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A COMPARISON OF HIGH-ORDER EXPLICIT RUNGE–KUTTA,
EXTRAPOLATION, AND DEFERRED CORRECTION METHODS

IN SERIAL AND PARALLEL

DAVID I. KETCHESON AND UMAIR BIN WAHEED

We compare the three main types of high-order one-step initial value solvers:
extrapolation, spectral deferred correction, and embedded Runge–Kutta pairs.
We consider orders four through twelve, including both serial and parallel imple-
mentations. We cast extrapolation and deferred correction methods as fixed-order
Runge–Kutta methods, providing a natural framework for the comparison. The
stability and accuracy properties of the methods are analyzed by theoretical
measures, and these are compared with the results of numerical tests. In serial,
the eighth-order pair of Prince and Dormand (DOP8) is most efficient. But
other high-order methods can be more efficient than DOP8 when implemented in
parallel. This is demonstrated by comparing a parallelized version of the well-
known ODEX code with the (serial) DOP853 code. For an N -body problem with
N = 400, the experimental extrapolation code is as fast as the tuned Runge–Kutta
pair at loose tolerances, and is up to two times as fast at tight tolerances.

1. Introduction

The construction of very high-order integrators for initial value ordinary differential
equations (ODEs) is challenging: very high-order Runge–Kutta (RK) methods are
subject to vast numbers of order conditions, while very high-order linear multistep
methods tend to have poor stability properties. Both extrapolation [9; 16] and
deferred correction [7; 10] can be used to construct initial value ODE integrators
of arbitrarily high order in a straightforward way. Both are usually viewed as
iterative methods, since they build up a high-order solution based on lower order
approximations. However, when the order is fixed, methods in both classes can be
viewed as Runge–Kutta methods with a number of stages that grows quadratically
with the desired order of accuracy.

It is natural to ask how these methods compare with standard Runge–Kutta

MSC2010: primary 65L06; secondary 65Y05.
Keywords: Runge–Kutta methods, extrapolation, deferred correction, ordinary differential equations,

high-order methods, parallel.
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methods. Previous studies have compared the relative (serial) efficiency of explicit
extrapolation and Runge–Kutta (RK) methods [18; 32; 17], finding that extrapolation
methods have no advantage over moderate to high-order Runge–Kutta methods,
and may well be inferior to them [32; 17]. Consequently, extrapolation has received
little attention in the last two decades. It has long been recognized that extrapolation
methods offer excellent opportunities for parallel implementation [9]. Nevertheless,
to our knowledge no parallel implementation has appeared, and comparisons of
extrapolation methods have not taken parallel computation into account, even
from a theoretical perspective. It seems that no work has thoroughly compared
the efficiency of explicit spectral deferred correction methods with that of their
extrapolation and RK counterparts. See [37] for a comparison of semi-implicit
deferred correction and additive RK methods).

In this paper we compare the efficiency of explicit Runge–Kutta, extrapolation,
and spectral deferred correction (DC) methods based on their accuracy and stability
properties. The methods we study are introduced in Section 2 and range in order
from four to twelve. In Section 4 we give a theoretical analysis based on metrics
that are independent of implementation details. This section is similar in spirit and
in methodology to the work of Hosea and Shampine [17]. In Section 5 we validate
the theoretical predictions using simple numerical tests. These tests indicate, in
agreement with our theoretical analysis and with previous studies, that extrapolation
methods do not have a significant advantage over high-order Runge–Kutta methods,
and may in fact be significantly less efficient. Spectral deferred correction methods
based on explicit Euler generally fare even worse than extrapolation.

In Section 3 we analyze the potential of parallel implementations of extrapolation
and deferred correction methods. We only consider parallelism “across the method”.
Other approaches to parallelism in time often use parallelism “across the steps”;
for instance, the parareal algorithm. Some hybrid approaches include PFASST [28;
11] and RIDC [5]; see also [14]. Our results should not be used to infer anything
about those methods, since we focus on a simpler approach that does not involve
parallelism across multiple steps.

For both extrapolation and (appropriately chosen) deferred correction methods,
the number of stages that must be computed sequentially grows only linearly with
the desired order of accuracy. Based on simple algorithmic analysis, we extend
our theoretical analysis to parallel implementations of extrapolation and deferred
correction. This analysis suggests that extrapolation should be more efficient
than traditional RK methods, at least for computationally intensive problems. We
investigate this further in Section 6 by performing a simple OpenMP parallelization
of the ODEX extrapolation code. The observed computational speedup is very near
the theoretical estimates, and the code outperforms the DOP853 (serial) code on
some test problems.
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No study of numerical methods can claim to yield conclusions that are valid
for all possible problems. Our intent is to give some broadly useful comparisons
and draw general conclusions that can serve as a guide to further studies. The
analysis presented here was performed using the NodePy (Numerical ODEs in
Python) package, which is freely available from github.com/ketch/nodepy. Addi-
tional code for reproducing the experiments in this work can be found online at
github.com/ketch/high_order_RK_RR.

2. High-order one-step embedded pairs

. . . for high order RK formulas the construction of an embedding RK
formula may be beyond human possibilities. . .

P. Deuflhard, 1985

We are concerned with one-step methods for the solution of the initial value ODE

y′(t)= f (y), y(t0)= y0, (1)

where y ∈ Rm , f : Rm
→ Rm . For simplicity of notation, we assume the problem

has been written in autonomous form. An explicit Runge–Kutta pair computes
approximations yn, ŷn ≈ y(tn) as follows:

Yi = yn + h
i−1∑
j=1

ai j f (Y j ), 1≤ j ≤ s, (2)

yn+1 = yn + h
s∑

j=1

b j f (Y j ), (3)

ŷn+1 = yn + h
s∑

j=1

b̂ j f (Y j ). (4)

Here h is the step size, s denotes number of stages, the stages Yi are intermediate
approximations, and one evaluation of f is required for each stage. The coefficients
A, b, b̂ determine the accuracy and stability of the method. The coefficients are
typically chosen so that yn+1 has local error τ = O(h p), and ŷn+1 has local error
τ̂ =O(h p̂) for some 1< p̂< p. Here p is referred to as the order of the method, and
sometimes such a method is referred to as a p( p̂) pair. The value ‖yn+1− ŷn+1‖ is
used to estimate the error and determine an appropriate size for the next step.

The theory of Runge–Kutta order conditions gives necessary and sufficient
conditions for a Runge–Kutta method to be consistent to a given order [16; 3]. For
order p, these conditions involve polynomials of degree up to p in the coefficients
A, b. The number of order conditions increases dramatically with p: only eight
conditions are required for order four, but order ten requires 1,205 conditions and
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order fourteen requires 53,263 conditions. Although the order conditions possess a
great deal of structure and certain simplifying assumptions can be used to facilitate
their solution, the design of efficient Runge–Kutta pairs of higher than eighth order
by direct solution of the order conditions remains a challenging area. Some methods
of order as high as 14 have been constructed [12].

2.1. Extrapolation. Extrapolation methods provide a straightforward approach to
the construction of high-order one-step methods; they can be viewed as Runge–
Kutta methods, which is the approach taken here. For the mathematical foundations
of extrapolation methods we refer the reader to [16, Section II.9]. The algorithmic
structure of extrapolation methods has been considered in detail in previous works,
including [36; 31]; we review the main results here. Various sequences of step
numbers have been proposed, but we consider the harmonic sequence as it is usually
the most efficient [8; 17]. We do not consider the use of smoothing, as previous
studies have shown that it reduces efficiency [17].

2.1.1. Euler extrapolation (Ex-Euler). Extrapolation is most easily understood by
considering the explicit Euler method

yn+1 = yn + h f (yn) (5)

as a building block. The order p Ex-Euler algorithm computes p approximations
to y(tn+1) by using the explicit Euler method, first breaking the interval into one
step, then two steps, and so forth. The approximations to y(tn+1) computed in this
manner are all first order accurate and are labeled T11, T21, . . . , Tp1. These values
are combined using the Aitken–Neville interpolation algorithm to obtain a higher
order approximation to y(tn+1). The algorithm is depicted in Figure 1. For error
estimation, we use the approximation Tp−1,p−1 whose accuracy is one order less.

yn
1

T11

yn
1

Y21
2

T21

yn
1

Y31
3

Y32
4

T31

tn tn+1

yn
1

Y41
5

Y42
6

Y43
7

T41

Figure 1. Structure of an Euler extrapolation step using the harmonic sequence 1, 2, 3, 4.
Each numbered circle represents a function evaluation, and the numbers indicate the order
in which they are performed.
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for k = 1→ p do F Compute first order approximations
Yk0 = yn

for j = 1→ k do
Yk j = Yk, j−1+

h
k

f (Yk, j−1)

end for
Tk1 = Ykk

end for
for k = 2→ p do F Extrapolate to get higher order

for j = k→ p do

T jk = T j,k−1+
T j,k−1− T j−1,k−1

j/( j − k+ 1)− 1
F Aitken–Neville formula for

extrapolation to order kend for
end for
yn+1 = Tpp F New solution value
ŷn+1 = Tp−1,p−1 F Embedded method solution value

Algorithm 1. Explicit Euler extrapolation (Ex-Euler).

Simply counting the number of evaluations of f in Algorithm 1 shows that this
is an s-stage Runge–Kutta method, where

s =
p2
− p+ 2

2
. (6)

The quadratic growth of s as the order p is increased leads to relative inefficiency
of very high-order extrapolation methods when compared to directly constructed
Runge–Kutta methods, as we will see in later sections.

2.1.2. Midpoint extrapolation (Ex-Midpoint). It is common to perform extrapola-
tion based on an integration method whose error function contains only even terms,
such as the midpoint method [16; 36]. In this case, each extrapolation step raises
the order of accuracy by two. We refer to this approach as Ex-Midpoint and give
the algorithm below. Using midpoint extrapolation to obtain order p requires about
half as many stages, compared to Ex-Euler:

s =
p2
+ 4
4

. (7)

Again, the number of stages grows quadratically with the order.

2.2. Deferred correction (DC-Euler). Like extrapolation, deferred correction has
a long history; its application to initial value problems goes back to [7]. Recently it
has been revived as an area of research; see [10; 15] and subsequent works. Here
we focus on the class of methods introduced in [10], with a modification introduced



180 DAVID I. KETCHESON AND UMAIR BIN WAHEED

r = p/2
for k = 1→ r do F Compute second-order approximations

Yk0 = yn

Yk1 = Yk,0+
h
2k

f (Yk,0) F Initial Euler step

for j = 2→ 2k do
Yk j = Yk, j−2+

h
k

f (Yk, j−1) FMidpoint steps

end for
Tk1 = Yk,2k

end for
for k = 2→ r do F Extrapolate to get higher order

for j = k→ r do

T jk = T j,k−1+
T j,k−1− T j−1,k−1

j2/( j − k+ 1)2− 1
F Aitken–Neville formula for

extrapolation to order 2kend for
end for
yn+1 = Trr F New solution value
ŷn+1 = Tr−1,r−1 F Embedded method solution value

Algorithm 2. Explicit midpoint extrapolation (Ex-Midpoint).

in [26]. These spectral DC methods are one-step methods and can be constructed
for any order of accuracy.

Spectral DC methods start like extrapolation methods, by using a low-order
method to step over subintervals of the time step; the subintervals can be equally
sized, or Chebyshev nodes can be used. We consider methods based on the explicit
Euler method and Chebyshev nodes. Subsequently, high-order polynomial interpo-
lation of the computed values is used to approximate the integral of the error, or
defect. Then the method steps over the same nodes again, applying a correction.
This procedure is repeated until the desired accuracy is achieved.

A modification of the spectral DC method appears in [26], in which a parameter
θ is used to adjust the dependence of the correction steps on previous iterations.
The original scheme corresponds to θ = 1; by taking θ ∈ [0, 1] the stability of the
method can be improved. Given a fixed order of accuracy and a predictor method,
the resulting spectral DC method can be written as a Runge–Kutta method [13].
The algorithm is defined below (the values c j denote the locations of the Chebyshev
nodes) and depicted in Figure 2. For error estimation, we use the solution from
the next-to-last correction iteration, whose order is one less than that of the overall
method.

In Algorithm 3, I
j
j−1( f (Yk−1,:)) represents the integral of the degree p − 1

polynomial that interpolates the points Yk−1, j for j = 1, . . . , p−1, over the interval
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tn

yn
1

Y11
2

Y12
3

Y13
4

tn+1/3 tn+2/3 tn+1

Y21
5

Y22
6

Y23
7

Y31
8

Y32
9

Y33
10

yn+1
Y42
12

Y41
11

Figure 2. Structure of a fourth-order spectral DC step using 3 Euler substeps. Each
numbered circle represents a function evaluation, and the numbers indicate the order in
which they are performed. The black arrows represent dependencies; the gray arrows are
dependencies that vanish when θ = 0. Note that node 1 is connected to all other nodes;
some of those arrows have been omitted for clarity. Thus the solution at each node depends
on all solutions from the previous iteration and, unless θ = 0, on its predecessor in the
current iteration.

Y10 = yn

for k = 1→ p− 1 do F Compute initial prediction
Y1k = Y1,k−1+ (ck+1− ck)h f (Y1,k−1)

end for
for k = 2→ p do F Compute successive corrections

Yk0 = yn

for j = 1→ p− 1 do
Yk j = Yk, j−1+ hθ( f (Yk, j−1)− f (Yk−1, j−1))+I

j
j−1( f (Yk−1,:))

end for
end for
yn+1 = Yp,p−1 F New solution value
ŷn+1 = Yp−1,p−1 F New solution value

Algorithm 3. Explicit Euler-based deferred correction (DC-Euler).

[tn + c j h, tn + c j+1h]. Thus, for θ = 0, the algorithm becomes a discrete version
of Picard iteration.

The number of stages per step is

s = p(p− 1) (8)

unless θ = 0, in which case the stages Yp, j (for j < p− 1) need not be computed
at all since Yp,p−1 depends only on the Yp−1, j . Then the number of stages per step
reduces to (p− 1)2+ 1.



182 DAVID I. KETCHESON AND UMAIR BIN WAHEED

2.3. Reference Runge–Kutta methods. In this work we use the following exist-
ing Runge–Kutta pairs as benchmarks for evaluating extrapolation and deferred
correction methods:

• Fourth order: the embedded formula of Merson 4(3) [16, p. 167]

• Sixth order: the 6(5) pair of Calvo et al. [4], which was found to be the most
efficient out of those considered by Hosea and Shampine [17]

• Eighth order: the well-known Prince–Dormand 8(7) pair [30]

• Tenth order: the 10(8) pair of Curtis [6]

• Twelfth order: The 12(9) pair of Ono [29]

It should be stressed that finding pairs of order higher than eight is still very
challenging, and the tenth- and twelfth-order pairs here are not expected to be as
efficient as that of Prince–Dormand.

3. Concurrency

In view of an implementation on parallel computers, extrapolation meth-
ods (as opposed to RKp methods or multistep methods) have an important
distinguishing feature: the rows can be computed independently.

P. Deuflhard, 1985

If a Runge–Kutta method includes stages that are mutually independent, then
those stages may be computed concurrently [20]. In this section we investigate
theoretically achievable parallel speedup and efficiency of extrapolation and deferred
correction methods. Our goal is to determine hardware- and problem- independent
upper bounds based purely on algorithmic concerns. We do not attempt to account
for machine-specific overhead or communication, although the simple parallel tests
in Section 5.5 suggest that the bounds we give are realistically achievable for at least
some classes of moderate-sized problems. Previous works that have considered
concurrency in explicit extrapolation and deferred correction methods include [33;
36; 31; 2; 14; 11; 21; 27; 28].

3.1. Computational model and speedup. As in the serial case, our computational
model is based on the assumption that evaluation of f is sufficiently expensive
so that all other operations (e.g., arithmetic, step size selection) are negligible by
comparison.

Typically, stage y j of an explicit Runge–Kutta method depends on all the previous
stages y1, y2, . . . , y j−1. However, if y j does not depend on y j−1, then these two
stages may be computed simultaneously on a parallel computer. More generally, by
interpreting the incidence matrix of A as the adjacency matrix of a directed graph
G(A), one can determine precisely which stages may be computed concurrently and
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yn
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T11

yn
1

Y21
2

T21

yn
1

Y31
3

Y32
4

T31

tn tn+1

yn
1

Y41
2

Y42
3

Y43
4

T41

P1

P2

Figure 3. Exploiting concurrency in an Euler extrapolation step using 2 processes. The
blue circles with broken border are computed by process 1 and the red circles with
solid border are computed by process 2. Observe that only sseq = 4 sequential function
evaluations are required for each process, as opposed to the s = 7 sequential evaluations
required in serial.

how much speedup may be achieved. For extrapolation methods, the computation
of each Tk1 may be performed independently in parallel [9], as depicted in Figure 3.
Unlike some previous authors, we do not consider parallel implementation of the
extrapolation process (i.e., the second loop in Algorithm 1) since it does not include
any evaluations of f (so our computational model assumes its cost is negligible
anyway).

For the deferred correction methods we consider, parallel computation is ad-
vantageous only if θ = 0; the resulting parallel algorithm is depicted in Figure 4.
A different approach to parallelism in DC methods is taken by the RIDC method
[5]; see also [14]. Deferred correction has also been combined with the parareal
algorithm to achieve parallel speedup [28; 11; 34].

We define the minimum number of sequential stages sseq as the minimum number
of sequential function evaluations that must be made when parallelism is taken into
account. To make this more precise, let us label each node in the graph G(A) by the
index of the stage it corresponds to, with the node corresponding to yn+1 labeled
s+ 1. Then

sseq =max
j

{
path length from node 1 to node s+ 1

}
. (9)

The quantity sseq represents the minimum time required to take one step with a given
method on a parallel computer, in units of the cost of a single derivative evaluation.
For instance, the maximum path length for the method shown in Figure 3 is equal
to 4; for the method in Figure 4 it is 6. The maximum potential parallel speedup is

S = s/sseq. (10)
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tn

yn
1

Y11
2

Y12
3

Y13
4

tn+1/3 tn+2/3 tn+1

Y21
5

Y22
5

Y23
5

Y31
6

Y32
6

Y33
6

yn+1

P1

P2

P3

Figure 4. Exploiting concurrency in a fourth-order spectral DC step (with θ = 0) using 3
Euler substeps and 3 processes. The color and border of each circle indicate which process
evaluates it. Observe that only sseq = 6 sequential function evaluations are required for
each process, as opposed to the s = 10 sequential evaluations required in serial (12 in serial
when θ 6= 0). Node 1 is connected to all other nodes; some of those arrows have been
omitted for clarity. More synchronization is required than for a similar extrapolation step.

The minimum number of processes required to achieve speedup S is denoted by P
(equivalently, P is the maximum number of processes that can usefully be employed
by the method). Finally, let E denote the theoretical parallel efficiency (here we
use the term in the sense that is common in the parallel computing literature) that
could be achieved by spreading the computation over P processes:

E =
s

Psseq
=

S
P
. (11)

Note that E is an upper bound on the achievable parallel efficiency; it accounts
only for inefficiencies due to load imbalancing. It does not, of course, account
for additional implementation-dependent losses in efficiency due to overhead or
communication.

Table 1 shows the parallel algorithmic properties of fixed-order extrapolation
and deferred correction methods. Note that for deferred correction methods with
θ 6= 0, we have sseq = s; that is, no parallel computation of stages is possible.

To our knowledge, no parallel implementation has been made of the deferred
correction methods we consider here. However, the parallel iterated RK methods of
[35] have a similar flavor. For parallel implementation of a revisionist DC method,
see [5].

4. Theoretical measures of efficiency

Here we describe the theoretical metrics we use to evaluate the methods. Our
metrics are fairly standard; a useful and thorough reference is [22]. The overarching
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Method s sseq S P E

Ex-Euler p2
−p+2

2 p p2
−p+2
2p d

p
2 e

p2
−p+2

2pd p
2 e

Ex-Midpoint p2
+4
4 p p2

+4
4p d

p+2
4 e

p2
+4

4pd p+2
4 e

DC-Euler, θ = 0 (p− 1)2+ 1 2(p− 1) (p−1)2+1
2(p−1) p− 1 (p−1)2+1

2(p−1)

DC-Euler, θ 6= 0 p(p− 1) p(p− 1) 1 1 —

Table 1. Parallel implementation properties of extrapolation and deferred correction
methods. s: number of stages; sseq: number of sequentially dependent stages; S = s/sseq:
optimal speedup; P: number of processes required to achieve optimal speedup; E = S/P:
parallel efficiency. Note that DC-Euler with θ = 0 is discrete Picard iteration.

metric for comparing methods is efficiency: the number of function evaluations
required to integrate a given problem over a specified time interval to a specified
accuracy. We assume that function evaluations are relatively expensive so that
other arithmetic operations and overhead for things like step size selection are not
significant.

The number of function evaluations is the product of the number of stages of
the method and the number of steps that must be taken. The number of steps to be
taken depends on the step size h, which is usually determined adaptively to satisfy
accuracy and stability constraints:

h =min(hstab, hacc), (12)

where hstab, hacc are the maximum step sizes that ensure numerical stability and
prescribed accuracy, respectively. Since the cost of a step is proportional to the
number of stages of the method, s, then a fair measure of efficiency is h/s. A simple
observation that partially explains results in this section is as follows: extrapolation
and deferred correction are straightforward approaches to creating methods that
satisfy the huge numbers of order conditions for very high-order Runge–Kutta
methods. However, this straightforward approach comes with a cost: they use many
more than the minimum necessary number of stages to achieve a particular order,
leading to relatively low efficiency.

4.1. Absolute stability. The stable step size hstab is typically the limiting factor
when a very loose error tolerance is applied. A method’s region of absolute stability
(in conjunction with the spectrum of f ′) typically dictates hstab.

In order to make broad comparisons, we measure the size of the and real-axis
interval that is contained in the absolute stability region. Specifically, let S ⊂ C
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Figure 5. Comparison of stability regions for reference methods, Euler extrapolation,
midpoint extrapolation and deferred correction. Real stability interval (left) and scaled real
stability interval (right).

denote the region of absolute stability; then we measure

Ireal =max{r ≥ 0 : [−r, 0] ⊂ S}, (13)

Iimag =max{r ≥ 0 : [−ir, ir ] ⊂ S}. (14)

Determination of the stability region for very high-order methods can be nu-
merically delicate; for instance, the stability function for the eighth-order deferred
correction method is a polynomial of degree 56! Because of this, all stability
calculations presented here have been performed using exact (rational) arithmetic,
not in floating point.

Figure 5 (left) and Table 2 show real and imaginary stability interval sizes for
Ex-Euler, Ex-Midpoint, and DC-Euler methods of orders 4–12. We show the real
stability intervals of the deferred correction methods with three different values of
θ , because this interval has a strong dependence on θ . For all classes of methods,

Order Reference RK Ex-Euler Ex-Midpoint DC-Euler, θ = 0

4 3.46 2.83 2.83 2.93
5 — 0 — 0
6 2.61 0 0 0
7 — 1.76 — 1.82
8 0 3.40 3.40 3.52
9 — 0 — 0

10 0 0 0 0
11 — 1.70 — 1.75

Table 2. Imaginary stability intervals.
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the overall size of the stability region grows with increasing order. However, many
methods have Iimag=0. Note that the stability regions for Ex-Euler and Ex-Midpoint
are identical since both have stability polynomial

p∑
k=0

z p

p!
, (15)

the degree-p Taylor polynomial of the exponential function.
A fair metric for efficiency is obtained by dividing these interval sizes by the

number of stages in the method. The result is shown in Figure 5 (right). Higher-
order methods have smaller relative stability regions. For orders p ≤ 10, the
reference RK methods have better real stability properties. We caution that, for
high-order methods, the boundary of the stability region typically lies very close to
the imaginary axis, so values of the amplification factor may differ from unity by
less than roundoff over a large interval. For instance, the tenth-order extrapolation
method has Iimag = 0, but the magnitude of its stability polynomial differs from
unity by less than 1.4× 10−15 over the interval [−i/4, i/4]. It is not clear whether
precise measures of Iimag are relevant for such methods in practical situations. We
have omitted the values for DC methods with θ > 0 because they exhibited extreme
sensitivity to small perturbations in θ .

Here for simplicity we have considered only the stability region of the principal
method; in the design of embedded pairs, it is important that the embedded method
have a similar stability region. All the pairs considered here seem to have fairly
well matched stability regions.

4.2. Accuracy efficiency. Typically, the local error is controlled by requiring that
‖yn+1− ŷn+1‖< ε for some tolerance ε > 0. When the maximum stable step size
does not yield sufficient accuracy, the accuracy constraint determines the step size.
This is typically the case when the error tolerance is reasonably small. In theoretical
analyses, the principal error norm [22]

C p+1 =

(∑
k

(
τ
(p+1)
k

)2
)1

2

(16)

is often used as a way to compare accuracy between two methods of the same
order. Here the constants τ (p+1)

k are the coefficients appearing in the leading order
truncation error terms.

Assuming that the one-step error is proportional to C p+1h p+1 leads to a fair
comparison of accuracy efficiency given by the accuracy efficiency index, introduced
in [17]:

η =
1
s

(
1

C p+1

)1/p+1

. (17)
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Figure 6. Accuracy efficiency: serial accuracy (left) and ideal parallel accuracy (right).

Figure 6 (left) plots the accuracy efficiency index for the methods under consid-
eration. Interestingly, a ranking of methods based on this metric gives the same
ordering as that based on Ireal/s.

4.3. Accuracy and stability metrics. In order to determine idealized accuracy and
stability efficiency measures, we take the speedup factor s/sseq into account. In
other words, we consider

s
sseq

η =
1

sseq

(
1

C p+1

)1/p+1

, (18)

as a measure of accuracy efficiency. A similar scaling could be used to study stability
efficiency of parallel implementations. We stress that in this context efficiency relates
to the number of function evaluations required to advance to a given time, and is
not related to the usual concept of parallel efficiency.

Figure 6 (right) shows the accuracy efficiency, rescaled by the speedup factor.
Comparing with Figure 6 (left), we see a very different picture for methods of
order 8 and above. Extrapolation methods are the most efficient, while the reference
RK methods give the weakest showing — since they do not benefit from parallelism.

4.4. Predictions. The theoretical measures above indicate that fixed-order extrap-
olation and deferred correction methods are less efficient than traditional Runge–
Kutta methods, at least up to order eight. At higher orders, the disadvantage of
extrapolation and spectral DC are less pronounced, but they still offer no theoretical
advantage. When parallelism is taken into account, extrapolation and deferred
correction offer a significant theoretical advantage.
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5. Performance tests

In this section we perform numerical tests, solving some initial value problems with
the methods under consideration, to validate the theoretical predictions of the last
section.

In this and all remaining sections of the paper, all results shown for DC methods
are for the case θ = 0. We focus on this case due to its potential for parallelization.
In addition to the tests shown, we tested all methods on a collection of problems
known as the nonstiff DETEST suite [18]. The results (not shown here) are broadly
consistent with those seen in the test problems below.

5.1. Verification tests. For each of the pairs considered, we performed convergence
tests using a sequence of fixed step sizes with several nonlinear systems of ODEs,
in order to verify that the expected rate of convergence is achieved in practice.
We also checked that the coefficients of each method satisfy the order conditions
exactly (in rational arithmetic).

5.2. Step size control. For step size selection, we use a standard I-controller [22]:

h∗n+1 = κhn

(
ε

‖δn+1‖∞

)α
. (19)

Here ε is the chosen integration tolerance and δn+1 = yn+1− ŷn+1. We take κ = 0.9
and α = 0.7/p, where p is the order of the embedded method. The step size is not
allowed to increase or decrease too suddenly; we use [16]

hn+1 =min
(
κmaxhn,max(κminhn, h∗n+1)

)
(20)

with κmin = 0.2 and κmax = 5. A step is rejected if the error estimate exceeds the
tolerance, i.e., if ‖δn‖∞ > ε.

All tests in this work were also run with a PI-controller, and very similar results
were obtained.

5.3. Test problems and results.

5.3.1. Three-body problem. We consider the first three-body problem from [32]:

SB1 : y′1 = y3,

y′2 = y4,

y′3 = y1+ 2y4−µ
′

y1+µ(
(y1+µ)2+ y2

2

)3/2 −µ y1−µ
′(

(y1−µ′)2+ y2
2

)3/2 ,
y′4 = y2+ 2y3−µ

′
y2(

(y1+µ)2+ y2
2

)3/2 −µ y2(
(y1−µ′)2+ y2

2

)3/2 ,
(21)
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Figure 7. Efficiency tests on problem SB1 (Section 5.3.1). Top row: 6th order (left); 8th
order (right). Bottom row: 10th order (left); 12th order (right).

Here µ′ = 1−µ, the final time is T = 6.192169331319639, and the initial values
are

y1(0)= 1.2, y2(0)= 0, y3(0)= 0,

y4(0)=−1.049357509830319, µ= 0.0121285627653123. (22)

Figure 7 plots number of function evaluations (cost) against the absolute error for
this problem. The absolute error is

Error= |yN − y(T )|, (23)

where T is the final time and yN is the numerical solution at that time, while
y(T ) is a reference solution computed using a fine grid and the method of Bogacki
and Shampine [1]. The initial step size is 0.01. In every case, the method efficiencies
follow the ordering predicted by the accuracy efficiency index, and are consistent
with previous studies.
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Figure 8. Efficiency tests on problem B1 (Section 5.3.2). Top row: 6th order (left); 8th
order (right). Bottom row: 10th order (left); 12th order (right).

5.3.2. A two-population growth model. Next we consider problem B1 of [18],
which models the growth of two conflicting populations:

y′1 = 2(y1− y1 y2), y1(0)= 1, (24a)

y′2 =−(y2− y1 y2), y2(0)3. (24b)

Results, shown in Figure 8, are consistent with those of the previous test. The
effect of internal instability (see Section 5.4) can be seen for the high-order Euler
extrapolation methods.

5.3.3. A nonlinear wave PDE. Finally, we consider the integration of a high-order
PDE semidiscretization from [23]. We solve the 1D elasticity equations

εt(x, t)− ux(x, t)= 0, (25a)

ρ(x)u(x, t)t − σ(ε(x, t), x)x = 0 (25b)

with nonlinear stress-strain relation

σ(ε, x)= exp(K (x)ε)− 1, (26)
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Figure 9. Solution (left) and efficiency (right) for methods applied to the stegoton problem
(Section 5.3.3).

and a simple periodic medium composed of alternating homogeneous layers:

ρ(x)= K (x)=
{

4 if j < x < j + 1
2 for some integer j,

1 otherwise.
(27)

We consider the domain 0≤ x ≤ 300, an initial Gaussian perturbation to the stress,
and final time T = 100. The solution consists of two trains of emerging solitary
waves; one of them is depicted in Figure 9 (left). The semidiscretization is based
on the WENO wave-propagation method implemented in SharpClaw [25].

Efficiency results for eighth-order methods are shown in Figure 9 (right). The
spatial grid is held fixed across all runs, and the time step is adjusted automatically
to satisfy the imposed tolerance. The error is computed with respect to a solution
computed with tolerance 10−13 using the 5(4) pair of Bogacki and Shampine. For
the most part, these are consistent with the results from the smaller problems above.
However, the Euler extrapolation method performs quite poorly on this problem.
The reason is not clear, but this underscores the fact that performance on particular
problems can be very different from the “average” performance of a method.

5.4. Failure of integrators. Some failure of the integrators was observed in testing.
These failures fall into two categories. First, at very tight tolerances, the high-order
Euler extrapolation methods were sometimes unable to finish because the time step
size was driven to zero. This is a known issue related to internal stability; for a full
explanation see [24].

Second, the deferred correction methods sometimes gave global errors much
larger than those obtained with the other methods. This indicates a failure of the
error estimator. Upon further investigation, we found that the natural embedded
error estimator method of order p− 1 satisfies nearly all (typically all but one) of
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Figure 10. Efficiency for the problem SB1 (Section 5.3.1) based on sequential derivative
evaluations. Top row: 6th-order methods (left); 8th-order methods (right). Bottom row:
10th-order methods (left); 12th-order methods (right).

the order conditions for order p. Hence these estimators may be said to be defective,
and it would be advisable to employ a more robust approach like that discussed in
[10]. Since our focus is purely on Runge–Kutta pairs, we do not pursue this issue
further here.

5.5. Ideal parallel performance. Figures 10–12 show efficiency for the same three
test problems but now based on the number of sequential evaluations. That is, the
vertical axis is Nsseq, where N denotes the number of steps taken. The same
measure of efficiency was used in [35]. We see that the parallelizable methods —
especially extrapolation — outperform traditional methods, especially at higher
orders. Similar results were obtained for parallel iterated RK methods in [35].
Remarkably, the deferred correction method performs the best by this measure for
the stegoton problem.

This measure of efficiency may be viewed with some skepticism since it ne-
glects the cost of communication. This concern is addressed with a true parallel
implementation in the next section.
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Figure 11. Efficiency for the problem B1 (Section 5.3.2) based on sequential derivative
evaluations. Top row: 6th-order methods (left); 8th-order methods (right). Bottom row:
10th-order methods (left); 12th-order methods (right).
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Figure 12. Parallel efficiency for the stegoton problem (Section 5.3.3).
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6. A shared-memory implementation of extrapolation

Development and testing of a tuned parallel extrapolation or deferred correction
code is beyond the scope of this paper, but in this section we run a simple example
to demonstrate that it is possible in practice to achieve speedups like those listed
in Table 1, and to outperform even the best highly tuned traditional RK methods,
at least on problems with an expensive right-hand-side. We focus on speedup
with an eye to providing efficient black-box parallel ODE integrators for multicore
machines, noting that the number of available cores is often more than can be
advantageously used by the methods considered.

Previous studies have implemented explicit extrapolation methods in parallel
and achieved parallel efficiencies of up to about 80% [19; 21; 27]. As those studies
were conducted about twenty years ago, it is not clear that their conclusions are
relevant to current hardware.

In order to test the achievable parallel speedup, we took the code ODEX [16],
downloaded from unige.ch/ hairer/software.html, and modified it as follows:

• Fixed the order of accuracy (disabling adaptive order selection)

• Inserted an OMP PARALLEL pragma around the extrapolation loop

• Removed the smoothing step

We refer to the modified code as ODEX-P.
Figure 13 (left) shows the achieved speedup based on dynamic scheduling

for p = 6, 10, 14, 18, applying the code to an N -body gravitational problem with
400 bodies. Results for other orders are similar. The dotted lines show the theoretical
maximum speedup S = (p2

+4)/(4p) based on our earlier analysis. The tests were
run on a workstation with two 2.66 GHz quad-core Intel Xeon processors, and the
code was compiled using GFortran. Using p/2 threads, the measured speedup is
very close to the theoretical maximum. However, the speedup is significantly below
the theoretical value when only P threads are used. We interpret this to mean that
the dynamic scheduler is not able to optimally allocate the work among threads
unless there are enough threads to give just one loop iteration to each.

Figure 13 (right) and Table 3 show the result of a more intelligent parallel
implementation, using static scheduling with the code modified so that both Tk1

and Tr−k,1 are computed in a single loop iteration. This load balancing scheme
is optimal when using on the optimal number of threads P , and the results agree
almost perfectly with theory.

6.1. Comparison with DOP853. We now compare actual runtimes of our experi-
mental ODEX-P with the DOP853 code (unige.ch/ hairer/prog/nonstiff/dop853.f).
These two codes have been compared in [16, Section II.10], but using the original

http//www.unige.ch/~hairer/software.html
http//www.unige.ch/~hairer/prog/nonstiff/dopeifith.f
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Figure 13. Measured speedup of the midpoint extrapolation code ODEX-P on a 400-body
gravitation problem by insertion of a single OMP parallel pragma in the code. Dynamic
scheduling (left) and manual load-balancing (right). The ratio of runtime with multiple
threads to runtime using a single thread is plotted. The dotted lines show the theoretical
maximum speedup S = (p2

+ 4)/(4p) based on our earlier analysis.

Order Runtime (seconds) Max. speedup Parallel efficiency

(p) P 1 thread P threads Theory (S) Observed Theory (E) Observed

6 2 13.140 7.977 1.67 1.65 0.83 0.82
10 3 17.370 6.770 2.60 2.57 0.87 0.86
14 4 19.508 5.573 3.57 3.50 0.89 0.88
18 5 25.876 5.827 4.56 4.44 0.91 0.89

Table 3. Runtime, speedup and efficiency of manually load-balanced runs of the modified
ODEX-P code with P threads. The observed speedup (and efficiency) are close to the
theoretically optimal values (S and E).

ODEX code (with order-adaptivity and without parallelism). In that reference,
DOP853 was shown to be superior to ODEX at all but the most strict tolerances.

Table 4 shows runtimes versus prescribed tolerance for a 400-body problem for
the two codes, using fixed order 12 (with 4 threads) in the ODEX-P code. Figure 14
shows the achieved relative root-mean-square global error versus runtime. Perhaps

Tolerance
Code 10−3 10−5 10−7 10−9 10−11

DOP853 3.81 9.02 17.80 30.93 56.75
ODEX-P(12) 3.31 5.87 10.32 18.07 26.76

Table 4. Runtimes (in seconds) for Dormand–Prince and modified 12th-order ODEX-P
code. The tests were run on a workstation with two 2.66 GHz quad-core Intel Xeon
processors using four threads.
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Figure 14. Runtime versus achieved relative error of the midpoint extrapolation code
ODEX-P on a 400-body gravitation problem. The tests were run on a workstation with
two 2.66 GHz quad-core Intel Xeon processors using four threads.

surprisingly, the parallel extrapolation code is no worse even at loose tolerances.
At moderate to strict tolerances, it substantially outperforms the RK code.

7. Discussion

This study is intended to provide a broadly useful characterization of the properties of
explicit extrapolation and spectral deferred correction methods. Of course, no study
like this can be exhaustive. Our approach handicaps extrapolation and deferred
correction methods by fixing the order throughout each computation; practical
implementations are order-adaptive and should achieve somewhat better efficiency.
We have investigated only the most generic versions of each class of methods; other
approaches (e.g., using higher order building blocks or exploiting concurrency in
different ways) may give significantly different results. Such approaches could
be evaluated using the same kind of analysis employed here. Finally, our parallel
computational model is valid only when evaluation of f is relatively expensive —
but that is when efficiency and concurrency are of most interest.

The most interesting new conclusions from the present study is that parallel
extrapolation methods of very high order outperform sophisticated implementations
of the best available RK methods for problems with an expensive right hand side.
This is true even for a relatively naive non-order-adaptive code. We have shown
that near-optimal speedup can be achieved in practice with simple modification of
an existing code. The resulting algorithm is faster (at least for some problems) than
the highly regarded DOP853 code.

Our serial results are in line with those of previous studies. New here is the
evidence that, in serial, spectral deferred correction based on explicit Euler seems
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(like extrapolation) inferior to well-designed RK methods. However, we have tested
only one of the many possible variants of these methods.

High order Euler extrapolation methods suffer from dramatic amplification of
roundoff errors. This leads to the loss of several digits of accuracy (and failure
of the automatic error control) for very high-order methods, and is observed in
practice on most problems. Fortunately, midpoint extrapolation does not exhibit
this amplification.

The theoretical and preliminary experimental results we have presented suggest
that a carefully designed parallel code based on midpoint extrapolation could be
very efficient. Such a practical implementation is the subject of current efforts.
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A NEW CLASS OF SECANT-LIKE METHODS FOR SOLVING
NONLINEAR SYSTEMS OF EQUATIONS

JOSÉ A. EZQUERRO, ANGELA GRAU, MIQUEL GRAU-SÁNCHEZ

AND MIGUEL A. HERNÁNDEZ-VERÓN

Applying twice an idea of Hernández and Rubio (2002) for constructing a one-
parameter family of secant-like methods, we define a two-parameter family of
secant-like methods for solving nonlinear systems of equations. We analyze the
efficiency of this new family and conclude that the Kurchatov method, which is
one member of the family, is the most efficient. We illustrate this with Troesch’s
problem.

1. Introduction

Iterative methods are typically used for approximating a simple root α of a non-
linear system of equations, say F(x) = 0, where F ≡ (F1, F2, . . . , Fm)— each
component Fi : D ⊆ Rm

→ R, i = 1, 2, . . . ,m, being defined on a nonempty open
convex domain D of Rm . The choice of a method for solving F(x) = 0 usually
depends on its efficiency, which links the order of convergence of the method to
its computational cost. Two classic measurements of the efficiency, in the sense
defined by Traub [25] and Ostrowski [20], are the efficiency index (EI) and the
computational efficiency (CE), by

EI= ρ1/a and CE= ρ1/p, (1)

where ρ is the R-order of convergence of the method [21], a represents the number
of function evaluations necessary to apply the method and p is the number of
multiplications and divisions needed to compute each iteration of the method.

For one-point iterative methods without memory, it is known that the order of
convergence ρ is a natural number and can be achieved for methods that depend
explicitly on the first ρ − 1 derivatives of F . However, the computational cost
increases when it is necessary to calculate successive derivatives.

This work was supported in part by project MTM2011-28636-C02-01 of the Spanish Ministry of
Science and Innovation.
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In this paper, we are interested in numerical methods that avoid the expensive
computation of derivatives of F at each step. Among such methods, a popular
one is the secant method [2; 3], whose algorithm we recall. Given two points
u = (u1, . . . , um) and v = (v1, . . . , vm) in Rm , with ui 6= vi for each i , define
the (first-order) divided difference of F with respect to u and v as the linear map
[u, v; F] : Rm

→ Rm given by the matrix with the following entries:

[u, v; F]i j =
1

uj−v j

(
Fi (u1, . . . , u j−1, uj , v j+1, . . . , vm)

−Fi (u1, . . . , uj−1, v j , v j+1, . . . , vm)
)
, i, j = 1, 2, . . . ,m.

The secant method prescribes{
x0, x−1 given in D,
xn+1 = xn − [xn−1, xn; F]−1 F(xn), n ≥ 0.

(2)

It is superlinearly convergent with R-order of convergence 1
2(1+

√
5) [22].

In [13] the authors propose a one-parameter family of secant-like methods for
solving F(x)= 0, containing the secant method and Newton’s method. For a given
value of the parameter λ ∈ [0, 1], the method prescribes

x0, x−1 given in D,
yn = λxn + (1− λ)xn−1, n ≥ 0,
xn+1 = xn − [yn, xn; F]−1 F(xn), n ≥ 0.

(3)

Clearly (3) reduces to the secant method if λ = 0; and, if F is differentiable, (3)
reduces to Newton’s method for λ= 1, since in this case [u, v; F] tends to F ′(v)
as u→ v. We know from [14; 15] that the R-order of convergence of (3) is at least
the same as that of the secant method for all λ. In practice, the closer xn and yn ,
the higher the speed of convergence; indeed, it is shown in [13] that the speed of
convergence of (3) increases with λ ∈ [0, 1], approaching that of Newton’s method
when λ is close to 1.

Following the above idea twice, we can generalize the method to two parameters,
one for each component of the divided difference involved in the secant method.
Given γ, δ ∈ R, the generalized method prescribes

x0, x−1 given in D,
yn = γ xn + (1− γ )xn−1, n ≥ 0,
zn = δxn + (1− δ)xn−1, n ≥ 0,
xn+1 = xn − [yn, zn; F]−1 F(xn), n ≥ 0.

(4)

As before we have as particular cases the secant method (γ = 0, δ= 1) and Newton’s
method if F is differentiable (γ =1, δ=1). The family (4) also contains Kurchatov’s
method [4; 5; 16; 24], which corresponds to the case γ = 0, δ = 2; explicitly, this
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method prescribes{
x0, x−1 given in D,
xn+1 = xn − [xn−1, 2xn − xn−1; F]−1 F(xn), n ≥ 0.

(5)

In the one-dimensional case, the Kurchatov method has a geometrical interpretation
similar to the secant method [4].

The paper is organized as follows. In Section 2, we determine the order of
convergence of (4) in terms of γ and δ. In Section 3, we compute the efficiencies
(EI and CE) and find the parameter values that maximize it. In Section 4.1 we repeat
the analysis using a more general efficiency index, CEI, which takes into account
both the number of function evaluations and the number of operations. Finally,
in Section 4.2, we give an application to Troesch’s problem [26], illustrating the
theoretical results presented in earlier sections.

To summarize, this paper presents a two-parameter family of iterative methods for
solving nonlinear systems of equations that generalizes both the secant method and
the Kurchatov method, and shows that, within this family, the Kurchatov method
(or in some restricted cases the secant method) is the most efficient.

2. Order of convergence

From now on we assume that F is continuously differentiable four times at α ∈ D.

In this section we state and prove Theorem 1, which gives the order of con-
vergence of the family of iterations defined in (4). We start by writing down the
development to fourth order of the divided difference of F ; this was introduced in
[8], following ideas from [11; 12]. See [8] for details.

Thanks to our assumption on the differentiablity of F , we can approximate the
divided difference by the derivative of F , plus corrections up to the fourth derivative:

[y, x; F] = F ′(α)+
3∑

k=1

(
1

(k+1)!
F (k+1)(α)

k∑
i=0

ek−i ẽi
)
+W (x, e, ẽ), (6)

where e = x − α, ẽ = y − α, the (k+1)-st derivative F (k+1)(α) is understood
as the appropriate (k+1)-linear map acting on the k vectors whose “product” is
written under the inner sum, together with the vector on which [y, x; F] acts, and
finally W (x, e, ẽ) is a linear map Rm

→ Rm satisfying ‖[F ′(α)]−1W (x, e, ẽ)‖ =
o(‖e‖p

‖ẽ‖q), for all p, q = 0, 1, 2, 3 such that p+ q = 3.
In the sequel we assume that F ′(α) is nonsingular. We can then introduce the

maps

Ak =
1
k!
[F ′(α)]−1 F (k)(α) ∈ L

(
Rm
×

k
˘· · · ×Rm,Rm), k = 2, 3, 4.
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Also, it will be convenient to write

wk(e)

for any vector-valued expression in e whose norm is o(‖e‖k); similarly we write

w j,k(e, ẽ)

for any expression in e, ẽ such that whose norm is o(‖e‖ j
‖ẽ‖k). Here j, k are

natural numbers.

Theorem 1. The iterative procedure in (4) has R-order of convergence at least
2 if γ + δ = 2 and at least 1

2(1+
√

5) if γ + δ 6= 2. More precisely, if F ′(α) is
nonsingular, then

en+1 = A2e2
n + (1− γ )

2 A3e2
n−1en +w2,1(en−1, en) if γ + δ = 2 (7)

and

en+1 = (2−γ−δ)A2en−1en+(γ+δ−1)A2e2
n+w2(en−1) if γ+δ 6= 2. (8)

Proof. We set y = yn and x = zn in (6) to obtain the expression of [yn, zn; F] in
terms of en = xn −α. Then, by expanding in formal power series of en−1 and en

and taking into account that [yn, zn; F]−1
[yn, zn; F] = I , we obtain

[yn, zn; F]−1

=

(
I−(2−γ−δ)A2en−1−(γ+δ)A2en

−
(
((1−γ )2+(1−δ)2+(1−γ )(1−δ))A3−(2−γ−δ)2 A2

2
)
e2

n−1+w2(en−1)
)

×[F ′(α)]−1.

The highest local order of convergence for (4) is obtained when γ + δ = 2, since
then the term (2− γ − δ)A2en−1 disappears. In this case, δ = 2− γ and

[yn, zn; F]−1
=
(
I − 2A2en − (1− γ )2 A3e2

n−1)+w2(en−1)
)
[F ′(α)]−1,

so that (4) becomes{
x0, x−1 given in D,

xn+1 = xn−[γ xn+(1−γ )xn−1, (2−γ )xn+(γ−1)xn−1; F]−1 F(xn), n ≥ 0.
(9)

By subtracting the root α from both sides of (9), we deduce that

en+1 = en −
(
I − 2A2en − (1− γ )2 A3e2

n−1+w2(en−1)
)
[F ′(α)]−1 F ′(α)

×
(
en + A2e2

n +w2(en)
)
,

which leads to (7). Taking norms, we then have
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‖en+1‖ ≤ ‖A2‖‖en‖
2
+ (1− γ )2‖A3‖‖en−1‖

2
‖en‖.

Consequently the associated equation is t2
− t−2= 0 [20; 25], whose only positive

root is 2. Thus the R-order of convergence of family (9) is at least 2.
In the other case, γ +δ 6= 2, we argue as above and deduce (8) and the inequality

‖en+1‖ ≤ |2− γ − δ|‖A2‖‖en−1‖‖en‖+ |γ + δ− 1|‖A2‖‖en‖
2.

The associated equation is now t2
− t − 1 = 0, whose unique positive root is

1
2(1+

√
5). Thus the R-order of convergence is at least 1

2(1+
√

5), which is that of
the secant method. �

3. Efficiency

We next turn to the efficiency of the two-parameter family of iterative methods (4),
comparing it with that of the one-parameter family (3). Having just determed the
R-orders of convergence, we need to find the number of function evaluations and
operations (multiplications and divisions) required at each step.

We denote by a1(m) and p1(m), respectively, the number of function evaluations
and operations (per step) for (3) in dimension m. For the two-parameter family (4),
the corresponding numbers are denoted by a2(m) and p2(m) in the case γ + δ 6= 2,
and by a3(m) and p3(m) in the case γ + δ = 2.

To determine a1(m) and p1(m), we rewrite the last line of (3) as

xn+1 = xn + bn, where [yn, xn; F]bn =−F(xn). (10)

We see that m evaluations are needed for the Fi and m2 for functions in the divided
difference matrix, so

a1(m)= m2
+m.

Also needed are m2
+ 2m operations to compute the divided difference matrix

(counting yn = λxn + (1−λ)xn+1 as two multiplications), 1
3(m

3
−m) operations

for its LU decomposition, and m2 operations to solve two triangular linear systems.
Therefore

p1(m)=
1
3

m(m2
+ 6m+ 5).

With these two values we can then compute the two measures of efficiency,

EI=
(

1+
√

5
2

)1/a1(m)

and CE=
(

1+
√

5
2

)1/p1(m)

. (11)

Similarly, for (4) with γ + δ 6= 2, we can write

xn+1 = xn + cn, where [yn, zn; F]cn =−F(xn). (12)
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Figure 1. Plots of EI (left) and CE (right) versus the dimension m. The bottom curves
refer to the general two-parameter algorithm (4); the efficiency indices are given in (11).
The middle curves refer to the “secant-like” specialization (δ = 0); see (13). The top
curves refer to the specialization γ + δ = 2; see (14).

In this case we get a2(m) = a1(m) + m = m2
+ 2m function evaluations and

p2(m) = p1(m)+ 2m = 1
3 m(m2

+ 6m + 8) operations (because zn , too, requires
two multiplications). This leads to

EI=
(

1+
√

5
2

)1/(a1(m)+m)

and CE=
(

1+
√

5
2

)1/(p1(m)+2m)

. (13)

Finally we take (4) with γ + δ = 2. Equation (12) is still valid; however,
since zn = (2− γ )xn + (γ − 1)xn−1) shares a summand with yn , it requires one
fewer multiplication. Consequently, a3(m)= a1(m)+m = m2

+ 2m and p3(m)=
p1(m)+m = 1

3 m(m2
+ 6m+ 8). In this case we obtain

EI= 21/(a1(m)+m) and CE= 21/(p1(m)+m). (14)

The results are summarized in Figure 1. We see that both measures of efficiency,
the EI the the CE, are highest for the case γ +δ= 2 of the two-parameter family (4).
Within this spacial case, the Kurchatov method (γ = 0, δ = 2) is the most efficient
of all, since it saves m function evaluations and 3m multiplications.

4. Applications

As already discussed, the EI and CE are based, respectively, on the number of
function evaluations and the number of operations. To take both into account at
once we can use what we call the computational efficiency index, defined as

CEI= ρ1/C. (15)
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Here ρ is the R-order of convergence and C is the computational cost per step,
defined as the number of operations plus µ times the number of function evaluations.
The factor µ reflects the cost of a function evaluation relative to that of an operation,
and depends on the machine, the software and the arithmetic used. (Some discussion
of the CEI can be found in [22].) In Section 4.1 we use the CEI to refine the analysis
of the previous section. In Section 4.2 we illustrate with Troesch’s problem [26].

4.1. Optimal computational efficiency. We have seen in Section 3 that two special
cases stand out for efficiency among the algorithm of the family (4): the secant
method (2), with (γ, δ)= (0, 1), and the Kurchatov method (5), with (γ, δ)= (0, 2).
Combining the definition of C in the previous paragraph with the results of Section 3,
we have

Csec(µ,m)= m2µ+ 1
3 m(m2

+ 6 m− 1), ρsec
=

1
2(1+

√
5),

CKur(µ,m)= (m2
+ m)µ+ 1

3 m(m2
+ 6 m− 1), ρKur

= 2.

Theorem 2. If m = 2, then CEIsec > CEIKur for µ > µ0 :≈ 18.48023, and
CEIKur > CEIsec for µ < µ0. If m ≥ 3, then CEIKur > CEIsec.

Proof. It is enough to consider the borderline case of the ratio

log CEIsec

log CEIKur =
CKur

Csec

log ρsec

log ρKur .

Equating this ratio to 1 gives a curve in the (m, µ) plane with vertical asymptote
m = 2.270559 . . . . For higher m, the ratio is always less than 1. For m = 2, the
ratio is less than 1 if and only if µ > µ0. �

Therefore, the CEI of the Kurchatov method is almost always better than that of
the secant method.

4.2. Troesch’s problem. Troesch’s problem [26] is the following nonlinear two-
point boundary value problem in one dimension:

u′′(x)= λ sinh(λu(x)), 0≤ x ≤ 1, (16)

with boundary conditions u(0)= 0 and u(1)= 1 and the real positive parameter λ.
It arises from modeling the confinement of a plasma column by radiation pressure.
A closed-form solution to the problem is known [6; 7; 9; 17; 23]. It can be written
in terms of the Jacobian elliptic function sc as

u(x)= 2
λ

sinh−1{12u′(0) sc
(
λx, 1− 1

4 u′(0)2
)}
, (17)

where u′(0) is the derivative at t = 0; we have u′(0) = 2
√

1− κ , where κ is the
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digits x ∗ y x/y
√

x exp(x)

32 1.1µs 1 11 25

Table 1. Estimated computational cost of elementary functions computed with Maple@
13 on an Intel R© CoreTM 2 Duo CPU P8800 (32-bit machine) running Microsoft Windows
7 Professional, where x =

√
3− 1 and y =

√
5. The last three entries are relative to the

second (multliplication).

solution to the equation
sinh(λ/2)
√

1− κ
= sc(λ, κ). (18)

Given a value of λ, we can find κ from (18) and the defining equation sc(λ, κ)=
tanφ, where φ is determined by∫ φ

0

dθ√
1− κ sin2 θ

= λ

(see [1]). Following [7; 9] we consider two cases: λ= 0.5 and λ= 1.

In the remainder of this section we use two finite-difference schemes to solve
Troesch’s problem numerically, using the closed-form solution for comparison. The
numerical computations were performed using Maple with 32 digits. To specify
the computational cost, an estimation of the factor µ is necessary. We used the data
in Table 1, based on [10; 19].

A classic finite difference scheme. We partition the interval [0, 1] as follows:

x0 = 0< x1 < x2 < · · ·< xn−1 < xn = 1 , x j+1 = x j + h, h = 1/n, (19)

and define y0 = y(x0)= 0, y1 = y(x1), . . . , yn−1 = y(xn−1), yn = y(xn)= 1. If we
discretize (16) by using the standard numerical formula for the second derivative,

y′′k =
yk−1− 2yk + yk+1

h2 + O(h2), k = 1, 2, . . . , n− 1, (20)

we obtain the following system of (n− 1)× (n− 1) nonlinear equations:

yk−1− (2yk + h2λ sinh(λyk))+ yk+1 = 0, k = 1, 2, . . . , n− 1. (21)

Setting n = 20, the approximate solution is computed taking the initial points
x−1 = (1, 1, . . . , 1) and x0 = (0, 0, . . . , 0) and applying methods (2) and (5), the
secant and Kurchatov methods.

The errors in the solution are shown in Table 2 and more information about
efficiencies is shown in Table 3. The cost is computed in the following way: the
cost of the function sinh is 27 (25 for the exponential function plus 2 divisions);
each component function Fk is equal to yk−1− (2yk + h2λ sinh(λyk))+ yk+1 with
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λ= 0.5 λ= 1.0

x u(x) |u(x)− y(x)| |u(x)− z(x)| u(x) |u(x)− y(x)| |u(x)− z(x)|

0.1 0.095944349292 4.1627 ·10−7 3.4372 ·10−12 0.084661256551 5.9888 ·10−6 5.6178 ·10−11

0.2 0.192128747660 8.0952 ·10−7 6.6447 ·10−12 0.170171358178 1.1732 ·10−5 1.0262 ·10−10

0.3 0.288794400893 1.1563 ·10−6 9.3965 ·10−12 0.257393908080 1.6965 ·10−5 1.3041 ·10−10

0.4 0.386184846362 1.4323 ·10−6 1.1475 ·10−11 0.347222855110 2.1385 ·10−5 1.3243 ·10−10

0.5 0.484547164744 1.6118 ·10−6 1.2675 ·10−11 0.440599835168 2.4626 ·10−5 1.0472 ·10−10

0.6 0.584133248445 1.6674 ·10−6 1.2810 ·10−11 0.538534398077 2.6221 ·10−5 4.8544 ·10−11

0.7 0.685201148302 1.5690 ·10−6 1.1717 ·10−11 0.642128609191 2.5561 ·10−5 2.6357 ·10−11

0.8 0.788016522650 1.2837 ·10−6 9.2672 ·10−12 0.752608094046 2.1818 ·10−5 9.6507 ·10−11

0.9 0.892854216136 7.7458 ·10−7 5.3721 ·10−12 0.871362519798 1.3843 ·10−5 1.1578 ·10−10

Table 2. Exact and approximate solutions u(x), y(x) and z(x) defined in (17), (21) and
(22), respectively.

λ= 0.5

I a aµ ν C EI CE CEI TF τ

method (2) 3 3m 87m 6m− 4 1763 1.0084780 1.0043842 1.0002730 8435.91 0.024516
method (5) 2 3m 87m 6m− 4 1763 1.0122347 1.0063212 1.0003932 5856.56 0.018875

λ= 1.0

I a aµ ν C EI CE CEI TF τ

method (2) 3 3m 84m 6m− 4 1706 1.0084780 1.0043842 1.0002821 8163.16 0.024438
method (5) 2 3m 84m 6m− 4 1706 1.0122347 1.0063212 1.0004064 5667.21 0.019000

Table 3. Numerical efficiency for system (21) with m = 19.

h2
= 1/400 and h2λ prefixed, so that we have an evaluation of sinh and 2 products

if λ = 0.5 (in total 29), whereas we have an evaluation of sinh and 1 product (in
total 28) if λ= 1. In short, µλ=0.5 = 29 and µλ=1 = 28.

A nonstandard finite difference scheme. As a consequence of the low accuracy
obtained in the previous section, we now discretize (16) in a different way. We
again consider the partition of the interval [0, 1] given in (19), define z0= z(x0)= 0,
z1 = z(x1), . . . , zn−1 = z(xn−1), zn = z(xn) = 1 and discretize (16) by using the
following smart numerical formula for the second derivative [7]:

z′′k =
w2

k (zk−1− 2zk + zk+1)

2(cosh(wkh)− 1)
+ O(h4) , k = 1, 2, . . . , n− 1 ,

where

wk = λ

√
(zk+1− zk−1)2

4h2 + cosh(λzk).
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Next, we obtain the following system of (n− 1)× (n− 1) nonlinear equations:

w2
k (zk+1−2zk+zk−1)−2λ sinh(λzk)(cosh(wkh)−1)=0, k=1, . . . , n−1. (22)

Setting n = 20, the approximate solution is computed taking the initial points

x−1 =
(
.0480, .0959, .144, .192, .240, .289, .337, .386, .435, .485,

.534, .584, .634, .685, .736, .788, .840, .893, .946
)t
,

and

x0 =
(
.047957,.095944,.14399,.19213,.24039,.28879,.33738,.38618,.43523,.48455,

.53417,.58413,.63447,.68520,.73637,.78802,.84016,.89285,.94612
)t
,

and applying again methods (2) and (5). The errors in the solution are shown
in Table 2 and more information about efficiencies is given in Table 4. The cost
of the function cosh is the same as that of sinh if this function is not computed
before. In this case, the cost is 1. Every component function Fk is equal to
w2

k (zk+1 − 2zk + zk−1)− 2λ sinh(λzk)(cosh(hwk)− 1), w2
k with cost equal to 31

or 29, wk with cost equal to 11, sinh(λzk) with cost equal to 28 or 27, cosh(wkh)
with cost equal to 39 (27 (cosh)+11 (sqrt)+1 (prod)), and some isolated products.
Finally, we obtain µλ=0.5 = 73 and µλ=1 = 72.

In Table 2, for λ = 0.5 and λ = 1, we present the exact solution u(x`), the
numerical solution y(x`) of (21) and the numerical solution z(x`) of (22), where
` = 1, 2, . . . , 9 and k = 2`, which k is given in (21) and (22). In both cases the
results are independent of the application of methods (2) and (5).

Table 2 confirms the theoretical results. It is interesting that inaccurate tabulated
“exact” solutions are given in [9; 18], but those numerical results would approximate
exact results more closely if their calculations of the later where properly done.

Tables 3 and 4 show the results obtained for both methods. In each table we show
the number of iterations, I , needed to get the required precision, the computational
cost C, the computational efficiency index CEI defined in (15) and the time factor
T F defined by 1/log(CEI). If the values of the CEI are so close as to be almost
indistinguishable in practice, we can then observe the T F that tell better the
difference between iterative methods. While in the definition of the CEI we have
considered functions with the divided difference full of terms, we observe that the
two given discretizations to solve Troesch’s problem provide a tridiagonal operator.

If both methods are applied to solve systems of m nonlinear equations, we have
to solve a triangular linear system per iteration, 2(m− 1) operations (products and
divisions) are required in the LU decomposition, 2m−1 operations in the backward
substitution and m−1 operations in the forward substitution. Therefore, the number
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λ= 0.5

I a aµ ν C EI CE CEI TF τ

method (2) 5 5m−2 73(5m−2) 8m−6 7028 1.005188 1.003301 1.000069 33183.78 .155234
method (5) 5 5m−2 73(5m−2) 8m−6 7028 1.007481 1.004759 1.000099 23163.80 .147970

λ= 1.0

I a aµ ν C EI CE CEI TF τ

method (2) 5 5m−2 72(5m−2) 8m−6 6842 1.005188 1.003301 1.000070 32738.78 .151870
method (5) 4 5m−2 72(5m−2) 8m−6 6842 1.007481 1.004759 1.000101 22728.63 .131109

Table 4. Numerical efficiency for system (22) with m = 19.

of operations needed per iteration is 5m − 4 for both methods. The number of
function evaluations is computed in the following way:

- We have m evaluations of the function F : F1, F2, . . . , Fm .

- For the classic finite difference scheme, we have 2m evaluations and m divisions
to evaluate the divided difference, so that C= 3mµ+ 6m− 4.

- For the nonstandard finite difference scheme, we have to compute 4m − 2
evaluations and 3m − 2 divisions in the divided difference matrix, so that
C= (5m− 2)µ+ 8m− 6.

Tables 3 and 4 confirm the theoretical results. For Troesch’s problem, the costs
are the same and we then observe that method (5) has the highest value of CEI in
all cases, since CEIKur > CEIsec, which confirms the results of Section 4.1.

5. Concluding remarks

We present a two-parameter family of iterative methods for solving nonlinear
systems of equations with local R-order of convergence higher than other com-
petitive iterative methods. Between the members of the family we point out the
Kurchatov method and the secant method. Moreover, we analyze a generalization
of the efficiency used in the one-dimensional case to several variables. Finally, we
show an application, where Troesch’s problem is considered, which illustrates the
theoretical results presented in the paper and conclude that the Kurchatov method
is more efficient than the secant method for solving Troesch’s problem.
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