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Refined Kirby calculus for integral homology spheres

KAazuo HABIRO

A theorem of Kirby states that two framed links in the 3—sphere produce orientation-
preserving homeomorphic results of surgery if they are related by a sequence of
stabilization and handle-slide moves. The purpose of the present paper is twofold:
First, we give a sufficient condition for a sequence of handle-slides on framed links
to be able to be replaced with a sequences of algebraically canceling pairs of handle-
slides. Then, using the first result, we obtain a refinement of Kirby’s calculus for
integral homology spheres which involves only =+ 1—framed links with zero linking
numbers.

57TM25; 5TM27

This paper is dedicated to Professor Yukio Matsumoto on the occasion of his sixtieth
birthday.

1 Introduction

Every closed, connected, oriented 3—manifold is realized as the result of surgery along
a framed link in the 3—sphere, Lickorish [16], Wallace [25]. Kirby’s calculus of framed
links [10] states that two framed links in the 3—sphere have orientation-preserving
homeomorphic results of surgeries if and only if these two links are related by a sequence
of two kinds of moves: stabilizations and handle-slides. Thus Kirby’s calculus provides
a method to study closed 3-manifolds through a study of framed links. One of the
most successful applications of Kirby’s calculus is Reshetikhin and Turaev’s definition
of quantum 3-manifold invariants [22], which is considered to give a mathematical
definition of Witten’s Chern—Simons path integral [26].

Kirby’s calculus involves all the framed links in the 3—sphere, which represent all
the closed, connected, oriented 3—manifolds. However, one is sometimes interested
in a more special class of 3—manifolds, eg, integral homology spheres. It is natural
to expect that, by restricting our attention to a special class of framed links which
can represent all the 3—manifolds under consideration, we would be able to obtain a
refinement of Kirby’s calculus of special framed links involving some special types of
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moves, and consequently we would be able to obtain better results than what we would
obtain by using Kirby’s calculus directly.

The present paper is intended as the first of a series of papers in which we study such
refinements of Kirby’s calculus. The purpose of the present paper is twofold: First, we
establish a general result about sequences of handle-slides on framed links, which will
be used as a “main lemma” in the series of papers. Second, we use the main lemma to
obtain a refinement of Kirby’s calculus for integral homology spheres.

Let us give a rough description of the main lemma (Theorem 2.1). Let M be a
connected, oriented 3—manifold, and let n > 0 be an integer. We consider a category
Sm,n whose objects are the isotopy classes of n—component, oriented, ordered, framed
links in M , and whose morphisms between two framed links L and L’ are sequences
from L to L’ of handle-slides, orientation reversals and permutations. To each such
sequence S, we associate in a functorial way an element ¢(.S') of GL(#n; Z), the group
of integral n x n matrix of determinant 1. Then the main lemma states that if the
matrix ¢(S) for S: L — L’ is the identity matrix I,, then there is a sequence from
L to L’ of band-slides. A band-slide on a framed link is an algebraically canceling
pair of handle-slides of one component over another, see Figure 1. Note that if the link
is null-homologous in M , then a band-slide preserves the linking matrix.
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Figure 1: (a) Two components L; and L; of a framed link. (b) The result of
a band-slide of L; over L;.

It is well known that every integral homology sphere can be expressed as the result from
S3 of surgery along a framed link of diagonal linking matrix with diagonal entries 1.
We call such a framed link admissible. (In the literature, it is also called algebraically
split, unit-framed.) Using the main lemma, we can prove the following refined version
of Kirby’s calculus for integral homology spheres.
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Theorem 1.1 Two admissible framed links in S* have orientation-preserving homeo-
morphic results of surgery if and only if they are related by a sequence of stabilizations,
band-slides and isotopies.

Hoste [9] conjectures that if two rationally-framed links in S 3 with zero linking numbers
and with framings in {1/m | m € Z} have orientation-preserving homeomorphic results
of surgery, then they are related by a sequence of Rolfsen’s moves [23] through such
rationally-framed links. This conjecture follows as a corollary to Theorem 1.1, see
Corollary 5.2. We also prove a similar variant of Theorem 1.1 for Fenn and Rourke’s
theorem [2], see Corollary 5.1. Theorem 1.1 can also be extended to pairs of integral
homology spheres and knots, see Corollary 6.2, which is a refined version of a result
by Garoufalidis and Kricker [3].

Now we make some comments on applications of the results in the present paper.

Remark 1.2 Hoste [9] proves a surgery formula for the Casson invariant of integral
homology 3-spheres and shows that if Corollary 5.2 is true, then his surgery formula
provides a simple existence proof of the Casson invariant. This approach to the Casson
invariant is perhaps the simplest known one if one admits Corollary 5.2.

Remark 1.3 Recall that Ohtsuki’s finite type invariants of integral homology 3—
spheres [20], which are generalizations of the Casson invariant, are defined in terms
of admissible framed links. Thus it is expected that one can use Theorem 1.1 in the
study of Ohtsuki finite type invariants of integral homology spheres. Though this
theory of finite type invariants over (2 has been understood to a great extent using the
Le—Murakami—Ohtsuki invariant [14; 15], this is not the case for arbitrary coefficient
ring. It is expected that, using Theorem 1.1, one can construct a universal Ohtsuki finite
invariants of integral homology spheres over Z, and perhaps over arbitrary coefficient
ring.

Remark 1.4 In papers in preparation partially joint with TT Q Le [7; 8], we will use
Corollary 5.1 to define, for each simple Lie algebra g, an invariant J 1?/1 of an integral
homology sphere M which unifies the Witten—Reshetikhin—Turaev invariants of M
at all roots of unity (for which the invariant is defined), which is announced in [6],
[21, Conjecture 7.29]. Existence of this invariant implies strong integrality properties
of the Witten—Reshetikhin—Turaev invariants. Corollary 5.1 enables us to prove the
well-definedness of J ]ﬂ[ without using any previously known definitions of the Witten—
Reshetikhin—Turaev 3—manifold invariant. Thus the definition of J 1%4 provides a new,
unified definition of the Witten—Reshetikhin—Turaev invariants of integral homology
spheres.
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We organize the rest of the paper as follows. In Section 2, we state the main lemma,
which is proved in Section 3. In Section 4, we prove Theorem 1.1. In Section 5, we
prove Hoste’s conjectures. In Section 6, we generalize Theorem 1.1 to pairs of integral
homology spheres and knots. In Section 7, we give a short description of several
applications of the main lemma, which we will study in future papers.

Acknowledgements This work started when the the author was a graduate student
under the direction of Professor Yukio Matsumoto, to whom he would like to express
his sincere gratitude for continuous encouragement. He also thanks Selman Akbulut,
Stavros Garoufalidis, Thang Le, Gregor Masbaum, Hitoshi Murakami, Tomotada
Ohtsuki and Oleg Viro for helpful comments and conversations. This research was
partially supported by the Japan Society for the Promotion of Science, Grant-in-Aid
for Young Scientists (B), 16740033.

2 Definitions and the statement of Main Lemma

In the rest of the paper, all the 3—manifolds are connected and oriented. All homeo-
morphisms of 3—manifolds are orientation-preserving.

In this and the next sections, we fix a connected, oriented 3—manifold M and an integer
n>0. Let £ = Ly, denote the set of isotopy classes of n—component, oriented,
ordered, framed links in M . We will systematically confuse a framed link and its
isotopy class. We set | = {1,...,n}. For i €, the i th component of a framed link
L € £ will be denoted by L;.

2.1 The category S of framed links and elementary moves

Definition 1 Let £ = &, denote the set of symbols
Pi,j fori,jel i#],
Q; foriel,
Wi, fori,jel i+#jande=+£l.

For e € £, an e—move on L € L is defined as follows.

e A P; j—move on L exchanges the order of L; and L;.
e A Q;j-move on L reverses the orientation of L;.

e A We —move on L is a handle-slide of L; over L;. If € = +1 (resp. € = —1),
then L, is added to (resp. subtracted from) L;, see Figure 2.
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(b)

Figure 2: (a) A W;’rjl —move. (b) A Wl_]1 —move.

These moves are called elementary moves. For L, L' € L, e € £, by L-55L we mean
that L’ is obtained from L by an e—move.

If e = P; j or Q;, then the result from L of an e—move is unique. In this case, we
denote the result by e(L). For e = W§ j» however, there are in general infinitely many
distinct L’ satisfying

€

Wi j
L—5L.

Definition 2 Let S = Sps,, be the free category generated by a graph (in the
sense of category theory) whose set of vertices are £, and whose edges are el-
ementary moves. In other words, S is the category with Ob(S) = L, and, for
L,L" € L, the set S(L, L") of morphisms from L to L’ consists of the sequences
S=(L%e, L' e, L%, ... ep, L?) suchthat p>0, LO L', ... LPeL, L°=L,
LP =L ey,....epe&, andfor s=1,..., p we have L5=1 %5 15 1tis convenient
to express the sequence S as

el en €
AR NN § )

The identity morphism 17 € S(L, L) of L € L is given by

1L=(L): L— L.
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/7
€1

e/
The composite S’S of S: L0 2 p and S KO—5 .. B KP with LP =
K is given by

S'S: L0 L o pp g0 ok,

2.2 The functor ¢: S — GL(n; Z) and the statement of Main Lemma

For i, j €1, let E; ;j denote the n x n matrix such that the (i, j)—entry is 1 and the
other entries are 0. Let I, = Z?Zl E;; be the identity matrix of size n. Define
matrices P; j, Qi, Wi j € GL(n;Z) by

Pij=1In—Eii—Ejj+Eij+Ej;.
Qi =1In—2E;,,
Wij=1In+ Ei;j

for i, j €1, i # j. It is well known that these elements generate GL(%; Z). Note that
—1
Wi =In—Eij.

We regard the group GL(n; Z) as a category with one object * in the standard way.
Define a functor ¢: S — GL(n; Z) by ¢(L) = % for L € £ and

Pij , Q ., Wii,fl ’ +1
¢p(L—L) = Pij, ¢(L—L)=0i oL—L)=W"

For a morphism S: L0511 ... P, 1P, we have
0(S) = p(LP L) (L' B L)L L),
Now we state the main lemma.

Theorem 2.1 (Main Lemma) If a morphism S: L — L’ in S satisfies ¢(S) = I,
then L and L’ are related by a sequence of band-slides.

2.3 Linking matrices

If a framed link L € Lps, is null-homologous in M (ie, each component of L is
null-homologous in M), then let Ay denote the linking matrix of L, which is a
symmetric matrix with integer entries of size n. Note that if moreover S € S(L, L),
L' € Lary, then L' also is null-homologous.

For a matrix 7', let T denote the transpose of 7.
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Lemma 2.2 If L, L’ € Ly, are null-homologous and S € S(L, L"), then we have
A = @(S)ALe(S)".

Proof The proof is reduced to the case where S consists of only one elementary
move, which is well known (see eg Kirby [11]) and can be verified easily. a

2.4 Explanation using 4-manifolds

The following observation is not necessary in the rest of the paper, but explains some
ideas of the above definitions.

The functor ¢: S — GL(n; Z) has the following natural topological meaning. For
simplicity, we assume M = S3. Recall that for L € £, we have a 4-manifold X,

obtained from the 4-ball B* by attaching 2—handles /4, ..., h, along the components
Ly,...,L, C S* =9B* of L, see Kirby [11]. The boundary of X7 is the result
of surgery (S3®)r. There is a natural basis u;,...,u, € Hy(Xp:Z), where u; is

represented by the union of the core of the 2-handle /4; and the cone of L; in B*.

Suppose L-5>L' with e € £. Then we can define a canonical (up to isotopy) diffeo-
morphism e: X7 = X7/ as follows. For e = P; j or e = Q;, € is the obvious one. For
e = Wl.ﬂfjl, e is the diffeomorphism given by sliding /; along ;. Let u/, ... u) be
the basis of H,(X7;Z). Then we have

ex =g(e): Hy(X1;2) > Hy(X 1/ Z).

Here we regard the matrix ¢(e) as a Z-linear map using the bases of H, (X ;Z) and
H,(Xy/; Z). More precisely, we have
n
Cu(ui) =Y ple)iju}.
j=1

e
For a sequence S': L 2 of elementary moves, the matrix ¢(S) corresponds
to the isomorphism H,(Xp;Z) — H,(Xr/;Z) obtained as the composite of the iso-
morphisms corresponding to the elementary moves e, s =1,..., p.

3 Proof of Theorem 2.1

3.1 Bands and annuli for handle-slides

In the following, it is sometimes convenient to use bands and annuli in order to keep
track of handle-slides.
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(b)

Figure 3

Ws
Definition 3 Suppose that L—3> L.

W

By a band for L—3L’, we mean a band b in M joining L; and L; such that sliding
L; over Lj along b (i.e., replacing L; with a band sum of L; and a parallel copy of
Lj along b)isa Wf j—move, see Figure 3 (a). In this case, we write

L3
WE b
By an annulus for L—3L’, we mean an annulus ¢ in M which looks as depicted in
Figure 3 (b), such that “handle-slide of L; over L; along a” (ie, replacing L; with

L = (L;Uda) \int(L; Nda)) is a W; ;—move. In this case, we write

WE
1.]
L—

a

L/

3.2 Reverse moves and reverse sequences
The reverse e of e € £ is defined by

Pij=Pij, Q=Q, Wi;=W;73.

Lemma3.1 Ifec&, L,L' € L and L—e>L’, then we have L’—E>L.

Proof If e =P; ; or e = Q;, then the assertion is obvious.

€ —€

Let e = Wf Iz Choose an annulus @ such that L—23L’. Then we have L'—3 L. O
2 a a
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For §: L0112 . 2 1P the reverse S € L(LP,L%) of S is defined by
S: Lp—> —>L1 e L°.
We have
@(S) =(S)™".

3.3 Decomposition of ¢

Let M denote the free monoid generated by the set £, which is regarded as a category
with one object *. Define a functor

oS —>M

by a(L) = % for Lef and oe(L—)L’) = for e € £ with L—>L'. Fora morphism
AN S —>LP we have

a(S) =ep---ezey.
For each element x = ¢, ---e3e1 € M, the reverse of x is defined by
X=¢ejey-¢ep.
Clearly, we have a(S) = «(S) for any morphism S in S.
Define £ to be the set of symbols
EX ={pij.qiwijli.jeli# )}
Let G denote the free group generated by the set £1. Define a homomorphism
B M—G

by

B(Pij)=pij. BQ)=a. BWS)=
For x € M, we have B(¥) = B(x)7!.

Define a homomorphism
y: G — GL(n;2)
by
y(pij) = Pij. v()= Qi vwij)=W.
Clearly, we have
¢ =yPpa: SLMLQL GL(n; 7).
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3.4 Realization lemma

Lemma3.2 (1)IfL €L and x € M, then thereis S € S(L,L’), L' € L, such that
a(S)=x.

(2)If L € L and x € M, then thereis S € S(L', L), L' € L, such that «(S) = x.

Proof We prove only (1), since (2) can be similarly proved. Let / be the length of x.
If / = 0, then the result is obvious.

If /=1,then x € £. If x =P;j or x = Q;, then set S: Li>x(L). Ifx=W
then choose a band b connecting L; and L;, and set

€
1,]’

€

wE; o
S: L—L",
b
where L’ is the result of Wf j—move.

The case / > 2 reduces to the case / = 1 by induction. |

3.5 A preorder on M
Recall that a preorder on a set X is a binary relation = such that

() x=xforall xe X,

(2) x=yand y = z implies x = z forall x,y,ze X.

Define a binary relation = on M such that for x, x" € M we have x = x’ if and only
if, forany L, L’ € £ and for any S € S(L, L') with a(S) = x, there is S’ € S(L, L")
satisfying «(S’) = x’. (Note that the definition of = depends on n and M .) It is
obvious that = is a preorder. By x < y, we mean “x = y and y = x”, which is an
equivalence relation.

Lemma 3.3 Forall x,x’,y,)’,z € M, we have the following.
(1) y =y implies zyx = zy'x.
(2) x =y impliesx =}.
(3) yx =z impliesx = yz and y = zX.
4 1= Xxx.
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Proof (1) Suppose y=)’,and S: L — L’ with a(S) =zyx. S can be decomposed
into S =S3528! with S': L L', §% L' L? 83 L>— L', L', L?€ L, such
that ¢(S1) = x, a(S?) =y, a(S3) =z. Since y = )/, thereis (S?)": L' — L? such
that «((S?)’) = y’. Then we have S3(S?)'S!: L — L’ and a(S3(S?)'S!) =zy/x.
Hence y = y’ implies zyx = zy'x.

(2) Suppose x = y, and S: L — L' with «(S) = X¥. Then S: L' — L satisfies
a(S) = x. Since x = y, there is a sequence S”: L’ — L such that «(S’) = y. Then
we have S”: L — L’ and «(S’) = ¥. Hence x = y implies X = 7.

(3) Suppose yx = z, and S: L — L' with «(S) = x. By Lemma 3.2, there is
a sequence S’: L’ — L” with a(S’) = y. Since yx = z, there is a sequence
S”: L — L" with a(S”) = z. Then we have S’S”: L — L’ and «(S’S") = yz.
Hence yx = z implies x = yz. Similarly, we can prove that yx = z implies y = zX.

(4) Since x1 = x = x, it follows from (3) that 1 = Xx. O

Lemma 3.4 We have the following.
(A) Pi,k & Pk,i’ Piz,k <1, Pi,kPr,s - Pr,sPi,k’ Pi,kPk,r - Pi,rPi,k < Pk,rPi,r,
B) <1, QQk ¢ QQi. QiPix & PikQj. PikQiPix < Qk.
(@) Pr’sWZk & W;,kPr’s’ PiakWZk = Wlec,iPisk’ Pi’jwf,k = Wje',kPi:j ,
P,‘JWZ,I. < Wlec,j P,"j ,
£ 3 3 £ 3 3
(E) Wf,kwé,m < V\/gl,mwik’ WEWi e & W Wik, Wi Wi & We Woy s
Wi Wi g & Wi Wiy
F) WH =W IWIP Qi
£ €€\ /€ & & \\—€&
G Wi Wi = Wi Wi Wik WiWie = Wi W, m Wy
where i, k, etc, are distinct elements in |, and €, & € {+1}.
Lemma 3.4 is related to Nielsen’s presentation of GL(#n;Z). Taking a look at the
statement of Lemma 3.6 below before proceeding may be useful.
Proof (A)-(D) are easy and straightforward.

We will prove (E). They mean that W5, and Wf,,q commute up to <, if p # k and
g # i. Suppose that

W¢ &
L 1,kL,/WP.qL/
a a’ ’

where a and a’ are annuli. We can move a’ by an isotopy of M fixing L” as a subset
of M so that
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(1) if g =k Ge, (p,q) = (I,k),(i,k)), then aNa’ = L}, where Lj denotes the
k th component of L”,

(2) if g #k Ge., (p.q) =(U,m),(i,])), thenanNd = @.

This can be shown as follows. All the isotopies below fix L” as a subset. First, if
p =i, then we isotop @’ so that @’ N L7 is disjoint from a. Second, if ¢ = k, then
we isotop @’ so that in a small neighborhood of L}, a and @’ meet only along L.
Choose a properly embedded arc ¢ in @’ from a point in Ly to a point L7 Na’. Then
we isotop a’ into a small regular neighborhood of ¢ U Ly in a’. Then we can sweep
(ana’)\ Ly outof a by an isotopy.

We may regard a’ as an annulus for a WS —move
-

W
D49 .y
L—L
a’ ’

where L' € L. Since p # k and ¢q # i, we have

Wigv a z‘ej
L—L"——5L .
a a

This shows the direction = . The other direction is similar.
We prove (F). Suppose wil
L5,
b
Let V be a small regular neighborhood of L; U L; U b, which is a handlebody of
genus 2. The inside of V' looks as depicted in the upper left corner of Figure 4. The

Figure 4

result of W:rkl —move along b is depicted in the upper right corner. There is a sequence

—1 +1
Qi Pi.k Wik Wi

) PG RNy o B Sy
b b’
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as depicted in Figure 4, which implies (F).

We prove the first formula in (G) for € = & = 1. The second formula can be proved
similarly. Suppose

+1 +1
Wier Wi
(1) L—‘>L’—;§L”,
a

where a is an annulus and b is a band. By moving b with an isotopy of M fixing L’
as a subset of M, we may assume that ¢ and b are disjoint. Let V' be a small regular
neighborhood of L; UL, UL; UaUb in M, which is a handlebody of genus 3. The
inside of V' looks as depicted in the upper left corner of Figure 5, where the sequence
(1) is depicted in the top row.

Figure 5

There is a sequence w! +1 +1
ik 17 2 kI oy
as depicted in Figure 5. Hence we have the first formula for € = & = 1. The general

case of the first formula can be obtained by conjugating the formula by Qf Q- O

Lemma3.5 IfS: L — L' with a(S) = W;Fkl Wlﬂtk1 ,then L and L’ are related by a
band-slide.

Proof Consider the case (p, q) = (i, k) in the proof of (E) of Lemma 3.4. We may
assume Wit NwiF ! ,
L—L"—L",
a a’
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where aNa’ = L}. Thus a,a’, L;, Ly look as depicted in Figure 6 (a). By isotopy,
we obtain Figure 6 (b). By a band-slide of L; over Lj as indicated in the figure, we

obtain a framed link, which is isotopic to L’. a
- -~ L _-a L
1 M 2 NN 1 ~
\\ A ARY \\ . b \
> Y N band-slide '
;T Lk I T s —_— Lk I
! e // y \ p e /
S a’ \\, - / ~ -
(a) (b)

Figure 6

3.6 Realization of relators in GL(n; Z)

The following lemma follows from a result of Nielsen [19], see Magnus—Karrass—Solitar
[17, Section 3.5].

Lemma 3.6 (Nielsen) The group GL(n;Z) has a presentation such that the generators
are the elements of £ and the relators are as follows.
(@) Pik =Pkis Pig =1 PikPrs=PrsPiks PikPkr = PirPik = Pk.rPir
(b) a7 =1, qiqg =ak9i» 9jPik =Pikdj. Pik%iPik =k

(©) PrsWik = WikPrs, PikWik = Wk,iPiks PijWik =WjkPi,j,
Pi,jWk,i = Wk, jPi,j -

(d) arwik =WikQr, GEWik =W 0k, QiWik =W di,

(©) WikWlm =WImWiks WikW[k =W[kWik, WikWil=W;][Wjk,

() W,-_,/iWk,iWi_,]i = qiPik>

(8) Wi kWk IWy f Wi = Wi ]

Here i, k, etc, denote distinct elements in |.

Proof Magnus—Karrass—Solitar [17, Section 3.5, Theorem N1] gives a presenta-
tion of the automorphism group &, of a free group of rank n, with generators
P; j,0i,Ui j, Vi (in the notation of [17]) for i, j €1, i # j. This presentation of ®,
yields a presentation of GL(n; Z) (denoted by A, in [17]) by setting U; ; = V; ;. In
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our notations, P; j and o; are denoted by p; ; and q;, respectively, and U; ; = V; ;
are denoted by w; ;.

Then we easily obtain from the presentation given in [17] a presentation of GL(7; Z)
with a set of generators & T and a set of relations consisting of (a)—(f) above and the
following.

—1,— — -1
(1) Wi gWj Wi kWi = Wi g = Wi Wi kW Wi s
—1 — - —, —1
(82) Wi Wi Wi kWi = Wi [ = Wi GW W Wik
It is easy to see that (g1) and (g2) reduces to (g) modulo the other relations. O

For each relation of the form x = y in Lemma 3.6, the element x~'y € G will be
called a relator of GL(n; 7).

Definition 4 Define a map (not a homomorphism) A: G — M as follows. For x € G,
let y; --- yp be the shortest word representing x such that for k =1,..., p we have
either y, € £T or y;l € ET. Then we set A(x) = A(y1)---A(yp), where

MpEH =Pij. MaFH=Q. AwiEH=wE.

Clearly, we have fA =idg.
Lemma 3.7 If r is a relator of GL(n; Z), then we have 1 = A(r) and 1 = A(r—!).

Proof By Lemma 3.3 (2) and A(r~') = A(r), it suffices to prove 1 = A(r).

The assertion follows easily from Lemma 3.4 and Lemma 3.3, where the relations
(A)—(G) in Lemma 3.4 corresponds to (a)—(g) in Lemma 3.6. For example, we show
the case of the relation (g). In this case, r = Wk,lWi,lezllWi_li w; ;. Hence

_ wHhwH =Ty —Iww+1
A(r) = Wi Wi Wi Wi W
By Lemma 3.4 (G), we have
+1ypz+1 + 1+ 1+
Wik Wis = W Wi Wik -
Hence by Lemma 3.3 (3), we have
+ 1w+ I+ Ty —Tww—1
1= We Wi Wik Wi Wik

Since W;rll commutes up to < with W;rkl s W,:}, Wl_]i by Lemma 3.4 (E), we obtain
1 = A(r) using Lemma 3.3 (1). a
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Lemma 3.8 For each x € M with yB(x) = I, there is x’ € M such that B(x’) =
B(x) and 1 = x'.

Proof Since yfB(x) = I,, B(x) is contained in the normal subgroup of G generated
by the relators of GL(n; Z). ie, we can express f(x) as

ﬂ(X) — (ul_ll"flul) - (uljlr;pup),

where p > 0,and for s =1,..., p, ry is arelator of GL(n;Z), €, = +1, and ugz € G.
Set

X' = Ay AT w)) - Ay A" )M up))
= (uDAETOIAD) - (up)A(p )M (wp)).
Clearly, we have B(x’) = B(x). Foreach s = 1,..., p, we have
1 = A(ug)A(ug) by Lemma 3.3 (4)
2 = M(u5) 11 (us)
= Mus)A(r€)A(ug) by Lemma 3.3 (1) and 1 = A(r*),

where 1 = A(rs*) follows from Lemma 3.7. By Lemma 3.3 (I)and 2)for s =1, ..., p,
it follows that 1 = x’. O

Lemma 3.9 Foreach x € M with yB(x) = I, there is x" € M such that B(x") =1
and x = x".

Proof Set x” =X'x, where x’ € M is as in Lemma 3.8. We have B(x”) = B(X'x) =
B(x")71B(x) = 1. Moreover, using Lemma 3.3, we have x = Ix = ¥x =x". O

3.7 Submonoids M° and M° of M

Let M° be the submonoid of M generated by the elements Wl_J1 WI.Jr forall i, j €

1
~ ’j
I, i # j. Let M denote the submonoid of M consisting of the elements x € M

such that x = y for some y € M°.

Lemma 3.4 (A), (B) and (E) imply that if e € £, then we have ee € MO, We will
freely use this fact in the proof of the following lemma.

Lemma 3.10 M is invariant under “conjugation” in M. Ie, if x € MO and yEM,
then we have yxy € M.
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Proof Clearly, we may assume that the length of y is 1, ie, y € £. Since x € MO,
we have
x=wohowihowobowil coows o witl

i1,J1 7 i1, 2,02 i, g2 irsje Vig,Je
where ¢t > 0 and iy, js €1,is # jg for s =1,...,¢. Hence, using Lemma 3.3, we have
Fxy = FWi L Wi Wi, Wi - Wi Wo
= FWG L War b YW, Wi v y WG Wi
= (J7Wi_1,1j1WZ,1j1y)(J—)Wi_z}jzwlﬂz_,ljzy) (fW;}th:’ljty)
It suffices to show that yW;}jst'Jg,ljs y € MO fors=1,....1. Ie, we may assume

that = 1, and what we have to show is the following:

Claim Ifi,j €1, i # j,and y € £, then we have yW; tW;!y e MO,

First consider the case where we have Wl.ij1

and € = +=1. We have

te

s o/ o
i75, for some i’, j" € 1.1 %

y < YW

yw,.j}wjjjl y & yw,.j} WS o & YWy S W5 .

If y =Py 4 or Qp, then the claim follows from yy = 1. If y = W1 then the claim

g’
immediately holds. If y = W;’}I, then Lemma 3.4 (E) implies the claim.

Now consider the other cases. We have y = Wf,’q with either p = j or ¢ =i or both,
and € = %1. It suffices to consider the following three cases:

Casel (p.q)=(j.k), k#1i,j. We have

WEWswWs WE L = Wi wrswE L weE ws = Wi wE wEwswel we

Jok T ke Gy kT Tk kT G Tk ke ke T kT
—£\wE —€&\ €€ \—evps€ 10

= W WS (W W WESWE € 0.

Case2 (p,q)=(k,i), k #1i,j. We have

—E\n—ewwe e —s\w—ews webwwe —E\wE wWeEE w—ew € wwe
WieiWi Wi iWiei 2 WieiWi i WieiWie,j Wi 2 Wiei Wi Wie Wi Wi Wi,

—E\nE €€ \\—€E\n—e\p € =0
(Tg Wi iWe i Wi ;W 7 Wi j Wi j € ME.

Case3 (p,q)=(j,i). We have

—ewe ik v\~ E
Wy Wi Wi Wi 2 Wi Wi Wi j Wi i
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If £ =41, then
WEIWE WL = WOV WP 00 @iPr W

=+ Iww—haw+hw—1pw+1 0
2 W W WE WG W W € MO

If £ =—1, then

+ 1\ —1I\w+ 11 +1 +1\p—1 +1\p/—1 —1
Wi Wi Wiy Wi 2 Wi QP Wy Wy )W Wi P Q)W

+ I\ —1T\w+ 11 10
Aoy Vi Wi Wi Wi j Wi Wy € ME.

This completes the proof of the claim, and hence the lemma. |
Lemma 3.11 If x € M and yB(x) = I, then we have x € MO,

Proof By Lemma 3.9, we may assume without loss of generality that B(x) = 1.
This implies that there is a sequence xo = 1, xy,..., X, = x € M such that for each
s =1,...,p, xg is obtained from s by inserting ee with e € £, ie, we can write
Xs—1 = Vs—12zs—1 and x5 = ys_1eezg_1. Hence, by inserting ee, e € £, finitely many
times into x, we obtain x’ € M with x = x’ and

x' = (uyuy) (Uaus) - - (igug).

where ¢ > 0, uy,...,uy € M. By Lemma 3.10, it follows that w;u; € /\710 for
t =1,...,q (using induction on the length of u,). Hence we have x’ € M°. This and
x = x’" imply x € M°. O

3.8 Proof of Theorem 2.1

By assumption, we have ySa(S) =¢(S)=1, for S: L - L' in S. By Lemma 3.11,
we have a(S) € M?O. Hence there is y € MO such that «(S) = y. Hence there is
S’: L — L' with a(S’) = y € M°. By Lemma 3.5, it follows that there is a sequence
of band-slides from L to L’.

4 Proof of Theorem 1.1

4.1 Definitions and notations

In this section, we consider null-homotopic framed links in a fixed oriented 3—manifold
M . Here a framed link L is said to be null-homotopic if every component of L is
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null-homotopic. For p,q >0, set I, ; = I, ® (—1;), where & denotes block sum.
Set

,C?\,[;p,q ={L €Ly, ptq| AL = Ip 4, L is null-homotopic in M },

where Ay denotes the linking matrix of L. Let 51?/1- »

4 denote the full subcategory
of Spm, p+4 such that Ob(SXl.p = E?M.p 7"

A component L; of a framed link L is said to be trivial if it bounds a disc which is
disjoint from the other components of L. Here the framing of L; may be arbitrary.

For 0 < p < p’ and 0 < ¢ <¢’, we define a stabilization map
g’ E?Vl;p,q - L?\/I;p’,q’
0
as follows. For L € EM;p,q, let

L = [,p/,q/(L) € E?M;p/’q/

denote the framed link obtained from L by adjoining p’ — p trivial, +1—framed com-

ponents 01+, e 0;_17, and ¢’ — ¢ trivial, —1—framed components 01_, e Oq_,_q,
so that
7 + + - —
L—(Ll,...,Lp,O1 ,...,Op,_p,Lp+1,...,Lp+q,01 ,...,Oq,_q),

where we express the ordered link L as a sequence of components.

By abuse of notation, we extend this ¢ notation for elementary move sequences and
matrices. For 0 < p < p’ and 0 < ¢ < ¢’, define a map

g SI(\)/I;p,q (L. L") - 81(\)/1;p’,q’ (tprq' (L), g (L))

0
such that for S € SM;p,q

moves from L to L’ obtained from S by adjoining trivial components which are not
involved in the sequence of moves. The ¢ 4 defines a functor

(L, L"), 1y ¢(S) is defined to be the obvious sequence of

. QO 0
Lp/’q’. SM,p,q %SM;p/’q/.
We also define a homomorphism

g GL(p+¢:7Z) - GL(p" +q": 7)
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T4+ T4
as follows. For a matrix 7' = (T++ T+ ) € GL(p + g; Z) with size(T+4+) = p
_+ —_

size(T—_) = ¢, set

Tiy O Ty O

0 Iy-— 0 0

g (T) = T . pO i T 0
0 0 0 Iy

Note that if S € S?

/ / 0
oL L) LU el

M:;p.q°
o(p g (S)) = g7 (9(S)).

For L,L' € LY, M:pg DY L~ L’ we mean that there is a sequence from L to L’ of
isotopies and band-slides.

then we have

4.2 Proof of Theorem 1.1

Theorem 1.1 follows from the case M = S* of Theorem 4.1 below, which will be
proved in the following subsections.

Theorem 4.1 Let M be a connected, oriented 3—manifold. Let L,L’ € 4’” P

and suppose that SXl.pq(L,L) # &. Then for some p’ > p, ¢’ > ¢, we have
g (L) ~p tpr g7 (L.

To prove Theorem 1.1, we need only the case M = S* of Theorem 4.1. It is for later
convenience that we state Theorem 4.1 in a general form.

Proof of Theorem 1.1 assuming Theorem 4.1 The “if” part is obvious. We prove
the “only if” part below.

Suppose that two admissible, unoriented, unordered framed links L and L' in S?
have homeomorphic results of surgery. By Kirby’s theorem, L and L' are related by a
sequence of handle-slides after adjoining some trivial +1—framed components. Thus
we may assume without loss of generality that L and L’ are related by a sequence of
handle-slides.

We choose orientations and orderings of components to Land L/, obtaining an oriented,
ordered framed links L, L" € L3 ,,, where n is the number of components of L and
L'. Here L and L' are chosen so that the linking matrix Ay, of L is I, 4 with p,g >0,
and the linking matrix Az of L is I o with p’, ¢’ > 0. Since L and L’ are related
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by a sequence of handle-slides, the signatures of Ay and Ay are the same. Hence we
have p=p',q=q',and AL = Ap =1, 4.

Since there is a sequence from L to L' of handle-slides, there is a sequence from L
to L’ of handle-slides, orientation change, and permutation of components. In other
words, S&,p q(L, L") # &. By Theorem 4.1, there are p” > p and ¢” > ¢ such that

tpr,q7 (L) ~p tpr g7 (L") are related by a sequence of band-slides. Hence we have the
assertion. O

4.3 Realizing a matrix as a sequence between unlinks

The rest of this section is devoted to the proof of Theorem 4.1. Fix a connected, oriented
3—manifold M . For p,q >0, we write Ly 4 = L1, p,qg and Sp g = Sp; pg-

For p,q > 0, set
O(p.¢:2) ={T € GL(p+¢:2) | TIpqT" = Ipq}.
which is a subgroup of GL(p + ¢; 7).

In this subsection, we will prove the following lemma.

Lemma4.2 Let p,gq>2 andlet U € 5033,17 g be an unlink. If T € O(p, q;7) with

p,q > 2, then there is S € 823,1) q(U, U) such that o(S) =T .

Lemma 4.2 holds for any connected, oriented 3—manifold M instead of a 3—ball B3,
but we need only the case of B3.

To prove Lemma 4.2, we need a set of generators of O(p, q;Z).

Lemma 4.3 (Wall [24, 1.8]) If p,q =2, then O(p, q;Z) is generated by the matrices
3 P;j forl<i<j<pandforp+1=<i<j=<p+yq,
©) Qi forl<i<p+yq,

and the matrix Dp 4 =ty 4(D) € O(p, q; Z), where we set

1 1-10
11 0 1

D=|_,, | ||coC2D.
0 1 —11
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Proof of Lemma 4.2 It suffices to prove Lemma 4.2 when 7 is each of the generators
of O(p,q;7Z) givenin Lemma 4.3. If T = P; j or T = Q;, then the assertion follows
since U is an unlink.

Let us consider the case T' = D, 4. Without loss of generality we may assume that
p =q =2, since the case p = ¢ = 2 implies the general case via the stabilization map
tp.q-

The upper left corner of Figure 7 depicts U. By performing four handle-slides as
indicated in the first row in the figure, we obtain L € Lpg3 4. These four handle-slides
are realized as S" € Sgs 4(U, L) such that

a(S') = W;gwigw;t;w;f;.

Similarly, as depicted in the second row in Figure 7, there is S” € S p3.4(U, L) such
that

a(S”) = W5 W5 Wi Wil
(Note that S” is obtained from S’ by a permutation of indices 1 <> 2, 3 <> 4.) Set
S=8"S"¢€ SgZ(U, U). We have

a(S) = a(S)a(S") = Wy i w3 tw iwF Iw dwriwi tw L

and hence

() =Wy Wy | WaaWs aWy s Wi Wa s Wi o = D. O

4.4 Reordering components

Let L € L), and p' > 2p, ¢’ > 2q. Let LYt = (Ly.....Lp) (resp. L™ =
(Lp+1,--..Lp+q)) be the sublinks of L consisting of the +1-framed (resp. —1-
framed) components of L. Set

L=y g(L)y= (LY 0"P 0"P=2P [~ 079 079 ) e, .

where Ok denotes k trivial components of framings 1. (Here, by abuse of notation,
the sequence of sublinks in the right hand side means a sequence of components.) We
also set

L¥=(o"P LT, 0"P 720 074 7,079 2) e LY, ,
b b b b b p ,q b

which is obtained from L by interchanging L™ and O%°? and interchanging L~ and
01,
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U,
Ly L4
= C_% wy W 1W+1W+1

slide

slide 7, L3

. = L3
; ﬁ&) W3 W5 Wi iwg

L4

Figure 7

Lemmad4.4 Let L € Eg,q. Then there are integers p’ > 2p and q’ > 2q such that in
the above notations we have L ~b It

Proof We may assume p,q > 2 without loss of generality.

Let n be a sufficiently large integer which will be determined later. Set p’ =2p +n
and ¢’ = 2¢q +n. Define L* ¢ Eg/ g for k =0,..., p+q inductively by

~

L if k=0,
Lk=1p k-1 if 1 <k <
k,p+k( ) ifl=<k=p,
Pprti—p,pr+atk—p(LETY) i p+1<k <ptq.
We have L# = [.7+a,

It suffices to prove the following:
Claim Foreach k =1,..., p+ ¢, we have Lk-1 ~p Lk,

Note that each permutation move involved in the definition of Lk permutes a component
in L™ or L™ and a trivial component in O%*? or O™, respectively. We have only
to show that such a permutation can be realized as a sequence of band-slides.

For simplicity, we assume k = 1; the other cases are similar. Since L is null-homotopic
in M, Ly can be unknotted after performing finitely many crossing changes of strings
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of L. Since one can take n to be sufficiently large, we can perform each of these
crossing changes by a band-slide of L; over a trivial component distinct from L1,
see Figure 8. Let K! denote the framed link obtained from L by applying such

band-slide

_

Figure 8: Self crossing change realized as a band-slide over +1—framed
trivial component. The case of the other sign is similar.

band-slides at ¢y, ..., c,. Note that the first component K 11 of K! is unknotted and of
framing 4 1. Let K2 denote the result from K' by band-sliding all the strands linking
with K 11 over K 11 so that the first component K f of K? is trivial in K2.

Now we have K2 =P p+1(K 2) since both the two components K f and K ; 4 are

trivial in K2. Hence we have
L% ~p K' ~p K* =Py p11(K?) ~p P1 p1(K') ~p Py ps1 (LY = L.

Here the last two ~p can be proved similarly to the first two. This completes the proof
of the claim, and hence the lemma. Note that it is sufficient to take n as the maximum
of the unknotting numbers of the components of L. a

4.5 Realizing a matrix as a sequence from one link to itself

Lemma 4.5 Let L € L’g’q. There are integers p’ > p, ¢’ > q (depending on L)
such that foreach T € O(p, q;Z) thereis S € 81?, q,(Z, Z), L= tp g (L), satisfying
@(S) = 1p g (T).
Proof Let p’> p.q'>q, Lt ¢ £2, o beas in Lemma 4.4. By Lemma 4.4, there is
S’ e 81(7)’ 7 (L, L% with ¢(S’) = I +4 . Note that the sublink
r_ 7H Th Tk T
U=ftu.uLbulf ueulf

of L* is an unlink separated from the other components of Lt by a sphere. We can
apply Lemma 4.2 to the sublink L’ to obtain a sequence S” € S]?/ q,(Lﬁ, L% such that
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9(S") =1y q/(T). Set S = §'S"S" €8S, (L. L). Then we have

0(S) = p(S) ' p(S")@(S") = tpr g/ (T).

This completes the proof. a

4.6 Proof of Theorem 4.1

Let S € Sg,q(L,L/). By Lemma 4.5, there are p’ > p, ¢’ > ¢, S’ € Sg, q,(Z,Z),
E = tp',q'(L) such that ¢(S”) = tpr,4/(¢(S)). Set 8" = 1,(S)S" € S, (L, L),
L' =1, 4(L"). Then we have ¢(S”) = I/44 . Hence it follows from Theorem 2.1
that L ~, L’. This completes the proof of Theorem 4.1.

5 Hoste’s conjecture

Fenn and Rourke [2] prove that Kirby’s moves can be generated by local twisting
moves. Rolfsen [23] extends it to framed links with rational framings.

The purpose of this section is to state and prove “Fenn—Rourke version” and “Rolfsen
version” of Theorem 1.1, conjectured by Hoste [9].

In this section, framed links are unoriented and unordered for simplicity.

A Hoste move is defined to be a Fenn—Rourke move between two admissible framed
links, see Figure 9. In (a), the component L; of L is unknotted and of framing +1.

i Q Hoste move =1 full
-

]

. . ! !/
i Ly, Lj,

(a) (b)

Figure 9: A Hoste move.

Each of the other components of L links with L; algebraically O times. Thus the
strands linking with L; can be paired as depicted, where i1, ...,iy #i. (Here iy, ..., i
may not be distinct.) The result L’ from L of a Hoste move on L; is shown in (b),
which is obtained from L by performing surgery along L;, i.e., by discarding L; and
giving a F1 full twist to the bunch of strands linking with L;.
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Corollary 5.1 (Essentially conjectured by Hoste [9]) Two admissible framed links
in S3 have orientation-preserving homeomorphic results of surgery if and only if they
are related by a sequence of Hoste moves.

A rationally-framed link in S3 is said to be admissible if the linking numbers of any
pairs of distinct components are 0, and if the framings are in {1/m | m € Z}. Surgery
along an admissible rationally-framed link yields an integral homology sphere. A
rational Hoste move is defined to be a Rolfsen move between two admissible rationally-
framed links, see Figure 10.

rational T T
L; 1/m  Hoste move
—m full
-

twists

~

ST I g/
Tk le ij

(a) (b)

Figure 10: A rational Hoste move. Here m is any integer.

Corollary 5.2 (Conjectured by Hoste [9]) Two admissible rationally-framed links in
S3 have orientation-preserving homeomorphic results of surgery if and only if they are
related by a sequence of rational Hoste moves.

Corollaries 5.1 and 5.2 can be proved by adapting the proofs by Fenn and Rourke [2]
and by Rolfsen [23] of the equivalence of their calculi and Kirby’s.

Proof of Corollary 5.1 It is easy to see that a Hoste move can be replaced with a
sequence of stabilizations and band-slides. Hence it suffices to prove that a band-slide
can be replaced with a sequence of Hoste moves.

Suppose that we are going to perform a band-slide of a component L; of a framed link
L over another component L; of L. By finitely many crossing changes for strands
in L; we can unknot L;. This unknotting process can be realized as a sequence of
finitely many Hoste moves, see Figure 11. Let L} denote the unknotted component
obtained from L; by this process, and let Ky,..., K, be the newly created unknotted
components. A band-slide of L; over L} can then be realized by two Hoste moves, see
Figure 12. Then we perform Hoste moves for the unknotted component Ky, ..., K.
The result is isotopic to the result from L by the band-slide of L; over L;. |
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\y Hoste move \/ \/ Hoste move \
N e/ oS
L;j L; L; L

J

Figure 11: A realization of crossing change of two strands of L; as a Hoste move.
)

L;

- band-slide  °
Q'H of L; over L;.
/ R
T |
Hoste move

T T Hoste move

—1 —_—

Figure 12: The top row depicts a band-slide of L; over a +1—framed un-
knotted component L} . This can be replaced with two Hoste moves. The
case where L} is —I—framed is similar.

Proof of Corollary 5.2 It suffices to prove that an admissible rationally-framed link
L is related by a sequence of rational Hoste moves to an admissible (integrally) framed
link. The proof is by induction on the number of components in L with non-integral
framings. Suppose there is a component, say L1, of non-integral framing 1/m, me Z,
m # +1. We can unknot L; by some self-crossing changes of L, which can be
realized as a sequence of rational Hoste moves introducing +1-framed components.
Let L'= L U--- be the result of these moves, where L is unknotted and of framing
1/m. Then we perform a rational Hoste move at L/ . The resulting framed link and
L have homeomorphic result of surgery. Moreover, the number of components of
non-integral framing is reduced by one. Hence the assertion follows. O
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6 Kbnots in integral homology spheres

In this section, framed links are unoriented and unordered for simplicity.

Let M be aconnected, oriented 3—manifold. If a framed link L in M is null-homotopic
and if a framed link L’ is related to L by a sequence of Kirby moves, then L’ is also
null-homotopic.

A (unoriented, unordered) framed link is said to be 7| —admissible if it is null-homotopic
and has diagonal linking matrix with diagonal entries 1. If L is a null-homotopic
framed link in L with linking matrix of determinant 41, then L is related by a
sequence of handle-slides to a 7 —admissible framed link.

As before, a Hoste move will mean a Fenn—Rourke move between two 711 —admissible
framed links.

Proposition 6.1 For two 71 —admissible framed links L and L’ in M , the following
conditions are equivalent.

(1) L and L' are related by a sequence of Kirby moves (ie, stabilizations and
handle-slides).

(2) L and L’ are related by a sequence of stabilizations and band-slides.

(3) L and L’ are related by a sequence of Hoste moves.

Proof Obviously, (3) implies (2), and (2) implies (1). That (1) implies (2) follows
easily from Theorem 4.1. That (2) implies (3) follows from the proof of Corollary 5.1.
(Note that we need the fact that L and L’ are null-homotopic, in order to unknot some
components by Hoste moves in the proofs of Corollary 5.1.) O

Note that any pair (M, K) of an integral homology sphere M and an oriented knot
K in M can be realized as a result from the pair (S3,U) of S3 and an unknot U of
surgery along a 7, —admissible framed link in S\ U . Using Proposition 6.1, we have
the following refined version of a theorem by Garoufalidis and Kricker [3, Theorem 1]
on surgery presentations of pairs of integral homology spheres and knots.

Corollary 6.2 Let L and L’ be two | —admissible framed links in S3\ U . Then the
following conditions are equivalent.

(1) The results of surgeries, (S*,U)r and (S3,U)y,, are homeomorphic.
(2) L and L’ are related by a sequence of stabilizations and band-slides.

(3) L and L’ are related by a sequence of Hoste moves.
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Proof Garoufalidis and Kricker [3, Theorem 1] prove that two null-homotopic framed
links in 3\ U with linking matrices of determinants &1 are related by a sequence of
Kirby moves if and only if they have homeomorphic results of surgeries. Hence the
corollary follows immediately from Proposition 6.1. |

7 Applications

In this section we describe some applications of Theorems 2.1 and 4.1, which we plan
to prove in future papers.

7.1 Splitting the degenerate part

A framed link L, or the linking matrix Ay , is degenerate-split if Ay is of the form
O ® A, where m > 0 and det A # 0. Note that, for any closed 3—manifold M , there
is a degenerate-split framed link L such that M =~ § 2 The first m components of L,
which is 0—framed and has 0 linking number with the other components, are called
the degenerate components or D—components. The other components of L are called
nondegenerate components or N—components. Note that handle-slide of a component
over a D—component preserves the linking matrix.

Theorem 7.1 Let L and L’ be two (unoriented, unordered) degenerate-split framed
links in S3. Then (S}) = (S*)y/ ifand only if L and L' are related by a sequence of
the following types of moves:

e stabilization, ie, adding or removing a +1—framed, trivial N—component,

e handle-slide of a (D— or N—)component over a D—component,

e handle-slide of an N—component over an N—component,

e band-slide of a D—component over an N—component.

Remark 7.2 A remarkable application of Theorem 7.1 is a refinement of the Le—
Murakami—Ohtsuki invariant [15] of closed, connected, oriented 3—manifolds which is
universal for all the rational-valued finite type invariants in the sense of Goussarov and
the author [4; 5].

We can also prove the following, which is a generalization of Theorem 1.1.

A framed link L in S3 is split-admissible if it is degenerate-split and diagonal with
diagonal entries 0, 1.
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Theorem 7.3 Let L and L’ be split-admissible framed links in S*. Then (S}) =
(S3) ifand only if L and L' are related by a sequence of the following types of
moves:

e stabilization,
e sliding a (D— or N—)component over a D—component,

e band-sliding a (D— or N—)component over an N—component.

We can also give variants of Theorems 7.1 and 7.3 involving only local moves, like
Fenn and Rourke’s theorem or Theorems 5.1 and 5.2.

It is natural to ask what happens if we drop some of the moves listed in Theorems 7.1
and 7.3. In other words, what kind of topological structure does the equivalence classes
of framed links correspond to? For example, we have the following variant of Theorem
7.3.

Theorem 7.4 Let m > 0. Let L,, denote the set of isotopy classes of framed links in
S3 with linking matrices of the form O,, ® I . D-q=0. Let L,, denote the quotient
of L, by the equivalence relation generated by stabilization and band-sliding. Let
M, denote the set of equivalence classes of pairs (M, f) of closed, oriented, spin 3—
manifolds M and an isomorphism f: 7™ — H{(M ; Z), where two such pairs (M, f)
and (M', f") are equivalent if there is a spin-structure-preserving homeomorphism
¢: M = M’ such that ' = ¢« f . Then there is a natural bijection

Zm i) va
which maps a framed link L to the pair (S 2 f1). Here the spin structure of S 2 is such
that the meridian (with 0—framing in S?) to each D—component of L represents an

“even-framed” curve in S i, and the map f; maps the i th basis element of 7" to the

elements represented by the meridian (with 0—framing in S*) to the i th D—component
of L.

7.2 Double-slides

A double-slide on a framed link L is defined to be handle-slides of two strands from
one component L; over another component L;, see Figure 13. Thus a double-slide is
either a band-slide or a parallel double-slide, where the two strands are parallel. It is
easy to see that a band-slide can be realized as a sequence of two parallel double-slides.

A framed link L, or its linking matrix Ay, is 2—diagonal if all the non-diagonal entries
of Ay are even. For any symmetric integer matrix A of size n there is B € GL(n; Z)

Geometry € Topology, Volume 10 (2006)



Refined Kirby calculus for integral homology spheres 1315

Lj ./

s s
b Q e

o

L; L; L; L;.
double-slide parallel double-slide

Figure 13: A double-slide and a parallel double-slide.

such that BAB! is 2—diagonal. Hence any closed, connected, oriented 3—manifold
can be obtained from S3 by surgery along a 2—diagonal framed link. A double-slide
on a 2—diagonal framed link L transforms into another 2—diagonal framed link, and
preserves the diagonal entries of the linking matrix modulo 4.

For a 2—diagonal framed link L with linking matrix A7 with no diagonal entries
congruent to 2 modulo 4, define the Brown number b(L) € Z of L by

b(L) = 04(AL) —0(AL).

Here 04(Ar) = n1 —n—_1, where n4; is the number of diagonal entries congruent
modulo 4 to £1. o(Ar) denotes the signature of Ay . If Ay has at least one diagonal
entry = 2 (mod 4), then we formally set 04(Ar) = b(L) = 00. 04(Ar) mod 8§ is
known as the Brown invariant [1] (see also Matsumoto [18], Kirby—Melvin [13]) of the
7 4—valued quadratic form associated to Ay, . Moreover, b(L) mod 8 is known to be an
invariant of the 3—manifold S 2 , called the Brown invariant of S 2, see Kirby—Melvin
[12]. (Here we formally set oo mod 8 = c0.) One can prove that the integer b(L) is
invariant under stabilization and double-slides. For each k € Z, there is a framed link
L¥ such that Szk ~ §3 and b(LK) = 8k.

A component of a 2—diagonal framed link is even (resp. odd) if its framing is even
(resp. odd).

We have the following Z,—version of Theorem 7.3.

Theorem 7.5 Let L and L’ be two 2—diagonal framed link of the same Brown number
neZU{oo}. Then S} = Sz, if and only if L and L' are related by a sequence of the
following types of moves:

e stabilizations,
e double-slides,

e handle-slides of (even or odd) components over even components.
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We can modify Theorem 7.5 as follows, which may be regarded as the Z,—version of
Theorem 7.4.

Theorem 7.6 Let n € Z U {co}. There is a natural bijection between the set of 2—
diagonal, oriented, ordered framed links of Brown number n modulo stabilization and
double-slides, and the set of the closed 3—manifolds M of Brown invariant n mod 8,
equipped with spin structure and parameterization of H{(M ;Z,). The bijection is
defined similarly as in Theorem 7.4.

One can also derive “local move versions” of Theorems 7.5 and 7.6.
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