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ON BLOWUP FOR THE SUPERCRITICAL QUADRATIC WAVE EQUATION

ELEK CSOBO, IRFAN GLOGIC AND BIRGIT SCHORKHUBER

We study singularity formation for the quadratic wave equation in the energy supercritical case, i.e.,
for d > 7. We find in closed form a new, nontrivial, radial, self-similar blow-up solution u* which
exists for all d > 7. For d = 9, we study the stability of u* without any symmetry assumptions on the
initial data and show that there is a family of perturbations which lead to blowup via u*. In similarity
coordinates, this family represents a codimension-1 Lipschitz manifold modulo translation symmetries.
The stability analysis relies on delicate spectral analysis for a non-self-adjoint operator. In addition,
ind =7 and d = 9, we prove nonradial stability of the well-known ODE blow-up solution. Also, for
the first time we establish persistence of regularity for the wave equation in similarity coordinates.
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1. Introduction
In this paper, we are concerned with the quadratic wave equation
(07 — Ax)u(t, x) = u(t, x)?, (1-1)

where (¢, x) € I x R, for some interval I C R containing zero.

It is well known that in all space dimensions (1-1) admits solutions that blow up in finite time, starting
from smooth and compactly supported initial data. This follows from a classical result by Levine [1974],
which provides an open set of such initial data. However, Levine’s argument is indirect, and therefore
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does not give insight into the blow-up profile. A more concrete example can be produced using the
well-known ODE solution

6
u(%DE(t,x) = m T >0. (1-2)

By truncating the initial data (u?ﬂDE (0,-),0¢ u(%DE(O, -)) outside a ball of radius larger than 7" and using
finite speed of propagation, one constructs smooth and compactly supported initial data that lead to
blowup at = T'. What is more, invariance of (1-1) under the rescaling

u(t, x) > 1y (f, x) = )rzu(%,;), 10, (1-3)

allows one to look for self-similar blow-up solutions of the form

u(t, x) = (Tit)zd)(Tx—t)'

Note that (1-2) is a self-similar solution with trivial profile ¢ = 6. We note that the rescaling (1-3)
leaves invariant the energy norm H ! (R%) x L2(R?) of (u(t,-), d;u(t,-)) precisely when d = 6, in which

case (1-1) is referred to as energy critical. In this case, it can be easily shown that in addition to (1-2) no
other radial and smooth self-similar solutions to (1-1) exist; see [Kavian and Weissler 1990]. However,
in the energy supercritical case, i.e., for d > 7, numerics [Kycia 2011] indicate that in addition to (1-2)
there are nontrivial, radial, globally defined, smooth, and decaying similarity profiles. In fact, for d = 7,
there are infinitely many of them, all of which are positive, as proven by Dai and Duyckaerts [2021]. A
similar result is expected to hold for all 7 < d < 15; see [Kycia 2011].

From the point of view of the Cauchy problem for (1-1), the relevant similarity profiles appear to be
the trivial one (1-2) and its first nontrivial “excitation”. Namely, numerical work on supercritical power
nonlinearity wave equations in the radial case [Bizon et al. 2004; Glogi¢ et al. 2020] yields evidence that
generic blowup is described by the ODE profile, while the threshold separating generic blowup from
global existence is given by the stable manifold of the first excited profile; see also [Bizon 2001]. The
first step in showing such genericity results would be to establish stability of the ODE profile and show
that its first excitation is codimension-1 stable (which indicates that the stable manifold splits the phase
space locally into two connected components). The only result so far for (1-1) in this direction is by
Donninger and the third author [Donninger and Schorkhuber 2017], who proved radial stability of u7 for
all odd d > 7. In this paper, we exhibit in closed form what appears to be the first excitation of (1-2) for
every d > 7. Namely, we have the following self-similar solution to (1-1):

1 (x|
t.x):=5U0(—). 1-4
e =50 () (14
where
2
C1—C2p
U(p) = ——=—, 1-5
(p) (st 022 (1-5)
with

c1=55((3d —8)do +8d* —56d +48), ¢z =2dy. c3=7(3d —18+dp),
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and dy = /6(d —1)(d — 6). We note that ¢c3 > 0 when d > 7, and thus U € C*°[0, c0). To the best
of our knowledge, this solution has not been known before, and with the intent of studying threshold
behavior, the main object of this paper is to show a variant of codimension-1 stability of u*.

Note that U has precisely one zero at p* = p*(d) > 2. In particular, this profile is not positive and
therefore not a member of the family of self-similar profiles constructed in [Dai and Duyckaerts 2021].
However, it is strictly positive inside the backward light cone of the blow-up point (0, 0). Hence, in this
local sense u* provides a solution to the more frequently studied focusing equation

(37 = Ax)u(t,x) = [u(t, x)|u(, x). (1-6)
What is more, as an outcome of our stability analysis we get that small perturbations of both the ODE

profile and u™ stay positive under the evolution of (1-1) and therefore yield solutions to (1-6) as well.

1A. Main results.

Preliminaries. By action of symmetries, the solution (1-4) gives rise to a (2d 4 1)-parameter family of
(in general nonradial) blow-up solutions. Namely, (1-1) is invariant under spacetime translations
ST xo(t,x) == (=T, x —Xxo)
for T >0, x9 € R4, time reflections
R(t,x) := (—t,x),
as well as Lorentz boosts, which we write in terms of hyperbolic rotations as
Aa) =A@ o A4 @ o oA (@),
where a € R? and A/ (a/) for j =1,...,d are given by
t +— t cosh(a’) + x7 sinh(a’),
x/ > t sinh(a’) + x/ cosh(a’),
xK s xk o (k #)).
We then let
AT,xo(a) = ROA(Q)OST,X()» (1_7)
and thereby obtain the following (2d +1)-parameter family of solutions to (1-1):
UT xo.aTs X) = U™ 0 AT 5o (@) (2, ).
We note that, for
(', x") = A x,(a)(t, x),

we have
Ix'|?2 —1"? = |x —xo|*> — (T —1)%. (1-8)

Furthermore, for £, a € IRd, we set!

y(&,a) = Ao(a) — A; (a)€’, (1-9)

I For simplicity, we use Einstein’s summation convention throughout the paper.
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where
Ao(a) := cosh(a') cosh(a?) - - cosh(ad),

A1 (a) := sinh(a') cosh(a?) - --cosh(ad),
Az (a) := sinh(a?) cosh(a?) - - cosh(ad),

Agq(a) : sinh(ad).

Then, it is easy to check that

¢ = (T - t)y(x —*o a) and x" = (1— T)aajy(x —*o a)Bf(a) (1-10)
T—1t T—t
for j =1,...,d, where d
B’ (a) = 1_[ cosh(a’)™1.
i=j+1
Now, by using relations (1-8) and (1-10) we find more explicitly that
1 X — X0
* J—
uT,xO,a(t9x)_ (T—t)zUa(T—[)’ (1-11)

with U, : R — R given by
(c1 —c2)y(§,a)* +ca(1 - [£%)
(I+ea)yE a)? + 152 -1

Note that for a = 0, we have Uy (&) = U(|€]) with U being the radial profile in (1-5). Also, since ¢ > ¢2
for all d > 7, there exists a positive constant co = co(d) such that

Ua(§) = (1-12)

U, >co>0 on B? (1-13)

for all « € R , where B9 denotes the open unit ball in RY. In summary, we have that, fora € Rd, Xo € [R{d,
and T > 0, (1-1) admits an explicit solution (1-11), which starts off smooth, blows up at x = x¢ as
t — T, and is strictly positive on the backward light cone

Crxo = |J {6} xBf_ (x0)
t€l0,7T)

of the blow-up point (7', xo) —see Section 1C for the notation — which makes it a solution inside Cr,,
to (1-6) as well. Furthermore, simply by scaling we have that, for k € Ny,

e (2)

~ 42—k
||u;‘,x0,a(l,~)||Hk([g67{_t(x0)) = (T—t)2 s

~ (T —1)57%, (1-14)

H*(B._, (x0))
and hence

which implies that the solution blows up in local homogeneous Sobolev seminorms of order k > s, = %d —2.

Here, s, denotes the critical regularity, i.e., H5e (Rd ) is left-invariant under the rescaling (1-3).
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Conditional stability of blowup via u*. The main goal of this paper is to investigate stability of blowup
governed by u*. For T =1, x¢9 = 0, and a = 0, the blow-up initial data are given by

u7,0,0(0,x) =U(Ix) and 07uf g0(0,x) =2U(|x]) + |x|U’(|x]).
We can now formulate the following stability result, where we restrict ourselves to the case d = 9.
Theorem 1.1. Let d = 9. Define functions hj :R® — R, j = 1,2, by
35—5|x|?

(7+5]x)*
There exist constants M > 0, § > 0, and w > 0 such that, for all real-valued (f, g) € Coo(@g) X Coo(@g)
satisfying

hi(x) = and hy(x) = (1-15)

(7 +51x[?)?

]
I(f. &) ”HG(Bg)xHS(Bg) = M

the following holds: There are parameters a € @ﬁlg/w, X € @g, T e[l-68,146], and a € [-6, 6]

depending Lipschitz-continuously on (f, g) such that, for initial data
u©,-)=U(]-|)+ f +ahy and 9u(0,-) =2U(-)+|-1U'(|-|) + g + aha, (1-16)

there exists a unique solution u € C*°(Cr,x,) to (1-1). Furthermore, this solution blows up at (T, xo) and

1 —
() = s [Ua ("T _xf) +<o(r,x)],

where ||p(t, -)||LOO(B9T#(XO)) < (T —1t)? and

can be written as

9
(T =210 @, ey < T =1

fork =0,...,5. Inparticular,
_s
(T =Y 73 e, ) =,y o ) e, oy S (T =1

k-3 * w -17)
(T =0F 20t ) = 9010 s frr189_ gy S (T —=1)

fork =1,...,5. Moreover, u is strictly positive on Ct, x,, and hence the statement above applies to (1-6)
as well.

We note that the normalizing factor on the left-hand side of (1-17) appears naturally and corresponds
to the behavior of the blow-up solution we perturbed around; see (1-14).
Some further remarks on the result are in order.

Remark 1.2. The proof of Theorem 1.1 relies on stability analysis in similarity coordinates, in which the
above set of perturbations has a codimension-1 interpretation. More precisely, we construct a Lipschitz
manifold which is of codimension 11, where ten codimensions are related to instabilities caused by
translation symmetries of the equation and the remaining codimension is characterized by (1, h2). This
is elaborated on in Section 2; see in particular Propositions 2.1 and 2.4. We believe that this manifold
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gives rise to a proper codimension-1 manifold in a suitable physical data space. However, by the local
nature of our approach and the presence of translation symmetries, this is not entirely clear.

Remark 1.3 (Regularity of the initial data). It is only the transformation from similarity coordinates to
physical coordinates that induces the higher-regularity assumption on the data, from which we can easily
deduce the Lipschitz-dependence on the blow-up parameters. We nonetheless believe that this can be
optimized by a more refined analysis.

Remark 1.4 (Persistence of regularity). While persistence of regularity is standard for the wave equation
in physical coordinates, it has not yet been considered for the local problem in similarity coordinates. In
fact, all of the related works so far, such as [Chatzikaleas and Donninger 2019; Donninger and Schorkhuber
2016; Glogi¢ and Schorkhuber 2021], are based on a notion of strong solutions in similarity coordinates.
In this paper, we close this gap and rigorously prove regularity of solutions for smooth initial data. Our
proof relies on estimates for the free wave evolution in similarity coordinates in arbitrarily high Sobolev
spaces; see Proposition 3.1 on page 629.

Remark 1.5 (Generalization to other space dimensions). Large parts of the proof of Theorem 1.1 can be
generalized to other odd space dimensions. However, the analysis of the underlying spectral problem
is quite delicate and only for d = 9 we are able to solve it rigorously. Nevertheless, from numerical
computations, we have strong evidence that the situation is analogous in other space dimensions in the
sense that the linearization has exactly one genuine unstable eigenvalue.

Stable ODE blowup without symmetry. For both (1-1) and (1-6), stability of the ODE blow-up solution
under small radial perturbations has been proven by Donninger and the third author [Donninger and
Schorkhuber 2017] in all odd space dimensions d > 7. By exploiting the framework of the proof of
Theorem 1.1, we generalize the result from that paper to nonradial perturbations in dimensions d = 7
andd = 9.

Before we state the result, we apply the symmetry transformations (1-7) to the ODE profile (1-2) to
obtain the following family of blow-up solutions to both (1-1) and (1-6):

1 X —X
ODE . 0
UT xo.a(lsX) 1= (T—t)zka( T—; ) (1-18)
where
ka(§) = 6y(5.a)™> (1-19)
To shorten the notation, we write Cr := Cr,¢ for the backward light cone with vertex (7, 0).

Theorem 1.6. Let d € {7, 9}. There are constants C >0, § > 0, and w > 0 such that, for any real-valued
(f.g) e Cw(@g) X COO(B‘ZI) satisfying
)
IS DN ga+nr2@hxma+vred) = & (1-20)
the following holds: There exist parameters a € B‘é 5/ and T € [1 — 6,1 + 8] depending Lipschitz
continuously on ( f, g) such that, for initial data

u,-)=6+ f and 0d;u(0,-)=12+g,
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there exists a unique solution u € C°°(Ct) to (1-1). This solution blows up at (T, 0) and can be written as

1
u(t,x) = T2 |:Ka(Tx—z) +<p(t,x)},

] . < (T =1)®
where @ satisfies ||@(t, )”LOO(B‘%_I) < (T -1 and

4
(T =0 2o ) gre_y < (T =1

fork=0,..., %(d + 1). In particular,
_d
(T =02 2 ut. ) —up ()| ey _y < (T =%,

T— k—§+2 0 2) — 9,1 9DE I - <(T —=1)® -2
( 1) [|0su(z,-) t“T,O,a(t’ )”Hk—l(Bg__t)N( 1)

fork=1,..., %(d + 1). Furthermore, u is strictly positive and the statement above therefore applies
to (1-6) as well.

ODE

We note that due to the invariance of u7 ', under spatial translations the blow-up location xo = 0 does

not change under small perturbations.

Remark 1.7. Stability of the ODE blow-up solution for energy supercritical wave equations outside radial
symmetry was established in d = 3 by Donninger and the third author [Donninger and Schoérkhuber 2016].
For the cubic wave equation, the corresponding result was obtained by Chatzikaleas and Donninger [2019]
ind =5,7. Compared to these works, one important improvement in Theorem 1.6 is the regularity of
the solution which allows for the classical interpretation. Furthermore, we prove Lipschitz dependence
of the blow-up time and the blow-up point on the initial data. Finally, from a technical perspective, the
adapted inner product defined in Section 3 is simpler than the corresponding expressions in [Chatzikaleas
and Donninger 2019] and can easily be generalized.

1B. Related results. Wave equations with focusing power nonlinearities provide the simplest possible
models for the study of nonlinear wave dynamics and have been investigated intensively in the past
decades. Consequently, local well-posedness and the behavior of solutions for small initial data are
by now well understood; see, e.g., [Lindblad and Sogge 1995]. Concerning global dynamics for large
initial data, substantial progress has been made more recently for energy critical problems. This includes
fundamental works on the characterization of the threshold between finite-time blowup and dispersion in
terms of the well-known stationary ground state solution; see [Kenig and Merle 2008; Krieger et al. 2015].

In contrast, large data results for energy supercritical equations are rare. For various models, the ODE
blowup is known to provide a stable blow-up mechanism and Theorem 1.6 further extends these results;
see Remark 1.7. In [Bizon et al. 2007], nontrivial self-similar solutions are constructed for odd supercritical
nonlinearities in dimension 3, and [Dai and Duyckaerts 2021] provides a generalization to d > 4. Also,
in the three-dimensional case, large global solutions were obtained for a supercritical nonlinearity in
[Krieger and Schlag 2017]. Finally, for d > 11 and large enough nonlinearities, manifolds of codimension
greater than or equal to two have been constructed in [Collot 2018] that lead to non-self-similar blowup
in finite time.
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In the description of threshold dynamics for energy supercritical wave equations, self-similar solutions
appear to play the key role. This has been observed numerically for power-type nonlinearities [Bizon et al.
2004; Glogic et al. 2020], but also for more physically relevant models such as wave maps [Biernat et al.
2017; Bizon et al. 2000] or the Yang—Mills equation in equivariant symmetry [Bizon and Tabor 2001;
Bizon 2002]. We note that the latter reduces essentially to a radial quadratic wave equation in d > 7,
hence (1-1) provides a toy model. From an analytic point of view, threshold phenomena for energy
supercritical wave equations are entirely unexplored. Moreover, results analogous to the energy critical
case seem completely out of reach.

However, very recently, the first explicit candidate for a self-similar threshold solution has been found
by the second and third authors in [Glogi¢ and Schorkhuber 2021] for the focusing cubic wave equation in
all supercritical space dimensions d > 5. In d = 7, by the conformal symmetry of the linearized equation,
the genuine unstable direction could be given in closed form, see also [Glogi¢ et al. 2020], which allowed
for a rigorous stability analysis. Interestingly, the same effect occurs for the quadratic wave equation and
the new self-similar solution (1-4) in d = 9, which explains the specific choice of the space dimension in
Theorem 1.1. In view of our results, we conjecture that the self-similar profile U given in (1-5) plays an
important role in the threshold dynamics for (1-1) and (1-6).

In the proofs of Theorems 1.1 and 1.6 we build on methods developed in earlier works, in particular,
[Donninger and Schorkhuber 2016; Glogi¢ and Schérkhuber 2021]. However, several aspects, in particular
the spectral analysis, are specific to the problem and rather delicate. Furthermore, we add important
generalizations such as the preservation of regularity, which improves the statements of these earlier
works. The presentation of our results is completely self-contained and all necessary details are provided
in the proofs.

1C. Notation. Throughout the whole paper the Einstein summation convention is in force, i.e., we
sum over repeated upper and lower indices, where latin indices run from 1 to d. We write N for the
natural numbers {1, 2,3, ...} and Ng := {0} UN. Furthermore, RT := {x € R : x > 0}. Also, H stands
for the closed complex right half-plane. By Bf{ (x0) we denote the open ball of radius R > 0 in R4
centered at xo € R¥. The unit ball is abbreviated by B4 .= B‘f (0), and S~ ! := 9B“. The notation a < b
means a < Cb for an absolute constant C > 0, and we writea >~ b ifa <band b Sa. If a < Ccb fora
constant Cg > 0 depending on some parameter &, we write a <, b.

By L2([E’B§le (x0)) and H¥ (sz (x0)), k € Np, we denote the Lebesgue and Sobolev spaces, respectively,
obtained from the completion of C oo([B?l2 (x0)) with respect to the usual norm

112 g ey = D 1020 s
lor| <k
with @ € Ng denoting a multi-index and 9%u = 97" - - 83‘1 u, where d;u(x) = dx;u(x). For vector-valued
functions, we use boldface letters, e.g., f = (f1, f2) and we sometime write [ f]1 := f1 to extract a single
component. Throughout the paper, W( f, g) denotes the Wronskian of two functions f, g€ C(I), I CR,
where we use the convention W( f, g) = fg’' — f’g, with f’ denoting the first derivative. On a Hilbert
space H we denote by B(#) the set of bounded linear operators. For a closed linear operator (L, D(L))
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on H, we define the resolvent set p(L) as the set of all A € C such that Ry (1) := (A — L)~ exists
as a bounded operator on the whole underlying space. Furthermore, the spectrum of L is defined as
o(L) :=C\ p(L) and the point spectrum is denoted by 0, (L) C o(L).

Spherical harmonics. Fix a dimension d > 3. For £ € Ny, an eigenfunction for the Laplace—Beltrami
operator on S~ with eigenvalue £(£ + d — 2) is called a spherical harmonic function of degree £. For
each £ € N, we denote by M ¢ the number of linearly independent spherical harmonics of degree £, and
for Qg :={1,..., My ¢} we designate by {Y; ,, : m € Q} a set of orthonormal spherical harmonics, i.e.,

f Yo (@) Vg (@) do (@) = Syumr.
gdfl

Obviously, one has Q¢ ={1} and Q; ={1,...,d}, and we can take Yo 1 (w) =1 and Y1  (®) = Cpwm, for
suitable normalization constants ¢y, &, € R. For g € C%°(S9™1), we define Py : L2(S9~1) — L2(S471)
by
Peg(@)i= Y @l Yem)r2si—1)Yem@).
meQy

It is well known, see, e.g., [Atkinson and Han 2012], that P, defines a self-adjoint projection on L2(S%1)
and that limy, o H g— 22;0 Peg H L2(sd—1) = 0. This can be extended to Sobolev spaces, in particular,
limy, 00 Hg >0 PngHk@d—l) =0 for all g € C®(S4™1), see, e.g., [Donninger and Schorkhuber
2016], Lemma A.1. Furthermore, given f € C Oo(@‘I‘g), by setting

X

[P f1(x) := Z SUAxXI DN Yem)r2sa—1)Yem (m) (1-22)
mng

we have that (see for example Lemma A.2 in [Donninger and Schérkhuber 2016])

=0. (1-23)
Hk(®B%)

n—-oo

lim Hf—Zng
{=0

2. The stability problem in similarity coordinates

In this section we formulate (1-1) in similarity variables. The advantage of the new setting is the fact that
self-similar solutions become time-independent and stability of finite-time blowup turns into asymptotic
stability of static solutions. Then we state the main results in the new coordinate system.

Given T > 0 and x¢ € R?, we define similarity coordinates

—Xx
7:=—log(T —t)+1logT and £:= xT to'
Note that in (7, §), the backward light cone Cr, x, corresponds to the infinite cylinder
Z:= U {r} x BY.
>0

Furthermore, by setting

V(t,€) =T 2*u(T —Te %, Te & + xq),
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(1-1) transforms into
(02 +50; +26-Vor 4+ (§-V)> = A+56-V+6)y(1.8) = ¥ (1, 6)> (2-1)
To get a first-order formulation we define
Y1(r.8) =¥ (r.§) and Ya(7.§) := 0¥ (1. §) +§- VY (7. §) +2¥ (7. §). (2-2)
and let W(7) = (Y¥1(z, ), ¥a(z,-)), by means of which (2-1) can be written as
0:W(1) = LW(v) + F (¥(1)), (2-3)

7oy _ (5 Vur(§) —2u1(§) +uz(§) (0
Lu(é) = (Am(f)—é-vuz(é) —3142(5)) and F(u)= (u%)

for u = (u1, uz). Note that in the new variables, the solutions u? Xo.a and u

where

ODE

T.xo.a become static. Namely,

every a € R? yields smooth, positive, and t-independent solutions

Us = (Ur,a.Uz2,0) and kg = (K1,a.k2,a)
of (2-3) given by
Ur,a(§) =Ua(§), Uz,a(§) =§-VUa(§) +2Ua(8),
k1,a(§) =ka(§), k2,a(§) =§-Vka(§) +2ka(§).
We study (2-3) for small perturbations of U, and k, in the Hilbert space

d
2

1= HFT (B x H'T (BY)
equipped with the standard norm
I

2 2
]| 2= [Jus ||H(d+l)/2(Bd) + ||”2||H(d71)/2(Bd)-

Also, write Bg :={u € H: ||lu| < R}.
In Proposition 3.1 on page 629 we show that, for d € {7, 9}, the operator
L:C®BY)xC®B%) cH—H,

which describes the free wave evolution in similarity coordinates, is closable and its closure, which we
denote by

L:D(L)CH—>MH,
generates a strongly continuous one-parameter semigroup (S (7))>0 C B(#). By using the Sobolev
embedding, it is easy to see that the nonlinearity satisfies

2 2 2 2
IF @) = luillga-vr2@a) < luilgarvrzedy < 1ulygain g < el

for all u € H; hence F is well defined on H.
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2A. Stability of U,. The key to proving Theorem 1.1 is the following result, which establishes, for d =9,
conditional orbital asymptotic stability of the family of static solutions {U, : a € R°}.

Proposition 2.1. Let d = 9. There are constants C > 0 and w > 0 such that the following holds. For all
sufficiently small § > O there exists a codimension-11 Lipschitz manifold M = Mg ¢ C Bs;c with 0 € M
such that, for any ¢ € M, there are ¥ € C(]0, 00),H) and a € @(?/w such that

Y(t) =S(t)(Up + Do) + /f S(t—0)F(¥(0))do (2-4)
0
and
[W(r) = Ug| < Se™ "
forall T > 0.

The number of codimensions in Proposition 2.1 is related to the number of unstable eigenvalues of the
linearization around U, and the dimension of the corresponding eigenspaces; see Section 5. In fact, ten
of these instabilities are caused by the translation symmetries of the problem, and can be controlled by
choosing appropriately the blow-up parameters (7, xo). There is, therefore, only one genuine unstable
direction. Next, we state a persistence of regularity result for solutions to (2-4).

Proposition 2.2. If the initial data ®¢ from Proposition 2.1 is in C*®(B%) x C®°(B®) then the corre-
sponding solution W of (2-3) belongs to C°°(Z) x C*°(Z2). In particular, ¥ satisfies (2-3) in the classical
sense.

Remark 2.3. That this proposition is not vacuous, i.e., that there exists &g € M N (C*(B%) x C*°(B?)),
follows from Proposition 2.4.

The proofs of Propositions 2.1 and 2.2 are provided in Section 7D.
In order to derive Theorem 1.1 from the above results we prescribe in physical variables initial data of
the form

u(0,-) =u7 90(0,-)+ f and 9,u(0,-) =0d,u7 40(0,")+g (2-5)

for free functions ( f, g) defined on a suitably large ball centered at the origin. In similarity variables, this
transforms into initial data ¥ (0) = Uy + ¢ for (2-3), with

q>0 = T((ﬁ g)’ T7 xO)’ (2_6)
where
Y((f.8). T.x0) :=R((f.g). T.x0) + R(Up. T, x9) —R(Up, 1,0) (2-7)

and

2 .
R((fr. f2).T. x0) = (T AT+ XO)) |

T3 f>(T - +x0)

The next statement asserts that, for all small ( f, g), there is a choice of parameters x¢, T, and « for
which Y((f +ahi1, g +ahs), T, xo) belongs to the manifold M from Proposition 2.1.



628 ELEK CSOBO, IRFAN GLOGIC aAND BIRGIT SCHORKHUBER

Proposition 2.4. Let (h1, hy) be defined as in (1-15). There exists M > 0 such that, for all sufficiently
small § > 0, the following holds. For any (f, g) € H6(Bg) X HS(Bg) satisfying
)
(S, g)”Hﬁ(Bg)xHS(Bg) = 2
there are xq € B?/M’ Te[l-6/M,14+6/M],and x € [-8/ M, §/ M| depending Lipschitz continuously
on (f, g) such that
Y((f +ahi,g+ahz), T, xo) € Ms c,

where Mg c is the manifold from Proposition 2.1.

Theorem 1.1 is then obtained by transforming the results of Propositions 2.1, 2.2, and 2.4 back to
coordinates (, x).

Remark 2.5. We note that when proving stability of the ODE blow-up solution for d € {7, 9} similar
results are obtained. In fact, the proof implies the existence of a Lipschitz manifold " of codimension d +1
in the Hilbert space #, according to d +1 directions of instability induced by translation invariance. A
result similar to Proposition 2.4 guarantees that for any small enough data ( f, g) one can suitably adjust
the blow-up time 7" and the blow-up point xo such that Y ((f, g), T, xo) € N, which gives Theorem 1.6
on stable blowup. This point of view further justifies using codimension-1 terminology to describe the
stability of u*.
Time-evolution for small perturbations: modulation ansatz. In the following, we assume that a = a(7),
a(0) =0, and lim;— o0 a(7) = aco- Inserting the ansatz

V(r) = Uy + P(7) (2-8)
into (2-3) we obtain

0:®(1) = (L + L};())®(x) + F (®(1)) = 0: Us(r).
with
Ll u= (Va:)ul) and V(€)= 2Ua (E).

In the following, we define
Gu(e)(@(0) = L,y — L, 19(2) + F (D(1))
and study the evolution equation
0:®(1) = [L + L;, 10(1) + Gar) ((1)) = 3 Uace). (2-9)

with initial data ®(0) = u € H. This naturally splits into three parts: First, in Section 3, we study
the time evolution governed by L using semigroup theory. In Section 4, we analyze the linearized
problem, where we consider L+L ;oo as a (compact) perturbation of the free evolution and investigate
the underlying spectral problem, restricting to d = 9. Resolvent bounds allow us to transfer the spectral
information to suitable growth estimates for the linearized time evolution. The nonlinear problem will be
analyzed in integral form in Section 7, using modulation theory and fixed-point arguments. Also, we
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prove Propositions 2.1-2.4 and, based on this, Theorem 1.1. In Section 8 we give the main arguments to
prove Theorem 1.6.
3. The free wave evolution in similarity variables

In this section we prove well-posedness of the linear version of (2-3) in . In other words, we show that

the (closure of the) operator L generates a strongly continuous one-parameter semigroup of bounded

operators on 7. What is more, in view of the regularity result Proposition 2.2, we consider the evolution

in Sobolev spaces of arbitrarily high integer order. In Section 4 we then restrict the problem again to H.
For k > 1, let

Hy .= H*(BY) x H* ' (BY)
be equipped with the standard norm denoted by | - || g« (ga)x pre—1(pa)- We set
D(L) := C®(B?) x C*®([BY)
and consider the densely defined operator
L :D(Z) C Hp — Hy.
We now state the central result of this section.

Proposition 3.1. Let d € {7,9} and k > 3. The operator L: D(Z) C Hy — Hy is closable and its closure
L :D(Ly) CHp — Hy generates a strongly continuous semigroup Sy, : [0, 00) — B(Hy ) which satisfies

_1
ISk (Dull grx @ayx r—1 @y < Mre™ 2| Ul px @y ge—1 (a) (3-1)
forallu € Hy, all T > 0, and some My, > 1. Furthermore, the following holds for the spectrum of Ly:
o(Lp) C {Z €C:Rez< —%} (3-2)

and the resolvent has the bound

k
TS N mx @ayx mE-1 @)

IRL D f @iy emirot = g 70T

for A € CwithRe A > —% and f € Hy.

Remark 3.2. We prove Proposition 3.1 via the Lumer—Phillips Theorem. By using the standard inner
product on Hy, one can easily prove existence of the semigroup (Sx(7))r>0, but in order to show that
it decays exponentially and to prove the growth bound (3-1) in particular, we need to introduce an
appropriate equivalent inner product. The necessity for such an approach will become apparent in the
proof of Lemma 3.4 in the Appendix. We note that, for d = 9, the restriction on k is optimal within the
class of integer Sobolev spaces. In particular, for scaling reasons exponential decay cannot be expected at
lower integer regularities. For d = 7, a similar statement can be obtained for k = 2.
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For d € {7,9} and k > 3 we define the sesquilinear form
k
(] gy (CPBHYxC®B)*> > C. @lv)y, =Y _(u]v);,
j=1
where

(u]v); :/Sd_l dju1 ()9 vy (w) da(a))—i-/gd_l U1 (@)v1 () da(w)—i—/

ST

1 u2(w)v2(@) do (o),

(u|v), = / 0i Ay (£)9 Avy (8) d§ + f 0i0ju2(§)9 97 2 (€) dE + f 0i2 ()9 v2() do (@),
nd Bd gd—1
(u]v)3 = 4 / 00 0jcu1 (6)97 07 vy (§) d§ + 4 / 0;9;12(§)897 v2(§) d§
B4 B¢ —_—
+4/ 3;9ju1()d' 9/ vi(w) do(w),
gd—1

and for j > 4 we use the standard H/(B%) x H/~'(B?) inner product

(@|v); = 1]v1) g gay + U2]v2) g1 gay- (3-3)
We then set
lwllyy =V (u]w)yy.
For brevity, we will use the notation (- |-); = | - ||J2., J =1,... k, for different parts of (- |-),.

Lemma 3.3. Let d €{7,9} and k > 3. We have

Il > Nwll e @ays -1 @)
forallu € C®(B4) x C®(BY). In particular, || - |24, defines an equivalent norm on Hy.

Proof. Note that it suffices to prove
3

”ullip(Bd)X[-]z(Bd) < Z ”u”]Z < Hu”iﬁ(Bd)tz(Bd)- (3-4)
j=1
The first estimate in (3-4) follows from the fact that
1412 gy < 1900022 0y + 213200,

for all u € C*°(B?), which is a simple consequence of the identity

/ [u(@)[ do (@) = [ div(E[u(€)?) dé
gd—1 B4
= /B (duEP +Eu@0u@) + £ u@)diu) dt. (3-5)

Using this, it is easy to see that

e < [ didpu@ @ ds+ [ du@iu@do@)+ [ ) dow)
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for all u € C*°(B?). Similar bounds imply the first inequality in (3-4). Another consequence of (3-5) is
the trace theorem, which asserts that

L, @) do) 5

for all u € C°°(B?); using this, it is straightforward to obtain the second inequality in (3-4). Hence we
obtain the claimed estimates in Lemma 3.3 for all u € C®(B%) x C*(B¢) and, by density, we extend
this to all of Hy. O

Now we turn to proving Proposition 3.1. As the first auxiliary result, we have the following dissipation
property of L.

Lemma 3.4. Letd €{7,9} and k > 3. Then
Re(Lulu)y, <—%llul3,
forallu € D(i).

The proof is provided in the Appendix. To apply the Lumer—Phillips theorem, we also need the
following density property of L.

Lemma 3.5. Let d € {7,9} and k > 3. There exists A > —% such that ran(A — Z) is dense in Hyp,.

Proof. Let d € {7,9} and k > 3. We prove the statement by showing that there exists a A such
that, given f € Hj; and ¢ > 0, there is some f; in the e-neighborhood of f for which the equation
(A—L)u = f, admits a solution in D(L). First, by density, there is f € C®(B?) x C*®(B?) for which
If - Sk ey gi—1@ay < %e. Then, for n € N, we define f;, := (f1,n, f2,n) With

n n
fl,n=ZP€f1 and f2,n :ZPKfZ,
£=0 £=0

where the Py are the projection operators defined in (1-22). Furthermore, according to (1-23) there exists
an index N € N for which || fv — f| HK(B)x Hx—1(Bd) < %8. It is therefore sufficient to consider

(A —Lyu= fy (3-6)

and produce a solution u € D(Z). First, we rewrite (3-6) as a system of equations in #1 and u5:
—(87 —£'€7)3;0ju1(5) + 2 + 3§ 311 (§) + A+ A +2u1(§) = gn (), (3-7)
ua(§) = £ 0;u1(§) + (A + Dur(§) = fi.n ©), (3-8)

where

gn() =E0 fin(E) + A +3) fin(E) + fo,n(E).

We now treat the case d = 9, for which we choose A = % With this choice, (3-7) reads as

—(8 — £ £7)0;0,u1 (8) + 11 8;u1(§) + 2u1 (§) = gn (§). (3-9)



632 ELEK CSOBO, IRFAN GLOGIC aAND BIRGIT SCHORKHUBER

Note that g is a finite linear combination of spherical harmonics, and this allows us to decompose
the PDE (3-9) which is posed on B into a finite number of ODEs posed on the interval (0, 1). To this
end, we switch to spherical coordinates p = |§] and w = &/|&|. In particular, the relevant differential

expressions transform in the following way:
£ 0u(§) = pdpu(pw),
§7670:0,u(§) = p*05u(pw),
. 8 1
O 9;u(E) = (a,% + ;ap + p—zAis)u(pw).
Consequently, (3-9) becomes

99 1

8 8
(—(1 — )02 + (—; + 11p) Op+ = = ?Ai )u(pa)) = gn(pw). (3-10)
Now we take the decomposition of the right-hand side of (3-10) into spherical harmonics:
N
gn(p) =" > gu.m(P)Yem(®)
L=0mey
for some gy , € C*°[0, 1]. Then by inserting the ansatz
N
ur(p®) =Y " g m(p) Y, m(®) (3-11)
L=0mey
into (3-10), we obtain the system of ODEs
8 EL+7 99
(—(1 —102)3% + (—; + 11/0) dp + T2 7 ug,m(p) = ge,m(p) (3-12)
for £ =0,...,N and m € Q. For later convenience, we first set vy, (p) = p>ug, m(p) and thereby
transform (3-12) into
2 L+HU+3) 15
(—(1 — )05+ (—; + 5/0) dp + 2 % ve,m(0) = p°ge,m (p). (3-13)

Then, by means of a further change of variables vy ,,(p) = ,Oe+3U)g’m(p2), we turn the homogeneous

version of (3-13) into a hypergeometric equation in its canonical form:

z(1 —z)wZ’m(z) +(c—(a+b+ l)z)wé,m(z) —abwy ;,(z) =0,
where
a=%309420), b=a+1=1(11+20), and c=2a=3(9+20).

Equation (3-14) admits the two solutions

$o0(z) =2F; (a,a + % 2a, Z) and ¢y 4(z) =211 (a,a + % % 1 —Z),

(3-14)
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which are analytic around z = 0 and z = 1, respectively; see [DLMF 2010]. In fact, the functions ¢y ¢
and ¢; ¢ can be expressed in closed form as

1 2 \2tt
¢0,e(2)=m(l+m) ,

1 Z+e 1 7+t
no-v=(—=) (=) )

see [DLMF 2010, pp. 386-387]. Now by undoing the change of variables from above, we get solutions
Vio = ,Oe+3¢o,g (p?) and Y1 = pe+3¢1,g(p2) to the homogeneous version of (3-13). Furthermore,
the Wronskian is W (¢, ¥1.¢)(p) = Ce(1 — p?)~3/2p~2 for some nonzero constant Cy. Then, by the
variation of constants formula we obtain a solution to (3-13) on (0, 1):

B ! Vie1(5) 5384,m(s) p Vi,o(s) 5280, m(s)
“f’m(p)_‘ws"(p)/p W0 Vo)) 1—s2 ds_w’l(p)/o Weo bene) 1-52 °

1 P
— eo(p) / Vet (VT =Shem(s) ds — V.1 () /0 VooV —shem(s)ds.  (3-15)
0

where hy ,, € C*°[0, 1]. Obviously vy , € C°°(0, 1). We claim that v, _,, € C*°(0, 1]. To see this, we
note that, at p = 1, the set of Frobenius indices of (3-13) is {—% O}. Hence near p = 1, there is another
solution, linearly independent of v , which has the form (1 — p)_l/ 21”,2(,0), where ¥y 5 is analytic
at p = 1. Hence
Ve,2(p)
Ve,0(p) =ce1V¥e1(p) +cop—F— (3-16)
v1i=p

for some constants ¢y ; and ¢y ». Now, by letting
1
tmi= [ VooV T=shen(s)ds
and inserting (3-16) into (3-15), we get

1
ve,m(p)=—ce,zlﬁfé"z [ Vs VTS ds
0

1

g m¥er (D) + oV (o) / Vea()hem(s) ds.

o
The second and the third term above are obviously smooth up to p = 1; for the first term, the square root
factors in fact cancel out, as can easily be seen via the substitution s = p + (1 — p)¢, and smoothness of
Vg, m up to p =1 follows. Consequently, the function u defined in (3-11) belongs to C (B \ {0}), and
it solves (3-9) in the classical sense away from zero. Furthermore, from (3-15) one can check that uy_,,
and “Z,m are bounded near zero, and hence u; € H'(B®). In particular, u; solves (3-9) in the weak sense
on B°, and since the right-hand side is a smooth function, we conclude that u; € C*(B°) by elliptic
regularity. Consequently, u; € C*(B®), and therefore u, € C*°(B°) according to (3-8). In conclusion,
u:= Uy, uy) € D(Z) solves (3-6).



634 ELEK CSOBO, IRFAN GLOGIC aAND BIRGIT SCHORKHUBER

For d =7, the same proof can be repeated by choosing A = % Namely, by taking the decomposition
of the functions into spherical harmonics and by introducing the new variable

e.m(p) = P>ty m(p),

the problem is reduced to

2 +3)L+2) 15\
(—(1 — ")+ (—; + 5P) ot 7 Jieme) = P>8e,m(P),
which is the same as (3-13) up to a shift in £ and the weight on the right-hand side. Hence the same
reasoning applies. O

Proof of Proposition 3.1. Based on Lemmas 3.4 and 3.5, the Lumer—Phillips theorem (see [Engel and
Nagel 2000, p. 83, Theorem 3.15]) together with Lemma 3.3 implies that L is closable in ‘Hy, and that its
closure Lj generates a semigroup (S (7))r>0 for which (3-1) holds. The rest of the proposition follows
from standard semigroup theory results; see, e.g., [Engel and Nagel 2000, p. 55, Theorem 1.10]. O

We conclude this section by proving certain restriction properties of the semigroups (S (7))¢>0. This
will be crucial in showing persistence of regularity for the nonlinear equation.

Lemma 3.6. Let d € {7,9} and k > 3. For any j € N, the semigroup (S j(t))c>0 is the restriction of
(Sk(7))e=0 to Hi 4, Le.,
Sk (0) = Sk(Olrey

for all T > 0. In particular, we have the growth bound

_1
ISk (O ull g+i @ayxc+i-1@ay Sj € 2 Ul grti @ayx max+i-1 @)
forallu € Hy, j and all T > 0.

Proof. Let d € {7,9} and k > 3. We prove the claim only for j = 1, as the general case follows from the
arbitrariness of k. The crucial ingredients of the proof are continuity of the embedding Hy 1 — Hy
and the fact that D(Z ) is a core for both L and L. First, we prove that Ly is a restriction of Ly;
more precisely we show

D(Lkr+1)CD(Ly) and Lyyju=Liu (3-17)

forall u € D(Lg41). Foru e D(Z), from the definition of L, and Ly it follows that
ueDLgy1)ND(Lg) and Liyu=Liu= Lu.

Letnow u € D(Lj4+1). Since (Ly41, D(Lg+1)) is closed, there exists a sequence (#,)nen C D(Z) such

that

Hr+1 ~ Hi+1
uy——u and Lu, —— Ly, u.

From the embedding Hy 41 < Hj we infer

Hi =~ Hi
u, —u and Lu, — Li u,
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and by the closedness of Ly it follows that u € D(Ly) and Ly u = Liu. Nowlet A € p(Lg1)Np(Ly).
From (3-17) we get that Ry, ., (A) = Rp, ()3 - Now, given u € Hy 1, we get by the Post-Widder
inversion formula (see [Engel and Nagel 2000, p. 223, Corollary 5.5]) and the embedding Hy 41 — Hg
that, for every t > 0,

S = i 2 ()] 0= i [, ()] = s

T n—oo

This proves that (Sg1(7))r>0 is the restriction of (Sk (7))z>0 to Hg+1. As a result, from Proposition 3.1
we have

_1
ISk (Dull gr+1@ayx gk @ay = 1Sk+1(Dull grv1 ey gk @ay S € 2 lull gr+1@ayx gk @a)

for all u € Hg4q and all T > 0. O

4. Linearization around a self-similar solution: preliminaries on the structure of the spectrum

From now on, for fixed d € {7, 9}, we work solely in the Sobolev space H@+1/2(B4) x H@-1/2(Bd),
which we earlier denoted by H(441)/2. To abbreviate the notation, we write

Hi=Ha+)2-

We also denote by (S (7))r>0 and L : D(L) C H — H the corresponding semigroup (Sk(7))r>0 and
its generator Ly, respectively, for k = %(d +1).

With an eye towards studying the flow near the orbit {U, : a € Rd} — see the section on page 628 —
in this section we describe some general properties of the underlying linear operator

~ 0
L+L), L u:=
+ a’ au (Vaul) ’
where
Va(§) :=2U,(8), 4-1)
with U, given in (1-12).
Remark 4.1. We emphasize that the results of this section apply to any smooth V : BY — R that

depends smoothly on the parameter a. Obviously, such potentials arise in the linearization around smooth
self-similar profiles.

Proposition 4.2. Fix d € {7,9}. For every a € R?, the operator L/, : H — H is compact, and the operator

generates a strongly continuous semigroup S : [0, 00) — B(H). Furthermore, given § > 0, there is K > 0
such that

[La— Lyl < Kla—b|
foralla,b e @g.
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Proof. The compactness of L, follows from the smoothness of V, and the compactness of the embedding
H@+D/2gd)y s HW@-D/2(Bd) The fact that L, generates a semigroup is a consequence of the
bounded perturbation theorem; see, e.g., [Engel and Nagel 2000, p. 158]. For the Lipschitz dependence
on the parameter a, we first note that by the fundamental theorem of calculus we have

. . 1
Va(€) — V(&) = (@’ —b7) /0 Do, V() (€) ds 4-2)
for a(s) = b + s(a — b). This implies that, given § > 0, we have

Ve — Vb”Hk(Bd) Sk la—b] (4-3)
foralla,b € @Sd. In particular,
Va = Vallww@—1/2.00@ay < la —bl,
and we thus have
1(Va = Vo)l ga-vr2@ay < la =blllull ga-nr2@ay < la=bllullga+nr2gay
for all u € C°°(B?) and all a, b € BY, which implies the claim. |

Next, we show that the unstable spectrum of L, : D(L,) C ‘H — H consists of isolated eigenvalues
and is confined to a compact region. This is achieved by proving bounds on the resolvent and using
compactness of the perturbation.

Proposition 4.3. Fix d € {7,9}. Let ¢ > 0 and § > 0. Then there are constants k > 0 and ¢ > 0 such that

IRL, M) =c (4-4)
foralla e @g and for all A € C satisfying Re A > —% + ¢ and |A| = k. Furthermore, if A € o(Lg) with
Re A > —%, then A is an isolated eigenvalue.

Proof. Let A € C with Re A > —%. Then Proposition 3.1 implies that A € p(L), and we therefore have the
identity
A—Lg=[1—L,Rr(M)](A—-L). (4-5)

In what follows we prove that, for suitably chosen A, the Neumann series Y po o[L, RL (M)]F converges.
According to (4-5), this yields

RL,()=Rr(}) Y [L,R W],
k=0

and then (4-4) follows from Proposition 3.1. First, observe that, given § > 0, we have
ILZRL Q) f 1l = IVa[RL (D) fillga-vr2@ye S NRLA) f1illga—nr2@ay (4-6)

foralla € @g and all f € H. Now, given f € H,letu = Ry (L) f. Since (A — L)u = f, from the first
component of this equation, we get

E19jur(8) + (A +2u1 (§) —ua(§) = f1(§)
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in the weak sense on the ball B. Consequently,

1]l grea—nr2@ay < (lurll ga+vr2@ay + 1wzl ga—vr2@ay + |l ga-n2@ay)-

A+ 2]

Then Proposition 3.1 implies that, given ¢ > 0,

IIRL M) flillgra-nr2@ay S AT ARLA) S+ 1L S IATHIA
for all A € C with Re A > —% + ¢ and all f € H. Together with (4-6), this gives

ILGRL ) S < IATHLAL

and the uniform bound (4-4) holds for some ¢ > 0 when we restrict to |A| > « for suitably large «.
The second statement follows from the compactness of L/,. Indeed, if Re A > —% then A € p(L), and
according to (4-5) we have that A € o(L,) only if 1 — L, Ry (1) is not a bounded invertible operator,
which is equivalent to 1 being an eigenvalue of the compact operator L/, Ry, (1), which according to (4-5)
implies that A is an eigenvalue of L,. The fact that A is isolated follows from the analytic Fredholm
theorem (see [Simon 2015, Theorem 3.14.3, p. 194]) applied to the mapping A +— L/, Ry (1) defined on
H_1p={A€C:Red>—1}. O

Remark 4.4. The previous proposition implies that there are finitely many unstable spectral points of L,
i.e., the ones belonging to H := {1 € C:Re A > 0}, all of which are eigenvalues. This can actually be
abstractly shown just by using the compactness of L/ ; see [Glogi¢ 2022, Theorem B.1]. We nonetheless
need Proposition 4.3 as it allows us later on to reduce the spectral analysis of L, for all small a to the
case a = 0; see Section 5C.

Note that the eventual presence of unstable spectral points of L, prevents decay of the associated
semigroup (S, (7))r>0 on the whole space H. What is more, since L/, is compact, a spectral mapping
theorem for the unstable spectrum holds (see [Glogi¢ 2022, Theorem B.1]), and hence eventual growing
modes of (S4(7))r>0 are completely determined by the unstable spectrum of L, and the associated
eigenspaces. Therefore, in what follows we turn to spectral analysis of L,. First, we show an important
result which relates solvability of the spectral equation (A — L,)u =0 fora =0, A € H, to the existence
of smooth solutions to a certain ordinary differential equation. We note that, for a = 0, the potential V, is
radial; more precisely,

Vo(§) = 2Up(€) = 2U(E]) =: V([£]).
with U given in (1-5).

Proposition 4.5. Fixd € {7,9}. Let A € CwithRe A > 0. Then A € 6 (L) if and only if there are £ € Ny
and f € C°[0, 1] such that

d —
TGS )i= (1= 1)+ (% =20+ 3p) 0

0L +d—2)
2

- ((A )0 +3)+ - V(p)) F) =0 @)

forall p e (0,1).



638 ELEK CSOBO, IRFAN GLOGIC aAND BIRGIT SCHORKHUBER

Proof. Let A € HN o(Ly). By Proposition 4.3, A is an eigenvalue, and hence there is a nontrivial
u € D(Ly) satisfying (A — Lo)u = 0. By a straightforward calculation, we get that the components
and u satisfy the equations

—(7 —E'£):0;u1 () + 24 + 3)E 911 (§) + A +3) (A +2Qur () = Vo () =0 (4-8)
and

ua(£) = £/ 8;u1(8) + (A +2)u1 (£) (4-9)

weakly on B?. Since u; € H@+T1/2(B4), we get by elliptic regularity that u, € C(B¢). Furthermore,
we may take the decomposition of 1 into spherical harmonics:

wi =y > (u1(|5|-)|Ye,m)Lz(§d-1)Ye,m(l,§—|) =33 wm@Yem@).  (4-10)

{=0mey L=0mey

where p = |¢] and w = £/|€|. To be precise, the expansion above holds in H k([Bf_e) for any k € N
and € > 0; see (1-22) and (1-23). Since the potential Vj is radially symmetric, (4-8) decouples by means
of (4-10) into a system of infinitely many ODE:s:

T (Mg, m(p) =0, (4-11)

posed on the interval (0, 1), where the operator Te(d)()&) is given by (4-7). Since u; is nontrivial,
there are indices £ € No and m € Q4 such that uy ,, is nonzero and satisfies (4-11). Furthermore,
since u; € C®(B4) N H@+D/2(BY), we have that ug.m € C*[0,1) N H(d"'l)/z(%, 1). Now we
prove that uy ,, is smooth up to p = 1. Note that p = 1 is a regular singular point of (4-11), and the
corresponding set of Frobenius indices is {0,2— A} when d = 9, and {0, 1 — A} when d = 7. In the first
case, if A ¢ {0, 1,2}, then uy_,, is either analytic or behaves like (1 — 0)2 * near p=1. If A € {0, 1,2},
then the nonanalytic behavior can be described by (1 —p)? log(1—p), (1—p)log(1—p), or log(1—p). In
each case, singularity can be excluded by the requirement that uy ,,, € H> (3. 1). This implies that u_,,
belongs to C°°[0, 1] and solves (4-7) on (0, 1). The same reasoning applies to the case d = 7. Implication
in the other direction is now obvious. O

Remark 4.6. Note that Frobenius theory implies that smooth solutions f* from Proposition 4.5 are in fact
analytic on [0, 1], in the sense that they can be extended to an analytic function on an open interval that
contains [0, 1]. Consequently, determining the unstable spectrum of Ly amounts to solving the connection
problem for a family of ODEs. We note that the connection problem is so far completely resolved only for
hypergeometric equations, i.e., the ones with three regular singular points, while the ODE (4-7) has six of
them. In fact, their number can, by a suitable change of variables, be reduced to four, but this nonetheless
renders the standard ODE theory useless. Nevertheless, by building on the techniques developed recently
to treat such problems (see [Costin et al. 2016; 2017; Glogié¢ 2018; Glogi¢ and Schorkhuber 2021]),
for d =9, we are able to solve the connection problem for (4-7) and we thereby provide in the following
section a complete characterization of the unstable spectrum of L.
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5. Spectral analysis for perturbations around U,: the case d =9

From now on we restrict ourselves to d = 9.

5A. Analysis of the spectral ODE. In this section we investigate the ODE (4-7) for d = 9, and for
convenience we shorten the notation by letting 7;(4) := 7—6(9) (1), i.e., we have

L(L
TiA) £(0) i= (1= p2) 1" (p) + (; 20+ 3)p)f’(p) - ((A 043+ & 3 D_ V(p)) £00).

where the potential is given by
_480(7 — p?)
(450227

Now, in view of Proposition 4.5, given £ € Ny, we define the set

V(p)

Y :={A € H: there exists fy(-; 1) € C*J0, 1] satisfying T¢(1) f¢(-: 1) =0 on (0, 1)}.
The central result of our spectral analysis is the following proposition.
Proposition 5.1. The structure of X4 is as follows:
(1) For £ =0, we have o = {1, 3}, with corresponding solutions
1—p?
(7+ 5p2)3

which are unique up to a constant multiple.

fo(p: 1) = and  fo(p;3)

T (T+500)3

(2) For £ =1, we have X1 = {0, 1}, and the corresponding solutions are

_ p(1-3p?) _ p(77—5p?)
(745073 (745023

(3) Forall £ =2, we have %y = @.

f1(p:0) and  f1(p;1)

To prove this proposition, we use an adaptation of the ODE techniques devised in [Costin et al. 2016;
2017; Glogi¢ 2018; Glogi¢ and Schorkhuber 2021]. We will therefore occasionally refer to these works
throughout the proof. Also, we found it convenient to split the proof into two cases: £ € {0, 1} and £ > 2.

Proof of Proposition 5.1 for £ € {0, 1}. For a detailed heuristic discussion of our approach we refer the
reader to [Glogi¢ and Schorkhuber 2021, Section 4.1]. Namely, the first step is to transform T; (1) f(p) =0
to an “isospectral” equation with four regular singular points. For this, we let x = p?, and we define the
new dependent variable y via

-3
fo) = p (3 +0%) "y
This yields the following equation in its canonical Heun form (see [DLMF 2010]):

y,,(x)+(y(£) L 6 )y,(xH_a(ﬁ,k)ﬂ(ﬁ,k)x—q(ﬁ,,\)
X x—1 x—p xx—Dx—p)

y(x) =0, (-1
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with singularities at x € {0, 1, u, 0o}, where u = —%, y({) = %(9 +20), () =11,

al V) =3A-3+0)., BUN)=3A—4+10),
q(l.2) = —55(T(A = 3)(A + 8) + 7£> + (144 + 95)0).
By Frobenius’ theory, any y € C*°[0, 1] that solves (5-1) on (0, 1) is in fact analytic on the closed
interval [0, 1]. Furthermore, the Frobenius indices of (5-1) at x = 0 are s; = 0 and s, = —%(7 + 20).

Therefore, for every A € C there is a unique solution (up to a constant multiple) to (5-1), which is analytic
at x = 0. Furthermore, this solution has a power series expansion of the form

Yea() =Y an@. M)x", ag(t. ) =1. (5-2)
n=0

To determine the coefficients a,, we insert the ansatz (5-2) into (5-1) and obtain the recurrence relation

an+2(£’ A') = An(£7 A')al’l-i-l(e’ A) + Bi’l(E? A')al’l (Ev A’)v (5_3)
where
TAA 4+ 9) + 702 + £(8n + 144 + 103) + 812 + 4(7A + 34)n — 40
Al ) = A+9)+ +£(8n + +103) + 8n= + 4(7A + 34)n (5-4)
14(n+2)2¢ +2n+11)
and

S5(A+L+2n—4)A+L€+2n—-3)
B,(L, 1) = , 5-5
4 14(n +2)(2€ +2n 4+ 11) (5-5)

with the initial condition
a_1(,A)=0 and ap(l,A)=1. (5-6)

Now, note that A € ¥y precisely when the radius of convergence of the series (5-2) is larger than 1. To
analyze this radius, we resort to results from the theory of difference equations with variable coefficients.
Namely, since

lim A,(¢,A)=2 and lim B,({,A) =3,
n—00 n—00

the so-called characteristic equation of (5-3) is

and according to Poincaré’s theorem (see, for example, [Elaydi 2005, p. 343], or [Glogi¢ and Schorkhuber
2021, Appendix A]) we have that either a, (£, A) = 0 eventually in n or

, an+1(€, A) . ap+1(L,A)
m ———— _1 or hm —_— = —

n—o0o ap(l,A) n—co an,({,\)

[

To explore this further, we treat cases £ = 0 and £ = 1 separately.

The case £ = 0. First, we observe that in this case there are explicit polynomial solutions for A = 1
and A = 3, given by

Yo,1(x) =1—x and yo3(x)=1, (5-7)
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respectively. These in turn correspond to fo(-;1) and fo(-;3), stated in Proposition 5.1. So we have
that {1,3} C Xy. We now show the reverse inclusion. Let A € H \ {1, 3}. Since £ = 0, from (5-4) and
(5-5) we have

TAA+9) + 8n2% +4(7)1 + 34)n — 40 50 +2n—4)(A+2n—-3)

14(n +2)(2n + 11) and - Ba(0. 1) = = a1 1)

Now, note that the assumption that a, (0, A) = 0 eventually in n contradicts the initial condition (5-6), as

An(0,4) =

follows by backward substitution. Consequently, we have that either

— =1, 5-8
n—oo  a,(0,A) (5-8)
or 0.1
an+1(0,
LR RS A —%. (5-9)

00 an(0, 1)

We prove that (5-8) holds, from which it follows that the radius of convergence of the series (5-2) (that is
when £ = 0) is 1, and therefore A ¢ 3. To that end, we first compute

a2(0,2) = zag7 (A —3)(A — 1)(7A% + 1261 + 680)

and
a3(0, 1) = 359057 (A — 3)(A — 1)(491* + 15194 + 1849412 + 84224 + 46080).
Then we define 0.2)
as 0,
0,1):= ,
r2(0.4) 2(0,4)

where the common factor (A — 3)(A — 1) (which is an artifact of the existence of the polynomial solu-
tions (5-7)) is canceled, and consequently, according to (5-3), for n > 2, we let

B,(0,1)
rn(0,1)

To show (5-8), our strategy is the following. For (5-10) we construct an approximate solution 7, (which

rn+1(0,4) = A, (0,A) + (5-10)

we also call a quasi-solution) for which lim,_,~ 7, (0, A) = 1 and which is provably close enough to r,
so as to rule out (5-9). The quasi-solution we use is

A2 A(4n +9) 2n +2
22n+9(n+1) 22n+9(n+1) 2n+9°
We have elaborated on constructing such expressions in [Glogi¢ and Schorkhuber 2021, Section 4.2.2]
and in [Costin et al. 2016, Section 4.1]; one can also check [Glogi¢ 2018, Sections 2.6.3 and 2.7.2].
Concerning (5-11), suffice it to say here that we chose a quadratic polynomial in A with rational coefficients
in n so as to emulate the behavior of r, (0, 1) for both large and small values of the participating parameters.
To show that the quasi-solution indeed resembles 7, (0, 1), we define the relative difference function

rn (0, 1) 1
Fa(0,0)

P (0, 1) 1= G-11)

8n(0,1) := (5-12)
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and show that it is small uniformly in A and n. To this end we substitute (5-12) into (5-10) and thereby
derive the recurrence relation for §;,:

8n(0, 1)
8 0,1) =6,(0,1)—Cp(0, ) ———, 5-13
p10.2) = 0(0.2) = Ca(0. )"0 (5-13)
where
An(0,1)7n(0,4) + B, (0, 1) Bn(0,1)
en(0,1) = — - —1 and C,(0,4) = = - . (5-14)
n(0.4) Fn (0, X)Fn+1(0, 1) n(0.4) P (0, X)Fn+1(0, A)
We have the following result.
Lemma 5.2. For all n > 6 and A € H, the following estimates hold:
1 3 23 5 23
66(0, )] < 3 len(0,1)] < 120 + 0n’ and |Cy(0,4)] < 7 Ton (5-15)

Note that from (5-15) and (5-13), by a simple induction we infer that |5, (0, 1)| < % for all n > 6.
This then via (5-12) and the fact that lim;,— o 7, (0, A) = 1 excludes (5-9), and we are done. It therefore
remains to prove the preceding lemma.

Proof. First we show that for n > 6 the functions 8¢(0, - ), £,(0,-), and C, (0, -) are analytic in H. This,
based on (5-12) and (5-14), follows from the fact that the zeros of 7, (0, -) and the poles of r¢(0, -) are
all contained in the (open) left half-plane. This is immediate for 7, (0, -) as it is a quadratic polynomial
with two negative zeros. As for the zeros of the denominator of r¢(0, A), which is a polynomial of
degree 10, this, although it can be proven by elementary means, can be straightforwardly checked by the
Routh—Hurwitz stability criterion; see [Glogi¢ and Schorkhuber 2021, Section A.2]. Furthermore, being
rational functions, 8¢(0, - ), €,(0,-), and Cy, (0, -) are all polynomially bounded in H. Therefore, to prove
the lemma, it is enough to establish the estimates (5-15) on the imaginary axis only as they can be then
extended to all of H by the Phragmen—Lindelof principle (in its sectorial form); see, e.g., [Titchmarsh
1939, p. 177].

In the following we prove only the third estimate in (5-15), as the first two are shown similarly. We
proceed with writing Cy,+6(0, ) (note the shift in the index) as the ratio of two polynomials Pj(n, 1)
and P5(n, 1), both of which belong to Z[n, A]. Then, for ¢ € R, we have the following representation on
the imaginary line:

|Pj(n,it)|> = Q;(n,1%)

for j € {1,2}, where Q1(n,t?) € Z[n,t?] and Q,(n,t?) € Ng[n,t?]. Now the desired estimate is
equivalent to
Oi(n.1?) (5 23 Y
02(n,12) ~ (7 C10(n + 6)) ’
which is in turn equivalent to
(50n +139)2Qx5(n, t2) — (70(n + 6))> Q1 (n, %) > 0.

Finally, the last inequality trivially holds as the polynomial on the left (when expanded) has manifestly
positive coefficients. O
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The case £ = 1. We proceed similarly to the previous case, and we therefore only provide the relevant
expressions. For A = 0 and A = 1, we have explicit polynomial solutions

J’I,O(x)= 1_%)( and yl,l(x)=1_75_7.x,

respectively, which correspond to f1(-;0) and fi(-;1) from the statement of the proposition. Therefore
{0,1} C 21, and we proceed by showing that there are no additional elements in X;. Let A € H\ {0, 1}.
For £ = 1, the series (5-2) yields a solution to (5-1), which is analytic at x = 0. According to (5-3),
we have

an+2(1,4) = Ap(1, M)an+1(1, 1) + Bp(1, V)an (1, 1), (5-16)
where
T(A + 1)(A +10) + 812 + 4(7A + 36)n
An(1, 1) =
14(n +2)(2n + 13)
and
2n—3)(A+2n—2
By(LA) = 5(A+2n—3)(A+2n—2)
14(n +2)(2n + 13)
Since
az(1,1) = goog A(A — 1)(7A% + 1331 + 786)
and
az(1,2) = = A(A — 1)(TA* +2381° + 326317 + 178281 + 22476),
we define
asz(1,1)
1,A) := ,
r2(1,2) ()

where the common linear factors are canceled, and according to (5-16) we define r, for n > 2 by the
recurrence

LA)=A4,(1,A) + ————.
e (1,2) = An(1,2) + 2
As a quasi-solution, we let
A2 (4n+11)A n+1

a(1,A) = ,
A = DT D) T2 It nta

and analogously to the previous case we define §,(1,1), &,(1,1), and C,(1,1). Also, by the same
method as above, we establish the following result.

Lemma 5.3. Forn =5, we have |65(1, 1)| < % Furthermore, for everyn > 5,

3

5
len(1,A)] < 140 +

2(n+1)

and |Cy(1,2)] =3 - (5-17)

5
8(n+1)

uniformly for all A € H. Consequently, |8,(1,1)] < % for all n > 5 and A € H. This implies
limy, 00 rp(1,4) = 1.



644 ELEK CSOBO, IRFAN GLOGIC aAND BIRGIT SCHORKHUBER

Proof of Proposition 5.1 for £ > 2. Since the parameter £ is now free, the analysis is more complicated.
Namely, in addition to having to emulate the global behavior in £ as well, a quasi-solution also has to
approximate the actual solution well enough so as to, with an additional parameter £, obey the estimates
analogous to (5-17). We note that a similar problem was treated by the second and the third authors in
[Glogi¢ and Schorkhuber 2021, Sections 4.2.1 and 4.2.2], and we closely follow their approach. First,
we introduce the change of variable x = 12p%/(5p% + 7), by means of which the singular points p = 0
and p = 1 remain fixed, while the remaining finite singularity (which corresponds to p = 00) is now
further away from the unit disk at x = % Furthermore, by applying also the transformation

L 243
fp)=x2(F—x) % §(x)
to T¢(A) f(p) = 0, we arrive at a Heun equation for y:

y~//(x)+()7(€) n §(A) € ~)y~/(x)+&(ﬁ,k)ﬂ(f,k)x—é(lf,/\)y(x):0’
X x—1 x—p x(x—=1D(x—p)

(5-18)

where i =12, 5(0) = 1(9+20), (M) =A-1, e=3, a) =LA -3+0, Bl =LA +11+0),
and
G A) = 55 (1762 +2£(55 + 122) — 7A% + 804 — 303).

The Frobenius indices of (5-18) at x =0 are s; = 0 and s, = —%(7 + 2£). Therefore, we consider the
(normalized) analytic solution at x = 0:

o0
FO) =) an()x", do(€.2) =1. (5-19)
n=0
Inserting (5-19) into (5-18) yields
20, X)) = A (L, Nans1(€,A) + Bu(€, M)an (€, 1), (5-20)
with
Aa) = 6812 + (48X + 68L + 356)n + TA% + 1742 + 2400 + 128} + 1784 — 15
S 24(n+2)2n + 20+ 11)
and

—5Qn+A+L+11)Q2n+A+L£—3)

Ba(£,2) = :
n(6.4) 24(n+2)2n + 20+ 11)

supplied with the initial condition @_; (£, 1) = 0 and do(£, 1) = 1. Now, lim, e An (£, 1) = % and
limy, 00 Bn ,A) = —%, and consequently the characteristic equation of (5-3) is 12 — %t + % =0,
with solutions 71 = % and t, = 1. Hence, for

A an+1(L, 1)

LA) = ————,
Fn(€, 1) Gn (L, )

either a, (£, A) = 0 eventually in n or
lim 7,(L,A) =1 (5-21)
n—>oo
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or

lim 7,(€,2) = 3. (5-22)

Now, for A € H, similarly to the previous cases, we exclude the first option by backward substitution.
Then, from (5-20), we derive the recurrence relation for 7,

. : Ba(L. 1)
A=A, )+ —— 5-23
rn+1( ’ ) n( ’ )+ fn(e,k)’ ( )
along with the initial condition r¢(£, 1) = A_1 (£, A). For a quasi-solution to (5-23) we use
TA? A(6n + 3¢+ 10) 17¢ n—1

R,(L, Q) := .
A = T D@n 12019 T 3mt D@n 12649 T But D) T nil

Again, for the exact way of constructing such quasi-solutions we refer the reader to [Glogi¢ and Schorkhu-
ber 2021, Section 4.2.2] or [Glogi¢ 2018, Section 2.7.2]. Thereupon we set

~ Fn(l, 1)
LA) =—"—— 24
to obtain .
o . ~ Sn(£, 1)
8 A=, N)=-Cr(l,\) ———"—,
n+1(€,A) = En(£,A) — Cu( )1+5,,(£,A)
where
An(C, )Ry (L, 1) + B (£, ) ~ Ba(L, A
iy = A CDRCDF BN o m o B

Ro(6,A)Rp1(£, 1) Ry(C, M) Rpt1(€, 1)
Now, similarly to the previous cases, we establish the following lemma.

Lemma 5.4. Forall{>2, n >3, and A € H, the following estimates hold:

183(€,1)| < Ba (€, M) <%, and |Ca(l,1)] < .

1
3 ’
As a consequence, |(§n €, )< % foralln > 3.

From this lemma, (5-24), and the fact that lim, oo R, (£, A) = 1, we exclude (5-22) and we therefore
have lim, o0 7 (£, 1) = 1. Hence, given A € H, there are no solutions to (5-18) which are analytic
on [0, 1], and consequently ¥, = @.

5B. The spectrum of Lq. With the results from above at hand, we can provide a complete description
of the unstable spectrum of L.

Proposition 5.5. There exists wo € (0, 4] such that

o(Lo)N{A €C:Reld > —wo} ={Ao,A1,A2}, (5-25)
where Ao = 0, Ay = 1, and Ay = 3 are eigenvalues. The geometric eigenspace of Ay is spanned by
ho = (ho,1,ho,2), where

ho,1(§) = :

EEEDE and  ho (&) = £ 8;ho,1(€) + 5ho.1 (£). (5-26)
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Moreover, the geometric eigenspaces of Ay and Ay are spanned by { g(k) 12 ko =1 (g(()kl) , gékz))}z_o and

{q(J)}9=1 = {(q(()Jl), q((,jz))}g.zl, respectively, where we have in closed form
g2
O =T 06 = 50,80 + 350
gy - &7 T7T=5IE1%) &) iy U ()
g(n(é)— (7+5|$|2)3 ) (S) £'0 i80, ($)+3g (E)
forj =1,...,9aswell as
4 £/(71-3IEP) () () ()
1O ="G raepr @ 953© = 0ai)© + 245 (528)

Remark 5.6. Recall that U, solves the stationary equation LU, + F (U,;) = 0. By the chain rule we get,
foranyk =1,...,d,
(L+ F'(Uy))3,4U; = Lgd,xUg = 0.

This implies that d,« U, is an eigenvector of L, with eigenvalue A = 0. In particular, a direct calculation
shows that g5/} (§) = 9, Ua(§)a=o-

Proof. From Propositions 4.3, 4.5, and 5.1 we deduce the existence of wg € (O, %] for which (5-25) holds.
To determine the eigenspaces, we do the following. First, in view of Proposition 5.1, if A = 3 then £ = 0,
and setting ug.1(0) = (7 + 5p?) 2 in the expansion (4-10) yields (5-26). If A = 1, then either £ = 0 and

uo,m = fo(-;1),or{ =1landuy ,, = f1(-;1), form=1,...,9. Since we can choose Y1 n(®w) = Cnwm
form =1,...,9, these yield (5-27). For A = 0, we have £ = 1 with uy , = f1(-,0), which similarly
leads to (5-28). O

In what follows, we prove that for each unstable eigenvalue the geometric and the algebraic eigenspaces
are the same. To this end, we define the associated Riesz projections. Namely, we set

Rp,(V)dA,

1 1
Yo

2wi Jy, i Jy, 2mi
where y;(s) = A; + %a)oezms fors €[0,1]and j =0,1,2.
Lemma 5.7. We have
dimran Hy =1, dimran Po =10, and dimran Qo =29.

Proof. We start with the observation that the ranges of the projections are finite-dimensional. Indeed,
A; would otherwise belong to the essential spectrum of Lg (see [Kato 1976, Theorems 5.28 and 5.33])
which coincides with the essential spectrum of L (since L is a compact perturbation of L), but this is in
contradiction with (3-2). Now we show that dimran Py = 10. We know from properties of the Riesz
integral that ker(Lo — A1) C ran Py. We therefore only need to prove the reverse inclusion. First, note
that the space ran Py reduces the operator L, and we have

Od(LO|ranP0) = {1}7
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see, e.g., [Hislop and Sigal 1996, Proposition 6.9]. Consequently, since Py is finite-rank, the operator
1 — Lo|ran P, 1s nilpotent; i.e., there is m € N such that (1 — Lo|an p,)™ = 0. Note that it suffices to show
that m = 1. We argue by contradiction, and hence assume that m > 2. Then there is # € D(L) such that

(1-Lou=v
for a nontrivial v € ker(1 — Lg). This yields for u; the elliptic equation

—(8 —&'E)0:0;u1(§) +2(2 +3)E7 011 (§) + (A +3) (A + 211 (§) — Vo @1 () = F(§). (5-29)

where A = 1 and

F(§) =& 8;v1(8) + (A +3)v1(§) + v2(8).

© (k

.. &0 )) we have that v = Zk 02k &0 ) for some oy, ...,09 € C,
not all of which are zero. To avoid cumbersome notation we let gx = g, ;- In the new notation, based on
(5-27), we have

Since v € ker(1 — L) = span(g,

9
FE) =) (28 0z g + 7k)-
k=0

Furthermore, according to Proposition 5.1 we can rewrite F' in polar coordinates as

9

F(pw) = a0 (2p/5(p) + Tfo(p)Yo,1 (@) + Y _ i 2pf{(p) + 7f1(p)Y1.i (@),
i=1
where we write fo = fo(-;1) and f1 = f1(-;1). By taking the decomposition of #; into spherical
harmonics as in (4-10), (5-29) can be written as a system of ODEs:

To(Duo,1 = —aoGo, Ti(Duy,; =—a;Gy, j=1,....9, (5-30)

posed on the interval (0, 1), where G; (p) = 2pf;(p) + 7fi (p) for i =0, 1. Moreover, from the properties
of u1, we infer that uy_,, € C*®°[0, )N H?> (%, 1), and by the Sobolev embedding we have g, € C2[0,1].
To obtain a contradiction, we show that if some ¢, is nonzero then the corresponding ODE in (5-30) does
not admit a C2[0, 1] solution. To start, we assume that g # 0. For convenience, we can without loss of

generality assume that ¢g = —1. Then ug,; solves the ODE

8

(1= 2" () + (= 80) () ~ (12— V(p))u(p) = Gop). (5-31)
where A 5
5p7—102p~ + 49
G =

0(p) (7 + 5p2)4

Note that 5
—p

ui(p) = fo(p) = 15073

is a solution to the homogeneous version of (5-31), and by reduction of order we find a second solution:
1—p? /” (7+552)°

= ds.
/25 ul(s)z T a5 hpssa—s2 @

u3(p) = u1(p) /
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Furthermore, a simple calculation yields

uz(p) = p~’ as p—>07"
and

Uz (p) =864 —3456(1 —p)In(1—p)+ O(1—p) as p—1". (5-32)

With the fundamental system {u1, u5} at hand, we can solve (5-31) by the variation of parameters formula.
Namely, we have

8
u(p)—clul(p)+c2u2(p)_u1(p)/ Md Fus(p )/ MI(S)G(;(ZS)S s

for some constants ¢, ¢, € C. If u € C2[0, 1], then ¢, must be equal to zero in the above expression,
owing to the singular behavior of u,(p) near p = 0. Then by differentiation we obtain, for p € (0, 1),

M(P)_Clul(,o)—ul( )/ MCZ +u 2( )/pmd&

52

Now we inspect the asymptotic behavior of u’ as p — 17. We first note that u/ is bounded near p = 1.
Furthermore, note that

L1 (s)Go(s)s® Vg2 d[s7(1—s%)? 1 s8(1—4s2)
/—ds:/ 4 ds=—2/ s ¢
0 1—s2 o 1—s2ds| (7+5s5%)° o (7+5s2)6

for some C > 0, which can be calculated explicitly, and C < 4 x 10~8. Hence, based on (5-32), we have

o 8
u/z(,o)/0 % ds ~—=3456 CIn(1—p) as p—1".

Moreover,

P G 1
—u'y(p )/ uz(s) O(S)S dsfv@h’l(l—p) as p—> 1.

Finally, we infer that the two integral terms cannot cancel, and thus
w'(p) ~In(l—p) as p—1".

In conclusion, there is no choice of ¢1 and ¢, for which u belongs to C2[0, 1].
We similarly treat «; for j € {1,...,9}. It is enough to consider just 1, and without loss of generality
assume that ¢y = —1. Then (5-30) yields the ODE

14 8 / 8
(=P (p) + (; - 8p)u (o) (12 e V(p))u(m — G1(p). (5-33)
where 5 A
(4851 —1610p% —25p%)
Note that
p(77 —5p%)

ui(p) = f1(p) = m
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is a solution for the homogeneous problem. Similarly as above, we obtain another solution by the reduction

formula
_p(77=5p) (P (T+ 552)°

s ul(s)2 (7+5p%)3 J1 s10(77 —55)2
-8

uz(p) = ul(p)/

and by inspection of the integral we get u»(p) >~ p
the general solution of (5-33) on (0, 1) is given by

uz(S)Gl(S)S ds +1u2(p) /Opm(S)fls(zS)S8

near the origin and u,(p) >~ 1 — p near p = 1. Now,

u(p) = c1u1(p) + cauz(p) — ur (o) / ds.  (5-34)

Assumption that u belongs to C2[0, 1] forces co = 0 above, due to the singular behavior of u, at p = 0.
Furthermore, from the last term in (5-34) we see that u’(p) >~ In(1 — p) as p — 17. In conclusion, (5-33)
admits no C?2[0, 1] solutions, and this finishes the proof for Py.
The remaining two projections are treated similarly, so we omit some details. For Hyp we obtain the
analogue of (5-29) with
F(&) = 2&"0iho,1 () + 11ho,1 (£).
This leads to the ODE

(1—p*)u"(p) + (% - 12p)u’(p) — (30— V(p)u(p) = H(p) (5-35)
for 5
_ 77-5p
1O~ s

The argument, similarly as above, reduces to showing that (5-35) does not admit C2[0, 1] solutions. By
Proposition 5.1, we have that u1(p) = (7 + 5p%) 3 solves the homogeneous variant of (5-35), with the
reduction formula yielding another solution

ds 1 / P (7 + 5s52)8
2 s8(1 —Sz)zlll(s)2 (7+5p2)3 Ji/2 s8(1 —52)2

Note that u, is singular at both p = 0 and p = 1; more precisely

ds. (5-36)

u3(p) = 1 (o) /

us(p) ~p~7 as p—0t and us(p) ~(1—p)~ ' as p—17.

With u; and u, at hand, the general solution of (5-35) on the interval (0, 1) can be written as

u(0) = c1ur (p) + cauz(p) =11 (o) /0 (1= 52)5* H(s)us(s) ds + (o) /0 (1= 5258 H(s)ur (5) ds.

where the parameters ¢y, cp € C are free. The assumption that u is bounded near p = 0 forces c; to
equal 0. Note that the first and the third term in (5-36) are bounded near p = 1. However, due to the
singular behavior of u,, the last term is unbounded near p = 1, owing to the integrand being strictly
positive on (0, 1). In conclusion, the general solution u in (5-36) is unbounded on (0, 1).

Finally, for Q¢, we have

9
FE) =Y ;28 g} 1(§) + 545 1 (5)).
1

j=
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and the accompanying analogue of (5-31) is

8 8
(1—pHu"(p) + (; — 6p)u’(p) — (6 ta V(p)) = 0(p).

where s 5
15p> —406p~ 4 343p
O(p) = N4
(7+5p?%)
A fundamental solution set to the homogeneous version of the above ODE is given by
p(7—3p?) /” 1—s2
=2 P and =
ui(p) T135027 O uz(p) = u1(p) S o2 D

and therefore any solution to it on (0, 1) can be written as

P 8 o
u(lo)—Clul(P)+Czu2(p)_u1(p)/ uz(S)Qg;)z ds + 1 ()/' ul(S)QES))zs s

for a choice of ¢1,c; € C. Again, by similar asymptotic considerations as above, we infer that u”
necessarily unbounded on (0, 1), and this concludes the proof. O

S5C. The spectrum of L, for a # 0. We now investigate the spectrum of L,. In particular, by a
perturbative argument we show that, for small a, an analogue of Proposition 5.5 holds for L, as well.

Lemma 5.8. There exists §* > 0 such that, for all a € B}, the following holds:
o(La)N{A€C:Red > —2wo} = {Ao, A1, A2},

where wy is the constant from Proposition 5.5 and Ay = 0, A1 = 1, and A, = 3 are eigenvalues. The
geometric eigenspace of Ay is spanned by hy = (hg,1,ha2), where

)/(%-’ a) j
h = d h =¢&/0;h 5h .
e © = o e ogy M ha2® = ka1 )+ Shaa(©
Moreover, the geometric eigenspaces of Ao and A1 are spanned by { g(k) 9_ = {(gt(zk% , g‘(lkg)}zzo and

{Qaj)}9_1 = {(61‘(1]3, qff%)}ll, respectively, where

2_
(12y((|§ |a)2 2];%; )_ 5)3° gffg(é) /0, g(O) &)+ 3g(0) (€),

(12y(§.a)* +5—5[¢1*)3q, y (€. 0)
(12y(§.a)* + 5> - 5)°

g() =

g@) = . ¢8© =¢088® +3g8 ).

and
g)(6) = 90, Ua(®) and q)(6) =£8;471(5) +249) ().

Additionally, the eigenfunctions depend Lipschitz continuously on the parameter a, i.e.,

lha—hy| + 1% — g1+ 1g8 — 41 < la—b)
foralla,b € B2,.
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Proof. Let e = —%a)o + % and § > 0. Then take « defined by Proposition 4.3, and introduce the sets

Q={zeC:Rez>—1wpand |z| <k}
and

ﬁz{ZGC:Rezz—%wo}\Q.

Note that Proposition 4.3 implies that Qc p(Lg) foralla e @?. Hence we only need to investigate the
spectrum in the compact set 2. First, note that by Proposition 4.3, the set €2 contains a finite number
of eigenvalues. By a direct calculation it can be checked that q‘gj ), gé"), and h, are eigenfunctions that
correspond to A9 =0, A1 =1, and A, = 3, respectively. Note that we get the explicit expression above
simply by Lorentz transforming the corresponding eigenfunctions for a = 0. We now show that there are
no other eigenvalues in 2. For this, we utilize the Riesz projection onto the spectrum contained in 2;
see (5-39). This, however, necessitates that 92 C p(L,), and we now show that this holds for small

enough a. First, note that for A € Q2 we have the identity
A=La=[1-(Ls=Lo)RL,(MI(A = Lo). (5-37)
Then, from Proposition 4.2, we have
ILG = Lol R, < la] max || Rp, (M)l
A€0Q
foralla € @g. Therefore, there is small enough §* > 0 such that
ILG = Lol RL, ()] < 1 (5-38)

forall A € dQ and all a € @g*. Now from (5-38) and (5-37) we infer that 9Q C p(L,) for all a € BY, .
Thereupon we define the projection

T, = L Ry (M) dA. (5-39)
21i Jaq “

For a = 0, by Lemma 5.7 the rank of the operator T, is 20. Furthermore, continuity of a — Ry (1)

(which follows from (5-37)) implies continuity of a — T 7 On @g*. Thus, we conclude that dim ran T, =20

forall a € @2*; see, e.g., [Kato 1976, p. 34, Lemma 4.10]. By this, we exclude any further eigenvalues.

Lipschitz continuity for the eigenfunctions follows from the fact that they depend smoothly on a; see

(4-2) and (4-3). O

6. Perturbations around U,: bounds for the linearized time-evolution
We fix §* > 0 as in Lemma 5.8 for the rest of this paper. In this section we propagate Lemma 5.7 to L.
For that, given a € @ﬁ*, we define the Riesz projections
1

1 1
Hy:=—— | Rp,(A)dA, Pg:=-— | Rp,(A)dr, and Qu:=-— [ Rr,(A)dA,
27i Jy, 2mi Jy, 271 Jy,

where y;(s) = A; + %a)oezms for s € [0, 1].
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Lemma 6.1. We have

ran H, = span(h,), ran P, = span(géo), e, gég)), and ran Qg = span(q(l) ...,qég))

a
for all a € BY,.. Moreover, the projections are mutually transversal,
HoPy=PoHy =HyQu = QaHa = QaPa=Ps04=0,
and depend Lipschitz continuously on the parameter a, i.e.,
|Hy — Hp|| + || Pa — Ppll + | Qa — @bl < la — b
foralla,b e B2,.

Proof. The Riesz projections depend continuously on a, hence the dimensions of the ranges remain the
same. Transversality follows from the definition of Riesz projections. The Lipschitz bounds follow from
the second resolvent identity and Proposition 4.2. O

Since P, and Q, are finite-rank, for every f € H, there are o € C and B/ € C such that

9 9
Pof=> o g® and Quf =) p/q{.
k=0

Jj=1

We thereby define the projections
PO f =" gl and QY f:=p/¢y.

Clearly, the projections satisfy the identities
9 9
Po=Y PO 0= 00 wa  POPY=3PY. 0Pl =50
k=0 j=1
We also define
T,:=1-H;,—P,— Q.
By Lemma 6.1, we have that T, is Lipschitz continuous with respect to a and the projections T,, H,,

Pék), and ng ) are mutually transversal. Moreover, the Lipschitz continuity of @, and P, with respect
to a implies
10— 0P <la—bl, j=1,....9, and |PL—PF|<la—b|, k=0,....9,
foralla,b e @g*. We now describe the interaction of the semigroup (S4(7)):>0 with these projections.
Proposition 6.2. The projection operators Hy, Pé"), and ng ) commute with the semigroup Sq(7), i.e.,
[Sa (1), Ha] = [Sa(7), P{O] = [Sa(r), 0] = 0 (6-1)
forj=1,...,9, k=0,...,9,and t > 0. Furthermore,

Sa()H, = H,, S,(0)PP =e™P® . and S,(1)QY) = 0, (6-2)
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and there exists w > 0 such that
[8a(0) Tau|| < e % || Toull (6-3)
forallueH, a € Bg*, and © > 0. Moreover, we have
18a(0)Ta — Sp(D) Tyl S e “Fla—b| (6-4)
foralla,b e @g* and T > 0.

Proof. Equation (6-1) follows from the properties of the Riesz projections H,, Pg,, and Q. In particular,
they commute with S, (7), and this yields, for example, that

PPS, (yu=P,PRS,()u=PPS,P,(t)u=e"PPPu=S8,1)PFu.

Equation (6-2) follows from the correspondence between point spectra of a semigroup and its generator.
Equation (6-3) follows from Gearhart—Priiss theorem. More precisely, we have that ran T,; reduces
both L, and S, (7), and furthermore

Ry, |t (A) exists in {Z €C:Rez> —%a)o}
and is uniformly bounded there, i.e., according to Proposition 4.3 there exists ¢ > 0 such that

IRL |z, Ml <€

for all Re A > —%a)o and all « € BY,. Hence, by the Gearhart—Priiss theorem (see [Engel and Nagel 2000,
p. 302, Theorem 1.11]), for every € > 0, we have

180 (DlanT, || Se e~ (2 70)7 (6-5)

Lwg. We remark in passing that (6-3) also

forall a € @g* and 7 > 0. From here (6-3) holds for any w < 5
follows from purely abstract considerations; see [Glogi¢ 2022, Theorem B.1]. Finally, to obtain (6-4) we

do the following. First, for u € D(L,) we define the function
Sa(t)Tau — Sp(v)Tpu

cDa,b(‘f) =

|la — b
Note that this function satisfies the evolution equation
000u(r) = LaTa®ap(r) + =22 8, (1) Ty
with the initial condition
Bap(0) = T,

and therefore by Duhamel’s principle we have

—T, LT — LT,
bu/S(t »Tp

———— 28, (t"Tpudr'.
la —b|

Dap(1) = Sa (T)T
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Now, from Proposition 4.2 and Lemma 6.1, we get

ILaTa — LpTp| < la—bl.

and from this and (6-5) we obtain

o _ _ (%o _
10050 e Z 71+ 0)uf S22 u]).

1

By choosing & > 0 such that ® = 3w —2¢ > 0, we conclude the proof. O

7. Nonlinear theory

With the linear theory at hand, we turn to studying the Cauchy problem for the nonlinear equation (2-9).
Following the usual approach of first constructing strong solutions, we recast (2-9) in an integral form
a la Duhamel,

(1) = Sau, (1)(0) + /0 Sars (t — 0)(Ga(o) (©(0)) — o Ua(e) do (7-1)

(where (Sq.,(7))r>0 is the semigroup generated by L,__), and resort to fixed-point arguments. Our aim
is to construct global and decaying solutions to (7-1). An obvious obstruction to that is the presence of
growing modes of S, (7), see (6-2), and we deal with them in the following way. First, we note that the
instabilities coming from Q,_ and P, are not genuine, as they arise from the Lorentz and space-time
translation symmetries of (1-1).

We take care of the Lorentz instability by modulation. Namely, the presence of the unstable space
ran Q,_ is related to the freedom of choice of the function a : [0, 00) = R in the ansatz (2-8), and,
roughly speaking, we prove that given small enough initial data ®(0), there is a way to choose a such
that it leads to a solution @ of (7-1) which eventually (in 7) gets stripped of any remnant of the unstable
space ran Q,__ brought about by initial data.

With the rest of the instabilities, which cause exponential growth, we deal differently. Namely, we
introduce to the initial data suitable correction terms which serve to suppress the growth. Also, as
mentioned, the unstable space ran P,__ is another apparent instability as it is an artifact of the spacetime
translation symmetries, and we use it to prove that the corrections corresponding to P,__ can be annihilated
by a proper choice of the parameters xo and T, which appear in the initial data ®(0); see (2-6). The
remaining instability, coming from H,__, is the only genuine one, and the correction corresponding to it
is reflected in the modification of the initial data in the main result; see (1-16).

To formalize the process described above, we first make some technical preparations. For the rest of
this paper, we fix @ > 0 from Proposition 6.2. Then, we introduce the function spaces

X:={®eC(0,00),H): ||®||x <00}, where ||®|x:=supe??|P(7)],
>0
and

X :={aeC!([0,00),R%) :a(0) =0, |la|x <oo}, where |al|x :=sup[e®|a(x)|+ |a(z)]].
>0
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For a € X, we define
oo := lim a(7).
T—>00

Furthermore, for § > 0, we set

X = {DeX:|r<8 and Xj:= {an:sup[ewfm(r)ng(s}.

>0

To ensure that all terms in (7-1) are defined, we must impose some size restriction on the function a.
Note that it is enough to consider a € X5 for § < §*w, as then |a(t)| < §/w < §* for all T > 0. We will
also frequently make use of the inequality

o )
|doo —a(r)| < / la(o)|do < ae_"’r. (7-2)
T
Furthermore, note that, for a, b € Xg and © > 0, we have |a(t) —b(7)| < |la —b||x; in particular, we have
laoo —boo| < la —b|x.

7A. Estimates of the nonlinear terms. With an eye toward setting up a fixed-point scheme for (7-1), we
now establish necessary bounds for the nonlinear terms. Namely, we treat

Ga(o(®(0)) = [0y — L, _]0(0) + F(D(1)).

Lemma 7.1. Given § € (0,6*w), we have
”Ga(r)(q)(f))” S 52e—2wr’ (7-3)
1G4 (P(2)) = Gy (W (D)) | S 87 (| @ — Wl + lla—bllx)

forall ®, ¥ € X5, a,b € Xg, and t > 0, where the implicit constants in the above estimates are absolute.

Proof. First, since H>(B°) is a Banach algebra, we have that

[uf = vl ga@ey S lut +villgs s — villgs.
and hence
[ F (u) — F )| < (lull +[[v]D]lu—vf (7-4)
for all u,v € H. Next, we prove the second estimate in Lemma 7.1, as the first one follows from it.
From (7-4), Proposition 4.2, and inequality (7-2), we obtain
IF (®(7)) — F (¥ (0))|| S 877 — V||,

IL. ) — L (@) = WD) < 8727 [ @ — W2

(7-5)

for ®, ¥ € X5 and a € Xg. Furthermore, using the fact that

(e.¢]

Vaoo §) = Va@)(§) =/ 05 Va(s) () d5=/ a* (5)a(s) k (£) ds, (7-6)
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with ¢, x(§) = 0,4 V4 (§), together with the smoothness of ¢, i, we infer

(L, o= Lo N~} =L Dall S [l [l graaoy / &% (5)@a(s). i (€)—BX () @b (s), k (€) | .00 o) ds
Slull [ i) -b)lds+lul [ 1as)las)-b)ds

o0
< lul / ¢ la—b|lx ds.
T
Hence
Ly = Lo ] = [Liyey — Ly D¥(D)| S 8e7>7 a—bl|x

fora,b € Xg and W € Xy, and this together with (7-5) concludes the proof. O

7B. Suppressing the instabilities. In this section we formalize the process of taming the instabilities. In
particular, by introducing correction terms to the initial data we arrive at a modified equation, to which
we prove existence of global and decaying solutions.

We first derive the so-called modulation equation for the parameter a. Recall that

9
0cUa(ry = aj (g1 =Yl (1)g)):
=1

see Remark 5.6. We introduce a smooth cut-off function y : [0, c0) — [0, 1] satisfying x(t) = 1 for
7 €[0,1], y(r) =0 for t >4, and |y/(r)| < 1 for all T € (0, 00). The aim is to construct a function
a : [0, 00) — R such that it yields a solution ® to (7-1) for which

0 o() = x(r) QY (0) (7-7)

for all > 0. In that case, although Q(] ) ®(0) # 0 in general, we have that Qé{l ®(7) = 0 eventually
in t. According to (7-1) and Proposition 6.2, (7-7) adopts the form

(1= x@)QP u+ fo (0% Gae) (®(0)) — Q4 i (0)q, () do =0,

where for convenience we write u instead of ®(0). Using Q((ljol qt(llol 81 qt(lg, we get the modulation

equation
i) = - S 0D udo+ [ (0D G (D(e))— O O )y 4
a’(1)q, A 1 (0)Q; udo + ; (04, Ga(0)(®(0) — Q4 az(a)(qa((,) 4a.,)) do
for j =1,...,9. By introducing the notation

Aj(@. 0.u)(0) = 1 (0)Q%) u+(QY) Garo) (@(0)) — 05 i (0)(g ) — 45

the modulation equation can be written succinctly as

aj(c) = A;(-. ®,u):= [g{ | 2/(A,(a<bu)(o)|q<”)do, j=1,....9. (7-8)

In the following we prove that, for small enough ® and u, the system (7-8) admits a global (in 7) solution.
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Lemma 7.2. For all sufficiently small § > 0 and all sufficiently large C > 0, the following holds: For every
u € H satisfying ||\u|| <38/C and every ® € Xy, there exists a unique a = a(®, u) € Xg such that (7-8)
holds for T > 0. Moreover,

la(®,u) —a(V,v)||x <[P—V[x+ [u—0v] (7-9)

Jorall ®,V € X5 and u,v € By c.

Proof. We use a fixed-point argument. Using the bounds from Lemma 7.1, one can show that, given u
and & that satisfy the above assumptions, the following estimates hold:

4@, ® 0}l 5 (& +8)e 27 and 4@, ®,u)(0) ~ A; (b, &, ) ()] £ 8¢~ la—bx
for all a, b € Xg. From here, according to the definition in (7-8), we have that, for all small enough § > 0
and all large enough C > 0, given ® € X5 and u € Bs,c, the ball X is invariant under the action of the
operator A(-, ®, u), which is furthermore a contraction on Xs. Hence (7-8) has a unique solution in Xy.
The Lipschitz continuity of the solution map follows from the estimate

||a - b”X = “A(av q)v u) - A(b’ CI)’ u)”X + ||A(bv (I), ll) - A(b’ CI), v)”X + ||A(b’ q>7 v) - A(b7 "IJ’ v)”X
S6lla—blx + llu—v| +[|®— V|
by taking small enough ¢ > 0. O

For the remaining instabilities, we introduce the correction terms

o0

Ci(®.a.u):= Pq,__ (u + /0 ¢ (Ga(o)(P(0)) — 06 Us(o) da),

oo

Ca(®,a,u) = Ha, (u 4 [ (Gato) (@) - 8 Uae) do),
0

and set C := C; + C3. Consequently, we investigate the modified integral equation

(1) = Sao () (u—C (P, a,u)) +[0 Sao (T =0)(Gg(0)(P(0)) = 0o Uq(e)) do
=: K(®,a,u)(1). (7-10)

Proposition 7.3. For all sufficiently small § > 0 and all sufficiently large C > 0, the following holds: For
every u € H with |\u|| <8/ C there exist functions ® € X5 and a € Xg such that (7-10) holds for t > 0.
Furthermore, the solution map u — (®(u), a(w)) is Lipschitz continuous, i.e.,

[®(u) — @)l + [la(u) —a()lx < [lu—v] (7-11)
forallu,v € Bs/c.

Proof. We choose C > 0 and § > 0 such that Lemma 7.2 holds. Then, for fixed u € Bs, ¢, there is a unique
a = a(P,u) € X; associated to every @ € X5 such that the modulation equation (7-8) is satisfied. Hence
we can define K, (®) := K (®, a, u). We intend to show that for small enough § > 0 the operator K, is a
contraction on Xs. To show the necessary bounds, we first split K, (®) according to projections P,__,
Ou., Hy,.and T,__, and then estimate each part separately.

oo
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First, note that the transversality of the projections implies

o0

P, Ku(®)(x) = — / " Py (Gao)(®(0)) — doUn(e) do

T

and -

HoKu(@)©) == [ 0 Hy (Gato)(@(0) = s Uar) do
Now, since '

0:Ua(ry = 4 (1)q ) +d; (D)lg 7)) — 4]
and
lasi, — a1 < e,

we have

|1 Ha oo 9= Ua(o)l + | Pano 8 Ua(y | 4 1(1 = Qa)8:Uary || S 82727 (7-12)

for all a € Xg. This, together with Lemma 7.1 and the fact that

Qoo Ku(®)(7) = x(1) Quoot (7-13)
(see (7-7)), yields the bounds
| Haoo Ku (@) ()| + | Paoo Ku (@) (7)|| S 82727,

Qe Ku@)(0)] 5 o7 T
for all ® € &. On the other hand, for the stable subspace we have
T Ku(®)(0) = S OTast+ [ S0 =0 Tae (Gt (90)) ~ Do Uoe)) o
and by Lemma 7.1, Proposition 6.2, and (7-12), we get
| Tao Ku (@) (7)) < (% + Sz)e—“’f (7-15)

for all ® € Xs. Now, from (7-14) and (7-15) we see that K, maps Xj into itself for all § > 0 sufficiently
small and all C > 0 sufficiently large. The contraction property of K, is established similarly. Namely,
there is the analogue of (7-12):

| Hao 0cUa(r) — Hp o, 0 Up(r) | + | Paoe 0 Ua(z) — P 0 Up(n)

+ ||(1 - ano)aTU(l(‘L') - (1 - Qboo)arUb(r) ” < 826’_2&”
for all a, b € Xg. Furthermore, by Lemma 7.1, (7-13), and Lemma 7.2, we get the analogous estimates
to (7-14); namely, we have
| Haoo Ku(P)(7) — Hp Ku (V) (D) + [| Paoe Ku(P)(7) — Pp Ku(V)(7)||

+ [ Quoe Ku(D)(1) — Qp ., Ku (W) (0)|| S 8727||D — W1
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for all ®, ¥V € X3, where a = a(®, u) and b = a(V, u). Also, in line with (7-15), we have
1Tase Ku(@)(7) — T Ku(W)(T)]| S 8™ 7| — W|x
for all , ¥ € X5. By combining these estimates we get
[ Ku(P) — Ku (W) [l S 8P —W|lx (7-16)

for all ®, ¥ € Xy, and contractivity follows by taking small enough § > 0.
For the Lipschitz continuity, similarly to proving (7-9), we use the integral equation (7-10) to show
that, given sufficiently small § > 0,
[® @) — P(v)||x < [lu—v]

for all u € Bs,c, and then (7-9) implies (7-11). O

7C. Conditional stability in similarity variables. According to Proposition 7.3 and (2-8) there exists
a family of initial data close to Uy which lead to global (strong) solutions to (2-3), which furthermore
converge to U, for some as close to a = 0; with minimal modifications, the same argument can
be carried out for U, for any a # 0. In conclusion, we have conditional asymptotic orbital stability
of the family {U, : a € R®}, the condition being that the initial data belong to the set which ensures
global existence and convergence. In this section we show that this set represents a Lipschitz manifold of
codimension 11.
Let § > 0 and C > 0 be as in Proposition 7.3, and let u € Bs,c. Also, let us write

Cu)=C(du),a(u),u),

where the mapping u — (®(u), a(u)) is defined in Proposition 7.3. Moreover, we denote the projection
corresponding to all unstable directions by

J, =P, + H,.
Note that by definition J,_ C (#) = C (u), and we have the Lipschitz estimate
IJa = Jpl < la— b
foralla,b € Xg.

Proposition 7.4. There exists C > 0 such that, for all sufficiently small § > 0, there exists a codimension-11
Lipschitz manifold M = Mg c C H with 0 € M, defined as the graph of a Lipschitz continuous function
M :ker Jo N Bs/oc — ran Jo,

M= {v + M(v):v ekerdy, |v| < %} ClueBs/c:C(u)=0j.
Furthermore, for every u € M, there exists (P, a) = (Oy, ay) € X5 x Xg satisfying

D(7) = Sa., (Du + /OT Sao. (T — G)(Ga(a) (®(0)) — ¢ Ua(a)) do (7-17)

for all T > 0. Moreover, there exists K > C such that {u € Bs/g : C(u) =0} C Ms c.
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Proof. First, we show that, for small enough § > 0, we have C (1) = 0 if and only if JoC (u) = 0. Assume
that JoC (u) = 0. Then we obtain the estimate

IC @ < [[JoC (@) + (Jay oo = J0)C @) < |au,coll|C ()]].

Since ay,00 = O0(8), we get C (u) = 0. The other direction is obvious. Now we construct the mapping M.
Let u € H and take the decomposition # = v + w € ker Jo @ ran Jy. Fix v € ker Jo and define

6,, :ran Jo — ran Jo, év(w) = JoC (v +w).

We establish that this mapping is invertible at zero, provided v is small enough, and we obtain w = C - L(0).
This defines a mapping
M :kerJg —>randy, M (v):= 6,,_1(0).
To show this, we use a fixed-point argument. Recall the definition of the correction terms C = C; + C»,
Cr = Y7o Ck with
Cf(@.a.u)=PPu+ PP 1 (0, a)

and
CZ(CI)a a7 u) = Haoo” + HaOOIZ(CDs a),

where ~

I(®.a) = /0 ¢ [Ga(o) (¥(0)) — 6 Ua(o)) do
and ~

L(®. ) = [0 €73 (G0 (¥(0) — o Usoy)] do
We write

9 9
Fiw):=Y Ff@=Y PLI(®y.a,)
k=0 k=0

and

Fr(u) := HaooIZ(q)u’au)
By Lemma 7.1 and (7-12) we infer
IFf @) 58 and |Fo@)] S 6% (7-18)
Now, for v € ker Jyp, we get
Cy(w) = JoC (v 4 w) = JoJu (v + w) + Jo(F1 (v + w) + F2(v + w))
= J5w + Jo(Jay, — JO)W + JoJar v + Jo(F1 (v + w) + F2(v + w))
=w+ Jo(Jao, —Jo)(v +w) + Jo(F1(v +w) + F2(v + w)).

Introducing the notation
Qy(w) :=Jo(Jo— Ja )+ w) — Jo(F1(v + w) + F2(v + w)),

we rewrite equation C, (w)=0as
w = Qy(w). (7-19)
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Now, for § > 0 and C > 0 from Proposition 7.3, we set

B )
Bs/c(v) := {w eranJy : v+ w] < 6}

We show that €2y : §5 /c(v) = §3 /¢ (v) is a contraction mapping for sufficiently small v. Let v € H with
|lv]| <8/(2C), and let w € Eg/c(v). Using (7-18), we estimate

82
1920 (W) || = [Jo = Jaso v+ wl| + [ F1(v + w)[| + [ F1 (v + w)|| < E+82'

Hence, by fixing C > 0, we have ||v + Qy(w)| <8/ C for all small enough § > 0. So the ball Eg/c (v) is
invariant under the action of €2,. To prove contractivity, first, for w, w € Eg /¢ (v), we associate to v + w
and v 4+ w the functions (®, @) and (W, b) in X5 x X5 by Proposition 7.3, respectively. Then we obtain

120 (w) = Ly ()] < [ Jo(Jo = Jaee) (v + w) = Jo(Jo = Jp.. ) (v + )|
+ 1F1(v +w) — Fi(v + 0)| + [[F2(v + w) — F2(v + w)|,
and writing
Jo(Jo — Ja,) (v +w) — Jo(Jo— Jp ) (v + W) = Jo(Jo — Jao o) (w — W) — Jo(Jao, — Ip., ) (v + W)
we get by Proposition 7.3 the estimate
| Jo(Jo — Jaoo)(w —w)| + ”JO(Jaoo - Jboo)(v + W) < lacol|lw — W[ + a0 — booll|v + wl|
< Blw |+ Slla —blx
S 8flw —w].
On the other hand, by Lemma 7.1 and (7-12), we obtain, for k =0, ..., 9, that
(k) _p® < _ _
[Pac 11 (®.a)— Py "I (W, b)|| S6(|P—Wx+ [la—blx)
and
|Hao 12(®P. a) — Hp 1> (W, D) || S 8(||® — Wlx + lla —blx).
Thus we get the Lipschitz estimate
[F1(v +w) — F1(v + w)[| + [ F2(v + w) — F2(v + w)|| < 8f|lw —w],

and we conclude that, for all small enough § > 0, the operator 2, : Bg /c(v) — Bg /¢ (v) is contractive,
with the contraction constant % Consequently, by the contraction map principle we get that, for every
v € ker Jo N Bg /¢, there exists a unique w € Bg, ¢ (v) that solves (7-19); hence C (v +w) = Cy(w) = 0.

Next, we establish the Lipschitz-continuity of the mapping v = M (v). Let v, v € ker Jo N Bs>¢c and
w,w e Eg /¢ be the corresponding solutions to (7-19). We get

M (v) =M @)[| = [[w—w] = [|2y(w) = Ly (W) ]| + [0 () — Q5(W)]|
< sllw—®] + 12 (@) — Q5(@)].
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The second term we estimate with
1920 (W) — (W) | = || Jo(Jo — Jay, g o) @+ ®) — Jo(F1 (v + ®) + F2(v + w))
—Jo(Jo—Jaza.) + Jo(Fi(0+w) + F2(5 + ) |
S Mo(Jagig.00 = Jay 1.0 Rl + 10 (Jay 15000 = Jag 15,00 W)l
+ [ Jo(F1(v + w) + F2(v) + w)||
< 1@54@,00 = @vta W] 4 [0 = vl + [a54,00| 0] + 6[lv — 2]
S Slo—vll+ 5l — vl + 815 -l
<o —oll.
Thereby we obtain the claimed Lipschitz estimate
IM(v) —M@)| <2[|Qy(w) — Q@) < [lv—2].

We note that, for u = 0, the associated (P, a) is trivial, i.e., ® = 0 and a = 0. Thus, we have
C(0) = F1(0) + F»(0) = 0. Moreover, u = v + w = 0 if and only if v = w = 0. Since in this case v
satisfies the smallness condition, w solving C (0 + w) = 0 is unique; hence M (0) = 0.

Finally, let u € H satisfy C (u) = 0. Then, since 1 — Jy is a bounded operator on #,

(1= Jo)ull < [lull.
We obtain vy, ;= (1 — Jo)u € ker Jy and ||vy|| < 6/(2C) for ||u|| < §/K for K > C large enough.
Uniqueness yields w, := Jou = M (v,), and hence u € M; . |

Remark 7.5. For each correction term, the same argument yields the existence of Lipschitz manifolds
M, My C H of codimensions 10 and 1, respectively, characterized by the vanishing of C; and C;. In
particular, M can be characterized as a subset of the intersection M; N M in a small neighborhood
around zero.

7D. Proofs of Propositions 2.1 and 2.2.

Proof of Proposition 2.1. Let ®9 € Mg c, where M ¢ is the manifold defined in Proposition 7.4. In
particular, | ®Pg|| <38/C and C (Do) = 0. By Proposition 7.4 there is a pair (P, a) € X5 x Xg which solves
(7-17) with initial data u = ®¢. Furthermore, after substituting the variation of constants formula

Sa.. () =8S()+ /(;f S(t—o)L, S, (0)do
into (7-17), a straightforward calculation yields that W(7) := Uy, ;) + ®(7) satisfies
V() =S(t)(Up+ Po) + /Or S(t—o)F(Y(0))do (7-20)
for all T > 0. Then, based on (4-3) and (7-2) we infer that
IW(T) = Uaoo | = 1@ + 1 Ua(e) = Voo | S 8e™F

for all T > 0, as claimed. O
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Proof of Proposition 2.2. Let ®g € M N (C*®(B%) x C*(B?)), and let ¥ € C([0, 00), H) be the solution

of (7-20) associated to ®¢ via Proposition 2.1. To prove smoothness of W () (for fixed t) we use the

representation (7-20). Recall that we defined S (t) := Sy () for k = %(d + 1) = 5 with (Sg(7))r>0

denoting the free wave evolution of Proposition 3.1. Now, using Lemma 3.6, we infer from (7-20) that
T

Y | go@oyxm5@o) <€ 2 ||Uo+¢’o||H6(B9)xH5(B9)+/O e” 2 |[F(¥(0))llzomoyx s @) do

T

< 3_2||UO+<I)0”H6(B9)XH5(B9)+/0 e_%||‘1‘(0)||§15([39)XH4(B9) do <1
for all ¢ > 0. Then inductively, for k > 5, we get

V@) | x @oyx mr—1 @0y <1

for all > 0. Consequently, by the Sobolev embedding we have W (1) € C*®(B®) x C*°(B?) for all t > 0.

To get regularity in t we do the following. First, by local Lipschitz continuity of F : Hy +— H for
every k > 5 and Gronwall’s lemma we get from (7-20) that W : [0, 7] — H, is Lipschitz continuous for
every 7 > 0 and k > 5. Consequently, F (W(-)), LF (¥(-)):[0, 7]+ Hy are Lipschitz continuous. The
latter is immediate from interpreting L as a map from Hjy to Hy 4, and using the Lipschitz continuity
of W. Therefore, ¥ € C([0, 00), Hy), with

8:¥(r) = LW(7) + F (¥(1))
= S (r)L Uy + Po) + /T S(t—0)LF (¥(0))do + F (¥(r)) (7-21)
0

for every t > 0; see, e.g., [Pazy 1983, p. 108, Corollary 2.6]. Consequently, by regularity of F,
F(U(-)),L™F(¥(-)) e CY([0,00),Hy) for all m > 0 and k > 5. Therefore, from the second equality
of (7-21), we get that 3. W € C ([0, 00), Hy ), with

T

2W(r) = S(v)L*(Uy + o) + / S(t—0)L*>F(¥(0))do + LF (¥ (1)) + 0. F (¥(v)) (7-22)
0

for all ¢ > 0. Inductively, we get that ¥ € C™ ([0, o0), Hy) for all m > 0 and k > 5. In particular,
by the Sobolev embedding, "W (r) € C*®(B°) x C*°(B”). Additionally, by the Sobolev embedding
H¥(B®) — L°°(B®) for k > 5, we get that the derivatives in 7 hold pointwise. As a consequence, by
(a strong version of) the Schwarz theorem (see, e.g., [Rudin 1976, p. 235, Theorem 9.41]), we get that
mixed derivatives of all orders in T and £ exist, so ¥ € C%°(Z2) x C°°(Z2), and the first equality of (7-21)
holds classically. O

7E. Variation of blow-up parameters and proof of Proposition 2.4. In this section we prove boundedness
and continuity properties of the initial data operator Y (see (2-6)) which are necessary to establish
Proposition 2.4. We assume that x¢ € @? /2 and T € [%, %] =: I. We also introduce the notation

V:=H%B3) x H>(B),
and denote by By, the unit ball in ).
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Lemma 7.6. The initial data operator Y : By x I X @91' /2 ‘H is Lipschitz continuous, i.e.,
1T (v, Th, x0) = Y (w, T2, yo) | < [v —wlly + [T1 — T2| + |x0 — yol
forallv,we By,all T1,T> € I, and all xg, yo € @?/2. Furthermore, for 6 > 0 sufficiently small, we have
1T, T, xo)|| <&
forallveYwith ||v||y <8,allT €[1-6,1+8]CI,andall xg € @?.

Proof. Letv e C C><’(Bg). LetT € [% %] and xg, yo € B? /2 Then we get by the fundamental theorem of
calculus that

. . 1
0(TE + x0) — v(TE + y0) = (xh — ) [0 8;v(T& + yo + s(xo — y0)) ds.

This implies that [[v(T - +x0) —v(T - +yo)ll 2@y < vl g1 (Bg)|x0 — yo|. The same argument yields,
for all k£ € N, that

10T - +x0) = v(T - +30) g g9) S 1| prics1a 10 — yol- (7-23)

Similarly, we get, for all Ty, T> € [%, %] and all xq € @? /- that

[o(T1 - 4+x0) = v(T2 - +x0) rx @) < 1Vl gr+1@9)|T1 = T2l, (7-24)
where k € N. The estimates (7-23) and (7-24) can be extended to v € Hkt1 (Bg) by density. Now let
v,we), T1,T € [% %], and xg, yo € @?/2. Inequalities (7-23) and (7-24) imply

IR(v, T, x0) = R(w, T2, yo) || < lvlly(IT1 — T2| + [xo — yol) + [lv — w][y. (7-25)
Moreover, since Uy is smooth, we have

R(Uo, T1, x0) — R(Up, T2, yo)|l < |T1 — T2| + |x0 — yol (7-26)

forall 71, 7> € [, 3] and xo, yo € B; /»- Now the inequalities (7-25) and (7-26) imply the first part of

the statement. The same inequalities imply
1T, T, x0) || < llvlly + [T = 1] + |xo.
which proves the second part of the statement. O

We have the following result, which has Proposition 2.4 as a direct consequence. To shorten the
notation, we write k := hy.

Lemma 7.7. There exists M > 0 such that, for all sufficiently small § > 0, the following holds: For
every real-valued v € Y that satisfies ||v|y < §/M?, there exist ® € X3, a € Xy, and parameters
ae[-8/MS/M], Te[l-8/M1+8/M]C[3 3], andxo € B3,y C B, such that

C(®,a,T(v+aho,T,x0)) =0. (7-27)
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Moreover, the parameters depend Lipschitz continuously on the data, i.e.,
la(v) —a(w)| + |T(v) = T(w)| + |xo(v) —xo(w)| < v —wly
forall v, w € ) satisfying the above assumptions. In particular, Y (v +ah, T, xo) € M c.

Proof. Fix constants C > 0 and K > 0 from Proposition 7.4. By Lemma 7.6, we have that, for all M > 0
large enough and all § > 0 small enough, the inequality

s
K
holds for every ||v|y <6/M, a € [-6/M,5/M], T €[1—-8/M,14+8/M], and x¢ € @89/M. Furthermore,
in view of (7-28) and Proposition 7.3, we get that, given ||v|y < 8/ M2, for every a € [-8/ M, §/M],

Te[l—6/M,1+6/M],and xo € @g/M’ there are functions

O=P(wv+ah, T, x9) and a=a(w+ah,T,xy)

[T (v+ah, T, x)| < (7-28)

which solve the modified integral equation
P(7) = Saoe ()Y (v, T, x0) = C(P,a, T (v, T, x0)))

+ / Suns (t = 0)(Gago)(®(0)) — dsUniey) do (7-29)
0

for all = > 0. For such ® and a, we show that one can associate to any ||v||y < 8§/M? suitable parameters 7,
X0, and & such that (7-27) holds. From this, via Proposition 7.4, we conclude that Y (v+ah, T, xo) € Ms .
Recall that the correction terms can be written as C = C; +Co = Y 2, C k 4 C,, where

CH(@.a.u)=PPu+ PP 1 (®,a) and Co(®.a.u)= Hyu+ H, I>(®.0),

and where the integrals are denoted by
o0
H(@.0)= [ ¢ Guio)(®(0) ~ 10 Usio) do,

o0
I(®,a) = [ e_3"(Ga(U)(<I>(a))—BUUa((,)) do,
0
and we have
1P (@.0)] $6? and || Hao, I(®.a)|| < 6% (7-30)

see (7-18). We will show that there are parameters 7', «, and x¢ such that, for k =0,...,9,
(Cf(@.a. T(w+ah. T.x)) | g®))=0 and (C2(®.a.T(w+ah.T.x0))|hay,) =0, (7-31)
which implies (7-27). To this end we expand the initial data operator. First, by Taylor expansion we get,

for T e[l—8/M,1+68/M] and xq € @g/M,

9
R(Uo. T.x0) — R(Up. 1.0) = co(T — g + > ¢jxggs” +r(T.x0).
j=1

where the remainder satisfies

17(T, x0) — (T, %0)|| S 8(T — T'| + |xo — o).
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Hence we obtain

9
Y(v+ah,T,xo) =RwA+ah,T,xo)+co(T — l)g(o) + chx{)gé{z + rao (T, x0),
j=1
where

Face (T, x0) = co(T — 1)(g§” — g§20)+2c,x (g5 — &) + (T x0).

j=
It is straightforward to check that

17 (T, x0) — rp(T, %o) | < 8(la —b| + |T — T| + |xo — Fo|) (7-32)

foralla,be[EBg T.T €[1—8/M,1+68/M], and xq, X9 € B2,,,. We now write

§/M*
Rw+ah,T,xo0) =RWw,T,x0) +aR(ha,T,x0) +aR(h—hg, T, x0).

The last term can be estimated by
IR(h —hay. T. x0)|| < lacol.

By taking the Taylor expansion of R(h T, xo) at (T, x9) = (1,0), we obtain

doos
R(w+ah,T,x0) =R, T,x0) +aha, +aia(T, xp),
where the remainder satisfies
IFa(T. x0) = 75 (T, %) | < la = bl +|T = T| + |xo — Zol. (7-33)
Hence we obtain the expansion
9 .
Y (v+ah, T.x0) = R(v. T.x0) +0ha, +co(T—1)g + " ¢;x) g + ran (T, x0) +aFany, (T Xo).
j=1
By applying the projections to the initial data operator we get
POY@w+ah,T.xo) = POR®, T.x0) +co(T — g + P ra (T, x0) + P Far, (T, x0),
P‘EQ)T(D +ah,T, xg) = PéQR(v, T, x0) + c]xog(f) + P(/)raoo(T Xo) + ozP(/)raoo(T X0),
H, Y(w+ah, T xo)=H; R, T,x0)+0chg, + Hy ra (T, x0) +0oHy 7aq. (T, x0).
Hence, by introducing the notation 8 = T — 1, we define, for k =0,...,9,
T (. B, x0) = PEIR®, B+ 1,x0) + P racy (B.x0) + ¢ P ey (B.x0) + PEL 11 (@, B. x0),
T3 (@, B, %0) = Hao R(v, B+ 1,%0) + Har Fas (B, %0) + @ Ha o Fae (B, X0) + Han T (@, B, x0).
Using this notation we can rewrite (7-31) as
B =T (@, B, x0) := (T (@, B, x0) | 22,
xy =T (. B. x0) 1= & (T3 (@. B. x0) | ). (7-34)
o =137, B, x0) := é10(T5' (@, B, x0) | ay)
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for j = 1,...,9 and some constants Co,¢;,c10 € R. We will show that 'y = (F,(,O), el F,SIO)) is a
contraction on Bé} yy for sufficiently small § > 0 and for sufficiently large M > 0. Thereby the first part
of the statement follows by Banach’s fixed-point theorem.

First we observe that I';, maps Bé/l  1nto itself. Indeed, by the proof of Lemma 7.6, we know that
[R(v,14 B, x0)|| < |lv|ly. Now estimates (7-32)—(7-33), and the integral estimates (7-30) imply

& (. B. x0) = 0(%) 106

forall j =0,...,10. Thus, there is a choice of large enough M > 0 such that, for all sufficiently small
d > 0, the inequality

8
|Fv(05»,3,x0)| S H

holds for all («, 8, x0) € Bé} M Next we show that by restricting, if necessary, to even smaller § > 0, the
operator I'y is a contraction on @é} - Let (®,a) € X5 x X be the functions solving (7-29) corresponding
to parameters v+ah, T =1+, and xo. Furthermore, let (¥, b) € X5 x X5 be the functions corresponding
tov+ah, T=1+ ,5, and X¢. Then, we obtain

10— Wllx + lla—bllx S I (@ +ah,T.xo) = Y (v+ah, T, %)l < la—&|+ 18— Bl + |xo — %ol
Hence, by Lemma 7.1, we get, for k =0, ..., 9, that
1P 1 (®,a)— P11 (0.0) [ S 810 — W |lx + la —bllx) S 8l —&| + | — Bl + |xo — Fo)
and
|Haoo I2(®, @) — Hp 1> (¥, b)|| < 8(|lo — | + |B — BI + |xo — Xol).
Furthermore, by (7-25) and the Lipschitz continuity of the Riesz projections Pé") and H,, we obtain
PR, T, x0) — PR, T. %0)|| + || Haos R(v. T. x0) — Hp  R(v. T. %o)|
< lvlly(lla=bllx + 1T = T| + |xo — %ol) < 8l =& + |8 = B| + |xo — o).
Moreover, for k =0, ...,9, we have
k 7~ ~ ~ (k) ~ &~
||P££];),raoo (T, x0) — Plgozrboo (T, Xo)|| + ||05P[£];),"aoo (T, x0) — aPlgoo)rboo(T, Xo)l
< 8(ler—a| + |8~ Bl + lxo — Tol)
and

| Haoo Tano (T, %0) = Hp o oo (T 50) | + Il Hao Faoo (T, x0) — @ Hp P (T, 50) |
S8(la—af + B — Bl + |xo — Xol).

From these estimates we infer that

It (a, B, x0) = TS (@, B. %)l < 8|l — | + |8 — Bl + |x0 — Fol) (7-35)
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for j =0,...,10. Therefore, T’y is a contraction for all small enough § > 0, and this concludes the proof
of the first part of the statement.

It remains to establish the Lipschitz continuity of the parameters with respect to the initial data. Let
v, w € Y satisfy the smallness condition and let («, 8, xo) and (&, B , Xo) be the corresponding set of
parameters. The first line in (7-34) implies

18—B1 =T (e. . x0) - TP (@. B. %0)|
<T@, B, x0) = T (@, B, x0)| + [T (@, B, x0) = TS (@&, B, %o).

The second term can be estimated with (7-35). To estimate the first term, we use the Lipschitz continuity
of the Riesz projections to get

0 0
IPL2) e RO+ B30 = P e RO 14 B o)

< [vlyllace (v, B, x0) — doo(w, B, x0)x + [[v—wly S lv—wlly.
Similar estimates using (7-32)—(7-33) and Lemma 7.1 yield

0 0
3% (@, B, x0) = T (@. B. x0)| S v —wl)y.
In summary, we obtain
BBl < 8(la =@l + 1B — Bl + |xo — Tol) + v —wlly,
and similar estimates for the remaining components yield
o =@&| + B — Bl + |x0 — Fo| < 8(la = &| + |8 — B| + 0 — Fol) + v —w]y.

which concludes the proof. O

7F. Proof of Theorem 1.1. Let M > 0 be from Proposition 2.4. For § > 0 define §' := §/M. Then
consider (f, g) € C®(B)) x C*®(B)) satisfying
& )
(S, g)||H6(Bg)xH5(Bg) = w2
By Propositions 2.4 and 2.1, we have that, for all § > 0 sufficiently small, there exist a € Bil § o
Te[l-§,14+8], xo<€B), and a € [-§,§'], depending Lipschitz continuously on ( £, g) with respect
to the norm on Y, as well a function ¥ € C([0, 00), H) that solves

V()=S0 +Y((f.g) +ah,T, xo)]+ /OT S(t—0)F(¥(0))do, (7-36)

and obeys the estimate
[W(r) —Uq|l < 8e™*" (7-37)

for all T > 0. By standard arguments, W is the unique solution to (7-36) in C([0, c0), ). Now, from
the smoothness of f and g, we have that the initial data W(0) = Uy + Y((f, g) + ah, T, x¢) belongs
to C*®(Bj) x C°°(B3), and therefore from Proposition 2.2 we infer that W is smooth and solves (2-3)
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classically. More precisely, by writing W(t) = (¥1(t, - ), ¥2(z, - )), we have that ; € C*°(2) for j =1,2
and

IcY1(z, §) = —€- V(. §) =291 (7. §) + ¥2(7. §),
0:2(7,§) = AY1(T,§) — - V(2. §) = 392(7, £), +¥1 (1. §)°
for (z,&) € Z, with
¥1(0,+) = T*[Ul1 (T - +x0) + T f(T - +x0) + aT>hy (T - +xo).
¥2(0.+) = T*[Uo]o(T - +x0) + T3¢ (T - +x0) + T *ha(T - +x0).
Furthermore, by writing ®(t) = ¥(r) — U,, where ®(t) = (p1(z, ), ¢2(z,-)), from (7-37) we have

ler(m. ) as@oy $8e™° and  lga(z. )| ga@o) S de™F (7-38)

for all T > 0. Furthermore, by the Sobolev embedding we have, for the first component, that
lo1(z, ) Loo@oy S e~ " (7-39)

for all 7 > 0. Now, we translate these results back to physical coordinates and let

1 —
ut,x) = (T——t)zlpl (— log(T —t)+1ogT, XT _Xto)‘

Based on the smoothness properties of 1, we conclude that u € C°°(Cr x,). Furthermore, u solves
(37 = Au(t. x) = u(t, x)?
on Cr,x, and satisfies

u(©,-) =U(l-)+ f +ahi. 9u(0,-)=2U(-)+|-|U(|-]) + g + ah>

on @QT (x0). Uniqueness of u follows from uniqueness of W, though it also follows by standard results
concerning wave equations in physical coordinates. Furthermore,

B 1 X — X0
e, = s | Va2 ot |
with ¢(¢, x) := @1(—log(T —t) +1log T, (x — xo9)/(T —t)). The bound (7-39) yields

[0 oo @2 oy = 101(=10&(T = 1) +log T. )| oo ey < 8(T —1)° (7-40)
for all ¢ € [0, T'). Furthermore, by (7-38),
_9
(T - t)k 2|lo(t, ')”Hk(B%_,(XO)) = |lp1(—log(T —1) +log T, ')”Hk(B9) S(T—-1)”

for k =0,...,5, which implies the first line in (1-17). The second line follows also from (7-38) and the
fact that

1 X=X
dru(t,x) = (7‘——1)31#2 (— log(T —t) +1logT, T —to)'
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Relabelling 8’ with § concludes the proof of Theorem 1.1 for (1-1). Now, let ¢o be the constant from (1-13).
Recall that the above conclusions hold for all sufficiently small § > 0. Therefore, from (7-40) we see that
we can choose small enough § > 0 so as to ensure

1
Il oo @5, (o) = 260

for all # € [0, T). As a consequence, u is strictly positive on Cr y, and therefore provides a solution
to (1-6) as well. O

8. Proof of Theorem 1.6: stable ODE blowup

The proof of Theorem 1.6 follows mutatis mutandis the proof of Theorem 1.1. However, for the
convenience of the reader we outline the most important steps and stick to the notation introduced above.
Starting with (2-3), we consider solutions of the form W(z) = & 4(;) + ®(7), which yields

0:®(r) =[L + chaoo]q)(f) + éa(r)(q)('[)) - at’Ca(r)a (3-1)

, ~ 0
L, u) = (gka(g)ul(é))

Gar)(®(0) = Ly, — L, 19(t) + F (9(7)).

Ka(r)

where

and

In this equation, L : D(L) C H — H denotes, as usual, the operator describing the free wave evolution.
This is fully characterized for both d = 7 and d = 9 in Section 3; recall that H := Hy, for k = %(d +1).
For the perturbation theory, the spectral analysis is crucial. Once this is obtained, most results are purely
abstract and the proofs can be adapted from previous sections.

Since L;u is compact and depends Lipschitz continuously on a, the results of Section 4 apply. In
particular, for small enough a, the spectrum of L + L,/Ca in the right half-plane consists of isolated
eigenvalues confined to a compact region. Furthermore, an analogous result to Proposition 4.5 holds
with V replaced by a constant. This substantially simplifies the spectral analysis and with the above
prerequisites it is easy to derive the following statement. For all of the ensuing statements, d € {7, 9}.

Proposition 8.1. There are constants §* > 0 and w > 0 such that the following holds: For any a € @8‘1*,
the operator L + L} : D(L) C H — H generates a strongly continuous semigroup (Sk,(7))z>0
on ‘H. Furthermore, there exist projections ﬁa, ~¢(1k) € B(H), k =1,...,d, of rank 1 that are mutually
transversal and depend Lipschitz continuously on a. Furthermore, they commute with Sy, (t) and, for all
ucHandt >0,

Sk, (t1)Pau=e*u and Sk. (I)ng)u =u,
as well as

IS¢, (D1 = Pa— Qalull S e7||[1 — Py — Qa)ul
with Qg = Zg=1 ng). Moreover,

1Sk, (O[1 = Pa— Qal — Sk, (0)[1 — Pp — Op]ll < e “%la—b| (8-2)
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foralla,b e @g* and T > 0. Also,

ran P, = span(g,) and ran Q((lk) = span(qc(lk)), (8-3)
where _—
N Ao(a)[Ao(a) — A;§7]™ ~ (k)
a = . =dg4 a -4
ga(§) (3Ao(a)2[Ao(a)—Aj§J]_4) and ¢, Day ke (8-4)
fork=1,...,d.

Proof. We only sketch the main steps of the proof, since many parts are abstract operator theory and can
be copied verbatim from previous sections.

The results of Section 3 together with the bounded perturbation theorem immediately imply that
L + L} generates a strongly continuous semigroup, which we denote by (S, ())z>o. Furthermore,
the results of Propositions 4.3 and 4.5 hold in particular for our case at hand, and we infer that, for
Re A > —%, the spectrum of L + L;Ca consists of isolated eigenvalues confined to a compact region.
For a = 0, Proposition 4.5 holds mutatis mutandis with V replaced by the constant potential 2kg = 12.
In this case, in the spectral ODE the number of regular singular points can be reduced to three, and we
can therefore resolve the connection problem by using the standard theory of hypergeometric equations.
This is outlined in the following, where we show that there exists 0 < pg < % such that

o(L + Lfco) C{reC:Red <—pup}U{0,1}.
In fact, we convince ourselves that
{AeC:ReAZO}\{O,l}C,o(L—i—LfCO). (8-5)

We argue by contradiction. Let us assume that A € o(L + L) \ {0, 1} and ReA > 0. Then, for
some £ € Ny, (4-7) with potential 2k must have an analytic solution on [0, 1]. We show that this cannot
be the case. By changing variables and setting f(p) = pev(pz), (4-7) transforms into the standard
hypergeometric form

z(1=2)2"(2)+ (c—(a+ b+ 1D2)v'(2) +abv(z) =0,

with

a= %(/\—l—ﬁ—l), b= %(A+E+6), and c¢= %d +£.
Fundamental systems around the regular singular points p = 0 and p = 1 are given by {vg, ¥} and
{v1, U1}, respectively, where

vo(z) =2F1(a,b;c; 2),

vo(z) = zl_czFl(a +1—c,b+1—c;2—c;2),

vi(z) =2F1(a,b;a+b+1—c;1—2),

51(z)=(1—2)"* b, Fi(c—a,c—b;1+c—a—b;1—2).
In fact, this holds if @ + b — ¢ # 0, and, for a + b — ¢ = 0, the function v; behaves logarithmically.
In either case, the solutions v; and ¥y are not admissible since they are not analytic for Re A > 0. We



672 ELEK CSOBO, IRFAN GLOGIC aAND BIRGIT SCHORKHUBER

therefore look for A which connect vg and v1, i.e., for which vy and v; are constant multiples of each
other. For the hypergeometric equation, the connection coefficients are known explicitly and we have

I'(c)['(c —a—b) F(C)F(a—i-b—c)ﬁ

Fe-—arc—b" "t " Twro

1(2);

vo(z) =

see [DLMF 2010]. So the condition that quantifies our eigenvalues is
F@+b—c) _
L@re)
This can only be the case if a or b is a pole of the gamma function, i.e., —a € Ny or —b € Ny. In particular,
this implies that A € R. Since Re A > 0, we can exclude —b € Ny. On the other hand, —a € N is possible

only if A € {0, 1}, which contradicts our assumption and proves (8-5). For A =1 and A = 0, one can easily

check that explicit solutions to the eigenvalue equation are given by g¢ and qé") , respectively, where

3 1 ~ (k) Ex
80 = (3) and 99 :aakka|a=0:6(3§k

for k = 1,...,d. Similar to the above reasoning one shows that these functions indeed span the
eigenspaces for the corresponding eigenvalues, i.e., the geometric multiplicities of A = 1 and A = 0 are 1
and d, respectively. The algebraic multiplicities are determined by the dimension of the ranges of the
corresponding Riesz projections

~ 1 ~ 1
Pop=— [ R s (A)dA and =— | R s (A)dA,
0=5 . L+L;,(A) Qo 2mi ), L+L;,(A)
where, for j € {0, 1}, we have y;(s) =A; + %a)oez”” for s € [0, 1]. An ODE argument analogous to the

proof of Lemma 5.7 yields

ran Py = span(gog) and ran QO = span(q((,l), - ,(i((,d)).
The perturbative characterization of the spectrum of L + chu fora e Bg* is purely abstract. Along the
lines of the proof of Lemma 5.8, one shows that

o(L + L;Ca) C {)L eC:Rel < —%a)o} u{o, 1},

where for A = 0 and A = 1, the eigenfunctions are Lorentz boosted versions of g¢ and qf,k). In fact, one
can check by direct calculations that the functions g, and q(g’“) stated in (8-4) solve the corresponding

eigenvalue equations. Equation (8-3) for the spectral projections

~ 1 ~ 1
P,=— R r (A)dA and =— R (M) dA
“= 27 ), L+r,,(A) Qa 27 |, L+r,,(})
follows from the abstract arguments provided in the proof of Lemma 6.1. The same holds for the Lipschitz
dependence of the projections on the parameter a. The growth bounds for the semigroup follow from the
structure of the spectrum, resolvent bounds and the Gearhart—Priiss theorem analogous to the proof of

Proposition 6.2. Finally, the proof for the Lipschitz continuity (8-2) can be copied verbatim. O
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The analysis of the integral equation

(1) = Sk, (Du + /0 Skano (T =0)(Ga(0)(D(0)) = Ik a(e)) dO

is completely analogous to Section 7. In particular, to derive the modulation equation for a, one uses the
fact that 0z 4(r) = dg (r)ci(()k). By introducing the correction

o0
C(®.a.u) = Po_u+ Pa / ¢ (G a(o) (®(0)) — ok a(o) do.
0

it is straightforward to prove the following result.

Proposition 8.2. There exists w > 0 such that, for all sufficiently large C > 0 and all sufficiently small
8 > 0, the following holds: For every ||v||y <8/C,every T € [1 —6/C,1+8/C], and every x¢ € B?/C’
there exist functions ® € X5 and a € Xg such that the integral equation

D(7) = Sy, ()T (v, T, x0) — C (D, a, Y (v, T, x¢))) + /0 Skae. (1 =0)(G o) ((0)) — 6 fKa(oy) do

holds for t > 0, and also | D(7)| < §e™®F for all t = 0. Moreover, the solution map is Lipschitz
continuous, i.e.,

(v, T1, x0) = P(w, T2, yo) [x + [la(v, T1, x0) —a(w, T2, yo)lx < llv—wlly +[T1 — 12| + [x0 — yol
forall v, w € Y satisfying the smallness assumption, all Ty, T € [1-8/C,1+6/C], and all x¢, yo € @Sd/C'

We note that similarly to the manifold M one can construct a manifold ' C ker 170 @ ran ﬁo of
codimension (1 + d) characterized by the vanishing of the correction term C. However, in the context
of stable blowup this is not of much interest, since the existence of this manifold is solely caused by
the translation instability. In particular, no correction of the physical initial data is necessary, if blow-up
time and point are chosen appropriately, i.e., for suitably small ( f, g), there are T and xo such that
Y (v, T, xo) € N. This is contained in the following result, where Y = H@+3)/2(Bd) x g@+1/2(gd),

Lemma 8.3. There exists C > 0 such that, for all sufficiently small § > 0, the following holds: For every
v € Y satisfying ||v||y < 8/C?, there is a choice of parameters T € [l —§/C,148/C] and xq € @g/c in
Proposition 8.2 such that

5(<I>,a, T, T,xp)) =0.

Moreover, the parameters depend Lipschitz continuously on the data, i.e.,
IT(v) =T (w)| + |xo(v) —xo(w)| < [[v—w]y
forall v, w €Y satisfying the above smallness assumption.

The proof is along the lines of the proof of Lemma 7.7 on page 668 with obvious simplifications. With
these results, in combination with persistence of regularity that is completely analogous to Proposition 2.2,
Theorem 1.6 is obtained by the same arguments as in Section 7F.
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Appendix: Proof of Lemma 3.4

We will frequently use the identities

2Re[€/0; f(€) f ()] = ;[E7 | F©)IP1—d| fE)I? (A-1)
and

iy iy - 05, [£70 f1 = ki, iy +++ 0 F(§) + 87005, 0i5 -+ iy, F(E), (A-2)

which hold for all k € N and f € C*°(B¢). Furthermore, by the divergence theorem, we have

/ 8,-Au($)8iv(§)d§=—/ Au(€)Av(§) d§+/ Au(w)w; ¥ v(w) do(w) (A-3)
B4 B4 sd—1

for smooth v and v, and similarly

/ 9; Au(§)d' v(€) déz—[ 8i8ju(§)818fv(’§)d§+/ ;¥ diu(w)d v(w)do(w). (A-4)
B4 B4 1

sd—
We first prove the result for d = 9, starting with those parts of (- | - )3, that correspond to the standard
H* x H*= inner product.
For the sake of concreteness, we consider the case k = 5, which corresponds to the space we are going
to use later on. Using the above identities, we infer

Re/ 9;0; 0101 0m [Lu]y (£)0707 9% 0! 9mu, () d €
B

=Re/ aia,-aka,amuz(g)aiafakalamul(g)ds—g/ 810,01 01 Omuu1 (61 07 9K 9ty (8) d
B9 BY

-3 /gg 0; 0 0% 01 Omt1 ()07 07 9% 9! 9™y () do ().

Similarly,

Re/ 0;0; 0, 0; [Luly (£)37 07 0k 0l us (€) d €
B9

=5 [ 00,0600 T F0ua®) de—Re [ | 0185 34818manr 00T E) d
B B
—%/ 0; 00k dyu2 ()3 8/ 3% 0wz (w) do(w)
S8

—i—Re/ @™ 0;0;0;0;0mu1(0)d 379k uz(w) do(w).  (A-5)
S8

Hence

Re(iu|u)5_—§||u||§—%/ 0700k 91 Opmut 1 ()0 37 953! 9™y (w) do (w)
S8
—%/ 0; 00k 0yun ()0 87 9% 3l us (w) do (w)
S8

+Re/ @™ 0;0j 0k 01 0mu1(@)0' 97 9k uz(w) do(w) < —3|ul|Z,  (A-6)
S8
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where we used Re(ab) < %(chtI2 +|b|?) as well as the bound

2
D opdpu(@)| <D (@) ) [0ku@)? =) [du(@)).
k

k k k
A similar calculation yields

Re(L |u)s < —3|ul.

In view of the logic of these estimates, it is clear that we cannot use the standard homogeneous inner
products for integer regularities lower than j = 3, since the bound shifts to the right and will be positive
eventually. For this reason, we use tailor-made expressions for the remaining H3(B°) x H?(B°) part. In

the following, we prove that
3

3
Y Re(Lulu); <=3 ) llul}, (A7)

j=1 ji=1
which in combination with the above bounds implies the first claim in Lemma 3.4 for d =9 and k =5 (and

in fact for any 3 < k < 5.) For higher regularities, we add again the corresponding standard homogeneous
parts. Analogous to the above calculations, one shows that

Re /B By Ly () () d
= (3=H) [ i@ T @ de — 4 [ B @F @) do()
B 58

+Re fB i 1 ©F 6) d

and
Re /B  Bireiy [Lulo(§)07ik—1uy(€) d§
=(3-k) /Bg Oy i U (E)ONik—1u5 (§) dE —Re /Bg Oy iy 11 (E) 01Tk () d €
+Re /g)g @' By ur ()31 (0) do(w) — 1 /g)g By miy_ U2 (@)D Tk—11u5 () do ().
As in (A-6), we thus obtain for j > 6 the bound
Re(Lulu); < (53— j)llul}.

It is left to prove (A-7). We first consider Re(Zu |u)3. Using (A-2), (A-1), and the divergence theorem,
we calculate

Re [B 3400 [Luly (6)070 51 €) dg
=1 /B9 010, O (£)97 97 9wy (E) d — L /gg 819,811 ()39 0k (@) do ()

+Re / 0,0, 0k u2(§)379) 01 (8) .
B9
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An application of (A-4) shows
Re [ 00 (Eala(©7071a(6)

=Re [ 00,000 @F2®) de 4 [ idua©F01a(6)

—%/ i 0ju2 ()3 3/ uz(w) do(w)
S8
:Re/ wk8k8i8ju1(a))8i8ju2(a))da(a))—Re/ ;0 0ku1(§)91 07 0kuy(8) dE

S8 B

4 [ @@ ds -4 [ 30ju0) 007 1(0) do @)
B S
and finally

/8i8j[Zu]1(a))8i8fu1(a))da(a))
§8
:—Re/ w*0;8;0ju1 ()0 8/ u; (w) do(w)
88

—4/§8 9;0ju1(w)d d/uq(w) do(a))—i-Re/;8 9;0juz(w)d' 3/ uy (w) do(w).
In summary, we infer that
Re(Lu|u)s = —1|u|3 - 12/\%8 3;9,u1 ()97 3/ uy (w) do (o) +4/Sg A(w) do(w),
where
A(w) = —18;9; 911 ()97 87 %1 (@) — 19,0, u2() 3 3/ U (w)
— 30:0u1()070/ uy (@) + Re(@¥ 0;0; 0u1 ()0 07 uz ()

—Re(0F9;9; 0511 ()9 37 u1(w)) + Re(d;dju2(@)d 3/ uy (w)).
By using the inequality

Re(ab) + Re(aé) —Re(b¢) < 2(lal* + |b]* +|c|?), a.b.c €C,

we get A(w) < 0. Analogously, to estimate Re(Zu |u)s, we get
Re / 0,07 0;(Lul1 (§)09,0Tu1 () d&
BQ
=-1 Re/g 9;0/ 0ju1(£)070,0Mu1(5) dE — 4 /8 9; 07 dju1 (0)d19;0uy (w) do ()
B S

+Re / 8107 0;u1(6)9 9,01 u2(€) d
9
and ?

Re / 3; [Lula(w)d us(w) do(w)
gs
:Re/ 9; 07 0ju1(0)d uz(w) do(w)
S8

—Re/ a)jaiajuz(a))aiuz(a))do(a))—4Re/ diusr(w)dusr(w) do(w).
S8 s8
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For the remaining term, we do a similar calculation as in (A-5), but we use instead (A-3) in order to
cancel the mixed term. In summary, we obtain

Re(Zulu = ~3lulF =3 [ @) do(o)+ [ B doto)
where
B(w) = =300/ 011 (0)97 80" 11 (0) — 30;0142(0)9 97142 () — 3002 (@) 2 (@)
+Re(@F ;87 9ju1 (0)0 du2(@)) + Re(d;97 811 ()3 u2(w)) — Re(w’ 3;0ju2()d uz (),

and we observe that B(w) < 0. Now, we consider Re(Zu |u)1, which consists only of boundary integrals.
For the first term, we get

Re/ 0;[Lu]y(0)d'ui(w) do(w)
S8
= —3Re/ diur(w)dur(w) da(a))—Re/ ! 3;0;u1 (@) u; (w) do(w)
S8 S8

+Re / diur(w)duy(w)do(w).
S8
By the Cauchy—Schwarz inequality,

Re/ (0iuz(w) —w’9; djur(w)duy(w)do(w)
S8

< %/8 diuy(w)duy(w)do(w) + /8 diuz(w)d usz(w)do(w) + /8 9;0ju1 ()0 d/us(w) do(w),
S s s
which implies

Re[ 0;[Lu]1(w)d'uy(w) do(w)
S8

5—%Re/ diur(w)dur(w) dU(a))—i—/ diur(w)d usr(w) dU(a))—i—/ 9;0;u1 ()3 3/ uy(w) do(w).
s8 s8 s8
Analogously,
Re [ (Ll ()i@) do (o)
S8
=—3/ |u2(a))|2do(a))+Re/ 3 djur(w)uz(w) do(a))—Re/ @' diuz(w)uz(w) do(w)
S8 S8 S8
<-3 L a(@) do (@) + /S A @) do() + /S (@) uz(w) do (@),
Re [ [l ()i @) do (o)
S8
= _2/53 lu1(w)|? do(w) —Re /gg ' diur(w)u; () da(a))-l—Re/SS us (w)uy(w) do(w)

<=3 [ m@Pdo@) + [t dow) + [ ua@P do),
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and hence

Re(Luluyy = —3ulft +2 [ dina@)iua() do(o)
S8

—l—/ Biajul(a))afaful(a))da(w)+/ |Au1(a))|2da(a)).
s8 s8
In conclusion,

3

3
> Re(Lulu); <=3 ul?—11 /88 3;0u1 ()9 87 uy (w) do(w) +/§8 |Auq(w)]? do (o).
j=1

Jj=1
By the Cauchy—Schwarz inequality,

9
Z a,?u(a))

i=1

2 9 9
|Au(w)|* < <9 |Fu@)> <9 Y [0:du(w)?,

i=1 i,j=1

which proves (A-7).
Analogous calculations for d = 7 and k > 3 yield an even better bound, namely,

Re(Lulu)y, <—3llul?, (A-8)

for all u € D(Z), from which we obtain in particular the claimed estimate. Another way to see that (A-8)
holds is by Lemma 3.2 of [Glogi¢ and Schorkhuber 2021], which is formulated in terms of the above
inner product for the specific case d = 7 and k = 3. The operator considered there corresponds to L
shifted by a constant, which immediately gives the inequality (A-8). O
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