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ANALYSIS AND PDE
Vol. 10, No. 4, 2017

dx.doi.org/10.2140/apde.2017.10.757

THE FUGLEDE CONJECTURE HOLDS IN 7, x Z,

ALEX IOSEVICH, AZITA MAYELI AND JONATHAN PAKIANATHAN

In this paper we study subsets E of Z‘Iﬂ such that any function f : E — C can be written as a linear
combination of characters orthogonal with respect to E. We shall refer to such sets as spectral. In this
context, we prove the Fuglede conjecture in Zi, which says in this context that £ C Zi is spectral if and
only if E tiles Zﬁ by translation. Arithmetic properties of the finite field Fourier transform, elementary
Galois theory and combinatorial geometric properties of direction sets play the key role in the proof. The
proof relies to a significant extent on the analysis of direction sets of Iosevich et al. (Integers 11 (2011),
art. id. A39) and the tiling results of Haessig et al. (2011).

1. Introduction

Let E C Z‘Ii,, where Z,,, p prime, is the cyclic group of size p and Zﬁ is the d-dimensional vector space
over Z,. We say that L%(E) has an orthogonal basis of exponentials (indexed by A) if the following
conditions hold:

o (completeness) There exists A C Zﬁ such that for every function f : E — C there exist complex
numbers {¢q},ea, A C Z4, such that

f) =) x(x-a)q
acA

for all x € E where y (1) = > /P, We shall refer to A as a spectrum of E. The expansion above can
be applied to functions f : Zf, — C by restricting them to E but the equality holds only for x € E.

o (orthogonality) The relation
> x(x-(@—a) =0

xeE

holds for every a,a’ € A, a #d'.
If these conditions hold, we refer to £ C Z‘Il, as a spectral set.

Definition 1.1 (spectral pair). A spectral pair (E, A)in V = Z‘é is a spectral set E with an orthogonal
basis of exponentials indexed by A.

Definition 1.2 (tiling pair). A ftiling pair (E’, A") consists of E/, A’ C Zf, such that every element v € V
can be written uniquely as a sum v =¢'+d’, ¢’ € E, a’ € A". Equivalently, (E’, A’) is a tiling pair if

MSC2010: 05A18, 11P99, 41A10, 42B05, 52C20.
Keywords: exponential bases, Erd6s problems, Fuglede conjecture.
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Y wen E'(x —a’) =1 for every x € V. We say that E’ tiles V by translation if there exists A’ C V such
that (E’, V') is a tiling pair. Here and throughout E(x) is the indicator function of E.

The study of the relationship between exponential bases and tiling has its roots in the celebrated Fuglede
conjecture in R, which says that if £ C R? is of positive Lebesgue measure, then L?(E) possesses an
orthogonal basis of exponentials if and only if E tiles R? by translation. Fuglede [1974] proved this
conjecture in the case when either the tiling set or the spectrum is a lattice. Katz, Tao and the first author
[Iosevich et al. 2003] proved that the Fuglede conjecture holds for convex planar domains.

Terry Tao [2004] disproved the Fuglede conjecture by exhibiting a spectral set in R!2 which does not
tile. The first step in his argument is the construction of a spectral subset of Zg of size 6. It is easy to see
that this set does not tile because 6 does not divide 3°. As a by-product, this shows that spectral sets in
Zf, do not necessarily tile. See [Kolountzakis and Matolcsi 2006], where the authors also disprove the
reverse implication of the Fuglede conjecture. Tao’s example raises the natural question of whether and
when spectral sets in a variety of settings necessarily tile by translation and vice versa. In this paper we
see that the Fuglede conjecture holds in two-dimensional vector spaces over prime fields.

Our main result is the following.

Theorem 1.3. Let E be a subset of Z¢, p an odd prime.

(i) (density) The space L>(E) has an orthogonal basis of exponentials indexed by A if and only if
|E| =|A| and E(a —a') = 0 for all distinct a, a’ € A.

(ii) If E C 74 is spectral and |E| > p*~" then E = A = 74,
(iii) (divisibility) If E C Z?, is spectral, then |E| is 1 or a multiple of p.
(iv) (Fuglede conjecture in Z%) Aset E C Z?, is a spectral set if and only if E tiles Z%, by translation.

We note that the Fuglede conjecture holds trivially also in Z!, as a tiling set E must have | E| divide p
and thus must be a point or the whole space, and hence is also a spectral set. Conversely, a spectral set E
must have size 1 or a multiple of p by the divisibility condition of the theorem above, and so also is either
a point or the whole space, and hence is a tiling set. We also note the results of the theorem above also
hold for p = 2 but we choose to focus on the odd prime case in the rest of the paper. Parts (i)—(iii) extend
with no difficulty and indeed imply |E| € {1, 2, 4} if E is either a spectral set or a tiling set. As sets of
size 2 are lines, which are both tiling sets and spectral sets, (iv) follows also.

2. Basic properties of spectra
Lemma 2.1. Suppose that L*>(E) has an orthogonal basis of exponentials and
. 7d
f:z,—C.
Then the coefficients are given by

cal ) =1EI"" Y x(=x-a) f (x).

xeE
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To prove this, observe that if f(x) =)",., x(x -a)c, for x € E, then

EM Y x(—x-a) f@) = 1E S0 x(=x - @ —b)es()

xeE xeE beA

=[E|7' Y x(=x-(a—b)ep(f) = calf)

beA xeE

and the proof is complete.

Lemma 2.2 (delta function). Suppose that L*(E) has an orthogonal basis of exponentials with the
spectrum A. Let 6o(x) =1 if x =0 and 0 otherwise and suppose 0 € E. Then

So(x) =1E|™" Y x(x-a).

acA

To prove the lemma, observe that if f(x) = §p(x), then

ca( ) =EI™" Y x(=x-a)do(x) = |E[""

xeE

The conclusion follows from Lemma 2.1.

Lemma 2.3 (Parseval). Suppose that L*>(E) has an orthogonal basis of exponentials and f is any function
on Z;l, with values in C. Then

D lea HP=1EIT D If @1

acA xekE

Lemma 2.4 (density). Suppose that L?(E) has an orthogonal basis of exponentials with the spectrum A.
Then |E| = |Al.

The set of functions {x (x-a) :a € A} is, by completeness, a spanning set for L?(E) and, by orthogonality,
a linearly independent set for L?(E) and hence is a basis for L>(E). Thus the cardinality of this set,
which is |A], is equal to the dimension of L*(E), which is |E|.

3. Proof of Theorem 1.3

Part (i) of Theorem 1.3 follows easily, as we have seen that if (E, A) is a spectral pair then |E| = |A]|
and since the orthogonality property can be easily rewritten as E (a—a’) =0 for all a # a/, with
a,a’ € A. Conversely if (E, A) has the last two properties, it is a spectral pair, as orthogonality implies
{x(x-a):a e A} is linearly independent in L>(E) and |A| = | E| ensures it is a basis and hence that
completeness is satisfied.

Definition 3.1 [Iosevich et al. 2011]. We say that two vectors x and x’ in Z‘[i, point in the same direction
if there exists ¢ € F} such that x' =tx. Here [, denotes the multiplicative group of Z,,. Writing this
equivalence as x ~ x’, we define the set of directions as the quotient

DY) =174/ ~. (3-1)



760 ALEX IOSEVICH, AZITA MAYELI AND JONATHAN PAKIANATHAN

Similarly, we can define the set of directions determined by E C Z;’) by

DE)=E—E/ ~, (3-2)
where
E—E={x—y:x,yeE},

with the same equivalence relation ~ as in (3-1) above.

The following result, which is one of the two key tools in the proof of our main result, was previously
established in [Iosevich et al. 2011].

Theorem 3.2. A set E does not determine all directions if and only if there is a hyperplane H and S € H
such that E is the graph of a function f : S — Z,, over H, which means that relative to some decomposition
Z;’, =H®Z,,we have E = {(x, f(x)) : x € S}. In particular, if |E| > p?=1 every possible direction is
determined by E.

The second main tool in our proof is the following result.

Theorem 3.3 [Haessig et al. 2015, Proposition 3.2]. Let E C Z%. Then E(m) = 0 implies that E (rm) =0
forallr e Z;‘,. Furthermore E\(m) =0 for m # 0 if and only if E is equidistributed on the p hyperplanes
H;={x:x-m=t}fort € Z, in the sense that

Y E@)=I|ENH,|],

xX-m=t

viewed as a function of t, is constant.

Note this last theorem is a fact about rational-valued functions over prime fields that is not true for
complex-valued functions in general or over other fields. We give the proof of Theorem 3.3 at the end of
the paper for the sake of completeness.

The proof of part (ii) of Theorem 1.3 follows fairly easily from combining Theorems 3.2 and 3.3.
Indeed, suppose that L?(E) has an orthogonal basis of exponentials and |E| > pd=l By Lemma 2.4,
|E| =|A| > p?~". By Theorem 3.2, D(A) = D(Z¢). Combining this with Theorem 3.3 implies that E
vanishes on Z‘[j, \6. It follows that E = 74, as claimed.

Part (iii) of Theorem 1.3 is contained in the following result. A spectral pair is called trivial if
(E, A) = (point, another point) or (E, A) = (24, 7%) or (E, A) = (&, @). All other spectral pairs are
called nontrivial.

Proposition 3.4. Let p be an odd prime and (E, A) be a nontrivial spectral pair in Zf,. Then |[E|=|A| =
mp, wherem € {1,2,3, ..., pd*Z}.

To prove Proposition 3.4, let (E, A) be a nontrivial spectral pair in ZZ. Then part (i) of Theorem 1.3
shows that |E| = |A| and E(a—a') = 0 for distinct a, a’ € A. Since the spectral pair (E, A) is nontrivial,
2 < |E| = |A| < p9~! also. Thus taking two distinct elements a,a’ € A shows that E(a) = 0 for
a=a—a #0. Thus E is equidistributed on the p parallel hyperplanes

H ={x:x-a=t},
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t € Z,, by Theorem 3.3. Thus if E has m > 1 elements per hyperplane we have |E| = |A| = mp. Then
1 <m < p?=2since 0 < |E| < p¢~!. This proves part (iii) of Theorem 1.3.

Observe that if d =2 and (E, A) is a nontrivial spectral pair, then |E| = |A| = mp implies |E| > p,
while |E| < p by part (ii) of Theorem 1.3 and so |E| = |A| = p. Furthermore, by Theorem 3.2 above, A
is a graph of a function Z, — Z,, since |A| = p and it does not determine all directions. Finally, since E
is equidistributed on a family of p parallel lines and |E| = p, we see that E is also a graph of a function
Z, — Z, with respect to some system of axes. The following is an immediate corollary of Proposition 3.4.

Corollary 3.5. If E is a spectral set in 7%, p an odd prime, then E is either a point, a graph set of order p
or the whole space and hence tiles Z% in all cases.

This corollary follows from Proposition 3.4 immediately once one notes that any graph set
E={(x,f(x):xeZ,}
for a function f, with respect to some coordinate systems, tiles Zf, using the tiling partner
A={0,1):teZp}).

To complete the proof of the Fuglede conjecture in two dimensions over prime fields, which is the
content of part (iv) of Theorem 1.3, it remains to show that any tiling set is spectral since we have just
shown that any spectral set tiles.

Proposition 3.6 (sets which tile by translation are spectral). Let p be an odd prime, and let E C Z?,.
Suppose that E tiles Zf, by translation. Then E is a spectral set.

We shall need the following result. We shall prove it at the end of the paper for the sake of completeness.
Theorem 3.7 [Haessig et al. 2015, Theorem 1.7]. Let E be a set that tiles 75, Then |E| =1, p or p* and
E isagraphif |E| = p.

We include a proof of Theorem 3.7 at the end of this paper for completeness.

The cases |E| = 1, p? are trivially spectral sets so we may reduce to the case that E is a graph, i.e.,

E={xe1+ f(x)ex:x €Z,},

where ey, e is a basis for Zi and f:Z, — Z, is a function. By changing the function if necessary we
can assume e; is orthogonal to e; as long as e; - e; # 0, i.e., e; does not generate an isotropic line. This is
always the case if p =3 mod 4. In the case when p = 1 mod 4, it is possible that ¢; generates one of the

two isotropic lines
{(t,it):t € Zp},

where i is one of the two distinct solutions of the equation x>+1=0. The reason this case needs to be treated
separately is that (71, it1)-(t2, ity) =0for all 1, 1, € Z,,. To deal with this, we note that the other solution of
the equation x>+ 1 =0 is given by —i and we take e; to be on the other isotropic line in the plane, given by

((t,—it) 11 €7,),

with e> normalized so that ej - ¢p = 1.
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There are two situations to consider.

Case 1: e and e; are orthogonal. Then we will take A = {xe; : x € Z,,}. To show that (E, A) is a spectral
pair, we need only show that the set {x (ae; - x) : a € Z,,} is orthogonal in L?(E). By Theorem 3.3 this
happens if and only if E((a—d )ei) = O for all distinct a, a’ € Z,,, which happens if and only if E
equidistributes on the p parallel lines normal to ey, i.e., on the p parallel lines of constant ej-coordinate
in the (ey, ep)-grid. This is clearly the case as E is a graph over the e;-coordinate and hence has exactly
one element on each of these parallel lines, so this case is proven.

Case 2: e and ep generate the two isotropic lines in 73, p =1 mod4. In this case e; - e; 7% 0 but
e1-e1 =ex-ep =0. Since E is equidistributed along the p parallel lines of constant e;-coordinate, it is
easy to see that these are the same family of lines as H; = {x : x -e; =t}, t € Z,. Thus in this case using
A ={aey:a € Z,} we find that E((a —a')ey) =0 for distinct a, a’ € Z,, and so (E, A) is a spectral pair.
Thus E is still spectral in this case and the theorem is proven in all cases.

4. Proof of Theorem 3.3

We include the proof of Theorem 3.3 for the sake of completeness. We have

Em)=p~ ) x(—x-mEx)=0

d
erp

for some m # (0, ...,0). Let £ = x(—1) = e~2"/P, Note that £ is a primitive p-th root of unity. It

follows that
0=Y &"Ex =) & Y E@).

XEZZ IEZp X-m=t
Let
nt)= Y E@x) eQ.
x-m=t
SO
> &) =0.
tez,

This means that £ is a root of the rational polynomial

p—1
P(u) = Z n(tu'.

t=0

The minimal polynomial of &, over Q, is
Q) =1+u+---+u"!,

so by elementary Galois theory, P(u) is a constant multiple of Q(u) since & is a root of the rational
polynomial P and Q is the minimal polynomial of &. It follows that the coefficients of n(¢) are independent
of ¢. This proves the second assertion of Theorem 3.3, namely that E is equidistributed on the hyperplanes
H,:{er‘;:wm:t}.
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Let us now prove that if E(m) =0 for some m # (0, ..., 0), then E(rm) =0 for all » #£ 0. We have

DoxxormE@ =) 8" 3 Ew=3 & > Ex)=) &n0'n.

xezs teZ, x-rm=t teZ,  x-m=tr-! tez,

For a fixed r, it follows from above that n(r~'¢) is independent of ¢. Therefore

Y EnGTn=) &nt)=0
tez, tez,
and the proof of the claim follows. This completes the proof of Theorem 3.3.
Note the proof above generalizes to rational-valued functions but not to real- or complex-valued

functions. The reason is that over R or C, a polynomial that £ is a root of need not be a multiple of
I14+x+x24---4+xP71; for example, P(x) =x —& or P(x) = (x —&)(x — &) = x> —2cos(27/p) + 1.

5. Proof of Theorem 3.7

Let A denote the set that tiles E. Note that |E||A| = p% so |E|=1, por p> If [E|=1then E isa point and
we are done. If | E| = p? then E is the whole plane and we are done, so without loss of generality let | E| = p.

If E (m) never vanishes then E is a point and we are done. On the other hand if E (m) =0 for some
nonzero m, then it vanishes on L, the line passing through the origin and m # 0 . Thus if we set L' to be
the line through the origin, perpendicular to m, we see that

LL(s)E(s)=0
for all nonzero s. This is because by a straightforward calculation
LLi(s) =g 9"V L(s).

Since |L1| = p = | E| we then see that E tiles I]:f, by Lt
Since E (m) = 0 for some nonzero vector m, we see that E is equidistributed on the set of p lines
H;={x:x-m=t}, t€lF,. Since |E| = p this means there is exactly one point of E on each of these lines.
We will now choose a coordinate system in which £ will be represented as a graph of a function. The
coordinate system will either be an orthogonal system or an isotropic system depending on the nature of
the vector m. There are two cases to consider.

Case 1: m-m # 0: We may set e; = m and e, a vector orthogonal to m. Now {ey, e;} is an orthogonal
basis because e, does not lie on the line through m, as this line is not isotropic. If we take a general vector
hx = x1e1 + x2e, we see that hx -m = x1(m - m) and so the lines H;, t € [, are the same as the lines of
constant xj-coordinate with respect to this orthogonal basis {e[, e»}. Thus there is a unique value of x;
for any given value of xy so that xje; + x2e2 € E. Thus E = {xje; + f(x1)ez : x1 € Z,} = Graph(f) for
some function f :[F, — Z,,.

Case 2: m-m = 0: We may set e; = m. In this case any vector orthogonal to ¢; lies on the line generated

by e; and so cannot be part of a basis with e;. Instead we select e, off the line generated by e; and scale
it so that e; - e; = 1. Then by subtracting a suitable multiple of e; from e, one can also ensure e, - e, = 0.
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Thus {e1, e»} is a basis consisting of two linearly independent isotropic vectors. With respect to this basis,

01
a=[1]

which exhibits the plane as the hyperbolic plane. This case can only occur when p =1 mod 4.

the dot product is represented by the matrix

Note when we express a general vector x = xje| 4 xpe, with respect to this basis we have x - m = xy;
thus the lines {H, : 1 € Z,} are the same as the lines of constant x;-coordinate with respect to this basis
and E has a unique point on each of these lines. Thus E = { f(xz)e; +x2e2 : xp € Z,} = Graph(f) is a
graph with respect to this isotropic coordinate system.

Finally we note any function f : Z, — [, is given by a polynomial of degree at most p — 1, explicitly
expressed in the form

j#k(x ])
(x)—kEXij() )
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DISTORTED PLANE WAVES IN CHAOTIC SCATTERING

MAXIME INGREMEAU

We provide a precise description of distorted plane waves for semiclassical Schrodinger operators under
the assumption that the classical trapped set is hyperbolic and that a certain topological pressure (a
quantity defined using thermodynamical formalism) is negative. Distorted plane waves are generalized
eigenfunctions of the Schrodinger operator which differ from free plane waves, e’ *€)/% by an outgoing
term. Under our assumptions we show that they can be written as a convergent sum of Lagrangian states.
That provides a description of their semiclassical defect measures in the spirit of quantum ergodicity and
extends results of Guillarmou and Naud obtained for hyperbolic quotients to our setting.

1. Introduction
In this paper, we will consider on R? a semiclassical Hamiltonian of the form

Pp=—-h?A+V(x), VeCPRY.

We will study the “distorted plane waves”, or “scattering states” associated to Pj. They are a family
of functions EE € C®°(R?) with parameter & € S4 (the direction of propagation of the incoming wave)
which are generalized eigenfunctions of Pj; that is to say, they satisfy the differential equation

(Py—1)EL =0, (1)

but are not in Lz(Rd) (since P, has no embedded eigenvalues in R™).
These distorted plane waves resemble the actual plane waves, in the sense that we may write

Ef(x) = ek 4 E§,, @
where Eq is outgoing in the sense that it satisfies the Sommerfeld radiation condition:
d i
i @-n/2(_2_ _Z\gE (x)=o. 3
lel—r>n00 |x| a|x| h out(x) ( )

One can show (see, for instance, [Melrose 1995, §2; Dyatlov and Zworski 2017, §4]) that for any
tEe S9=1! and h > 0, there exists a unique function E;i satisfying conditions (1), (2) and (3).

Condition (3) may be equivalently stated by asking that Efut is the image of a function in C2° (Rd) by
2)—1

the outgoing resolvent (P, — (1 +i0) , or by asking that Egut be of the form

. o 1
) = 02 (o )+ 0 ),

MSC2010: 35P20, 35P25, 81Q50.
Keywords: scattering theory, quantum chaos, semiclassical measures, distorted plane waves.
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where w = x/|x|. The function a; (¢, w) := ai (w) is called the scattering amplitude, and is the integral
kernel of the scattering matrix minus identity. The scattering amplitude, and hence the distorted plane
waves, are central objects in scattering theory.

The aim of this paper is to discuss the behaviour of distorted plane waves in the semiclassical limit
h — 0. Distorted plane waves can be seen as an analogue, on manifolds of infinite volume, of the
eigenfunctions of a Schrodinger operator on a compact manifold. It is therefore natural to ask questions
similar to those in the compact case: what can be said about the semiclassical measures of distorted plane
waves, about the behaviour of their L? norms as # — 0, and about their nodal sets and nodal domains?

The answer to these questions will depend in a drastic way on the properties of the underlying classical
dynamics. Let us define the classical Hamiltonian by

p(x,6) = EP +V(v),
and the layer of energy 1 as

E={peT*R: p(p) =1}.

Note that this is a noncompact set, but its intersection with any fibre 77 X is compact.
We also denote, for each ¢ € R, the Hamiltonian flow generated by p by ®! : T*R¢ — T*R?. For
p € &, we will say that p € T if {®7(p) : ¢ < 0} is a bounded subset of T*R¥; that is to say, p does not
“g0 to infinity”, respectively in the past or in the future. The sets I'* are called respectively the outgoing
and incoming tails (at energy 1).
The trapped set is defined as
K:=TTnr"~. (4)

It is a flow-invariant set, and it is compact, because V' is compactly supported.

If the trapped set is empty, then we can easily describe the distorted plane waves in the semiclassical
limit. Namely, one can show (see [Dyatlov and Guillarmou 2014, §5.1]) that Ei is a Lagrangian (WKB)
state. Furthermore, for any y € C° (R%), the norm || )(Ei |12 is bounded independently of /.

However, if the trapped set is nonempty, the distorted plane waves may not be bounded uniformly
in L120C as h — 0. Actually, || XEE |72 could grow exponentially fast as 4 — 0. If we want this quantity to
remain bounded uniformly in /2, we must therefore make some additional assumptions on the classical

dynamics. Let us now detail these assumptions.

Hypotheses on the classical dynamics.

e Hyperbolicity assumption: In the sequel, we will suppose that the potential V is such that the trapped set
contains no fixed point, and is a hyperbolic set. We refer to Section 2.1.2 for the definition of a hyperbolic
set. The potential in Figure 1 is an example of such a potential.

e Topological pressure assumption: For our result on distorted plane waves to hold, we must also make
the assumption (Hypothesis 46) that the topological pressure associated to half the logarithm of the
unstable Jacobian of the flow on K is negative. The definition of the topological pressure will be recalled
in Section 3.4. Hypothesis 46 roughly says that the system is “very open”. One should note that in
dimension 2, this condition is equivalent to the fact that the Hausdorff dimension of K is strictly smaller
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Figure 1. An example of a potential on (R?, g) such that the dynamics is hyperbolic
on the trapped set in some energy range. (See [Sjostrand 1990, Appendix C] for details.)

than 2. In the three-bumps potential of Figure 1, this condition is satisfied if the three bumps are far
enough from each other, but it is not satisfied if the bumps are close to each other.

e Transversality assumption: Our last assumption does not concern directly the classical dynamics, but
the Lagrangian manifold!
Ag:={(x,£):x eRI}. (5)

Note that the plane wave ei*E isa Lagrangian state associated with the Lagrangian manifold Ag.

We need to make a transversality assumption on Ag. This assumption roughly says that the direction §
defining A¢ is such that the incoming tail '™ and A¢ intersect transversally. We postpone the precise
statement of this assumption to Hypothesis 16 in Section 2.1.4. This assumption is probably generic in £,
although we don’t know how to prove it. In [Ingremeau 2017], we show that it is always satisfied for
every £, when we consider geometric scattering on a manifold of nonpositive curvature.

Statement of the results. In Theorem 47, we will give a precise description of Ei as a sum of WKB states,
under the assumptions above. Since the precise statement of the theorem is a bit technical, we postpone it
to Section 3.5, and only state two important consequences of this result.

The first one is a bound analogous to what we would get in the nontrapping case.

Theorem 1. Suppose that Hypothesis 10 on hyperbolicity holds, that Hypothesis 46 concerning the
topological pressure is satisfied, and that & € S9=1 is such that A ¢ satisfies Hypothesis 16 of transversality.
Let y € CZ°(X). Then there exists a constant Cg ,, independent of h such that for any h > 0, we have

IXEf > < Ce y ©6)

Remark 2. The bound (6) could not be obtained directly from resolvent estimates. Indeed, as we will
see in Section 3.3.2, the term E, in (2) can be written as the outgoing resolvent (Pj, — (1 4 i0)2)~!

1By a Lagrangian manifold, we mean a d -dimensional submanifold of a 2d -dimensional symplectic manifold, on which the
symplectic form vanishes. We will allow Lagrangian manifolds to have boundaries, and to be disconnected.
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applied to a term which is compactly supported, and whose L2 norm is O (k). Therefore, we have a priori
that ||XE£||L2 < OM)||x(Pp,—(14+i0)2)" x|l 2_ 2. as least if the support of y is large enough. But
under Hypotheses 10 and 46, it is known from [Nonnenmacher and Zworski 2009] (see Theorem 45) that

logh
Py (14077 ] o = ¢ 20

and such estimates are sharp in the presence of trapping (see [Bony et al. 2010]). Such a priori estimates

would therefore only give || XEEH 12 < C|logh]|.

Our next result concerns the semiclassical measure of Ei Consider on 7*R¢ the measure ,u% given by

dug(x, v) = dx,—¢.

The measure ,ug is the semiclassical measure associated to e 7€ in the sense that for any e C2°(T™ Rd)

and any y € CCOO(R‘Z), we have
tim [Opy (1) 2eF %, xeh ) = [ 20w v aufr.o.
h—0 T*Rd
For the definition and properties of the Weyl quantization Opy,, we refer the reader to Section 3.1.1.
We then define a measure ¢ on T*R4 by

/ aduf = lim aod’ dug
T*Rd 100 JT*Rd
for any a € CCO(T*[R{d).

We will show in Section 6.3 that this limit exists under our above assumptions. Actually, the proof will
not use Hypothesis 46 that the topological pressure of half the unstable jacobian is negative, but the much
weaker assumption that the topological pressure of the unstable jacobian is negative.

The following theorem tells us that, under our hypotheses, ;LE is the semiclassical measure associated
to Ei and it gives us a precise description of ué close to the trapped set.

Theorem 3. Suppose that Hypothesis 10 on hyperbolicity holds, that Hypothesis 46 concerning the
topological pressure is satisfied, and that & € S9=1 is such that A ¢ satisfies Hypothesis 16 of transversality.
Then for any W € Cc"o(T*[R{d) and any y € C(?O(Rd), we have

O WIER KB = [ | wix.v)duf v+ 0

Furthermore, for any p € K, there exists a small neighbourhood U, C T*R4 of p, and a local
change of symplectic coordinates k, : Up — T*RE with Ko(p) = 0 such that the following holds. There
exists a constant ¢ > 0 and two sequences of functions fn,$n € C° ([Rd) for n € N such that for any
(y.n) € kp(Up), we have

o0
dpf e o) =Y fa()8n=0g, (Y.

n=0
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and where the functions f, satisfy

Y lifallco < oo (7)

n=0

Remark 4. Theorem 3 tells us that the distorted plane waves Ei have a unique semiclassical measure.
This result is therefore analogous to the quantum unique ergodicity conjecture for eigenfunctions of
the Laplace—Beltrami operator on manifolds of negative curvature. However, on compact manifolds of
negative curvature, the semiclassical measure we expect is the Liouville measure. Here, the semiclassical
measure given by Theorem 3 is very different from the Liouville measure, since, close to the trapped
set, it is concentrated on a countable union of Lagrangian submanifolds of 7* X . There is therefore a
deep difference between compact and noncompact manifolds concerning the semiclassical measure of
eigenfunctions, a fact which was already noted in [Guillarmou and Naud 2014].

Idea of proof. Theorems 1 and 3 will be deduced from a precise description of the distorted plane waves
E, £ microlocally near the trapped set. In Theorem 47, we will show that, microlocally near the trapped
set, £ £ can be written as a convergent sum of WKB states. Let us now explain how this result is obtained.

By deﬁmtlon the distorted plane waves E; £ are generalized eigenfunctions of the operator Py,. Therefore,

if we write U(¢) = e_h
that U(¢) E ] Ei Of course, this expression can only be formal, since Eg ¢ L2 but we will give it

Pn for the Schrodlnger propagator associated to Py, we would like to write formally

a precise meaning by truncating it by some cut-off functions.

By equation (2), Eg may be decomposed into two terms, which we will write as E,? and £ }1 in the
sequel. E}? is a Lagrangian state associated to the Lagrangian manifold Ag, while E i is the image of a
smooth compactly supported function by the resolvent (P — (1 +i0)?)~L.

Using some resolvent estimates and hyperbolic dispersion estimates, we will show in the sequel that,
for any compactly supported function y, we have lim; o || YU(t) E ; || =o0.

Therefore, in order to describe Ei we only have to study U (t)E}? for some very long times. Since Eg is
a Lagrangian state, its evolution can be described using the WKB method. To do this, we will have to under-
stand the classical evolution of the Lagrangian manifold A ¢ for large times. We will show that for any 7 > 0,
the restriction of ®’(A¢) to a region close to the trapped set consists of finitely many Lagrangian manifolds,
most of which are very close to the “outgoing tail” of the trapped set (see Theorem 17 for more details).

Relation to other works. The study of the high frequency behaviour of eigenfunctions of Schrédinger
operators, and of their semiclassical measures, in the case where the associated classical dynamics has a
chaotic behaviour, has a long story. It goes back to the classical works [Shnirelman 1974; Zelditch 1987,
Colin de Verdiere 1985] dealing with quantum ergodicity on compact manifolds.

Analogous results on manifolds of infinite volume are much more recent. In [Dyatlov and Guillarmou
2014], the authors studied the semiclassical measures associated to distorted plane waves in a very general
framework, with very mild assumptions on the classical dynamics. The counterpart of this generality is
that the authors have to average on directions £ and on an energy interval of size / to be able to define the
semiclassical measure of distorted plane waves. Their result can be seen as a form of quantum ergodicity
result on noncompact manifolds, although no “ergodicity” assumption is made.
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In [Guillarmou and Naud 2014], the authors considered the case where X = F\[H]d is a manifold of
infinite volume, with sectional curvature constant equal to —1 (convex cocompact hyperbolic manifold),
and with the assumption that the Hausdorff dimension of the limit set of I" is smaller than (d —1)/2. In this
setting, distorted plane waves are often called Eisenstein series. The authors prove that there is a unique
semiclassical measure for the Eisenstein series with a given incoming direction, and they give a very explicit
formula for it. This result can hence be seen as a quantum unique ergodicity result in infinite volume.

Our result is a generalization of those of [Guillarmou and Naud 2014]. Indeed, we also obtain a unique
semiclassical measure for the distorted plane waves with a given incoming direction. Our assumption on
the topological pressure is a natural generalization of the assumption on the Hausdorff dimension of the
limit set of I" to the case of nonconstant curvature. As in [Guillarmou and Naud 2014], the main ingredient
of the proof is a decomposition of the distorted plane waves as a sum of WKB states. Although our
description of the distorted plane waves and of their semiclassical measure is slightly less explicit than that
of [Guillarmou and Naud 2014], our methods are much more versatile, since they rely on the properties
of the Hamiltonian flow close to the trapped set, instead of relying on the global quotient structure.

In [Dyatlov 2012], the author was able to obtain semiclassical convergence of distorted plane waves on
manifolds of finite volume (with cusps), by working at complex energies; see also [Bonthonneau 2014]
for more precise results. The main argument of [Dyatlov 2012], [Bonthonneau 2014] and [Dyatlov and
Guillarmou 2014], which is to describe the distorted plane waves as plane waves propagated during a long
time by the Schrédinger flow, is the starting point of our proof. However, the reason for the convergence
in the long-time limit is very different in the papers above than in the present paper.

Many of the tools used in this paper were inspired by [Nonnenmacher and Zworski 2009]. We will use
the notations and methods of this paper a lot.

Most of the results of the present paper can be made more precise if we suppose that we work on a
manifold of nonpositive sectional curvature, without a potential. This has been studied in [Ingremeau

2017], where the author is able to show, by using the methods developed in the present paper, that distorted

00
loc

of nodal sets of the real part of distorted plane waves restricted to a compact set.

plane waves are bounded in L{° independently of /4, and to give sharp bounds on the Hausdorff measure

Organization of the paper. In Section 2, we will state and prove a result concerning the propagation by the
Hamiltonian flow of Lagrangian manifolds similar to A¢ near the trapped set, under general assumptions.
In Section 3, we will state Theorem 47, which is our main theorem, giving a description of distorted
plane waves as a sum of WKB states. We will deduce Theorem 1 as an easy corollary. In Section 4, we
will recall various tools which were introduced in [Nonnenmacher and Zworski 2009], and which will
play a role in the proof of Theorem 47. We shall then prove Theorem 47 in Section 5. Section 6 will be
devoted to the proof of the Theorem 3.

The main reason why we want to state Theorem 47 for generalized eigenfunctions that are more general
than distorted plane waves on R? is that our results do also apply if the manifold is hyperbolic near
infinity (which allows us to recover some of the results of [Guillarmou and Naud 2014]), as is shown
in [Ingremeau 2017, Appendix B]. Our results do probably also apply if the manifold is asymptotically
hyperbolic; this shall be pursued elsewhere.
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2. Propagation of Lagrangian manifolds

2.1. General assumptions for propagation of Lagrangian manifolds. Let (X, g) be a noncompact com-
plete Riemannian manifold of dimension d, and let V' : X — R be a smooth compactly supported potential.
We denote by p(x,£) = p(p): T*X =R, p(x.£) =|£]|>+V(x), the classical Hamiltonian.
For each t € R, we denote by ®’ : T*X — T*X the Hamiltonian flow at time ¢ for the Hamiltonian p.
Given any smooth function f : X — R, it may be lifted to a function f : T*X — R, which we denote
by the same letter. We may then define f , f € C*°(T*X) to be the derivatives of f with respect to the
Hamiltonian flow:
t 2 t
Y@ @O o PO

dt =0 dr? =0

f(x,8) =

2.1.1. Hypotheses near infinity. We suppose the following conditions are fulfilled.

Hypothesis 5 (structure of X near infinity). We suppose the manifold (X, g) is such that the follow-
ing holds:

(1) There exists a compactification X of X, that is, a compact manifold with boundaries X such that X
is diffeomorphic to the interior of X. The boundary 30X is called the boundary at infinity.

(2) There exists a boundary-defining function b on X, that is, a smooth function b : X — [0, 00) such
that b > 0 on X, and b vanishes to first order on 0X.

(3) There exists a constant €9 > 0 such that for any point (x,§) € £,
if b(x,§) <eo and b(x,£) =0 then b(x,£) <0.

Note that, although part (3) of the hypothesis makes reference to the Hamiltonian flow, it is only an
assumption on the manifold (X, g) and not on the potential V, because V is assumed to be compactly
supported.

Example 6. R? fulfills Hypothesis 5 by taking the boundary-defining function b(x) = (1 + |x|?)~1/2,
We then have X = B(0, 1).

Example 7. The Poincaré space H4 also fulfills Hypothesis 5. Indeed, in the ball model By(1) =
{x € R? : |x| < 1}, where |-| denotes the Euclidean norm, H? compactifies to the closed unit ball, and
the boundary-defining function b(x) = 2(1 — |x|)/(1 + |x|) fulfills conditions (2) and (3).

We will write X := {x € X : b(x) > €9/2}. By possibly taking €y smaller, we can assume that
supp(V) C {x € X;b(x) > €o}. We will call X the interaction region. We will also write

Wo:=T"(X\Xo) ={peT*X :b(p) <eo/2}, Wo=WoNE. ®)
By possibly taking €p even smaller, we may ask that

VpeWo, b(@'(p)) < eo. ©))
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Definition 8. If p = (x, &) € £, we say that p escapes directly in the forward direction, denoted p € DE4,
if b(x) < €0/2 and b(x,£) <0.

If p = (x,&) € &£, we say that p escapes directly in the backward direction, denoted p € DE_, if
b(x) < €9/2 and B(x, &) >0.

Note that we have
Wo=DE_UDES.

Part (3) of Hypothesis 5 implies the following geodesic convexity result, which reflects the fact that
once a trajectory has left the interaction region, it cannot come back to it.

Lemma9. Foranyt > 0, we have
SENT*Xo)NDE_ = @.

Proof. Suppose that there exists a p € @ (ENT* X¢)NDE— for some ¢ > 0. Then there exists p’ € ENT* X
such that p = ®’(p’). Let us consider f(s):=b(®5(p')). We have f(0)>¢q/2, f(t)<eo/2and f'(t)>0
by hypothesis. This is impossible, because by Hypothesis 5, point (3), whenever f(s) <¢€g and f'(s) =0,
we have 1 (s) <0. O

2.1.2. Hyperbolicity. Recall that the trapped set was defined in (4). In the sequel, we will always suppose
that the trapped set is a hyperbolic set, as follows.

Hypothesis 10 (hyperbolicity of the trapped set). We assume that K is a hyperbolic set for the flow <I>|’g.
That is to say, there exists a metric g,q on a neighbourhood of K included in £, and A > 0, such that the
following holds. For each p € K, there is a decomposition

T, =RHy(p) ® Ef ® E,
such that
1d@L) gy < e vllg,, forallve EF, £t >0.

We will call ET the unstable (resp. stable) subspaces at the point p.

We may extend g,4 to a metric on the whole energy layer, so that outside of the interaction region,
it coincides with the metric on T*X induced from the Riemannian metric on X. From now on, d will
denote the Riemannian distance associated to this metric on £.

Let us recall a few properties of hyperbolic dynamics (see [Katok and Hasselblatt 1995, Chapter 6] for
the proofs of the statements).

(1) The hyperbolic set is structurally stable, in the following sense. For E > 0, define the layer of
energy E as

Eg ={peT*X :p(p)=E}, (10)
and the trapped set at energy E as

Kg :={p € &g : ®'(p) remains in a compact set for all ¢ € R}. 1D
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Figure 2. A surface which has negative curvature close to the trapped set of the geodesic
flow, and which is isometric to two copies of R?\ B(0, R¢) outside of a compact set. It
satisfies Hypothesis 10 near the trapped set and Hypothesis 5 at infinity.

If K is a hyperbolic set for <1>|tE, then

38§ >0, VE € (1-68,1+8), Kg isahyperbolic set for dbng. (12)

(i) dPL(EF) = Eg,(p).
(iii) K> prH— Ejt C T,(&) is Holder-continuous.

(iv) Any p € K admits local strongly (un)stable manifolds ngz (p) tangent to EF, defined by
WiE(p) = {p'€€:d(P'(p). D' (p")) <€ forall 1 <0 andt liern d(®*(p"), @' (p)) =0},
—>T 00

where € > 0 is some small number.
We call
Ef%:=Ef@®RH,(p). E,°:=E, ®RHy(p)

the weak unstable and weak stable subspaces at the point p respectively.

2.1.3. Adapted coordinates. Let us now describe the construction of a local system of coordinates which
is adapted to the stable and unstable directions near a point. In the sequel, these coordinates will be
considered as fixed, and used to state Theorem 17.

Lemma 11. Let p € K. There exists an adapted system of symplectic coordinates (y*, n°) on a neigh-
bourhood of p in T* X such that the following holds:

(i) p = (0,0).

(ii) E;," = span{(a/ayf)(p): i=2,...,d}.

(i) E, = span{(a/anf)(p): i=2,...,d}.

@iv) nf = p — 1 is the energy coordinate.

V) {(3/0¥7)(0). (3/3Y7)(P)) g,y = 8> i+J =2, d.
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Proof. We may identify a neighbourhood of p € T*X with a neighbourhood of (0,0) € T*R?. Let
us take e'lo = Hp(p), and complete it into a basis (ef, e, es) of E;ro such that (elp, e;')>gad(p) =1 for
2<i,j<d.

Since E*0 are Lagrangian subspaces (which follows from the hyperbolicity assumption), it is then
possible to find vectors (flp, e, f;) such that £, = span{fzp, e, f;} and such that w( £, elf) =6k
for any 1 < j, k <d. In particular, we have a)(flp, ef) =dp(f1)=1.

From Darboux’s theorem, there exists a nonlinear symplectic chart (yf12 »f12) near the origin such
that r]f}at = p — 1. There also exists a linear symplectic transformation A such that the coordinates

(v, n) = Ay i) satisfy 1 = nl*t as well as

d 0
m=p—1, —(0,0)=e¢; and —(0,0)= f;, j=1,....d. O
dy; an;

We will often write
Y=,y andg? =5, ). (13)

For any € > 0, write D¢ = {u € R?™1 : |u| < €}. We define the following polydisk centred at p:
UP(e) ={(y*.n°): 1y7| <e,Im{| <8, y* € De, n € De}, (14)

where § comes from (12).
We also define unstable Lagrangian manifolds, which are needed in the statement of Theorem 17.

Definition 12. Let A C £ be an isoenergetic Lagrangian manifold (not necessarily connected) included in
a small neighbourhood W of a point p € K, and let y > 0. We will say that A is a y-unstable Lagrangian
manifold (or that A is in the y-unstable cone) in the coordinates (y*, n°) if it can be written in the form

A ={(»";0,F(y?)):y? e D},

where D C R? is an open subset with finitely many connected components, and with piecewise smooth
boundary, and F : R — R?~! is a smooth function with ||dF | co < y.

Note that, since F is defined on R%, a y-unstable manifold may always be seen as a submanifold of a
connected y-unstable Lagrangian manifold.

Let us also note that, since A is isoenergetic and is Lagrangian, an immediate computation shows
that F does not depend on yf , so that A can actually be put in the form

A ={(":0, f(y"):y" e D},
where f:R™1 — R4~ is a smooth function with ||df ||co < y.

2.1.4. Hypotheses on the incoming Lagrangian manifold. Let us consider an isoenergetic Lagrangian
manifold Lo C £ of the form

Lo:={(x,p(x)):x € X1},

where X is a closed subset of X\ X with finitely many connected components and piecewise smooth
boundary, and ¢ : x — ¢(x), X2 T, X, is a smooth covector field defined on some neighbourhood X»
of X 1.
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We make the following additional hypothesis on Lg:
Hypothesis 13 (invariance hypothesis). We suppose that Lo satisfies the following invariance hypotheses:
Vi>0, ®(Ly)NDE-=LoNDE_. (15)

Example 14. Given a § € R? with |£|2 = I, the Lagrangian manifold A ¢ defined in the Introduction
fulfills Hypothesis 13.

Example 15. Suppose that (X\Xp, g) = (R?\B(0, R), ggu) for some R > 0. Then the incoming

spherical Lagrangian, defined by
X
Agph := {(x—m) Dx] > R} ,

We also make the following transversality assumption on the Lagrangian manifold Lg. It roughly says

fulfills Hypothesis 13.

that Lo intersects the stable manifold transversally.

Hypothesis 16 (transversality hypothesis). We suppose that L is such that, for any p € K, for any p' € Ly,
foranyt > 0, we have

Dl (o) € Wir.(p) = W.(p) and D' (Lo) intersect transversally at ®*(p’),

that is to say
Tq;t(p/)c() ) Tfpt(p/)VVlo_c(p) = Tq;t(p/)g. (16)

Note that (16) is equivalent to T () Lo N Tor (o) Wio.(p) = 10}.

On X = R¢, Hypothesis 16 is likely to hold for almost every & € S4-1, at least for a generic V. In
[Ingremeau 2017], the author shows that this hypothesis is satisfied for every & on manifolds of nonpositive
curvature which have several Euclidean ends (like the one in Figure 2), when there is no potential.

2.2. Statement of the result. Let us now state the main result of this section, which describes the
“truncated evolution” of Lagrangian manifolds.

Truncated Lagrangians. Let (Wy)ae4 be a finite family of open sets in T*X. Let N € N, and let
o =ag,a;---ay_1 € AV, Let A be a Lagrangian manifold in 7*X. We define the sequence of (possibly
empty) Lagrangian manifolds (<I>f§ (A))o<k<n by recurrence by

DAY = AN Wy, DET(A) = Wy, N D1 (DE(A)).

In the sequel, we will consider families with indices in 4 = A1 U A, L {0}. For any o € AV such that
any—1 # 0, we will define

(o) =max{l1 <i <N —-1:¢; =0} 17)

if there exists 1 <i < N — 1 with o; =0, and () = 0 otherwise.
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Theorem 17. Suppose that the manifold X satisfies Hypothesis 5 at infinity, that the Hamiltonian
flow (®) satisfies Hypothesis 10, and that the Lagrangian manifold L satisfies Hypothesis 13 on
invariance as well as Hypothesis 16 of transversality.

Fix yuns > 0 small enough. There exists eo > 0 such that the following holds. Let (Wy)aec, be any open
cover of K in T*X of diameter < g such that there exist points p, € W, N K, and such that the adapted
coordinates (y%, n?) centred on p® are well defined on W, for every a € Ay. Then we may complete this
cover into (W;)aea an open cover of € in T*X where A = A1 U A, U {0} (with Wy defined as in (8))
such that the following holds.

There exists Nups € N such that for all N € N, for all o € AN and all a € Ay, we have W, N CID(]XV (Lo)
is either empty, or is a Lagrangian manifold in some unstable cone in the coordinates (y%, n?).

Furthermore, if N —t(a) > Nyns, then Wy N CD(ZXV (Lo) is a Yuns-unstable Lagrangian manifold in the
coordinates (y%, n%).

Remark 18. For a sequence « € AN, N — t(«) corresponds to the time spent in the interaction region.
Our last statement therefore says that if a part of Lo stays in the interaction region for long enough when
propagated, then its tangents will form a small angle with the unstable direction at p“.

Remark 19. The constant ¢ and the sets (W, )se4, depend on the Lagrangian manifold Lo. If we take
a whole family of Lagrangian manifolds (£;),cz satisfying Hypotheses 13 and 16, then we will need
some additional conditions on the whole family to be able to find a common choice of g9 and (Wy)ze 4,
independent of z € Z. An example of such a condition will be provided by equations (36) and (37). Note
that these equations are automatically satisfied if Z is finite.

2.3. Proof of Theorem 17.

Proof. From now on, we will fix a yyus > 0.
Let pg € K, and consider the system of adapted coordinates in a neighbourhood of pg constructed in
Section 2.1.3. Recall that the set U°(¢) was defined in (14). We define a Poincaré section by

»Po — EPO(E) — {(ypo’ ,700) = UPO(G) . yfo — nt;o — 0}'

Note that the spaces Ei are tangent to X0, and that the coordinates (y*°, °) introduced in (13)
form a symplectic chart on X,

Actually, we will often need a nonsymplectic system of coordinates built from the coordinates (y*, n°).

Before building this nonsymplectic system of coordinates, let us explain why it is a crucial ingredient
of our argument. The main tool in the proof of Theorem 17 is the so-called “inclination lemma”, which
roughly says that a Lagrangian manifold which intersects the stable manifold transversally will get more
and more unstable when propagated in the future. This is a very easy result in the case of linear hyperbolic
diffeomorphisms, but we must add some quantifiers in the case of nonlinear dynamics to make it rigorous.
Namely, one can say, as in [Nonnenmacher and Zworski 2009, Proposition 5.1], that given a y > 0, there
exists €, > 0 such that if A is a y-unstable Lagrangian manifold included in some U” (€, ), then for any 0/,
®1(A)NUP (ey) is still y-unstable.
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However, we may not use this result directly for the following reason. The smaller we take €, the
longer the points of the Lagrangian manifold £y may spend in the part of the interaction region which is
not affected by the hyperbolic dynamics before entering in some U”(¢) for some p € K. Yet the longer
they spend in this “intermediate” region, the more stable the Lagrangian manifold may a priori become.
To avoid such a circular reasoning, we should introduce another system of coordinates, in which the
description of the propagation of the Lagrangian manifolds in the intermediate region is easier.

2.3.1. Alternative coordinates. In this section we will describe a system of “alternative”, or “twisted”
coordinates built from the one we introduced in Section 2.1.3, but which may differ slightly from them.
Given a p € K, we introduce a system of smooth coordinates (y*, 7°) as follows.
On XP, these coordinates are such that

WOF(p) NP = {(55,0): 5P D¢}, W2 (p) N TP = {(0,7°) : #” € D},

loc
and if we denote by L, the map
Lp: (¥ n") > (3°.7°) (18)
defined in a neighbourhood of (0, 0), we have
dL,(0,0) = Idpea—2. (19)

Now, if p has straight coordinates (y”(p), n”(p)), we let o’ € %P be the point with straight coordinates
(0, y(0),0,9”(5)). We then define the twisted coordinates of p by

F1P) = 7). @) =n7(@). F°E) =5 B). #°() =" (p).

Note that this system of coordinates doesn’t have to be symplectic.

We have
dy?  onf ay?
= =0 forj=1,...,d—1, L=l (20)
Yy 1 9y
Givena p € K, and €, ¢’ > 0, we define
UP(e,€) ={(3%7) : 77| <€, i} <8, 5 € Der, P € De}, @1)

where § is an energy interval on which the dynamics remains uniformly hyperbolic.
Finally, the Poincaré section in the alternative coordinates is represented as

$P(e, €)= {()7'0, i’y e UP(e, € : == O}'

In the sequel, we will be working most of the time in a situation where €’ < € (that is, with sets much
thinner in the unstable direction than in the stable direction).

The main reason why we needed to introduce alternative coordinates is that they give a simpler
expression for the Poincaré map (see Remark 20). Let us now define this map.
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2.3.2. The Poincaré map. Let pg € K, and let € > 0 be small enough so that the twisted coordinates
around pg and ®!(pg) are well defined in some neighbourhoods Uro (e,€) and U q’l(p‘))(e, €). The
Poincaré map kp, is defined, for p € P (¢) near pg, by taking the intersection of the trajectory
(P°(p))|s—1]<e With the section $2' (ko) (this intersection consists of at most one point). In the sequel,
we will sometimes omit the reference to pp and simply write the Poincaré map «.

The map «,, need not be symplectic, since it is defined in the twisted coordinates which need not be
symplectic. However, if we had defined the Poincaré map in the straight coordinates, it would have been
automatically symplectic. The linearisations of the two systems of coordinates are identical at pg by (19).
Therefore, by using the hyperbolicity assumption, we see that the differential of « at pg takes the form

dic(po) = (g‘ t AO_I),

and there exists

v=et<1 (22)
such that the matrix A satisfies
A7 < v, (23)
where || - || corresponds to the matrix norm. Hence, the Poincaré map k, takes the form
Ko (FP0. 7170) = (AFP0 +@(F, 7). " A7157 + (57, 7)), (24)
and the functions & and B satisfy
@(0,7°) = B(3”,0)=0 and da(0,0)=dp(0,0)=0. (25)
We therefore have
lalicivy < Coe. IBllcrv) < Coe (26)

for some constant Cy, since « is uniformly C2.

Remark 20. Equation (25) is the main reason why we needed to introduce alternative coordinates, and
will play a key role in the proof of Lemma 31. If we had defined the Poincaré map in the straight
coordinates, we wouldn’t have had « (0, #°°) = 0 or §(y*°,0) = 0.

Remark 21. By compactness of the trapped set, the constants Cp and v may be chosen independent of
the point pg. We may also find a C > 1 such that, independently of pg and p; in K, we have

4l =c. (27)

Finally, by possibly taking Cq larger, we may assume that all the second derivatives of the map L, defined
in (18) are bounded by Cy independently on p € K.

2.3.3. Changes of coordinates and Lagrangian manifolds. Let us describe how a Lagrangian manifold is
affected when we go from twisted coordinates to straight coordinates centred at the same point.
Lemma 22. Suppose that a Lagrangian manifold A C Ur (e, €) may be written in the twisted coordinates
centredon p € K as A = {()7’10,)7”;0, F@GP)) : 7P €p}, where , C R? is a small open set, and with
|d F | co < y. Suppose furthermore that

Coey < 1.
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Then, in the straight coordinates, A may be written as
A ={(y7.y°:0, f(yP)) : y* € Dy},
with ||df ||co < y(1—Coye) 1 (1 +2Cqe).

Proof. To lighten the notations, we will not write the indices p.
Points on A are parametrized by the coordinate y. We may hence see their straight coordinates u, s as
functions of y.
By equations (19), (20) and Remark 21, we have
ad 0 dy OF
O _ 0y WIFG) _ g
9y 0y o oy
with | R|| < Coye < 1.
Therefore, on A, we know y > y is invertible. We may hence write 5 as a function of y, and we have
g _dy F(y) oy
5y

_ —1 /
e L)

with || R’|| < 2Coe. Hence ||dn/dy|| < y(1 —Coye)~ (1 4 2Cqe).
That » is actually independent of y; comes from the fact that A is an isoenergetic Lagrangian manifold,
and that we are working in symplectic coordinates. O

Let us now describe the change between two systems of twisted coordinates. Let p, p’ € K. If they are
close enough to each other, the map L : (32, ii®) — (7. 7”) is well defined on a set containing both p
and p/, of diameter d(p, p').

Combining the fact that the (un)stable subspaces E;'E are Holder continuous with respectto p € K §
with some Holder exponent p > 0, and point (v) of Lemma 11, we get

dL,0) =L+ Ry, (28)
where
IR0 | < CdP(p, p') for some p >0, (29)

— Uy 0
(5 3)

for some unitary matrix Uy,. Here, L; might not be unitary, but it is invertible, and by compactness of K,

and where L is of the form

ILy|I~! may be bounded independently on p.
Now, by compactness, the second derivatives of L may be bounded independently of p and p’. Therefore,
for any p” in a neighbourhood of p, we have

de// = dL(O,O) =+ Rp//, (30)

with Ry < C’d(p, p”") and C’ independent of p'.
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By possibly enlarging Co, we may assume that ||L, || ™! < Co. We may also assume that Co/2 is larger
than the constants C and C’ appearing in the bounds on R, s and R,

We will use the previous remarks in the form of the following lemma, which describes the effect of a
change of twisted coordinates on a Lagrangian manifold.

Lemma 23. Let p, p' € K be such that d(p, p’) < €, and let A be a Lagrangian manifold which may be
written in the twisted coordinates centred on p as A = {(y7, y”: 0, FP(5P)) : 5P € p}, where p CRY isa
small open set, and with ||de||C0 <y <1/(4CyeP).

Then, ANUP (e, €) may be written in the coordinates centred at p’ as

ANT? (e,e) ={(F) . 570, FP (57)) : 37 € o'},
where p/ C RY is a small open set, and with
Ild F? |l co < (y(1 + CoeP) + CoeP) (1 — 2y Coe®) ™! < 0.

Proof. Consider points on A. By assumption, their 7}°-coordinate is a function of their y*-coordinate.
Therefore, using the map L, their coordinates (77, 7°") may be seen as functions of 7.
Let us denote by Ly and L, the two components of L. By definition, we have

7 = Ly(%. i) = Ly (5°. F* (7).
where FP(7°) satisfies | FP(7°)/97°| < y. Therefore, we have

95°" 0L,  OFP(3°) 0L,

= =U+R,
o0 a5 a0 o T

where U is unitary.
By equations (28) and (30), we have ||E|| < 2yCpeP < 1 by assumption. Therefore, y° )7”/ is
invertible, and we have [|d5°/87° || < (1—2yCoe®)~!. We may see 7} as a function of 77, and we have

07" || _ || 85* 87" 3y° 9 8" 1
- LT < (1=2yCoe) N (CoeP + y(1 + CoeP)),
H 957 H 557 050 T 957 93¢ a7 =<( yCo€P) ™ (CoeP + y(1 4+ CoeP))
and the lemma follows. O

2.3.4. Propagation for bounded times. Let us fix a v; € (v, 1), where v was defined in (22). Recall that
p was defined in (29) as the Holder exponent of the stable and unstable directions. From now on, we fix
an € > 0 small enough so that

v+ CoeP Coe? Vuns(l - Vl)
= ) d , 31
v—1 — CpeP =v,oan v=1 —2CpeP = 8 (D
(14 v1) Vuns ! (1 +v1)(1 + CoeP) Yuns
] ———Cp€” Coe? )| < ——. 32
( 1 +2Coer) ¢ T 4G ) S T 2cper 32)

This is possible because (1 +v1)/2 < 1. We also ask that CoeP < 1/2. Note that, although condition (32)
looks horrible, it is designed to work well with Lemma 23.
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Wo = ENTH(X\Xo) //A point in

Wi\Ws

will never meet

T, e J W, in the future.
[[2 a€A,;

Wi ={p € £:d(p, K) < §} Ws

Figure 3. A representation of some of the different sets we introduce in the proof of
Theorem 17, intersected with a Poincaré section.

Let us introduce a first decomposition of the energy layer. Recall that we defined Wy in (8) as the
external part of the energy layer. We define W := {p € E\W) : d(p, K) < €/2} for the part of the energy
layer close to the trapped set, and W, := {p € E\Wy : d(p, K) > €/2} for the intermediate region. See
Figure 3 for a representation of these different sets. Note that we will later introduce a finer open cover of
the energy layer, using the sets W, appearing in the statement of the theorem.

The following lemma tells us that the set W, is a transient set, that is to say, points spend only a finite
time inside it.

Lemma 24. There exists Ne € N an integer which depends on € such that for all p € W5, we have either
ONe (p) € Wy or DNe(p) e W.

Proof. This result comes from the uniform transversality of the stable and unstable manifolds (which is a
direct consequence of the compactness of K).
It gives us the existence of a d(¢€) > 0 such that, for all p € Wr, UWy,

d(p,T1)+d(p.T7)<2d; = d(p.K)=<e/2.
We may therefore write
Wr={peW,:d(p,T7)>d1}U{peW,:d(p,T7)>d}.

A point in the first set will leave the interaction region in finite time in the future, while a point in the
second set will leave it in finite time in the past. By compactness, we can find a uniform N, such as the
one in the statement of the lemma. O

The following lemma is a consequence of the transversality assumption we made. It tells us that when
we propagate Lo during a finite time N and restrict it to a small set U” (¢, o) close to the trapped set, we
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obtain a finite union of Lagrangian manifolds in the alternative coordinates. Here, the size o of the set in
the unstable direction depends on N, but its size € in the stable direction does not.

Lemma 25. Let N € N. There exists Ny €N, on >0 and yn > 0 such that for all 0 < ¢ < on, for all
p€ K, and forall 1 <t < N, the set ®'(Lo) N UP (€, 0) can be written in the coordinates (3, ijP) as the
union of at most Ny disjoint Lagrangian manifolds, which are all y y -unstable:

(o)
o (Lo) NT?(e,0) = Ay,
=0

with l(0) < Ny and
Ap={(F1.57:0, f1 (7)) : 57 € Do}

for some smooth functions f! with ||dfl()7p)||C0(D€) < PN.

Proof. Let us consider a 1 <t < N. First of all, since ®' is a symplectomorphism, it sends Lagrangian
manifolds to Lagrangian manifolds. The restriction of a Lagrangian manifold to a region of phase space
is a union of Lagrangian manifolds.

We now have to prove that, if we take o small enough, these Lagrangian manifolds are all  unstable
for some yn > 0 which is independent of p.

Let p € K. By hypothesis, W, _(p) and ®?(Ly) are transverse when they intersect.

Therefore, in a small neighbourhood of the stable manifold {y® = 0}, each connected component
of ®'(Ly) may be projected smoothly on the twisted unstable manifold {#” = 0}. That is to say, there
exists a 0 > 0 and a y > 0 such that each connected component of ®’(Lg) N U P(e, 0) is y-unstable in
the twisted coordinates around p for some y > 0.

Now, since the changes of coordinates between twisted coordinates are continuous, we may use the
compactness of K to find uniform constants o > 0 and y > 0 such that each connected component of
O (Lo)NTP (e, o) is y-unstable in the twisted coordinates around p, independently of p€ K and 1 <t < N.

By compactness of ur (¢, 0), the number of Lagrangian manifolds making up ®’(Lo) N ur (e,0)
is finite. O

Applying this lemma to N = N, + 2, we define the following constants, which we shall need later in
the proof (recall that yy,s has been fixed):

(Y0.00) := (VN +2: ON.+2)» (33)

10g(yuns/4)/0)
= 1, Ny =N N, 2, 34
Llog((1+v1)/2) + uns 1+ e+ ( )
or:=min(57-.00). 2:=min((C +Coe”) M1, (35)

where C comes from Remark 21, and Cy comes from equation (26).

Remark 26. As explained in Lemma 24, N is the maximal time spent by a trajectory in the intermediate
region W,. The time N will be the time necessary to incline a yp-unstable Lagrangian manifold to a yys-
unstable Lagrangian manifold, as explained in Proposition 30. As for the constant o2, it has been chosen
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small enough so that at each step of the aforementioned propagation during a time Nj, the Lagrangian
manifolds we consider are contained in a single coordinate chart, as explained in Proposition 30.

Remark 27. The constant g9 in Theorem 17 will depend only on Yo and go. Therefore, the proof of
Lemma 25 tells us that if we consider a whole family of Lagrangian manifolds (£;),cz satisfying
Hypotheses 13 and 16, we will be able to find an &g > 0 uniform in z € Z provided we have the following
uniform transversality condition:

Vte N, Vpe K,38,y >0 suchthat Vze Z, ®'(L,;)N ﬁp(e, 8) is y-unstable. (36)

Lemma 28. There exists a neighbourhood W3 of I'™" N Wy in &, a finite set of points (p;)ie; C K and
0 < €1 < 01, such that the following holds:
(1) The sets (l7,~)l~€1 = (lNJ"" (€,02))ier form an open cover of a neighbourhood of Ws.

(i) pe WI\WBU{p eWs :d(p,T7)>d1} = VYi>0, d(® (p)),K) > €.
(iii) For any open set W of diameter < €1 included in Wi, there exists an i € I such that W C U;.
Proof. The sets (U P(e,02))pek form an open cover of a neighbourhood of (I'™ M W). Let us denote by
Ws such a neighbourhood.

By compactness, we may extract from it a finite open cover (ﬁi)ie 1= ((7 Pi(e,02))ier, which still

satisfies (1).
Since Wi is a neighbourhood of I'™ N, there exists a constant 5, > 0 such that the following holds:

VpeWi\Ws, d(p,T7) > 05.
Therefore, there exists 0 < €; < min(g1, €) such that
peWI\WsJU{p eW,:d(p\TT)>di} = V>0, d(®(p).K) > e1,
which is (ii). Finally, since the set ﬁ,- are open, we may shrink €; so that (iii) is satisfied. O

Remark 29. The constant ¢ appearing in Theorem 17 will be smaller than €; (see Lemma 33); therefore
each of the sets (W;)azea, Will be contained in some 17,-. Furthermore, we will have W, C {p € £ :
d(p, K) < go}. Hence, a point p € [W1\W3] U {p’ € Wy : d(p/, T ™) > d1} will not be contained in any
of the sets (W,;)qe4, When propagated in the future.

Lemma 25 tells us that ®Ve(L£g) N U; consists of finitely many yo-unstable Lagrangian manifolds.
Our aim will now be to take a Lagrangian manifold included in a l7,~1, to propagate it during some time
N > Nj, then to restrict it to a l7,~2 for iy,ip € I. The remaining part of the Lagrangian, which is in
W1\ Ws, will not meet the sets (W;)qe4, When propagated in the future, as explained in Remark 29.

2.3.5. Propagation in the sets U;. For N eNand (= (igi1---in—1) € I, we define

@A) := D (T, ND(-- D (T N A)---)).
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The propagation of Lagrangian manifolds in the sets U; is described in the following proposition, which
is the cornerstone of the proof of Theorem 17. Recall that y,,s was chosen arbitrarily at the beginning of
the proof, and that N, was defined in (34).

Proposition 30. Let N > Ny, t = (ipi1---iN—1) € IN andi el. Let A° C 17,-0 be an isoenergetic
Lagrangian manifold which is yo-unstable in the twisted coordinates centred on p;,. Then Ui N D,(A)is
a Lagrangian manifold contained in U;, and it is (Yuns/ (1 + 2Co€P)?)-unstable in the twisted coordinates
centred on p;j.

Proof. The first part of the proof consists in understanding how ®"(A%) behaves for n < Ny, in the
twisted coordinates centred on p;,. This is the content of the following lemma, which is an adaptation
to our context of the “inclination lemma”. (See [Katok and Hasselblatt 1995, Theorem 6.2.8]; see also
[Nonnenmacher and Zworski 2009, Proposition 5.1] for a statement closer to our context and notation.)

Lemma 31. ®V1(A%) is a Lagrangian manifold, which can be written in the chart (ﬁq’Nl (pig), f;d’Nl (pfo))
in the form

_oN i - . - . - .
®N1 (AO) = {(yl (o 0)’ y‘le(p’O);O’ fN1 (yCPNl (on))) . yq’Nl(Pto) c DN]}»
with D, C B(0. 1) and ||df ¥'||cocp,y < (14 v1)Vuns/4.

Note that ®V1 (A?) is a priori not contained in a single set U;, but the lemma states that it is contained
. ~dN1 (p; . .
in the set U® l(’O’O)(e, 01), where the twisted coordinates are well defined.

Proof. By assumption, A® may be put in the form
~Piy ~p; ~ 0; ~ 0 : 0
A= {(7, 57050, £O(§P0)) : [5P0] < @2}, with [|df °(570)]co < yo.
We will consider restrictions of the Lagrangian manifolds at intermediate times to the Poincaré sections
centred at ®F (pig): .
Ak = DK (A% N =2 i) (€, 0p).

sec
We have A1 = kK (AK), where k¥ := ki (pig)- @51 (i) is of the form (24). From equation (24) and

the definition of C, we see that the maximal rate of expansion in the unstable direction is bounded by
k

e on the

(C + CpeP). Therefore, the definition of o, implies that for any k < Ny, the projection of A
unstable direction is supported in B(0, o1).
To lighten the notations, we will write y k and i]k instead of fq)k (ig) and ﬁ‘pk (0ig)

Let k > 0, and suppose we may write

AR = (G5, R G5) 55 e Dy,

where D C B(0, 01), and ||dfk||co <y for some 0 < y < yp.
Note that the key point in the following computations is that, since we have chosen “alternative”

coordinates, we have |8,,5(k 5k, f)k)| < Coy* < Cyor.
1

The projection of CDI A

« on the horizontal subspace is given by

sec

FE s 55 = n @l (G5, R GF)) = A 3* + @ G, ).
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where for each k, we have Ay is a matrix as in (23).
By differentiating, we obtain

dyk+t1 A dak N dak dfy
8_)7" k 8)7" 871k ayk

= Ak + 1,

where 7y has entries bounded by Cpo1y0 < Coe.

Sk+1

Therefore, the map is invertible, and y kt1

e = can be

> 3% is contracting. This implies that A
represented as a graph

NG = {GFFL A GRY)  FE € Dy
with
FELGED =t G + B R E GO,
Differentiating with respect to y k+1 we get

fFt1 y* . af* .
o = (g )| (48" + 0u* GF P GO G+ 0GR 4 )

Therefore, we have

H O T _ 1A v + 19581 + 195Blvic _ yiv + Coe(1+ 7)
A = v 1356 — 1958l v —2Co€?
1— 1—
<y + ( Ul))/uns = [vi + Vuns( 1)1) ’
8 8Yk

where the last inequality comes from (31). First of all, the fact that this slope is bounded uniformly on

ARF1 implies that AKX+ can indeed be written in the form

Ak+1 = {(j)k-i-l’ fk+1(_)~7k+1)) . ik+1€ Dk+1}9

sec
where D41 C B(0,01), and |dfk+t lco < Yk+1, where

Yuns(1 — Vl)) ‘

Vi+1 = Vk (Vl +
8Vk

Now, if % > Yuns/4, then

1-— 1
v+ Yuns ( V1) < + v <1
Vi 2

so that y; decreases exponentially fast, while if y; < (1 + v1)yuns/4, then Y11 < (1 + V1) Yuns/4.
The time Ny has been chosen large enough so that yn, < (1 4 v1)yuns/4, Which concludes the proof
of the lemma. O

After times N > N, the Lagrangian manifold may not be included in g " i) (¢, 01)- Therefore, we
may have to use a change of coordinates. By Lemma 31, at time N, our Lagrangian manifold ®™1 (A?)
is included in T2 (pio)(e, 01) and is ((1 4 v1)Yuns/4)-unstable.
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We want to study U N ®N1(A%) for j €I in the coordinates centred at p 7, and to apply the computations
made in the proof of Lemma 31 again. Let us see how all this works.

If, for some j € I, we have l7j N &N (A%) # @, then d(®V1(p;,), pj) < €. Now, by applying
Lemma 23 as well as equation (32), we obtain that ®V1(A%) N U i 1S (Yuns/2)-unstable in the twisted
coordinates centred at p;.

We may continue this argument of changing coordinates and propagating to any time N > Np: we
always obtain a single Lagrangian manifold which is ((1 + v1)yuns/4)-unstable. This concludes the proof
of Proposition 30, because we assumed that CpeP < 1/2. O

Remark 32. In [Nonnenmacher and Zworski 2009, Proposition 5.1], the authors prove using the chain
rule that for each £ € N, there exists a constant Cy large enough such that the following holds. If i1, iy € 1
and if A C l7i, is a Lagrangian manifold in some unstable cone, generated by a function f in the
coordinates (771, 7Pi1) with || f|ce < Cg, then ®L(A) N U,-z is a union of finitely many Lagrangian
manifolds, all of which are in some unstable cone in the coordinates (72, 7°2), and are generated by
functions with a C¢ norm smaller than Cy.

In particular, this shows that on the Lagrangian manifold <I>[N (A) described in Proposition 30, the
function s°/ (y®i) hasa C ¢ norm smaller than Cy¢, where Cy is a constant independent of N.

2.3.6. Properties of the sets (Wy)aeca,. The following lemma is an adaptation of Lemma 25 to the
“straight coordinates”. Note that the main reason why we want to use these straight coordinates is because
they are symplectic, which will play a crucial role in the proof of Theorem 47.

Lemma 33. There exists o < €1 such that, if (Wy)aca, is an adapted cover of K of diameter gq such
that for each a € Ay, we have Wy N Wy = &, and there exists a point pg, € Wy N K # O, then there exist
Nn,.. € Nand y’ such that the following holds.

For each a € Ay, for each 1 < N < Nyps, the set ®N (Lo) N W, consists of at most NN, Lagrangian
manifolds, all of which are y'-unstable in the straight coordinates centred on p,.

Proof. Let us choose &g > 0 small enough so that Cpegyn,.. < 1 and such that each set of diameter smaller

uns

than o and which intersects K is contained in some U” (e, §), with § < § N,,- By applying Lemma 25,
eN, dy,.>0and yy, >0 suchthatforall0 <§ <4y, forall pe K
and for all 1 < N < Nyps, the set @V (L) N UP (e, §) can be written in the coordinates (57, 7°) as the

union of at most Ay Lagrangian manifolds, which are all y__-unstable. This gives us the statement in

uns uns

we know that there exists Ny

uns

the twisted coordinates. To go to the straight coordinates, we may simply use Lemma 22 thanks to the
assumption made on &g. O

Forany a € Ay, 1 <k < Nyps, the set W, N ol (Lo) consists of finitely many Lagrangian manifolds. Let
us define d, x as the minimal distance (with respect to the distance d) between the Lagrangian manifolds
which make up W, N ®* (L), with the convention that this quantity is equal to +oo if W, N ®K (L)
consists of a single Lagrangian manifold or is empty. We then set

d := min(gg, min {d > 0.
( 0 pryh { a,k})
ISkSNLmS



DISTORTED PLANE WAVES IN CHAOTIC SCATTERING 787

Remark 34. If we consider a whole family of Lagrangian manifolds (£;),ez satisfying Hypotheses 13
and 16, we will be able to apply Theorem 17 to them with sets (W;)4e 4, independent of z € Z provided
the constant d is well-defined, that is to say, provided we have

inf {dZ ,}>0, (37)

acA,zeZ
1<k <Nuns

where d? , is the minimal distance between the Lagrangian manifolds which make up W, N ok (L,),
with the convention that this quantity is equal to +o0 if W, N ¥ (L) consists of a single Lagrangian
manifold or is empty.

The flow (®7?) is C! with respect to time, and hence Lipschitz on [0, Nyuys]. Therefore, there exists a
constant C > 0 such that for all ¢ € [0, Nyns] and for all py, ps € &€, we have

d(®'(p1), @' (p2)) < Cd(p1, p2)-
We take
g2:=d/C.

We now complete (W,;)aea, to cover the whole energy layer.

2.3.7. Construction and properties of the sets (Wyz)aea,. Recall that Wy = T*(X\ Xo), and that b is the
boundary-defining function introduced in Hypothesis 5.
We build the sets (W;)qe4, so that, if we set A = Ay U A, U {0}, the following holds:

 Each of the sets (W,)se4, has a diameter smaller than &;.
e For each a € A,, we have d(W,, K) > &3/2.

® (W4)ae4 is an open cover of £.

Our next lemma is the first brick of the proof of the uniqueness of the Lagrangian manifold making up
CI>ZXV (Lo). It relies on the fact that the sets (W;)4ec4, have been built small enough.

Lemma 35. Let k < Nyns, o € AX, and a € Ay. Then the set W, N q>§ (Lo) is empty or consists of a single
Lagrangian manifold.

Proof. Let us suppose that O (Lo) N W, is nonempty. We have seen in Lemma 33 that it consists of
finitely many Lagrangian manifolds, with a distance between them larger than d. Therefore, for any
1 <k’ <k, the sets CD_k/(CDk (Lo) N W,) consist of Lagrangian manifolds which are at a distance larger
than &, from each other. Because of the assumption (9) we made, we have oy, € A, for some k' < k.
Since the sets (Wg)ae4, have a diameter smaller than e, they separate the Lagrangian manifolds which
make up O (@ (L£9) N W,). We deduce from this the lemma. O

2.3.8. Structure of the admissible sequences. We will now state two of lemmas which put some constraints
on the sequences o € AN, with ay € A; such that Y (Lo) # @.
The first of these lemmas tell us that we may restrict ourselves to sequences such that o 7 0 for k > 1.
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Lemma 36. Let N € N, and let oo € AN, and a € Ay. Suppose that ax = 0 for some 1 <k <N —1, and
that W, N CDétV (Lo) # @. Then
Wan @Y (£o) c dN K (Lo).

Ok4+1"0CN—1

Proof. By hypothesis, <I>]O‘£l oy (Lo) CWo, and it intersects W in the future. We have Wo = DE_UDE 4,
and a point in DE cannot intersect W in the future. Therefore, the points in @’O‘“,_,ak (Lo) which
intersect W in the future are all in DE_. But by Lemma 9, the point in DE_ can only have preimages

in Wy. Therefore, we have

Wa N O (L) € Wa N B0y, ey, (L) CONE 1 (Lo).
where the second inclusion comes from Hypothesis 13. O

Let us now take advantage of Remark 29 to show that, from time k > N¢ + 2, all the interesting
dynamics takes place in Wjs.

Lemma 37. Let N > Ne +2, and o € AN with a; # 0 fori > 1.
Let Ne+2 <k <N, and p € ®X (Lo) be such that DN % (p) € W, for some a € Ay. Then p € Ws.

o

Proof. If p € Wi, then the result follows from Remark 29. We must therefore check that we cannot have
p € Wo UW,. First of all, note that Lemma 9 implies that we cannot have p € Wy. This lemma also
implies that for each a’ € A1 U A,, we have

QL (W, \Wo) NDE_ = 2. (38)

Suppose now that p € Ws. Since k > N + 2, and o; # 0 for i > 1, we have @ Ne=1(p) € W,/ for
some a’ € A1 U A,. Therefore, by equation (38), we have ® Ve (p) ¢ Wy.

By the proof of Lemma 24, this would imply that d(p, ') > d;. By Remark 29, this implies that we
cannot have ®Y K (p) € W, for some a € A, a contradiction. O

2.3.9. End of the proof of Theorem 17. Let N >0, o € AN anda e A;. If N < Nuns, the result of
Theorem 17 is a consequence of Lemmas 33 and 35.

Consider now N > Nyys > Ne + 2. We will assume that W, N dD(IXV (Lo) # @. Thanks to Lemma 36
and to Hypothesis 13, we may assume that o; 7% 0 for all i > 1.

From Lemma 37, we deduce that

Wan@y(Lo)c | J @(@F2, ., (Lo, (39)
e N—Ne—1
IN—Ne=lig

where iy € I is such that Wy, C ljia.
Let us define

Ap:={pe€ q’§(£0) LYK >0, ®F (p) € Waye i -
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By Lemma 37, for each k > N¢ + 2, we have Ay C W3 N Wy, . Therefore, by Lemma 28(iii), there
exists a iy € I such that A C Uik, and we obtain that

Wa N @Y (Lo) € @) N2 (@NH2  (L0)).

INe+42iN N~ 010N +2

We know from Lemmas 25 and 35 that @ojxefaz,ve +»(Lo) consists of a single Lagrangian manifold,
which is yp-unstable in the coordinates centred on any point of K. Applying Proposition 30, we know
that the right-hand side of (39) is a Lagrangian manifold which is (yuns/(1 4+ 2C4€P)?)-unstable in the
twisted coordinates centred on p;,, .

We first apply Lemma 23 to write this Lagrangian manifold in the twisted coordinates centred on p,.
Thanks to equation (32), it is (Yuns/ (14+2C,€P))-unstable. We then use Lemma 22 to write this Lagrangian
manifold in the straight coordinates centred on pgy , , and we deduce that it is yyns-unstable. This concludes

the proof of Theorem 17. O

Remark 38. Therefore, in the coordinates (y4, n%), the set W, N dJ(]xV (Lo) may be put in the form

Wan @Y (Lo) = {(¥]. ¥%:0. fNa.a(¥?) : Y€ DNaa)

for some open set Dy o 4 C RA.
Remark 32 tells us that for any £ € N, the functions fuq, have C ¢ norms which are bounded
independently of N, « and a.

3. Generalized eigenfunctions

We shall state our results about generalized eigenfunctions under rather general assumptions. We shall
then explain why these assumptions hold in the case of distorted plane waves on manifolds which are
Euclidean near infinity.

In the sequel, we will consider a Riemannian manifold (X, g) with a real-valued potential ' € C2°(X),
and define the Schrodinger operator

P, = —h*Ag —coh* + V(x).

Here ¢ > 0 is a constant, which will be 0 in the case of Euclidean-near-infinity manifolds (see Section 3.3
for the definition of such manifolds).
Before stating our assumptions, let us recall a few definitions and facts from semiclassical analysis.

3.1. Refresher on semiclassical analysis.

3.1.1. Pseudodifferential calculus. We shall use the class S°™P(T* X) of symbols a € CZ°(T* X), which
may depend on %, but whose seminorms and supports are all bounded independently of 4. We will
sometimes write S ™ (X) for the set of symbols in S™(7* X') which depend only on the base variable.
If U is an open subset of 7* X, we will denote by S°™P(U) the set of functions in S (7* X) whose
support is contained in U.
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Definition 39. Let a € S°™P(T*Y). We will say that a is a classical symbol if there exists a sequence
of symbols aj € S©™P(T*Y) such that for any n € N,

n
a—>Y hrap e F"TISCOM(THY).
k=0
We will then write
a(x,£) = lim a(x, & h)
h—0
for the principal symbol of a.

We associate to S™P(T* X) the class of pseudodifferential operators lIlzomp (X), through a surjective
quantization map
Opy, : S™(T*X) — W™ (X).

This quantization map is defined using coordinate charts, and the standard Weyl quantization on Re. Itis
therefore not intrinsic. However, the principal symbol map

op 2 WP (X) —> SCO(T*X) [ hS©O™(T* X)

is intrinsic, and we have
on(Ao B) = op(A)oy(B)
and
0p00p: SCOMP(T*X) — SO (T*X)/hS©O™(T*X)

is the natural projection map.

For more details on all these maps and their construction, we refer the reader to [Zworski 2012,
Chapter 14].

For a € S®™(T*X), we say its essential support is equal to a given compact K € T*X, denoted by

esssupppa =K €T*X,
if and only if, for all y € S(T*X),
supp x C(T*X\K) = ya € h*®S(T*X).
For A e \P}Clomp (X), A=0py(a), we define the wave front set of A as
WEF},(A) = ess suppy, a,

noting that this definition does not depend on the choice of the quantisation. When K is a compact subset
of T*X and WF;(A) C K, we will sometimes say that A4 is microsupported inside K.

Let us now state a lemma which is a consequence of Egorov theorem [Zworski 2012, Theorem 11.1].
Recall that U(¢) is the Schrodinger propagator U(r) = e ~itn/h,

Lemma 40. Let A, B € W, (X), and suppose that ' (WF;,(A)) N WF;,(B) = @. Then we have
AU(I)B = 0L2_>L2(hoo).
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If U, V are bounded open subsets of 7* X, and if T, T’ : L?>(X) — L?(X) are bounded operators, we
shall say that T = T’ microlocally near U x V if there exist bounded open sets U>Uand V>V such
that for any 4, B € \onmp(X) with WF(A4) ¢ U and WF(B) C V, we have

A(T - T,)B - OL2_>L2(hOO)

Tempered distributions. Let u = (u(h)) be an h-dependent family of distributions in D’(X). We say it is
h-tempered if for any bounded open set U C X, there exists C > 0 and N € N such that

—N
””(h)”Hh_N(U) <Ch™",

where || - || N ) is the semiclassical Sobolev norm.

For a tempered distribution u = (u(h)), we say that a point p € T*X does not lie in the wave front set
WF(u) if there exists a neighbourhood V' of p in T* X such that for any A € \Ilzomp (X) with WF(a) C V,
we have Au = O(h*°).

3.1.2. Lagrangian distributions and Fourier integral operators.

Phase functions. Let ¢(x, 0) be a smooth real-valued function on some open subset Uy of X x RL for
some L € N. We call x the base variable and 6 the oscillatory variable. We say that ¢ is a nondegenerate
phase function if the differentials d(dg, ¢) - -~ d(dg, ¢) are linearly independent on the critical set

={(x,0):09¢ =0} C Uy.
In this case
Agp :=1{(x,0x¢(x,0)): (x,0) € Cp} C T*X

is an immersed Lagrangian manifold. By shrinking the domain of ¢, we can make it an embedded
Lagrangian manifold. We say that ¢ generates Ay.

Lagrangian distributions. Given a phase function ¢ and a symbol a € S°°™P(Uy), consider the #-dependent
family of functions

u(x;h)=h_L/2/ PN Py (% 0;h) do. (40)
RL

We call u = (u(h)) a Lagrangian distribution, (or a Lagrangian state) generated by ¢. By the method of
nonstationary phase, if supp a is contained in some /-independent compact set K C Uy, then

WF,(u) C {(x, 0x¢p(x,0)):(x,0)eCypN K} CAg.

Definition 41. Let A C 7* X be an embedded Lagrangian submanifold. We say that an -dependent family
of functions u(x; h) € CX°(X) is a (compactly supported and compactly microlocalized) Lagrangian
distribution associated to A, if it can be written as a sum of finitely many functions of the form (40), for
different phase functions ¢ parametrizing open subsets of A, plus an O(4£°°) remainder. We will denote
by 1°°™P(A) the space of all such functions.
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Fourier integral operators. Let X, X’ be two manifolds of the same dimension d, and let k be a symplec-
tomorphism from an open subset of 7* X to an open subset of 7* X’. Consider the Lagrangian
Ae ={(x, =V ;x,v) tk(x,v) = (x"V)} CT*X' x T*X = T*(X' x X).
A compactly supported operator U : D'(X) — C2°(X') is called a (semiclassical) Fourier integral operator
associated to « if its Schwartz kernel Ky (x/, x) lies in h=/2[°™P(A ). We write U € %™ (k). The
h=4/2 factor is explained as follows: the normalization for Lagrangian distributions is chosen so that
[ull 2 ~ 1, while the normalization for Fourier integral operators is chosen so that |U |12 (x)—r2(x") ~ |-
Note that if k ok’ is well defined, and if U € 1°°™P (k) and U’ € I°°™P(k”), then U o U’ € I°°™P(k o k).
If U € I°°"P(k) and O C T*X is an open bounded set, we shall say that U is microlocally unitary
near O if U*U = I12(x)— 12(x) microlocally near O x k(0).

3.1.3. Local properties of Fourier integral operators. In this section we shall see that, if we work locally,
we may describe many Fourier integral operators without the help of oscillatory coordinates. In particular,
following [Nonnenmacher and Zworski 2009, §4.1], we will recall the effect of a Fourier integral operator
on a Lagrangian distribution which has no caustics. We will recall in Section 4.2 how this formalism may
be applied to the study of the Schrédinger propagator.

Let « : T*R4 — T*R? be a local symplectic diffeomorphism. By performing phase-space translations,
we may assume that  is defined in a neighbourhood of (0, 0) and that «(0, 0) = (0, 0).

Without loss of generality, we can find linear Lagrangian subspaces, I';, I'J-J‘ C T*RY, Jj =0,1, with
the following properties:

. FjJ- is transversal to I';.
e If 7r; (resp. Jer-) is the projection T*R4 — I'; along FJ.J- (resp. the projection T*RY — F].J- along I';),
then, for some neighbourhood U of pg, the map
k(U)xU =Ty xTq. (k(p).p) > m1(k(p)) x 7§,
is a local diffeomorphism from the graph of k |y to a neighbourhood of the origin in 'y X Fd‘.
Let A;, j =0, 1 be linear symplectic transformations with the properties
Aj(T) ={(x,00} C T*R? and A;(I'}") ={(0.§)} C T*RY,
and let M; be metaplectic quantizations of the A; as defined in [Dimassi and Sjostrand 1999, Appendix
to Chapter 7]. Then the rotated diffeomorphism
K:=Ajoko Ay’
is such that the projection from the graph of
T*RY x T*RY e R? xR?,  (xL£1:x%, 6% > (x1 €9, (xL&h) =k (x%¢&9), (41)
is a diffeomorphism near the origin. It then follows that there exists a unique function V€ C®(RY xRY)
such that for (x1, £%) near (0, 0),
R(p(x,£9),87) = (L9 (¢ §7),  detP #0 and ¥(0,0) =0,

The function ' is said to generate the transformation & near (0, 0).



DISTORTED PLANE WAVES IN CHAOTIC SCATTERING 793

Note that if 7 € 1™ (%), then
T:= Ml_loToMoelcomp(K). (42)

Thanks to assumption (41), a Fourier integral operator T e [comp (k) may then be written in the form

1 / / e I LEN—(XOEN TRy (31 £0. 1y (0) @O d£°, (43)
R2n

Tu(xl) = )

with o € §eomP(R24),

Now, let us state a lemma which was proven in [Nonnenmacher and Zworski 2009, Lemma 4.1], and
which describes the effect of a Fourier integral operator of the form (43) on a Lagrangian distribution
which projects on the base manifold without caustics.

Lemma 42. Consider a Lagrangian Ao = {(xo, ¢o(x0)) : X € Qo}, ¢po € C£°(Q0), contained in a small
neighbourhood V C T*R4 such that k is generated by r near V. We assume that

K(Ao) = A1 ={(x.¢1(x)) 1 x € Q1}, ¢1 € C(Q).

Then, for any symbol a € S°™P(Q2y), the application of a Fourier integral operator T of the form (43) to
the Lagrangian state
a(x)ei¢o(x)/h

associated with Ag can be expanded, for any L > 0, into
L-1

T(ae'®/ M) (x) = 1)/ 1 ( > bj(x)h! +hErp(x, h)),
Jj=0

where b; € S, and for any { € N, we have
1bjllceyy = Cejllallcetaiy, 0=J=<L-1,
lre (- Ml ce,) = Ce,Lllallcerartnqy)-

The constants Cy, ; depend only on k, o and supg, 0B po| for 0 < |Bl <2L+ .

3.2. Assumptions on the generalized eigenfunctions. We consider generalized eigenfunctions of Py, at
energy 1, that is to say, a family of smooth functions Ej € C°(X) indexed by % € (0, 1] which satisfy

(Pp,—1)E, =0.
We will furthermore assume that these generalized eigenfunctions may be decomposed as follows.
Hypothesis 43. We suppose that E}, can be put in the form
E,=E)+Ej}, (44)

where E}(l) is a tempered distribution which is a Lagrangian state associated to a Lagrangian manifold
which satisfies Hypothesis 13 of invariance, as well as Hypothesis 16 of transversality, and where E ]1 isa
tempered distribution such that for each p € WF,(E ,1), we have p € £.
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Furthermore, we suppose that E Ii is outgoing in the sense that there exists €3 > 0 such that for all
X x' € CE° suchthat y =1 on{x € X : b(x) > €2}, there exists Ty > 0 such that for all t > Ty, we have

O (WF((1— ) f'E})) Nspt(x) = 2. (45)

The most natural example of such generalized eigenfunctions is given by distorted plane waves, which
we are now going to define. Note that they depend on a parameter £ € 9X, so that they actually form a
whole family of generalized eigenfunctions.

It is also possible to define generalized eigenfunctions which satisfy Hypothesis 43 on manifolds which
are hyperbolic near infinity. This is done in [Ingremeau 2017, Appendix B]; the construction mainly
follows [Dyatlov and Guillarmou 2014, §6], but some work has to be done to check that E i is a tempered
distribution.

3.3. Distorted plane waves on Euclidean-near-infinity manifolds.

Definition 44. We say that X is Euclidean near infinity if there exists a compact set Xo C X anda Rg >0
such that X\ X has finitely many connected components, which we denote by X7, ..., X;, such that for
each 1 <i </, we have (X;, g) is isometric to ([R{d\B(O, Ro), grucl)-

The surface in Figure 2 is an example of a Euclidean-near-infinity manifold. We may assume that
supp V C Xg. Also, any Euclidean-near-infinity manifold fulfills Hypothesis 5. Indeed, we may take a
boundary-defining function b such that b(x) = (14| x|?)~'/2 if x € X; which we identify with R?\ B(0, Ry).

To define distorted plane waves, we will simply give a definition of each of the two terms which
compose them as in (44).

3.3.1. Definition of E}(l). By definition of a Euclidean-near-infinity manifold, we have
N
X = XoU (|_| X,-)
i=1

with Xo compact, and for each 1 <i < N, there exists an isometric isomorphism
xi : Xi = R\ B(0, Ry), (46)

equipped with the Euclidean metric gp.
The boundary of X may then be identified with a union of spheres:

N
ox =| |5
i=1
with §; = S™.
Let £ € 9X. We have £ € S; for some 1 <i <m. Take a smooth function j : X — [0, 1] which vanishes
outside of X;, and which is equal to 1 in a neighbourhood of ;.
We define the incoming wave E,(l’ by E}? (&,): X > Cby

i iy e X;,

EO X)) = )?(x)e
h (€. 0 otherwise.
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If we write Lg for the Lagrangian submanifold (with boundaries) X; x {§} C T*X, then E]? is a
Lagrangian distribution associated to L, which satisfies Hypothesis 13 of invariance.

3.3.2. Definition of the distorted plane waves. Let us set

Fpp:= =[Py, 1IEQ(£).

Note that we have Fj, € S©"P(X).

Recall that the outgoing resolvent Ry, (1) is defined as Ry (1) := lim__, o+ (Py — (1 +i€)?)™L, the limit
being taken in the topology of bounded operators from Lfomp(X ) to Lﬁ)c (X).

We shall use the following resolvent estimate, which was proved in [Nonnenmacher and Zworski 2009].
Theorem 45 (resolvent estimates for Euclidean-near-infinity manifolds). Let X be a Euclidean-near-
infinity manifold such that Hypothesis 10 on hyperbolicity and Hypothesis 46 on topological pressure

hold. Then for any y € C2°(X), there exists C > 0 such that for all 0 < h < hg, we have

log(1/h)

p (47)

IXRr(Dxll2x)>r2x) = C

We define
E} = Ry(1) Fy,.

which is a tempered distribution thanks to Theorem 45.
We then define the distorted plane wave as

&._ 10 1
E, = E, +E,.

To check the outgoing assumption on E}, we must explain why there exists €5 > 0 such that for all
X x € C with y =1o0n {x € X : b(x) > e>}, there exists Ty > 0 such that for all # > T, we have

" (WF((1— x)x'Eyj)) Nspt(y) = @. (48)

From [Dyatlov and Guillarmou 2014, §6.2], we know that for any p € WF,(E }1), we have p € £, and
either p € I'" or there exists a ¢ > 0 such that ®~(p) = (x, £) where x € spt(3j), where j is as in
Section 3.3.1.

We may take €, < €p small enough so that spt(y) C {x € X : b(x) > €,}. Suppose that p = (x, &) is
such that x € spt(1— y) and 7y (®’(p)) € spt(y). Then, by geodesic convexity, (x, —&) € DE . Therefore,
since spt(}) C {x € X : b(x) > ez} and spt(1 — y) C {x € X : b(x) < €2} and since b decreases in the
future along the trajectory of (x, —§), it is impossible that there exists 7 > 0 such that ®~/(p) = (x, &)
where x € spt(dy). Therefore, if p € CDt(WF((l — )())(’Ei)) N spt(y), we must have p € DE 4.

On the other hand, if p € DE 4, then (48) is always satisfied as long as Ty is large enough so that
®Tx(DEy NT*(spt(1 — x))) N T* spt(y) = @. This shows that £} is outgoing.

Finally, one readily checks that we have, in the sense of PDEs,

(Py—1)E; =0.

We will sometimes simply write Ey, instead of E S, to avoid cumbersome notations.
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The definition of Ej seems to depend on the choices of the cut-off functions we made. Actually, the
distorted plane waves can be defined in a much more intrinsic fashion, using the structure of the resolvent
at infinity. We don’t want to enter into the details here (see [Dyatlov and Guillarmou 2014, §6; Melrose
1995, Chapter 2]).

3.4. Topological pressure. We shall now give a definition of topological pressure, so as to formulate
Hypothesis 46. Recall that the distance d was defined in Section 2.1.2, and that it was associated to
the adapted metric. We say that a set S C K is (e, t)-separated if for p1, 02 € S, p1 # p2, we have
d(®" (p1), D' (p2)) > € for some 0 <7 < ¢’ (Such a set is necessarily finite.)
The metric g,q induces a volume form €2 on any d-dimensional subspace of T(T*RY). Using this
volume form, we will define the unstable Jacobian on K. For any p € K, the determinant map
A"d D (p)] EF0 A'EFO — A"Eg,"(p)
can be identified with the real number
Qq;t(p)(dq)tvl /\dq)tvz AREE /\dCDtvn)
Qp(VI AV A= AVy)

det(dCDt(p)|E;-0) =

’

where (vy, ..., v,) can be any basis of E:O. This number defines the unstable Jacobian:
exp A (p) := det(d @' (p)| -+0). (49)

From there, we take

Zi(e.s) = sup ) _exp(=sA; (p).
PES

where the supremum is taken over all (e, t)-separated sets. The pressure is then defined as
P(s) := lim lim sup 1 log Z (e, 5).
€0 ;500 1

This quantity is actually independent of the volume form 2 and of the metric chosen: after taking
logarithms, a change in € or in the metric will produce a term O(1)/¢, which is not relevant in the t — co
limit.
Hypothesis 46. We assume the following inequality on the topological pressure associated with ®* on K:

P(3) <o. (50)

We will give an equivalent definition of topological pressure in Section 4.1, better suited to our purpose.

3.5. Statement of the results concerning distorted plane waves. We may now formulate our main result.

Theorem 47. Suppose that the manifold X satisfies Hypothesis 5 at infinity, and that the Hamiltonian
flow (®) satisfies Hypothesis 10 on hyperbolicity and Hypothesis 46 concerning the topological pressure.
Let Ey, be a generalized eigenfunction of the form described in Hypothesis 43, where E}? is associated
to a Lagrangian manifold Lo which satisfies the invariance Hypothesis 13 as well as the transversality
Hypothesis 16.
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Then there exists a finite set of points (pp)pep, C K and a family (I1p)pe g, of operators in \Ilzomp (X)
microsupported in a small neighbourhood of pp such that ) pcp . Hp = I microlocally on a neighbour-
hood of K in T*X such that the following holds.

LetUp : L*>(X) — LZ([RRd) be a Fourier integral operator quantizing the symplectic change of local
coordinates ky, - (x,§) = (yP, nP?), and which is microlocally unitary on the microsupport of 1.

For any r > 0, there exists M, > 0 such that we have

LM} ¢l loghl]
; 1Y
UpTT, Ex(yP) = Y Y s O™k, g (yP:h) + Ry, (51)
n=0 ﬂe[gn

where ap g € S (Rd) are classical symbols, and each ¢, g p is a smooth function independent of h,
and defined in a neighbourhood of the support of a, g p. The set By, will be defined in (85). Its cardinal
behaves like some exponential of n.

We have the following estimate on the remainder

IR llL2 = O(R").
For any L €N, € > 0, there exists Cy ¢ such that for all n > 0 and for all h € (0, ho], we have

3 lanpslice < Coee P27, (52)
BEB,
Remark 48. This theorem can be considered as a quantum analogue of Theorem 17. Indeed, as we
explained in Section 1, we will prove it by describing the evolution of the Schrodinger flow of Lagrangian
states, while Theorem 17 described the evolution by the Hamiltonian flow of associated Lagrangian
manifolds. Actually, the sets containing the microsupports of the operators (I13)pep, Will be built from
the sets (Wy)qea, constructed in Theorem 17, as explained in Section 4.1.

Remark 49. The remainder R, is compactly microlocalised, since the other two terms in the decomposi-
tion (51) are compactly microlocalised. Therefore, for any £ € N, by possibly taking M, larger, we may
ask that

IRrllce = O").

Theorem 47 may be used to identify the semiclassical measures associated to our generalized eigenfunc-
tions, as in Theorem 3. We shall do this only microlocally close to the trapped set, since the expression
for the semiclassical measure on the whole manifold may become very complicated.

Let us denote by 7, the principal symbol of the operators I1; introduced in the statement of Theorem 47.
The following corollary is a more precise version of (the second part of) Theorem 3.

Corollary 50. There exists a constant 0 < ¢ < 1 and functions e, g forn €N, B € By, and b € By such
that for any a € C2°(T*X) and for any y € C°(X), we have

(OPRCTFa B AEa) = [ aCe,0)djng(x.0)+ OGHO),
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with
o0

i, (kp P20 =Y D e p(Y7)non —ag, , (vor )y dy*”.
n=0geg,

The functions ey g p, satisfy an exponential decay estimate as in (52).

The functions e, g, will be closely related to ag, b (yP?), the principal symbol of a, g ;(y*?)
appearing in (51). Actually, e, g ,(y??) will either be the square of the modulus of ag, B.b (yP?), or the
square of the modulus of the sum of a finite number of ag’ B.b (yP?) for different values of n and . These
different terms will come from the fact that a point may belong to @;’to (Lo) for several values of n, B.

3.6. Strategy of proof. To study the asymptotic behaviour of the distorted plane wave as & goes to zero,
we would like to write that U (1) Ej, = EJ,, where U (1) := €'/hU(r). However, this equation can only be
formal, because Ej, ¢ L?(X). Instead, we use [Dyatlov and Guillarmou 2014, Lemma 3.10]:

Lemma 51. Let y € C°(X). Take t € R, and a cut-off function y; € CZ°(X) supported in the interior
of a compact set K, such that

dg (supp ., supp(l — x¢)) > 2|¢],

where dg denotes the Riemannian distance on M. Then, for any § € S9, we have
1En = X000 En + O™ EpllL2(k,)- (53)
Since E}, is a tempered distribution by assumption, we have, for any ¢ > 0 and y € C°(X),
|xEn— 20 () 11 Enll L2 = O(h™),

where y; is as in Lemma 51.
We may then iterate this equation as follows: we write that y; = y + y:(1 — x), and obtain

XEw = x0T = 010 En + xTOxU ) e Ep + 0 ().
We may iterate this method to times N¢ < Mt|logh| for any given M > 0. We obtain

N

XEw = U@ 2 En+ Y (UO) (1= 0 x:Ep + O(h*). (54)
k=1

Now, choose y € C2°(X) as in Hypothesis 43, and take t > T.
Lemma 52. Lett > Ty, M >0, and x € C°(X) be such that x =1 on {x € X : b(b) > €2}, where
€3 < € is as in Hypothesis 43. For any k < M |log h|, we have

1O @) (= g E}l2 = O().

Proof. We only have to prove that ||(xU (t))(1 — )())(,Eé |12 = O(h®°). This is a consequence of (45) in
Hypothesis 43. O
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Therefore, we have for any y € C>°(X) as in Lemma 52,

N
XEw = GUOW 1 Ef + GUOW e By + U@ (1= 0 Ef + 0(h™).  (55)
k=1

Let us now introduce tools from [Nonnenmacher and Zworski 2009] to analyse these terms in more detail.

4. Tools for the proofs of Theorem 47

4.1. Another definition of topological pressure. Recall that £ and Kg were defined in (10) and (11)
respectively. For any § > 0 small enough so that (12) holds, we define

&= U ¢E, K% .= U KEg.

|E—1|<§ |E—1]|<é

Let W = (Wgz)aea, be a finite open cover of K 8/2 guch that the W, are all strictly included in & § and
of diameter < &9, where &9 comes from Theorem 17. For any 7" € N*, define W(T') := (Wy) ¢ AT by

T-1
Wa = ﬂ ®_k(Wak),
k=0

where = ag, ...,ar—1. LetA’T be the set of o EA{ such that W, N K #* . IfV cées, VﬂK‘s/Z;éQ,
define

Sr(V):=— inf Af(p), with A} asin (49),
(V) eV K5/ T(P) T (49)
ZT(W,s):zinf{ > explsSr(Wa)}: Ar c A'r. K2 | Wa},
a€AT a€AT
1
§ . .
= 1 1 —logZ .
Ps) diam W0 Toseo T 02 r(W.s)
The topological pressure is then
P(s) = lim P (s). (56)
§—0
Recall that we assumed that
P(3) <o.

Let us fix €¢ > 0 so that P(%) + 2¢¢ < 0. Then there exists #g > 0, and W an open cover of K § with
diam(W) < g9 such that

(% log Zyy (W, 5) — P (s)) < co. (57)

We can find Ay, so that {W, : « € Ay} is an open cover of K 8 in £% and such that

D" exp{sSi,(Wa)} < expito(PP (s) + €0)}.

OlEA[O
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Therefore, if we take § small enough, and if we rename {W, : o € Ay} as {V} : b € B}, we have

> exp{354 (Vo)) < explio(P(3) +2¢0)}. (58)
beB;

By taking #y large enough, we can assume that log(1 + €¢) + 7o(P(1/2) + €¢) < 0.

A new open cover of £. By hypothesis, the diameter of W in (57) is smaller than g¢, so that we may
apply Theorem 17 to it. We complete it into an open cover (W,)ze4 as in Theorem 17, and if o € AV
for some N > 0, we define as previously W, := ﬂ,lcvz_ol Ok (Wy,).

Let us rewrite as (V3)pep, the sets (Wy)geqto. Where o € A0\ A such that ax # 0 for some
0 <k <to—1. We will also write Vj for the set Wy o,....0-

If we write B = By U B, U {0}, the sets (V})pep form an open cover of £ in T*X.

Actually, by compactness of the interaction region, we may find a § > §’ > 0 small enough so that (12)
holds and such that, by replacing Vo by VoNE 5 the sets (Vp)pep form an open cover of &% included in &°.

If B="by---by—1 € BN for some N €N, and if A is a Lagrangian manifold, we will define for each
0 <k < N—1the set ®g"(A) by

cI)%to (A) =ANVp,
PO(A) = OOV, N O(A) for <k N L.

By the definition of the sets b € B, we have q)g’to (A= <1>O]X;° (A), where ag € AN s the concatenation
of all the sequences which make up the by, 0 <k <N —1.
Therefore, once we have fixed a point ,ob € K NV, for each b € By, we have the following analogue

of Theorem 17.
Corollary 53. If there exists NJ,, € N such that for all N € N, for all € BN and all b € By, then

Vp N @g’to (Lo) is either empty, or is a Lagrangian manifold in some unstable cone in the coordinates
(yPe, nPP).
Furthermore, if N —t(B) > N/

uns’

then Vi N @g (Lo) is a Yuns-unstable Lagrangian manifold in the
coordinates (y*b, nP?).

Remark 54 (new definition of the sets (V3)pep,). The sets (V)pep, form an open cover of K. By
compactness, they form an open cover of {p € £ : d(p, K) < €3} for some €3 > 0. Hence, if for each
b € B, we replace each Vj, by V, N{p € £ : d(p, K) > €3/2}, which we still denote by V}, the sets
(Vp)pep still form an open cover of £, and the conclusions of Corollary 53 do still apply.
By adapting the proof of Lemma 24, we see that by possibly enlarging N, ., we may suppose that for
all b € B, and for all p € Vj, we have ®Nml0(p) € Vo\(Upep, Vs) or d~Ninto (p) € Vo\(Upes, V5)-
Note also that thanks to Lemma 9, for any b € By U B, and for any k > 1, we have DK (Lo N V)N

WoNDE_ =@.

Remark 55. In [Nonnenmacher and Zworski 2009, Proposition 5.2] the authors proved the following
statement. There exists a y; > 0 such that the following holds. Let b, b’ € By, and let A be a Lagrangian
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manifold contained in V},, y-unstable in the coordinates (y??, n°?) for some y < y;. Then ®©(A) NV},
is also a Lagrangian manifold which is y-unstable in the coordinates (y*#’, n°?").

Furthermore, the map y”» + yP»" obtained by projecting ®°| 5 onto the planes {(y*?, n°) : nf» = 0}
and {(yPr’,nPr’) : nPr’ = 0} satisfies the following estimate on its domain of definition:

Pp/
det(ay ) — (14 O(e?))eh @),
Bypb

where /\;g(pb) is the unstable Jacobian of pp, defined in (49).
In the sequel, we will always suppose that yyns < y1.

For each b € By, we will denote by U}, a Fourier integral operator quantizing the local change of
symplectic coordinates (x, §) > (yPb, nP?).

4.2. The Schrodinger propagator as a Fourier integral operator. Let us explain how the formalism
of Section 3.1.3 may be used to describe the Schrodinger propagator U(t) acting on L2(X). We shall
state a lemma proven in [Nonnenmacher and Zworski 2009, Lemma 4.2]. Recall that for 0 < § < 1, we
defined &9 as UiE—1)<s €E -

Lemma 56. Let Vo €&, Vi c ®(Vy) for some t > 0. Take some po € Vo N E and set p1 = ®*(pg) € V4.
Let fj:m(Vj)— R4, j =0,1 be local coordinates such that fo(7(po)) = fi(w(p1)) = 0 € R4. They
induce on Vo and V7 the symplectic coordinates

Fi(x.8) = (f;(0). (df;(0)) 7§ =EY), j=0.1,
where E(j) € R? is fixed by the condition Fj(p;j) = (0,0). Then the operator on L2(R9),
T(t) = e ED AT U@ (fo) e E T,
is of the form (42) for some choice of the A; microlocally near (0,0) x (0, 0).

4.3. Iterations of Fourier integral operators. We recall here the main results from [Nonnenmacher and
Zworski 2009, §4] concerning the iterations of semiclassical Fourier integral operators in T*RA.

Let V C T*R? be an open neighbourhood of 0, and take a sequence of symplectomorphisms
(ki)i=1,..,N from V to T*R9 such that for all i € {1,..., N}, we have ; (0) € V, and the projection

(x1,81: x0,80) = (x1,80), where (x1,£1) = K (x0, §0),

is a diffeomorphism close to the origin. We consider Fourier integral operators (7;) which quantise «;
and which are microlocally unitary near an open set U x U, where U € V', which contains the origin. Let
Q C R9 be an open set such that U @ T*, and, for all i, we have k; (U) € T*2. For each i, we take a
smooth cut-off function y; € C°(U; [0, 1]), and let

S;i :=O0pp(xi)oT;. (59
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Let us consider a family of Lagrangian manifolds Ay = {(x, ¢,’C(x)) xeQyCT*RY, k=0,...,N,
such that
10%| < Cq. 0<k <N, aeN (60)

We assume that there exists a sequence of integers (iy € {1,...,J})r=1....n such that

.....

Kix o1 (Mg NU) C Agyqs k=0,...,N—1.

We define g; by
gr(x) = m oKy (x, ¢y (x)).

That is to say, k;_' (x. ¢} (¥)) = (8 (). ¢ _ (8, (x)))-
We will say that a point x € Q is N-admissible if we can define recursively a sequence by xV = x,

k=1 — ¢, (x¥). This procedure is possible if, for any k, we have xk is

and, fork = N, ..., 1, we have x
in the domain of definition of gy.
Let us assume that, for any admissible sequence (x?V---x%), the Jacobian matrices are uniformly

bounded from above:

axk _ || 9Gk+1°8k+20--081)
dx! ax!

where Cp is independent of N. This assumption roughly says that the maps g; are (weakly) contracting.

hl<cp. 0<k<i<N,

We will also use the notation

k
Dy := sup [detdge(0)|'2, Ji:= [] D,
xX€N =1
and assume that the Dy are uniformly bounded: 1/Cp < Dj < Cp.
The following result can be found in [Nonnenmacher and Zworski 2009, Proposition 4.1].

Proposition 57. We use the above definitions and assumptions, and take N arbitrarily large, possibly
varying with h. Take any a € S and consider the Lagrangian state u = ae' /" associated with the
Lagrangian Ag. Then we may write

L—1

(Siy 00 i) (ae'®/M)(x) = e ov @)/ h (Z W a¥ (x)+hERY (x, h)),

=0
where each ajN € C°(2) depends on h only through N, and Riv € C®((0, 1], S(RY)). If xN € Q is
N -admissible, and defines a sequence (x*), k =N, ..., 1, then

N
lag’ (xV)| = ( [T xie &% 1.5 detdgk(xk)|1/2)|a(x0)|;

k=1
otherwise a]N (xN¥)=0, j =0,...,L—1. We also have the bounds

lal llceey < CredN (N + D ¥ lallcerzi gy j=0.....L—1, LeN, (61)
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N
IRY | L2ay < Cillallc2e+a(gy (1 + Coh)™ Z Tkt (62)
k=1
N
IRY llceqay < CLah™>lallcarvagy(1+ Co)V Y Jek3E+e, (63)

k=1
The constants C; 4, Co and Cy, depend on the constants in (60) and on the operators {S; }jJ —1
We shall mainly be using this proposition in the case where for all k, we have Dy <v < 1. In this

case, the estimates (61), (62) and (63) imply that for any £ € N, there exists Cy independent of N such
that for any N € N, we have

lallce < lag'llce(1+ Ceh). (64)
4.4. Microlocal partition. We take a partition of unity ) ", p 75 such that
Z ap(x)=1 forall x € s
beB
and supp(7rp) C Vj, C &9 for all b € B.
For b € B1 U B;, we set I1j := Opy,(1r5). We have
WE;, (M) C V,NES and M, = 115,
We then set

Mo:=Id— Y Tl
beB|UB>»

We can decompose the propagator at time ¢y into
Ultg) = Z Uy, where U, := HbeiIO/hU(to).
beB

The propagator at time Nty may then be decomposed as

Uty =) Up. (65)
BeBN
where 173 = (7/31\,_1 0---0 (7/30.
4.5. Hyperbolic dispersion estimates. We will use the following hyperbolic dispersion estimate, coming

from [Nonnenmacher and Zworski 2009, Proposition 6.3], the proof of which can be found in Section 7
of that paper.

Lemma 58 (hyperbolic dispersion estimate). Let M > 0 be fixed. There exists an hg > 0 anda C > 0
such that for any 0 < h < hg, for any N < M log(1/ h) and for any B € BN, we have

N
10pllL2r2 < Ch™2(1 + €)™ T exp[454,(Vg,)]. (66)
j=1
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5. Proof of Theorem 47

Proof. Having introduced these different tools, we may now come back to the proof of Theorem 47.

5.1. Decomposition of xEp. Let y € CZ°(X) be as in Lemma 52. We may suppose Ty < to. Then, by
equation (55), we have

N
XER = U o)Y x10En+ Y (xU ) (1= 01 Ef) + O(h™). (67)
k=1

where the cut-off function y;, € C°(X) is such that

dx (supp x., supp(1 — x¢,)) > 2|to].

where dy denotes the Riemannian distance on X .
We shall require the following lemma. The proof of (i) is the same as that of Lemma 24, while the
proof of (ii) essentially follows from point (3) of Hypothesis 5.

Lemma 59. (i) There exists Ny € N such that for any N € N if p € supp(xs,) and ®N (p) € supp(y),
then for any Ny <k < N — Ny, we have ok (p) € Vp, for some b € By U Bs.

(i) If p € & is such that 0 (p) € Vg for some k € N, but @&+ (p) € V), for some b € By U By, then
X' (p) is in DE_ (and hence in Vo) for any k' < k.

From Lemma 59, we deduce that for any kK > 2N, + 2, we have

Ny+1
(Xﬁ(lo))k=12:()(l7(lo))N"+l( > ﬁﬂ)(XﬁO)NX_I+0L2—>L2(hOO)- (68)
=0

BeBk—2Nx—2+1

For any N € N\{0}, define By C (B; U B»)N by

(B1 U By)N if N <2N/ +2,

N -— ’ — /o ’ .
;(Bl U Bz)Nuns"'lev 2N s 2(31 U Bz)Nuns"'1 otherwise.

(69)

Lemma 60. For any N > 2N/ + 2 and for any B € (B1 U By)N \By, we have

uns
10p L2 2 = O(h).

Proof. Let B € (B1 U B2)N\By. Then there exists N/, +2 <k < N — N/.. + 2 such that f; € B,.
Recall from Remark 54 that N[, is such that for any p € Vg, , we have ®Vunf0 (p) € Vo\(Upep, Vp) or

O Ninsto(p) € Vo\(U beB, Vb). The result then follows from Lemma 40. |

Equation (68) may then be rewritten as

Ny+1
(Xﬁ(lo))k=lX:(Xl7(lo))N"+l > ﬁﬂ)(XUO)NX_l+0L2—>L2(h°°)- (70)
=0

BEBK—2Ny—2+1
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By summing over k and reordering the terms, we get, for any K > 2N, + 3N/ .+ 4,

uns

N Ny+1

K
DS zuﬁ(m»w( 3 ﬁﬂ)uﬁo)l
k=0

n=1 1=0 ﬂEBn'f‘RNans"rz

n N—n
S Z(Xﬁ(lo))N"H( ) ﬁﬁ)uﬁo)’
n=K—2Ny—2 [=0 BEB, L3Ny 42
K—7—-1
+ > (xUt) + Op2y2(h™), (71)
=0

where 1 = K —3N/, — Ny, —4.

Let us note that from Lemma 42 and Hypothesis 13, for each 0 </ < N,, there exists y; € S ™ (X)
such that

O™ (1= D11 E} = 11 Ef + O(h™). (72)
Let us introduce the notation
Ny+1
= (73)
1=0
Thanks to equation (71), we can study the different terms in equation (67). The first term in the

right-hand side of (67) may be bounded by the following lemma.

Lemma 61. Let r > 0. We may find a constant M, > 0 such that for any M > M, and for any
M,|logh| < N < M|logh|, we have

1T to)™ x10EnliL2 = O(").

Proof. We use (70), Lemma 58 and the topological pressure assumption to obtain

T o) xi0Enllz <€ Y UpauEn| + OG)
BEBN—2Ny—2
<c 3 1Tg xt0 Enl
ﬂeBlN—2Nun5—2NX—4
N—-2Ny,s—2
<ChP(1+e)V ) [T exp[356(V8)]llx00Enll
ﬂeBlN—zNuns—zNX—zL j=1
N
< +€0)N( ) exp[%sm(vb)]) 00 B

beB,
< Ch™¥2(1 + €0)" exp{N1o(P(3) +2Neo) | 1 Enll-
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By assumption, Ej, is a tempered distribution, so that || s, Ep |l 2 < C/h"". Therefore
IGT o) 10 EnllL> < CH™"" =42~ exp{N 1o (P(3) + 2Neo)}
for some small €. The lemma follows by taking M, large enough. O

Using Lemma 61, and equation (71), we may rewrite equation (67) as

M, |logh| Ny+1

tEn="Y Z(xﬁ(mw“( ) ﬁﬂ)(xﬁo)’(l—mtoE;?
=0

n=1 BEB, L3N +2
M, |logh| M;|logh|—Ny,—2—n

-y > (xﬁao))Nx“( > ﬁﬂ)(xﬁo)l(l—x)x,0E2

n=M,|logh|—Ny =0 ﬂeBn+3Nu/ns+2
3N/ +Ny+3
+ > U ) A=0xEp + Op2(h").
=0

The second term may be bounded by O (k") thanks to Lemma 61. By using equations (72) and (73), we get

M, |logh| 3Nyt Ny +3
xEr= 3 (xﬁao))NW( ) ﬁﬂ)zE;H S O t)) (1=) xig ES+ 01217,
n=1 ﬂ68n+31vu’ns+2 =0 (74)
5.2. Evolution of the WKB states.
5.2.1. Construction of Bo. From now on, we fix b € By and r > 1. We may write
3N/ +Ny+3 Ny+3N/,+3
Wiy Y QU@ A=0xEr= Y, Y UWUL(1—p1oEy. (79
1=0 I=0 BeB!
where we have used the notation
UJ = xUp,x-+- xUp,. (76)

Note that each of the Uy I1,U g is a Fourier integral operator from L2?(X) to L%(R?). Thanks to
Corollary 53, we may use Lemma 42 to describe the action of each of these Fourier integral operators

on the Lagrangian state (1 — ) y+, E,?. If we denote by By the set U;\Z(;r 3Nins +3 B!, we may write
Ny+3N/+3
Uy Y U@ A= 0xE) = eops (77)
=0 ﬂego

where eq g p, (y?) = e¢0~5’b(ypb)/ha0’,3,b (yP?: h), withag g p and ¢ g p as in the statement of Theorem 47.
Let us now consider the other terms on the right-hand side of equation (74), which will be indexed
by By, n > 1.
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5.2.2. Evolution in the intermediate region. Letn>1and B € By 13N/ +2. By the definition of By 13n7 +2,
for N/ +1<i<n+2N/ +1 wehaveﬂ,- € B;.

uns uns
+1, . . . . . .
N (L) consists of a single Lagrangian manifold, which is yyns-

According to Theorem 17, @2 8
unstable in the symplectlc coordinates in V32N e
Thus, we may say that U Bo-Bans 41 (X E h) is a Lagrangian state associated to the Lagrangian manifold

@éN““SH ofo (Lo). Thanks to Lemma 56, we may use Lemma 42 to write

PB, A7
/7 =0 PBy N7 _ PByns 1. j 2Nns 1Y)/
Up,ny 1oy o Uobang ot TER) 2Vt 1) = a(y™ 2Vt e )/
for some a € S (RY).

5.2.3. Propagation of Lagrangian states close to the trapped set. To lighten the notations, let us write
ni=n-+2N/+1

For each 2N/ .+ 1 <k <n, we write

TBr 1B = Upyr Uﬁk’+1u;//( ’

Now Tg,, .\ B is an operator quantising the map kg, g,, o obtained by expressing ® in the
coordinates (yBx", nPr') > (yPrr+1 pPr+1). Tt is of the form (59).
We will write

Tf?NL{mHﬁ = T8ibi © 0 Ty o Ban
Thanks to Remark 55, we may apply Proposition 57 to describe the action of Tﬂ2 Ny 1. on the
Lagrangian state Ug, , 41 UﬁO"'ﬂzN’ . ()?E,(;). Note that
T,EZNUHS+1 nuBZNuns+1 (7/30-~-,3sz+1 = Ug; ﬁﬂomﬁﬁ'
We obtain that tg, Tlg. Uﬁo---ﬂﬁ ()?E}?) = e;,8, With
eip(y) = a™P (y)ePrsMh -y e Re, (78)

In the notation of Section 4.3, by Remark 55 that for any N/ + 1 <k’ <7, we have

uns
Di = ST(Vg,)(1+ O(€”) < 1.

We therefore set

n

Tosyin = 1] (Su(Vp )1+ 0@)). (79)
k/=Nuns+1

Thanks to equation (61) in Proposition 57 and equation (64), we obtain for any £ € N,
la™Pllce < (14 Ceh)ClIpy,, oy i+ 1D (80)

for some constants Cy, C é.
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5.2.4. End of the propagation. Using equation (74) and the results of the previous subsection, we have

M |log h|

XEn= > (xfi(ro))Nx“( > ﬁﬂﬁ"-ﬂnu;ﬁeﬁ,ﬂ)

n=1 BEB, L3Nl +2 1)

Nx+3lens+3
+ Y U@ (= 0xEp + Op2(h"),
=0
with
Ny+3N/,+3

Uy Y U@)' U=0xEp =D eops-
=0 BeBy

To finish the proof, we have to apply Uy ITp, (xU (19))Vx+1 Uﬂﬁ...ﬁnl/{; to e g-
To do this, one should once again decompose the propagator, and study

Z ubeUé(/ijﬂﬁ'"ﬂnuEﬁeﬁaﬂ’ (82)
ﬂ/eBNXJrl

with U /;(’ as in (76). To analyse each of the terms on the right-hand side of (82), we use once again
Lemma 42 (the lemma may be applied, thanks to Theorem 17 and to Lemma 56).
We obtain that

Uy T U, U5, U5 €5 p(y) = PP ()l bnpnr Oy e RY, (83)
and thanks to equation (80), we get
la™PF llce < (14 Ceh)Cdpy,, oy A+ D (84)
for some constants Cy, C é.
For any n > 1, we write
By = Buang, 42 x BN HL (85)

As announced, the cardinal of 5B, grows exponentially with n. If 8 = (8', ) € By with 8 € By12 N/ +1>

we define

Nnyony+2.0.8.8
b

dn,pb = d Pn,B.b = PNyiony+2.0.8.8"-

With these notations, combining (81) with (83) gives us the decomposition (51).

The key point to obtaining estimate (52) is to notice that for any N > N/ + 1, we have, thanks to (58),

uns

N—-N[,—1
Z TBng 1By = (Z Sto(Vp) (1 + O(Ep)))

'BNlﬁns-i-l"'ﬁﬁeBlN_NdnS_l beB; (86)

< exp[(N — Nps — D(toP(3) (1 + 0(eP))].

By applying (86) for N = Ny 12N, +2,1, and combining it with (84), we get (52). O



DISTORTED PLANE WAVES IN CHAOTIC SCATTERING 809

Note that, although the statement of Theorem 47 describes the generalized eigenfunctions Ey, only very
close to the trapped set, (81) can be used to describe Ej, in any compact set, though in a less explicit way.

Using the estimate (52) as well as the fact that ||X(7(t0)||L2—>L2 <1land |Upll;2—12 <1, we deduce
Theorem 1.

6. Semiclassical measures

The main ingredient in the proof of Corollary 50 is nonstationary phase. Let us recall the estimate we
will use, and which can be proven by integrating by parts.
Let a, ¢ € S™P(X). We consider the oscillatory integral

ip(x.h)

Iy(a, ) :=/Xa(x)e n dx.

Proposition 62. Let € > 0. Suppose that there exists C > 0 such that for all x € spt(a) and for all
0 < h < hg, we have |3¢ (x,h)| > ChY/27¢. Then

In(a.¢) = O(h™).
We shall only give a sketch of proof here, and refer to [Hormander 1983, §7.7] for more details.

Sketch of proof. To prove this result, we simply integrate by parts, noting that

h i (x.h
Inta.9) = T/X @345'3(6 252 dx.

Hence, when we integrate by parts, the worst term in the integrand will involve second derivatives of ¢

times /|d¢|?, and will therefore be a O(h2€) by assumption. By integrating by parts more times, we
will gain a factor h%€ every time, so that Ij,(a, ¢) is actually a O (h*°). |

Note that the sketch of proof above tells us that, if we could say that when d¢ (x, ) is small, then the
higher derivatives of ¢ are small as well, i.e., if we had

Vk >2,3C; suchthat [0%¢(x,h)| < Cr|dg(x,h)|,

then we would have Ij,(a, ¢) = O(h*®) provided |0¢ (x, h)| > Ch'~¢. However, it is not clear that we
can estimate the higher derivatives of the phase functions which appear in this section.

6.1. Distance between the Lagrangian manifolds. To take advantage of Proposition 62, we need a lower
bound on the distance between the Lagrangian manifolds which make up ®"%°(Lg) N V},. To prove such
a lower bound, let us first state an elementary topological lemma.

Lemma 63. There exists co > 0 such that for any p, p' € T*Xo N E such that d(p, p') < co, there exists
b € B such that p, p' € V},.

Proof. Suppose for contradiction that for any € > 0, there exists pe, p. such that d(pe, p.) < € and such
that for all » € B such that pe € V},, we have y¢ ¢ V3. By compactness of 7*Xo N &, we may suppose
that pe converges to some p. We then have p, — x, and if b € B is such that p € V}, then p, p.. € V}, for
€ small enough, a contradiction. O
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We may now state our lower bound on the distance between the Lagrangian leaves which make up
O (L) N V.

Let NeN, e B and b~e Bj1. The set CDZ”O(EO) NV} may be written in the form {(y??, 8q~5n,ﬂ’b(ypb)}
for some smooth function ¢y g .

For any B € BN B’ € BN let us define

o(B.B') :=max(N —(B), N' = 7(8")),
with t(B) as in (17).
Proposition 64. There exist constants C{, Cy > 0 such that for any N, N' €N, for any p € B N g’ e BN .
for any b € By and for any y*?, we have either ¢y g p(y°?) = 0y g p(¥P?) or
10,5, (r?) = b 7.5 (v")] = Ce 20,
Proof. Since T*X( N & is compact, we may find a constant C > 0 such that for any p, p’ € €N T* X,

d(®'(p), @' (p')) < eC'd(p, p'), (87)

where d is the distance on the energy layer which we introduced in Section 2.1.2.
Let b € By, and y» € Dgj; N Dy p, be such that

0pn.p.b(y7") 7 D1 5 (V7).

Let us denote by p the point (y*?, 8¢~5N,5,b (y*P)) and by p’ the point (y*?, 3¢~5N/,,3/,b (yP?)).

We claim that there exists 0 < k < o(8., ') such that for each b’ € B, if ® %% (p) € V},, then
dk10(p') ¢ V. Indeed, if no such k existed, then for each k, there would exist by € B such that
o0 (p) €V, and DK (p') €V}, foreach0<k <o (B, B’). We would then have p e CDZ]?,X(N’N/)JO (Lo)
and p’ € CD??,X(N’N/)”O (Lo) for some sequence B” built by possibly adding some 0’s in front of the
sequences B and B’ This would contradict the statement of Corollary 53.

Thanks to Lemma 63, we deduce from this that there exists 0 < k < o(8, B’) such that
d(®1(p), @70 (p')) = co.

Combining this fact with equation (87), we get

d(p.p') = coe €7

Since all metrics are equivalent on a compact set, we may compare d(p, p’) with |843N,ﬂ,b(ypb) —
o, g/,b(¥°?)| and we deduce from this the proposition. U

Using the definition of By, we deduce the following result about the functions ¢, g 5 in the statement
of Theorem 47.

Corollary 65. There exist constants C{, C} > 0 such that for any n,n’ €N, for any p € By, B’ € By, for
any b € By and for any y*, we have either 3¢, g p(y*?) = 0¢n g5 (yP?) or

|a¢n,,8,b(ypb) _ 3¢n/,/3/,b(y””)| > C{ecﬁ min(n,n’)'
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6.2. Proof of Corollary 50. We shall now prove Corollary 50, which we recall.

Corollary 50. There exists a constant 0 < ¢ < 1 and functions e, g p forn €N, B € By, and b € By such
that for any a € C°(T* X) and for any y € C2°(X), we have

(OP(TFa) B 1En) = [ aCe,0)dpp g (x.0) + OH)
with
o0

i, ey PP =Y D en g p(Y7)on =ag, , (vor Ay,
n=0gep,

The functions ey g p, satisfy the estimate (52).

Proof. Take any small € > 0, and set

1
20,

1
—€, ci=(M —G)P(%) = Z(CZ/) —e,
2

where C; comes from Corollary 65.

Let a € C°(T*X), y € CX(X) and b € By. Using the fact that Opy(ab) = Opy(a)Opy(b) +
O12_,12(h) for any a,b € S°°™P(X), the self-adjointness of I1j, and the unitarity of U}, on the microsup-
port of II;, we see that we have

(Opy (5 @) XEn. XEn) 2 xy = (OPs (@) Ty X En. Ty XEn) > () + O(h)
= (UpOpy (@) UpyUp Ty Epp, UpTIp XEp) (5 + O(h).
Now, using Egorov’s theorem ([Zworski 2012, Theorem 11.1]), we know that
UpOpy, () Uy Up T, = Opy (ap)Up Ty + Op2(x)— 12Ra) (BT),
where ap, = a okp + Op2(h). Using decomposition (51), we have

(OPh(”zfa)XEh, XEh)LZ(X)

LMc|loghl] _ LMc|loghl] .
= Z Z <OPh(ab)[€l¢"’3’b/han,ﬂ,b], Z Z elq)n/’ﬁ/’b/han’,ﬂ’,b> + O(hc) (88)
n=0 ﬂegn n’=0 'B’GEH/
But thanks to estimate (52),
\Mcloghl] (Mloghl]
Z Zel(bn,ﬂ.b/han,ﬂ,b — Z Z el(pnﬂ’b/han,ﬂ,b'i_ OLZ(]’IC),
n=0 'Begn n=0 Begn

so that

(Opy(rpa) xEn. XEn)L2(x)
LM [logh|] LM [logh|]

_ Z Z<Oph(ab)[ei¢"'3’b/han,ﬂ,b]’ Z Zei¢”’»lf’~b/han/,gf,b>+O(hc)- (89)

n=0 Becf, n'=0 B/eB,,
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We now want to fix a n < M |logh| and a 8 € By, and to analyse the behaviour of

| (Mloghl]
<0Ph(ab)[€l¢"’ﬂ’b/han,ﬂ,b]» Z Z €l¢”"‘9"”/hancﬂ’,b>-
n’=0 ﬁ/egn

Let us define Y,/ g = {y”b € spt(¢n,g,b) Nspt(dnprp) - 0y g1 b (¥P?) = 8¢n,5,b(y"b)}. We have
(Opp(ap)le’ 2/ a, g 1), ' a o/ "y, g, 4)

= /Y (Opp(ap)[e! P2y p p]) (P )e 80 O™ Ry gy (P ) dy P

n’.B’

+/Rd\y (Opy(ap)[e' 20" ay g 1) (yPP)e! O 0O kg, gy (P01 1) dyP?. (90)
”/-IS/

Recall that the integrals are well defined, because the phase functions are well defined in a neighbour-
hood of the functions a, g 5.

The second term on the right-hand side of (90) is a O(h°°). Indeed, the image of a Lagrangian state by
a pseudodifferential operator is still a Lagrangian state with the same phase. Therefore, we are computing
scalar products between Lagrangian states with respective phases ¢, g » and ¢, g/ p.

Now, by the choice of M, and by Corollary 65, we know that for each y*» € Rd\Yn@ g’ we have
100086 (¥P?) — 0pngrp (¥P2)] = Ch'/2t€ for some C, € > 0. Hence by Proposition 62, we deduce that
the second term on the right-hand side of (90) is a O(h*°).

We should now try to understand the properties of the set Y,/ g/.

First of all, Y}, g/ is an open set. Indeed, if y*» € Y, g/, then the point p = (y*?, d¢, g »(y*?)) (in the
coordinates centred at pp) belongs to @Z’to (Lo) as well as to QDZ/,JO (Lo) in the notation of Proposition 64.
Suppose for simplicity that n = n’ (the general case works the same). Then the condition y*» € Y,/ g/
simply means that "% (p) was both in Vg, and in Vﬂ;{ at each intermediate time k. This is clearly an
open condition.

On the other hand, by continuity of the phase functions, Y, g/ is a closed set. Therefore, Y, g/ consists
of a certain number of connected components of the support of ¢, g/.

We know that the support of a, g/, is included in the domain of definition of ¢, /5. Therefore,
some of the connected components of spt(a,, g/ ;) may be included in Y,,; g/, while others are included in
R4 \Y, g/, but none of them may intersect both sets. Therefore, if we set aZ,’,’Z,’ p(VPP) = ap g p(yPP) if

yP? €Y, g, and equal to O otherwise, then az,’, 8 € S, and we have

LM |logh|]

<Oph(ab)[ei¢"’ﬁ’b/han,B,b]s > Zei¢””3"h/han/,ﬂ’,b>
n'=0 B’eBy

LM |logh|]

=/Rd(Oph(ab)[e"%’“/han,ﬂ,b])(y””)e_i¢'1’ﬂ’h(ypb)/h( > Zazi,g/,b)(y””)dy””- 1)

n'=0 p’eB,
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Let us write
M |loghl]

Zln’ﬁ’b = Z Z a:,”%,’b.

n'=0 B’eB,
So d, g p(yPP) is the sum of all the symbols in the expansion (51) having phase ¢, g ,(y*?). We see by
the estimate (52) that a,, g 5 satisfies (52) itself, and that

LM |logh|]

<Oph(ab)[ei¢n’ﬂ'b/han,B,b]a > Z€i¢”"3/’h/han/,ﬂ’,b>
n'=0 B'eB,

— /Rd (Oph(ab)[€i¢”'ﬂ’b/han,ﬂ,b])(ypb)e_i¢”’3'b(ypb)/hﬁn,ﬂ,b(ypb)dypb + O(h™).

We may then compute this expression using stationary phase, just as to compute the semiclassical measure
of a Lagrangian state (see [Zworski 2012, §5.1]). We obtain

[M|logh|]

<0ph(ab>[ef¢"-ﬂ~b/"an,ﬁ,b1, > Z€i¢”/'ﬁ/'b/han’,ﬁ’,b>: / L @b ditn g,
n’'=0 p’eB, R
where

diin,gb = an,.p(Y*?)an o (YP)S(non =3, 5.,(v°0)ydVFP.

Summing over all n, 8 and using equation (89), we obtain indeed that
(OPHTF0) e Ea) = [ ar6)djn(5.8) + 01,

with (kp)* b,y = Y meo >_peB, Hn.p.b; that is to say

o0
i, (kp PP ) =Y D en b (Y800 =0 5.5 (o513 dY",
n=0 BeB,

where e, g 5 (yP?) := limy_,g(an,g,pan,g,p)(¥°”). This concludes the proof of Corollary 50. |

6.3. Construction of the measure . In the Introduction we defined the measure ,Uﬁ by

/ a d,t,LS ;= lim aod’ dug

T*R4 1=00 JT*Rd

foranya € C (? (T*R%). We will now give a sketch of the proof of why the hyperbolicity and transversality
hypotheses, along with the assumption that P(1) < 0, imply that the above limit exists.

Note that the assumption P(1) < 0 is really less restrictive than 77(%) < 0. For instance, if we assume
that the flow (®?) is axiom A, that is to say, that the periodic orbits are dense in K, then [Bowen 1975,
§4.C] guarantees us that P(1) < 0.

Note that, if a is nonnegative, then ¢ — fT*Rd aod! dug is nondecreasing, so that we only have to
show that this quantity is bounded.
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If  is a measure, we define ®L u by

/ ad(cbiu)::/ aod dpu.
T*Rd T*Rd

If 7 € C°(T*R?; [0, 1]) we define the measure 7 by

/ ad(mp) :=/ amdu.
T*Rd T*X

Remark 66. Note that if u is the semiclassical measure associated to a Lagrangian state ¢y, then
is the semiclassical measure associated to /pi ¢y, and, by Egorov’s theorem, ® p is the semiclassical
measure associated to U(t)¢y,.

We shall use the functions 7, from Section 4.4. If 8 € B", we set
D= g, DY (- 78, DY (g, DY 1))

Let ¢, be a Lagrangian state associated to a Lagrangian manifold which is y-unstable in the coordinates
(¥#.nP), and let 11 be the semiclassical measure associated to ¢j,. The propagation Ug¢y, can be described
using the methods of Section 4.3 along with the results of Section 2. In particular, we obtain, like in
[Nonnenmacher and Zworski 2009, (7.12)], that we may find C, € > 0 such that for all N € N and all

B € BN, we have
N

1Usnllz> < C(1+Ce)™ 1_[ exp[ 351 (Vg,)]-
j=1

We may deduce from this the following bound for the measure ®gu. Note that this could also be
deduced directly from the transport equations for measures, without using Schrodinger propagators and
Egorov’s theorem.

For any a € CY(T*X), if B € BV, we have that

N

(P, a) < C@(1+CON T explSiy(Vp)))-
j=1

By possibly taking the sets V3 smaller, we may ensure, just like in Section 4.1, that

> exp{Siy (Vy)} < expito(P(1) + €)}.
bGB]
Therefore, we obtain that
> (®pp.a) = C@)exp[-N1o(P(1) —e)]. (92)

N
BB

If we assume that the flow (®?) is axiom A, that is to say, that the periodic orbits are dense in K, then
[Bowen 1975, §4.C] guarantees us that P(1) < 0.
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Now, we have that
oNopf = 3" dgut,
BeBN
and we may use (92) along with the assumption that P(1) < O to show that, if a is nonnegative,
1+ [raga ao® d,u(é) is bounded.
Showing that uf is the semiclassical measure associated to Ej, follows from [Dyatlov and Guillarmou
2014, §5.1] (which relies on Egorov’s theorem), along with estimate (47).
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A FOURIER RESTRICTION THEOREM
FOR A TWO-DIMENSIONAL SURFACE OF FINITE TYPE

STEFAN BUSCHENHENKE, DETLEF MULLER AND ANA VARGAS

The problem of L9(R3) — L2(S) Fourier restriction estimates for smooth hypersurfaces S of finite type
in R3 is by now very well understood for a large class of hypersurfaces, including all analytic ones. In this
article, we take up the study of more general L4(R>) — L"(S) Fourier restriction estimates, by studying
a prototypical model class of two-dimensional surfaces for which the Gaussian curvature degenerates
in one-dimensional subsets. We obtain sharp restriction theorems in the range given by Tao in 2003 in
his work on paraboloids. For high-order degeneracies this covers the full range, closing the restriction
problem in Lebesgue spaces for those surfaces. A surprising new feature appears, in contrast with the
nonvanishing curvature case: there is an extra necessary condition. Our approach is based on an adaptation
of the bilinear method. A careful study of the dependence of the bilinear estimates on the curvature and
size of the support is required.
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1. Introduction

Let S be a smooth hypersurface in R” with surface measure dog. The Fourier restriction problem for S,
proposed by E. M. Stein in the seventies, asks for the range of exponents ¢ and r for which the estimate

( /S |f|’das)’ < Cllf Il (1-1)

holds true for every f € S(R"), with a constant C independent of f. There was a lot of activity
on this problem in the seventies and early eighties. The sharp range in dimension n = 2 for curves
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with nonvanishing curvature was determined through work by C. Fefferman [1970], E. M. Stein and
A. Zygmund [1974]. In higher dimensions, the sharp L9 — L? result for hypersurfaces with nonvanishing
Gaussian curvature was obtained by Stein [1986] and P. A. Tomas [1975] (see also [Strichartz 1977]).
Some more general classes of surfaces were treated by A. Greenleaf [1981].

The question about the general 19— L" restriction estimates is nevertheless still wide open. Fundamental
progress has been made since the nineties, with contributions by many. Major new ideas were introduced
in particular by J. Bourgain [1991; 1995b] and T. Wolff [1995], which led to important further steps
towards an understanding of the case of nonvanishing Gaussian curvature. These ideas and methods
were further developed by A. Moyua, A. Vargas, L. Vega and T. Tao [Moyua et al. 1996; 1999; Tao
et al. 1998], who established the so-called bilinear approach (which had been anticipated in the work of
C. Fefferman [1970] and had implicitly been present in the work of Bourgain [1995a]) for hypersurfaces
with nonvanishing Gaussian curvature for which all principal curvatures have the same sign. The same
method was applied to the light cone by Tao and Vargas [2000a; 2000b]. The climax of the application of
that bilinear method to these types of surfaces is due to Tao [2001b] (for principal curvatures of the same
sign), and Wolff [2001] and Tao [2001a] (for the light cone). In particular, in these last two papers the
sharp linear restriction estimates for the light cone in R* were obtained.

For the case of nonvanishing curvature but principal curvatures of different signs, analogous results in
R3 were proved by S. Lee [2006] and Vargas [2005]. Results for the light cone were previously obtained
in R3 by B. Barcel6 [1985], who also considered more general cones [Barcelé 1986]. These results were
improved to sharp theorems by S. Buschenhenke [2015]. The bilinear approach also produced results for
hypersurfaces with k < n — 2 nonvanishing principal curvatures [Lee and Vargas 2010].

More recently, J. Bourgain and L. Guth [2011] made further important progress on the case of
nonvanishing curvature by making use also of multilinear restriction estimates due to J. Bennett, A. Carbery
and T. Tao [Bennett et al. 2006].

On the other hand, general finite-type surfaces in R3 (without assumptions on the curvature) have been
considered in work by I. Ikromov, M. Kempe and D. Miiller [Ikromov et al. 2010; Ikromov and Miiller
2011; 2012; 2014], and the sharp range of Stein—Tomas-type L9 — L? restriction estimates has been
determined for a large class of smooth, finite-type hypersurfaces, including all analytic hypersurfaces.

It is our aim in this work to take up the latter branch of development by considering a certain model class
of hypersurfaces in dimension three with varying curvature and study more general L9 — L" restriction
estimates. Our approach will again be based on the bilinear method.! In our model class, the degeneracy
of the curvature will take place along one-dimensional subvarieties. For analytic hypersurfaces whose
Gaussian curvature does not vanish identically, this kind of behavior is typical, even though in our model
class the zero varieties will still be linear (or the union of two linear subsets). Even though our model
class would seem to be among the simplest possible surfaces of such behavior, we will see that they
require a very intricate study. We hope that this work will give some insight also for future research on
more general types of hypersurfaces.

1 ' When preparing this article, the multilinear approach seemed still not sufficiently developed for our needs, since estimates
with sharp dependence on the transversality were lacking. For recent progress on this issue, we refer to [Ramos 2016].
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Independently of our work, a result for rotationally invariant surfaces with degeneracy of the curvature
at a single point has been obtained recently by B. Stovall [2015].

1A. Outline of the problem: the adjoint setting. We start with a description of the surfaces that we want
to study. We will consider surfaces that are graphs of smooth functions defined on Q =10, 1] x]0, 1],

' = graph(¢) = {(§.9(§)) : § € O}

The surface I' is equipped with the surface measure, or. It will be more convenient to use duality and
work in the adjoint setting. The adjoint restriction operator is given by

R*f(x) = fdor(x) = /F FE) dor (), (12)

where f € L*(T",or). The restriction problem is therefore equivalent to the question of finding the
appropriate range of exponents for which the estimate

IR*fllLr @3y < ClILf s rdor)

holds with a constant C independent of the function f € L*(T", dos). We shall require the following
properties of the functions ¢:

Let my,mp € R, my,my > 2. We say that a function ¢ is of normalized type (m1, m») if there exist
). P2) € C*°(]0,1[, R) and a, b > 0 such that

¢ (1. 62) = ¢y (1) + d2)(52) (1-3)

on ]0, 1] x ]0, 1], where the derivatives of the ¢(; satisfy
By (&) ~ E" 2, (1-4)
o) )l <&M for k=3, (1-5)

The constants hidden in these estimates are assumed to be admissible in the sense that they only depend
on my, my and the order of the derivative, but not explicitly on the ¢;).

Note we have restricted ourselves to the open square Q which does not contain the origin in order to
allow also for noninteger values of m; and m>.

One would of course expect that small perturbations of such functions ¢, depending on both &1 and &5,
should lead to hypersurfaces sharing the same restriction estimates as our model class above. However,
such perturbation terms are not covered by our proof. It seems that the treatment of these more general
situations would require even more intricate arguments, which will have to take the underlying geometry
of the surface into account. We plan to study these questions in the future.

The prototypical example of a normalized function of type (m1,m>) is of course ¢ (§) = ;"' + 5;" 2,
For m; and m integer, others arise simply as follows:

Remarks 1.1. (i) Let ¢ > 0 and ¢ € C°°(]—s¢, ¢[, R) be of finite type m € N in 0, i.e.,

9(0) = ¢ (0) =---= 9™ () = 0# o™ (0).
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Assume ¢ (0) > 0. Then there exist ¢’ € (0, ) such that
g @)~ 1k

forall0 <k <m, |t] <&

(ii) Further let ¢ (§) = ¢(1)(§1) +d(2)(£2), |&] <&, where ¢(;y € C*°(]—e, ¢, R) is of finite type m; in O
with ¢((l.';li )(0) > (. Then there exists an £ > 0 such that y — ¢ (£y) is of normalized finite type (m1, m>3).

Proof. (1) Since ¢ has a zero of order m at the origin, we can find some g9 > 0, a smooth function
X0 :]—¢0, €0[ = ]0, 00[ and a sign 6 = +1 such that

o(1) = ot™ xo(1)
for all |£] < eo. It is then easy to see that this implies ¢ ®) (1) ~ ™k,

(i) Choose £ > 0 such that forbothi = 1,2, 0 <k <m; andall0 <t <&,
Bty (0) ~ 1M R),

Then forall0 <s <1,
dk
25k P (E8) ~ £K (zs) (mi =) = gmi (i =h), O
s

In order to formulate our main theorem, adapting Varchenko’s notion of height to our setting, we
introduce the height / of the surface by

1 1 1
= 4+ —
h mp  my

Let us also put m = m1 vV my = max{my,ms} and m = my Amy = min{my, ms}.

Theorem 1.2. Let p > max{%,h + 1}, 1/s">(h+1)/pand 1/s+ 2m+1)/p < (m +2)/2. Then
R* is bounded from L5 (T, dor) to LP'(R?) for every 1 <t < oo.
If in addition s < p or 1/s' > (h+ 1)/ p, then R* is even bounded from L*(T', dor) to L? (R3).

Remarks 1.3. (i) Notice that the “critical line” 1/s" = (h + 1)/p and the line 1/s + 2m + 1)/p =
(m +2)/2 in the (1/s, 1/ p)-plane intersect at the point (1/s¢, 1/ po) given by
I 3m+m—mm 1 m+m

= — =" (1-6)
S0 4m 4+ 2m po 4m+2m

This shows in particular that the point (1/sg, 1/po) lies strictly above (if m > 2) or on the bisectrix
1/s=1/p (fm =2).

The condition 1/s” > (h + 1)/ p in the theorem is necessary and in fact dictated by homogeneity (Knapp
box examples).

(i) By (1), the condition

m+2>2m+1+1 (1-7)
2 p S
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Figure 1. Conjectured range of p and s for nonvanishing Gaussian curvature.

only plays a role above the bisectrix. It is necessary too when p < s, hence, in view of (i), if m > 2. If
m = 2, it is necessary with the possible exception of the case where

_4(m+1)
Com+2
for which we do not have an argument. Our proof in Section 1C will reflect the fact that for m; > 2, the

S0 = pPo

’

behavior of the operator must be worse than for the case m; = 2.

(iii) From the first condition in the theorem, we see that p > h + 1 is also necessary. Moreover, we shall
show in Section 1C that strong-type estimates are not possible unless s < p or 1/s" > h + 1/p. The
condition p > 1—30 is due to the use of the bilinear method, as this exponent gives the sharp bilinear result
for the paraboloid, and it is surely not sharp. Nevertheless, when £ > % we obtain the sharp result.

A new phenomenon appears in these surfaces. In the case of nonvanishing Gaussian curvature, it
is conjectured that the sharp range is given by the homogeneity condition 1/s" > (h + 1)/p (with
h=2/(n—1),hence h+1= (n+1)/(n — 1)), and a second condition, p > 2n/(n — 1), due to the
decay rate of the Fourier transform of the surface measure. A similar result is conjectured for the light
cone (cf. Figure 1). In contrast to this, we show in our theorem that for the class of surfaces I" under
consideration a third condition appears, namely (1-7).

Let us briefly discuss the different situations that may arise in Theorem 1.2, depending on the choice
of my and ms:

First observe that 1/ po in (1-6) is above the critical threshold 1/ p. = 1—3;), if m <2m. In this case, the
new condition

1, 2m+4+1_ m+42

st T2
will not show up in our theorem. So for m < 2m, we are in the situation of either Figure 2 (if h < %, ie.,
h+1< 13—0) or of Figure 3 (if h > %) Notice that in the last case our theorem is sharp.

It might also be interesting to compare po not only with the condition p > %, which is due to the
bilinear method, but with the conjectured range p > 3. We always have po > 3, while we have pg = 3
only if m1 = m»; i.e., a reasonable conjecture is that the new condition (1-7) should always appear for
inhomogeneous surfaces with m; # my. In the case m > 2m, our new condition might be visible.
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Figure 4. Range of p and s in Theorem 1.2.

Observe next that the line

L 2htl_m+2
N p 2
intersects the (1/ p)-axis where
. 4m+2
P=P=

Thus there are two subcases:

For m <7 we have p; < 1—30, corresponding to Figure 4, and our new condition appears.

For m > 7 we may either have pg > p; > h + 1 (which is equivalent to mm > 3m + m) and thus
Figure 5 applies, or pg < p1 < h + 1 (which is equivalent to mm < 3m + m), and we are in the situation
of Figure 3; here again the new condition becomes relevant. Observe that in the two last mentioned cases,

i.e., for m > 7, our theorem is always sharp.
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Figure 5. Range of p and s in Theorem 1.2.

Further observe that the appearance of a third condition, besides the classical ones, is natural: Fix
m1 = 2 and let m = m, — o0o. Then the contact order in the second coordinate direction degenerates.
Hence, we would expect to find the same p-range as for a two-dimensional cylinder, which agrees with
the range for a parabola in the plane, namely p > 4 (see [Fefferman 1970; Zygmund 1974]). Since h — 2
as m = mp — o0, the condition p > max{%, h+ 1} becomes p > 1—3? in the limit, which would lead to a

larger range than expected. However, the new extra condition
1 n 2m+1 o m +2

S p 2

becomes p > 4 for m — 00, as is to be expected.

The restriction problem for the graph of functions ¢(x) = &' + £, (and related surfaces) was
studied by E. Ferreyra and M. Urciuolo [2009], however by simpler methods, which led to weaker results
than ours. In their approach, they made use of the invariance of this surface under suitable nonisotropic
dilations as well as of the one-dimensional results for curves. This allowed them to obtain some results
for p > 4, in the region below the homogeneity line, i.e., for 1/s’ > (h + 1)/ p. Our results are stronger
in two ways: they include the critical line and, more importantly, when & < 3, we obtain a larger range
for p.

As for the points on the critical line in the range p > 4, let us indicate that these points can in fact also
be obtained by means of a simple summation argument involving Lorentz spaces and real interpolation.
This can be achieved by means of a summation trick going back to ideas by Bourgain [1985] (see for
instance [Tao et al. 1998; Lee 2003]). Details are given in Section Al of this article.

1B. Passage from surface to Lebesgue measure. We will always consider hypersurfaces S = {(n, ¢(n)):
n € U} which are the graphs of functions ¢ that are smooth on an open bounded subset U C R4 and
continuous on the closure of U. The adjoint of the Fourier restriction operator associated to S is then
given by

R*f(x,1) = fdos(x,1) = /S f©)e D dog(E),  (x,0) R xR=RIT,

where dog = (1 + |V¢ (n)|2)% dn denotes the Riemannian surface measure of S. Here, f : § — C is
a function on S, but we shall often identify it with the corresponding function f : U — C, given by
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f (n) = f(n,$(n)). Correspondingly, we define
Rigg(x.1) = gdv(x,1) = fU gme 1O an - (x,1) e R xR = R,

’

for every function g € L1(U) on U. We shall occasionally address dv = dvg as the “Lebesgue measure’

on S, in contrast with the surface measure do = dos. Moreover, to emphasize which surface S is meant,

*
S,R4 "

IVo(n)| <A, neU (1-8)

we shall occasionally also write Ru’; s =R Observe that if there is a constant A such that

(this applies for instance to our class of hypersurfaces I, since we assume m; > 2), then the Lebesgue
measure dv and the surface measure do are comparable, up to some positive multiplicative constants
depending only on A. Moreover, since

R*f = RE (S +1VenI)3), (1-9)

the L4-norms | £ |a(an) and || f | Lacdos) = 1/ (1 + Vo DI*) 29| La(any of f and of f are comparable
too. Throughout the article, we shall therefore apply the following.

Convention 1.4. Whenever |V¢| < 1, with some slight abuse of notation, we shall denote the function f
on S and the corresponding function f on U by the same symbol f, and write R[Ed f in place of R[Ed f.

In view of these observations, we shall in the sequel mainly work with the operator R[Ed associated to
the hypersurface T, in place of R*.

1C. Necessary conditions. The condition p > h+ 1 is in some sense the weakest one. Indeed, the second
condition already implies p > h + 1, and even p > h 4+ 1 when s < co. Thus the condition p > h + 1
only plays a role when the critical line 1/s’ = (h + 1)/ p intersects the axis 1/s = 0 at a point where
P> pe= % (see Figure 3).

However, the condition p > h + 1 is necessary as well (although some kind of weak-type estimate
might hold true at the endpoint). This can be shown by analyzing the oscillatory integral defined by R[E a1
(see [Sogge 1987] for similar arguments). For the sake of simplicity, we shall do this only for the model
case ¢(§) = ;nl + s;" 2 (the more general case can be treated by similar, but technically more involved
arguments).

Lemma 1.5. Assume m > 2.
) If 1l K p KA u™, then

m—2 1
> CS U 2m=2 AT 2m=2

)
/ o (HE=2E+OE™ ) 4
0

provided § > 0 is sufficiently small.
)1l 0<a<land0<p <1, then

1 . m a—
‘/ o (WE=AEM =0 100 (£ /2)| B dE| = AW (log 1) 2.
0
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Proof. (i) Apply the transformation & — (u/ A)ﬁé to obtain

$ S(* 1/(m—1) m% ” . 1 s(~ 1/(m—1)
/ ei(MS—ASm+O(§m+1)) d%‘ :/ (,u) (E) lei(MT)l/( 1)¢(E) d%‘ :/ n / (u_) ’
0 0 A 0 1

where ¢p(§) =& —E" + O((M/k)ﬁém“), (,u/)t)ﬁ < 1 and (/Lm/k)ﬁ > 1. The phase function
¢ () has a unique critical point at £y = &g (u/A) in [0, 1] lying very close to M Applying well-known
asymptotic expansions for oscillatory integrals with nondegenerate critical points (see, e.g., [Stein 1993]),

we find that
1 T [ M\ 2 T
/ (YT (e _
0 A A

Moreover, integrating by parts in the second integral leads to

5 o (Y (Y
a(zm) (%)

provided ¢ is sufficiently small. These estimates imply

1y T i —1nk
/(g) ' iuE—AEHOE ) g >(E) (ﬂ) R = e
~\A A '
0

A
(i) Apply the change of variables & — )k_%f to obtain

1

/ ' LA =10 /2)| B d 5‘
0

1/m

A -8
/0 ei(uk_l/mé—gm)s—a(l_i_ |10g(€/2)|) dg'

a—1 1
=A"m |log(A"m)| 7P .
- log A

> 2% (log A)7A.

Notice here that A > 1 and ,u/'\_i <« 1, and that, as A — o0, the last oscillatory integral tends to
[ eI E7 dE £ 0 (which is easily seen). O

Part (ii) of the lemma implies

1 1
—i - mj “m
/(; e i(x1é—x3é )dS'ng, 1

for 1 <x3 < oo, 1 € x]"' < x3, and since R 1= dv, we find that

[e.e]
iRz [ f / |R% 11, X2 —x)|? iy does dixca
RO i</ Jicn </ R

oo 1 1
Gty +iny)
Z/ / \m dX2/ \m dx1x3 my " my dX3
1 Jikxokxy "2 lx <xy' !

% (1-p) Gy +iz) %o —zgt
2/; Xy ! 2cix3.=/1 xy " odxs.
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If the adjoint Fourier restriction operator is bounded, the integral has to be finite; thus necessarily
(p—D/h>1,ie,p>h+1.
Next, to see that the condition (1-7), i.e.,
m+2 S 2m+1 n 1

2 p s

9
is necessary in Theorem 1.2, we consider the subsurface

To={(5.¢():£[0,1]x[1, 1 +35]},

where § > 0 is assumed to be sufficiently small. On this subsurface, the principal curvature in the
&»-direction is bounded from below. This means that, after applying a suitable affine transformation of
coordinates, the restriction problem for the surface 'y is equivalent to the one for the surface

T2 ={(E1.62.67" +¢c(65 + 0(E)))) : (51.&) €[0.1] x [0. 6]},
where ¢ > 0.

As stated in Remarks 1.3, the condition (1-7) only plays a role above the bisectrix 1/s = 1/p. So,
assume p < s (as explained, this excludes only the case where m = 2 and s = p = pg). Then we may
choose B < 1 such that Bs > 1 > Bp. Assume R[. is bounded from L*(I") to LP(R%); ie., RY 5
is bounded from L*(I'y, 2) to L?(R3). Passing again from the surface measure do to the “Lebesglue
measure” dv on [y, 2, define f(§1,&2) =&, 1/s log(£1/2)7F € L*(T'ym,,2,dv). Then

| dv(x1,x2,—1)| =

. _ mj 2 3 _l _
/ ez(xlsl+xzsz (& e @ TOEN £ og (£, /2) P d (€, E)
[0,1]x[0,8]

1 ” 8
/ A E TS oo (e 12)7P g, / ¢l Cabr—te(E+0E) g |
0 0

We estimate the first integral by means of Lemma 1.5(ii), and for the second one we use Lemma 1.5(i)
(with m = 2), which leads to

[l/ml

00> | £112 2 I F dvl? / / / T 18 (log 1) PP dxy dx d
,1/2

D
N/ 1_7t’"1 s'my (logt)_ﬂp dt,
N

provided N is chosen sufficiently large. This implies that necessarily

p 1 p

1—-£ 4+ - _

2 mp  s'm

< -1,

which is equivalent to

mi+2 - 2mi +1 1
2 p S
Interchanging the roles of £; and &, we obtain the same inequality for m, and hence for m = m; Vv m,,
and we arrive at (1-7).
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Let us finally prove that on the critical line 1/s" = (h + 1)/ p one cannot have strong-type estimates
above the bisectrix 1/s = 1/p, i.e., for s > p. In this regime, we find some 1 > r > 0 such that
1/s <r <1/p. Let

F6) =& 1082/ 1 gy 6).

It is easy to check that f € L*(T") since 1 < rs. Now assume 1 < x;-nj <t for j =1, 2; more precisely
choose N > 1 and assume N2 < Nx;-nj <t for j =1,2. Then

mz/ml

1 . m _ma 2 . m
(R[gd f)(x1, x2, 1) :/ e tn2éa—1§) 2)%.2 sh |10g($2/2)|—r/ e lx1&1—1§ ) dErdg.
0

0
Since x]"! <t is equivalent to (E;nz/m‘xl)ml <K 1£5'%, Lemma 1.5(ii) gives
EmZ/ml . m my 1 LMo/ m m
[ 2 emiCEI—E ) e | = 3 / 16 xin—tE, 2 n™) dU‘Z fE
0 0

Applying Lemma 1.5 once more, we obtain

1

|(Ria [)(x1, %2, —1)| 21 ™

where we made use of 1/s" = (h + 1)/ p. Thus we get

(t/N)V/m2 a(t/N)YY/™ |
/ / 1~ 1og7"P(1/2) dxy dxy dt
Nl/m2 Nl/ml

o0
*
IRz S5 [
o0
m/ t~Yog P (t/2) dt = oo,
N2

since rp < 1.
Let us finish this subsection by adding a few more observations and remarks.

(a) First, observe that I'g is a subset of
Ly ={¢.¢@) el [§[~1}

(b) One can use the dilations (£1, &) — (rl/m1 &1, rl/mzéz), r > 0, in order to decompose Q =
[0, 1] %[O, 1] into “dyadic annuli” which, after rescaling, reduces the restriction problem in many situations
to the one for I'y (this kind of approach is used extensively in [Ikromov et al. 2010; Ikromov and Miiller
2011], as well as in [Ferreyra and Urciuolo 2009]).

Indeed, on the one hand, any restriction estimate on I" clearly implies the same estimate also for the
subsurface I';. On the other hand, the estimates for the dyadic pieces sum up below the sharp critical line
(this is the approach in [Ferreyra and Urciuolo 2009]), i.e., when 1/s” > (h + 1)/ p. Moreover, in many sit-
uations one may apply Bourgain’s summation trick in a similar way to that described in Section A1 in order
to establish weak-type estimates also when (1/s, 1/ p) lies on the critical line, i.e., when 1/s" = (h + 1)/ p.
However, we shall not pursue this approach here, since it would not give too much of a simplification for
us and since our approach (outlined in the next subsection) seems to lead to an even somewhat sharper
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A
W=

N

Figure 6. Region on which (1-10) is valid.

result. Moreover, it seems useful and more systematic to understand bilinear restriction estimates for
quite general pairs of pieces of our surfaces I', and not only the ones which would arise from I'y.

(c) On I'y, one of the two principal curvatures may vanish, but not both. Notice also that by dividing I"y
into a finite number of pieces lying in sufficiently small angular sectors and applying a suitable affine
transformation to each of them, we may reduce to surfaces of the form

Tz = {51, 62, ym(€1) + 6 + OE3)) 1 &1, 6 € [0, 1]},

where ¥, (§1) ~ £]" as before, with m = m or m = m (see also our previous discussion of necessary
conditions). Applying then a further dyadic decomposition in &1, we see that we may essentially reduce to
subsurfaces on which §; ~ ¢, with ¢ > 0 a small dyadic number. Note that on these we have nonvanishing
Gaussian curvature, but the lower bounds of the curvature depend on ¢ > 0. A rescaling then leads to
surfaces of the form

Pr={(t1.6. 61 +E +OE +T7'63)) :£1 €[0.1]. & € [0. T]},

withT =&¢/2> 1. A prototype of such a situation would be the part of the standard paraboloid lying
above a very long-stretched rectangle. Although Fourier restriction estimates for the paraboloid have
been studied extensively, the authors are not aware of any results that would give the right control on the
dependence on the parameter 7 > 1. Indeed, one can prove that the lower bound

1_1
IRl Ls (Pry—>LP®3) 2 TG0+ (1-10)

for the adjoint restriction operator R}, = R;T g2 associated to Lebesgue measure on Pz holds true for
all s and p for which (1/s, 1/ p) lies within the shaded region in Figure 6, and a reasonable conjecture is
that also the reverse inequality essentially holds true, maybe up to an extra factor 79, i.e., that

S§+(L-1
IRT s (pry—Lr@3) < CsT +G5)+ (1-11)

for every § > 0.
We give some hints as to why (1-10) holds true and why the inverse inequality (with §-loss) seems a
reasonable conjecture. Let dvy denote the “Lebesgue measure” on Pr. Then by Lemma 1.5,

T 1
|d/1;(x1, X2, 1) (3 f ol b2 +1[E5+0(T71E3)]) dty = T3 / ol 2T+ T2 +0(n))) dn>171,
0 0
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provided x; < ¢ and xp < Tt (we may arrange matters in the preceding reductions so that the error term
O(n?) is small compared to 5?). Hence, since we assume p > 3,

— 1
ldvrlLr@s) 2 T7.
Obviously || 1||zs(py.dvy) = TS, so we see that

11
IR s prys oy 2 TS,
Restricting P to the region where £ < 1, we see that also || R7||Ls(p,;)—Lr®3) 2 1, and combining
these two lower bounds gives (1-10).

On the other hand, from Remark 4, (2.4) in [Ferreyra and Urciuolo 2009] we easily obtain by an
obvious rescaling argument that for 1/s" = 3/p and p > 4 (hence 1/p < 1/s), we have

” R;" ”LS(PT,dvT)—>LP(R3) =C,

uniformly in 7. It is conjectured that for the entire paraboloid P = {(&1, &2, &7 + £2) : (§1, &2) € R?}, the
adjoint restriction operator R;;,RZ is bounded for 1/s" =2/p and p > 3 (hence 1/p < 1/s). It would be
reasonable to expect the same kind of behavior for suitable perturbations of the paraboloid, and subsets of
those, such as Pr (maybe with an extra factor T? for any § > 0). By complex interpolation, the previous

estimate in combination with the latter conjectural estimate would lead to

” R;‘ ”LS(PT,dvT)_)Lp(RS) =< Cg T8

for every § > 0, provided that 1/p < 1/s and 2/p < 1/s’ < 3/ p. In combination with a trivial application
of Holder’s inequality this leads to the conjecture (1-11),

S+(L1_1
”R;”LS(PT)_)Lp(W) <CsT +(p D

for every § > 0, provided (1/s, 1/ p) lies within the shaded region in Figure 6.

1D. The strategy of the approach. We will study certain bilinear operators. For a suitable pair of
subsurfaces S1, 52 C S (we will be more specific on this point later), we seek to establish bilinear
estimates

| Rp2 f1Rp2 follLr w3y < CpC(S1.82) || fillLzesy) | f2llL2(ssy)-

for functions fi, f» supported in S; and S», respectively.

For hypersurfaces with nonvanishing Gaussian curvature and principal curvatures of the same sign, the
sharp estimates of this type, under the appropriate transversality assumption, appeared in [Tao 2003b]
(after previous partial results in [Tao et al. 1998; Tao and Vargas 2000a]). For the light cone in any
dimension, the analogous results were established in [Wolff 2001; Tao 2001a] (improving on earlier
results in [Bourgain 1995a; Tao and Vargas 2000a]). For the case of principal curvatures of different sign,
or with a smaller number of nonvanishing principal curvatures, sharp bilinear results are also known [Lee
2006; Vargas 2005; Lee and Vargas 2010].
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What is crucial for us is to know how the constant C(S7, S2) explicitly depends on the pair of surfaces
S1 and 3, in order to be able to sum all the bilinear estimates that we obtain for pairs of pieces of our
given surface, to pass to a linear estimate. Classically, this is done by proving a bilinear estimate for one
“generic” class of subsurfaces. For instance, if S is the paraboloid, then other pairs of subsurfaces can be
reduced to it by means suitable affine transformations and homogeneous rescalings. However, general
surfaces do not come with such a kind of self-similarity under these transformations, and it is one of the
features of this article that we establish new, very precise bilinear estimates.

The bounds on the constant C(S1, S2) that we establish will depend on the size of the domains and
local principal curvatures of the subsurfaces, and we shall have to keep track of these during the whole
proof. In this sense, many of the lemmas are generalized, quantitative versions of well-known results
from classical bilinear theory.

The pairs of subsurfaces that we would like to discuss are pieces of the surface sitting over two dyadic
rectangles and satisfying certain separation or “transversality” assumptions. However, such a rectangle
might touch one of the axes, where some principle curvature is vanishing. In this case we will decompose
dyadically a second time. But even on these smaller sets, we do not have the correct “transversality”
conditions; we first have to find a proper rescaling such that the scaled subsurfaces allow us to run the
bilinear machinery.

The following section will begin with the bilinear argument to provide us with a very general bilinear
result for sufficiently “good” pairs of surfaces. In the subsequent section, we construct a suitable scaling
in order to apply this general result to our situation. After rescaling and several additional arguments, we
pass to a global bilinear estimate and finally proceed to the linear estimate.

A few more remarks on the notion will be useful: as mentioned before, it is very important to know
precisely how the constants depend on the specific choice of subsurfaces. Moreover, there will appear
other constants, depending possibly on m1,m3, p, g, or other quantities, but not explicitly on the choice
of subsurfaces. We will not keep track of such types of constants, since it would even set a false focus
and distract the reader. Instead we will simply use the symbol < for an inequality involving one of
these constants of minor importance. To be more precise on this, later we introduce a family of pairs of
subsurfaces Sp. Then for quantities 4, B : Sy — R the inequality A < B means there exists a constant
C > 0 such that A(S1, S2) < CB(S1, S2) uniformly for all (S, S»2) € So.

Moreover, we will also use the notation A ~ B if A < B and B < A. We will even use this notation
for vectors, meaning their entries are comparable in each coordinate. Similarly, we write A < B if there
exists a constant ¢ > 0 such that A(S1, S2) < cB(S1, S2) for all (S1, S2) € Sp and ¢ is “small enough”
for our purposes. This notion of being “sufficiently small” will in general depend on the situation and
further constants, but the choice will be uniform in the sense that it will work for all pairs of subsurfaces
in the class Sp.

The inner product of two vectors x, y will usually be denoted by xy or x - y, and occasionally also

by (x, y).
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2. General bilinear theory

2A. Wave packet decomposition. We begin with what is basically a well-known result, although we
need a more quantitative version (cf. [Tao 2003a; Lee 2006]).

Lemma 2.1. Let U C R? be an open and bounded subset, and let ¢ € C®° (U, R). We assume there exist
constants k > 0 and D < 1/« such that ||3%¢ |0 < AekD*1®! for all & € N? with |a| > 2. Then for

every R > 1 there exists a wave packet decomposition adapted to ¢ with tubes of radius R/D = R’ and
length R*/(D?k) = (R")?/x, where we have put R = R'D.

More precisely, consider the index sets Y = R'Z% and V = (R")™12% N U, and define for w = (y,v) €
Y XV =W the tube

Ty = {(x,t) eR?xR: 1] < (RKJZ lx—y +1tVep ()| < R/}. (2-1)

Then, given any function f € L?>(U), there exist functions (wave packets) { pw }wew and coefficients
cw € C such that R”’g 4 f can be decomposed as

R[T-‘;df(x’ 1) = Z Cw pw (X, 1)
wew
for every t € Rwith |t| < (R")?/k, in such a way that the following hold true:
(P1) pw = Ry Bra (Pw (-, 0))).
(P2) suppga+1 pw C B((v,¢(v)),2/R).
(P3) pw is essentially supported in Ty, i.e.,

—d x—y+1Vp)\V
forevery N € N. In particular, || py (-, 1)|2 S 1.
(P4) Forall W C W, we have HZweW pw(-,t)H2 < |W|%
(P5) llellez < 11F Ml 2

Moreover, the constants arising explicitly (such as the Cy) or implicitly in these estimates can be
chosen to depend only on the constants Ay but no further on the function ¢, and also not on the other
quantities R, D and k (such constants will be called admissible).

Remarks 2.2. (i) Notice that no bound is required on V¢ at this stage; however, such bounds will

become important later (for instance in (iii)).

(ii) Denote by N (v) the normal vector at (v, ¢ (v)) to the graph of ¢ which is givenby N(v) = (=V¢(v), 1).

Since (R')?/k > R’, we may thus rewrite

(R')?
K

Tw = (v,0) + {tN(v) t| < }+(’)(R’).
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R A

R2

Figure 7. The tubes Ty, fill a horizontal strip.

Moreover,

X =y +1Vo@)| = [(x.1) = (y,0) =tN(v)| = dist((x. 1), T).
It is then easily seen that (P3) can be rewritten as

dist(z, Ty) )—N

|Pw(2)] < O (RS (1 +

for all z € R4+ with |(z, eq+1)] < (R')?/k, where egy 1 denotes the last vector of the canonical basis
of R4*1. This justifies the statement that “p,, is essentially supported in T3,”.

(iii) Notice further that we can reparametrize the wave packets by lifting V' to V= {(v,p(v)):veV}CS.
If we now assume |V¢|| < 1, then we have |(v, ¢(v)) — (v, ¢ (v'))| ~ |[v — v’|, and thus ¥ becomes an
(R")"'-net in S. Finally, we shall identify a parameter y € R with the point (y, 0) in the hyperplane
R4 x {0}.

Proof of Lemma 2.1. We will basically follow the proof by Lee [2006]; the only new feature consists in
elaborating the precise role of the constant .

Let 7, 1 € C§°(B(0, 1)) be chosen in such a way that for 1y, (x) =n((x—y)/R’), ¥ (§) =¥ (R'(§—v))
we have 3 o), ¥y = 1 on U and } ) ny = 1. We also choose a slightly bigger function V=
C§°(B(0,3)) such that y =1 on B(0,2) D supp ¥ + supp 7, and put ¥, () = ¥ (R'(§ —v)). Then the
functions

Fyv) =8|Rta}(wvf77y):(1/fvf)*ﬁy’ y€EY, vey,

are essentially well localized in both position and momentum/frequency space. Define g, = R;{ 7 (Fw),
w = (¥, v) € W; up to a certain factor c,, which will be determined later, these are already the announced
wave packets, i.e., gy = Cy Pw-

Since f =), ew Fw., we then have the decomposition Ry, /= >, ew qw- Let us concentrate on
property (P3) —the other properties are then rather easy to establish. Since supp F(y, ) C B(v,2/R’),
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we have, for every w = (3, v) € W,
dulr.n) = [ OEOOF, 6 dg = [ TCEOO F, @06 ds
=y [[ T (0m80O) 6y ag P2 0z
— em) 4 (R / / =1 (=G +0) 1100 +0)) . (6) d By () dz

:(2n)_d(R/)_d/K(x—z,t)ﬁw(z) dz,

with the kernel

K= [ttty as

We claim that

-N
- |x + tV¢(v)|) 2-2)

K(x.0)] £ ( =

for every N € N. To this end, we shall estimate the oscillatory integral
Ky = [ 2205 de,
with phase

_x(+v)+id( +v)
1R Yx + 1tV )|

(€)

where we put A = 1 4+ (R)"!|x +¢V¢(v)|. In order to prove (2-2), we may assume |x + Ve (v)| > R’
Then integrations by parts will lead to | K; | <A™V forall N € N, hence to (2-2), provided we can show that

IVO(E)| ~1 forall &, (2-3)
[0P|loo <1 forall a > 2, (2-4)

and that the constants in these estimates are admissible. But,

11|V (% +v) = Vo®)| _111|Vé(z +v)=Vo®)]| _ I
|x +tVeo(v)] R’ ~ (R)?

1
14 lloo = —11¢" o0 < 1

for every & € supp ¥, hence

|t L |x + Vo).

Vo (}% + v) — V¢ ()

Thus

[x + V(g +v)| _ [x +1V9@) —1[Vo) - Vo( +0)]|  [x+1Vew)
R +|x+1tVe()| R +|x +1tV(v)] R +|x+tVe)|

V()| =
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which verifies (2-3). And, for |«| > 2 we have
_ 3
1(R) '“'(aaqs)(ﬁ +v

which gives (2-4). It is easily checked that the constants in these estimates can be chosen to be admissible.

o ( ')2 el n2—lal no—lal _ p2—lal
|0%P(§)] < ~—(R) ™D < (DR)) =R <1,

Following the proof in [Lee 2006], we conclude that
0.0 S R [[KG=2 = y.0 P+ )] dz

=&y [ k=2 yoon( 5 )T e+ 0z

_ \V/ -~
< (14 EEON D@,

where M denotes the Hardy-Littlewood maximal operator. Thus, we obtain (P3) by choosing ¢y, =
cony = (RYPM ().

Properties (P1) and (P2) follow from the definition of the wave packets. From (P2) and (P3) we can
deduce (P4). For (P5), we refer to [Lee 2006]. O

In view of our previous remarks, it is easy to restate Lemma 2.1 in a more coordinate-free way. For
any given hyperplane H = n't C RA+1 with n a unit vector (so that R¢+! = H + Rn), define the partial
Fourier (co)transform

8;11f($+tn)=/ f(x—l—tn)eix'gdx, E€H, teR.
H

Moreover, if U C H is open and bounded, and if ¢z € C°°(U, R) is given, then consider the smooth
hypersurface S ={n+¢g(nn:nelU} C RZ+1 and define the corresponding Fourier extension operator

Rgf(x +1n) = /U f(n)e—i(xn-i-tth(n)) dn = /U f(n)e—i(x+tn,n+¢H(n)n) dn

for (x,¢) € H xR and f € L?(U). Notice that Rﬂ’gd corresponds to the special case H = R? x {0}, and
thus by means of a suitable rotation, mapping e; 1 to n, we immediately obtain the following.

Corollary 2.3 (wave packet decomposition). Let U C H be an open and bounded subset, and let
og € C®(U,R). We assume that there are constants k > 0 and D < 1/« such that ||¢;1) oo < AjkD?~!
for everyl € N with | > 2, where ¢(l) denotes the total derivative of ¢g of order |, and in addition
that ||¢'||co < A. Then for every R > 1 there exists a wave packet decomposition adapted to S and the
decomposition of RV into R4t = H + Rn, with tubes of radius R/D = R’ and length R?/(D?k) =
(R")?/k, where R = R'D.

More precisely, there exists an R'-lattice Y in H and an (R')"Y-net V in S such that the following
hold true: if we denote by W the index set W = Y x V and associate to w = (y,v) € Y xV =W the

tube-like set
Tw=y+IN@) It < (R) L+ BO. R, 2-5)
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then for every given function f € L?(U) there exist functions (wave packets) { pw }wew and coefficients
cw € C such that for every x = x' 4+ tn € R4T1 with |t| < (R")2/k and x' € H, we may decompose
Ry f(x) as

Ry f(x) =) cwpuw(x),

wew

in such a way that the following hold true:

(P1) pw = Ry @y (pwln)).
(P2') supp §ra+1 pw C B(v, (R)™1) and supp§g (pw (- +tn)) C B, O((R')~1)),where v’ denotes
the orthogonal projection of v € S to H.

(P3) py is essentially supported in Ty,; ie.,

P ()] < cN<R/)—1(

dist(x, Tw) \ N

(P4) Forall W C W, we have | Y yew pw(- + )l L2y < W2
(PS) lellz SN f L2

Moreover, the constants arising in these estimates can be chosen to depend only on the constants A

and A, but no further on the function ¢, and also not on the other quantities R, D and x (such constants
will be called admissible).

Notice that, unlike as in Lemma 2.1, we may here choose an (R’)™!-net in S in place of an R’ -lattice
in H for the parameter set V, because of our assumed bound on ¢,

It will become important that under suitable additional assumptions on the position of a given hyper-
plane H, we may reparametrize a given smooth hypersurface S = {(§,¢(§)) : £ € U} (where U is an
open subset of R%) also of the form

S={n+oa(mn:neUn},
where Ug is an open subset of H and ¢ € C*°(Ug, R).

Lemma 2.4 (reparametrization). Let H; = nf- and Hy = nj- be two hyperplanes in R4+ where n;
and ny are given unit vectors. Let K = Hy N H, and choose unit vectors hy, hy orthogonal to K such
that Hi = K + Rhy and Hy = K + Rhy. Let Uy C Hy be an open bounded subset such that for every
x" € K, the section le/ ={u € R:x"+uhy C Uy} is an (open) interval, and let ¢p1 € C*°(Uy, R) satisfy
the assumptions of Corollary 2.3. Setting B = kD? and r = D™\, an equivalent way to state this is that
there are constants B,r > 0 such that Br <1, ||¢]|lcc < A and ||¢§l)||oo < A;Br! for every | € N with
[ > 2. Denote by S the hypersurface

S={n+di(mn1:neUy} CRITY

and again by v +— N (v) the corresponding unit normal field on S.
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Assume furthermore that the vector ny is transversal to S; i.e., |{na, N(v)})| > a > 0 forall v € S.
Then there exist an open bounded subset Uy C Hy such that for every x' € K, the section UZ"/ ={seR:
x" 4 shy € U} is an interval, and a function ¢ € C (U, R) so that we may rewrite

S={+¢26)n2:§ € Us}. (2-6)

Moreover, the derivatives of ¢» satisfy estimates of the same form as those of ¢1, up to multiplicative
constants which are admissible, i.e., which depend only on the constants A;, A and a.
Finally, given any fi € L*>(Uy), there exists a unique function f> € L*>(U,) such that

Ry, fi = Ry, fa, 2-7)
and || f1ll2 ~ || f2|2, where the constants in these estimates are admissible.

Proof. Assume that (2-6) holds true. Then, given any point 7 + ¢g (n)ny € S, with n = x" +uhy € Uy,
x" € K, we find some £ = x’ + shy € U, such that

x' +uhy +¢1(x" +uh)ny = x" +shy + ¢a(x’ + sha)ns, (2-8)
which shows that necessarily
s = (uhy +x" 4+ ¢1(x" +uhy)ny, hy). (2-9)
Let us therefore define the mapping G : Uy — H; by
G(x'+uhy) = x"+ (uhy +x" +p1(x" +uhi)ny, ha)hs.

Moreover, fixing an orthonormal basis Eq, ..., E;z_; of K and extending this by the vector /; or /5 in
order to obtain bases of H; and H» respectively and working in the corresponding coordinates, we may
assume without loss of generality that U; is an open subset of R4—1 x R, since dim K = d — 1, and that
G is a mapping G : U; — R4~! x R, given by

G(x'\u) = (x', g(x",u)),
where
g(x\u) = (x" +uhy +¢r(x" u)ny, hy).

To show that G is a diffeomorphism onto its image U, = G(U;), observe that
3uG(x" u) = (0,3, g (x",u)) = (0, (h1 + dugp1 (X" u)n1. h2)).
On the other hand, the vector
k
No = —0u¢1 (X", u)hy — Z Ox; p(x" u)E; +ny
j=1

is normal to S at the point x” + uhy + ¢1(x" + uhq)n; (here x' = Z;i;ll XjEj), and |Ng| ~ 1. Thus,
our transversality assumption implies

[(—=0u¢1(x", u)hy +n1,n2)| Z a > 0. (2-10)
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But, {h;,n;} forms an orthonormal basis of K L for J = 1,2, and thus, rotating all these vectors by an
angle of /2, we see that (2-10) is equivalent to |(dy,¢1(x",u)ny + h1,ha)| = a > 0, so that

dug(x",u)| 2 a > 0.
Given the special form of G, this also implies
|det G'(x', u)| = |0,g(x",u)| = a > 0.

Consequently, for x” fixed, the mapping u +> g(x’, u) is a diffeomorphism from the interval U lx/ onto an
open interval U X' and thus G is bijective onto its image Uz, in fact even a diffeomorphism, and U, fibers
into the intervals sz/. Indeed, the inverse mapping F = G~ : Uy — U; of G is also of the form

F(xs) = (', f(x',9)),

where
g, f(x',s) =s. @2-11)
In combination with (2-8) this shows that (2-6) holds indeed true, with
$2(x',s) = f(x',8)(h1.n2) + @1 (F(x',5))(n1.n2). (2-12)

Moreover, if f; € L?(Uy), then, by (2-8) and a change of coordinates,

R}‘{] 1) =/ f1(x, u)e—i(y,x’+uh1+¢1(x’,u)n1) dx'du
Ui

B / SI(F (X, ))ldet F (', 5)] e ¥ 482t h2(590m2) g/ g,
U,

so that (2-7) holds true, with
fo(x" +sha) = fi(x" + f(X, s)hy) |[det F/(x', )] (2-13)

Our estimates for derivatives of F show that |det F/(x’, s)| ~ 1, with admissible constants, so that in
particular || fill2 ~ || /21l

What remains is the control of the derivatives of ¢,. This somewhat technical part of the proof will be
based on Faa di Bruno’s theorem and is deferred until the Appendix (see Section A2). O

We shall from now on restrict ourselves to dimension d = 2. The following lemma will deal with the
separation of tubes along certain types of curves, for a special class of 2-hypersurfaces. It will later be
applied to intersection curves of two hypersurfaces.

Lemma 2.5 (tube-separation along the intersection curve). Let Y, V, W, R, Ty, be as in Corollary 2.3.
Moreover assume ¢ € C*°(U,R), U C R?, such that 812¢(x) ~kjforallx eU, i =1,2,and d102¢ = 0.
Define k = k1 V ka. Let y = (y1,v2) be a curve in U with |y;| ~ 1 fori = 1,2. Then for all pairs of
points v1, vy € im(y) + O((R")™) such that vi — vy = j/R’, where j € 7% and | j| > 1, the following
separation condition holds true (again with constants in these estimates which are admissible in the
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obvious sense):
/

Vo (1) =V (v2)| ~ /]

(R /K
Proof. Choose t1, > such that v; = y(¢;) + O((R’)™1). Then
K
IV (vi) — Vo (y (1) < 19" v lloo lvi — v ()| S ra (2-14)
Therefore |
J _
® - [u1 —va| = |y(t1) — y(t2)| + O((R") ™)

~ 7l —ta] + 72l 1 — t2] + O(R) ™) ~ |1 — 2] + O((R)) ™),

and since |j| >> 1, we see that |t; — 2| ~ |j|/R’. By our assumptions on ¢ and (2-14), we thus see that
there exist 57 and s, lying between ¢; and ¢, such that

IV (v1) — Vd(v2)| > [V (y(t1) — Vo (y(t2))| —kO(R)™H)

~ (1010 (y(s1)7 (5| + 858 (y(s2)7(52)]) |11 = 12 =k O((R) 1)

/]

~ (1 + k) 4+ €O(RY ™) ~ 1] 7

ﬁ’
where we used again that |j| > 1. |

2B. A bilinear estimate for normalized hypersurfaces. In this section, we shall work under the following:

General Assumptions. Let ¢ € C % (R?) such that 9;9,¢ = 0, and let
Sj={ngminels} U=rP+[0.d)x[0.d]"), j=12,

where (/) € R2 and d l(j ), dz(j ) > 0. We assume the principal curvature of S; in the direction of 7y is
comparable to /cgj ) > 0, and in the direction of 7, to Kéj ) > 0, up to some fixed multiplicative constants.
We then put for j =1, 2,

l-(l) VKI.(Z), K=k Vig=kWvi?,

di=dPvd?, D=mind!”,
l’J
The vector field N = (—V¢, 1) is normal to S; and S5, and thus No = N/|N| is a unit normal field to
these hypersurfaces. We make the following additional assumptions:

k) =K§j)VK§j), Ki =K
(2-15)

(i) Foralli, j =1,2and all n € U;, we have
Bip() = dipr ) <k d” and Rid; <1 (2-16)
(notice that the first inequality follows already from our earlier assumptions).
(ii) For all n € Uy U U, and for all @ € N2, |«| > 2, we have |8%¢ (n)| < kD27l

(iii) Fori =1, 2, i.e., with respect to both variables, the following separation condition holds true:

10:p(n") —0ip(PP)| ~ 1 forall y/ € U;, j=1,2. (2-17)
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The set of all pairs (S1, S2) of hypersurfaces satisfying these properties will be denoted by Sp (note that
it does depend on the constants hidden by the symbols < and ~).

The main goal of this chapter will be to establish a local, bilinear Fourier extension estimate on suitable
cuboids adapted to the wave packets.

Theorem 2.6. Assume % < p <2. Let us choose r € R? such that r = r/) if k) = kW A k@), Then for

every a > 0 there exist constants Cy, Yo > 0 such that for every pair S = (S1, S2) € So, every parameter
R > 1 and all functions f; € Lz(Sj), j =1,2, we have

1_1 _5
IR f1 Ria Folliocoy, o ry < CaR (< Vk®)272 D> 2 10g™ (Co(S)) | fill2 | foll2, (2-18)

where
R? R?
0 _ 3. 0., ) C_ R
QS[,Sz(R) =X € R . |xl + al¢(r)x3| S Dzk’l — 1,2’ |x3| S Dz(K(l) /\/{(2)) ’ (2 19)
with
‘leczzz 1 ) —+ 1 2)y—1
Co(S) = F(D[K( I AP ™2 (D Dic @)~ 2. (2-20)

Notice that Cy(S) = 1.

Remark 2.7. If k(D) = @ = i, then r is not well defined. But in this case the two sets

2

. R .
i=1,2, |x3|§ﬁ , J=12,

. ; R?

0%, 5, (R j) = 1 x € R [xi + 8ip(rP)xs| <

essentially coincide. Indeed, since |V (r) — Vg (r@)| ~ 1 (due to the transversality assumption (iii)),
an easy geometric consideration shows that

a0y s (R:1)C 0% ¢ (R:2) ChOg ¢ (R:1)
for some constants a, b which do not depend on R and the class Sy from which S = (51, S») is taken.

By applying a suitable affine transformation whose linear part fixes the points of R? x {0}, if necessary,
we may assume without loss of generality that r = 0 and V¢ (r) = 0. Notice that conditions (i)—(iii) and
the conclusion of the theorem are invariant under such affine transformations.

In fact, we shall then prove estimate (2-18) in the theorem on the even larger cuboid

R? R?

— 3.0 = - -
05,5, (R) = { x € R™: |xj | < D2’ Ix¥loo = DZ(K(I) /\K(2))

(2-21)

for an appropriate choice of the coordinate direction x;,,ip € {1, 2}, in which the cuboid has smaller side
length. Later we shall need to combine different cuboids which may possibly have their smaller side lengths
in different directions. Then it will become necessary to restrict to their intersection, which leads to (2-19).

Indeed, we shall see that there will be two directions in which the side length of the cuboids are
dictated by the length of the wave packets, and one remaining third direction for which we shall have
more freedom in choosing the side length.
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Observe also that K;d; < 1, and thus we may even assume without loss of generality that
kidi <1 foralli=1,2 (2-22)

simply by decomposing Sy and S> into a finite number of subsets for which the side lengths of corre-
sponding rectangles U; are sufficiently small fractions of the given d l.(] )
For 1)/ € U; define

¢1(n) = ¢(—1") + (). nen*+Ur,

¢ =dp(1—n")+ ('), nen' +Us.
The set ((n%, ¢(n?)) + S1) N ((n', (")) + S») = graph(¢b1) N graph(¢2) will be called an intersection
curve of S1 and S». It agrees with the graph of ¢ (or ¢,) restricted to the set where ¥ = ¢; — ¢ = 0.
On this set, the normal field N; () = (—=V¢;(n), 1) forms the conical set

I ={sN;j(n):s €R, ¥ (n) =0}.
In the sequel, we shall use the abbreviation j +1 mod2=2,if j =1,and j + 1 mod2 =1, if j = 2.

Lemma 2.8. Let (S1,52) € So. Assume V(r) = 0 for some r € Si U S» and kid; < 1. Then the
following hold true:

@ Dk < 1 foralli,j=1,2.
(b) [Vo(m)| < 1forall (n,¢(n) € S1US>.

(¢c) The unit normal fields on S and S, are transversal, i.e.,
INo(n") = No(m)| ~ 1 forall (' .¢(n')) € ;. (2-23)

(d) Nj and T'j 11 mod2 are transversal for j = 1,2 and for any choice of intersection curve of S1 and S».

(e) If y is a parametrization by the arclength t of the projection of an intersection curve of S1 and S» to
the first two coordinates 1 € R?, then |y1| ~ 1 ~ |ya].

Proof. We shall denote by n = X € R? the projection of a point in x € R? to its first two coordinates.
Part (a) is clear since D = min; ;=1 dl-(j ). To prove (b), notice that for any x,x’ € S1 U S we
have V¢ (%) — V¢ (X')| < 1: if x and x’ belong to different hypersurface S;, we apply condition (iii)
on page 838, and if x and x’ are in the same hypersurface S;, we use condition (a). Thus we have
IVo(X)| = |V (x)—Veo(r)| <1 forall x € S; US.

This gives |N(X)| = /1 + |V@(X)|? ~ 1 for all x € S; U S,, which already implies the transversality
of the normal fields:

INo(n") = No(n*)| ~ IN(n") = N*)| = Vo (') — V(n?)| ~ 1

for all (n/,¢(1/)) € S;, j = 1,2.
We shall prove (e) first, since (e) will be needed for the proof of (d). It suffices to prove that |d; ¥ ()| ~ 1
for all 5 such that n — 1/ € U i 41 mod 25 n/ eU i, since the tangent to the curve y at any point y(t) is
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orthogonal to Vi (y(¢)). But, in view of (2-17),
0:v (D] = 3¢ (n—n*) —dip(n—n")| ~ 1.

For (d), since the claim is symmetric in j € {1, 2}, it suffices to show that Ny and I'; are transversal.
Since we have

INL(m) — N1 ()| = Vo1 () — Ve ()] S PP 1P alP « 1

for all n,n’ € Uy + n?, whereas |N1(n)| ~ 1 for all n € Uy + 2, it is even enough to show that Ny (1)
and the tangent space Ty, ()12 of I'> at the point N2 () are transversal. Since y is a parametrization by
arclength of the zero set of v, the tangent space of I'; at the point N5 () for n = y(¢) is spanned by N»(n)
and (—D?¢2(n) y(t),0), where D¢, denotes the Hessian matrix of ¢,. But, recalling that we assume
31026 = 0, we see that the vectors N» () and (1/x@)(=D2¢p»(n) y(¢), 0) form an “almost” orthonormal
frame for the tangent space T,y 12, and thus the transversality can be checked by estimating the
volume V' of the parallelepiped spanned by Ni(n) and these two vectors, which is given by

—d11(n) —02¢1(n) 1 .
V= —d1¢2(n) —02¢2(n) 1| = o) —| =072 (M1 (1) 029 () + 332 ()Y2(1)01¥ ()]
(Y1) 5 93d2(m)ya(t) O
Since ¥ o y = 0 by definition, we have d1v¥ (n)y1(t) + 2% (n)y2(¢); hence

y1(1)
2y (n) = =01y (n)= 20
Thus
3 @, @
91 () (032 (M V() + 32 V3 (1)) ~ [01¢(n—1?) — D19 (n—7 )|LN1, O

SI0]

We now come to the introduction of the wave packets that we shall use in the proof of Theorem 2.6.
Let us assume without loss of generality that

¢V <@ (2-24)
e, r=rM and Vo (r®) =0.

Next, since S; is horizontal at (r, ¢(r()), we may use the wave packet decomposition from
Corollary 2.3, with normal 7 and hyperplane H; given by

ny=(0,0,1) and H; =R?x{0}
in order to obtain the decomposition

R fi=Ry fi= Y. CwPw. wi€W, (2-25)
w1 EW]
into wave packets py,,, w1 € Wi of length (R")2/kD, directly by means of Lemma 2.1. By Tw,. w1 €Wr,
we denote the associated set of tubes. Recall that this decomposition is valid on the set P; = R? x
[=(R)? /M (R /D],
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Let us next turn to S, and Ru§2 f>. If we would keep the same coordinate system for S», we would
have to truncate even further in x3-direction, since (R")2/k® < (R")2/k(1). However, by (2-17) we have
for n € U and both i =1 and i = 2 that

[(ei. NI = 18:p ()] = [8:p (1) — 3 (r V)| ~ 1.
This means that we may apply Lemma 2.4 to S5 in order to reparametrize S, by an open subset (denoted
again by U,) of the hyperplane H, =n ZL given by
ny=ej, and Hp={ny}= ={ej}™
We may thus replace the function f5 by a function (also denoted by f») on U, of comparable L2-norm,
and replace R[?}ZZ f> by R;‘ZIZ /> in the subsequent arguments.

Next, applying Corollary 2.3, now with H = H>, for ip = 1, as well as for ip = 2, we may decompose
R}’Z]2 f> as

Ri,fa= D CupPu,. w2€Ws, (2-26)
wrEWH
on the set - .
— 3. (R) _ 3.0, (R')
P, = xeR.|(x,nz)|§W}—{xeR.|x,0|§ﬁ

by means of wave packets of length (R’)2/k(®. The associated set of tubes is denoted by Tw,, w2 €W,
In order to decide how to choose iy, we observe that for n € Uy, our definitions (2-15) in combination
with the estimates (2-16) and (2-22) show that

K(”

0ip () =3¢ (r )] < Vel <
Ki
Notice that the wave packets associated to S, are roughly pointing in the direction of N(r(1) = (0,0, 1).
More precisely, if we project a wave packet pointing in the direction of N(n), n € Uy, to the coordinate x;,
i = 1,2, then by the previous estimates we see that we obtain an interval of length comparable to

R')? R)? R')? R)2 (1)
< Rudy <>>' B ool = 0 o — a0y « £ ’(‘I)K;_—i. 2.27)

Let us therefore choose iy so that
(1) (1) 1)
Ki,” K4 Ks
Kig K1 K>

Then
D (1) K(l)
. = (k1 Vk2) (— A —=— ) < K%l) \Y, /(él) = K(l),

Kig k1 k2

and thus by (2-27) and (2-24)

(1) i k@

e & 0 v )>‘ (R)? _(R)>
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Figure 8. The wave packets filling the cuboid O, s,(R).

This means that the geometry fits well: the wave packets associated to S; do not turn too much into the
direction of x;,; projected to this coordinate, their length is smaller than the length of the wave packets
associated to S, which are essentially pointing in the direction of the iop-th coordinate axis (see Figure 8).

However, for the remaining coordinate direction x;, i € {1,2}\ {ip}, we cannot guarantee such a
behavior. But notice that by (2-24),

k)7 (D k@
B 5 . (R/)Z B (R/)Z (R/)Z
_{(Xl,xZ)ER .|X10|§—K(2) X —K(l) ,—K(l)

(R (R')?
D {x eR3: |Xio| < z [ x]loo < m = 0s,,5,(R);

i.e., on the cuboid QOg, s,(R) we may apply our development into wave packets to the wave packets
associated to the hypersurface S;, as well as those associated to S5.

For every @ > 0, let us denote by E(«) the following statement:

There exist constants Cy > 0 and y, > 0 such that for all pairs S = (S, 52) € Sp, all R > 1
and all f; € L*(U i), J = 1,2, (which we may also regard as functions on §;) the following
estimate holds true:

IR, [1iRE, 2llLr0s, 5, (R)
< Cu R log (1 + R) (D ®) 277 D375 1og" (Co(S) fill2 | fall2- (2-28)
Here, Cy(S) denotes the constant defined in Theorem 2.6.

Our goal will be to show that E(«) holds true for every o > 0, which would prove Theorem 2.6. To
this end, we shall apply the method of induction on scales.
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Observe that the intersection of two of the transversal tubes Ty, , w1 € Wi, and Ty, , w2 € Wa, will
always be contained in a cube of side length O(R’). Let us therefore decompose R3 by means of a grid
of side length R’ into cubes ¢ of the same side length, and let {¢}4co be a family of such cubes covering
0s,.s,(R). By cq we shall denote the center of the cube ¢. Choose x € S(R?) with supp 7 C B(0, 1) and
1(0) =1/(27)", and put x4(x) = y(x —cq4/(R’)). Poisson’s summation formula then implies y, = 1
on R3, so that in particular we may assume qug Xqg=1o0n Q0gs, s,(R).

Notice that our approach slightly differs from the standard usage of induction on scales, where xg is
chosen to be the characteristic function of g, and not a smoothened version of it. The price we shall have
to pay is that some arguments will become a bit more technical, but the compact Fourier support of the
functions y4 will become crucial later.

For a given index set W; C W;, j = 1, 2, of wave packets (see (2-25), (2-26)), we denote by

W;(q) = {w; € Wj : Ty, NROq # 2}

the collection of all the tubes of type j passing through (a slightly thickened) cube ¢. Here, § > 0 is a
small parameter which will be fixed later, and R‘sq denotes the dilate of ¢ by the factor R® having the
same center ¢q4 as ¢.

Let us denote by N the set N' = {2" : n € N} U {0}. In order to count the magnitude of the number of
wave packets W; passing through a given cube ¢, we introduce the sets

O ={q:Wi(@)|~pj.j =12} pn=(u1,pn)eN>

Obviously the Q* form a partition of the family of all cubes ¢ € Q. For w; € W}, we further introduce
the set of all cubes in Q" close to Ty, :

Q" (wj) =g € 0" : Tu, NRq # .
Finally, we determine the number of such cubes by means of the sets

Ajs
W = fwy € Wy 1 [QM () ~ A} Ay pa iz €N

. Aj i ..
For every fixed u, the family {Wj 7""}a; en forms a partition of Wj.
We are now in a position to reduce the statement £ («) to a formulation in terms of wave packets.

2C. Reduction to a wave packet formulation. Following basically a standard pigeonholing argument in
combination with (P5), the estimate in £ () can easily be reduced to a bilinear estimate for sums of
wave packets (modulo an increase of the exponent ), by 5). It is in this reduction that some power of the
logarithmic factor log(Co(S)) will appear, and we shall have to be a bit more precise than usual in order
to identify Co(S) as the expression given by (2-20).

Lemma 2.9. Let > 0. Assume there are constants Cy, Vo > 0 such that for all (S1,S2) € So
(parametrized by the open subsets U; C Hj) the following estimate is satisfied.:

Given any two families of wave packets {pw, }w,ew, and {pw, }w.ew, associated to S1 and S
respectively, as in the wave packet decomposition Corollary 2.3, where the py., j = 1,2, satisfy
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uniformly the estimates in (P2)—(P5), for all R > 1, all A;, u; € N and all subsets W; C W;, j = 1,2,
we have (with admissible constants)

Pw;
= "
12wj€Wj,M qeQ

Xq

Lp(QS] .S (R))

< Cu R log” (1 + R) (kD@3 =5 D35 logh (Co(S))| W12 [Wa|2.  (2-29)

Then E(a) holds true.

Proof. In order to show E(«), we may assume without loss of generality that || fj|2 =1, j =1,2. Let
us use the abbreviation Co(S) = C

First observe that for fixed ¢ and v;, the number of y; such that the tube 7(y, ,,) passes through R‘Sq
is bounded by R®8, whereas the total number of v ; € Vj is bounded by

d1d2

V|~ (R)?|U;| < R?
V| ~ (R)*|U;| < D2

(2-30)

Thus we have

dids d
D2

where we have used property (a) of Lemma 2.8. Consequently Q* = &, if u; > R¢' Cy for some j.

d?
<R*— 2(DKD A7 (DD D)3 = Ry,

1W;(g)] < R¥T¢8

Similarly, the number of cubes ¢ of side length R" such that R% g intersects with a tube Ty, , of length
(R")2/kY) is bounded by R* R’ /() = R1*¢3 ) D)), Since D < d,, d>, this implies

14+cé /d ,
|0 (w))] < D0 <RYL 2(D[K(1)/\K(2)]) 7 (DD D@y~ = R 2,

and thus W; ’M—Q if A; >>R"C2 For C >0letus put N(C)={veN:v<C}. Since Cy = 1, we

then see that
o= |J o~
11,12EN (R CF)

and for every fixed pu,
L Ajslt
wi= U wrh
A EN(RC CP)
These decompositions in combination with our assumed estimate (2-29) imply

[T > rw

J=12 w;eW;

L7(Qs,.s,(R))

< 2 [T 2 2z

21,2, U1 U2 EN(RE CRY T =1,2 wjer)bj'M geou

q
Lp(QS] .S (R))

< Cu R log* (R C2) log” (1 + R) (kM @)3=5 D3>~ logh* (Co)| Wi |2 |Wa |2
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for every W; CW;, j = 1,2; hence

[T X ru

J=12w;eW;

Lp(QSI,Sz(R))
< CaR* log"et4(1 4+ R)(cMic®)277 D375 logha+*(Co) Wi |2 W2l (2-31)
Recall next that R* f; =3, ¢y, Cw, Pw,; . We introduce the subsets ij ={wj € Wj : [cw, | ~ 275},

which allow us to partition W; into | ij. We fix some kg, whose precise value will be determined
later. Then

‘Z Z Z Cw PwiCws Pws

k>ko w, eWIk w2 EW>

LP(QSI .S (R))

<1055 RI7 Y.

k>k0

Z Z Cwi PwiCws Pws

wi W W2EW2

o0

The wave packets py,; are well separated with respect to the parameter y;, and by (P4), their L°°- norm
is of order O((R’)™1). Moreover, by (2-30) the number of v;’s is bounded by R2d\d,/ D2 Furthermore,
lcw, | < 27% for every w; € WX, and by (P5) we have lcw, | < {cws bwrewn |2 S | f2]l2 = 1. Combining
all this information, we may estimate

H Z Z Z Cwy Pwi Cwz Pwr

k>ko w, EWIk w2 €W,

1 -
(R')® pdd? ., o, .
[K(l)/\K(z)][((l)K(Z) D4 R (R) Z 2
k>ko

LP(0s,.5,(R) (
6 _5 1_1 _
~R?T2Cy D¥* 7 (kW i@)27 5270,

If we now choose k¢ = log, Cp + log R%+2, then we obtain

Z Z Z Cwy Pwi Cwz Pwo

k>ko lUlEWlk w2 EW,

1

< D¥ 5 (kM @)375, (2-32)
Lp(QS].Sz(R))

In a similar way we also get

Z Z Z Z Cwy Pw; Cwy Pwo

klfk() w1€W1k1 k2>k() w2€W2k2

1

<D¥r(kW@)275.  (2-33)
L7(Qs,.5,(R))

The remaining terms can simply be estimated by

ko
Z Z Z Cwi Pwi Cws Pws

= k k
ki.ka=1 w1€W1 1 w2€W22

Lp(QSI.Sz (R))

k
< 20: 2—k1—k2 Z Z Cwlzklpwlcwzzkzpwz

= k k
ki.k2=1 wiEW, 1 w2€W22

Lp(QS],Sz (R))
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Since [cy; 2kf'| ~ 1 for w; € ijj , it is appropriate to apply (2-31) to the modified wave packets

ﬁwj = ijzkjpwj3

ko
Z Z Z Cwy Pwi Cwr Pwa

= k Kk
ki.ka=1 w1 €W, 1 w2€W22

L7(Qs,.5,(R)

k
< Ca R log"* (1 4+ R)(c M) 277 D377 log’e+*(Cy) Z ARV AT ES
ki,kx=1
But observe that by (P5),
ko ko ko 1
Z 2—k1—k2|W1k1|% |W2k2|% <ko Z |W1k1|2—2k1 Z |W2k2|2—2k2)
k1,kx=1 ki1=1 kr=1
ko ko 1
(X X bl Y X |cw2|2) <koll filla | foll2 = ko.
kl:lwlerkl kz:lwgeWZk2
and thus

ko
Z Z Z Cwi PwiCws Pwo

= k k
kl’k2 1 w1€W1 1 wzer 2

LP(Qs,.5,(R))
< CuR%10g”+5(1 + R) (kWi @)275 D375 loghe+5(Cy).  (2-34)

Combining (2-32)—(2-34), we find that

l_[ Z Cw; Pw;

Jj=12 w;jeW;

< CoR%10g" 5 (1 + R)(k Wi @)275 D375 log’e*5(Cy),

IR, [1iRE, L2llLr(0s, 5, (R)) =
LP(Qs,.5,(R)

which verifies E (). U

2D. Bilinear estimates for sums of wave packets. Let v; € V;, j = 1,2, and define the (O(1/R’)
thickened) “intersection” of the transversal hypersurfaces S; and S, by

My, = (V1 + S2) N (02 + 51) + O((R) ™).
For any subset W; C W, let

Hv1~v2 / -
W, ={w; € W; : v} +vj41 € My, 0y}

(where j +1 is to be interpreted mod 2 as before, i.e., we will use the shorthand notation j 41 = j 41 mod 2
in the sequel whenever j 4 1 appears as an index), and denote by

Vi ={v; €V;: (y},v}) € W; for some y} € V}
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the V-projection of W;. Further let

HU v HU v
V; 1’2:{v’.evj:(yj/-,v’.)eW. "zforsomey]'-eyj}
—{v €V; : there is some yj €Y st (yj,v ) eW,; andv +vj41 € Iy 0,5

Lemma 2.10. Let W; CW;, j =1,2. Then
(R)?

1 1
D pwipws < ————|W1|2 W22, (2-35)
w1 W) woeWsr Ll(QS],Sz(R)) V K(I)K(z)
Yo Y Puibuws <(R) Emin sup [V 2B B et (236)
w1 W) wreWs Lz(QS],SZ(R)) J U1,V2

Proof. We shall closely follow the arguments in [Lee and Vargas 2010], in particular the proof of
Lemma 2.2, with only slight modifications.
The first estimate is easy. Using Holder’s inequality, we see that

Z Z pw1Pw2 Z pwj

w1 W wreWs w-eW‘
(R')? /i)
1_[ (/ (R/)Z/K(/)

=1,2

<
L1(Qs,.5,(R) ;=12

L2(QS].S2 (R))

1

2
E pwj( +t7’l]) dl)
L2(H;)

’

where we have used (P4) in the last estimate. The second one is more involved. We write

Z Z Pwi Pw Z Z Z Z<Pw1 Z Pwl» Pws Z Pw;>,

2
w1 Wi waeWs L2(Qs1.5(R)  wieW) woeWs v|eVy vheVa'  yhe¥a(vh) Y, er ()

where Y~(v/) ={ye) :(y. vj/-) € W;} (recall that V; is V-projection of W;). Since for j = 1,2 the
Fourier transform of Zy S @) Pw!,  Pw; is supported in a ball of radius O((R’)~!) centered
at v 41 +vj, we may assume that the intersection of these two balls is nonempty, and thus
vl +v2 =05+ v +O(R) .
Especially
Vig1 +vj €My p, and v eV, forws j=12.

This implies

Z Z Pw1pw2

w1€W1 W2€W2

L2(Qs,.5,(R))

SPORD S SID By NVAVIREE I D

w1 EW wreWs 'EV Hvy,vy v2 YQEY(UQ)

D P

©yrey(v))

)
oo
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where v = v +v2—v1 + O((R")™!) in the rightmost sum. Observe that there are at most O(1) possible
choices for v} such that

vy =v]+v—vy + O((R)™H.

Since the wave packets py,; are essentially supported in the tubes Ty,;, which are well separated with
respect to the parameter y, the sum in yj/- can be replaced by the supremum, up to some multiplicative
constant. Since Ty, and Ty, satisfy the transversality condition (2-23), py, pw, decays rapidly away
from the intersection Ty, N Ty,; i.€.,

—N
/ mmm@wa[(RTQO%Jﬂ) dx=H/"a+udex~Rﬁ
R3 R3 R R3

We thus obtain

2
Hv \U
Y PwiPws <R Wil[Wal sup [V [T sup lpwy llso
w1 EW) L2(Q51,52(R)) vi,v2 j=1,2 w//'eij .
wrEWs
HU v
< (R)THWA|[Wa sup [V, "), (2-37)
V1,02

Repeating the same computation with the roles of v} and v} interchanged gives (2-36). O

2E. Basis of the induction-on-scales argument. In order to start our induction on scales, we need to
establish a base case estimate which will respect the form of our estimate (2-29). This will require a
somewhat more sophisticated approach than what is done usually, based on the following.

. HU U
Lemma 2.11. Let Vj CV;. Then min; sup,, ¢y, , vV, "I R

V2 €V,

Proof. Define the graph mapping ® : Uy UU, — S; U 8o, ®(x) = (x,¢(x)). If v} = CD(xJ/.) € anvl'vz,
then v} +vj 11 € Ty, v,, and for x; 11 = @~ !(vj41) we have xi+xjp1€y(l)+ O((R")™1), where
y: I —[Uy +x2]N[Us +x1] C R? is a parametrization by arclength of the projection to the (x1, X2)-space
of the intersection curve Iy, 4,. Recall from Lemma 2.8(e) that our assumptions imply that then y will
be close to a diagonal, i.e., |y;| ~ 1, i =1,2.

For all ¢,¢” € I, we have y(t), y(t’) € [U1 + x2] N [U2 + x1]; hence

mind?) > [y;(0) = i) = min |y ()| = 1| ~ |t =)
J t"’e
This implies |/| = sup; ;g [t —1'| < min; ; dl.(j) = D; hence L(y) < D, and thus
HU LU — HU LU
[V, 2 [~ T (V)
< [{x} € @' (V) : %) € (1) = xj41 + O(R) ™)

SL»/(R)TH
< DR =R,

since ®~1(V;) is an (R")~!-grid in U;. O
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Corollary 2.12. E(1) holds true, provided % <p=<2

Proof. Due to Lemma 2.9, it is 1%nough to show the corresponding estimate for wave packets (2-29)
with @ = 1. But, estimating |V] "I'"2| on the right-hand side of (2-36) in Lemma 2.10 by means of
Lemma 2.11, we obtain

T2 e 2

= A u
12wjeW]JM qeQ

11 1 1
S (R)T2ZR2 (W |2 | W2,
LZ(QSI.Sz(R))

Interpolating this with the corresponding L!-estimate that we obtain from (2-35), we arrive at

~ZXq

AL eOM
wjeij.l q Q

< (K(I)K(Z))%—%(R/)%_3Rl_%|W1|% |W1|%
L?(Qs,.5,(R)

< (k@) 373 D33 Ry | (Wb,
provided % <p=<2 -

j=1,2

2F. Further decompositions. In a next step, by some slight modification of the usual approach, we
introduce a further decomposition of the cuboid Qsg, . s,(R) defined in (2-21) into smaller cuboids b
whose dimensions are those of Qg, s, (R) shrunk by a factor R™2%; i.e., all of the b’s will be translates
of Os,.s, (R'7%). Here, § >0 is a sufficiently small parameter to be chosen later. Since

(R/)Z R—25 B RI—ZSR/

i - Dk
the smallest side length of b is still much larger than the side length R®R’ of the thickened cubes R%g
introduced at the end of Section 2B. Observe further that the number of cuboids b into which O, s,(R)
will be decomposed is of the order R€82

Z R1—28 Rl,

If u € N'2 is a fixed pair of dyadic numbers, and if w i € W, then we assign to w; a cuboid b(w; ) in
such a way that b(w;) contains a maximal number of ¢’s from Q*(w;) among all the cuboids b. We say
that b ~ w; if b is contained in 10b(w); ) (the cuboid having the same center as b(w;) but scaled by a
factor of 10). Notice that if b % w;, then this does not necessarily mean that there are only few cubes
q € O*(w;) contained in b (since the cuboid b(w;) may not be unique), but it does imply that there are
many cubes ¢ lying “away” from b. To be more precise, if b ¥ w;, then

[tg € 0" (w)):qN5b =2} = [{g € 0" (w)) 1 q C b(w))}| 2 R™?1 Q" (w)), (2-38)
since only O(R?%) cuboids b meet Ty .. y

For a fixed b, we can decompose any given set W; C W, into W76 ={w; € W; : b »£ w;} and
W’Vb ={w; € W; : b ~w;j}. Thus we have

D3 ] e i
— Lr R — Lr(®
=1,2 w) €W, A quu (@s1.5,(R)  p liz1n w_,-eW_/)V M geQH ®) (239

2Here and in the subsequent considerations, ¢ will denote some constant which is independent of R and S1, S2, but whose
precise value may vary from line to line.
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where
1= Z Z Pw; Z Xq ,
b i=1,2 wjeijj,u,w geOH L7 (b)
= Z Z Pw; Z Pw, Z X R
b Ty, eWAl b wZEW;z'u geQH L7 (b)
= Z Z Pw Z Pw»> Z Xq .
b wleW’\‘ ~b ws GWAZ A geQH L7 (b)

As usual in the bilinear approach, part I, which comprises the terms of highest density of wave packets
over the cuboids b, will be handled by means of an inductive argument. The treatment of part I (and
analogously of part IIT) will be based on a combination of geometric and combinatorial arguments. It is
only here that the very choice of the b(w;) will become crucial.

Lemma 2.13. Let o > 0, and assume that E (o) holds true. Then

I < CoR¥ D 1og? (14 R)(c'x?)2 77 D>~ log"™ (Co($) | Wa| | W2 2.
Proof. To shorten notation, write C; = Cy (KIKZ)%_%D3_% log"*(Cy(S)). Recall the reproducing
formula (P1) in Corollary 2.3: py;, = Ry (8H (pw;|H,)). Since every cuboid b is a translate of

0s,.5,(R'™%), and since a translation of R 8 corresponds to a modulation of the function g, we see
that £ («) implies

[T 2 rw 2 w

i=1,2 ijWJ Gult~b geom L7 (b)
l_[ RH] ( Z 8Hj (pw_,- |Hj)) L)
j=1.2 wjeu/j)tj.u.’vb

<CiR")log(1+ R Y []

b j=1,2

Z 8H_,-(ij|Hj)

Ajottsb
w; j

<R D1ogre 1+ R) Y T w7z,
b j=1,2
In the last estimate, we have made use of property (P4). Moreover, using Holder’s inequality, we obtain

5L et < I (S,

b j=1,2 j=1,2

L2(H;)

where, due to Fubini’s theorem (for sums),

Ajohs~b Aj,
b b

A
. 7
wj EW;
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Tw.
w2 jjuzl

N
q0

Figure 9. The geometry in Lemma 2.14.

In combination, these estimates yield

I EclRu(l—S)logVoz(l_i_R) 1_[ |I/V]|% O
=12

2G. The geometric argument. We next turn to the estimation of II and III. A crucial tool will be the
following lemma, which is a variation of Lemma 2.3 in [Lee and Vargas 2010].

Lemma 2.14. Let Aj, uj € N, W; CW;, v; € V), j = 1,2, and let b and qo be cuboids from our
collections such that go N 2b # . If we define ijj’”’%b (qo) = lef’“’%b N Wj(qo), then

(1) A1z |[W1M’M’7Lb (qo)]vrv2
(i) Aapr |[Wy2 "7 (go) Mo

< R|Wy),
< R|\Wy|.

Proof. We only show (i), since the proof of (ii) is analogous. Set
A b
Ty = J{Tw, s wi € W7 (o)) Toi2§\5b, QF ={g€ Q" ROqNTy # o).
Since we have seen in Lemma 2.8(d) that T, is transversal to I'y, we have
0%, N O™ (wa)| S R (2-40)

Due to the separation of the tube directions, the sets Ty, \ 56 do not overlap too much. To be more precise,
we claim that for all cubes ¢ € Q’l“fl ,

[{wi € W 7P (go)]Mone : RO g N T\ 5b # 2} < REC. (2-41)

Indeed, let wy, w] € [WIA"“”% (go)]™v1v2 and x € R%q N Ty, \ 5b, x'€ R%q N Ty \ 5b. The definition
of W1(qo) means that we can find x¢ € quo N Ty, and x(/) € quo N Twi ; then we may write

x =x0+|x—x0|N(v1) +O(R") and x"=x;+ |x"—x(|No(v)) + O(R). (2-42)
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Furthermore we have
|1x — xo| — X" = x4|| < |x = x| + |x0 — xp| = O(RR). (2-43)

Since T, has length (R")2 /i, so that the length of b in the direction of Ty, is at least R™25(R")2 kM),
and since xo € R%go C 4b but x ¢ 5b, we conclude that

Rl 2
g2 R < |x — xol- (2-44)
Paey)
Applying Lemma 2.5, and consecutively making use of the estimates (2-44), (2-43), (2-42) and again
(2-43), we obtain
R/
R'lvy —v| £ —=IN(v1) = N(v})|
Paes)
< RP(R)7Vx = xo| [No(v1) = No(v})]
< RP(R')7H|x — xo| No(v1) — X" — x§| No(v})] + O(R?)
S R (R (]x —x'| + g — Xol) + O(R®®) = O(R).
Recall also that the direction of a tube Ty,, with w; = (y1, v1) depends only on vy, and thus the set of
all these directions corresponding to the set

{wl € [Wlkl’uﬂéb(qo)]nvl'vz : Raq N TLU]\Sb}

has cardinality (’)(RCS). But, for a fixed direction vy, the number of parameters y; such that the tube
Ty, v,) Passes through Rc‘sqg is bounded by O(R®%) anyway, and thus (2-41) holds true.

Recall next from (2-38) that for w; 4 b we have R~°¥|Q*(w)| < |{g € O*(w1) : g N 5b = T}
Since for w; € WIM’“ we have |Q#*(wq)| ~ A1, we may thus estimate

SR Y| 0" (wn)|

<) g€ 0*(w1):qN5Sh =2}

<> g€ 0" : RPqn Ty, # 2. RgN5h =0}
<> g€ 0% : Rq N (T, \ 5b) # 2}

= 3 [{wr € W7 (go) o102 - R 1 (T, \ Sb) # 2]
geQH

8
= R|Qk |,

REIL W17 (go) ] o

where sums are taken over wq € [Wl)“’“ 7b (¢0)]"¥1-v2 unless otherwise indicated, and where we have
used (2-41) in the last estimate. But, by (2-40), we also have

wlO% 1= D" Wa@l = Y. 0F N0 wa)| S R W,
qu‘rfl wreWs

and combining this with the previous estimate we arrive at the desired estimate in (i). O
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Lemma 2.15. Let 0 <§ < X. Then

Z Pwy Z DPw> Z Xq

A b 2. 1
wi W, 1M woeW, 2H q€Q

fCaRc‘g (KIKZ)%_%D3_%|W1|%|W2|% (2-45)
L7 (b)

and

III—ZH wi Y. Pw D Aa

Al ~b Aol u
1M 2€W22M7‘ qeQ

< Cu R (k") 2™ D70 Wy |2 |Wa 2.
L7 (b)

w1 W]

(2-46)

Proof. We will only prove the first inequality; the proof of second one works in a similar way. Since the
number of b’s over which we sum in (2-45) is of the order R°?, it is enough to show that for every fixed b

H Yo pw Y. Pw Y X4

A Ao, n
1 7b szWZZM q€Q

< CaROW )T DI W B WalE. (247)
L7 (b)

w1€W

For p =1, we apply (2-35) from Lemma 2.10:
P p X N
| 2 T e onl,

Z Puw, Z Pw>

leW)»l S Ab wzeW;Z'“ qeQm erM,M,%b wzeW;Z’” L1(Qs,.5,(R)

R/ 2 1 1
(

< W|Wl|2 [W|z.

Vie'WHk
For p =2, we claim that
2
“ Y e Do Pu ) ta| - SCaRTR)THWAIIW (2-48)

L2(b)

A b As. "
w1 EW, 1t w26W22 “ q€Q

The desired inequality (2-45) will then follow by means of interpolation with the previous L !-estimate —
notice here that R%/7~3 < 1 since 3 < p.

To prove (2-48), recall that the side lengths of b are of the form

R’)? R’
(%)R— 28 _ (])Rl 285 RIRIV2 1,2,
K Dk

If g N2b = @, then for x € b we have |x —cq| > inf,¢sp [x — y| = d (x, (2D)€) > R'R'~28_ Therefore
for every x € b,

N—2
Z Xq(x)| =Cn Z Z ( |x qu) <Cn Z [{q : |x—cq| ~ R"2!} |27 (N +2)!

qeoH leN qeQH leN
qﬂzb:@ 2]2R1—28 |x_cq|~R/2[ 2]2R1—28
_ N/
~Cy Y 2Ny RTOTEIN =5 RV (2-49)
leN

212R1—23
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The last step requires that § < % Choosing N sufficiently large, we see that by Lemma 2.10 and

Lemma 2.11,

2 2 2
H E DPw, E Pws Z Xq - < H Z Pw, Z Pw; R E Xq .
L L L=
w1eW1)"1’M’7Lb wzeWz)Q!M q?\glg:g @) w1€W1AHMCb wlewzlzgu q?\gl?i@ ®

. ITy; v — /
< G, (R)TH Wi [Wa|min sup [V;"0"2 [R2Y

V1,V2
< Cs.n/(R) 1wy || W | RN
S Cf o (R W[ [Wa | RV

Thus it is enough to consider the sum over the set QZ ={q € Q" :qN2b # @}. For fixed wy, wy, we
split this set into the subsets QZ(wl, wy) = QZ NO*(wy) N O*(wy) and Q;; NO*(wq)\ O*(wy) and

0y \ 0 (w1) = (0 N 0" (w2) \ O (w1)) U (05 \ (0" (w2) N QF(w1))).
Except for the first set, the contributions by the other subsets can be treated in the same way, since they

are all special cases of the following situation:

Let Q¢ = Qo(wy, wy) C QZ such that there exists an j € {1,2} with R%¢ N Ty, = @ forall g € Q.

Then
H Z pw1 Z sz Z Xq

Q. LAb A,
wew]! 1.7 w2€W22M 9€Qo0

2
< Co R (R ™YWy || Wal. (2-50)
L2(b)

Notice that the right-hand side is just what we need for (2-48).
For the proof of (2-50), assume without loss of generality that j = 1. Let g € Q¢. Then Ty, ﬂR‘gq =0,
and for all x € (R%/2)q we have

(R®/2)R’ < dist(x, (R®q)¢) < dist(x, Ty, ).

Thus forevery x € Q s, s, (R), we have dist(x, Ty, ) > (R%/2)R’ or x ¢ (R% /2)q. In the first case, we have

dist(x, T, )\ 2 o dist(x, T, )\
Ipwl(X)ISCN(R’)‘l(H(T““)) <ChN(R)T'R 5N(1+%) . (2-51)

One the other hand, in the second case, where x ¢ (R?/2)g, we have (R®/2)R’ < |x — cq|. Using the
rapid decay of the Schwartz function ¢ we then see that

ral= (%)

Applying an argument similar to the one used in (2-49), we even obtain

> xgx)

g€Qo

i —N
<Cy ( bx R,Cq|) <CyR7V. (2-52)

<CpR7N
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for all x ¢ (R%/2)g. To summarize, we obtain that for every x € 0s,.s,(R),

dist(x, T, )\
S (e T

R (2-53)
g€Qo(wy,w2)

(x) < C(N,8)(R)" 'RV (1

This means that the expression pu, Dy 0o (w;.w,) Xg cannot only be estimated in the same way as the orig-

R—(S'N

inal wave packet py,,, but we even obtain an improved estimate because of an additional factor . If we

replace py,, by pyw, on the left-hand side, we obtain in a similar way just the standard wave packet estimate

: -N
dist(x, T;
o Z Yo 1+ ( wz)) ’

R (2-54)
g€Qo(wy,w2)

() < 1 Pusloo < (R/)—l(

without an additional factor.

We can now finish the proof of (2-50), basically by following the ideas of the proof of the estimate
(2-36) in Lemma 2.10. The crucial argument was the fact that the Fourier transform of Pw), , Pw, is
supported in v}, +v; + O((R")™1). Since supp 74 = supp ¥(R’-) C B(0, (R")™!), the Fourier support
of pw, Pw, qu 00w, ,wo) Xq Temains essentially the same. It is at this point that we need that the
functions y, have compact Fourier support. The modified wave packets p,,, qu 00wy ,wy) Xg are still
well separated with respect to the parameter y;, for fixed direction v;, thanks to (2-53) and (2-54). Thus
the argument from Lemma 2.10 applies, and by the analogue of (2-37) we obtain

2
H Z Pwi Pws Z q
wler)Ll'M'%b q€Qo(wi,w2) L2
wzeW;Z’M
< R Wil [Wal min sup |V, "1"2] sup | puy > sup |pw; D X
J v / wi €W w2 , ! oo wiEW) 1 , ‘ 1%
wheWs q€Qo(wi,w53) wéeWz q€Qo(w],w2)

_ . Iy, .0 N _ A7/
S Co,n/(R)TH Wi [Wa| min sup |V R N Cs n (R)TIRYN W [ [y,

U1,V2

In the second inequality, we have made use of (2-53) and (2-54), and the last one is based on Lemma 2.11.
This concludes the proof of (2-50).

What remains to be controlled are the contributions by the cubes g from QZL (w1, wz). Notice that the
kernel K(q,q’) = xq(x)xq (x) satisfies Schur’s test condition

sup Y xg (g (¥) S xg () S 1.
q / ’
q

q

with a constant not depending on x. Let us put

Ja =Y Pwi Puws-

where the sum is taken over w; € Wl)Ll s 7b (¢) and wy € Wz’lz’“ (g). Observe that for wy € Wl’ll b and
wy € WZM’”“, we have g € QZL(wl, wy) if and only if ¢ € QZ“ and w; € Wlk"“’%b(q) and wy € Wz’lz’“(q).
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Then we see that we may estimate

2
H Z Pwi Pws Z ai =“ atq 5
wy W 1H7P geQlwiwy) O Ngepn L*®)
LUQGW;LZ!M

/‘ Z XaXa' Jatq

dx—/‘ K(q.9") fq fqr| dx

q,q9 GQb 4.9 eQb
DML S T
eQ™
qEQb q?\ZI%é@

Invoking also Lemma 2.10 and Lemma 2.14(i), we thus obtain

2
H Z Pw1Pw2 Z Xq )
wlew*l VEZ geQl(wwy) O
woeW > 1 gy A ofrt A AttAb T
Yo RYTHWTR (@) Wy (g)| sup W7 (g)]) v
qEQu_ V1,02
qN2b#o
_ A |W2|
SREORNTE Y0 W @) IWalg) |5
qeQr
qN2b#o
W,
SRR Y 10t < AR w Wl
A
wléWle’M
This completes the proof of estimate (2-45), and hence of Lemma 2.15. O

2H. Induction on scales. We can now easily complete the proof of Theorem 2.6 by following standard
arguments.

Corollary 2.16. There exist constants ¢, 8¢ > 0 such that ¢3¢ > 1 and such that the following holds true:
Whenever o > 0 is such that E(«) holds true, then E(max{a(1 —3), c8}) holds true for every § such
that 0 < § < §y.

Proof. Let us put 69 = %. Then the previous Lemmas 2.13 and 2.15 imply

ZXq

= i
12wj W,u qeQ

L7(Qs,.s,(R))

<I+4+1+411

< (Ca R log (1 4 R) + CsR) (k' ®) 277 D377 log”™ (Co) W1 |2 [Wa 2
< Co s ROV ogVe (1 4 RY(c k)2 77 D377 log”= (Co) | Wi | [ Wa 2
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whenever 6 < &g, where Cy = Co(S) = 1 is defined in (2-20). By Lemma 2.9, this estimate implies
E(a(1—=68)vcé). Finally, by simply increasing the constant ¢, if necessary, we may also ensure c¢dp > 1. [

Corollary 2.17. E(«) holds true for every a > 0.
This completes also the proof of Theorem 2.6.

Proof. Define inductively the sequence a9 = 1, @41 = cetj /(c + ), which is decreasing and converges
to 0. It therefore suffices to prove that E(«;) is valid for every j € N. But, by Corollary 2.12, E(ag) =
E(1) does hold true. Moreover, Corollary 2.16 shows that E(«;) implies E (o 1), for if we choose
§=oa;/(c+aj), thend < 1/c <8y and oj(1 —8) = ¢ = ajc/(c + @j) = «j+1, and thus we may
conclude by induction. O

3. Scaling

For the proof of our main theorem, we shall have to perform a kind of Whitney-type decomposition of
S x § into pairs of patches of hypersurfaces (S1, S») and prove very precise bilinear restriction estimates
for those. In order to reduce these estimates to Section 2B, we shall need to rescale simultaneously the
hypersurfaces S1, S» for each such pair (Sy, S2) in a suitable way. To this end, we shall denote here and
in the sequel by R;l s, the bilinear Fourier extension operator

RS, 5,(f1. ) = Rip fi- Ria fo. f1 € LP(Uh). fo € L (Ua)

associated to any pair of hypersurfaces (S1, S2) given as the graphs S; = {(§,¢;(§)):§€U;}, j =1,2.
The following trivial lemma comprises the effect of the type of rescaling that we shall need.

Lemma 3.1. Let S; = {(§,¢(§) : § € U;}, where again U; C R? is open and bounded for j = 1,2. Let
A € GL(d,R), a> 0, put $°(n) = (1/a)p (An), and let

SI={.¢°m) :neUS}, U =A"'(U). j=12.
For any measurable subset Q° C R4H1 we set Q = {x : (*AX/, axgy1) € Q%Y. Assume the following

estimate holds true:

||R*f,55(g1,g2)||Lﬁ(Qs) <GCsllgill2llg2ll2 forall gj € LZ(U,'S)-
Then

1 _1
IR, s,(f1. f2)llLr (@) < Csldet A|77a™ 7 || fill2 | fall2 forall f; € L*(Uj)).
We now return to our model hypersurface (see (1-3), (1-4) and (1-5)), which is the graph of
P(€1.62) = 1) (1) + P(2) (§2)

on ]0, 1] x ]0, 1], where the derivatives of the ¢;y satisfy
By () ~ €12
k i—k
o) ED S EMTE for k>3,
and where m 1, m, € R are such that m; > 2.
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We shall apply the preceding lemma to pairs S; = S and Sp = S of patches of this hypersurface on
which the following assumptions are met:

General Assumptions. Let S = {(£,¢(£)): €U} and S = {(&, ¢(€)) : £ € U}, where U = r +[0, d1] x
[0,d>]) and U = 7 +[0,d1] x [0, d2], with r = (r1,72) and 7 = (71, 72).

We assume that for i = 1,2 we have r; > d; and 7; > d;, so that the principal curvature ¢Z.) of S with
respect to & is comparable to x; = r;" i~2 and that of S is comparable to k; = Fim 72 We put

c?i=d,~vji, I_”,'=r,'Vf,', Arizri—fi, (3-1)
K=Ki1VKky, K=K|VKyKki=KiVKi, K=KVK=K1VKka.

In addition, we assume that for each direction &1 and &, the rectangle U or U respectively on which the
corresponding principal curvature is bigger (which means that its projection to the &;-axis is the one
further to the right) has also bigger length in this direction. This is easily seen to be equivalent to

(kidi) v (Ridy) = K d;. (3-2)

Last, but not least, we assume the rectangles U and U are separated with respect to both variables &;,
i = 1,2, in the following sense:

diste, (U, U) = inf{|& —&|: £ €U, E€ U} ~ |Ar;| ~ d;. (3-3)

Given these assumptions, we shall introduce a rescaling as follows: we put

a) =kada, ay =kydy, (3-4)
and
spoy L _ 1 }
¢ (n) = a¢(A7)) = a1a2¢(a1771,612712)- (3-5)

The quantities that arise after this scaling will be denoted by a superscript s; i.e.,

i d; 1 a;
r’=—, df=—, k= al-zlc,-——/q,

Ya Y a Y aian

B Aj+1mod2
DS =min{d{.d§.df.d5}, U’ =r®+][0.d§]x[0,d5].

with corresponding expressions for 7%, d~l.s , K and US. For later use, recall also the normal field N on
SUS defined by N(&,¢(&)) = (—=V¢(£), 1) and the corresponding unit normal field No = N/|N|. After
scaling, the corresponding normal fields on S* U S will be denoted by N* and Ng. With our choice of
scaling, the following lemma holds true:

Lemma 3.2 (scaling). (i) Fori =1,2andallne U’ and 7} € U we have
109" () = 9:¢° () Swfdf S 1 and 19:¢° (7) —8;¢° ()| S kfdf < 1.

Moreover, IEI-S dis =1
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(ii) Forevery || >2andallne U’ and ) € Us,
0°¢° ()| S <°ldf Ad3 P71 and 0765 (| S &°|d} Ad5 P
(iii) Fori = 1,2, i.e., with respect to both variables, the separation condition

10;¢° () — 3:¢° ()| ~1 foraline s, je§

holds true.
In particular, the rescaled pair of hypersurfaces (S*, Ss ) satisfies the general assumptions (1)—(iii)
introduced before Theorem 2.6.

Proof. Observe first that

- di 1,
dlis =—, ki= a?ic;
ai

and thus, by the definition of a;, we see that i} cif =1.
Next, in order to prove (i), observe that for n € U,

10;¢° () — 0;9° (r*)| < sup 102¢° ()| Ini —rf| Skjdf,
n'e

with k3dS <i$dS = 1.
As for (ii), notice that also d102¢° = 0. In the unscaled situation, we have for k > 2 and every £ € U,
i—k - -
F O SET ~ 7SO ~ kg7
Thus, for n € U®, we find that

2
)2k — 4 2k _ .5 2k
aia

1
1050 ()| = ——a¥|9%p(An)| £ ——a¥ii (aimi
aiar aian

On the other hand, for n € U® we have

ri _ d;
)”>rs=—l>—l=ds>ds/\ds
r="1j ai — a i =" 2

1 1

and thus we conclude that
0% % ()] S &°(df nd**, k=2

In the same way, we obtain the corresponding result for n € US. These estimates imply (ii).

Finally, in order to prove (iii), let £ = (§1,&2) € U and § = (é -1, 52) € U. Then, by (3-3), we see
that |& — §i| ~ cz,'. Moreover, if for instance r; < 7; (the other case can be treated analogously), then
by (3-3) we even have r; +d; + cczl- < r; for some admissible constant ¢ > 0 such that ¢ < 1. But then
ki S |¢6.)(t)| < &; for every ¢ in between & and &;, and moreover ¢E;-)(f) ~ K;i = k1 on the subinterval
[Fi —cd; /4, 7], and thus

3 &
9:6(6) — 0 ) =' [ g

~Kidi =ai41 mod?2;




A FOURIER RESTRICTION THEOREM FOR A TWO-DIMENSIONAL SURFACE OF FINITE TYPE 861

hence
10 p(An) — 0; p (A7)

di+1 mod 2

10i¢° () — 9;¢* ()| = ~ L. (3-6)

This completes the proof. O

In view of Lemma 3.2, we may now apply Theorem 2.6 to the rescaled phase function ¢°. According
to (2-19), the scaled cuboids are given by
2 R2

3. —
R) xeR |Xl+a¢ (ro)x:;l_W —1,2, |X3|§W s

SS‘ SY(
with rg =% if k° =k’ AK®, and r§ = 7° if £ = k° A%, Thus, if % < p <2, then for every « > 0 we
obtain the following estimate, valid for every R > 1:

e l_1 _5
”RSS gs ||L2XL2_)LP(Q§<S.§3‘(R)) < /)27 (D* )3 » log”* (C§)Cq R%,
with (compare to (2-20))
N ds d N ~S s, .8 N
Co = ——75 (D[* AR*])™ P(DKD )
(D9)*

Recall here that R* ~(f1, f2) = Re, f1- R, f2,if f1 € L2(U), f» € L2(U). Scaling back by means of
Lemma 3.1, we obtaln

”R§,§”L2xL2—>LP(QS,§(R>)S(alaz) I (PRSI (DN log*(Cg)Ca R*

= (a1026° -a1a28%) 277 (D*)> 77 log" (C§)Ca R (3-7)
where
3 R? R
_ _ . . 4S8 (.S R
QS,S(R) = {x €R”: faixi +9i¢° (rp)arazxs| = ——— (Ds)z,zs = 1.2, lmazxs| = (D5)2ks /\Ks}
R2 R?
={xeR3: |x; +0; <—0—1=12, = o
{x i +0ip(ro)cs| = a; (D%)%ics : sl < aaz(DS)%k* /\KS%

But, by (3-4), we have

Kod? Vv ik d?
K —Kviz—a_lKlva—zlzz—a_—l\/a_—ZZM (3'8)
an ai di d> did,

and _

di d

D* _mln{ds,dz,dl,d2}<mm{—l —2} = &)

ay az

hence
ai(D*)%k <a;D* <d;, i=1,2,

and also

alaz(Ds)z(Ks /\/25) < Dsalaz <axdi Naydy = I?ldlz /\I?zd%.
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These estimates imply that
Q55(R) D 0 5(R). (3-9)
if we put
2 R2

R
1 3.
O.c(R)=1xeR’: |xi+0ip(ro)x3| < —=—,i=1,2, |x3| < ———=¢.
s.5R) s X ¢ (ro)xs| i |x3] a2 A rd

Moreover, by (3-4) we have

di  &id
s i iadi
di =— = di,
ai ayaz
and ~
Ki = . ~ Kkidid;
min{d;, dls} = ——d; min{d;,d;} = .
aias ayas
Furthermore,
aj ai 5= 93 - _ (- F2K2 _ 5oK1
aiark’ ~aias (—K2 + —Kl) = (K%dlsz + K%dzz/q) = K1K2 (Kldlz_— + K2d22_—). (3-10)
ai az K2 K1

Thus the product of the first two factors on the right-hand side of (3-7) can be rewritten as

1.1 _5
(arazk®-ayark®)2™ 7 (Ds)3 P

(_ Cz —+K2d2 ) mjn(kidic?,-)3_%
K1 i

1 1
- T R i}
Z(lzldll?zdz)p > (ie1ic2)! ”(Kld +/<2d2_—1) p(l?ldf:—z-i-l?zdzz
1 2

N|—=
Sl

=
N

2(611612)" 3 (k142)" p(K1d1_+ Kod? K1)

X
Sl

1_
1\? .- 7\3—2
min(ic;d;d;)” " 7
1 i
_1
J2

l\)\'—‘ =1

D=
|

1
:(121122)%_2(6216%)%_ (I{ld —+K2d2 1) p(l(ld —+K2d2 1) min(/zidiaiif_%
K1 i

K1

For a, b € (0, co) write
avb

a
q(a,b) = /\b=5\/ > 1.

b
a

A lower bound for D¥ is

dlAdlAdzAdzz(dl_AdlAdz_Adz)(dl dz) ! 1, (3-11)
dq d> ay az

D’ =
q(d1,d1)q(da, do) &

where we have used (3-8) in the last inequality. And, from formula (3-10) we can deduce

ai an

K1k - K1ky K1d2Viad? 1 i
2R @d] Vipd) o R = ., (3-12)
aia K1 K2 did,  qk1,k1)q(k2,k2)  q(k1,k1)q(k2,K2)

where we have again applied (3-8) in the last step. Combining (3-11) and (3-12), we obtain
(D) < [ g &)q(di.dy). (3-13)

i=1,2
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and then by symmetry also
(D) s [T g &)q(di.di).
i=1,2
We may now estimate the constant Cj in the following way, using (3-13) in the first inequality, (3-11)
in the second one and (3-8) in the third one (being generous in the exponents, since Cj appears only
logarithmically):

s d_szd_2 s R T dszd_s2 ) NSt
CO (DS)4 (D [K NK ]) P(D D%k ) < (DS) ( l_[ q(K[,Ki)q(di,di))

i=1,2

SNFTS L
CI(Ki,/Zi)(I(di,di)) (djd3)*(k*)*

+5(J1J2)2(Ela712 szczzz)4
apaz 6316?2
(,zlcﬁv,zzcﬁ)z)z
K1d2 2d2

i=1,2

( (Ki,/Zi)(I(di,czi))
i=1,2

. \7 15
Q(Ki,/?i)Q(di,di)) (

N =

i=1,2
5+5
- vy’ - 72 - 9242
=( 1_[ CI(Ki,Ki)CI(di,di)) q(k1di, k2d5)”.
i=1,2

Combining all these estimates, we finally arrive at the following.

Corollary 3.3. Let g =p= 2. For every a > 0 there exist Cy, Yo > 0 such that, for every pair of patches
of hypersurfaces S and S as described in our general assumptions at the beginning of this section and
every R > 0, we have

IR% <] . U < CaR¥(R172) 72 (dyda) 7~ min(&id; dr)>~ 7
5.51L2($)xL2(5)~Lr (0L (R) =~ i

1

1
11 ~
(Kld —\/ 2d2 ) p(l(ld —\/sz2 1)
K2 K1 K2 K1

x|:1+10g”°‘ (q(/?lcjlz,kzcizz) 1_[ q(di,Ji)Q(Ki,lzi))], (3-14)

i=1,2

1
P

D=

where, in correspondence with our Convention 1.4, we have put R; §(f1, f2) = Ry f1- Rgp f2, f1 €
L2(S), f> € L%(S).

4. Globalization and &-removal

4A. General results. The next task will be to extend our inequalities (3-14) from the cuboids Q1 ~(R)
to the whole space, and to get rid of the factor R% There is a certain amount of * globahzatlon or
“e-removal” technique available for this purpose, in particular Lemma 2.4 by Tao and Vargas [2000a],
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which in return follows ideas from [Bourgain 1995b]. We shall need to adapt those techniques to our
setting, in which it will be important to understand more precisely how the corresponding estimates will
depend on the parameters x; and d;, j =1,2.

To this end, let us consider two hypersurfaces S; and S» in R4+, defined as graphs S i ={(x,¢j(x)):
x € U}, and assume there is a constant A such that

Vg (x)[ < A (4-1)

for all x € U;, j =1,2. We will consider the measures v; defined on S; by

/Sjgdvj' =/Uj f(x, ¢;(x)) dx.

Note that, under the assumption (4-1), these measures are equivalent to the surface measures on S; and S5.
We write again

R§1,52(f1’ f2) = R[Ed fl RlEd fz.

Denote by B(0, R) = {x € R4+ : |x| < R} the ball of radius R. Our main result in this section is the
following.

Lemmad4.1. Let C1,Co, 0,5 >0, Ro>1, 1 < pg < p <00, andlet S1, Sy be hypersurfaces with vy, vy,
respectively, satisfying (4-1), and let 1 be a positive Borel measure on RA+1 Assume that forall R > Ry
and all f; € Lz(Sj,vj),j =1,2,

@) IR, s, (f1. 2)ILroB0,R), 1) = CLR¥ | f1llL2(s1,0) 1 21lL2(85,02)»
(i) |dv; (x)] < Co(1+ |x])™* forall x € RIH1,
and that (1 +2a/s)/p < 1/ po. Then

IRS, 5, (f1. 2 Lr@a+r, )y < C'l fillLaesy wp I 2llL2(55,00) (4-2)
forall f; € L2(Sj, vj), j = 1,2, where C’ only depends on C1,C,, Ro, ., s, p, po.

Proof. We shall follow the proof of Lemma 2.4 in [Tao and Vargas 2000a] and only briefly sketch the main
arguments, indicating those changes in the proof that will be needed in our setting. The main difference
with [Tao and Vargas 2000a] is that instead of a Stein—Tomas-type estimate, we will use the trivial bound

1 — 1 1 1
S e 1 RPN 1 N e (UL Ry o= 71 SN O

where we have used our hypothesis (ii).
By (4-3) and interpolation, it then suffices to prove a weak-type estimate of the form

W(Ey) SA™P, A>0, (4-4)

assuming | fjll 2,y = 1. j = 1,2. Here, Ej ={Re(Rz, f1 Ry, f2) > A}. Given A > 0, let us abbreviate
E = E;. We may also assume (E) = 1. Chebyshev’s inequality implies

AR(E) < ||XER[§(1 f1 R[EdeHLl(M)’
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and thus it suffices to show

1
I XERGa g1 Rga&2lltuwy S (E)? g1l 1821200y

for arbitrary L2-functions g; and g, (which are completely independent of f; and f>).
To this end, fix g2 with [|g2(|z2(,,) ~ 1, and define T = T4, as the linear operator

Tg1 = xERz.81 Rpa 8.
Then, (4-5) is equivalent to the inequality
a
1Tg1llL1 ) < H(E)? g1l L2q,)-
By duality, it suffices to show
1
IT*Fllr2(avyy S H(E) 7 [ FllLoo (.
where T is (essentially) the adjoint operator
T*F = F (xERGag2F 1),

and F~1 is the inverse Fourier transform. We may assume || F ||z oo (1) < 1.
By squaring this and applying Plancherel’s theorem, we reduce ourselves to showing
~ — ~ 2
(F dpxdvr, Fdu)| S w(E)7,
where F = XE (Rﬁ;d g2) F. Note that the hypotheses on F and g5 and inequality (4-3) imply

I F L = 10E (R 82) Fll1 oy < X E L1 oy | Riga 821 Loo ) | F llLoo () S 1(E).

865

(4-5)

(4-6)

(4-7)

From this point on, we follow the proof of [Tao and Vargas 2000a] with the obvious changes. Let

R > 1 be a quantity to be chosen later. Let ¢ be a bump function which equals 1 for |x| < 1 and vanishes

for |x| > 1, and write dv; = ah)fe + dvy g, where

—_ X\ —

dvir(x) = ¢(E)d1’1(x)-
From hypothesis (ii) we have

ldvfloe < R,
and so by (4-7) we have
(F dpxdvfl, Fdu)| S R™5u(E)>
We now choose R to be
2
R = p(E),

so that the contribution of d vf2 to (4-6) is acceptable. Thus (4-6) reduces to

2
7

(Fdpxdv g, Fdu)| < u(E)7.

(4-8)

(4-9)



866 STEFAN BUSCHENHENKE, DETLEF MULLER AND ANA VARGAS

Following the arguments in [Tao and Vargas 2000a] and skipping details, we may then reduce the
problem to proving

(Sl
=

2 2 -1 _ L~ ~
Ixeg182llp1(uy S R ZR2ZU(E)” [|g1]21182]l2,
where g; is an arbitrary function on the 1/R neighborhood of S; g for i = 1,2. By Holder’s inequality it

suffices to show

1

(E) " [1g1 21182112 (4-10)

=

1
2 2 -7 .1
g1&2llLro ) S H(E) "0R™2R

Moreover, using the first hypothesis of the lemma, we obtain

lg1821lL70 () < R MIg1ll2 1182112

Comparing this with (4-10), we see that we will be done if
-1 L a1
R% S p(E) 76 pu(E)? = p(E)7o 7
But this follows from (4-9) and the assumption (1 + 2a/s)/p < 1/ po. O

4B. Application to the setting of Section 3. Let us now come back to the situation described by our
General Assumptions in Lemma 3.2; i.e., we are interested in pairs of surfaces S = graph(¢|y), U =
r+[0, d1]x[0, d>], with principal curvatures on S comparable to x; =7 2 ri>d;,and § = graph(¢|7),

i
with corresponding quantities 7;, d;, Kj, K.
Recall also the notation defined in (1-3), (3-1), and assume the conditions (3-2) and (3-3) are satisfied.
We consider the measure vg supported on S given by

/fdvs 1=/ f(x1,x2,¢(x1,x2)) dxy dx2,
S U

and define vg on S analogously.
4B1. Decay of the Fourier transform.
Lemma 4.2. Lets = 1/(my vV my). Forany r® e U U U we then have the uniform estimate for x € R3

|dvs ()] + |dvg (x))]
< Cydda (1 + |di(x1 + 319 (r0)x3)| + |da(x2 + 320 (r0)x3)| + [(R1dE v k2dP)x3]) " (4-11)

Proof. We only consider v = vg, since the proof for v is analogous. Recall that ¢ splits into ¢ (x) =
1) (x1) + P2)(x2), so that

o r1+di . ro+do> .
|dv(x)| = / et (x1&1+x3¢1)(61)) d&/ o1 (2823302 (62)) d&,|.
-

1

r2
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Next, for i € {1,2}, we have
I; =

ri+d; . d; .
/ o1 (xi§i+x303) () dfz“ — / o1 rityi)+x363) (ri+yi)) dyi‘
i 0

di , ,
/ el ((xi 40, (ri)x3)yi+x3(b) (ri +yi)—=b0i) (ri) = (ri)vi)) dy; '
0

1 i . ’ . v d2W:(d: v:
_d / o (i (r)x3)d; yiFesid W (d; 7)) dyi‘,
0

where W¥; (y;) = (¢(,-)(r,- +d1yi) — ¢y (ri) — ¢El.)(r,-)d,- yl-)/(/c,- dl-z), so that in particular

by (ri +diyi) — ¢y (i) d; d? by (ri +diyi)
='“’ | 5 S~ 1, Wiy =~ a1
Kid; Kid; dy; K;id:

1

d
‘d—yi‘l’i(yi)

Therefore, by either applying van der Corput’s lemma of order 2, or by integrating by parts (if
|d; (xi + ¢(;) (ri)x3)| > |kid?x3],) we obtain

_1

Ii S di(1+|di (xi + ¢y (ri)x3)| + ki d P x3])72. (4-12)

We next claim that the distortion d; / cz,- in the side lengths is bounded by the distortion in the size of
the space variable r;, i.e.,

<L (4-13)

If r; ~ r;, the statement is obvious, so assume r; < 7;. Then 7; = r;, and furthermore by our assumptions

wehave d; <r; and r; ~ |rj —Fi| < d; (compare to the separation condition (3-3)). Thus (4-13) follows
also in this case. As k; = rlm ,;—2, we conclude from (4-13) that

Kidl.2 (d,')m"
NS (2 (4-14)
K,‘dl-z d;

In combination, the estimates (4-13) and (4-14) imply

O\ _ -
1+ 1d; (xi + ¢ (ri)x3) | + lkid?x3| 2 (dfl) (14 1d; (xi + gy (ri)x3)| + |kid?x3)).
l
Since we may replace the exponent —% in the right-hand side of (4-12) by —1/m;, we now see that we
may estimate

- _ - __1
I Sdi(14|di (xi + gy (ri)x3) | + |kid P x3]) i (4-15)

Finally, in order to pass from the point r to an arbitrary point r® € U U U in these estimates, observe
that by (3-3) we have |r; — rl-0| <|ri —Fi| +d; ~ d;, and hence

di | (5 (i) = $y D) < Rilri =0 \di S Rid?,



868 STEFAN BUSCHENHENKE, DETLEF MULLER AND ANA VARGAS
since |¢g.)| <ikjon[ri,ri+di|U[F, Fi+ cz,']. Therefore (4-15) implies that also
- _ - L
Ii £ di(1+|d; (xi + 0i¢(r®)x3)| + Ridxs]) i
The estimate (4-11) is now immediate. O

4B2. Linear change of variables and verification of the assumptions of Lemma 4.1. In view of Lemma 4.2,
let us fix 70 € U U U, and define the linear transformation 7 = T¢ 5 of R3 by

T(x) = (di(x1 +31¢(r)x3), da (o2 + 026 (r0)x3), (k17 V k2d3)x3).
Then estimate (4-11) reads
|dvs ()| + |dvg(x)] < Csdrda (1 + T ()
Therefore, in order to apply Lemma 4.1, we will consider the rescaled surfaces
S1=(TH7'S and S,=(TH7S. (4-16)
Then we find that
S1={(TH) 7 (x1, %2, ¢1) (X1) + P2)(x2)) : (x1,x2) € U}
%(2——1 Z__z m(—aﬂﬁ(”o)xl — 026 (ro)x2 + ¢(1)(x1) +¢(2)(X2))) 1(x1,x2) € U}

= {01, 2. ¥ (1, 2)) : (1, y2) € Un},

where Uy = {(y1, y2) = (x1/d1, x2/d>) : (x1,x2) € U} is a square of side length < 1 and

v (y1,y2) = (—d1019(ro)y1 — d202¢(ro) y2 + ¢y (d11) + 2)(d2¥2)).

K1d2 V iad?
We have a similar expression for S».
In S; we consider the measure dv; defined by

1 _
/ gdvi = — | g((T") 'x)dvs(x).
Si didy Js

By our definition of dv and 1, this may be rewritten as

1
/ gdv) = — /g((T’)_l(xl,x2,¢(x1,xz))dx1 dx
S didy Ju

142
1 X1 X2 (x1 XZ)) /
= = _, =, _, = dx dx = s R , d d .
dldz/Ug(d1 0 v i d 1de= | g1, y2, ¥ (y1,y2)) dy1dy2
Moreover, we have
— | P _
gdvi(§) = == (go(T")'dvs) (T71¥), (4-17)
did,
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and therefore
ldvi(x)| < Cs(1 4 [x[)".

We have a similar estimate for 3\1\2 Thus, the hypothesis (ii) in Lemma 4.1 is satisfied. To check that
condition (4-1) is satisfied for S; and S» too, we compute

. 1

8)/1 K1d2V zdz‘_

d181¢>(r0) + Czl‘ls(l)(d_lyl)"

Writing ro = (c?lyl,o, czzyz,o), we see that

W _
dy1

1

s [~y d +digl,\(d
Eldlz\/lzdeZ‘ 19(1)(d1y1,0) + d1¢(y)( 11|

k1d?

1 72 "
~ —————=di ()1 —y1,0)¢(1)| = /hczlz—zdzlyl y1.0l = Cnymy.

K1d12 \/K2d22

and in a similar way we find that the derivative with respect to y, is bounded. Hence, hypothesis (4-1) is
satisfied for v in place of ¢.

What remains to be checked is condition (i) in Lemma 4.1. Observe first that our local bilinear estimate
for S and S in Corollary 3.3 is restricted to cuboids (see (3-9))

R
Y(R) = 1~R={xeR3x+a rx<—l—12x<*}, 4-18
0'(R) =0} <(R) i+ 09 s = 5 R v L
where 10 is either? r or 7. Obviously T~1(B(0, R)) = {x e R*>: |Tx| < R} C Q' (R).
Define
L . Nt
S o N=207 FN=3 . = ;3 (o gaK2 _ <oK1)?
= (kK1k2) "% (d1d2) 3 min(k; d; d; )3 Kld \/ 2d kK1di —=Viads— | (1+log" Q),
1 K1 K> K1 (4_19)

-1 - -1
= (k1k2)>(d1d2)® min(k; d; d;) ™ (Elcjflf—zvkzdzzlf—l) (K1d1 VszzKl) ,
i K2 K1 K2

K1

where
0 =0(S.8) = q(1d} . k2d3) [ a(di,di)qei. )
i=1,2

and g(a,b) = (a Vv b)/a Ab > 1 are defined to be the maximal quotient of @ and b. In some sense Q
is a “degeneracy quotient” that measures how much (for instance) quantities d;, d; differ from their
maximum dj;.

Then the estimate (3-14) in Corollary 3.3, valid for % < p < 2, can be rewritten in terms of these
quantities as

1 1
Q (R)”R§,§||L2(S)XL2(§)—>LP(Ql(R)) S CaRaAB p, (4-20)

3Recall that we have some algorithm for how to choose 0, but this will not be relevant here.
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Now, in order to check hypothesis (i) in Lemma 4.1, let us choose for 1 the measure on R3 given by

A pbo
A ) B.
did,

and where d £ denotes the Lebesgue measure. Notice also that (4-17) implies that, for any measurable set

dp = B7'dgé, where B = |detT|(

E C R3 and any exponent p, we have

RS, 5, (1, P lLrce = ——— 7 7 HR s(fro@)™ o) N or1myae  @2D
(d1d2)
In particular, we obtain
1
A"1B 70 _ _
IRS, 5, (f1- f2)llroo.rym = == R 5(/1o (TN oo (T ) | oo 1500, myy.a0)
1d2 ’
1
A_IB_TO t 1 t
= d1ds HR ( o(T*)™", fao(T)” )“LPO(QI(R) dg)’

Invoking (4-20), we thus see that for % < po <2 and every a > 0,

1 _ _
IR, s, (f1, f2)ILPo(B(0,R). 1) < . Coa Rl f1 (Tl 2(ave)ll f2 0 (T 1||L2(dv§)
142

= Co R*|| fill L2av) | 21l L2

which shows that hypothesis (i) in the Lemma 4.1 is satisfied. Applying this lemma and using again
identity (4-21) and the definitions of p, v; and v,, we find that for any g1 and g, supported in S and S,
respectively, and any p satisfying the assumptions of Lemma 4.1, we have

- - P0 P01
||R§,§(g1,g2)||u(dg) <C(did2)' "7 A7 B7||g1llz2(avp I€211 L2 (dvo)- (4-22)

Finally, putting ¢ = 1 — po/ p, and recalling that we may choose « in Lemma 4.1 as small as we wish,
then by applying Holder’s inequality in order to replace the L?-norms on the right-hand side of (4-22) by
the L2-norms, we arrive at the following global estimate:

Theorem 4.3. Let % <p=<2,q>2, €>0. Then there exist constants C = Cp ¢ and y = yp ¢ > 0 such
that

- -3 - - 5
”Rz’g||Lq(S)xLCI(§)_>Lp(Rn)EC(KIKZ)D 2—i_ze(dldz)” 3tae

X(dldzcilczz)%_é(l +10g)/ Q)m,in(’zidia;i)?’_%_%
1

1—e_ 1 1—¢

1
2 T p K K 2 " p
(Kldl —V 2d2K1) p(Kldl \/sz P ) ! (4-23)
1

K1

uniformly in S and S, where 0= q(klczlz, /226?22) ]_[1-21’2 q(di,c?i)q(/ci,/?i) and q(a,b) =(avb)/a Ab.
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5. Dyadic summation

Recall that our hypersurface of interest is the graph of a smooth function ¢ (x1, x2) = ¢(1)(x1) + ¢(2)(x2)
defined over the square 0, 1[ x ]0, 1[. We assume ¢ to be extended continuously to the closed square
0 =10, 1] x [0, 1] (this extension will in the end not really play any role, but it will be more convenient to
work with a closed square). By means of a kind of Whitney decomposition of the direct product Q x Q
near the “diagonal”, following some standard procedure in the bilinear approach, we can decompose
0 x @ into products of congruent rectangles U and U of dyadic side lengths, which are “well-separated
neighbors” in some sense. The next step will therefore consist in establishing bilinear estimates for
pairs of subhypersurfaces supported over such pairs of neighboring rectangles. Notice that if one of
these rectangles meets one of the coordinate axes, then the principal curvature in at least one coordinate
direction will no longer be of a certain size, but will indeed go down to zero within this rectangle. We
then perform an additional dyadic decomposition of this rectangle in order to achieve that both principal
curvatures will be of a certain size on each of the dyadic subrectangles (see Figure 10). To these we can
then apply our estimates from Theorem 4.3. Thus, in this section we shall work under the following:

General Assumptions. For k;, k;, ji € N,
U = [ki2™ (ky + D277 x k22772 (k2 + 1)2772],
T = k12791, (ky + 1277 x 22772, (ky + 1)2772],
are two congruent closed bidyadic rectangles in [0, 1] x [0, 1] whose side length and distance between
them in the x;-direction is equal to p; = 27Ji both fori =1 and i = 2.
By »; we denote the maximum value of the principal curvature in the x;-direction of both § =
graph(¢|y) and S = graph(¢| ).

Theorem 5.1. Let g <p<2,q>2,e>0,and assume (m; Vv mp + 3)( 1

1 1
i 2) <z Then we have

2 _
7

7 —1+e

IRS 5| )o@y = Cras(P1p2) 7 Gapd v x2p3) 7 oG pf Arapd)! T (5-)
$,51La(S)xL4(S)—>LP (R3) P4 1 2 1 2

Proof. If U does not intersect with the x;-axis, then the principal curvature in x;-direction on U is indeed
comparable to x;. Otherwise we decompose U further into sets with (roughly) constant principal curvatures
in order to apply the previous results. More precisely, to each dyadic interval I = [k27/, (k + 1)27/],
k, j € N, we associate a family of subsets {/()};ex;, With | ;¢ N, (1) = 1, according to the following

two alternatives:
(i) If k > 0, then choose Ny = {0} and 71(0) = I.
(i) If k =0, then choose No =N = {1,2.3,...}and I(I) = 27 (k + 1)277, 211 (k + 1)27].
If we write U = I x I2, then denote by {/; (/;)};;en; their associated family, and let U(l) = I(l1) x I(l2),

I =(l1,l2) e N =Ni xN3 and S(I) = graph(¢|y()). Define N, U(l)and S(I), | € N, in an analogous
manner. Other relevant quantities are the principal curvatures on U(/), i.e.,

ki(l;) = 2l (mi_z)%i, (5-2)
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A

i U(0,12)

\J
\

Figure 10. Two possibilities for the decomposition into subboxes.

and the side lengths of U(!) ;
di(li) =2""p;. (5-3)

A simple but crucial observation is that since /; and T; are separated for both i =1 and i = 2, we have
N; = {0} or N; = {0} (see Figure 10). Hence /; = 0 or [; = 0 for each pair (I;, ;) € N; x N;, and thus

&i (i T7) = maxties (1), & (1)) = max(2 7l 0n=2) p~limi=D = o, -4
di(l;. 1) == max{d; (1;). d; (1)} = max{2 ™", 274 } p; = py. (5-5)
We conclude that
Ki (liz — - limi—2) (5-6)
ki(li 1)

Rill) o Tom-2 i) _ (5-7)

ii(li, 1) di
di(U)d; () = 277l p2 = 27V g2, (5-8)

Hence

=y = ~ o~ s Ela_lzvkza_lz 7 T
0 =q®d}.72d?) [ a(di).d; (1)) q(kili).&i (7)) < —=h—2 2mEithyima(lth) (5.9
i=1,2 Kldl /\K2d2

Thus, if we apply inequality (4-23) from Theorem 4.3 to the pairs of hypersurfaces S(/), S (l~ ) and
estimate by means of (5-4)—(5-9), then we get

IRS sllLaxra—rr

< * o
= Z IR sy 5@ Ioxea—rr
leN,leN

2 2
3_ 2_1 nip a2

< Gapnap3)? 2 2 (p1p2) ”logy( >+ %)
K205 X1P7

1_1

~ ~ 7 7 _ R 5 7 7
x| D0 NHh+h+b+D) (apt2 T Axps2 7 TR) T 2—(’1”1”2”2)(2—4)
leN,leN

1—e

l1—e_ 1
x (%1,0% 7—l(m2=2) \, %zp%2_ll(ml_2)) )

_1 7 7
P (%1/0%2_12(’"2_2) v %2;0% 2—11(m1—2)) 2 "7,
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We claim

Z [1+[1+[1+12+12]Y(%1p 2 h—I A X2 P35 2—12 12)3 3e— p2 (11+l1+lz+lz)(*_3

leN,leN 1

l—e_ 1 l—e
X(%lpfz—b(mz—Z)\/%ngz—h(m1—2» 2 p(%lp%2_b(m2_2)xfxzp§2_h(m1_2» 2 "D

3—3e—

5 g2
S Gap A x2p3) TP (e pt v aap3) TR (5-10)

Taking this for granted, we would arrive at estimate (5-1):
IRS sllLexr2srriog s(R)

2 2\ 2—242
< (eapyxapz) ? e

2 2
X X
107 2:02)

2 1 .2 3.5
(P1P2) 7 "7 (x1p3Vx203) 57 (a1 piaxap3)>T® ”logy( 2 2
X205 X107

2 2
21 1 . y
= (p1p2) 77 (1932 p2) P~ 2 Ger pE M) T log? ( 1,0;4_ 2102)

napy X 1/0%
We are thus left with the estimation of the dyadic sum in (5-10). Let
L=y vo3-3.-250, w:l—l>o, ci = m; —2.
p 2 p 2 q
Then ¢; 0 < v + w is equivalent to m; (% — —) + O(e) <z . This is satisfied since by our assumptions in
the theorem we have m; (11) %) < ql, , and we can choose ¢ arbitrarily small.

Estimate (5-10) will then be an easy consequence of the next lemma. Indeed, recalling our earlier
observation that for each pair (/;, i,) € N; x N; one of the entries /; or l~, must be zero, we see that we
have to sum over at most two of the parameters /1, /5, [ 1, l~2.

Thus, there are four possibilities: if exactly two of the parameters are nonzero, then there are two distinct
cases: either these parameters belong to the same surface (i.e., [{ =[ =0 or [ 1= l~2 =0), which correspond
to the left picture in Figure 10, or the nonzero parameters belong to two different surfaces, as in the “over
cross” situation shown in the picture on the rlght hand side of Figure 10. The remaining two possibilities
are ﬁrstly that only one parameter /1, /5, 11, I is nonzero, which happens if only one of the rectangles
U, U touches only one of the axes, and secondly the situation where both rectangles are located away
from the axes. In this last situation, we have indeed no further decomposition and only one term to sum.

The first two of the aforementioned possibilities can be dealt with directly by the next lemma. But,
notice that the corresponding sums of course dominate the sums over fewer parameters (or even none),
which allows to also handle the remaining two possibilities. O
Lemma 5.2. Let u,w >0, v>0, n,cy,c3 >0 such that (c1 vV co)ih <v+w,and leta,b € Ry. Then

o L+ L) 27 GtRe@amhe y py i v b2 ) TR @2 Ab2TR)Y

11,l,eN
< Y (U+h+DL)yr 2 BrRegy by a2k v pamhen) (g™ Ap27R)
11,lreN
<(avb)y (@b’

In the last estimate, the constant hidden by the symbol < will depend only on the exponent n.
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We remark that the bound in this lemma is essentially sharp, as one can immediately see by looking at
the term with /; = 0 = [,. Notice that the proof is easier when w > 0.

Proof. To prove the first inequality, observe that a2~/2¢2 v p27/1¢1 i bounded by a27/2¢2 v/ b as well as
by av b27!1¢1 and hence by the minimum of these expressions. Therefore we have

(@222 v by A (a v b27h1er) > ga~hea  pp~hier,

(@222 by v (avb27hey = a v b;
hence
(@222 v b)(a v b2 > (a v b)(a272¢2 v p2~ ey,

Using the symmetry in this estimate, it suffices to estimate

S=a" Y o Grlegyrhey pymhenyuyThy

I1,leN
a2~ <p2—I2

On the one hand, we have

S <a’b™h Yy ppphcinmvme) N y—he

I a2~ l1<b2—2

e (34 2) S g (31,

I

In the case w > 0, we might get along even without the log-term. On the other hand,

S <a’ M Z 13212(62M—w) Z lf2_l‘(v+w)

I liza2= 1 <b2772
< g H Z lgzlz(cw—w) Z 1?2—111)
I li:a2='1<b272
VM 1no" (4 é) (é)v 2nnla(c2p—v—w) _ ,—H}V n(g é)
a log(b—i-a P 15"2 a *bYlog b+a'
I
Combining these two estimates, we obtain
S
Sa *b Aad"b™" = (avb)H*(anb). O

+1 b
log" " (§ +2)
6. Passage from bilinear to linear estimates
Recall that m = m1 VvV my, m =mqy Amy and 1/h = 1/my + 1/m,. The first step to prove our main

theorem, Theorem 1.2, is the following Lorentz space estimate for the adjoint restriction operator R*
associated to I' = graph(¢).

Theorem 6.1. Let po = 1+ /(i +m), 2p >max{,2pg,h+ 1} and 1/s' > (h+1)/(2p). Then R*
is bounded from L' (T, dv) to L*P**(R3) forany 1 <t < oo.
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Proof. We begin by observing that we may assume
h+1
_
p
Indeed, if 2p > 2(h + 1), then we have the Stein-Tomas-type result that R* is bounded from L?(T', dv)
to L2?(R3) (see [Ikromov et al. 2010; Ikromov and Miiller 2011]). Interpolating this with the trivial

estimate from L1 (T, dv) to L% (R?) and applying Holder’s inequality on I', we see that the situation
where (h + 1)/ p < 1 is settled in Theorem 6.1.

1. (6-1)

In the remaining cases, interpolation theory for Lorentz spaces (see, e.g., [Grafakos 2008]) shows that
it suffices to prove the restricted weak-type estimate

= 1
lx@dvlzp < 12[5 (6-2)

for any measurable set 2 C Q = [0, 1] x [0, 1].
To this end we perform the kind of Whitney decomposition mentioned in Section 5 of Q x Q =
U i Uk%,; Tik X Tif into “well-separated neighboring rectangles” 7;; and T where

Tk = [(k1 = D277 k27 x (ko — 1)2772, kp2772],

and where k &~ k means that 2 < |ki — l€i| <C,i=1,2 (see [Lee 2006; Vargas 2005]). Then we may
estimate

1
— —_— - * \ p*
lxedvi3, =llxe dvigdvi, < Z(Z |3(xeng dv)(xanc dv)|, ) ,
I k~k
where
p* =min{p, p'}, (6-3)
with 1/p + 1/p’ = 1. The last step can be obtained by interpolation between the case p = 2, where one

may apply Plancherel’s theorem, and the cases p = 1 and p = oo, which are simply treated by means of
the triangle inequality (see Lemma 6.3 in [Tao and Vargas 2000a]). We claim

1 1 h+1
(n‘1+3)(———) <22 (6-4)
p 2 2p
Case 1: m <2m. Then m < 3h and
I 1 h+1 1 1 h+1 5 3
(n'a+3)(———)—L 53(h+1)(———)——Jr = (h+1)(———) <0
p 2 2p p 2 2p p
according to our assumptions.

Case 2: 11 > 2m. Here,

h+1= > — (i +3)—
m +
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_ 1 1 h+1 1 m 1
m+3(5-3) -5 <o+3(5 -3 7

_ 1 m 1
:(m+3)(5(1+ﬁ1+m)_5) <0,

In both cases, these estimates show that we may choose g > 2 such that

and thus

because of our assumption 2p > 2 py.

1 1 h+1

_ 1
@+3(5-3) <<% ©

(recall here (6-1), which allows to choose g > 2).
The first inequality allows us to apply Theorem 5.1 to the pair of hypersurfaces

Sik ={(¢.¢(¢)) :§ et} and S ={(.0(5):§ et
with
pi =270 g~ (27T (e 2R gy pF ~ kM T2 (6-6)

1

Without loss of generality, we may assume
kel :={k: kM2 /im > r22p=j2m2y (6-7)
ie., %1,0% > }:2,0%. Thus, by Theorem 5.1,

IRS.. s NLa(s; yxLa(s,-)—LP®3)
jksPjk Jk jk

2

21 %1/01\/%2/02 ol
S (p1p2)7 "7 (1pt Vv nap3)” (2L 2P

%1,01 A %2/)2

km1 -2 2

*—1+€ 1
21 H=Uim szz)) =A;- B,

—9 (J1+Jz)(*—*)k_(m1 2)1)2J1m1*
k;n2 -2 ’J’

if we define
Aj = 2_(jl+j2)(%—%)2j1m1%2—(j1m1—j2m2)%—1+3

mi—2) (K1 T2\
— 1=
B, g~ Bk =k (W)

Since |{k : k ~ k}| S 1 for fixed k, we conclude that

1
— 1 p*
||mdv||%,,sZAj(Z( |smr,k|q|smr c|7)? )
J k~k

1
E3

<ZA (ZB 190l 6 )
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Therefore we are reduced to showing
r* 5
£ 2p* \ P* 2
ZAJ(Zka’j|Qﬂtjk| a ) <195, (6-8)
J k

6A. Further reduction. We have the decomposition

g r*
where rx* € [1, oo] will be determined later, and introduce r = r*p*/ p. Applying Holder’s inequality to
the summation in k, with Holder exponent r* > 1, we get

2p* a 1
P _ +

7
r*

1
* gk /

(ZB 12Nzl q) (ZB |Qﬂfjk|a)lr*(2|9mfjk|)p

kel kel by
1
pr . . o 1 1
= (ZBl:,j) min{|Q|, 2712} 7 || 77 (177%)
kel

p J1—J2 S+ o7
=(Y_Bi;) min{|Q].2~ Vi~ r tor Q| T

kel

Moreover we have || <|Q|=1,aswellas 1/s'>h+1/(2p),ie.,2—(h+1)/p >2/s. Therefore
|Q|2~+1D/P < |Q|?/5, and thus in order to prove (6-8), it suffices to show that

1
_htl_ 141 '
QP72 3 Ay minfl] 27 ””’(ZB’”)p’

J kel
i.e., that
|Q|2_M_7+ »r >Zz (im ]2m2);—1+82 (]1+J2)(q/—*)2]1m1pmm{|Q| y—J1— ]2}*_*"‘1;L
e
’ X(Zkgml—z)(l prep)r (ma=2)(p=2- sp)r)’”'
kel

We apply the change of variables [ = j; + j» €N, I” = jimy — jomy € Z, such that

Then the exponent in j;, j» becomes
) ) 2 L 1 2 ) 1 2 1 2 myimal+mql’ 1
(]1m1—]2l712)(1———8)+(]1+]2)(———/)+]1m1—=l/(l———8)+l(———/)+L—
4 P 4 4 4 P 4 mi+my p

!’ mi+2mo h+1 2
=—|p—er— +1 -]
p my+my P q
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The summation over k € I, = {k}"' 2> ky' 2729l Vis independent of /, and thus we have finally reduced
the proof of (6-8) to proving the following two decoupled estimates:*

00 , m Lr
Z 5% (P=ep— mlltrmf)( Z kiml—2)(1—p+8p)rk§m2—2)(p—2—8p)r)” <00 (6-9)
l/'=—00 ke]ll
and
= -Z) l +-L Al _LyL
Z 7) min{|Q|, 2"Vt rr < Q2 RN (6-10)

6B. The case m > 2. In this case we have both m > 2 and m, > 2.

6B1. Summation in k. We compare the sum over k in (6-9) with an integral. We claim

V(G +a-p+
(m1—2)(1—p+ep)r; (mr—2)(p—ep—2)r 2| I(m1_2 (-p sp)r), I/ZO,
kl k2 dks |l/|( 1 +( _ _2) )
kiko>1 |12 Nmp=2 TPTEP=E )4 - <,
m1—2>km2—221/

ky zky
(6-11)
provided that
=m1_2+(1—p+ep)r<0 (6-12)
and
1 1
a+b= + —r <0, (6-13)
m1—2 m2—2
where
1 o -
b:= P +(p—ep—-2)r eR. (6-14)

For the moment, we will simply assume these conditions hold true. We shall collect several further
conditions on the exponent r and verify at the end of this section that we can indeed find an r such that
all these conditions are satisfied.

S PR
By means of the coordinate transformation s = k"' 2= k;"z_z (ie.,dk ~sm—2 Lymy=2 1a’(s, 1)),
(6-11) simplifies to showing

ds dt olla 11>
b — Y,
J(a,b) = // 2 {21 b o, (6-15)

s,t>1
szt21/

provided that a <0, a+b < 0. Here we have set by = bV 0. Changing ¢’ to s27!'/ 1, the set of integration
for the 7-variable {r : ¢ > 1,527/t > 1} transforms into {¢’ : s2~%"/#/ > 1,#' > 1}, and thus, since we

4Technically, we only have to sum over the smaller set I’ € mN —m,N.
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assume a + b < 0,

b
J(a,b) = // s¢( 227 dsdr’ =2_l/b/oo (=P /oo s“”’ﬁd—t,
’ v st t'=1 s=1ve/2!’ st

s,t/>1
s>t/2l

i [ / dt’
=27 b/ (1v/2yatby—bZ"_
1 t

If [’ > 0, then clearly 1V 21" = /2! and since a < 0, we get
[0 dt’ /
J@a,b)y=2 “/ z’“7 ~2l'a
1

And, if I’ < 0, then we can split it into

a2 ar e dr L 1—2lb oo g
J(a,b)=2_l b/ t/—b_+2la/ t/a_=2—lb +/ ua_“
1 t N4 t b 1 U

S 1@+ 1) ~ 2l
(notice that the additional factor |/’| arises in fact only when b = 0). This proves (6-15).

6B2. Summation inl’. In order to apply (6-11) to (6-9), we split the sum in (6-9) into summation over
[’ > 0 and summation over I’ < 0. In the first case I’ > 0, we obtain
L
Z 2%(1)—817— mLE22) (Z X gm 1=2)(1=p+ep)r, §m2—2)(17—ep—2)r)rp
kel

1’>0

< Y 25 et ) gl G+ )

1’>0
Y(1_1 ___mp )
— 27 rmyp—2 mj+my X (6_16)
I’>0
The sum is finite provided
1 -2
I maimi=2) (6-17)
r my +mp

which gives yet another condition for our collection.
In the second case [’ < 0, we have
1
Z o5 (p—ep— ) ( Z k§m1—2)(1—p+8p)rk§mz—2)(p—8p—2)r) "
1’<0 kel

< 3 2B e ) G+ )+
I’<0
mi1+2mo 1 1

= Y e G2 (g
I’<0
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Notice that for sufficiently small £ > 0 we have p—ep > po = 1+m/(m+m) > 1+my/(m1 + m2),

and therefore 5
pogp_ AT EM2 (6-19)
mi+moy

Thus the last sum in (6-18) converges in the case where

b 1 1
—-=- +p—ep—2=<0.
r rmpy—2

This shows that we only need to discuss the case where b > 0, in which we need that

0 < mi +2mp 1 1 n ey mi 1 1
—&ep— - - — 3 = - - ,
p—ep mi+mo rmy—2 pvep mi+my rmp—2

which is equivalent to

l< ml(mZ_z). (6-20)
r mi + my

Notice that this is of the same form as (6-17), only with the roles of m; and m5 interchanged.

6B3. Summation in l. Recall that we want to show estimate (6-10), i.e.,

> i l 1, 1 j_i 1
Z 7 ming2 L |y g jQP Ty
We claim it is sufficient to show that for 4 > 0 and v — p > 0,
o0
f e** min{e™, A}V dx S AV (6-21)
0

Indeed, given (6-21), we apply it with A = |Q|, u=(h+1)/p—2/q¢  andv =2/q—1/p* + 1/(pr).
Due to the choice of g in (6-5), we have u > 0. Moreover we want
0<v—u=2—i*—|-i—hL1 l(2p—h—1—£-|—l).
p pr p 4 px r
Notice that if p <2, then p/p*x =1, butif p > 2, then p/p*x = p(1—1/p) = p—1. Thus p/px =
1+ (p—2)+ forall 1 < p < o0, i.e., the condition which is required here is

%>h+2—2p+(p—2)+. (6-22)
In order to verify (6-21), observe that
o0 [e.e] o0
/ e min{e™, A} dx = / e’ A F min{e™ Y A, A} dy = AVTH / e?" min{e™, 1} dy.
0 InA InA

The last integral can be estimated by

oo 0 0o
/ M minfe ™, 1}" dy < / e dy + / eV gy,
1 0

nA —00

which is convergent since i > 0 and v — . > 0.
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It still remains to be checked whether there exists some 1 < r* < oo (for m > 2) for which r satisfies
the conditions (6-12), (6-13), (6-17), (6-20) and (6-22).
This task will be accomplished in Lemma 6.2. First, we discuss the situation where m = 2.

6C. The case m =2. We will just give some hints for how to modify the previous proof for this situation.
In this case, r = oo turns out to be an appropriate choice, and the inequality that we need to start the
argument with here reads

2= 20\ 7% 1 C_2 1

(Z B, 19 oyl ) < (supges Bey)P min{|], 271 ~2}3 5% |7,
kel

This is very easy to prove, provided 2p*/q > 1 (notice that this condition corresponds to our previous
decomposition of 2p*/g when r = 00). To see that indeed 2p*/¢q > 1, recall from (6-5) that 1/q¢" <
(h+1)/(2p). Then, it is enough to check that 2p*(1 —(h +1)/(2p)) > 1,ie, h+1-2p+ p/p* <O.
The last condition is equivalent to 2 +2 —2p + (p — 2)+ < 0. However, this is what we shall indeed
verify in the proof of Lemma 6.2 (compare to estimate (6-30) when m = 2).

Observe next that we may rewrite the integral in (6-11) in terms of the L"-norm as

H (kiml —2)(1—p+8p)k§mz—2)(p—ep—2))k

EI,/

ézwum:-zﬂ—wsp), /o
r ~

2|l’|(%m2172+p—8p—2)+’ l/ < 0’

provided the conditions (6-12) and (6-13) hold true, i.e., that

1 1
+(1—p+ep)r <0 and + —r<0.
m1—2 m1—2 m2—2

This gives rise to the conjecture that (for r = co) we should have

e g zll’\(l—p+ep), I'>0,
iml 2)(1 p+sp)k§mz 2)(p—ep 2)5 sup sl™PTePypep=2 < =

~ 2|l’\(P—8p—2)+’ l/ < O’ (6‘23)

sup k
kel s>12!

which would suffice in this case. But notice that the conditions (6-12) and (6-13) are formally fulfilled
for r = oo, and it is then easy to check that (6-23) indeed holds true, even in the case m = 2.

6C1. Summation inl’. The summation in I’ becomes simpler here. We split again into the sums over
I’>0and !’ <0, and obtain for the first half of the sum in (6-16)

14 mi14+2m 11— 4 m
3> o5 (pmep— TR ) HI R 3 2T E P < oo,
1’>0 1’>0
The second part of the sum becomes (compare to (6-18))

mi+2my

3 o5 (p=ep=—" T2 —(p—ep=2) 1)

I’<0
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We already know from (6-19) that p —ep — (m1 4 2m3)/(m1 4+ m2) > 0. Thus the sum converges if
p—ep <2. For p—ep > 2, notice that

mi +2my mi

—ep——— % (p—ep—2p=—— >0,
pP—é€p PR (p—ep—2)+ pe———

and thus the sum is finite.

6C2. Summation in [. It remains to show that

1

X (1 11 1
3 2 mingel, 2 QP
=0
which is the special case r = oo of (6-10). We saw that this holds true provided (6-22) is valid, i.e., if
1/r>h+2-2p+(p—2)+.
However, if m = 2, then

2p > = 2m +2=h+2
P=P0= e '

Thus for the case p <2wehave h+2—-2p+(p—2)+ =h+2—2p < 0. For the case p > 2 notice that
2m
h+2-2p+(p—-2)+=h—p=———p<2—p<0. |
m+2

6D. Final considerations. We finally verify that there is indeed always some r for which all necessary
conditions (6-12), (6-13), (6-17), (6-20) and (6-22) are satisfied in the case m > 2. Recall that

2p*  « 1

q P

and notice that it will suffice to verify the following equivalent inequalities:

1

—<m=2)(p-1), (6-24)
1_ (my—2)(mp—2) (6-25)
r my+my—4

1 < ma(my _2)’ (6-26)
r mi + my

l< ml(m2_2)’ (6-27)
r mi+mo

1

- >h+2-2p+(p—2)+. (6-28)

Lemma 6.2. Assume m > 2 and 2p > max{2po, h + 1}, where we recall that po = 1 + m/(m + m).
Define
m+4+m

J =]0’1+(P—2)+]ﬂ]h+2—2p+(p_2)+,”_1(m_—2)[.



A FOURIER RESTRICTION THEOREM FOR A TWO-DIMENSIONAL SURFACE OF FINITE TYPE 883

Then J # &, and for every 1/r € J we have

qg v
and moreover the inequalities (6-24), (6-25), (6-26), (6-27) and (6-28) are valid.

2p* 1
A a:r*(p ——)>0, (6-29)

Proof. First of all, we will show that J # &. We need to see that

o .
ht2—2p+(p—2)y <TOZD 20 (6-30)
m+m m+m

ie., that 2pg =2+ 2m/(m +m) <2p —(p —2)+. For the case p <2, this holds true since 2p > 2 py.
If p > 2, observe that

2 (m =2
ht2—2p+(p—2)s =h—p<h—2<h— M _mm=2)
m+m m+m

Thus both intervals used for the definition of J are not empty, but we still have to check that their
intersection is not trivial. Since we assume 2p > h + 1, we have

h+2-2p+(p—-2)y <14+(p—2)+.

And, for m > 2, we also have 0 < m(m —2)/(m + m), which shows that J # &.

Next, if 1/r € J, then in particular 1/r <14 (p —2)4 = p/p*, and thus r* = rp/p* > 1. To prove
(6-29), observe that due to our choice of ¢ in (6-5) we have 1/¢ > 1 —(h + 1)/(2p), and thus it suffices

to prove that
h+1 1 *
2p*(1_i) N B

2p r* rp

This inequality is equivalent to
L_r
->—+4+h+1-2p=h+2-2p+(p—2)4,
ro px

and thus is satisfied.
Considering the remaining conditions listed before the statement of the lemma, notice that (6-28) is
immediate by the definition of J. Furthermore we have

1 mm-—2) mimy—2m mymy—2m;
- < = <

r m-+m mi+my; ~—  mp+mo

for both i = 1,2, which gives (6-26) and (6-27). To obtain (6-24), we estimate

l< m(m—2) - m(my —2)

S Tmam = mam = o= Dm=2) <(p—ep—1)(mi—2).
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S
>

Figure 11. Range of p and ¢g in Theorem 1.2.

Finally, observe that we have the following equivalences:

m(m—2)<(m1—2)(m2—2) — mo__ m—2
m+m —  mp+mp—4 m+m - m+m-—4

<— mm+m)—4m <m@m+m)—20n +m)

<~ m<m.

Hence (6-25) holds true as well. O

6E. Finishing the proof. We can now conclude the proof of our main result, Theorem 1.2:

Corollary 6.3. Let2p>max{2 h+1}, 1/s'>(h+1)/(2p) and 1/s+(2m+1)/(2p) < (+2)/2. Then
R* is bounded from L5 (T") to L?P-*(R3) for every 1 <t <oo. If moreover s <2p or1/s' > (h+1)/(2p),
then R* is bounded from L*(T) to L?? (R3).
Proof. The crucial observation is that the intersection point of the two lines

I h+1 2ﬁ1+1+1_n71+2

—=—— and
s’ 2p 2p s 2

has the p-coordinate p = pg = 1 + m/(m + m) (comparing with (1-6), notice that po = po/2). So,
what remains is to establish estimates for R* for the missing points (1/s, 1/ p) lying within the sectorial
region defined by the conditions (2rm +1)/(2p) + 1/s < (m +2)/2 and 1/ p > 1/ pg (the region above
the horizontal threshold line 1/p = 1/ po from Theorem 6.1 (see Figure 11).

Notice also that if m > /2, then pg < %, i.e., po <12, and hence the condition 1/s+ (2m+1)/(2p) <
(m + 2)/2 becomes redundant.

Moreover, the condition 1/s + (2m 4+ 1)/(2p) < (m + 2)/2 does only depend on m, and not on m,
whereas the condition 1/s” = (h + 1)/(2p) depends on the height £, i.e., on both m1 and m;.

This leads to the following heuristic idea: Assume we fix m and consider a family of surfaces I';, .«
corresponding to exponents m1 = m and mp = m# for different exponents m < m* such that I'am=T
(think for instance of the graph of x{”ﬁ + xgh for m* # m). Let us then compare the restriction estimates
that we have so far for the surface I' = I';; », with the ones for the hypersurfaces [y, ,,,s. Denote by h
and h* the heights of these hypersurfaces. Then & < h¥ so that the critical line 1/s" = (h* +1)/(2p)
lies below the critical line 1/s" = (h + 1)/(2p) for T, but its intersection point with the corresponding
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1
oA

Figure 12. Variation of the minimal exponent.

horizontal threshold line 1/p = 1/ pg, where pg = 2 4 2im/(m + m*) < py, lies above the previous

intersection point (see Figure 12).

This suggests that for our theorem, it should essentially be sufficient to “increase” m* until i = 2m¥,
because then we would have pg =24 2m/(m +m¥) = %. In other words, for any point (1/s,1/(2p))
fulfilling the assumptions of Theorem 1.2, we would find an m* € m,m /2] such that (1/s,1/(2p))
satisfies the requirements of Theorem 6.1 corresponding to the surface I';; /. Thus we would obtain the
restriction estimate for the surface I';; ,,,+ at the point (1/s,1/(2p)). However, since this surface has “less
curvature” than I'yz ,, as m* > m, the corresponding restriction inequality should hold true for Lam=T

as well.

To turn these heuristics into a solid proof, we just need to check that the bound for the bilinear operator
that we obtained in Theorem 5.1 is increasing in m. Recall that for subsurfaces S, S C S, under the
assumptions of the aforementioned theorem we obtained the bound

%_L 14 1—2_
IR sl (syxLs @) Lo @) S Cinam 7= (p192)¥ ™7 (197 V 2203) ? T 0apt Axaps) TP

which we apply to p; =27/ and x; = (k;2771)™ =2 (see (6-6)). If we denote by pf, }ff

quantities associated to the exponents /7 and m¥, then clearly pf = p; and xf < x;. Since we seek to extend

the corresponding

the range of validity of Theorem 6.1, we may assume that 2p < po < 4, and moreover that 2p > pg > 2.
Then we have 1/p—1+¢& <0and 1 —2/p — e < 0 for sufficient small € > 0, and hence

2_1 11+ 1-2—
Cm < (0% pB) 577 (5 (02 v sk (05)2) 712 (ef (08)2 A s (08)) TP T = e

Proceeding with the latter estimate from here on as before in our proof of Theorem 6.1, but working now
with m* in place of m, we arrive at the statement of Corollary 6.3. O

Appendix

Al. A short argument to improve [Ferreyra and Urciuolo 2009] to the critical line. We consider the
set Ag = {x eR?: % <|x| < 1} and define H = 2m /(2 4+ m). Note that H < h. Ferreyra and Urciuolo
proved that for every p for which p >4 and 1/s’ > (H + 1)/ p, there is a constant Cp, > 0 such that,



886 STEFAN BUSCHENHENKE, DETLEF MULLER AND ANA VARGAS

for every function fy with supp fo C A4, we have

IRz follp = Cp.sll folls-

Rescaling this, we obtain

IR fillp < Cps2? CH 50 £ (A-1)

for every function f; such that

J+1 J J+1

supp f;j C{(x1,x2) 12" ™1 <x; <2 ™M ,2 "2 <xp <2 mz}

and the same range of p, s.

Given a function f supported in the unit ball of R2, we decompose [ = Z;‘io Jj» where the functions

o[ menw] 3]+ -5

for some J to be chosen appropriately. Using Chebyshev’s inequality, the last expression can be bounded

above by
2 D1 P
- +
(5) )

Let us choose exponents p; > p > pp suchthat 1/s'=(h+1)/pand (h+1)/p2>1/s'>(h+1)/p1 >
(H + 1)/ p. We use the triangle inequality and (A-1) and sum the resulting geometric series, obtaining

J; have supports as above. Then,

[t R% £ > A} < " 1 ()

w2 J (%)

w2 fi

2f,

L2

the inequality
2 2\ P2
}{x:|Ru§2f(x)|>A}\g( ) P H(Ehhe1) 1 (I) P (1) 2.

By choosing J such that 27 = (|| fllrs/ )L) We then arrive at the weak-type estimate

s (h+1)s’ A\P
{x |R"§2f(x)|>,\}|g(%) :(”f/\”L ) '

From this, by interpolation with the trivial bound ||R[’§2 |11 100 <1, we obtain the desired strong-type
estimate.

A2. Faa di Bruno’s theorem and completion of the proof of Lemma 2.4. The formula of Faa di Bruno
is a chain rule for higher-order derivatives of the composition of two functions. This is well known for
functions in one real variable. However, we need a version for several variables.

Lemma A.1 (formula of Fai di Bruno). LetU CR" and V CR™, andlet g = (g',...,g™) e C®(U, V)
and f € C®(V,RY). Fora € N", we put Aq = {y e N" : 1 < |y| < |a|}. Then f o g is smooth, and for
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every a € N we have

From=al Y @ noe T I] (‘W) ,

1=|B| <] k j=lyedq
where the sum in k is over all mappings k : {1,...,m} x A = N, (j,y) — ki, such that
2 k=8 (A-D)
y€Aq

forall j =1,...,mand

Z Y kKy=a (A-2)

j=1y€Ay

Proof. The elegant short proof in [Spindler 2005] for the one-dimensional case can easily be adapted to
the higher-dimensional situation. O

We now come back to the proof of Lemma 2.4 and establish the still-missing estimates for the derivatives
of the function ¢, (given explicitly by (2-12)). Notice that these estimates cannot simply be obtained by
means of a scaling argument, since the first-order derivatives are assumed to exhibit a different behavior
than the higher-order derivatives.

We shall not really make use of formula (2-12), but rather proceed as follows: denoting by e, ..., e441
the canonical basis of R, after applying a suitable orthogonal transformation to RI*T we may and
shall assume ny = (0,...,0,1) =eg41,and E; =ey,..., Egj_1 =eg—1 and ez = h; (recall here from
the first part of the proof of Lemma 2.4 that Ey, ..., E;z_; is an orthonormal basis of K = H; N Hy).
Then we may regard U; as a subset of R, and we consider the function

Hn,t)=1t—¢1(n), nelU;, teR,

whose set of zeros agrees exactly with S. Observe first that the derivatives of H satisfy almost the same
kind of estimates as ¢ :

|H [|loo < VA2 +1, I|H® oo < A;Br!  forevery | > 2. (A-3)

Let ¢ (§) = & + ¢2(&)na, € € Uy, be the parametrization of S induced by ¢». Moreover, we introduce
coordinates on U by writing § =& E1 +---+&5_1E4—1 + £4h2. Then obviously

H(§) =0 forall & € Us. (A-4)
Furthermore,
oy ¢ . 31/f dg2
—=E—|— —ny, j=1,...,d—1, =hy + —"no,, (A-5)
0 g 0, 0 0y C
and

fV =0¢¢any forallae NY, Ja| > 2. (A-6)
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From (A-4) and (A-5) we obtain that for j =1,...,d,

d¢p2 (VH)(W (§)).¢))
a5 = VI @) ) (A
ifwepute; = E; =e¢;,if j =1,...,d —1 and é; = h,. Notice also that our transversality condition
[{n2, N(v)}| = a > 0forall v € § implies |((VH)(¥(€)),n2)| > a. Thus (A-7) implies
02 A+1 1
l 3, (S)‘ (A-8)
It remains to show that
18%P2lloo = 1% oo < A; Br1®! (A-9)

for every |a| > 2, where we have used the abbreviation d = d¢. By induction, we may assume that for
every y € N¢ with 2 < |y| < || inequality (A-9) holds true.> Applying the partial derivative of order o
to (A-4) yields

0%(H o) = 0.
We apply the formula of Faa di Bruno (Lemma A.1). First, we discuss the summands in Faa di Bruno’s
formula with |B] = 1, say B = ej, for some jo = 1,...,m. How many k’s are there for which
ZyeAa = Bj = 4jj, and Zj_l > yed, ky)/ =«a? By the first condition, there exists a yo such that

k=1 and k] =0 for j # jo or y # yo. But then the second condition 1mphes yo = «. Thus we obtain

S @ mew S [T ] (‘WJ) — 3 (0 H)o w(aa‘wo)

1Bl=1 k j=1y€Aqy Jo=1
1 o “¢2
= a((VH)Ow,B V)= ((VH) v, na),
where we have used (A-6) once more. This implies
o ol o] ) ” 7Y/
L ths;‘Z(a 0oy ST 1‘[( ) ,
1B|=2 k j=1y€Aq

where the sum in k is over all mappings k : {1, ..., m}xAq >N, (j,y) kj such that ZyeA kj B
forall j =1,...,m and Z =1 Zye A ky)/ = «. Observe that for all k appearing in the above sum, we
have k({, =0 for all j =1,.

For, otherwise there would be some jo such that kéo =1and k){ =0if y #a or j # jo, a contradiction
w2=|fl=3, k.

Thus, if k{, = 0 for an exponent in the above sum, then we have |y| < ||, and therefore our induction
hypothesis implies the following:

3 At the start of the induction with || = 2, the range of such y’s is empty.
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If |y| > 2, then we may estimate |[Y /| < Ay Brll. And, if |¥| = 1, then in view of (A-5) and (A-8),
we may estimate [0¥ /| <1+ (A +1)/a < 1. Making also use of (A-3), we then arrive at the estimation

Jex| m o
|8a¢2|< Z Br|,B|Zl—[ 1_[ Br|yl]k
|B1=2 k j=1l|y|=2
|| . :
< 3 Y BT BT Sk
Bl=2 k

Notice that we have
loc] 4]
18] = Zﬂ, =Y D k=D kY Y Kyl
J lyl=1 Jolvl=2 7 lrl=1
and thus

BIHY Sl ks IBI+Y YLk vl — g Y Yl k-y"m(Br)zj Y=k < pylal,
where we have made use of our assumption Br < 1. This proves also (A-9).
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ON THE 3-DIMENSIONAL WATER WAVES SYSTEM ABOVE A FLAT BOTTOM
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As a starting point for studying the long-time behavior of the 3-dimensional water waves system in the
flat bottom setting, we try to improve the understanding of the Dirichlet-Neumann operator in this set-up.
As an application, we study the 3-dimensional gravity waves system and derive a new energy estimate of
L?— L™ type, which has good structure in the L>°-type space. This has been used in our Ph.D. thesis (2016)
to prove the global regularity of the 3-dimensional gravity waves system for suitably small initial data.
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1. Introduction

1A. The full water waves system above a flat bottom. We are interested in the long-time behavior of the
3-dimensional water waves system for suitably small initial data in the flat-bottom setting.

The water waves system describes the evolution of an inviscid incompressible fluid with constant
density (e.g., water) inside a time-dependent region €2(¢), which has a free interface I'(¢) and a fixed flat
bottom 3. Above the domain €2(¢), there is a vacuum.

Without loss of generality, we normalize the depth of Q(¢) to be 1. In the Eulerian coordinate system,
we can represent the domain €2(¢), the interface I'(z) and the bottom X as follows:

Q) :={(x,y):x eR% =1 <y <h(t, x)},
F(t):={(x.y):xeR% y=h(t.x)}, Z:={(x,y):xeR% y=—1}.
We remark that, for the case we are considering, the size of h(¢,-) will be small for all time.

We assume that the velocity field is irrotational. The evolution of fluid is subject to the gravity effect
or the surface tension effect. We can describe the evolution of fluid by the Euler equation as

diu+u-Vu=-Vp—g(0,0,1),

(1-1)
V-u=0, Vxu=0, u(0)=uy,

MSC2010: 35Q35, 76B15.
Keywords: 3-dimensional water waves, finite depth, flat bottom, new energy estimate.
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where g denotes the constant of the gravity effect.
Moreover, we have the boundary conditions

u-n=0 on %,
P =ocH(h) on I'(?), (1-2)
d; +u-Vtangents to | J, I'(r) on I'(¢),

where o denotes the surface tension coefficient and H (/) denotes the mean curvature of the interface,

Vh
Hh =V | —— ).
) (\/1+|Vh|2)

The first boundary condition in (1-2) means that the fluid cannot go through the fixed bottom. The
second boundary condition in (1-2) comes from the Young—Laplace equation for the pressure. The third

which is given by

boundary condition in (1-2) represents the kinematic boundary condition, which says that the free interface
moves with the normal component of the velocity.

Recall that the velocity field is irrotational. Hence, we can represent it in terms of a velocity potential ¢.
We use ¥ to denote the restriction of the velocity potential to the boundary I'(¢), i.e., ¥(t,x) :=
¢(t,x,h(t,x)). From the incompressible condition and the boundary conditions, we can derive the
following Laplace equation with two boundary conditions, Neumann-type on the bottom and Dirichlet-
type on the interface:

I¢

(Ax+33)p =0, = =0 dlro =V (1-3)
nix

Hence, we can reduce (e.g., see [Zakharov 1968]) the motion of fluid inside the water region €2(¢) to
the evolution of the height / and the restricted velocity potential i on the interface I'(¢):
0th =G(h)y,

V)2 9
Dy = —gh+oH(h) ~ vy GOV EVEVY) (1-4)

2(14|Vh|?) ’

where G(h)y = /1 + |Vh|2N (h)y and N (h)y is the Dirichlet-Neumann operator on the interface.
The system (1-4) has the conservation law

o|Vh(r)|?
1+ 1+ V(@)

Intuitively speaking, after diagonalizing the system (1-4), we find ourselves dealing with the following

H(hD). ¥ (1)) = [ [ Hr@Ghemw + Lo+ ] — 3 (h(0). ¥ (0)).

type of quasilinear dispersive equation:

(0 +iA)u =N, Vu), A=+|V|tanh(V))(g+0|V|?), u=h-+iA"|V|tanh|V]y, (1-5)
u: Ry x [R{)zc — C. (1-6)

Readers can temporarily take (1-5) for granted. It will be much clearer after we obtain the linear term of
the Dirichlet—Neumann operator, which is |V|tanh|V|y, in Section 3.
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1B. Motivation and the main result of this paper. Note that the best decay rate that one can expect for
a 2-dimensional dispersive equation is 1/¢, which is critical in establishing the global regularity for small
initial data.

For a 2-dimensional nonlinear dispersive equation, generally speaking, it is crucial to know what the
quadratic terms are when studying the long-time behavior of the solution. Unfortunately, to the best of
our knowledge, there is no previous work that addresses this issue for the water waves system in the
flat-bottom setting. It motivated us to study the problem in this paper.

Identifying the quadratic terms requires a more careful analysis of the Dirichlet-Neumann operator in
the flat-bottom setting. Note that the water waves system in the Eulerian coordinate formulation (1-4) is
dimensionless. Since we don’t want to limit our scope to the 3-dimensional setting, in this paper, we will
identify structures inside the Dirichlet—-Neumann operator as much as we can.

We summarize and explain several important properties of the Dirichlet—-Neumann operator here to
help readers understand the discussion of it in this paper. These properties will play important roles in the
study of the long-time behavior of the water waves system.

(1) Unlike the infinite-depth setting, in the flat-bottom setting, we do not have the null structure in the
low-frequency part. More precisely, if the frequencies of two inputs are 1 and O respectively, then the size
of the symbol is 1 (flat-bottom setting) instead of O (infinite-depth setting).

We remark that the principal symbol of the Dirichlet—-Neumann operator in the flat-bottom setting
is still the same as in the infinite-depth setting. Intuitively speaking, the high-frequency parts of the
Dirichlet-Neumann operator in the two settings are almost the same.

(i1)) We give the explicit formula for the quadratic terms of the Dirichlet—-Neumann operator, which
provides the first step in studying the long-time behavior of (1-5).

(ii1)) We formulate the cubic and higher-order terms of the Dirichlet-Neumann operator in a fixed-
point-type formulation, which provides a good way to control the cubic and higher-order terms over
time.

As a starting point and also as an example, we study a specific setting of the water waves system (1-4),
which is the gravity water waves system. More precisely, we consider the gravity effect and neglect
the surface tension effect. After normalizing the gravity effect constant g to be 1, the system (1-4) is

reduced to
dch = G(h)y,

0y =—h—5|Vy|* +

(G(h)Y + Vh-Vr)? (1-7)
2(14|Vh|?) )
Correspondingly, the diagonalized equation (1-5) is reduced to the quasilinear dispersive equation

(3 +iNu=Nw,Vu), A=+|V|tanh|V|, u=~h+iAy. (1-8)

For the water waves system in the flat-bottom setting, a typical issue is that the phases are highly degen-
erate at the low-frequency part. For example, we consider a phase associated with a quadratic term of (1-8),

A(ED = A€ —=nD) + AnD ~ (€l =& —nl + 1) — g UEP =€ =nl> + 101, Inl <|§]~|E—nl < 1.
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When £ and —7 are in the same direction, the above phase is of size |£|?|n|, which is highly degenerate.
Because of this issue, generally speaking, there is no hope to prove the sharp 1/¢ decay rate of the
nonlinear solution over time. As a result, a rough energy estimate is not sufficient to control the growth
of energy in the long run. However, it turns out that there is a relatively simple way to control the growth
of energy. It relies on two observations about the system (1-7):

(i) We can derive a new energy estimate of L2 — L™ type after carefully analyzing the structures inside
the quadratic terms in (1-7). The input inside the quadratic terms is, roughly speaking, not put in
L.°° but rather in a weaker L°°-type space, which has derivatives in front. See (1-12).

(i) The low-frequency parts of the derivatives compensate for the decay rate of the solution of (1-7).
We can prove that the solution with some derivatives in front decays sharply, despite the fact that
the solution itself may not have the sharp decay rate. The proof of this fact involves a very delicate
Fourier analysis. Interested readers are referred to [Wang 2016] for more details.

Before stating our main result, we define the function spaces

I/ iy == Z 27K Py flloe + | P<o f |l oo (1-9)
k>0,kez
1 e =Y Q@ +2"8) [P f L. O<e <y I/ Wy == 1F lgrv0- (1-10)

kez
Theorem 1.1. Let 0 <6 <c, a € (0, 1], and No > 6, where ¢ is some sufficiently small constant. If the
initial data (ho, Ao) € HNot1/2(R2) x HNo(R2) satisfies the smallness condition

[(ho, A¥o)|lja <6, (1-11)

then there exists T > 0 such that the system (1-7) has the unique solution
(h, AY) € CO([0, T]; HNo(R?) x HNO(R?)).

Moreover, we have a new type of energy estimate in the time interval of existence:

L Eno(@) S (100 AW O llaa + 100 AVOIZ, ] En (0. (1-12)

where the energy En,(t) is defined in (5-3). The size of energy is comparable to ||(h, Ay)(t) ”?—1/\’0‘

Remark 1.2. Note that smallness condition is not assumed in [Alazard, Burq and Zuily 2011; 2014a;
2014b; Lannes 2005] to derive the local wellposedness. For the purpose of obtaining a global solution,
we impose the smallness condition (1-11) to derive our desired estimate (1-12), which is the first step to

obtaining global existence for small initial data.

In [Wang 2016], based on the results we obtained in this paper, we show that the solution of the
system (1-7) exists globally and scatters to a linear solution. We will study the long-time behavior of the
water waves system (1-4) in other settings in the future. For example, do we still have global solutions if
only the surface tension is effective or both the gravity and the surface tension are effective? We expect
that the results we obtained in this paper will be very helpful to the future study of the water waves system
in the flat-bottom setting.
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1C. Previous results. To be concise, we mainly discuss work on the local behavior of the water waves
system in this subsection. For a more detailed discussion on the long-time behavior, please refer to the
introduction of [Wang 2016].

Starting with [Nalimov 1974] and [Yosihara 1982], there has been a considerable amount of work on
the local theory of the water waves system. In the framework of Sobolev spaces and without smallness
assumptions on the initial data, the local wellposedness was first obtained by Wu [1997; 1999] for the
gravity waves system. The local wellposedness was also obtained when the surface tension is effective by
Beyer and Giinther [1998]. Later, different methods were developed and many important results were
obtained to improve our understanding of the local behavior of the water waves system. Among them, we
mention [Christodoulou and Lindblad 2000; Ambrose and Masmoudi 2005; Lannes 2005; Shatah and
Zeng 2008; Coutand and Shkoller 2007; Alazard, Burq and Zuily 2011; 2014a; 2014b].

Roughly speaking, the local existence for the water waves system (1-4) holds even when the initial
interface has an unbounded curvature and the bottom is very rough. A fixed-length separation between
the interface and the bottom is sufficient. See [Alazard, Burq and Zuily 2011; 2014a; 2014b; Lannes
2005] for more details and more precise descriptions.

1D. Main ideas and the outline of this paper. To prove our main theorem, we have to pay attention to
both the low- and high-frequency parts.

For the high-frequency part, due to the quasilinear nature of the gravity waves system (1-7), we have
to get around the difficulty of losing one derivative. Thanks to [Lannes 2005; Alazard and Métivier 2009;
Alazard, Burq and Zuily 2011; 2014a; 2014b], we can utilize the paralinearization method to get around
the potential loss of one derivative. However, for their purposes, only the high-frequency part has been
carefully studied in their works. In this paper, we will do the paralinearization process and pay special
attention to the low-frequency part at the same time.

For the low-frequency part, more careful estimates of the Dirichlet-Neumann operator are essential
since it is not straightforward to see the fact that we can gain « derivatives for input in W42 For example,
for the quadratic term VA - Vi of the Dirichlet-Neumann operator, it is problematic to gain « derivatives
when 1 has smaller frequency because the total number of derivatives of i in (1-12) is 1 + « in the
low-frequency part when the input ¥ of the quadratic terms is in L,

To conclude the argument, we will use the hidden structure inside the system (1-7) for different scenarios.
Without describing too many details, we give two examples as follows to explain the main ideas:

(1) When ¢ has a smaller frequency inside VA - Vi, we can use the hidden symmetry to move one
derivative from VA to Vi during the energy estimate; hence we have two derivatives in total for .

(i) For some terms, e.g., the good remainder term of the paralinearization process, we can lower their
regularities to L2 Hence, we can put Vi in L? and put VA in L™°; as a result the desired estimate
(1-12) also holds for this case.

Outline: In Section 2, we introduce notation and give a quick summary of paradifferential calculus. In
Section 3, we study various properties of the Dirichlet—-Neumann operator. In Section 4, we use the
paralinearization method to show the good structures inside the system (1-7), which help us find good
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substitution variables. In Section 5, we prove the new energy estimate (1-12) by using the symmetries
inside the equations satisfied by the good substitution variables. In the Appendix, we calculate explicitly
the quadratic terms of good remainder terms. This is intended to help readers understand the fact that we
can gain « derivatives in (1-12) for an input of quadratic terms, which lies in the L°°-type space.

2. Preliminaries

2A. Notation. For any two numbers A and B, weuse A < B and B = A to denote A < CB, where C is
an absolute constant. We use A <¢ B to denote A < C¢ B, where the constant C¢ depends on €. For an
integer k € Z, we use k4 to denote max{k, 0} and use k_ to denote min{k, 0}.

Throughout this paper, we will abuse the notation of A. When there is no lower script associated with A,
we let A := y/tanh(|V|)|V|, which is the linear operator associated with the system (1-8). For p € N4,
we use A,(N) to denote the p-th order terms of a nonlinearity A when a Taylor expansion for the
nonlinearity N is available. For example, A,[A/] denotes the quadratic term of . We also use A> ,[N]
to denote the p-th and higher-order terms. More precisely, A>p[N]:= 3" - , Ag[N]. In this paper, the
Taylor expansion and Ap[-] are in terms of & and v when there is no special annotation.

We fix an even smooth function v : R — [0, 1], which is supported in [—%, %] and is equal to 1 in

[—%, %] For any k € Z, define

Y (x) i= U (x/28) =g (x /2570, v (x) == 9 (x/25), Ysr(x) = 1= Yo ().

Denote the projection operators Py, P<x and P by the Fourier multipliers ¥/, ¥ <x and ¥> respectively.
For a well-defined function f, we will also use the notation fj to abbreviate Py f.
The Fourier transform is defined as

FH© = [ e i) ax.
For two well-defined functions f and g and a bilinear form Q( f, g), we will use the convention that the
symbol g(-,-) of Q(-,-) is defined in the following sense throughout this paper:

FIOUN® = 23 [ FE=nEtmaE—r.mdn e

Meanwhile, for a trilinear form C( f; g, h), its symbol ¢(-,-, ) is defined in the following sense:

1
1674

FIC 01O = jor [, |, FE=mE0-0)i(o)e(€ ~nn—c.) dndo.

2B. Multilinear estimate. We define a class of symbols with an associated norm as

§%:={m:R*or R® — C, m is continuous and || F ' (m)| ;1 < oo},
[Imllsoo == IF~ )l L1.  ImE, 77)”5/‘33(1.1(2:: |m & My )i, (€ =MV, ()| oo
[m (€, 77v0)||s;§?k1!k2'k31= |m &, 0, )Wk @)W, (6 = MYy (1= 0) Y5 (0) || goor-
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Lemma 2.1. Assume that m,m’ € S®and p,q,r,s € [1,00]. Then the estimates

lm-m"|| oo < [lm|soo|lm’|soe, (2-2)

“}—_1 [[Rz m(E,n) f(E—ngn) dn}

Slmlsell fleallglr if 5=5+7 23
Lr

< llm'llseoll fllza llgler IAllzs — (2-4)
Ly

4 / o
Hf [/Rz/Rzm@’”’“)f@ mh(0)g(n U)dnda]

. 1 _ 1 1 1
hold for well-defined functions f(x), g(x), and h(x), where >=gtrts
To estimate the S ,‘c"”kl Lk, Orm and the § ]‘:f’kl ko ks DOTM of symbols, we repeatedly use the following:
Lemma 2.2. Fori €{1,2,3},if f : R* — C is a smooth function and k1, . .., k; € Z, then we have the
estimate

i+1 i

SO 2N fllee.  2-5)

Xseees X m=()j=1

“/Rzi SEL- 6D l_[ ein.gj‘/fkj(gi)dél o dg
Jj=1

Proof. The cases when i = 1, 3 can be estimated in the same way as the case when i = 2. We only do the
case i = 2 in detail here. Through scaling, it is sufficient to prove the above estimate for the case when
k1 = ko = 0. From Plancherel’s theorem, we have the two estimates

“ /Rf (1.6)e/ CTETRR oG )YoE) di1de| SIS Gy, .

Lxl ,X2

3
PR (A L |

x1.x2 m=0

(lx1]+xa])? [R S 1) CrETR Ry 6)yo(62) dér dés

which are sufficient to finish the proof of (2-5). O

2C. Paradifferential calculus. In this subsection, we discuss some necessary background material from
paradifferential calculus. For more details and related topics, please refer to [Métivier 2008].

Definition 2.3. Given p €Ny, p>0and m € R, we use I'}’ (R?) to denote the space of locally bounded
functions a(x, £) on R? x (R?/{0}), which are C > with respect to £ for £ # 0. Moreover, they satisfy
the estimate

VIgl 2 5. 103a(-.O)llweee Sa (L+[EN™TY @ e N2,

where W#-% is the usual Sobolev space. Note that W#** contains the spaces W and WP which are
defined in (1-9) and (1-10), as subspaces.

Remark 2.4. In the above definitions, p is not necessarily an integer, but the integer case is sufficient for
our purposes.

Definition 2.5. (i) We use f;)" (R?) to denote the subspace of Iy (R?) which consists of symbols that
are homogeneous of degree m in .

(i) fa=3 o<, a™=1) where a™=7) ¢ F;"_}j (R2), then we say a™ is the principal symbol of a.



900 XUECHENG WANG

(iii) An operator T is said to be of order m, where m € R, if for all i € R, it is bounded from H “(R?) to
HH*=™(R?). We use S™ to denote the set of all operators of order .

For a symbol a € I'”!, we can define its norm as

M} a):= sup sup [(1+[ED"0%a(- &) oo
le|<2+p (€= 4

For a, f € L? and a pseudodifferential operator @ (x, £), we define the operators T f and Tj f as

raf =7 [awoconn i) 1= [ m@ennoc-nimal o
where the cut-off function (¢ — 1, ) is given by
1 when |§—n| <2710y|and || > 1,
0¢E—nn = 10
0 when [§ —n[=2""n| or [n] < 1.
For two well-defined functions a and b, we have the paraproduct decomposition
ab =Tyab+ Tpa + R(a,b), (2-7)
where R(a, b) contains those terms in which a and b have comparable size of frequencies or the frequency
of the output is less than 1.

We have the following composition lemma for paradifferential operators. It can be found, for example,
in [Alazard, Burq and Zuily 2011; Métivier 2008].

Lemma 2.6. Letm € R and p > 0. If given symbols a € I'g! (R%) and b € F[’)”/(Rd) we define

_ 1 o o
ah=Y_ Tl g O,
lal<p

then for all u € R, there exists a constant K such that
||Ta Tb - Taﬁb ”HM_)Hufmfm’er =< KM;)n (a)M;"/(b). (2-8)

Remark 2.7. It may be too early to give this remark here. However, we think that it is a good idea to
keep the following simple observation in mind, which will be very helpful to see the equivalence relations
later on. The simple observation is that if the symbols a and b all depend on V# instead of A, then the
rough estimate (2-8) is sufficient to gain one derivative in the low-frequency part.

Lemma 2.8. LetmeR, p>0anda €T’} (RY). If we use (T,)* to denote the adjoint operator of T,
and use a to denote the complex conjugate of a, then (Ty)* — Ty is of order m — p, where
1
* _ b oaqas
a” = Z ilala!aé 0%a.
lal<p

Moreover, the norm of the operator (Ty)* — Ty* is bounded by M o (a).
Proof. See [Alazard, Burq and Zuily 2011, Theorem 3.10]. O

Remark 2.9. In most applications of Lemma 2.8, we have m < 1. If we let p = 1 in the above lemma,
a=a.

then it is easy to see a™ = a. If, moreover, a is real, then a* =
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3. Dirichlet-Neumann operator

The main goal of this section is to study various properties of the Dirichlet-Neumann operator, which
provide a foundation for carrying out the processes of paralinearization and symmetrization in Section 4
and obtaining the new energy estimate (1-12) in Section 5. The study of the Dirichlet-Neumann operator
is mainly reduced to a study of the velocity potential inside the water region ().

Recall the smallness condition (1-11) of the initial data. From the local wellposedness result of the
gravity waves system (1-7), we know that there exists a positive time 7 such that the estimate

sup ||(h, AY) (@) || e =28 (3-1)
t€l0,T]

holds, which means that the L.°° norm of solution remains small in the time interval [0, T']. Throughout
the rest of this paper, we restrict ourselves to the time interval [0, T].

3A. Type I formulation of the Laplace equation (1-3). In this subsection, we reduce the Laplace equa-
tion (1-3) to a favorable formulation so that we can solve it and identify the fixed-point-type structure
inside the Laplace equation, which further enables us to estimate the Dirichlet-Neumann operator.

We do a change of variables and map the water region () to the strip S := R? x [—1, 0] using

_ Y —h@x)
(v.0) = (e.2), 2= g
Very naturally, the inverse transformation is given by
y=h+Mh+1):z.

Define the velocity potential in the (x, z)-coordinate system as ¢(x, z) := ¢(x,h + (h + 1)z). From
direct computations, we have the identities

y—h dzg 2 8?@
= —_— = — = —2
P(x.y) w(x, o ) o=17 9 (2’ (3-2)
—0x;h (y—h)oxh (y+1)0x
. :a . ! —_ ! = . ——l -
95,9 x"”+az‘”[ Th a2 |7 T g (3-3)
+1)0y. h —(y+DZh (y+1)(dx h)? (y+1)2(0x, h)?
2 g2 pa WDk, 5 X 4o X D) ) g2,
x® =05 027 920 a2 7 agh? " (thyt 2%
From the above identities and (1-3), it is easy to derive the equation
(Ax+32)p=0 = Pyp:=[Ax+ad2+b-Vi,+cd:]p=0, (3-4)
where
. (y+D2|Vh? 1 1+ (z+1)*Vh? (3.5)
R L Y R (R I C '
~ — — \v4 2
b:—2(y+1)Vh _ —2(z+1)Vh i (z+1DAxh 2(Z+1)| h| (3-6)

a+mn2 1+h (1+h) (1+ h)?
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To sum up, we can reduce the Laplace equation (1-3) with two boundary conditions in terms of ¢ as
follows:
Pr0=0, ¢l,mo=1v., 0;0l:=—1=0, (x,2)eR%x[-1,0]. (3-7)

3B. Type II formulation of the Laplace equation (1-3). In this subsection, we reduce the Laplace
equation (1-3) into another favorable formulation, which will be used to do the paralinearization of the
Dirichlet-Neumann operator in Section 4A.

We remark that we don’t use the type I formulation (3-7) to do the paralinearization process because
the coefficients @, b, ¢ in (3-5) and (3-6) are very complicated, which complicates the paralinearization
process and prevents us from seeing clearly the principal symbol of the Dirichlet-Neumann operator.

Recall the smallness condition (3-1). Since the height of interface is very small, we know that there
exists a curve parallel to the interface I'(¢) with depth % inside €2(¢). More precisely, we have

Qi(t) :={(x,y): x € R% h(t, x) —2<y<ht.x)}, Q@) CQ@).
Define
Qo) :={(x.y):x eR% h(t,x)—% <y <h(t.x)}, Qa2(t) CQ() CQ1), (3-8)
$(x.y):=x(y=h(t.x)P(x.y). (x.y)€Q(t). x(z)=1ifz>—%. supp(y) C[-3.0]. (3-9)

where y(x) is a fixed Schwartz function.
Recall the Laplace equation (1-3). From (3-9), it is easy to derive the identities

Ax,y‘]S =g :=Axy[xpl — xAxyp. (x.y) € Q1(2),

¢(X’y)=¢(x»)’)’ g(an)Z()’ (X’y)EQz(f)-

We can map the water region £21(¢) to the strip S’ := R? x [—1, 0] by changing the coordinate system

(3-10)

using

(x,y) = (x,w), w:=y—h( x).

Define the velocity potential in the (x, w)-coordinate system as ®(x, w) := ¢(x,® + h(z, x)). Hence
$(x,y) = ®(x, y —h(t, x)). From (3-10), it is easy to verify that the equality

Peaw®:=[Ax +d'0% + b -V + 0y |0 = g'(x, w) := g(x, ® + h(t, X)) (3-11)

holds, where
a'=14|Vh|?>, b =-2Vh, ' =-Ah. (3-12)

Remark 3.1. From (3-5), (3-6), and (3-12), it is easy to see that the coefficients in (3-11) satisfied by &
are much easier and more favorable than the coefficients in (3-4) satisfied by ¢. However, the formulation
satisfied by @ in (3-11) cannot be used as the starting point because we don’t know the estimates of ® in
the first place.

From the above definitions, the following identities hold inside the water region Q25(¢), see (3-8), and
the corresponding regions in the new coordinate systems:
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q>(x,w)=<p(x,]$ ) p(x,z) = ®(x, (1 +h)z), (x,w)eR*x[-1.0].
(3-13)
9o = iy LO00xh oy g 020
WES T T e R T Ty

From (3-2) and (3-13), the Dirichlet-Neumann operator G (k)Y in terms of ¢ and ® and the quadratic
terms of G(h)y are given by

1+ |Vh|?
GO = [TV + ylym = -3 0 lim0 = VY T G-14)
G(h)Y = (1+|Vh|*)dy®|w=o — Vh- VY, (3-15)
A2 [G(h)Y] = A2[0:¢]2=0] — A1[0z¢]z=0]h — V- V. (3-16)

3C. A fixed-point-type formulation for the Dirichlet—-Neumann operator. In this subsection, our main
goal is to obtain basic estimates for the Dirichlet—Neumann operator with special attention to the low-
frequency part, which will further help us to obtain a new energy estimate.

To this end, we study the reduced Laplace equation (3-7) and formulate Vy ;¢ into a fixed-point-type
formulation, which enables us to use a fixed-point-type argument.

After moving all nonlinear terms to the right-hand, we can rewrite (3-7) as

2 + Axp = (0 — VN + Ve = g(z) := (1—a)2p — b - V.0 — 3. ¢. (3-17)

Now, we will solve ¢(z) from (3-17) by treating g(z) in (3-17) as a given nonlinearity. Define
h(x,z):=(d; —|V|)p. Very naturally, we have

3 +|VDh =g,
{(z+| Di =g .
@z —=IVDe=h, @¢lz=0=1V, 0:¢|:=—1=0.
We can solve the above system of equations with h (—1) to be determined:
h(z) =e 2 Vh(=1) +/ ~=2WVlg (") a7, (3-19)
1

¢(z) = eZ|V|<p(0) + / e(z_z/)|v|h~(z/) dz’'
0

0
_ €Z|V|W—/ e(z—zf)|v|[e—zf|V|};(_1) +/Z e_(z’_s)|V|g(s) ds]dz'
1

_ez|V|1/, 1|V| e —z|V| _ Z\Vl]h( 1) — / [ (z+s— 2Z)|V|g(S)dZ ds

/ / (z+5-22)V1 g (5) d2' dis

= AVl Y e Y et Yy 4 / VLGNV (5 ds

——f VeIV g (5) ds. (3-20)
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The unknown % (—1) is determined by the Neumann-type boundary condition d,¢|;=—1 = 0. We

calculate d,¢ from the formula (3-20) and have the equality

3 0 0
8Z¢;=|V|eZ|V|1ﬂ+%[ezlvl—i-e_Z'V']h(—l)—i-%[ e(zﬂ)'wg(s)ds—%/ e~ 7=Vl sign(s—z) g (s) ds.
-1 -1

After evaluating the above equality at the point z = —1, we have
- 21V eIVl 0 p(—DIV] _ ,—(s+DIV|
ey =2V 5(s) ds.
e_| | —|-e|V| 1 e_|V| =+ e|V|

which further gives us

DIV —G+DIV V| | ,—z|V|] 0
3 (p:e(z VI p=(+D)I ||V|w—le2| | 4 e—2IVI e G-DI¥ _ =G+DI¥114 ) ds
z e—IVI +€|V| 2 e—IVI —|—€|V| 1
1[0 1[0
+5/1e(Z+s)|V|g(s)ds—E/Ie_lz_s”vl sign(s —z)g(s) ds.

Moreover, we can reduce (3-20):

Lo 2Vl=ezVl 0 v+
= I TR

e~ DIV o (z+ DIV

o(2) = [

e_|vl+e|v|

1 10
+§/1|V|_1e(z+s)|vg(s)ds—§[1|V|_1e_|z_s|Vlg(s)ds.

(3-21)

(3-22)

(3-23)

However, we cannot use the formulation (3-23) to estimate the velocity potential and the Dirichlet—

Neumann operator because g(z) actually depends on the velocity potential ¢(z); see (3-17).

To get around this issue, we observe that there exists a fixed-point-type structure inside g(z). Recall

(3-17), (3-5), and (3-6). Note that

_a 2h +h? —(z +1)2|Vh|? 2(z+1)Vh-Vo| 2Vh-Vo (z+1)Ah
§=0 (14 h)2 z 1+h 1+h 14+ h
and

(z+1)Ah

az§0,

az(p ==

1+h 1+h (1+h)? 1+h

Hence, we can decompose the nonlinearity g(z) into three parts:

g(z) = 0:81(2) + g2(2) + V- g3(2),

where
2h +h? — (z + 1)2|Vh|? (z+1)Vh-Vg
) = (z+1)|Vh|?3,¢0 B Vh-Vo () = (z+1)Vhize
2= T hye 1+hn 0 BT T

|:(Z+1)Vh8z(p:| (z+1)|Vh|?d,¢0 |:(z+1)Vh-V<p] Vh-Vo
' - 1+h

(3-24)

(3-25)

(3-26)
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To simplify the notation, we define

. 2h+h% - |Vh|? - Vh
h = —, = , hzi=——. 3-27
YTaxEmn2 T a+nz T 1+h (3-27)
As a result, we have
g1(2) = 1920 — (z + 1)?h20:¢ + (z + D3 - Vo, (3-28)
£2(2) = (z + Dhadzo —h3- Vo, g3(2) = (z + Dh3dze. (3-29)

Note that g1(z), g2(z), and g3(z) are all linear with respect to Vx - ¢(z).
After decomposing g(s) in (3-23) into three parts, dsg1, g2 and V - g3, we integrate by parts in s to
move the derivative dy in front of d;g1. As a result, we have

e~ CHDIVI o (z+D]V]
e_|vl+e|v‘

o(2) = [

Lgre #Vl=esVE 0 ) ~(s+ D)V
+5IVI PEUEE 1[6’ (82+V-g3—|V|g1)—e (g2+V-g3+|Vig1)]ds

1o
2 / VI eIV g4 Voga—| Vig1] ds

1[0 oy e ,
‘5/ VI~ e M g2 4V g3 —sign(z—5)|Vg1] ds. (3-30)
-1

Now, we know that the nonlinearity in (3-30) is linear with respect to Vx ;.
To see the fixed-point-type structure of Vy ;¢, we take the derivative Vy ; on both sides of (3-30). As
a result, we derive a fixed-point-type formulation for Vy ,¢:

—(z+1)|V| (z+1)|V| (z+D|V|_,—(z+1)|V]|
e +e e e
Vx,z‘p:|:|: i|vwa |V|1ﬂ:|

e_‘vl—|-e|v| e_|vl—|-e|v|
1l v e—lel_ez|V| 0
- = (s—DIVI g —e—(s+DIV] .
+2[|V| p= i /_l[e (82+V-g3—|VIg1)—e (82+V-g3+|Vig1)]ds.

0
i | Je‘“"v'(gz+vg3—|V|g1>—e—“+“"7(g2+v-g3+|V|g1>]ds}

1| v v _,_ ,
+5[ / e g2t Vga—|Vig i ds— f ¢V g2+ V-ga—sign(—9)| Vigil ds.
-1 -1

0 0
[ ANV (g L V.3 V]g1] ds— / e—'H"V'[sign(s—z)(gz+v-g3>+|V|g1]ds}

+[0, g1(2)]. (3-31)
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To simplify the notation, we define operators

1T V e ZIVI_ezlVI \Y, e?IVlpe—zIVI
_ (s—1)IV| eIV _ (s—DIV] ,(z+5)IV] _
Kiz.s):=3 |V| . |V|+e|V| ¢ +|V| TV el ¢ +e } (3-32)
= _ D e +1)|V| e e —(G+D|V] )
Kao@.9):= 3| 9] e Wig e ¢ VT 3ol ¢ } (3-33)
1V
K3(z,5) =~ e 17 7SIV g=lz=slIV gign(s—2) |. (3-34)
2[vI°
With the above operators, we can rewrite (3-31) as
—(z+DIV| z+1|V] (z+DIV] _ ,—(+DIV|
e +e e e
Vx z§0 |:|: e_|v| +€|V| ]VW e_|v| +€|V| |V|Wi| +[0,g1(2)]
0
+ [ 1K1 = Ka(e.9) — Ka(z5)l(ga6) + V- 3(6)) ds
-1
0
+/ K3(z,5)|V]sign(z —s)g1(s) — [V|[K1(z, s) + Ka(z, 9)]g1(s) ds. (3-35)
-1

To make sure that we can conclude the fixed-point-type argument, we need to estimate the operators
Ki(z,s) so that the issue of losing derivatives does not exist. More precisely, the following lemma holds.

Lemma 3.2. For k,y > 0, we have the estimates

/ Ki(z,s)Vg(s)ds

H / Ki(z.5)g(s)ds
Lg° Hk

S llg@llLge e (3-36)

i=1 L H*

/ Ki(z,5)Vg(s)ds

2@l oo
LPWY

0
+ ‘/_I[Kl(Z,S)—Kz(Z,S)—Ks(Z,S)]g(S)ds

LWY

i=1

(3-37)
Proof. We first prove the desired estimate (3-36). Recall (3-32), (3-33), and (3-34). From Lemma 2.2, we
have

SEl_pl o |77 F (K1 (z.9)—Ka(z,5)— K3(z,9)—[0, (1=sign(s—2)) /2])) () Vi, (©)] | 1 5251, (3-38)

sup O}ZHF F(Ki(z.9)) Vi, E)]]| 11 < (3-39)
Z, NS l—l

We will use above estimates for the case when k1 < 0. However, when k1 > 0, we cannot use the
estimate (3-39) directly to estimate the left-hand side of (3-36); otherwise we lose one derivative. An
important observation is that the integration with respect to s actually compensates for the loss.

For any fixed k >0, k € Z, we have the following formulation in terms of the kernel:

0 0
| Kieovrdeolas= [ [ KuGsgex-ydas (3-40)
-1 -1 Jr2
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where

Kia(zos.) = [ EFKGN@ v 05 d. (3-41)
After integration by parts in £ many times, we have the pointwise estimate
|Kie (2.5, )] £ 2% (1 +26]y] + 26|z =571 (3-42)

fori € {1,2, 3}, which further implies that the kernel K;.x(z, s, y) belongs to L Sl y for fixed z. Therefore,
from (3-39) and (3-42), we have the estimate

|the left-hand side of (3-36)|*

3
S 2 1P E@NZ oo+ D D 225 1K 29117y 1Pk (8o 2 S 18170 gy
k1<0 i=1k;>0 |

hence finishing the proof of (3-36). Very similarly, from (3-38), (3-39), and (3-42), our desired estimate
(3-37) follows in the same way. O

From (3-35) and estimates in Lemma 3.2, now it is clear that we can estimate Vy ¢ by using a
fixed-point-type argument.

However, if we do it naively, then the resulting estimate will not tell the difference between V¢
and d;¢. To capture the fact that d,¢ actually has two derivatives at the low-frequency part, while Vy¢
only has one derivative, we decompose Vy ;¢ as

Vx,z@ =M\ [Vx,zw] + AzZ[Vx,zfp]- (3-43)

From (3-35), it is easy to see that A1[Vy ;¢] is given by

e—GHDIVI | (G+DIY] oEHDIV| _ =+ DIY|
AI[VX,ZQO]: |: €_|V‘+€|V| ]VWa €_|V‘+€|V| |V|llf . (3'44)

From (3-44), it is easy to see that A 1[d;¢] has two derivatives at the low-frequency part. Now, the goal is
reduced to estimating A>»[Vx ;¢], which is done again by a fixed-point-type argument.

Recall (3-35). To identify the fixed-point-type structure inside A >>[Vy z¢], it is sufficient to reformulate
Asalgi(2)], i €41,2,3}.

Recall (3-28) and (3-29). After using the decomposition (3-43) for Vx ;¢ in g;(2), i €{1,2,3}, we
have the decomposition of A>3[g;(2)], i €{1,2,3},

As2[g1(2)] = h1A52[0:0] — (z + 1)?h2A52[0:0] + (z + Dh3 - As2[Ve]
+hiA1[020] — (2 4 1)?haA[020] + (2 + Dhs- A1 [Ve],  (3-45)

As2[g2(2)] = (z + DhaAs2[d:0] — h3 - As2[Ve] + (z + DhaA1[0:0] — hs - A1[Vg), (3-46)
As2[g3(2)] = (z + Dh3As2[0:0] + (z + Dh3A1[0;¢]. (3-47)

From (3-45), (3-46), and (3-47), now it is easy to see that there exists a fixed-point-type structure for
A>2[Vyzp] in As2a[gi(2)], i €{1,2,3}. From the standard fixed-point-type argument and the estimates
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in Lemma 3.2, we obtain basic estimates for A>»[Vy ;¢], which further give us more precise estimates
for Vx,z¢ from (3-43).
More precisely, our main results in this subsection are summarized as follows,

Lemma 3.3. Fory' . k'>1, 0<8 <1, a€(0,1],if h € WY N H¥ satisfies the smallness assumption
Il <8, (3-48)

then the following L?-type estimate and L>®-type estimate for the velocity potential ¢ hold:

IVa,z@llLgo e S IV ax + 1Al ae+ [V g0, (3-49)

IVxgll oy SNV gy 10200 oy STV lva + 121G IV Iy (3-50)
IA=2[Vx 20l ooy SNV Iy 12141 (3-51)
IA=2[Vx 20l Lgo e S MMl VIV | e + IV o 121 s (3-52)

where k <k’ —1and 1 <y <y’ — 1. In the above estimates, the range of z for the L norm is [—1, 0].

Proof. We first estimate A>2[Vy z¢]. Recall (3-35), (3-45), (3-46) and (3-47). From estimate (3-37) in
Lemma 3.2, we have

IA22[Vi 201l oo iy S 1A22[(81(2). 82(2). g3 ()]l o7y
S Ml y+1 1A =2V 201l oo iy + 12141 IV D77 -

Hence, by the smallness condition (3-48),
[A=2[Vi 201l oy S NAllgy+1 IV Il - (3-53)
Very similarly, from estimate (3-36) in Lemma 3.2, we have

[A>2[Vx,z0] | L.o° mrx
SIA>2((g1(2),82(2), g3(2)]l Lo &
Sl IA=21Vez @1l ge o+ A et 1A =2 [V z @1l oo o+ A e+t VY o+ IV Y L i 1l 7
Sl I A>2[Vaz @]l oo mx HI A e+ VY o (TR DIV e A1

Again, by the smallness assumption (3-48), we conclude
IA=2[Vx,z0lllLgo mre S Al e+t IV o + IV Al g1 (3-54)

From estimates (3-53) and (3-54) and the explicit formulas of A1[Vy z¢] in (3-44), we have

IVxz@llLeo e S IVl ge + 1A g+t IV o IVe@ll Loy S NV NIy
19201 oy SUAY Ny + 1l IVU iy S IV e + Mol 41 IV 175 - U
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3D. The quadratic terms of the Dirichlet—-Neumann operator. The content of this subsection is not
related to the proof of our main theorem. However, it is crucial to the study of the long-time behavior of
the water waves system in the flat-bottom setting.

Generally speaking, the main enemies of the global existence for a 2-dimensional dispersive equation
are the quadratic terms. The first step is to know exactly what the enemies are. Surprisingly, as a
byproduct of the fixed-point-type formulation (3-35), we can calculate explicitly the quadratic terms of
the Dirichlet—-Neumann operator.

More precisely, the main result of this subsection is stated as follows:

Lemma 3.4. In terms of h and , the quadratic terms of the Dirichlet—-Neumann operator are
A2 [G(h)Y] ==V - (hVy) — |V|tanh|V|(h|V|tanh|V|y). (3-55)
Remark 3.5. Before we proceed to prove the above lemma, we compare the main difference between

the flat-bottom setting, which is less studied, and the infinite depth setting, which is recently well-studied.
In the infinite-depth setting, the quadratic terms of the Dirichlet—-Neumann operator are

(infinite-depth setting) A, [G(h)y] ==V - (hVY) —|V|(h|V]|Y). (3-56)
If the frequency n of i is of size 1 and the frequency & — n of 4 is of size 0, from (3-55) and (3-56), it

is easy to check the size of the symbol of quadratic terms:
41517

(flat-bottom setting) & -1 — |&||n| tanh |§] tanh || = m ~

19

(infinite-depth setting) —|€]|n|+&-n=0.
That is to say, unlike the infinite-depth setting, we do not have the null structure at the low-frequency part
in the flat-bottom setting. As a result, we expect a much stronger nonlinear effect from the quadratic terms,
which makes the global regularity problem in the flat-bottom setting more delicate and more difficult than
the infinite-depth setting.

Proof of Lemma 3.4. Recall (3-14) and (3-44). We have

A2[G(h) Y] = A2[0z¢|z2=0] — h|V|tanh|V[y — Vh- V. (3-57)
Hence, the problem is reduced to calculating explicitly the quadratic terms of d,¢|,=¢. Recalling (3-35),
1 0
- - (s—DIVI_,—(s+DI|V] .
MaBzplemol =~ op [ O A Vgl ds

1 0
- =DIV|_,~(s+D|V]
T eV /_1[e e IIVI[Az[gi]]ds
0
+/ V1AL [g2+V-g3—|V|g1]ds+A2[g1(0)]
-1

A2[g2+V-g3lds

B 0 G+DIVI o= (s+DIV]
B /—1 elVite—IVl
/0 eGHDIVI_p=G+DIV]
-1

€‘V|+€_|V|

IVIA2[g1(s)]ds+A2[g1(0)]. (3-58)
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From (3-25), (3-26), and (3-44), it is easy to derive the equalities
eG+DIV]I _ ,=(s+D]V] eGTDIVI L o=G+DIV]

AZ[gl(s)] =2h e|v| +€_|V| |V|W+(S+ I)th e|V| +€_|V| Wa
A2[g1(0)] =2h|V[tanh|V|y + VA - VY,
(s+1)|V| —(s+1)|V] (3-59)
e +e
AZ[gZ(S)] - _Vh.v e|v| —|—€_|V| )
(s+1)|V]| _e—(s+l)|V|
A2[g3(s)] = (S + 1)Vh €|V| T e_|v| |V|‘/’

After plugging in the above explicit formula of A[g;(z)], i € {1,2, 3}, the goal is to calculate explicitly
the symbols of the two integrals in (3-58). Define

0 (G+DIV] 4 o=G+DIV]
01l )= [ G Rala + Ve galds = Qualh )+ Qualh ). (60
Q2(h,¥) :=— — IVIA2[g1]lds = Q2,1(h, ¥) + Q22(h, ¥), (3-61)
-1 e|V| +e V]
where
0 G+DIV| | p=(s+DIV] eGHDIV] _ s+ D]V
Ql,l(h1 1/’) = /;1 €|V‘ +€_|V| |:V[(S+ I)Vh €|V| +e_|v| |V|K/f:| dS,
0 LG+DIVI 4 p—(s+DIV] eGHDIV] 4 p—(+DIV]
Q12(h.v) :/ VI e=IV] [ VI 4 o1V ‘”] ds.
—1 elVit+e elVite
0 L+DIV| _ p—(s+DIV| oGHDIV] _ s+ DIV
02,1(h,¥) = —/_1 eIVl 4 eIVl [ eIVl o=V WW} as,
0 L(+DIV| _ p—(s+D]V| eGHDIV] | p=(G+D)IV]
02.2(h, ) :_/_1 o |V|[(s+1)vh.v L w] s
The symbol g;, ; (§ —n, n) of the bilinear operator Q; ;(h,V), i, j €{l,2}, is given by
_ —&-E=—m|nl ° (s+DIE] y ,—~G+DIEN,+Dnl_,~(+Dn]
QI,I(E_U’ 77) - (e|5|+e_|5|)(e|77|+e_|77|) /_1(S+1)[€ +e ][e —e ]dS
_ —&-(§—n)|n| [(IEI-Ir|77|—1)6"‘5'+""—(—|$|—|77|—1)6’_'5'_"7|
(T TE) (e Tle =) (&)
(Inl—léI—I)e"’"'g'—(IEI—InI—l)e'S"'”'}
+ . (3-62)
(1&l=In))?
g1 2(E—n.n) = (E=n)-n [ | = DIE DIl y =G+ DInl g
: = G Lo TET (e ey ),
(E—n)n olEIHInl_p—lEl=Inl  HlEl~Inl_Inl—€]
= + , 3-63
(e'f'+e—'€'>(e'"'+e—lvl>[ B EE ] (369
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(E—) = —2[&1 [l 0[e(s+1)lél_e—(S+1)|é|][e(S+1)|n|_e—(S+1)|n|]dS
AT = JTEl L o—Ely (el 1Tl |,
—2[&|In] elEl+Inl_p—I§1=Inl  ,l&l=Inl_,Inl—I§]
= TRy ) (69
p— . O
o (E—nm) = (e|‘f|+e|§||§|€)(en|2/|2—e_|”|) /_1(s+1)[e<s+1)|f|—e—<s+1)|f|][e<s+1>|"|+e—<s+1)|"|]ds
_ 1§1(E—m)n [(IEI-Ir|77|—1)6’|‘5|+"’|—(—|§|—|77|—1)6’_|§|_|'7|
(e|§|+e—|f|)(e|fl|+g—|rl|) (|€:|+|7]|)2
(InI—IEI—l)e"’"'g'—(IEI—InI—l)e'S"""}
- . (365
(-T2 09

In the above computations, we have used the simple fact

0 _ a
(5 + 1elHDa gg = L H@=De?
-1 a2

From (3-57)-(3-61), we have
A2[G(h)Y) = Q(h, ¥) = Q1(h, ¥) + Qa(h, ¥) + h|V|tanh| V|y.
Therefore, the symbol g(§ — 7, n) of Q (h, ) is given by
GE—nm=Y aE—nn+i
i,j=1,2

Although the above formulae look complicated, actually there are cancellations inside. Note that

€|Tl|_e—|fl|
611,2(5—77,77)+612,1(§—77,77)+mw
£ SlEIHInl _ g—lel=Inl  plEl=Inl _ ,lni—Ig]
= +
(e'f'+e—lf')(e'v'+e—lvl>[ &+ ET— I ]
L1l [elE 10l _ p—lgl=nl]  lel=Inl _ olnl—le]
— — , 3-66
(€|E|+€_|5|)(€|”|+€_|”|)[ 1€ + [nl €] = [nl } (3-60)

g11E—n.n+q22(—n.n)
(—I&lInl +&-n) (€] + |9 = Del&lHl —(—g] = [n] — 1)e Il

= (el 1 e—lEly (eIl 4 e—Inl) &+ nl
B Ellnl+&-n) (In| — €] = Del~El — (jg] — |n| — 1)elEI= I (3-67)
(el€l 4 e~ lEly(elnl 4- e=Inl) HEl ’
From (3-66) and (3-67), now it is easy to verify
g —n.n) =§-n—1§||n| tanh |§] tanh |n]. (3-68)

Hence our desired equality (3-55) holds. O
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Lemma 3.6. For kyi,ks,k € Z, the following estimate holds for the symbol of the quadratic terms for the
Dirichlet—-Neumann operator:

~ k+k
1€ =n.mllsps, <277 (3-69)
Proof. From (3-68) and the estimate in Lemma 2.2, it is straightforward to derive the above estimate. [

3E. A fixed-point-type formulation for A >3[Vy, :@]. As in the previous subsection, the content of this
subsection is not related to the proof of the main theorem but is related to the future study of the long-time
behavior of the water waves system in different settings.

Although, intuitively speaking, the quadratic terms are the leading terms for the dispersive equation (1-8)
in 2 dimensions, we also have to control the cubic and higher-order remainder terms to see that their effects
are indeed small over time. In this subsection, our goal is to formulate A >3[Vy ;¢] into a fixed-point-type
formulation, which provides a good way to estimate the cubic and higher-order remainder terms.

Recall the fixed-point-type formulation of Vi ;¢ in (3-35), we truncate it at the cubic-and-higher level
and get

0
A>3[Vy 0] = [0»A23[g1(2)]]+/_1[1<1 (z.8)—K2(z,5)—K3(z.9)](A=3[g2(8)]+V-Az3[g3(s)]) ds

0
+/_1K3(z,s)|V|sign(z—s)A23[g1(s)]—|V|[K1(Z,s)+K2(Z,s)]A23[g1(s)]ds. (3-70)

Recall (3-28) and (3-29). Similar to the decomposition we did in (3-45)—(3-47), we can separate
A>3[gi(2)], i € {1,2,3}, into two parts: (i) one of them contains A>3[Vx ¢], which involves the
fixed-point structure; (ii) the other part does not depend on A>3[Vx -¢], and hence can be estimated
directly.

More precisely, we decompose A>3[g;i(z)], i € {1,2,3}, as follows:

As3[g1(2)] = h1 A>3[0:0]—(z+1)2 o A>3[0: 9]+ (z+1)h3-A>3[Ve]

+> Az ilh]Ai[0:0]—(z+ D> Assi[h2] Ai [0 0]+ (z+ D A3 [h3]-Ai[Vel. (3-T1)
i=1,2

As3lg2(2)] = G+ Dh2As3[0:9]—h3- A3V
+Y (2D As3 [ Ai[d-@]—As3i[h3)-Ai V). (3-72)

i=1,2
As3lg3(2)] = G+ DhsAs3[0:01+ Y +DAss—ilh3]A:[0:9]. (3-73)
i=1,2
From (3-27), it is easy to verify that
Asalhi] = h? = Qh+h*)h1, Asalhs] =ha,  Asalhs] = —hhs. (3-74)

We can summarize the above decomposition in the following lemma.
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Lemma 3.7. We have

3
A3V 0] =Y CLh . hi) + hCL(h . hi) + T (hi, As3[Vi 2 ).
i=1

where C. and C. are some trilinear operators and T} is some bilinear operator. Assume that the

corresponding symbols are clz( st )s 5;( ), and t;( ,+) respectively. Then we have the estimates
3
sup Y ek 2.8l e b2 b)lsps, S 2P TR 3.75)
ze[-1,01 ;= k1k2s ky.ka.
3
sup Y [tk (En E)lspe, S 23 MR (3-76)
z€[-1,0], HLR2

Proof. The proof is straightforward. From Lemma 2.2, our desired estimates (3-75) and (3-76) can be
derived by checking the symbol of each term inside the equations (3-70), (3-71), (3-72) and (3-73). Note
that there are at most three derivatives in total. O

4. Paralinearization and symmetrization of the system

Since the gravity waves system (1-7) is quasilinear and lacks symmetric structures inside, we cannot use
this system directly to do the energy estimate because of the difficulty of losing one derivative.

To identify the hidden symmetries inside the gravity waves system (1-7) and get around the issue of
losing derivatives, we use the method of paralinearization and symmetrization which was introduced and
studied in [Alazard and Métivier 2009; Alazard, Burq and Zuily 2011; 2014a; 2014b]. Interested readers
may refer to those works for more details. Here, we only briefly discuss this method to help readers
understand how this method works and get a sense of what they will read about in this section.

For a fully nonlinear term, it is very hard to tell which part actually loses derivatives and which part
does not lose derivatives, which is clearly very important to get around the issue of losing derivatives.
With the help of the paralinearization process, we can identify the part that actually loses derivatives,
which is the real issue. In Section 4A, we will do the paralinearization process for the nonlinearity of the
equation satisfied by the height £, which is the Dirichlet-Neumann operator. In Section 4B, we will do
the paralinearization process for the nonlinearity of the equation satisfied by the velocity potential .

Knowing which part loses derivatives is certainly very helpful, but it does not imply that we can get
around the issue of losing derivatives because the original system lacks good symmetric structures. With
the help of the symmetrization process, in Section 4C, we identify good substitution variables so that the
system of equations satisfied by the good substitution variables has the requisite symmetries. Moreover,
the good substitution variables have size of energy comparable to that of the original variables. Therefore,
instead of doing the energy estimate for the original variables, we do an energy estimate for the good
substitution variables.

4A. Paralinearization of the Dirichlet—~Neumann operator. In this subsection, our main goal is to iden-
tify which part of the Dirichlet-Neumann operator actually loses derivatives by using the paralinearization
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method. In the meantime, we also pay attention to the low-frequency part for the purpose of proving our
new energy estimate (1-12).
More precisely, the goal of this subsection is to prove the following proposition.

Proposition 4.1. Let k > 6, o € (0, 1]. Assume that (h, Ay) € H¥ and h satisfies the smallness condition
(3-48). Then we have

G(h)y =Ty(y —Tgh)—Ty-Vh+F(h)y = A*(Yy —Tgh) + Ty_g| (W —Tgh)— Ty -Vh+F (h)y, (4-1)

where

Ji= (1 +|VRR)IE2 — (Vh-£P2, (42)
abbr _ G(h)lﬂ + Vh- VW abbr — _ -
B2 B(hyy = T V2 V(h)y = Vy — BVh. (4-3)

The good remainder terms F(h)y and F (h)¥ do not lose derivatives and satisfy the estimate

A2 [F Y e + 1 FE W e S (110 A aa + 1 A% Tl g + IV i ] (4-4)

Remark 4.2. We remark that, unlike the infinite-depth setting, the good remainder term F(h)y in (4-1)
actually contains a linear term, which is [tanh(|V]) — 1]|V|y¥ € H®.

For simplicity, we define the following equivalence relation. For two well-defined nonlinearities A
and B, which are nonlinear with respect to 4 and ¥, we say

A~ B <= A—B isagood error term in the sense of (4-5),
lgood error termllykﬁk[Il(h,AW)||W4,a+II(h,Aw)ll%4][llhllm+llvwIIHk—l], a€(0,1], k=0. (4-5)

Recall (3-15). Note that, essentially speaking, the only fully nonlinear term inside the Dirichlet—
Neumann operator G (h)y is dyy P|w=0. So the task is reduced to identifying which part of d,, ® actually
loses a derivative.

To this end, we will show that there exists a pseudodifferential operator A(x, &) such that d,,® —
T4(® — Ty, oh) actually does not lose derivatives, where ® — Ty h is the so-called good unknown
variable. This step is very nontrivial and technical. Unfortunately, to the best of our knowledge, there
is no physical intuitive explanation available. It relies heavily on the study of good structures for the
Laplace equation (3-11). We do this step in detail in the following subsubsection.

4A1. Paralinearization of the Laplace equation (3-11). Recall due to (3-11) and the fact that g’(-, w) =0
when w € [—i, O], we have
[Ax +a'0% + b -Vdy +¢'0,]P =0, “6)
a =1+|Vh|> ~1+2Ty,-Vh, b =-2Vh, ¢ =—Ah.

We remark that w is also restricted inside [—i, O] in the rest of this paper.
Before proceeding to the paralinearization process for (4-6), we need some necessary estimates of ®.
Essentially speaking, under a certain smallness condition, the size of ® is comparable to ¢. Note that we
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already have necessary estimates of ¢; see Lemma 3.3. More precisely, from the definition of ® (see
Section 3B) and estimates of ¢ in Lemma 3.3, the following lemma holds.

Lemma 4.3. Under the smallness estimate (3-1), we have the following estimates for k > 1,y < 3:

sup  [|Vew Pl gx SNV e +I1al grr VY 1, 4-7)
wel—1/4,0]
sup  [[Vx @[l SV, sup (0w Plly SNVY lye+Algy -1 IV Gy, (4-8)
we[—1/4,0] we[—1/4,0]
sup | Ax2[Vew @2 S IR, AW)HVT/z,a"'”(h’Aw)”%,z][”h”Hl +IV¥l2] (4-9)

we[—1/4,0]
Proof. This is postponed to the end of this subsection for the purpose of improving the presentation. [

After paralinearizing (4-6), we have

PCI>+2T312”®TV]1~Vh—2Tvaw<p-Vh—Tawq>Ah ~ 0, (4-10)
where
Pi=[A+Tyd + Ty - Viy + Tody). (4-11)

To see why the equivalence relation (4-10) holds, we mention that we can always put V/ in L° and put
dy® and 02,® in L2

Define W := ® — T, oh. As in [Alazard, Burq and Zuily 2011], we claim that PW =~ 0 when
w e [—%, O]. After using (2-7) and the composition in Lemma 2.6, the following equivalence relations
hold:

PW 0 < P[T), oh]+ 2Ty o Tvn - Vh—2Tyy, 6 - Vh—T, oAh ~0 (4-12)
= [TaTypoh+ Ty - VT oh + T Ty oh +2Tvs,0 - Vi]

+ 2Ty o Tvn - Vh—2Tvy,0-Vi] 0 (4-13)

= [Ty Ty o Vh+2Tvo,0 V] + 2Ty o Tyn-Vh—2Tvy,e- Vi] ~ 0 (4-14)

< 0=x0, asb' =-2Vh. (4-16)

Obviously, (4-16) holds. Hence, we can reverse the directions of all arrows back to conclude PW = 0.

Although tedious, it is not difficult to verify that all & equivalence relations hold in all the above

equations. As a typical example, we give a detailed proof of (4-13) here. To prove (4-13), it is sufficient
to estimate Thy, /. From the estimate (4-8) in Lemma 4.3, we have

sup | Tas,ehllge < sup il g 8w @llge < AV gaw + 110 AV 1Al g5
we[-1/4,0] we[-1/4,0]

Hence, the equivalence relation (4-13) holds. All other equivalence relations can be obtained very
similarly.
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The next step is to decompose the equation P W & 0 into a forward evolution equation and a backward
evolution equation. As a result, from Lemma 4.6, we can show that d,, W — T4 W actually does not lose
derivatives. Note that 0y W — Ty W ~ 0y ® — T4 (® — Tj, oh). Hence, our desired result is obtained.

More precisely, we have the following lemma.

Lemma 4.4. There exist two symbols a = a(x, ) and A(x, &) with

a=a® 1 a® 4 4D | 40

where
a®(6.§) = o (Vh-£ V(1 + [VAP)EP — (Vh-£)).
1+ |Vh|?
1
AV (x,£) = ———(iVh- 14 |VA?)|E]2 = (Vh-£)?),
(4,8) = g VA€ V(1 + VAP ER = (Vh-6)?)
4-17)
1 Ah a® (
(0) - i 9. . 0 _
a‘’(x,&) = FIORPO) (zaga dxA 1+|Vh|2)’
1 Al AD
40 — ideqM . 9. 4 _ 20
(8= L4 (l g0 1+ VA2 )
such that
P=Ty0w—Ta)(0w—T4)+ Ro+ R10y, d'(a+A)=ib"-£+ (4-18)
@[aAD 42900 0,40 4V 4O 4+ OUV] =@ ) =g, @19)
where
Ro=TyTyaTg—A, Ry =-TyTasa+Ty -V+T. (4-20)
Moreover, the following estimate holds for good error operators Ry and Ry:
IRo fllzzx + 1Ry fllgr+1 S IVAIg sl f g« (4-21)

Proof. Most parts of above lemma are cited directly from [Alazard, Burq and Zuily 2011, Lemma 3.18].
Given the a priori decomposition (4-18), from (4-11), we can calculate explicitly the formulae of Ry
and Ry, which are given in (4-20). Note that as a’ doesn’t depend on £, from (4-18)—(4-20), we have the
identities

Ry =—-TyTa4a+ Ta’(a+A) =—TaTat+a+ T(a’ﬁ(a—i—A))’

Ro = Ta[TaTu — Tagal + Ta Taga — Tar(aga) = Ta'[TaTa — Tagal + Ta—1) Taga — T(a—1)4(at4)-

From explicit formulations of a’, a and A, we can see that a’,a’'—1 € T'(R?) a,A,a+A €'} (R?) and
affA e FZZ(RZ). The following estimates on their symbolic bounds hold:

MF@gA) + M) $1, My(a)+My(A)+My(a+A) SIVallgs, M@ —1) S|V,
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From estimate (2-8) in Lemma 2.6, we have
IRy f Nl S M3 (@)YMy (@ + D f e < IVR sl f e
1Ro f | g < [M3 (@ )My (@) M3 (A) + M3 (@' = )MZ @8 D] fllgx S UVRIZ IS e
Hence finishing the proof of (4-21). O
In the following lemma, we prove that d,, W — T4 W doesn’t lose a derivative.

Lemma 4.5. Let A(x, &) be as defined in Lemma 4.4. For k > 1, we have the estimate

[ A22[@uwW = TaW)llw=o] g <k [0 AWl + I A 1A e + IV | g ] 4-22)

Proof. Recalling the decomposition of the operator P in (4-18) and the fact that PW = 0, we have
Ta (0w — Tg)(0y —THW = —RoW — R1dyu W,
which further gives us
(Ow —Ta)(Bw —THW ~ g,
where
g=Ty-1[-RoW — R10uW]+[I —Ty—1Ta (0w — Ta) (0w — Ta) W,
= Ty—1[—RoW — Ridu W]+ [I = T1 + Tyr—1y@-1-1) — Tw—1) Ta—1-1) | (0w — Ta) (9w — T W.

From the estimate (4-21) in Lemma 4.4, and the fact that T(,/_1yg—1-1)— T(a’—1) T(q/—1—1) 1s of order —2,
we have

sup [ As2[8)llgx S IVAlGs[I1P=1/2lW 1l gx + 10w Wil gx— ]
wel[—1/4,0]
< [ A graa + 1G AWIZ [ g+ IVl e ].
Note that [02 + A]A1[W(w)] = [02 + A]A1[®(w)] = 0 when w € [—%, O]; see (4-6). It is easy to see
that we have the equivalence relation
(0w — Ta) A»2[(0w — THW] + As2[ (3w — Ta) A1[(0w — TA)W]] & Ax2[g]. (4-23)

Note that

A1[0y @] = A1[0z0(w/(1 4+ h))] = IViy,

e_|V| —+ €‘V|

e—WHDIV] | ,+D)|V]

Aq[®] = Aqp(w/(1 +h))] = 12

e_|V| —|-e|V|
It is easy to verify that
A1[(Ow —Ta)W] = A1y P — T|£|(D] € H™,
[ Az2[Ow = Ta) A1[@w = TOWI] | i < VRl 3l VY | it
Therefore, from (4-23), we have

(0w —Ta)A>2[(0w — T W]~ Ax2[g].
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We reformulate the above equation as

(Ow + T—a)A>2[(0y — T W] = Ax2[g] + &,
where

g = error term from & equivalence relation.

Recalling the precise formula of a in Lemma 4.4, we know that —a satisfies the assumption in Lemma 4.6.
We can first choose a series of constants {z; }f'c:l such that 7; 41 = 4t; and 73 > —% and then keep iterating
the estimate (4-25). As a result, we have the estimate

| As2[(Bw — T W lw=ol | ¢
sk sup [”AZZ[(aw - TA)W(U}, )]”L2 + ||§(u))||Hk_1+€ =+ ”g(w)”Hk—H-G]

wel[-1/5,0]
<k (G A graa + 1G AWIZ [ g+ IV e ], (4-24)
which concludes the proof. O

Lemma 4.6. Leta € le (R?) and suppose it satisfies the assumption Re[a(x, £)] > c|&| for some positive
constant c. If u solves the equation

(Ow + Tou(w,-) = g(w,),
then we know that the following estimate holds for any fixed and sufficiently small constant t, and
arbitrarily small constant € > 0:
1+ 7|

sup [lu(w)l & S M; (a) [ sup fu(w)lgr—a-o0 + sup g@)llgu-a-o].  (4-25)
we€[t,0] |T| z€[47,0] z€[41,0]

Proof. A detailed proof can be found in [Alazard and Delort 2015] by combining Lemma 2.2.7 and the
proof of Lemma 2.2.8. U

4A2. Paralinearization of the Dirichlet—Neumann operator. In this subsubsection, we use the result we
obtained in the last subsubsection, which is the fact that d,, W — T4 W doesn’t lose derivatives, to identify
which part of the Dirichlet-Neumann operator loses derivatives.

Recall (3-15). For the reader’s convenience, we rewrite it as

G(h)y = ((1+|VA[*)p®—Vh-VO)| _..
Define
V:=V0—03,®Vh, V| _,=V.
Now we let w be inside the range [—%, O] instead of being restricted to the boundary. By using (2-7)
and Lemma 2.6, we have the paralinearization result

(14 |VA) 3 ®—Vh-VO & T 4 jyp200 P +2Ty, 6 Tvn- Vh— Ty VO—Tye- Vi
~ T4 vnp0w ®+ Tavhy,e0-ve - Vh—Typ - VO
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= T4 ivnpdw (W + Ty, 0h) + Tavpy,0-ve - Vh—Tvn - V(W + Ty, oh)

~ Ty wnpdwW + Tavng,0-ve - Vh—Typ VW —Typy,e-Vh

= Ty 4 jwp20wW =Ty - VW =Ty -Vh

= Ty jynp (0w W = TAW]+ [Ty w2 Ta— Ton-VIW =Ty - Vh

=W =Ty -Vhi+ T jvpp[0wW —T4W]+ R2 W, (4-26)
where

Ry := [Ty \vap Ta =Ty vy am),
and where A is given in (4-2). In (4-26), we used the identity
A=(1+|VhHAD —ig.Vh,
where A is given in (4-17). Note that

Rz = Ta 1yvn) Tao + [T vapy Taw = Taqvap) a0 ] = TarTgo + [T Tgpor = Tw—1ygam |-
Now, it is easy to see that R; is an operator of order 0 with an upper bound given by || VA||,35. Hence,
we have the estimate

IR2W lw=ollgzx = | R2[Ps1/2[W]1lw=0]|
SIVARlGs || Po12¥ — Tamyw hl|
< U AW e+ I ADIZ [ g + 1YY 1 i ]. (4-27)
Combining (4-26), (4-27), and the estimate (4-22) in Lemma 4.5, it’s easy to see that Proposition 4.1
holds.

Now, we give the postponed proof of Lemma 4.3.

Proof of Lemma 4.3. For fixed w € [—%, O], it’s easy to see ®(w) = ¢(w/(1+ h(x))) and that we have
the identity

(4-28)

vxw¢=xazww/u+h»+[_WVh@¢W”“+”” ‘MLwW”“+h”}

(14 h)? ' 1+h
Therefore, we know that the leading term of Vy ,, ®(w) is Vx z¢(w/(1 + h)). Under the smallness
estimate (3-1), to estimate Vy 4, P, it is sufficient to estimate Vy ;@(w/(1+ h)).
Recall that according to the fixed-point-type formulation of Vi ;¢ in (3-35), we study the linear term
on the right-hand side of (3-35) first. Define
e~ WD hwIE/(A+h() 1)  pwHDIEl(e—h()wlEl/(1+h(x)) _ 1)

o€l 1 olE] ol 1 olE]
o—wHDIE]

! w( R YL e (Y
i;apﬁﬁ;ﬁmm(ﬁ3@)+ﬁc?me(M”(ﬁﬁﬁx

= 3 [ A 8 )+ 2w D],

n>1" "

p=(w,x,§) =+
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where

o~ +DE]

. n . e|5| w n . h(x) "
Y w, £) = T wIED", Jr(w, €)= = ElwleD”,  gn(x) -=(1+h(x))-

It is easy to verify that

Al[vx‘/)](xv IU/(l +I’Z(X))) = Al[vxﬁl’](x, w)+P1w(x7 w)v
A1[dz](x, w/(1+h(x))) = A1[0z¢](x, w) + P2y (x, w),

where
. 1 ix€ 7 . . 1 ixEn
P =g [ @it xnds Pywi= s [ @I -6 dE,

We will show that, under the smallness estimate (3-1), the size of Aj[Vy z¢](x,w/(1+ h(x))) is
almost same as the size of A1[Vx z¢](x,w). For k € Z, we define

peawx§)i= s [ OED @) do = s 3 A .6+ w6 el
n>1

PLav ()= [ T @ipxo.x.8)ds (4-29)

Pra ()= [ e p-a(wx £)dE

Since P,y can be treated in the same way as P1{, we only estimate P;y in detail here. We have the
decomposition

Piy = ) PV, =1+1L 1= Pip¥i, =) Py,

ki,k2ez ka<k; ki<k>

From the bilinear estimate of L2—L> type (2-3) in Lemma 2.1, it is easy to see that we have the following

estimates
ki +2Kkk 1 2y
||I||Hks(222 +2 ls+||Pk1w||iz(Z;nnglgnnLoo)) < 19 g Ml
kq n>1 )
1
Wis 3 — > 22F05 P gall2l| P ¥ llzoe S 1Al s1 199 1
n=1""" ka<k
1y < 12l IV 1 < 10l IV s -
Therefore

| A1[Vrz0) (o w/ (AR e S IV e+ 1B e IV s
| A1Vl (x. w/ A+ 0 [ 7y S UV Iy + 1l IV 7y S IVE L
[ Av[Bz¢] (x, w/ (L +hC)) |7y S NA2Y Ny + Al IV -
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From the above estimates and (4-28), we conclude

1ALV @l S IV lgye 1AW Pl gy S 1AW g + 121G IV Il (4-30)
1AV @l e S [ A1 Va2l (xw/ U+ 1) | gact [ A1 [V 0] (6, w/ (L) || o I e
S IVl + 12l e VY g (4-31)

Following a similar procedure, we can handle the integral part in (3-35) in the same way. Similar to
what we did in the proof of Lemma 3.2, we use the size of the symbol directly when || < 1 and estimate
the associated kernel when |§| > 1. As a result, we have the estimates

Hall terms in the right-hand side of (3-35) except for the linear part (x, w/(1+ h(x))) H Hk
3

<Y g ) peo g+ Il e llgi )l oo S IV ol gricer + 1V | e Il o

i=1
S IV ligollall e+t + VY g lAllgro- (4-32)
Hall terms in the right-hand side of (3-35) except for the linear part (x, w/(1+h(x))) ” Vv
S Y0 g ) sy S Il IVE gy (4-33)
i=1,2,3
From (4-28), (4-30)—(4-33), now it’s easy to see that estimates (4-7) and (4-8) hold.

Now, we proceed to prove (4-9). From (4-28) and the same procedure as above, we have the estimate

1A22[Ve,w @2 < [ Az2[Vr,z0) (x, w/ (L +7(0)) | 2 + Il g1 [0z (x, w/(1+A2(x))) || 7o

3
Sl [IAY o + 1215 IV i 14D lgill oo 22 (4-34)

i=1
Recall (3-25) and (3-26). Note that V¢ appears together with V# inside the quadratic terms of g;(z),
i €{1,2,3}. When estimating the L°L? norm of g;(z), i € {1,2,3}, we always put V¢ in L? and put
dz¢ in L°° As a result, the following estimate holds, i.e., our desired estimate (4-9) holds:
4-34) S 11l 1AV 2o + [ AV 2o + 1 AV 2 ] IR 1+ VNl L2)
SR AW p2a + 1R A2 AR g1 + 1V ] L2). O

4B. Paralinearization of the equation satisfied by the velocity potential. In this subsection, our main
goal is to do the paralinearization process for the nonlinearity of the equation satisfied by v in (1-7),
which shows which part of the nonlinearity actually loses derivatives.

More precisely, the main result of this subsection is stated in the following proposition,

Proposition 4.7. We have the paralinearization

(Vi-Vy +G(h)y)?
2(1+|Vh[?)

for the nonlinearity of the equation satisfied by V.

1IVy|?— ~ Ty VY —Tgyy hl — Te G (h)y (4-35)
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Proof. Recall that V' = Vi — VhB. From (2-7) and the composition Lemma 2.6, we have
(Vh-VY +G(h)y)?
2(1+|Vh|?)
= HVyP—1(1+|VAP) B
= V[*+V-VhB+1|Vh*B>*~1(1+|Vh|*)B> = L|V|*+V -VhB - 1B?
~Ty - V+Tg(V -V +TyypB—TgB =Ty -V +Ty.ypB—TgG(h)Y
=Ty -Vy—Ty-(VEB)+Ty.yp B—TpG(h)Y
~ Ty -Vy—TyTg-Vh—[Ty -Typ—Ty.va] B—TpG(h)y
~Ty-[VYy—Tp-Vh|=TgG(h)Y ~ Ty - V[ —Tgnyyh]—TpG(h)y. |

Ly 2 —

4C. Symmetrization of the full system. Based on the paralinearization results we obtained in previous
subsections, in this subsection, we will find out the good substitution variables by doing the symmetrization
process such that the resulting system has the requisite symmetric structures inside.

Define w = ¥ — Tg(p)y h, which is the so-called good unknown variable. After combining the good
decomposition (4-1) in Proposition 4.1 and the good decomposition (4-35) in Proposition 4.7, we reduce
the system of equations satisfied by /# and i to the system of equations satisfied by /# and w,

0:h = A%*w+ TA_|€.-|a)—TV'Vh + ﬁ(l’l)lﬁ,

4-36
0w =—-T,h—Ty-Vo+ f, (4-36)

where
a:=1+0;,B+V-VB,

which is the so-called Taylor coefficient, and f” is a good error term in the sense of estimate (4-5).
However, the system (4-36) cannot be used to do the energy estimate. When using the system (4-36)
to do the energy estimate, one might find that the term

/R2 8)];]}1 8316\’ [Tr—g0] + aivAa)aivA [-T4h], where N is the prescribed top derivative level, (4-37)

loses one derivative and cannot be simply treated.
To get around this difficulty, we will symmetrize the system (4-36) by following the same procedures
in [Alazard, Burq and Zuily 2014a]. Define

Up:=h+Teh, Up:=Alo+Tpo] % [T5_ 120l + Ao, U:=U+ils, (4-38)

where

wi=va-1. w=y-Tpayh p=VA/El~1=VA+|VAP)~(Vh-E/[E)>~1. (4-39)

Note that

Aqla]l = M[3:A*Y] = —A%h,  Aq[0;a] = —A*Y,  Aq[die] = —3A%Y,  Aqfa] = —1AZh.
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We take the estimates of the Taylor coefficient in Lemma 4.8 for granted first. Then it is easy to see
that the following estimate and equivalence relations hold:

(U1, Uz) = (h, AY) || grie < N (By AY) [l l| (B AY) || g (4-40)
3 Uy ~ A0 +[Th—jgjw] — Ty - Vh+ Ty, g h + Te, [0, 1]
x [A?=Tiglw+ Tho—Ty - VUi + Ty - ToVh+ Ty Tao — Ty - Vh]
~ [N =Tg)A ' Ua+ Ty fgo—Ty VUi & AUy + [T 5, T 0] =Ty - VU,
~ AUy +(T 7, Us] =Ty - VUL, (4-41)
Uz & A1+ Tp)[=Tah—Ty -Vl + ATy, g & =AU = [T 5 ToUr) =Ty - VT 0+ Ty, g Aw
~ =AU —[T 7, U] =Ty -VUp + Ty, Us. (4-42)

Hence, the problematic terms in (4-37) become the terms (modulo good error terms)

. 89’ Uy 8)];] [Tﬁa U,]— 8)]:] Uzaiv[Tﬁa U,], where N is the prescribed top derivative level. (4-43)
R

Therefore, we can move derivatives in (4-43) around so that these cubic terms do not lose derivatives.
See (5-5) for more details.
4D. Estimates of the Taylor coefficient. The main goal of this subsection is to obtain some basic esti-

mates for the Taylor coefficient, which are necessary for the energy estimate.
Lemma 4.8. Under the smallness estimate (3-1), for y <3, y1 <2 we have the estimates
la =1l g S IV g+ 1R V)| g | (B V) |2
2
la=1 g7y S IVRl G, + IV 171+ VR 5]
0:all e S NIV i+ IR V) lgs | (B, V) gictrs
19:all g S 1AWl gn+1+ I(VA VI, 4
Proof. Recall (4-3), (1-7), and
a=1+4+V-VB+0:B, B=09;¢/(14+h)|;=0.

To estimate a and d;a, it is sufficient to estimate 0,0d;¢ and 0, 8?(;). From the fixed-point-type formulation
of Vyx ;¢ in (3-35), we can derive the equality

v o e~ DIV | oG+ o@DV _ =+ D)V
x20t@ = eV 1 elV] A S ]

|V|a,w}+[0,8tg1(2)]+

0
4 /_ K1 (05) Koz 5) = a2 )| 012)+ V012 (6) ds

0
+ /_ Ka(z )|Vl sign(:—9)0u1 ()= |VIK1 o)+ Kol ) ds. i
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Following the same fixed-point-type argument that we used in the proof of Lemma 3.3, we can derive the
estimates

||Vx,zatfﬂ||LgoWy
2
SIVAl Gy 10l gy 1 1Vx 20l ooy S IVRI G + IV 71 + 1 VA, ] (4-45)

||vx,zat§0“L2°Hk
SVl gr + 17l a1V z0c@ - 10: Al i1 [ Va,z @Ml +10ehll 1 [ Vx,z @l oo
S VAl g + I V) gl (B V) gz

We can take another time derivative at both sides of (4-44) to derive a fixed-point-type formulation for
Vy.z02¢. Following a similar argument, we can derive the estimate

IVx,2070 | ooy S N7V grvsr + 18Rl 011 10: Va2l ooy + 1971 011 | Vi 20l ooy
Recalling the system of equations satisfied by /& and v in (1-7), we have

0th = 0:G()Y = 0,[(1+|Vh]) B—Vh-Vy],
02y = —3,h+ VY-V, +(1+|Vh|>)Bd, B+ Vh-Vo,hB>
Hence,
2 2 2
107% 1 rv1 S UA2Y L gyrr + VAl IV yaa]

Combining the above estimate, (4-45) and (3-50) in Lemma 3.3, we have

1Vx,z079 1| ooy S UAPY I grysr + [ VA o1 + 1V 1]
Following the same argument, we derive the L2-type estimate of B%go,
Ve 2070l oo xS N07W [ grir + 1900 it | Vi 2000l o +18ehll 1 | Vi, 29 0l oo pre
107 Rl gV, 20| oo + 1872 1 [ Vi, 20 | Lo pr
1l g1 1197 Va2l oo + 1211 1 Vi, 2079l oo pre
which further gives us the estimate

IVx,z070ll oo g S NNl gasr + VRN g2 IAPY I gies + VY o I e
SVl g+t + 1R VO sl (R V) | et

Therefore, our desired estimates of the Taylor coefficient hold. O

5. Energy estimate

The goal in this section is to prove our main result, Theorem 1.1. Since the energy of (Uy, Us) is
comparable with the energy of (&, Ayr), see(4-40), it is sufficient to estimate the energy of (Uy, U). Let
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Ny be the prescribed top regularity level. From (4-41) and (4-42), we know that the system of equations

satisfied by (U, Us) is given by
0:U—AU, =T 57 Uy —Ty. VU + Ry,
tU1 2= 1L z,Y2— 1y 1+R1 (5-1)
Uy + AU = —TﬂaUl—Tv-VUz +R,.

The precise formulations of good remainder terms /R; and R, are not so important in the energy estimate.
From (4-41) and (4-42), we know that they are good error terms, i.e.,

IRl w0 + I R2llgrvo Shp 102 AV a1 AV TG, AW g v - (5-2)
Define the energy of Uy and U, as
1 N .
Eny (1) = z[nm Iz +1Uall2+ Y 10505017, + 110505 Uzniz]. (5-3)
k+j=No
0<k,jez

From (5-1), we have

d
‘EENOU) < UL U)o (R R gy o

+ Yy '/2[a'fagUla’fag[—Tv-VU1]+a’fa§Uza’;ag[—TV-VU2]]dx
R

k+j=No
0<k,jez

/R i ok o3 Uk 05 (T 5, Ual) — 0K 03 U2 % 05 (T 77, Un )

+

No LIVV g + 1 AY) s+ 1B A Z I, U2) 1wy + Eng

SNo [ A | raa + 11 (R, AW)II%M] I(Uy. U113 g + ENo- (5-4)
where
ENg= ) /[3’f8§U1Tﬁa8’f8§U2—a’faéUzTﬁaa’faéUl]
k+j=No R
0<k,jez
=) /2[3’f3£U1(Tﬁa—(Tﬁa)*)a’faéUz]. (5-5)
k+j=No 'R
0<k,jez

Recall that vAa € M 11/ 2isa symbol of order % Note that it is real. Hence, from Lemma 2.8, we know
that (v/Aa)* is v/Ac, and that the operator (T ﬁa)* —T /3, 1s of order —%. As a result, the estimate

Eno < M2 (V) |(U1. U2, vy < IVl 21U Un) I, g (5-6)

holds. Combining the above estimate with (5-4) and (4-40), we have

o I A a1 G A%, TG A v -

d
’EENQ(t)
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Appendix: Quadratic terms of the good remainders

In this section, we calculate explicitly the quadratic terms of the good reminder terms R and R, to help
readers understand the fact that we can gain one derivative in the new energy estimate (1-12) for the
inputs of quadratic terms, which are put in the L°°-type space. Recall (4-38) and (4-39). We have

Ai[Bl =A%y, Ailal=A1[3:Bl=—Ah, Ai[a] =—35A%h.  A([B]=0.

Recall (5-1). By using the above definitions, we can reduce the equations satisfied by Uy and U, to the
equations

dh—A2y = Q1 (h, ¥)+ A2[R1](h, ¥) + cubic and higher, ,

~ 5-7
Ay + Ah = Qa(h, ¥)+ A2[R2](h, ¥) 4 cubic and higher,, 67

satisfied by /# and v, where
O1(h.¥) = —=A*(Tp2yh) + 3Ta2p A2V + 5 Tpayh— 3 (Tp2y | V|2 AY) — Ty - Vi,
Oa(h. ) = A(Tp2y A2V = Taoyh) + A(5Tp2ph) + 5(Tp2 | V[V2h) = Tyy - VAY.
Recall (1-7) and (3-55) in Lemma 3.4. We have

Aa[Ril(h. ) = A [G(h)Y]— O1(h, )
= —V-(T;VY) =V -R(h, V) = Tpzy h— A* (T A*)
— A*R(h, A*Y) + 3Tpo ) A(A = VY2 =1 Tpah, (5-8)
Aa[Ro)(h. ) = A=V >+ 3 A%y 2] — 02 (h. )

= A(=Tvy-VV¥)+ Tyy-VAY
+ 5 (=ATa2nh) + Tazp| V1Y) = JAR(VY. YY) + 3 AR(AP Y. A%Y). (5-9)

Note that

1/2 1/2 —2¢"Vljv|!/2
A—|V|V2 = |V|V2(\/tanh|V| = 1) = (5-10)

(v/tanh|V|+ 1) (e!VI 4+ e=1V1y’

Now, it is easy to see that A3[R2](h, ¥) and Az[R2](h, ¥) do not lose derivatives. It remains to check
that we can gain one derivative in the L°°-type space. By (5-8) and (5-9), it is sufficient to check the term

—V (T Vy) = A (T A%Y). (5-11)
The corresponding symbol for the above quadratic terms is

(§-n—|£||nl tanh |§| tanh [n])0(E —n.n),  |E—nl K |§] ~ Inl.

We decompose this symbol into two parts:

piE—=n.n) = E&-n—IElInl = =51&=nl* + 3117 + 0> — €l Inl = —51& =nl* + (&= 1),
p2(E—=n,n) = [§]|n|(1 —tanh |§] tanh [n]).



ON THE 3-DIMENSIONAL WATER WAVES SYSTEM ABOVE A FLAT BOTTOM 927

Now, it is clear that the first part of (5-11), which is determined by p1(§ —7, ), does not lose derivatives
and gains two derivatives for &. For the second part of (5-11), which is determined by p>(§ —n, 1), we
can lower its regularity to L2 Hence, we can place ¥ in L and h in L2 As a result, we always gain
one derivative for inputs of quadratic terms that are in L°°,
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IMPROVING BECKNER’S BOUND VIA HERMITE FUNCTIONS

PAATA TVANISVILI AND ALEXANDER VOLBERG

We obtain an improvement of the Beckner inequality ||f||% —IfIP<@- p)||Vf||§ valid for p € [1, 2]
and the Gaussian measure. Our improvement is essential for the intermediate case p € (1, 2), and
moreover, we find the natural extension of the inequality for any real p.

1. Introduction

1.1. The history of the problem. The Poincaré inequality [Nash 1958] for the standard Gaussian measure
e xI7/2
dy, = ——=dx

v (@m)"

/n frd - (/R fdyn)z = f IV 1P dy, (1)

for any smooth bounded function f : R” — R. Later William Beckner [1989] generalized (1) for any real

states that

power p, 1 < p <2, as follows:

p _
P dy, — ( / fdyn) <Pl PRV IR dy, 2)
Rn Rn 2 Rn

for any smooth bounded f : R" — (0, 0o0). We caution the reader that in [Beckner 1989], inequality (2)
was formulated in a slightly different but equivalent form (see Theorem 1, inequality (3) in that paper). It
should be also mentioned that in the case p =2, inequality (2) does coincide with (1) for all f > 0 but
it does not imply the Poincaré inequality for the functions taking the negative values, especially when
fRn fdy, =0. If p — 14 then (2) provides us with log-Sobolev inequality (see [Beckner 1989]). In
general, the constant p(p — 1)/2 is sharp in the right-hand side of (2), as can be seen for n =1 on the
test functions f(x) = ¢** by sending ¢ — 0.

Later Beckner’s inequality (2) was studied by many mathematicians for different measures, in different
settings and for different spaces as well. We refer the reader to [Arnold et al. 2007; Da Pelo et al. 2016;
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Barthe et al. 2006; 2007; Barthe and Roberto 2003; Bobkov and Tetali 2003; Bobkov and Gdotze 1999;
Boucheron et al. 2005; Chafai 2004; Wang 2005; Latata and Oleszkiewicz 2000; Kolesnikov 2007].

An analysis done in [Ivanisvili and Volberg 2015c] indicates that the right-hand side of (2) can be
improved. In the present paper we address this issue: what is the precise estimate of the difference
given in the left-hand side of (2), and can the requirement p € [1, 2] be avoided by slightly changing the
right-hand side of (2)?

We give complete answers to these questions. For example, if p = % we will obtain an improvement in
Beckner’s inequality (2):

32
3/2 . 32 1 s 2 2 2
[ Ran = ([ ran) = [ (P72 Js0r VPRI PRV ) dne

The left-hand side of (3) coincides with the left-hand side of (2) for p = %, but the right-hand side of (3)
is strictly smaller than the right-hand side in (2). Indeed, notice that we have the pointwise inequality

X3 — %(Zx —Vx? —i—yz)\/x +Vx24yr < %x‘l/zy2 for all x, y >0, 4

which follows from the homogeneity, i.e., take x = 1, and the rest is a direct computation which follows

wi=1/14+v1+y%

As one can see, the improvement of Beckner’s inequality (2) is essential. Indeed, if y — oo then the
3/2

by introducing a new variable

right-hand side of (4) increases as y> whereas the left-hand side of (4) increases as y3/2. Also notice that
if x — 0 then the difference of both sides of (4) tends to infinity. The only place where the quantities in

(4) are comparable is when y/x — 0.

1.2. Main results. Let k be a real parameter. Let Hy(x) be the Hermite function which satisfies the
Hermite differential equation
H —xH;+kHy =0, xeR, (5)

and which grows relatively slowly, that is, Hy(x) = x4+ o(x*) as x - +oo. Ifkis a nonnegative integer
then Hj is the probabilists’ Hermite polynomial of degree k with the leading coefficient 1; for example,
Ho(x)=1, Hi(x)=x, Hy(x)=x>—1, etc. In general, for arbitrary k € R one should think that Hj
is the analytic extension of the Hermite polynomials in & (existence and many other properties will be
mentioned in Section 2).

For k € R, let Ry be the rightmost zero of Hy(x) (see Lemma 7). If k < 0 then we set Ry = —o0.
Define Fj(x) as

Fk<‘H"(Q) ): Hiy1(q) for ¢ € (Ry. 00). ©)

Hi(q) H T g)

We will see in the next section that F, € C%([0, c0)) is well defined and Fi(0) = 1. Moreover, if
k > —1 then Fj will be a decreasing concave function, and if k < —1 then Fj will be an increasing convex
function.
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One may observe that

RO =1-3% RO ===/ 14V

If k = 0 then definition (6) should be understood in the limiting sense as

Fexp(H-1(q)) =q exp(a — /q H_(s) ds) for all ¢ € R, (7)
1

where
o 1
a:/ <H_1(s)—g)ds%—0.266.... (8)
1

Theorem 1. For any p € R\ [0, 1] and any smooth bounded f > 0 with fR,, fPdy, < oo we have

(5 )= ([ ran)
/Rnf F]/(p—l)( 7 dy, < /Rnfd)/n . )

The inequality is reversed if p € (0, 1).
Proposition 2. We have

pip—1)
2
It remains to notice that estimate (10) applied to (9) immediately gives (2).

1- t* < Fiyp-1(t) forallt >0, pe(1,2]. (10)

The improvement will be essential when #+ — oo. For example, it will become clear in the next section
that as ¢+ — oo we have

1—
F]/(p_l)(t) ~ —lp(Hl//(pfl)(Rl/(p_l))) P for p> 1. (11)
Another immediate application of Theorem 1 is the following corollary.

Corollary 3. For any p € (1, 2] and any smooth bounded f > 0 we have

P
1—
frdy,— (f fd)/n> < (Hi (-1 (Rij(p-1)) p/ IVfIP dyy. (12)
R R R
Estimate (12) will follow by showing that, for any y > 0, the map

x — xP _prl/(l—p) (%) (13)

is decreasing for x > 0, and the limit x — 0 gives (12) by (11).

Appearance of the roots of Hermite functions in (12) seems quite unexpected, especially when these
estimates are obtained on the Hamming cube. For example, in [Ivanisvili and Volberg 2016] we were
able to extend (12) to the Hamming cube but for a particular power p = %:

Ef3? —(Ef)? < %[EWP/% fi=11 > Ry (14)

We refer the reader to that paper for the notations, and we notice that the result announced there is a
counterpart of (9) for p = % on the Hamming cube, where the identity x32F(y /x) =N(x +i y)3/2
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was used. Next, let A C {—1, 1}", and let w4 (x) denote the number of edges containing x between
the set A and its complement. Clearly w4 (x) lives on the boundary of the set A: wy(x) = 4|V1 Al
If A has cardinality 2"~! then the classical edge-isoperimetric inequality [Harper 1966] states that
er{—l,l}" wa(x) > 2" On the other hand, taking f = 1,4 in (14) gives

0 wa)t = 2-V2)2",
xe{—1,1}"
which is a new edge-isoperimetric inequality and does not follow from the classical one.

Theorem 1 generates several inequalities. If p — 14 then (9) gives the log-Sobolev inequality. If
p = 2 then (9) provides us with the Poincaré inequality. If p — 400 then we obtain a new Sobolev
inequality:

Corollary 4. For any smooth bounded [ we have

/n exp(f) Fexp(IVfDdyn < eXp(/W fdyn>,

where Fexp is defined in (7).
Finally if p — O we obtain a new “negative log-Sobolev” inequality:

Corollary 5. For any smooth bounded f > 0 with fR" In fdy, > —o0 we have

fn —In fdy, +1n(/w fdJ/n> =< /n —F_ln<@) Ay,

where F_1,(t) is defined as

H7 X
F1n<ng;):/; H_ ((s)ds—c+InH_;(x), xeR.

All these estimates extend to uniformly log-concave probability measures in the following sense (for

the proof see Section 3).

Corollary 6. Let djw = e~V dx be a probability measure, where Hess U > R -1d for some R > 0. For
any p € R\ [0, 1] and any smooth bounded f > 0 with fR,, fPdu < oo we have

\v4 P
/Rn prl/(p—l)<%) du < (/1 fdM> . (15)

The inequality is reversed if p € (0, 1).

The limiting cases of (15) when p — £o0 and p — 0 should be understood in the sense of functions
Fexp and F_y, as in Corollary 4 and Corollary 5.
To summarize, the current paper provides us with estimates of ®-entropy (see [Chafai 2004])

Ent? (f) = /R O(f)dya — d>(/R fdyn)

for the following examples:
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e &(x) =x? for p e R\ [0, 1] using Theorem 1.

e &(x) = —x? for p € (0, 1) using Theorem 1.

e ®(x) = ¢ using Corollary 4, or by taking p — +00 in Theorem 1.
e ®(x) = —Inx using Corollary 5, or by taking p — 0 in Theorem 1.
e ®(x) =xInx by taking p — 1 in Theorem 1.

2. The proof of the theorem

The proof of the theorem amounts to checking that the real-valued function

y 1
Mx,y)=x"F|=), k=—-0, (16)
X 1—-p
defined on [g, 00) x [0, 00) for any & > 0, obeys a necessary smoothness condition, has a boundary
condition M (x, 0) = x” and satisfies the partial differential inequality

My +M,/y Mxy)
<0, (17)
( Mxy M)’y

with reversed inequality in (17) if p € (0, 1). Then by Theorem 1 in [Ivanisvili and Volberg 2015c] we
obtain that
VS

)4
/ fPFk(—) dyn= [ MCF VD dyn < M( fdyn,O) _ (/ fdyn)
n f R" Rn Rn

for any smooth bounded f > e, which is the statement of the theorem we want to prove (except we need
to justify the passage to the limit ¢ — 0 and this will be done later). Notice that the inequality is reversed
if p € (0, 1); indeed, in this case we should work with —M (x, y) instead of M (x, y).

Next we will need some tools regarding the Hermite functions Hj.

2.1. Properties of Hermite functions. Hj can be defined (see [Hayman and Ortiz 1975]) by

Hi(x) = —

—k/2 >° —
2 sin(mk) T(k+1) Z I'((n n;k)/Z) (—xv/2)" (18)

21
n=0

or in terms of the confluent hypergeometric functions (see [Durand 1975]) by

() 2k nkrk+1F klxz_Hﬁ, nkrk_HFl—stxz (19
=,/ —| cos| — —_— —_, = = in[ — - — = — .
S = e ) 2 )V M) T ) 2
If k is a nonnegative integer then one should understand (18) and (19) in the limiting sense. Notice the
recurrence properties

H{(x) = kHj_1 (x), (20)

Hiey1(x) = x Hy (x) — Hp (x). 21

These properties follow from (18) and the fact that I'(z + 1) = zI"(2).
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We also notice that
H(x) := " * Dy (x), (22)

where Dy (x) is the parabolic cylinder function; i.e., it is the solution of the equation
1 x?
D!+ (k+=—=)Dy=0.
k + ( + 5 4 ) k

Since Hi(x) is an entire function in x and k (see [Temme 2015] for the parabolic cylinder function),
sometimes it will be convenient to write H (x, k) instead of Hy(x). The precise asymptotic for x — 400,
x >0 and any k € R is given by

> (_k)2n
Hi(x) ~x*- ) (=)' == (23)
; n!(2x2)
Here (a), =1ifn=0,and (a), =a(a+1)---(a+n—1) if n > 0. When x - —o0 we have
> —k)on W2 25 e (14 K)2p
Hi(x) ~ |x|¥ cos(km) Z(—l)”n(‘ (2x)§)" + F(_z) x| * e 2y % (24)
n=0 ' n=0

We refer the reader to [Temme 2015; Olver et al. 2010]. For instance, for (23) we can use the asymptotic
formula (12.9.1) in [Olver et al. 2010] for the parabolic cylinder function. To verify (24) we can express
Hj(—x) as a linear combination of two parabolic cylinder functions but with argument x instead of —x,
see (12.2.15) in [Olver et al. 2010], and then we can use (12.9.1) and (12.9.2) in the same paper.

Next we will need the result of Elbert and Muldoon [1999] which describes the behavior of the real
zeros of Hi(x) for any real k.

Lemma 7. For k < 0, the function Hy(x) has no real zeros, and it is positive on the real axis. For
n<k<n4+1,n=0,1,..., the function Hy(x) has n + 1 real zeros. Each zero is increasing function of k
on its interval of definition.

The proof of the lemma is Theorem 3.1 in [Elbert and Muldoon 1999]. It is explained in the paper that
as k passes through each nonnegative integer n a new leftmost zero appears at —oo, while the rightmost
zero passes through the largest zero of Hy(x). They also include more precise information about the
asymptotic behavior of the zeros as k — oo.

Further we will need Turdn’s inequality for Hj for any real k.

Lemma 8. We have Turdn’s inequality:
sz(x) — Hy 1 () Hpyr1(x) >0 forall ke R, x > Ly, (25)
where Ly denotes the leftmost zero of Hy. If k <0 then Ly = —o0.

The lemma is known as Turan’s inequality when k is a nonnegative integer. Unfortunately we could
not find the reference in the case when k is different from a positive integer; therefore we decided to
include the proof of the lemma.

The following is borrowed from [Madhava Rao and Thiruvenkatachar 1949].
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Proof. Take f(x) = e"‘z/z(sz (x) — Hi—1(x) Hg41(x)). Asymptotic formulas (23) and (24) imply that

lim f(x)=0 forallkeR,

x— 400
fx) ~A27|x| >0 forx - —o0, k=0, (26)
dwes’)?
fx)~ x|7%72 for x — —o0, k ¢ {O}UN.

I'(=kIT'(=k+1)
On the other hand, notice that by (20) and (21) we have

f@) = —e P HH . (27)

If k <0 then by Lemma 7 we have f’ < 0, and because of the conditions f(—o00) =400 and f(c0) =0
we obtain that f > 0 on R. To verify the statement for £ > 0 we notice that

() =e ¥ P(HE—kHE ). (28)

Now we notice that if Hi(c) = 0 then Hy_(c) # 0. Indeed, assume to the contrary that Hy_;(c) = 0.
Then by (20) we have H, (c) = 0 and by (5) we obtain H,'(c) =0, and again taking derivatives in (20) we
obtain that Hy_;(c) = 0. Repeating this process we obtain that H;_y (c) = 0 for any large integer N > 0.
But this contradicts Lemma 7.

Thus by (27) and (28) we obtain that ¢ is a local minimum of f if and only if H;_;(c) = 0. Then
f(o) = e~/ 2Hk2 (c) > 0. Finally we obtain that f : [Ly, 00) — R is positive on its local minimum points,
f(oco)=0and f(Lg) >0 (because Hy_; and Hy have opposite signs at zeros of Hy by (21)). Therefore
f >0on[Lg, co) — R and the lemma is proved. U

Remark 9. If k € N then H is the probabilists’ Hermite polynomial of degree &, so f(x) will be even
and inequality (25) will hold for all x € R, which confirms the classical Turan’s inequality. However, if
k > 0 but k ¢ N then (25) fails when x — —o0; see (26).

Finally the next corollary together with Lemma 7 implies that
' H] H/(9)
Hy Hi(q)

is positive and decreasing for g € (Ry, 00) and k € R\ {0}.

= sign(k)

Corollary 10. For any x > Ly and any k € R\ {0} we have
sign[(H])* — HyH,'] = sign(k).
Proof. The proof follows from Lemma 8 and the identity
k(H{ — Hi_Hy1) = (H))* — HcHY! (29)

by (5), (20) and (21). O
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2.2. Checking the partial differential inequality. et p =14 1/k. Further we assume k # 0, —1. Define
F = Fj as in the Introduction:

H, H)
F(y= @) where‘ KD| e (R, o0, 1€ 00,00, (30)
H, " (q) Hi(q)
Notice that by Corollary 10, the function
H) H)
‘ (@) _ sign(k) (@)
Hi(q) H(q)

is positive decreasing in ¢ for ¢ € (R, 00); moreover, by (23) and (20) we have H|(q)/Hx(q) ~ k/q
when g — 4-00. From the same asymptotic formulas it follows that when t — 0+ we have

F(r):l—@zuoa“).

Therefore F is a well-defined function and F € C2([0, 00)).
Take a positive ¢ > 0 and define M (x, y) as in (16):

M(x,y)::pr(X) fory>0, x >¢>0. (31)
X

Clearly M (x, \/y) € C%([e, 00) x [0, 00)). By Theorem 1 in [Ivanisvili and Volberg 2015c] we have the
inequality

MCF IV f]) dys SM(/W fdyn,0> (32)

Rn

for all smooth bounded f > ¢ if (17) holds. In terms of F (see (31)) condition (17) takes the form

tFF'p(p— 1)+ F'F'—t(p—1*(F)* >0, ie., the determinant of (17) is nonnegative, (33)
F'(t4+)+F 22 +1=2pt®)+ Fp(p—1)t <0, i.e., the trace of (17) is nonpositive, (34)

where t = y/x is the argument of F. In fact we will show that we have equality in (33) instead of
inequality; therefore the sign of (17) will depend on the sign of the trace in (34). We will see that
inequality (34) will be reversed for p € (0, 1).

From (30), (29), (20) and (21) we obtain

k+1 1
F(t)y=———+, 35
() AT (35)
F' H H,_
|kl Hf — Hyq1 He—1
k| H,
F(t):-L g (37)

k+1 H;
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If we plug (36) and (37) into (33) we obtain that the left-hand side of (33) is zero. If we plug (36) and
(37) into (34) we obtain

kH?2 | — H?+ Hi_Hy1)* + H2  H?
left-hand side of (34) = |:( k=l "k k-1 Hiin) k=117 ] F

HZ(H? — Hyy1Hi—1)

Thus the sign of left-hand side of (34) coincides with the sign of F’, which coincides with sign(—(k + 1)).
The condition p € R\ [0, 1] implies that k > —1 and therefore (17) holds. The condition p € (0, 1)
implies that k < —1 and therefore the inequality in (17) is reversed.

Thus we have obtained (32) for smooth bounded functions f > ¢. Next we claim that for an arbitrary
smooth bounded f > 0 with fRn f?dy, < oo, we can apply the inequality to f, := f 4+ and send ¢ to 0
in (9). Indeed, it follows from (6) and (23) that as t — oo we have

—t1FVR(H (Ry))~ Yk for k > 0,

F(t) ~ 2 o \ VK (38)
ien(—1 —k)[ —————— 1+ k"% fork <0, k #—1.
sign( )<t|1"(—1 —k)l) 1+ k| ork < £

Thus for p > 1, that is, k > 0, the claim about the limit follows from the estimate |F (t)| < C; + C,t?
together with the Lebesgue dominated convergence theorem.
If p <0, that is, k € (—1, 0), we rewrite (9) in a standard way as

’ IVfI))
P dy, — edyn) =< i1 — dyy. 3
|y (/Rf y) <fnfg< F( 7)) (39)

Since f is bounded, f > 0 and fRn fPdy, < oo, there is no issue with the left-hand side of (39) when
& — 0. For the right-hand side of (39) we notice that the function x” (1 — F(y/x)) is nonnegative and

decreasing in x. Then the claim follows from the monotone convergence theorem. The nonnegativity
follows from the observation that £ (0) =1 and F’ <0 (see (35) where we have k > —1). The monotonicity
follows from (6), (35), (20) and the straightforward computations

D P = F(y/x) =Y (p— pF(t) +1F'(1) = xP~! p[l -1 } (40)
0x 1/k
Hk (q)
where
|k|Hk—1(61) i Y
Hi(gq) X

and g € (R, o0). The last expression in (40) is negative because

Hiy1  qH—kHi— .4
H T HITE HYF

1>F@t) =

Finally if p € (0, 1), that is, k < —1, we have the opposite inequality in (39). In this case the situation
is absolutely the same as for k € (—1, 0) except now we should consider the function x” (F(y/x) — 1),
which is nonnegative and decreasing in x; see (40). This finishes the proof of the theorem.

Now let us show Proposition 2. Since F(0) = 1, it is enough to show a stronger inequality, namely
F’+ p(p — 1)t > 0. From (35) and the fact that kK > 1 since p € (1, 2), we obtain that it is enough to
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show the inequality

/

p Hy
——ptpp— D520 forallk=1, g € (Ry, 00).
H, k

Using (20) and p = 1+ 1/k we notice that the inequality can be rewritten as 1 > Hy(q)/ H,f 1 (1k _1)(q) for

all g € (Ry, 00). To verify the last inequality recall that F(0) = 1 and F’(z) < 0. Therefore F(¢) < 1. We
also recall the definition of F(z); see (30). It follows that 1 > F = Hk+1/Hk1+1/k for all k > 0. The last
inequality is the same as

Hi(q)

> ————— forall g € (R, 00), k> 1. 41
)

This finishes the proof of Proposition 2.

To verify Corollary 3 we only need to prove the monotonicity of the map (13) for p € (1, 2], that is,
k > 1, and the rest will follow from (38). If k = 1 there is nothing to prove; therefore we assume k > 1.
By (40) it is enough to show that L(g) := Hkl/k(q) —q <0 for g € (Ry, o0). The growth condition (24)
on Hy implies that lim,_, o, L(g) = 0. If L'(¢) > 0 then we are done. Using (20) we notice that L'(¢) >0

is equivalent to (41), which was already proved.

2.3. Proof of Corollaries 4 and 5. Notice that as y — 0 we have

y? y?
Fop() =1-+ O(y% and F_p(y) = -+ 0",

One can check that

Mexp(x, y) 1= € Fexp(y),  Mexp(x,0) =%, Mexp(x, /y) € C2(R x Ry),
M_1n(x, y) ::_ln(x)'i'Fln(X), M_1h(x,0)=—Inx, x>0,
X
and M_,(x, \/y) € C 2([e, 00) x R*) for any & > 0. By straightforward computations we notice that if
we set ¥ (q) = o — f]q H_1(s)ds then using the identity 1 = gH_(q) + H_»(g) we obtain
H_,

Fop(H-1) =qe”,  FL,(H.1)=—e” and Fop(H-1) = =

Similarly we compute that

H_ H_ H_,H?
Flo(=)=-H and F' (== —
H_ H_ H? —H_»

Next one notices that Mey, and M_j, satisfy (17) (in fact the determinant of (17) is zero). Then by
Theorem 1 in [Ivanisvili and Volberg 2015¢] we obtain the corollaries. The passage to the limit for
M_1(x,y) when ¢ — O follows from the monotone convergence theorem. Indeed, we notice that
—F_11(y/x) > 0 is decreasing in x. We apply Corollary 5 to f. = f + ¢ and send ¢ — 0.
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2.3.1. How we guessed the functions Mex, and M_,. One may ask how to find the functions M.y, and
M_yy,. To find Meyp, we should apply (9) to functions f = e /P, where g is some fixed function. Then (9)

takes the form
g Vsl g/p !
e*Fiy(p—1) ) dy, < e*'Pdyy| . 42)
Rll n

Now we take p — oo. The right-hand side of (42) tends to exp( f[ren g dyy). For the left-hand side of (42)
we should compute the limit

. t . t .
Fexp(t) := pll)l‘lgo Fiyp-1 (;) = plggo Fiyip-1 (F) = kl_lf&r Fie(tk).

In fact all equalities can be justified by direct calculations using the fact that Hy(x) = H (x, k) is the
entire function of x and k; see [Temme 2015] for the parabolic cylinder function and formula (22).
It is clear that Fexp(0) = 1. Next if we take kK — 0+ in (6) we obtain
H/
lim Fk< —k

— tim F (k) = him R (k22D = Ry (H_1).
k—0+ Hy k—0+ H; k—0+ Hy P
On the other hand, for the right-hand side of (6) we have

. Hi1(q) : -
lim ————=¢q lim H
Pl HTVE 7,504 Tk

Here we have used Hy(g) =1 and H;(g) = ¢g. Thus it remains to find limy_,o+ Hk_l/ “_If we take the
derivative in k of (20) we obtain H.x(x, k) = H(x, k — 1) + kHy(x, k) (here subindices denote partial
derivatives). Now taking k = 0 we obtain H,;(x, 0) = H(x, —1). Thus Hi(x, 0) is an antiderivative of
H(x,—1)=H_y. So

1
. —1/k . ! _ _
klir(l)lJr H, = klir& exp( T ln(l + kHi(x,0)+ O(k))) exp( / H_i(s) ds).

Finally we obtain

q
Fexp(H-1(q)) =leP<C—/ H—l)- (43)
1

In order to satisfy the condition Fexp(0) = 1, the constant ¢ must be chosen as C = f IOO(H_] —1/s)ds;
indeed send ¢ — oo in (43). This gives Corollary 4. It is worth mentioning that we have also obtained

H;(x,0) = /X H_((s)ds —«a;
1

see (8).
To find M_y,, let F(x, k) := Fy(x). Let Fi(x, k) denote the partial derivative in k of F(x, k). If we
send p — 0, p <0in (9) and compare the terms of order p we obtain

Lor-n(5f)anu( 1)
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It remains to find the function Fi(x, —1). Let us equate terms of order (k+ 1) ask — —1, k< —11in

F |H, (x, k)| A Hx,k+1)
( H(x, k)’ )‘H(x,k)lﬂ/k’

Straightforward computation shows that

(i) I
Fk 1 =Hk(x,0)+lnH_1(x): H_1(s)ds—a+lnH_1(x),
1

Hoa(x)'
o= /IOO(H_l(s) — %) ds.

3. Concluding remarks

where

The reader may wonder how we guessed the choice (16). Of course it was not a random guess. Function
(16) is the best possible in the sense that the determinant of (17) is identically zero:
My 2
My, (Mxx + 7) - M, =0, (44)
M(x,0)=x? forx>0.
Initially this was the way we started looking for M (x, y) as the solution of the Monge—Ampere equation
with a drift (44). By a proper change of variables, the equation reduces to the backwards heat equation
(see [Ivanisvili and Volberg 2015c] for more details where the connection with the theory of exterior
differential systems of R. Bryant et al. [1991] was exploited)

Uyx T Uy = 0, (45)
u(x,0) = Cx?’P=D  for x > 0. (46)

One can notice that the Hermite polynomials do satisfy (45) and (46) when p/(p — 1) is a positive
integer. In general, one should invoke Hermite functions and this is the reason for the appearance of these
functions in our theorem.

Another possibility is to assume that M (x, y) should be homogeneous of degree p, which forces M to
have the form (31) for some F. Next setting 4 = F/F’ and further by a subtle change of variables, one
obtains Hermite differential equation (5).

Nevertheless, for the formal proof of Theorem 1 we do not need to go through the details. We have
M (x, y) defined by (16) and we just need to check that it satisfies the desired properties.

That M (x, y) satisfies (17) makes it possible to extend Theorem 1 in a semigroup setting for uniformly
log-concave probability measures. Indeed, let du = e~ Ydx, where HessU > R-Id, R>0. Let L = A—
VU-V and P, =e'" be the semigroup with generator L; see [Ivanisvili and Volberg 2015c¢; Bakry et al. 2014].

Corollary 11. For any p € R\ [0, 1] and any smooth bounded f > 0 with fR,, fPdu < oo we have

V£l VP f|
p -7 p
P[|:f Flﬂp_l)(f\/ﬁ)] =B F]/(p_l)(Ptf«/E>‘

The inequality is reversed if p € (0, 1).
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Proof. Notice that M (x,y)=M(x,y/ \/i) satisfies (17). Now it remains to use inequality (2.3) from
[Ivanisvili and Volberg 2015c]. O

By taking ¢ — oo and using the fact that |V P, f| < e~ 'R P,|V f|, we obtain Corollary 6.

Finally we would like to mention that having characterization (17) of functional inequalities (32)
makes our approach to problem (9) systematic. Very similar local estimates happen to rule some global
inequalities. We refer the reader to our recent papers on this subject [Ivanisvili and Volberg 2015a;2015b;
Ivanisvili 2016].
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POSITIVITY FOR FOURTH-ORDER SEMILINEAR PROBLEMS
RELATED TO THE KIRCHHOFF-LOVE FUNCTIONAL

GIULIO ROMANI

We study the ground states of the following generalization of the Kirchhoff-Love functional,

Jg(u)zfﬂ(Au)z—(l—a)fgdet(vzu)—/QF(x,u),

2

where Q is a bounded convex domain in R? with C!:! boundary and the nonlinearities involved are
of sublinear type or superlinear with power growth. These critical points correspond to least-energy
weak solutions to a fourth-order semilinear boundary value problem with Steklov boundary conditions
depending on o. Positivity of ground states is proved with different techniques according to the range of
the parameter o € R and we also provide a convergence analysis for the ground states with respect to o.
Further results concerning positive radial solutions are established when the domain is a ball.

1. Introduction

The energy of a thin hinged plate under the action of a vertical external force of density f can be computed
by the Kirchhoff-Love functional

2
Iy () = fg (A;’) —(1—0) /Q det(V2u) — /Q fu,

where the bounded domain  C R? describes the shape of the plate and u its deflection from the original
unloaded position. Since the plate is supposed to be hinged, the natural space in which to consider our
problem is H2(2) N HO1 (£2). The coefficient o, called the Poisson ratio, depends on the material and
measures its transverse expansion (resp. contraction), according to its positive (resp. negative) sign, when
subjected to an external compressing force. Due to some thermodynamic considerations in elasticity
theory, the physical relevant interval for o is (—1, %) A detailed derivation of the model can be found in
[Ventsel and Krauthammer 2001], while a mathematical analysis concerning the positivity-preserving
property for I, has been carried out by Parini and Stylianou [2009]. Besides a further extension of their
results, here we are interested in a direct generalization of the Kirchhoff-Love functional, namely when

This work has been carried out thanks to the support of the A*MIDEX grant (no. ANR-11-IDEX-0001-02) funded by the French

Government “Investissements d’ Avenir” program.

MSC2010: 35G30, 49J40.

Keywords: biharmonic operator, positivity-preserving property, semilinear problem, positive least-energy solutions, Nehari
manifold.
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the density f may depend also on the deflection of the plate itself:

2
Jg(u):/Q(A;) —(1—0)/Qdet(V2u)—/QF(x,u), (1-1)

where F(x,s) = fos f(x,t)dt, and furthermore we let ¢ € R. We are mainly interested in a power-type
nonlinearity, namely

gO)Ju[P*!

T where g € L1(Q) and g > 0in Q. (1-2)
p

F(x,u) =
In particular we look for existence and positivity of those critical points which have the lowest energy,
referred to in the literature as ground states.
If the boundary is sufficiently smooth, searching for critical points of J, with the nonlinearity (1-2) is
equivalent to finding weak solutions of the fourth-order semilinear boundary problem

A%y = g(x)|ulP"tu in Q,

1-3
Uu=Au—(1—-o)ku, =0 on9dQ, (1-3)

where u, stands for the normal derivative of ¥ on dQ2 and « is the signed curvature of the boundary
(positive on convex parts). These kinds of mixed boundary conditions are usually called Steklov from
their first appearance in [Stekloff 1902] and they are an intermediate situation between Navier boundary
conditions (when o = 1) and Dirichlet boundary conditions (¥ = u, = 0, seen as the limit case as
o — +00).

Although fourth-order (or more generally, higher-order) problems have garnered attention even from
the first decade of the 20th century, most of the literature deals with the Navier case, where the maximum
principle still holds, or with Dirichlet boundary conditions, where Green’s function arguments are available.
Conversely, problems like (1-3) have been intensively studied only in the last decade, focusing on the
associated boundary eigenvalue problems (see [Ferrero et al. 2005; Bucur et al. 2009]), the positivity-
preserving property of the solution operator (see [Gazzola and Sweers 2008]) and some semilinear
problems (see, for instance, [Berchio and Gazzola 2011; Berchio et al. 2006; 2007]).

This paper is a contribution to the study of semilinear subcritical biharmonic Steklov problems in low
dimension. Here, we mainly focus on a nonlinearity of power-type as in [Berchio et al. 2007], where
the critical exponent in high dimensions is considered and the domain is a ball. On the other hand,
although some related subcritical problems have already appeared in [Berchio et al. 2006], we consider a
slightly different kind of nonlinearity; we let o be lying not only in the physical relevant interval, and the
techniques involved are different.

Besides the existence of ground states for J;, we mainly investigate their positivity. The question is
quite challenging since, like most fourth-order problems, one has to face the lack of a maximum principle.
Moreover, we will show that positivity is strongly related to the parameter ¢ and different techniques
are needed to cover different regions in which ¢ lies: the superharmonic method, some convergence
arguments and the dual cones decomposition.

The main results contained in this paper may be summarized as follows:
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Theorem 1.1 (existence, positivity). Let Q@ C R? be a bounded convex domain with 0Q of class C ! and
let f(x,s)=g(x)|s|?P~Ls, with p € (0,1)U (1, +00) and g € L1(Q), g > 0 a.e. in Q. Then there exist
0* < —1and oy > 1 (depending on Q and possibly infinite) such that the functional Js has no positive
critical points if 0 < o*, while it admits (at least) a positive ground state if o € (0¥, 01).

Theorem 1.2 (convergence). Under the previous assumptions for Q and f, let (uy)ren be a sequence of
ground states for the respective sequence of functionals (Jg, )ken. Up to a subsequence,

() if ox \\ 0% then ux — 0 in H*(Q) in the case p > 1, while up — +oc in L®(Q) if p € (0, 1);

(i) if o — 1, then uy —  in W>4(Q) for every q > 2, where u is a ground state for the Navier
problem;

(iii) if o} — 400, then uy — U in H?*(2), where U is a ground state for the Dirichlet problem.

Notice that Theorem 1.1 might also be seen as an extension to the semilinear setting of the main
positivity results established by Gazzola and Sweers [2008, Theorem 4.1] for the linear case.

Finally, we want to stress our attempt to impose only the strictly necessary assumptions on the domain
in order to obtain our results and to have a well-defined second boundary condition in (1-3).

The paper is organized as follows: after a few preliminary results (Section 2), we establish existence
(Section 3) and positivity (Section 4) of ground states of J, when o belongs to the range (—1, 1] (which
contains the relevant physical interval) both for f sublinear and superlinear; the latter is due to an
argument based on the Nehari manifold. Except for the last section, the rest of the paper is devoted to
proving Theorem 1.1 in the cases 0 < —1 (Section 5) and o > 1 (Section 6). While the first situation
is quite easy to handle, the positivity in the second is more delicate and requires different tools. In this
context and also for this purpose, Theorem 1.2 will be established. Finally, Section 7 provides a further
investigation in the case €2 is the unit ball, concerning generic positive radially symmetric solutions.

2. Notation and preliminary results

Throughout the paper, VZu stands for the Hessian matrix of u and the derivatives are denoted by subscripts
(Ux, Uxy, ...). Moreover, n and t will be the exterior normal and the tangent vector, and u, and u. the
normal and the tangential derivative of u. We say that u is superharmonic in £ when —Au > 0 in Q2 and
u = 0 on 0Q; u is strictly superharmonic when we have in addition that —Au = 0.

Let N > 2. We say Q C R is a domain when it is open and connected; moreover, Q has a boundary
of class C*1 if 3 can be described in local coordinates by a C¥ function with Lipschitz continuous
k-th derivatives. Finally, Q2 satisfies a uniform external ball condition if there exists R > 0 such that for
all x € 9 there exists a ball Bg of radius R such that x € dBg and Bg C RV\ Q.

The topological dual of a normed space X is denoted by X*; for ¢ € [1, +0o¢], the LZ(2) norm is
denoted by || - |; and we have

et = 2 o)

where o is a multi-index.
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Let us also recall that, if @ C R? is a bounded domain with Lipschitz boundary, by Sobolev embeddings
(see [Adams and Fournier 2003, Theorem 4.12, Part I1]), H2(2) < C%*(Q) for any A € (0, 1); thus we
have continuous embedding in L9(2) for every ¢ € [1, 0o].

Finally, we present some very useful facts about equivalence of norms in H?(2) N H, 01 (£2). The quoted
results have been already obtained by Nazarov, Stylianou and Sweers in [Nazarov et al. 2012]; we will
include the proof of the second equivalence in order to have a self-contained exposition.

Lemma 2.1. Let @ C RN bounded with a Lipschitz boundary and o € (—1, 1].
6] H V2| ”2 and || - | g2(g) are equivalent norms on H?(Q)N HO1 ().

(i) If o =1, assume additionally that Q2 satisfies a uniform external ball condition. Then

el @y o= (A =200=0) [ derc?) o)

defines a norm on H*(2) N HO1 (R2) equivalent to the standard norm.

Proof. We prove here only (ii) and we refer to [Nazarov et al. 2012, Corollary 5.4] for a proof of (i).
Firstly

7, ) = /Q Uty +usy +2u, + 20 (Uxxtyy —u3,)

2

uZ, +u?
< H|v2u||\§+2|a|(¥ +u,%y) = (1+ 1o [1V7ul 3.

Moreover, if o € (—1, 1), one has
||u||12110(9) = /Q uix + uiy +2(1 —o)u)zcy +20UxxUyy
= /Q Wl gy + 20— 0)udy — o] (udy +113y) = (L=lo ) |IV?ul]. (2-2)
The proof is completed by applying (i) and noticing that the map
(u,v)H, — /Q Au Av—(1 —0)/Q Uxx Vyy + Uyy Uxx —2Uxy Uxy

defines a scalar product on H2(2) N Ho1 (R2) for every o € (—1, 1) by the inequality (2-2). In the special
case 0 = 1, one has |lul| g, (@) = [|Au||2, which is an equivalent norm on H?(Q) N H} (Q) provided the
external ball condition is satisfied (see [Adolfsson 1992]). O

In the following, Co = Co(2) and C4 = C4(€2) indicate the smallest positive constants such that
2 2 2
ks gy 2= Il + |19l |2+ 19212 < Co 1722 )

and
72y < CallAul3 (2-4)

for every u € H2(Q) N HO1 (2).
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3. Existence of ground states

In this section we investigate the existence of critical points of the generalized Kirchhoff-Love functional
Jo : H2(Q)N HO1 (2) — R defined in (1-1) in the physical relevant interval o € (—1, 1]. Hereafter, we
assume 2 to be a bounded domain in R?. Concerning the nonlinearity, the functional J, is well defined
once we impose F(-,s) € L1(®2) and F(x,-) € C!(R) (and thus there exists f(x,-) continuous such that
F(x,s)= f(f f(x,t)dt) and a power-type growth control on F, namely the existence of a,b € L1(Q)
such that | F(x, s)| <a(x) + b(x)|s|? for some g > 0. With these assumptions on F), it is a standard fact
to prove that Js isa C ! functional with Fréchet derivative

Jé(u)[v]z/QAu Av—(l—a)/ﬂ(uxxvyy+uyyvxx—2uxyvxy)—/9f(x,u)v.

Notice that, if 2 satisfies the assumptions of Lemma 2.1, we can rewrite the functional as

Jo ) = Lul, o) — [Q F(x.u).

Our aim is to investigate the ground states of the functional Jg, i.e., the critical points on which the
functional assumes the lowest value. In fact, besides the interest from a physical point of view, we are
able to characterize them variationally and thus to apply a larger number of analytical tools.

Since the geometry of the functional plays an important role, from now on we have to distinguish
between the sublinear case, that is, when the density f has at most a slow linear growth in the real
variable (as it will be specified in the following), and the superlinear case, the opposite one. In fact, we
will see that in the first case J, behaves similarly to the linear Kirchhoff-Love functional studied in
[Parini and Stylianou 2009] since it is coercive and ground states are global minima, while, in the second
case, Jo has a mountain pass geometry and the ground states are saddle points. Moreover, although in
the sequel we will be mainly interested in the power-type nonlinearity as in (1-2), in the sublinear case
we can easily generalize our analysis to a larger class of nonlinearities, as specified in Proposition 3.1.

We exclude from our analysis the case of general linear growths for the nonlinearity, for instance
f(x,u) = Ag(x)u, since (1-3) becomes an eigenvalue problem and can be investigated with standard
techniques (see also [Berchio et al. 2006, Theorem 4]).

Sublinear case.

Proposition 3.1. With the assumptions for o and Q as in Lemma 2.1, let p € (0, 2) and suppose
|F(x,8)| <d(x) +c@)s|? + 3(1=|o)Cq 's? (H)

where ¢, d € LY(Q). Then the functional J, is weakly lower semicontinuous and coercive; hence there
exists a global minimizer of J, in H?(Q2) N HO1 ().

Proof. Let (ug)ken C H2(2) N HO1 (2) > u be such that uy — u weakly in H?(S); since it is bounded
in H2(2) and consequently in L>°(), one has

|F(x,up)| < d(x) +c(x)MP + 3(1—|o)Cq ' M?
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for some M > 0, which is integrable over Q. Moreover, by the compactness of the embedding H?(Q2) —
LP(K2), there exists a subsequence (ug;)jen such that ug, — u in LP(2) for a suitable p > 1, so
F(x,ug; (x)) = F(x,u(x)) a.e. in 2 by continuity of F(x,-). Hence, by the dominated convergence
theorem, we have fQ F(x,ug;) — fQ F(x,u). This, together with the weakly lower semicontinuity of
the norm, implies the same property for J,. If 0 € (—1, 1), by (2-3)

2 _
Jou) = 3(1=|o )| IV?ul|; = ldll1 = C? el IIMIIZZ(Q) — 2 —1|oNCq ull3
_ 2 z
> 2(1—1oNCq H|IV2ul |5 = llclli CPCe || IV2ul |5 — Id |1

by (i) of Lemma 2.1, we deduce that J5(u) — +00 as |ul g2(q) — +0o0, since p € (0,2). Easier
computations provide a similar estimate to conclude the proof also if o = 1. O

Remark 3.2 (model case). As an application of Proposition 3.1, we may consider the following kind of
sublinearity:

F(x,u) = gx)|u|?T + d(x)u,

where p € (0,1) and d, g € L'(R2). In this case the functional is coercive and verifies (H). Notice also
that if g = 0 we retrieve the linear Kirchhoff-Love functional considered in [Parini and Stylianou 2009].

Superlinear case. This case is more involved and we have to restrict to the nonlinearity (1-2) with p > 1:

Jo () _/ (A”)Z—(l—a)/ det(V2u) — f g(xp)lffﬂ. (3-1)

Here the functional is not coercive anymore: in fact, fixing any u € H?() N HO1 (22) \ {0}, we have

Jo(tu) — —o0 as t — +o0. Following some arguments of [Castro et al. 1997; Grumiau and Parini 2008],

we will make use of the method of the Nehari manifold to infer the existence of a (nontrivial) critical

point. After some preliminary results, we will show that in our manifold the infimum of J; is attained

and then, using a deformation lemma, we will prove it is a critical point for J, in H2(2) N HO1 (2).
Let us define the Nehari manifold of J, as the set

Ny = {u € (H*(Q) N Hy (2))\ {0} | Jo(u)[u] =0},

which clearly contains all nontrivial critical points of J,. First of all, notice that u € Ny if and only if

/Q (AuP—2(1-0) /Q det(V?u) = /Q (o) lul 7+,

so one has two equivalent formulations for J, restricted on N,

1 1 1
Jaw(,(u):(i—m) /Q 2(0lulP*! = (E_W) ( / (Au)> —2(1-0) / det(vzu)) (3-2)

which implies Ji |y, () > O for every u € Nj.
A crucial step will be to study what happens on the half-lines of H2(2) N Hj (2):



POSITIVITY FOR FOURTH-ORDER SEMILINEAR PROBLEMS 949

Lemma 3.3. Letu € H*(Q) N HO1 (R2) \ {0} and the half-line ry be defined as ry := {tu |t > 0}. The
intersection between ry, and Ny consists of a unique point t* (u)u, where

() = (fQ(Au)2 —2(1-0)fg det(v%o)#—l
o Jo g()lu|P*1 '

(3-3)

Moreover Jo(t*(u)u) = maxs~q Jo(tu).

Proof. For t > 0 and a fixed u € H?(2) N Hy () \ {0}, we have ru € Ny if and only if

2 2 _ 2 — p+1 p+1
t |:/Q(Au) 2(1 0)/Qdet(V u)i| t /Qg(x)|u| ,

from which we deduce ¢t = t*(u). Moreover, define

[P+1

2
n(t) = Jo(tu)=%|:/9(Au)2—2(1—o)/Q det(Vzu):|—p+1/Qg(x)|u|p+1.

If we look for 7 > 0 such that () = 0, we find again that 7 = *(u) and, since n’(¢)(t —*(u)) < 0 for
t # t*(u), we have that t*(u)u is the unique global maximum in the half-line r,,. |

Lemma 3.4. The Nehari manifold is bounded away from 0; i.e., 0 ¢ No.
Proof. Suppose first that o € (—1, 1) and let u € H?() N HO1 (2)\ {0}. By Lemmas 2.1 and 3.3 and the
embedding H?(Q) — L>®(R), the following chain of inequalities holds:

(A +loD I @ulFs g = I ulE, ) = (t"‘(u))”“/SZ g ul?*!

2(p_+11)
. ol
>(Co (1—=|o])) 71 2
(Jo g@o)u|pF1)»=T
2(p+11)
4
P lull 5 ) _C(Q.p.o)
= e 1 \527 =
(gl el s )™ lghy™

If 0 = 1, one can deduce the same result using the equivalent norm on H?(Q2) N HOl (2) given by ||A-||2.
In both cases, there exists a uniform bound from below for the H?2(£2) norm of the elements in the Nehari
manifold and thus 0 cannot be a cluster point for Ny. O

Proposition 3.5. There exists u € Ny such that J;(u) = infyepn, Jo(v) =:c.

Proof. As already noticed, ¢ > 0, since it attains positive values on Ng. Let now (uy)reny C No be a
minimizing sequence for J,: we claim that (uy)xen is bounded in H?(Q) norm. In fact, if o € (-1, 1),
there exists a constant C > 0 such that, for every k € N,

1 1 1 1 —
€ = Jotur) = (5= 7 Ikl @ = (5= 557) 0~ 19DCo Tl
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while (2-4) provides the right estimate in the case o = 1. Hence, there exists a subsequence (ug;,)jen CNo
and u € H?(Q) N H{ (22)\ {0} such that uy, —u weakly in H>(£2) (and so weakly in (H?(Q) N Hg ().
|- | o) by Lemma 2.1) and strongly in L°°(£2), by compact embedding. Consider now ¢* = ¢*(u) such
that t*u € Ny: by weak semicontinuity of the norm,

€=, Ja(v)ff(t*u)=(t*)2[f9 (Au)z—(l—g) / det(Vzu)] (P fg g(x;i'fﬂ

(B, )? ) r [ @ 17!
< timint (2] [ S5 -0 [ a7 )| -yt [ SR

= liminf J, (t*ug,) < liminf J, (ug,) =c, (3-4)
j—+oo 7T jotoo /

where the last inequality holds because the supremum of J, in each half-line {fuy, | > 0} is achieved
exactly in ug, by Lemma 3.3. Hence, the infimum of J; on Ay is attained on t*u. O

In the proof of Proposition 3.5 something weird happened: we took a minimizing sequence, which
converges to an element u and we proved that there exists &« = ¢*(u) € R such that o is the minimum
point of our functional J;. One expects that the minimum is u itself and not a dilation of it. Indeed,
one may prove that t* = 1. In fact, with the same notation as in that proof, from (3-4) we deduce
Jo(ug;) — ¢ = Jo(t*u) by construction and 1*u € Ng, so

1 1
Jo(ug,;) —> (§ — m)/sz g(xX)|t*ulPt,

Moreover, we took the sequence to be in the Nehari manifold itself, so

ot = (5= 7)o 17+
and we have that uy; — u strongly in L%°(R2); thus
Jotug) = (3= 25) [ el
J 2 p+1/ Jq
By the uniqueness of the limit, we must have t* = 1, so u € Nj.

Theorem 3.6. The minimum u of Js in Ny is a critical point for J, in H*() N HO1 (2).

Proof. Suppose by contradiction that u is not a critical point. Since the functional is C, there exists a
ball centered in u# and ¢ > O such that, for all v € B,

c—e<Js(v)<c+e, ||Jc/;(v)||(H2(Q)mH(§(Q))* = %8’

where ¢ = J;(u) = infyen;, Jo(v). Notice that on the half-line r,,, the point u is the global maximum,
so Jo(v) <c foreachv e BNry, v#u.

If wedefinea=c—¢, b=c+e¢ §=8, S=B,(u) and SO=H2(Q)OH01(Q)\B/, where r > 0
such that B, (u) € B’ € B, applying [Gasifiski and Papageorgiou 2006, Proposition 5.1.25], there exists a
locally Lipschitz homotopy of homeomorphisms I’y on H2(Q) N H 01 (£2) such that




POSITIVITY FOR FOURTH-ORDER SEMILINEAR PROBLEMS 951

(1) t — Jo(I'(¢,v)) is decreasing in B,(u) and, in general, nonincreasing;
(i) Jo(I'(t,v)) = v for v € Sy and ¢ € [0, 1], and so also for all v € dB.

From (i) we deduce that J;(I'(¢,v)) < ¢ for every v € B Nry, and ¢ # 0. Moreover, define the map
¥ : BNr, — R such that

Y () = Jg(T (10D (1, v)]

and consider v € 9B N ry, so there exists & # 1 such that v = au: we know from (ii) that T'(1, v) = v and,
by Lemma 3.3, J/ (ocu)[eu] > 0 if @ € (0, 1) and J} (cu)[ou] <0if o € (1, +00), so ¥ (v)(v—u) <0 on
0B Nry. As a result, since one can think of ¥ as a continuous map from [x1, x2] — R, where x; and x;
correspond to the intersections between the half-line r,, and the ball B, and since ¥ (x1) > 0 and ¥ (x3) <0,
there exists a zero of ¥ in (x1, x2); i.e., there exists v € B Nry, such that J, (I (1, 9))[(1, v)] = 0.
Setting w:=1I"(1,v), we have w e Ny and J5 (w) = J5(I'(1,0)) <c =infyen;, Jo(v), a contradiction. [

So far, we proved the existence of a ground state for J,. Actually, one can say more about the existence
of general critical points by means of the Krasnoselskii genus theory (see [Ambrosetti and Malchiodi 2007,
Section 10.2]). In fact, since our framework is subcritical, it is quite standard to prove the Palais—Smale
condition for J, by a compact embedding of H?(2) in every Lebesgue space. Moreover, our functional
is C, even and bounded from below on the unit sphere of H2(Q) N HJ}(Q): indeed, if |[u| g, @) = 1,
then ||u]lco < C for some C > 0, so

Jo () = 1_/ g |ulP*! ~1_ CP gl
2 Jog p+1 2 p+1
Hence, by [Ambrosetti and Malchiodi 2007, Proposition 10.8], one can ensure the existence of an infinite
number of couples of critical points. The same argument may also be applied for the general sublinear
case, provided F(x,s) = F(x,—s) for every s € R.

4. An identity and the positivity of ground states in convex domains

The aim of this section is to prove positivity for the ground states found in the previous section. Notice that
the problematic term in J; is the one involving the determinant of the Hessian matrix. In order to overcome
this difficulty, we need to rewrite it in an equivalent way, transforming it into a boundary term which can be
handled in order to prove the desired positivity. Nevertheless, since the signed curvature of the boundary
will be involved, we need to impose some regularity on d€2. We will basically deduce the same statement
as Lemma 2.5(ii) of [Parini and Stylianou 2009], but we will extend it to a larger class of domains.

A crucial identity. Our goal is to generalize the following result:

Theorem 4.1 [Parini and Stylianou 2009, Lemma 2.5]. Let Q be a bounded domain in R* with C?:!
boundary, and let k be its signed curvature. Then for all u € H?(2) and for every ¢ € H3(Q), defining
K(u) := [q det(V?u) dx, we have

(K/(”)’ @)= /ég(’“l’nun + Yty — Qrnlic). (Fps)
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Hence, for allu € H*() N HO1 (),

K =1 /a i, (F)

Going into the details of its proof, one can actually realize that the strong regularity assumption
on the boundary was needed only to derive (F) from (Fpg) because the authors used the density of
H3(Q)N HO1 (Q)in H*2(Q)N HO1 (2), which strongly relied on the fact that 9Q € C?*! (see [Parini and
Stylianou 2009, Lemma 2.3]). Nevertheless, (Fps) requires only that all the elements therein are well
defined. Hence, our starting point is the following:

Corollary 4.2. Let Q C R? be a bounded domain of class C 1. Then for every v € C*®(R2),
1
KO = HK'@.0) = 5 [ 0= One - ven)v). (Frs2)

Proof. One only has to notice that if 9Q € C -1, then « is in L>°(d$2) and

/ (VnzVz + VpVer) = / (Vrve)r =0,
191 0

as 02 is a closed curve and by the definition of the tangential derivative (i.e., as (d/ds)u(y(s)), where y
is the parametrization of the curve d<2 in the arch parameter s). ([

Our strategy consists of two steps: using (Fps2), we will firstly prove that (F) holds also for every
RS COI’I(S_Z) ={ueCb(Q)] ujpq = 0}; then, by a density result, we will transfer (F) from Col’l(S_Z)
to H2(Q) N HO1 (£2). We will make use of the following lemma, which makes a well-known result more
precise:

Lemma 4.3. Let Q@ C RY be a bounded domain of class C' and u € CV1(Q). Then there exists a
sequence (Ug)gen € C®(Q) such that uy — u in H*(Q) and luk w200y < Cllullw2.coq) for some
positive constant C.

Proof. First of all notice that C >1(2) can be equivalently seen as W2 °°(2), which is a subset of H?($2)
since 2 is a bounded domain; moreover the fact that C () is dense in H%(R) in H?(2) norm if 9Q
is of class C! is a standard fact (see [Evans 2010, Section 5.3.3, Theorem 3]), so the only statement to
be verified is the W2 (Q2) estimate. Since the main tool in the proof of the H?(Q) convergence is the
local approximation, which is achieved by mollification, we only have to prove that the same inequality
holds there. So, let v € L°°(R2), &> 0 and consider

ve(x) = (76 % V) (x) = f 1e()v(x — y) dy.

£(0

where 7, is the standard mollifier in RV, that is 1, := e "5 (x/¢) and

~ 1
n(x) = Celx*=1 yp (0)(x),

where C > 0 such that fBl(o) n(z)dz =1.So vy isin Qg :={x € Q | d(x, 9Q) > ¢} and we know that
ve € C*(82) and 1, is such that [p ) ne(z) dz = 1.
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We claim that ||ve||z00(,) < [|V]|Loo(g)- In fact,
lvellzoog@y < sup / e [0 —2)] dz < V]l zooce) f n6(2)] dz = o]l Lo ().
x€Qe J B:(0) £(0)

Also for derivatives of v the same inequality holds, because for any admissible multi-index o we know
that D% (ve) = (D%*(v))e (see [Gilbarg and Trudinger 1998, Lemma 7.3]).

At this point, following the aforementioned proof of [Evans 2010], it is easy to derive the desired
result. O

Proposition 4.4. Let Q@ C R? be a bounded domain of class C>1. Then, for all u € CO1 )1 (Q),

/ det(Vzu):%/ Kuz.
Q Q2

Proof. Applying Lemma 4.3, let (u)ren C C°(S2) be a sequence converging to u in H?($2), whose
norms in W2 are controlled by the W2 norm of u. By Corollary 4.2, the following identity holds:

KGu) =5 [ [000% = (0dne + e en) )] @)

By the convergence in H?(2), one clearly has K (u;) — K(u); moreover, since x € L°°(92) and using
the trace theorem, one can deduce also that

/K(uk)ﬁ—>/ Ku,%.
Q2 Q2

Finally we have to consider the terms in which tangential derivatives are involved. Similarly to the normal
derivative, one has (ug)r — U in L2(9Q), so (ug)r — 0 in L2(3<2), since u|yq = 0. Furthermore,

Wit = Vup)n-t=VVug-n)-t = (V?ug-n+ Vug -Vn) -t

and (see [Sperb 1981, Chapter 4])
2

(Ur)en =
Q=1

0%uy,

——— TN
ox; 0x;

and one can infer that (uz ),z and (ux )¢, are uniformly bounded in L?(92). In fact, since the uj are
C > functions and using Lemma 4.3,

1 1
Iu)nelizn) < 1912 i llLes o) < 10212 (||| Vuk 'anLoo(aQ) + Hquk'VnH}Loo(aQ))
1
< 2[992]2[[n[lw 1.0 ) Itk w200 (@) < C(S2)[[u]lwr2.00 ()

and similarly for (1 ).,. Consequently,

/ (U )me + (1) en) t)e — 0. 0
Q2

In order to extend (F) to the space H?(2) N HO1 (2), we need a density result (Lemma 4.6 below)
which is taken from [Stylianou 2010, Theorem 2.2.4] and which can be adapted to our context: in fact, it
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concerns C2 functions and diffeomorphisms but, with a little care, one can obtain the same result also in
the class C -1,

Definition 4.5 [Adams and Fournier 2003, 3.40, p. 77]. Let @ be a one-to-one transformation of a domain
Q c RY onto a domain G C RY having inverse ¥ := & ~1. We say that @ is a C 1! diffeomorphism
if, writing @ = (@1,...,Py) and ¥ = (¥1, ..., ¥x), then ®; € CL1(Q) and ¥; € C1-1(G) for every
ie{l,...,N}.

Lemma 4.6. Let Q@ C RN be bounded and open such that for every x € 32 there existsa j €40, ..., N—1},
&> 0 and a CY-diffeomorphism ® : RN — RN such that the following hold:

e P(x)=0.
e P(B(x)NQ)CSji={x=(x1,....,x8) €Q|x; >0,Vi>j}
* @(Be(x)N o) CIS;.
Then
G @M@ = H @) N H ().

Theorem 4.7. Let Q C R? be a bounded domain of class CV>1. Then, for allu € H*>(Q) N HO1 (),

[det(Vzu)zl/ Kuﬁ. (F)
Q 2 Jha

Proof Letu € H*(Q) N HO1 (2); since the assumptions on the boundary are clearly fulfilled if 92 is of
class C 1’1, applying Lemma 4.6 we get an approximating sequence (1 )xen C CO1 ’I(S_Z) converging in
H?(2) to u. With the same steps as in the proof of Proposition 4.4, by the H?(£2) convergence, we have
both K(uy) — K(u) and faQ Kk (ug)? — fag «u? and one concludes by the uniqueness of the limit. O

From the functional to the PDE. As already briefly mentioned in the Introduction, if the boundary is
smooth enough (9Q of class C*% for o > 0), standard elliptic regularity results apply and one can
integrate by parts the Euler—Lagrange equation from J; to see that critical points satisfy (1-3). On the
other hand, assuming only that the boundary is of class C ', the signed curvature is well defined in
L°°(2) and we can have a weak formulation of problem (1-3). More precisely, in this case, by a weak
solution of (1-3) here we mean a function u € H?() N HO1 (£2) which satisfies

/ Au Ap —(1 —o)/ KUp@Qp = / g()|u|?Pug forallp € H*(Q)N HOI(Q). (4-2)
Q a0 Q

Consequently, we can equivalently say “ground states of J,” or “ground state solutions for (1-3)”. For a
proof of the equivalence of the two problems, we refer to [Gazzola and Sweers 2008].

Positivity of ground states in convex domains. Assuming 9<2 is of class C !>!, Theorem 4.7 enables us to
rewrite the functional J; in a more convenient way: in fact, we deduce that for every u € H2(Q)NH 01 (),

2 _
Jg(u)=/ (Auw)” 1 U/ Kuﬁ—/ F(x,u), (4-3)
Q 2 2 Jiq Q

where we recall that F(x,s) = [; f(x,1)dt.
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With this formulation, now we are able to establish the positivity of ground states of the functional J
in convex domains with boundary of class C !>! if the density function f(x,u) is nonnegative, both in
the sublinear and superlinear case. We will make use of the method of the superharmonic function, which
is quite a standard tool when dealing with fourth-order problems and which has already been successfully
used, for instance, in [Berchio et al. 2006; Gazzola and Sweers 2008; Nazarov et al. 2012], and whose
core is contained in the following lemma:

Lemma 4.8. Let Q C RN be a bounded convex domain; fix u € H*(Q) N HO1 () and define i as the
unique solution in HO1 (2) of the Poisson problem

—Au =|Au| in Q,

u=0 on 0RQ2.
Thenii € H>(Q)N H(}(SZ) and either it > |u| in Q and 2 > u2 on IQ or ii = u in Q.

(4-4)

Proof. Since 2 is convex by assumption, it satisfies in particular a uniform external ball condition and
thus, by [Adolfsson 1992], we infer i € H?(2). Suppose i # u. Since in particular —A# > Au holds,
by the maximum principle for strong solutions (see [Gilbarg and Trudinger 1998, Theorem 9.6]), one
has 7 > —u in Q and so i, < —u,. Similarly, —A# > —Au implies also # > u and i, < u, and so,
combining them, we have the result. O

Proposition 4.9 (sublinear case). Let Q C R? be a bounded convex domain with 9 of class C ' and
o € (—1,1]. In addition to the assumption (H), suppose also that f > 0 and is positive for a subset of
positive measure. If u € H*(Q)N HO1 (2) is a nontrivial minimizer of Jg, then u is strictly superharmonic
in §2, and thus positive.

Proof. Firstly notice that k > 0 a.e. on d2 by the convexity of Q. From u, define its superharmonic
function # as in Lemma 4.8. Supposing # # u, by that result we can infer

~\2 _ 2 _
Jo(ﬁ):/ G "/ mz,i—/ F(x,ﬁ)f/ (Auy” 1-0 Kuﬁ—/ F(x,ii). (4-5)
2 2 Jie Q o 2 2 e Q

Nevertheless, since (0F/ds) = f > 0, we have also that F(x,u) < F(x,u), and thus J; (&) < J5(u),
which leads to a contradiction. Hence necessarily # coincides with u, so —Au = —Aui = |Au| > 0. As
u =0on dQ and u # 0, we deduce u > 0 in Q. |

It is clear that, when f(x,0) # 0, by Proposition 3.1, we always find a nontrivial global minimizer,
which is positive by Proposition 4.9. For homogeneous nonlinearities this is not true in general. Anyway,
for our model f(x,s) = g(x)|s|? s, if we restrict our attention to the Nehari set, we easily see

Jo0) = (5 = 57 ) Il <0
for every u # 0. So it is clear that in the minimization process we do not fall on 0. The same argument
holds for more general nonlinearities f(x,u), provided

%f(x, wu—F(x,u) <0 forallu e H*(Q)N HOI(Q).
For instance this holds when f(x,s) = g(x)|s|?~1s 4+ h(x)|s|9" s for g, h >0, p,q € (0,1).
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Remark 4.10. We stress here that, as a direct consequence of Proposition 4.9, we have obtained the
positivity-preserving property also in the case of f not depending on u, i.e., for the linear Kirchhoff-Love
functional /; (see also Remark 3.2). This generalizes the corresponding result by Parini and Stylianou
[2009, Theorem 3.1] for bounded convex domains assuming only C !>! regularity on the boundary.

In our sublinear model case f(x,s) = g(x)|s|?~Ls, p € (0, 1), something more may be deduced:
in fact, Lemma 3.3 still applies and, with the same steps as in the proof of Lemma 3.4, (reversing the
inequalities since now p —1 < 0), one ends up with

1
gl C(2) \™=
||u||H2(Q) =< (W for all u € N.
0

As a result, we can state the following:

Proposition 4.11. Let Q be a bounded Lipschitz domain in R? and let g € L'(Q) be positive a.e. in Q.
For every o € (—1,1) fixed, all critical points of J5 with f(x,s) = g(x)|s|?~Ls and p € (0,1) are
uniformly bounded in H? ().

Notice that by continuous embedding H?(2) — L>°(£2), one may also infer an a priori L bound for
all critical points of J5. The estimate becomes also uniform with respect to o if we restricto € I € (—1, 1).

Concerning the superlinear case with the nonlinearity (1-2), we obtain the same positivity result with
the same assumptions on §2 and o

Proposition 4.12 (superlinear case). Let Q@ C R? be a bounded convex domain with 0Q of class C>! and
o € (=1, 1]. Moreover suppose f(x,u) = g(x)|u|?~'u, where p > 1 and g € L1(Q) positive a.e. in Q.
Then the ground states of the functional J are positive in Q.

Proof. Suppose, by contradiction, that there exists u € N such that J(u) = inf{Js(v) | v € N} and u is
not positive. With the same spirit of the proof of Proposition 4.9, consider the superharmonic function
associated to u and suppose they are not the same. This time the inequality (4-5) is not sufficient to
have a contradiction since we do not know whether & € N;. Nevertheless, by Lemma 3.3, there exists
t* :=t*(i) € RT such that t*5i € N,. Then,

2 I
Jg(z*a):(t*)z[/g%_l_a 89Kﬁ5]_(t*)p+1/9g(ﬂ|u|p+

2 p+1
2 1 +1
<(z*)2[/Q %—170 mxuﬁ]—(t*)”“/g%=Jg(z*u)sJa(u), (4-6)

which is again a contradiction. Notice that the last inequality holds since, by Lemma 3.3, J; restricted to
every half-line attains its maximum on the Nehari manifold. Thus necessarily # coincides with u, which
implies that u is strictly superharmonic and thus positive. O

Remark 4.13. Notice that in the proofs of Propositions 4.9 and 4.12, if ¢ lies in the interval (—1, 1], the
assumption €2 convex was necessary to have the good inequality for the second term of J; on the other
hand, if 0 > 1 we do not have anymore the right sign and we cannot conclude the argument.
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5. Beyond the physical bounds: o < —1

So far, we studied the existence of critical points of the functional J, with the assumption o € (—1, 1], we
described in a variational way the geometry of the ground states and we finally established their positivity.
The aim of this section is to study what happens to the ground states of J; if we let the parameter be in
the whole R. Again, we are especially interested in studying their positivity.

Since the study is rather different if 0 < —1 or 0 > 1, we divide the subject into two sections. In
both, we will always assume that  C R? is a bounded convex domain of class C !*! so that Theorem 4.7
holds. Moreover, as it seems more interesting from a mathematical point of view, we mainly focus on the
superlinear case f(x,u) = g(x)|u|?~'u with p > 1, pointing out, if needed, the necessary adaptation
for the sublinear power p € (0, 1).

A Steklov eigenvalue problem. Let us begin by recalling some known facts about the eigenvalue problem
associated to equation (1-3) (see [Gazzola and Sweers 2008] or, for the case x = 1, [Bucur et al. 2009;
Berchio et al. 2006]):

Au=0 in Q,

u=20 on 0%2, (5-1)

Au=dku, ondQ.

We define a Steklov eigenvalue to be a real value d such that (1-3) admits a nontrivial weak solution,
named a Steklov eigenfunction, i.e., u € H*() N HO1 (), u #0, such that for all ¢ € H2(Q) N HO1 (),

/ Au A(p—d/ Kunen = 0. (5-2)
Q 19

First of all, d must be positive. In fact, if u is a Steklov eigenfunction, taking u = ¢ in (5-2),

dfm k(uy)? = /Q(AM)Z >0,

since [|A - ||2 is a norm in H*(Q) N H (). As k > 0, we have both d > 0 and [ ku2 > 0. As a
complementary result, in order to show nontrivial solutions of (5-1), without loss of generality, we can
restrict to the subset

H= {u € H*(Q) N H(RQ) ‘ / i(up)? # o} .
Q2
Definition 5.1. We denote by 81 (£2) the first Steklov eigenvalue for problem (5-1):

- Aull?
5= inf AUl
H\0} fyq KUy

Proposition 5.2. The first Steklov eigenvalue is attained, is positive and there exists a unique (up to a
multiplicative constant) corresponding Steklov eigenfunction, which is positive in 2.

Proof. We refer to [Gazzola and Sweers 2008, Lemma 4.4], just noticing that the continuity of the
curvature assumed therein was not necessary to obtain this result. O
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A nonexistence and an existence result. From Proposition 5.2, it is easy to deduce a nonexistence result
for positive solutions if o is negative enough:

Proposition 5.3. Ifo <o* :=1— 81 (R2), there is no nonnegative nontrivial solution for the Steklov
boundary problem (1-3).

Proof. Let u be a nonnegative solution for (1-3) and ®; > 0 be the first Steklov eigenfunction; we use
&, as a test function in (4-2):

—(1— — p
/QAuACDl (1 0)/(;91614,1((1)1)” /Qg(x)u d;.

Then, interpreting u this time as a test function in (5-2), we have

[ Au Ad; = §; (Q)/ K (P1)nltn.
Q o

Combining the two equalities,

G1(Q) — (1—0)) /a (@0)ytn = /Q (P > 0.

Again by positivity of u and ®;, we have u, <0 and (1), <0 so, as k > 0, we finally end up with
81(2) — 1 4+ o > 0, which is exactly what we wanted. O

Remark 5.4. We already proved that our problem (1-3) admits positive solutions whenever o € (—1, 1]
with the same assumptions on 2. Hence, we infer that, 81 (£2) > 2 and we have equality if Q2 = B1(0) (see
[Berchio et al. 2006, Proposition 12]). This result was already proved for C? bounded convex domains
of R? by Parini and Stylianou [2009, Remark 3.3], using Fichera’s duality principle.

The next step is to investigate what happens if o € (¢* —1] in case this interval is nonempty. We will
show that the existence and the positivity results found for o € (—1, 1] can be extended for this case. In
fact, the only restriction we have to overcome is the fact that here Lemma 2.1 is not the right way to
prove that the first two terms in the functional J, define indeed a norm on H2(2) N Hy (2).

Lemma 5.5. For every o > 0¥, the map

uis [ fQ (M)~ (1-0) /a Qx(unﬁr = Nul,

is a norm in H*(2) N HO1 (2) equivalent to the standard norm.

Proof. By the definition of §; (€2) as an inf, we have | Au||3>§; () [5q ku? foreachu € H*(Q)NH, (Q)
and so, if d > 0 (which corresponds to o < 1),

[Q(Au)zz/Q(Au)z—d/aQ Ku? E/Q(Au)z(l—gléz)). (5-3)

On the other hand, if d < 0 (so that o > 1),

|d| )
2 2414 2 2 _ .
/Q(Au) E/Q(Au) + If852 Ku; E/Q(Au) (l+81(9)
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As a result, we have to impose that d < 81 (R2) to have the positivity of the constant in the first estimate,
while no restriction occurs in the second. The proof is completed noticing that the map

(u,v)HU|—>/ Au Av—d KUpUp
Q Q2

defines a scalar product on H?2(2) N HO1 (£2) by inequality (5-3) for all d < 81 (). |

Proposition 5.6. Let Q@ C R? be a bounded convex domain with boundary C ! and suppose o € (o*, —1];
then the functional Js admits a positive ground state.

Proof. 1t is sufficient to notice that Lemma 3.4 holds for these values of o if we replace Lemma 2.1 by
Lemma 5.5, while all the other propositions that led to the existence and the positivity of ground states
are not affected by this change. O

Remark 5.7 (sublinear case). Both Propositions 5.3 and 5.6 hold in the case of a function f(x,u) which
verifies the assumption (H) (modifying in a suitable way the constant in front of the quadratic term)

and f >0, f #0.

Approaching o* As we know now the existence of positive ground state solutions for o € (¢* 1] and
that there are no positive solutions if o < 0'*, a natural question that arises is determining the behaviour
of a sequence (U )xen, each of them being a ground state for the respective functional Jg, , as ox \ o™
We will find an antipodal result for f(x,u) = g(x)|u|?lu as p € (1, +00) or p € (0, 1).

The following proof is an adaptation of [Berchio et al. 2007, Theorem 1], which covers the critical
case f(x,u) = [u|?* ~2u when the dimension is N > 5. Moreover, the authors considered a slightly
different notion of solution, that is, the minimizers of the Rayleigh quotient associated to the boundary
value problem:

||A“||% - —U)fasz K“%
(Jq () |u|pF1)7+T

Anyway, it is a standard fact to prove that every ground state of J; is also a minimizer of R, while the

Rs(u) :=

(5-4)

converse is also true, up to a multiplication by a constant.

Theorem 5.8. Let Q2 be as in Proposition 5.6 and oy, \ 0 * ask — +o00. If p€ (0, 1), then ||uy ||co — +00,
while, if p > 1, then ||lug || g2(q) — 0.

Proof. Let p >0, p # 1; by the remark above, each ground state uy, is such that

Ry, (ug) = inf Rg (u) := X4, > 0.
0FucH2(QNHL(Q)

By Proposition 5.2, there exists a positive first Steklov eigenfunction ®1; since we have |A® |5 =
(1—0%) [3q k(P1)Z, we have
Jan K(®1);

0< Eok =< Rak(cbl) = (0% _U*) 2
(Jq g(0)| @y |pH1)PH

—0
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as k — +o00. Moreover, since uy is a ground state for Jg, ,

| Augl2 = (1 - ox) /a )} = [Q (Ol |7+

and, since Rg, (ux) = Xo, , we deduce

T1
(/ g(X)IMk|p+1)p = Zgx 0.
Q

Hence, if p > 1, then [q, g(x)|ug|?T! — 0; otherwise, if p € (0, 1), then [, g(x)|ug|?+! — 400, which
implies, by the Holder inequality as g € L1(), that ||u ||co — +00.

We have now to prove that, if p > 1, this convergence to 0 is actually in the natural norm H?(2). By
Lemma 5.5, |- ||m,, is a norm in H?(2) N Hy () for every k, so we are able to decompose in that
norm the Hilbert space as H2(2) N H(} () = span(P1) @ [span(®P;)]L. Thus, for every k there exist a
unique o € R and ¥ € [span(®1)] such that uy = o Py + V.

Hence, for k large enough,

o) = [ gl = JAunl3 = (1=00) [ 0} = i),

= o} (D1, PD)H,, + Yk Vi) Hy, - (5-5)
First of all,

(P1. P, = IAP1[3— (1 —0k) / K(®1); = (0 —0™) f k(@1)3. (5-6)
Q Q2
Moreover, denoting by 8> (£2) the second eigenvalue of the Steklov problem, i.e.,

- Avll?
= e 2
span(®1)\{0} [y KV2

and defining o** := 1 — §,(£2), we get
1AVI3 = (1—0**) /a k2,

from which
* *

Wi Vi) H,, = AV 15—(1— Gk)/ k(Wi)m = 1A 15— - — | Ayel3 = —**IIAlﬁkllz (5-7)
As a result, combining (5-5) with (5-6) and (5-7), we get

kK

O —0O
0(1)2/ g) ug P! =ai(0k—0*)/ k(D)7 + ————— | Avll3.
Q 90 l1—0

Since we proved in Proposition 5.2 that the first Steklov eigenfunction is simple, we have 0** < ¢* and,
recalling that o3 > o* by assumption, necessarily ||Ay |2 — 0. Hence,

/ (V)] @17+ < / g [lugel + [l < 22 /Q e[l 7+ [P+

< Zp[sz g ug P+ CPTH@) gl 1Ykl g2) = O-



POSITIVITY FOR FOURTH-ORDER SEMILINEAR PROBLEMS 961
As a result, oy — 0 and we finally obtain

lurllg2@) < lokl 1P1lla2@) + Vel a2@) = O 0

If we read carefully the proof of Theorem 5.8, we notice that the fact that each uy is a ground state
for J; was necessary only to deduce that [, g(x)|ug|? +1 0, while to prove the convergence to 0 in
H?(2) norm it was only sufficient that each uy, is a critical point (actually, an element of the Nehari
manifold Ny, , since the only step of the proof involved is (5-5)). Consequently, we can directly state the
following lemma, which will be useful when we will look at the radial case in Section 7:

Lemma 5.9. Let (uy)ren be a sequence of critical points of Jg, in the superlinear case such that
Jo g |ug P — 0as op \ o Then ||lug || g2y — O

6. Beyond the physical bounds: ¢ > 1

As briefly announced at the beginning of the previous section, here we want to investigate the behaviour
of the ground states of J, when o > 1. We assume again hereafter that @ C R? is a bounded convex
domain with C!-1 boundary and (1-2) concerning the nonlinearity. As a consequence, the extension of
the existence result is straightforward: in fact, in this case, by Lemma 5.5, || - || g, () is still a norm on
H?(Q)N H(} (£2) and we can repeat the usual steps. Notice also that it is equivalent by these assumptions
on 2 to consider critical points of J; as far as weak solutions of the semilinear problem (1-3).

The extension of positivity in this case seems not to be obvious, as already noticed in Remark 4.13.
We will provide here two different proofs (which will produce two slightly different results); the first one
relies on the study of the convergence of ground states as o — 1, which in the limit yields the Navier case,
while the second is based on the method of dual cones by Moreau, connecting our semilinear problem
with the linear one. We point out that the convergence result might be also of independent interest.

In the following, we will always consider the exponent of the nonlinearity (1-2) to be p > 1, but similar
results can be proved also in the sublinear framework (see Remarks 6.6 and 6.22).

Convergence of ground states of J, to ground states of Jnay as 6 — 1. In this section, (uy)rey Will
always denote a sequence of ground states solutions of the Steklov problems

{Azu = g(x)|ulP"lu in 2,

6-1
u=Au—(—ox)ku, =0 on €2 ©-1)

for a sequence (0j )ren converging to 1. Moreover, in order to underline the peculiarity of the problem
when o0 = 1, we set Jnay := J1, whose critical points are the weak solution of the following Navier
problem:

{A2u=g(x)|u|p_1u in Q, 6-2)

u=Au=0 on 0€2,
Finally, u will always denote a ground state of Jyay. Our main result is to prove the convergence u; — u

in the natural norm, i.e., in H 2(SZ), as o — 1, no matter if oy is less or greater than 1. First of all, a
weaker result is enough:
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Lemma 6.1. Let (uy)ren and i be as specified above. If uy — i weakly in H*(S2), then (up to a
subsequence) uy — u strongly in H*(Q) as oy, — 1.

Proof. As uy — i weakly in H?(S2), there exists M > 0 such that ||ug ||12112 @ = M . Moreover, for each

k € N, we know uy, is a solution of (6-1) and u of the Navier problem (6-2); thus, for every test function
g € H*(Q) N Hj(Q),

/ Aug Mg — (1-0p) f KR Inn = / et
Q 2 Q

(6-3)
/M A(/):/ go)a|? .
Q Q

Hence
—1 -2
Cy ”Mk_u”HZ(Q)
< 18w~ 8l = [ By A=)~ [ A7 A~
Q Q
—(-op) /3 g~ ) + [ [Q g (0) g 1P~ g (g — 1) — [Q (017 i (g —ﬁ)].

For the first term,

< |1 —ox| CFllk | oo o) lukll 2oy lur — il g2y

(1-0p) /a ) =0

< |1 —ox| CFll || Looagy M (M + ||it]| g2 (g2)) — O,

where Cr is the constant in the trace theorem. Concerning the second, it is enough to invoke the dominated
convergence theorem as we have pointwise convergence and since

|2 () (e )P e — P71 (up — )| < g0 [C(QPMP + [a|P][C( Q)M + ] € L1(Q),
where C(Q) is the constant in the embedding H?(Q) — L®(Q). |

Remark 6.2. This result holds not only for ground states, but for generic solutions; i.e., if (4 )rey iS a
sequence of weak solutions of the Steklov problem (6-1) and u a weak solution of the Navier problem
(6-2) and we know that u; — u weakly in H?(2), then, up to a subsequence, it converges strongly too.

A crucial observation is that the Nehari manifolds are nested with respect to the parameter o'

Lemma 6.3. Let 01 < 03 and fixu € H*(Q) N Hy () \ {0}. Then

ty, () <t ().

Proof. In fact, —(1 —01) < —(1 —03) and so

1

O (fg (Aw)? = (1 = 01) [yg KU7 )” (fQ(A”)Z — (1=02) [yg U3

1
<
o Jo g(o)lulP*! Jo g()lu|P*1

Notice that if u € Hg(Q) then one has the equality; if we suppose moreover that ¥ > 0 a.e., we deduce

4

=
) =ty (). O

also the converse.
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Proposition 6.4. The sequence of ground states (uy ) ey is bounded in H* ().

Proof. Set kmax such that oy, = max{(ox)ren, 1} and so uy,  is a ground state for Jg,  (with the

convention that if oy =1, then ug__ is a ground state for Jyav).

Defining wy, := 15, (U, Uk, € Noy that is, the “projection” of uy, on the Nehari manifold N,
along its half-line, one has

/Q g(0)ug |7+ < /Q (0w |7+ < [Q g(O)ug |7 (6-4)

Indeed, the first inequality comes from the fact that uy is a ground state of Ji;, , which has the equivalent
formulation (3-2); the second is obtained by Lemma 6.3 since

/ OO+ = (12, (g, )P / (g, |71
Q Q
E(f&kkmax(Mk,.m))‘”“/Q(g’(X)IMka’Jrl =/Qg(X)|ukmax|p+l-

Furthermore, for a generic o > 0 (and here we can assume it without loss of generality),

Az—l—[ 2 > min{o, 1} C4(2)[u]|%2/0- 6-5
[@ur=a-o) [ = ninfo. 1 Ca@lulqq, ©5)

In fact, if o € [1, +00) the proof is straightforward since —(1 — o) > 0; otherwise, if o € (0, 1),
/ (Au)>—(1—0) f Ku2 = / (Au)>+2(1—0) / (— det(V2u))
Q I1Q Q Q
:/ [u§x+u§y+20uxxuyy+2(1—0)u§y] 20/ (Au)2+2(1—0)/ ujzcy
Q Q Q

=0 [ (807 2 o€ @l

As a result, combining (6-4) with (6-5), we get

C C
Il = ey [ gl = A [ o

min{oy, min{oy,

which is the estimate we needed. O

As a direct consequence of Proposition 6.4, the sequence (uy)ren, Up to a subsequence, is weakly
convergent to some U € H2(2) N HO1 (£2) with strong convergence in L°°(£2). It is also easy to see that
Uoo 18 a weak solution of the Navier problem (6-2): it is enough to apply to (6-3) the weak convergence
in H?(Q), the strong convergence in L?(92) of the normal derivatives and the dominated convergence
theorem. As a consequence, by Lemma 6.1, the convergence uy — Uoo is strong in H2(2).

Theorem 6.5. Let o3, — 1 and Q be a bounded convex domain in R* with boundary of class C 1. Then
the sequence (U )ren of ground state solutions for the Steklov problems (6-1) admits a subsequence
(”kj )jeN which converges in H?(RQ) t0 uso, which is a ground state for the Navier problem (6-2), and
thus strictly superharmonic.
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Proof. Clearly, as u is weak solution of (6-2), we have Jnay(Uoo) > infps,, /Nav. Now we have to
prove the converse inequality. Firstly, we have Jxav(Yoo) < liminfz_, o Jo, (ug). Indeed,

2 1— p+1
hmlnf]crk(uk)—llmll’lf/ (Aug) lim Ok/ )2 — lim /g(X)|Mk|
k=>+ k_’+°° 2 N k—+oc0 JQ p+1

(Auoo)? g(x)[uoo| P!

> [ WBUelT [ Sl Ly o),
_/Q 5 /Q P Nav (U oo)

having used the compactness of the map 9, : H!(Q)? — L?(Q2) and the dominated convergence theorem.
Moreover, if we suppose o < 1 for k large enough, by Lemma 6.3 (with a similar argument to that in
(6-4)), for all k € N we have

Jop ) = (5= 45) [ et = (5=245) [ el = o). 66)

so in this case we are done. If otherwise o} > 1 for a infinite number of indices, (6-6) does not hold. In
this case, without loss of generality, we can assume that o3 \ 1. By the existence theorems in Section 3,
we know that there exists a ground state it € H?(Q) N H (2) for Jnav and we define iy := 1] (W)u to
be the “projection” on the Nehari manifold No, . Then [ug —ul| g2y = |1 — 15, * ()] Hu||H2(Q) with
Jq det(V21)

=5 @) N @) 5, @) =201 —00) 5 &S =
Q

so iy — 1 in H?(K), which implies

/ gt / i) 6-7)
Q Q

Nevertheless, since uy is a ground state of Jy, ,

[ukENG ] 1 _ 1 [ux No ]
p+1 k 1 k p+1. _
| st (3751 on @02 (5 ) o () | g+ 63)

furthermore, since we assumed oz > 1 and by Lemma 6.3,

[ et = [ ol el = (5 = A5 ) oy (R )

= (5= o) hvtin = [ it (©9)

Combining (6-7), (6-8) and (6-9), we find that

/ g ulP ! / g+, (6-10)
Q Q

from which Jg, (ux) — Jnav (%), which completes our equality.
To conclude, notice that we have already obtained in the proof of Proposition 4.12 that ground states
of the Navier equation (6-2) are strictly superharmonic. O
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Remark 6.6. The same analysis may be adapted also for the sublinear case p € (0, 1), paying attention
to some minor changes: for instance, Lemma 6.3 holds with the reverse inequality, but this compensates
for the fact that this time the coefficient % — % in the equivalent formulation of J; is negative.

Regularity of solutions and W *9 convergence of ground states. The convergence result of the previous
section will be used to derive positivity of ground states when o lies in a right neighborhood of 1.
Nevertheless, we will need a C%! convergence to be able to control the normal derivatives on the
boundary; thus we have to upgrade our convergence to a stronger norm. The first step will be to
investigate, for a fixed o > o* the regularity of solutions of (1-3) and (6-2) with just a slightly more
regular boundary (actually, we will have to impose that 92 is of class C?). This will be obtained by
means of the following lemma by Gazzola, Grunau and Sweers, which follows from a result by Agmon,
Douglis and Nirenberg [Agmon et al. 1959, Theorem 15.3’, p. 707]:

Lemma 6.7 [Gazzola et al. 2010, Corollary 2.23]. Let g > 1 and take an integer m > 4. Assume that
0Q € C™ and a € C™2 Then there exists C = C(m,q,a, Q) > 0 such that

lullwm.a@y < C(lullg + 1A% ullwmn—s.acq) + lullwm—1/a.a@a) + | A = anlym—2-1/0.000))

for every u € W™4(QQ). The same statement holds for any m > 2 provided the norms on the right-hand
side are suitably interpreted.

Hence we have to define Au as a distribution in W~29(Q), i.e., acting on functions in Woz’ql(Q).
Letu € H*(Q)N HO1 () be a weak solution of (1-3); we define the linear functional over H?(RQ)

A%u: H?*(Q) 3 ¢ (A%u, @) = / Au Agp,
Q
which is well defined and continuous. If we let
ug o fog)i= [ el up,
Q

it is clearly well defined and continuous on Woz’q/(Q) and, by the weak formulation of the PDE, on the
subset HOZ(Q) it acts identically as A%u. As a result, we define

A%y Woz’q’(sz) 3¢ (A%u, @) ::/Qg(x)|u|p_lu(p. (6-11)

Proposition 6.8. If 0Q € C?, for every o > o* the weak solutions of Steklov and Navier problems (6-1)
and (6-2) lie in W4 (Q) for every q > 2.
Proof Letu € H*(Q) N HO1 (2) be a weak solution of (1-3). Applying Lemma 6.7 with m = 2 and
a=(1-0)k eC%0R) (a =0 for the Navier case), we find
lullp2.acq) < C(g.0. Q) (Ilullg + 1A%l —2.q(q))
which is well defined in view of (6-11). Since
Jo g ulP"ugp
182Ul 20y = sup o |

0#¢€W02,q/(9) ”(p”Wqu/(Q)

= C(p.q-llglh lul g2 q)- (6-12)
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we finally deduce from (6-12) that

lellw=.a(@) < Clg.0.2)(lullg + C(p.q. Dlglulfsq,) < +oo. 0

We stress that we did not use either the fact that u is a ground state solution, or its positivity: the above
result holds true for every weak solution of Steklov and Navier problems.
Let us now recall the following interpolation result:

Lemma 6.9 (interpolation of fractional Sobolev spaces, [Brezis and Mironescu 2001, Corollary 2]). For

0<s1<s$spy <400, 1 <pq, pr <+0o0, forevery s, p such that s = 0s1 + (1 —0)s, and% =%+1;—29,

we have
”f”WY P(RN) = C”f”Wvl pl(RN)”f”sz P2(RN)*
Proposition 6.10. Let Q be of class C? and (uy)xen be a sequence of weak solutions for the Steklov

problems (6-1) converging in H*(Q) to i, a weak solution for the Navier problem (6-2). Then the
convergence is in W>4(Q) for every q > 2.

Proof. Let g > 2 and apply the regularity estimate of Lemma 6.7 to uy —u withm =2, a =0:
lur —ullw2qa(q)
< C(q. Q) (lluk —itllg + | A%ug — A%l —2.a(q) + 11— okl @)nlw-1/0.03g)).  (6-13)
using that on dQ2 we have A(uy —u) —a(uy — i)y, = Augp — Au = (1 — o)k (Ug)n-
By (6-11) and the dominated convergence theorem,

|fo ) ur P ugp — [o g(x)|u|P tig| o

[A?u — A%l 24y = sup ol
0£peW 29 (Q) Plwze @

similarly to (6-12). We need now to prove that (k(4z)n)ren is bounded iln W_é’q (852).1 Nf)tice that if
we provide a uniform bound in L4(32), then we are done. In fact W~ 4*4(dQ) := W44 (0Q)* and
wa? (3Q) < L4 (9R), so we directly infer W™ 79(3Q) <> LI(3Q).

Moreover, it is known that, with our assumptions on €2, the normal trace of functions in W52 (Q2)
lies in LP(dL2), provided s > 1 + % (for this and some further sharper results, see [Marschall 1987,
Theorem 2]). Hence,

e ui)n llw—1/a.090) < C(q, ) llc@r)nllLa@e) < C(q, DllkllLo@e) | i)nllLa @)
< C(q, 2, 5)|lkllLoo o) vk llws.a@) (6-14)

for some s > 1 —|— =. Thus, we need to find an approprlate fractional Sobolev space in which H?(Q)
is embedded. We clalm that H%(Q) — W1+2q “4(Q). Actually, it is enough to prove that H(Q) :=
wh2(Q) — W3 “4(Q2) by the definition of W52 (Q) for s > 1. So, let u € W12(Q); by the Stein
total extension theorem [Adams and Fournier 2003, Theorem 5.24] there exists U € W 1-2(R?) such that
Ug =uae and |Ullyr2gz) < Cllullpi2) for some positive constant independent of u. Applying the
interpolation result Lemma 6.9 to U with 6 = —q and the Sobolev embedding W 1:2(R?) — L*976(R?)
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since 4g —6 > 2,
3
U [lw3/2a. a(R2) = C”U”Wl 2(R2)”U”L4q —6(R2) — < Ci|Ullw. 2(R2)-
Hence,

lullws/ca.qaq@) = ||U||W3/(24) a@) < U llws/coamey < C1llUlwi2wz) < Callullpr.2q)-

As a result, noticing that s = 1 4 5> 3g > 1 —|— , we can continue (6-14), obtaining

lc@idnllw-1/a.4a2) = C(q, Q)IIKIILoo(asz)IIMk||W1+3/<2cz>.q(sz) < C(q, QI Lo oo Il 2 ()

which is uniformly bounded in k. Combining estimate (6-13) with the ones above for the second and the
third terms of (6-13), we finally end up with the strong convergence in W24(Q). O

Extending positivity, part 1: A convergence argument. Let us start by noticing that, by Morrey’s em-
beddings, the convergence in W24 () for every g > 2 of Proposition 6.10 implies the convergence in
C1*(Q) for every a < 1, thus in particular in C'(£2). This will be the main ingredient in the next proof.

Proposition 6.11. Let Q@ C R? be a bounded convex domain of class C? and (0 )en be a sequence of
parameters such that o \ 1 and (uy)ren be a sequence of ground states for the functional Js,. Then
there exists a subsequence (u;,)jen and jo € N such that uy, > 0 in S for every j > jo.

Proof. By Propositions 6.8 and 6.10 and by the previous observation, we know that, up to a subsequence,
ux — i in C1 () for some i, a ground state for Jyay.

Since Q has a C? boundary, the interior sphere condition holds and one can extend the outer normal
vector n in a small neighborhood woy C 2 of 92 and thus define here i, := Vii-n (see [Sperb 1981,
Chapter 4]). Moreover, since u is strictly superharmonic, the normal derivative u, is negative on d<2 and,
by compactness of d€2 and continuity of i, there exists & > 0 such that

< —a<0.

7"{n|aQ —

Hence, again by continuity, there exists a second neighborhood w C wg of d€2 such that

2
<—§a < 0.

un‘w —

Take now &1 = %a: by the C 1 () convergence, there exists k1 € N such that for every k > kq and x € w,

[0t1)n (0] 2 it ()] = @) () = i1 ()] > 2t = 1] oo o V2t = Vil | oy > 20t =61 > L
By the interior sphere condition, the map w — 02, x — Xx¢, such that d(x, xo) = inf{d(x, y)|y € 0Q}
is well defined and the vector x — x¢ has the same direction as n(x) and n(xo). Hence by the Lagrange
theorem and recalling that u klog = 0, for x € w,

g (X)| = Juge (x) — g (xo)| =5 IBCinx] |(ua)n ()] 1x = x0| > Jer|x — xo| > 0. (6-15)
0>

Moreover, notice that by compactness of Q¢ := Q \ w, the remaining part of 2, we have

>minu :=m >0

U
Qo

20
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and so by the uniform convergence it is easy to deduce that, for k large enough, uy (x) > %m for every
x € Q¢. The result follows by combining this with (6-15). O

Theorem 6.12. Let Q C R? be a bounded convex domain of class C 2. then there exists o1 > 1 such that
for every o € (1, 01) the ground states of J5 are positive in SQ.

Proof. By contradiction, suppose that such o does not exist. Hence we would be able to find a sequence
(0%) “\( 1 such that for each of them there exists a ground state uy for J,, which is not positive. This
would contradict Proposition 6.11. O

Remark 6.13. As we are dealing with continuous functions, since H2(2) — C°(), we are interested
in the strict positivity everywhere in €2 and not only a.e. in 2. Theorem 6.12 gives a positive answer
for this question: in fact, as it € H2(Q) = W2 (Q) is strictly superharmonic, by the strong maximum
principle for strong solutions [Gilbarg and Trudinger 1998, Theorem 9.6], we deduce that it cannot
achieve its minimum on the interior of Q; thus i (x) > 0 for every x € Q. By the C! convergence we
deduce the same strict inequality for u, with o € (1, 01).

Extending positivity, part 2: Moreau dual cones decomposition. Our aim is to investigate a further
extension of the positivity result found in Theorem 6.12, possibly for the whole range o € (1, +00). It
seems natural if we think of the following fact: similarly to what we already obtained for the Navier
problem, one can prove the convergence in H?2(Q2), as ¢ — +o0, of a sequence of ground states of J, to
a least-energy solution of the Dirichlet problem

Au=gx)ulP'u inQ,

6-16
U=u, =0 on 0€2, ( )

at least when « is positive a.e. on d€2. Since we already know that in some cases the ground states of
(6-16) are positive (for instance if €2 is a ball, see [Ferrero et al. 2007]), we expect to be able to completely
extend positivity for such domains.

After a brief explanation of the convergence just mentioned above, we will apply Moreau’s method
of dual cones to infer the intervals of positivity for the semilinear problem. At the end, one may also
compare the resulting analysis with the respective one for the linear problem with the same boundary
conditions, due to Gazzola and Sweers [2008].

The Dirichlet problem. The argument is similar to what we used in the subsection on page 961 for the
convergence to the Navier problem, but now we have to pay attention to the fact that in this case the two
functional spaces are different (H?(2) N HO1 (€2) for the Steklov problem and HOZ(Q) for the Dirichlet).
We are not giving here the details of the proof of the existence of ground states of (6-16), as it can be
obtained as for the Steklov framework by the Nehari method of Section 3. In the following, we assume
Q to be a bounded convex domain in R? with boundary of class C 1! and o > 1. We suppose also that
the curvature « is positive a.e, that is d€2 has parts that are not flat. Moreover, as usual, u; will always
denote a ground state for J,, and u a ground state for Jpig : Hg (2) — R defined as

=1 21 p+1
o) =3 [ Qw2 = [ g+,
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whose critical points are weak solutions of (6-16). Moreover, as in the Steklov case, we define the Nehari
manifold for Jpgr:

Npr :={u € H§(Q)\{0} } Jhir () [u] = 0}.
First of all, notice that, by the definition of J, for each o,

= JDIR, (6-17)

J
7z

so Ny restricted to the subspace Hg (2) coincides with AVpr.

Theorem 6.14. Let 03, — 400 and Q be a bounded convex domain in R? with boundary of class C 1.
Assume also that the curvature k is positive a.e on 0S2. Then the sequence (Uy)ren of ground states of
(Jor Jken admits a subsequence (u,)jen convergent in H 2(Q) to u, which is a ground state for the
Dirichlet problem (6-16).

Proof. We follow the same steps as in the subsection on page 961 to deduce Theorem 6.5. Firstly, we
prove that (uy)gen is bounded in HZ(Q). Indeed, fix w e HOZ(Q), a ground state for the Dirichlet
problem (6-16). Then

| Augl2 < / (Bug)> — (1 — o) / )’ = / g()luglP™ = inf [ g(0)ulP*!
Q a0 Q vENG, JQ

Ok

< inf /g(x)|v|1’“= /g(x>|uv|l’“. (6-18)
Q Q

VENG, NHE(RQ)

Hence, there exists it € H?(Q) N Ho1 () such that, up to a subsequence, uy — # weakly in H?(Q).
Moreover, (6-18) implies that

0= (=1 [ ki = [ g0l = 0@ pllel el < D@ p.)

and, taking into account that oy — +00, we deduce that
2
/ k(ug)y; — 0.
0

Furthermore, by the compactness of the map 9, : H2(2) — L?(9Q), we have also that

f/c(uk)%—>/ Kﬁ,zl.
Q2 Q2

Hence, combining the two and recalling that we assumed x > 0 on d$2, we deduce that i1, = 0 on dQ2
and thus u € Hg(Q).

Finally, testing the weak formulation of problem (6-1) with ¢ € Hg(Q) and passing to the limit as
k — 400, we deduce that

/AﬁA(p:/ g(x)|it|P g,
Q Q
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so u is a solution of the Dirichlet problem (6-16) and, similarly to Lemma 6.1, we can prove that the
convergence is strong in H?(S2). It remains to prove that i is actually a ground state for Jpr. Let
w e Hg(Q) be a ground state solution of Jpr. Then, by (6-17),

m = JDIR(U_)) = Jo'k (t(;kk (lf))u_)) > inf Jo’k > inf Jo’k = Jo’k (Mk);
Noy NHG () Nok

hence we deduce that m > liminfy_, ; o Jo, (4x). Moreover, by strong convergence,

n=(l__1_ Tl BT (l_L) Pl g
Jo@) = (5 =245 [ e@alrt = tim (3=—ig) [ el = tim o, o

Finally, since u is a solution of the Dirichlet problem (6-16), we have u € AVpg, S0

m < Jpr(#) < liminf Jg, (ug) < m. -
k—>+o0

Moreau dual cones decomposition. So far, we have proved the existence of ground states for the Dirichlet
problem (6-16) and the convergence result as 0 — +o00. Proving positivity of ground states of (6-16) is
quite a hard subject, since it strongly relies on the geometry of the domain, even in the linear case, where
f(x,u) = f(x): we refer to [Sweers 2001] for a short survey. Anyway, there are some cases in which
it holds: for instance, the Dirichlet problem in the ball has been studied in [Ferrero et al. 2007], which
covers the case where g = 1, but whose arguments hold also in the general situation.

Our strategy is mainly inspired by this last work and it was firstly applied to fourth-order problems
by Gazzola and Grunau [2001]. Briefly, we use Moreau decomposition in dual cones (for the original
paper, see [Moreau 1962]) to obtain from a supposed sign-changing ground state solution u, a function w
of one sign and in the same space with a strictly lower energy level, leading to a contradiction. In our
case, in order to apply this machinery, we have to impose that the associated linear problem is positivity
preserving: this will be the connection between the two problems.

Definition 6.15. Let @ C R? be a bounded domain of class C1:! and fix 6 € R. The linear Steklov
boundary problem
ANu=f in Q,

6-19
u=Au—(1—-o0)ku, =0 ondQ ( )

is positivity preserving in Q if there exists a unique solution u € H2(2)N HO1 (2) and f > 0 implies u >0,
and this holds for each f € L2(£2). We shorten this by saying that “Q2 is a [PPP,] domain for (6-19)”.

Definition 6.16. Let H be a Hilbert space with scalar product (-,-)y and K C H be a nonempty closed
convex cone. Its dual cone K* is defined as

K*:={we H|(w,v)yg <0 forall ve K}.

Theorem 6.17 (Moreau dual cone decomposition, [Gazzola et al. 2010, Theorem 3.4]). Let H be a
Hilbert space with scalar product (- ,-)g and K and K* as before. Then for every u € H, there exists a
unique couple (u1,uz) € K x K* such that u = uy + up and (u1,uz)g =0.
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Our aim is to apply this result with (H, || - ||g) = (H*(Q) N HO1 (2); || - |a,), where || - ||a, is the
norm (2-1), and K := {v € H | v > 0}, the cone of nonnegative functions, looking for a decomposition of
each element of the space in positive and negative “parts”. Hence we need a characterization of the dual
cone K*:

Lemma 6.18. If Q is a [PPPy] domain for (6-19) for a fixed o € R, then K* C{w € H |w <0 a.e.} U{0}.

Proof. We adapt here the proof of [Gazzola et al. 2010, Proposition 3.6]. Let ¢ € C2°(2), ¢ >0 and let
v € H2(Q) N H(} (£2) be the unique weak solution of the linear problem

A%, = ¢ in Q,
Vo = Avy — (1 —0)k(vyp)n =0 on IQ;

that is, for every test function w € H?(2) N HO1 (£2), we have

(v, W H, = fg Avy Aw — (1 _U)/BQ K(Vp)nwn = /Q pw.

Hence, suppose w = u € K*: as Q is a [PPP,] domain and ¢ > 0, we deduce that v, > 0, so v, € K and
thus (vy, u) g, < 0. As a result, we have obtained that for every ¢ € C°(R2), ¢ >0, we have [, pu <0,
which implies that u <0 a.e. in Q.
Moreover, let us suppose that the null set of u, namely N := {x € Q | u(x) = 0}, has positive measure,
consider ¥ := yn # 0 and let vy be the unique solution of the linear Navier problem
% A?vo =1 in Q,

6-20
vg = Avg =0 on dQ. ( )

Then vg is strictly superharmonic by the maximum principle; thus vg > 0 and, by the Hopf Lemma,
(vo)n < 0. As a result, for any function v € H2(R2) N HO1 (£2) one can produce two positive constants «,
B such that v + avg > 0 and v — Bvg < 0. Moreover we claim that (u, vo) g, > 0. In fact, as vg is the
weak solution of (6-20) and by the definition of v,

/nguAv():/Quw:/Nuzo.

Thus, since 0 > 1, ¥ >0, u, <0asu >0, and (vg), <0,

(oo, = [ Budvg=(1-0) [ kun(oo)s =0
Q a0
As a result, recalling that u € K*, v + avg € K and v—pBvg € (—K), we have the chain of inequalities

0> (u,v+avo)g, = U, V)g, +a(u,vo)g, > WU, V), > WU, v)g, —BM,v0)H, = (U, v—PBvo)H, >0,

which implies that (, v)g, = 0, and this holds for all v € H?(Q) N HO1 (£2). Hence this is true also for
v defined as the unique solution of the Steklov problem
A% =y in Q,

6-21
v=Av—(1—-0)xv, =0 ondL, ( )
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and, using u as a test function, we deduce that

2 2
0=(u.0)m, =/Qu = lull3.

which implies u = 0 a.e. O

Proposition 6.19. Let o > 1 and suppose Q2 is a [PPPy] domain for (6-19). Then the ground states of J
are a.e. strictly of only one sign.

Proof. Letu € H*>(Q) N HO1 (£2) be such a ground state and suppose by contradiction that u is sign-
changing. Denoting as before the cone of nonnegative functions by K, by Moreau decomposition there
exists a unique couple (u1,u2) € K x K* such that u = uy +u2 and (41, u2)n, = 0. Hence we know
that 1 > 0 and, by Lemma 6.18, u» < 0. Moreover, u is supposed to change sign, so u; # 0.

Defining w :=u; —us € H>(Q) N HOI(Q), we have w > |u/|. Indeed,

W=U1—Up>Ul+Ur=U, W=U]—Uy>—U]l—U)=—U.

Consequently, [ g(x)|w|? s Jo g()|ul? *1 and, since the decomposition is orthogonal under that

norm, ||w||12qa = ||u1||12110 + ||uz||1211(T = ||u||12110. Moreover, by Lemma 3.3, there exists t* := t*(w) €
(0, +00) such that w* := t*(w)w € Ny. Hence we deduce
*)? (f*)"H/ 1
Jo(w*) = wlz — x)|w| Pt
o) = Tk, = | @)
() ()P

<

/Q gulPH = o (* (W) < Jo (),

2
iz, —

2 p+1

since ¥ is the maximum of J, on the half-line {tu | ¢ € (0, +00)} by Lemma 3.3; thus we have a

contradiction again, since u was the infimum of J, on the Nehari manifold N,. Hence we infer that u > 0.
Finally, as u is a critical point of J,, we have for each a positive test function ¢ € H?(Q2) N HO1 (),

(. ), = / AuAg—(1—0) / Kl on = / g > 0,
Q I Q

which implies that —u € K* Applying now Lemma 6.18, we get —u < 0, that is, u > 0. |

As a consequence, the problem of proving positivity of ground state is led back to a problem of
positivity preserving for the linear problem, which was already tackled and solved by Gazzola and Sweers
[2008].

Theorem 6.20. Let 0 > 1 and Q C R? be a bounded convex domain with 02 of class C? There exists
8:(R2) € (1, +00] such that if 0 € (1,6.(R2)), the ground states of the functional J, are a.e. strictly of
only one sign.

Proof. We follow the notation of [Gazzola and Sweers 2008]. Choosing 8 = « in Theorem 4.1(iii)
of that paper, we infer the existence of . (€2) € [—00,0) such that if (1 — o)k > &¢ ,(£2)k, then the
positivity preserving for problem (6-19) holds in 2. Hence, defining 8c(Q) =1+ 8¢, (2)], we can
apply Proposition 6.19, provided o < SC(Q). O



POSITIVITY FOR FOURTH-ORDER SEMILINEAR PROBLEMS 973

Comparing Theorems 6.20 and 6.12, one may argue that we have nothing more than what we already
knew: in both we obtain the existence of o7 = 01(2) > 1 such that for all 0 € (1, 01) the ground
state solutions of problem (1-3) are positive. Nevertheless, in Theorem 6.20 we get further precise
information about how the interval of positivity depends on the domain, relating it strongly with the
positivity-preserving property. This fact is striking in the case of the disk and allows us to finally answer
the question which opened the section.

Corollary 6.21. Let B C R? be a disk and let ¢ > 1. Then the ground states of the functional J, are a.e.
strictly of only one sign.

Proof. It is enough to notice that here k = 1 and applying [Gazzola and Sweers 2008, Theorem 2.9] one
can deduce J. (B) = —oo, which implies 8. (B) = +o0. |

One should finally notice that here the positivity found by the dual cones method is up to a subset of
the domain with zero Lebesgue measure, so almost everywhere in 2. This is the price we have to pay to
extend the positivity beyond the parameter o1 found in Theorem 6.12 (see also Remark 6.13).

Remark 6.22. Again, up to some easy modifications in the proofs, both the convergence in Theorem 6.14
and the positivity result in Theorem 6.20 hold also in the sublinear case p € (0, 1).

7. Radial case

This section is devoted to some further investigations when the domain is a disk in R? and the function g
is radial, regarding existence, positivity and some qualitative properties of radially symmetric solutions.
Moreover, we establish the counterpart of the convergence results of Sections 5 and 6, but for general
radial positive solutions.

For simplicity, we focus on the problem

A%y = g(x)|u|P"lu in B,

7-1
u=Au—(1—-o)u, =0 ondB, -1

where B := B1(0) C R%, g = g(|x|) lies in L!(B) and it is strictly positive inside B. Moreover, we let
o €Rand p e (0,1)U(1,+00) to cover both the sublinear and the superlinear case. Notice that the
curvature does not appear in the mixed boundary condition since x(B) = 1.

Positive radially decreasing solutions and global bounds. First of all, by Proposition 5.3, our analysis
concerns only the range o > —1: in fact, if Q2 = B, one has ¢* = —1, since the first Steklov eigenvalue
Sl(B) is 2 (see [Berchio et al. 2006, Proposition 12]).

Retracing exactly the same steps of Sections 3 and 4, it is quite easy to obtain the existence of a positive
radial solution. In fact, confining ourselves to the closed subspace of radial functions

Hya(B) == {u € H*(B)N Hy (B) | u(x) = u(|x|) for all x € B} = Fixp(2y(H*(B) N Hy(B)).

we deduce the existence of a critical point of J; restricted to Hyg(B). Then it is enough to notice that
Js is invariant under the action of O(2) and to apply the principle of symmetric criticality due to Palais
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(see [Willem 1996, Theorem 1.28]), retrieving that these points are critical for J also with respect to the
whole space.

Finally, if we restrict to the interval (—1, 1], the positivity of such critical points is proved as in
Propositions 4.9 and 4.12, realizing that the superharmonic function of a radially symmetric function
is radial too (see (4-4)). On the other hand, if ¢ > 1, one can apply the dual cone decomposition to the
Hilbert space H;aq(B) and argue as in Lemma 6.18 and Proposition 6.19, taking into account that B is a
[PPP;] domain for every o > —1. Summarizing, we have shown the following:

Proposition 7.1. Let p € (0,1)U(1,4+00), g =g(|x|) € LY(B), g > 0. If 0 < —1, there is no positive
nonnegative nontrivial solution for (7-1), while, if o > —1, there exists at least a positive radial solution,
which is strictly superharmonic whenever o € (—1, 1].

Now, we want to prove some qualitative properties of radial positive solutions of (7-1). The first result
concerns the radial behaviour, while the second the uniform boundedness in L°°(B). Before proving
these results, one should notice that such solutions are strong solutions, namely in W#4(B), provided
g € L9(B) for some ¢ > 2 and also classical assuming in addition that g € W1:9(B) for some ¢q > 2.
This is a straightforward application of Lemma 6.7 combined with Morrey’s embeddings.

Lemma 7.2. Let B := Bg(0) be the ball of radius R in R? centered in 0, q > 2 and he W?24(B) be
radial. Defining h : [0, R] — R to be its restriction to the radial variable, for all t € [0, R] the following
equality holds:

t
th'(1) =/ s Ah(s) ds. (7-2)
0

Proof. If h is of class C?, it comes directly from integration by parts and from the radial representation of
the laplacian as

~ 1
Ah(x) =1"(|x]) + mh/(lxl)-
Otherwise, let (flc)keN C C*(B) be such that fk — hin W?24(B), soin C'(B). Since h is radial, we
claim that it is possible to choose each f} to be radial and we denote its restriction to the radial variable
as fx. If so, for every k € N, we have

t

L) = /(; s Afr(s)ds.

As aresult, as k — 400,

t
1 ~ ~ ~ ~
/0 S(ASi(s) = Ah(s)) ds| = A fi = AhliL18,0)) = €@ fic = hllw2.a(8) = O

The result is proved by the convergence in C ! (B) and the uniqueness of the limit. Now we have to justify
our previous claim. Since 4 € W29 (B), we have

9%h
),

q
817()6’)}) dx dy < 400,
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where i € {x, y} and « is a multi-index of length 0 < |¢| < 2. Since each (8"‘};)/(31'"‘) is radial, this
is equivalent to saying that h € W24([0, R],r), that is, the weighted Sobolev space with weight .
Hence, by [Kufner 1985, Theorem 7.4] (M = {0}, ¢ = 1 in notation therein), there exists a sequence
(fi)ken € C([0, R]) such that f; — h in WM([O, R], r), that is

Hence, defining Fj (x) := fk(|x|), each Fj € C*®°(B) is radial and

dxdy—ZHZ/

and the claim is proved. O

dr—)O.

0%h

—(r) fr(r) dr — 0,

lh = Fillwa.a () =

Proposition 7.3 (radial decay). Assume g € L4(B) for some q > 2, g is radial and g > 0, and let u # 0
be a nonnegative radial solution of (7-1) witho € (—1,1] and p € (0,1) U (1, +00). Then u is strictly
radially decreasing; thus u > 0 in B.

Proof. By the assumption on g, we infer that u is a strong solution; thus w := Au € W29(B). Since
Aw = A%u = g(|x|)u? > 01in [0, 1], applying Lemma 7.2, we have w’ > 0 in (0, 1]. Hence Au is strictly
increasing in (0, 1]. Moreover, since u is nonnegative and u(1) = 0, we have u’(1) < 0; hence, using
the second boundary condition, Au(1) = (1 —o)u’(1) <0. Since Au is strictly increasing in (0, 1], we
deduce that Au < 0 in [0, 1), and finally, applying again Lemma 7.2, u’ < 0 in (0, 1]. O

In the next result we find a uniform upper bound for positive radial solutions of (7-1), which may be
seen as a superlinear counterpart of Proposition 4.11. We will make use of a blow up method which
goes back to Gidas and Spruck [1981], and which was adapted to the polyharmonic case by Reichel and
Weth [2009; 2010]. Briefly, our argument will be the following: supposing the existence of a sequence
of positive radial solutions with diverging L norm, we rescale each of them in order to have another
sequence of functions with the same L°° norm, satisfying the same equation in nested domains which
tend to occupy the whole R Then we show that, up to a subsequence, it converges uniformly on compact
subsets to a continuous nonnegative but nontrivial function. This turns out to be a solution of the same
equation on R2, which is a contradiction with the following Liouville-type result by Wei and Xu, with
N =2andm =2:

Lemma 7.4 [Wei and Xu 1999, Theorem 1.4]. Let m € N and assume that p > 1 if N < 2m and
1< p<(N+4+2m)/(N—=2m)if N>2m.If uis a classical nonnegative solution of

(=A)"u =u? in RV,
thenu = 0.

In our proof we will make also use of the following local regularity estimate, which is a particular case
of a more general result by Reichel and Weth:
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Lemma 7.5 [Reichel and Weth 2009, Corollary 6]. Let @ = Bgr(0) CRY, m e N, h € L?(Q) for some
p € (1, 400) and suppose u € WP (Q) satisfies

(=A™ u=h in Q.

Then there exists a constant C = C(R, N, p, m) such that for any § € (0, 1),

C
[l w2m.p By (0)) = m(”h”LP(BR(O)) + ullr (B (0)))-

Proposition 7.6. Let 0 € (—1,1]. Let g € LY(B) for some q > 2, g be radial and g > 0. Suppose also
that g is continuous in 0. Then, there exists C > 0 independent of o such that |u|co < C for every u
radial positive solution of (7-1).

Proof. By contradiction, suppose there exists a sequence (vg )xen Of radial positive solutions such that
vk lloo /* +00. According to Proposition 7.3, each vy is radially decreasing, so v (0) = || vk |lco ,/ F00.

For each k > 1, define
4

urp(x) = A" v (Agx),

4
where A; € R are such that A~ = 1/v;(0). With this choice, each uy satisfies

Ay = g(|)th|)u,f in B%(O),

k 7-3
Uy = Augp — (1 —0)Ax(Ug)n =0 on BB%(O), 7-3)

k
isin W*4(B L (0)), radially decreasing and
k
=

luilliLoo(By ), (0)) = ur(0) = A v (0) = 1. (7-4)

We claim that the sequence (uy)xen is uniformly bounded on compact sets of R? in W*#:¢ norm. In fact,
let K C R? be compact; then there exists p > 0 such that B,(0) D K and, for k large enough, each uy is in
K since B i (0) D B2,(0) definitively. For such k, by (7-4) and applying Lemma 7.5 with Q@ = B»,(0),
m=N=2and8=%,

C(p,q)
lukllwa.axy < lukllwaas,0) = 128 (I1A%ukl La(Bap(0y) + 1kl L (Bap(0)))

=16C(p.q) (g Ak - DllLa (B, (0)) + Isz(O)Ié)- (7-5)

Moreover, fixing ¢ > 0 and supposing k large enough,

1Ak - Dl oy = (47p2)7 ( lg(»)|? dy)q < (4np?)7g(0) +e,  (7-6)

|szxk 0)] By, (0)

where the last inequality follows from the Lebesgue differentiation theorem. Hence, combining (7-5)
with (7-6), we infer [lug ||p4.0(x) < C(p,q, K, g), which is uniform on k. Incidentally, notice that this
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constant does not depend on . Hence we find u € W4 (K) such that, up to subsequences, ux — u in
C3(K), where u € C3(R?), u >0 and u(0) = 1 by (7-4) and satisfying

A%u = g(0)u? inR2

So, by a bootstrap method, we deduce that u is also a classical solution. Finally, setting for all x € R?
w(x) :=u(bx) with b := g(O)_%, one has w is a nonnegative solution of

A?*w =w? inR?
with w(0) = u(0) = 1, which contradicts Lemma 7.4. O

Convergence results. We want to investigate what happens at the endpoints of the interval (—1, 1] in
which o lies, by means of the last results. More precisely, our aim is to examine if any result similar to
Theorems 5.8 and 6.5 can be found assuming (1 )ren to be a sequence of positive radial solutions of
(7-1) with 0 = oy but without imposing any “minimizing” requirement. Unless otherwise stated, we
assume g =1 and p > 1.

Let us start with the behaviour for 0 — 1, where the main ideas are taken from the same result for
ground states. Notice that we know everything for the Navier problem in the ball: in fact, Dalmasso [1995]
proved that there exists a unique positive solution, which is radially symmetric and radially decreasing
thanks to a result by Troy [1981].

Proposition 7.7. Let (up)ren be a sequence of positive radial solutions of (7-1) with o /' 1. Then
uy — i in H?(B), where i is the unique positive solution of the Navier problem.

Proof. We firstly claim that such a sequence is bounded in H?(B). Indeed, by Proposition 7.6,

1—O'k -1 2C() +1
||uk||§,2(3)sconAuku%sco(l— . ) Ik, = 7o o el < 2m CoC P+

Hence, we can extract a subsequence (ukj. )jen such that there exists v € H 2(B)N HO1 (B) such that
ug,; — v weakly in H 2(B). By Lemma 6.1, together with Remark 6.2, one can infer that this subsequence
is actually strongly convergent in H2(B) and then that ¥ is a weak solution of the Navier problem (thus
classical by regularity theory). Moreover, since the convergence is pointwise, we immediately deduce
that v is nonnegative, radially symmetric and radially nonincreasing. Nevertheless, by Proposition 7.3, v
is actually strictly decreasing and positive in B, so it coincides with the unique positive solution u of the
Navier problem. By the uniqueness of the limit and applying Urysohn subsequence principle, we retrieve
the convergence of the whole sequence (uy )y from which we started. O

Let us now investigate the case ¢ — —1. As already noticed in Lemma 5.9, it is enough to understand
the behaviour of the L?T1(B) norm of a sequence of solutions to infer the convergence in H?(B) norm.
Since the proof of Theorem 5.8 strongly relies on the fact that it deals with ground states, we need a
different technique. The first step is a Pohozaev-type identity by Mitidieri [1993]: it will allow us to
prove an inequality involving L?(B) and L?*1(B) norms which, combined with the uniform bound of
Proposition 7.6, will lead us to the convergence result.
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Lemma 7.8 [Mitidieri 1993, Proposition 2.2]. Let Q be a smooth domain and u € C*(2). The following
identity holds:

N
/Q(Azu)x-Vu—?/Q(Au)z—(N—Z)/Q VAu-Vu

= —% /{)Q(Au)zx ‘n +/2)Q((Au)n(x~Vu) +up(x-VAu)—VAu-Vu(x -n)).

Corollary 7.9. Suppose u is a positive solution for problem (7-1) with g = 1. Then the following identity

holds:
/aBR((Au)n+(1—a)(1—lga)un)un_ (1+%)/ W+, a7

Proof. By similar computations as in the proof contained in [Berchio et al. 2007, Section 6], from

Lemma 7.8 one infers
N—4 N
(T — m) /Q ubtl = /m (x-VAu+IN(1 —0)kun — (1= 0)*k%up(x-n))un.  (7-8)

If N=2and Q = B,wehave x =n and x = 1, so x - VAu = (Au), and (7-7) follows. O

The next result follows from some ideas of Berchio and Gazzola: we give here a sketch, while we
refer to [Berchio and Gazzola 2011, Proposition 4], for a more detailed proof.

Lemma 7.10. Let o € (—1, 1) and u be a positive radial solution of problem (7-1) with g = 1. Then the
following estimate holds:

1 p+1

L 3 (1 _ 3 1_6))—"  ET T iAZy2. 7-9
||u||p+1 s 4( 64( 0))ﬂ(1+0)p+3|| u”l ( )
Proof. By radial symmetry, (7-7) reduces to
31
2(Au) (') + (1 —o)(1+0) W' (1))* = —i—f uPtl, (7-10)
p+lm/p

Moreover, by the divergence theorem we have
u'(1) = L[ Au and (Au)' (1) = L A%y,
2 B 2 B

so, taking the first Steklov eigenfunction w(x) = %(1 — |x|?) and after some elementary computations,

one gets
(/ Azu—(l—a)/ wAzu)/ w A%y _&(Ha)n/up“. (7-11)
B B B P B

Noticing that 0 < w < 1, we have

4’
3 A%u < w A%y <= A2u.
64 /p ~—JB 4 B

Hence, defining now d := (1-0), s:= fB w A2y and A:= fB AZu, the left-hand side of (7-11) becomes
As —ds® ~withs € [ A: lA]
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Since d > 0, we know ¥ : s — As —d s2 is a concave function, so it attains its minimum on the extremal
values of the interval: in this case, with 0 < d < 2, one has

Y(s) > 2 (1—Zd)A>
Combining this with (7-11), one finds the desired estimate (7-9). O
Theorem 7.11. Let o, \ —1 and (uy)ren be a sequence of positive radial functions, each of them a
solution of the problem (7-1) with g = 1 and o = oy. Then, uy — 0 in H*(B).

Proof. By Lemma 5.9, it is enough to prove the convergence in L?+!(B) norm. Since every solution
of (7-1) is smooth, we have ||A%uyl||; = ||uk||f,’ . Moreover, by the uniform L°° estimate found in
Proposition 7.6, we know that there exists a constant C > 0 not depending on oy, such that

+1 1 1
lurll2) < NurlZ' Bl < wCPFL

As a result, using the estimate provided by Lemma 7.10, one has

1+ o >p+1 3

> g 127, (7-12)
1_6%(1_0k) p+364x2CP+1

so, letting oy, — —1 we deduce |ug ||, — 0. This, together with the L°°(B) estimate of Proposition 7.6,
gives us the convergence in L”+1(B) and so the desired result. O

8. Open problems

We end our paper with some unsolved questions that would complete the present investigation.
e If Q is a ball, are the ground states of Js radially symmetric?

In fact, we deduced the existence of ground states and radial solutions which are indeed ground states
among all possible radial solutions; both of them are positive and have the same behaviour when 0 — —1
and o — 1. But no standard techniques such as the Talenti symmetrization principle seem to apply (except
for the Navier case) to prove that these classes of functions are indeed the same.

e Are the radial positive solutions radially decreasing if o > 1?

Indeed, the radial decay property proved in Proposition 7.3 does not apply in this setting and, by now, we
cannot extend Proposition 7.6 for these values of o.
Moreover, in the spirit of [Dalmasso 1995] and [Ferrero et al. 2007]:

e Can we say something about the uniqueness of (at least) the positive radially symmetric ground state
of Jo for some values of a?

Finally, all the techniques developed in Section 3 strongly relied on the assumptions we made on the
boundary, that is, 92 of class C I, in order to have x € L>°(92). In particular, Theorem 4.7 allowed us
to rewrite in an appropriate way our functional. Also the convexity played a crucial role in proving the
positivity: see in particular Propositions 4.9, 4.12 and 5.6 as well as Theorem 6.20.
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e May we deduce the positivity of ground states of Jo when the domain €2 is not convex anymore or
with less regularity on the boundary?

Since in the Navier case their positivity is always assured simply by the maximum principle, we expect
that, even without the convexity assumption, it continues to hold whenever o belongs to a neighborhood
of 1 which may depend on “how far” the domain is from being convex.

Concerning the regularity of the boundary, if we consider the particular case of a convex polygon P, it
is known that ground states of J; are positive for every o: in fact, the superharmonic method applies
easily once we have fp det(V2u) = 0 thanks to a result by Grisvard [1992, Lemma 2.2.2]. We believe
that positivity for ground states of J still holds imposing, for instance, only Lipschitz regularity for d€2.
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GEOMETRIC CONTROL CONDITION FOR THE WAVE EQUATION
WITH A TIME-DEPENDENT OBSERVATION DOMAIN

JEROME LE ROUSSEAU, GILLES LEBEAU, PEPPINO TERPOLILLI AND EMMANUEL TRELAT

We characterize the observability property (and, by duality, the controllability and the stabilization) of
the wave equation on a Riemannian manifold €2, with or without boundary, where the observation (or
control) domain is time-varying. We provide a condition ensuring observability, in terms of propagating
bicharacteristics. This condition extends the well-known geometric control condition established for fixed
observation domains.

As one of the consequences, we prove that it is always possible to find a time-dependent observation
domain of arbitrarily small measure for which the observability property holds. From a practical point of
view, this means that it is possible to reconstruct the solutions of the wave equation with only few sensors
(in the Lebesgue measure sense), at the price of moving the sensors in the domain in an adequate way.

We provide several illustrating examples, in which the observation domain is the rigid displacement
in  of a fixed domain, with speed v, showing that the observability property depends both on v and on
the wave speed. Despite the apparent simplicity of some of our examples, the observability property can
depend on nontrivial arithmetic considerations.

1. Introduction and main result 983
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4. Boundary observability and control 1012
Appendix: A class of test operators near the boundary 1014
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1. Introduction and main result

1A. Framework. Studies of the stabilization and the controllability for the wave equation go back to
the works of D. L. Russell [1971a; 1971b]. The work of J.-L. Lions [1988a] was very important in
the formalization of many controllability questions. In the case of a manifold without boundary €2,
the pioneering work of J. Rauch and M. Taylor [1974] related the question of fast stabilization, that
is, exhibiting an exponential decay of the energy, to a geometric condition connecting the damping
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region w C Q2 and the rays of geometrical optics, resulting in the now celebrated geometric control
condition (in short, GCC). The damped wave equation takes the form

a,?u — Au+ Yo 0ru =0.

Using that the energy of the solution to a hyperbolic equation is largely carried along the rays, if one
assumes that any ray will have reached the region w where the operator is dissipative in a finite time, one
can prove that the energy decays exponentially in time, with an additional unique continuation argument
that allows one to handle the low-frequency part of the energy. The work [Rauch and Taylor 1974] only
treated the case of a manifold €2 without boundary, leaving open the case of manifolds with boundary
until the work of C. Bardos, G. Lebeau, and J. Rauch [Bardos et al. 1992]. The understanding of the
propagation of singularities in the presence of the boundary 92, after the seminal work of R. Melrose and
J. Sjostrand [1978; 1982], was a key element in the proof of [Bardos et al. 1992], providing a generalized
notion of rays, taking reflections at the boundary into account as well as glancing and gliding phenomena.
The geometric condition for w, now an open subset of , is then the requirement that every generalized ray
should meet the damping region w in a finite time. The resulting stabilization estimate then takes the form

Eo(u(t)) < Ce™“" Eg(u(0)),
where Ej is the energy
Eo(u(®)) = lu@®3;1 ) + 131172 q)-

Note that, if an open set w does not fulfill the geometric control condition, then only a logarithmic type
of energy decay can be achieved in general [Lebeau 1996; Lebeau and Robbiano 1995; Burq 1998]."

The question of exact controllability relies on the same line of arguments as for the exponential
stabilization. By exact controllability in time 7" > 0, for the control wave equation

3 — Au= xu(x) f,

one means, given an arbitrary initial state (ug, u;) and an arbitrary final state (ug , uf ), the ability to
find f such that (u,—r, dsu;=7) = (u}, u}) starting from (u,—o, d;u;=0) = (uo, u1). If the energy level is
(u(t), du(t)) € H'(Q) ® L*(RQ), it is natural to seek f € L?((0, T) x Q). Boundary conditions can be
of Dirichlet or Neumann types.

In fact, as is well known, both exponential stabilization and exact controllability of the wave equation
in a domain €2, with a damping or a control only acting in an open region w of Q, are equivalent to an
observability estimate for a free wave. For such a wave, the energy is constant with respect to time. The
observability inequality takes the following form: for some constant C > 0 and some T > 0, we have

T
B < C [ 1ol dr. 1)
0

For the issue of exact controllability, the time 7 > 0 in this inequality is then the control time (horizon).
If the open set w fulfills the geometric control condition, then the results of [Rauch and Taylor 1974;

n fact, intermediate decay rates have been established in particular geometrical settings; see for instance [Schenck 2011] for
almost exponential decay, and [Burq and Hitrik 2007; Phung 2007; Anantharaman and Léautaud 2014] for polynomial decay.
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Bardos et al. 1992] show that the infimum of all possible such times 7" coincides with the infimum of
all possible times in the geometric control condition. Note however that there are cases in which the
geometric control condition does not hold, and yet the observability inequality (1) is valid: the case €2 is
a sphere and w is a half-sphere is a typical example.

A glance at inequality (1) shows that observability is in fact to be understood as occurring in a space-
time domain, here (0, 7) x w. It is then natural to wonder if observability can hold if it is replaced by
some other open subset of (0, ) x Q. This is the subject of the present article.

The motivation for such a study can be seen as fairly theoretical. However, in practical issues, in different
industrial contexts, for nondestructive testing, safety applications, as well as tomography techniques used
for imaging bodies (human or not), this question becomes quite relevant. In fact, the industrial framework
of seismic exploration was the original motivation for this work. In the different fields we mentioned, data
are collected to be exploited in an interpretation step which involves the solution of some inverse problem.
The point is that the device used to collect data does not fit well with the usual geometric condition which
is crucial to obtain an observability result. In some cases it appears of great interest to be able to tackle
situations where the observation set is time-dependent. In others, the reduction of data volume may be
sought, while preserving the data quality. One may also face a situation in which all sensors cannot be
active at the same time.

The example of seismic data acquisition can help the reader get a grasp on the industrial need to better
design data acquisition procedures. In the case of a towed marine seismic data acquisition campaign,
a typical setup consists in six parallel streamers with length 6000 m, separated by a distance of 100 m,
floating at a depth of 8 m. The basic receiving elements are pressure-sensitive hydrophones composed of
piezoelectric ceramic crystal devices that are placed some 20 to 50 m apart along each streamer. A source
(a carefully designed air gun array) is shot every 25 m while the boat moves. The seismic data experiment
lasts around 8 s. One understands with this description that a huge amount (terabytes) of data is recorded
during one such acquisition campaign above an area of interest beneath the sea floor. Of course, the
velocity of the ship and of the streamers is very small as compared to that of the seismic waves (1500 m/s
in water and up to 5000 m/s for examples in salt bodies that are typical in the North Sea or in the Gulf
of Mexico). Yet, however small it may be, one can question its impact on the quality of the data. One
could also want not to use all receivers at a single time but rather to design a dynamic (software-based)
array of receivers during the time of the seismic experiment. The reader will of course realize that the
mathematical results we present here are very far from solving this problem. They however give some
leads on what important theoretical issues can be.

An inspection of the proof of [Bardos et al. 1992] shows that it uses the invariance of the observation
cylinder (0, T')) x w with respect to time in a crucial way. Hence, the method, if not modified, cannot be
applied to a general open subset of (0, ) x Q. One of the contributions of the present work is to remedy
this issue. In fact, this is done by a significant simplification of the argument of [Bardos et al. 1992],
yielding a less technical aspect in one of the steps of the proof. Eventually, the result that we obtain
is in fact faithful to the intuition one may have. The proper geometric condition to impose on an open
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subset Q of (0, T) x €, for an observability condition of the form
Eo(u) < c// |0,u|* dt dx 2)
0

to hold is the following: for any generalized ray ¢ — x(¢) initiated at time ¢ = 0, there should be a time
0 < t; < T such that the ray is located in Q N {r = t}, thatis, (¢;, x(t;)) € Q. This naturally generalizes
the usual geometric control condition in the case where Q is the cylinder (0, T) X w.

One of the interesting consequences of our analysis lies in the following fact: if the geometric condition
holds for a time-dependent domain Q, a thinner domain for which the condition holds as well can be
simply obtained by picking a neighborhood of the boundary of Q. This can be viewed as a step towards
the reduction of the amount of data collected in the practical applications mentioned above.

We complete our analysis with a set of examples in very simple geometrical situations. Some of these
examples show that even if “many” rays are missed by a static domain, a moving version of this domain
can capture in finite time all rays, even with a very slow motion. However other examples show situations
in which “very few” rays are missed, and a slow motion of the observation set allows one to capture these
rays, yet implying that other rays remain away from the moving observation region for any positive time.
Those examples may become hard to analyse because of the complexity of the Hamiltonian dynamics
that governs the rays. Yet, they illustrate that naive strategies can fail to achieve the fulfillment of the
geometric control condition. Those examples show that further study would be of interest, with a study
of the increase or decrease of the minimal control time as an observation set is moved around. Some
examples show that this minimal control time may not be continuous with respect to the dynamics we
impose on a moving control region.

1B. Setting. Let (M, g) be a smooth d-dimensional Riemannian manifold, with d > 1. Let €2 be an open
bounded connected subset of M, with a smooth boundary if 02 # &. We consider the wave equation
3u— Agu=0 3)
in R x . Here, A, denotes the Laplace-Beltrami operator on M, associated with the metric g on M. If
the boundary 02 of €2 is nonempty, then we consider boundary conditions of the form
Bu=0 onRxd, 4
where the operator B is either
« the Dirichlet trace operator, Bu = u|5q;
« or the Neumann trace operator, Bu = 9,u3q, where 9, is the outward normal derivative along 9€2.

Our study encompasses the case where 02 = & in this case, €2 is a compact connected d-dimensional
Riemannian manifold. Measurable sets are considered with respect to the Riemannian measure dx, (if M
is the usual Euclidean space R" then dx, is the usual Lebesgue measure).

In the case of a manifold without boundary or in the case of homogeneous Neumann boundary
conditions, the Laplace-Beltrami operator is not invertible on L(2) but is invertible in

/ u(x)dxg, = O}.
Q

L3(Q) = {u e LX)
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In what follows, we set X = L%(Q) in the boundaryless case or in the Neumann case, and X = L*()
in the Dirichlet case (in both cases, the norm on X is the usual Z?-norm). We denote by A = —A, the
Laplace operator defined on X with domain

D(A)={ue X | Au € X and Bu = 0}

with one of the above boundary conditions whenever 02 # &.
Note that A is a selfadjoint positive operator. In the case of Dirichlet boundary conditions, X = L?(2)
and we have

D(A) = H*(Q)NH}(Q), DAY =H}(Q) and DAY? =HY(Q),

where the dual is considered with respect to the pivot space X. For Neumann boundary conditions,
X = L3(X) and we have

D(A) ={u e HX(Q) NL3(X) | (du/dn) s =0} and D(A'Y?) =H'(Q)NLIX).

The Hilbert spaces D(A), D(AY?), and D(A'/?) are respectively endowed with the norms ||u||pa) =
I Aull 12y Il parzy = 1A 2ull 2y and lullparizy = |A™2ull 12q).-

Forall u® u')e D(AY*)x X (resp. X x D(A'/2)"), there exists a unique solution u € ¢O(R; D(AY*)N
€1 (R; X) (resp. u € €°(R; X) N €' (R; D(AY?)")) of (3)~(4) such that u;—o = u° and d,u;—o = u'. In
both cases, such solutions of (3)—(4) are to be understood in a weak sense.

Remark 1.1. In (3), we consider the classical d’ Alembert wave operator [, = 8,2 — Ag. In fact, the
results of the present article remain valid for the more general wave operators of the form

P= 8,2 — Z a;j(x)dy, dx; + lower-order terms,
i,j
where (a;;(x)) is a smooth real-valued symmetric positive definite matrix, and where the lower-order
terms are smooth and do not depend on ¢. We insist on the fact that our approach is limited to operators
with time-independent coefficients as in [Bardos et al. 1992].

1C. Observability. Let Q be an open subset of R x Q. We denote by X o the characteristic function of Q,
defined by xo(¢,x) =11if (r,x) € Q and xo(t, x) = 0 otherwise. We set

w()={xeQ]|(x)e 0},

sothat 0 ={(t,x) e Rx Q |t €eR, x e w(t)}. Let T > 0 be arbitrary. We say that (3)—(4) is observable
on Q in time T if there exists C > 0 such that

T
C”(uo7 u1)||2D(A'/2)><X < ”XQ 8[””%2((0’7"”(9) ='/0' /‘;(I)latu(t’ x)|2dxg dt (5)
for all (u®, u') € D(A'Y/?) x X, where u is the solution of (3)~(4) with initial conditions |, = u° and
Ol )1—0 = u'. One refers to (5) as to an observability inequality.

The observability inequality (5) is stated for initial conditions (u°, u') € D(A'/?) x X. Other energy
spaces can be used. An important example is the following proposition.
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Proposition 1.2. The observability inequality (5) is equivalent to having C > 0 such that

T
0 2 2 2
CH(M s”l)||X><D(A1/2)/ < ||XQM”L2((O,T)><Q) :/(; /( ) |u(t,x)| dxg dt (6)
w(t

for all WO u'y € X x D(A'?Y, where u is the solution of (3)—(4) with initial conditions u;—o = u® and

8,1/1‘,:() = I/[l.
This proposition is proven in Section 2B.

In the existing literature, the observation is most often made on cylindrical domains Q = (0, 7)) X w for
some given T > (0, meaning that w(¢) = w. In such a case where the observation domain w is stationary,
it is known that, within the class of smooth domains €2, the observability property holds if the pair (w, T)
satisfies the geometric control condition (in short, GCC) in €2 (see [Bardos et al. 1992; Burq and Gérard
1997]). Roughly speaking, it says that every geodesic propagating in €2 at unit speed, and reflecting at the
boundary according to the classical laws of geometrical optics, so-called generalized geodesics, should
meet the open set @ within time 7.

In the present article, our goal is to extend the GCC to time-dependent observation domains. For a
precise statement of the GCC, we first recall the definition of generalized geodesics and bicharacteristics.

1C1. The generalized bicharacteristic flow of R. Melrose and J. Sjostrand. First, we define generalized
bicharacteristics in the interior of €2. There, they coincide with the classical notion of bicharacteristics.
Second, we define generalized bicharacteristics in the neighborhood of the boundary.

Symbols and bicharacteristics in the interior. The principal symbol of —A, coincides with the cometric g*
defined by

2
CEEH= max oY

vel, M\{0} gx (v, V)
for every x € M and every & € T M. In local coordinates, we denote by g;;(x) the Riemannian metric g
at point x; that is, g(v, 0)(x) = g;; (X)v’ (x)3/ (x), for v, ¥ € T M, that is, two vector fields, and by g%/ (x)
the cometric g* at x, that is g*(w, @) (x) = g (x)w; (x)wj(x) for w, ® € T*M, that is, two 1-forms. In
local coordinates, the Laplace—Beltrami reads

—Bg = —g(®) 2 (g0 75" (1)3)).

In R x M, the principal symbol of the wave operator 8,2 — Agisthen p(t,x,7,8) = —124 8i (&, &).
In T*(R x M), the Hamiltonian vector field H, associated with p is given by H, f = {p, f} for
f e € (T*(R x M)). In local coordinates, H), reads

Hy=0:pd + Vep Vi — Vi p Vo = =273, + 2875 (0)&dy, — 0y, 8" (0)&i810,.

with the usual Einstein summation convention. Along the integral curves of H,, the value of p is
constant as H, p = 0. Thus, the characteristic set Char(p) = {p=0} is invariant under the flow of H,,.
In T*(R x M), bicharacteristics are defined as the maximal integral curves of H), that lay in Char(p).
The projections of the bicharacteristics onto M, using the variable ¢ as a parameter, coincide with the
geodesics on M associated with the metric g travelled at speed 1.
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We set ¥ = R x Q. We denote by Chary (p) the characteristic set of p above Y, given by
Chary (p) = {p=(t,x, 7,6) eT*(Rx M)\ 0 | x € Q and p(,o)=0}.

Coordinates and Hamiltonian vector fields near and at the boundary. Close to the boundary R x 0€2,
using normal geodesic coordinates (x’, x;), the principal symbol of the Laplace-Beltrami operator reads
55 +£2(x,&". Set y=(¢,x), y'=(t,x") and y, = x4. Here n = d + 1. In these coordinates, the principal
symbol of the wave operator takes the form p(y’, yu, 0, 1,) = n2+r(y, '), where r is a smooth y,-family
of tangential (differential) symbols, and the boundary R x 9<2 is locally parametrized by y’" and given by
{y» = 0}. The open set R x €2 is locally given by {y, > 0}.

The variables n = (', 1) are the cotangent variables associated with y = (y/, y,,). We set

OT*Y ={p=(,n) e T*(Rx M) |y,=0}

as the boundary of T*Y = {p=(y,n) € T*(R x M) | y € Y}. In those local coordinates, the associated
Hamiltonian vector field H), is given by

H, =V, rVy+2n,0,, —V,rv,.
We denote by rg the trace of r on dT*Y, that is, ro(y’, n') = r(y’, y»=0, n'). We then introduce the
Hamiltonian vector field above the submanifold {y, = 0}:

Hyy = VyroVy — VyroVy.

The compressed cotangent bundle. On Y, for points y = (y/, y,) near the boundary, we define the vector
b

fiber bundle °TY = |,y

introduced above. We then have the natural map

JiT*Y =Py = [Ty s in) e 550 i),
yeY

bTy Y, generated by the vector fields 9,/ and y,d,,, in the local coordinates

expressed here in local coordinates for simplicity. In particular:
b s . . . _
e If y e R x Q then Ty*Y = J(Ty*Y) is isomorphic to Ty*Y = T;,“([R x M).
e If y e R x 0S2 then bT;‘Y = j(Ty*Y) is isomorphic to T;([RR X 0€2).

The bundle *T*Y is called the compressed cotangent bundle, and we see that it allows one to patch
together Ty* (R x M) in the interior of © and T;,k([RR x 0€2) at the boundary in a smooth manner, despite
the discrepancy in their dimensions.

Decomposition of the characteristic set at the boundary. We set ¥ = j(Chary(p)) C *T*Y and
Yo = Zy,=0 CI°T*Y =1T*Y),,—0 = T*(R x IQ).

Using local coordinates (for convenience here), we then define G C 3¢ by r(y, ') = ro(y', ) =0 as the
glancing set and H = X \ G as the hyperbolic set. Hence, if p = (', y,=0, ') € ¥ then

peH < ro(y,n) <0, peG < ro(y,n)=0.
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The set of points (3, y,=0, 1) € °T*Y}y, o such that ro(y’, n’) > 0 is referred to as the elliptic set E.
Wealsoset =S UE =3XU bT*Ym:O and we set the cosphere quotient space $*3 to be f)/(O, +00).
The glancing set is itself written as G = G*>D>G?*> .- D G® with p= (¥, y,=0, n) in G**2 if and
only if
nn =ro(p) =0, Hlri(p)=0, 0<j<k,
where r1(p) = 9,,7(y’, y» =0, n'). Finally, we write G?\ G?, the set of glancing points of order exactly 2,
as the union of the diffractive set Gfi and of the gliding set G?Z; that is, G2 \ G? = Gfl U Gz,, with

pE ngz (resp. Gi,) < pe€ G? \ G and ry (p) <0 (resp. > 0).

Similarly, for £ > 2, we write G2¢\ G***1, the set of glancing points of order exactly k = 2¢, as the union
of the diffractive set G?f and the gliding set Gi,z; that is, G*¢\ G**! = G?f U G?, with
p € G2 (resp. Gi,e) — peG*\G* " and Hr2012—2r1 (p) <0 (resp. > 0).

We shall call points in G4 = [ J,>, G?' diffractive.”
Observe that a bicharacteristic going through a point of G¥ projects onto a geodesic on M that has a
contact of order k with R x 0€2.

Generalized bicharacteristics. What we introduced above now allows us to give a precise definition of
generalized bicharacteristics above Y.

Definition 1.3. A generalized bicharacteristic of p is a differentiable map
R\ B 3s+> y(s) € (Chary(p) \dT*Y) U j~1(G),
where B is a subset of R made of isolated points, that satisfies the following properties:
(i) y'(s) = H,(y (s)) if either y (s) € Chary (p) \ 9T*Y or y(s) € i "HGY).
(i) ¥'(s) = Hyy (v () if y(s) € (G \ Ga).
(iii) If 5o € B, there exists § > 0 such that y (s) € Chary (p)\oT*Y for s € (so—3§, s9)U(sg, so+3). Moreover,

£ y(s) exist and y, = yt =0;ie., p* € Chary(p) N3T*Y,
=n", and n, =—n,. Thatis, pT and p~ lay in the same hyperbolic fiber above a

the limits p* = (y*, n*) = lim
/

5>

y =yt
point in °T*Y}, _o: j(pT) =j(p~) € H.

Point (i) describes the generalized bicharacteristic in the interior, that is, in 7*(R x €2), and at diffractive
points, where it coincides with part of a classical bicharacteristic as defined above. Point (ii) describes
the behavior in G \ G, thus explaining that a generalized bicharacteristic can enter or leave the boundary
dT*Y or locally remain in it. Point (iii) describes reflections when the boundary a7T*Y is reached
transversally by a classical bicharacteristic, that is, at a point of the hyperbolic set. While s — &(s)

2In the sense of Taylor and Melrose the terminology diffractive only applies to Gfl. Here, we chose to extend it to | J 1 fo
as we shall refer to nondiffractive points, that is, points in the complement of G4, in Section 4. In the literature nondiffractive
points are defined this way but diffractive points are often defined according to Taylor and Melrose. Then, the set of nondiffractive
points and the set of diffractive points are not complements of one another; a source of confusion.
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exhibits a jump at such a point, s — #(s) and s — x(s) can both be extended by continuity there. We
shall thus proceed with this extension. Above, for clarity we chose to state point (iii) in local coordinates
near the hyperbolic point. The generalized bicharacteristics are however defined as a geometrical object,
independent of the choice of coordinates.

Definition 1.4. Compressed generalized bicharacteristics are the image under the map j of the generalized
bicharacteristics defined above.

If Py = j(y) is such a compressed generalized bicharacteristic, then ®y : R — ®T*Y \ E is a continuous
map (if one introduces the proper natural topology on °7*Y).

Using ¢ as parameter, generalized geodesics for €2, travelled at speed 1, are then the projection on M
of the (compressed) generalized bicharacteristics. Generalized geodesics remain in 2. We shall call a
“ray” this projection following the terminology of geometrical optics.

An important result is then the following.

Proposition 1.5. A (compressed) generalized bicharacteristic with no point in G* is uniquely determined

by any one of its points.

We refer to [Melrose and Sjostrand 1978] for a proof of this result and for many more details on
generalized bicharacteristics (see also [Hormander 1985, Section 24.3]).

1C2. A time-dependent geometric control condition. With the notion of compressed generalized bichar-
acteristic recalled in Section 1C1, we can state the geometric condition adapted to a time-dependent
control domain.

Definition 1.6. Let Q be an open subset of R x ©, and let 7 > 0. We say that (Q, T) satisfies the
time-dependent geometric control condition (in short, t-GCC) if every generalized bicharacteristic
by ‘R — bT*y \E, st (t(s), x(s), T(s), £(s)), is such that there exists s € R such that #(s) € (0, T)
and (z(s), x(s)) € Q. We say that Q satisfies the r-GCC if there exists T > 0 such that (Q, T) satisfies
the r-GCC.

The control time Tp(Q, €2) is defined by

To(Q, Q) =inf{T > 0] (Q, T) satisfies the r-GCC},
with the agreement that Tp(Q, Q) = +o0 if QO does not satisty the r-GCC.
The #-GCC property of Definition 1.6 is a time-dependent version of the usual GCC.
Remark 1.7. Several remarks are in order.

(1) The r-GCC assumption implies that the set O = [_J, €(0.T) w(t) is a control domain that satisfies the
usual GCC for atime T > Ty(Q, Q2).

(2) It is interesting to note that the control time 7p(Q, €2) is not a continuous function of the domains
for any reasonable topology (see Remark 3.1 below).
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Figure 1. Reflections of generalized geodesics at some corner: a right angle corner (left)
and a general corner (right).

(3) Observe that if (Q, T) satisfies the r-GCC, a similar geometric condition may not occur if the time
interval (0, T') is replaced by (9, fo + 7). As the set Q is not a cylinder in general, by nature the
t-GCC is not invariant under time translation.

(4) Note that Q cannot be chosen as an open set of R x €2 instead of R x Q. Consider indeed the case
of a disk: if Q is an open set of R x €2 then the ray that glides along the boundary never enters Q.
This coincides with the so-called whispering gallery phenomenon.

1D. Main result.

Theorem 1.8. Let Q be an open subset of R x Q that satisfies the t-GCC. Let T > To(Q, Q). If 9Q # @,
we assume moreover that no generalized bicharacteristic has a contact of infinite order with (0, T) x 0€2,

that is, G = &. Then, the observability inequality (5) holds.
Theorem 1.8 is proven in Section 2A. By Proposition 1.2 we have the following result.
Theorem 1.8. Under the same assumptions as Theorem 1.8 the observability inequality (6) holds.

Remark 1.9. (1) In the case where 02 = &, the assumption of the absence of any ray having a contact
of infinite order with the boundary is classical (see [Bardos et al. 1992]). Note that this assumption is not
useful if M and 02 are analytic. This assumption is used in a crucial way in the proof of the theorem to
ensure uniqueness of the generalized bicharacteristic flow, as stated in Proposition 1.5.

(2) We have assumed here that, if 02 # &, then 92 is smooth. The case where 92 is not smooth is open.
Even the case where 92 is piecewise analytic is open. The problem is that, in that case, the generalized
bicharacteristic flow is not well defined since there is no uniqueness of a bicharacteristic passing over a
point. This fact is illustrated in Figure 1 (right) where a ray reflecting at some angle can split into two
rays. However, it clearly follows from our proof that Theorem 1.8 is still valid if the domain €2 is such
that this uniqueness property holds (like in the case of a rectangle). In general, we conjecture that the
conclusion of Theorem 1.8 holds true if all generalized bicharacteristics meet 7*Q within time 7. This
would require however extending the classical theory of propagation of singularities. Proving this fact is
beyond of the scope of the present article. We may however assert here, in the present context, that the
result of Theorem 1.8 is valid in any d-dimensional orthotope.
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Remark 1.10. In the case of a 1-dimensional wave equation with Dirichlet boundary conditions, the
corresponding statement of Theorem 1.8 is proven in [Castro et al. 2014] by means of the d’ Alembert
formula. The proof we provide in Section 2A is general and follows [Bardos et al. 1992; Burq and Gérard
1997]. In fact, as already mentioned in Section 1A, a key step of the approach of these papers is simplified
here, and more precisely, it consists of several steps. Firstly, a weaker version of the observability
inequality is proven; in the present article, this is done in Lemma 2.1. Secondly, the so-called set of
invisible solutions, defined by (16), is shown to be reduced to zero; in the present article, this is done
in Lemma 2.3. Thirdly, the observability inequality is proven to hold by means of the result of the two
previous steps. Our simplification with respect to [Bardos et al. 1992; Burq and Gérard 1997] lies in
the second step. The argument is much shorter than the original one and, in the present analysis of a
time-varying observation region, it turns out to be crucial, as the more classical argument of [Bardos et al.
1992; Burq and Gérard 1997] cannot be applied.

1E. Consequences.

1E1. Controllability. By the usual duality argument (the Hilbert uniqueness method, see [Lions 1988a;
1988b]), we have the following equivalent result for the control of the wave equation with a time-dependent
control domain, based on the observability inequality (6) that follows from Theorem 1.8".

Theorem 1.8". Let Q be an open subset of R x Q that satisfies the t-GCC. Let T > To(Q, Q). If IQ # @
we assume moreover that no generalized bicharacteristic has a contact of infinite order with (0, T') x 92,
that is, G*° = &. Setting w(t) ={x € Q| (t, x) € Q}, we consider the wave equation with internal control

Blzu—Agu:XQf (7)

in (0, T) x 2, with Dirichlet or Neumann boundary conditions (4) whenever 02 # &, and with [ €
L?((0, T) x Q). Then, the controlled equation (7) is exactly controllable in the space D(A'?) x X,
meaning that, for all u® u') and (V° v') in D(A'?) x X, there exists f € L>((0, T) x Q) such that the
corresponding solution of (7), with (u);—o, 0;U;=0) = @’ uby, satisfies (Wj;=r, Ol =T) = O vh.

Remark 1.11. In the above result the control operator is f +— x o f. We could choose instead a control

operator f — b(t, x) f with b smooth and such that Q = {(#, x) e R x Q | b(t, x) > 0}. Then with the
same #-GCC we also have exact controllability in this case. The equivalent observability inequality is then

T
0, 1yp2 2 2
Cll(u”, u )”XXD(AI/Z)/ < ”bu”Lz((O,T)xQ) =-/(.) /Q|b(t,x)u(t,x)| dxg dt.

1E2. Observability with few sensors. We give another interesting consequence of Theorem 1.8, in
connection with the very definition of the #-GCC property, which can be particularly relevant in view of
practical applications.

Corollary 1.12. Let Q C R x Q be an open subset with Lipschitz boundary and let T > 0 be such that
(Q, T) satisfies the t-GCC. Then, every open subset V of [0, T1x Q (for the topology induced by R x M),
containing 3(Q N ([0, T1 x R)) is such that (V, T) satisfies the t-GCC and, consequently, observability
holds for such an open subset.
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0 0
0 Q Q = Q! o |

Figure 2. Neighborhoods V of 3(Q N ([0, T] x 2)) in [0, T] x Q (for the induced
topology). In middle and right pictures, a potential bicharacteristic that remains in the
interior of Q is represented.

Proof. Let R> s — by(s) be a compressed generalized bicharacteristic with t = #(s). As (Q, T) satisfies
the -GCC, there exists #; € (0, T) and s; € R such that t; = 7(s1) and by(sl) € j(T*(Q)). Now, there
are two cases:

Case 1: There exists s, € R such that t, = #(s») € (0, T) and Py (s0) ¢ j(T*(Q)). The continuity of
s+ Py (s) into °T*Y \ E, in particular of its projection on R x €, then allows one to conclude that there
exists s3 € R such that 13 = 1(s3) € (0, T) and by(S3) e j(T*(V)).

Case 2: For all s € R such that t =¢(s) € (0, T) we have by(s) € j(T*(Q)). Such a bicharacteristic is
illustrated in Figure 2 (middle and right). Then s +— by (s) enters j(T*(WW)) for any neighborhood W of
{TYxw(T) (or {0} xw(0)). Thus, there exists s» € R such that t, =1 (s2) € (0, T) and y (s2) € j (T*(V)). O

Remark 1.13. (1) The main interest of Corollary 1.12 is that it allows one to take the open set VV “as
small as possible”, provided that it contains the boundary of Q N ([0, T] x Q) (see Figure 2). As a
practical consequence, only few sensors are needed to ensure the observability property, or, by duality,
the controllability property, thus reducing the cost of an experiment.

Somehow, with an internal control we have d + 1 degrees of freedom for the control of d variables, and
this explains intuitively why the choice of a “thin” open set V is possible. The above corollary roughly
states that control is still feasible by using only d degrees of freedom. In terms of the control domain, this
means that we only need a control domain that is any open neighborhood of a set of Hausdorff dimension d.

(2) Observe that the proof of Corollary 1.12 and Figure 2 (middle and right) shows in fact that it suffices
to choose V as the union of a neighborhood of dQ N (0, T') x €2 and a neighborhood of Q N {r = 0} (or
oNnf{r=T}).

(3) Note that, if an open subset w of Q satisfies the usual GCC, then a small neighborhood of dw does not
satisfy necessarily the GCC. In contrast, when considering time-space control domains (i.e., subsets of
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R x €), the situation is different. For instance, if w satisfies the GCC, then any open subset of [0, T'] x Q
containing ([0, T] x w) = ([0, T] x dw) U ({0} x w) U ({T} x w) satisfies the t-GCC; see Figure 2 (right).
(4) Note that T(Q, Q) < liminf T (V, ) as V shrinks to 3(Q N ([0, T] x )), and that equality may fail
as there may exist some bicharacteristics propagating inside Q and not reaching V for ¢ € (¢;, t;) for with
0 <t <t < T; see Figure 2 (middle and right).

1E3. Stabilization. Theorem 1.8 has the following consequence for wave equations with a damping
localized on a domain Q that is time-periodic.

Corollary 1.14. Let Q be an open subset of R x Q, satisfying the t-GCC. Let T > To(Q, Q). If
02 # &, we assume moreover that no generalized bicharacteristic has a contact of infinite order with
(0, T) x 0%, that is, G* = @. Setting w(t) = {x € Q| (t, x) € Q}, we assume that w is T-periodic, that
is, o(t +T) = w(t), for almost every t € (0, T). We consider the wave equation with a local internal
damping term

atzu—Agu—l—xw ou=~0 (8)

in (0, T') x 2, with Dirichlet or Neumann boundary conditions (4) whenever 0S2 # &. Then, there exists
w = 0and v > 0 such that any solution of (7), with (u(0), 3;u(0)) € D(A'/?) x X, satisfies

Eo(u)(t) < nEo(u)(0)e™",

where we have set Eo(u)(t) = (I A?u(t) ”iz(Q) + ||3zu(f)||2Lz(Q))-

Corollary 1.14 is proven in Section 2C.

2. Proofs

2A. Proof of Theorem 1.8. The proof follows the classical chain of arguments developed in [Bardos
et al. 1992; Burq and Gérard 1997], with yet a simplification of one of the key steps, as already pointed
out in Remark 1.10. This simplification is a key element here. The original proof scheme would not allow
one to conclude in the case of a time-dependent control domain.

For a solution u of (3)—(4), with u;—o = u® e D(AY?) and Ol j—0 = u' € X, we use the natural energy

Eou)(0) = 3 (Ile@ 15012y + 10 @)1%)- ©)
In the proof, we use the fact that this energy remains constant as time evolves, that is,
Eo)(®) = Eo@)(0) = 5 (I’ 412y + ' 1%) = 31 w1 417205 (10)

and we shall simply write Eo(u) at places.
We first achieve a weak version of the observability inequality.

Lemma 2.1. There exists C > 0 such that
0 1y2 2 0 1y2
C”(M , U )”D(AI/Z)Xxg ”XQ alu”LZ((O’T)XQ)_{—”(u , U )||X><D(A]/2)’ (11)

for all W® u') € D(AY?) x X, where u is the corresponding solution of (3)—(4) with Ujp—p = u® and
atu‘tz() = Ml.
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Remark 2.2. With respect to the desired observability inequality (5), the inequality (11) exhibits a
penalization term, || u")|y p(al2y> on the right-hand side. Note that the Sobolev spaces under
consideration have no importance, and instead of X x D(A 12y’ we could as well have chosen H'/275(Q) x
H~'/275(Q) for any s > 0. The key point lies in the fact that the space D(A'!/?) x X is compactly embedded
into X x D(A!/?)".

Proof. We prove the result by contradiction. We assume that there exists a sequence (ug, u},)neN in
D(AY?) x X such that

1@, uDllparryxx =1 VneN, (12)
@l up)llxparzy — 0 asn — +oo, (13)
X0 dtnllr20,1)x) = 0 asn — +oo, (14)

where u, is the solution of (3)—(4) satisfying u,;—o = “2 and 0;up =g = u,ﬁ. From (12), the sequence
(ug, u,ll)neN is bounded in D(A'/?) x X, and using (13) the only possible closure point for the weak
topology of D(AY?) x X is (0, 0). Therefore, the sequence (ug, M},)neN converges to (0, 0) for the weak
topology of D(A'/?) x X. By continuity of the flow with respect to initial data, it follows that the sequence
() nen of corresponding solutions converges to 0 for the weak topology of H'((0, T) x ); in particular,
it is bounded.

Up to a subsequence (still denoted (u,),en in what follows), according to Proposition A.1 in the
Appendix, there exists a microlocal defect measure p on the cosphere quotient space S *3 introduced in
Section 1C such that

(Ruy, uy) — (u,x(R)) asn— 400 (15)

for every R € WO(Y) with k (R) to be understood as a continuous function on § 3.

It follows from (14) that u vanishes in j(T*Q)N S *3. As is well known, the measure y is invariant?
under the compressed generalized bicharacteristic flow [Lebeau 1996; Burq and Lebeau 2001]. The
definition of this flow is recalled in Section 1C1.

The ¢-GCC assumption for Q then implies that p vanishes identically (see [Bardos et al. 1992; Burq
and Gérard 1997]). This precisely means that (u,),cn strongly converges to 0 in H 10, T) x Q).

Now, we let 0 < #; <, < T. The above strong convergence implies that

15}
/ Eo(u,)(t)dt -0 asn— +oo,
f

3The theorem of propagation for measures is proven in [Lebeau 1996] for a damped wave equation with Dirichlet boundary
condition. We claim that the same proof applies with Neumann boundary condition. First, using the notations and result numbers
in that paper, we still have ©y = 0 in the Neumann case, where 15 is defined by (A.18). Then, the proof of Theorem A.1 about
the propagation of the measure still applies in the Neumann case: First, one can assume that the tangential operator Qg that
appears in (A.28) satisfies dx Qgly=0 = 0, to assure that Qqu still satisfies the Neumann boundary condition. Then inequality
(A.29) holds true as well, since the theorem of propagation of Melrose and Sjostrand [1978; 1982] holds true in the Neumann
case. Finally, estimate (A.33) of [Lebeau 1996] remains valid since the energy estimate holds true in the Neumann case.
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with the energy E( defined in (9). As this energy is preserved (with respect to time ¢), this implies that
_ 1(11,,002 12
EO(un)(O) - E(”un”D(Al/Z) + ||un||X) - 0 asn — +OO,
yielding a contradiction. 0

We define the set of invisible solutions as
Nt = {v € Hl((O, T) x ) | v is a solution of (3)—(4),
with v,—9 € D(A'?), 3= € X and xo v =0}, (16)

2

DAz T ||8tv|t:0||%(. Clearly, N7 is closed.

equipped with the norm ||v||?VT = ||lvjr=oll
Lemma 2.3. We have Nt = {0}.
In other words, due to the -GCC assumption, there is no nontrivial invisible solution.

Proof. First, the t-GCC assumption combined with the propagation of singularities along the generalized
bicharacteristic flow (see [Hormander 1985, Theorem 24.5.3]) implies that all elements of Ny are smooth
functions on (0, T') x €2, up to the boundary. In particular, if v € Ny then d;v € N7.

Second, we remark that, since the operator a}‘ — Ay is time-independent (as well as the boundary
condition), the space N7 is invariant under the action of the operator 9;.

Third, applying the weak observability inequality of Lemma 2.1 gives

2
Cllvliy, = Cll(wi=0, dvii=0)lI parzyxx < I(Wji=0, 0:vj1=0) lx x D12y

for every v € Nr. Since D(A'2) x (D(AY?)Y is compactly embedded into X x D(A'2Y, this implies
that the unit ball of N7 is compact and thus N7 is finite-dimensional.

We are now in a position to prove the lemma. The proof goes by contradiction. Let us assume that
N7 # {0}. The operator d; : Ny — Nr has at least one (complex) eigenvalue X, associated with an
eigenfunction v € N7 \ {0}. Since 9,v = Av, it follows that v(¢, x) = e w(x), and since (8,2 —Agv =0
we obtain (A% — Ag)w = 0. Note that A # 0 (in the Neumann case, we have w € L(Z)(Q)). Now, take any
t€(0,T) such that w(t) ={x € Q| (t, x) € Q} # . Since xp ;v =0 and thus xpv =0, it follows that
w = 0 on the open set w(¢). By elliptic unique continuation we then infer that w = 0 on the whole €,
and hence v = 0. This is a contradiction. U

Let us finally derive the observability inequality (5). To this aim, the compact term on the right-hand
side of (11) must be removed. We argue again by contradiction, assuming that there exists a sequence
0, ul),en in D(A'?) x X such that

Gy )l pearyxx =1 ¥neN, (17
X0 dunllz2o,ryx0) — 0 asn — 400, (18)

where u,, is the solution of (3)—(4) such that u,;—o = u2 and Oyup ;=g = u,l1 From (17), the sequence
(ug, ui)neN is bounded in D(A'/?) x X, and therefore, extracting if necessary a subsequence, it converges
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to some (u°, u') € D(A'/?) x X for the weak topology. Let u be the solution of (3)—(4) such that Uj=0 = u®
and 0;u =0 = u'. Then, X0 0:u, — X 0;u weakly in L%((0, T) x ) implying

X0 drull 20,1y x0) < Egj{g”XQ Orttnll 22¢0,1)x2) =0,

and hence u € Ny. It follows from Lemma 2.3 that u = 0. In particular, we have then W’ ul) = (0,0)
and hence (ug, u,ﬁ)neN converges to (0, 0) for the weak topology of D(A'?) x X, and thus, by compact
embedding, for the strong topology of X x D(A!/?)". Applying the weak observability inequality (11)
raises a contradiction. This concludes the proof of Theorem 1.8. O

2B. Proof of Proposition 1.2. First, we assume that the observability inequality (5) holds. Let v be a
solution of (3)~(4), with initial conditions (v°, v') € X x D(A'/?)". We setu = [; v(s)ds — A~'v. Then
o;u = v and we have u;—o = u’=—-A""v! € D(A'/?), and Ol j—0 = u' =v° € X. Moreover, we have

8,2u(t)=8[v(t)=/ afu(s)ds+a,v(0)=—/ Av(s)ds +v' = —Au(r).
0 0

Since v = d,u and ||(MO’ ul)||D(A1/2)><X = ||(A71U1, UO)||D(A1/2)><X = ||(UO, Ul)”XxD(Al/Z)’v applying the
observability inequality (5) to u, we obtain (6).

Second, we assume that the observability inequality (6) holds. Let u# be a solution of (3)—(4), with
initial conditions (u°, u') € D(A'/?) x X. We set v = d;u. Then v is clearly a solution of (3)—(4), with

V=0 =1"=u' € X and

Bvimo =" = 9u—o = —Auy_o = —Au’ € D(A'/?).
Since

0.1 1 4.0 0 1
% v)llxxparzy = 1@, Au") I xxparzy = 1@ u )l parzyxxs

applying the observability inequality (6) to v = d;u, we obtain (5). 0

2C. Proof of Corollary 1.14. 1t is proven in [Haraux 1989] that a second-order linear equation with
(bounded) damping has the exponential energy decay property if and only if the corresponding conservative
linear equation is observable. The extension to our framework is straightforward. We however give a
proof of Corollary 1.14 for completeness.

By Theorem 1.8, there exists Cy > 0 such that

S
Co(IA"2py=0ll7 2 + 18 bi=0ll72q)) < f 19: 3172y 41, Where S=E€T, LeN*,  (19)
0

for ¢ solution of 37¢ = Ay, with (B0, 3 Pi—0) € D(AY?) x X.

Let now u be a solution of (8) with (u,—o, d;u;=0) € D(AY?) x X. Let us prove that we have an
exponential decay for its energy. We consider ¢ as above with the initial conditions ¢,—o = u|;—0 and
0;$1=0 = 0;u;=o. Then, setting & = u — ¢, we have

8,29 —Agh = X 0rt, O—0 =0, 0;0,—0=0. (20)

Observe that 3,;u € L>(R x Q) yielding 0 € °(R; D(A'?)) N¢'(R; X).
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Replacing the right-hand side of (20) by f in H'(Rx ), we have 0 € €°(R; D(A)NE' (R; D(A'?)).
Recalling the definition of Ej in the statement of Corollary 1.14, we find

%Eo(G)(t) = (0,0(1), AB(1) +376(1)) 2@y = (30 (1), [)12(0)-

Continuity with respect to f and a density argument then yield %Eo (0)(t) = (0,0(1), Xw 1) 2(cz)- With
two integrations with respect to ¢ € (0, §), using that Ey(6)(0) = 0, we obtain, by the Fubini theorem,

s s
/ Eo(0)(t)dt = / S—1 0,0(t, x) u(t, x)dxg dt.
0 0 (1)
With the Young inequality, we have

N N N
1
/O Eo(0) (1) dt < §7 /0 18217 2 0y A1 + 5 /0 19:01172 ) 1

With the definition of Ey(6)(z), we then infer that

s s
2 2 2

[ 1060 gy dr <457 [ Nl . @

Now, since ¢ = u — 0, we have ||8,¢||iz(w(t)) < 2”8[””%2(60(1‘)) + 210,60 ||%2(Q), yielding, using (21),

s s
2 2 2

/0 1831122, ) dt < 2+852) /0 18,1112 - (22)
Arguing as above, we have %Eo(u)(t) = —||0;ul(t, x)||iz(w(t)). Using this property, inequalities (19) and

(22), and the fact that ¢;—o = u;—=¢ and 9;¢;,—o = 9;u|,—o, we deduce that
CoEo(u)(0) = CoEp(¢)(0) < 2+ 852)(E0(u)(0) — Eo(u)(9)),

or rather Eq(u)(S) < (1 — Co/(2 + 85%))Eo(u)(0). For S chosen sufficiently large, that is, for £ € N*
chosen sufficiently large, we thus have Eq(u)(S) < aEp(u)(0) with0 <o < 1.

Since w is T-periodic and thus S-periodic, the above reasoning can be done on any interval (kS,
(k+1)S), yielding Eo(u)((k + 1)S) < aEg(u)(kS) for every k € N. Hence, we obtain Ey(u)(kS) <
ok Eo(u)(0).

For every ¢t € [kS, (k4 1)S), noting that k = [t/S] > ¢/S — 1, and that log(x) < 0, it follows that
ok < (1/a) exp(In(e)/St) and hence Eg(u)(t) < Eo(u)(S) < pnexp(—vt)Ey(u)(0) for some positive
constants p and v that are independent of u. (]

3. Some examples and counterexamples

In the forthcoming examples, we shall consider several geometries in which the observation (or control)
domain w(t) = {x € Q| (¢, x) € Q} is the rigid displacement in Q2 of a fixed domain, with velocity v.
Then the resulting observability property depends on the value of v with respect to the wave speed.

In all our examples, in the presence of a boundary we shall consider Dirichlet boundary conditions. In
that case, generalized bicharacteristics behave as described in Section 1C1. We recall that, if parametrized
by time ¢, the projections of the generalized bicharacteristics on the base manifold travel at speed 1.
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Figure 3. Time-varying domains in dimension 1.

3A. In dimension 1. We consider M = R (Euclidean) and 2 = (0, 1). The rays have a speed equal to 1.
We set I = (0, a) for some fixed a € (0, 1), and we assume that the control domain w(#) is equal to
the translation of the interval I with fixed speed v > 0. We have, then, w(¢) = (vt, vt + a) as long as
t € (0, (1 —a)/v). When w(t) touches the boundary, we assume that it is “reflected” after a time-delay
8 > 0 according to the following rule: if (1 —a)/v <t < (1 —a)/v+6then w(¢t) = (1 —a, 1). For larger
times ¢t > (1 —a)/v + 6 (and before the second reflection), the set w(#) moves in the opposite direction
with the same speed (see Figure 3).

This simple example is of interest as it exhibits that the control time depends on the value of the
velocity v with respect to the wave speed (which is equal to 1 here). We denote by Ty (v, a, §) the control
time. With simple computations (see also Figure 3), we establish that

21 —a)/(14+v) if0<v<1landé >0,
To(v.a.8) = 1—a ifv=1andé§ > 0,

1-a)Bv+1)/(v(1+v)) if v=1ands=0,

21 —-a)+v6)(1+v) ifv>1andd$ > 0.

Remark 3.1. Note that the control time Ty (v, a, §) is discontinuous in v and §. The control time is not
continuous with respect to the domain Q as already mentioned in Remark 1.7.

3B. A moving domain on a sphere. Let M = Q = S?, the unit sphere of R3, be endowed with the metric
induced by the Euclidean metric of R3. Let us consider spherical coordinates (6, ¢) on M, in which
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Figure 4. A time-varying domain on the unit sphere and a typical ray (great circle).

¢ = 0 represents the horizontal plane (latitude zero), and 6 is the angle describing the longitude along the
equator. Let a € (0, 2m) and € € (0, m/2) be arbitrary. For v > 0, we set

w@)={0,9) | |lp|<e, vt<O<vt+a}

for every t € R. The set w(¢) is a spherical square drawn on the unit sphere, with angular length equal to
2¢ in latitude, and a in longitude, and moving along the equator with speed equal to v (see Figure 4). We
denote by Ty (v, a, ¢) the control time as defined in Section 1C2.

For this example, an important fact is the following: every (geodesic) ray on the sphere propagates at
speed 1 along a great circle, with half-period w. We thus have a simple description of all possible rays.
Note that, as the radius is 1, the speed coincides with the angular speed.

Proposition 3.2. Let a € (0, 27) and ¢ € (0, 1) be arbitrary. Then Ty(v, a, €) < +00 except for a finite
number of critical speeds v > 0. Moreover:

e To(v,a, &) ~ (@ —a)/vasv— 0.
e Ifv>v=0Q2r —a+2¢)/Q2¢) then To(v, a, €) < oco. If v — 400 then Ty(v, a, &) — w — 2¢.

Besides, if v € Q, then there exist ag > 0 and &y > 0 such that Ty(v, a, €) = +00 for every a € (0, ag) and
every € € (0, &o).

Obtaining an analytic expression of 7y as a function of (v, a, £) seems to be very difficult.

Note that the asymptotics above still make sense if either a > 0 or ¢ > 0 are small. This shows that we
can realize the observability property with a subset of arbitrary small Lebesgue measure (compare with
Corollary 1.12).

Proof of Proposition 3.2. First, we observe the following. Consider a ray propagating along the equator
(with angular speed 1), in the same direction as w(¢). If v = 1, depending on its initial condition, this
ray either never enters w(¢) or remains in it for all time. Hence, Ty(v, a, €) = 4+00. In contrast, if v #£ 1,
then, such a ray enters w(¢) foratime 0 <t < 2n/|v—1|,as 27 /jv—1| > Qm —a)/|lv—1]|.
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Second, we treat the cases v large and v small, and we compute the asymptotics of Ty(v, a, €) (in the
argument, both a and ¢ are kept fixed).

Case v small: If 27 v < a, then every ray goes full circle in a time shorter than that it takes for the domain
to travel the distance a. It is then clear that every ray will have met w(¢) as soon as w(¢) has travelled
halfway way along the equator (up to the thickness of w(¢) and the travel time of the ray itself). In other
words, we then have (m —a)/v < To(v,a, &) < (m —a)/v+2x forv < vy =a/(2r).

Case v large: If v grows to infinity, then the situation becomes intuitively as if we have a static control
domain forming a strip of constant width ¢ > 0 around the equator. For such a strip, the control time is
m — 2e. More precisely, let us assume (2w —a + 2¢)/v < 2¢. Every ray entering the region {|¢| < &}
spends a time at least equal to 2¢ in this region. At worst, the control domain will have to travel the
distance 2 — a + 2¢ to “catch” this ray (going full circle and more than the longitudinal distance travelled
by the ray itself). The condition v > v = 27 —a + 2¢)/(2¢) thus implies that all rays enter the moving
open domain w(¢) within time m —2¢ 4+ 2(wr +¢)/v. Hence, 1 —2e < To(v,a,e) < m —2e+2(m +¢)/v.

Third, we consider the case vy < v < v;. To get some intuition, we consider, in a first step, that a
and ¢ are both very small, and thus consider w(#) as point moving along the equator. According to the
first observation we made above, let us consider a ray propagating along a great circle that is transversal
to the equator. It meets the equator at times #; =ty + kmw, k € Z, for some ty. If v is irrational then the
set of positions of the “points” w(#), given by x (tx) = cos(vty) and y(¢) = sin(vty) in the plane (x, y)
containing the equator, is dense in the equator. Adding some thickness to w(¢), that is, having a > 0 and
e > 0, we find that every ray encounters the moving open set w(¢) in a finite time if v is irrational. By a
compactness argument we then obtain Ty (v, a, &) < oo if v is irrational.

Fourth, considering again that a > 0 and ¢ > 0 are both very small, we shall now see that there do exist
rays, transversal to the equator, that never meet the moving “point” w (¢) whenever v € Q. Writing v=p/gq
with p and g positive integers, the set of points reached by (cos(v#g), sin(vt)) at times t;, =ty + k7, with
k € Z, is finite. The following lemma yields a more precise statement.

Lemma 3.3. Let p and q be two coprime integers. We have

{km/q | k=1,...,2q} if pisodd,

kpm/qg mod2r |k=1,...,2q} =
thpm/q | 9} {{2kn/q|k:1,...,q} if p is even (and g odd).

Thus, if v = p/q, with p and g coprime integers, the points (cos(vty), sin(v#;)) form the vertices of
a regular polygon in the disk. There are exactly 2g (resp. q) such vertices if p is odd (resp. even). In
this situation, it is always possible to find a ray transversal to the equator that never meets this set of
vertices. Now, this phenomenon persists in the case a > 0 and ¢ > 0 if both are chosen sufficiently small.
We have thus proven that, given v € Q N [vg, v1], there exist 0 < ayp < 27 and 0 < g9 < 7/2 such that
To(v,a, &) = +oo forall a € (0, ap) and ¢ € (0, &g). Note also that if a > 27 /g and ¢ > 0 then every ray
meets w(¢) in some finite time. By a compactness argument we then obtain 7y (v, a, &) < 0o0. From that
last observation, we infer that, given ¢ > 0 and ¢ > 0 fixed, the set of rational velocities v € (vg, v1) N Q
for which Ty(v, a, €) = 400 is finite. Il
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Figure 5. A time-varying domain on the unit disk.

Proof of Lemma 3.3. We note that {kprr/qg mod2r |k=1,...,2¢q}={kpn/q mod2m | k € Z}. It thus
suffices to prove the following two statements:

(1) For p even: Vk' € {1,...,q}, Ik € Z, Im € Z such that 2k’ = kp + 2mgq.
(2) For p odd: Vk'e {1, ...,2q}, 3k € Z, Im € Z such that k' = kp + 2mq.

Since p and ¢ are coprime, there exists (a, b) € Z? such that ap + bg = 1. Moreover, if (a, b) is a
solution of that diophantine equation, then all other solutions are given by (a 4+ gn, b — pn), withn € Z.
Multiplying by 2k’, we infer that 2k = 2k’ap + 2k’bq, and the first statement above follows. For the
second statement, we note that, if p is odd, then, changing b into b — pn if necessary, we may assume
that b is even, say b = 2b". Then, multiplying by k’, we infer that k" = k’ap + 2k’b’q, and the second
statement follows. g

Before moving on to the next example, we stress again that the peculiarity of the present example (unit
sphere) is that all rays are periodic, with the same period 2. The study of other Zoll manifolds would be

of interest. The situation turns out to be drastically different in the case of a disk, due to “secular effects
implying a precession phenomenon, as we are now going to describe.

3C. A moving domain near the boundary of the unit disk. Let M = R> (Euclidean) and let Q =
{(x,y) € R? | x> 4+ y? < 1} be the unit disk. Let a € (0, 277) and ¢ € (0, 1) be arbitrary. We set, in polar
coordinates,

w®)={r0) 0, 1]xR|1—e<r<l1, vt <6 <vi+a)

for every ¢t € R. The time-dependent set w (#) moves at constant angular speed v, anticlockwise, along the
boundary of the disk (see Figure 5). Its radial length is ¢ and its angular length is a.
Proposition 3.4. The following properties hold:

(1) Let a € (0,2m) and ¢ € (0, 1) be arbitrary. We have Ty(v,a, &) < +00 for every v > vy =
2m +2e —a)/(2¢), and we have Ty(v, a, €) ~2 —2¢ as v — +00.
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(2) Ifthere exists n € N\ {0, 1} such that v sin(r/n) € wQ, then there exist ag € (0, 21) and g9 € (0, 1)
such that Ty(v, a, &) = +oo for all a € (0, ap) and € € (0, &9).

(3) For every v > 1, for every a € (0, 2m), there exists &g > 0 such that Ty(v, a, €) = 400 for every
g € (0, &).

(4) For every v > 0 and a € (0, ), there exists gy € (0, 1) such that Ty(v, a, &) = +00 for every
(oS (0, 80).

As for the case of the sphere presented in Section 3B, obtaining an analytic expression of Tp as a
function of (v, a, ¢) seems a difficult task.

The fact that Ty(v, a, &) = 400 provided that a > 0 and ¢ > 0 are chosen sufficiently small is in strong
contrast with the case of the sphere. This is due to the fact that, in the disk, the structure of the rays is
much more complex: there are large families of periodic and almost-periodic rays. The ray drawn in
Figure 7 produces some sort of “secular effect”, itself implying a precession whose speed can be tuned to
coincide with the speed v of w(#), provided v > 1. We shall use this property in the proof.

We stress that for the third property we do not need to assume that a is small. Actually, a is any
element of (0, 2r). If a is close to 2, then w(¢) is almost a ring located at the boundary, moving with
angular speed v, with a “hole”. As this hole moves around with speed v there is a ray that periodically
hits the boundary and reflects from it exactly at the hole position.

Proof of Proposition 3.4. For a € (0,2m) and ¢ € (0, 1) fixed, if v is very large, then the situation gets
close to that of a static control domain which is a ring of width ¢, located at the boundary of the disk.
For this static domain the control time is 2 — 2¢. In fact, all rays enter the region 2, ={1 —¢ <r < 1}
and the shortest time spent there is 2¢. During such time the angular distance travelled by the ray is less
than 2¢. Hence, if 27 +2& —a)/v < 2¢, one knows for sure that the ray will be “caught” by the moving
open set w(t) before it leaves 2. Thus, for v > vg = (2w +2¢ —a)/(2¢) all rays enter w(¢) in finite time.
Moreover, we have 2 —2¢ < Ty(v, a, €) < 2 —2¢ 4+ (2w +2¢)/v. This yields the announced asymptotics
for Ty (v, a, €).

Let us now investigate the three cases where Ty (v, a, €) = 400 as stated in the proposition. For the
sake of intuition, it is simpler to first assume that ¢ > 0 and a > 0 are very small, and hence, that w(¢) is
close to being a point moving along the boundary of the disk, given by (cos(vt), sin(vt)).

Let us then consider, as illustrated in Figure 6, periodic rays propagating “anticlockwise” in the disk
(with speed equal to 1), and reflecting at the boundary of the disk according to Section 1C1, that is,
according to geometrical optics. The trajectory of such rays forms a regular polygon with vertices at
the boundary of the unit disk. Let n > 2 be the number of vertices. For n = 2, the ray travels along a
diameter of the disk, and passes through the origin; it is 4-periodic. For n = 3, the trajectory of the ray
forms an equilateral triangle centered at the origin; etc. The length of an edge of such a regular polygon
with n > 2 vertices is equal to 2 sin(7r/n). This means that there exists 7y € R such that this ray reaches
the boundary at times #; = fy + 2k sin(;r/n). Hence, if 2vsin(zr/n) = (2pw)/q with p and g positive
integers, then the moving point (cos(vt), sin(vt)), taken at times #; ranges over a finite number of points
of 0Q2. Therefore, there exists a periodic ray with n vertices never meeting w(¢). This property remains
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ZSinﬁ/« |
=

Figure 6. A periodic ray yielding a regular polygon.

clearly true for values of a > 0 and of ¢ > 0 chosen sufficiently small. This show the second statement of
the proposition.

Let us now consider a ray propagating in the disk, as drawn in Figure 7, and reflecting at the boundary
at consecutive points Py, k € N. Denote by O the center of the disk, and by « the oriented angle P?O\Pl.
If 0 < @ < m, then the ray appears to be going “anticlockwise” as in Figure 7 (left); if « = 7 then the
ray bounces back and forth on a diameter of the disk; if 7 < o < 27, then the ray appears to be going
“clockwise” as in Figure 7 (right).

In any case, the distance Py P;, and more generally Py Py, is equal to 2 sin(«/2). Since the speed of
the ray is equal to 1, the ray starting from Py at time ¢t = 0 reaches the point P at time 2 sin(«/2), the point

2sin% P

Figure 7. Rays propagating “anticlockwise”, 0 < a < m, (left) and “clockwise”*
T <o < 2w, (right).

’
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Py at time #, =2k sin(a/2), etc. Let f — P (¢) be the curve propagating anticlockwise along the unit circle,

with constant angular speed, passing exactly through the points P at time #. Its angular speed is then
o

2sin(a/2)’

and we call it the precession speed. This is the speed at which the discrete points P; propagate “an-

wp(a) =

ticlockwise” along the unit circle. Now, if the set w(¢) has the angular speed v = wp(«) (for some
a € (0, 2m)), then there exists rays, as in Figure 7, that never meet w(¢), if a € (0, 27), provided that
& > 0 is chosen sufficiently small. Since the function o — wp (e) is monotone increasing from (0, 27) to
(1, 00), it follows that, for every v € (1, 00), there exists « € (0, 2) such that v = wp(«), and therefore
To(v, a, &) = +oo provided that ¢ is chosen sufficiently small. For v = 1, there exists a gliding ray that
never meets w(¢). This can be seen as the limiting case o« — 0, as rays can be concentrated near the
¢gliding ray. We thus have proven the third statement of the proposition.

Now, still working with the configurations drawn in Figure 7 (right), for « € (7, 27), let P(¢) be the
curve propagating anticlockwise along the unit circle, with constant angular speed, passing successively
through Py at time O, through P, at time 4 sin(«/2), and Py at time 2k sin(«/2). Its angular speed is

2a—2r  a-—m
4sin(ee/2)  2sin(e/2)’

The function o — wp () is monotone increasing from (7, 27) to (0, 400). If the set w(t), with a € (0, )

wp(a) =

and & > 0 small, is initially (at time 0) located between the points Py and P its diametrically opposite
point, and if v = wp (), then the ray drawn in Figure 7 (right) never meets w(¢). This is illustrated in
Figure 8. We have thus proven the last statement of the proposition. (]

Remark 3.5. (1) It is interesting to note that, even for domains such that a is close to 2, the -GCC
property fails if v > 1 and if ¢ is chosen too small. This example is striking, because in that case, if the
control domain were static, then it would satisfy the usual GCC (this is true as soon as a > ). This
example shows that, when considering a control domain satisfying the GCC, then, when making it move,
the r-GCC property may fail. However, this example is a domain moving faster than the actual wave
speed. This is rather nonphysical.

(2) For the fourth property of the previous proposition we obtain a moving open set w () with an “angular
measure” that is less than m, that is, 0 < a < 7 (see Figure 8). In fact, if one allows for w(#) to be not
connected, but rather the union of two connected components, for any velocity v € (0, +00) we can
exhibit moving sets whose “angular measure” is a close as one wants to 27 and yet the 1-GCC does not
hold. This is illustrated in Figure 9.

(3) If v cannot be chosen as large as desired (for physical reasons), Proposition 3.4 states that the +-GCC
does not hold true if @ > 0 and ¢ > 0 are too small. As shown in the proof above, this lack of observability
is due to a secular effect caused by geodesics whose trace at the boundary produces a pattern that itself
varies in time, with a precession speed that can be tuned to match that of the control domain. In fact,
a precession speed can be obtained as slow as one wants if « is chosen such that 7 < o < 7w + § with
8 > 0 small. This is illustrated in Figure 10 (left). If one is close to regular polygons, as illustrated in
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Figure 8. Illustration of Proposition 3.4(4) with ¢ = 0 (left), t = 2 sin(«/2) (middle),
and ¢t = 4 sin(«/2) (right).

Figure 9. Case of a disconnected moving open set w(t) moving anticlockwise, not
satisfying the r-GCC with yet a very large “angular” measure with t = 0 (left), t =
2 sin(a/2) (middle), and # = 4 sin(«/2) (right).

Figure 10. Cases of slow precession speeds with 0 < o — 27w (n—1)/n < 8, with § small
and n > 2, that is, with a trajectory “close” to that of a periodic ray that forms a regular
polygon (see Figure 6): n=2and 7 <o <z +§ (left), n=3 and 47 /3 <a <4mw/3+6
(middle), n =4 and 37/2 < o < 37w /2 + § (right). Above P, is denoted by n.
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Figure 10, one obtains a precession pattern that can be used to deduce other families of examples of moving
domains w(¢) with multiple connected components with velocities v > 0 that do not satisfy the r-GCC.

(4) Proposition 3.4 has been established for the domain drawn in Figure 5, sliding anticlockwise along the
boundary with a constant angular speed. Other situations can be of interest: we could allow the domain to
move with a nonconstant angular speed. For instance, we could allow the domain to move anticlockwise
within a certain horizon of time, and then clockwise. This would certainly improve the observability
property. A situation that can be much more interesting in view of practical issues is to let the angular
speed of the control domain evolve according to v(t) = v + B sin(y¢) (with § > 0 small), that is, with
a speed oscillating around a constant value v. We expect that such a configuration, with an appropriate
choice of coefficients, will yield the observability property to be more robust, by avoiding the situation
described in Proposition 3.4(2) (nonobservability for a dense set of speeds).

We now state a positive result. For a € (0, 27) and ¢ € (0, 1), assume now that the domain w () is
givenby w(t) ={(r,0) €[0, 1] xR|1—e<r <1, 6y(t) <0 <a+6y(t)}, with

0 if0<t <1,
Op(t) =
o (1) { <

v(t—ty) ifryg <t

for some 7o > 0 and v > 0. We set Q = Ur>0 w(t). In this configuration, at first the domain is still, and
then one lets it move.

Proposition 3.6. If 47w /5 <a < m, ty> 2w, then there exists 0 < v < 1 such that To(Q, 2) < o0.

Remark 3.7. (1) The important aspect of this result lies in the following facts. First, if at rest, the
observability set does not satisfy the geometric control condition; hence, its motion is crucial for the
t-GCC to hold. Second, the motion is performed at a velocity v that is less than that of the wave speed;
we thus have a physically meaningful example.

(2) The result is not optimal as we do not exploit the thickness ¢ of the domain w(¢) in the proof.

(3) It would be interesting to further study this “stop-and-go” strategy and see how small the value of
a > 0 can be chosen.

Proof of Proposition 3.6. Let 0 < t < ty; then w(t) = w(0) is still. First, we consider the ray associated
with 0 < o < a, or symmetrically 27 —a < o < 27w. Then the movement of the successive points P,
k € N, is anticlockwise, or clockwise, respectively; see Figure 7. Depending on the case considered
we denote 8 = o or B = 27 — «. The above condition thus reads better as 0 < 8 < a. In both cases,
the (unsigned) angular distance between two points is precisely . The successive points Py, k € N,
thus end up meeting w(0) in finite time. (The case 8 = 0 coincides with a gliding ray that has angular
speed 1; it thus meets w(0) in finite time.) Let us consider § # 0. The maximal number of steps it
takes for any ray associated with g to enter w(0) is then |27 —a/B)] + 1 yielding a maximal time
To(a) = 2sin(B/2)(L(27r —a/B)] + 1), as the time lapse between two points Py is 2sin(8/2). Here,
the notation | - | stands for the usual floor function. We thus need Ty > max(27w — a, supg_ g<a 10 ().
The value 2 — a accounts for the gliding rays (8 = 0). Here, we give a crude upper bound for Tp(w),
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observing that
sin(B/2)
B/2
We thus see that if we choose 7y > 27 then all the rays associated with the angle 0 < 8 < a enter w(0)
for 0 <t < 1.
Second, we consider ¢ > ty and we are left only with the rays that are associated with ¢ < o < 2w —a.

To(a) < Qr—a+p)<27r —a+ B <2m.

For these rays we consider the two sequences of points (Pag)r and (Prr+1)x- The time lapse for a ray to
go from one point to the consecutive point in these two sequences is 4 sin(«/2) and this is associated
with the (signed) angle 2(«¢ — ). In fact, as a > /2, if a < o < 7, then both sequences move clockwise
and if 7 < o < 2w — a, then both sequences move anticlockwise.
If v > 0 is the angular speed of w(¢) for t > ty then we require 2(a — ) < 4sin(/2)v <a+2(a¢ — 1),
that is,
o0—T a+2(a—m)

— - << : fora <o <27 —a. (23)
2sin(a/2) 4sin(a/2)

Observe that a + 2(«¢ — ) > 0 as a > 7 /2. The left inequality in (23) is necessary as it implies that
the anticlockwise moving open set w (¢) will be faster than the two sequences given above, a necessary
condition to be able to catch points in those sequences. In particular, this necessary condition is clearly
filled if the sequences move clockwise, that is, if a < o < w. The right inequality in (23) expresses
that w(¢) will not turn too fast and then miss the discrete sequences of points. In fact, during a time
interval of length 4 sin(«/2) the relative angular displacement of the sequence and the moving set w () is
{ =4sin(a/2)v — 2(e — ) and with (23) we have 0 < £ < a. This expresses that the sequence points
cannot be missed.

As both bounds of (23) are increasing functions for « € (a, 2w — a), we obtain the sufficient condition

T—a 3a —2r
—— <V < —/———.
2sin(a/2) 4sin(a/2)

We see that it can be satisfied if a > 47 /5. Observing that

3a — 21

ar>h@) = o@D

increases on (0, 7] and 0 < k() = w/4 < 1 we see that the found admissible velocities are such that
O<v<l. Il

3D. A moving domain in a square. Let M = R? (Euclidean) and € = (0, 1)? be the unit square. We
recall that, as discussed in Remark 1.9(2), the statement of Theorem 1.8 is still valid in the square, because
the generalized bicharacteristic flow is well defined.

Let a € (0, 1). We consider the fixed domain &y = (—a, a)? a square centered at the origin (0, 0), and
we set wg = wg N 2 (see Figure 11). Since there are periodic rays, bouncing back and forth between
opposite sides of the square, that remain away from wg, the GCC does not hold true for wg, and the wave
equation cannot be observed from the domain wq in the sense of (5).
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Figure 11. A time-varying domain in the square (0, 1)

Now, for a given T > 0, consider a continuous path ¢ € [0, T]+> (x(¢), y(¢)) in the closed square [0, 13
with (x(0), y(0)) = (0, 0). We set

o) = (x(@®) —a,x(1)+a) x (y@) —a, y(1)+a) and ()=o) NKQ.

To avoid the occurrence of periodic rays, as described above, that never meet w(t), a necessary condition
for the r-GCC to hold true is

[a,1—a]lCx(0,T]) and [a,1—a]Cy(0,T).

Let us assume that the point (x(¢), y(¢)) moves precisely along the boundary of the square [0, 1%
anticlockwise, and with a constant speed v. The path ¢ — (x(¢), y(¢)) only exhibits singularities when
reaching a corner of the square [0, 1]% where the direction of the speed is discontinuous (see Figure 11).

We denote by Ty(v, a) the control time.

Proposition 3.8. We have the following two results:

(1) Let a € (0, %) be arbitrary. For v > vy = (2 — a)/a we have Ty(v,a) < +00, and moreover,

To(v,a) ~ max(ﬁ(l —2a),0)as v— +o0.

) Ifve U(p’q)eN V P+ q2Q, there exists ay > 0 such that Ty(v, a) = +o0 if a € (0, ag).
Proof of Proposition 3.8. The argument for the first property is the same as that developed in the other
examples. For v > 0 large, the situation becomes intuitively as if we have a static control domain that
forms a a-thick strip along the boundary of the square. For this case, the geometric control time is
V2(1=2a)ifa e (O, %) and 0 otherwise. More precisely, if a ray enters this strip, it remains in it at least
for a time 2a. During such time, it travels at most a lateral distance equal to 2a (wave speed is 1). If
during that time the control domain goes all around and travels also the additional 2a distance, we can be
sure that this ray will be “caught” by the moving domain. For v > vg = (4 +2a)/2a = (2 —a)/a, the
control time can thus be estimated by max(ﬁ(l —2a),0) < Ty(v,a) < max(«/i(l —2a),0)+ (442a)/v.
Hence, the announced asymptotics.
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For the second property, as for the other examples, considering a small at first, and thus the set w(¢) to
be a simple point running along the boundary, greatly helps intuition. We start by considering 2-periodic
rays that bounce back and forth between two opposite sides of the square. They reflect at boundaries at
times ty =ty + k, k € Z, for some fy € R. If v = p/q is rational, then the positions of the “moving point”
() at times #; range over a finite number of points. One can thus easily identify 2-periodic rays that
never meet that moving point. This property remains true if a > 0 is chosen sufficiently small.

Let us consider more general periodic rays. All rays propagating in the square can be described as
follows. Let (xo, yo) € [0, 1] be arbitrary. Let us consider a ray t — (x(¢), y(¢)) starting from (xg, yo)
at time ¢ = t(, with a slope tan(«) € R for some « € (—7, ]. Setting ¢ = cos o and s = sin «, we define
X(t) =x9+ (t —tg)c and y(¢t) = yp + (¢ — tp)s. Then, for times ¢ € R such that |r — #y| is small (possibly
only if r < #p or t > ty), the ray is given by 7 > (X(¢), y(¢)). Introducing x(¢), y(¢) € [0, 2) such that
X(¢t) = x(t) mod 2 and y(z) = y(¢) mod 2 it can be seen, by “developing the square” by means of plane
symmetries, that the ray is given by

x(t)z{)%(t) if0<E(n) <1, ():{9@) if 0< (1) < 1, o

2—x(t) ifl<x(@) <2, 2—3y(@) ifl<y@) <2.

A ray is periodic if and only if tanae = p/q € Q U {400, —o0}, with p and g relatively prime integers
(including the case ¢ = 0). The period is equal to 2,/ p? + ¢2. In this case, we have ¢ = g/+/ p? + g2
and s = p/+/ p? + q2. Such a ray reflects from the boundary of the square at times 7 in the union of the
following (possibly empty) subsets of R:

Ax=to+{(k—xo)/c|lkeZ}, Ay=t+{(k—=yo)/s|keZ].

The set M = M (xg, yo, p, q) of associated points where this ray meets the boundary is then finite and
independent of #.

If now v = ry/p? +¢? with r € QT, at times r € A, U A, the “moving point” w(¢) ranges over a
finite set L = L(xo, yo, fo, P, ¢, r) of points on the boundary of the square, as the accumulated distance
travelled along the boundary of the square (0, 1)? is of the form dy = tov + (k — x0)r(p®> + g*)/q or
d;, = tov + (k — yo)r ( p*+¢?)/p and simply needs to be considered modulo 4. Adjusting the value of the
time 7o, we can enforce M N L = &. Hence, the associated ray never meets the moving point w(¢). Finally,
as the number of points is finite, this property remains true if a > 0 is chosen sufficiently small. O

Remark 3.9. If tanoe € R\ Q, then the set of points at which the corresponding ray reflects at the
boundary 92 is dense in 2. In fact at such a point, using the parametrization given in the proof above,
we have either X (r) = xo+ (t —tp) cosax € Z, or y(t) = yo+ (t —tp) sina € Z. For instance, if X(t) =2k € Z,
that is, x () = 0, meaning that we consider point on the left-hand side of the square, then the corresponding
y(t) satisfies y(t) = (yo — xo tan &) + 2k tan . Using the fact that the set that {2k mod 2 | k € Z} is dense
in [0, 2] if and only if 8 € R\ @, we conclude that y(¢) = y(¢) mod 2 is dense in [0, 2] and thus y(?) is
dense in [0, 1] considering (24). From this density, we deduce that the analysis in the case tane € R\ Q
may be quite intricate.
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3E. An open question. Let Q be a domain of R?. Let w, be a small disk in €2, of center xo € Q and of
radius ¢ > 0. Let v > 0 arbitrary. Given a path ¢t > x(¢) in €2, we define w(¢) = B(x(¢), ¢) (an open
ball), with x(0) = xo. We say that the path x(-) is admissible if w(#) C Q2 for every time 7. We raise the
following question:

Do there exist T > 0 and an admissible ¢ path ¢ > x(¢) in , with speed less than or

equal to v, such that (Q, T') satisfies the -GCC? )

Here, we have set Q = {(t,x) e Rx Q2 |t € R, x € w(t)}. Of course, many variants are possible:
the observation set is not necessarily a ball, its velocity may be constant or not. The examples of
Sections 3A-3D have shown that addressing the question (x) is far from obvious. Assumptions on the
domain €2 could be made; for instance, one may wonder whether ergodicity of €2 may help or not.
Note that, above in (x), we restrict the speed of # — x(¢). In fact, using arguments as in the beginnings
of the proofs of Propositions 3.4 and 3.8, if 7 — x(¢) is periodic and if |, . B(x(?), ¢) satisfies the “static”
geometric control condition, then for a sufficiently large speed of the moving point, the set Q satisfies the

t-GCC. An estimate of the minimal speed can be derived from the inner diameter of | J, . B(x(2), €).

4. Boundary observability and control

In this section, we briefly extend our main results to the case of boundary observability. We consider the
framework of Section 1B, and we assume that 92 is not empty. We still consider the wave equation (3),
and we restrict ourselves, for simplicity, to Dirichlet conditions along the boundary.

Let R be an open subset of R x 9€2. We set

T(t) ={x €| (t, x) € R).

We say that the Dirichlet wave equation is observable on R in time 7 if there exists C > 0 such that

) T
C” (u(O, ), us (0, )) ”HOl(Q)xLZ(Q) S ,/0 _/r(z)

for all solutions of (3) with Dirichlet boundary conditions. Here, H"~! is the (n—1)-Hausdorff measure.

2
S—Z(r, x)‘ A dr (25)

In the static case (that is, if ['(r) = I" does not depend on ¢), the observability property holds true as
soon as (I", T') satisfies the following GCC (see [Bardos et al. 1992; Burq and Gérard 1997]):

Let T > 0. The open set I' C 02 satisfies the geometric control condition if the projection
onto M of every (compressed) generalized bicharacteristic meets I" at a time t € (0,T) at a
nondiffractive point.

Recall the definition of nondiffractive points given in Section 1C. The ¢-GCC is then defined similarly
to Definition 1.6.

Definition 4.1. Let R be an open subset of R x €2, and let T > 0. We say that (R, T) satisfies the time-
dependent geometric control condition (in short, t-GCC) if every compressed generalized bicharacteristic
by :R—PT*Y \ E, s — (t(s), x(s), T(s), £(s)), is such that there exists s € R such that #(s) € (0, T)
and (¢(s), x(s)) € R and ’y(s) e HUG \ Gy (a hyperbolic point or a glancing yet nondiffractive point).
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We say that R satisfies the r-GCC if there exists 7' > 0 such that (R, T) satisfies the r-GCC.
The control time Typ(R, €2) is defined by

To(R, 2) =inf{T > 0| (R, T) satisfies the t-GCC},
with the agreement that 7o(R, 2) = o0 if R does not satisfy the r-GCC.

Theorem 4.2. Let R be an open subset of R x 02 that satisfies the t-GCC. Let T > Ty(R, 2). We
assume moreover that no (compressed) generalized bicharacteristic has a contact of infinite order with
(0, T) x 0%, that is, G = @. Then, the observability inequality (25) holds.

Proof. The proof is similar to the proof of Theorem 1.8 done in Section 2A. We just point out that the set
of invisible solutions is defined by

Nr = {u € H'((0, T) x Q) | u is a Dirichlet solution of (3) and XRg_ruz = 0}.

IfueNrand peT*((0, T)x2), we wish to prove that u is smooth at p. Let by(s)=(x(s),1(s),&(s), T(5))
be the compressed bicharacteristic that originates from p (at s = 0). There exists so € R such that
t(so) € (0, T) and (zy, x9) = (£(s59), x(s0)) € R. To fix ideas, let us assume that sy > 0 and let us set
b Yo = b y(s) € T*0Y. Because of the -GCC, we may assume that b o 1s a nondiffractive point. Note that
the case sp < 0 can be treated similarly.

Let now V be an open neighborhood of (fy, xg) in R x M such that Vi = VN(R x9dQ) CR. In V, we
extend the function u(z, x) by zero outside R x £ and denote this extension by u. Since u|y, = d,ujy, =0
we observe that u solves Pu = 0 in V. As yp is nondiffractive, the natural bicharacteristic associated
with yp has points outside €2 in any neighborhood of yy. By propagation of singularities for # we thus
find that u is smooth at 3. Then, by propagation of singularities along the compressed generalized
bicharacteristic flow (see [Melrose and Sjostrand 1978; 1982; Hormander 1985]), we find that u is smooth
at p. Having u smooth in (0, T') x 2, we see that if u € Nt then d,u € N7. The rest of the proof follows. [

Remark 4.3. By duality, we have, as well, a boundary controllability result, as in Theorem 1.8".

Remark 4.4. It is interesting to analyze, in this context of boundary observability, the examples of the
disk and of the square studied in Section 3.

 For the disk (see Section 3C): we set
F@)={r0) el0,11xR|r=1, vt<0<vt+a}.

This is the limit case of the case of Section 3C, with ¢ = 0. With respect to Proposition 3.4, it is not true
anymore that Tp(v, a) < +oo if v is chosen sufficiently large.

The other items of Proposition 3.4, providing sufficient conditions such that 7 (v, a) = 400, are still
valid.

« For the square (see Section 3D), w(t) is the translation of the segment (0, 2a) along the boundary,
moving anticlockwise and with constant speed v.

With respect to Proposition 3.8, it is not true anymore that Ty(v, @) < 400 if v is large enough. The
second item of Proposition 3.8, providing a sufficient condition such that 7' (v, a) = +o0, is still valid.
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We stress that, in Propositions 3.4 and 3.8, the fact that Ty < 400 for v large enough was due to the
fact that the width of the observation domain is positive. This remark shows that observability is even
more difficult to realize with moving observation domains located at the boundary.

Appendix: A class of test operators near the boundary

We denote by W™ (Y) the space of operators of the form R = Rj,; + Rian Where:

e Ry is a classical pseudodifferential operator of order m with compact support in R x €2, that is,
satisfying Rin = ¢ Rinr for some ¢ € €°°(R x Q);

e Ry is a classical tangential pseudodifferential operator of order m. In the local normal geodesic
coordinates introduced in Section 1C1, such an operator only acts in the y’-variables.

If 0(Rjn) and o (Rwn) denote the homogeneous principal symbols of Rj, and Ry, respectively, we
observe that their restriction to Chary(p) U T*(R x d2) is well defined. Then, by means of the map
j:T*Y — bT*Y, the function 0 (Rint)| Chary (P) + 0 (Rian)| Chary (P)UT*(Rx0%) Yields a continuous map
on ¥ = j(Chary(p)) U E, that we denote by «(R). Its homogeneity yields a continuous function on
§*% = 3/(0, 4+00).

We then have the following proposition (see [Lebeau 1996; Burq and Lebeau 2001]).

Proposition A.1. Let (i) nen be a bounded sequence of H' (R x Q) that satisfies (8t2 — Agu, =0and
weakly converges to 0. Then, there exist a subsequence (iy(n))nen and a positive measure [ on S *3 such
that

(Rugn), uw(n))Hn(Q) — (u,k(R)) asn— 400, where R € \PO(Y).

This extends results in the interior introduced in the seminal works [Gérard 1991; Tartar 1990].
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