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CURVEWISE CHARACTERIZATIONS OF MINIMAL UPPER GRADIENTS
AND THE CONSTRUCTION OF A SOBOLEV DIFFERENTIAL

SYLVESTER ERIKSSON-BIQUE AND ELEFTERIOS SOULTANIS

We represent minimal upper gradients of Newtonian functions, in the range 1 ≤ p < ∞, by maximal
directional derivatives along “generic” curves passing through a given point, using plan-modulus duality
and disintegration techniques. As an application we introduce the notion of p-weak charts and prove that
every Newtonian function admits a differential with respect to such charts, yielding a linear approximation
along p-almost every curve. The differential can be computed curvewise, is linear, and satisfies the usual
Leibniz and chain rules.

The arising p-weak differentiable structure exists for spaces with finite Hausdorff dimension and agrees
with Cheeger’s structure in the presence of a Poincaré inequality. In particular, it exists whenever the space
is metrically doubling. It is moreover compatible with, and gives a geometric interpretation of, Gigli’s
abstract differentiable structure, whenever it exists. The p-weak charts give rise to a finite-dimensional
p-weak cotangent bundle and pointwise norm, which recovers the minimal upper gradient of Newtonian
functions and can be computed by a maximization process over generic curves. As a result we obtain new
proofs of reflexivity and density of Lipschitz functions in Newtonian spaces, as well as a characterization
of infinitesimal Hilbertianity in terms of the pointwise norm.
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1. Introduction

1A. Overview. Minimal weak upper gradients of Sobolev-type functions on metric measure spaces were
first introduced by Cheeger [1999], building on the notion of upper gradients from [Heinonen and Koskela
1998]. Shanmugalingam [2000] developed Newtonian spaces N 1,p(X) using the modulus perspective of
[Heinonen and Koskela 1998] and proved that they coincide with the Sobolev space defined by Cheeger
up to modification of its elements on a set of measure zero. Further notions of Sobolev spaces, based on
test plans, were developed by Ambrosio, Gigli and Savaré [Ambrosio et al. 2014], with a corresponding
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notion of minimal gradient. Earlier, Hajłasz [1996] had introduced a Sobolev space whose associated
minimal gradient, however, lacks suitable locality properties. While the various Sobolev spaces (with
the exception of Hajłasz’s definition) are equivalent for generic metric measure spaces, Newtonian spaces
consist of representatives which are absolutely continuous along generic curves, a property central to
the results in this paper.

The minimal p-weak upper gradient g f ∈ L p(X) of a Newtonian function f ∈ N 1,p(X) on a metric
measure space X is a Borel function characterized (up to a null-set) as the minimal function satisfying

|( f ◦ γ )′t | ≤ g f (γt)|γ
′

t | for a.e. t ∈ I, (1-1)

for all absolutely continuous γ : I → X outside a curve family of zero p-modulus. Here |γ ′
t | denotes

the metric derivative of γ for a.e. t ; see Section 2. When X = Rn and f ∈ C∞
c (R

n), g f is given by
g f = ∥∇ f ∥; in this case, for each x ∈ X , there exists a (smooth) gradient curve γ : (−ε, ε)→ X , with
γ0 = x , satisfying

( f ◦ γ )′0 = g f (x)|γ ′

0|. (1-2)

In general, however, despite the minimality of g f , the equality in (1-2) is not always attained. For
example the fat Sierpiński carpet (with the Hausdorff 2-measure and Euclidean metric) constructed in
[Mackay et al. 2013] with a sequence in ℓ2

\ ℓ1, as pointed out in the introduction of that work, gives
zero p-modulus (p > 1) to the family of curves parallel to the x-axis, and thus to the family of gradient
curves of the function f (x, y)= x . We remark that the example above is measure doubling and supports
a Poincaré inequality; in this context an approximate form of (1-2) for Lipschitz functions was proven in
[Cheeger and Kleiner 2009, Theorem 4.2].

Towards a positive answer for generic spaces, an “integral formulation” of (1-2) given by [Gigli 2015,
Theorem 3.14] states that, when p > 1 and f ∈ N 1,p(X), there exist probability measures η on C(I ; X)
(known as test plans representing the gradient of f ) such that

lim
t→0

∫
f (γt)− f (γ0)

t
dη = lim

t→0

∫
1
t

∫ t

0
g f (γs)|γ

′

s | ds dη.

In this paper we obtain a “pointwise” variant of (1-2) for general metric measure spaces using a
combination of plan-modulus duality, developed in [Ambrosio et al. 2015b; Durand-Cartagena et al. 2021;
Honzlová Exnerová et al. 2021], and disintegration techniques. (For p > 1, a pointwise variant also
follows from Gigli’s integral formulation; see Section 3C.) Theorem 1.1 below expresses the minimal
weak upper gradient of a Newtonian function as the supremum of directional derivatives along generic
curves passing through a given point. Here, it is crucial to use Newtonian functions, which are absolutely
continuous along almost every curve.

This curvewise characterization of minimal upper gradients yields the existence of an abundance
of curves in a given region of the space, provided the region supports nontrivial Newtonian functions.
The idea of constructing an abundance of curves goes back to [Semmes 1996] in the presence of a
Poincaré inequality. Under this assumption Cheeger showed that g f = Lip f , where Lip f denotes the
pointwise Lipschitz constant of a Lipschitz function f . Note that inequality Lip f ≤ g for continuous
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upper gradients g of a Lipschitz function f on a geodesic space is a direct, but central, observation made
in [Cheeger 1999, pp. 432–433].

The work of Cheeger lead to many developments, including [Cheeger and Kleiner 2009] pioneering
the idea of using directional derivatives along curves (and the early version of Theorem 1.1, appearing as
Theorem 4.2 in that work) as well as the development and detailed analysis of Lipschitz differentiability
spaces; see [Keith 2004a; Bate 2015; Bate and Speight 2013; Cheeger et al. 2016; Schioppa 2016a;
2016b]. In the latter, curves are replaced by curve fragments whose abundance is expressed using Alberti
representations. Alberti representations are similar to plans used in this paper. The connection between
such representations and the ideas in [Cheeger and Kleiner 2009] was first observed by Preiss, see [Bate
2015, p. 2], and can be used to prove the self-improvement of the Lip-lip inequality to the Lip-lip equality,
see [Bate 2015; Schioppa 2016a; Cheeger et al. 2016].

Similarly the abundance of curves, obtained here using duality, yields geometric information on Sobolev
functions on general metric measure spaces. (Indeed, duality, in the disguise of a minimax principle,
was previously used to find Alberti representations in Lipschitz differentiability spaces; see [Bate 2015,
Theorem 5.1] which uses [Rudin 1980, Lemma 9.4.3].) As an important first application, we use curvewise
directional derivatives to define p-weak charts and a differential for Newtonian functions with respect
to such charts. The arising p-weak differentiable structure, i.e., a covering by p-weak charts, exists far
more generally than for Lipschitz differentiability spaces — indeed metric doubling and finite Hausdorff
measure suffice; see Proposition 5.4. This existence result involves a new and crucial dimension bound
for the charts and the induced differential structure; see Theorem 1.11(c) or Proposition 4.13. With the aid
of Theorem 1.1 we adapt Cheeger’s construction to produce a measurable L∞-bundle, called the p-weak
cotangent bundle, over spaces admitting a p-weak differentiable structure; differentials of Newtonian
functions are sections over this bundle. While the Cheeger differential dC f yields a linearization of a
Lipschitz function f , our p-weak differential d f is given by a linearization along p-almost every curve,
and the pointwise norm of d f recovers the minimal weak upper gradient; see Theorem 1.7.

This definition of a weak differentiable structure seems to be the natural extension of the seminal work
[Cheeger 1999] to settings without a Poincaré inequality and yields a “partial differentiable structure”,
which has been the aim of many authors previously; see [Lučić et al. 2021; Alberti and Marchese 2016;
Schioppa 2016a; Cheeger et al. 2016]. Namely, the p-weak cotangent bundle measures and makes precise
the set of accessible directions (for positive modulus) in the space. By constructing the differential using
directional derivatives along curves, we give it a concrete geometric meaning. A sequence of recent work
has sought such concrete descriptions; see, e.g., [Ikonen et al. 2022; Lučić et al. 2021]. Our approach
yields a new unification of the concrete and abstract cotangent modules of [Cheeger 1999] and [Gigli
2018], respectively; the p-weak cotangent bundle is compatible with Gigli’s cotangent module when
the latter is locally finitely generated, and with Cheeger’s cotangent bundle when the space satisfies a
Poincaré inequality; see Theorems 1.11 and 1.8.

The geometric approach in this paper has many natural applications. We mention here the tensorization
of Cheeger energy, pursued in [Ambrosio et al. 2014; 2015c; Lučić et al. 2021], and the identification
of abstract tangent bundles with geometric tangent cones; see [Alberti and Marchese 2016; Lučić et al.
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2021]. Our methods give tools to generalize and refine the results mentioned above, and moreover enable
a blow-up analysis to study analogues of generalized linearity considered for example in [Cheeger 1999;
Cheeger et al. 2016]. Indeed, blow-ups of plans that define the pointwise norm on a p-weak chart (see
Lemmas 4.1, 4.3 and 4.2) along a sequence of rescaled spaces yield curves in the limiting space along
which limiting maps of rescaled Newtonian maps behave linearly. In this context we highlight [Schioppa
2016a], which gives a similar geometric and blow-up analysis in the context of abstract Weaver derivations.
We leave the detailed exploration and development of these ideas for future work.

1B. Curvewise characterization of minimal upper gradients. Throughout the paper, we fix a metric
measure space X = (X, d, µ), that is, a complete separable metric space (X, d) together with a Radon
measure µ which is finite on bounded sets. A plan is a finite measure η on C(I ; X) that is concentrated
on the set AC(I ; X) of absolutely continuous curves. The natural evaluation map e : C(I ; X)× I → X ,
(γ, t) 7→ γt , gives rise to the barycenter dη#

:= e∗(|γ
′
t | dt dη) of η. If dη#

= ρ dµ for some ρ ∈ Lq(µ),
we say that η is a q-plan (not to be confused with q-test plans, see, e.g., Section 2 or [Ambrosio et al.
2015b]). Every finite measure π on C(I ; X)× I admits a disintegration with respect to e: for e∗π -almost
every x ∈ X , there exists a (unique) measure π x ∈ P(C(I ; X)× I ), concentrated on e−1(x), such that
the collection {π x} satisfies

π(B)=

∫
π x(B) d(e∗π)(x)

for all Borel sets B ⊂ C(I ; X)× I. We refer to [Ambrosio et al. 2008; Bogachev 2007] for more details.
We use these notions to define a “generic curve”: if η is a q-plan on X and {π x} the disintegration

of dπ := |γ ′
t | dt dη with respect to e, then π x -a.e.-curve passes through x , for e∗π-a.e. x ∈ X . In the

forthcoming discussion, we omit the reference to e in the disintegration. We now formulate our first result,
in which the equality in (1-2) is obtained as an essential supremum with respect to the disintegration for
almost every point. In the statement below we write

Diff( f )= {(γ, t) ∈ AC(I ; X)× I : f ◦ γ ∈ AC(I ; R), ( f ◦ γ )′t and |γ ′

t |> 0 exist}

for a µ-measurable function f : X → [−∞,∞].

Theorem 1.1. Let 1 ≤ p < ∞, and let 1 < q ≤ ∞ satisfy 1/p + 1/q = 1. Suppose f ∈ N 1,p(X),
g f is a Borel representative of the minimal p-weak upper gradient of f , and D := {g f > 0}. There
exists a q-plan η with µ|D ≪ η# so that the disintegration {π x} of dπ := |γ ′

t | dt dη is concentrated on
e−1(x)∩ Diff( f ) and

g f (x)=

∥∥∥∥( f ◦ γ )′t

|γ ′
t |

∥∥∥∥
L∞(π x )

(1-3)

for µ-almost every x ∈ D.

Remark 1.2. The statement also holds when f ∈ N 1,p
loc (X), that is, f |B(x,r) ∈ N 1,p(B(x, r)) for each

ball B(x, r)⊂ X . Indeed, a localization argument, replacing f by f ηn with ηn a sequence of Lipschitz
functions with bounded support and ηn|B(x0,n−1) = 1 for some x0, reduces the statement for f ∈ N 1,p

loc (X)
to Theorem 1.1. Similarly, other notions in this paper, such as charts, could use a local Sobolev space,
but to avoid technicalities we do not discuss this point further. A reader can see Lemma 4.5 and its proof
for a prototypical form of such a localization argument.
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In particular, we have the following corollary.

Corollary 1.3. Let p, q and f, g f , D be as in Theorem 1.1. There exists a q-plan η and, for every
ε > 0, a Borel set B = Bε ⊂ Diff( f ) with the following property: if {π x} denotes the disintegration of
dπ := |γ ′

t | dt dη, then π x(B) > 0 and

(1 − ε)g f (x)|γ ′

t | ≤ ( f ◦ γ )′t ≤ g f (x)|γ ′

t | for every (γ, t) ∈ e−1(x)∩ B,

for µ-a.e. x ∈ D.

Theorem 1.1 notably covers the case p = 1. In Section 3C we also prove a variant (Theorem 3.6) when
p > 1, using test plans representing a gradient instead of plan-modulus duality.

1C. Application: p-weak differentiable structure. Cheeger [1999] showed that PI-spaces (metric mea-
sure spaces with a doubling measure supporting some Poincaré inequality) admit a countable cover by
Cheeger charts, also called a Lipschitz differentiable structure (see [Keith 2004b]). Let LIP(X) denote the
collection of Lipschitz functions on X , and let LIPb(X) consist those Lipschitz functions with bounded
support. A Cheeger chart (U, ϕ) of dimension n consists of a Borel set U with µ(U ) > 0, and a Lipschitz
function ϕ : X → Rn such that, for every f ∈ LIP(X) and µ-a.e. x ∈ U, there exists a unique linear map
dC,x f : Rn

→ R, called the Cheeger differential of f , such that

f (y)− f (x)= dC,x f (ϕ(y)−ϕ(x))+ o(d(x, y)) as y → x . (1-4)

Not every space admits Lipschitz differentiable structure, as shown by the so called Rickman’s rug
X := [0, 1]

2 equipped with the metric d((x1, y1), (x2, y2)) = |x1 − x2| + |y1 − y2|
α, where α ∈ (0, 1)

and µ = L2
|X . Indeed, a Weierstrass-type function in the y-variable combined with [Schioppa 2016a,

Theorem 1.14] would yield nonhorizontal rectifiable curves if the space were a differentiability space,
contradicting the fact that all rectifiable curves in X are horizontal.

Here, we introduce p-weak differentiable structures, which exist in much more generality (including
Rickman’s rug, see the discussion after Definition 1.4), adapting Cheeger’s construction by substituting
(1-4) for a weaker curvewise control. To accomplish this, we replace the pointwise Lipschitz constant
by the minimal p-weak upper gradient in the definition of “infinitesimal linear independence” (1-5) and
use Theorem 1.1 to circumvent the difficulties arising from the fact that the latter is defined only up to a
null-set.

In the remainder of the introduction, we use the notation |D f |p for the minimal p-weak upper gradient
of f ∈ N 1,p

loc (X) and refer to Section 2 for more discussion on this notation. Given p ≥ 1 and N ∈ N, we
say that a Sobolev map ϕ ∈ N 1,p

loc (X; RN ) is p-independent in U ⊂ X if

ess inf
v∈SN−1

|D(v ·ϕ)|p > 0 µ-a.e. in U, (1-5)

and p-maximal in U if no Lipschitz map into a higher-dimensional target is p-independent in a positive
measure subset of U. Here, we use the essential infimum of an uncountable collection, which agrees
µ-a.e. with the pointwise infimum over any countable dense collection of SN−1; see Section A2. Note
that p-maximality does not depend on the particular map ϕ but rather the dimension of its target space.
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Definition 1.4. An N -dimensional p-weak chart (U, ϕ) of X consists of a Borel set U ⊂ X with positive
measure and a Lipschitz function ϕ : X → RN which is p-independent and p-maximal in U. We say
that X admits a p-weak differentiable structure if it can be covered up to a null set by countably many
p-weak charts.

By convention, zero-dimensional p-weak charts satisfy ϕ ≡ 0 and (1-5) is a vacuous condition, while
maximality means that |D f |p = 0 µ-a.e. on U for every f ∈ LIPb(X) (see also Proposition 4.4). In
Section 4F we briefly discuss a lower-regularity requirement in Definition 1.4 and the fact the resulting
notion yields essentially the same p-weak differentiable structure. We also show that an N -dimensional
p-weak chart (U, ϕ) satisfies N ≤ dimH U, where dimH U denotes the Hausdorff dimension of U ; see
Proposition 4.13. In particular, we have the following theorem.

Theorem 1.5. A metric measure space of finite Hausdorff dimension admits a p-weak differentiable
structure for any p ≥ 1. In particular, this holds if the space is metrically doubling.

We refer to Proposition 5.4 for a more technical statement, which immediately implies the theorem.
Next, we give an analogue of the Cheeger differential (1-4) using p-weak charts.

Definition 1.6. Given an N -dimensional p-weak chart (U, ϕ) of X , a p-weak differential of a Newtonian
function f ∈ N 1,p(X) with respect to ϕ is a map d f : U → (RN )∗ (whose value at x ∈ U is denoted
by dx f ) which satisfies

f (γs)− f (γt)= dγt f (ϕ(γs)−ϕ(γt))+ o(|t − s|) for a.e. t ∈ γ−1(U ), as s → t, (1-6)

for p-a.e. absolutely continuous curve γ in X . We say that a function f ∈ N 1,p(X) has a p-weak
differential with respect to ϕ, if such a d f exists.

If the curve γ does not enter U, or only spends zero length in the set, then condition (1-6) becomes
vacuously satisfied with both sides vanishing. The p-weak differential is uniquely determined up to
almost everywhere equivalence by (1-6); see Lemma 4.3. Further, it is also local, i.e., if g ∈ N 1,p(X)
and f |A = g|A on a positive measure subset A ⊂ U, then d f |A = dg|A. The differential satisfies various
natural computation rules; see Propositions 4.10 and 5.7 for the most important ones.

Theorem 1.7. Suppose p ≥ 1, and ϕ : X → RN is a p-weak chart on U. Then any f ∈ N 1,p(X) has a
p-weak differential d f : U → (RN )∗ with respect to ϕ, which is µ-a.e. unique, and the map f 7→ d f is
linear.

Moreover, for µ-a.e. x ∈ U, there is a norm | · |x on (RN )∗ such that x 7→ |ξ |x is Borel for every
ξ ∈ (RN )∗ and

|d f |x = |D f |p(x) for µ-a.e. x ∈ X,

for every f ∈ N 1,p(X).

Whereas Lipschitz functions are differentiable with respect to Cheeger charts, (1-5) yields only the
curvewise control (1-6). Indeed, if there are very few or no rectifiable curves, or if the curves only
point into certain directions, then the p-weak differential vanishes, or measures only these directions,
respectively. For example, given a fat Cantor set K ⊂ Rn with Ln(K ) > 0, X := (K , dEucl,Ln

|K ) is a
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Lipschitz differentiability space but the minimal weak upper gradient of every Lipschitz function is zero.
On the other hand, Rickman’s rug admits nontrivial p-weak charts ϕ(x, y)= x . The p-weak differential
in this case can be identified with the x-derivative, d f ≡ ∂x f , and the only curves with positive p-modulus
are those which are horizontal. These examples demonstrate that p-weak differentiable structures might
exist for spaces not admitting a Cheeger structure, but the two need not coincide even if both exist.
However, if a Poincaré inequality is present, the two structures coincide.

Theorem 1.8. Suppose X is a p-PI space for p ≥1. Then any p-weak chart (U, ϕ) of X is a Cheeger chart.

It follows from the discussion after Definition 1.4 that a p-PI space admits p-weak charts. In Section 1D,
we obtain a precise statement on the relationship between the p-weak and Lipschitz differentiable
structure, as well as a characterization of the existence of p-weak differentiable structures in terms of
Gigli’s cotangent module [2018]. Here we mention a noteworthy corollary of the existence of a p-weak
differentiable structure.

Theorem 1.9. Let p ≥ 1. If X admits a p-weak differential structure, then LIPb(X) is norm-dense
in N 1,p(X).

Theorem 1.9 has been obtained by other methods for p > 1 in [Ambrosio et al. 2013] but is new in the
case p = 1. In particular, we highlight that the density holds if X has finite Hausdorff dimension.

1D. Connections to Cheeger’s and Gigli’s differentiable structures. Together with the pointwise norm
from Theorem 1.7, a p-weak differentiable structure gives rise to a p-weak cotangent bundle T ∗

p X over X ,
analogous to the measurable L∞-cotangent bundle T ∗

C X arising from the Lipschitz differentiable structure
[Cheeger 1999; Keith 2004b], which is equipped with the pointwise norm

|ξ |C,x := Lip(ξ ◦ϕ)(x), ξ ∈ (RN )∗,

for µ-a.e. x ∈ U, where (U, ϕ) is an N -dimensional Cheeger chart. For any f ∈ LIPb(X), the differentials
d f and dC f are sections of the cotangent bundles T ∗

p X and T ∗

C X , respectively. We refer to Section 5 for
the precise definition of measurable L∞-bundles and their sections.

In the next theorem we show that there is a submetric bundle map T ∗

C X → T ∗
p X and give a condition

under which the bundle map is an isometric isomorphism. See Section 5 for the definition of bundle maps.
In the statement, a modulus of continuity is an increasing continuous function ω : [0,∞)→ [0,∞), with
ω(0)= 0, and a linear submetry between normed spaces V and W is a surjective linear map L : V → W ,
with L(BV (r))= BW (r).

Theorem 1.10. Suppose X admits a Cheeger structure and let p ≥ 1. There is a bundle map π = πC,p :

T ∗

C X → T ∗
p X which is a linear submetry µ-a.e. and satisfies

πx(dC,x f )= dx f for µ-a.e. x ∈ X, (1-7)

for every f ∈ LIPb(X). If there exists a collection {ωx}x∈X of moduli of continuity satisfying

Lip f (x)≤ ωx(|D f |p(x)) for µ-a.e. on X,

for every f ∈ LIPb(X), then πC,p is an isometric bijection µ-a.e.
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Theorem 1.10 follows from [Ikonen et al. 2022, Theorem 1.1] and the following theorem, which
identifies the space 0p(T ∗

p X) of p-integrable sections of the p-weak cotangent bundle T ∗
p X with Gigli’s

cotangent module L p(T ∗X). We refer to Section 6 for the relevant definitions, and remark here that
Gigli’s construction is the most general in the sense that L p(T ∗X) can be defined for any metric measure
space. It is a priori defined only as an abstract L p-normed L∞-module in the sense of [Gigli 2015; 2018].

We say that L p(T ∗X) is locally finitely generated if X has a countable Borel partition B so that each
B ∈ B admits a finite generating set in B. Here, a collection V ⊂ L p(T ∗X) is a generating set in B (or
generates L p(T ∗X) in B) if χB L p(T ∗X) is the smallest closed submodule of L p(T ∗X) containing χBv

for every v ∈ V . Gigli’s cotangent modules admit a dimensional decomposition, i.e., a Borel partition
{AN }N∈N∪{∞} of X so that L p(T ∗X) admits a generating set of cardinality N (and no smaller) in AN for
each N. For N = ∞, no finite set generates L p(T ∗X) in AN . The dimensional decomposition is uniquely
determined up to µ-negligible sets.

Below we denote by dG f and | · |G the abstract differential and pointwise norm in the sense of Gigli; see
Theorem 6.1. A morphism between L p-normed L∞-modules (i.e., a continuous L∞-linear map) is said
to be an isometric isomorphism if it preserves the pointwise norm and has an inverse that is a morphism.

Theorem 1.11. Let X be a metric measure space and p ≥ 1. Then X admits a p-weak differentiable
structure if and only if L p(T ∗X) is locally finitely generated. In this case,

(a) there exists an isometric isomorphism ι : 0p(T ∗
p X) → L p(T ∗X) of normed modules satisfying

ι(d f )= dG f for every f ∈ N 1,p(X) and uniquely determined by this property,

(b) each set AN in the dimensional decomposition of X can be covered up to a null-set by N-dimensional
p-weak charts,

(c) N ≤ dimH (AN ) for each N ∈ N.

Theorem 1.11 gives a concrete interpretation of Gigli’s cotangent module, and bounds the Hausdorff
dimension of the sets in the dimensional decomposition. As corollaries we obtain the reflexivity of
N 1,p(X) when p > 1, and a characterization of infinitesimal Hilbertianity in terms of the pointwise norm
of Theorem 1.7 when p = 2, for spaces admitting a p-weak differentiable structure; see Corollary 6.7.
Reflexivity could also be obtained directly from Theorem 1.7 following the argument in [Cheeger 1999,
Section 4].

2. Preliminaries

Throughout this paper X = (X, d, µ) will be a complete separable metric measure space equipped with
a Radon measure µ finite on balls. We denote by C(I ; X) the space of continuous curves γ : I → X
equipped with the metric of uniform convergence and by AC(I ; X) the subset of absolutely continuous
curves in X , where I ⊂ R is an interval. Mostly, we will be concerned with statements independent of
parametrization; thus the choice of the interval I is immaterial. However, when we need to refer to the
end points of the curve, then we will take I = [0, 1].

If γ is a curve, its value at t ∈ I is denoted by γt := γ (t). If f : X → RN is a function, we also use this
notation as ( f ◦ γ )t = f (γt). The derivative of f in the direction of γ at γt , when it exists, is denoted
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by ( f ◦ γ )′t = ( f ◦ γ )′(t). The metric derivative of the curve, in the sense of say [Ambrosio et al. 2008,
Section I.1], is defined as |γ ′

t | = limh→0 d(γt+h, γt)/h, when it exists. The metric derivative is defined
almost everywhere on I for γ ∈ AC(I ; X).

2A. Plans and modulus. A finite measure η on C(I ; X) is called a plan if it is concentrated on AC(I ; X),
and a q-plan if the barycenter dη#

:= e∗(|γ
′
t | dt dη) satisfies dη#

= ρ dµ for some ρ ∈ Lq(µ). We denote
by ACq(I ; X) the space of curves γ ∈ AC(I ; X) satisfying

∫ 1
0 |γ ′

t |
q dt < ∞, and say that a q-plan

η ∈ P(C(I ; X)) is a q-test plan, if it is concentrated on ACq(I ; X) and

et∗η ≤ Cµ for every t ∈ I, and
∫∫ 1

0
|γ ′

t |
q dt dη <∞

for some constant C > 0. Here et : C(I ; X)→ X is the map et(γ )= γt .

Remark 2.1. Every q-test plan is also a q-plan. However, the converse can fail for two reasons. A q-test
plan fixes a given parametrization for curves (with an integrability condition on the speed) and insists
on a compression bound et∗(η)≤ Cµ. However, for each q-plan supported on 0 ⊂ AC(I ; X), one can
construct associated q-test plans supported on reparametrized curves, which are subcurves of curves in 0.

The argument for this is a combination of two observations in [Ambrosio et al. 2015b]. First, for
each q-plan one can reparametrize curves to get a plan with a good “parametric barycenter” [loc. cit.,
Definition 8.1 and Theorem 8.3]. The parametric barycenter depends on the parametrization, while the
barycenter η# does not. The second point concerns the compression bound, where given the previous
plan, one can take subsegments of curves and average these over shifts to get a compression bound, which
is explained as part of the proof of [loc. cit., Theorem 9.4].

This remark would allow, for example, to phrase Theorem 1.1 with test plans instead of plans, if one
were so inclined.

If 0 ⊂ C(I ; X) is a family of curves, then a Borel function ρ : X → [0,∞] is called admissible if∫
γ
ρ ds ≥ 1 for each rectifiable γ ∈ 0. In particular, if there are no rectifiable curves, then this condition

is vacuous. We define, for p ∈ [1,∞),

Modp(0)= inf
ρ

∫
X
ρ p dµ,

where the infimum is over all admissible ρ. We remark, that due to Vitali–Carathéodory, such an infimum
can always be taken with respect to lower semicontinuous functions. Notice that the modulus is supported
on rectifiable curves and is independent of the parametrization of such curves. We say that a property
holds for p-almost every curve if there is a family of curves 0B so that Modp(0B)= 0 and the property
holds for all γ ∈ C(I ; X) \0B . Modulus is invariant of the parametrization of curves, but some of our
statements depend on a parametrization. In those cases, we will say that the property holds for p-almost
every absolutely continuous curve in X (or p-a.e. γ ∈ AC(I ; X)) to emphasize that the property holds for
each γ ∈ AC(I ; X)\0B with Modp(0B)= 0. The reader may consult [Heinonen et al. 2015, Sections 4–7]
for a more in-depth treatment of modulus, upper gradients and Vitali–Carathéodory.

Remark 2.2. A crucial fact we will use is that if 0 satisfies Modp(0)= 0, then for any q-plan η we have
η(0)= 0 (which holds for p ∈ [1,∞) and q its dual exponent). The converse is also true for p ∈ (1,∞).
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See the arguments and discussion in [Ambrosio et al. 2015b, Sections 4 and 9]. One point here is that if
we used q-test plans, this relationship would be more complex, and we would need to consider “stable”
families of curves; see [loc. cit., Theorem 9.4]. The case of p = 1 is also somewhat subtle, and we
will deal with a special case of this issue in Section 3. The argument of Proposition 2.3 would give the
converse for compact families of curves and p = 1. See also, [Honzlová Exnerová et al. 2021] for a much
more detailed exploration of this borderline case.

The previous remark concerns an inequality relating modulus and q-plans. However, there is a closer
connection, and in a sense these are dual to each other. Previously, this has been explored in [Ambrosio
et al. 2015b, Theorem 5.1] for p> 1, and in [Honzlová Exnerová et al. 2021, Theorem 6.3] for p = 1. Due
to its importance for us, we summarize one main consequence of these results. We further briefly describe
the main steps of a direct proof from [David and Eriksson-Bique 2020, Proposition 4.5]. A similar
argument appeared previously in a more specific context in [Durand-Cartagena et al. 2021, Theorem 3.7].

Proposition 2.3. Let p ∈ [1,∞) and q its dual exponent with p−1
+ q−1

= 1. If K ⊂ C(I ; X) is a
compact family of curves, and Modp(K ) ∈ (0,∞), then there exists a q-plan η with spt(η)⊂ K .

Proof. A power of the modulus Modp(K )1/p arises from a convex optimization problem on ρ with a
constraint for every curve γ ∈ K . A dual formulation of this corresponds to a variable for each constraint,
i.e., a measure ν supported on K . Thus, it is reasonable to consider a modified Lagrangian defined by

8(ρ, ν)= ∥ρ∥L p − Modp(K )1/p
∫

K

∫
γ

ρ ds dνγ ,

where ρ : X → [0,∞] is a function and ν is a probability measure supported on K . Let P(K ) be the
collection of these probability measures supported on K equipped with the topology of weak* convergence.
In order to obtain the required continuity, we will restrict to ρ ∈ G, with

G := {ρ : X → [0, 1] : ρ compactly supported and continuous in X}.

The set G is equipped with the topology of uniform convergence. Then 8 : G × P(K )→ R is a functional
with two properties: 8( · , ν) is convex and continuous for each ν ∈ P(K ), and 8(ρ, · ) is concave
and upper semicontinuous for each ρ : X → [0, 1]. Further P(K ) is compact and convex in the weak*
topology and G is a convex subset.

By Sion’s minimax theorem, see, e.g., statement in [David and Eriksson-Bique 2020, Theorem 4.7],
we have

sup
ν∈P(K )

inf
ρ∈G

8(ρ, ν)= inf
ρ∈G

sup
ν∈P(K )

8(ρ, ν).

We can compute infρ∈G supν∈P(K )8(ρ, ν) ≥ 0. Indeed, given any ρ ∈ G, we can use the definition
of modulus to find a γ ∈ K with

∫
γ
ρ ds ≤ ∥g∥p/Modp(K )−1/p. If we choose ν = δγ , a Dirac measure

on γ , the bound immediately follows.
Therefore, we have also supν∈P(K ) infρ∈G 8(ρ, ν) ≥ 0. But, up to showing that this supremum is

attained, there must be some η∈ P(K ) for which we get infρ∈G 8(ρ, η)≥0. After unwinding the definition
of a q-plan, and an application of Radon–Nikodym on X , the measure η is our desired q-plan. □
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2B. Sobolev spaces and functions. A function f : (X, dX ) → (Y, dY ) between two metric spaces is
called Lipschitz if LIP( f ) := supx,y∈X,x ̸=y dY ( f (x), f (y))/dX (x, y) < ∞. A bijection f : X → Y is
called bi-Lipschitz if f and f −1 are Lipschitz. Further, if x ∈ X , we define the local Lipschitz constant as

Lip f (x) := lim sup
y→x,y ̸=x

dY ( f (x), f (y))
dX (x, y)

.

Let LIPb(X) be the collection of Lipschitz maps f : X → R with bounded support.

Definition 2.4. Let f : X → R ∪ {±∞} be measurable, g : X → [0,∞] a Borel function, and γ : I → X
a rectifiable path. We say that g is an upper gradient of f along γ , if

∫
γ

g ds <∞ and

| f (γt)− f (γs)| ≤

∫
γ |[s,t]

g

for each s < t with s, t ∈ I with the convention ∞ − ∞ = ∞. We say that g is an upper gradient of f if
it is an upper gradient along every rectifiable curve, and a p-weak upper gradient if g is an upper gradient
of f along p-a.e. rectifiable curve.

The space N 1,p(X) is defined as all µ-measurable functions f ∈ L p(X) which have an upper gradient g
in L p(X). The (semi-)norm on this space is defined as

∥ f ∥N 1,p = (∥ f ∥
p
L p + inf ∥g∥

p
L p)

1/p,

where the infimum is taken over all L p-integrable upper gradients g of f . The theory of these spaces was
largely developed in [Shanmugalingam 2000]; see also [Heinonen et al. 2015] for most of the classical
theory. By the results there combined with an observation of [Hajłasz 2003] in the case of p = 1, one can
show that there always exists a unique minimal g f , which is an upper gradient along p-almost every path,
and for which ∥ f ∥N 1,p = (∥ f ∥

p
L p + ∥g f ∥

p
L p)

1/p. We call g f the minimal p-upper gradient. Similarly, we
can define f ∈ N 1,p

loc (X) if f η ∈ N 1,p whenever η ∈ LIPb(X). In these cases we also can define a minimal
p-upper gradient g f , so that ηg f ∈ L p(X) for every η ∈ LIPb(X). In other words, g f ∈ L p

loc(X).
We denote by N 1,p(X; RN )≃ N 1,p(X)N the space of functions ϕ : X → RN so that each component

is in N 1,p. Similarly, we define LIPb(X; RN )≃ LIPb(X)N.
Another notion of Sobolev space can be defined using q-test plans and we denote it by W 1,p(X), with

|D f |p denoting the minimal gradient of f ∈ W 1,p(X). Namely, a function f ∈ L p(µ) belongs to the
Sobolev space W 1,p(X) if there exists g ∈ L p(µ) such that∫

| f (γ1)− f (γ0)| dη ≤

∫∫ 1

0
g(γt)|γ

′

t | dt dη

for every q-test plan η on X . The space has a norm ∥ f ∥W 1,p = (∥ f ∥
p
L p + infg ∥g∥

p
L p)

1/p, where the
infimum is over all such functions g. We refer to [Di Marino and Squassina 2019] for details.

Note that any representative of an element of W 1,p(X) still belongs to W 1,p(X), whilst a representative
of an element in N 1,p(X) belongs to N 1,p(X) if and only if they agree outside a p-exceptional set. The
next theorem says that up to this ambiguity of representatives, the two approaches produce the same
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object. The measurability conclusion is also a corollary of [Eriksson-Bique 2023]. We refer to [Ambrosio
et al. 2015a] for a proof.

Theorem 2.5. Let p ∈ (1,∞). If f ∈ N 1,p(X), then f ∈ W 1,p(X) and g f = |D f |p µ-a.e. Conversely, if
f ∈ W 1,p(X), then f has a Borel representative f̄ ∈ N 1,p(X) with g f̄ = |D f |p µ-a.e.

3. Curvewise (almost) optimality of minimal upper gradients

3A. Upper gradients with respect to plans. Given a plan η, we can speak of a gradient along its curves.

Definition 3.1. If η is a q-plan and f ∈ N 1,p(X), then a Borel function g is an η-upper gradient if g is
an upper gradient of f along γ for η-almost every γ .

The following lemma gives a notion of a minimal η-upper gradient and shows how to compute it by
using derivatives along curves.

Lemma 3.2. Suppose g f is a minimal upper gradient and η is any q-plan and dπ = dη|γ ′
t | dt , with

disintegration π x . Then:

(1) gη = ∥( f ◦ γ )′t/γ
′
t ∥L∞(π x ) is a η-upper gradient.

(2) gη ≤ g for any other η-upper gradient for almost every x ∈ X.

(3) gη ≤ g f for almost every x ∈ X.

(4) Suppose η′ is another q-plan and η ≪ η′. Then gη ≤ gη′ .

Proof. Let g f be the minimal p-upper gradient for f . By Lemma A.2 there is a Borel family 00 ⊂ C(I ; X),
so that f is absolutely continuous on each curve γ ̸∈ 0c

0 with upper gradient g f and so that η(00)= 0.
By Corollary A.3 and Lemma A.1 there is a set N ⊂ C(I ; X)× I so that for π(N ) = 0, and for each
(γ, t) ̸∈ N, both ( f ◦γ )′(t) and |γ ′

t | are defined and measurable. Let M0 =00 × I ∪ N. We get π(M0)= 0.
For each curve γ ̸∈ 00 the function f is absolutely continuous with upper gradient ( f ◦ γ )′t/|γ

′
t |. Since

gη(γt)≥ ( f ◦ γ )′t/|γ
′
t | for π -almost every (γ, t) ∈ M0, we have that gη is an η upper gradient.

If g is any other Borel η-upper gradient, then the set of (γ, t)∈ Diff( f )\ M0 with ( f ◦γ )′t/|γ
′
t |> g(γt)

must have null measure, and thus the claim follows by Fubini and the definition in (1).
The function g f is an upper gradient for f on curves in 0c

0, and thus the claim follows again from
curvewise absolute continuity and by showing that the set of (γ, t) with ( f ◦γ )′t/|γ

′
t |> g f (γt) must have

null π -measure. The final claim follows since gη′ must be a η-upper gradient for f . □

3B. Proof of Theorem 1.1. In this subsection we prove Theorem 1.1. The idea is that for each q-plan η we
can associate a gradient “along” the curves of such a plan. Each such gradient must be less than the minimal
upper gradient, and thus the task is to show that by varying over different plans η we can obtain the minimal
upper gradient through maximization. In order to show equality of the result of this maximization, we argue
by contradiction, that if it were not a minimal upper gradient, then we could witness this by a given plan.
This is the core of the following result. It should be compared to [Ambrosio et al. 2015b, Sections 9–11],
where a similar analysis is done, but with different terminology and only for p > 1. In the following
statement we will need to refer to end points of curves, and thus choose the domain of curves as I = [0, 1].
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Lemma 3.3. Let p ∈ [1,∞), and q be its dual exponent. Let f ∈ N 1,p(X). Suppose g is any nonnegative
Borel function so that A = {g < g f } has positive measure. Then there exists a q-plan η, so that for
η-almost every curve γ : [0, 1] → X we have

| f (γ1)− f (γ0)|>

∫
γ

g ds. (3-1)

Proof. By Vitali–Carathéodory we may find a lower semicontinuous g̃ ≥ g which is integrable and so that
Ã = {g̃ < g f } has positive measure. We will suppress the tildes below to simplify notation and thus only
consider the case of g lower semicontinuous. Since g < g f on a positive measure subset, g cannot be a
minimal upper gradient, and thus there must exist a family 0 ⊂ C(I ; X) of curves with Modp(0) > 0, so
that (3-1) holds for each γ ∈ 0. Modulus is invariant under reparametrization of curves and so we may
consider the subset of those γ ∈ 0 which are Lipschitz. We want to find a plan supported on 0. However,
the issue with this is that since p = 1 is allowed the family 0 may not be compact, the duality of modulus
and q-plans may fail. So, we seek to “cover” 0, up to a null modulus family by compact families. This
covering is done in an iterative way.

Fix an R so that the modulus of 0R of those curves in 0, which are contained in a ball B(x0, R) for
some fixed x0 ∈ X , is positive. Since f is measurable and X is complete and separable, Egorov’s theorem
implies the existence of an increasing sequence of compact sets Kn satisfying µ(B(x0, R) \

⋃
Kn)= 0

for which f |Kn is continuous for each n. Define µ(B(x0, R) \ Kn)= εn . By passing to a subsequence
of n, we may assume that

∑
n
√
εn < 1.

Define 0 as the collection of γ ∈0R so that f is absolutely continuous on γ and H1
(
γ \

(⋃
∞

n=1 Kn
))

=0.
This holds for Modp-almost every curve, since f ∈ N 1,p(X) and since p-almost every curve spends
measure zero in the null set X \

⋃
∞

n=1 Kn . Thus, Modp(0) > 0.
Next, let 0m be those curves γ : I → X , which are m-Lipschitz, so that Len(γ ) ≤ m|b − a|,

diam(γ ) ≥ 1/m, γ0, γ1 ∈ Km and (3-1) holds. We will show that every γ ∈ 0 contains a subcurve, up
to reparametrization, in

⋃
∞

m=1 0
m. From this, and [Björn and Björn 2011, Lemma 1.34], it follows that

Modp
(⋃

∞

m=1 0
m
)
> 0, and thus there is some M > 0 so that Modp(0

M) > 0. It is easy to show that 0m

is a closed family of curves in C(I ; X) with respect to uniform convergence, since g is taken to be lower
semicontinuous (see, e.g., [Keith 2003, Proposition 4]).

To obtain the previous fact, consider a nonconstant curve γ ∈ 0. We have

| f (γ1)− f (γ0)|>

∫
γ

g ds.

We may also parametrize γ by constant speed as the claim is invariant under reparametrizations.
Since γ has constant speed, we know

∣∣I \
⋃

∞

n=1 γ
−1(Kn)

∣∣ = 0 and f ◦ γ is continuous. Since∫
γ

g ds<∞ and f ◦γ is continuous, we can find (for all n ≥ N for some N ∈ N) sequences an, bn ∈ [0, 1]

so that limn→∞ an = a, γan ∈ Kn , γbn ∈ Kn and limn→∞ bn = b. Then, for sufficiently large n

| f (γbn )− f (γan )|>

∫
γ |[an ,bn ]

g ds.



468 SYLVESTER ERIKSSON-BIQUE AND ELEFTERIOS SOULTANIS

For n large enough we also have Len(γ[an,bn])≤ n|b − a|, diam(γ[an,bn]))≥ 1/n. Since the curves are
parametrized by constant speed, they are n-Lipschitz. So γ ′

= γ[an,bn] is, up to a reparametrization, in 0n

for n large enough, and the claim follows.
Fix M > 0 so that Modp(0

M)> 0. Next, choose δ <min(Modp(0
M), 1). Define δn = ε

1/2p
n . Choose N

so that
∑

∞

n=N
√
εn < δ

1+p/2. Let 0M
t be the family of curves γ ∈ 0M so that

∫
γ

1X\Kn ds ≤ δδn for each
n ≥ N. Since

(∑
n≥N (1X\Kn/(δδn))

p
)1/p is a function admissible for 0M

\0M
t , we have

Modp(0
M

\0M
t )≤

∑
n≥N

εn

δ pδ
p
n
< δ/2.

Thus, by subadditivity of modulus, see, e.g., [Fuglede 1957, Theorem 1],

Modp(0
M
t )≥ Modp(0

M)− Modp(0
M

\0M
t ) > δ/2.

By Lemma 3.4, since 0M is closed, the family 0M
t ⊂ 0M is a compact family of curves in a complete

space. Then, by Proposition 2.3 there exists a q-plan η supported on 0M
t . Each curve γ ∈ 0M

t satisfies
(3-1), and thus the claim follows. □

For the following proof, recall that if A, B ⊂ X , then d(A, B) := infa∈A infb∈B d(a, b), and Nε(A) :=⋃
a∈A B(a, ε) for ε > 0.

Lemma 3.4. Suppose that Kn are compact sets, ηn > 0 constants with limn→∞ ηn = 0, L > 0 and let
0 ⊂ C(I ; X) be a closed family of curves in a complete space X. Let 0n,L be the family of curves γ ∈ 0

for which Len(γ )≤ L , diam(γ )≥ 1/L and which are L-Lipschitz, with
∫
γ

1X\Kn ds ≤ ηn for each n ∈ N.
Then 0n,L is compact.

Proof. Let I = [a, b]. Since 0 and 0n,L are closed, it suffices to show precompactness.
Let γ ∈ 0n,L . We may suppose that ηn < 1/(2L) by restricting to large enough n. Then, we have for

each n ∫
γ

1Kn ds =

∫
γ

1 ds −

∫
γ

1X\Kn ds ≥ diam(γ )− ηn >
1
L

− ηn.

Thus γ ∩ Kn ̸= ∅. Moreover, if t ∈ I, and d(γt , Kn)= s, then there will be a subsegment of length at
least min(s, diam(γk)/2) in X \ Kn . This gives min(s, diam(γ )/2)≤ ηn < 1/(2L). This is only possible
if s ≤ ηn , since diam(γ )/2 ≥ 1/L . Indeed, we have d(γ, Kn)≤ ηn .

To run the usual proof of Arzelà–Ascoli, since we have equicontinuity with the Lipschitz bound, we
only need to show that for each fixed t ∈ I the set At = {γt : γ ∈ 0n,L

} is precompact. However, since X
is complete, it suffices to show that At is totally bounded. Fix ε > 0. We concluded that d(γ, Kn)≤ ηn

for all n ∈ N. Thus, we have for some large n that ηn ≤ ε/4 and that At ⊂ Nηn (Kn)⊂ Nε/4(Kn). Since
Kn is compact, it is totally bounded, and the claim follows by covering Kn by finitely many ε/4 balls and
noting that ε > 0 is arbitrary. □

Proof of Theorem 1.1. Let 5q be the set of all q-plans, and for each η ∈5q , with its disintegration being
given by π x , define

gη(x)=

∥∥∥∥( f ◦ γ )′t

|γ ′
t |

∥∥∥∥
L∞(π x )

.



CURVEWISE CHARACTERIZATIONS AND A SOBOLEV DIFFERENTIAL 469

Finally, define
|Dπ f | = ess sup

η∈5∞

gπ (x).

Claim 1. There is a q-plan η̃ so that |Dπ f | = gη̃.

By Lemma A.5, we can find a sequence ηn so that

gηn → |Dπ f |

almost everywhere. Consider the measures dπn
:= |γ ′

t | dηn dt on AC(I ; X)× I. Set

an = 1 + ηn(C(I ; X))+
∥∥∥∥dη#

dµ

∥∥∥∥
Lq

+πn(AC(I ; X)× I ),

where η# is the barycenter of η, which is absolutely continuous with respect to µ. Let η̃ =
∑

∞

n=1 a−1
n 2−nηn .

This will be a plan with gη̃ ≥ gηn for each n by Lemma 3.2. For µ-almost every x , we have gη̃ ≥ |Dπ f |.
Then, by Lemma 3.3 we have ∥( f ◦ γ )′t/|γ

′
t |∥L∞(π x ) = |Dπ f |, as stated.

Claim 2. We have |Dπ f | = g f almost everywhere.

Since g f is a p-weak upper gradient, Lemma 3.2 gives |Dπ f | ≤ g f . Suppose for the sake of
contradiction then that |Dπ f |< g f on a positive measure subset. Then, by Lemma 3.2, there exists a
plan η′ so that

| f (γ1)− f (γ0)|>

∫
γ

|Dπ f | ds

for η′-almost every γ .
However, by the definition of a plan upper gradient, we have for η′ almost every curve that

| f (γ1)− f (γ0)| ≤

∫
γ

gη′ ds.

Now, as gη′ ≤ |Dπ f | almost everywhere and as η′ is a q-plan, we have for η′-almost every curve γ that∫
γ

gη′ ds ≤

∫
γ

|Dπ f | ds,

which contradicts the above inequalities.
Finally, since |Dπ f | = gη̃ = g f , we must have µ|D ≪ η̃#. Indeed, otherwise there would be a non-null

Borel set E ⊂ D for which µ(E) > 0 and η̃#(E)= 0. However, then gη̃|E = 0, contradicting the equality
µ-almost everywhere. □

We now prove Corollary 1.3.

Proof. Let f ∈ N 1,p and consider the plan η′ obtained from Theorem 1.1. Let η′′
= r∗(η

′), where
r : C(I ; X) → C(I ; X) is the reversal-map which reverses the orientation of every path. Define
η = η′′

+ η′. Fix ε > 0, and define B = {(γ, t) ∈ Diff( f ) : g f (x) ≥ ( f ◦ γ )′t/|γ
′
t | ≥ (1 − ε)g f (x)}.

Since ∥( f ◦ γ )′t/|γ
′
t |∥L∞(π ′

x )
= g f (x) for µ-almost every x ∈ D, where π ′

x is the disintegration for η′, we
have π x(B) > 0 for µ-almost every x ∈ D where π x is the disintegration corresponding to η. Note that,
we can remove the absolute values from the supremum norm since for each path γ in the support of η′

we include also its reversal, and r preserves η. □
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3C. Alternative curvewise characterizations of upper gradients when p > 1. In this subsection we
assume that p, q ∈ (1,∞) satisfy 1/p + 1/q = 1 and prove a variant Theorem 1.1 using test plans
representing gradients, introduced by Gigli.

Given f ∈ N 1,p(X), a q-test plan η represents g f if

f ◦ et − f ◦ e0

t Ẽ1/q
t

→ g f ◦ e0 and Ẽ1/p
t → g f ◦ e0 in L p(η),

where

Ẽt(γ )=
1
t

∫ t

0
|γ ′

s |
q ds, γ ∈ AC(I ; X), Ẽt(γ )= +∞ otherwise.

A test plan η representing the gradient of a Sobolev map f ∈ N 1,p(X) is concentrated on “gradient curves”
of f in an asymptotic and integrated sense. We refer to [Gigli 2015; Pasqualetto 2022] for discussion
of the definition we are using here. The following result of Gigli states that Sobolev functions always
possess test plans representing their gradient. In the statement, Pq(X) denotes probability measures ν
on X with

∫
d(x0, x)q dν(x) <∞ for some and thus any x0 ∈ X .

Theorem 3.5 [Gigli 2015, Theorem 3.14]. If f ∈ N 1,p(X) and ν ∈ Pq(X) satisfies ν ≤ Cµ for some
C > 0, there exists a q-test plan η representing g f , with e0∗η = ν.

We now state the main result of this subsection.

Theorem 3.6. Let f ∈ N 1,p(X) and g f be a Borel representative of the minimal p-weak upper gradient
of f , with D := {g f > 0} of positive µ-measure. Let η be a q-test plan representing g f with µ|D ≪

e0∗η ≪ µ|D .
For every ε > 0 there exists a Borel set B ⊂ Diff( f ) such that dπ := χB |γ ′

t | dt dη is a positive (finite)
measure with µ|D ≪ e∗π ≪ µ|D , whose disintegration {π x} with respect to e satisfies

(1−ε)g f (x)≤
( f ◦ γ )′t

|γ ′
t |

≤ g f (x) and (1−ε)g f (x)p/q
≤ |γ ′

t | ≤ (1+ε)g f (x)p/q for π x -a.e. (γ, t),

for µ-almost every x ∈ D.

For the proof, we present the following three elementary lemmas. Define

Dt(γ )=
f (γt)− f (γ0)

t
and G t(γ )=

1
t

∫ t

0
g f (γs)

p ds, γ ∈ AC(I ; X),

and +∞ otherwise. The following observation is essentially made in [Pasqualetto 2022, Lemma 1.19]
(we are using different notation for our purposes). See Lemma A.1(3) for the Borel measurability of the
functionals in the claim.

Lemma 3.7. Suppose f ∈ N 1,p(X) and suppose η is a q-test plan representing g f . Then

Dt ,G t , Ẽt → g p
f ◦ e0 in L1(η).

Proof. Since Ẽ1/p
t → g p

f ◦e0 in L p(η), it follows that Ẽt → g p
f ◦e0 in L1(η). The convergence Dt → g p

f ◦e0

is proven in [Pasqualetto 2022, Lemma 1.19], while G t → g p
f ◦ e0 in L1(η) follows from [Gigli 2015,

Proposition 2.11]. □
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Lemma 3.8. For every ε > 0 there exists δ > 0 with the following property: if a, b> 0 and a p/p+bq/q ≤

ab/(1 − δ), then |a p/q/b − 1|< ε.

Proof. The function h : (0,∞)→ (0,∞), given by h(t)= t/p + t−q/p/q , has a global minimum at t = 1,
with h(1)= 1. Thus h|(0,1] and h|[1,∞) have continuous inverses and it follows that for every ε > 0 there
exists δ > 0 such that if |1−h(t)|<δ then |1− t |<ε (expressing the fact that both inverses are continuous
at 1). The claim follows from this by noting that if a p/p + bq/q ≤ ab/(1 − δ) then 0 ≤ h(t)− 1 < δ,
where t := a p/q/b. □

Lemma 3.9. Let h ≤ g be two integrable functions on an interval I = [0, T ], with

lim inf
n→∞

1
Tn

∫ Tn

0
g ds =: A > 0 and lim

n→∞

1
Tn

∫ Tn

0
[g − h] ds = 0

for some sequence Tn → 0. Then, for every ε > 0 and n, the set {(1 − ε)g < h} ∩ [0, Tn] has positive
L1-measure.

Proof. For large enough n we have 0 < A/2 < (1/Tn)
∫ Tn

0 g ds and 0 ≤ (1/Tn)
∫ Tn

0 [g − h] ds < εA/2.
Thus, we may find some n0 for which (1/Tn)

∫ Tn
0 [g − h] ds < (ε/Tn)

∫ Tn
0 g ds for each n > n0. It follows

that
∫ Tn

0 [(1 − ε)g − h] ds < 0 for n > n0, and the claim follows from this. □

We will also need the following technical result; compare Lemma 3.7.

Lemma 3.10. Let E ⊂ X be a Borel set, t > 0, and let

DE,t(γ ) :=
1
t

∫ t

0
χE(γs)( f ◦ γ )′s ds, γ ∈ 0( f ).

Then DE,t → (χE g p
f ) ◦ e0 in L1(η).

Proof. Define

Ft(γ ) :=
1
t

∫ t

0
g f (γs)|γ

′

s | ds.

Since Dt ≤ Ft ≤ (1/p)G t + (1/q)Ẽt η-almost everywhere, Lemma 3.7 implies Ft → g p
f ◦ e0 and thus

(χE ◦ e0)Ft → (χE g p
f ) ◦ e0 in L1(η). We show that (χE ◦ e0)Ft − DE,t → 0 in L1(η).

For η-almost every γ we have

|χE(γ0)Ft(γ )− DE,t(γ )|

=

∣∣∣∣1
t

∫ t

0
[χE(γ0)g f (γs)|γ

′

s | −χE(γs)( f ◦ γ )′s] ds
∣∣∣∣

≤
1
t

∫ t

0

(
|(χE g f )(γs)− (χE g f )(γ0)||γ

′

s | +χE(γ0)|g f (γs)− g f (γ0)||γ
′

s |

+χE(γs)[g f (γs)|γ
′

s | − ( f ◦ γ )′s]
)

ds

≤

[(
1
t

∫ t

0
|(χE g f )(γs)−(χE g f )(γ0)|

p ds
)1/p

+

(
1
t

∫ t

0
|g f (γs)−g f (γ0)|

p ds
)1/p ](

1
t

∫ t

0
|γ ′

s |
q ds

)1/q

+ Ft(γ )− Dt(γ ).
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This estimate, together with the Hölder inequality and Lemma 3.7, yields

lim sup
t→0

∫
|(χE ◦ e0)Ft − DE,t | dη

≤ lim sup
t→0

[(∫
1
t

∫ t

0
|g f (γs)− g f (γ0)|

p ds dη

)1/p

+

(∫
1
t

∫ t

0
|(χE g f )(γs)− (χE g f )(γ0)|

p ds dη

)1/p ]
×

(∫
g p

f ◦ e0 dη

)1/q

= lim sup
t→0

[(
1
t

∫ t

0
∥g f ◦ es − g f ◦ e0∥

p
L p(η) ds

)1/p

+

(
1
t

∫ t

0
∥(χE g f ) ◦ es − (χE g f ) ◦ e0∥

p
L p(η) ds

)1/p ]
×

(∫
g p

f ◦ e0 dη

)1/q

.

Since s 7→ h ◦ es is continuous in L p(η) whenever h ∈ L p(µ) (see [Gigli and Pasqualetto 2020, Proposi-
tion 2.1.4]) all terms above tend to zero, proving the claimed convergence. □

Proof of Theorem 3.6. Let N be the negligible set is as in Corollary A.3. The function

A(γ, t)=
1
p

g f (γt)
p
+

1
q

|γ ′

t |
q , (γ, t) /∈ N , A(γ, t)= +∞, (γ, t) ∈ N ,

is Borel. Let η represent g f and satisfy µ|D ≪ e0∗η ≪ µ|D. Fix ε > 0, let δ > 0 be as in Lemma 3.8,
and set δ0 = min{ε, δ}. We define the Borel function

H(γ, t)= (1 − δ0)A(γ, t)− ( f ◦ γ )′t , (γ, t) /∈ N , H = +∞ otherwise;

see Corollary A.3. The set B := {H ≤ 0} is Borel and, for (γ, t) /∈ N, we have

( f ◦ γ )′t ≤ g f (γt)|γ
′

t | ≤ A(γ, t). (3-2)

Note that

H(γ, t)≤ 0 implies (1 − ε)g f (γt)|γ
′

t | ≤ ( f ◦ γ )′t and
∣∣∣∣1 −

g f (γt)
p/q

|γ ′
t |

∣∣∣∣< ε; (3-3)

see (3-2) and Lemma 3.8. Once we show that dπ := χB |γ ′
t | dt dη satisfies

µ|D ≪ e∗π ≪ µ|D,

it follows from (3-2) and (3-3) that π ′
:= π/π(C(I ; X)× I ) ∈ P(C(I ; X)× I ) satisfies

(1 − ε)g f (γt)|γ
′

t | ≤ ( f ◦ γ )′t ≤ g f (γt) and
g(γt)

p/q

1 + ε
≤ |γ ′

t | ≤
g(γt)

p/q

1 − ε

for π ′-almost every (γ, t), which readily implies the inequalities in the theorem.
To prove e∗π ≪ µ|D observe that (3-3) implies χB |γ ′

t | dt dη ≤ (1 + ε)g(γt)
p/q dt dη and thus∫∫ 1

0
χB(γ, t)χE(γt)|γ

′

t | dt dη ≤ (1 + ε)

∫ 1

0

∫
X
χE g p/q

f et∗(dη) dt ≤ C
∫

E
g p/q

f dµ

for any Borel set E ⊂ X .
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It remains to prove that µ|D ≪ e∗π . Let E ⊂ D be a Borel set with µ(E) > 0. Then e0∗η(E) =

η({γ : γ0 ∈ E}) > 0. Since

0 ≤
1
t

∫ t

0
χE(γs)A(γ, s) ds − DE,t(γ )≤

1
p

G t(γ )+
1
q

Ẽt(γ )− Dt(γ )
t→0
−−→ 0,

DE,t
t→0
−−→ χE g p

f ◦ e0

in L1(η), see Lemmas 3.7 and 3.10 respectively, there exists a sequence Tn → 0 such that for η-almost
every γ ∈ e−1

0 (E) the functions

hγ (s) := χE(γs)( f ◦ γ )′s, gγ (s) := χE(γs)A(γ, s)

satisfy the hypotheses of Lemma 3.9. It follows that for η-almost every γ ∈ e−1
0 (E) the sets

I n
γ := {s ∈ [0, Tn] : (1 − δ0)gγ (s) < hγ (s)} = {s ∈ [0, Tn] : γs ∈ E, H(γ, s)≤ 0}

have positive measure for all n. Notice that, for η-almost every γ , if s ∈ I n
γ then γs ∈ E and |γ ′

s | > 0,
g f (γs) > 0 (since 0< ( f ◦ γ )′s ≤ g f (γt)|γ

′
s |). Consequently∫ 1

0
χB(γ, s)χE(γs)|γ

′

s | ds ≥

∫
I n
γ

|γ ′

s | ds > 0

for η-almost every γ ∈ e−1
0 (E), which in turn implies e∗π(E) > 0. Since E ⊂ D is an arbitrary Borel set

with positive µ-measure, this completes the proof. □

4. Charts and differentials

4A. Notational remarks. In what follows, define for any set U ⊂ X the set of curves which spend
positive length in U :

0+

U =

{
γ ∈ AC(I ; X) :

∫
γ

χU ds > 0
}
.

Having positive length in U is more restrictive than assuming that γ−1(U ) has positive measure. We will
also discuss p-weak differentials and covector fields of the form d f : U → (RN )∗ or ξ : U → (RN )∗ for
measurable subsets U ⊂ X . The values of such a map at x ∈ U are denoted by dx f, ξ x , respectively.

4B. Canonical minimal gradients. Let p ≥ 1 and N ≥ 0 be given. For the next three lemmas we fix
ϕ ∈ N 1,p

loc (X; RN )≃ N 1,p
loc (X)

N, with the convention N 1,p
loc (X; RN )= N 1,p

loc (X)
N

= {0} when N = 0. Our
aim is to construct a “canonical” representative of the minimal weak upper gradients |D(ξ ◦ϕ)|p of the
functions ξ ◦ϕ. We will use a plan to represent it.

Lemma 4.1. There exists a q-plan η and a Borel set D with µ|D ≪ η# such that

8ξ (x) := χD(x)
∥∥∥∥ξ((ϕ ◦ γ )′t)

|γ ′
t |

∥∥∥∥
L∞(π x )

(4-1)

is a representative of |D(ξ ◦ϕ)|p for every ξ ∈ (RN )∗. Here {π x} is the disintegration of dπ := |γ ′
t | dη dt

with respect to the evaluation map e.
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Proof. Let {ξ0, ξ1, . . . } ⊂ (RN )∗ be a countable dense set and, for each n ∈ N, choose Borel represen-
tatives ρn of |D(ξn ◦ ϕ)|p and define Dn := {ρn > 0}. By Theorem 1.1 and the Borel regularity of µ,
for each n ∈ N there exists a q-plan ηn and a Borel set Bn ⊂ Dn with µ(Dn \ Bn) = 0 such that the
disintegration {πn

x} of dπn
:= |γ ′

t | dηn dt satisfies∥∥∥∥ξn((ϕ ◦ γ )′t)

|γ ′
t |

∥∥∥∥
L∞(πn

x )

= ρn(x)

for every x ∈ Bξ .
Define D :=

⋃
n∈N Bn and η =

∑
n 2−na−1

n ηn , where an = 1 + ηn(C(I ; X)) + ∥dη#
n/dµ∥Lq +

πn(AC(I ; X) × I ). Then µ|D ≪ η#. Define 8ξ (x) as in (4-1). By Lemma 3.2 we have ρn = 8ξn

µ-a.e. on X and thus the claim holds for every ξn ∈ A.
We prove the claim in the statement for arbitrary ξ ∈ (RN )∗. Let (ξnl )l ⊂ A be a sequence with

|ξnl − ξ |< 2−l and denote by ϕ1, . . . , ϕN ∈ N 1,p(X) the component functions of ϕ. Since

||D(ξnl ◦ϕ)|p − |D(ξ ◦ϕ)|p| ≤ |D((ξnl − ξ) ◦ϕ)|p ≤ |ξnl − ξ |

N∑
k

|Dϕk |p

µ-a.e., we have |D(ξ ◦ϕ)|p = liml→∞8ξnl
µ-a.e. on X . In particular, |D(ξ ◦ϕ)|p = 0 µ-a.e. on X \ D.

On the other hand, for p-a.e. curve γ , we have

|ξnl ((ϕ ◦ γ )′t)− ξ((ϕ ◦ γ )′t)| ≤ |ξnl − ξ |

N∑
k

|Dϕk |p(γt)|γ
′

t | for a.e. t.

Since η is a q-plan with µ|D ≪ η#, this implies

lim sup
l→∞

∣∣∣∣ξnl ((ϕ ◦ γ )′t)

|γ ′
t |

−
ξ((ϕ ◦ γ )′t)

|γ ′
t |

∣∣∣∣ ≤ lim sup
l→∞

|ξnl − ξ |

N∑
k

|Dϕk |p(x)= 0 for π x -a.e. (γ, t),

for µ-a.e. x ∈ D. Thus 8ξ (x)= liml→∞8ξnl
(x) for µ-a.e. x ∈ D. Since 8ξ = 0 = |D(ξ ◦ϕ)|p µ-a.e. on

X \ D, the proof is completed. □

In the next two lemmas we collect the properties of the Borel function constructed above.

Lemma 4.2. The map 8 : (RN )∗ × X → R given by (4-1) is Borel and satisfies the following:

(1) For every ξ ∈ (RN )∗, 8ξ :=8(ξ, · ) is a representative of |D(ξ ◦ϕ)|p.

(2) For every x ∈ X , 8x
:=8( · , x) is a seminorm in (RN )∗.

Moreover, there exists a path family 0B with Modp(0B)= 0 and for each γ ∈ AC(I ; X) \0B a null-set
Eγ ⊂ I so that, for every ξ ∈ (RN )∗, we have:

(3) 8ξ is an upper gradient of ξ ◦ϕ along γ .

(4) |(ξ ◦ϕ ◦ γ )′t | ≤8ξ (γt)|γ
′
t | for t /∈ Eγ .

Proof of Lemma 4.2. Borel measurability follows from Lemma A.1 and Corollary A.3, and property (1)
follows from Lemma 4.1, while (2) follows from (4-1).
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Fix a countable dense set A ⊂ (RN )∗ and one ξ ∈ A. We have that 8(ξ, x) is a weak upper gradient
for ξ ◦ ϕ, so there is family of curves 0ξ so that ξ ◦ ϕ is absolutely continuous with upper gradient
|D(ξ ◦ ϕ)|p on each γ ∈ 0i , and so that Modp(0 \ 0i ) = 0. Let 0′

=
⋂
ξ∈A 0ξ , whose complement

0B = AC(I ; X) \0′ has null p-modulus.
Since ζ ◦ ϕ has as upper gradient 8ζ (x) on γ for each ζ ∈ A, by considering a sequence ξl in A

converging to ξ ̸∈ A we obtain the same conclusion.
Finally, fixing an absolutely continuous curve γ ̸∈ 0B there is a full measure set F1

γ , where the
components of ϕ ◦ γt are differentiable at t ∈ F1

γ . Both sides of (4) are continuous and defined in ξ on
the set F1

γ . Since 8ξ (x) is an upper gradient for ξ ◦ϕ along γ , there is a full measure subset Fγ ⊂ F1
γ ,

where the inequality holds for ξ ∈ A. Continuity then extends it for all ξ ∈ (RN )∗ and t ∈ Fγ and the
claim follows by setting Eγ = I \ Fγ . □

Next, we collect some basic properties of the canonical minimal gradient. Let 8 be the map given
by (4-1).

Lemma 4.3. Set I (ϕ)(x) := inf∥ξ∥∗=18
x(ξ) for µ-a.e. x ∈ X. Then:

(1) I (ϕ)= ess inf∥ξ∥∗=1 |D(ξ ◦ϕ)|p µ-a.e. in X.

(2) If U ⊂ X and ξ : U → (RN )∗ are Borel, then8x(ξ x)= 0 µ-a.e. x ∈ U if and only if ξγt
((ϕ◦γ )′t)= 0

a.e. t ∈ γ−1(U ) for p-a.e. absolutely continuous γ in X.

(3) If ϕ is p-independent on U and f ∈ N 1,p(X), then the p-weak differential d f with respect to (U, ϕ),
if it exists, must be unique.

Proof of Lemma 4.3. First, we show (1). For any ξ in the unit sphere of (RN )∗, we have8ξ (x)=|D(ξ◦ϕ)|p

almost everywhere by Lemma 4.1. Taking an infimum on the left then gives

inf
∥ζ∥∗=1

8ζ (x)≤ |D(ξ ◦ϕ)|p,

i.e., inf∥ζ∥∗=18ζ (x) ≤ ess inf∥ξ∥∗=1 |D(ξ ◦ ϕ)|p almost everywhere by the definition of an essential
infimum; see Definition A.4.

On the other hand, if ξn , for n ∈ N, is a countably dense collection in the unit sphere of (RN )∗, then we
have8ξn (x)= |D(ξn ◦ϕ)|p ≥ ess inf∥ξ∥∗=1 |D(ξ ◦ϕ)|p almost everywhere. By intersecting the sets where
this holds for different ξn and since the collection is countable, we have that these hold simultaneously on
a full-measure set. Specifically, infn∈N8ξn (x)≥ ess inf∥ξ∥∗=1 |D(ξ ◦ϕ)|p. By Lemma 4.2, we have that
ξ →8ξ (x) is Lipschitz. Thus, almost everywhere,

inf
∥ξ∥∗=1

8(ξ, x)= inf
n∈N

8(ξn, x)≥ ess inf
∥ξ∥∗=1

|D(ξ ◦ϕ)|p,

which gives the claim.
Next fix ξ :U → (RN )∗ as in (2). Assume first that8x(ξ x)=0 forµ-a.e. x ∈U. Set C ={x :8x(ξγx

) ̸=0}

with µ(C)= 0. Since µ(C)= 0, we have Modp(0
+

C )= 0. Let 0B be the family of curves from Lemma 4.2.
We will show the claim for γ ∈ AC(I ; X)\ (0B ∪0+

C ). By Lemma 4.2(4), we obtain a null set Eγ so that
for any ξ ∈ (RN )∗ we have |(ξ ◦ ϕ ◦ γ )′t | ≤ 8ξ (γt)|γ

′
t | and t /∈ Eγ . Let Fγ be the set of t ̸∈ Eγ so that



476 SYLVESTER ERIKSSON-BIQUE AND ELEFTERIOS SOULTANIS

|γ ′
t |> 0 and 8γt (ξγt

) ̸= 0. Since 0 =
∫
γ

1C ds ≥
∫

Fγ
|γ ′

t | dt , we have that the measure of Fγ is null. Now,
if t ̸∈ Eγ ∪ Fγ , then either |γ ′

t | = 0 (and the condition is vacuously satisfied), or the claim follows from
8γt (ξγt

)= 0.
On the other hand, suppose that ξγt

((ϕ ◦γ )′t)= 0 for a.e. t ∈ γ−1(U ) and p-a.e. absolutely continuous
curve γ . Let η be the q-plan from Lemma 4.1 and {π x} the disintegration given there. The equality
ξγt
((ϕ ◦ γ )′t)= 0 holds then for η-a.e. curve and a.e. t ∈ γ−1(U ), since η is a q-plan (recall Remark 2.2).

Then for µ-a.e. x we have 8ξ (x)= 0 or we have 8ξ x (x)= ∥ξ x((ϕ ◦ γ )′t)/|γ
′
t |∥L∞(π x ). In the latter case,

since η is a q-plan, we have for µ-a.e. such x and π x -a.e. (γ, t) ∈ Diff( f )∩ e−1(x) that ξ x((ϕ ◦γ )′t)= 0.
Thus, the claim follows together with the properties of disintegrations and Corollary A.3, since the
essential supremum then vanishes.

The final claim about uniqueness follows since, if di f were two p-weak differentials for i = 1, 2,
then we could define ξ x = (d1 f − d2 f )/∥d1 f − d2∥x,∗ when d1 f ̸= d2 f and otherwise ξ x = 0. We then
get immediately from the definition and the second part that 8x(ξ) = 0 for µ-a.e. x ∈ U. This would
contradict independence. □

4C. Charts. The presentation here should be compared to [Cheeger 1999, Section 4], and specifically to
the proof of Theorem 4.38 there, where similar arguments are employed. We first consider 0-dimensional
p-weak charts. These correspond to regions of the space where no curve spends positive time.

Proposition 4.4. Suppose (U, ϕ) is a 0-dimensional p-weak chart. Then

Modp(0
+

U )= 0. (4-2)

Conversely, if U ⊂ X is Borel and satisfies (4-2), then (U, 0) is a 0-dimensional p-weak chart of X.

Proof. Since (U, ϕ) is a 0-dimensional p-weak chart, we have

|D f |p = 0 for µ-a.e. in U, (4-3)

for every f ∈ LIPb(X). Let {xn} ⊂ X be a countable dense subset, and fn := max{1 − d(xn, · ), 0}. By
[Ambrosio et al. 2008, Theorem 1.1.2] (see also its proof) and (4-3) we have

|γ ′

t | = sup
n

|( fn ◦ γ )′t | ≤ sup
n

|D fn|p(γt)|γ
′

t | = 0 for a.e. t ∈ γ−1(U ),

for p-a.e. γ ∈ AC(I ; X). It follows that
∫
γ
χU ds = 0 for p-a.e. γ ∈ AC(I ; X), proving (4-2).

In the converse direction, (4-2) implies, for any f ∈ LIPb(X), that∫ 1

0
χU (γt)|( f ◦ γ )′t | dt ≤ LIP( f )

∫ 1

0
χU (γt)|γ

′

t | dt = 0

for p-a.e. γ ∈ AC(I ; X). Thus |( f ◦ γ )′t | = 0 for p-a.e. γ ∈ AC(I ; X) and a.e. t ∈ γ−1(U ). Then, by
Theorem 1.1, together with measurability considerations from Corollary A.3, this gives |D f |p = 0 µ-a.e.
on U for every f ∈ LIPb(X), showing that (U, 0) is a 0-dimensional p-weak chart. □

For the remainder of this subsection we assume that N ≥ 1 and that (U, ϕ) is an N -dimensional chart
of X . Denote by 8 the canonical minimal gradient of ϕ (see Lemma 4.1).
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Lemma 4.5. The function ξ 7→ 8x(ξ) is a norm on (RN )∗ for µ-a.e. x ∈ U. Moreover, for every
f ∈ LIP(X) there exists a p-weak differential d f . That is, a Borel measurable map d f : U → (RN )∗

satisfying
( f ◦ γ )′t = dγt f ((ϕ ◦ γ )′t) for a.e. t ∈ γ−1(U ),

for p-a.e. absolutely continuous curves γ in X. The map d f is uniquely determined a.e. in U and satisfies
|D f |p(x)=8x(d f ) µ-a.e. in U.

Remark 4.6. The equation in the statement is an equivalent formulation of the definition of the p-weak
differential in Definition 1.6. Indeed, the latter follows by integration of the first, and conversely, the first
follows by Lebesgue differentiation. Further, it would be enough to consider only p-a.e. curve γ ∈ 0+

U .
Indeed, if a curve γ does not spend positive length in the set U, then |γ ′

t | = 0 for a.e. t ∈ γ−1(U ) and
both sides of the equation vanish.

Proof. First, consider f ∈ LIPb(X). Since 8x is a norm if and only if I (ϕ)(x) > 0, Lemma 4.3(1) and
(1-5) imply that 8x is a norm for µ-a.e. x ∈ U.

Next, let f ∈ LIPb(X) and consider the map ψ = (ϕ, f ) : X → RN+1. Let 9 be the canonical minimal
gradient of ψ . Given ξ ∈ (RN )∗ and a ∈ R, we use the notation

(ξ, a) ∈ (RN+1)∗, v = (v′, vN+1) 7→ ξ(v′)+ avN+1.

For µ-a.e. x ∈ U, we have 9x(ξ, 0)=8x(ξ) and 9x(0, a)= |a||D f |p(x) for every ξ ∈ (RN )∗, a ∈ R

(see Lemma 4.2(3) and (4)). Since ϕ is a chart, we have I (ψ)= 0 almost everywhere. Thus, given that
I (ϕ) > 0, ker9x is a 1-dimensional subspace of (RN+1)∗. Thus for µ-a.e. x ∈ U there exists a unique
ξ := dx f ∈ (RN )∗ such that 9x(dx f,−1)= 0, and the map x 7→ dx f is Borel; see, e.g., [Bogachev 2007,
Lemma 6.7.1]. By Lemma 4.3(2), d f : U → (RN )∗ satisfies

0 = (dγt f,−1)((ψ ◦ γ )′t)= dγt f ((ϕ ◦ γ )′t)− ( f ◦ γ )′t for a.e. t ∈ γ−1(U ),

for p-a.e. γ . Moreover, we have

||D f |p(x)−8x(dx f )| ≤ |9x(0,−1)−9x(dx f, 0)| ≤9x(dx f,−1)= 0

for µ-a.e. x ∈ U, completing the proof in the case f ∈ LIPb(X).
The case of f ∈ LIP(X) follows through localization. Indeed, let x0 ∈ X be arbitrary, and consider the

functions ηn(x) := min{max{n −d(x0, d), 0}, 1} for n ∈ N. Then, define fn = ηn f so that fn|B(x0,n−1) =

f |B(x0,n−1). For each fn we can define a differential d fn , and d fn|B(x0,min(m,n)−1) = d fm |B(x0,min(m,n)−1)

(a.e.) for each n,m ∈ N. Thus, we can define d f (x)= d fn(x) for x ∈ B(x0, n−1) with only an ambiguity
on a null set. It is easy to check that d f is a differential. □

4D. Differential and pointwise norm. Let | · |x :=8x and define

0p(T ∗U )= {ξ : U → (RN )∗ Borel : ∥ξ∥0p(T ∗U ) <∞}, ∥ξ∥0p(T ∗U ) :=

(∫
U

|ξ |
p
x dµ

)1/p

(with the usual identification of elements that agree µ-a.e.). Then (0p(T ∗U ), ∥ · ∥0p(T ∗U )) is a normed
space. Observe that, if Vj := U ∩ {I (ϕ)≥ 1/j}, the sets Uj := Vj \

⋃
i< j Vi partition U up to a null-set
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and we have an isometric identification

0p(T ∗U )≃

⊕
l p

0p(T ∗Uj ), where 0p(T ∗Uj )≃ L p(Uj ; (R
N )∗). (4-4)

Thus (0p(T ∗U ), ∥ · ∥0p(T ∗U )) is a Banach space. Recall, that an ℓp-direct sum of Banach spaces Bi with
norms ∥ · ∥Bi with countable index set I is defined by⊕

ℓp

Bi := {(vi )i∈I : ∥(vi )i∈I ∥ = (∥vi∥
p
Bi
)1/p, vi ∈ Bi }.

Lemma 4.7. Suppose ( fn)⊂LIPb(X) is a sequence such that fn → f in L p(X) and d fn → ξ in 0p(T ∗U )
for some f ∈ N 1,p(X) and ξ ∈ 0p(T ∗U ). Then ξ is the (uniquely defined) differential of f in U, and

lim
n→∞

∫
U

|D( fn − f )|p
p dµ= 0.

In particular, 8(ξ , · )= |D f |p µ-a.e. in U.

Proof. By Lemma 4.5 and Fuglede’s theorem [1957, Theorem 3(f)] (applied to the sequence of functions
hn = χU (γt)|dγt fn − ξγt

|γt and fn) we can pass to a subsequence so that

lim
n→∞

∫ 1

0
χU (γt)|( fn ◦ γ )′t − ξγt

((ϕ ◦ γ )′t)| dt ≤ lim
n→∞

∫ 1

0
χU (γt)| dγt fn − ξγt

|γt |γ
′

t | dt = 0,

lim
n→∞

∫ 1

0
| fn(γt)− f (γt)||γ

′

t | dt = 0
(4-5)

for p-a.e. γ ∈ AC(I ; X). Fix a curve γ where (4-5) holds and fn ◦ γ , f ◦ γ are absolutely continuous.
We may assume that γ is constant-speed parametrized. By (4-5), fn ◦ γ → f ◦ γ in L1([0, 1]) and
( fn ◦ γ )′ → g in L1(γ−1(U )), where g(t) := χU (γt)ξγt

((ϕ ◦ γ )′t). It follows that

( f ◦ γ )′t = ξγt
((ϕ ◦ γ )′t) a.e. t ∈ γ−1(U ).

This shows that ξ is the differential of f , and uniqueness follows from Lemma 4.3(3). The identity
(( f − fn) ◦ γ )′t = (ξγt

− d fn)((ϕ ◦ γ )′t) for a.e. t ∈ γ−1(U ), for p-a.e. γ ∈ AC(I ; X), together with
Lemma 3.2(3), implies 8x(ξ −d fn)≤ |D( f − fn)|p for µ-a.e. x ∈ U. By the convergence d( fm − fn)→

ξ − d fn (as m → ∞) we have |D( fm − fn)|p →m→∞ 8x(ξ − d fn) in L p(U ), and thus |D( f − fn)|p ≤

8x(ξ − d fn) µ-a.e. in U. Thus |D( f − fn)|p =8x(ξ − d fn) converges to zero in L p(U ). The equality
8ξ = |D f |p follows, completing the proof. □

We say that a sequence (ξ n)n ⊂ 0p(T ∗U ) is equi-integrable if the sequence {|ξ n|x}n ⊂ L p(U ) is
equi-integrable. Recall, that a collection of integrable functions F is called equi-integrable, if there is a M
so that

∫
X | f |

p dµ≤ M for every f ∈ F and if for every ε > 0, there is an δ > 0 and a positive measure
subset �ε, so that for any measurable set E with µ(E)≤ δ, we have

∫
�c
ε∪E | f |

p dµ≤ ε for each f ∈ F .
By the Dunford–Pettis theorem a set of L1 functions is equi-integrable if and only if it is sequentially
compact; see for example [Dunford and Schwartz 1958, Theorem IV.8.9].

Remark 4.8. It follows from (4-4) that, if (ξ n)n ⊂ 0p(T ∗U ) is equi-integrable, then there exists ξ ∈

0p(T ∗U ) such that ξ n ⇀ ξ weakly in 0p(T ∗U ) up to a subsequence and, by Mazur’s lemma, that a
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convex combination of ξ n’s converges to ξ in 0p(T ∗U ). Indeed, the p > 1 case is direct and the p = 1
case uses the Dunford–Pettis argument above.

Next, we show that any Sobolev function f ∈ N 1,p has a uniquely defined differential with respect to
a chart. Note, however, that here we still postulate the existence of charts.

Proof of Theorem 1.7. The measurable norm | · |x is given by Lemma 4.5. Let f ∈ N 1,p(X). Lemma 4.3(3)
implies that d f , if it exists, is a.e. uniquely determined on U. Let ( fn)⊂ LIPb(X) be such that fn → f
and |D fn|p → |D f |p in L p(µ) as n → ∞, which exists by [Eriksson-Bique 2023, Theorem 1.1]. By
Lemma 4.5, (d fn)n ⊂ 0p(T ∗U ) is equi-integrable. It follows that there exists ξ ∈ 0p(T ∗U ) such that
d fn ⇀ ξ weakly in L p(T ∗U ); see Remark 4.8. By Mazur’s lemma, a sequence (gn) ⊂ LIPb(X) of
convex combinations of the fn’s converges to f in L p(µ) and dgn → ξ in 0p(T ∗U ). By Lemma 4.7,
ξ =: d f is the differential of f . The linearity of f 7→ d f follows from the uniqueness of differentials;
see Lemma 4.3(3). □

The proof above also yields the following corollary. Note that, while the claim initially holds only
after passing to a subsequence, since the limit is unique, the convergence holds along the full sequence.

Corollary 4.9. Let (U, ϕ) be a p-weak chart of X. Suppose that f ∈ N 1,p(X) and ( fn) ⊂ LIPb(X)
converges to f in energy, that is, fn →L p f and |D fn|p →L p |D f |p. Then we have that d fn ⇀ d f weakly
in 0p(T ∗U ).

Using Lemma 4.3 we prove that the differential satisfies natural rules of calculation. The following
properties are stated for f, g ∈ N 1,p(X), but they would equivalently hold if we assumed only we have
the local assumption f, g ∈ N 1,p

loc (X).
For the following, recall that if A ⊂ R is a measurable set, then t is a density point of A if

lim
h→0

|A ∩ [t − h, t + h]|

2h
= 1.

Here | · | denotes the Lebesgue measure of the set.

Proposition 4.10. Let (U, ϕ) be an N-dimensional p-weak chart of X , f, g ∈ N 1,p(X), and F : X → Y
be a Lipschitz map into a metric measure space (Y, d, ν) with F∗µ≤ Cν for some C > 0:

(1) If (V, ψ) is a p-weak chart with ϕ|U∩V = ψ |U∩V then the p-weak differentials of f with respect to
both charts agree µ-a.e. on U ∩ V.

(2) If f |A = g|A for some A, then d f = dg µ-a.e. on A ∩ U.

(3) If f, g ∈ L∞(X)∩ N 1,p(X), then d( f g)= f dg + gd f µ-a.e. on U.

(4) If h ∈ C1(R) and if h ◦ f ∈ N 1,p(X), then d(h ◦ f )= h′( f (x)) d f (x) holds µ-a.e. on U.

(5) Let (V, ψ) be an M-dimensional p-weak chart of Y withµ(U∩F−1(V ))>0. Forµ-a.e. U∩F−1(V )
there exists a unique linear map Dx F : RN

→ RM satisfying the following: if h ∈ N 1,p(Y ) and E is
the set of y ∈ V where the differential dyh does not exist, then µ(U ∩ F−1(E))= 0 and

dx(h ◦ F)= dF(x)h ◦ Dx F for µ-a.e. x ∈ U ∩ F−1(V \ E).
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Proof. Claim (1) follows from Lemma 4.3(2) and the fact that (ϕ ◦γ )′t = (ψ ◦γ )′t for a.e. t ∈ γ−1(U ∩ V ),
for p-a.e. γ ∈ AC(I ; X). Indeed, for p-a.e. curve and a.e. t ∈ γ−1(U ∩ V ) both derivatives agree since a
generic such t will satisfy either |γ ′

t | = 0 or that t is a density point of γ−1(U ∩ V ). In both cases the
equality follows.

Claim (2) is similar. Define d′ f = d f if x ∈ U \ A (when defined) and d′ f = dg for x ∈ A. Now,
suppose for p-almost every absolutely continuous γ we have ( f ◦ γ )′t = d fγt (ϕ ◦ γ )′t for a.e. t ∈ γ−1(U )
and (g◦γ )′t = dgγt (ϕ◦γ )′t . We will verify for almost every t ∈ γ−1(U ) that ( f ◦γ )′t = d′ fγt (ϕ◦γ )′t so that
d′ f is a differential. Then, by uniqueness it agrees with d f . Now, almost every t ∈ γ−1(U ) will satisfy
that ( f ◦γ )′t and (g◦γ )′t exist and one (or more) of the following: |γ ′

t | = 0, t is a density point of γ−1(A),
or t is a density point of γ−1(U \ A). In the first and last cases the equality ( f ◦ γ )′t = d′ fγt (ϕ ◦ γ )′t is
obvious. In the second case ( f ◦ γ )′t = (g ◦ γ )′t because t is a density point.

To prove (3) note that, since we have ( f g◦γ )′t = g(γt)( f ◦γ )′t + f (γt)(g◦γ )′t for a.e. t for p-a.e. curve
γ ∈ AC(I ; X), it follows from (1-6) that

dγt ( f g)((ϕ ◦ γ )′t)= g(γt) d fγt ((ϕ ◦ γ )′t)+ f (γt) dgγt ((ϕ ◦ γ )′t) for a.e. t ∈ γ−1(U ),

for p-a.e. γ ∈ AC(I ; X). By Lemma 4.3(2) and (3) the claimed equality holds.
The argument is similar to before. Indeed, for p-a.e. absolutely continuous γ we have that f ◦ γ is

absolutely continuous and ( f ◦ γ )′t = d fγt (ϕ ◦ γ )′t . Then h ◦ f ◦ γ is differentiable whenever f ◦ γ is,
with derivative (h ◦ f ◦ γ )′t = h′( f (γt))( f ◦ γ )′t . Therefore, h′( f (x))d fx is a p-weak differential, and by
uniqueness it is the p-weak differential.

Finally, for (5), let G = (G1, . . . ,G M) = ψ ◦ F ∈ LIP(X; RM) and define the expression Dx F :=

(dx G1, . . . , dx G M) : RN
→ RM for µ-a.e. x ∈ U ∩ F−1(V ). We have that

(ψ ◦ F ◦ γ )′t = Dγt F((ϕ ◦ γ )′t) for a.e. t ∈ γ−1(U ),

for p-a.e. γ ∈ AC(I ; X). Note that if h and E are as in the claim, then µ(U ∩ F−1(E)) ≤ Cν(E) = 0.
To show the claimed identity, let 00 ⊂ C(I ; Y ) be a path family with Modp 00 = 0 such that

(h ◦α)′t = dαt h((ψ ◦α)′t) for a.e. t ∈ α−1(V ),

for every absolutely continuous α /∈ 00, and set 01 = F−100 := {γ ∈ C(I ; X) : F ◦ γ ∈ 00}. Since
Modp 01 ≤ C LIP(F)p Modp(00)= 0 it follows from the two identities above that

(h ◦ F ◦ γ )′t = dF(γt )h((ψ ◦ F ◦ γ )′t)= dF(γt )h(Dγt ((ϕ ◦ γ )′t)) for a.e. t ∈ γ−1(U ∩ F−1(V )),

for p-a.e. γ ∈ AC(I ; X). Lemma 4.3(2) and (3) imply the claim. □

4E. Dimension bound. In this section we give a geometric condition which guarantees that finite
dimensional weak p-charts exist. This involves a bound on the size of p-independent Lipschitz maps.

As a technical tool we need the notion of a decomposability bundle V (ν) of a Radon measure ν on Rm ;
see [Alberti and Marchese 2016]. We will not fully define this here, as we only need some of its properties.
Firstly, let Gr(m) be the set of linear subspaces of Rm equipped with a metric d(V, V ′) defined as the
Hausdorff distance of V ∩ B(0, 1) to V ′

∩ B(0, 1). The linear dimension of a subspace V is denoted
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by dim(V ). The decomposability bundle is then a certain Borel measurable map Rm
→ Gr(m), which

associates to every x ∈ Rm a subspace V (ν)x ∈ Gr(m). In a sense, this bundle measures the directions
in which a Lipschitz function must be differentiable in (at almost every point). We collect the main
properties we need for this bundle and briefly cite where the proofs of these claims can be found.

Theorem 4.11. Suppose that ν is a Radon measure on Rm. Then there exists a decomposability bundle
V (ν) with the following properties:

(1) If dim(V (ν)x)= m for ν-a.e. x ∈ Rm, then ν ≪ λ.

(2) There is a Lipschitz function f : Rm
→ R so that for ν-a.e. x ∈ Rm we have that the directional

derivative of f does not exist in the direction v for any v ̸∈ V (ν)x .

(3) If ν ′
≪ ν, then V (ν ′)x = V (ν)x for ν ′-a.e. x ∈ Rm.

Proof. The first follows from [De Philippis and Rindler 2016, Theorem 1.14] when combined with
[Alberti and Marchese 2016, Theorem 1.1(i)]. The second claim follows from [loc. cit., Theorem 1.1(ii)].
Note that the second claim is vacuous for those points x ∈ Rm where the decomposability bundle has
dimension m. The third claim is [loc. cit., Proposition 2.9(i)]. □

The following lemma gives a modulus perspective to the decomposability bundle.

Lemma 4.12. Assume N ≥ 1, ϕ : X → RN is Lipschitz, U ⊂ X is a Borel set of bounded measure and
ν = ϕ∗(µ|U ). Then, for p-a.e. curve γ and almost every t ∈ γ−1(U ) we have that (ϕ ◦ γ )′t exists and
(ϕ ◦ γ )′t ∈ V (ν)ϕ(γt ).

Proof. By part (ii) of Theorem 4.11, there is a Lipschitz function f : RN
→ R, so that for ν-almost every

x ∈ RN and any v ̸∈ V (ν)x we have that the directional derivative Dv( f )= limh→0( f (x +hv)− f (x))/h
does not exist. Let A ⊂ RN be a full ν-measure Borel set so that this claim holds.

Let B = ϕ−1(RN
\ A)∩ U, which is µ-null. The family 0+

B has null p-modulus. We will show that
the claim holds for p-a.e. γ ∈ AC(I ; X) \0+

B . The derivatives (ϕ ◦ γ )′t and ( f ◦ϕ ◦ γ )′t exist for almost
every t ∈ γ−1(U ). Also, for a.e. t ∈ I we can either take |γ ′

t | = 0 or γt ̸∈ B and so (ϕ ◦ γ )t ̸∈ A, since
γ ̸∈ 0+

B . If |γ ′
t | = 0, then (ϕ ◦ γ )′t = 0 ∈ V (ν)ϕ(γt ). In the other case, when γt ̸∈ B, the function f does

not have a directional derivative for v ̸∈ V (ν)(ϕ◦γ )t . The only way for both (ϕ ◦ γ )′t and ( f ◦ϕ ◦ γ )′t to
exist then is if (ϕ ◦ γ )′t ∈ V (ν)ϕ(γt ), which gives the claim. □

The following should be compared to [Cheeger 1999, Lemma 4.37].

Proposition 4.13. Suppose ϕ ∈ LIP(X; RN ) is p-independent on U. Then N ≤ dimH U.

Proof. By restriction to a subset of the form U ∩ B(x0, R) for x0 ∈ X , R > 0, of positive measure, it
suffices to assume that U has finite measure. The claim is automatic, if dimH U = ∞. Thus, assume that
the Hausdorff dimension is finite. Set ν = ϕ∗(µ|U ) and let V (ν) be the decomposability bundle of ν. If
V (ν)x has dimension N for almost every x with respect to ν, then ν ≪ λ by Theorem 4.11(1) and thus
HN (ϕ(U )) > 0, since ν is concentrated on ϕ(U ). Then N ≤ dimH (ϕ(U ))≤ dimH (U ).

Suppose then to the contrary, that there exists a subset A ⊂ U with positive ν-measure where V (ν)x has
dimension less than dimH (U ) for each x ∈ A. We can take A to be Borel. Considerµ′

=µ|ϕ−1(A), which has
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push-forward ν ′
= ν|A =ϕ∗(µ

′). By the third part in Theorem 4.11 we have that V (ν ′)x = V (ν)x for ν ′-a.e.
x ∈ A. Further ϕ−1(A)⊂ U, so ϕ is still p-independent on ϕ−1(A)= U ′. Now, by considering U ′ instead
of U and ν ′ instead of ν, we have that V (ν ′)ϕ(x) has dimension less than N for ν ′-almost every x ∈U. In the
following, we simplify notation by dropping the primes, and restricting to the positive measure subset U ′ so
constructed. For ν-almost every x ∈ U, we have that V (ν)ϕ(x) is a strict subspace of RN, and thus there are
vectors perpendicular to these. Since x → V (ν)ϕ(x) is Borel, we can choose a Borel map x → ξ x ∈ (RN )∗

so that ξ x is a unit vector that vanishes on V (ν)ϕ(x) for µ-a.e. x ∈ U (see, e.g., [Bogachev 2007,
Theorem 6.9.1], which is an instance of a Borel selection theorem). Let Ũ ⊂ U be the full measure subset
where these properties hold for every x ∈ Ũ. Now, by Lemma 4.12 we have for p-a.e. curve γ that (ϕ◦γ )′t ∈

V (ν)ϕ(γt ) for almost every t ∈ γ−1(U ). The set U \ Ũ has null measure, and thus 0+

U\Ũ
has null modulus.

Thus, for p-a.e. curve γ ∈ AC(I ; X) and a.e. t ∈ γ−1(U ) we can further assume γt ∈ U or |γ ′
t | = 0.

Therefore, ξγt
((ϕ◦γ )′t)= 0 for almost every t ∈ γ−1(U ) and such curves γ . By part (2) of Lemma 4.3, we

have that I (ϕ)≤8x(ξ x)= 0 for µ-a.e. x ∈ U. This contradicts p-independence and proves the claim. □

4F. Sobolev charts. By definition, a p-weak chart is a Lipschitz map which has target of maximal
dimension with respect to Lipschitz maps. The notions of p-independence and maximality, however,
are well-defined for any Sobolev map, and in fact p-weak charts could be required to have Sobolev
(instead of Lipschitz) regularity. Despite the apparent difference of the alternative definition, the existence
of maximal p-independent Sobolev maps also guarantees the existence of p-weak chart of the same
dimension. This follows from the energy density of Lipschitz functions, see [Eriksson-Bique 2023],
together with results of the previous subsection.

Proposition 4.14. Suppose p ≥ 1, and ϕ ∈ N 1,p(X; RN ) is p-independent and p-maximal in a bounded
Borel set U ⊂ X. For any ε > 0 there exists V ⊂ U with µ(U \ V ) < ε, and a Lipschitz function
ψ : X → RN such that (V, ψ) is an N-dimensional p-weak chart.

Proof. For any V ⊂ U with µ(V ) > 0, let nV be the supremum of numbers n so that there exists
ψ ∈ LIPb(X; Rn) which is p-independent on a positive measure subset of V. By the maximality of N we
have that nV ≤ N. Thus nV is attained for every such V and, by [Keith 2004a, Proposition 3.1], there
is a partition of U up to a null-set by p-weak charts Vi , i ∈ N, of dimension ≤ N. By [Eriksson-Bique
2023, Theorem 1.1], Corollary 4.9 (with a diagonal argument) and Mazur’s lemma we have that, for
each component ϕk ∈ N 1,p(X) of ϕ, there exists a sequence (ψn

k )⊂ LIPb(X) with |D(ϕk −ψn
k )|p → 0

in L p(Vi ). Thus, |D(ϕk −ψn
k )|p → 0 in L p(U ). Here, we use that |D(ϕk −ψn

k )|p ≤ |Dϕk |p + |Dψn
k |p

and the L p-convergence of the right-hand side from [Eriksson-Bique 2023].
If 8 and 9n denote the canonical minimal gradients associated to ϕ and ψn

:= (ψn
1 , . . . , ψ

n
N ), we have

sup
∥ξ∥∗=1

|8(ξ, · )−9n(ξ, · )| ≤ ess sup
∥ξ∥∗=1

|D(ξ ◦ (ϕ−ψn))|p ≤

N∑
k=1

|D(ϕk −ψn
k )|p µ-a.e. in U.

It follows that
lim

n→∞
µ(U \ {I (ψn) > 0})= 0,

completing the proof, since ψn is p-independent and maximal on the set {I (ψn) > 0}. □
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Another condition in this context is strong maximality: a map ϕ ∈ N 1,p(X; RN ) is strongly maximal
in U ⊂ X if no positive measure subset V ⊂ U admits a p-independent Sobolev map into a higher-
dimensional Euclidean space. This condition excludes not only Lipschitz, but also Sobolev functions
into higher-dimensional targets, and is thus a priori stronger than maximality. However, it follows from
Proposition 4.14 that a maximal p-independent Sobolev map is also strongly maximal. Conversely, if one
has a Lipschitz chart, then the Lipschitz chart is also strongly maximal.

4G. p-weak charts in Poincaré spaces. Recall that a metric measure space X = (X, d, µ) is said
to be a p-PI space if µ is doubling, and X supports a weak (1, p)-Poincaré inequality: there exist
constants C, σ > 0 so that, for any f ∈ L1(X) with upper gradient g, we have

−

∫
B

| f − fB | dµ≤ Cr
(

−

∫
σ B

g p dµ
)1/p

for all balls B ⊂ X of radius r . Here hB =−

∫
B h dµ= (1/µ(B))

∫
B h dµ for a ball B ⊂ X and h ∈ L1(B). The

celebrated result from [Cheeger 1999] states that a PI-space admits a Lipschitz differentiable structure. We
will return to this structure in Section 6B, but here recall the constructions from [Cheeger 1999, Section 4].
Cheeger’s paper does not employ the following terminology, but it simplifies and clarifies our presentation.

Given a Lipschitz map ϕ : X → RN and a positive measure subset U ⊂ X the pair (U, ϕ) is called a
Cheeger chart if for every Lipschitz map f : X →R and a.e. x ∈U there is a unique element dC,x f ∈ (RN )∗

satisfying

Lip(dC,x f ◦ϕ− f )(x)= 0. (4-6)

This equality is equivalent to (1-4).

Proof of Theorem 1.8. Let (U, ϕ) be a p-weak chart of dimension N and let f ∈ LIP(X). Denote by 8
the canonical minimal gradient of (ϕ, f ) : X → RN+1; see Lemma 4.1. Since X is a p-PI space, it follows
that Lip h = |Dh|p µ-a.e. for any h ∈ LIP(X); see [Cheeger 1999, Theorem 6.1]. (In fact, the slightly
easier comparability from Lemma 4.35 of that work suffices for the following.) Then, for any ξ ∈ (RN )∗

and for µ-a.e. x ∈ U, we have

Lip(ξ ◦ϕ− f )(x)=8x(ξ,−1), ξ ∈ (RN )∗.

Arguing using in the proof of Lemmas 4.1 and 4.5 we obtain this equality, simultaneously, for a.e. x ∈ U
and for any ξ ∈ A for a dense subset of A ⊂ (RN )∗. From this, and the continuity of both sides in ξ , we
obtain that for µ-a.e. x ∈ U, the equality holds simultaneously for all ξ ∈ (RN )∗.

Since the p-weak differential d f is characterized by the property 8x(d f,−1)= 0 for µ-a.e. x ∈ U,
it follows that, for µ-a.e. x ∈ U, dx f ∈ (RN )∗ satisfies (4-6). Thus (U, ϕ) is a Cheeger chart. The
uniqueness follows from the equality in a similar way. □

Remark 4.15. The proof of Theorem 1.8 also yields the claim under the weaker assumption Lip f ≤

ω(|D f |p) for some collection of moduli of continuity ω (compare Theorem 1.10) since the equality
Lip f = |D f |p follows from this by [Ikonen et al. 2022, Theorem 1.1].
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5. The p-weak differentiable structure

5A. The p-weak cotangent bundle. A measurable L∞-bundle T over X consists of a collection
({Ui , Vi,x})i∈I together with a collection ({φi, j,x}) of transformations with a countable index set I, where:

(1) Ui ⊂ X are Borel sets for each i ∈ I, and cover X up to a µ-null set.

(2) For any i ∈ I and µ-a.e. x ∈ Ui , Vi,x = (Vi , | · |i,x) is a finite-dimensional normed space so that
x 7→ |v|i,x is Borel for any v ∈ Vi .

(3) For any i, j ∈ I and µ-a.e. x ∈Ui ∩Uj , φi, j,x : Vi,x → Vj,x is an isometric bijective linear map satisfy-
ing the cocycle condition: for any i, j, k ∈ I and µ-a.e. x ∈Ui ∩Uj ∩Uk , we have φj,k,x ◦φi, j,x =φi,k,x .

For each i ∈ I and µ-a.e. x ∈ Ui , we denote by Tx the equivalence class of the normed vector space Vi,x

under identification by isometric isomorphisms. By (3), Tx is well-defined for µ-a.e. x ∈ X .
We now show that a p-weak differentiable structure A on X gives rise to a measurable bundle.

Proposition 5.1. Let p ≥ 1, and let {(Ui , ϕi )} be an atlas of p-weak charts on X. The collection
{(Ui , (R

Ni )∗, | · |i,x)} forms a measurable bundle over X , the transformations given by the collection
{D8i, j,x} constructed in Lemma 5.2.

First, we construct the transformation maps.

Lemma 5.2. Let (Ui , ϕ
i ) be Ni -dimensional p-weak charts on X , with corresponding differentials di

and norms | · |i,x for i = 1, 2. If µ(U1 ∩ U2) > 0, then N1 = N2 := N and, for µ-a.e. x ∈ U1 ∩ U2, there
exists a unique bijective isometric isomorphism D81,2,x : ((RN )∗, | · |1,x) → ((RN )∗, | · |2,x) such that
d1 f = d2 f ◦ D81,2,x . Further D81,2,x satisfies the measurability constraint (2).

In the proof, we denote by ϕi
1, . . . , ϕ

i
Ni

the components of ϕi.

Proof. For µ-a.e. x ∈ U1 ∩ U2, define

Dx = D = (d1ϕ1
1, . . . , d2ϕ1

N1
) : RN2 → RN1 .

D is a linear map satisfying, for all ξ ∈ (RN1)∗,

ξ ◦ D((ϕ2
◦ γ )′t)= ξ((ϕ1

◦ γ )′t) for a.e. t ∈ γ−1(U1 ∩ U2), (5-1)

for p-a.e. γ ∈ 0+

U1∩U2
. Note that, by the uniqueness of differentials, D is the unique linear map satisfying

(5-1) for p-a.e. curve. By Lemma 4.3(2) it follows that

|ξ ◦ D|2,x = |ξ |1,x , ξ ∈ (RN1)∗,

for µ-a.e. x ∈ U1 ∩U2. Thus D∗ is an isometric embedding and in particular N1 ≤ N2. Reversing the roles
of ϕ1 and ϕ2 we obtain that N1 = N2 and consequently D81,2,x := D∗

x : ((RN1)∗, | · |1,x)→ ((RN2)∗, | · |2,x)

is an isometric isomorphism for µ-a.e. x ∈ Ui ∩ Uj .
For any f ∈ N 1,p(X), the identity d1

x f = d2
x f ◦ D81,2,x for µ-a.e. x ∈ U1 ∩ U2 follows from (5-1)

and (1-6). □
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Proof of Proposition 5.1. Conditions (1) and (2) are satisfied by Lemma 4.2. The cocycle condition
follows from Lemma 5.2. □

Definition 5.3. We call the measurable bundle given by Proposition 5.1 the p-weak cotangent bundle
and denote it by T ∗

p X . We define T ∗
p,x X = ((RN )∗, | · |x) and Tp,x X = (RN , | · |∗,x) for almost every

x ∈ U, where (U, ϕ) is an N -dimensional p-weak chart and | · |x the norm given by the canonical minimal
gradient 8; see Lemmas 4.1 and 4.5. The spaces Tp,x are here defined pointwise almost everywhere. By
considering the adjoints of transition maps in the definition above, one can patch these together to form a
measurable L∞ tangent bundle, which is dual to T ∗

p X , whose fibers are Tp,x X .

The next proposition establishes the existence of a p-weak differentiable structure under a mild finite
dimensionality condition.

Proposition 5.4. Suppose X is a metric measure space and {X i }i∈N a covering of X with dimH X i <∞.
Then, for any p ≥ 1, X admits a p-weak differentiable structure. Moreover, N ≤ dimH X i whenever
(U, ϕ) is an N-dimensional p-weak chart with µ(U ∩ X i ) > 0.

Proof. For any Borel set U ⊂ X with µ(U ) > 0 there exists i ∈ N such that µ(U ∩ X i ) > 0. By
Proposition 4.13 we have that N ≤ dimH (U ∩ X i ) whenever ϕ ∈ LIPb(X; RN ) is p-independent in a
positive measure subset of U ∩ X i . Using [Keith 2004b, Proposition 3.1] we can cover X up to a null-set
by Borel sets Uk for which there exist ϕk ∈ LIPb(X; RNk ) that are p-independent and p-maximal on Uk .
The collection {(Uk, ϕk)}k∈N is a p-weak differentiable structure on X . The last claim follows by the
argument above. □

5B. Sections of measurable bundles. A measurable bundle T over X comes with a projection map
π : T → X , (x, v) 7→ x , and a section of T is a collection ω = {ωi : Ui → Vi } of Borel measurable
maps satisfying π ◦ωi = idUi µ-a.e. and φi, j,x(ωi )= ωj for each i, j ∈ I and almost every x ∈ Ui ∩ Uj .
Observe that the map x 7→ |ω(x)|x given by

|ω(x)|x := |ωi (x)|i,x for µ-a.e. x ∈ Ui (5-2)

is well-defined up to negligible sets by the cocycle condition and the fact that φi, j,x is isometric.

Definition 5.5. For p ∈ [1,∞], let 0p(T ) be the space of sections ω of T with

∥ω∥p := ∥x 7→ |ω(x)|x∥L p(µ) <∞.

We call 0p(T ) the space of p-integrable sections of T . The space 0p(T ∗
p X) is called the p-weak cotangent

module.

Note that 0p(T ), equipped with the pointwise norm (5-2) and the natural addition and multiplication
operations, is a normed module in the sense of [Gigli 2015]. Recall that an L p-normed L∞-module over X
is a Banach module (M , ∥ · ∥) over L∞(X), equipped with a pointwise norm | · | : X → R that satisfies

|gm| = |g||m| and ∥m∥ =

(∫
X

|m|
p
x dµ(x)

)1/p
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for all m ∈ M and g ∈ L∞(X). We refer to [Gigli 2015; 2018] for a detailed account of the theory of
normed modules.

Next we consider the p-weak cotangent module 0p(T ∗
p X). For a p-weak chart (U, ϕ) of X and

f ∈ N 1,p(X), denote by d(U,ϕ) f the differential of f with respect to (U, ϕ). Lemma 5.2 implies that the
collection of differentials with respect to different charts satisfies the compatibility condition above.

Definition 5.6. Let p ≥ 1, and suppose A is a p-weak differentiable atlas of X . For any f ∈ N 1,p(X),
the differential d f ∈ 0p(T ∗

p X) is the element in the p-weak cotangent module defined by the collection
{d(U,ϕ) f : U → (RN )∗}(U,ϕ)∈A .

We record the following properties of the differential.

Proposition 5.7. Let A ⊂ X be a Borel set and F : X → Y a Lipschitz map to a metric measure space
(Y, d, ν) admitting a p-weak differentiable structure, with F∗µ≤ Cν.

(1) If f, g ∈ N 1,p(X) agree on A ⊂ X , then d f = dg µ-a.e. on A.

(2) If f, g ∈ N 1,p(X)∩ L∞(X), then d( f g)= gd f + f dg µ-a.e.

(3) If E is the set of y ∈ Y for which T ∗
p,yY does not exist, then µ(F−1(E)) = 0 and, for µ-a.e.

x ∈ X \ F−1(E) there exists a unique linear map Dx F : Tp,x X → Tp,F(x)Y such that

dx(h ◦ F)= dF(x)h ◦ Dx F for µ-a.e. x,
for every h ∈ N 1,p(Y ).

(4) If h ∈ C1(R) and if h ◦ f ∈ N 1,p(X), then d(h ◦ f )= h′( f (x)) d f .

(5) If fi ∈ N 1,p(X) and there is a function f ∈ L p and a w ∈ 0p(T ∗
p X) so that limi→∞ fi = f (x)

converges in L p(X) and d fi → w converges in 0p(T ∗
p X), then, there is a function f̃ ∈ N 1,p(X) so

that f̃ = f almost everywhere with d f̃ = w.

Proof. The proofs of the first four claims follow directly from Proposition 4.10 together with the
compatibility condition of sections. Indeed, one can verify the identities for each chart (U, ϕ), from
which the identities follows for everywhere.

Consider now fi ∈ N 1,p(X) which converge in L p(X) to f ∈ L p(X) and so that d fi converge in
0p(T ∗

p X) to w ∈ 0p(T ∗
p X). We have therefore that gi = |D fi |p = |d fi | converges in L p to g = |w|.

By Fuglede’s theorem [1957, Theorem 3(f)] we can pass to a subsequence so that fi → f̃ converges
pointwise and so that ∫

γ

| fi − f̃ | ds → 0 and
∫
γ

|gi − g| ds → 0

for p-a.e. absolutely continuous curves γ : [0, 1] → X . Then, for all such curves, we have that
| fi (γ (0))− fi (γ (1))| ≤

∫
γ

gi ds, which converges to

| f̃ (γ (0))− f̃ (γ (1))| ≤

∫
γ

g ds.

Thus f̃ ∈ N 1,p. Finally, one only needs to show that w = d f̃ . This follows by another diagonal argument
and computing d f̃ in charts using the argument from Lemma 4.7. □



CURVEWISE CHARACTERIZATIONS AND A SOBOLEV DIFFERENTIAL 487

We finish the subsection with a proof of the density of Lipschitz functions in Newtonian spaces.

Proof of Theorem 1.9. Let f ∈ N 1,p(X). By [Eriksson-Bique 2023], there exists a sequence ( fn)⊂LIPb(X)
with fn → f and |D fn|p → |D f |p in L p(µ). It follows that (d fn) ⊂ 0p(T ∗X) is equi-integrable,
and Remark 4.8 and Lemma 4.7, together with a diagonalization argument over a union of charts
covering X , show that d f̃n →d f in0p(T ∗X) for convex combinations f̃n ∈LIPb(X) of fn’s. Consequently
|D( f̃n − f )|p → 0 in L p(µ). □

5C. Dependence of the p-weak differentiable structures on p. Suppose 1 ≤ p < q. We have that
|D f |p ≤ |D f |q µ-a.e. for every f ∈ LIPb(X), and the inequality may be strict; see [Di Marino and
Speight 2015]. As a consequence, if ϕ ∈ LIPb(X; RN ) is q-maximal in U ⊂ X , then it is p-maximal.
It follows (using this dimension upper bound and [Keith 2004b, Proposition 3.1]) that if X admits a
q-weak differentiable structure then X also admits a p-weak differentiable structure. We remark that the
structures may be different.

For the following statement we say that a bundle map π : T → T ′ between two measurable bundles
T = ({Ui , Vi,x}, {φi,l,x})i∈I and T ′

= ({U ′

j , V ′

j,x}, {ψj,k,x})j∈J over X is a collection of linear maps
{πi, j,x : Vi → V ′

j } for µ-a.e. x ∈ Ui ∩ U ′

j such that

(a) for each i ∈ I, j ∈ J the map x 7→ πi, j,x(v) : Ui ∩ U ′

j → V ′

j is Borel for any v ∈ Vi ,

(b) for each i, l ∈ I, j, k ∈ J and µ-a.e. x ∈ Ui ∩ Ul ∩ U ′

j ∩ U ′

k , we have the compatibility condition
ψj,k,x ◦πi, j,x = φl, j,x ◦πi,l,x .

When the underlying index sets agree and Ui = Vi for all i ∈ I, it is sufficient to consider the family
{πi,x := πi,i,x}, since these determine a unique bundle map.

Proposition 5.8. Suppose q > p ≥ 1 and X admits a q-weak differentiable structure. Then X admits
p-weak differentiable structure and there is a bundle map πp,q : T ∗

q X → T ∗
p X which is a linear 1-Lipschitz

surjection µ-a.e. Moreover, this map satisfies πp,q = πp,s ◦πs,q for q > s > p, and πp,q(dq f ) = dp f
for any f ∈ LIPb(X), where dq f, dp f are the p- and q-weak differentials respectively.

Proof. Since X admits a q-differential structure, we can find q-charts (Ui , ϕq,i ) so that X =
⋃

i∈N Ui ∪ N,
with µ(N )= 0, and ϕq,i ∈ N 1,p(X; Rmi ) is Lipschitz. Assume that Ui are chosen to be pairwise disjoint.
As |D f |p ≤ |D f |q (a.e.) for any f ∈ LIPb(X), any p-independent map is also q-independent. Any map
ϕ ∈ N 1,p(X; Rn) which is p-independent on some positive-measure subset of Ui must have n ≤ mi ; see
Proposition 4.14. By [Keith 2004b, Proposition 3.1] and this dimension bound we can cover X by maximal
p-independent maps, i.e., charts, (Vj , ϕp, j ). By considering the countable collection of sets Vi ∩ Uj , and
reindexing, we may assume that (Ui , ϕq,i ) and (Ui , ϕp,i ) are q- and p- charts, respectively.

We define the matrix Ax for x ∈ Ui by taking as rows the vectors di,pϕ
k
q,i for each component

k = 1, . . . ,mi . We define the bundle map πp,q by setting π x
p,q(ξ)= ξ ◦ Ax for µ-a.e. x ∈ Ui . For each ξ

we get dp(ξ ◦ϕq,i )= ξ ◦ Ax . Thus, for p-a.e. curve γ ∈ AC(I ; X) and a.e. t ∈ γ−1(U ) we have

ξ(ϕq,i ◦ γ )′t = (ξ ◦ Ax)(ϕp,i ◦ γ )′t .
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By the definition of the differential, we get immediately that πp,q(dq f )= dp f for every f ∈ LIPb(X).
Thus, the 1-Lipschitz property follows immediately from the definition of norms combined with |D f |p ≤

|D f |q . The map is clearly a surjective bundle map as well, and by uniqueness of the p-differential, we
automatically get πp,s ◦πs,q = πp,q . □

6. Relationship with Cheeger’s and Gigli’s differentiable structures

6A. Gigli’s cotangent module. Fix p ≥ 1. Gigli’s cotangent module is the L p-normed L∞-module given
by the following theorem.

Theorem 6.1. There exists an L p-normed L∞-module L p(T ∗X), with pointwise norm denoted by | · |G ,
and a bounded linear map dG : N 1,p(X)→ L p(T ∗X) satisfying

|dG f |G = |D f |p, f ∈ N 1,p(X), (6-1)

such that the subspace V defined by

V :=

{ M∑
j

χAj dG f j : (Aj )j Borel partition of X, f j ∈ N 1,p(X)
}

is dense in L p(T ∗X). The module L p(T ∗X) is uniquely determined up to isometric isomorphism of
normed modules by these properties.

Following [Gigli 2018, Definition 1.4.1] we say that a collection {v1, . . . , vN } ⊂ L p(T ∗X) is linearly
independent in a Borel set U ⊂ X if, whenever g1, . . . , gN ∈ L∞(X) satisfy

∣∣∑N
j gjvj

∣∣
G = 0 µ-a.e.

on U, we have g1 = · · · = gN = 0 µ-a.e. in U. A linearly independent collection {v1, . . . , vN } in U
is a basis of L p(T ∗X) in U if, for any v ∈ L p(T ∗X), there exists a Borel partition {Ui }i∈N of U and
gi

1, . . . , gi
N ∈ L∞(X) such that

∣∣v−
∑N

j gi
jvj

∣∣
G = 0 µ-a.e. on Ui , for every i ∈ N.

Definition 6.2. Let p ≥ 1. The cotangent module L p(T ∗X) is locally finitely generated if there exists a
Borel partition such that L p(T ∗X) has a finite basis in each set of the partition.

By [Gigli 2018, Proposition 1.4.5], there exists a Borel partition {AN }N∈N∪{∞} of X such that L p(T ∗X)
has a basis of N elements on AN for each N ∈ N ∪ {∞}. We call the partition {AN } the dimensional
decomposition of X . Notice that L p(T ∗X) is locally finitely generated if and only if µ(A∞)= 0.

In the forthcoming discussion we identify vectors (and vector fields) ξ ∈ RN with their dual element
v 7→ v · ξ where necessary.

Lemma 6.3. Let p ≥ 1, N ≥ 0, ϕ = (ϕ1, . . . , ϕN ) ∈ N 1,p(X)N, and 8 be the canonical minimal gradient
associated to ϕ. If g = (g1, . . . , gN ) ∈ L∞(X; (RN )∗), then∣∣∣∣ N∑

k=1

gkdGϕk

∣∣∣∣
G,x

=8x(g) for µ-a.e. x ∈ X.

In particular, ϕ is p-independent on U ⊂ X if and only if dGϕ1, . . . , dGϕN ∈ L p(T ∗X) are linearly
independent on U.
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Proof. If g1, . . . , gN are simple functions, then g =
∑M

j χAj ξj for disjoint Borel Aj and some ξj ∈ (RN )∗.
It follows that

∑N
k=1 gk dGϕk =

∑M
j χAj dG(ξj ◦ϕ) as elements of L p(T ∗X). Thus∣∣∣∣ N∑

k=1

gk dGϕk

∣∣∣∣
x
=

∣∣∣∣ M∑
j

χAj dG(ξj ◦ϕ)

∣∣∣∣
x
=

M∑
j

χAj |D(ξj ◦ϕ)|p =8x(g)

for µ-a.e. x ∈ X .
The estimate

8x(g)≤

( N∑
k

|gk |
q
)1/q( N∑

k

|Dϕk |
p
p

)1/p

≤ C |g|

N∑
k

|Dϕk |p,

valid for all simple vector-valued g, implies that the equality in the claim is stable under local L∞-
convergence of g. Since simple functions are dense in L∞, the claim follows. The remaining claim
follows in a straightforward way from the equality. □

Remark 6.4. If ϕ ∈ LIP(X; RN ) is a chart in U, and f ∈ N 1,p(X), then for the canonical minimal upper
gradient 8x(a, ξ)) of ( f, ϕ) ∈ N 1,p

loc (X; RN+1) we have by Lemma 4.3(2) that 8x(1,−d f ) = 0. Thus,
by the previous lemma, we get dG f −

∑N
k=1 gk dGϕk = 0, where gk are the components of d f and

ϕk are the components of ϕ. Indeed, this follows by considering this first on the sets UM = {x ∈ U :

|gk(x)| ≤ M, k = 1, . . . , N } and sending M → ∞ combined with locality.

Lemma 6.5. If (U, ϕ) is an N-dimensional p-weak chart in X , then the differentials of the component
functions dGϕ1, . . . , dGϕN form a basis of L p(T ∗X) in U.

Proof. By Lemma 6.3, dGϕ1, . . . , dGϕN ∈ L p(T ∗X) are linearly independent on U. To see that they span
L p(T ∗X) in U, let f ∈ N 1,p(X), and set gk := d f (ek) for each k = 1, . . . , N, where ek is the standard
basis of RN. Then, since dϕk = ek , where ek is the dual basis of (RN )∗, we get d f =

∑N
k=1 gk dϕk . Thus,

by Remark 6.4 we have dG f =
∑N

k=1 gk dGϕk . Since the abstract differentials dG f span L p(T ∗X), this
completes the proof. □

Lemma 6.6. Suppose p ≥ 1 and X admits a p-weak differentiable structure. There exists an isometric
isomorphism ι : 0p(T ∗

p X)→ L p(T ∗X) of normed modules satisfying

ι(d f )= dG f, f ∈ N 1,p(X). (6-2)

The map ι is uniquely determined by (6-2).

Uniqueness here means that if A : 0p(T ∗
p X)→ L p(T ∗X) is L∞-linear and satisfies (6-2) then A = ι.

Proof. The set

W =

{ M∑
j

χAj d f j : (Aj )j Borel partition of X , f j ∈ N 1,p(X)
}

is dense in 0p(T ∗
p X), since it contains all the simple Borel sections of T ∗

p X . We set

ι(v) :=

M∑
j

χAj dG f j , v =

M∑
j

χAj d f j ∈ W.

We have that

|ι(v)|G =

M∑
j

χAj |D f j |p =

M∑
j

χAj |d f j | = |v| µ-a.e.
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for v ∈ W . This implies that ι is well-defined and preserves the pointwise norm on the dense set W . By
Remark 6.4 we have that ι is linear. Since ι(W)= V, it follows that ι extends to an isometric isomorphism
ι : 0p(T ∗

p X)→ L p(T ∗X). Note that ι(d f )= dG f for every f ∈ N 1,p(X), establishing (6-2).
To prove uniqueness, note that if A :0p(T ∗

p X)→ L p(T ∗X) is linear and satisfies (6-2), then A(v)= ι(v)
for all v ∈ W which implies that A = ι by the density of W . □

Proof of Theorem 1.11. If X admits a p-weak differentiable structure, Lemma 6.5 implies that L p(T ∗X)
is locally finitely generated. To prove the converse implication, suppose {AN }N∈N∪{∞} is the dimensional
decomposition of X and µ(A∞)= 0.

Let N ∈ N be such that µ(AN ) ≥ µ(V ) > 0 for some Borel set V, and v1, . . . , vN ∈ L p(T ∗X) is a
basis of L p(T ∗X) on V. By possibly passing to a smaller subset of V, we may assume that there exists
C > 0 for which ∫

V

∣∣∣∣ N∑
k

gkvk

∣∣∣∣p

G
dµ≥

1
C

∫
V

|g|
p dµ for all g = (g1, . . . , gN ) ∈ L∞. (6-3)

For each k = 1, . . . , N there are sequences

vn
k =

Mn
k∑

j

χAn
j,k

dG f n
j,k,

with {An
j,k}j a Borel partition of X and ( f n

j )⊂ N 1,p(X) such that vn
k → vk in L p(T ∗X) as n → ∞, by

the definition of L p(T ∗X). We set J n
= {1, . . . ,Mn

1 } × · · · × {1, . . . ,Mn
N } and define new partitions

An
ȷ̄ := An

j1,1 ∩ · · · ∩ An
jN ,N indexed by ȷ̄ = ( j1, . . . , jN ) ∈ J n. Then

vn
k =

∑
ȷ̄∈J n

χAn
ȷ̄
dG( f n

jk ,k), µ(V )=

∑
ȷ̄∈J n

µ(An
ȷ̄ ∩ V ),

lim
n→∞

∫
X

|vn
k − vk |

p
G dµ= lim

n→∞

∑
ȷ̄∈J n

∫
An
ȷ̄

|dGϕ
n,ȷ̄
k − vk |

p
G dµ= 0

(6-4)

for all n and k = 1, . . . , N. We claim that there exists n so that ϕn,ȷ̄
:= ( f n

j1,1, . . . , f n
jN ,N ) ∈ N 1,p(X; RN )

is p-independent on a positive measure subset of An
ȷ̄ ∩ V for some ȷ̄ ∈ J n.

By (6-3) we have the inequality

1
C

∫
An
ȷ̄∩V

|g|
p dµ≤

∫
An
ȷ̄∩V

∣∣∣∣ N∑
k

gkvk

∣∣∣∣p

dµ

≤ C ′

∫
An
ȷ̄∩V

∣∣∣∣ N∑
k

gkdGϕ
n,ȷ̄
k

∣∣∣∣p

G
dµ+ C ′

∫
An
ȷ̄∩V

∣∣∣∣ N∑
k

gk(dGϕ
n,ȷ̄
k − vk)

∣∣∣∣p

G
dµ

≤ C ′

∫
An
ȷ̄∩V

8n,ȷ̄ (g(x), x) dµ+ C ′′

∫
An
ȷ̄∩V

|g|
p
( N∑

k

|dGϕ
n,ȷ̄
k − vk |

p
G

)
dµ

for all g = (g1, . . . , gN ) ∈ L∞, where 8n,ȷ̄ is the canonical minimal gradient of ϕn,ȷ̄ (see Lemma 6.3).
By (6-4) there exists n ∈ N, ȷ̄ ∈ J n and a Borel set U ⊂ An

ȷ̄ ∩ V with 0< µ(U )≤ µ(An
ȷ̄ ∩ V ) such that
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k |dGϕ

n,ȷ̄
k − vk |

p
G < ε on U, where C ′′ε < 1/(2C). Thus

1
C

∫
U

|g|
p dµ≤ C ′

∫
U
8n,ȷ̄ (g(x), x) dµ+

1
2C

∫
U

|g|
p dµ

for all g = (g1, . . . , gN ) ∈ L∞(U ; RN ) by extending g by zero to V \ U. This readily implies that
I (ϕn,ȷ̄ ) > 0 a.e. in U, proving the p-independence of ϕn,ȷ̄ in U. Note that ϕn,ȷ̄ is also maximal, since the
existence of a Lipschitz map on a positive measure subset of U with a higher-dimensional target would
imply that the local dimension of L p(T ∗X) in V would be > N ; see Lemma 6.3. By Proposition 4.14, U
contains an N -dimensional p-weak chart, and [Keith 2004b, Proposition 3.1] implies that X admits a
differentiable structure.

The argument above shows that each AN with µ(AN ) > 0 can be covered up to a null-set by
N -dimensional p-weak charts, proving (b), while (a) follows directly from Lemma 6.6. Finally, (c)
is implied by Proposition 4.13. □

Theorem 1.11 and [Gigli 2018, Chapter 2] immediately yield the following corollary.

Corollary 6.7. Let p ≥ 1 and suppose X admits a p-weak differentiable structure.

(i) If p > 1, then N 1,p(X) is reflexive.

(ii) If p = 2, then N 1,2(X) is infinitesimally Hilbertian if and only if , for µ-a.e. x ∈ X , the pointwise
norm | · |x (see Theorem 1.7) is induced by an inner product. □

6B. Lipschitz differentiability spaces. A space X is said to be a Lipschitz differentiability space if
it admits a Cheeger structure. Recall that a Cheeger structure is a countable collection of Cheeger
charts (Ui , ϕi ), see Section 4G, so that µ

(
X \

⋃
i Ui

)
= 0. Following [Cheeger 1999, Section 4, p. 458],

we note that the differentials dC,i f of a Lipschitz function f with respect to overlapping charts satisfy a
cocycle condition almost everywhere and the transition maps preserve the pointwise norm. Thus, they
define a measurable L∞-bundle T ∗

C X called the measurable cotangent bundle.
Suppose now that X admits a Cheeger structure. Denote by T ∗

C X the associated measurable cotangent
bundle, and by

|ξ |C,x := Lip(ξ ◦ϕ)(x), ξ ∈ (RN )∗,

the pointwise norm for µ-a.e. x ∈ U, where (U, ϕ) is an N -dimensional Cheeger chart of X .
Fix p ≥ 1. Any Lipschitz differentiability space X admits a p-weak differentiable structure. Indeed,

the asymptotic doubling property of the measure (see [Bate and Speight 2013]) implies, by [Bate 2015,
Lemma 8.3], that X decomposes into finite-dimensional pieces. The existence of the p-weak differentiable
structure now follows from Proposition 5.4, and the associated measurable cotangent bundle is denoted
by T ∗

p X . We have the following result from [Ikonen et al. 2022, Theorem 3.4]:

Theorem 6.8. Let p ≥ 1. There exists a morphism P :0p(T ∗

C X)→ L p(T ∗X) of normed modules such that

(a) P(dC f )= dG f for every f ∈ LIP(X),

(b) |P(ω)|G ≤ |ω|C for every ω ∈ 0p(T ∗

C X), and

(c) for every w ∈ L p(T ∗X) there exists ω ∈ P−1(w) with |w|G = |ω|c.
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Remark 6.9. The proof of [Ikonen et al. 2022, Theorem 3.4] can be modified to cover the case p = 1:
the energy density of Lipschitz functions holds for p = 1 by [Eriksson-Bique 2023], and equicontinuity
can be used instead of L p-boundedness to obtain the weakly convergent subsequence in the proof.

Proof of Theorem 1.10. Arguing as in the proof of Proposition 5.8 we may assume that X has a Borel
partition {Ui } and Lipschitz maps ϕi

p = (ϕi
p,1, . . . , ϕ

i
p,Ni

), ϕi
C = (ϕi

C,1, . . . , ϕ
i
C,Mi

) such that (Ui , ϕ
i
p) is

a p-weak chart and (Ui , ϕ
i
C) is a Cheeger chart on X (of possibly different dimensions Ni and Mi ) for

each i ∈ N. For each i and µ-a.e. x ∈ Ui define

σi,x = (dp,xϕ
i
C,1, . . . , dp,xϕ

i
C,Mi

) : RNi → RMi .

It is easy to see that the collection {πi,x = σ ∗

i,x} defines a bundle map T ∗

C X → T ∗
p X satisfying

dp,x f = dC,x f ◦ σx for µ-a.e. x ∈ X,

for every f ∈ N 1,p(X). This proves (1-7). In particular, for each i ∈ N and ξ ∈ (RMi )∗ we have
πi,x(ξ)= ξ ◦ σi,x = dp,x(ξ ◦ϕi

C), and consequently

|πi,x(ξ)|x = |D(ξ ◦ϕi
C)|p(x)≤ Lip(ξ ◦ϕi

C)(x)= |ξ |C,x

for µ-a.e. x ∈ Ui . Moreover, for any ζ ∈ (RNi )∗, setting ξ := dC,x(ζ ◦ϕi
p), we have

πi,x(ξ)= dC,x(ζ ◦ϕi
p) ◦ σx = dp,x(ζ ◦ϕi

p)= ζ,

proving that πi,x is surjective for µ-a.e. x ∈ Ui .
To prove that πi,x is a submetry for µ-a.e. x ∈ Ui , suppose to the contrary that there exists a Borel set

B ⊂ Ui , with 0< µ(B) <∞, such that πi,x is not a submetry for x ∈ B. Then there exists a Borel map
ζ : B → (RNi )∗ with |ζ x |x = 1 and

|ζ x |x = 1 and inf
ξ∈π−1

i,x (ζ x )

|ξ |C,x > 1 for µ-a.e. x ∈ B. (6-5)

We derive a contradiction using Theorem 6.8 and the isometric isomorphism ι : 0p(T ∗
p X)→ L p(T ∗X)

from Theorem 1.11(a). We may view ζ as an element of 0p(T ∗
p X) by extending it by zero outside B.

Set w := ι(ζ ) ∈ L p(T ∗X). Then |w|G = χB . By Theorem 6.8(c) there exists ω ∈ 0p(T ∗

C X) with
P(ω) = w and |ω|C = |w|G = χB µ-a.e. However, since ωx ∈ π−1

i,x (ζ x) for µ-a.e. x ∈ B, we have
|ω|C,x ≥ infξ∈π−1

i,x (ζ x )
|ξ |C,x > 1 for µ-a.e. x ∈ B by (6-5), which is a contradiction. This completes the

proof that πi,x is a submetry for µ-a.e. x ∈ Ui .
If Lip f ≤ ω(|D f |p) holds for every f ∈ LIPb(X), then by [Ikonen et al. 2022, Theorem 1.1] we

have |D f |p = Lip f µ-a.e. for every f ∈ LIPb(X). It follows that p-weak charts are Cheeger charts (see
Theorem 1.8 and Remark 4.15) and that the pointwise norms agree µ-almost everywhere. This implies
that the maps πi,x are isometric bijections for µ-a.e. x . □

Appendix: General measure theory

A1. Measurability questions. Here we record a host of measurability statements that are needed through-
out the paper. See [Gigli and Pasqualetto 2020; Ambrosio et al. 2008; Bogachev 2007] for more details.
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Given f ∈ N 1,p(X) and a Borel representative g of p-weak upper gradient of f , we define

0( f ) := {γ ∈ AC(I ; X) : f ◦ γ ∈ AC(I ; R)},

0( f, g) := {γ ∈ AC(I ; X) : g upper gradient of f along γ } ⊂ 0( f )
and

M D = {(γ, t) ∈ AC(I ; X)× I : |γ ′

t | exists},

Diff( f )= {(γ, t) ∈ AC(I ; X)× I : γ ∈ 0( f ), ( f ◦ γ )′t and |γ ′

t |> 0 exist},

Diff( f, g)= {(γ, t) ∈ Diff( f ) : γ ∈ 0( f, g), |( f ◦ γ )′t | ≤ g f (γt)|γ
′

t |}.

Also, let Len(γ ) be the length of a curve γ , if the curve is rectifiable, and otherwise infinity. The
function der is defined by der(γ, t) := |γ ′

t | = limh→0 d(γt+h, γt)/|h|, when the limit exists, and otherwise
is infinity.

Lemma A.1. (1) The functions Len : C(I ; X)→ [0,∞] and der : AC(I ; X)× I → [0,∞] are Borel
measurable.

(2) If g : X → [0,∞] is a Borel function, then I : AC(I ; X)→ R, given by γ 7→
∫
γ

g ds or ∞ if the
curve is not rectifiable, is Borel.

(3) If H : AC(I ; X)× I → [0,∞] is Borel, then IH (γ ) :=
∫ 1

0 H(γ, s) ds : AC(I ; X)→ [0,∞] is Borel.

(4) The set M D is Borel, and the map M D → R defined by (γ, t)→ |γ ′
t | is Borel.

Proof. (1) The length function is a lower semicontinuous function with respect to uniform convergence,
and thus is Borel. Fix r, p ∈ Q positive. Then define

Ap,r =

⋃
n∈N

⋂
q∈Q∩(−1/n,1/n)

{(γ, t) : |d(γt+q , γt)− qp|< r |q|},

which is Borel. The set M where the metric derivative exists is of the form
⋂

r∈Q∩(0,∞)

⋃
p∈Q∩(0,∞) Ap,r .

On this set we have M ∩ Ap,r = der−1(B(p, r)) and thus der(γ, t) is Borel.

(2) The claims for the integral function being Borel follow from a monotone family argument, and
considering g first a characteristic function of an open set and using lower semicontinuity of the integral
in that case.

(3) If H is a characteristic function of a product set A × B, where A and B are open sets such that
A ⊂ C(I ; X), B ⊂ I, then the claim follows just as in statement (2). Again, by a monotone family
argument, we obtain the claim for all Borel measurable functions.

(4) Define for every q ∈ Q and ε, h > 0 the sets A(ε, q, h) and B(ε, q) by

A(ε, q, h) :=

{
(γ, t) ∈ C(I ; X)× I :

∣∣∣∣d(γt+h, γt)

|h|
− q

∣∣∣∣< ε},
B(ε, q) :=

⋃
δ∈Q+

⋂
h∈(0,δ)∩Q

A(ε, q, h).

We note that |γ ′
t | exists if and only if (γ, t) ∈

⋂
j∈N

⋃
q∈Q B(2− j , q)= M D. On the set M D, where the

limit exists, we can write |γ ′
t | = limn→∞ n(d(γt+n−1, γt)), which shows measurability. □
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Lemma A.2. Let g be a Borel p-weak upper gradient of f ∈ N 1,p(X). There exists a Borel set 00 ⊂

AC(I ; X) with Modp(00)= 0 such that AC \00 ⊂ 0( f, g).
Suppose moreover that f is Borel. Then the set A := 0c

0 × I ∩ Diff( f, g) is Borel, and π(Ac) = 0
whenever π = L1

× η and η is a q-test plan.
If f is Lipschitz, and g = Lip[ f ], then we can choose 00 = ∅, and Diff( f, g)= Diff( f ) is Borel.

Note that we make no claims about the Borel measurability of the set 0( f, g).

Proof. We model the argument after [Pasqualetto 2022, Lemma 1.9]. Since Modp(0( f, g)c)= 0, there
exists an L p-integrable Borel function ρ : X → [0,∞] with

∫
γ
ρ ds = ∞ for every γ /∈ 0 f,g. Then

00 :=
{
γ ∈ AC(I ; X) :

∫
γ
ρ ds = ∞

}
⊃ 0c

f,g is a Borel set, by Lemma A.1 and η(00) = 0 for every
q-plan η (see Remark 2.2). If f is Lipschitz, then 0( f, g)= AC(I ; X). Thus, we can choose 00 = ∅.

For the second part assume f ∈ N 1,p(X) is Borel, and set

A(ε, q, h)=

{
(γ, t) ∈ 0c

0 × I :

∣∣∣∣ f (γt+h)− f (γt)

h
− q

∣∣∣∣< ε},
B(ε, q)=

⋃
δ∈Q+

⋂
h∈(0,δ)∩Q

A(ε, q, h)

for each q ∈ Q and ε, h > 0. It is easy to see that for each γ /∈ 00, ( f ◦ γ )′t exists if and only if

(γ, t) ∈

⋂
j∈N

⋃
q∈Q

B(2− j , q)=: A.

Note that A is a Borel set with A ∩ M D ⊂ Diff( f ). Moreover, (γ, t) 7→ ( f ◦γ )′t is Borel when restricted
to A ∩ M D.

Define the Borel function H(γ, t) = ( f ◦ γ )′t if (γ, t) ∈ A ∩ M D and H = +∞ otherwise, and
G(γ, t)= |H | − g(γt)|γ

′
t | (here we use the convention ∞ −∞ = ∞). Then the set

{G ≤ 0} = 0c
0 × I ∩ Diff( f, g)

is Borel.
Set N := {G > 0}, suppose η is a q-test plan and π := L1

× η. Note that

N ⊂ 00 × I ∪ {(γ, t) ∈ 0c
0 × I : G(γ, t) > 0}.

But, for all γ /∈ 00, we have G(γ, t)≤ 0 for L1-a.e. t ∈ I. Thus

π(N )≤ η(00)+

∫
0c

0

∫ 1

0
χ{G(γ,· )>0}(t) dt dη(γ )= 0,

finishing the proof of the second part. □

Corollary A.3. Every pointwise defined function f ∈ N 1,p(X) has a Borel representative f̄ ∈ N 1,p(X).
Moreover, if f ∈ N 1,p(X) and g is a Borel p-weak upper gradient of f , there exists a Borel set N ⊂

C(I ; X)× I, with N c
⊂ Diff( f, g) and π(N ) = 0 whenever π = L1

× η, η a q-test plan. The map
(γ, t) 7→ ( f ◦ γ )′t if (γ, t) /∈ N and +∞ otherwise is Borel. If f is Lipschitz the representative can be
chosen as the same function.
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Proof. The first claim follows directly from [Eriksson-Bique 2023, Theorem 1.1]. To see the second, let
f̄ ∈ N 1,p(X) be a Borel representative of f . The set E := { f ̸= f̄ } is p-exceptional, i.e., 0E := {γ :

γ−1(E) ̸= ∅} has zero p-modulus. Note that, if f is Lipschitz, then f is automatically Borel and we do
not need to change representatives, and we can set 0E = ∅.

If A is the set in Lemma A.2 for f̄ , g, then A := A \ (0E × I )⊂ Diff( f, g) and N := Ac satisfies the
claim since it is Borel and N ⊂ 0E × I ∪ Ac.

The last claim follows since N c is Borel and, if (γ, t) /∈ N, we have

( f ◦ γ )′t = lim
n→∞

n( f (γt+1/n)− f (γt)). □

A2. Essential supremum.

Definition A.4. Let X be a σ -finite measure space and F a collection of measurable functions on X , then
there exists a function g : X → R ∪ {∞,−∞} which is measurable, and:

(A) For each f ∈ F ,
f ≤ g

almost everywhere.

(B) For each g′ that satisfies (A), will satisfy g ≤ g′ almost everywhere.

We call g = ess sup f ∈F f . Similarly, we define g = ess inf f ∈F f , by switching the directions of the
inequalities and assuming g : X → R ∪ {∞,−∞}.

We will need the following standard lemma. While its proof is standard, we provide it for the sake of
completeness.

Lemma A.5. If X is any σ -finite measure space and F is any collection of measurable functions, then
ess sup f ∈F f and ess inf f ∈F f exists and is unique, and further, there are sequences fn, gn ∈ F so that
ess sup f ∈F f = supn fn and ess inf f ∈F f = infn gn almost everywhere.

Proof. The uniqueness follows from (B) in Definition A.4. Indeed, if g and g′ are essential suprema, they
both satisfy A, and thus g ≤ g′ and g′

≤ g.
By considering {arctan( f ) : f ∈ F}, we can assume that the collection is bounded. Further, by

σ -finiteness, and after exhausting the space by finite measure sets, it suffices to consider a bounded
measure. Define G to be the collection of all functions of the form max( f1, . . . , fk) for some fi ∈ F . By
construction, if g, g′

∈ G, then max(g, g′) ∈ G ′.
Consider U = supg∈G

∫
g dµ. There is a sequence gn so that limn→∞

∫
gn dµ= U. By modifying the

sequence if necessary, we may take it increasing in n, and define g = limn→∞ gn .
We claim that g is an essential supremum for F. First, if f ∈ F , and f > g on a positive measure

set, then limn→∞

∫
max( f, gn) dµ > U, contradicting the definition of U. Thus the condition A in the

definition is satisfied.
Now, if h is any other function satisfying A, then h ≥ gn , and thus h ≥ g almost everywhere, by

construction. Thus B is also satisfied. Finally, the construction gives a countable collection gn formed
each from finitely many fi ∈ F , and thus gives the final claim in the statement. □
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