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Let 2 C C" be a bounded domain with the hyperconvexity index «(2) > 0. Let o be the relative
extremal function of a fixed closed ball in 2, and set i := |o|(1 + |log|o|)~! and v := |o|(1 + |log|o|])".
We obtain the following estimates for the Bergman kernel. (1) For every 0 < o < «(£2) and 2 <
p <2+ 2a(2)/(2n — a(Q)), there exists a constant C > 0 such that [,[Ko(-, w)/v/Kow)|? <
Clu(w)|~P=2m/« for all w € Q. (2) For every 0 < r < 1, there exists a constant C > 0 such that
|Kq(z, w)|?/(Kq(z)Kq(w)) < C(min{v(z)/u(w), v(w)/u(z)})" for all z, w € Q. Various applications
of these estimates are given.

1. Introduction

A domain @ C C" is called hyperconvex if there exists a negative continuous plurisubharmonic (psh)
function p on €2 such that {p < ¢} € Q2 for any ¢ < 0. The class of hyperconvex domains is very wide;
e.g., every bounded pseudoconvex domain with Lipschitz boundary is hyperconvex [Demailly 1987].
Although hyperconvex domains already admit a rich function theory (see, e.g., [Ohsawa 1993; Blocki and
Pflug 1998; Herbort 1999; Poletsky and Stessin 2008]), it is not enough to get quantitative results unless
one imposes certain growth conditions on the bounded exhaustion function p (compare [Berndtsson and
Charpentier 2000; Btocki 2005; Diederich and Ohsawa 1995]).

A meaningful condition is —p < C§* for some constants «, C > 0, where § denotes the boundary
distance. Let a(£2) be the supremum of all . We call it the hyperconvexity index of Q. From the
fundamental work of Diederich and Fornaess [1977], we know that if €2 is a bounded pseudoconvex domain
with C2-boundary then there exists a continuous negative psh function p on Q such that C~187 < —p < C8§"
for some constants 1, C > 0. The supremum 7 (£2) of all 5 is called the Diederich—Fornaess index of Q2
(see, e.g., [Adachi and Brinkschulte 2015; Fu and Shaw 2016; Harrington 2008]). Clearly, o (€2) > n(£2).
Recently, Harrington [2008] showed that if €2 is a bounded pseudoconvex domain with Lipschitz boundary
then n(2) > 0.

On the other hand, there are plenty of domains with very irregular boundaries such that «(€2) > 0, while
it is difficult to verify n(€2) > 0. For instance, Koebe’s distortion theorem implies o« (£2) > % ifQCCisa
simply connected domain [Carleson and Gamelin 1993, Chapter 1, Theorem 4.4]. Recently, Carleson
and Totik [2004] and Totik [2006] obtained various Wiener-type criteria for planar domains with positive
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hyperconvexity indices. In particular, if 9€2 is uniformly perfect in the sense of Pommerenke [1979], then
a(2) > 0 [Carleson and Totik 2004, Theorem 1.7]. Moreover, for domains like 2 = C\ E, where E is
a compact set in R (e.g., Cantor-type sets), the connection between the metric properties of E and the
precise value of «(€2) (especially the optimal case «(£2) = %) was studied in detail in [Carleson and Totik
2004; Totik 2006]. In the Appendix of this paper, we will provide more examples of higher-dimensional
domains with positive hyperconvexity indices. The Teichmiiller space of a compact Riemann surface
with genus > 2 which is boundedly embedded in C*¢~3 probably has a positive hyperconvexity index.
For a domain 2 C C”, let o be the relative extremal function of a (fixed) closed ball BCQ;ie.,

0(z) == 05(2) :=sup{u(z) :u € PSH™ (), ulz < —1},

where PSH™ () denotes the set of negative psh functions on . It is known that g is continuous on
if 2 is a bounded hyperconvex domain [Btocki 2002, Proposition 3.1.3(vii)]. Furthermore, it is easy to
show that if «(€2) > 0 then for every 0 < o < «(2) there exists a constant C > 0 such that —p < C§*.

The goal of this paper is to present some off-diagonal estimates of the Bergman kernel on domains
with positive hyperconvexity indices, in terms of o. Usually, off-diagonal behavior of the Bergman kernel
is more sensitive to the geometry of a domain than on-diagonal behavior (compare to [Barrett 1992]).

Let Kqo(z, w) be the Bergman kernel of 2. It is well-known that Kq(-, w) € L*() for all w € Q.
Thus, it is natural to ask the following:

Problem. For which 2 and p > 2 does one have Kq(-, w) € L?(2) for all w € Q7

For the sake of convenience, we set
B() =sup{B >2:Kq(-,w) e LP(Q) for all w € Q}.

We call it the integrability index of the Bergman kernel. From the well-known works of Kerzman, Catlin
and Bell, we know that 8(2) = oo if €2 is a bounded pseudoconvex domain of finite D’ Angelo type.
On the other hand, it is not difficult to see from the work of Barrett [1992] that there exist unbounded
Diederich—Fornaess worm domains with 8(€2) arbitrarily close to 2 (see, e.g., [Krantz and Peloso 2008,
Lemma 7.5]). Thus, it is meaningful to show the following:

Theorem 1.1. If Q C C" is pseudoconvex, then (2) > 24+ 2a(2)/(2n — a(2)). Furthermore, if Q is
a bounded domain with a($2) > 0, then for every 0 < o < a(2) and 2 < p <2+ 20(2)/(2n — a(2)),
there exists a constant C > 0 such that

/|KQ<-,w>/\/KQ(w>|”scww)r(”—z)"/“, we, (1-1)
Q

where Ko(w) = Ko(w, w) and p = |o|(1 + [loglo|) 7.
The lower bound for 8(2) can be improved substantially when n = 1:
Theorem 1.2. If Q is a domain in C, then B(2) > 24+ a(2)/(1 — a(2)).

In particular, we obtain the known fact that if Q@ C C is a simply connected domain then S(2) > 3. A
famous conjecture of Brennan [1978] suggests that the bound may be improved to §(£2) > 4; an equivalent
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statement is that, if f : © — D is a conformal mapping where D is the unit disc, then f’ € L?(2) for all
p < 4. There has been extensive research on this conjecture (see [Bertilsson 1998; Carleson and Jones
1992; Carleson and Makarov 1994; Pommerenke 1992], etc.).

Nevertheless, Theorem 1.2 is best understood in view of the following:

Proposition 1.3. Let E C C be a compact set satisfying Cap(E) > 0 and dimy (E) < 1, where Cap and
dimp denote the logarithmic capacity and the Hausdorff dimension, respectively. Set Q := C\ E. Then
B(RQ) <2+4+dimy(E)/(1 —dimy(E)).

Example. There exists a Cantor-type set E with dimg (£) = 0 and Cap(E) > 0 [Carleson 1967, §4,
Theorem 5]. Thus, 8(C\ E) =2 in view of Proposition 1.3.

Example. Andrievskii [2005] constructed a compact set E C R with dimg (E) = % and x(C\ E) = % It
follows from Theorem 1.2 and Proposition 1.3 that 8(C\ E) = 3.

Problem. Is there a bounded domain 2 C C with §(2) =27

Theorems 1.1 and 1.2 shed some light on the study of the Bergman space
A”(Q):{fe@(gz):/|f|p<oo}
Q

for domains with positive hyperconvexity indices. For instance, we can show that A”(2) N A%(R) lies

dense in A%(2) for suitable p > 2 and the reproducing property of Kq(z, w) holds in A?(2) for suitable

p < 2 (see Section 4). A related problem is to study whether the Bergman projection can be extended to a

bounded projection L”(2) — AP (2) for all p in some nonempty open interval around 2. For flat Hartogs

triangles, a complete answer was recently given by Edholm and McNeal [2016]. For more information

on this matter, we refer the reader to the review article of Lanzani [2015] and the references therein.
Set

Ko p(z) :=sup{| f(2)|: f € AP(Q), | fllLr < 1}.

Using f:=(Kq(-,2)/~/Ka(@)/IKa(-,2)/~/Ka(2)|lLr) as a candidate, we conclude from estimate
(1-1):

Corollary 1.4. Let Q@ C C" be a bounded domain with a(2) > 0. For every p <2+ 2a(2)/(2n —a(£2)),
Ka.p(2) = Copv/Ka(2)|p(z)|P=20/ ),

Remark. If Q2 is a bounded pseudoconvex domain with C 2—boundary, then Kq(z) > C8(z)~2 in view of
the Ohsawa—Takegoshi extension theorem [1987]. On the other hand, Hopf’s lemma implies |o| > C$.
Thus,

KQ,p(Z) > Ca,p(g(z)—(l—(P—ﬂﬂ/(Pa)) |1Og3(z)|—(l7—2)n/(170l)

as z — 0€2. Notice also that (p —2)n/(pa) < % if and only if p <2+ 2a(2)/(2n — a(2)).

We would like to mention an interesting connection between the problem on page 1430 and the
regularity problem of biholomorphic maps. The starting point is the following:
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Theorem 1.5 [Lempert 1986, Theorem 6.2]. Let Q) C C" be a bounded domain with C 2—boundary
such that its Bergman projection Pq, maps Cg°(21) into LP(S2y) for some p > 2. Let Q; C C" be a
bounded domain with real-analytic boundary. Then any biholomorphic map F : Qy — 2, extends to a

Holder-continuous map Q- Q.

Notice that if € is a domain with [,|Kq(-, w)|? locally uniformly bounded in w for some p > 1,
then for any ¢ € C3°(R2),

|P9<¢)<z>|p5f Ko, D17 1610, 1/p+1/a=1,
{esupp ¢
so that

/Q|PQ(¢)(Z)|p§ ”¢”€q(Q)/ fQIKQ(Z,§)I”<00, (1-2)

{esupp ¢
i.e., Po maps C3°(2) into L7(2). Thus, we have:

Corollary 1.6. Let 21 C C" be a bounded domain with C 2—bomwlary such that the integral fQ |[Kq(-, w)|P
is locally uniformly bounded in w for some p > 2. Let Q2 C C" be a bounded domain with real-analytic
boundary. Then any biholomorphic map F : Q1 — Q0 extends to a Holder-continuous map Q — Q».

In particular, it follows from Corollary 1.6 and Theorem 1.1 that any biholomorphic map between a
bounded pseudoconvex domain with C?-boundary and a bounded domain with real-analytic boundary
extends to a Holder-continuous map between their closures, which was first proved in [Diederich and
Fornaess 1979]. On the other hand, Barrett [1984] constructed a nonpseudoconvex bounded smooth
domain Q C C? such that Pq fails to map C;°(£2) into L?(L2) for any p > 2 so that fﬂlKQ( -, w)|” can
not be locally uniformly bounded in w. However, it is still expected that if €2 is a bounded domain with
real-analytic boundary then there exists p > 2 such that f ol Ka (-, w)|” is locally uniformly bounded in w.

With the help of an elegant technique due to Btocki [2005] (see also [Herbort 2000] for prior related
techniques) on estimating the pluricomplex Green function, we may prove the following:

Theorem 1.7. Let 2 C C" be a bounded domain with o« (2) > 0. For every 0 < r < 1, there exists a
constant C > 0 such that

 KaG w)P? (@ v Y _
Bal W)= Kaw) = C(mm{um)’ e })  Bwes (-9

where . := |o|/(1 + |log|ol|) and v := |o|(1 + [log|e|])".

We call Bg(z, w) the normalized Bergman kernel of €2. There is a long list of papers about pointwise
estimates of the weighted normalized Bergman kernel Bg (2, w) := |Kq o(z, w) |2/(KQ’¢(Z)KQ’¢(LU))
when 2 is C" or a compact algebraic manifold, after a seminal paper of Christ [1991] (see [Delin 1998;
Lindholm 2001; Ma and Marinescu 2007; Christ 2013; Zelditch 2016], etc.). Quantitative measurements
of positivity of idd¢ play a crucial role in these works.

The basic difference between B (z, w) and B ,(z, w) is that the former is always a biholomorphic
invariant. Skwarczynski [1980] showed that

ds(z, w) := (1 —y/Boz, w)) '
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gives an invariant distance on a bounded domain 2. The relationship between ds and the Bergman
distance dp is
dp(z, w) = V2ds(z, w) (1-4)

(see, e.g., [Jarnicki and Pflug 1993, Corollary 6.4.7]). By Theorem 1.7 and (1-4), we may prove the
following:

Corollary 1.8. If Q2 is a bounded domain with o (2) > 0, then for fixed zo € 2, there exists a constant

C > 0 such that
llog 8(2)|

dp(z0,2) =2 C——F———F—,
5(z0.2) log|log 8(z2)]

(1-5)

provided z sufficiently close to 02.

Btocki [2005] first proved (1-5) for any bounded domain which admits a continuous negative psh
function p with C16% < —p < C»8% for some constants Ci, Cp, a > 0 (e.g., 2 is a pseudoconvex domain
with Lipschitz boundary [Harrington 2008]). Diederich and Ohsawa [1995] proved earlier that the weaker
inequality

dp(z0. 2) = C log|log 5(2)|

holds for more general bounded domains admitting a continuous negative psh function p with C;8'/% <
—p < (6% for some constants Cy, C, o > 0.

In order to study isometric embedding of Kéhler manifolds, Calabi [1953] introduced the notion
“diastasis”. Marcel Berger [1996] wrote, “It seems to me that the notion of diastasis should make a
comeback [...]. For example, it would be interesting to compare the diastasis with the various types of
Kobayashi metrics (when they exist).”

Notice that the diastasis Dg(z, w) with respect to the Bergman metric is — log B (z, w).

Corollary 1.9. If Q2 is a bounded domain with o (2) > 0, then for fixed zo € 2, there exists a constant
C > 0 such that

Dp(z0,z) = Cdk (20, 2), (1-6)
where di denotes the Kobayashi distance.

Problem. Does one have dg(zg, z) = Cdk (20, z) for bounded domains with «(€2) > 0?

A domain Q C C" is called weighted circular if there exists an n-tuple (ay, ..., a,) of positive numbers
such that z € Q implies (e!“%z;, ..., e!%%z,) € Q for any 6 € R. As a final consequence of Theorem 1.7,
we obtain:

Corollary 1.10. Let ) C C" be a bounded domain with a(€21) > 0. Let Q, C C" be a bounded weighted
circular domain which contains the origin. Let 0 < o < a(€21) be given. Then for any biholomorphic map
F : Qi — Q», there is a constant C > 0 such that

8(F(2)) < C81 ()™, zeQ. (1-7)

Here 81 and 6, denote the boundary distances of 21 and Q2,, respectively.
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Remark. Inequalities like (1-7) are crucial in the study of the regularity problem of biholomorphic maps
(see, e.g., [Diederich and Fornaess 1979; Lempert 1986]).

2. L? boundary decay estimates of the Bergman kernel

Proposition 2.1. Let Q@ C C" be a pseudoconvex domain. Let p be a negative continuous psh function
on 2. Set
Q={zeQ:—p)>t}), t>0.

Let a > 0 be given. For every 0 <r < 1, there exist constants &,, C, > 0 such that
/ |Ka(-. w)|> < C,Kg, (w)(e/a)’ (2-1
—p<e

forall w e Q, and ¢ < g,a.

The proof of the proposition is essentially the same as for Proposition 6.1 in [Chen 2016]. For the sake
of completeness, we include a proof here. The key ingredient is the following weighted estimate of the
L?-minimal solution of the d-equation due to Berndtsson.

Theorem 2.2 [Chen 2016, Corollary 2.3]. Let Q be a bounded pseudoconvex domain in C" and ¢ €
PSH(R2). Let  be a continuous psh function on Q which satisfies riddy > idy A 3V as currents
for some 0 < r < 1. Suppose v is a d-closed (0, 1)-form on Q such that fglvlze_w < 00. Then the
L%(Q, ¢)-minimal solution of du = v satisfies

1
2,—v—¢ 2 V-9 _
/Q|u| eV < 1_rf9|v|,.aawe : (2-2)

Here |v |i28 n should be understood as the infimum of nonnegative locally bounded functions H satisfying
iv Av < Hiddy as currents.

Proof of Proposition 2.1. Assume first that €2 is bounded. Let k¥ : R — [0, 1] be a smooth cut-off function
such that k|(—oo,11 = 1, k|[3/2,00) = 0 and |«’| < 2. We then have

f |KQ<-,w>|2s/K<—p/s>|1<g(-,w>|2.
—p<e

Q

By the well-known property of the Bergman projection, we obtain
| k=p/eKal w)- Ral o0 = k(-p(@)/e)Kale, w) ~u(0). ¢ €2,
Q

where u is the L?(£2)-minimal solution of the equation

ou =0(k(—p/e)Ka(-, w)) =:v.

Since xk (—p(w)/e) = 0 provided %8 <a (ie., € <2a/3),

f Ka(-, w)|* < —u(w). (2-3)
—p=<e
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Set
Y =—rlog(—p), O<r<l.

Clearly, v is psh and satisfies riddv > idy A Y so that
iv Av < Cor k' (=p/e)P|Ka(-, w)[*iddy

for some numerical constant Cy > 0. Thus, by Theorem 2.2,

/|u|2e—¢ < c,/ IKa(-, w)|?e™V
Q e<—p=(3/2)e

< c,s’/ Ko (-, w)%.
-p=(3/2)e

Since e=¥ > a” on Q, and u is holomorphic there, it follows that
()P = Ko, @) [ P
Qq

< Ko, (w)a™" / uPe
Q

< € Ke, (w)(e/a)’ f Ka(-, w2,
—p=(3/2)e
Thus, by (2-3),

/ |Ka(-, w)|* < C,Kq,(w)?(e/a)"? ( /
—p=e

—-p=(3/2)e

1/2
|KQ(-,w>|2> :
Notice that
/ |KQ<-,w)|2s/|KQ<.,w>|2=KQ(w)sKga<w>
—p=(3/2)e Q

provided %8 <a. Thus,

f Ko (-, w)* < C,Kg,w)(e/a)"?.
—p=e
Replacing ¢ by %6‘ in the argument above, we obtain
/ |Ka(-, w)? < C;Kq,w)(3/2)*(e/a)/

—p=(3/2)e

provided (%)28 < a. Thus, we may improve the upper bound by
| IKaC w) = ¢ Ko )erar
—p=e

By induction, we conclude that, for every k € Z7,

k
/ |Ka(-, w)|*> < CriKa, (w)(e/a) >4t/
—p=e
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provided (%)ke <a. Since r/24+r/4+---4+r/2¥ = 1 ask — oo and r — 1, we get the desired estimate
under the assumption that €2 is bounded.

In general, 2 may be exhausted by an increasing sequence {€2;} of bounded pseudoconvex domains.
From the argument above, we know that

/ Ko, (- w)? < C,Ka,n0, (w)(e/a)’
Q;N{—p=e}

holds for all j > 1. Since 2; 1 €2, it is well-known that K, (-, w) = Kq(-, w) locally uniformly in €2
and K o;ne, (w) > Kq, (w). It follows from Fatou’s lemma that

—P=E I=o0 Ja;n{—p=e}

< C,Kg, (w)(e/a) . O

Remark. One of the referees kindly suggested an alternative proof as follows. Berndtsson and Charpentier
[2000] showed that, if [,| f|*|o|™" < oo for some 0 < r < 1, then

/lPsz(f)|2|,0|_r§Cr/IfIZI,OI_r < o0
Q Q

where Po(f)(z) := fQ Kq(z, -) f(-) is the Bergman projection. If one applies f = xq,Kq, (-, w) where
xg, denotes the characteristic function on €2,, then Kq(z, w) = Pq(f)(z) and

/ Ka(-,w)2lpl ™" < c,/ Ko, (- w)Plol "
Q Q4

from which the estimate (2-1) immediately follows.

Let o be the relative extremal function of a (fixed) closed ball B C Q. We have:
Proposition 2.3. Let Q@ C C" be a bounded domain with a(2) > 0. For every 0 < r < 1, there exist
constants &,, C, > 0 such that

/ [Ka(-, w)*/Ka(w) < Cr(e/pu(w))” (2-4)
—ose

forall & < &,pu(w), where = |o|(1+ [loglo|)~".

In order to prove this proposition, we need an elementary estimate of the pluricomplex Green function.
Recall that the pluricomplex Green function gg(z, w) of a domain 2 C C” is defined as

gal(z, w) =sup{u(z) : u e PSH™ (), u(z) <log|z — w|+ O(1) near w}.

We first show the following quasi-Holder-continuity of .

Lemma 2.4. Let 2 C C" be a bounded domain with «(2) > 0. Foreveryr > 1 and 0 < o < a(S2), there
exists a constant C > 0 such that

0(z2) >ro(z1) —Clzi —22|%, z1,22€ Q. (2-5)
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Proof. Choose p € C(2) NPSH™ (2) with —p < C,6¢. Clearly

p(2)
infg|p|

o0(z) > > —Cyb%.

To get (2-5), we employ a well-known technique of Walsh [1968] as follows. Set ¢ := |z; — 22|,
Q' :=Q— (21 —22) and

0(z) if 7€ Q\ X,

u(z) = i
@ {max{g(z),rg(z+zl—12)—C8"‘} ifze QNQ'.

We claim that u € PSH™(2) provided C > 1. Indeed, if z € QN 32/, then §(z) < ¢ so that

Q(Z) > _Ca(s(z)a = _Caga = rQ(Z +21—22) — Cozga-

Moreover, if ¢ < g < 1, then o(z +z; —22) < —1/r for z € B since © is continuous on Q. Thus,
ulg < —1. Since z = z1 — (21 — z2) € N/, it follows that

0(z2) > u(z2) 2 ro(z1) — Cog”.
If ¢ = |z1 — z2| > &, then (2-5) trivially holds. H

Remark. It is not known whether o is Holder-continuous on Q. The answer is positive if n = 1 [Carleson
and Gamelin 1993, p. 138].

Proposition 2.5. Let Q@ C C" be a bounded domain with a(S2) > 0. There exists a constant C >> 1 such that
{ga(- w) < -1} Clo<—C'luw)}, weQ. (2-6)

Proof. Fix 0 < a < a(£2). We have —p < C,8% for some constant C, > 0. Clearly, it suffices to consider
the case when |o(w)| < % Applying Lemma 2.4 with r = % we see that if 0(z) = o(w)/2 then

Cilz—w|* > 30(z) — o(w) = —Jo(w)

so that

log |z —w|

1
> EIOgIQ(w)I/(4C1) —log R = C> log|o(w)|

for some constant C, > 1. It follows that

log|z —w|/R if 0(z) <0o(w)/2,

V= {max{loglz —wl|/R, 2C2(o(w) " loglo(w))e(2)}  otherwise

is a well-defined negative psh function on 2 with a logarithmic pole at w, and if o(z) > o(w)/2, then

ga(z, w) > ¥(2) > 2C2(o(w) ' loglo(w)e(z). (2-7)
Thus,
{ga(-,w) < —1}N{o > o0(w)/2} C{o < —C'n(w)}

provided C >> 1. Since {0 < o(w)/2} C {o < —C'u(w)} if C > 1, we conclude the proof. [l
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Proof of Proposition 2.3. Set Ay, = {gq(-, w) < —1}. It is known from [Herbort 1999] or [Chen 1999]
that

Ky, (w) = CyKo(w). (2-8)
By Proposition 2.5,
Aw C Qa(w) = {Q < _a(w)} (2'9)

where a(w) := C~'u(w) with C > 1. If we choose p = ¢ in Proposition 2.1, it follows that, for every
e < gra(w),

/ |Ko(-, w)* < CrKa,,, (w)(e/a(w))’
—o=<e

< CprKo(w)(e/a(w))" (2-10)
in view of (2-8) and (2-9). U

3. LP-integrability of the Bergman kernel

Proof of Theorem 1.1. Without loss of generality, we may assume «(2) > 0. For every 0 < a < a(2),
we may choose p € PSH™ (£2) such that
—p= Coz8a

for some constant C, > 0. Let S be a compact set in €2, and let w € S. By virtue of Proposition 2.1, we
conclude that, for every 0 < r < 1,

[ iKat.wpscs
—p<e
where C = C(n,r,«, S) > 0. Since {§ <¢e} C {—p < Cye®}, it follows that
f |Ka(-, w)|* < Ce"™.
§<e
Since |8(¢) —6(2)| < |¢—z|, we have B(z, 6(z)) C {6 <25(z)}. By the mean value inequality, we get
|Ka(z, w)|* < Cyd(z) ™" / |Ka(-, w)|> < C8(2) " 3-1)

8=<258(2)

Thus, for every 7 > 0,

o
/|KQ(-,w)|2+’=f |KQ(-,w)|2+f+Z/ |Ka(-, )T
Q 5§>1/2 k=] Y27k <s<2k

o
< C2n‘[ / |KQ( ., w)|2 + C Zz(k-i—])‘[(n—rol/?.) /
Q

2
k|KQ( ) w)l
k=1 §<2~

00
<C+ C2r(n—ra/2) Z 2—k(ra+r(roz/2—n))
k=1
<X
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provided t < 2ra/(2n — ror). Since r and o can be arbitrarily close to 1 and «(£2), respectively, we
conclude the proof of the first statement.
Since {§ < e} C {—o < C,e”}, it follows from Proposition 2.3 that

/6 Ka(- w2/ Ka(w) < Car (% /m(w))’ (3-2)

provided */u(w) < ¢, < 1. For every z € Q,

|Ka(z, w)|*/Kq(w) < Ko(z) < C,8(2) ", (3-3)
and if (26(2))* < & u(w),

|Kg<z,w)|zscn6<z>2"/ |Ka(-, w)|
8<26(z)

< CyrKow)pu(w)™"8(2)* 2" (3-4)

For every t < 2ra/(2n — ra), we conclude from (3-3) that

/ |Ko(-, w)[**T < cnKQ(w)’ﬂ/ Ko (-, w)>87""
28> (er pu(w)) /e 28> (g, pu(w)) /e
Ksz(w)r/2
<Cari /| Ko, w)P?
Ko (w)!+7/2
fca,r%. (3-5)

Now choose k,, € Z* such that (g, u(w))"/% € (2=k»=1 2=kw] (it suffices to consider the case when u(w)
is sufficiently small). We then have

o0
/ KaCowPr =Y [ Ka(, w)*
28 < (& p(w)) /e ke, 2—k=lo§<—k

K &
< Gy RO Zz’"(" ref? / [Ka(-,w)*  (by (3-4))

p(w)Tr/? 5<2k
KQ(w)l-i-f/Z 0 B
<Cu., (w)r(1+r/2) Z k(ra+t(ro/2—n)) (by (3_2))
KQ(w)H_T/z (w)(rot+r(ra/2—n))/a
= Tent M(w)r(H—r/Z)
K (w)l+r/2
S Ca,r,rg—'
)
(3-6)
By (3-5) and (3-6), (1-1) immediately follows. U

Proof of Theorem 1.2. 1t suffices to use the following lemma instead of (3-1) in the proof of the first
statement in Theorem 1.1. ]



1440 BO-YONG CHEN

Lemma 3.1. Let 2 be a domain in C. For every compact set S C Q and a < «(S2), there exists a constant
C > 0 such that

|Ko(z, w)| < C8()*!, zeQ, wes.

Proof. Let gq(z, w) be the (negative) Green function on 2. Let A(c, r) be the disc with center ¢ and
radius r. Fix w € § and z € 2 for a moment. Clearly, it suffices to consider the case when §(z) < é(w)/4.
Since gq (&, ¢) is harmonic in & € A(z, 6(z)) and ¢ € A(w, 6(w)/2), respectively, we conclude from
Poisson’s formula that

1 2 2 ) .
gﬂ(g,f)=m f gg(z—l—%r?(z)ele,w—{—%é(w)e”?)
o Jo
1@ 6=z 8w’ —c-wl
|38(2)e’® — (=2)|" |38 (w)el? — (¢ —w)]
where £ € A(z,8(z)/4) and ¢ € A(w, 6(w)/4). By the extremal property of gg, it is easy to verify that
—ga < C8(2)* on 0A(z,58(2)/2) x 0A(w, §(w)/2). Thus,

°ga(€, ¢)
98 a¢

de do

<C8()* .

2
Using the formula K (&, ¢) = 2% from [Schiffer 1946], the assertion immediately follows. []
bid

In order to prove Proposition 1.3, we need the following:
Theorem 3.2 [Carleson 1967, §6, Theorem 1]. Let Q = C\ E where E C C is a compact set. Then
(1) A%2(Q) # {0} if and only if Cap(E) > 0, and
(2) AP(Q)={0}if Ar_4(E)<00,2<p<ooandl/p+1/q=1. Here A;(E) denotes the s-dimensional
Hausdorff measure of E.
Remark. Let Q C C be a domain and E a closed polar set in €2. It is well-known that E is removable for
negative harmonic functions so that go\ £ (z, w) =gq(z, w) forz, w € Q\E. Thus, Ko\ (z, w) =Kq(z, w)

in view of Schiffer’s formula. By the reproducing property of the Bergman kernel, we immediately get
the known fact that A%(Q\ E) = A%(Q).

Proof of Proposition 1.3. Suppose on the contrary §(2) > 2 +dimg (E)/(1 —dimg (E)). Fix

dimpy (E)

Q 24+ ————,
PO > p > 2 T i (B

and let g be the conjugate exponent of p,i.e., 1/p+1/g=1. We then have Kq(-, w) € AP(2) for fixed w.

Since
dimy (E) = sup{s : A;(E) = oo}

and 2 — g > dimy (E), it follows that A,_,(E) < 00 so that Kq(-, w) =0 in view of Theorem 3.2(2).
On the other hand, Cap(E) > 0, so Kq(-, w) # 0 in view of Theorem 3.2(1), which is absurd. [l
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Theorem 1.2 implies B(2) — oo as «(€2) — 1 for planar domains (notice that ¢ (2) =1 when Q C C
is convex or 92 is C!). It is also known that () = oo if € is a bounded smooth convex domain in C”
[Boas and Straube 1991]. Thus, it is reasonable to make the following:

Conjecture 3.3. If Q C C" is convex, then B(2) = oo.

4. Applications of L?-integrability of the Bergman kernel
We first study density of A?(Q) N A%(Q) in A%(RQ).

Proposition 4.1. Let Q be a pseudoconvex domain in C". For every 1 < p <2+ 2a(2)/(2n — a(2)),
AP(Q) N A%(Q) lies dense in A*(Q).

Proof. Choose a sequence of functions x; € C3°(£2) such that 0 < x; < 1 and the sequence of sets
{x; = 1} exhausts 2. Given f € A%(Q), we set fi=Pa(x;f). Clearly, f; € AP () N A%(S) in view of
Theorem 1.1 and (1-2). Moreover,

||fj - f||L2(S2) = ||PSZ((Xj - 1)f)||L2(sz) = ||(Xj - 1)f||L2(Q) — 0. U
Similarly, we may prove the following:

Proposition 4.2. Let Q be a domain in C. Forevery 1 < p <2+ a(Q)/(1 —a(R)), AP(Q) N A%(RQ) lies
dense in A%(Q).

Next we study the reproducing property of the Bergman kernel in A”(£2).

Proposition 4.3. Let Q be a bounded domain in C with «(2) > 0. If p > 2 — a(RQ), then f = Pq(f) for
all f € AP(Q).

Proof. Suppose f € AP(2) with p > 2 — a(Q2). Let g be the conjugate exponent of p. Since g <
24+ a(2)/(1 —a(2)), the integral fQ f(-)Kgq(z, ) is well-defined in view of Theorem 1.2. Clearly,
it suffices to consider the case p < 2. By Theorem 1 of [Hedberg 1972], we may find a sequence
fi€ 0(Q) C A%2(Q) C AP(Q) such that I fi — fllLr@ — O. It follows that, for every z € €2,

f@) = lim fi@ = tim [ fi()Ka )= [ FCKaG.)
]— 00 J7>0JQ Q
since Kq(z,-) € L1(2). O
For a bounded domain Q C C", the Berezin transform Tg of 2 is defined as

|Ka(-,2)?
Kq(2)

Clearly, one has f = Tq(f) for all f € A®(RQ).

TQ(f)(Z)Z/S;f(') . ZEQ, fELT(Q).

Corollary 4.4. Let Q be a bounded domain in C with a(2) > 0. If p > 2/a(2) — 1, then f = Tq(f) for
all f € AP(Q).
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Proof. Set p’ =2p/(p+ 1). It follows from Holder’s inequality that

2—p' p
/|fl<g(-,z)|f”s (/|f|”’/<2‘1”>> (/mg(.,z)w’/(p’—n)
Q Q Q
2-p L p'—1
</|f|l’) (/IKQ(-,Z)IP/(”_U)
Q Q

< 0

'—1

since p' >2—a(Q)and p'/(p'—1) <2+ a(R)/(1 —a(R)). Thus, h:= fKq(-,z)/Ka(z) € AI’/(Q)
for fixed z €  so that

|Ka(-, 2))?

f@)=h(z) /Q ()Kal(z, ) /Qf() Ko@)

For higher-dimensional cases, we can only prove the following:

Proposition 4.5. Let Q2 be a bounded pseudoconvex domain in C". Suppose there exists a negative psh
exhaustion function p on Q such that, for suitable constants C, o > 0,

lp(z) —p(w)| < Clz—wl|*, z,weQ.
For every p > 4n/(2n+ ), one has f = Pq(f) forall f € AP(Q2).

Proof. Set Q; ={—p >1t},t >0, and p; := p +1t. For every z € €, we choose z* € 92, such that
|z —z*| = 68;(z) :=d(z, 982;). We then have

Lot = 1p:(2) — pr (27)] < Clz — 2 |* = C8, ()"
where C is a constant independent of ¢. By a similar argument as the proof of Theorem 1.1, we may show
that, for fixed w € €,

|KQt('7 w)lq =< C :C(q’ 'U.)) <0
Q2

holds uniformly in t < 1 for every ¢ <2+420/(2n — ). Let2 > p > 4n/(2n+ ) and f € AP(2). Fix
z € Q for a moment. For every t < 1, we have z € ©; and

f@)= o f()Ke (2, ). (4-1)

Notice that

/f(-)sz,-)—f f(-)KQ,<z,->‘
Q Q;

5/ IfIIKsz(Z,')—KQ,(Z,-)I-i-/ | flIKa(z, )l
Q o\

< fller@llKa(z, -) — Ko, (z, )i,y + 1 fller@enllKa(z, )l (4-2)
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where 1/p+1/g =1 (which implies ¢ <2+2a/(2n —a)). Take 0 <y < 1sothat (g —y)/(1—y/2) <
24 2a/(2n —a). We then have

/ |KQ(Z7')_KQI(Z7')|q
2,

= | |Ka(z,") —Kg,(z, )I"Ka(z, ) — Ko, (z, )T
Q

5 v/2 | 5 1—-y/2
s(f IKQ(z,-)—KQ,(z,-)I) (f |Ka(z, ) — Kg, (z, )|« 7/=r/ >)
Q @,

in view of Holder’s inequality. Since

fQ|KQ(z,->—KQ,<z,->|2=/Q|Kg<z,-)|2+/Q|KQ,<z,->|2—2Re/ Ka(z )Ke (- 2)

Q
< Kgq,(2) — Kq(z)

-0 (t—>0
and

/ |Ka(z, ) — Kgq,(z, .)|(q—y)/(1—y/2)
Q

< 2@=r)/a=y/2) (/ |Ka(z, )@= /A=r/2) 4
Q
=<C,
it follows from (4-1) and (4-2) that f = Pqo(f). [l

Ko (z, ,)|(q—V)/(1—)’/2))
Q

Similarly, we have:

Corollary 4.6. If p > 2n/a, then f = Tq(f) forall f € AP ().

5. Estimate of the pluricomplex Green function

The goal of this section is to show the following:

Proposition 5.1. Let Q C C" be a bounded domain with a(2) > 0. There exists a constant C >> 1 such that
{ga(-,w) < -1} C{o>—-Cv(w)}, weQ, (5-1

where v = |o|(1 + |log|o|])".

We will follow the argument of Btocki [2005] with necessary modifications. The key observation is
the following:

Lemma 5.2 [Blocki 2005]. Let Q C C" be a bounded hyperconvex domain. Suppose ¢ and w are two
points in Q such that the closed balls B(¢, €), B(w, &) C C" and B(¢, &) N\ B(w, €) = @. Then there
exists € B(¢, €) such that

lga(C, w)|" <n!(ogR/e)" ga(w, ¢)| (5-2)
where R := diam(£2).
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For the sake of completeness, we include a proof here, which relies heavily on the following fundamental
results.

Theorem 5.3 [Demailly 1987]. Let Q be a bounded hyperconvex domain in C".
(1) Forevery w € Q, one has (dd°gq(-, w))" = 2m)" 8y, where §,, denotes the Dirac measure at w.
(2) Forevery ¢ € Q and n > 0, one has fQ(ddC max{ga(-,¢), —nP)"* = Q2x)".

Theorem 5.4 ([Btocki 1993]; see also [Btocki 2002]). Let Q2 be a bounded domain in C"*. Assume that
u, v € PSH™ N L () are nonpositive psh functions such that u = 0 on 0. Then

[ @@y <ol [ oi@acor. (5-3)
Q Q
Proof of Lemma 5.2. Let n =log R/e. Since gq(z, £) > log|z — ¢|/R, it follows that

First applying Theorem 5.4 with u = max{gq(-, w), —t} and v = max{gq(-, {), —n} and then letting
t — +00, we obtain

fglgsz( -, w)|"(dd® max{ga(-, ), —n})" <n! 2n)"n"|ga(w, )

in view of Theorem 5.3(1). Since E(;, e)NB(w, ¢) = @, it follows that ga (-, w) is continuous on E(g, g)
so that there exists £ € B(¢, €) such that

lga (¢, w)| = min |ga(-, w)|.
B(¢,¢)

Since the measure (dd° max{gq(-, ¢), —n})" is supported on {ga (-, {) = —n} with total mass (27)",
we immediately get (5-2). ]

Proof of Proposition 5.1. Clearly, it suffices to consider the case when w is sufficiently close to 9€2.
Fix ¢ € Q with 0(¢) < 2p(w) for a moment. Set ¢ := |Q(w)|2/“. Since ¢ < Ci/“é(w)z, we see that
B(w,&) C Q provided §(w) < &, < 1. For every z € Q with §(z) < &, we have

lo(2)| < Cad(2)* < Coe® = Colo)* (< lo(w)]/2) (5-4)
provided §(w) < g4 < 1. It follows from (2-7) and (5-4) that for every T > 0 there exists &; < &, such

that
suplga(-, w)| <t (5-5)

8<e
provided §(w) < &;. Since
Cad(§)* = —0(8) = —20(w) =26/
and Lemma 2.4 yields
Cilg—w|* = Jo(w) —0(¢) = —30(w) = 36/2,
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it follows that if §(w) < &; < 1 then B(¢, &) C Q and
B(,e)NB(w, &) =@.

By Lemma 5.2, there exists E € B(¢, ¢) such that (5-2) holds.
Now set
W (z) :=sup{u(z) : u € PSH™ (), ulgq, ) < -1}k

‘We claim that

ga(z, w) >logR/eV(z), z€Q\B(w,e), gal(z, w) <logd(w)/eW¥(z), z€Q.

To see this, first notice that

|z — w] |z —w]

1 < ,w) <1 , Q.
g % < ga(z, w) <log 5(w) Z €
Since
@ log|lz —w|/R if z € B(w, ¢),
u =
¢ max{log|z — w|/R,log R/eWV(z)} ifzeQ\B(w,e¢)

is a negative psh function on €2 with a logarithmic pole at w, it follows that
ga(z,w) >logR/eV(z), z€Q\B(w,se).

Since (5-8) implies go( -, w)lg(w’s) <loge/s(w), we have

vz s S2&w
logé(w)/e
By (5-5) and (5-7), we obtain
T
sup|¥| < ——.
Pl = Togs e
Set Q=Q— (7 —¢) and
W(z) ifz€Q\Q,

v(z) = {max{\lf(z), ‘IJ(Z‘FE —¢)—1t/(logd(w)/e)} ifze Qﬂﬁ.

Since QNI C {8 < &}, it follows from (5-9) that v € PSH™ (£2). Since
log|z —w|/3(w)

1445

(5-6)

(5-7)

(5-8)

(5-9)

U(z) < , Q\ B(w, ¢),
() < log R /e 7€ Q\ B(w,e)
in view of (5-8) and (5-7), and z +g: —¢ € B(w,2¢) if z € B(w, ¢), it follows from the maximal principle
that
log6(w)/(2¢)
VBwe =~ o/
logR/e
Thus,
~ T logé(w)/(2¢)
V@)= =v(@) = ———— V().

logd(w)/e — logR/e



1446 BO-YONG CHEN

Combining with (5-6) and (5-7), we obtain

(log R/e)?

w) > log () e -Tog 3(w)/(2%) (gaC, w)—1) = C3(8a(C, w) — 1)

gal(¢,

since §(w) > |o(w)/Cy|/® = \/g/Co’®. If we choose T = 1/(2C3), then

ga(t, w) = —C3(n)/"(log R/e)' /" |ga(w, O)'/" — 1 (by (5-2))
1_1/n|Q(w)10g|Q(§)||l/n
lo(¢)|V/n
lo(w)|"/"|loglo(w)]
-C —
2T T o
since 0(¢) < 2o(w). Thus,

> —Cylloglo(w)]] — 1 (by 2-7)

1/n

I —

{ga(-,w) < =1}N{o <20(w)} C {0 > —Cv(w)}

provided C > 1. Since {0 > 2o0(w)} C {0 > —Cv(w)} if C > 1, we conclude the proof.

6. Pointwise estimate of the normalized Bergman kernel and applications

Proof of Theorem 1.7. By Proposition 2.3, we know that for every 0 < r < 1 there exist constants

&r, C, > 0 such that
/ Ka(-, w2/ Kow) < Cr(s/u(w)y’
—o<e

for all ¢ < &, u(w). Fix z € Q with b(z) := Cv(z) < &, u(w) for a moment, where C is the constant in

(5-1). Let x : R — [0, 1] be a smooth function satisfying x[(,c0) = 0 and x |(—oo,—10g2) = 1. We proceed
with the proof in a similar way as [Chen 1999]. Notice that go( -, z) is a continuous negative psh function

on 2\ {z} which satisfies

—iddlog(—ga(-,2)) =idlog(—ga(-,2)) Adlog(—gal-,2))

as currents. By virtue of the Donnelly—Fefferman estimate [1983] (see also [Berndtsson and Charpentier

2000]), there exists a solution of the equation

ou=Kq(-,w)dyx(—log(—ga(-,2)))

such that

2 —2ngq(-,2) . 219 (__ _ . 2 —2nga(-,z2)
[ ue < Co [ 1KaC P13 (= 10880+ NP 1o o€

scn/ Ka(-, )P (by (5-1)
0>—b(2)

< CprKow)(w(z)/pm(w))".
Set

fi=Ka(-, w)x(=log(—ga(-,2)) —u.
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Clearly, we have f € 0(€2). Since gq(¢, z) = log|¢—z| + O(1) as { — z and u is holomorphic in a
neighborhood of z, it follows that u(z) =0, i.e., f(z) = Kq(z, w). Moreover,

/|f|2§2/ |I<Q(-,w>|2+2f|u|2
Q 0>—b(z) Q

= CorKa(w)(v(z)/n(w))”

since ga( -, z) < 0. Thus, we get

| f@P - 11K, w)|?

Ko@) 2 >
1o~ " Ka(w)

(u(w)/v(2))",
and
Ba(z, w) < Cpr((2)/(w))".

If b(z) > &, u(w), then the inequality above trivially holds since |Kq(z, U))|2/(KQ(Z)KQ(U))) < 1. By
symmetry of B, the assertion immediately follows. (I

Remark. It would be interesting to get pointwise estimates for |Sq(z, w)|? /(Sq(2)Sq(w)), where Sg is
the Szegd kernel (compare to [Chen and Fu 2011]).

Proof of Corollary 1.8. Let z € Q2 be an arbitrarily fixed point which is sufficiently close to 2. By the
Hopf-Rinow theorem, there exists a Bergman geodesic y jointing zg to z, for dslzg is complete on 2. We
may choose a finite number of points {z;};., C y with the order

0>~ > > Zm 4%,

where
lo @it 1(1+ [loglo @)D" = lo(z)]
and
l0(@)I(1 + logle ()N > lo(zm)!.
Since

V(Zk41) _ lo(zk4+1)]
w(zk) lo(zi)l
- lo(zk+1)]
— ezl

= (1 + [loglo(zx+DID ™",

(1+[loglo(ze+)1D" (1 + logle(zi) 1)

(1+ lloglo(ze+) D" !

it follows from Theorem 1.7 that there exists kg € Z" such that Bo(zx, zx41) < zlt for all kK > ko. By (1-4),

dp(zk, zZk+1) = 1.

Notice that

|0(zk)| = lo(zrer D loglo e )"

< |lo(zky+2) 11loglo(ziky+2)11
<+ <lo(zm)lloglo(z,) || t+2),

2(n+2)
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Thus,
1 1
m— ko > const. llogle(zm)l| > const. |logle(2)|]
log|log|e(zm)l| log[log|o ()|
so that
m—1
dg(z,20) = Y dp(zi, sy1) =m—ko— 1
- 1
- congt gl
[log[loglo(2)]]]
[log §(z)|
> const.———————
log|log 8(2)|
since |9(z)| < Cyé* for any o < «(£2). O

Proof of Corollary 1.9. For every 0 < o < a(£2), we have —p < C,8%. Theorem 1.7 then yields

Dp(z0, 2) = allogé(2)]
as z — 0K2. Thus, it suffices to show

dk (2, 20) = Cllog(2)] (6-1)

as z — 9. To see this, let Fx be the Kobayashi—-Royden metric. Since Fk is decreasing under holomor-
phic mappings, we conclude that Fx (z; X) is dominated by the KR metric of the ball B(z, §(z)). Thus,
Fk(z; X) < C|X|/8(z), from which (6-1) immediately follows (compare to the proof of Proposition 7.3
in [Chen 2016]). O

In order to prove Corollary 1.10, we need the following elementary fact.
Lemma 6.1. If Q2 C C" is a bounded weighted circular domain which contains the origin, then Kq(z, 0) =
Kq(0) for any z € Q2.
Proof. For fixed 6 € R, we set Fy(z) := (€997, ..., em0z,). By the transform formula of the Bergman

kernel,
Kq(Fyp(2),0) = Kq(z,0), z€Q.

It follows that, for any n-tuple (my, ..., m,) of nonnegative integers,
gmitetmy KQ(Z, 0) B gt tm, KQ(Z 0)

ei(alml+"'+anmtt)9 —
8Zml . 8Z,r1n" 220 8Zml . azm” 0

forall 8 e R

am|+ “+mp KQ(Z 0)
so that W’Z -0

identity theorem of holomorphic functions yield Kq(z, 0) = Ko (0) for any z € 2. ([
Proof of Corollary 1.10. By Lemma 6.1,

B, (F(2),0) = Ka,(0)Kq,(F(2))™' = C716,(F(2))*".

=0 if not all m; are zero. Taylor’s expansion of Kq(z,0) at z =0 and the

On the other hand, Theorem 1.7 implies
Ba, (2, F1(0) < Cadi (2)°.
Since RBg, (F(z), 0) = Bg, (z, F~1(0)), we conclude the proof. U
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Appendix: Examples of domains with positive hyperconvexity indices

We start with the following almost trivial fact.

Proposition A.1. Let Q1 and 2, be two bounded domains in C" such that there exists a biholomorphic
map F : Q| — Q0 which extends to a Holder-continuous map Q= Q. If (822) > 0, then a(€21) > 0.

Proof. Let §; and 6, denote the boundary distances of £2; and €2,, respectively. Choose p, € PSH™NC(£2»)
such that —pp < C85 for some C, a > 0. Set p; := pro F. Clearly, py € PSH™ NC(L2;). For fixed z € 2,
we choose z* € 921 so that |z — z*| = 8;(z). Since F(z*) € 092,, it follows that

—p1(z) < C82(F (2))* = C(82(F (2)) — 82(F (z))*
<C|F(z) = F()|" < Clz— """
=< C81 (Z)ya’

where y is the order of Holder continuity of F on ;. (Il

Example. Let D C C be a bounded Jordan domain which admits a uniformly Hélder-continuous con-
formal map f onto the unit disc A (e.g., a quasidisc with a fractal boundary). Set F(zy,...,z,) :=
(f(z1)s ..., f(zy)). Clearly, F is a biholomorphic map between D" and A" which extends to a Holder-
continuous map between their closures. Let

Qyi={zeC":|z|" 4+ +|z,|" < 1},

where a; > 0. Clearly, we have «(£2;) > 0. By Proposition A.1, we conclude that the domain 2 :=
F~1(Q,) satisfies « (1) > 0. Notice that some parts of d; might be highly irregular.

A domain 2 C C" is called C-convex if Q2N L is a simply connected domain in L for every affine
complex line L. Clearly, every convex domain is C-convex.

Proposition A.2. If Q C C" is a bounded C-convex domain, then o (2) > %

Proof. Let w € 2 be an arbitrarily fixed point. Let w* be a point on 92 satisfying §(w) = |w — w*|.
Let L be the complex line determined by w and w*. Since every C-convex domain is linearly convex
[Hormander 1994, Theorem 4.6.8], it follows that there exists an affine complex hyperplane H C C" \ @
with w* € H. Since |w — w*| = §(w), H has to be orthogonal to L. Let 7 denote the natural projection
C" — L. Notice that 7 (€2) is a bounded simply connected domain in L in view of [Hormander 1994,
Proposition 4.6.7]. By Proposition 7.3 in [Chen 2016], there exists a negative continuous function py
on 77 (£2) with

/800N < —pr < (8L /8L.(ZON?,

where &; denotes the boundary distance of 7, (2) and Z(L) € my, (R2) satisfies 57 (z%) = SUpP,, (@) OL- Fix a
point z¥ € . We have
81(zp) = 8r.(wr(z%) = 8(2").
Set
04,(z) = sup{u(z) : u e PSH™(Q), u(z’) < —1}.
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Clearly, 0., € PSH™ (£2). Since 2 C JTL_l (1 (2)), it follows that 7} (pr) € PSH™ (2). Since 7} (81) (w) =
4(w) and
7o) @) = pr(wL(2”) < =L (mL () /8L(2]))7,

then
0 (W) > (8.(20) /81 (1 (2°)) 7} (o) (w)
> — (82918 (L (2%))?)8 (w)!/?
> —(R7?/8(z°)H8(w)'/2,
where R = diam(Q). Thus, «(Q) > 1. 0

Remark. After the first version of this paper was finished, the author was kindly informed by Nikolai
Nikolov that Proposition A.2 follows also from Proposition 3(ii) of [Nikolov and Trybuta 2015].

Complex dynamics also provides interesting examples of domains with «(€2) > 0. Letg(z) = Z?:o a jzj
be a complex polynomial of degree d > 2. Let ¢g” denote the n-iterates of ¢g. The attracting basin at co
of g is defined by

Fy:={z€C:q"(z) > 00 as n — oo},

which is a domain in C with g(Fs) = Fso. The Julia set of ¢ is defined by J := 9 Fx. It is known that J
is always uniformly perfect. Thus, o (F) > 0.
We say that g is hyperbolic if there exist constants C > 0 and y > 1 such that

iIJlf|(q”)/| >Cy" foralln>1.

Consider a holomorphic family {g,} of hyperbolic polynomials of constant degree d > 2 over the unit
disc A. Let Fé\o denote the attracting basin at co of ¢, and let J, := 8F§o. Let €2, denote the total space
of F2 over the disc A, :={z € C: |z] < r}, where 0 < r < 1, that is

Q ={(hw:reA, weFL).
Proposition A.3. For every 0 <r < 1, Q, is a bounded domain in C* with a(,) > 0.

Proof. We first show that €2, is a domain. Maiié, Sad and Sullivan [Mafié et al. 1983] showed that there
exists a family of maps { f)}rea such that

(1) fio:Jo— Jy is a homeomorphism for each A € A,

(2) fo=1d|y,

(3) f(A,z):= fi(z) is holomorphic on A for each z € Jy and

4) g, = faoqoo f)\_1 on J;, for each A € A.

In other words, properties (1)—(3) say that { f;},ca gives a holomorphic motion of Jy. By a result of
Slodkowski [1991], { f,.},ca may be extended to a holomorphic motion { f,\} aeA Of C such that

(a) fk :C—>Cisa quasiconformal map of dilatation < (1 + |A])/(1 — |A]), for each A € A,
(b) fi: F% — F’ is a homeomorphism for each A € A and

(©) f (A, 2) = fk (z) is jointly Holder-continuous in (X, z).
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It follows immediately that €2, is a domain in C" for each r < 1. Let §, and § denote the boundary
distances of F% and €, respectively. We claim that for every 0 < r < 1 there exists ¥ > 0 such that

S (w) < C8(h, w), reA,, weFL. (A-1)

To see this, choose (A, wy/) where w;s € Jy/, such that

SO w) =VIA— A2+ [w—wy 2.
Write w;, = f()J, z0) Where zg € Jy. Since fN(k, z0) € J,, it follows that
&) <lw— f, z0)| < lw—wy|+f, 20) = F (A, 20)]
<lw—wy|+Clx =21
<8, w)+Cs(\, w)”
<C'§(r, w)’,

where y is the order of Holder continuity of f on €,.
Recall that the Green function g, (w) := gz (w, 00) at 0o of F2 satisfies

g(w) = lim d"loglg!(w)|, we FL, (A-2)
n—oo

where the convergence is uniform on compact subsets of FZ [Ransford 1995, Corollary 6.5.4]. Actually
the proof of that result shows that the convergence is also uniform on compact subsets of €2;. Since
log|g (w)|is pshin (A, w), sois g(A, w) := g, (w). By (A-1) it suffices to verify that for every 0 <r < 1
there are positive constants C and « such that —g; (w) < C§, (w)* for each A € A, and w € Fgo This
can be verified similarly to the proof of Theorem 3.2 in [Carleson and Gamelin 1993]. ]

Conjecture A.4. Let D C C be a domain with a(D) > 0. Let { f3 },.ea be a holomorphic motion of D. Let
Q ={(A,w):Ae A, we fi(D))].

One has o (R2,) > 0 for each r < 1.
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