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Classification of continuously transitive circle groups

JAMES GIBLIN
VLADIMIR MARKOVIC

Let G be a closed transitive subgroup of Homeo(S') which contains a non-constant
continuous path f: [0,1] — G. We show that up to conjugation G is one of the
following groups: SO(2,R), PSL(2,R), PSL,(2,R), Homeox (S'), Homeo(S!).
This verifies the classification suggested by Ghys in [5]. As a corollary we show that
the group PSL(2, R) is a maximal closed subgroup of Homeo(S') (we understand
this is a conjecture of de la Harpe). We also show that if such a group G < Homeo(S!)
acts continuously transitively on k—tuples of points, & > 3, then the closure of G is
Homeo(S!) (cf[1]).

37E10; 22A05, 54H11

1 Introduction

Let Homeo(S')denote the group of orientation preserving homeomorphisms of S!
which we endow with the uniform topology. Let G be a subgroup of Homeo(S') with
the topology induced from Homeo(S!). We say that G is transitive if for every two
points x, y € S!, there exists amap f € G, such that f(x) = y. We say that a group
G is closed if it is closed in the topology of Homeo(S!). A continuous path in G is a
continuous map f: [0,1] — G.

Let SO(2, R) denote the group of rotations of S! and PSL(2, R) the group of Mdbius
transformations. The first main result we prove describes transitive subgroups of
Homeo(S')that contain a non constant continuous path.

Theorem 1.1 Let G be a transitive subgroup of Homeo(S') which contains a non
constant continuous path. Then one of the following mutually exclusive possibilities
holds:

(1) G is conjugate to SO(2, R) in Homeo(S').
(2) G is conjugate to PSL(2, R) in Homeo(S').

(3) Forevery f € Homeo(S!)and each finite set of points x,...,x, € S' there
exists g € G such that g(x;) = f(x;) foreachi.
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(4) G is a cyclic cover of a conjugate of PSL(2, R) in Homeo(S') and hence conju-
gate to PSL; (2, R) for some k > 1.

(5) G isacyclic cover of a group satistying condition 3 above.

Here we write PSL; (2, R) and Homeoy (S!) to denote the cyclic covers of the groups
PSL(2, R) and Homeo(S') respectively, for some k € N.

The proof begins by showing that the assumptions of the theorem imply that G is
continuously 1-transitive. This means that if we vary points x, y € S! in a continuous
fashion, then we can choose corresponding elements of G which map x to y that also
vary in a continuous fashion. In Theorems 3.8 and 3.10 we show that this leads us to
two possibilities, either G is conjugate to SO(2, R), or G is a cyclic cover of a group
which is continuously 2-transitive.

We then analyse groups which are continuously 2—transitive and show that they are
infact all continuously 3—transitive. Furthermore, if such a group is not continuously
4—transitive, we show that it is a convergence group and hence conjugate to PSL(2, R).
On the other hand if it is continuously 4—transitive, then we use an induction argument
to show that it is continuously n—transitive for all » > 4. This implies that for every
f € Homeo(S!)and each finite set of points x,...,x, € S' there exists a group
element g such that g(x;) = f(x;) for each i.

The remaining possibilities, namely cases 2 and 3, arise when the aforementioned

cyclic cover is trivial.

In the case where the group G is also closed we can use Theorem 1.1 to make the
following classification.

Theorem 1.2 Let G be a closed transitive subgroup of Homeo(S') which contains a
non constant continuous path. Then one of the following mutually exclusive possibilities
holds:

(1) G is conjugate to SO(2, R) in Homeo(S').

(2) G is conjugate to PSLy (2, R) in Homeo(S') for some k > 1.

(3) G is conjugate to Homeoy (S') in Homeo(S') for some k > 1.

The above theorem provides the classification of closed, transitive subgroups of
Homeo(S!)that contain a non-trivial continuous path. This classification was suggested
by Ghys for all transitive and closed subgroups of Homeo(S')(See [5]).

One well known problem in the theory of circle groups is to prove that the group of
Mabius transformations is a maximal closed subgroup of Homeo(S!). We understand
that this is a conjecture of de la Harpe (see [1]). The following theorem follows directly
from our work and answers this question.
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Theorem 1.3 PSL(2, R) is a maximal closed subgroup of Homeo(S!).

In the following five sections we develop the techniques needed to prove our results.
Here we prove the results about the transitivity on k—tuples of points. In Section 7 we
give the proofs of all the main results stated above.

2 Continuous Transitivity

Let G < Homeo(S!) be a transitive group of orientation preserving homeomorphisms
of S!. We begin with some definitions which generalize the notion of transitivity.

Set,
Py, ={(x1,....xn) : x; eS! x; =Xj&=i=j}
to be the set of distinct n—tuples of points in S!. Two n—tuples
(X1,.csX0)s (P1sevor ¥n) € Py
have matching orientations if there exists f € Homeo(S!)such that f(x;) = y; for

each i.

Definition 2.1 G is n—transitive if for every pair (x1,...,X3), (V1,...,¥Vn) € Py
with matching orientations there exists g € G' such that g(x;) = y; for each i.

Definition 2.2 G is uniquely n—transitive if it is n—transitive and for each pair
(x1,...,xn), (¥1,...,yn) € P, with matching orientations there is exactly one element
g € G such that g(x;) = y;. Equivalently, the only element of G fixing n distinct
points is the identity.

Endow S' with the standard topology and P, with the topology it inherits as a subspace
of the n—fold Cartesian product S! x ---x S!. These are metric topologies. With the
topology on P, being induced by the distance function

dp,((x1,....Xn), (V1,...,yn) =max{dsi (x;, yi) i =1,...,n},
where dg; is the standard Euclidean distance function on S?.

Endow G with the uniform topology. This is also a metric topology, induced by the
distance function,

dg (g1, g2) = sup{max{ds: (g1(x), g2(x)), ds1 (g7 ' (x), &5 ' (X))} : x € S'}
A path in a topological space X is a continuous map y: [0, 1] = X . If X: [0,1] — P,

is a path in P, we will write x;(z) = m; o X' (), where 7; is projection onto the i —th
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component of S! x---x S, so that we can write X' (¢) = (x1(¢),--- , xn(t)). We will
call a pair of paths X, ): [0, 1] — P, compatible if there exists a path /4: [0, 1] —
Homeo(S') with /(¢)(x;(t)) = y;i(¢) for each i and ¢.

Definition 2.3 G is continuously n—transitive if for every compatible pair of paths
X,Y: [0,1]— P, there exists a path g: [0, 1] — G with the property that g(¢)(x;(z)) =
vi(t) for each i and ¢.

Definition 2.4 A continuous deformation of the identity in G is a non constant path
of homeomorphisms f; € G for ¢ € [0, 1] with fy =id.

We have the following lemma.

Lemma 2.5 For n > 2 the following are equivalent:

(1) G is continuously n—transitive.

(2) G is continuously n— 1 —transitive and the following holds. For every n—1—tuple
(@y,...,apn—1) € P,y and x € S'\ {ay,...,a,_,} there exists a continuous
map Fy: I, — G satistying the following conditions,

(a) Fx(y) fixesay,...,ay—1 forall y € I

() (Fx(»)(x) =y forall y € Ix

(c) Fx(x)=id

where I is the component of S'\ {a;,...,a,_,} containing x.

(3) G is continuously n — 1 —transitive and there exists (ay,...,dy—1) € P,—1 with
the following property. There is a component I of S'\ {a;,...,a,_1}, a point
X € I and a continuous map Fx: I — G satisfying the following conditions,
(a) Fx(y) fixesay,...,ay—1 forall y el
(b) (Fx()(X) =y forall y el
(c) Fz(X)=id.

(4) G is continuously n — 1 —transitive and there exists (ay,...,dy—1) € P,—1 with
the following property. There is a component I of S'\ {ay,...,a,—1}, such
that for each x € I there exists a continuous deformation of the identity f;,
satistying fy(a;) = a; foreacht andi and f;(x) # x for some ¢.

Proof We start by showing [1 = 4]. As G is continuously n—transitive, it will
automatically be continuously n — 1 transitive. Take (ay,...,dn—1) € Py,—1 and
x € S'\{ay,...,ay—1}. Let I, be the component of S' \ {a;,...,a,—1} which
contains x. Take y € I, \ {x} and let x; be an injective path in I, with xo = x and

X1 =).
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Let X: [0, 1] — P, be the constant path defined by X' (¢) = (ay,...,an—1,Xp) and let
Y: [0, 1] — P, be the path defined by Y(¢) = (a1,...,dn—1,Xxs). Then since x; € I
for every time ¢ these form an compatible pair of paths. Consequently, there exists a
path g; € G which fixes each @; and such that g;(x) = (x;). Defining f; = g;0 (gal)
gives us the required continuous deformation of the identity.

We now show that [4 = 3]. For X € I set K3 to be the set of points x € I for which
there is a path of homeomorphisms f; € G satisfying,

1 fo=id
(2) fi(aj) =a; foreach i and ¢
3) fi(X)=x.

Obviously, K3 will be a connected subset of I and hence an interval for each X € I.

Choose X € I and take x € K5. Let f; and g; be continuous deformations of the
identity which fix the @; for all # and such that f;,(x) # x for some ¢, € (0, 1] and
g1(X) =x. f; exists by the assumptions of condition 4. and g; exists because x € K.
The following paths show that the interval between f,(x) and ( fto)_1 (x) is contained
in Kx:

_ ) &2 t€[0,1/2]

hl([)_{f‘to(ZI_l)ogl [6[1/2’1]
| g t€[0,1/2]
K { (fro@e—) " ogr 1 €[1/2.1]

As x is contained in this interval and cannot be equal to either of its endpoints we see
that K5 is open for every X € I. On the other hand, X € K5 for each X € I and if
X1 € Kx, then Ky, = Ky, . Consequently, the sets { K5 : X € I} form a partition of
I and hence Kz = I forevery X € I.

We now construct the map F%. To do this, take a nested sequence of intervals [x,, V]
containing X for each n and such that x, y, converge to the endpoints of I as n — oo.
We define Fx inductively on these intervals. Since Kz = I we can find a path of
homeomorphisms f; € G satisfying,

(1) fo=id

(2) ft(aj) =a; foreach i and ¢

3 fi(¥) =x1.

We now show that there exists a path f; € G, which also satisfies the above, but with
the additional condition that the path f;(X) is simple.

To see this, let [x™, X] be the largest subinterval of [xy, X] for which there exists a path
f+ € G which satisfies,
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M fo=id
(2) fi(aj) =a; foreach i and ¢
3 fi(x)=x"
@)  f:(X) is simple.
We want to show that x* = x;. Assume for contradiction that x* # x;. Then since

x* € [xy, X] there exists s € [0, 1] such that f5(X) = x™ and for small € > 0, we have
that fs+(X) € [x*, X]. Then if we concatenate the path f; with fsi¢o fs_l o f1 for

small € we can construct a simple path satisfying the same conditions as f; but on
a interval strictly bigger than [x*, X], this contradicts the maximality of x* and we
deduce that x* = x.

We can use the path f; to define a map F%: [x1, y1] = G satisfying,

(1) Fi(y) fixes each a; for each y € I

@) (FL»)@ =y forall ye 1

(3) FLX) =id.
by taking paths of homeomorphisms that move X to x; and y; along simple paths in
st.
Now assume we have defined a map F )LC‘ . [k, vi] = G satisfying,

Q8 F)’Cf(y) fixes each a; foreach y e [

@) (FE()(®) =y forall y eI

3) FE(x)=id.
We can use the same argument used to produce F. )% to show that there exists a map
Sxi: [Xk+1,Xk] = G such that §y, (x) fixes the a; for each x, T, (x;) = id and

(Sxx (x))(xg) = x. Similarly there exists amap §y, : [Vk. Yk+1]— G such that §), (x)
fixes the a; for each x, §), (yr) =id and (Fy, (x)) (k) = x.

This allows us to define, F){f“: [Xk+1, Vk+1]— G by:

FE(x) X € [Xk, Vi)
FETI () = 3 Bue () 0 FE(xg) x € g1, xx]
By (X)) 0 FE() x € k. vt

Inductively, we can now define the full map Fz: I — G.

We now show that [3 = 2]. So take x’ € I with x” # X and define Fy.: I — G by

(1) Fy(y) = Fz(y) o (Fz(x")™!

Then F,: satisfies,
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(1) Fx(y) fixes ay,...,ap—1 forall y el

@) (Fx()() =y forall yel
(3) Fye(x)) =id.

Moreover, we can use (1) to define a map F: I x I — G which is continuous in each
variable and satisfies,

(1) F(x,y) fixes ay,...,ap—1 forall x,y el
(2) (F(x,y)(x)=yforall x,yel
(3) F(x,x)=id forall x e [I.

Now take x’ to be a pointin S'\ 7 U{ay,...,a,_;} and let I’ be the component of
S'\{ay,...,a,—1} which contains x’. Then since G is continuously 7 — I —transitive
there exists g € G which permutes the @; so that g(I) = I’. Define Fy: I’ — G by

Fy(y) =80 Fymi(xy(g7 () og™"

for y € I'. Then F,/ satisfies,

(1) Fx(y) fixes ay,...,ap—1 forall yel

@) (Fx()() =y forall yel’

3) Fy(x')=id.
Now let (b1, ...,by—1) € P,—1 have the same orientation as (aq,...,d,—1) then since
G is continuously n — 1—transitive there exists g € G so that g(a;) = b; for each i.

Let x’ € S'\ {by,...,b,—1} and let I’ be the component of S' \ {b;,...,b,—1} in
which it lies. Define Fy: I’ — G by

For(y) =80 Fymi(y (g (1) 0og™!

for y € I'. Then F, satisfies,
(1) Fyx(y) fixes by,...,by_q forall yel
(2) (Fx()(x') =y forall yel’
(3) Fx(x')=id

and we have that [3 = 2]

Finally we have to show that [2 = 1]. Let X', ): [0, 1] = P, be an compatible pair of
paths. We define X”: [0, 1] — P,—; by

X,(Z) = (X](t), R ’xn—l(t))
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and )': [0,1] — P,_; by
V)= 1), ..., yn-1(0)).

Notice that X’ and )’ will also be a compatible pair of paths. Furthermore, as
G is continuously n — 1—transitive there will exist a path g’: [0, 1] — G such that
g (xi(1)) = yi(t) for 1 <i <n—1.

The paths X/, )": [0, 1] = P,—; will also be compatible with the constant paths,
X0:10.1] > Py_y
X}(t) = X'(0)
and Yo: [0,1] > P,y

Vo) =Y'(0)
respectively. So that there exist paths g’, g,: [0, 1] — G with g% (x;(0)) = x;(¢) and
g;, (7i(0)) = yi(¢) for 1 <i <n— 1. Furthermore, by pre composing with (g’ 0))~1
and (g}, (0))~! if necessary, we can assume that g/, (0) = g,(0) =id.

We now construct a path gx: [0, 1] = G which satisfies,

gx(1)(xi(0)) = x; (1)
for 1 <i < n. To do this let I be the component of S! \ {x;(0),...,x,—1(0)}
containing x,(0). By assumption we have a continuous map Fy  (oy: I — G satisfying
(1) Fy,0)(») fixes x1(0),...,x,-1(0) forall y €1
2) (Fx,0()(x) =y forall yerl
(3) Fx,(0)(x) =1id.

Define gx: [0,1] — G by
gx(t) = g5(1) 0 (F, 0) (€5() ™ Cen())) .

Then g4 (¢)(x;(0)) = x;(¢) for 1 <i < n. We can repeat this process with g;, to
construct a path g,: [0, 1] = G satisfying g, (t)(»i(0)) = y;(¢) for 1 <i <n.

The map g’(0) which we defined earlier will map x;(0) to y;(0) for 1 <i <n—1.
Moreover, g’(0)(x,(0)) will lie in the same component of S! \ {y;(0), ... y,_1(0)}
as yu(0). So we have a map Fg/(0)(x,(0)) (¥2(0)) which maps g"(0)(x»(0)) to y,(0)
and fixes the other y;(0). Putting all of this together allows us to define g: [0, 1] > G
by

2(t) = gy(1) © Fgr(0)(xn(0)) (7n(0)) 0 &' (0) 0 (gx (1)) ™.
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This is a path in G which satisfies g;(x;(¢)) = y;(¢) for each i and ¢. Since we can do
this for any two compatible paths, G is continuously n—transitive and we have shown
that [2 = 1]. |

Proposition 2.6 If G is 1-transitive and there exists a continuous deformation of the
identity f;:[0,1] — G in G, then G is continuously 1—transitive.

Proof Let xo € S! be such that fy,(xo) # xo for some 7y € [0, 1]. Take x € S! then
there exists g € G such that g(x) = xo. Consequently, g~! o f; o g is a continuous
deformation of the identity which doesn’t fix x for some 7. Since these deformations
exist for each x € S! the proof follows in exactly the same way as [4 = 1] from the
proof of Lemma 2.5. |

From now on we will assume that G contains a continuous deformation of the identity,
and hence is continuously 1—transitive.

3 Theset J,

Definition 3.1 For x € S! we define J, to be the set of points y € S! which satisfy
the following condition. There exists a continuous deformation of the identity f; € G
which fixes x for all ¢ and such that f;,(y) # y for some # € [0, 1].

It follows directly from this definition that x & J, .
Lemma 3.2 Jy) = f(Jx) forevery f € G and x € S!.

Proof Let y € Jy(y) and let f; be the corresponding continuous deformation of the
identity with fz,(y) # y. Then f~1o f; o f is also a continuous deformation of the
identity which now fixes x, and for which f;,(f~1(»)) # /(). This means that
f~Y(y) € Jx and hence y € f(Jx) so that Jr(x) C f(Jx). The other inclusion is an
identical argument. a

Lemma 3.3 J, is open forevery x € S'.
Proof Let y € J, and take f; to be the corresponding continuous deformation of
the identity with f,(y) # » for some fy € [0, 1]. Then since f;, is continuous there

exists a neighborhood U of y such that f;,(z) # z for all z € U. This implies that
U C J, and hence that J is open. a
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Lemma 34 J, = @ for every x € S! or Jy has a finite complement for every
xeS!.

To prove this lemma we will use the Hausdorff maximality Theorem which we now
recall.

Definition 3.5 A set P is partially ordered by a binary relation < if,

(1) a<b and b <c implies a <c¢
(2) a<aforeveryacP

(3) a<b and b <a implies that a = b.

Definition 3.6 A subset Q of a partially ordered set P is totally ordered if for every
pair a,b € Q either a < b or b < a. A totally ordered subset Q C P is maximal if for
any member a € P\ Q, QU {a} is not totally ordered.

Theorem 3.7 (Hausdorff Maximality Theorem) Every nonempty partially ordered
set contains a maximal totally ordered subset.

We now prove Lemma 3.4.

Proof Assume that there exists x € S! for which J, = @. Then for every y € S!
there exists a map g € G such that g(x) = y. Consequently,

Jy = Jg(x) =g(Jx)=g(@)=0
for every y € S!.

Assume that J, # @ for every x € S! and let Sy = S!\ J denote the complement
of Jy. This means that S consists of the points y € S! such every continuous
deformation of the identity which fixes x also fixes y. The set P = {Sy : x € S'} is
partially ordered by inclusion so that by Theorem 3.7 there exists a maximal totally
ordered subset, Q = {Sy : x € A}, where A4 is the appropriate subset of S!.

If we set S =), c4 Sx then we have the following:

1) S#o
(2) if xe S then S =S.
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(1) follows from the fact that S is the intersection of a descending family of compact
sets, and hence is nonempty.

To see that (2) is also true, fix x € S. Then from the definition of S, we will have
x € S, for each a € A. In other words, if we take a € A4, then every continuous
deformation of the identity which fixes a will also fix x. Furthermore, if y € Sy then
every continuous deformation of the identity which fixes a not only fixes x but y too,
so that Sy C S;. This is true for every @ € 4 so that S, C S. On the other hand, by
the maximality of Q, it must contain Sy . Consequently, if x € S then Sy = S.

Fix xo € S and assume for contradiction that Sy, is infinite. Take a sequence x, € Sy,
and let x,, be a convergent subsequence with limit x’. This limit will also be in Sy,
as it is closed. As Jy, is a nonempty open subset of S! it will contain an interval
(a,b) with a,b € Sx,. Take maps g4, gp € G so that g,(x’) = a and gp(x') = b.
Since x’,a € Sy, we have that,

2a(Sx) = ga(Sx’) = Sga(x’) =S84 = Sx,

and similarly for g,. As aresult g4(x,), gp(xn) € Sx, for each n, but g,, g5 are
orientation preserving homeomorphisms so that at least one of these points will lie in
(a,b), a contradiction.

We have shown that Sy, is finite. If we now take any other point x € S! then there
exists amap g € G such that g(xo) = x. This means that the set Sy = Sg(x,) = g(Sx)
will also be finite and we are done. O

Theorem 3.8 If J, = @ forall x € S! then G is conjugate in Homeo(S') to the
group of rotations SO(2, R).

We require the following lemma for the proof of this Theorem.

Lemma 3.9 If f: R — R is a homeomorphism which conjugates translations to
translations, then it is an affine map.

Proof Let f be a homeomorphism which conjugates translations to translations and
set fi =T o f where T is the translation that sends f(0) to 0. Then f; fixes 0 and
also conjugates translations to translations. In particular there exists o such that f;
conjugates x — x + 1 to the map x — x 4+ «. Notice that o # 0 since the identity is
only conjugate to itself.

Now define f, = f; o My where M, (x) = ax. A simple calculation shows that f,
conjugates x — x + 1 to itself and conjugates translations to translations. Since f,
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fixes 0 and conjugates x — x + 1 to itself, we deduce that it must fix all the integer
points.

Now, for n € N let y € R be such that ( f5)~! oTy/po fo =T, where To(x) =x+a.
It follows that,

Ti = ()" o(Tym)"o fa=((f) " o Tiymo )" = (T)"

sothat y = 1/n and (f2) "' o Ty, 0 fo =Ty, for every n € N. Combining this with
the fact that f> fixes 0, we see that f, must fix all the rational points and hence is the
identity. This implies that f; and hence f are affine. m|

We can now prove Theorem 3.8.

Proof Let G < G denote the path component of the identity in G. We are going
to show that G is a compact group. Proposition 4.1 in [5] will then imply that it is
conjugate in Homeo(S!) to a subgroup of SO(2, R). Moreover, as G is l-transitive
it will be equal to the whole of SO(2, R).

For x € S! let m: R — S! be the usual projection map which sends each integer to
x and for each integer translation 7: R — R satisfies wx 0o T = 7.

If we fix x € S! then since G is continuously 1-transitive we can choose a continuous
path g: [0, 1] = G such that g(¢)(x) = 7 (¢) and g(0) = id. Notice that this path is
contained in G and g(1) is not necessarily the identity even though it fixes x.

For x € S! we define a continuous map Fy: R — G by
Fu(t) = g(t =[t) o g (] ()

where [t] is the greatest integer less than or equal to #. Set f = Fy(1). Note that
Fy(n)= f" forevery n e 7.

We claim that F, has the following properties,
(1) Fx(@)(x) = mx(t) forevery t € R
(2) Fx(0)=id
(3) The map Fy is a surjection, that is Fy(R) = G
(4) Ifthe map f = Fx(1) is not equal to the identity map then F) is a bijection

The first two properties follow directly from the definition. To see that the third property

holds, let sg be a pathin G, s >0, hg = id. Let a(s) = hs(x). We have that « is
a continuous map from the non-negative reals R into the circle. Since the set R™
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is contractible we can lift the map « into the universal cover of the circle. That is,
there is a map B: RT — R such that 7, o 8 = a. We have Fx(B(s))(x) = hg(x).
Then (hs ' o Fx(B(s)))(x) = x. It follows from the assumption of the theorem that
Fy(B(s)) = hs and F is surjective. The map F is injective for 0 <¢ < 1, because
Fx(t)(x) = mx(2). If Fx(1) is not the identity, and since Fx(1)(x) = x we have that
Fyx(m) = Fx(n) if and only if m = n, for every two integers m, n. This implies the
fourth property.

It follows from (), and the surjectivity of Fj, that G isa compact group if and only
if the cyclic group generated by Fy (1) = f is a compact group. We will prove that

f=id.

Assume that f is not the identity map. Since Fy is a bijection for each ¢ € R there
exists a unique s, (¢) € R such that,

ST o Fx(t)o f7" = Fx(sn(1)). (k%)

This defines a function s;,: R — R which we claim is continuous for each 7. To see this,
fix n and let #,, € R be a convergent sequence with limit #’. Since Fy is continuous,

f"o Fx(tm)o f™" —> fToFx(t')o f"
and so Fx (s (tm)) = Fx(sp(t')) as m — co.

Now, if s,(#y, ) is a convergent subsequence, with limit 7y, then using continuity
Fx(sy(tm,)) will converge to Fx(tp). Since Fy is a bijection this gives us that
to = su(t"). Consequently, if the sequence s, () were bounded, then it would converge
to ¢/.

Assume now that the sequence s, (#) is unbounded and take a divergent subsequence
Sn(tm,, ). Consider the corresponding sequence,

Fx(sn(tmy))) = g(n(tmy) = [sn(tmy)]) 0 f B i),

Since Su(tm, ) — [Sn(tm, )] € [0, 1) for each m, there exists a subsequence f, K of tm,
such that s, (t, K )—[sn(tm K )] converges to some #y € [0, 1]. Now since g is continuous
and the sequence Fix(sy(ty)) converges to a homeomorphism Fy (s, (7)) we have
that f (st )] converges to a homeomorphism as / — co. However, as s, (ty, ) is
divergent [sy, (t , )] will be divergent too.

Let Sy denote the set of fixed points of . Note that x € S¢. Since we assume that
f is not the identity we have that S'\ S '+ 1s non-empty. Let J be a component of
S\ S ' and let a,b € S! be its endpoints. Since f fixes J, and has no fixed points

Sn(tmkl )]

inside J we deduce that on compact subsets of J the sequence f [ converges
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to one of the endpoints and consequently, can not converge to a homeomorphism. This
is a contradiction, so s5(f;) can not be unbounded and s, is continuous.

Notice that s,(0) = 0 and if ¢ € Z then Fi(¢) will commute with the f” so we have
sp(m) = m for all m € Z. This yields that s,([0, 1]) = [0, 1] for every n € Z.

Let Ur C S! be the set defined as follows. We say that y € U ¢ if there exists an open
interval I, y € I, such that | f*(I)| — 0, n — oco. Here | f"(I)| denotes the length
of the corresponding interval. The set Uy is open. We show that Uy is non-empty and
not equal to S'. As before, let J be a component of S!\ Sy and let a,b € S! be
its endpoints. Since f fixes J, and has no fixed points inside J we deduce that on
compact subsets of J the sequence f” converges to one of the endpoints, say . This
shows that J C Uy. Also, this shows that the point b does not belong to Uy .

Let y € Uy, and let I be the corresponding open interval so that y € I and | f"(1)|— 0,
n — oo. Set f"(I) = I,. Consider the interval Fy(s,(¢))(I,), t € [0,1]. Since
sn ([0, 1]) = [0, 1] we have that Fy (s,([0, 1])) is a compact family of homeomorphisms.
This allows us to conclude that | Fy (s,(¢))({)| = 0, n — o0, uniformly in # and
t €[0,1]. Set J; = Fx(t)({). From (*x*) we have that | f"(J;)| — 0, n — oo, for a
fixed ¢ € [0, 1]. This implies that the point Fy(¢)(y) belongs to the set Uy for every
t [0, 1].

Let J be a component of Uy, and let a, b be its endpoints. Note that the points a, b do
not belong to Uyr. Since Fx(¢) is a continuous path and Fy(0) = id, for small enough
¢t we have that Fy(¢)(J)NJ # &. Since Fx(t)(J) C Uy, and since a, b are notin Uy
we have that Fx(¢)(J) = J. By continuity this extends to hold for every ¢ € [0, 1]. But
this means that Fy(¢)(a) = a for every ¢ € [0, 1]. However, for appropriately chosen
inverse 7o = 1(a), we have that Fy(f9)(x) = a, which contradicts the fact that
F(tp) is a homeomorphism. This shows that f = id, and therefore we have proved
that G isa compact group.

To finish the argument, it remains to show that G = G.Let de Homeo(S!) be a map
which conjugates G to SO(2,R) and take g € G \ G . Since G is a normal subgroup
of G, ®ogo®~! conjugates rotations to rotations. Lifting to the universal cover we
get that every lift of ® o g o ®~! conjugates translations to translations. If we choose
one then by Lemma 3.9 it will be affine. On the other hand, it must be periodic, and
hence is a translation. So that ® o g o ®~! is itself a rotation and we are done. a

Theorem 3.10 If J, # & then one of the following is true:

(1) Jyx =S!\ {x} in which case G is continuously 2—transitive.
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(2) There exists R € Homeo(S') which is conjugate to a finite order rotation and
satisfies Rog = go R forevery g € G. Moreover, G is a cyclic cover of a group
Gr which is continuously 2—transitive, where the covering transformations are
the cyclic group generated by R.

Proof If J, = S!\ {x} then we are in case 4 of Lemma 2.5 with n = 2. In this
situation we know that G will be continuously 2—transitive.

We already know that Sy = S!\ Jy must contain x and by Lemma 3.4 must be finite.
Moreover, as f(Jx) = Jr(x) the sets Sx contain the same number of points for each
x € S!. Define R: S — S! by taking R(x) to be the first point of Sy you come
to as you travel anticlockwise around S!. Now take g € G and x € S!, then since
Je(x) = &(Jx) and g is orientation preserving Ro g(x) = go R(x) forall x € St.

We now show that R is a homeomorphism. To see this take any continuous path
x; € S', we will show that R(x;) — R(xo) as t — 0. Since G is continuously
I-transitive, there exists a continuous path g; € G satisfying g;(x;) = xg, so that,

lim R(x;) = lim (g0) " (R(ge(x1))) = lim (g6)""(R(x0)) = R(xp).

where the first equality follows from the fact that Ro g(x) = g o R(x) for all x € S'.
This shows that R is continuous. If we take y & J then Jx C Jy, and hence Sx D Sy
but in this case since Sx and S) contain the same number of points they will be equal.
Consequently, R has an inverse defined by taking R~!(x) to be the first point of S,
you come to by traveling clockwise around S' and this inverse is continuous by the
same argument as for R. Consequently, R € Homeo(S'). Furthermore, R is of finite
order equal to the number of points in S and hence conjugate to a rotation.

Let I' denote the cyclic subgroup of Homeo(S!)generated by R. Define n: S! —
S!/T = S!, in the usual way with 7(x) being the orbit of x under I'. Since
Rog(x)=goR(x) forall x € S', each g € G defines a well defined homeomorphism
of the quotient space S'/T" which we call gr. This gives us a homomorphism
nr: G — Homeo(S'), defined by 71 (g) = gr. Let Gr denote the image of G under
7T, then G is a cyclic cover of Gr.

It remains to see that Gr is continuously 2—transitive. This follows from the fact
that if we take xo € S! then Jr(xo) = T(Jx,), where Jp(y,) is the set of points that
can be moved by continuous deformations of the identity in Gp which fix w(xg).
Consequently, Jz(x,) = S'\ {xo} so that Gr is continuously 2-transitive by the first
part of this proposition. O
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4 Implications of continuous 2—transitivity

We now know that if G is transitive and contains a continuous deformation of the
identity then it is either conjugate to the group of rotations SO(2, R), is continuously
2—transitive, or is a cyclic cover of a group which is continuously 2—transitive. For the
rest of the paper we assume that G is continuously 2—transitive and examine which
possibilities arise.

For n>2 and (x;...x,) € P, we define Jx,..x, to be the subset of st containing
the points x € S! which satisfy the following condition. There exists a continuous
deformation of the identity f; € G, with f;(x;) = x; for each i and ¢ and such that
there exists 7 € [0, 1] with f;,(x) # x. This generalizes the earlier definition of Jx
and we get the following analogous results.

Lemma 4.l Jrx)). fx,) = J(Jx;..x,) forevery f €G.
Lemma4.2 J, ., Isopen.
We also have the following.

Lemma 4.3 If Jx,. x, is nonempty and G is continuously n—transitive, then it is
equal to S'\ {x1...x,}.

Proof Assume that Jy,. x, C S'\ {x1,...,xp} is nonempty. By Lemma 4.2 it is
also open and hence is a countable union of open intervals. Pick one of these, and call
its endpoints b; and b,. Assume for contradiction that at least one of b; and b, is
not one of the x;. Interchanging b and b, if necessary we can assume that this point
is by . Since G is continuously n—transitive there exist elements of G which cyclically
permute the x;. Using these elements and the fact that Jr(y))... r(x,) = f (Jx;...x,) for
every f € G, we can assume without loss of generality that »; and hence the whole
interval lies in the component of S!\{xy,..., x,} whose endpoints are x; and x;.

We now claim that Jp, 4, xs....x, 2 Jx;...x, - To see this, take x € Jx, . x,, then there
exists a continuous deformation of the identity f; which fixes xi,...,x;, and for
which there exists o such that f;,(x) # x. Now since by, by & Jx,...x,, Jt must also
fix by and b, for all 7, consequently we can use f; to show that X € Jp, b, x5,....x,
In particular, this means that Jp, 4, x,.....x, contains the whole interval between by
and b, .

n

Take g € G which maps {b1, b,} to {x1, x>} and fixes the other x;, such an element
exists as G is continuously n—transitive. Then,

Jxl7x23x37""x" = g(bl)7g(b2)7g(x3)a'"7g(xn) = g(Jb17b27x37"'7xl1)
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so that Jx, .. x, must contain the whole interval between x; and x,. This is a contra-
diction, since b; lies between x; and x; butis notin Jy, . x,- O

Proposition 4.4 Let G be continuously n—transitive for some n > 2 and suppose there
exist n distinct points ay, . ..,a, € S' and a continuous deformation of the identity
g: € G, which fixes each a; for all t. Then G is continuously n + 1 transitive.

Proof J, .4, 7# 9 soby Lemma4.3 J;,. 4, = S'\{ay,...,an}. We can now apply
Lemma 2.5 to see that G is continuously #n 4 1—transitive. O

Corollary 4.5 If G is continuously 2—transitive and there exists g € G \ {id} with
an open interval I C S! such that the restriction of g to I is the identity, then G is
continuously n—transitive for every n > 2.

Proof Let / C S! be a maximal interval on which g acts as the identity, so that if
I’ O I is another interval containing / then g doesn’t act as the identity on /’. Let
a and b be the endpoints of [ and let a; and b; be continuous injective paths with
ag =a,bg =b and a;, by & I for each ¢t £ 0. This is possible because g # id so that
S'\ I will be a closed interval containing more than one point. Let g; be a continuous
path in G so that gg = id, g;(a¢) = a; and g;(b) = b, such a path exists as G is
continuously 2—transitive.

Consider the path #; = g7l og,0go0 gt_1 since go = id we get hy = id. Now

grogo gt_l acts as the identity on the interval between «a; and b; and by maximality
of I, g~ will not act as the identity for ¢ # 0. Consequently, /i, is a continuous
deformation of the identity which acts as the identity on /. So if G is continuously
k—transitive for k > 2, by taking k—points in / and using Proposition 4.4 we get
that G is k + 1-transitive. As a result, since G is continuously 2—transitive it will be
n—transitive for every n > 2. O

SO(2, R) is an example of a subgroup of Homeo(S!) which is continuously 1—transitive
but not continuously 2—transitive. However, as the next result shows, there are no
subgroups of Homeo(S!) which are continuously 2—-transitive but not continuously
3—transitive.

Proposition 4.6 If G is continuously 2—transitive, then it is continuously 3 —transitive.

Proof Let a,b € S! be distinct points. Construct two injective paths a(¢), b(¢) in S!
with disjoint images, such that a(0) = a, 5(0) = b and such that a(z) and b(¢) lie in
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the same component of S! \ {a, b} for ¢ € (0, 1]. We label this component / and the
other I'.

Since G is continuously 2—transitive, there exists a path g(¢) € G such that g(0) =id,
g(t)(a) = a(t) and g(¢)(b) = b(¢t) for every t. Now for every ¢ the restriction of
g(2) to the closure of I, is a continuous map of a closed interval into itself, and hence
must have a fixed point, ¢(¢). This point will normally not be unique, but since g(¢) is
continuous, for a small enough time interval we can choose it to depend continuously
on ¢. Likewise for the restriction of g(¢)~! to the closure of I’, for a small enough
time interval we can choose a path of fixed points d(¢), which must therefore also be
fixed points for g(¢).

Now pick points ¢ € I and d € I'. Using continuous 2—transitivity of G construct a
path A(¢) € G such that h(¢)(c) = c¢(¢) and h(t)(d) = d(t). Then h;' o g(t)oh; is
only the identity when ¢ = 0 because the same is true of g(¢) and we have constructed
a continuous deformation of the identity which fixes ¢ and d for all 7. Consequently
we can use Proposition 4.4 to show that G is continuously 3—transitive. |

S Convergence Groups

Definition 5.1 A subgroup G of Homeo(S')is a convergence group if for every
sequence of distinct elements g, € G, there exists a subsequence g, satisfying one
of the following two properties:

(1) There exists g € G such that,
Jim g =g and lim g} =g~
uniformly in S!.
(2) There exist points xg, yo € S! such that,
Jim gn =xo and lim gt = o

uniformly on compact subsets of S! \ {yo} and S' \ {x,} respectively.

The notion of convergence groups was introduced by Gehring and Martin [4] and they
have proceeded to play a central role in geometric group theory. The following theorem
has been one of the most important and we shall make frequent use of it.

Theorem 5.2 G is a convergence group if and only if it is conjugate in Homeo(S')
to a subgroup of PSL(2, R).
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This Theorem was proved by Gabai in [3]. Prior to that, Tukia [7] proved this result in
many cases and Hinkkanen [6] proved it for non discrete groups. Casson and Jungreis
proved it independently using different methods [2]. See [2], [3], [7] for references to
other papers in this subject.

For the rest of this section we shall assume that G is continuously n—transitive, but
not continuously #n + 1—transitive for some n > 3.

Take (x1,...,Xy—1) € P,—; and define
Go={geG:gx))=x; i=1,....n—1}.

Choose a component I of S!\ {xi,...,x,_;} and denote its closure by I. We
construct a homomorphism ®: Gy — Homeo(S') as follows. Take g € Gy, then
since g fixes the endpoints of I and is orientation preserving, we can restrict it to
a homeomorphism g’ of I. By identifying the endpoints of I we get a copy of S'
and we define ®(g) to be the homeomorphism of S! that g’ descends to under this
identification. We label the identification point X and set Gg = ®(Gy) to be the image
of Gy under .

In this situation Lemma 2.5 implies the following. For every x € I, there exists a
continuous map Fy: S! \ X — G, satisfying the properties,

() (Fx(y)(x)=y V yeS\x
(2) Fy(x) =id.

Proposition 5.3 &: Gy — Gy is an isomorphism.
Proof Surjectivity is trivial. If we assume that ® is not injective then there will exist
g € Gy which is non-trivial and acts as the identity on /. Then by Corollary 4.5 G

will be n + 1 transitive, a contradiction. O

Let 60 denote the path component of the identity in Gy, we now analyze the group
Go=2(Go).

Proposition 5.4 G o0 IS a convergence group.

Proof Choose x € I then we know there exists a continuous map Fy: S'\ X — G
satisfying the properties,

() (Fx(y)(x)=y V¥ yeS\x
Q) Fy(x) =id.
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Now since Fx(x) =id and Fy is continuous, the image of F, will lie entirely in § 0-

In fact, Fy gives a bijection between S!\ X and G o. To see this we first observe
that injectivity follows directly from condition 1. To see that it is also surjective, take
ge Q\O. Then there exists a path g; € é\o for t € [0, 1] with gg =id and g1 = g. So
that g,(x) is a path in S! \ X from x to g(x). Consider the path (Fx(g;(x))) 'og;
in G 0, it fixes x for every ¢, and so must be the identity for each ¢. Otherwise, by
Proposition 4.4, G would be continuously n + 1—transitive, which would contradict
our assumptions. As a result g = F(g(x)) so Fy is a bijection, with inverse given
by evaluation at x.

Fix xo € S!\ ¥, let g, be a sequence of elements of G o and consider the sequence of
points g,(xo), since S! is compact g,(xo) has a convergent subsequence g, (xo)
converging to some point x’. If x” # X then by continuity of Fy,, g, will converge
to Fyx,(x’). Now if there does not exist a subsequence of g,(xo) converging to some
x’ # X, then take a subsequence g,, such that g, (xo) converges to X. If we can
show that g, (x) converges to X for every x € S!\ ¥ then we shall be done.

Suppose for contradiction that there exists x € S! \ ¥ such that g, (x) does not
converge to X. Then there exists a subsequence of g, (x) which converges to x” # X,
but then by the previous argument the corresponding subsequence of g5, will converge
to the homeomorphism Fy (x’). This is a contradiction since Fy(x’)(xo) would have
to equal x. |

Corollary 5.5 Let g be an element of G o. If g fixes a point in S' \ X then it is the
identity.

Proof Let x € S\ X be a fixed point of g. From the previous proof we know that
Fy: I — G isabijection. Sothat Fy(g(x))=g,but g fixes x sothat g = Fy(x)=id.
O

Corollary 5.6 The restriction of the action of G o to S\ X is conjugate to the action
of R on itself by translation.

Proof By Theorem 5.2 and Proposition 5.4 G o is conjugate in Homeo(S!)to a
subgroup of PSL(2, R) which fixes the point X. Moreover, from Corollary 5.5 this is
the only point fixed by a non trivial element. By identifying S! with R U {oo} so that
X is identified with {oo} in the usual way, we see that G o is conjugate to a subgroup
of the Mobius group acting on R U {oo}. Since every element will fix {oo}, their
restriction to R will be an element of Aff(R) acting without fixed points, so can only
be a translation. On the other hand the group must act transitively on R and so must
be the full group of translations. This gives the result. |
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Proposition 5.7 The restriction of the action of G to I is conjugate to the action of
a subgroup of the affine group Aff(R) on R. In particular, each non trivial element of
Gy can act on I with at most one fixed point.

Proof The restriction of é\ o to ST\ X is isomorphic to the restriction of G otol.So
that by Corollary 5.6 there exists a homeomorphism ¢: I — R which conjugates the
restriction of GO to I to the action of R on itself by translation. Take /& € G \ GO
then i’ = ¢ ohog~! is a self-homeomorphism of R. Since G o is a normal subgroup
of Gg, i’ conjugates every translation to another one and so by Lemma 3.9 is itself an
affine map and the proof is complete. a

Let g be a nontrivial element of G¢, then g € G o if and only if it acts on each com-
ponent of S\ {x{,...,X,—1} as a conjugate of a non trivial translation. Furthermore,
if g GO then it acts on each component of S' \ {x;,...,x,_;} as a conjugate of
a affine map which is not a translation, each of which must have a fixed point. This
situation cannot actually arise as the next proposition will show.

Proposition 5.8 Gy = G

Proof Let g € Go\ 60, then g acts on each component of S\ {x1,...,x,_;} as
a conjugate of a affine map which is not a translation. Consequently, g will have a
fixed point in each component of S! \ {x1,...,x,_1}. Label the fixed points of g in
the components of S'\ {x;,...,x,_;} whose boundaries both contain x; as y; and
y2. Since G is n—transitive, there exists a map g’ which sends y; to x; and fixes
all the other x;. Then g’ o go(g’)~! fixes all the x; and hence is an element of Gj.
On the other hand, g’ o g o (g’)~! also fixes g’(x;) and g’(y,) which lie in the same
component of S'\ {x1,...,x,_1}, this is impossible since every non-trivial element
of G can only have one fixed point in each component of S \ {x;,...,x,_;}. O

Corollary 5.9 The restriction of the action of G to I is conjugate to the action of R
on itself by translation. In particular the action is free.

We finish this section by comparing the directions that a non-trivial element of Gy
moves points in different components of S'\ {x;,...,x,_1}. So endow S! with the
anti-clockwise orientation, this gives us an ordering on any interval / C S', where for
distinct points x, y € I, x < y if one travels in an anti-clockwise direction to get from
x to yin I.Let g € Gy )\ {id} if I is a component of S\ {xi,...,x,—;} then we
shall say that g acts positively on I if x < g(x) and negatively if x > g(x) for one
and hence every x € I.
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Let I and I’ be the two components of S'\ {x1, ..., x,—1} whose boundaries contain
x; . Labeled so that in the order on the closure of I, x < x; for each x € I, whereas
in the order on the closure of I’, x; < x for each x € I’. Then we have the following,

Proposition 5.10 Let g be a non trivial element of Gy, if g acts positively on I then
it acts negatively on I' and if g acts negatively on I then it acts positively on 1.

Proof Let x,x’ € I and y, )’ € I’ be points such that x < x” and y > y’. There
exists g € G fixing xq,...,x;—1 and X;j4+1,...,Xx,—1 and sending x to x" and y to
y’. This map will have a fixed point X between x’ and y’, since it maps the interval
between them into itself.

Let g’ € G fix xq,...,xj—; and X;41,...,Xy—1 and send X to x;. Then go =
g’ ogo(g’)! will fix xq,...,x,_; and hence lie in Go. Moreover, gq acts positively
on I and negatively on I’.

Now let g1 € Go be any non-trivial element which acts positively on /. Then there
exists a path g; in Gy from go = g’ ogo(g')~! to gy, so that g, # id for any ¢.
Since g; is never the identity and g( acts negatively on I’, g1 must also act negatively
on I’

If h € Gy is a non-trivial element which acts negatively on 7, then A~! will act
positively on 7. So that, by the above argument, 2~ ! will act negatively on I’. This
means that /2 will act positively on I’ as required. |

Corollary 5.11 If G is n—transitive but not n + 1 —transitive for n > 3 then n is odd.

Proof Let g be a non-trivial element of Gy which acts positively on some component
I of S\ {x{....,x,_1}. Then by Proposition 5.10 as we travel around S! in an
anti-clockwise direction the manner in which it acts on each component will alternate
between negative and positive. Consequently, if » was even, when we return to I we
would require that g acted negatively on I, a contradiction, so n is odd. a

6 Continuous 3—transitivity and beyond

We begin this section by analyzing the case where G is continuously 3—transitive but
not continuously 4—transitive. We shall show that such a group is a convergence group
and consequently conjugate to a subgroup of PSL(2, R).

Fix distinct points xg, yo € S! and define

Go=1{g € G : g(xo) = x0,g(»0) = yo}
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G ={g€G:g(xo) = xo}

then we have the following propositions.
Proposition 6.1 G is a convergence group.

Proof From Corollary 5.9, we know that the restriction of G to each of the compo-
nents of S'\ {xg, yo} is conjugate to the action of R on itself by translation. Let g,
be a sequence of distinct elements of G, and take a point x € S! \ {xg, yo}. Then the
sequence of points g,(x) will have a convergent subsequence gy, (x). If this sequence
converges to Xo or o, then from Proposition 5.10 so will the sequences g, (y) for
all y € S'\ {yo} or S\ {xo} respectively.

Let I, be the component of S\ {xo, yo} containing x. Assume that the sequence
of points g, (x) converges to a point x’ € I,. Now let y be a point in the other
component, I, of S!\ {xg, yo}, and consider the sequence of points gy, (») in I. If
it had a subsequence which converged to x¢ or yo then the sequence gy, (x) would
have to as well. This is impossible so g5, () must stay within a compact subset of 7,
and hence g5, has a subsequence, g, K, for which g, K, (») converges to some point
y'el,.

By Corollary 5.9 there exist self homeomorphisms of /, and 7, to which the sequence
gny, converges uniformly on I and I, respectively. Gluing these together at xo and

¥o gives us an element of Homeo(S') which g, « converges to uniformly. Consequently,
Gy is a convergence group. d

Proposition 6.2 G is a convergence group.

Proof Let f, be a sequence of elements of G. If for every y € S'\ {xo} every
convergent subsequence of f, () converges to xo then we would be done. So assume
that this is not the case, take y € S\ {x¢} such that the sequence of points fy(y) has
a convergent subsequence f,, () converging to some point  # xo. Let I be a small
open interval around ¥, not containing x¢ then since G is continuously 3—transitive,
there exists a map Fy: [ — G satisfying the following,

(1) Fy(x)(y) =x forall x € I
(2) F5(p) is the identity.

Let g1, g, € G satisfy g;(¥) = yo and g»(yo) = y consider the sequence,

hie = g1 0 F5(fu ()" 0 fu 082

of elements of G. They all fix yg, and since g o F 5( Sk (»))~! converges to g; as
k — oo we have the following.
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(1) If hy contains a subsequence /i, such that there exists a homeomorphism /
with,
lim hg, =h and lim (hg,) "' =h~!
[—00

[—o0

then so does fj, .

(2) Furthermore, if there exist points x’, ' € S! and a subsequence hy, of hy such
that,
lim hg, =x" and lim (hg,) "' =)/
[—>o00 [—>o00
uniformly on compact subsets of S'\ {3’} and S' \ {x’} respectively, then so
does f, (x" and y’ will be replaced by g7'(x’) and g;' ()")).

Now, since Gy is a convergence group, one of the above situations must occur. Conse-

quently, G = {g € G : g(x¢) = x¢} is a convergence group. |

Proposition 6.3 If G is a subgroup of Homeo(S') which is continuously 3—transitive
but not continuously 4—transitive then G is a convergence group.

Proof This proof is almost identical to the previous one but we write it out in full for
clarity.

Choose xo € S! and let f, be a sequence of elements of G. Then since S! is
compact, the sequence of points f(xo) will have a convergent subsequence, f,, (xo),
converging to some point X. Let / be a small open interval around X, then since G is
continuously 3—transitive, there exists a map F5: I — G satisfying the following,

(1) Fz(x)(X)=x forall xel
(2) Fx(X) is the identity.

Let g € G send X to x¢ and consider the sequence,

hi = g o Fx(fu, (x0) ™" © foy

of elements of G. They all fix x¢, and since g o Fx( fu, (x0))~! converges to g as
k — oo we have the following.

(1) If hy contains a subsequence /i, such that there exists a homeomorphism /
with,
lim hg, =h and lim (hg,) "' =4~
[—00

[—o00

then so does fj, .

Geometry € Topology, Volume 10 (2006)



Classification of continuously transitive circle groups 1343

(2) Furthermore, if there exist points x’, ' € S! and a subsequence Ay, of iy such
that,
lim /g, =x" and lim (hkl)_l =y’
[—>o0 [—o00
uniformly on compact subsets of S'\ {3”} and S' \ {x’} respectively, then so
does fu, (x" and y’ will be replaced by g~1(x’) and g~1()")).

Now, since G = {g € G : g(x() = X} is a convergence group G is too. |

We now look at the case where G is continuously 4—transitive. In this case, we show
that G must be n—transitive for every n € N.

Theorem 6.4 If G is continuously n—transitive for n > 4, then it is continuously
n + 1—transitive.

Proof Fix n > 4 and assume for contradiction that G is continuously n—transitive
but not continuously n + 1—transitive. Take (ay,...,a,—3) € P,—> and define,

G={geG:g(a)=a; Vi}

Let I be a component of S'\ {a;,...,a,—>}. Construct a homomorphism ¥: G —
Homeo(S!) in the same way as ®: Go — Homeo(S!) was constructed in Section
5. Explicitly, take g € G, restrict it to a self homeomorphism of I and identify the
endpoints to get an element of Homeo(S!).

Let G denote the image of G under W. Then as in Proposition 5.3 G is isomorphic
to G. Using the arguments from the earlier Propositions in this section we can show
that G is a convergence group and hence conjugate to a subgroup of PSL(2, R). On
the other hand, G is 2—transitive on I and every element fixes the identification point.
This means that the action of G on I must be conjugate to the action of Aff(R) on R.

Let I and I’ be two components of S' \ {a;,...,a,_>} and let ¢: I — R be a
homeomorphism which conjugates the action of G on I to the action of Aff(R) on R.
Let a,—1.a,_, be two distinct points in /’. Consider the groups

Go=1{g€G :g(an1)=an 1}
and
Go=1{g€G:gla, ) =day,}
They each act transitively on I and by Corollary 5.5 and Proposition 5.8 without fixed

points. Consequently, ¢ conjugates both of these actions to the action of R on itself by
translation. Let ¢ € Gy and g’ € G, be elements which are conjugated to x > x + 1
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by ¢. Then g~ ! o g’ acts on I as the identity. However, if it is equal to the identity,
then g’ = g fixes a,—; and @), this is impossible as non-trivial elements of G can
have at most one fixed point in I’. So g~!
acts as the identity on / and so by Corollary 4.5 we have that G is continuously

n + 1—transitive. O

o g is a non-trivial element of G which

7 Summary of Results

Theorem 7.1 Let G be a transitive subgroup of Homeo(S') which contains a non
constant continuous path. Then one of the following mutually exclusive possibilities
holds:

(1) G is conjugate to SO(2, R) in Homeo(S').

(2) G is conjugate to PSL(2, R) in Homeo(S').

(3) Forevery f €Homeo(S!)and each finite set of points xi,...,x, € S' there
exists g € G such that g(x;) = f(x;) foreachi.

(4) G is a cyclic cover of a conjugate of PSL(2, R) in Homeo(S') and hence conju-
gate to PSL; (2, R) for some k > 1.

(5) G isacyclic cover of a group satisfying condition 3 above.

Proof Let f:[0,1] — G be a non constant continuous path. Then

f(0) o f:0,1]>G

is a continuous deformation of the identity in G. Consequently, Proposition 2.6 tells
us that G is continuously 1-transitive.

If Jx = @ for every x € S! then by Theorem 3.8 G is conjugate to SO(2, R) in
Homeo(S'). If J, # @ for some and hence all x € S! then by Theorem 3.10 G is
either continuously 2—transitive or is a cyclic cover of a group G’ which is continuously
2-transitive.

So assume that G is continuously 2—transitive, then by Proposition 4.6 it is continuously
3—transitive. If moreover G is not continuously 4—transitive, then by Proposition 6.3
it is a convergence group and hence conjugate to a subgroup of PSL(2,R). On the
other hand, since G is continuously 3—transitive, it is 3—transitive, and hence must be
conjugate to the whole of PSL(2, R).

If we now assume that G is continuously 4—transitive then by Theorem 6.4 it is
continuously n—transitive and hence n—transitive for every n € N. So if we take
f €Homeo(S!)and a finite set of points x1,...,x, €S! there exists g € G such that
g(x;) = f(x;) and we are done. |
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Theorem 7.2 Let G be a closed transitive subgroup of Homeo(S') which contains a
non constant continuous path. Then one of the following mutually exclusive possibilities
holds:

(1) G is conjugate to SO(2, R) in Homeo(S').
(2) G is conjugate to PSLy (2, R) in Homeo(S') for some k > 1.

(3) G is conjugate to Homeoy (S') in Homeo(S') for some k > 1.

Proof Since G is a transitive subgroup of Homeo(S!)which contains a non constant
continuous path, Theorem 7.1 applies. It remains to show that if G satisfies condition
3 in Theorem 7.1 then its closure is Homeo(S').

To see this, let  be an arbitrary element of Homeo(S'). If we can find a sequence
of elements of G which converges uniformly to f then we shall be done. So let
{a, :n € N} be a countable and dense set of points in S!. Choose a sequence of maps
gn € G sothat g,(ay) = f(ay) for 1 <k <n. Then g, will converge uniformly to
£ so that the closure of G will equal Homeo(S'). |

Theorem 7.3 PSL(2, R) is a maximal closed subgroup of Homeo(S').

Proof Let G be a closed subgroup of Homeo(S')containing PSL(2, R). Then G is
3—transitive and by applying Theorem 7.2 we can see that Homeo(S!)and PSL(2, R)
are the only possibilities for G . a
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