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On the chain-level intersection pairing for PL. manifolds

JE MCcCLURE

Let M be a compact oriented PL. manifold and let C« M be its PL chain complex.
The domain of the chain-level intersection pairing is a subcomplex of C, M @ C,. M .
We prove that the inclusion map from this subcomplex to C. M ® C, M is a quasi-
isomorphism. An analogous result is true for the domain of the iterated intersection
pairing. Using this, we show that the intersection pairing gives C« M a structure
of partially defined commutative DGA, which in particular implies that C, M is
canonically quasi-isomorphic to an E, chain algebra.

18D50; 57Q65

1 Introduction

Let M be a compact oriented PL. manifold. The chain-level intersection pairing was
introduced by Lefschetz [8] as a tool for constructing the intersection pairing on the
homology of M . A version of the chain-level intersection pairing is a basic ingredient in
Chas and Sullivan’s construction [2] of a Batalin—Vilkovisky structure on the homology
of the free loop space of M .

For a complete understanding of the chain-level intersection pairing, it seems helpful
to have the following theorem. Let Cx M be the PL chain complex of M (see Section
3 for the definition). Let us say that a subcomplex of a chain complex is full if the
inclusion map is a quasi-isomorphism.

Theorem 1.1 The domain of the chain-level intersection pairing is a full subcomplex
of CeM @ Cx M .

It might seem at first that something like Theorem 1.1 would have been needed already
by Lefschetz to define the intersection pairing on homology, but for that purpose two
weaker facts would suffice:

(1) For any cycles C and D in Cx M , the chain C ® D is homologous to an element
in the domain of the intersection pairing.

(ii) If C’, D’ are two other cycles with C’ ® D’ homologous to C ® D, then the
difference C’ ® D' — C ® D is the boundary of an element in the domain of the
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1392 JEMcClure

intersection pairing. (This is needed to show that the intersection pairing on homology
is well-defined.)

Theorem 1.1 is harder to prove than (i) and (ii) because (among other reasons) a cycle
in C4« M ® Cx M cannot in general be written in the form ) C; ® D; with C; and D;
cycles.

One goal of this paper is to prove Theorem 1.1 and, more generally, the analogous
statement for the k—fold iterate of the intersection pairing; see Proposition 12.3 and
Remark 12.4.

It seems useful to go farther and to show that the intersection pairing gives Cx M a
structure of “partially defined commutative DGA;” this is the second (and main) goal
of this paper (see Theorem 12.1). Combining this with Remark 12.2 and [17, Theorem
1] shows in particular that C« M is canonically quasi-isomorphic to an E chain
algebra.

The third goal of this paper is to give a new treatment of the chain-level intersec-
tion pairing, based on the account of Goresky and MacPherson [5] but with some
improvements.

The results of this paper will be applied by the author [13] to prove two theorems about
the Chas—Sullivan operations. Let LM be the free loop space of M, let Sx denote
the singular chain functor and let F be the framed little 2-disks operad as in [4].

Theorem A The Batalin—Vilkovisky structure on the homology of LM is induced
by a natural action of an operad quasi-isomorphic to S«+F on a chain complex quasi-
isomorphic to Sx(LM).

(Theorem A is the analog for H.(L M) of Deligne’s Hochschild cohomology conjec-
ture; see Markl, Shnider and Stasheff [11, Section 1.1.19].)

Theorem B The Eilenberg—Moore spectral sequence converging to the homology of
LM is a spectral sequence of Batalin—Vilkovisky algebras.
The paper is organized as follows.

Section 2 gives a brief discussion of the definitions of the chain-level intersection
pairing given in [8], [9] and [5] and explains why these versions of the definition are
not convenient as a starting point for proving Theorem 1.1.

Section 3 recalls (from [5]) the definition of the PL chain complex of a PL space.
Section 4 recalls (also from [5]) a method for making chain-level constructions by

Geometry & Topology, Volume 10 (2006)



On the chain-level intersection pairing for PL manifolds 1393

using relative homology. Section 5 constructs the umkehr (that is, “reverse”) map in
relative homology induced by a PL map between compact oriented PL. manifolds. In
Section 6 a chain-level umkehr map is deduced from this using the method of Section
4. Section 7 recalls the definition of exterior product for PL chains.

In Section 8, the chain-level intersection pairing is defined as the composite of the
exterior product and the chain-level umkehr map induced by the diagonal map; the
motivation for this definition is that the intersection of two subsets of a set S' can be
identified with the intersection of their Cartesian product with the diagonal in S x S.

Section 9 gives the formal definition of “partially defined commutative algebra.” I use
Leinster’s concept of homotopy algebra [10] for this purpose rather than the Kriz—May
definition of partial algebra [7] (but I will use the term “Leinster partial algebra” instead
of “homotopy algebra,” since the latter term seems excessively generic). The reason
for using Leinster’s definition is that it is simpler and more intuitive. It will be shown
in [13] that the Kriz—May definition is a special case of the Leinster definition (see
Remark 9.5(b) below).

Section 10-Section 13 give the proof that the intersection pairing and its iterates
determine a Leinster partial commutative DGA structure on Cyx M . The proof uses a
“moving lemma” (Lemma 13.5) which is proved in Section 14 by means of a general-
position result (Proposition 14.6) that may be of independent interest. Proposition 14.6
is proved in Section 15 and Section 16.

My work on this paper was partially supported by NSF grant DMS-0405693.

I would like to thank Mike Mandell for his help, Greg Friedman, Mark Goresky and
Clint McCrory for useful correspondence, and the referee for a careful reading of the
paper and for helpful comments. I would especially like to thank Shmuel Weinberger
for referring me to [5].

I would also like to thank the Lord for making my work possible.

2 The Lefschetz and Goresky—MacPherson definitions of the
chain-level intersection pairing

This section is not needed logically for the rest of the paper; it is offered as motivation
for Section 3—Section 8. The reader may also find it helpful to consult Steenrod’s
account of Lefschetz’s work on the intersection pairing [16, pages 28-30].

This section uses some technical terms which will be defined in Section 3—Section 7.
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Lefschetz’s first account of the chain-level intersection pairing C - D was in [8]. In
this paper he uses the obvious definition: if C = ) mj;o; and D = >_n;t; then

(1) C-D=> +mnjo;N1j.

where the signs are determined by the orientations of o;, 7; and M . This formula does
not in fact give a chain unless all of the intersections o; N 7; have the same dimension,
so some restriction on the pair (C, D) is necessary. Generically, the intersection
of a p—dimensional PL subspace and a g—dimensional PL subspace has dimension
< p+¢q—dim M ; pairs of PL subspaces with this property are said to be in general
position. Lefschetz restricts the domain of the intersection pairing to pairs (C, D) for
which all of the pairs (03, 7;) are in general position, and he interprets terms o; N 7;
which are in dimension less than dim C + dim D —dim M as 0.

In order to prove the crucial formula
2) d0(C-D)=(C)-D £ C-9aD,

Lefschetz imposes a further restriction on the domain of the intersection pairing: he
requires that all of the pairs (3o, 7j) and (0;, d7j) should also be in general position. !
This assumption allows him to prove equation (2) by working with one pair of simplices
at a time and extending additively.

This definition has the disadvantage that the domain of the intersection pairing is
not invariant under subdivision. For example, if 0 and t are 1—simplices in a 2—
manifold intersecting at a point in the interior of both, then the pair (o, 7) is in the
domain, but if we subdivide o and 7 at the intersection point we obtain a pair of chains
(0'+0”,7’+1") which is not in the domain (because for example the pair (do”’, t’)
is not in general position).? This phenomenon is general: if (C, D) is in the domain
of this version of the intersection pairing with C - D # 0 then there will always be a
subdivision in which the pair of chains determined by C and D is not in the domain.

Lefschetz returned to the chain-level intersection pairing in [9, Section IV.6]. He gave
a formula more general than (1) (equation (46) on page 212) in which the coefficients
are “looping coefficients” [9, Section IV.5]. This allowed him to enlarge the domain of
the intersection pairing as follows: if we write supp(C) for the union of the simplices
that occur in C, then C - D is defined when the three pairs (supp(C), supp(D)),
(supp(0C), supp(D)), (supp(C),supp(dD)) are in general position; note that this
condition is invariant under subdivision.

ITf C and D are chains on the same triangulation this condition forces C - D to be 0, because o; and
7; will intersect along a common face and therefore o; N 7; will be contained in do; N 7;.

2Note also that, if the intersection point is P, then formula (1) gives o -7 = & P but (¢’ +0”)- (z' +
") = +4P.
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The “looping coefficients” used in Lefschetz’s second definition are tricky to define
explicitly [9, Subsection 58 on page 216]. The theory has been worked out carefully
in Keller [6] (which I have not had an opportunity to consult) and seems to be rather
complicated (see the Math Review).

The chain-level intersection pairing became temporarily obsolete when the cup product
was discovered and it was noticed that the intersection pairing in homology could be
defined using only Poincaré duality and the cup product, without any recourse to the
chain level.

Goresky and MacPherson returned to the chain-level intersection pairing as a tool for
constructing an intersection pairing in intersection homology [5, Section 2]. They
introduced the PL chain complex Cyx M (as the direct limit of simplicial chains under
subdivision; see Section 3 ) and defined the intersection pairing (which they denoted by
M) on a certain subset of Cx M x C4« M by means of an elegant construction in which
the procedure of the previous paragraph is reversed: the chain-level intersection pairing
is derived from the relative versions of Poincaré duality and the cup product. Their
version of the chain-level intersection pairing is probably equivalent to Lefschetz’s
second definition.

In order to prove (or even state) Theorem 1.1 it is necessary to extend the domain of
the intersection pairing from a subset of Cy M x Cx M to a subset of Cx M Q@ Cx M .
The obvious way to do this would be to consider elements

Y CieD;
in which every pair (C;, D;) is in the domain of the Goresky—MacPherson intersection
pairing N and to define the intersection pairing on such an element to be

ZC,‘ N D;.

But it is not at all clear that this is well defined, and it also is not clear how to determine
when an element of Cx M ® Cyx M has the required form (which would make it difficult
to show that the domain of the operation is a full subcomplex).

The definition to be given in Section 8 resolves both of these issues by defining the
intersection pairing (up to a dimension shift) as the composite of the exterior product

g CeM Q@ Ci M — Cy (M x M)
(see Section 7) and the chain-level umkehr map

Ay CA(M x M) — CeM
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induced by the diagonal (see Section 6); here C2(M x M) denotes the set of chains
E in Cx(M x M) for which both £ and dE are in general position with respect to the
diagonal. With this definition, the domain of the intersection pairing (up to a dimension
shift) is

e (CA(M x M)).

The analog of equation (2) is immediate from the fact that ¢ and A, are chain maps.

3 PL chains

We begin by reviewing some basic definitions.

A simplicial complex K is a set of simplices in R” (for some 7) with two properties:
every face of a simplex in K is in K and the intersection of two simplices in K is a
common face. (A face of a simplex o is the simplex spanned by some subset of the
vertices of 0 .)

The simplicial chain complex of K, denoted ¢« K, is defined by letting ¢, K be
generated by pairs (o, 0), where ¢ is a p—simplex of K and o is an orientation of o,
subject to the relation (o, 0) = —(0, —0) where —o denotes the opposite orientation.
We leave it as an exercise to formulate the definition of the boundary map 9 (or see
Spanier [15, page 159]). If we choose orientations for the simplices of K (with no
requirement of consistency among the orientations) then every nonzero element ¢ of
¢« K can be written uniquely in the form ) n;o0; with all n; # 0.

The realization of K, denoted | K|, is the union of the simplices of K.

A subdivision of K is a simplicial complex L with two properties: |L| = |K| and
every simplex of L is contained in a simplex of K.

The subdivision category of K has an object for each subdivision L of K and a
morphism L — L’ whenever L’ is a subdivision of L.

If L’ is a subdivision of L there is an induced monomorphism ¢4« L — ¢4« L’ which
takes (0, 0) to Y (z,0;), where the sum runs over all t € L’ which are contained in o
and have the same dimension as o, and o is the orientation induced by o. This makes
¢x a covariant functor on the subdivision category of K.

A subspace X of R” will be called a PL space if there is a simplicial complex K with
X = |K]|. K will be called a triangulation of X ; note that X determines K up to
subdivision by Bryant [1, page 222].

The PL chain complex of a PL space | K|, denoted Cyx|K]|, is the direct limit

colimcy L
L
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taken over the subdivision category of K.

Remark 3.1 This definition is taken from Goresky and MacPherson [5, Subsection
1.2], which seems to be the first place where the PL chain complex was defined.

Note that the direct system defining C«|K| is a rather simple one: the subdivision
category is a directed set (because any two subdivisions have a common refinement [1,
page 222]), and all of the maps ¢ L — ¢« L’ are monomorphisms. It follows that each
of the maps ¢« L — Cy| K| is a monomorphism.

Remark 3.2 The homology of cx L is canonically isomorphic to the singular homology
of | K| by [15, Theorems 4.3.8 and 4.4.2]; since homology commutes with colimits over
directed sets, the homology of Cyx|K]| is also canonically isomorphic to the singular
homology of |K]|.

Now let C be a nonzero element of Cy«|K|. There is a subdivision L of K with C in
¢« L, so (after choosing orientations for the simplices in L) we can write C = ) n;0;
where the o; are simplices in L and the n; are nonzero. We define the support of C,
denoted supp(C), to be | J o;; this is independent of the choice of L. The support of
0 is defined to be the empty set.

4 A useful lemma
Let K be a simplicial complex. A subcomplex of K is a subset K’ of K with the
property that every face of every simplex in K’ is also in K’.

A PL subspace of |K| is a space of the form |L| where L is a subcomplex of a
subdivision of K.

The next lemma is taken from Section 1.2 of [5]; it gives a way of using relative
homology to make chain-level constructions.

Lemma 4.1 Let K be a simplicial complex and let A and B be PL subspaces of | K|
such that B C A and dim B <dim A —1. Let p =dim A.

(a) There is a natural isomorphism o4, g from H,(A, B) to the abelian group

{C € Cp(K) : supp(C) C 4 and supp(dC) C B }.
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(b) The following diagram commutes:

Hp(A, B) L {C € Cp(K) : supp(C) C A and supp(dC) C B }

)| |

Hy_(B.2) —2%.{DeCp_(K) : supp(D) C Band 3D =0}

Proof For part (a), note that H,(A4, B) is isomorphic to the p—th homology of the
complex CxA/Cy B, and this in turn is isomorphic to the quotient of the relative cycles
by the relative boundaries. The set specified in the lemma is the set of relative cycles,
while the set of relative boundaries is d(Cp4.14) + Cp B, which is zero because of the
hypotheses. Part (b) is immediate from the definitions. |

S An umkehr map in relative homology

A PL map from |K| to |K’| is a continuous function f with the property that, for
some subdivision L of K, the restriction of f to each simplex of L is an affine map
with image in a simplex of K’.

A PL homeomorphism is a PL. map which is a homeomorphism.

An m—dimensional PL manifold is a PL space M with the property that each point of
M 1is contained in the interior of a PL subspace which is PL. homeomorphic to the m
simplex.

Let M be a compact oriented m—dimensional PL manifold and let 4 and B be PL
subspaces of M with B C 4. Let N be a compact oriented PL. manifold of dimension
nandlet f: N — M beaPLmap. Let A’ = f~!(4) and B’ = f~1(B).

We want to construct a map
(one should think of this as taking a homology class to its inverse image with respect
to f).

Let (U’, V') be an open pair in N with A’ C U’ and B’ C V’. Choose an open pair
(U,V)in M with AcU,BcCV, f~Y(U)c U’ and f~1(V)C V'’ (for example,
wecanlet U =M — f(N —U’) and V = M — f(N —V')). Consider the composite

Hy(A,B) —> Hy (U, V)= H" (M —V,M —U)

*

— }v]m_*(N — V/, N — U/) = H*+n—m(U/’ V/)’
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where the second and fourth maps are Poincaré—Lefschetz duality isomorphisms; see
Dold [3, Proposition VIIL.7.2]. By the naturality of the cap product [3, VIIL.7.6] this
composite is independent of the choice of (U, V') and is natural with respect to (U’, V).
We therefore get a map

Hy (A, B) = lim Hyqnm(U', V')

where the inverse limit is taken over all open pairs (U’, V') D (A’, B"). This inverse
limit is isomorphic to Hy+,—m (A", B) by [3, Exercise 4 at the end of Section VIII.13];
here we use the fact that the realization of a simplicial complex is an ENR (see for
example [3, Proposition IV.8.12]). This completes the construction of the map (3).

For use in the next section, we need:
Lemma 5.1 The following diagram commutes:

Ho(A.B) L Hypnom(A. B)

|

Hy_1(B) — Hytn—m—1 (B/)

Proof This follows easily from [3, VII.12.22]. O

6 An umkehr map at the chain level

Let M, N and f: N — M be as in the previous section.

We say that a PL subspace A of M is in general position with respect to [ if
dim(f~'(4)) <dim A +n —m.

(The dimension of the empty set is defined to be —oo, so if f~!(A) is empty then A

is in general position.)

Remark 6.1 For later use we make two observations.

(a) Suppose that f is a composite g/, that A is in general position with respect to g,
and that g~ !(A) is in general position with respect to /. Then A is in general position
with respect to f.

(b) Suppose that N is a Cartesian product M x My and f: N — M is the projection.
Then every A is in general position with respect to f .
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A p—chain C in Cy4 M is said to be in general position with respect to [ if
dim(/ ™! (supp(C))) < p+n—m.

Let C*f M be the set of all chains C € Cx M for which both C and dC are in general
position with respect to f . Note that C*f M is a subcomplex of Cx M .

We want to construct a chain map
f: CI M = CognemN.

Solet C € quM. Let [C] be the homology class of C in Hy(supp(C), supp(dC)).
Let T be the abelian group

{D € Cqqn-mN |supp(D) C f~"(supp(C)) and supp(dD) C [~ (supp(dC)) }.

We define fi(C) to be the image of [C] under the following composite:

Hy (supp(C). supp(3C)) 2 Hypnm (/= (supp(C)). £~ (supp(3C)))
~T — Cq+n—mN

Here the first map was constructed in Section 5 and the isomorphism is from Lemma 4.1
(which applies because of the hypothesis that both C and dC are in general position
with respect to /7). fi is a chain map by Lemma 4.1(b) and Lemma 5.1.

Remark 6.2 Note that, by definition of 7', we have supp(f1(C)) C f~!(supp(C)).

7 The exterior product for PL chains

Let 01 and o, be simplices. It is easy to see that o1 X 0, is a PL space; that is, there
is a simplicial complex J with |J| = o1 X 0,. Note that there is no canonical way to
choose J, but that any two choices of J have a common subdivision.

It follows that the product of any two PL spaces is a PL space.
Let |Kq| and |K;| be PL spaces. We want to construct a map
) &1 Cu| K| @ G| K| = Cu(| Ky | X | K3),
called the exterior product.

As a first step, let L; and L, be subdivisions of K; and K, respectively. We will
define a map

®)) g cxL1 ®@cxLy — Co(| K| X |K3])
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(see Section 3 for the definition of cy).

It suffices to define & on generators, so for i = 1,2 let o; be a simplex of L; with
orientation o;. Let J be a simplicial complex with

|J| =01 X 05.

Then &'((01,01) ® (03, 0,)) is defined to be

Z(T’ o‘r)

where 7 runs through the simplices of J with dimension dimo 4+ dim o5, and o; is
the orientation of 7 induced by 01 X 0;.

The maps &’ are consistent as L; and L, vary; passage to colimits gives the map &.

Remark 7.1 (a) It is easy to check that & is a monomorphism.

(b) The quasi-isomorphism relating cx to singular chains [15, Theorems 4.3.8 and
4.4.2] takes ¢ to the Eilenberg—MacLane shuffle product [3, V1.12.26.2]. Since the
latter is a quasi-isomorphism, so is ¢.

(c) For singular chains, the shuffle product has an explicit natural homotopy inverse,
namely the Alexander—Whitney map [3, VI.12.26.2]. Unfortunately the Alexander—
Whitney map requires an ordering of the vertices of each simplex, so it seems to have
no analog for PL chains.

8 The chain-level intersection pairing

We now have the ingredients needed to define the chain-level intersection pairing.

Let M be a compact oriented PL. manifold of dimension 7 and let A be the diagonal
map from M to M x M. As in Section 6, let C*A (M x M) be the subcomplex of
C«(M x M) consisting of chains C for which both C and dC are in general position
with respect to A.

It is convenient to shift degrees so that the intersection pairing preserves degree. For a
chain complex C, and an integer n, we will write " Cy for the n—fold suspension of
Cy, that is, the chain complex with C; in degree i + n.

Define Gy C S72M(CeM @ Cx M)

to be 72" (e~ (CA(M x M))), where ¢ is the exterior product (the G stands for
“general position” and the subscript 2 will be explained in Section 10).
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The chain-level intersection pairing p is the composite
A
Gy 5> S72MCAM x M) =5 X7"C, M.

Remark 8.1 It is not difficult to check that, if C and D are chains for which the
Goresky—MacPherson intersection pairing C N D is defined [5, pages 141-142], then
(up to the dimension shifts in the definitions of G, and w) C ® D is in G, and
uwC®D)y=CnNnD.

9 Leinster partial commutative DGAs

Our main goal in the rest of the paper is to show that the chain-level intersection
pairing and its iterates determine a partially defined commutative DGA structure on
XTMCM .

First we need a precise definition of “partially defined commutative DGA.” We will
use the definition given by Leinster in [10, Section 2.2] (but note that Leinster uses the
term “homotopy algebra” instead of “partial algebra”).

Notation 9.1 (i) For k > 1 let k denote the set {1,...,k}. Let 0 be the empty set.
(i) Let @ be the full subcategory of Set with objects k for k > 0.

(iii) Given a functor 4 defined on @, write Ay (instead of A(k)) for the value of A
at k.

Disjoint union gives a functor [[: & x & — . In particular, if 4 is a functor defined
on @ then the functor Ao ] on ® x ® takes (k,/) to Agy.
Notation 9.2 (i) Let Ch denote the category of chain complexes.
(i) Let (Z,0) denote the chain complex which has Z in dimension 0 and 0 in all
other dimensions.
Definition 9.3 A Leinster partial commutative DGA is a functor 4 from ¢ to Ch
together with chain maps

§k1: Aky1 — A ® A for each &,/ and §o: Ag — (Z,0)
such that the following conditions hold.

(i) The collection & ; is a natural transformation from Ao ][ to A ® A (considered
as functors from ® x ® to Ch).
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(ii)) The following diagram commutes for all k,/, n:

Ek+in
Aipn — Ap1 ® Ap
ék.l—l—nl \Lék.l@l
1®$l.n

A @Ajpn —= A ® A; ® Ay

(iii) Let t: k +1 — k + [ be the block permutation that transposes {1,...,k} and
{k+1,...,k+1}. The following diagram commutes for all %, /:

Aft1 St Ar ® Aj

i g l;

1.k
Ap+1 — A1 ® Ag

(iv) The following diagram commutes for all & :

Ay 0.k Ao ® Ay
~ J{Eo@l
7ZQ Ay

(v) &o and each & ; are quasi-isomorphisms.

Remark 9.4 (a) An ordinary commutative DGA B determines a Leinster partial
commutative DGA with 4; = B®k.

(b) Conversely, the proof of [17, Theorem 1] can be modified to show that Leinster
partial commutative DGAs can be functorially replaced by quasi-isomorphic E«
DGA:s.

Remark 9.5 (a) Definition 9.3 is the precise analog, for the category Ch, of Segal’s
I"'—spaces [14]. This is not immediately obvious, since a I'—space is a functor on the
category F of based finite sets [12, Remark 1.4]; the point is that the maps & ; in
Definition 9.3 encode the same information as the projection maps in Segal’s definition.

(b) It will be shown in [13] that partial commutative DGAs in the sense of Kriz and
May [7, Section II.2] are the same thing as Leinster partial commutative DGAs in
which all of the maps & ; are monomorphisms.
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10 The functor G

As a first step in showing that the intersection pairing on X~ " C,M extends to a
Leinster partial commutative DGA structure, we define a functor G from & to Ch
with Gy = X7 Cx M . The G stands for “general position.”

G, has already been defined in Section 8. To define Gy, for k > 3 we need a definition.
Let R: k — k' be any map. Define
R*: M¥ — Mk
to be the composite
M* =Map(k’, M) — Map(k, M) = M*
where the second arrow is induced by R. Thus the projection of R*(xy,...,Xx’) on
the i —th factor is xg(;).

If R:ik — k' is a surjection then we think of R* as a generalized diagonal map.
For example, if £’ is 1 and R is the constant map then R*: M — M k is the usual
diagonal map.

Let &4 denote the k —fold exterior product

(Cx M)®* < Co(M5).

Definition 10.1 Define G( to be Z and G; to be X" Cy M . For k > 2 define Gy,
to be the subcomplex of "k ((C, M)®¥) consisting of the elements X% C for
which both €4 (C) and €4 (0C) are in general position with respect to all generalized
diagonal maps, that is,

Ge=() [ =" "X mh.
k'<k R:k—k'
Remark 10.2 One might at first expect a simpler definition of Gy, in which general

position is required only with respect to the ordinary diagonal M — M k. The more
complicated definition given here is needed for Lemma 11.1.

Lemma 10.3 If S~k C isin Gy then both &5 (C) and & (dC) are in general position
with respect to all maps R*.

Proof Any R factors as R; R,, where R; is an inclusion and R, is a surjection.
Then R* = R3 R}, and R} is a composite of projection maps. The lemma now follows
from Remark 6.1(a) and Remark 6.1(b). O
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It remains to define the effect of G on morphisms in ®. First we need three lemmas.
Lemma 104 Let N; LN Ny i> N3 be a diagram of compact oriented PL manifolds
and PL maps. Let C € C,{N3 N C{gN3. Then

() ACEC{N, and (b)) @1/iC = (fenC.

Proof Part (a) is immediate from Remark 6.2 and (b) follows from the definitions. O

Lemma 10.5 Let f: Ny > M and g: Ny — M, be PL maps between compact
oriented PL manifolds. Then

(a) the exterior product

e CuMi ® C My — Cy (M1 x M>)
takes C,{Ml ® CEM, to C*fxg(Ml X M>), and
(b) the diagram

Ci My & CE M, - CJ X8 (M x M)
fi®g l J/(f xgh
Cptni—m N1 ® Catny—my No —> Cptgn +ny—my—ms (N1 X Na)
commutes for all p and g, where m; (resp. n; ) is the dimension of M; (resp. N;).
Proof Part (a) is obvious from the definitions. Part (b) follows from [3, VII.12.17]. O
Lemma 10.6 Let R: k — k' be any map. Then (R*) 0 ¢y takes Gy to &5/ (Gy/).

Proof We need to prove two things: that
(R*)1(ex (Gr)) € 7K g (Co(M)®F)
and that (R*)1(s(Gx)) C 7K' 5™ (¥

for all surjections S: k&’ — k”. The first follows from Lemma 10.5 and the second
from Lemma 10.3 and Lemma 10.4(a). O

We can now define the effect of G on morphisms by letting
Grp: Gk — Gk/

be 81:,1 o (R*)y oy (recall that &/ is a monomorphism). Lemma 10.4(b) implies that
GRros =GroGg forall R and S'.
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11 The maps &,

In order to construct the maps
€1t Gr+1 > G ® Gy

it suffices to prove the following lemma.

Lemma 11.1 The inclusion
Gk+l N E_m(k+l)(C*M)®(k+l) ~ Z_mk(C*M)®k ® E_MI(C*M)®I
has its image in G, Q@ Gj.

We can then define & ; to be the inclusion Ggy; — G ® Gy.

In order to prove Lemma 11.1 we need a criterion for deciding when an element of
sk (C, M)®* @ =7 (C, M)®! is in G ® G;; we will build up to this in stages,
culminating in Corollary 11.4.

Let K be a triangulation of M k. Choose orientations for the simplices of K (with
no consistency required among the choices). Recall that (since orientations have
been chosen) ¢, K is the free abelian group generated by the p—simplices of K. Let
R: k — k'’ be any map and define ¢, (K, R) to be the free abelian group generated by
the p-simplices of K that are not in general position with respect to R*. Let

TER: ¢y K — cp(K. R)

be the homomorphism which is the identity on ¢, (K, R) and which takes the p—
simplices that are in general position with respect to R* to 0. Let

WER: K — ¢y (K, R) ® cp—y (K. R)
K,R K,R
be T, " + Tp—l 00.
As an immediate consequence of the definitions, we have:
Lemma 11.2 (a) Anelement of ¢, K is in general position with respect to R* if and
only if it is in the kernel of TI{( R

(b) Anelementof ¢, K is in C*R " (M k ) (that is, the element and its boundary are both
in general position with respect to R*) if and only if it is in the kernel of \Illf( R

(¢c) Anelementof ¢, K isin

N () &b

k'<k R:k—k'
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if and only if it is in the kernel of

D WSR K> @D (cp (K. R) & cp1(K. R)).
R R

Next let L be a triangulation of M I We would like to characterize the elements of
y—mk pK® y-ml ¢q L that are in Gx ® G;. First we need some algebra.

Lemma 11.3 For exact sequences of abelian groups

h
O—>A—>B£>C and 0—-D—-FE—F
with C and F torsion free, A ® D is the kernel of
gR1+1h BRE—>(CQE)®(BQF).

Proof We may assume without loss of generality that g and / are surjective. Then
the diagram

0—AQD —B®D —C®D—=0
0—=AQE —BQFE—CQFE—=0

0—=AQF —=BQF —CQF—=0

0 0 0

has exact rows and columns. The lemma follows by an easy diagram chase. m|

Corollary 11.4 Let C € (CxM)®* @ (Cx M)®! be such that (g ® &;)(C) is in
cxK ® cx L. Then Sk +DC js in Gy ® Gy if and only if (g ® ;)(C) is in the

kernel of
K.R LS
> wEReir Y tau
R:k—k’ S: 1=l

Proof of Lemma 11.1 Let =& +DC ¢ G+ Then there are triangulations K of
M¥ and L of M' such that (¢ ® £/)(C) € ¢+ K @ cx L. Let R: k — k’. Then both
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ek+1(C) and ex47(dC) are in general position with respect to (R x 1)* (by definition
of Gy 4;), and it is easy to see that this implies

SR 1) (e ®)(C) =0.
Similarly 1R ULS)(er ®e)(C) =0

for all S. Thus T*+DC isin G ® G; by Corollary 11.4. O

12 The main theorem

Theorem 12.1 The functor G defined in Section 10 with the maps & ; defined in
Section 11 is a Leinster partial commutative DGA.

Remark 12.2 Since the maps & ; are monomorphisms, G is also a Kriz-May partial
commutative DGA (see Remark 9.5(b)).

To prove Theorem 12.1, we need to verify the five parts of Definition 9.3. Part (i)
follows easily from the definitions and Lemma 10.5. Parts (ii)—(iv) are immediate from
the definition of & ;. Part (v) is an easy consequence of the following result, which
will be proved in the next section.

Proposition 12.3 The inclusion
G — 7"k (C . M)®*
is a quasi-isomorphism for all k .

Remark 12.4 When k = 2 this is Theorem 1.1 of the introduction, up to the dimension
shift introduced in Section 8.

13 Proof of Proposition 12.3

Throughout this section and the next we fix an integer k > 2.

A PL homotopy is aPL map h: X x I — Y, where X and Y are PL spaces and [ is
the interval [0, 1] with its usual PL structure.

It will be convenient to have notation for the standard inclusion maps X — X x 1. We
write ig (resp. i1) for the map which takes x to (x,0) (resp. (x, 1)).

We need a supply of PL homotopies that preserve the image of
er: (CeM)®* < C(M5).
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Definition 13.1 Suppose that we are given a number / with 1 </ < k and a PL
homotopy
¢: M xI — M.

The [—th factor PL homotopy determined by this data is the composite
1x¢x1
Mk x>~ Mm! x(MxI)ka_l—ﬁX—»Mk.
Let ¢ be the canonical element of Cy (/).

Lemma 13.2 Let h: M* x I — M* be an I —th factor PL homotopy for some | and
let C be in the image of e (Cx M)®K < Cy(M*). Then

(@) (hoiy)«(C) is in the image of gy, and
(b) h«(e(C ®1)) is in the image of gy, .

Proof This is an easy consequence of the definitions. |
For the proof of Proposition 12.3 we will use a filtration of X% (C, M)®k .

Definition 13.3 (i) For 0 < j <k define A; to be the set of all surjections R: k — k'
such that for each i > j the set R~!(R(i)) has only one element.

(i1) For 0 < j <k define G,{ to be the subcomplex of 7"k (C, M)®k consisting of
the chains C for which both g (C) and &3 (dC) are in general position with respect
to R* forall Re Aj.

Thus we have a filtration
_ rk k—1 0 _ v—mk Rk
Gr=G, CGy  C--CGp=X"""(CM)"".

Proposition 12.3 follows immediately from:

Proposition 13.4 For each 1 < j < k the inclusion G,f C G,{_l is a quasi-isomor-
phism.

For this we need a lemma which will be proved in Section 14.

Lemma 13.5 Suppose that D € kaGi_l and 0D € kaG,{. Then there is a j —th
factor homotopy

h: M%x 1 — M*
such that

Geometry & Topology, Volume 10 (2006)



1410 JEMcClure

(a) hoiyg is the identity,

(b) the chains (hoiy)«(ex D), (hoiy)«(ex(dD)) and hy(e(0D ® 1)) are in general
position with respect to R* for all R € A;, and

(c) the chain h«(e(D ®1)) is in general position with respect to R* forall Re€ Aj_;.

Proof of Proposition 13.4 We have to show two things:

(1) For D acycle in EmkG,{_l , there is a cycle C in EmkG]{ homologous to D.

(i) If C is a cycle in EmkGi which is the boundary of an element of EmkG,{_l
then C is the boundary of an element of ymk G,i .

To show (i), choose a homotopy / as in Lemma 13.5.

Lemma 13.2 implies that (4 oi1)«(ex D) is in the image of g, so we may define
C =& ((hoiy)«(ex D)).

C is acycle, and Lemma 13.5(b) implies that C is in EmkGi.

Lemma 13.2 also implies that s, (e(D ®)) is in the image of ¢, so we may define
E =¢&; ' (hs(e(D ®1))).

Lemma 13.5(c) implies that E is in EmkGi_l .

Let k, A € Cyl be the 0—chains associated to 0,1 € I; then dt = A — k. Now

ex(0E) = d(h«(e(D ®1)))
= hs(e(0D ® 1) + (=1)!Plhi(e(D ® 1)) = (=DPlhi(e(D ® )

=0+ (=DPlhoi)(ex D) — (~1)!Pl(hoig)s(ex D)
= (~1)!Plg(C - D).

Since ¢ is a monomorphism, this implies that C is homologous to D.

To show (ii), let D € EmkG,f_l with dD = C. Choose a homotopy / as in Lemma
13.5. Then (hoiy)«(ex D) and h«(e(dD ® t)) are in the image of ¢, by Lemma 13.2,
so we may define

Ey=¢;"((hoi)«(sx D))  and  E; =g ' (h«(e(dD ®1))).
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Lemma 13.5(b) implies that £; and E, are in EmkG,{. Now

ek (VE2) = (1)1 (1, (e(dD ® 1)) — ha(6(dD ® k)))
= (=D)PH((hoiy)x(ex D) — (h 0 i)« (ex D))
= (=) BE, — C).

Since & is a monomorphism, this implies d((—1)/P|E, + E|) = C. |

14 Proof of Lemma 13.5

We will assume that j = k, since the other cases are essentially the same and the
notation is simpler in this case. So suppose we are given a D satisfying:

Assumption 14.1 (i) D isin EmkGllc‘_l.

(ii) 0D isin ="mkGK.

With the assumption that j = k, Lemma 13.5 specializes to:

Lemma 14.2 There is a k —th factor homotopy h: M ks I — M¥ such that

(@) hoiy is the identity,

(b) the chains (hoiy)«(ex D), (hoi1)«(ex (D)) and h«(e(dD ® 1)) are in general
position with respect to R* for all R: k — k’, and

(c) the chain h«(e(D ®1)) is in general position with respect to R* forall R € Aj_q.

Remark 14.3 Since R* is 1-1, the definition of general position simplifies somewhat:
a chain C is in general position with respect to R* if and only if

dim(supp(C) Nim(R*)) <dim C + (k' — k)m.
Choose a triangulation K of M such that D € (¢4 K)®k.
Notation 14.4 Let 7q,..., 7, be the simplices of K.

We fix orientations for ty,..., 7, (with no requirement of consistency among the
choices); this allows us to think of the 7; as generators of ¢« K.

Since D is in (c+K)®¥ it can be written as a sum

(6) D:Zna'fm@"‘@fak»
a
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where a runs through multi-indices (a1, ...,ax) €{1,...,r}* and n, € Z. Then

supp(ex D) = U Tgy X+ X Tg, .

na#0
Similarly, dD can be written as
(7) 0D =) nyTa ® - ®Tq.
a
and we have
®) supp(eg (0D)) = U Tgy X+ X Tg, .
n,#0

With this notation, we can spell out the meaning of Assumption 14.1:

Lemma 14.5 (a) If S is asubset of k —1 and a is a multi-index with n, # 0 then

dim(ﬂ ra,.) <3 dimeg, + (1-|S)m,

ieS ieS
where |S| is the cardinality of S .

(b) The same inequality holds if S is a subset of k and a is a multi-index with n, #0.

Proof For part (a), let k' =k —| S|+1 andlet R: k — k’ be any surjection which takes
S to 1 and is 1-1 on the rest of k. Note that supp(ex D) Nim(R*) is homeomorphic

to the subspace
U (7 [T )

n,#0 ieS i€S
of M¥'. By Assumption 14.1(i) and Remark 14.3 we have
9) dim(ﬂ T, x]‘[fa,.) <dim D + (1—|S|)m
ieS iéS

for all a with n, # 0. But

dim( () 7, x [ ] ) = dim([") 70,) + Y dim g,

ieS igS ieS iéS

k
and dim D = Z dim 4.
i=1
Combining these equations with inequality (9) completes the proof of part (a). The
proof of part (b) is similar. |
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Next we need a general-position result that will be proved in Section 15-Section 16.
Proposition 14.6 Let M be a compact PL manifold of dimension m and let K be a
triangulation of M . Then there is a PL homotopy
o: M xI —>M

with the following properties.
(a) ¢ oiy is the identity.
(b) If o and t are simplices of K then (¢ 0i1)(0) and t are in general position, ie

dim((¢p oiy)(o) N 1) <dim((¢p 0iy)(0)) +dim T —m.
(c) Ifo and t are any simplices of K then

dim(¢ (o x I) N 1) < max(dimo + 1 + dim t —m, dim(c N 1)).

We choose h: Mk <1 — M*

to be the k—th factor homotopy determined by the PL homotopy ¢ supplied by the
Proposition.

Now let R: k — k’ be a surjection. To prove Lemma 14.2 we need to show that
the chains (h oiy)x(ex D), (hoiy)«(ex(0D)), h«(e(0D ® 1)), and (if R € Ayp_y)
h«(e(D ® 1)) are in general position with respect to R*. We will give the proof for
h+«(e(dD ®1)); the other cases are similar and easier.

Denote the set R~1(R(k)) by Q.

First observe that supp(/«(e(dD ®¢))) is the union of the dim D dimensional simplices

of h(supp(ex D) x I). In particular, it is contained in the union over all a such that
/

ny, # 0 of

Tgy X" X Tq,_ X P(Tq, X T).

It follows that supp(/(e(dD ® t))) Nim(R*) is homeomorphic to a PL subspace of
the union over all a such that n} # 0 of

(]_[ N ra,-)x(qﬁ(takxl)ﬂ N fa,-),

J#RK) ieR-1(j) ieQ—{k}
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and thus we have

dim(supp (/14 (¢(3D ® 1))) Nim(R*))

Emax( Z dim( ﬂ tal.)+dim(q’)(rakxl)ﬂ ﬂ Ta,-))

70 J#R(k) i€ER™1()) ieQ—{k}

It therefore suffices by Remark 14.3 to show that for all a with n), # 0,

(10) Z dim( ﬂ ra,.)+dim(¢(rak><l)ﬂ ﬂ ra,-)

j#R(k) ieR™1(j) ieQ—{k}
< dim(h«(e(0D ®1))) + (k' —k)m.

Fix a multi-index a with n} # 0. By Proposition 14.6(c) we know that one of the two
following inequalities holds:

) dim(¢p(ra x DO () ) Sdimeg, +1+dim( () ) —m

ieQ—{k} ieQ—{k}
(12)  dim(¢p(ta x DN () ) =dim(m N () )
ieQ—{k} ieQ—{k}

If (12) holds then

Z dim( ﬂ rai)—{—dim(qﬁ(takxl)ﬂ ﬂ ‘L’ai)

J#R(k) i€eR™1()) ieQ—{k}
< Z dim( ﬂ ral.)—i—dim(fakﬂ m ‘L’ai)
J#R(Kk) i€ER™1()) ieQ—{k}
&
=Zdim< m Tai)
Jj=1 i€eR™())

< dim(supp(ex (0D)) Nim(R*)) by equation (8)
<dim(gg (dD)) + (k' —k)m by Assumption 14.1(ii)
< dim(h«(e(0D ®1))) + (k' —k)m

so inequality (10) holds in this case.
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If (11) holds then we have
> odim( () ) +dim(pax DN () )
JARK) ieR-1()) €0k}
<y ( > dimzg + (=R ())m) +dim(d(za, x 1)
JARU) ieR1())

+ dim( ﬂ ral.) —m by Lemma 14.5(b) and inequality (11)

ieQ—{k}
5( 3 dimfa,.)+(k/—1—k+|Q|)m+dimfak+1
i¢R~1(k)
—i—dim( ﬂ ral.)—m
ie0—{k}
5( 3 dimrai>—|—(k/—1—k+|Q|)m+dimtak—|—1
i¢R-1(k)
+( 3 fa,.)+(1—|Q|+1)m—m by Lemma 14.5(b)
ieQ—{k}

k
_ (Z dimra,.) F14 (K —kym
i=1
=dim(dD) + 1 + (k' —k)m by equation (7)
— dim(hx(£(3D ® 1)) + (k' — k)m
which proves inequality (10) in this case.

Thus we have shown that /1, (¢(dD ® t)) is in general position with respect to R*.

15 Background for the proof of Proposition 14.6

First we have two simple facts about affine geometry which are the heart of the proof.
Recall that the affine span of a subset of R” is the smallest affine subspace containing
it.

Lemma 15.1 Let o and t be simplices in R" such that the affine span of o U t is all
of R". Then o and t are in general position.

Proof Let U (resp. V') be the affine span of o (resp. t). If U NV is empty the
statement is obvious. Otherwise we can choose a point in U N V' and move it to the
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origin by a translation; then U and V become ordinary subspaces which span R” and
we have

dim(UNV)=dimU +dimV —n,

which proves the lemma. a

Notation 15.2 If o is a simplex in R” and u is an element of R” which is not in o,
the convex hull of ¢ and u will be denoted by (o, u).

Lemma 15.3 Let 0 and t be simplices in R". Let u be a point which is not in the
affine span of o U . Then

(o,uyNt=0nNt.

Proof Let v e (o,u)Nt. Since v € (0, u), we can write v in the form au + (1 —a)s,
with s € 0. If ¢ were nonzero we would have
1 l -«

Uu=-—v—
o o

S.

Since v € 7, this would imply that u is in the affine span of o U t. Therefore @ must
be 0, so v is in o, and hence in o N 7, which proves the lemma. O

Next we recall a well-known way of triangulating o x I. By an ordered simplex we
will mean a simplex with a total ordering of its vertices.

Lemma 15.4 Let o be an ordered simplex and let vy < --- < v; be the ordering of its
vertices. For 0 <i </ let o[i] C o x I be the convex hull of

{(v;.0)|j <i}U{(v;. D) =i}
Then each ofi] is an (I + 1) —simplex.

Also, the set L whose elements are the ¢[i] and their faces is a triangulation of o x I .

Remark 15.5 With the notation of Lemma 15.4, let T be the simplex spanned by
vg,...,V;—1. Then

oli] = (z[i], (v;, 1)) foreachi </, and oll] = (o x {0}, (v, 1)).
Finally, we need a tool for extending PL maps and homotopies.
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Construction 15.6 Let p be a simplex in R” and let u# be an element of R” which is
not in p.

Let © be a PL space with a PL homeomorphism w: Q2 — A™.

(i) Let f: p— Q be a PL map and w an element of 2. We can extend f to a PL
map

fi{p,u) —> Q
by the formula
[lax + (1 —au) = o™ @o(f(x) + (1 —@)ow)).

(i) Next suppose we are given an ordering of the vertices of p; extend this to {p, u)
by letting u be the maximal element. Let ¢: p x I — € be a PL. homotopy and let z
and z’ be elements of 2. We can extend ¢ to a PL homotopy

¢ (p.u)yxI —>Q
as follows. Let / — 1 be the dimension of p. For i </ we have
(p, u)i] = (pli]. (u, 1))

by Remark 15.5. ¢ is already defined on p[i], and we can extend it to {p[i], (1, 1)) by
using the construction in part (i). For i =/, Remark 15.5 gives

{p. u)[1] = {{p, u) x {0}, (u, 1)) = {{p x {0}, (u, 0)), (u, 1)).

¢ is already defined on p x {0}, and we can extend it to ({p x {0}, (1, 0)), (u, 1)) by
applying the construction in part (i) twice, taking (u#,0) to z and (u, 1) to z’.

16 Proof of Proposition 14.6

By the definition of PL manifold, there is a collection of PL subspaces 2; C M such
that each €2; is PL homeomorphic to A™ and the interiors int(£2;) cover M . Choose
PL homeomorphisms

wj: Q i A™,
Recall that by the definition in Section 3, a PL space is given as a subspace of some
R", and therefore inherits a metric. In particular, this is true for the PL manifold M .
Let us denote the metric on M by d and the standard norm on R™ by || ||.

Definition 16.1 (i) For each 2;, choose numbers y; and §; with

llwi(x) —wi(WI <= yid(x.y)  and  d(x,y) =8 [|wi(x) —wi(y)]|
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for all x, y € 2; (such numbers exist because w; and its inverse are PL maps).
(i1) Let A be the greater of max; ;8; and 1.

Definition 16.2 Let 1 be the Lebesgue number of the covering {€2;} (with respect to
the metric d).

Next observe that if Proposition 14.6 holds for some subdivision of K then it holds for
K. Choose a subdivision L of K such that

(i) each €2; is a union of simplices of L,
(i1) the restriction of each w; to each simplex of L in €2; is affine,

(iii) the diameter of each simplex of L is less than g

It suffices to prove Proposition 14.6 for the triangulation L.
Choose an ordering vy, ..., vg for the vertices of L.
Definition 16.3 For 1 < p < s let A, be the union of the simplices of L whose
vertices are in the set {vy,...,vp}. Let Ag be the empty set.
Note that Ag is M .
We will construct, by induction over p with 0 < p < s, a PL homotopy
op: Apx1T - M

with the following properties:

(1) The restriction of ¢p to Ay X 1 is ¢pp_1.

(2) ¢poip is the inclusion map of A, into M .

(3) Foreach x € A,,1 € I we have

d(¢p(x,1),x) < A7
(4) If o is asimplex of L in A, and 7 is any simplex of L then ¢(o x {1}) and
are in general position, and

dim(¢p (0 x I) N 7) < max(dimo + 1 4+ dim 7 —m, dim(o N 7)).

This will complete the proof of Proposition 14.6, because the homotopy ¢ will have
the required properties.

The first step of the induction (the case p = 0) is trivial. Suppose that ¢,_; has been
constructed.
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Notation 16.4 Denote the simplices of L which are in A, but not A,_; by
Ty, Tt
For each 7j, let p; be the face opposite v ; thus

T[] = (pj»vp)-

Combining property (iii) of the triangulation L with property (3) of ¢, and the fact
that A > 1, we see that for each j the diameter of the set

;U ¢p—1(/0j x I)
is less than 7. It follows that for each j we can choose a number i (j) with

(13) mj Udp—1(pj x 1) Cint(Q;(j)).
Notation 16.5 Let E denote the intersection of the sets int(£2;()).

Note that E is nonempty (for example, it contains vy ).

~

If z' is any point in E we can apply Construction 15.6(ii) (with @ = ;(;y and
z =vp) to extend ¢, over all 7; x I simultaneously. The resulting homotopy ¢,
will automatically satisfy properties (1) and (2) above. We next state two lemmas which
will show that there is a z’ for which properties (3) and (4) hold.

Lemma 16.6 ¢, satisfies property (3) if z’ is in the open ball B of radius
around vp .

_n__
2h—pF1

In order to verify property (4) for all simplices o of L which are in A4, it suffices
to consider the simplices which are in A4, but not in A4, _; (that is, the simplices
my,...,7) since the inductive hypothesis ensures that property (4) holds for all
simplices of A,_1.

Lemma 16.7 For each nj and for each simplex t of L, there is an open set Uj ;
which is dense in E such that if z’ is in U; ; then

(@) ¢p(m; x{1}) and t are in general position, and

(b) dim(¢p(mr; x I) N 1) <max(dimz; + 1+ dim 7 —m, dim(z; N 1)).

Geometry & Topology, Volume 10 (2006)



1420 JEMcClure

Before proving Lemma 16.6 and Lemma 16.7 we observe that the set
U=BN()Uj.
jT
will be dense in BN E (and in particular nonempty), and if z’ is in U then ¢, will

satisfy properties (1)-(4), which completes the inductive step and thereby the proof of
Proposition 14.6.

Proof of Lemma 16.6 Let x € 7r; and ¢ € /. Let / be the dimension of 5;. With the
notation of Lemma 15.4, we have (x, ) € mj[e] for some e with 0 < e </. There are
two cases to consider: e </ and e = /.

In the first case, Remark 15.5 allows us to write (x, ) as
a(y. 1)+ (1—a)(vp. 1)
with 0 <« <1, y € pj and ¢’ € I. By Construction 15.6(ii) we have
(14) i) (fp(x, 1)) = @ ;) (Bp—1(y. 1) + (1 — &) w;(j)(2"),
and by property (ii) of the triangulation L we have
(15) wi(j)(xX) = aw;(j)(¥) + (1 —a) w;j)(vp).
Now we have
d(pp(x.1),x) < 8;(j) llwij)(@p(x.1)) —w;jy(x)|| by Definition 16.1(i)
< iy (@ lwiy(Pp—1(y. 1)) — wiciy(W)II

+ (1 =) [Jwi(jy(z) = wijy (Wp)ID
by equations (14) and (15)

<8ihyvigyad(@p—1(r. 1), ») + (1 —a)d(z', vp))
by Definition 16.1(i)
n
<A <(XW +(1—a)d(Z, vp))
by Definition 16.1(ii) and property (3) of ¢,
and this will be < 57 if d(z',vp) < 3557 -

For the second case of property (3) we have e =/, and Remark 15.5 gives

(X,l) :C((y,O)—l-(l —Ol) (Upa 1)

Geometry & Topology, Volume 10 (2006)
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for some y € 7;. Equation (15) is still valid, and equation (14) is replaced by

(16) wi(j) (@p(x, 1)) = € wi(j(¥) + (1 — ) w;j) (2.

Now we have

d(pp(x.1),x) < 8;(j) llwij)(Pp(x.1)) —w;j)(x)|| by Definition 16.1(i)
< 8i(jH(1 —a) l|wi(j)(z") —wi(j)(vp)|l by equations (15) and (16)
<8i(j)vi(j)d(z',vp) by Definition 16.1(i)
<Ad(z',vp) by Definition 16.1(ii)
For this to be < 57— it again suffices to have d(z', vp) < 535257 - o
Proof of Lemma 16.7 We begin by considering the condition in part (a). For this
we need a precise description of the subspace ¢, (7; x {1}). Recall that p; denotes

the face of 7; opposite to the vertex vj,. By statement (13), the set ¢,_(p; x {1}) is
contained in €2;(j). The image of ¢,_1(p; x {1}) under the PL homeomorphism

wi(j): gy = A™

is a union of simplices which we will denote by x1,..., xi. By Construction 15.6(ii),

the subspace ¢, (7; x {1}) is wl_(]l) of the union of the simplices

(x1.0i()(EZ))s - X i) (2)).

In order for z’ to satisfy the condition in Lemma 16.7(a), each of the pairs

((xg. wi(j(2)), wi(j(1))

must be in general position (note that w;(;)(7) is a simplex by property (ii) of the
triangulation L). By Lemma 15.1, this condition is automatically satisfied (with no
restriction on z’) by those pairs for which the affine span of x4 U w;(;)(7) is all of
R™ . For the remaining pairs, it suffices by Lemma 15.3 that w;(;j)(z’) should not be
in the affine span of x4 U w;(;)(7) (note that x, and w;(;)(t) are in general position
because we have assumed that ¢, satisfies property (4)). Since this affine span is
nowhere dense, the set of allowable z’ for each such pair is an open set ¥, which is

dense in E. The intersection of the V;; is an open set V' which is dense in E and if
z’ € V then the condition in Lemma 16.7(a) is satisfied.

For part (b), let / denote the dimension of ;. With the notation of Lemma 15.4 and
Remark 15.5, we have

mixI=( | (pjlel (vp. D)) U (mj x {0}, (vp. 1)).

0<e<l
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For each e </ the image of ¢,_1(p;[e]) under w;(;y is a union of simplices which
we will denote by ¥/{,.... By Construction 15.6(i1), ¢, ({pj[e], (vp, 1))) is a)l_(]l) of
the union of the simplices

(Y1, i), ...
and ¢, ((mrj x {0}, (vp, 1))) is a)l_(Jl) of the simplex
(i) (7)), wij)(2")).
In order for z’ to satisfy the condition in Lemma 16.7(b), we must have
(17) dim((yr¢, w;(jy(z")) Nw;(j) (7)) < max(dim; + 1 4 dim ¢ —m, dim(7; N 7))
for all ¢, and
(18)  dim({w;(j) (7)), wi(j)(z")) Nw;(j(1))
< max(dimrz; + 1 +dimt —m, dim(z; N 1)).
Since we have assumed that ¢, satisfies property (4), we have that for all ¢,
(19) dim(y7 N w;(;)(t)) < max(dim p; + 1 +dim 7 —m, dim(p; N 7)).

To prove inequality (17) we must consider two cases: either the affine span of the union
w; U w;(j)(7) is all of R™ or it is not. In the first case we have (with no restriction
on z)
dim((¥g, w;(j) (") Ny () < dim((¥], wi(j)(2)) + dim(w;(jy () —m
by Lemma 15.1
<dimyy + 1 +dimt—m
<dimp; +2+dimz—m
=dimm; +1+dimt —m.
In the second case we assume that w;(;)(z) is not in the affine span of Vg U o) (7).
Then we have
dim((g, w;(jy(z)) Nw;(j) (1)) = dim(yg N w;(;)(r)) by Lemma 15.3
< max(dim p; + 1 +dim 7 —m, dim(p; N 1))
by inequality (19)
<max(dimm; + 1 +dimt —m, dim(w; N 7)).

To prove inequality (18) we again consider two cases: either the affine span of the
union w;(j)(m;) U w;(j)(t) is all of R™ or it is not. In the first case we have (with no
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restriction on z’)

dim({w;(j) () .wi(j)(2")) N w;(jy (7))
=< dim({w;(j) (7)), i) (2)) + dim(w; () (2)) —m
by Lemma 15.1
<dimm; +1+dimt —m.
In the second case we assume that w;(j)(z’) is not in the affine span of the union
w;i(j)(7j) U w;(;)(t). Then we have
dim((w; () (7)), @i(j) () N i) () = dim(w; () (77) N ;) (7))
by Lemma 15.3
= dim(m; N 7).
To sum up, there is a dense open subset W of E such that if z € W then the condition

of Lemma 16.7(b) is satisfied.
Finally, let U; ; be VNW. O
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