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2160 Tim Cochran and Shelly Harvey

1 Introduction

John Stallings, in his landmark paper [25], established the following relation-
ships between the low-dimensional homology of a group and its lower central
series. Recall that, for any ordinal «, the o' term of the lower central series
of G, denoted G,, is inductively defined by G; = G, Got41 = [Ga, G] and,
if a is a limit ordinal, G4 = (3., Gp. Stallings also defines what we shall
call the rational lower central series, Gvy,, which differs only in that G7,,, con-
sists of all those elements some finite power of which lies in [G},, G]. It is the
most rapidly descending central series whose successive quotients are torsion
free abelian groups.

Stallings’ Theorem (Integral) [25, Theorem 3.4] Let ¢: A — B be a
homomorphism that induces an isomorphism on Hi(—;Z) and an epimorphism
on Hy(—;7Z). Then, for any finite n, ¢ induces an isomorphism A/A, = B/B,,.
For the first infinite ordinal w, it induces an embedding A/A, C B/B,,. If,
in addition, ¢ is onto then, for each ordinal «, ¢ induces an isomorphism
AJA, = B/B,,.

Stallings’ Theorem (Rational) [25, Theorem 7.3] Let ¢: A — B be a
homomorphism that induces an isomorphism on Hi(—;Q) and an epimorphism
on Hy(—;Q). Then, for all @« < w, ¢ induces an embedding A/A}, C B/Bj,
and for any finite n it induces isomorphisms (A], /A7 1 )®Q = (B}, /By, ) ®Q.

These theorems have proven to be quite useful in topology. For example if
A = m(S3\L) where L is a link of circles in %, Stallings showed that the iso-
morphism type of each of the quotients A/A,, is an invariant of link concordance
(even of I—equivalence). The concordance invariance of Milnor’s fi—invariants
was established by this means [3]. Stallings’ theorems also give a criterion for
establishing that a collection of elements of a group generates a free subgroup.

Attempts have been made, most notably by Ralph Strebel [27], to find a similar
relationship between homology and the derived series of groups, with limited
success. We will use the work of Strebel in a crucial way. Recall that the o®
term of the derived series, G, is defined by G = G, G =[G G™]
and, if a is a limit ordinal, G = (N5_, G”. The derived series has recently
appeared prominently in joint work of the first author, Kent Orr and Peter
Teichner [6] [7] [8] [28] where it was used to define new invariants for classical
knot concordance, and in work by other authors [15] [16]. It was was also used
to define higher-order Alexander invariants for knots [5], and 3-manifolds [12],
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Homology and derived series of groups 2161

and to define invariants for link concordance and rational homology cobordism
of manifolds [11]. It has also appeared recently in connection with questions
about the virtual first Betti number of 3-manifolds [24] and in the study of
complements of hyperplane arrangements [21].

We show that there is a strong relationship between the low-dimensional ho-
mology of a group and its derived series. For example, we have the following
strict analogue of Stallings’ Rational Theorem in the case A is a free group.

Corollary 4.5 Let F be a free group and B be a finitely related group (has
a presentation with a finite number of relations). Let ¢: F — B be a homo-
morphism that induces a monomorphism on Hy(—; Q) and an epimorphism on
Hy(—;Q). Then, for all o < w, ¢ induces an embedding F/F(® ¢ B/B®.

The following examples show that several obvious generalizations of Corol-
lary 4.5 are false. Let K be any knot in S%, A = 71 (S3\K) and B = Z. Then
the abelianization map yields a homomorphism ¢: A — A/[A,A] = 7Z = B.
Then ¢ induces an isomorphism on all integral homology groups (since, by
Alexander Duality, S*\K has the homology of a circle) and B™ = {e} for
any n > 1; whereas A/A™ is known to be very large as long as the Alexander
polynomial of K is not 1 [5, Corollary 4.8]. Thus ¢ cannot induce monomor-
phisms in general as in Corollary 4.5. Moreover, swapping the roles of A and B
and choosing a map Z — A inducing an isomorphism on Hi(—;Z) gives a ho-
momorphism that again induces isomorphisms on all integral homology groups
and yet induces the map Z — A/A™ for each n, this being far from surjective.
Thus a direct analogue of Stallings’ theorem might seem hopeless.

However the second author, in a search for new invariants of link concordance,
introduced a new characteristic series, G, associated to the derived series,
called the torsion-free derived series (see [11, Section 2]). Although this series is
not fully invariant, we show that it is functorial when morphisms are restricted
to those that induce a monomorphism on H;(—;Q) and an epimorphism on
Hi(—;Q). Using this we are able show the following analogue of Stallings’
Rational Theorem.

Theorem 4.1 Let A be finitely-generated and B finitely related (has a pre-
sentation with a finite number of relations). Let ¢: A — B be a homomor-
phism that induces a monomorphism on Hi(—;Q) and an epimorphism on
Hs(—;Q). Then, for each n < w, ¢ induces a monomorphism A/AS ¢ B/B”.
Moreover, if ¢ induces an isomorphism on Hy(—;Q) then, for each finite n,
AG AT — BYW/BYTY is a monomorphism between modules of the same
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2162 Tim Cochran and Shelly Harvey

rank (over Z[A/AYY] and Z[B/BY"], respectively). If, in addition ¢ is onto,
then for each n < w, it induces an isomorphism A/AYY = B/B\.

Corollary 4.5 is a special case of Theorem 4.1.

Note that, by Stallings’ Integral Theorem, the (pro-)nilpotent completion of
a group G, @(G/ G,) is an invariant of integral homology equivalence. But
neither the nilpotent completion nor its torsion-free version lim(G/G?7,) is invari-
ant under rational homology equivalence (for example the rational homology
equivalence Z — Z where t — t? does not induce an isomorphism on these com-
pletions). However there does exist a further completion, the Malcev completion
of G, which is invariant under rational homology equivalence (a consequence of
the last part of Stallings’ Rational Theorem). Turning to the derived series, the
examples above show that neither the pro-solvable completion, lim(G/G"™), nor
its torsion-free version, lim(G/GY"”), nor even our lim(G/G%’) (see Section 2)
— —

is invariant under rational (or even integral) homology equivalence. However,
early versions of [11] suggested another functor on groups, G — G, that we
call the torsion-free-solvable completion of G. This is properly viewed as an
analogue of the Malcev completion of GG, with the lower central series being
replaced by the torsion-free derived series G . Here we rigorously construct
G — G, whose kernel is G%’, and show that it is a rational homological local-
ization functor, that is we show:

Theorem 5.1 Suppose A is finitely generated and B is finitely related. Sup-
pose ¢: A — B induces an isomorphism on {Jl(—N; Q) and an epimorphism on
Hy(—;Q). Then ¢ induces an isomorphism A = B.

We also give the precise relationship between the torsion-free-solvable com-
pletion and the universal (integral) homological localization functor due to J
Levine and P Vogel, and indicate the relation (by analogy) between the torsion-
free-solvable completion and the Malcev completion.

Acknowledgements The first author was partially supported by NSF DMS-
0406573. The second author was partially supported by an NSF Postdoctoral
Fellowship and NSF DMS-0539044.

2 The torsion-free derived series

In this section we motivate and define Harvey’s version of the derived series,
G, and remark on some of its elementary properties.
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If G is a group then G/GW is an abelian group but may have Z-torsion. If
one would like to avoid this Z—torsion then, in direct analogy to the rational
lower-central series above, one can define G’ = {z | 3k # 0 zF € GV},
slightly larger than G, so that G/G\" is Z-torsion-free. Proceeding in this
way, defining G\"™" to be the radical of [Gﬁ"),G(T”)], leads to what has been
called the rational derived series of G [12, 5, 8]. This is the most rapidly
descending series for which the quotients of successive terms are Z—torsion-free
abelian groups. In [11] Harvey observes that if a subgroup G’ (normal in G)
has been defined then GY’/[G%’,G%’] is not only an abelian group but also a
right module over Z[G/G'], where the action is induced from the conjugation
action of G ([r]g = [g7'zg]). One might seek to eliminate torsion in the
module sense from the successive quotients. This motivated her definition of
the torsion-free derived series as follows. Set G% = G. For n > 0, suppose
inductively that G has been defined and is normal in G. Let T}, be the
subset of G /[GY,GY] consisting of the Z[G/G']-torsion elements, ie, the
elements [z] for which there exists some non-zero v € Z[G/GY’], such that
[z]y = 0. (In fact, since it will be (inductively) shown below that Z[G/GY] is
an Ore Domain, T,, is a submodule). Now consider the epimorphism of groups:

Gy
GG

Gy

and define G4 to be the inverse image of T}, under m,. Then G%*" is, by
definition, a normal subgroup of GY’ that contains [GY}’, G%’]. Tt follows in-
ductively that G4+ contains GV (and G, Moreover, since G /G4
is the quotient of the module G’ /[GY’, G'’] by its torsion submodule, it is a
Z[G/G'] torsion-free module [26, Lemma 3.4]. Hence the successive quotients
of the torsion-free derived subgroups are torsion-free modules over the appro-
priate rings. We define G% = Ay G as usual. However a discussion of
G for a > w would require further work since Z[G/GY] is not in general an
Ore Domain. We do not address this here.

Most of the following elementary properties of the torsion-free derived series

were established in [11]. We repeat the proofs for the convenience of the reader.

Proposition 2.1 [11] G/GY is a poly-(torsion-free abelian) group (hereafter
abbreviated PTFA), and consequently Z[G/G'’] is an Ore domain.

Recall that a poly-(torsion-free abelian) group is one with a finite subnormal
series whose successive quotients are torsion-free abelian groups. Such a group
is solvable, torsion free and locally indicable [27, Proposition 1.9]. Consequently
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2164 Tim Cochran and Shelly Harvey

Z|G/GY] is an Ore domain and thus admits a classical (right) division ring
of fractions, K(G/GY), into which it embeds[22, pages 591-592][22, page 611]
[19]. Hence any (right) module M over Z[G/G'’] has a well-defined rank which
is defined to be the rank of the vector space M ®Z[G/G(}?)} K(G/GY) [9, page

48]. Alternatively the rank can be defined to be the maximal integer m such
that M contains a submodule isomorphic to (Z[G/G%])™.

Proposition 2.2 [11] G%*" is a normal subgroup of G.

Proof of Proposition 2.2 The proof is by induction on n. We assume G\’
is normal in G and show that G$*" is normal in G. Consider z € G4 and
g € G. Then z and ¢~ 'zg lie in G% and, by definition of the module structure
on G /[GW, GV, mp(g tzg) = ma(z)g. Since z € G4, my(z) is torsion.
To show that g~ 'zg € G, we need to show that m,(x)g is torsion. Hence
the normality of G will follow from showing that the torsion subgroup 7, is
a submodule. But the set of torsion elements of any module over an Ore domain
is known to be a submodule [26, page 57]. Thus the desired result follows from

Proposition 2.1. D

The torsion-free derived subgroups are characteristic subgroups, but are not
fully invariant, that is an arbitrary homomorphism of groups ¢: A — B need
not send AY into B{”. The simplest example is A = (x,y, 2|z, [z,y]] = 1),
B = (z,y), with ¢ sending (z — z,y — 3,2z — 0). Then [z,y] € A% but
#(Jz,y]) is not in BY = B®. However, the following observation is used in our
main theorem to show (inductively) that if ¢: A — B induces a monomorphism
on Hi(—;Q) and an epimorphism on Hs(—;Q), and if A is finitely generated
and B finitely related, then ¢ does send A% into BYY. It follows that the
torsion-free derived series is functorial in this restricted category.

Proposition 2.3 [11] If ¢: A — B induces a monomorphism ¢: A/AY) —
B/BY, then ¢(A%G"") ¢ BG™" and hence ¢ induces a homomorphism ¢ :
AJAGTY — B/BGTY.

Proof of Proposition 2.3 Note that the hypothesis implies that ¢ induces
a ring monomorphism ¢: Z[A/AY’] — Z[B/B{’]. Suppose that z € Ay,
Consider the diagram below.

A A i

J# |?

By
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By definition, m4(z) is torsion, that is there is some non-zero v € Z[A/A%]
such that (ma(z))y = 0. It is easy to check that ¢ is a homomorphism of
right Z[AJAY]-modules using the module structure induced on BYY /Byt
by & (since ¢(a~'za) = (a) ' G(x)6(a)). Thus ((ra(z)))¢(7) = 0 and so,
since ¢ is injective, ¢(ma(x)) is a Z[B/BY’]-torsion element. But ¢(ra(x)) =
7(¢(x)), showing that ¢(z) € Byt Hence ¢(AG™") ¢ BGY. O

For some groups, such as free groups and free-solvable groups F/F®  the de-
rived series and the torsion-free derived series coincide.

Proposition 2.4 [11] If G is a group such that, for every n, G™ /G" ™V is a
Z|G /G™]~torsion-free module, then the torsion-free derived series of G agrees
with the derived series of G'. Hence for a free group F, F\;’ = F™ for each n,
and similarly for a free solvable group F/F(k) .

Proof of Proposition 2.4 By definition, GY = G© = G. Suppose G’ =
G™ . Then, under the hypotheses, G%’ /[G%, G%’] is a torsion-free module and
so G4tV =kerm, = [GY, GV = [G™,G™] = GV,

It is well known that F™ /F"+Y ig a Z[F/F™]-torsion-free module. This can
be seen by examining the free Z[F/F™)] cellular chain complex for the covering
space of a wedge of circles corresponding to the subgroup F™. The module
F™ /F"tY ig merely the first homology of this chain complex. Since the chain
complex can be chosen to have no 2—cells, its first homology is a submodule of
a free module and thus is torsion-free. Hence the derived series and the torsion-
free derived series of a free group agree. The same is true for any free-solvable
group F/F®) O

The following basic result is useful.

Proposition 2.5 If ¢: A — B is surjective and ker ¢ C A% then ¢ induces
isomorphisms A/AS = B/BY for all n < m. In particular, (G/G%)Y) = 0.

Proof of Proposition 2.5 By induction we assume ¢ induces isomorphisms
AJAY = B/BY for each i < n for some 0 < n < m. Since ¢ induces a
map A/AY) — B/By surely ¢(AY) C BY. We claim that ¢(AY’) = By,
because for any b € BY” there is an a € A such that ¢(a) = b and, by the
inductive hypothesis, we must have a € A'’. Therefore it also follows that
H([AY, AP]) = [BYY, Bi], a fact we use below. Moreover, by Proposition 2.3,
p(AGTY) € BY™Y and so induces an epimorphism ¢: A/AGTY — B/BytY.
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2166 Tim Cochran and Shelly Harvey

We need to show this is injective to complete the proof. Suppose there exists
a € A such that ¢(a) = b € B . By the inductive hypothesis, a € A,
Refer to the commutative diagram below.

Al A A
(A, A]

s |5

B B B
(BY B

Since b € By, wp(b) is a torsion element and so there exists a non-zero
v € Z[B/B}}’] such that (75(b))y = 0. We seek to express this entirely in terms
of B itself. Lift v to ZB and express it as »_ k;n; where k; € Z and n; € B.
The condition that (7p(b))y = 0 translates to the condition [](n; 'bFin;) = z
for some z € [By}’, BY"]. Since ¢ is surjective, 17; = ¢(a;) for some a; € A and
z = ¢(x) for some z € [A}, AYP] by our remark above. Then 2~ [[(a; 'a* ;)
is in the kernel of ¢ and hence by hypothesis lies in AYY < A%, Since
z e [AY, AP ¢ AGTY | it follows that H(ai—lakiai) isin AUV, Let g =
S ki € Z[A/AYY] which is non-zero since ¢(3) = 7 is non-zero. Note that
ma(a)B is represented by [[(a; 'a*a;). Thus we have shown that 74(a)3 is
zero when mapped into A% /A and hence that the image of 74 (a) is torsion
in this module. But the successive quotients of terms in the torsion-free derived
series are torsion-free modules as remarked earlier, so m4(a) = 0 in this module.

Therefore a € A" | completing the proof of injectivity.

To prove that (G/G$’)$’ = 0, apply the above to the ¢: G — G/G%. O
We give some elementary examples of the torsion-free derived series.

Example 2.6 Elements of finite order in a group G are contained in every term
of the rational derived series and hence every term of the torsion-free derived
series. Therefore the torsion-free derived series of a finite group stabilizes at
n =0, that is G’ = GY = G. In general G/ G is a torsion-free group that
is trivial if G is finite. More generally, if 51(G) = 0, that is if H1(G;Q) =0,
then the torsion-free derived series, like the rational derived series, stabilizes at
n = 0.

Example 2.7 If G is nilpotent with $;(G) > 0 then the terms of the torsion-
free derived series are much larger than the terms of the rational derived series.
In this case the torsion-free derived series stabilizes at n = 1. For suppose
x € G is an arbitrary element of G% for some n > 1 and t € G is non-zero
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in G/Gg). We will show that z € G4 . Since G is nilpotent, for some k
the simple (k + 1)—commutator, [t,[t,][...[t,z]...]]] is the identity in G. In the
module G /[GS, GS] this gives the relation (t — 1)¥2 = 0, showing that z
represents a torsion element (since (¢t — 1)* is non-zero in the integral domain

Z[G/GS]). Hence z € G4V

Example 2.8 If G is free-solvable of class n, that is G = F/F™ where
F' is a non-abelian free group, then by Proposition 2.4 and Proposition 2.5,
G/G(}}") ~ F/F™ for all m < n and G = 0. Thus the torsion-free derived
series stabilizes at precisely n.

Example 2.9 If 8;(G) = 1, for example if G is the fundamental group of the
exterior of a knotted circle in 52, then the torsion-free derived series stabilizes
at n = 1 because the classical Alexander module, G /[GY},G%’] can be seen
to be a torsion module over Z[t,t!] (see, for example, [6, Proposition 2.1]).
Thus GYY = GY. Alternatively, note that the epimorphism G — Z induces
an isomorphism on Hi(—;Q) and an epimorphism on Hy(—;Q) and so, by
Theorem 4.1, it induces isomorphisms G/GY = 7Z.

Example 2.10 Generalizing Example 2.9, if G is any group whose classi-
cal Alexander module GY/[GY,GY’] has rank zero (over the multivariable
Laurent polynomial ring Z[t{!, ..., #£1]) then the torsion-free derived series sta-
bilizes at n < 1. The fundamental group of any 3-manifold that fibers over
a circle has this property [12, Proposition 8.4]. By contrast, the derived series
of the fundamental group of a knot exterior does not stabilize for any finite
n unless the Alexander polynomial is 1 [5, Corollary 4.8]. More generally, if
the rank of one of the higher-order modules G /[GS}, GY], is zero then the
torsion-free derived series stabilizes at the minimum value of n for which this
holds.

Example 2.11 For groups with (1(G) > 2, a wide variety of behavior is
possible. For example, as previously mentioned, the torsion-free derived series
of a non-abelian free group, F', agrees with the derived series and is known to
be highly non-trivial, stabilizing at w (in fact F’ W) — 0). There are many non-
free groups where the torsion-free derived series does not stabilize at a finite
ordinal. Recall that a link {L;} of m circles in S3 is called a boundary link if
there is a collection of m compact oriented surfaces {V;}, disjointly embedded
in S such that V; = L;. If G = 71(S® — L) then the meridional map F — G
has a right inverse G — F (use the Pontryagin construction to get a map from
S$3 — L to a wedge of circles). The latter epimorphism induces an isomorphism
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2168 Tim Cochran and Shelly Harvey

on Hi(—;Z) and an epimorphism Hs(—;7Z) and so, by Theorem 4.1, for n < w,
G/GYW = F/F™ and G/GY = F. It follows from Stallings’ Integral Theorem
that G% = G,. Since for a boundary link it is known that G /[G.,G.)]
is a torsion module, the torsion-free derived series stabilizes at w. However,
suppose G is the fundamental group of a 2—complex X with Hy(X;Z) = Z™
and H9(X;Z) = 0. Then there is a map F' — G inducing isomorphisms on
Hy(—;Z) and Hy(—;Z). Thus, by Theorem 4.1, F/F™ c G/GY’. However
generally this is not surjective and Ggl)/ G7*Y is generally not even abstractly
isomorphic to F™ /F™+1 (see Remark 4.6). In these cases it is not in general

known if the torsion-free derived series stabilizes at w.

It will be important for our main theorem that the reader understand the
connection between the torsion-free derived series and group homology. This is
provided by the following basic observations.

Remark 2.12 Ay /[AY), AG] = Hi(A;Z[A/AS’]). For an algebraist this is
a consequence of the definition Hy(A; Z[A/A]) = Tord(Z]A/AS],Z) and the

easy observation that the latter is Torf‘(H) (z,7) = A J[AY, AY] [13, Lemma
6.2]. For a topologist, H(A;Z[A/AY’]) is thought of as the first homology with
twisted coefficients of an aspherical space K (A, 1) where m1(K(A,1)) =2 A and
the coefficient system is induced by (K (A,1)) = A — A/AY [13, page 335].
Then H,(K(A,1);Z[A/A’]) can be interpreted as the first homology module
of the covering space of K(A,1) corresponding to the subgroup A%, which is
A JIAY AG] 129, Theorems VI3.4 and 3.4%].

Proposition 2.13

(1) AW /AGTY is equal to Hy(A;Z[A/A]) modulo its Z[A/AY]torsion
submodule.

(2) AY™Y is the kernel of the composition:

A

A(n) T
AR, AR

= Hi(A; Z[A/ AY))

— Hy(A;Z[AJAT)) @ AJAT).

zZ|A/AY)] K

Proof Property 1) follows directly from Remark 2.12 and the definition of
ATV For Property 2), note that tensoring with the quotient field IC(A/A%)
kills precisely the Z[A/A{’]torsion submodule [26, Corollary 11.3.3]. O
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3 Topological applications

Our theorems, like those of Stallings, have applications to the study of rational
homology equivalences of topological spaces and to the study of links in partic-
ular. We also give an application to when a set of elements of a group generates
a free subgroup (similar to that of Stallings). Deeper secondary applications
will appear in [11].

Theorem 3.1 Let f: X — Y be a continuous map between connected CW
complexes that induces a monomorphism on Hi(—;Q) and an epimorphism
on Hs(—;Q). Let A, B denote m(X), m(Y) respectively. Suppose that
A is finitely-generated and B is finitely related. Then, for each n < w, f
induces a monomorphism A/AYY C B/BY’. If, additionally, f induces an
isomorphism on Hi(—;Q) then, for any finite n, A’ /AG™ — By /BG+Y
is a monomorphism between modules of the same rank (over Z[A/AY’] and
Z[B/BY’], respectively). If, in addition f.: m1(X) — 7 (Y) is onto, then, for

(n) ~Y

each finite n, f induces an isomorphism A/AY’ = B/B}".

Proof The theorem follows immediately from Theorem 4.1 once we make the
well-known observation that since f induces an epimorphism Hs(X;Q) —
H>(Y;Q), it induces an epimorphism Hy(A4;Q) — Ha(B;Q). O

Corollary 3.2 If X and Y are n—manifolds (possibly with boundary) that
are rationally homology cobordant (relative their boundary) via the (n + 1)—
manifold Z, and A, B and C' denote their respective fundamental groups, then
for any n, the inclusion maps induce monomorphisms A/AY} c C/CY”, and
B/BY’ C C/CY’. Moreover AYY /AT and By /Byt are modules of the
same rank (over Z[A/A$’] and Z[B/BY], respectively).

In [11], Harvey uses Corollary 3.2 to give other new invariants of homology
cobordism of (2k — 1)-manifolds, using the von Neumann p —invariants of J
Cheeger and M Gromov. In addition, the ranks of the above modules are new
homology cobordism invariants. A common example of this Corollary is the
case of the exteriors of concordant links.

Corollary 3.3 If Ly and Ly are compact subsets of S™ that are concordant
(or even merely I-equivalent) via the subset W of S™ x [0,1] and if A,B
and C denote the fundamental groups of the exteriors S™ — Lo, S™ — Ly and
S™x [0, 1]—W respectively then, for any n, the inclusion maps induce monomor-
phisms A/AY) ¢ C/CY, and B/BYY < C/CY’. Moreover A’ JAG and
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By /BGtY are modules of the same rank (over Z[A/AY] and Z[B/BY], re-
spectively).

Proof By Alexander Duality the exterior S™ x [0, 1] — W is a homology cobor-
dism (or, in the case of I—equivalence, just a homology product) between the
exteriors of Ly and L; and so Theorem 3.1 applies. O

As above, Harvey uses Corollary 3.3 to give other new results in link concor-
dance [11]. For example, note that the ranks of the above modules are new
concordance invariants of links, generalizing the well-known fact that the rank
of the Alexander module of a link is an invariant of concordance. It was this
particular application that first motivated Harvey’s definition of the torsion-free
derived series. The above-mentioned Cheeger—Gromov invariants are used in
[11] to show that the concordance group of disk links in any odd dimension has
infinite rank even modulo local knotting.

Stallings theorem also gives a beautiful criterion to establish that a set of ele-
ments of a group generates a free subgroup. We have our own version, although
we do not know an example where it is stronger than Stallings result and there
are examples where it is weaker.

Proposition 3.4 If G is a finitely-presented group with Ho(G;Q) = 0, and
T1,...,T is a set of elements of G that is linearly independent in the abelian-
ization of G then this set generates a free subgroup in G/ G,

Proof Following Stallings, let F' be a free group of rank k equipped with the
obvious map into G determined by the x;. Then apply Corollary 4.5. The
result then follows easily since for the free group FJ;” = F«) = 0. O

4 Proof of the Main Theorem

In this section we prove our main result, Theorem 4.1, which is a direct analogue,
for the torsion-free derived series, of Stallings’ Rational Theorem for the rational
lower central series.

Theorem 4.1 Let A be finitely-generated and B finitely related. Suppose
¢: A — B induces a monomorphism on Hi(—;Q) and an epimorphism on
Hy(—;Q). Then, for each n < w, ¢ induces a monomorphism A/AS) ¢ B/BS.
Moreover, if ¢ induces an isomorphism on Hy(—;Q) then, for any finite n, then
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AG AT — BYW/BYTY is a monomorphism between modules of the same
rank (over Z[A/AS] and Z[B/BY], respectively). If, in addition, ¢ is onto,
then for each n < w it induces an isomorphism A/A' =~ B/B\Y. In the case
that (B, A) admits the structure of a relative 2-complex, the first and third
conclusions above remain valid without the finiteness assumptions on A and
B.

Proof of Theorem 4.1 The proof of the first claim is by induction on n.
The case n = 1 is clear since A/AY} is merely H,(A;Z)/{Z Torsion} and the
hypothesis that ¢ induces a monomorphism on Hp(—;Q) implies that it also
induces a monomorphism on H;(—;Z) modulo torsion. Now assume that the
first claim holds for n, ie, ¢ induces a monomorphism A/A{’ ¢ B/BY’. We
will prove that it holds for n + 1.

It follows from Proposition 2.3 that ¢(A%+Y) ¢ By . Hence the diagram
below exists and is commutative. In light of the Five Lemma, we see that it
suffices to show that ¢ induces a monomorphism A’ /A" — BY/BG*Y.

(n)
1 Azﬁl) Agﬁ'l) A(i;) —_— 1
l(b l¢n+1 ltﬁn
1 By B B
B T BT T

For simplicity we abbreviate A/AY by A, and B/B};’ by B,. The inductive
hypothesis is that ¢ induces a monomorphism A, — B, and hence a ring
monomorphism ZA, — ZB,,. Since A, and B, are PTFA groups by Proposi-
tion 2.1, the rings ZA,, and ZB,, are right Ore domains and so admit classical
right rings of quotients K(A,) and K(B,), respectively. Hence ¢ induces a
monomorphism K(A4,) — K(By,), which endows K(B,,) with the structure of a
K(A,) — K(B,) bimodule.

Suppose that A% /AGTY — BGY /By were not injective. By examining the
diagram below, we see that there exists an a € A'}) representing a non-torsion
class [a] in A /[AY, A%Y] such that ¢(a) represents a ZB,torsion class,
[6(a)], in By’ /By, Bii"].

A s Al
AP AT AL
| I
B 5 B
RNl B
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Now consider the following commutative diagram where the horizontal equiva-
lences follow from Remark 2.12.

A
A AT
li
A(")
g g e A
lid ®
A =
oy ®za, KBy —— Hi(A;ZAy) ®z4, KBy,
[AH 7AH }
l¢>®id ld)@id

m ®zB, KB, =, Hy(B;ZBy,) ®zp, KBy,

We assert (and shall establish below) that the kernel of the vertical composition
Y = (¢ ®id) o (id®¢) 04 is the ZA, torsion submodule of A’ /[A, AS].
Assuming this, we finish the inductive proof. Note that, v ([a]) is [¢(a)] ® 1.
Since [¢(a)] is ZB,—torsion, ([a]) = 0, since tensoring with the quotient
field kills the torsion submodule [26, Corollary 11.3.3]. By the assertion, [a]
is Z A, —torsion, contradicting the choice of [a]. This contradiction shows that
A JAGTY — B /By is injective. The injectivity at the first infinite or-
dinal follows immediately, finishing the inductive step of the proof of the first
part of Theorem 4.1, modulo our assertion.

Now we set out to establish that the kernel of v is the ZA,—torsion submodule
of AW /[AY, AY]. The kernel of i is precisely this submodule since tensoring
with the quotient field kills precisely the torsion submodule. Therefore it suffices
to show that the other two maps in the composition are injective.

First note that id ®¢ is injective by an application of the following Lemma 4.2.
Lemma 4.2 Suppose H C G and ZH and ZG are Ore Domains. Then for
any right ZH -module M , the map

Wd®Ri: M Qzg KH — M Qg KG

is a monomorphism (of right KH -modules). Moreover, the KH -rank of the
domain of this map equals the KG-rank of the range.

Proof of Lemma 4.2 Since KH is a ZH — KH bimodule, M ®zy KH is a
right H-module. Since any KH-module is free [26, Proposition 1.2.3], there
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is some index set I such that ¢: M Qzy KH = ®;KH as right H-modules.
Thus the KH-rank of the domain of id ® ¢ is the cardinality of I. Hence

Y Rid: (M @z KH) @kpg KG — (©1KH) @y KG

is an isomorphism of right KG-modules, and hence of right XH-modules.
Since the domain of ¢ ® id is isomorphic to M ®zy KG, we can use ¢ and
1 ® id to see that the first part of the Lemma is equivalent to showing that
®IKH — (®1KH) Qg KG is a monomorphism. But, after identifying the
latter with @G, this map is just the inclusion H C KG on each coordinate
and is thus injective. Moreover this shows that the XG-rank of M ®zy KG is
also equal to the cardinality of I. ]

Finally, returning to the proof of our assertion, we claim that the map, ¢ ®id,
shown on the right hand side of the diagram above, is also injective. This
will follow immediately from Proposition 4.3 below (setting I' = B,,), once we
identify the domain of ¢®id with H;(A;KB,,) and its range with H,(B; KBy,).
The latter is immediate since we have previously observed that KB, is a flat
Z.B,—module. For the former, note that, since any module over a division ring
is free, KB, is a free, and hence flat, KA, module. Moreover KA, is a flat
ZA,—module. Hence Hi(A;KB,) = Hi(A;ZA,) ®z4, KBy,. This completes
the proof of the first claim of Theorem 4.1, modulo the proof of Proposition 4.3.

The following proposition is an important result in its own right. In the case
that ¢: A — B induces an isomorphism on Hi(—;@Q), this result was proved in
[6, Proposition 2.10]. The more general result below seems to require a different
proof. Here, by KT' we mean the right ring of fractions of the Ore domain ZI'.
Recall that any homomorphism ¢: B — I' endows ZI' and KI" with left ZB—
module structures. We call such a ¥ a coefficient system on B. If ¢: A — B
then KT acquires a left ZA—module structure via ¥ o ¢.

Proposition 4.3 Suppose ¢: A — B induces a monomorphism (respectively,
an isomorphism) on Hi(—;Q) and an epimorphism on Hs(—;Q). Suppose also
that A is finitely generated and B is finitely related. Then for any coefficient
system : B — I', where I' is a PTFA group, ¢ induces a monomorphism
(respectively, an isomorphism) Hi(A;KT') — Hyi(B;KI'). Moreover, if the
pair of Eilenberg—Maclane spaces (K(B,1),K(A,1)) has the homotopy type
of a relative 2—complex, then the finiteness assumptions on A and B are not
necessary to get a monomorphism H;(A; KT') — Hy(B;KT).

Before proving Proposition 4.3, we finish the proof of the rest of the parts of
our main theorem.
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Note that the finiteness assumptions on A and B are used only in the ap-
plication of Proposition 4.3. Thus, if the pair of Eilenberg-Maclane Spaces
(K(B,1),K(A,1)) has the homotopy type of a relative 2—complex, then we do
not need these finiteness assumptions to deduce the first part of the theorem.

Now, assume that ¢ induces an isomorphism on Hi(—;Q). We must show
that Ay /AYTY — By /By is a monomorphism between modules of the
same rank. The fact that this is a monomorphism follows from the first part
of the theorem. Since A’ /AG™ and Ay /[AY, AY] differ only by ZA,—
torsion, they have the same rank, r4, as ZA,—-modules. For the same reason,
A JAGTY @74, K(By) and A J[AY, AYY) @74, K(B,) are isomorphic. By
Lemma 4.2, the former has K(B,,)-rank equal to 4 and hence so does the lat-
ter, which we have identified with Hy(A;/XC(B,,)). If ¢ induces an isomorphism
on Hi(—;Q) then note that B must be finitely generated. Hence Proposi-
tion 4.3 applies to show that H;(A;K(By)) = Hi(B;K(B,)). Thus the latter
has K(By)-rank equal to r4. But by applying the same reasoning as above,
we see that it has K(B,)rank equal to 75, the ZB, rank of BY’ /By .

If ¢ is also onto then it induces epimorphisms on all the quotients by the terms
of the torsion-free derived series. This combined with the first part of the
theorem implies that it induces isomorphisms on all these quotients for n < w.
Note also that since this argument does not use the argument of the preceding
paragraph, it holds without the finiteness assumptions on A and B if (B,A) is
2-dimensional in the sense described.

This concludes the proof of our main theorem, modulo the proof of Proposi-
tion 4.3. O

Proof of Proposition 4.3 We need the following extension of a result of
Ralph Strebel.

Lemma 4.4 Suppose f: M — N _is a homomorphism between free ZI'-
modules with I' PTFA and let f = f ®id be the induced homomorphism of
abelian groups M @zrZ — N ®zrZ. Then rankir(image f) > rankg(image f).

In [27, page 305], Strebel shows that, under the hypotheses of Lemma 4.4, if f
is injective then f is injective. There he shows that the class, D(Z), of groups
I" for which this property is satisfied includes torsion-free abelian groups and
is closed under various natural operations such as extensions. Consequently,
any PTFA group is in this class. This class of groups was previously called
conservative and was later shown by J Howie and H Schneebli to coincide with
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the class of locally indicable groups [14]. Our lemma shows, in the case that M
is finitely generated, that more generally the rank of the kernel of f is at most
the rank of the kernel of f.

Proof of Lemma 4.4 By the rank of a homomorphism we shall mean the
rank of its image. Suppose that rankg f > r < oo. Then there is a monomor-
phism g: 7" — N ®zr Z whose image is a subgroup of image f. If e;, 1 < <r
is a basis of Z", choose M; € M ®zr Z such that f(M;) = g(e;). Since the
“augmentation” ep;: M — M ®zr Z is surjective there exist elements m; € M
such that eps(m;) = M;. Consider the map g: (ZI')" — N defined by sending
the i basis element to f (m;). The augmentation of g, § ® id, is the map
(ZD)" @z Z — N ®zr Z that sends e; to ex(f(m;)) = f(ear(m;)) = g(e;) and
thus is seen to be identifiable with g. In particular ¢ ® id is a monomorphism,
and thus by [27, page 305] (as mentioned above), § is a monomorphism. Since
the image of § lies in the image of f, § yields a monomorphism from (ZI')"
into the image of f , showing that the rank of image f is at least 7. m]

Now we continue with the proof of Proposition 4.3. We can find connected
CW-complexes X4, Xp such that m1(X4) = A and 7 (Xp) = B and whose
universal covers are contractible (classifying spaces for A, B). We can find a
cellular map h: X4 — Xp inducing ¢ on m, and by replacing Xp by the
mapping cylinder of h, we may assume that h embeds X4 as a subspace of
Xp. The finiteness hypotheses on A and B are designed to ensure that (by
proper choice of the cell structure on X4, Xp) we may assume that the relative
cellular chain group Cy(Xp, X4) (respectively, Co(Xp, X4) and C1(Xp,X4))
has finite rank. (Note that if ¢ induces an isomorphism on H;i(—;Q) then
B must be finitely presented). The coefficient systems 1) and 1 o ¢ induce
covering spaces Xp and X4 equipped with induced I'-actions (these princi-
pal I'-bundles are connected covering spaces in case ¥ and ¥ o ¢ are surjec-
tive). We can lift the cell structure and consider the relative free ZI'-chain
complex Cy(Xp, X4) where C,(Xp, X4) has ZI'-rank equal to the Z-rank of
Cp(Xp, X4a) and where the projection maps ,: Cp()A(/B,)A(/A) — Cp(XB,Xa)
commute with the 0 maps (0, o, = m,_1 09,). Moreover the projection map
can be identified with the augmentation Cp()?B, )?A) — Cp()?B, )A(/A) Qur 7 =
Cp(Xp,X4) in such a way that 0, = ép ® id. By Lemma 4.4 applied to
O;: CZ»()A(/B,)A(JA) — Z-_l()?B,)?A) we have that rankxr 5p > rankg d, for
p =1,2,3. Since the hypotheses imply that Ho(Xp, X4;Q) = 0 (respectively,
in addition that Hi(Xp, X4;Q) = 0) we see that rankg Ha(Cy(Xp,Xa)) =0
(respectively, in addition rankg H;(C«(Xp,Xa)) = 0). We now claim that
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rankxr Ho(C ()NCB, XA)) = 0 (respectively, in addition rankxr Hy (vC’*()N(B, )N(A))
is 0). This follows since (letting ca < oo be the rank of Ca(Xp, X4)):

rankr (Ha(Cy(Xp, Xa))) = rankgr (ker dy) — rankgr 03
= (cg — rankgr 52) — rankxr 05
< ¢p — rankg 02 — rankg 03
= rankg(ker 02) — rankg 03
= rankg(H2(Cv(XB, X4)))
=0.

A similar argument holds for H; when Ci(Xp,X,4) has finite rank. Hence
HQ(XB,XA) has zero rank (respectively, in addition Hl()N(B,)?A) has zero
rank). But the equivariant homology modules Hp()A(/ B, X4) are well known
to be isomorphic to the homology with coefficients in ¢, H,(Xp, X4;ZI") [29,
Theorems VI3.4 and 3.4*]. Moreover the homology of a group G is well known
to be the same as that of its associated Eilenberg-Maclane space K(G,1) [13,
page 335]. Thus we have shown that Ho(B,A;ZI') ® KI' = Hy(B, A;KT') =0
(respectively, in addition H;(B,A;KI') = 0) and consequently ¢ induces a
monomorphism (respectively an isomorphism) ¢: H;(A; KI') — Hy(B;KTI') as
desired.

If we do not have the finiteness assumptions, but (Xp, X4) is a 2-complex, we
can show that Ho(B, A;QI') = 0 by a direct application of Strebel’s Lemma.
Specifically, the hypothesis that Hs(B, A;Q) = 0 implies that the map 05 :
Cy(Xp,X4;Q) — C1(Xp,X4;Q) is injective. By Strebel’s result, 8 is in-
jective and the claimed result follows. Hence, in this case even without the
finiteness assumptions, we deduce that ¢: Hi(A;KI') — H;(B;KI') is injec-
tive. D

Corollary 4.5 Let F be a free group and B be finitely related with Ho(B; Q)
= 0. Suppose ¢: F — B induces a monomorphism on Hi(—;Q). Then, for
any finite n, it induces monomorphisms F/F™ C B/B™.

Proof of Corollary 4.5 Let F be a finitely generated free group. Thus, by
Theorem 4.1, F/F™ < B/BY’. Since B™ C BY’, we see that F/F™
B/B™ . Then we only need comment on why it is not necessary to require that
F De finitely generated. If it is not finitely generated, and if for some fixed n,
the map F/F™ — B/B™ has a nontrivial element w in its kernel, then w
is represented by a finite word which thus lies in a finite rank free subgroup G
of F' (free on the letters that appear in w). Then ¢ induces a map ¢: G — B
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that is a monomorphism on H;(—;Q) and for which the induced map the map
G/G™ — B/B™ has a nontrivial kernel, contradicting Theorem 4.1. O

Remark 4.6 The first and second parts of Theorem 4.1 cannot be improved to
have isomorphisms in the conclusion, even for integral homology equivalences.
For there exist finitely presented groups F and ¢: F (z,y) — E inducing
isomorphisms on all integral homology groups but where the induced map:

Fy _FO E© _ EY

@ — B E)
F¢ F® E® — EC

is not surjective. One such exampleis £ = <t, w,z | t= z3w2tw_lz_3> and F' =
F{t,z). Then FV/F® is a free Z[t*!, 2*']-module of rank 1 but E’/E is
not even a projective module. Such groups arise commonly as the fundamental
groups of the exteriors in B* of a set of ribbon disks for a ribbon link.

Remark 4.7 Theorem 4.1 can fail if A is not finitely generated. Let A =
(x,w;yi € Z | w; = [x7',wi41]) and B = Z. The abelianization ¢: A — B
induces an isomorphism on Hj(—;Z) and an epimorphism on Hs(—;Z), but
AW /A® has rank 1 (it has a Z[z*!]-module presentation (w;,i € Z|w; =
wit1(x —1))) so ¢ does not induce a monomorphism on A/A% .

Remark 4.8 The epimorphism part of the conclusion of Proposition 4.3 can
fail if B is not finitely related using the same groups as above but with the roles
reversed, ¢: Z — A. The same example shows that the part of the conclusion
of Theorem 4.1 about “having the same rank” can fail if B is not finitely related.

5 Homological completions and localizations

In this section we construct a rational homological localization functor, G — G ,
that we call the torsion-free-solvable completion. As we explain below, in the
context of rational homological localization, this can be viewed as an analogue
of the Malcev completion wherein one replaces the lower central series by the
torsion-free derived series. The latter is quite a bit more complicated because
whereas the lower-central series quotients Gy, /G411 are trivial modules (over
G/G,), their analogues G™ GV are not. We parallel A. Bousfield’s discus-
sion of the Malcev completion (also called Malcev localization) [1] and other
homological localizations. At the end of the section we also compare our lo-
calization to the universal (integral) homological localization functor due to P
Vogel and J Levine.
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We remark that, in the context of linear algebraic groups, C Miller and R Hain
have defined a “relative solvable completion” [20, 10]. This notion differs from
ours. It is related to the lower-central series of the commutator subgroup. In
particular, it is not invariant under homological equivalence. We also note that,
subsequent to our work, Jae Choon Cha has shown that our G is not the “initial
functor” satisfying (1) and (2) below and has identified the initial such functor

[4].

Theorem 5.1 For any group G there is a group G and a homomorphism
f: G — G such that:

(1) kerf=GW

(2) If A is finitely generated, B is finitely-presented and ¢: A — B induces
an isomorphism (respectively, a monomorphism) on Hi(—;Q) and an
epimorphism on Hy(—;Q) then there is an isomorphism (respectively,
monomorphism) b A — B such that the following commutes:

AL

fAJ( l e

iAi-—*.B

Before proceeding we review the Malcev completion so that the reader can see
the analogy to the torsion-free-solvable completion. Recall that a nilpotent
group N is a uniquely divisible nilpotent group if, for every positive integer
m, the function N to N given by x — 2™, is a bijection [1, page 3]. (If
Moy N} = 0 then this can be shown to be equivalent to requiring that the
quotients, NJ,/N; _, of successive terms of the rational lower central series are
uniquely divisible Z—modules). For a nilpotent group, N, the Malcev comple-
tion N —MC(N), usually (sloppily) denoted N ® @Q, is a uniquely divisible
nilpotent group such that N — N ® Q is initial among maps to uniquely di-
visible nilpotent groups [1, page 3] [23][21, Proposition 3.3]. This is identical
to Bousfield’s HQ-completion [1, Proposition 1.6]. More intuitively, N ® Q
is obtained from the trivial group by successive central extensions by the vec-
tor spaces (V] /N[, ;) ® Q where the extensions are “compatible” with those
that define N. For a general group , G, the Malcev completion MC(G) is
lim MC(G/Gy) or, equivalently, lim MC(G/Gy,) (the Q-completion of G in
Bousfield’s language [1, page 16]). Note that, by Stallings’ Integral Theorem,
the nilpotent completion, lim G/G,, is invariant under integral homology equiv-
alence of groups but is not invariant under rational homology equivalence. Even
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the rational nilpotent completion, lim G/Gy, , is not an invariant of rational ho-
mology equivalence (see Stallings’ Rational Theorem). But the Malcev com-
pletion of G is invariant under rational homology equivalence (as are each of
the groups MC(G/Gy)) as indicated by the last part of Stallings’ Rational
Theorem.

Theorem 5.1 will be proved by directly constructing an n-solvable version of
G called G, and then setting G = lim G, analogous to the construction of
the Malcev/Bousfield completion. By way of further analogy, we will see that
the torsion-free-solvable completion of a group N is obtained from the trivial
group successive extensions by the tensor product of the modules N, o /N P
with appropriate skew fields. The torsion-free-solvable completion, G, and the

—_~—

individual groups (G/G'%’) will be seen to be invariant under rational homology
equivalence. However, we have been unable to prove the result, which we expect
is true, that our én is initial in the appropriate sense (among functors satisfying
the properties of Theorem 5.6. Without this fact, the analogy to the Malcev
completion is incomplete. The problem seems to be a failure of functoriality
(since the torsion-free-derived series is not fully invariant). The authors expect
this to be repaired by the modifications of Remark 5.22.

Definition 5.2 A group A is n—torsion-free-solvable if A} = 0 and is torsion-
free-solvable if it is n—torsion-free-solvable for some integer n.

Note that any torsion-free-solvable group N is obtained from the trivial group
by successive extensions by the torsion-free modules N} /N UV In particular,
any such group is poly-(torsion-free-abelian).

Definition 5.3 (Compare [1, Section 12]) A collection of groups A,, n >0,
and group homomorphisms f,,m, , n > 0, as below:

A I, T A,

compatible in the sense that f,,_1 = m, o f,,, is a torsion-free-solvable tower for
A if, for each n, A, is n—torsion-free-solvable and the kernel of 7, is contained
in (An)gl_l). A truncated tower, A, — ... — Ag, is called a tower of height
n.

Definition 5.4 A right module M over an integral domain R is a (uniquely)
divisible R—module if, for each m € M and non-zero r € R, there exists some
(unique) m’ € M such that m = m/r.
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Definition 5.5 A torsion-free-solvable group A is a (uniquely) divisible tor-
sion-free-solvable group if, for each n, A% /AT is a (uniquely) divisible
Z[A/A]-module.

Theorem 5.6 For any group G there exists a torsion-free-solvable tower,
{Gnvfn G — Gnaﬂ_n G — Gn 1} such that:

(1) ker f, = G;? )

(2) G, is a uniquely divisible n—torsion-free-solvable group.

(3) If A is finitely generated, B is finitely presented and ¢: A — B in-
duces an isomorphism (respectively, monomorphism) on Hy(—;Q) and

an epimorphism on Ha(—;Q) then there is an isomorphism (respectively,
monomorphism) ¢, : A, — B, such that the following commutes:

A —~ A ~
A A4 T A,
4{ asnj lqs

B —~ B ~
B I B, ™ B,

(4) G depends only on G/G'’, that is if ¢: A — B induces an isomorphism
AJAYY =~ B/BGY then it induces an isomorphism ¢: A, — B, for all

P

n < m. In particular, G, = (G/GY),, if n<m.

Proof that Theorem 5.6 implies Theorem 5.1 Let G = @én and let

f: G— G be the map induced by the collection of f,: G — Ghn. Property 1
of Theorem 5.1 follows directly from property 1 of Theorem 5.6. O

Proof of Theorem 5.6 We construct such groups (én, fn) recursively. Set
Go = {e}. Suppose G;, m; and f; have been defined for 0 < ¢ < n in such a
way that Properties 1,, and 2,, are satisfied.

We first define én—i—l' Since én is torsion-free-solvable it is poly-torsion-free-
abelian so ZG), is an Ore domain as in Proposition 2.1. Thus KG), exists and
is a ZGp, — KGp bimodule. In particular Gy, is a ZG — ZG,, bimodule via
n: G — G, and so H{(G;KG,) is defined and has the structure of a right
ZGp,-module. Let Gp41 be the semidirect product of G, with Hi(G;KGh).
Then we have the exact sequence

Tn4+1 &

1 — Hi(G;KGp) L, G 25 G, — 1.

Geometry € Topology, Volume 9 (2005)



Homology and derived series of groups 2181

Remark 5.7 This construction is precisely analogous to Bousfield’s construc-
tion of the HQ-tower {f,: G — T,,n > 0} for G, which goes as follows [1,
Section 3.4]. Given f,: G — T, let V,, denote Hs(f,;Q). Then the funda-
mental class in H?(f,;V;) determines a central extension

11—V, — Ty — T, — 1.

In our case, by analogy, given f,: G — G, let K denote Ho(fn; K@n) where
we take into account the module structure. Now if we consider the exact se-
quence in homology for the pair (G, én) with coefficients in KG,,, note that
K = Hy(G;KG,) since H,(Gp;KGr) = 0. Then an extension of Gy, by K is
determined as above. In fact we shall see in Lemma 5.9 that K is an injec-
tive ZGp,-module implying that H2(Gp; K) = 0, and thus that the semi-direct
product is the unique such extension by K [13, page 189, VI Theorem 10.3].

Next we want to show that H;(G; K@n) is a uniquely divisible Zénfmodule.

Lemma 5.8 If R is a right Ore Domain then a torsion-free right R—module
M is (uniquely) divisible if and only if it is a (uniquely) injective module (by
(uniquely) injective we mean that, for every monomorphism ¢: L — N and
any homomorphism v¢: L — M there exists a (unique) extension ¢': N — M.

Proof of Lemma 5.8 This follows from [26, Proposition 3.7 page 58, Propo-
sition 6.5 page 21]. There Stenstrém does not discuss the uniqueness condition,
but this is easily verified by examining the proofs. ]

Lemma 5.9 H;(G;KG,) is a uniquely injective (and uniquely divisible) ZG,, -

module, and is a uniquely injective (and uniquely divisible) Z[G/G\}’]

(via G/G I G).

—module

Proof of Lemma 5.9 Since H(G;KG,) is a right KG,-module and any
/CG —module is free, it suffices to know that KG, itself is a uniquely injective
ZG,—module [26, Lemma 6.4 page 20]). By Lemma 5.8 it suffices to see that
ICén is uniquely divisible. But this property of a classical quotient field is
trivial to check (see [26, Proposition 3.7 page 58]).

Since f, induces a monomorphism Z[G/G%] — ZG,, by 1., K(G/GY) em-
beds in KG,,. Thus the Z|G/GY] structure on Hy(G; KG,,) factors through

K(G/GY). Hence Hi(G;KG)) is a K(G/GY)-module, and therefore is iso-
morphic to a direct sum of copies of K(G/GY’). Since K(G/GY’) is itself a
uniquely injective Z[G/G';’]-module, as noted above (since Z[G/G(")] is an
Ore Domain), then H;(G; KG,) is a uniquely injective Z[G/G]-module. D
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Now, application of the following Lemma ensures that én+1 is a uniquely divis-
ible (n+ 1)—torsion-free-solvable group, completing the verification of Property

21

Lemma 5.10 Suppose B = AxC where A is a uniquely divisible ZC —module
and C is n—torsion-free-solvable. Then B is (n + 1)—torsion-free-solvable and
A= B\ . If C is a uniquely divisible n—torsion-free-solvable group then B is
a uniquely divisible (n + 1)—torsion-free-solvable group.

Proof of Lemma 5.10 We may assume that n is the least positive integer
such that CJ” = 0 since if for some m < n, BY” = 0 then it follows that
B{Y = 0. We have the split exact sequence below

1— A N B C—1.
where s: C' — B is the splitting map.

First we show by induction that 7,,: B/BY" — C/CY"” exists and is an iso-
morphism for 0 < m < n. This is trivially true for m = 0. We assume it is
true for all values at most some m < n — 1 and establish it for m + 1. Viewing
m as fixed, we first wish to show that s,,: C/Cy"” — B/BJ" exists and is
an isomorphism. This requires a short induction. If s;, ¢ < m, exists and is
an isomorphism then by Proposition 2.3, s;41 exists. Since i + 1 < m, our
inductive hypothesis holds and so ;11 exists and is an isomorphism. Moreover
Ti+1 © Si4+1 = id s0 s;41 is an isomorphism. This completes the inductive proof
that s,, exists and is an isomorphism. Returning to our proof that m,; ex-
ists and is an isomorphism, choose a non-zero c € Cl(qnfl). Since m < n —1,
c € CY. Then ¢ —1 is a non-zero element of ZC and since A is a divisi-
ble ZC-module, for any a € A, there is an o € A such that a = a(c —1).
When written in terms of B, this says that i(a) = [s(c)™!,i(a)]. Now note that
since i(A) = ker 7 and 7, is injective, i(A) C Bi". Hence i(a) € BY". Since
ce CY” and s,, exists, s(c) € By". Thus i(a) € By and so i(A) C By,
By Proposition 2.5, w41 is an isomorphism. This concludes the inductive
proof that m,: B/BY = C/C{”. However since C\’ = 0, this implies that
i(A) = B’. Therefore B}’ is abelian and i(A) = BY’/[BY’, BS"]. This quo-
tient is naturally a Z[B/Bj"] -module (via conjugation as usual) and the action
factors through the isomorphism 7, _1: Z[B/BY’] — Z[C/CY’] = Z[C] (since
i(A) acts trivially). By hypothesis A is a uniquely divisible, hence torsion-free
ZC-module, so the submodule B{’/[BY’, BY}’] is a torsion-free Z[B/B\’]-
module. Then, by definition, Bl = 0.
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Now suppose C' is a uniquely divisible n—torsion-free-solvable group. Since
A = BYY, Proposition 2.5 ensures that 7, : Bg,m_l)/Bg") — Cgm_l)/Cﬁ,m) is
an isomorphism for each m < n. Therefore Bﬁ,mfl) /BS" is a uniquely divis-
ible Z[C/CY™ Y]-module. Since Z[B/BY" V] = zjc/ci™ V], BI"Y /B4

is a uniquely divisible Z[B/ Bémfl)]fmodule. It remains only to verify that
B /Byt (= By’ = A) is a uniquely divisible Z[B/B{}’]-module. Since
Z[B/B}}’] = ZC this is true by hypothesis. O

Next we define f,+1. Since én+1 is a semidirect product we can specify f,11
uniquely by setting f,11 = (dn, fn) where d,: G — A is a derivation, where
we henceforth abbreviate A = H;(G;KG,), and G acts (on the right) through

G I G, [13, VI Proposition 5.3]. Any such map fny1 will satisfy f, =
Tp+1 © fny1, so it only remains to specify d,,. To define d,,, consider the exact
sequence

1 -G —G—G/GY —1

and the induced 5-term exact sequence [13, VI Theorem 8.1]

0 — Der(G/G', A) — Der(G, A) = HomZ[G/Gg>](Gg)/[Gg), G, A) —
HX(G/GY, A) — H*(G, A).

[G/Gg)} (G(f?)/[G(;); G(;)], A) s that we

call (f,)«. Namely, consider the canonical projection p: Hi(G;Z[G/G%’]) — B
where B = Hy(G;7Z[G/G’])/Torsion and the canonical injection i: B — B ®
KGn = A and set (fn)x = iop viewed as a map from G /[GY%),GW] to A.
Since A is an injective Z[G/GY’]-module, H>(G/GY’; A) = 0 [13, (2.4) page
189], and so we can choose a derivation d,, € Der(G, A) such that 7(dy,) = (fn)«-
Let fpy1: G — én+1 be the induced group homomorphism. We now show that,
once fy is fixed, f,41 is unique up to post-composition with an isomorphism.
Suppose f;, 1 = (d},, fn) is another homomorphism such that 7(d;,) = (fn)«.
Then d!, = k+d,, where k is the image of an element of Der(G /G, A). Since
A is an injective Z[G/GY’] (right)-module, HY(G/G%’,A) = 0 so k is the
image of a principal derivation, that is, k(g) = a(l — g~!) for some o € A.
It is easy to verify that the automorphism k of én+1 given by conjugation by
o, sends (a,z) to (a(l —z71) +a,z). Since fri1(g9) = (dn(9), fu(g)), we see
that ko fni1(g) is (a(l = fu(9)™") +dn(9), fu(9)) = (k(9) + du(g),g) (since G
acts via f,,). Hence we have shown that f; ,(g) = d;,(9), fn(9)) = ko fus1(9).
Thus f,41 is unique up to post-composition with an automorphism of én+1.
This completes the definition of {én+1, frt1}-

We describe a canonical element of HomZ
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Having defined f,41, we must verify that {(G;, fi)li < n + 1} is indeed a
torsion-free-solvable tower of height n + 1 for G. Since we have shown above
that G4, is torsion-free-solvable, we only need that ker(m,41) C (Gpi1) .
But by Lemma 5.10 these groups are equal.

We can now easily see that f,41 satisfies 1,41, for if f,11(9) = (0,e) then
g € ker f, and d,(g) = 0. Thus g € G, by 1,, and [g] lies in ker(f,)s.
But the kernel of (f,). is precisely the subgroup represented by G% ™", by
definition, so g € G4V

Now we verify Property 3. Suppose ¢: A — B is a homomorphism satisfying
the hypotheses of Property 3 and suppose, by induction that ¢ induces an iso-
morphism (respectively, monomorphism) é: A, — B, such that the diagram
below commutes

A,

Njasn

N

—
©-

fn

T

Note that the composition:

Hi(A; KA, ) O Hy(A;KB,) 2% Hy(B;KB,)

is an isomorphism (respectively, monomorphism) of KA, modules by Proposi-
tion 4.3. This map, together with ¢,,, induces an isomorphism (monomorphism)
of extensions.

1 — Hi(A4KA,) — Ay =8 4, —1

l(&m: L&nﬂ B2

Tn+4+1 =

1 — H(B;KB,) — Bpty1 — B, —1

This finishes the proof of 3,41 except for verifying the compatibility of maps.
To verify that ¢n+1 o fn 1= fn " 1 © ¢, observe that since An+1 and Bn+1 are
semidirect products and since gbno s A — = fn Bog, it suffices to check ¢n+1 o fn +1
f1§+1 o ¢ as maps from ker f2 = A to Hy(B; ICBn). For this recall that f
restricted to ker f4 (and fB | restricted to ¢(AY) C BY = ker fB) is glven
by the canonical map ( fn )« induced by ¢ and fA On the other hand, ¢n+1
restricted to fi4,(AY)) C Hy(A; KA,) is determined by ¢. Details are left to
the reader.

Finally, to establish Property 4, suppose that ¢: A — B induces an isomor-
phism A/A(Y = B/B{". Inductively we may assume that this isomorphism
extends to isomorphisms A, = B, and try to show that they extend to an
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isomorphism /Tnﬂ i §n+1 as long as n + 1 < m. By the Five Lemma
it suffices to show that the modules Hi(A;KAy) and Hy(B;KB,) (modules
over isomorphic rings) are isomorphic. But Hy(A;KA,) is completely deter-
mined by Hi(4; ZIAJA)) J{Z[AJAG ] -Torsion} together with the inclusion
AJAY — A,,. But the former is precisely Ay’ /AG*Y. If n+1 < m then all of
these are carried isomorphically onto the corresponding modules for B.

This completes the proof of Theorem 5.6. O

Corollary 5.11 The torsion-free derived series stabilizes at n if and only if
{G,} stabilizes at n. In particular, if G = G+, then Gy, G = Gn+k for all

k>0 and G = G, = (G/GW). Also, for any group G, (G/GH )y = (G/Gg)).

Proof of Corollary 5.11 Suppose that G% = G¢*". Then by construction
én—f—l = G,. Since G, stabilizes at n, by definition G = G,. Conversely, if
énH = é then the kernel of G — én+1 equals the kernel of G — én, thus
by Theorem 5.6, G4 = G’ . For the final claim, merely note that G/G%’ is

n—torsion-free-solvable by Proposition 2.5. O

It follows that the torsion-free-solvable completion may be constructed analo-
gously to the Malcev completion.

Corollary 5.12 The torsion-free-solvable completion G of G is the inverse

limit lim (G/G}) of the torsion-free-solvable completions of the corresponding
quotients by the torsion-free derived series.

Proof of Corollary 5.12 Since G has been defined as lim én, we must show

that G, = (G/G%). By Proposition 2.5, the map G — G/G. induces an
1somorphlsm G/GS) =~ (G/G(”))/(G/G(”))(”) Thus, by Theorem 5.6 (4), G, =

(G/ Ggl))n which in turn equals (G/ GSL?)) by the last statement of Corollary 5.11.
O

Example 5.13 If 8;(G) = 0, for example if G is a finite group, then the
torsion-free-solvable completion and the Malcev completion agree and are both
trivial. For we observed in Example 2.6 that the torsion-free derived series

stabilizes at n = 0 in such cases. Thus by Corollary 5.11, G = éo & (0=
MC(G).
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Example 5.14 If G is a non-trivial torsion-free abelian group (equivalently
Gy = {e}), then G again agrees with the Malcev completion. For GY = 0
so the torsion-free derived series stabilizes at n = 1. Thus by Corollary 5.11,

GG =G®Q=MC(G). Note that the algebraic closure of Z™ is Z™ but
the Malcev completion and the torsion-free-solvable completion are Q™.

Example 5.15 If G is nilpotent then whereas G /torsion embeds in MC(G),
the torsion-free-solvable completion of G is just the abelianization of MC(G).
For we saw in Example 2.7 that in this case the torsion-free derived series

stabilizes at n < 1. Thus, by Corollary 5.11, G = G = (G/GY) and the latter

equals G/G" ® Q by Example 5.14. This is a flaw in the torsion-free derived
series that would be corrected by Remark 5.22.

Example 5.16 If 3;(G) = 1 then the epimorphism G — Z is rationally 2-
connected and so, by Theorem 5.1, it induces isomorphisms G 7 Q=
MC(G) by Example 5.14. More generally, if G is a group whose classical
Alexander module G’ /[GY}, G%’] has rank zero then, as noted in Example 2.10,

the torsion-free derived series stabilizes at n < 1. Thus, by Corollary 5.11,
G =G =(G/GY)=G/GY

Example 5.17 If the rank of one of the modules G'}’ / [GSL?),NG(;)L is zero then
the torsion-free derived series stabilizes at n or less. Thus G = G,, is solvable
by Corollary 5.11. For example if G is the free solvable group F/F™ then G
embeds in its torsion-free-solvable completion since (F/F™)%) = 0.

Example 5.18 If F' is a non-abelian free group then, since the torsion-free
derived series stabilizes at w, F' is not nilpotent. In fact, since F ) =0, F
embeds in F. But F is much larger, for if G = 71(S® — L), where L is a
boundary link, then the meridional map F — G has a right inverse G — F
as we saw in Example 2.11 and it follows from Theorem 5.1 that G~F
and G/Gg}” embeds in F. Indeed if G is any finitely-presented group with
Hy(G;Q) =2 Q™ and Hz(G;Q) = 0 then there is a map F' — G that is 2-
connected on rational homology and so, by Theorem 5.1, G / G embeds in F'.

In particular, as we showed in Theorem 5.19, F/(F)% embeds in F.

5.1 Relations with the Levine—Vogel algebraic closure

We now recall the (integral) homological localization functor of Levine—Vogel
and discuss the relations between it and the torsion-free-solvable completion.
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J Levine defined the algebraic closure, f :G—Gofa group G, unique up to
isomorphism [18, page 574]. He pointed out that, if G is finitely presented, it
coincides with a notion previously investigated by P. Vogel (see [17]). Specifi-
cally, if X is a finite CW-complex with G = m(X) then G is m;(EX) where
E X is the Vogel localization of X . The Levine—Vogel algebraic closure is a uni-
versal (integral) homological localization in the following sense. If A is finitely
generated, B is finitely presented and ¢: A — B is a homomorphism that
induces an isomorphism on Hj(—;Z), an epimorphism on Hy(—;Z), and such
that B is the normal closure of ¢(A), then there is an isomorphism ¢: A — B.
Moreover the algebraic closure is the “initial” group with this property. Since

G also satisfies this property, we have a canonical map G Y, G that provides a

factorization of f (above) as G L. G2 G. This allows us to relate G to G.

Theorem 5.19 Suppose G is a finitely presented group. Then there is a canon-
ical map from the algebraic closure of G to the torsion-free-solvable completion

of G, G Y. G whose kernel is (@)%,

Proof of Theorem 5.19 Recall from [18, Proposition 6] that G can be ex-
pressed as h_n>1PZ where G =F - P — -+ - P, — -+ — é, each P, is
finitely presented and each map satisfies the Levine—Vogel conditions above.
Suppose z € kerf. Then z is the image of p € P for some k, and p lies in
the kernel of the induced map P, — G — G. Since G = Py by Theorem 5.1,
one concludes that p is in the kernel of the canonical map P, — Pi. Again
by Theorem 5.1, p € (Pk)é}"). To now conclude that z € (G)%, finishing the

verification that kerd C (G)Y’, we need the following.

Lemma 5.20 If B = limP; where F; are finitely presented and each map
¢;: P; — P41 induces a monomorphism on Hi(—;Q) and an epimorphism on
Hy(—;Q), then for each i and each n < w, the induced map (P;)/(P;)% —
B/B\" is injective.

Proof of Lemma 5.20 The proof is by induction on n. Note that it is triv-
ially true for n = 0. The proof follows exactly the proof of Theorem 4.1. The
Lemma would follow directly if B were finitely related. However this hypoth-
esis on B is only needed in the inductive step to establish the monomorphism
conclusion of Proposition 4.3 for the map H;(P;; KI') — H1(B; KI') where I' =
B/ B . Since each P; is finitely presented, Proposition 4.3 shows that each map
Hy(P; KT') — H1(Piyg; KT') is injective. Thus Hy(P; KT') — limHy (Piyx; KT')
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is injective (i fixed, k varying). Since B = limP;; and since homology com-
mutes with direct limits [2, page 121], the conclusion of Proposition 4.3 holds
for each map P, — B. O

Continuing with the proof of Theorem 5.19, now suppose x € (é)(}}” Then =z
is the image of p € P; for some ¢ and so, by the case n = w of Lemma 5.20,
p € (PZ)(}}J) Hence, by Theorem 5.1, p is in the kernel of the canonical map

P; — (P;) and since (P;) 2 G we have z € ker 0 as desired. O

These observations suggest that it might be profitable to consider the functor
G — G/(G)% which can be described as a direct limit lim P /(P ) We say
that a homomorphism is 2-connected on integral homo]ogy or 2—connected if
it induces an isomorphism on H;(—;Z) and an epimorphism on Hy(—;Z). We
say that a homomorphism is 2-connected on rational homology or rationally
2—connected if it induces an isomorphism on H;(—; Q) and an epimorphism on
Hs(—; Q). The interesting question is: If A — B is rationally 2-connected but
fails to be 2—connected with integer coefficients or fails to have the Levine—Vogel
normal generation condition, what can be said about the relationship between
A and B? We have the following result, used in [11] to prove that certain
invariants of homology cobordism and link concordance are actually invariants
of rational homology cobordism.

Corollary 5.21 If A and B are finitely-presented and ¢: A — B induces an
isomorphism on Hl( Q) and an ep1morph1'sm on Hy(—;Q) then ¢ induces
an embedding A/(A)% @ c B/(B)%

Proof of Corollary 5.21 Since any algebraic closure A — A is 2 connected
with integral coefficients [18, Proposition 4], ¢ induces an embedding A A/(A)Y
c B /(B)Y, since these quotients are merely Hi(—;Z) modulo torsion. We
proceed by induction. Suppose that ¢ induces a monomorphism Al A)(" V¢
B/( )" Y. By Proposition 2.3, ¢ induces a homomorphism A/(A )5 -
B/( )(”). It suffices to show that this is injective. Suppose a € A such that
#(a) =b e (B)!. As above, we know that B can be expressed as lim@; where

B=Qy— Q11— —Qp— - — E, each Q; is ﬁnitely/\presented and each
map is 2—connected with integral coefficients. Similarly, A = limP;. Suppose
q € Q; has image b and p € P; has image a. For simplicity we abbreviate
@ = Q; and P = P;. By Lemma 5.20, ¢ € Q%Y. However, since B — Q
and A — P are 2-connected and A — B is rationally 2-connected, B, = @n,
A, ~ P, and 4, = B, by Theorem 5.6. Also by part 1) of this theorem, the
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image of ¢ under ) — @n is zero and hence the image of b under B—B— En
is zero. It follows that the image of a under the map A /Nln is zero. Conse-
quently the image of p under the map P — ﬁn is zero and hence, by part 1)
of Theorem 5.6, p € P}”. Thus, by Lemma 5.20, a € (ﬁ)(;) Thus we have
shown that A/(A)% — B/(B)% is injective as desired. O

Remark 5.22 We are aware that a smaller series (that looks much less nat-
ural from an algebraic standpoint) than the torsion-free derived series seems
to be more natural from the point of view of rational homology equivalence.
Note that Z[G/GY}] is a Laurent polynomial ring Z[zF!, ..., zt1]. We could
alternatively define G%Y to be the inverse image of not the full torsion submod-
ule of GY/[GY,GS], but rather the submodule of elements annihilated by
some element of the set S of polynomials whose image under the augmentation
map Z[zi!, ..., x| — Z is non-zero. Then, leaving the definition of the higher
G' the same, leads to a series whose terms are smaller than the torsion-free
derived series, still containing the derived series, and for which our main the-
orem remains true because a more precise version of Proposition 4.3 is known
to hold (with I' = Z™ and) with the quotient field being replaced by the sub-
ring STIZ[G/GY]. Generalizing this, a “better” series, G{", can be defined as
follows. Once G has been defined, let CL(G/G{”) stand for the Cohn local-
ization of the augmentation Z[G/G{"] — Q. By this we mean the initial ring
map Z[G/G{"] — CL(G/G{"), such that any square matrix over Z[G/G\"]
whose augmentation is invertible over @ becomes invertible over CL(G/G\").
Note that in the case n = 1, CL(G/GV) is known to be just S™1Z[G/GYV)]
with S as above, because since Z[G/G"] is commutative, a matrix is invertible
if and only if its determinant is invertible. We could then define G to be

the kernel of the composition below:

o
[ERNER)

G T2,

— Hy(GSZIG/GL)) — H(G3 CL(G/GL)).

(n+1)
H

This is in contrast to the torsion-free derived series, wherein G is the kernel

of the composition:

Gy
Gy Gl

The map from Z[G/G{"] to its quotient field K(G/G{") is known to factor
through CL(G/GY"). This series is then fully invariant. Much of the structure
of our main theorem holds, but there are several problems involving flatness.
The Cohn localization is not usually a flat module over Z[G/G{"] and so we

Gy

= H1(G;Z[G/GY]) — H1(G;K(G/GY))).
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have not been able to duplicate the full strength of our main theorem. However
we can prove that

G c G c G,

and that if ¢: A — B is an epimorphism of groups which is rationally 2—
connected then it induces isomorphisms A/A{ = B/B{™ for all n. The proofs
of these results will appear in a subsequent paper.
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