Appendices to “A note on stability shifting for the Muskat problem, II:
From stable to unstable and back to stable”

Diego Cérdoba, Javier Gémez-Serrano, Andrej Zlatos

Appendix A: Integrals needed for the calculation of 9;,21(0,0)

We start with

1 B sin(2!(z) — 2z —y)) (25 (x) — 23(z — y))
Oz (x,t) = /11‘ cosh(22(z) — 22(z — y)) — cos(z(z) — 21 (z — y)) dy

After taking a derivative in space:

1 sin(z'(z) — 2 (z — y)) (244 () — 25 (z — )
Oz (@, 0) = /T cosh(z2(x) — 22(x — y)) — cos(zM(x) — 21 (x — y))dy
/ cos(z!(2) — 2! (x — y)) (25 (2) — 2 (z — y))?
r cosh(2(z) — 22(z — 3) — cos(>1(z) — 21z — 1))
_/ sin(z' () — 2 (2 — ) (25 (2) — 23 (z — y))
1 (cosh(2?(z) — 2*(z — y)) — cos(2'(z) — 2" (z — y)))?
X (sinh(2%(z) = 22(z — ) (23 (2) — 22(x — y)) +sin(z' (2) = 2" (& = y)) (2 (@) — 25 (x — y)))dy

dy

Evaluating at x = 0 and exploiting the symmetry of the integral:
in(z' 22 (0) + 23, (y))
am 1 0.0) = Sln(’z (y))(’zzz( xTT d
o 00 = [ R et )
+/ cos(z'(y))(24(0) = z3(y) Qdy
¢ cosh(z2(y)) — cos(z*(
- sin(z1(y) (21(0) — 2L
' (cosh(2(y)) — con(21(
=A; + As + A3

;2 (sinh(2*(y))(23(0) = 22(y)) + sin(z () (22(0) — 2,(v)))dy

)
)
y))
(y)
Y))

Appendix B: Integrals needed for the calculation of 0,,2'(0,0)

After taking a derivative in time:
gy = [0 @) =2 @ —y) (2 (2) — 2 (x — 9))(z(2) — %@ —y))
Ouz (1) /1r cosh(22(z) — 22(z — y)) — cos(z!(z) — 21 (z — y)) @
sin(z'(z) — 2'(z — y)) (2 () — 2 (2 — y))
+ /11‘ cosh(22(x) — 22(x — y)) — cos(z!(z) — 21 (z — i‘/))dy
/ sin(z'(z) — 21 (z — y))(z(2) — 2 (@ —y)) sinh(2*(z) — 22(z — y)) (3¢ (2) — (@ —y) |

(COSh(ZZ(I) — 22(x —y)) —cos(z!(z) — 2 (x —y)))? /
/ —y))(22(2) — 2z (2 —y)) sin(z} (2) — 21 (2 — y)) (2 (2) — 2{ (z — y)) dy
cosh(zQ(x) — 22(x —y)) — cos(z(z) — 2l (z — y)))?

= L(x) + L(x) + I3(2) + L4(x)



We can further develop the terms of the second derivative:

// cos(z — Yz @) - 5@ —y)
cosh(z2(x) — 22 (x —y)) — cos(zl(z) — zH(x — y))

" ( sin(z!(2) — 21 (x — 2)) (25 (2) — 2z (x — 2))
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — 21 (z — 2))

~ sin(El (@ —y) — 2@ -y —2) ez —y) —zlr —y —2)) 3
cosh(z2(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2Nz —y — z))) dyd

12(.13) = 121(.1?) =+ Igg(x) + 123(.73) + 124(1‘),

where

sin(z!(z) — 21 (z — v)))

Iz / /T cosh(z — 2}z —y)) — cos(z(z) — 2! (z —y))
)
22

. << Aa) = 2@ — 2)) (2h(@) — 2h(z — 2) () — 2L
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
oos(Aa—y) — A —y—2)
cosh(z?(x — y) — 22

(p(z—y) —zr—y—2
x

) )
(x—y—2)) —cos(zl(z —y) =21z —y - 2))

sin(z (x) zHz —y)))
In(e / /]I‘ cosh(z2(z) — 2%(x — y)) — cos(z!(z) — 2! (z — y))
1 1 1 !
y ( sin(z* () — 2 (v — 2)) (2, (2) — 25, (2 — 2))

cosh(z2(x) — z2(x — 2)) — cos(zl(z) — zH(x — 2))

) z
 sin( e —y) = 2 -y — ) (@ — y) — Pz —y — 2)) )
cosh(2(z —p) — 2w —y —2)) —cos(:1 () - (7 —y z>>) dyd

sin(z! (z) — 21 (z — y)))
Las(w // cosh(22(x) — 22(x — y)) — cos(zl(z) — zH(x — y))
" (Sln( (fU) 2@ — 2)) (2 (7) — 25 (2 — 2)) sinh (2% (x) — 2% (2 — 2)) (25 (x) — 22(x — 2))
(cosh(22(x) — 2%2(x — 2)) — cos(zt(x) — zM(x — 2)))?
sin(z'(z —y) — Mz —y — 2)) (2 —y) — 2y (x —y — 2))sinh(*(z —y) — 22z —y — 2))(2F(z —y) — 25 (z —y — Z))> dydz
(cosh(z?(z —y) — 2(x —y — 2)) — cos(z'(z —y) — 2 (z —y — 2)))?

sin(z(z) — 2 (2 — y)))
o)== |, i =)~ con(e ) = 21(w — y)
" (Slﬂ( (33) (33—2))( (@) — 2 (@ — 2))sin(z1(2) — 21 (z — 2)) (22 (7) — 2, (7 — 2))
(cosh(z2(z) — zQ(x —2)) — cos(zl(x) — 21 (z — 2)))?

sin(z1(z —y) =2 (¢ —y = 2)(eh@ —y) — 2 (¢ —y — =) sin(z' (& — y) — zl(x—y—z))(zi(x—y)—zi(x—y—z)))dydz
(cosh(=2(z —y) — 22(x — y — 2)) — cos(z! (z — y) — 21 (@ — y - 2)))?

/ / sin(z! (z) — 2! (x — ) (23(2) — 23 (x — y)) sinh(2*(2) — 2*(z — y))
cosh(zz(x —22(x —y)) — cos(zl(z) — 21 (x — y)))?
y ( sin(z(z) — 24 (x — 2))(22(2) — 22(z — 2)
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
_ sin(zle—y) e -y —2)(E—y) - 22—y —2)) ;
cosh(z2(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2zt (x —y — z))) dyd

/ / sin(z y))(Zi(x) — zp(z —y))sin(z(z) — 2!
cosh 22 —22(x —y)) —cos(zl(z) — 2l (z — gy )
1 1 1 1
" ( sin(z’(z) — 27 (x = 2)) (2, -

cosh(z2(x) — 22(x — 2)) — cos

B sin(zt(z —y) — 2l (x —
cosh(z22(x —y) — 2%2(z —y

y— ) (EMa —y) — 2z —y— 2))
- >—cos(zl(z—y)—zl(z—y—z»)dydz



We now compute 0, of the integrals:

83;]1 (ZE)|$:0 = BH(Z‘) =+ Blg(CC) + Blg(l‘) + Bl4(1‘) + Bl5($) + B16($)|w:0

We have:
sin(z 2z —y) (2 (2) — 25 (z — y))?
Bule // cosh z2 2*(z —y)) —cos(z(x) — 2M(z —y))
y sin(z(z) — 21 (z — 2)) (2L () — zL(z — 2))

cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
__sinGle—y) —a—y—2)(nE—y) - n@-y—2) ;
S P e Ty )

" ( smgz gx — 2z — 2)(zh(z) — zi(x — 2))

— 22(x — 2)) — cos(z1(z) — 21 (z — 2))

~ sin(zlz—y) — 2@ -y - 2) (e —y) —z(r -y —2) ;
cosh(z?(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 21 (x —y — z))) dyd

cos( zl(fr 2w —y))) (2 (@) — 2z (z —y))
Bis(x // cosh(22(z) — 22(x — y)) — cos(z!(x) — 21 (z — y)))2

x (sinh(2(x) - 2< D)) — 2z — ) +sin(zM (@) — 21z — 1) (22@) — 2z — 1))
( sin(z!(2) — 21z — 2)) (s1(x) — 2M(a — 2))
cosh(zx)—zz(aj—z))—cos zH(x) — 21 (z — 2))
 sin(elz—y) e -y - ) (e —y) — A —y—2) )
N e e e g <m—y>—z1<z—y—z>>)dyd

cos(z =) (2 (2) — 23 (z — y))
Biy(x // cosh(z2(x) — 22 (z —y)) — cos(z!(z) — 2! (z — y))

y ( cos(z! (z) — 2'(z — 2)) (22 (@) — 2(z — 2))?
cosh(z2(x) — 22(x — 2)) — cos(z!(x) — 21 (z — 2))
_cos(zl(z—y) — 2@y —2))(m(r —y) — -y —2)? B
cosh(z22(x —y) — 22(x —y — 2)) —cos(zl(x —y) — 2Nz —y — z))) dyd

cos(z =) (2 (2) — 23 (z — y))
Bys(x // cosh(22(z) — 22 (z —y)) — cos(zl(z) — 21 (z — y))

o ( sin(2! (2) — 21 (2 — 2)) (224 (%) — 234 (2 — 2))
cosh(z2(x) — 22(x — 2)) — cos(z!(x) — 21 (z — 2))
sin(A(z = y) = 2z —y — 2) (e (0 ) — 2Lz —y — 2)
- ) o

Ccosh(z2(x —y) — 2(x—y—2)) —cos(zl(w —y) — 2 (x —y — 2

cos(z (2 (@) = z(z — y))
Biolw // cosh(z22(z 22 (x — y)) —cos(zH(x) — 21 (z — y))
" < sin(z! (2) — 21 (x — 2)) (2, (2) — 2z (x — 2))
(cosh(22(z) — 22(x — 2)) — cos(z!(z) — 2'(z — 2)))?
x (sinh(2?(z) — 2%(2 — 2)) (22 (2) — 23(x — 2)) + s ) = 2l (@ = 2)) (2, (@) — 2o(x = 2)))
_ sin(z!(z —y) — 2 (@ —y — 2)) (%
(cosh(z?(z —y) — 2%2(x —y — 2)) — cos

in(z
y(—y) =z (x —y —2))
(z

o
He—y) -2z —y—2)?

X (sinh(2*(x —y) — 2%(2 —y — 2))(25(x —y) — 7(x —y — 2)) +sin(z' (z —y) — 2" (2 —y = 2)) (2 (x —y) — 2,(z — y — 2)))) dydz

We move on to Ip(z). Taking a derivative yields:

OpI21(x) = Ba1(x) + Baz(x) + Bag(x) + Bay(z) + Bas(x),



where
cos(z 2z — ) (2 (7) — 2 (x — y))
Bar(w / / cosh(z2(x) — 22 (z —y)) — cos(zl(z) — 21 (z — y))

cos(z! (z) — 2t (x — 2)) (23 () — 23 (x — 2))?
8 (cosh(zQ( ) — 22(z — 2)) — cos(21(z) — 21 (z — 2))

_cos(Zlr—y) — 2 —y —2)) (e —y) — 2z -y — 2)? 3
cosh(z2(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2Nz —y — z))) dyd

sin(z(z) — 2z — )
Baale // cosh(z2(z) — 22(xz — y)) — cos(z!(x) — 21 (z — y)))?
x (sinh(z*(2) — 2*(z — y))(23(x) — 2z (2 —y)) +sin(z' (2) — 2" (2 = 9)) (2, (@) — 2,(z — v)))
e o) — 2 (@ — 2)) (2hw) — L@ — 2))?

cosh(z2(x) — 22(x — 2)) — cos(z!(x) — 21 (z — 2))

 cos(eMz—y) — e -y — )Mz —y) — AA(r —y — ) )
cosh(2(z —7) — 2@ — 3 — 7)) — cos(7! <m—y>—z1<x—y—z>>)dyd

sin(z(z) — 21 (x —y)))
Bas(x // cosh(22(z) — 22(x — y)) — cos(z!(x) — 21 (z — y))
2z~

. ( sin(:(z) — 21 (@ — 9)(:4(@) — (e = 2))°
cosh(z2(x) — 22(x — z)) — cos(z(z) — zH(x — 2))
~ sin(zl e —y) — 2@ -y—2) (e —y) — 2z -y —2)° B
cosh(z2(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2Nz —y — z))) dyd

sin(z' () — 21 (z — y)))
Baa() = 2/ /T cosh(z2(z) — 22(xz — y)) — cos(zH(x) — 21 (z — y))
" (COS(Z (z) = 27 (2 = 2)) (20 (%) = 25, (2 = 2)) (2 (%) —

cosh(z%(x ) —22(x — 2)) — cos(z!(z) — 21 (z —

) R R I W R et I )
Y P g e o e e e ) dd

sin(z(z) — 2 (z — y)))
Bas(w // cosh(z2(x (x —y)) — cos(zM(z) — zH(x — y))
. ( cos((2) — 2z — ) (2L(x) — 2L(x = 2))?
(cosh(22(z) — 22(z — 2)) — cos(zH(x) — 21 (x — 2)))?
x (sinh(2*(2) — 2%(2 — 2)) (22(2) — 22 (x = 2)) +sin(z! (2) — 2! (z = 2))(22(2) — 25(z — 2)))
cos(zl—y) =2 e —y—2) (e —y) — 2z -y — 2))?
(cosh(z?(z —y) — 22(x —y — 2)) —cos(z'(z —y) — 2 (z —y — 2)))?
X (sinh(2(z — y) — 22z — y — 2))(2(x — y) — 22z —y — ) + sz (@ — ) — 2@ -y — )@ — y) — M@ —y — 2)))) dyd>

Next we differentiate Ioo(x):

2)

2 (7 = 2))
)

(%Igg(x) = Bgl(l') -+ ng(.’ﬁ) + ng(:c) —+ 334(1') + B35(x),

where

cos(z 2z — ) (2 () — 2z (2 — y))
Ba(w / / cosh(z%(x) — 22 (z —y)) — cos(zl(z) — 21 (z — y))
" ( sin(z!(z) — 21 (2 — 2)) (220 (%) — 250 (2 — 2))
cosh(z2(x) — 22(x — 2)) — cos(z!(x) — 21 (z — 2))
_osin(el (@ —y) — 2@ -y — 2)) (2ae (T — Y) — 2ap
cosh(z?(x —y) — 22(x —y — 2)) —

(x—y—2)) ;
cos(:1(z ) — Mz —g z>>) dyd



sin(z!(z) — 21 (z — y)))
Bsale // cosh(z2(x) (x —y)) —cos(zt(z) — 2z (z —y)))?
x (sinh(2*(x) — 22(37 )z (@) — 25z —y) +sinz (@) — 21 (@ — ) (2:(2) — 2z (2 — v)))

y ( sin(z! (2) — 21 (2 — 2)) (224 (%) — 24 (2 — 2))
cosh(z2(x) — 22(x — 2)) — cos(z!(x) — 21 (z — 2))
sy ey e -y ),
cosh(z22(x —y) — 22(x —y — 2)) —cos(zt(x —y) — 2Nz — y — z))) dyd

sin( zl(x) —z ( Y)))
Baa(= / /h — ) — cos(1 (x) — 21 (x — 1)
(

y (COS(Zl( z) = 2z — 2)) (22, (%) — 23, (7 — 2)) (22(@) — 25(7 — 2))
cosh(z2(x) — 22(x — z)) — cos ( ) —zHx — 2))
_cos(z—y)—zl@—y—2) (e —y) —z, @y - )@ —y) —z@—y—2) ;
cosh(z2(x —y) — 22(xz —y — )) —cos(zl(x —y) — 2l (z —y — 2)) ) dyd

sin(z!(z) — 21 (z — y)))
Baa(w // cosh(22(z) — 22(x — y)) — cos(2! () — 21 (z — y))
8111(21(95) - Zl xr — Z))( xmx( ) Zalcz:r(m — Z))
X ( )

(
cosh(z2(x) — 22(x — 2)) — cos(z!(z) — 21 (z — 2))
1( y) (.’17— _Z))(Z;zz(m_y) _Z:}:zz(‘r—y_z))
(w—y) — 2z —y z))cos(zl(my)zl(zyz»)dydz

sin(z

~ cosh(z2

sin(z(z) — 2 (z — y)))
Bas (= // cosh(z2(x (x —y)) — cos(zt(z) — 24z — y))
< sin(2!(2) — 21 (2 — 2)) (224 (7) — 230 (2 — 2))
(cosh(z2(z) — 22(z — 2)) — cos(zH(x) — 21 (x — 2)))?
x (sinh(z®(2) = 2*(z — 2)) (23(2) — 23 (x = 2)) +sin(2! (2) — 21 (z — 2))(2,(2) — 2, (z — 2)))
o osinEl@—y) -2 @ -y —2) (5@ —y) — 4. (@ -y — 7))
(cosh(z?(z —y) — 2(x —y — 2)) —cos(z'(z —y) — 2 (z —y — 2)))?
X (sinh(2(z — y) — 22z — y — 2))(2(x —y) — 22z —y — ) + sz (z — ) — 2@ —y — ) (L@ — y) — L@ —y — 2)))) dyd>

The differentiation of Iy3(x) follows:
8w123($) = B41($) + B42(l‘) + B43(.13) + B44(1‘) + B45(.23) + B46($) + B47(l‘),

where

// cos(z'(z) — 2z — y)) (2 (7) — 2, (x — v))
1 cosh(z2(z) — 22 (x —y)) — cos(zt(z) — 24z — y))
" (Sln( Hz) = 2' (@ = 2)) (2 (@) — 2 (x — 2)) sinh(2%(2) — 22(z — 2)) (23 (2) — 22 (2 — 2))
(cosh(z2(z) — 22(z — 2)) — cos(zH(x) — 2zl (x — 2)))?

By (x

_sin(zl(@—y) — 2z -y — 2)) (5@ —y) — (e —y —2))sinh(Z*(x —y) - 22 (@ —y — 2))(Z (@ —y) —z(z —y — Z))) dydz
(cosh(22(z —y) — 22(z —y — 2)) — cos(z (x —y) — 2 (z —y — 2)))?

sin(z'(z) — 2! (z — y)))
Bualw / / cosh(z2(x (x —y)) — cos(z(z) — zH(x — y)))?
x (sinh(z* (2 ) 22(3U =) (z2(x) = 22 (x — y)) +sin(z' (2) = 2' (2 = y)) (% (2) — 2(z —v)))

" (Sm(zl(x) 2 (2 — 2)) (2 (x) — 23 (x — 2)) sinh(2?(2) — 2%(z — 2)) (23 (2) — 23 (2 — 2))
(cosh(22(x) — 2%2(x — 2)) — cos(zt(x) — zH(x — 2)))?
-y -Pa-—y-2) @ -y —m@-y-2)\,
ey oy ) )

sin(zl(z —y) — 2 (@ —y — 2)) (s (@ — y) — 2 (x —y — 2)) sinh(
(cosh(2?2(x —y) — 2%2(x —y — 2)) — cos(z




sin(z'(x) — 2! (z — y)))
Bis(w //Tcosh 22(x) — 2%(x — y)) — cos(zl(z) — 21 (z — y))
<COS( o) = 2l (@ = 2)) (& (@) — 2z (x — 2))% sinh (22 (2) — 2 (2 — 2))(23(2) — 23 (x — 2))
(cosh(z2(z) — 22(z — z)) — cos(z(x) —
cos(zl(z —y) — 2w —y — 2))(z(z —y) — z(x —y — 2))* sin (Zz(fﬁ—y)—Zz(m—y—z))(zi(x—y)—Zi(f—y—z))>dydz
(cosh(22(z —y) — 22(x —y — 2)) — cos(z! (z —y) — 2! (x —y — 2)))?

2

sinz1(z) — 2z — )
Bualw / / cosh(z —22(z —y)) — cos(zl(z) — 21 (z — y))
(Sm( (90) Zl(ﬂ«“ — 2)) (22, (%) — 23, (x — 2)) sinh(2%(z) —
(cosh(2?(x) — 2%2(x — z)) — cos(z!
sin(z!(z —y) — 2! (& — y — 2)) (25, (x — y) — 23, (¥ — y — 2)) sinh(z>
(cosh(22(x —y) — 2%2(x —y — 2)) — cos(z!

sin(z'(z) — 2'(z — y)))
B =~ | | o e e =T
" <sin(zl(x) —2Yx — 2))(2k(2) — 2L (x — 2)) cosh(22(x) — 22(x — 2))(22(2) — 22(x — 2))?
(cosh(z2(z) — 22(x — 2)) — cos(zH(x) — 2zl (x — 2)))?
Csin(zl (@ —y) — 2@~y —2)) (sl —y) — zp(z —y — 2)) cosh(2P(z —y) — 2°(z —y — Z))( e —y) -z —y— Z))2> dyd:
(cosh(z?(z —y) — 2*(x —y — 2)) — cos(z'(z —y) — 2z —y — 2)))?

sin(z!(z) — 21 (2 — y)))
Bis(w //cosh x) — 22(x — y)) — cos(zH(x) — 21 (xz — y))
<Sm () Zl(96—27))(21(30) zp (2 — 2)) sinh(2%(x) — 2%(z — 2)) (23, (%) — 23, (z — 2))
(cosh(2%(z) — 22(z — 2)) — cos(z (z) — 2 (x — 2)))?
sin(el(z —y) — 2@ -y —2)) (@ —y) — m(@—y - 2))sinh(z®(z —y) — (@ —y —Z))(Zim(x—y)—Z?m;(x—y—z))>dydz
(cosh(z?(z —y) — 2(x —y — 2)) — cos(z'(x —y) — 2! (z —y — 2)))?

sin(z(z) — 2z — y)))
Bar(x //TCObh x) — 22(x —y)) — cos(zH(x) — 2H(x — y))
(SIH( (z)*Zl(xfz))(zi(l“)*Zi(ili*z))smh(zg( ) — 2%z — 2))(z2(2) — z5(z — 2))
(cosh(z2(z) — 22(z — 2)) — cos(zH(x) — 21 (x — 2)))3
x (sinh(z*(2) — 2*(z — 2)) (23 (2) — 27 (x = 2)) +sin(2! (2) — 21 (z — 2))(2,(2) — 2, (z — 2)))
_sin(zl(@—y) — 2@ -y —2))(z(r —y) —m(@—y—2)sinh(z®(z —y) — (@ —y — 2))(z(x —y) — 2E(z —y — 7))
(cosh(z?(z —y) — 2(x —y — 2)) — cos(z' (x —y) — 2 (z —y — 2)))°
x(sinh(2*(z — y) = 2%z —y — 2)) (22 (x —y) — 22 (2w —y — 2)) +sin(z' (v —y) — 2 (2 — y = 2)) (2 (2 — y) — 22(z — y = 2)))) dyd=

We keep on differentiating, this time Ip4(z):

Opl24(x) = Bs1(x) + Bsa(x) + Bss(z) + Bsa(z) + Bss (),

which have the following expressions:

Bsi(« / / cos(z —y)(z(@) =z (@ —y))

cosh(z2(x) — 22( y)) —cos(zM(x) — 2zt (x — y))
" < (sin(z'(z) — 2" (x — 2)))* (22 (7) — 2 (2 — 2))?
(cosh(z2(z) — 22(z — 2)) — cos(zH(x) — 21 (x — 2)))?
(M e—y) - ey — )P —y) — 2hz —y — 2))° )
) e oy )




sin(z! () — 2! (z — y)))
Bialw // cosh(22(z) — 22(z — y)) — cos(z1(z) — 21 (x — y)))2
x (sinh(2*(x ) — 22 (z —y))(z5(2) — 25 (2 y)) +sin(z'(z) — 21 (2 = y) (2 (@) — 2 (z — y)))
" < (sin(z!(2) — 21 (z — 2)))* (2, (x) — 25(2 — 2))°
(cosh(z2(z) — 22(x — 2)) — cos(zH(x) — 2zl (x — 2)))?
_ in(l (@ —y) — e -y —2)) (e —y) — 2z —y - 2))? :
) ey ) ey )

sin(z'(2) — 2'(x — y)))
Bis(w) = =2 // cosh(z2(z) — 22(z — y)) — cos(zl(z) — 21 (z — y))
" <sm(zl(x) Yz — 2))cos(2(z) — 21 (2 — 2)) (2L (2) — 2L (z — 2))?
(cosh(22(x) — 2%2(x — 2)) — cos(z(x) — 2H(x — 2)))?
_sin(el(@—y) — 2z —y—2))cos(ziz—y) — 2@ —y—2) (@@ —y) —nl@—y— Z))3) dydz
(cosh(z?(z —y) — 2 (x —y — 2)) —cos(z'(z —y) — 2 (z —y — 2)))?

sin(z! (z) — 2! (z — y)))
Baa(w) = =2 / / cosh(z — 22(z —y)) — cos(zl(z) — 2 (z — y))
" ((Sm(zl(w) 2z = 2)))*(2a(2) — 25(x — 2)) (25 (2) —
(cosh(z2(x) — 22(z — 2)) — cos(zM(x) — 2z (x —

C(sin(zM(z —y) = 2@ -y —2) (e —y) 2 —y = 2)) (2 (r —y) — 2.z -y —2)) B
(comh(2(z —y) — 2(& —y — 2)) — cos(z1(z —p) — 2Nz — y —2)))? ) dyd

sin(z'(z) — 2 (2 — y)))
Bss () = 2/ /T cosh(z2(z) — 22(xz — y)) — cos(zH(x) — 21 (z — y))
(sin(z!(2) — 21 (z — 2)))* (2, () — 25 (2 — 2))°
(cosh(22(z) — 22(z — 2)) — cos(z}(z) — 21 (z — 2)))3
x (sinh(2®(2) = 2%(2 — 2)) (22(2) = 22 (x = 2)) +sin(z! (2) = 2! (z = 2))(2,(2) = 2,(z = 2)))
(sin(z (@ —y) — M@z —y —2)*(zalz —y) —z(r —y —2))°
(cosh(z?(z —y) — 2*(x —y — 2)) —cos(z'(z —y) — 2 (z —y — 2)))°
X(sinh(2(z — y) — 22z — y — 2))(2(x — ) — 22z — y — 2)) +sin(e (@ — ) — 21w —y — )L — y) — 2z — y - 2)))) dyd>

After that, we differentiate I5(x), resulting in:
arfg(l’) = B61 (I’) + B@Q(I) + Bﬁg(ﬂ?) + 364(56) + B65(Z’) + B@ﬁ(l’) + B67(£C)

with

Bou(a / / cos(2! (z) — 2 (x —y)) (23 (x) — 2 (x yz)(

e B Al
X( sin(z'(z) — 2 (z — 2)) (23 (2) — 22 (z — 2))
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
_ sin(zlz—y) e -y —2)(E—y) -2z -y —2)) 3
cosh(z?(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2zt (x —y — z))> dyd
y)) sinh(2*(z) — 2*(z — y))

sin(z y))(ziz(x) — 250 (T —
Bealw // cosh 22 —22(x —y)) — cos(zl(z) — 21 (z — y)))?
" ( sin(2! (z) — 2' (2 — 2)) (22 (2) — 22(z — 2))
cosh(z2(x) — 22(x — 2)) — cos(z!(x) — 21 (z — 2))
_ sin(ele—y) -2l (e -y —2)(z (@ —y) — 22 (z —y — 2)) ;
cosh(22(x —y) — 22(x —y — 2)) —cos(zl(x —y) — 2Nz —y — z))) dyd

nh(z?(x) — 2%(z — y))

A\/




() = — sin(z(z) — 2z — y)) (2, (7) — 2 (x — y)) cosh(z®(x) — 22 (2 — y))(z3(2) — Z2(x — y))
Bes(2) /]I‘/’JI‘ (cosh(z?(z) — 2%(x — y)) — cos(z'(z) — 2! (z — y)))?
o sin(z(z) = 2'(z — )(23() — 2z — 2))
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
y—2) (2= —y) — 22z —y —2))
e Ty )

(
o —y) -2
(

sin( -
ez —y) -2z -y

~ cosh(z

_ sin(2'(z) — 2z — y)) (23 (x) — 23 (z — y)) sinh(2%(z) — 2*(z — y))
Bute) =2 | e Pt ) oA ) = o7~
x (sinh(2%(z) — 2%(x — y)) (23 (2) — 22 (x — y)) + sin(z' (z) — 2' (2 -
" ( sin(z'(z) — 2! (z — 2)) (23 (2) — 22 (x — 2))
cosh(z2(x) — 22(x — 2)) — cos(z(z) — zH(x — 2))
_ sin(zlz—y) -2l e -y —2)(E(—y) -2z -y - 2)) :
cosh(z?(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2zt (x —y — z))> dyd

) (2 (@) = 20(z — y)))

sin(z y))(Zi-(JJ) — zy(x — y)) sinh(2*(z) — 2*(x — y))
Bos(@ / / cosh 22 —22(x —y)) — cos(zl(z) — 21 (z — y)))?
(COS(Zl(ﬂf) — 2@ = 2)) (5 (@) — z(r - 2))( (@) — 2
cosh(z2(z) — 22(x — 2)) — cos(zl(z) — 21 (x — 2
_cos(z—y)—zl@—y—2))(nE-y) —nE-y-= )(Z (96 - ) ] Gl
cosh(z2(x —y) — 22(x —y — 2)) — cos(zt(z —

sin( y))(Zi(x) Z(w — y)) sinh(2*(z) — 2%(z — y))
Bos( // cosh 22 —22(z —y)) —cos(z!(z) — 2 (x —y)))?
) — 92036(

y ( sin(z!(z) — 21 (x — z)))(zfm x

z
cos(zl(z) —

cosh(z2(x) — 22(x — 2) zl(x 2))
 sinGMa—y) — 2w —y— ) (Ralz—y) — Rz —y— 2) )
cosh(2(z — 4) — 2z — g — 7)) — cos(l (m—y)—zl(m—y—z»)dyd

Bur(a // sin(z COSh 22 — ) (zl(z) — 2X(z — y)) sinh(2%(z) — 2(2 —y))

) = 2 (x —y)) —cos(z(z) — 2'(x — y)))
" < sin(2! (z) — 2' (2 — 2)) (22(2) — 22(z — 2))
(cosh(22(x) — 2%2(x — 2)) — cos(z(x) — 2H(x — 2)))?

x (sinh(2?(z) — 2%(2 — 2)) (22 (2) — 23(x — 2)) +sin(z" (2) — 2' (& — 2)) (2 (2) — 252 = 2)))
B sin(z!(z —y) — 2 (@ —y — 2)) (5@ —y) — 2(z —y — 2))
(cosh(z2(z —y) = 22(z —y — 2)) — cos(z!(z —y) — 2 (z —y — 2)))?
X (sinh(2*(x —y) — 2%(2 —y — 2))(25(x —y) — 7 (x —y — 2)) +sin(z' (z —y) — 2" (2 —y = 2)) (2 (x —y) — 2,(x — y — 2)))) dydz

The last term we differentiate is I4(x), which yields

89614(13) = By (ZZ?) + B72(CC) + B73(l’) + B74(1‘) =+ B75($) + B76(ZL‘)

- sin(z — ) (cos(zM(x) — 2Nz — )))(2A(z) — 2A(x — y))?
Ba(w) = 2/ / cosh o e o e T e
1 1 1 1

) ( sin(+1(2) — 21z — 2))(zh(x) — 21(x — 2))

cosh(z2(x) — 22(x — 2)) — cos(zt(z) — zH(x — 2))
1

~ sin(E' (@ —y) — 2@ -y —2) ez —y) —z(r —y — 2)) 3
cosh(22(x —y) — 22(x —y — 2)) —cos(zl(x —y) — 2Nz —y — z))) dyd




B =~ | / “P (L) < 2l )

e fz%:fy)) os(-1(2) — Az = )))?
o sin(z(z) — 2'(z = 2)(2L(z) — 2h(z — 2))
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
in(z' (@ —y) — 2@ —y—2))(z(r—y) —z(@—y—2) :
G e Ty )

Brs(z) =2 / / cossz _Z2 2z — ) (hw) — (= —y)

(z —y)) — cos(z!(x) — 2'(z —y)))?
x (sinh(z*(2) — ZQ(x—y))(Zi(x)—Zi(x—y) +sin(z'(2) — ' (x = ) (25 () — 2z (z — y)))
y < sin(2! (z) — 2! (2 — 2)) (22 (%) — 25 (2 — 2))
cosh(z2(x) — 22(x — 2)) — cos(zl(z) — zH(x — 2))
sin(2! (z —y) — 2 (@ —y — 2)) (2 (r —y) — 2z (z —y - 2)) B
e e )

N~~~

~ cosh(z

(sin(z 2 a — ) (z(2) — z(z —y))
Bra(z // cosh(z2(z) — 22 (x —y)) — cos(zl(z) — 28z — y)))?
y ( cos(z!(x) = 2! (z = 2)) (2, (2) — zz(x — 2))?

cosh(22(z) — 22(x — 2)) — cos(zl(z) — 21 (x — 2))

~cos(zl(@—y) — 2l —y —2)) (- y) — 2z —y—2))? :
cosh(z2(x —y) — 22(x —y — 2)) —cos(zl(z —y) — 2} (x —y — z))) dyd

(sin(z 2z =) (za(2) — zi(z —y))
Brs(w // cosh(z2(x (x — y ) —cos(zt(z) — 2z —y)))?
@) = Mz — )y (e) — 2 (e - 2)

(x)—z(a:—z)—cos( Hx) —zHx — 2))

 sin(EMa—y) — 2@ -y — ) (= y) — 2z —y — 2)) )
cosh(2(z — y) - <x—y—z>>—cos(zl(x—y)—zl(m—y—z»)dyd

(sin(z (z—y)*(z(@) — 2z —y)
Bro(w / / cosh(z2(z) — 22(x —y)) —cos(zl(z) — 2l (x — y)))?
" ( sin(z(z) — 21 (z — 2)) (2L () — zL(z — 2))
(cosh(22(x) — 2%2(x — 2)) — cos(zt(x) — zH(x — 2)))?
x (sinh(2(2) = 2%(2 = 2)) (22(2) = 22 (x = 2)) +sin(z! (2) — 2! (z = 2))(2,(2) = 2,(z = 2)))
B sin(z!(z —y) — 2 (@ —y — 2)) (2@ —y) — zm(r —y — 2))
(cosh(z?(z —y) — 2*(x —y — 2)) —cos(z' (z —y) — 2 (z —y — 2)))?
x (sinh(2*(z —y) = 2%(z —y — 2))(z2 (2w —y) — z2(x —y — 2)) +sin(z! (z —y) — 2 (z —y — 2)) (22 (2 — y) — 2,(x —y — 2)))) dydz




Appendix C: Auxiliary tables

Integral

Degree Num. in y

Degree Num. in z

Degree Den. in y

Degree Den. in z
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Table 1: Degree of the Taylor expansions in y and z of the different

integrands written down as fractions d”“mﬂ

enominator *




Integral | Bounded Region Singularity Center Singularity y Axis Singularity z Axis
B —21.935% [-4.9-10713,49-107 ] | [-6.3-1077,6.3- 107 —0.20%]
By 19.139 [8.9-1078,3.7-1077] —2.3-1073,25-1073 0.275
Bis —2.03 [—42-10°%,5.6-10%] [ [-3.2-107°,3.2-10°° 0.3
By 4.3 [7.8-107%,1.9-1077] -1.1-107%1.0- 1077 0.275
Bis 8.533 [-9.0-10719,1.3-1077] | [-7.7-107°,6.1-10° 0.05%
Big 137 [-7.3-107%,7.4-107%] | [-7.0-107%,8.8-107* —0.53
Bay 4.8 [7.8-107%,1.9-1077] —1.1-107%,1.0-10~* 0.275
Bao 14.23 [-6.0-10°5,6.0-10"°] [ [-5.9-1075,5.9-10°© 0.177
Bag —13.3579 [-9.2-10719,9.2-1071°] | [-4.1-107°,6.6-107° —0.000035
Bay RIR —25-107%,1.9-10~7 —1.5-107%1.9- 101 0.04%2
Bas —29.29 —3.5-1077,35-107" -1.7-1073,1.6 - 1073 —0.55
Bs1 8.533 [-9.0-10719,1.3-1077] | [-7.7-107°,6.1-107° 0.05%
Bas 10.99 —6.2-107%,6.3-10°° —5.8-107%,5.8-107° 0.28%}
Bs3 15.29 —3.6-107%,1.2-10~7 —7.2-107°,9.5-107° 0.0235
By —14.9453 —5.5-1078,5.4-1078 —5.0-107°,4.9-107° —0.1432
Bss —9.2% —6.3-1077,6.3-10~7 —1.2-1073,1.2- 1073 —0.0%%
Ban —6.92 -7.3-1078,7.4-1078 -7.2-107%,8.0-1071 -0.21
By 15.53 —5.5-107%,5.6-10°° —2.5-107°,2.5-107° —1.9
Bus —-0.93 —3.5-1077,35-10" -1.7-1073,1.7- 1073 —0.33
By 9.7 —6.2-1077,6.3-10~7 —1.3-1073,1.2- 1073 —0.0%3
Bus —751.58 —3.0-1077,3.0-107" —1.4-107%1.2-1072 [—4.2,—-3.8]
Bug 50.35 —6.9-1077,6.9-10" —5.3-107%,6.1-10~* 0.695
Buz 6852 -2.1-107%,2.1-107° —2.9-107%,3.2-102 [3.7,4.7]
Bs1 21.5%% —6.8-107%,8.0-107° —2.1-107%,3.1-10 1 —0.33
Bss -15.53 —8.9-1078,8.8-1078 —1.1-107°,1.1-107° —0.0%7
Bss —58.3% —5.1-107%,5.1-1078 —1.2-1073,9.7- 101 —0.3%
By —38.0%2 —5.5-107%,5.5-10~° —6.8-107%,6.7-10~% —0.013
Bss 1039 —5.1-1078,5.1-1078 —-8.3-1073,85-1073 0.2
Be1 48.53% —4.9-107%,6.3-107° [2.5-107°,4.1-1077] 0.539
Bgo 33.649 —2.2-1077,2.2-107"7 —5.0-107%,5.4-10~* 0.45%
Bes —6153 —4.7-107%,4.7-1078 —5.4-1075,54-107° 0.458
B 4929 -1.1-1077,1.1-10°7 —4.7-1075,4.7-10°° —0.31
Bes 49.92 —6.1-107%,6.1-10°° —4.9-1075,4.9-10°° 0.43%
Bge 7458 —6.2-1078,6.2- 1078 —4.7-1075,4.7-10°° —0.053
Ber —24.%2 —5.7-107%,5.7-1078 —1.1-1075,1.1-107° —0.55
Br —84.5% [-8.1-10719.8.0-10719 | [-3.5-107%,3.6-107F —0.6273
B —29.3%3 [—1.4-1077,7.0-107%] [ [-4.6-1075,4.6-10°° —0.2233
B 13%% [-8.8-107195.4-1071°] | [-3.0-107%,2.8-107F 0.837
By 7.05¢8 —2.1-1079,2.4-107° —3.5-1075,3.3-10°° —0.2259
Brs —2.8%9% —4.2-1079,45-1077 —3.9-1075,3.7-10°° 0.0433
Brg —35.53 —5.0-107%,5.2-10°° —3.6-1079,3.6-10°° 0.033

Table 2: Detailed breakdown of the rigorous integration results.




Term and region

Number of integrals

Time (HH:MM)

Bj11-Brs (nonsingular) 82 14:48

Bi11-Brs (center-singular) 82 02:03
B11-Brg (singular-first) 82 01:26

Bi1-Bie (singular-second) 12 11:57
Bs1-Bsjs (singular-second) 10 09:57
Bs1-Bss (singular-second) 10 11:29
By1-Byg (singular-second) 12 32:19
Bs1-Bs4 (singular-second) 8 16:44
Bg1-Bgr (singular-second) 14 13:59
B71-Brg (singular-second) 12 09:46

B,z (singular-second - subregions 1 and 2) 4 35:53
By (singular-second - subregions 3 and 4) 4 60:48
By7 (singular-second - subregions 5 and 6) 4 82:02
Bss (singular-second - subregions 1 and 2) 4 16:02
Bss (singular-second - subregions 3 and 4) 4 56:12
Bss (singular-second - subregions 5 and 6) 4 74:50

Table 3: Performance of the code in the different integrals and

regions.




