator; namely
Kg=8"¢8T¢), where(t,x):=p 'T'MZ2BTAT (14 B) xo0l. (4-15)

Since h, ¢ € C([0, T], L)%), and g1 € C([0, T], H}) and g», g3 € H;, by (4-14) and the estimates for
A, B, p, M, T,S in Section 2, one has

h,$,KgeC(0,T], L%, & €C(0,T], H)), &8 ¢€H:.
Since &, ¢ satisfy (4-11), one proves that &, ¢ satisfy
LG =0, Lsh=K¢+g, hO)=g, T)=4gs. (4-16)

The last three equations in (4-16) are straightforward. To prove that L3¢ = 0, we start from the equality

T
((p(T),v(T)>—(<p(0),v(0))=/0 (¢, Lov)dt Vv e CP(0,T]1xT)

(which is a weak form of L = 0), we recall (4-12), and apply all the changes of variables A, B, M, T, S
in the integral. Thus &, ¢ solve this control problem:

Given g1, &>, &3, find @ such that the solution 4 of the Cauchy problem @-17)

Lsh =K@+ g1, h(0) = g, satisfies 2(T) = g3, and moreover @ solves Lip=0.
The function ¢ is the unique solution of (4-17). To prove it, assume that @y € C ([0, T, L%) solves (4-17),
and let ﬁbis be the solution of the corresponding Cauchy problem Esfzbis = K @vis + 21, ﬁbis 0) = g».
Define

hpis := ABMTSEMS, Dbis := A_TBM_TT_TS_T¢biS.

Then hpis, @pis solve (4-11). By the uniqueness in Lemma 4.1(ii) it follows that ¢uis = @, hpis = h.
Therefore @pis = ¢ and fzbis =h.

Now we prove that ﬁ, ¢ € C([0,T], H}). We follow an argument used by Dehman and Lebeau [2009,
Lemma 4.2], Laurent [2010, Lemma 3.1], and Alazard, Baldi, and Han-Kwan [2015, Proposition 8.1].
First, we prove the thesis for g; =0, g3 = 0. Consider the map

S: L2 — L%, S@ =h(0), (4-18)
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obtained by the composition ¢ — ¢ — h + h(0), where @, h are the solutions of the Cauchy problems

{c;@:o, {£5ﬁ=K¢,

o(T) = ¢1, h(T) = 0. (4-19)

From the existence and uniqueness of ¢; € L% such that ¢ solves (4-17), it follows that S is an isomorphism
of L2. The initial datum g, is given, so we fix ¢; € L2 such that S§; = g,. We have to estimate
IAS@1llo < CIISA*@]lo, where A® is the Fourier multiplier of symbol (£)* := (1 4+£%)*/2 s > 0. To
study the commutator [S, A*], we compare (A*Q, Asfz) with (¢, h) defined by

Lig=0, Lsh =K@,
{_5‘p ) {_5 v (4-20)
o(T) = Ngi, h(T)=0.
The difference A*p — ¢ satisfies
LEANG—§) = o .
{ SO =T e B = (25 A% = [RT, A (4-21)
(A9 —9)(T) =0,

From Lemma A.2 and Remark A.8, [A*@ — ¢ll1.0 < CllFillT.0- We recall the classical estimate for the
commutator of A® and any multiplication operator h +— ah:

ILA*, alhllo < Cs(llallzllhlls—1 + llalls+1ll7llo)- (4-22)
By (4-22) and formulas (2-53), (2-56), (2-57), the commutator F| = [RT, A*]@ satisfies

I Fillz.0 < Cs(llais, a17, assllro 1@l 7,51 + llaia, a7, aigllzso 19170

(4-23)
< Cs(8O9ll7.5-1 + 8 1@lT.0)-
The difference ASh — h satisfies
{(EZ (:_hh_) (}‘T))::I; fAS‘Z’ O Ghere 7 = [RT, AT+ [A°, K1 (4-24)
We have |[K(A¢ —@)|lT.0 < ClIIA*® —@llr.0 < Cl|FillT.0, and therefore, by Lemma A.2,
IA%h = hliz0 < C(IFi 7.0+ I F2ll7.0)- (4-25)
Using (4-22) and (4-15), we get
1F2l17.0 < Cs (I, @ll7.s5-1 +8()1A, @li7.0)- (4-26)
By (4-23), (4-25) and (4-26) we deduce that
1A*h = hliz0 < Cs (k. @ll75-1 +8) 1A, Glir,0).
By (4-19), Lemma A.2 and Remark A.8,
17, @Mz < Cu(I@ll 7. + 8GN @.0) < Cu( @1l + 81 @1ll0). 1> 0. (4-27)

Therefore
(AR —h)(O)llo < AR —hll7,0 < Cs(I@11ls—1 +8(s) @1 ll0). (4-28)
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Since S@; = h(0) = g, we have ASh(0) = A®g>. Moreover, by the definition of S in (4-18)—(4-19),
h(0) = SA*@,. Thus
ISA*Gillo < (AR —h)(O)[lo + 1A 2(0)[lo < Cs (@1 lls—1 +8() @1 llo) + [1821ls- (4-29)

Since S is an isomorphism of L2, we have || A*g;[lo < C||SA*lo, whence

I1@1lls < Cs (182115 + @1 lls—1 + () @1 lo).- (4-30)

Since ||@1]lo < ClIg2ll0, by induction we deduce that

I@1lls < Cs(l1g2lls +8()1182llo)- (4-31)

By (4-27), we obtain
I, @lizs < Cs(I2lls +8(s)1&210), (4-32)

which is the thesis in the case g, =0, g3 =0.
Now we prove the higher regularity of /, ¢ removing the assumption g; = 0, g3 = 0. Let g; €
C([0,T], H}) and g, g3 € H}, and let fz, ¢ be the solution of (4-17). Let w be the solution of the problem

Lsw=g, w()=gs.
By Lemma A2, w € C([0, T'], H}), with
lwliz,s < Co{llg1lls + 118305 +8)UIg1 1170+ 183110)}- (4-33)

Let v:=h —w. Then
Lsv=Kp, v(0)=g—w(), vT)=0.

This means that v, ¢ solve (4-17) where (g1, &2, £3) are replaced by (0, go — w(0), 0). Hence (4-32)
applies to v, ¢, and we get

v, @liz,s < Cs(l182 — wO)ls +8(s) 182 — w(O) o). (4-34)
We estimate ||g> — w(0)||; < [|&2]ls + |wl]l7.s; we use (4-33) and ||l~z||T,s < |vlz.s + |lwlrs to conclude

Ik, @llz.s < Co{llglr.s +8()N1Ell7.0} (4-35)

where we have denoted, in short, ||g|l7,s := I81ll7.s + [I&2]ls + |&3]ls. This proves the higher regularity
for the transformed control problem (4-17). By the definitions in (4-14),

leliz.s < Cs(I@llr.s +8@lr0),  Nalzs < Co(lhllz.s +8)hllr0),
I1gl7s < Cs(ligllr,s +8)llglr.0),

and the proof of (4-9) is complete.
The bound (4-10) is deduced in a classical way from the fact that &, ¢ solve the equations Lj¢ = 0,

Loh = o0 + g1 0
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Remark 4.4. Another possible way to prove higher regularity for %, ¢ is to apply the argument of
[Dehman and Lebeau 2009; Laurent 2010; Alazard, Baldi, and Han-Kwan 2015] directly to the control
problem for Ly, instead of passing to the transformed problem (4-17), applying that argument, and then
going back to &, ¢. Such a more direct method adapted to the present case would require the construction
of two operators A, B such that

(1) Cillvlls = [[Asvllo < Callv]ls (equivalent norm in H*),
(2) the commutator [Ly, A;] is an operator of order s — 1,
(3) the difference By Ly — LAy is also of order s — 1.

The construction of such Ay, By is possible, but probably the proof given above is more straightforward,
and it fully exploits the advantages of conjugating £y to L5 (Section 2). The main point is that the
commutator [Ls, A®] is of order s — 1 (because L5 has constant coefficients up to a bounded remainder),
while [Lg, A®] is of order s 4+ 2 (because Ly, which was obtained by linearizing a quasilinear PDE, has
variable coefficients also at the highest order), so that a modified version A of A® is needed. O

In view of the application of the Nash—-Moser theorem in Section 5, we define the spaces

E,:=X,xX,, X,:=C(0,T], H*nc'(o, T1, H )N C?([0, T, H), (4-36)

Fo:={g=(g1.8 8):2€C»0,T], H;*)NC(I0, T, H}), g2, g3 € H}**} (4-37)
equipped with the norms

lw, flle, = llullx, + 1 flIx,s  Nullx, = lullzs+e + 10:uli7.s+3 + 19nulirs, (4-38)

lgllr, = llgiliT.s+6 + 19 g1ll7.s + 82, &3lls+6- (4-39)

With this notation, we have proved the following linear inversion result.

Theorem 4.5 (right inverse of the linearized operator). Let T > 0 and w C T be an open set. There exist

two universal constants T, o > 3 and a positive constant §, depending on T, w with the following property.
Let s € [0, r —t], where r is the regularity of the nonlinearity N (see Lemma 2.1). Let g = (g1, g2, &3) €

Fsand let (u, ) € Egyq, with ||u||x, < 6« Then there exists (h, ¢) ==V (u, f)lg] € Es such that

P'w)[h] — xop =81, h(0)=g>, h(T)=gs, (4-40)
and

I, @lle, < Cs(lgl s, + lullx,., IgllF), (4-41)

where Cg depends on s, T, w.

S. Proofs
In this section we prove Theorems 1.1 and 1.4.

S5A. Proof of Theorem 1.1. The spaces defined in (4-36)—(4-39), with s > 0, form scales of Banach
spaces. We define smoothing operators Sy in the following way. We fix a C* function ¢ : R — R with
O<¢p=<1,

p)=1 VI§l<1l and @@E)=0 VI§|=2.



306 PIETRO BALDI, GIUSEPPE FLORIDIA AND EMANUELE HAUS

For any real number 6 > 1, let Sy be the Fourier multiplier with symbol ¢(&/6), namely
Sou(x) =Y g ek/0) ™, whereu(x) =Y e € L*(T). (5-1)
keZ keZ
The definition of Sy extends to functions u(f, x) = Y, , ux () etk depending on time in the obvious
way. Since Sy and 9, commute, the smoothing operators Sy are defined on the spaces E,, F defined in
(4-36)—(4-37) by setting Sy(u, f) := (Spu, Sp f) and similarly on g = (g1, g2, g3). One easily verifies
that Sy satisfies (B-1)-(B-4) on E; and F;. We define the spaces E,, with norm || - ||/, and F, with || - ||}
as constructed in Appendix B.
We observe that @ (u, f) := (P(u) — xof, u(0), u(T)) defined in (1-13)—(1-14) belongs to F; when
(u, ) € Eg13,5 €[0,r —6], with |lu||74 < 1. Its second derivative is

P"(w)lhy, ho]

" (u, Hh1, 1), (ha, 2)] = 0
0

For u in a fixed ball |lu||x, < 8o, with §p small enough, we estimate
IP" @), wlllr, < Co(llBlx Iwlx, s + Mallx, s lwlx, + lullx, s 1A lx Twlix,) (5-2)
forall s € [0,r —6]. We fix V ={(u, f) € E3: |[(u, f)llE; <00}, 61 = s,
a=1, wu=3, a =0, a=p=20, ae @Bo,r—r], (5-3)

where 84, o, T are given by Theorem 4.5, and r is the regularity of A in Theorem 1.1. The right
inverse W in Theorem 4.5 satisfies the assumptions of Theorem B.1. Thus by Theorem B.1 we obtain
that, if ¢ = (0, uip, tenq) € F ,; with ||g||/Fﬂ < 8, then there exists a solution (u, f) € E,, of the equation
D (u, f) =g, with ||u, f||/Ea < C||g||’Fﬁ (and recall that 8 = o). We fix s1 :=«a + 6, and (1-11) is proved.
In fact, we have proved slightly more than (1-11), because ||g||3p/S <Cligllr, and [|u, fllE, < Callu, f||/Ea
foralla < a.

We have found a solution (u, f) of the control problem (1-9)—(1-10). Now we prove that u is the
unique solution of the Cauchy problem (1-9), with that given f. Let u, v be two solutions of (1-9) in
E,_¢ for all s < 5;. We calculate

1
P(u)— P(v) = / P’ (v+ A —v)[u—v]dr=: Lolu —v],
0

where

~

Lo:=0 4+ +az(t, x))0xxx +az(t, x)0cx +ai(t, x)ox +ao(t, x),
1
a;(t, x) ::/ a(w+r(u—v),x)dr, i=0,1,2,3,
0

and a; (1) is defined in (2-2). Note that a, = 29,a3 because az(v + A(u — v)) = 20,a3(v + A(u — v))
for all A € [0, 1]. The difference u — v satisfies Zo(u —v) =0, (u—v)(0) =0. Hence, by Lemma A.7,
u — v = 0. The proof of Theorem 1.1 is complete. O
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5B. Proof of Theorem 1.4. We define

E,:=C([0, T1, H® N0, T1, HP)nC?([0, T1, HY),
Fy:={g=(g1,8):8 €C(0, T], H®NC'([0, T1, H), g» € H:™®}

equipped with norms

lulle, == lullr,s+6 + 10l 543 + [10rc el 7,55

lgllF, == llgillT.s+6 + 10: &1l 7.5 + 825 +6>
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(5-4)
(5-5)

(5-6)
(5-7)

and ®(u) := (P(u), u(0)). Given g := (f, uin) € Fy,, the Cauchy problem (1-18) becomes ®(u) = g.
We fix V, 61, ao, 1, ai, @, B, ay as in (5-3), where the constants o, §, are now given in Lemma A.7 and

T =0 +9 by Lemma 2.1 combined with Lemma A.7 and the definition of the spaces E;, F;. Assumption

(B-13) about the right inverse of the linearized operator is satisfied by Lemmas A.7 and 2.1. We fix

S0 := a + 6. Then Theorem B.1 applies, giving the existence part of Theorem 1.4. The uniqueness of the

solution is proved exactly as in the proof of Theorem 1.1.

Appendix A: Well-posedness of linear operators

g

LemmaA.l. Let T >0, meR, s €R, f € C(0, T1, H), with f(t,x) =3,y fa()e™™. Let A be the

linear operator defined by Af := v, where v is the solution of

v +mi,v=f V(it,x)el0, T]xT,
v(0, x) =0.
Then

A0 = X AN0E™, (AP0 = [ e

nez

Af belongs to C([0, T1, H) NC'([0, T1, HS73), and
IAfl7s =TI fN7s-
Proof. Formula (A-2) simply comes from variation of constants. By Holder’s inequality,
t 1/2
[(Af)n(D] < ﬁ(/ |fn(r>|2dr> Vi €[0,T]
0

and therefore, for each r € [0, T],

HAF O =Y 1AOP > <>t fo | (O dT(n)*

neZ nez

t t
<1 /O S @R W dr =1 /0 LF OBy dr < 211 o e

nez

Taking the sup over ¢ € [0, T'] we get the thesis.

(A-1)

(A-2)

(A-3)
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We remark that for s < 3 the operator A is well-defined in the sense of distributions. We also recall
that L(H)) is the space of linear bounded operators of H; into itself, with operator norm [|L || z(gs) :=
sup{l|Lhlls : h € HE, [|k]ly = 1}.

Lemma A.2. (i) (LWP). LetT >0, s e R, R € C([0, T, L(H})), and let

rs = Rllcqo,m, ey = sup 1RO zeay),  Ls:= 0 +mdxxx +R. (A-4)

tel0,T]

Letaa € H} and f € C([0, T], H}). If Try < % then the Cauchy problem

Lsu = f,
su=f (A-5)
u(0,x) =a(x)
has a unique solution u € C([0, T, Hy). The solution u satisfies
lullrs < A +2Tr)llalls + 2T 1 fll7,s < 2(lells + T flI7,5)- (A-0)

(ii) (tame LWP). Let T >0, s € R, 51 e Rwiths > s1,and let R e C([0, T], L(H})) N C([0, T], L(H}")).
Assume that
IROs < cillhlls +csllnlls,,  IRMANs, <cilhlly, Yhe H, (A-T)

forallt € [0, T], where c1, ¢s are positive constants. Let o € H:. If
Tep < 4, (A-8)

then the solution u € C([0, T'], H;') of the Cauchy problem (A-5) given in (i) belongs to C([0, T, H}),
with
lullrs 2T\ fllrs + (L +2Tcpllalls +4T s (T f 1.5, + llells,)- (A-9)

(iii)) (GWP). Let T >0, s e R, R € C([0, T, L(H})), and let ry be defined in (A-4). Let « € H;. Then

the Cauchy problem (A-5) has a unique global solution u € C([0, T], H), with
lulir.s <27 (lleells +4T [ fll7.5). (A-10)

(iv) (tame GWP). Let T >0, s € R, s1 e Rwiths > s1,and let R e C([0, T], L(H})) N C([0, T], L(H}")).
Assume that (A-T) holds for all t € [0, T'], where ¢y, ¢ are positive constants. Let oo € H?. Then the global
solutionu € C([0, T, H}) of the Cauchy problem (A-5) given in (iii) satisfies

Il < 2% (leells +4T¢slleellsy + 2T fll7,s +4T 25l fll7s)- (A-11)
Proof. () Write u = v 4+ w, where v(¢, x) is the solution of
GV +moyyv=0, v(0,x)=a). (A-12)
Hence u solves (A-5) if and only if w(z, x) solves

w4+ moyxw+Rw=—-Rv+ f, w(,x)=0. (A-13)
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By Lemma A.1, (A-13) is the fixed point problem
w=W(w), (A-14)
where W (w) := A[f —R(v+w)]. Let B, :={w € C([0, T], H) : |ulr,s < p}, p = 0. Then
IW)lirs < T fllzs +rsllells+rsp), W (w) —W(w)lirs < T rsllwr —wallzs (A-15)

for all w, wi, wy € B,. By assumption, Tr,; < % Therefore, for any p > 2T (|| fll7.s + rsllells), W is
a contraction in B,. In particular, we fix p = po := 2T (|| f|l,s + rsll@lls). Hence there exists a fixed
point w € By, of ¥, with ||lwll7s < po < 2T | fli7s + llalls. As a consequence, there exists a solution
u € C([0, T, Hy) of (A-5) with [lul7s < 2(T|| fll7,s + llalls). By the contraction lemma, the solution u
is unique in any ball B,, p > po, and therefore it is unique in C([0, T'], H}).

(i1) By assumption, Tc; < %, and therefore, by (i), there exists a unique solution u € C([0, T'], H}").
It remains to prove that u satisfies (A-9). By construction, u = v 4+ w, where v € C([0, T], H}) is the
solution of (A-12), with |[v(f)|ls = |||l for all # € [0, T'], and w € C([0, T'], H}') solves (A-14). By
the iterative scheme of the contraction lemma, w is the limit in C([0, T'], H;') of the sequence (w,),
where wg :=0, and w41 := ¥V (w,) for all n € N. By (A-7) and (A-3), ¥ maps C([0, T'], H}) into itself;
therefore w, € C([0, T'], H}) foralln > 0. Let h,, := w, — w,—1, n > 1, so that w, = Zzzl hy. One has
hy+1 =—ARh, forall n > 1, and

||hﬂ+1 ”T,s <Tc ”hn”T,s +Tc, ”hn ”T,sla ”hn+1 ”T,sl <Tc; ”hn”T,sl Vn > 1.
Hence, by induction, for all n > 1 we have
nllzs < (Te) Mhilrs + (= D(Te)" *Tegllhilrs,  Nhallrs < (Te) hillrs,. (A-16)

Also, |lhilirs = TN fllrs + Terlleells + Tesllells, and [[hyllz,s, < TNl fllz.s, + Terllells, . Therefore

”hnHT’S - (Tcl)n_lT”fHT,s + (TC])nHOl”s + - ])(Tcl)n—ZTCsT||f”T,S|
—{—n(TCl)n_lTCs”a“sw (A-17)
Vaallzs, < (e Tl flizs + (Te) el ¥n 1.

Since Tcy < %, the sequence w,, = ZZ:I hy converges in C([0, T'], H}) to some limit w € C([0, T'], H}).
Since w, converges to w in C([0, T'], H;'), the two limits coincide, and w € C([0, T'], H;). Since
lwliz,s <D ey Ikllz.s, we get

lwlzs <2T (I flizs +cillalls) +4Tes (T fllzs, + lells,)- (A-18)

Since u = v + w, we deduce (A-9).

@) If Try < % the result is given by (i). Let Try > % and fix N € N such that 2Tr, < N < 4Tr;,.
Let Ty := T /N, so that le < Tors < % Divide the interval [0, T'] into the union /3 U ---U Iy, where
I, :=[(n — 1)Tp, nTy]. Applying (i) on the time interval 11 = [0, Tp] gives the solution u; € C(Iy, HS),

with [uy ey, 15y < blleells + 2Tl f |l 7.5, where b := 1+ 2Tor;. Now consider the Cauchy problem on I,
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with initial datum u(Ty) = u1(Tp). Applying (i) on I, gives the solution u> € C(I», H}), with
luzllci. g < bllur(To)lls + 270l fllz.s < B2 lletlls + (1+ B)2Toll £ I 7.5

We iterate the procedure N times. At the last step, we find the solution u defined on Iy, with

N N 1
lunlicay.asy <b™ llells + (07 — 1)m2T0”f”T,s-
We define u(t) := u,(¢) for t € I,,, and the thesis follows, using that b < 2.

(iv) If Tc; < 3, the result is given by (ii). Let Tc > 3, and fix N € N such that 2T¢; < N <4T¢;. Let

To:=T/N,sothat } < Tyey < 3. Split [0, T]1=1; U---Uly, where I, := [(n — 1) Ty, nTy]. Perform the
same procedure as above. Using (A-9), and 1 4+ 27pc; < 2, by induction we get
lunllc,.mp < 2" lells + @" = D2Tol £ll7.s +n2" " 4Tocsllalls, 4 [2"(n — 1) + 114Toc Toll £l 7.5,
linlleq, gy < 2% Nelly + @ = D2To] fllzs,.
This implies (A-11), recalling that Toc; < % and also NT, =7, N > 1. O

Lemma A.3. There exist universal positive constants o, 8, with the following properties. Let s > 0,

let m > %, and let aj4(t, x), ai5(t, x) be two functions with a4, d;a14,a15 € C([0, T], H;Jr“) and

Jraia(t,x)dx =0, and let L4 := 3, +m dyxx +a14 0y +ays. Let
8(w) := llas, 0rara, arslr,u+o Y €10, s].
Assume 6(0) <. Let f € C([0,T], H}) and a € H}. Then the Cauchy problem
Lau=Ff, u)=« (A-19)
admits a unique solution u € C([0, T], H}), with
lullz,s < Cofl fllzs + lells + 8 A fll.0 + llallo)}- (A-20)

Proof. Following the procedure given in Section 2E, we define S :=1 + y (¢, x)0, I (see (2-53)) with
y(t,x):= —ﬁax_lam(t, x). We have that u solves (A-19) if and only if i := S~'u satisfies

Lsi=f, i(0)=a,
where f = S_lf, & :=S " 0)a and L5 = 9; + m 3y + R, with
R =8 Hais + (a1ay — (@1a))mo + (Lay) o7 ' }.
Then the thesis follows by Lemmas A.2 and 2.7. U

Lemma A.4. There exist universal positive constants o, 8, with the following properties. Let s > 0,
let m > %, and let ai;(t, x), a13(t, x) be two functions with a2, d;ay2, a1z € C([0, T], H;:J“’), and let

L3:=0; +m Oyyx +air 0y +ay3. Let

() = llarz, 9;a12, a3llr,u+0  Yu €10, s].
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Assume 6(0) < 8,. Let f € C([0,T1, H}) and a € H}. Then the Cauchy problem
Lyu=f, u0)=« (A-21)
admits a unique solution u € C([0, T, H}), with
lullr,s < Cs{llfllzs + leells + ) U fllmo+ llello) }- (A-22)

Proof. Following the procedure given in Section 2D, we define Th(t, x) := h(t, x + p(t)) (see (2-46)),
with p(t) := —% fot [ ai2(s, x) dx ds. We have that u solves (A-21) if and only if it := 7 ~'u satisfies

Lii=f, a0)=«a

(note that 7(0) is the identity), where f =TV f, and L4 = 8, + m dcxx + a14 d¢ + ars, with ayy, a5
given by formula (2-48). Then the thesis follows by Lemmas A.3 and 2.6. U

Lemma A.5. There exist universal positive constants o, 8, with the following properties. Let s > 0, let
m> %, and let ag(t, x), ao(t, x), ajo(t, x) be three functions with ag, d;as, ag, d;ay, ajo € C ([0, T], H;*")
and [y ag(t, x)dx =0, and let L5 := 3; +m dyxx + ag dxx +ag dx +ajo. Let

8(w) := llas, d:ag, ag, d:ag, arollT,u+o Y1 € [0, s].
Assume 6(0) < 8,. Let f € C([0,T], H}) and a € H}. Then the Cauchy problem
Lou=f, u) =« (A-23)
admits a unique solution u € C([0, T'], H}), with
lullr,s < Cs{ll fllzs + leells + 86U fllmo+ llello) }- (A-24)

Proof. Following the procedure given in Section 2C, we define Mh(t, x) := q(t, x)h(t, x) (see (2-37)),
with g (¢, x) := exp{—%m(ax_lag)(t, x)}. We have that u solves (A-23) if and only if 7 := M~y satisfies

Lii=f, @(0)=a,

where f = ./\/l_lf, & := M0, and L3 = 8; +m dyrx + a1 0y + a13, With aja, a3 given by formula
(2-39). Then the thesis follows by Lemmas A.4 and 2.5. O

Lemma A.6. There exist universal positive constants o, &, with the following properties. Let s > 0 and
let as(1), as(t, x), ag(t, x), a;(t, x) be four functions with as € C([0, T1, R) and as, d,as, ag, d;a¢, a7 €
Cc([0, T, H;Jr") and fT as(t,x)dx =0, and let L1 := 0; + a40yxxx + a505y + acdy + ay. Let

S(w):= sup las(t) — 1|+ sup |ay(t)|+ llas, d:as, as, dia6, a7ll7, 440 Vi € [0, s]. (A-25)
tel0,T] 1€(0,T)

Assume §(0) < 8,. Let f € C([0, T, H}) and a € H;. Then the Cauchy problem

Liu=f u0) =« (A-26)
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admits a unique solution u € C([0, T, H}), with

lullzs < Cs{ll fllzs + lleells + 8 fllz.0 + lleello) }- (A-27)

Proof. Following the procedure given in Section 2B, we define BA(t, x) := h({(¢), x) (see (2-25)), with
Y (1) =L [as(s)ds, where m := & fOT a4 (t) dt. We have that u solves (A-26) if and only if i := B~ 'u
satisfies

Loi=f, a0)=«a

(note that B(0) is the identity), where f =B f,and Ly = 3, + m dyxx + ag dx + ag dx + ayg, with as,
ag, ajo given by formula (2-32) (see also (2-26)). Then the thesis follows by Lemma A.5 and 2.4. U

Lemma A.7. There exist universal positive constants o, 8, with the following properties. Let s > 0 and let
as(t, x), ar(t, x), a|(t, x), ap(t, x) be four functions with as, d;a3, o;;a3, ay, o:ay, ap € C([0, T, Hf‘")
and ay = c dyas for some ¢ € R. Let

§(w) = llas, dia3, dyraz, ar, diar, aollt,u+o  Yir € [0, s]. (A-28)

Assume §(0) < 6y. Let Lo :=0; + (1 +a3) Oxxx + a2 Oxx +a1 0y +ap. Let f € C([0,T], H}) and o € H.
Then the Cauchy problem
Lou=f, u0)=« (A-29)

admits a unique solution u € C([0, T'], H}), with

lullzs < Cs{llfllzs + lleells +8) A fllT.0 + lleello) }- (A-30)

Proof. Following the procedure given in Section 2A, we define (Ah)(¢, x) := h(t, x + (¢, x)) (see (2-9)),
with B(t, x) := (0, Lpo)(t, x), where pg is defined in (2-16)—(2-17). We have that u solves (A-29) if and
only if i := A~ u satisfies

Liw=f, u@)=a,

where f =A7Vf, @ =AY 0)a, and L] = 3, + a4 dgxx + as dxx + ag dx + a7, with as not depending
on the space variable x and with a4, as, ag, a7 given by formula (2-14). Then the thesis follows by
Lemmas A.6 and 2.3. O

Remark A.8. Consider the operators Ly, ..., L5 defined in Lemmas A.2-A.7. Define
Loh = —=8h — 3xxx [(1 + a3)h] + 3y (a2h) — dx(arh) + aoh,
Lih = —8;h — agdyxxh + dxx (ash) — 3y (ah) + azh,
L3h := —08;h — m3yxxh + yx (agh) — dx(aoh) + aioh,
L3h := —3:h — mdyxch — 0y (ar2h) + aizh,
Lih = —08:h —mdyxxh — 0y (a14h) +aish,
Lih:=—8h —mdyh+Rh.
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It is straightforward to check that Lemmas A.2—A.7 also hold when the operator £ (k =0, ...,5) is
replaced by £;. The crucial observation is that for all k =0, ..., 5 (see Remark 2.2 for the case k = 0)
the operator —L; has the same structure as £ (one might need to worsen the constants o since the
coefficients of — L7 involve space derivatives of the coefficients of Ly). It is also immediate to verify that
the same estimates also hold for the backward Cauchy problems

{Ekuzf, {ﬁZuzf,

k=0,...,5. (A-31)
u(T)=a, u(T) =a,

Appendix B: Nash—Moser theorem

In this section we prove a Nash—Moser implicit function theorem that is a modified version of the theorem
in [Hormander 1985]. With respect to that paper, here (Theorem B.1) we assume slightly stronger
hypotheses on the nonlinear operator & and its second derivative. These hypotheses are naturally verified
in applications to PDEs. We use the iteration scheme of [Hormander 1976] (called the discrete Nash
method by Hormander), which is neither the Newton scheme with smoothings used in [Berti, Bolle,
and Procesi 2010; Berti, Corsi, and Procesi 2015; Baldi, Berti, and Montalto 2016a], nor the scheme in
[Hormander 1985; Alinhac and Gérard 2007]. The scheme of [Hérmander 1976] is based on a telescoping
series like in [Hormander 1985], but some corrections y, (see (B-15)) are also introduced. In this way the
scheme converges directly to a solution of the equation ®(u) = ®(0) + g, avoiding the intermediate step
in [Hormander 1985] where the Leray—Schauder theorem is applied. This makes it possible to remove
two assumptions of Hormander’s theorem [1985], which are the compact embeddings Fj, < F, in the
codomain scale of Banach spaces (F,),>0, and the continuity of the approximate right inverse W (v) with
respect to the approximate linearization point v. We point out that, unlike Theorem 2.2.2 of [Hormander
1976], our Theorem B.1 also applies to the case of Sobolev spaces.
Let us begin with recalling the construction of “weak” spaces in [Hormander 1985].

Let E,, a > 0, be a decreasing family of Banach spaces with injections E; < E, of norm < 1 when
b>a. Set Eqo =(),~o Ea With the weakest topology making the injections Eo, — E, continuous.
Assume that Sy : Eg — E for 6 > 1 are linear operators such that, with constants C bounded when a
and b are bounded,

I1Soully < Cllulla if b<a, (B-1)
ISoully < COP=ullq if a<b, (B-2)
llu — Seullp < COP~||ull, if a>b, (B-3)
d
—Spu| <OV, (B-4)
‘ do |, ‘

From (B-2)—(B-3) one can obtain the logarithmic convexity of the norms

lllrara—np < Cllulflluly™ if 0<r <1 (B-5)
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Consider the sequence {6;};en, With 1 =6y < 6; < --- — o0, such that 6;/6; is bounded. Set
Aj = 9j+1 — 9j and
Sgu S9- lu—Sg.u
Rou = ——, Ru:=—""—"7_ j>1. B-6
ou Ao U Aj = ( )
By (B-3) we deduce that, if u € Ej for some b > a, then
o0
u=YA;Ru (B-7)
j=0
with convergence in E,. Moreover, (B-4) implies that, for all b,
IRullp < Cap0? ™ llulla- (B-8)
Conversely, assume that a; < a < ap, that u; € E,, and that
llujllp < M@j’—“—‘ if b=a; or b=a. (B-9)

By (B-5) this remains true with a constant factor on the right-hand side if a; <b < as, sothatu =) Aju;
converges in Ep if b < a.

Let E/, be the set of all sums u =) Aju; with u; satisfying (B-9) and introduce the norm ||u||/, as the
infimum of M over all such decompositions. It follows that || - ||/, is stronger than || - ||, if a > b, while
(B-7) and (B-8) show that || - ||/, is weaker than || - ||,. Moreover (i) the space E/, and, up to equivalence,
its norm are independent of the choice of a; and a»; (ii) E/, is defined by (B-8) for any values of b to
the left and to the right of a; (iii) E/, does not depend on the smoothing operators; (iv) in (B-3) we can
replace ||lu||, by |ull/,, namely,

lu— Spully < C, 0" “llull, ifa>b, (B-10)

if we take another constant C;’ »» which may tend to 0o as b approaches a. These four statements (i)—(iv)
are proved in [Hormander 1985].

Now let us suppose that we have another family F, of decreasing Banach spaces with smoothing
operators having the same properties as above. We use the same notation also for the smoothing operators.
Unlike [Hormander 1985], here we do not need to assume that the embedding Fj;, < F, is compact for
b>a.

Theorem B.1. Let ay, az, o, B, ag, it be real numbers with
O<ay<pu<a, a+if<e<ai+p<a, 2a<ai+a. (B-11)

Let 'V be a convex neighborhood of 0 in E,. Let ® be a map from V to Fy such that ® : VN E,, — F,
is of class szor all a €10, a — ], with

19" @) (v, wllla < C(Nvllaspllwllag + 10 llao 1wl 4 el 1V ]lao 1w e ) (B-12)
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forallu €e VN Eq.,, v,w € Eqy,. Also assume that ®'(v) for v € Eo NV belonging to some ball
lvlla, <681 has a right inverse W (v) mapping Fy to E,,, and that

W Wglla < Cllgllatp—a +lgllollvllars) Va € lar, aal. (B-13)

There exists § > 0 such that, for every g € F/é in the ball ||g||;3 <8, there exists u € E,,, with ||lu]|!, < C||g||:3,
solving ®(u) = &) + g.

Proof. We follow the proof in [Hormander 1985] where possible, but we use a different iteration scheme.
Let6; :=j+1,sothat A; =1forall j. Let g € F/; and g; := R;g. Thus

o.¢]
b—p—1
g=> 8. lgills=Ct! " liglly Vb e[0,+00). (B-14)
Jj=0

We claim that if || g||;3 is small enough, then we can define a sequence u; € V N E,, with ug := 0 by the
recursion formula

Ujyl = I/tj-l-]’lj, vj 1= nguj, hj = \If(vj)(gj+y,~) Vj>0, (B-15)
where yg :=0,
j—2
Y1 :=—3Sg,e0, yji=—S8pej—1— Rj_1 Zei Vj=2, (B-16)
=0
and ¢; := ej’. + ej’.’,
e;- = <I>(uj+hj)—d>(uj)—d>’(uj)hj, e;-/ = (CD/(uj)—CD/(vj))hj. (B-17)

We prove that for all j > 0,

I7jlla < K1llgllg 9;’_“_1 Va € [ay, a2], (B-18)
lvjlla < Kaliglp 077"  Vaelai+ B, a2+ B, (B-19)
luj —villa < K3liglp 6™  Vael0,al. (B-20)

For j =0, (B-19) and (B-20) are trivially satisfied, and (B-18) follows from (B-14) because sy = ¥ (0)go
and 6y = 1.

Now assume that (B-18), (B-19), (B-20) hold for j =0, ..., k, for some k > 0. First we prove (B-20)
for j =k+ 1. Since uyy; = Z];:o hj, the definition of the norm of E,, and (B-18) for j =0, ..., k imply
that [lu+1ll;, < K1llglls. By (B-10) one has

g1 —virillo < CKillglg6 s (B-21)

where the constant C depends on «. From now until the end of this proof we denote by C any constant
(possibly different from line to line) depending only on a;, a2, @, 8, i, ag, which are fixed parameters.
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From (B-18) with j =0, ..., k we get

k
lueilla < Killglly D077 Va e lar, asl. (B-22)
j=0
We note that .
Yol < %e,f’H Vp > 0. (B-23)
j=0

For a = ay, by (B-1) one gets ||vk+1lla, < Clluk+1lla,- Thus, using (B-23) at p = ar —«,

k1 — visllay < Cllusilla, < CK1llgllp05, (B-24)

Using (B-5) to interpolate between (B-21) and (B-24), we get (B-20) for j =k + 1, for all a € [0, a3],
provided that K3 > CK;.
To prove (B-19) for j =k + 1, we use (B-2), (B-22) and (B-23) and we get

k
—ar— —aj— +B—a—1 -
oirilla < COL Pllunstlla+p < COL PR NgIE D 0 P47 < CKyligly 077
j=0

for all a € [a; + B, ax + B]. This gives (B-19) for j = k + 1 provided that K, > CK].
To prove (B-18) for j = k + 1, we begin with proving that

yisills < CK V(K1 + K9 gl30, f ™ Vb e[0.ay+ B —al. (B-25)

Since uj, vj, uj + hj belong to V forall j =0, ..., k, we use Taylor’s formula and (B-12) to deduce that,
for j=0,...,kand a € [0, a, — u],

lejla < € (Wjllao A s + Mot e W 12, A 125 o 1107 — 10 llape
1l llvj = tllag + 1 ot o l0; — w5lla) . (B-26)
Hence at j = k, using (B-2) and then (B-26), we have

4
IS0, exllay+p—a < COyllexllar+p—a—p

< COLyy (Mllag I llg + Nk llg g5, + 1Ak lag llog — ullg
+ Akl lloe — ullag + Nk llg Wk llag lve — illag), — (B-27)

where p :=max{0,8 —o +pu} and g :=ax+ B —a — p 4+ . Note that ap + 8 —a — p > 0 because
ap > . Since g < ap, using also (B-23) we have

k—1 k—1
—a—1 —
luilly < lugllay <> Mhsllay < Killglly > 6027 < CKyllglly60 . (B-28)
j=0 j=0

By (B-28), (B-18), (B-20), and since ay < aj, the bound (B-27) implies that

Da—1 —3a—
1S, €k llar+p—a < CK1(K1+ K3)|IglF07, (0 17271 g t2a =31y
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provided that K ||g||:3 < 1. We assume that
Killglly < 1. (B-29)

Both the exponents a;+¢g—2a—1 and ay+2a;—3a—1 are < ap—a—1—p because a; < o and
a;+ B+ u <2«. Thus
160, €kl 50 < CK1L (K + K3l gll76027°. (B-30)
Now we estimate || Sg,,, exllo. Since ag, u < ay, by (B-1) and (B-26) we get
| So,1exllo < Cllexllo < C(1+ ||Mk||u)(||hk||§l + 1akllay vk — ullay)- (B-31)

By (B-18) and (B-29),

k—1 00
Motk < Nuicllay <D Mjllar < Kollglly D05~ = CKyllglly < C. (B-32)
j=0 j=0
We use (B-18), (B-20) and (B-32) in (B-31), and the bound Okzi‘lda*l < 9,;’31_1, to deduce that
16, exllo < CK1(K1 + K3 gl 760" (B-33)
Using (B-5) to interpolate between (B-30) and (B-33), we obtain
IS0, exlls < CK1(Ky + K3)ligllF00, 1 Vb el0.ay+ B —al. (B-34)

Now we estimate the other terms in yx+1 (see (B-16)). By (B-8), (B-26), (B-18), (B-20) and (B-23),
k—1 k—1
Y lIReeills <Y €O eilay—
=0 i=0

k—1
< CK (Ky + K3)|[glgoy, @ty goe2e! (B-35)
i=0

for all b € [0, ax + B — «]. Since a; + a; — 2« > 0, we apply (B-23) to the last sum in (B-35). Then,
recalling that 6y, /641 € [% 1], and using the bound a; +  + u < 2«, we deduce that
k—1
> lIReilly < CK1(K1 + K)lIgllF6.,1 ' Vb el0,a+p —al. (B-36)
i=0
The sum of (B-34) and (B-36) completes the proof of (B-25).
Now we are ready to prove (B-18) at j =k 4 1. By (B-1) and (B-22) we have ||vit1lq; < Clluk+1lla, <

CK, ||g||},, and we assume that CK ||g||}} < 81, so that W (v ) is defined. By (B-15), (B-13), (B-14),
(B-25), (B-19) one has, for all a € [ay, a3],

lhisilla < Cllglp {1+ (K1 + K3)Killgll} 071" (B-37)

provided that K> ||g|l; < 1. Bound (B-37) implies (B-18) provided that C{1 + (K1 + K3)K1llglls} < K.
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The induction proof of (B-18), (B-19), (B-20) is complete if K, K», K3, ||g||i3 satisfy
K3>CoKi, Ky>CoKi, CoKiligly <1, Kallglly <1, Co{l+(Ki+K3)Kilgly} < K1,

where Cy is the largest of the constants appearing above. First we fix K; > 2Cy. Then we fix K, and K3
larger than Cy K, and finally we fix §o > 0 such that the last three inequalities hold for all || g ||)’3 < p.
This completes the proof of (B-18), (B-19), (B-20).

Bound (B-18) implies that the sequence (u;) converges in E, for all a € [0, «). We call u its limit.
Since u = Z?io h;j and each term h; satisfies (B-18), it follows that u € E, and |ju|, < K; ||g||;3 by the
definition of the norm in E,.

Finally, we prove the convergence of the Nash—-Moser scheme. By (B-16) and (B-6) one proves by
induction that

k k—1
Z(ej—l—yj):ek—l—rk, where r; = (I—Sgk)Zej, Vk > 1.
j=0 j=0

Hence, by (B-15) and (B-17), recalling that ®'(v;)W (v;) is the identity map, one has

k k

D(ups1) — D) = Y _[D(ujp1) — Pl =Y (e +g;+) =G +ex+ri,
j=0 Jj=0

where Gy := Zl;:o gj- By (B-14), |Gy —gllp — O as k — oo for all b € [0, B). Leta € [a) — p, a — ).
By (B-22) and (B-29) we get ||uj a4, < C. By (B-26), (B-18) and (B-20) we deduce that

lejlla < CK1(Ky + K3)llgll7 o2, (B-38)

Hence |lex|ls — 0 as k — oo because a; +a + u — 2o < 0, and, moreover, Z;io llejlla converges. By
(B-3) and (B-38), for all p € [0, a) we have

k—1 k—1
rell, < DI = Saell, <C Y08 llejlla < COL™, (B-39)
Jj=0 Jj=0

so that ||r¢|l, — 0 as k — oo. We have proved that || P (ur) — P (up) — gll, — 0 as k — oo for all p in
the interval 0 < p < min{a — i, B}. Since uy — u in E, for all a € [0, ), it follows that ® (1) — D (u)
in Fj, forall b € [0, ¢ — ). O

Appendix C: Tame estimates

In this appendix we recall classical tame estimates for products, compositions of functions and changes
of variables which are repeatedly used in the paper. Recall the notation (1-6) for functions u(x), x € T,
in the Sobolev space H® := H*(T, R).

Lemma C.1. Let 59, 51, 52, s denote nonnegative real numbers, with sy > % There exist positive con-
stants Cy, s > sq, with the following properties.
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o (embedding and algebra) For all u, v € H*,

lullLe < Collullsy,  Muvllsy = Cypllulisyllvllsy- (C-1)
e (interpolation) For 0 <s; <s <sp and s = As1 + (1 — X)sp, forallu € H*®,

leells < Naall, el g5 (C-2)

e (tame product) For s > sg, forall u, v € H",
[uvlls = Cso llullsllvllsy + Csllulls 10]ls, (C-3)

and for s € [0, sol, forallu € H*® and v € H",

[uvlls = Cyollullsy V15 (C-4)

Proof. The lemma can be proved by using Fourier series and the Holder inequality. Otherwise, for
(C-2) see, e.g., [Alinhac and Gérard 2007, p. 82] or [Moser 1966, p. 269]; for (C-3) adapt [Berti,
Bolle, and Procesi 2010, Appendix] or [Alinhac and Gérard 2007, p. 84]. For (C-4) use the bound
Zjez(n)zs ()™ (n— j)™20 < C, forall n € Z, all 0 < s < 59, which can be proved by splitting the two
cases 2|j| < |n| and 2|j| > |n]|. O

A function f : T x B — R, where B :={y € R”*! : |y| < R}, induces the composition operator

F@)@) = f(x,u@), u' ), " @), ..., u'? (x)), (C-5)
where u® (x) denotes the k-th derivative of u(x). Let B p be aball in WP-°°(T, R) such that, if u € B),,
then the vector (u(x), u'(x),..., u(p)(x)) belongs to B for all x € T.

Lemma C.2 (composition of functions). Assume f € C"(T x B). Then, for allu € HS*P N B,, s€[0,r],
the composition operator (C-5) is well-defined and

IF@ls < ClfllerUlullssp + 1),

where C depends on r, p. If, in addition, [ € C"*2, then, foru,h € H P withu,u+h € B,, one has

If@+h)— fa@ls < Cllfllers (1llstp + M llweee lullssp),
I fu+h)— f) — f@ihllls < Clflera Mallweee (1llssp + IRl weee ullstp)-

Proof. For s € N see [Moser 1966, pp. 272-275] and [Rabinowitz 1967, Lemma 7, pp. 202-203]. For
s ¢ N see [Alinhac and Gérard 2007, Proposition 2.2, p. 87]. O

Lemma C.3 (change of variable). Let p € W (T, R), s > 1, with || p|lwie < % Let f(x) =x+ p(x).
Then f is invertible, its inverse is {1 (y) = g(y) = y +q(y), where q is 2w -periodic, g € WS>®(T, R),
and ||q||ws. < C||p|lws.~, where C depends on d, s.

Moreover, ifu € H*(T,R), thenu o f(x) = u(x 4+ p(x)) also belongs to H*, and

llwo flls +lluoglls = Clulls + 1l pllwsee lull1)- (C-6)
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Proof. For s € N see, e.g., [Baldi 2013, Lemma B.4], where this lemma is proved by adapting [Hamilton
1982, Lemma 2.3.6, p. 149]. For s ¢ N the lemma can be proved by studying the conjugate of the
pseudodifferential operator | D,|* by a change of variable, either by Egorov’s theorem, see [Taylor 1981,
Chapter VIII, Section 1, p. 150] and [Alazard, Baldi, and Han-Kwan 2015, Appendix C, Section C.1], or

by an asymptotic formula, see [Alinhac and Gérard 2007, Proposition 7.1, p. 37]. O

Remark C.4. For time-dependent functions u(¢, x), u € C([0, T], H*(T, R)), all the estimates of the

present appendix hold with [lu|[; replaced by |lul|7,s := sup,cjo. 7y lu(®) ;- O
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