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Appendix A: Integrals needed for the calculation of ∂txz
1(0, 0)

We start with

∂tz
1(x, t) =

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))
dy

After taking a derivative in space:

∂txz
1(x, 0) =

∫
T

sin(z1(x)− z1(x− y))(z1xx(x)− z1xx(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))
dy

+

∫
T

cos(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))2

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))
dy

−
∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

× (sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)))dy

Evaluating at x = 0 and exploiting the symmetry of the integral:

∂txz
1(0, 0) =

∫
T

sin(z1(y))(z1xx(0) + z1xx(y))

cosh(z2(y))− cos(z1(y))
dy

+

∫
T

cos(z1(y))(z1x(0)− z1x(y))2

cosh(z2(y))− cos(z1(y))
dy

−
∫
T

sin(z1(y))(z1x(0)− z1x(y))

(cosh(z2(y))− cos(z1(y)))2
(sinh(z2(y))(z2x(0)− z2x(y)) + sin(z1(y))(z1x(0)− z1x(y)))dy

= A1 + A2 + A3

A1 = 2

∫ π

0

sin(z1(y))(z1xx(y))

cosh(z2(y))− cos(z1(y))
dy

A2 = 2

∫ π

0

cos(z1(y))(z1x(0)− z1x(y))2

cosh(z2(y))− cos(z1(y))
dy

A3 = −2

∫ π

0

sin(z1(y))(z1x(0)− z1x(y))

(cosh(z2(y))− cos(z1(y)))2
(sinh(z2(y))(z2x(0)− z2x(y)) + sin(z1(y))(z1x(0)− z1x(y)))dy

Appendix B: Integrals needed for the calculation of ∂ttxz
1(0, 0)

After taking a derivative in time:

∂ttz
1(x, t) =

∫
T

cos(z1(x)− z1(x− y))(z1t (x)− z1t (x− y))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))
dy

+

∫
T

sin(z1(x)− z1(x− y))(z1tx(x)− z1tx(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))
dy

−
∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sinh(z2(x)− z2(x− y))(z2t (x)− z2t (x− y)

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2
dy

−
∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sin(z1(x)− z1(x− y))(z1t (x)− z1t (x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2
dy

= I1(x) + I2(x) + I3(x) + I4(x)
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We can further develop the terms of the second derivative:

I1(x) =

∫
T

∫
T

cos(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

I2(x) = I21(x) + I22(x) + I23(x) + I24(x),

where

I21(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

−cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

I22(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

I23(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

I24(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

I3(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z2x(x)− z2x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z2x(x− y)− z2x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

I4(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sin(z1(x)− z1(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz
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We now compute ∂x of the integrals:

∂xI1(x)|x=0 = B11(x) + B12(x) + B13(x) + B14(x) + B15(x) + B16(x)|x=0

We have:

B11(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))2

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B12(x) =

∫
T

∫
T

cos(z1(x)− z1(x− y)))(z1xx(x)− z1xx(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B13(x) = −
∫
T

∫
T

cos(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B14(x) =

∫
T

∫
T

cos(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))2

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))2

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B15(x) =

∫
T

∫
T

cos(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B16(x) = −
∫
T

∫
T

cos(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz

We move on to I21(x). Taking a derivative yields:

∂xI21(x) = B21(x) + B22(x) + B23(x) + B24(x) + B25(x),

3



where

B21(x) =

∫
T

∫
T

cos(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))2

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))2

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B22(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))2

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))2

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B23(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))3

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))3

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B24(x) = 2

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

−cos(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B25(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))2

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))2

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz

Next we differentiate I22(x):

∂xI22(x) = B31(x) + B32(x) + B33(x) + B34(x) + B35(x),

where

B31(x) =

∫
T

∫
T

cos(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz
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B32(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B33(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

−cos(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B34(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1xxx(x)− z1xxx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1xxx(x− y)− z1xxx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B35(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz

The differentiation of I23(x) follows:

∂xI23(x) = B41(x) + B42(x) + B43(x) + B44(x) + B45(x) + B46(x) + B47(x),

where

B41(x) = −
∫
T

∫
T

cos(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B42(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y)))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz
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B43(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))2 sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

−cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))2 sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B44(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z)) sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z)) sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B45(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) cosh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))2

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) cosh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))2

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B46(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) sinh(z2(x)− z2(x− z))(z2xx(x)− z2xx(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) sinh(z2(x− y)− z2(x− y − z))(z2xx(x− y)− z2xx(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B47(x) = 2

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)) sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))3

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)) sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))3

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz

We keep on differentiating, this time I24(x):

∂xI24(x) = B51(x) + B52(x) + B53(x) + B54(x) + B55(x),

which have the following expressions:

B51(x) = −
∫
T

∫
T

cos(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

(sin(z1(x)− z1(x− z)))2(z1x(x)− z1x(x− z))2

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− (sin(z1(x− y)− z1(x− y − z)))2(z1x(x− y)− z1x(x− y − z))2

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz
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B52(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y)))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

(sin(z1(x)− z1(x− z)))2(z1x(x)− z1x(x− z))2

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− (sin(z1(x− y)− z1(x− y − z)))2(z1x(x− y)− z1x(x− y − z))2

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B53(x) = −2

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

sin(z1(x)− z1(x− z)) cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))3

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− sin(z1(x− y)− z1(x− y − z)) cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))3

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B54(x) = −2

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

(sin(z1(x)− z1(x− z)))2(z1x(x)− z1x(x− z))(z1xx(x)− z1xx(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

− (sin(z1(x− y)− z1(x− y − z)))2(z1x(x− y)− z1x(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

)
dydz

B55(x) = 2

∫
T

∫
T

sin(z1(x)− z1(x− y)))

cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y))

×
(

(sin(z1(x)− z1(x− z)))2(z1x(x)− z1x(x− z))2

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))3

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− (sin(z1(x− y)− z1(x− y − z)))2(z1x(x− y)− z1x(x− y − z))2

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))3

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz

After that, we differentiate I3(x), resulting in:

∂xI3(x) = B61(x) + B62(x) + B63(x) + B64(x) + B65(x) + B66(x) + B67(x)

with

B61(x) = −
∫
T

∫
T

cos(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))2 sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z2x(x)− z2x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z2x(x− y)− z2x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B62(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))(z1xx(x)− z1xx(x− y)) sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z2x(x)− z2x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z2x(x− y)− z2x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz
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B63(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) cosh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z2x(x)− z2x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z2x(x− y)− z2x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B64(x) = 2

∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))3

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

sin(z1(x)− z1(x− z))(z2x(x)− z2x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z2x(x− y)− z2x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B65(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))(z2x(x)− z2x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

−cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))(z2x(x− y)− z2x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B66(x) = −
∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z2xx(x)− z2xx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z2xx(x− y)− z2xx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B67(x) =

∫
T

∫
T

sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y)) sinh(z2(x)− z2(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z2x(x)− z2x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− sin(z1(x− y)− z1(x− y − z))(z2x(x− y)− z2x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz

The last term we differentiate is I4(x), which yields

∂xI4(x) = B71(x) + B72(x) + B73(x) + B74(x) + B75(x) + B76(x)

B71(x) = −2

∫
T

∫
T

(sin(z1(x)− z1(x− y)))(cos(z1(x)− z1(x− y)))(z1x(x)− z1x(x− y))2

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz
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B72(x) = −
∫
T

∫
T

(sin(z1(x)− z1(x− y)))2(z1xx(x)− z1xx(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B73(x) = 2

∫
T

∫
T

(sin(z1(x)− z1(x− y)))2(z1x(x)− z1x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))3

×
(
sinh(z2(x)− z2(x− y))(z2x(x)− z2x(x− y)) + sin(z1(x)− z1(x− y))(z1x(x)− z1x(x− y))

)
×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B74(x) = −
∫
T

∫
T

(sin(z1(x)− z1(x− y)))2(z1x(x)− z1x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

cos(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))2

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− cos(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))2

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B75(x) = −
∫
T

∫
T

(sin(z1(x)− z1(x− y)))2(z1x(x)− z1x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z1xx(x)− z1xx(x− z))

cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z))

− sin(z1(x− y)− z1(x− y − z))(z1xx(x− y)− z1xx(x− y − z))

cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z))

)
dydz

B76(x) =

∫
T

∫
T

(sin(z1(x)− z1(x− y)))2(z1x(x)− z1x(x− y))

(cosh(z2(x)− z2(x− y))− cos(z1(x)− z1(x− y)))2

×
(

sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z))

(cosh(z2(x)− z2(x− z))− cos(z1(x)− z1(x− z)))2

× (sinh(z2(x)− z2(x− z))(z2x(x)− z2x(x− z)) + sin(z1(x)− z1(x− z))(z1x(x)− z1x(x− z)))

− sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z))

(cosh(z2(x− y)− z2(x− y − z))− cos(z1(x− y)− z1(x− y − z)))2

×(sinh(z2(x− y)− z2(x− y − z))(z2x(x− y)− z2x(x− y − z)) + sin(z1(x− y)− z1(x− y − z))(z1x(x− y)− z1x(x− y − z)))
)
dydz
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Appendix C: Auxiliary tables

Integral Degree Num. in y Degree Num. in z Degree Den. in y Degree Den. in z
B11 6 4 2 4
B12 2 4 2 4
B13 6 4 4 4
B14 3 4 2 4
B15 3 4 2 4
B16 3 8 2 8
B21 3 4 2 4
B22 5 4 4 4
B23 2 6 2 4
B24 2 4 2 4
B25 2 8 2 8
B31 3 4 2 4
B32 5 4 4 4
B33 2 4 2 4
B34 2 4 2 4
B35 2 8 2 8
B41 3 8 2 8
B42 5 8 4 8
B43 2 8 2 8
B44 2 8 2 8
B45 2 8 2 8
B46 2 8 2 8
B47 2 12 2 12
B51 3 8 2 8
B52 5 8 4 8
B53 2 8 2 8
B54 2 8 2 8
B55 2 12 2 12
B61 6 4 4 4
B62 4 4 4 4
B63 6 4 4 4
B64 8 4 6 4
B65 5 4 4 4
B66 5 4 4 4
B67 5 8 4 8
B71 6 4 4 4
B72 4 4 4 4
B73 8 4 6 4
B74 5 4 4 4
B75 5 4 4 4
B76 5 8 4 8

Table 1: Degree of the Taylor expansions in y and z of the different
integrands written down as fractions numerator

denominator .
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Integral Bounded Region Singularity Center Singularity y Axis Singularity z Axis
B11 −21.935809 [−4.9 · 10−13, 4.9 · 10−13] [−6.3 · 10−7, 6.3 · 10−7] −0.207150
B12 19.11932 [8.9 · 10−8, 3.7 · 10−7] [−2.3 · 10−3, 2.5 · 10−3] 0.27682
B13 −2.1303 [−4.2 · 10−8, 5.6 · 10−8] [−3.2 · 10−5, 3.2 · 10−5] 0.3841
B14 4.3941 [7.8 · 10−8, 1.9 · 10−7] [−1.1 · 10−4, 1.0 · 10−4] 0.27682
B15 8.53543 [−9.0 · 10−10, 1.3 · 10−7] [−7.7 · 10−5, 6.1 · 10−5] 0.08891
B16 14.95.1 [−7.3 · 10−8, 7.4 · 10−8] [−7.0 · 10−4, 8.8 · 10−4] −0.4228
B21 4.3941 [7.8 · 10−8, 1.9 · 10−7] [−1.1 · 10−4, 1.0 · 10−4] 0.27682
B22 14.5562 [−6.0 · 10−8, 6.0 · 10−8] [−5.9 · 10−6, 5.9 · 10−6] 0.17791
B23 −13.355912 [−9.2 · 10−10, 9.2 · 10−10] [−4.1 · 10−5, 6.6 · 10−5] −0.00004633
B24 30.91.1 [−2.5 · 10−8, 1.9 · 10−7] [−1.5 · 10−4, 1.9 · 10−4] 0.042252
B25 −29.7966 [−3.5 · 10−7, 3.5 · 10−7] [−1.7 · 10−3, 1.6 · 10−3] −0.2819
B31 8.53543 [−9.0 · 10−10, 1.3 · 10−7] [−7.7 · 10−5, 6.1 · 10−5] 0.08891
B32 10.0914 [−6.2 · 10−8, 6.3 · 10−8] [−5.8 · 10−6, 5.8 · 10−6] 0.282174
B33 15.4951 [−3.6 · 10−8, 1.2 · 10−7] [−7.2 · 10−5, 9.5 · 10−5] 0.021126
B34 −14.946318 [−5.5 · 10−8, 5.4 · 10−8] [−5.0 · 10−5, 4.9 · 10−5] −0.145236
B35 −9.9688 [−6.3 · 10−7, 6.3 · 10−7] [−1.2 · 10−3, 1.2 · 10−3] −0.08748
B41 −6.6247 [−7.3 · 10−8, 7.4 · 10−8] [−7.2 · 10−4, 8.0 · 10−4] −0.2108
B42 15.1360 [−5.5 · 10−8, 5.6 · 10−8] [−2.5 · 10−5, 2.5 · 10−5] −1.4017
B43 −0.6452 [−3.5 · 10−7, 3.5 · 10−7] [−1.7 · 10−3, 1.7 · 10−3] −0.1305
B44 9.0715 [−6.2 · 10−7, 6.3 · 10−7] [−1.3 · 10−3, 1.2 · 10−3] −0.07336
B45 −751.7306 [−3.0 · 10−7, 3.0 · 10−7] [−1.4 · 10−2, 1.2 · 10−2] [−4.2,−3.8]
B46 50.2733 [−6.9 · 10−7, 6.9 · 10−7] [−5.3 · 10−4, 6.1 · 10−4] 0.65399
B47 685.17.2 [−2.1 · 10−6, 2.1 · 10−6] [−2.9 · 10−2, 3.2 · 10−2] [3.7, 4.7]
B51 21.56384 [−6.8 · 10−8, 8.0 · 10−8] [−2.1 · 10−4, 3.1 · 10−4] −0.2219
B52 −15.1302 [−8.9 · 10−8, 8.8 · 10−8] [−1.1 · 10−5, 1.1 · 10−5] −0.07739
B53 −58.3127 [−5.1 · 10−8, 5.1 · 10−8] [−1.2 · 10−3, 9.7 · 10−4] −0.3128
B54 −38.07555 [−5.5 · 10−8, 5.5 · 10−8] [−6.8 · 10−4, 6.7 · 10−4] −0.03219
B55 103.54.1 [−5.1 · 10−8, 5.1 · 10−8] [−8.3 · 10−3, 8.5 · 10−3] 0.3452
B61 48.50782 [−4.9 · 10−8, 6.3 · 10−8] [2.5 · 10−5, 4.1 · 10−5] 0.50927
B62 33.64695 [−2.2 · 10−7, 2.2 · 10−7] [−5.0 · 10−4, 5.4 · 10−4] 0.47788
B63 −615.34.7 [−4.7 · 10−8, 4.7 · 10−8] [−5.4 · 10−6, 5.4 · 10−6] 0.41896
B64 494.95.9 [−1.1 · 10−7, 1.1 · 10−7] [−4.7 · 10−6, 4.7 · 10−6] −0.5441
B65 49.0916 [−6.1 · 10−8, 6.1 · 10−8] [−4.9 · 10−6, 4.9 · 10−6] 0.47788
B66 7.41857 [−6.2 · 10−8, 6.2 · 10−8] [−4.7 · 10−6, 4.7 · 10−6] −0.08563
B67 −24.6215 [−5.7 · 10−8, 5.7 · 10−8] [−1.1 · 10−5, 1.1 · 10−5] −0.6848
B71 −84.8178 [−8.1 · 10−10, 8.0 · 10−10] [−3.5 · 10−6, 3.6 · 10−6] −0.627912
B72 −29.36959 [−1.4 · 10−7, 7.0 · 10−8] [−4.6 · 10−6, 4.6 · 10−6] −0.223918
B73 137.88.1 [−8.8 · 10−10, 5.4 · 10−10] [−3.0 · 10−6, 2.8 · 10−6] 0.85794
B74 7.08596 [−2.1 · 10−9, 2.4 · 10−9] [−3.5 · 10−6, 3.3 · 10−6] −0.223917
B75 −2.82314 [−4.2 · 10−9, 4.5 · 10−9] [−3.9 · 10−6, 3.7 · 10−6] 0.042929
B76 −35.6352 [−5.0 · 10−8, 5.2 · 10−8] [−3.6 · 10−6, 3.6 · 10−6] 0.04268

Table 2: Detailed breakdown of the rigorous integration results.
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Term and region Number of integrals Time (HH:MM)
B11-B76 (nonsingular) 82 14:48

B11-B76 (center-singular) 82 02:03
B11-B76 (singular-first) 82 01:26

B11-B16 (singular-second) 12 11:57
B21-B25 (singular-second) 10 09:57
B31-B35 (singular-second) 10 11:29
B41-B46 (singular-second) 12 32:19
B51-B54 (singular-second) 8 16:44
B61-B67 (singular-second) 14 13:59
B71-B76 (singular-second) 12 09:46

B47 (singular-second - subregions 1 and 2) 4 35:53
B47 (singular-second - subregions 3 and 4) 4 60:48
B47 (singular-second - subregions 5 and 6) 4 82:02
B55 (singular-second - subregions 1 and 2) 4 16:02
B55 (singular-second - subregions 3 and 4) 4 56:12
B55 (singular-second - subregions 5 and 6) 4 74:50

Table 3: Performance of the code in the different integrals and
regions.

12


