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We give a sufficient condition for global existence of the solutions to a generalized derivative nonlinear
Schrodinger equation (gDNLS) by a variational argument. The variational argument is applicable to
a cubic derivative nonlinear Schrédinger equation (DNLS). For (DNLS), Wu (2015) proved that the
solution with the initial data u is global if ||u0||i2 < 4 by the sharp Gagliardo—Nirenberg inequality.
The variational argument gives us another proof of the global existence for (DNLS). Moreover, by the
variational argument, we can show that the solution to (DNLS) is global if the initial data u satisfies
Il ||i2 = 4 and the momentum P (u() is negative.
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1. Introduction
1A. Background. The following equation is known as a derivative nonlinear Schrédinger equation:
iv+02v+id,(v*v) =0, (t,x)eRxR. (1-1)

This equation appears in plasma physics [Mio et al. 1976; Mjglhus 1976] and as a model for ultrashort
optical pulses [Moses et al. 2007]. Using the gauge transformation

u(t,x) =v(t, x) exp(% /X lv(t, x)|? dx),

—00

we get a Hamiltonian form of (1-1):
i+ 32u+ilu*du=0, (t,x)eRxR. (DNLS)

Namely, this equation can be written as id;u = E’(u) (see below for the definition of the Hamiltonian E).
The Cauchy problem for (DNLS) (or equivalently (1-1)) has been studied by many researchers. It is known
that (DNLS) is locally well-posed in the energy space H'(R). See [Tsutsumi and Fukuda 1980; Hayashi
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and Ozawa 1992; Hayashi 1993; Hayashi and Ozawa 1994a; 1994b]. Hayashi and Ozawa [1994a] proved
that the solution is global if ||140||i2 < 2m. See also [Ozawa 1996]. Wu [2013; 2015] proved that it holds if
lluo ||i2 < 4m. Recently, Miao, Tang, and Xu obtained the global well-posedness by a variational argument
(see the remark on page 1156). For the initial data with low regularity, there are also many references.
Takaoka [1999] proved that (DNLS) is locally well-posed in H*(R) when s > % by the Fourier restricted
method. Biagioni and Linares [2001] proved that the solution map from H*(R) to C([-T, T]: H*(R)),
where T > 0, for (DNLS) is not locally uniformly continuous when s < % Colliander, Keel, Staffilani,
Takaoka, and Tao [Colliander et al. 2002] proved that the H?-solution is global if | g ||i2 < 2w when s > %
by the I-method (see also [Colliander et al. 2001; Takaoka 2001]). Recently, Miao, Wu, and Xu [Miao
et al. 2011] showed that H'/?-solution is global if ||u0||%2 < 2. Guo and Wu [2017] improved their
result; that is, they proved that H'/?-solution is global if ||uo||i2 < 4m. The orbital stability of solitary
waves has been also studied. It is known that (DNLS) has a two-parameter family of the solitary waves
Uy c(t,x)= e"“”qbw,c(x —ct), where (w, c¢) satisfies w > c2/4, or w= c2/4 and ¢ > 0 (see below for the
explicit formula of ¢, ). Guo and Wu [1995] proved that the solitary waves u,, . are orbitally stable when
w>c? /4 and ¢ < 0 by the abstract theory of Grillakis, Shatah, and Strauss [Grillakis et al. 1987; 1990] and
the spectral analysis of the linearized operators. Colin and Ohta [2006] proved that the solitary waves u,, .
are orbitally stable when w > ¢2/4 by characterizing the solitary waves from the viewpoint of a variational
structure. The case of @ = ¢?/4 and ¢ > 0 was treated by Kwon and Wu [2016]. Recently, the stability
of the multisolitons was studied by Miao, Tang, and Xu [Miao et al. 2017b] and Le Coz and Wu [2016].
To understand the structural properties of (DNLS), Liu, Simpson, and Sulem [Liu et al. 2013] introduced
an extension of (DNLS) with general power nonlinearity. The generalized derivative nonlinear Schrodinger
equation is
r@u+ﬁu+nm%@u=o,(nmeRxR, (DNLS)
u(0, x) =ug(x), x eR,

where o > 0. Equation (gDNLS) is invariant under the scaling transformation

1/Q20)

uy(t,x):=y u()/zt,)/x), y >0.

This implies that its critical Sobolev exponent is s, = % —1/(20). In particular, (DNLS) is L>-critical.
Liu et al. [2013] investigated the orbital stability of a two-parameter family of solitary waves

uw,c(t, x)= eiwl(ﬁw,c(-x - Ct),

where (w, ¢) satisfies w > c2/4, orw= 02/4 and ¢ > 0, and

_ E _ i * 20 _
¢w,c<x>—c1>w,c<x)exp(z2x - /0 oo (1) dy), (1-2)

{ (0 + (4w —c?)

2/wcosh(ov/4w — c2x) — ¢

{mo+nc}wh>
02(cx)?2+1

1/(20)
} if > c?/4,
q)w,c(x) = (1-3)

if o=c?/4 and ¢ > 0.
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We note that ®,, . is the positive even solution of

20 +1

m@r‘%:o, xeR, (1-4)

—@" 4+ (0 — 3PP+ 1| PP D —
and then the complex-valued function ¢, . satisfies
—¢" +wp+icd —ilp|*°p =0, xeR.

Liu et al. [2013] proved that the solitary waves are orbitally stable if —2,/w < ¢ < 2z9+/w, and orbitally
unstable if 2zp /@ < ¢ < 24/w when 1 < o < 2, where the constant zg = zo(o') € (—1, 1) is the solution of
) 2 00 2
F,(2) = (0 — 1)2{/ (coshy —z)~1/° dy} — {f (coshy —z)" 1 (zcoshy — 1) dy} =0.
0 0

Moreover, they also proved that the solitary waves for all @ > ¢?/4 are orbitally unstable when o > 2 and
orbitally stable when 0 < o < 1. Recently, Fukaya [2016] proved that the solitary waves are orbitally
unstable if ¢ = 2zp+/@ when % < 0 < 2. More recently, Tang and Xu investigated stability of the sum of
two solitary waves for (gDNLS) (see [Tang and Xu 2017] for more details). Before Liu et al. [2013],
Hao [2007] considered (gDNLS) and proved the local well-posedness in H 172(R) when o > % Santos
[2015] proved the existence and uniqueness of a solution u € C([0, T']; H 1/2(R)) for sufficiently small
initial data when o > 1. Recently, Hayashi and Ozawa [2016] proved local well-posedness in H!(R)
when o > 1 and that the following quantities are conserved:

1

E(u) := %)|9ull7, — e Re/RiW“ﬁaxudx, (Energy)

M) = ||ull7, (Mass)

P(u) := Re/ i10,uudx. (Momentum)
R

Moreover, they proved global well-posedness for small initial data. They also constructed global solutions
for any initial data in H I(R) in the case 0 < o < 1 (L2-subcritical case). However, in the case o > 1
(L?-critical or supercritical case), there has been no global existence result for large data. In the present
paper, we investigate global well-posedness for (gDNLS) in the case o > 1 by a variational argument.
More precisely, we give a variational characterization of solitary waves and a sufficient condition for
global existence of solutions to (gDNLS) by using the characterization. Such an argument was done for
nonlinear hyperbolic partial differential equations by Sattinger [1968] (see also [Tsutsumi 1972; Payne
and Sattinger 1975]). Our argument is also applicable to (DNLS). Indeed, the variational argument gives
another proof of the result by Wu [2015]. Moreover, we prove that the solution of (DNLS) is global if the
initial data u( satisfies ||u0||i2 =4 and P(ug) <O.

1B. Main results. To state our main results, we introduce some notations. Let (w, ¢) satisfy

w>c*/4 or w=c?/4andc> 0. (1-5)
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For (w, c) satisfying (1-5), we define
Sw.c(@) = E(p) + 30M (9) + 3¢ P(9).

We denote the nonlinear term by

N(p) ::Re/ ilo|*° poyp dx.
R

We define
~ 1
1 2 1 1.2 2 2042
Sw.c(¥) == 310912, + 2w — 1AV, + ——— 200 +2) I 13555 — 5o N
Then, we have S, (@) = Sp.c(e~“/?*¢) by using the identities
cP (@) = —13cpll7. — 1 llol7, + 13x (e~ o) |17, (1-6)
N(p) = —5cllol3%53 + N(e™ /P g). (1-7)

We denote the scaling transformation by ff’ﬁ(x) := ¢%* f (e~P*x) for (a, B) € R? and any function f.
For (o, B) € R?, we define

Kol @) = 8,50,(07 ) mo,

K3l () = K3l (e /).

By a direct calculation, we have the explicit formulae

K2By) = (8, .. aw—ﬂxaxw

Za ﬂ 20+ B c? 2 {Qo+a+Ble o510
105117, + 5 (“"Z)'WHH 300 12) IVl 20 —aN (),

K@) = <S;,C<e*“/2’”<p>, ae” P g—pxi (eI y))
= (8},,0(9), ap+5cifxp—Pxdcp)

20— 20+ 2a
= Tllaﬂplliz-i-( 7 w——ﬁ) lll7.+——

where we have used (1-6) and (1—7)

Remark. (1) If 8 # 0, then K, C is different from 1, ((p) = 0 So, C(gax )| »=0- Indeed, the explicit

formula of Ia, Cﬁ 18

ﬂ IB 2042
P -
3 c (‘P)+2(2 2 llell 12042

—aN(p),

- B 2 20+ B

120 (p) = el + =

wll@ll?, + caP(p) —aN(p).

We note that K» 0 . coincides with 15 0 and especially K L}) 0 =1, 1.0 . 1s nothing but the Nehari functional.

w,C?
(2) It is not clear whether the momentum P is positive or not. That is why we introduce Sw,c by using
(1-6). Such an argument can be seen in [Bellazzini et al. 2014b] (see (14) therein for the details).

(3) The functional K, f;f is more useful to obtain the characterization of the solitary waves when v = c? /4
and ¢ > 0 than Iffjf since Kgi‘g contains the L?°*2-norm (see the proof in Section 2B).
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4) §w,c and ng are relevant to the elliptic equation
—Y" (@ g+ ey Y — iy Y =0, xeR.
We define the following function space for (w, c) satisfying (1-5):
H'(R) if w > c?/4,
Xoc =1 1 2042 . 2
H' RNL (R) ifw=c"/4andc>0.
We consider the following minimization problem:
ek = inf{Su,c(9) 1 e P9 € Xy \ (0}, K52 () = 0}
= inf{Su.c (V) : ¥ € Xoo \ {0}, K2E(y) =0}

Remark. (1) We note that the solitary waves ¢.2/4 . do not belong to L?(R) when o > 2. Therefore,

we define X2 . 1= H'(R) N L2*2(R) to characterize the solitary waves ¢, /4,c (cf. [Kwon and
Wu 2016]).

(2) Sc2/4, seems meaningless on the function space {¢ : e~ /Y™ € X2, .} since S/, . contains
L?-norm. However, in fact, S /4. 1s well-defined on the function space since S.2 4 . is defined
on H'(R) N L***%(R) and the equality S.2/4 .(¢) = S.2/4 .(e~“/?*¢) holds. Similarly, K“zﬁ is
well-defined on this function space.

(3) Since ¢ € H'(R) if and only if e=/2*¢p € H'(R), when w > ¢?/4, we have
Wl = inf(Su.c(p) 19 € H' R\ {0}, K&E () =0).
However, when o = ¢%/4 and ¢ > 0, the above equality does not hold.
We assume that («, B) € R? satisfies
{205—,3>0, 20+ >0,and fc <0 whenw > c?/4,
20 —f>0,2a+p>0,and B <0 whenw=c?/4andc>0.
We define some function spaces:
M3l =g e TPNg € Xy N0}, Suc(p) = uih, KiL(w) =0,
Goc =919 € X\ (0, S, (9) = O}

We give the following characterization of the solitary waves.

(1-8)

Theorem 1.1. Let o > 1, (w, ¢) satisfy (1-5), and («, B) satisfy (1-8). Then,
MEE =, = (P, (- —x0): 60 €[0,27), x0 € R},

Theorem 1.1 also means that MZ)*Z and ///a‘ff are independent of (o, 8) and //lgf is not empty. Thus,
we denote ug’g by iey.c-
We define |
HPT =1p e H'(R): S0.0(9) < pwer KEE(9) =0},
HSP T = € H'(R) : Sp.c(9) < fov.er KS(9) <0}

The characterization by Theorem 1.1 gives us the following sufficient condition for global existence.



1154 NORIYOSHI FUKAYA, MASAYUKI HAYASHI AND TAKAHISA INUI

Theorem 1.2. Let o > 1, (w, ¢) satisfy (1-5), and («, B) satisfy (1-8). Then, %Of’cﬂ’i are invariant under
the flow of (gDNLS). Namely, if the initial data uo belongs to % ’Cﬁ ’i, then the solution u(t) of (gDNLS)
also belongs to %Of’cﬁ o+ forall t € Iy, where I, denotes the maximal existence time.

Moreover, if the initial data ug belongs to )i{f ’f + for some (w, c) satisfying (1-5) and («, B) satisfying
(1-8), then the corresponding solution u of (gDNLS) exists globally in time and

lull oo 11 @y < Cluoll g1)s
where C : [0, 00) — R is continuous.

Recently, Miao et al. [2017a] independently obtained the results similar to Theorems 1.1 and 1.2 when
o = 1. We will compare their method with our argument in the remark on page 1156.
We show that Theorem 1.2 gives us some interesting corollaries for (DNLS).

Corollary 1.3. Let o = 1. If the initial data uy € H'(R) satisfies ||uo||i2 < 4w, then the solution of
(DNLS) is global.

Two proofs have been known for Corollary 1.3. One was obtained by Wu [2015] and another one by
Guo and Wu [2017]. We give another proof by Theorem 1.2. We compare the methods of [Wu 2015;
Guo and Wu 2017], which depend on the sharp Gagliardo—Nirenberg-type inequality, with our variational
argument. Using the gauge transformation to the solution of (DNLS)

u(t,x):w(t,x)exp<—£/x Iw(t,x)lzdx), (1-9)

—00

then w satisfies the equation

idw+ 02w+ 3ilw?d,w — Hiw*dh W+ lwl*w =0, (t,x)eRxR, (1-10)
w(0, x) = wo(x), x eR.
The energy and the momentum are transformed as
Ew) = 3l1dxwli7> — 55wl
P(w) = Re/ i wwdx + § w7
R
Hayashi and Ozawa [1992] used the sharp Gagliardo—Nirenberg inequality
4
1F18s < = 1F117200: 117 (1-11)

v

in order to obtain an a priori estimate in H! (R). We note that the optimizer for the inequality (1-11) is
given by O := ®; ¢ and Q satisfies the elliptic equation

-0"+0- %0’ =0. (1-12)

Hayashi and Ozawa [1992] proved the H !_solution of (DNLS) is global if the initial data ug satisfies
||u0||i2 = ||w0||i2 < Q||i2 = 21 (see also [Weinstein 1982]). Wu [2015] used not only the energy but
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also the momentum and the sharp Gagliardo—Nirenberg inequality

_ 16/3 2/3
LIS < 3@m) 3 £11L52 10, £1175 (1-13)
We note that the optimizer for the inequality (1-13) is given by W := ®; 4 ; and W satisfies the elliptic
equation
—W AW — 2w =0. (1-14)
Wu [2015] proved that the H'-solution of (DNLS) is global if the initial data uq satisfies ||uo||i2 =
||wo||i2 < || Wlli2 = 4. His proof depends on a contradiction argument. Supposing that there exists

a time sequence {f,},en With #;, — Tax or —Tin such that ||0,w(t,)]|;2 — o0 as n — 00, where
(—Tinin> Tmax) 1s the maximal time interval, he mainly proved that X = ||w(t,l)||8L4 / ||w(t,,)||?‘6 satisfies
X3 — w7, X* +16{3(27)"**}3||w||7, < 0, but this does not hold when [w||?, < 47. On the other
hand, Guo and Wu [2017] gave an a priori estimate directly for (1-10) by the sharp Gagliardo—Nirenberg
inequality (1-13). More precisely, they showed in [Guo and Wu 2017, Lemma 2.1] the inequality

||w||Lz) 8/TEW) w2
27 w4,

and thus, ||8xw||i2 is bounded by P and & if ||w||%2 < 47 [Guo and Wu 2017, Lemma 2.2]. In our
variational argument, we do not use a contradiction argument, the gauge transformation like (1-9), or any

P(w) > inwn‘;(l — (1-15)

sharp Gagliardo—Nirenberg inequality.
We give the global existence result in the threshold case by Theorem 1.2.

Corollary 1.4. Let o = 1. We assume that the initial data ug € H' (R) satisfies ||u0||i2 =4m. If P(up) <0,
then the solution of (DNLS) is global.

After submitting the present paper, Guo pointed out that Corollary 1.4 can be obtained by (1-15). We
also give the proof by (1-15) for the reader’s convenience.
The following corollary means that there exist global solutions with any large mass.

Corollary 1.5. Let o > 1. Given ¥ € H'(R), set the initial data as ug . = e'“/?™*+. Then there exists
co > 0 such that, if c > co, then the corresponding solution u. of (gDNLS) is global.

Remark. The existence of blow-up solutions in finite time is still an open problem. It might be a very
interesting problem whether finite-time blow-up occurs when the initial data u( satisfies ||u0||i2 =4r
and P (ug) > 0.

1C. Compare DNLS with mass-critical NLS. Equation (DNLS) is L2-critical in the sense that the

equation and L?-norm are invariant under the scaling transformation

2y, yx), y>0.

uy(t, x) =y
The same invariance holds for the quintic nonlinear Schrédinger equation in one-dimensional space:

idu+oju+ Zlul'u=0, (@, x)eRxR. (1-16)
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This equation has the same energy as (1-10). It is known that (1-16) is locally well-posed in the energy
space H'(R) and the solution is global if the initial data u satisfies ||uo||i2 < || Q||2Lz, where Q is the
ground state of the same elliptic equation (1-12). The condition ||uo||i2 <l Q||i2 is equivalent to the
condition obtained by the variational argument. In this argument, the momentum is not essential since
(1-16) is invariant under the Galilean transformation, and thus, we may assume that the momentum is zero.
On the other hand, (DNLS) is not invariant under the Galilean transformation. Therefore, the condition
by the variational argument is better than the assumption ||ug ||i2 < ||W ||i2 = 4. Indeed, the momentum

and the parameter ¢ play important roles in Corollaries 1.4 and 1.5.

1D. Idea of proofs. The proof of Theorem 1.1 is based on the method of Colin and Ohta [2006] (con-
centration compactness method). They characterized the solitary waves for w > ¢?/4 when o = 1 by the
Nehari functional / al;y?.. However, in the case w = ¢?/4 and ¢ > 0, we cannot apply their argument directly
since the L?-norm in / al)’g disappears by (1-6). Therefore, we introduce the new functional ngf for («, B)
satisfying (1-8). We can use the L?°*2-norm instead of the L?-norm by using ngf . That is why we
introduce the function space X,, . as H' N L**2 in the massless case (i.e., = ¢2/4 and ¢ > 0). Noting
that the solitary waves ¢.2 4 . do not belong to L*(R) when o > 2, the function space X, . is essential to
obtain the characterization of the solitary waves ¢ . J4,cr Based on the argument of Colin and Ohta [2006],
we characterize the solitary waves ¢.2 4 . by Kg’f.. By the conservation laws and the characterization
of the solitary waves, we get an a priori estimate and thus obtain Theorem 1.2. The corollaries follow
from Theorem 1.2. In their proofs, the parameter ¢ plays an important role. More precisely, taking ¢ > 0
large, we get the corollaries. At last, we emphasize that we do not use the sharp Gagliardo—Nirenberg
inequality and we do not apply the gauge transformation to (gDNLS) since the equation after applying
the transformation is complicated unlike (DNLS).

Remark. Miao et al. [2017a] treated the case of 0 = 1. They considered (1-10) by using the gauge
transformation and defined the action by S, . := £ + wM /2 + ¢P/2. They applied a concentration
compactness argument to give the variational characterization of the solitary waves. Then, they use the
Nehari functional IC,, . derived from the action S, .. The explicit formula of ICy, .. is

. 2 3 6 2 . — 1 4
Koo (w) = 195w, — 2w + wllw]2, +cRe/Rlaxwwdx + el

They defined
e ={p € H(R) : S0.c(9) < Spc(B.c), Kune(p) =0},

and they also showed that %afc are invariant under the flow of (1-10) and the solution to (1-10) is global
if wg € ,safajf . for some (w, ¢). The functional K, . is useful to characterize the solitary waves ¢ 4 . since
it contains L*-norm. Namely, one can use the Nehari functional by the gauge transformation. On the
other hand, we cannot use the Nehari functional when we do not apply the gauge transformation, and
thus, we introduce the new functionals K f;'f .

The rest of the present paper is as follows. In Section 2A, we prepare some lemmas to obtain the
characterization of the solitary waves and prove the a priori estimate (see (2-2)). In Section 2B, we give
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the characterization of the solitary waves ¢.2 4 .. We remark that the characterization of the solitary waves
P for w > 2 /4 can be obtained in the same manner as in [Colin and Ohta 2006], and then we omit the
proof. Section 3 is devoted to the proof of Theorem 1.2 and the corollaries. In the Appendix, we show that
there is no nontrivial solution of the nonlinear elliptic equation (1-4) if w < ¢*/4, or @ = ¢?/4 and ¢ < 0.

2. Variational characterization of the solitary waves

2A. Preliminaries. We define function spaces
AL =Y € X\ (0} : S () = uh, KEP () =0),
Goc =¥ € Xop.c \ {0} : 5, .(¥) =0}
In this section, we prove the following proposition, which gives Theorem 1.1.
Proposition 2.1. Let (w, ¢) satisfy (1-5) and (o, B) satisfy (1-8). Then
MEE =Gy =™ TP, (- —y):0€[0,27), y R}
Indeed, Theorem 1.1 follows from Proposition 2.1 and the following properties:

pe Ml = e “Ppe q%P

w,c’
—(c/2)ix

(pegw,c — e ¢€%,c,

where we note that gc/oﬁc(e_("/z)"xw) = (/2] () holds.

To prove Proposition 2.1, we prepare some basic lemmas. We have the Gagliardo—Nirenberg-type
inequality.
Lemma 2.2. Let p > 1. We have the estimate

L% < 2P £ 175 51100 £ 1 2. @-1)

Proof. By the Holder inequality,

*d
| f(x)[?P = f d—(lf(y)lz”)dy
X

—00

= f 2plfIPP 2 Re(f (1) (@5 f)(»)) dy

<2pIFIPP7 ) 2 18 £l 2

2p—1
=2pll Fll 219 £l 2

Taking the supremum, we obtain (2-1). (]

We have the Lieb compactness lemma. See [Lieb 1983] for p = 2 and [Bellazzini et al. 2014a, Lemma
2.1] for more general setting.

Lemma 2.3. Let p>2andd eN. Let { f,,} be a bounded sequence in H! (RHYNLP(RY). Assume that there
exists g € (p, 2*) such that limsup, || fullLe > 0. Then there exist {y,} and f € H'(R?) N LP(R%)\ {0}
such that { f,(- — y,)} has a subsequence that converges to f weakly in H! (R4 N LP(RY).
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We have the Brézis—Lieb lemma [1983].

Lemma2.4. Letd eNand 1 < p < oo. Let { f,,} be a bounded sequence in LP(R?) and f, — f a.e. in RY.
Then

£l 2o =W fa = FIZo = N FNIZ, = O.

If { f,} is a bounded sequence in L>(R?) and f, converges to f weakly in L*>(R?), then the statement with
p =2 holds.

A direct calculation gives us the following relation.

Lemma 2.5. We have

- _ Rt 2000+ 12 2 200—B 5 Bc o osin
(20 +2)S0.c () = KGe () + ———19x Yl + (@— ) —— s Wl =55y 1Vl
(2-2)

We denote the difference o(20 +2)S, (V) — K&E () by

200 + B 2000 — B ,8
o /3 —_ " -1 2 20+2
Joe (W) = 10xll72 + (@ — ) ——— 7 Wl = 200 12) YN LA T

2B. Variational characterization. First we consider the case of @ =c¢?/4 and ¢ > 0. Then («, B) satisfies
20— B >0, 20+ 8 > 0, B <0. (2-3)
Hereafter, we often omit the indices w, ¢, o, and § for simplicity.
Lemma 2.6. The following equality holds:
Gy e = D™ Dixg, (- —x0): 60 € [0, 27), x0 € R}.

Proof. Since e~ (“/Pixg, . satisfies E;)’C(e_(c/z)"%w,c) = e_("/z)ixS;)’C(qu,c) = 0, we have %,c D
{eifhe=(/Dixg (- —xp) : 6y € [0,27), xg € R}. We prove &, . C {efe=/Dixg (. —x): 6 €
[0, 27r), xo € R}. Letting ¢ € %, . and

w(x>=<1><x)exp( = +2/ |<1>(y)|2"dy)

then ® is a solution of

20 +1 _
o+t 1% d + —2 |02 Im(PD')d = 0.

_cD// 1 (IDZU(I)——
+acl®] 20 +2) o+1

Setting A(®) := 1c|®[** — (20 4+ 1)/ (20 +2))|@[** + (o/(0 + 1)|®[** 2 Im(P D), f :=Re ®, and
g:=Imo,
f"=A@)f, g =A(D)g.

Therefore,

(g —gfY =rfe¢" —gf" = fA(DP)g—gA(D) f = A(D) fg — A(D) fg =0.
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Since f, g € H'(R)N L2 *2(R), we obtain fg’ — gf’ = 0. On the other hand, fg’ — gf’ =Re ® Im &' —
Im ® Re &’ = Im(®®P’). Thus, Im(®P’) = 0 for any x € R. Therefore, ® satisfies

20 +1

| ®* D =0. 2-4
(20_+2)2| | (2-4)

—CD//+ %C|q>|20q> _
Therefore, there exist 6y and xo such that & = ¢'% ®,, (- —xp) since D, is the unique solution of (2-4)
up to translation and phase (see the Appendix). This implies ¥ (x) = /e~ /2x¢,, .(x — xp). O

Remark. According to [Colin and Ohta 2006], it looks natural to take the integral on the infinite interval
(—o00, x] in the gauge transformation as

w<x>=<1><x)exp<—2g’ﬁ |<I><y>|2“dy).

However, in the massless case, it is not clear whether ¢ € %,c belongs to L?°(R). This is why we take
the integral on the finite interval [0, x] instead of (—oo, x].

Lemma 2.7. We have 4, . > 4.

Proof. This is obvious if .#Z = @. We consider the case of .# # @. Let ¢ € ./ . Since v is a minimizer,
there exists a Lagrange multiplier # € R such that §’(1//) = nE "(4). Then

0=K@W) = (W), 09" lrzo) = n(K' (). 95 hizo) = 0 K @50,
where we remark that this is justified by a density argument. By a direct calculation, we obtain

(2a — B)? (o +2a+ By  sin (20 +2)a)

R Dlico = =50 e =~ S S I — S N W)
_ —Qa—p)2oa+p) 2y AQo+2a+ BB 5o ~
= 5 0x¥rlly >+ 300 12) ¥ 117255 + 2o +2)aK(Y)
<0,

where in the last inequality we use

20—B>0, 2a+B>0 B<0, K@) =0.
Therefore, n = 0. This implies §;’c(z/f) =0 and then ¢ € 9, . O
Lemma 2.8. We have %,c C ///:‘ffé3 if ///200%8 #* .

Proof. Let ¢ € ¢. Then there exist 6 € [0, 277) and x € R such that ¢ = ei%e=(/2ixg (. —xq) by
Lemma 2.6. If .# # &, then we can take ¢ € M. By Lemmas 2.6 and 2.7, there exist 6; € [0, 27) and
x1 € R such that ¢ = e®1e=©@/Dixg (. —x). Thus, Sy (V) = Sp.c(Po.c) = Sw.c (@) = to.c. Moreover,
we have K () = (8], (), 8,95 [120) = 0. O

Lemma 2.9. We have //ng #“ Q.

To prove this lemma, we show the following proposition.
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Proposition 2.10. Let {1, },en C X ¢ satisfy
Swc(n) = uih and  K3L,) — 0.
Then there exist {y,} CRand ¢ € //Z(,‘j‘;c such that {yr,(- — yn)} has a subsequence which converges to
strongly in X, ..
To prove this proposition, first, we prove the following lemma.
Lemma 2.11. We have /Jfff,’f > 0.

Proof. We recall that u&%% = inf(S, () : ¥ € Xo.c \ {0}, K2F () =0}. By (2-2), it is trivial that y > 0.
We prove 1 > 0 by contradiction. We assume that ;© = 0. Taking the minimizing sequence {y,} C X, ¢,
i.e., §(1ﬁn) — u =0 and E(wn) = 0, we have ||8x¢n||i2 — 0 and ||wn||i§j+22 — 0 by (2-2) and (2-3).
Then, by using (2-1) with p = (o0 +2)/2, we get ||, | Lo — 0 as n — 00. By using

—N) = =109 117. — FIW 1155 + 10w + 3ilv ¥ 3.

we obtain
- 200 — B 2 {20 +2)a + B)c 2ot
KW = 10l + =5, 5y 1Vl — N ()
{20 +2)a + B)c ) |
= —3Bl0Ynllg: + = G012 W52 = Yl 14952 + alloxn + il9a 2 ¥l
{20 +2)a + B}c o2 1 roia
Z 2(20' +2) ||‘pn”L2a+2 - ZO[”lﬂn|lL4U+2
{20 +2)a + Blc ;
Z 500 12) 113555 = 3ol ¥ull 35 3 m 17%
{2o +2)a + B}c 1 ) 2042
= ( 2(20’ + 2) - Zalh/f” ”LUC’O ”wn ||L(§a+2
>0,

for large n € N since ||, ||~ — 0 as n — oo. However, this contradicts K (W) =0forallneN. 0O

Proof of Proposition 2.10. We take {,} C X, . such that §w,c(wn) — M‘;‘)'ﬁ and I?g’,f(wn) — 0. Then,
{¥»} is a bounded sequence in X,, . by (2-2).

Step 1. We prove limsup,,_, -, || || 1 4+2 > 0 by contradiction. We suppose that lim sup,,_, . || || p40+2 =0.

Since
{20 +2)a + Blc 2642

0« KWn) > —3B10:Yull? + 0o 12l - Yol gl 3%3,

we obtain |0, 17, — 0 and ||, ||i‘§;’+22 — 0 as n — o0o. By (2-2), we get S(¥,) — 0. This contradicts
u > 0.

Step 2. Since {1, } is bounded in X,, . = H'(R)NL>**+2(R) and limsup, . . [[¥,]| j40+2 > 0, by applying
Lemma 2.3 with f, =,,d =1, and p =20 42, there exist {y,} and v € X,, . \ {0} such that {y,(- —y,)}
(we denote this by v,) has a subsequence that converges to v weakly in X, ..
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Step 3. We show

KWy —K@w—v,)— K@) =0 asn— oo. (2-5)
We note that
~ {20 +2)a + B)c )
K@) =3Bl w7+ 113553 = el w1152 + alldvy + Sily P v )7, (2-6)

220 +2)
for any ¥ € X, .. Since v, converges to v weakly in X, ., we have v, — v a.e. in R. Therefore, by
Lemma 2.4, we have ||vn||€,, — v, — vlli,, - ||v||i,, — 0 for 20 4+ 2 < p < oo. Moreover, setting

Wy i= 0xVy + il vy and  w =30+ Jilv[*v,

w, converges to w weakly in L?(R). Indeed, it is obvious that 8,v, — ;v in L2(R) and we have, for
any f € C°(R),

/R F ) (0 () 0, (x) = [v(x)]* v(x)) dx

,sf f|f(x>|<|vn<x>|2“+|v<x>|2")|vn<x>—v(x>|dx
supp ,

5/ [vn(x) —v(x)[dx — 0,
supp f

where we use the Holder inequality, the fact that {v,} is bounded in L*°(R), and the compactness of
the embedding H' () N L2+2(Q) — H(Q) — L’ () for a bounded domain 2 C Rand 1 < p < oo.
Thus, w, converges to w weakly in L*(R). Therefore, by (2-6), we get (2-5).

Step 4. We prove a (20 +2)u < f(l//) if E(I//) < 0. By the definition of pu,

ap infl J%B8 . KB — _
Kt = ey UL W) 0 € Xo o\ (O Rty =0) @7)

If ¥ € X, . satisfies I?(xﬁ) < 0, then there exists Ay € (0, 1) such that I?(kox//) = 0 since I?(M//) > 0 for
small A € (0, 1). Therefore, we have ¢ (20 +2)u < j()\.()l//) < j(l/f).

Step 5. We prove K (v) <0 by contradiction. We suppose K (v) > 0. Since K (v,) — 0 and (2-5) hold,
I}'v(v—vn)—> —I?(v) <O0.

This implies that I?(v —v,) < 0 for large n € N. Therefore, by Step 4, we get (20 +2)u < J (v — vy,)
for large n € N. By the same argument as in Step 3,

j(vn)—f(v—vn)—j(v)—>0 as n — 00.

Therefore, we get f(v) = limn%oo(j(vn) — f(v —vy,)) <0 since we have f(vn) — (20 +2)u by the
definition of J and K (vy) — 0. By Step 2, we have v # 0 and then J(v) > 0. This is a contradiction.

Step 6. We prove that v belongs to .. By (2-7) and the weakly lower semicontinuity of J, we obtain
(20 +2)u < J (v) <liminf J(v,) =« (20 +2) .
n—oo

Thus, f(v) = o(20 + 2)p and v, converges to v strongly in X,, .. Therefore, we get g(v) = u and
K (v) =0 by Steps 4 and 5. O
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Therefore, we obtain Proposition 2.1 when w = ¢?/4 and ¢ > 0.

The case of w > ¢?/4 is much easier. Indeed, we can obtain Proposition 2.1 by the same argument as
in the case w = ¢?/4 and ¢ > 0 by using L>(R) instead of L**2(R). See also [Colin and Ohta 2006],
where the statement only for the Nehari functional K Y is obtained. Thus, we omit the proof.

3. Global existence

In this section, we show Theorem 1.2.

Proof of Theorem 1.2. Let ug belong to %‘f’cﬂ o First, we consider the case that ng’f (ug) = 0. Then,
uyg=0oruy= e"eod)wyc(- — x0) by Theorem 1.1. By the uniqueness of solution to (gDNLS), we have
u(t)=0oru(t) = eieoe"“”qﬁw,c(x — ¢t — xg), respectively. This implies that ngf (u(t)) =0 for all time.
This means that u(z) € Ji/wof’cﬂ "+ for all time. Next, we consider the case that ng*f (uo) > 0. We suppose
that there exists a time ¢ such that ng’f (u()) <0. Then there exists z, such that Kgif (u(ty)) =0 by the
continuity of the flow. By the above argument, K, *h "¢ (u()) =0 for all time. This is a contradiction. Thus,
u(t) belongs to Jif *B+ for all time. When ) belongs to jif ®p.= , the same argument implies that u(7)

belongs to .7, ¢ P for all time. Next, we prove that the solutlon is global if ug € 7, ¢ bt . Then, since
200+ p B Be
@20 +2)S0.c(9) =KL (@) +———lldsg—jeiplf+(@— e )T”g"”%z muwni‘;ﬁ;

(3-1
and Kg L’S (u(t)) > 0 for all time 7, we have that ||0,u(t) — czu(t)|| is uniformly bounded. Therefore,

19:u @)l 2 < 19u(r) = geiu(@) 2+ 5lellu@ 2 < C + 5lelluoll 2,

for some positive constant C independent of 7. This boundedness and the conservation law of the L?-norm
imply that « is global in time. O

We give proofs of Corollaries 1.3, 1.4, and 1.5. Direct calculations imply the following lemma (see
[Colin and Ohta 2006] for the details).

Lemma 3.1. Let 0 = 1 and (w, c) satisfy (1-5). Then, we have the relations
2Jw+c
2Jo—c’
P(¢w,c) =2vV4w — CZ’

E($u.c) = —3cvdo — .

M(¢p.c) =8tan™'

In particular,

2
Sw,c(¢w,c) =4w tan_l 2? _c éCV 4o — 6‘2
Remark. When o = 1, we have M (¢.2/4 ) = 47, P(Ppc2a) =0, and E(d24,) = 0 for all ¢ > 0 by
Lemma 3.1. On the other hand, if M (¢) =4m, P(¢) =0, and E(¢) <0, then ¢ (x) = e"eoqbc(z)/zhc() (x —x0)
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for some 6y € R, xp € R, and ¢¢ > 0. Indeed, M (¢) = 4m, P(¢) =0, and E(¢) <0 imply that

ﬂlla Slig. + Z_ﬂczmﬁnqsnit

(¢) < O for small ¢ > 0 and K% 2/4 (¢p) — 400 as ¢ — 00, there exists ¢cp > 0 such that

62/4 c (¢)

a.p
Slnce K2/4

2 / 4 c (¢) 0. Therefore, Theorem 1.1 implies that ¢ (x) = e 90('2563 J4.¢o (x — xp). Note that this means
that there is no function satisfying M (¢) =4n, P(¢) =0, and E(¢) < 0.

First, we prove Corollary 1.3.

Proof of Corollary 1.3. Let ug satisfy ||uo||i2 < 47. The statement is trivial if ug = 0. We assume that
ug # 0. Since |Juol|?, < 47,

Se2/a.c (o) = E(uo) + ¢ luoll7» + 3¢ P(ug) < ¢*m/2,

for sufficiently large ¢ > 0. Moreover, since ||140||i2 #0,

/3 —Bc 20— B Bc
K0, (o) = 1ol + > 5 ol + == P o) + - luollEs — N (o)
— 00 asc— 00, (3-2)

for any (o, B) satisfying (1-8). Thus, K (uo) > ( for large ¢ > 0. Thus, there exists ¢ > 0 such that

K02/4 c
By Theorem 1.2, the solution u is global. ]

(ug) > 0and Se2 4 (1) <c 71/2 where we note that 124 . = ¢ 27 /2 by Lemma 3.1 when o = 1.

Secondly, we give a proof of Corollary 1.4 by Theorem 1.2.

Proof of Corollary 1.4. Let uy satisfy ||uo||L2 =4 and P(up) < 0. We recall that u.2 /4 . = c>m/2 by
Lemma 3.1 when o = 1. Since P (up) < 0, we have, for large ¢ > 0,

Se2 /4.0 (0) = E(ug) + 37 + SeP(ug) < pre2 ..

On the other hand, because 2o — 8 > 0 and ||M0||i2 # 0, we obtain (3-2). Thus, Kfz’ﬁ‘ c(“(’) > 0 for large
¢ > 0. This means that the assumption in Theorem 1.2 holds for sufficiently large c. This implies that u
is global. O

We give another proof. This is due to [Guo and Wu 2017].
Another proof of Corollary 1.4. We have

P(u) > i||u||i4<1 _ ”“”LZ) | SYTEW |l

27 luell2,

applying the gauge transformation u = w exp(—}li ffoolw(y)l2 dy) to (1-15). See [Guo and Wu 2017,
Lemma 2.1] for the proof of (1-15). When ||uo||i2 =4 and P(up) < 0, we get
8/ E (uo) lluoll 2

4
lu@) ;4 < o) . (3-3)
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Therefore, by the Holder inequality, the Gagliardo—Nirenberg inequality, and the Young inequality,

135 ()13, = 2E (1) + % Re f ilu(t, x)[u(t, x)du(t, x) dx
R

< 2Euo) + 5llu®)|1 36 1)l 2
< 2E(uo) + Cllu) I}y 0@
< 2E(uo) + Cllu@®)3s + 3 105u(®)|7,.
This inequality and (3-3) give an a priori estimate, and thus, the solution is global. (]

At last, we prove Corollary 1.5.
Proof of Corollary 1.5. Let o > 1. Since ug . = /2y,

S02/4,c(u0,c) = §c2/4,c(w)

1
1 2 2042
=19 v — Ny
2” x1/f||L2 2(2 2) ” ”L20+2 20 2 ( )

<cVOS 41 (@1741) = Se2jac(Bezya ),
K?jﬁkc(uo,c) = 02/4 c W)
—B » Qo +2)a+ Bl

20
= 51Vl + =5 s WIS —eN )

>0,

for large ¢ > 0. By Theorem 1.2, therefore, the solution u, with the initial data ug . is global for large
c>0. ]

Appendix: Uniqueness and nonexistence

We prove the uniqueness of the massless elliptic equation.
Proposition A.1. Let 1 < p < g <00,a > 0, and b > 0. Assume there exists a nontrivial solution in
H'(R) N LPTY(R) of the equation

—¢" +algl” g —blpl*'p =0 (A-1)
in the distribution sense. Then there exist 0y € [0, 2m) and xy € R such that ¢ = eieOw( - — X0), where
is the unique positive, even, and decreasing function which satisfies (A-1).

Proof. Since alp|P~ o —blp|9 @ belongs to L?*(R), we obtain ¢ € H 2(R). A bootstrap argument gives
us that ¢ € H 3(R). By the Sobolev embedding, ¢ € C*(R) and ¢ satisfies the equation in the classical
sense. Multiplying the equation by ¢’ and integrating on (—o0, x), we obtain

b
—1e' ) + Tlox NP — —— ()7t = 0. (A-2)
qg+1

We write ¢ = pe'?, where p > 0 and p, 0 € CZ(R). It is easily seen that 6 = 6y for some 6y € [0, 27).
Since p € LP*(R), there must exist xo € R such that p’(xg) = 0. By (A-2), p(x0) = c, where ¢ 7 =
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(a(g +1))/(b(p + 1)). Let ¥ be the real-valued solution of (A-1) such that ¥ (0) = ¢ and v'(0) = 0.
Using the uniqueness of the ordinary differential equation, we can deduce that ¢ = ¢/®y (- —xp). O

We prove the nonexistence of a nontrivial solution to the nonlinear elliptic equation (1-4) in the case
w < c2/4, or w = c2/4 and ¢ < 0. See [Berestycki and Lions 1983, Theorem 5] for the necessary
and sufficient condition for the existence of nontrivial solutions to more general second-order ordinary
differential equations.

Proposition A.2. Let 1 < p, q < 0o. If ¢ € H'(R) satisfies
—¢" +wp+alplP Lo —ble|7 ' =0 in the distribution sense,
where a, b € R and w < 0, then we have ¢ = 0.

Proof. By a usual bootstrap argument [Cazenave 2003, §8], we have ¢ € H 3(R). We getpeC 2(R) by
the Sobolev embedding. Therefore, ¢’(x) — 0 and ¢(x) — 0 as |x| — oco. Multiplying the equation
by ¢’ and integrating on (—o0, x), we obtain

_ Ly 2,1 2, 9 P+1_L a+l _ A-3
319 (07 + 30lp(x)] +p+1|¢(X)| q+1|90(X)| : (A-3)
Since ¢(x) — 0 as |x| — oo, we get

1 2 a p+1 b q+1
sole(x)] 4+ ——|ex —— o <0 for some x
s0le(x)] erl|</J( )| q+1|<ﬂ( )|

or

lp(x)| =0 for some x.

In the former case, we obtain |¢’(x)| < 0 by (A-3). This is a contradiction. In the latter case, we obtain
l¢’(x)| = 0 by (A-3). By the uniqueness of the ordinary differential equation, we get ¢ = 0. ([l

By the same argument as in the proof of Proposition A.2, we obtain the nonexistence of a nontrivial
solution to the nonlinear elliptic equation (1-4) when w = ¢?/4 and ¢ < 0 as follows.

Proposition A.3. Let 1 < p, g < 0o. If ¢ € H'(R) N LPtY(R) satisfies
—¢" —alp|’ o —bl|9 Yo =0 in the distribution sense,

where a > 0 and b > 0, then we have ¢ = 0.
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