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Blanchfield and Seifert algebra in high-dimensional
boundary link theory I: Algebraic K –theory

ANDREW RANICKI

DESMOND SHEIHAM

The classification of high-dimensional �–component boundary links motivates de-
composition theorems for the algebraic K–groups of the group ring AŒF�� and the
noncommutative Cohn localization †�1AŒF�� , for any �> 1 and an arbitrary ring A ,
with F� the free group on � generators and † the set of matrices over AŒF�� which
become invertible over A under the augmentation AŒF��!A . Blanchfield AŒF��–
modules and Seifert A–modules are abstract algebraic analogues of the exteriors
and Seifert surfaces of boundary links. Algebraic transversality for AŒF��–module
chain complexes is used to establish a long exact sequence relating the algebraic K–
groups of the Blanchfield and Seifert modules, and to obtain the decompositions of
K�.AŒF��/ and K�.†

�1AŒF��/ subject to a stable flatness condition on †�1AŒF��

for the higher K–groups.

19D50, 57Q45; 20E05

Desmond Sheiham died 25 March 2005.
This paper is dedicated to the memory of Paul Cohn and Jerry Levine.

Introduction

For any integer �> 1 let F� be the free group on � generators z1; z2; : : : ; z� . The
classification theory of high-dimensional �–component boundary links involves ‘Seifert
Z–modules’ and ‘Blanchfield ZŒF��–modules’, corresponding to the algebraic invari-
ants obtained from �–component Seifert surfaces and the boundary link exterior. This
paper concerns the algebraic relationship between f.g. projective Seifert A–modules
and h.d. 1 Blanchfield AŒF��–modules for any ring A, extending the work of Sheiham
[41]. Part I deals with the algebraic K–theory of the Seifert and Blanchfield modules.
Part II will deal with the algebraic L–theory of the Seifert and Blanchfield forms, such
as arises in the computation of the cobordism groups of boundary links. The algebraic
K– and L–theory in the knot case �D 1 have already been done by Ranicki [34].
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1762 Andrew Ranicki and Desmond Sheiham

Combinatorial transversality

Section 1 develops a combinatorial construction of fundamental domains for F�–covers
of C W complexes which will serve as a role model for the algebraic transversal-
ity of AŒF��–module chain complexes in the subsequent sections. The F�–covers
pW �W!W of a space W are classified by the homotopy classes of maps

cW W �! BF� D
_
�

S1

with �W D c�EF� the pullback to W of the universal cover EF� of BF� . Let
02BF� be the point at which the circles S1 are joined, and choose points 1; 2; : : : ; �2

BF�nf0g, one in each circle. If W is a compact manifold then c is homotopic to a
map which is transverse regular at f1; 2; : : : ; �g � BF� , so that

V D c�1.f1; 2; : : : ; �g/D V1 tV2 t : : :tV� �W

is a disjoint union of � codimension–1 submanifolds Vi D c�1.fig/�W (which may
be empty) and cutting W at V there is obtained a fundamental domain U � �W , a
compact manifold with boundary

@U D

�G
iD1

.Vi t ziVi/:

If W is connected and c�W �1.W / ! F� is surjective then U is connected and
V1;V2; : : : ;V� are non-empty, and may be chosen to be connected. In the combinatorial
version of transversality it is only required that W be a finite C W complex, and W

may be replaced by a simple homotopy equivalent finite C W complex also denoted
by W , with disjoint subcomplexes V1;V2; : : : ;V� �W and a fundamental domain
U � �W which is a finite subcomplex with a subcomplex

@U D

�G
iD1

.Vi t ziVi/� U; Vi D U \ z�1
i U

such that[
g2F�

gU D �W ; gU \ hU D∅ unless g�1h 2 f1; z1; z
�1
1 ; : : : ; z�; z

�1
� g:

Ranicki [35] developed combinatorial transversality at Y � X for maps of finite C W

complexes
W !X DX1[Y X2
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Blanchfield and Seifert algebra 1763

with X;X1;X2;Y connected and �1.Y /! �1.X1/, �1.Y /! �1.X2/ injective. The
essential difference from [35] is that we are here using the Cayley tree EF� D G�
of F� rather than the Bass–Serre tree of the amalgamated free product given by the
Seifert–van Kampen Theorem

�1.X /D �1.X1/��1.Y / �1.X2/

for bookkeeping purposes. We show that W can be replaced by a simple homotopy
equivalent finite C W complex W with disjoint subcomplexes V1;V2; : : : ;V� �W ,
such that the F�–cover �W can be constructed from a fundamental domain finite
subcomplex U � �W obtained by cutting W at V D V1 tV2 t : : :tV� �W .

Algebraic transversality

Let A be an associative ring with 1. All A–modules will be understood to be left
A–modules, unless a right A–module structure is specified.

Section 2 develops an ‘algebraic transversality’ technique for cutting AŒF��–modules
along A–modules, which mimics the geometric transversality method of Section 1. In
Section 2 we shall prove:

Theorem A Every AŒF��–module chain complex E admits a ‘Mayer–Vietoris pre-
sentation’

0 //
�L

iD1

C .i/ŒF��
f

// DŒF�� // E // 0

with C .i/;D A–module chain complexes, and f D .f C
1

z1 � f
�

1
: : : f C� z� � f

�
� /

defined using A–module chain maps f Ci ; f
�

i W C
.i/!D . If E is a f.g. free AŒF��–

module chain complex then C .i/ , D can be chosen to be f.g. free A–module chain
complexes, with D �E and f Ci ; f

�
i W C

.i/ DD\ z�1
i D!D given by f Ci .x/D x ,

f �i .x/D zix .

Remark For � D 1 Theorem A was first proved by Waldhausen [47], being the
chain complex version of the Higman linearization trick for matrices with entries in the
Laurent polynomial extension AŒF1�DAŒz; z�1�. The algebraic transversality theory
of [47] applies to chain complexes over the group rings AŒG1 �H G2� of injective
amalgamated free products G1 �H G2 , using the Bass–Serre theory of groups acting
on trees. In principle, Theorem A for �> 2 could be proved by applying [47] to the
successive free products in

F� D F1 �F��1 D F1 � .F1 �F��2/D � � � D F1 � .F1 � .F1 � � � � � .F1///
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1764 Andrew Ranicki and Desmond Sheiham

but this would be quite awkward in practice. In view of both the geometric motivation
and the algebraic applications it is better to prove Theorem A (as will be done in Section
2) using the Cayley tree of F� with respect to the generator set fz1; z2; : : : ; z�g.

Boundary links

A �–component link is a (locally flat, oriented) embedding

`W
G
�

Sn
� SnC2:

Every link admits a Seifert surface V nC1 � SnC2 , a codimension–1 submanifold with
boundary

@V D `
�G
�

Sn
�
� SnC2:

By definition, ` is a �–component boundary link if there exists a �–component Seifert
surface

V nC1
D V1 tV2 t : : :tV� � SnC2:

The exterior of a link ` is the .nC2/–dimensional manifold with boundary

.W nC2; @W /D
�

cl
�
SnC2

�

�
`
�G
�

Sn
�
�D2

��
; `
�G
�

Sn
�
�S1

�
:

In particular, a knot Sn � SnC2 is a 1–component boundary link.

The trivial �–component boundary link

`0W

G
�

Sn
� SnC2

is defined by the connected sum of � copies of the trivial knot

Sn
� .Sn

�D2/[ .DnC1
�S1/D SnC2;

so that
`0W

G
�

Sn
� #
�

SnC2
D SnC2

D

�G
�

Sn
�D2

�
[W0

has Seifert surface and exterior

V0 D

G
�

DnC1; W0 D #
�
.DnC1

�S1/� SnC2:

The exterior W0 has the homotopy type of
W
� S1_

W
��1 SnC1 , with �1.W0/DF� .
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We shall make much use of the fact that the universal cover of BF� D
W
� S1 is the

contractible space with free F�–action defined by the Cayley tree EF� DG� of F� ,
with vertices g 2 F� and edges .g;gzi/ .g 2 F�; 1 6 i 6 �/. The cellular chain
complex C.EF�/ D C.G�/ is the standard 1–dimensional f.g. free ZŒF��–module
resolution of Z

0 // C1.G�/D

�M
iD1

ZŒF��
d // C0.G�/D ZŒF�� // Z // 0 ;

the Mayer–Vietoris presentation with d D .z1� 1 z2� 1 : : : z�� 1/.

The exterior W of an n–dimensional link `W
F
� Sn � SnC2 is homotopy equivalent

to the complement SnC2n`
�F

� Sn
�
, so that

H�.W / DH�

�
SnC2n`

�F
�

Sn
��

DH nC2��
�
SnC2; `

�F
�

Sn
��
DH nC1��

�F
�

Sn
�

.� ¤ 0; nC 2/

by Alexander duality. The homology groups H�.W /;H�.W0/ are thus the same:

Hr .W /DHr .W0/D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

Z if r D 0L
�

Z if r D 1L
��1

Z if r D nC 1

0 otherwise:

The homotopy groups ��.W /; ��.W0/ are in general not the same, on account of
linking. By Smythe [43] and Gutierrez [22] ` is a boundary link if and only if there exists
a surjection �1.W /! �1.W0/D F� sending the meridians m1;m2; : : : ;m�W S

1 �

W around the � components `1; `2; : : : ; `�W S
n � SnC2 of ` to the generators

z1; z2; : : : ; z� 2 F� . We shall only be considering boundary links ` with a particular
choice of such a surjection �1.W /! F� , the F�–links of Cappell and Shaneson
[9]. For any such ` there exists a map cW W ! W0 which induces a surjection
c�W �1.W /!�1.W0/ and isomorphisms c�W H�.W /ŠH�.W0/. Let �W D c� �W0 be
the pullback F�–cover of W , with a f.g. free ZŒF��–module cellular chain complex
C. �W /. An F�–equivariant lift zcW �W ! �W0 of c induces a ZŒF��–module chain map
zcW C. �W /! C. �W0/ and a Z–module chain equivalence cW C.W /! C.W0/. A �–
component Seifert surface V D V1tV2t : : :tV� � SnC2 for ` has a neighbourhood
V � Œ�1; 1�� SnC2 , with V D V � f0g. The F�–cover �W can be constructed from
F� copies of SnC2nV , glued together using the inclusions f Ci ; f

�
i W Vi! SnC2nV
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1766 Andrew Ranicki and Desmond Sheiham

defined by
f ˙i .vi/D .vi ;˙1/ 2 V � Œ�1; 1�� SnC2:

It follows that C. �W / has a f.g. free ZŒF��–module Mayer–Vietoris presentation

0 //
�M

iD1

C.Vi/ŒF��
f

// C.SnC2
nV /ŒF�� // C. �W / // 0

with f D f Cz�f � D .f C
1

z1�f
�

1
: : : f C� z��f

�
� /.

Seifert and Blanchfield modules

There are four fundamental notions in our abstract version for any ring A of the Seifert
and Blanchfield modules of �–component boundary links:

(i) A Seifert A–module is a triple

.P; e; f�ig/D . A–module; endomorphism; f�ig/

where f�i W P!Pg is a system of idempotents expressing P as a �–fold direct
sum, with

�i W P D P1˚P2˚ � � �˚P�! P I

.x1;x2; : : : ;x�/ 7! .0; : : : ; 0;xi ; 0; : : : ; 0/:

Let Sei1.A/ be the category of Seifert A–modules. A Seifert A–module
.P; e; f�ig/ is f.g. projective if P is a f.g. projective A–module. Let Sei.A/�
Sei1.A/ be the full subcategory of the f.g. projective Seifert A–modules.

(ii) A Blanchfield AŒF��–module M is an AŒF��–module such that

TorAŒF��
� .A;M /D 0;

regarding A as a right AŒF��–module via the augmentation map

�W AŒF��!AI zi 7! 1:

Let Bla1.A/ be the category of Blanchfield AŒF��–modules. In Section 3.2
Blanchfield AŒF��–modules will be identified with the F�–link modules in
the sense of Sheiham [41], that is AŒF��–modules M which admit an AŒF��–
module presentation

0 // P ŒF��
d // QŒF�� // M // 0
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for A–modules P;Q with the augmentation �.d/W P ! Q an A–module
isomorphism. Thus Bla1.A/ is just the F�–link module category F lk1.A/ of
[41]. A Blanchfield AŒF��–module M has homological dimension 1 (or h.d. 1
for short) if it has a 1–dimensional f.g. projective AŒF��–module resolution

0 // K
d // L // M // 0

with (necessarily) �.d/ D 1˝ d W A˝AŒF�� K ! A˝AŒF�� L an A–module
isomorphism. Let Bla.A/ � Bla1.A/ be the full subcategory of the h.d. 1
Blanchfield AŒF��–modules. Let F lk.A/ � Bla.A/ be the full subcategory
of the h.d. 1 Blanchfield modules M which admit a 1–dimensional induced
f.g. projective AŒF��–module resolution

0 // P ŒF��
d // QŒF�� // M // 0

with P;Q f.g. projective A–modules. As in [41] the objects of F lk.A/ will be
called h.d. 1 F�–link modules.

(iii) The covering of a Seifert A–module .P; e; f�ig/ is the Blanchfield AŒF��–
module

B.P; e; f�ig/D coker.1� eC ezW P ŒF��! P ŒF��/

with z D
�P

iD1

�izi W P ŒF��! P ŒF��, defining functors

B1W Sei1.A/! Bla1.A/; BW Sei.A/! F lk.A/:

(iv) A Seifert A–module .P; e; f�ig/ is primitive if B.P; e; f�ig/D 0. Let

Prim1.A/D ker.B1W Sei1.A/! Bla1.A//

be the full subcategory of Sei1.A/ with objects the primitive Seifert A–modules,
and let

Prim.A/D ker.BW Sei.A/! F lk.A//� Sei.A/

be the full subcategory of Sei.A/ with objects the primitive f.g. projective Seifert
A–modules.

Simple boundary links

The motivational examples of f.g. projective Seifert Z–modules and h.d. 1 F�–link
ZŒF��–modules come from the .2q�1/–dimensional �–component boundary links
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1768 Andrew Ranicki and Desmond Sheiham

`W
F
� S2q�1 � S2qC1 which are simple, meaning that the exterior W has homotopy

groups

�r .W /D

(
F� if r D 1

0 if 2 6 r 6 q� 1;

so that the universal cover �W is .q�1/–connected. These conditions are equivalent
to the existence of a �–component Seifert surface V D V1 tV2 t � � � tV� with each
component Vi .q�1/–connected:

�r .Vi/D 0 .1 6 i 6 �; 1 6 r 6 q� 1/:

The homology of the Seifert surface defines a f.g. projective (actually f.g. free) Seifert
Z–module .P; e; f�ig/, with

�i D 0˚ � � �˚ 0˚ 1˚ 0˚ � � �˚ 0W P D

�M
iD1

Hq.Vi/! P D

�M
iD1

Hq.Vi/

and

e D .f C
1
f C

2
: : : f C� /W P DHq.V /D

�M
iD1

Hq.Vi/ �!

Hq.S
2qC1
nV /DH q.V /DHq.V /D P

the endomorphism induced by the inclusions f Ci W Vi! S2qC1nV , identifying

Hq.S
2qC1
nV /DH q.V /

by Alexander duality and H q.V / D Hq.V / by Poincaré duality. The covering of
.P; e; f�ig/ is the h.d. 1 F�–link ZŒF��–module

B.P; e; f�ig/DHq. �W /

defined by the homology of the F�–cover �W of the exterior W . The f.g. projective
Seifert Z–module .P; e; f�ig/ is primitive if and only if Hq. �W /D 0; for q > 2 this
is the case if and only if ` is unlinked (Gutierrez [22]).

Blanchfield = Seifert/primitive

Section 3 uses algebraic transversality to prove that every h.d. 1 F�–link module
M is isomorphic to the covering B.P; e; f�ig/ of a f.g. projective Seifert A–module
.P; e; f�ig/, and that morphisms of h.d. 1 F�–link modules can be expressed as
fractions of morphisms of f.g. projective Seifert A–modules.

The algebraic relation between Seifert A–modules and Blanchfield AŒF��–modules
for AD Z was first investigated systematically in the knot case �D 1, by Levine [25;
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26] and Trotter [46], and for the link case �> 1 by Farber [13; 14] and Sheiham [41].
In particular, [41] expressed the Blanchfield module category Bla1.A/D F lk1.A/
as the quotient of the Seifert A–module category Sei1.A/ by the primitive Seifert
A–module subcategory Prim1.A/, as we now recall.

Let A be an abelian category. By definition, a Serre subcategory C �A is a non-empty
full subcategory such that for every exact sequence in A

0!M 0
!M !M 00

! 0

M is an object in C if and only if M 0;M 00 are objects in C . Gabriel [17] defined the
quotient abelian category A=C with the same objects as A but different morphisms: if
M;N are objects in A then

HomA=C.M;N /D lim
�!

HomA.M
0;N 00/

with the direct limit taken over all the exact sequences in A

0!M 0
!M !M 00

! 0; 0!N 0!N !N 00! 0

with M 00;N 0 objects in C . The canonical functor F W A ! A=CIA 7! A sends
each object C in C to F.C / D 0, and has the universal property that for any exact
functor GW A!B such that G.C /D 0 for all objects in C there exists a unique functor
SGW A=C!B such that SGF DG . In particular, if B is an exact category and GW A!B
is an exact functor then the full subcategory C �A with objects C such that G.C /D 0

is a Serre subcategory, and there is induced a functor SGW A=C! BIA 7!G.A/ such
that G D SGF .

By definition, a category is small if the class of morphisms is a set. In order to avoid
set-theoretic difficulties we shall only be dealing with categories which are essentially
small, ie equivalent to a small category.

Let A be an essentially small category, and let † be a set of morphisms in A, e.g.
the morphisms of a subcategory. A category of fractions †�1A is a category with a
universally †–inverting functor F W A!†�1A, meaning that:

(i) F sends each f 2† to an isomorphism F.f / in †�1A,

(ii) for any functor GW A! B which sends each f 2† to an isomorphism G.f /

there exists a unique functor SGW †�1A! B such that SGF DG .

An essentially small category of fractions †�1A exists, with the same objects as A,
and such a category is unique up to isomorphism (Gabriel and Zisman [18], Borceux
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[7, 5.2.2]). For example, if A is an abelian category and C �A is a Serre subcategory,
then

A=C D†�1A
is a category of fractions inverting the set † of morphisms f in A with ker.f / and
coker.f / in C .

An AŒF��–module M is Blanchfield if and only if the A–module morphism

 W
M
�

M !M I .m1;m2; : : : ;m�/ 7!

�X
iD1

.zi � 1/mi

is an isomorphism, called the Sato isomorphism (after [37], the case AD Z). As in
Sheiham [41], for any Blanchfield AŒF��–module M use the A–module morphisms

pi W

M
�

M !M I .m1;m2; : : : ;m�/ 7!mi ;

!W
M
�

M !M I .m1;m2; : : : ;m�/ 7!

�X
iD1

mi ;

�i D pi
�1
W M !M;

e D !�1
W M !M

to define a Seifert A–module U.M /D .M; e; f�ig/.

The categories Prim1.A/, Sei1.A/ are abelian, while Bla1.A/ is in general only
exact. The covering functor B1W Sei1.A/! Bla1.A/ was shown in [41, 5.2] to
be exact, so that Prim1.A/ � Sei1.A/ is a Serre subcategory. Thus if „1 is the
set of morphisms f in Sei1.A/ such that B.f / is an isomorphism in Bla1.A/, or
equivalently ker.f / and coker.f / are in Prim1.A/, then

Sei1.A/=Prim1.A/D„�1
1 Sei1.A/:

The induced exact functor xB1W Sei1.A/=Prim1.A/! Bla1.A/ is such that

B1W Sei1.A/! Sei1.A/=Prim1.A/
xB1 // Bla1.A/

and has the universal property of inverting „1 . The functor xB1 was shown to be an
equivalence in [41, 5.15] using the fact that the functor

U1W Bla1.A/! Sei1.A/I M 7! U.M /

is right adjoint to B : for any Seifert A–module V there is a natural isomorphism

HomBla1.A/.B.V /;M /Š HomSei1.A/.V;U.M //:
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The functor U1 is fully faithful, allowing Bla1.A/ to be regarded as a full subcategory
of Sei1.A/. By [41, 5.15] U1 induces a functor

SU1W Bla1.A/! Sei1.A/=Prim1.A/

which is an equivalence inverse to xB1 . Thus up to equivalence

Sei1.A/=Prim1.A/D„�1
1 Sei1.A/D Bla1.A/:

The categories Prim.A/;Sei.A/;F lk.A/;Bla.A/ are exact but not in general abelian.
As in [41] let Sei.A/=Prim1.A/�Sei1.A/=Prim1.A/ be the full subcategory with
objects in Sei.A/. The equivalence

xB1W Sei1.A/=Prim1.A/
� // Bla1.A/

was shown in [41, 5.17] to restrict to an equivalence of exact sequences

xBW Sei.A/=Prim1.A/
� // F lk.A/

with

BW Sei.A/! Sei.A/=Prim1.A/
xB
�

// F lk.A/:

From the construction of Sei1.A/=Prim1.A/ a morphism in Sei.A/=Prim1.A/
may involve objects in Sei1.A/ which are not in Sei.A/, so that the equivalence xB
cannot be used to relate the algebraic K–theories of Sei.A/ and F lk.A/.

A category of fractions †�1A has a left calculus of fractions if:

(i) .1W A!A/ 2† for every object A in A,

(ii) if .sW A! B/; .t W B! C / 2† then .tsW A! C / 2†,

(iii) for any f W A! B in A and sW A!D in † there exist gW D! C in A and
t W B! C in † such that tf D gsW A! C ,

(iv) for any f;gW A! B in A and sW D!A in † with f s D gsW D! B there
exists .t W B! C / 2† with tf D tgW A! C .

It then follows that a morphism A! B in †�1A can be regarded as an equivalence
class s�1f of pairs .f W A! C; sW B! C / of morphisms in A with s 2†, where

.f; s/� .f 0; s0/ if there exist morphisms gW C !D; g0W C 0!D in A

with .gs D g0s0W B!D/ 2† and gf D g0f 0W A!D

so that

s�1f D .gs/�1.gf /D .g0s0/�1.g0f 0/D s0
�1
f 0W A! B in †�1A:
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Let „ be the set of morphisms f in Sei.A/ such that B.f / is an isomorphism in
F lk.A/, or equivalently such that ker.f / and coker.f / are in Prim1.A/. In Section
3 we shall prove:

Theorem B (i) The category of fractions „�1Sei.A/ has a left calculus of frac-
tions, and the covering functor BW Sei.A/! F lk.A/ induces an equivalence of exact
categories

xBW „�1Sei.A/ � // F lk.A/:

(ii) The h.d. 1 Blanchfield AŒF��–module category Bla.A/ is the idempotent comple-
tion of the h.d. 1 F�–link module category F lk.A/.

The key step in the proof of Theorem B (i) is the use of the algebraic transversality
Theorem A to verify that for any h.d. 1 F�–link module M the Seifert A–module
U.M / is a direct limit of morphisms in „.

Primitive = near-projection

Section 4 gives an intrinsic characterization of the primitive f.g. projective Seifert
A–modules .P; e; f�ig/ as generalized near-projections.

An endomorphism eW P ! P of an A–module P is nilpotent if eN D 0 for some
N > 0.

An endomorphism eW P ! P is a near-projection if e.1� e/W P ! P is nilpotent
(Lück and Ranicki [28]).

In Section 4 we shall prove:

Theorem C A f.g. projective Seifert A–module .P; e; f�ig/ is primitive if and only
if it can be expressed as

.P; e; f�ig/D

�
PC˚P�;

�
eCC eC�

e�C e��

�
; f�Ci g˚ f�

�
i g

�
and the 2�–component Seifert A–module

.P 0; e0; � 0/D

�
PC˚P� ;

�
eCC �eC�

e�C 1� e��

�
; f�Ci g˚ f�

�
i g

�
is such that e0z0W P 0ŒF2�� ! P 0ŒF2�� is nilpotent, with F2� the free group on 2�

generators z0
1
; : : : ; z0

2�
.
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For � D 1 the condition for a f.g. projective Seifert A–module .P; e; f�ig/ to be
primitive is just that e be a near-projection. For �D 1 Theorem C is just the result
of Bass, Heller and Swan [5] that 1� eC ezW P Œz; z�1�! P Œz; z�1� is an AŒz; z�1�–
module isomorphism if and only if e is a near-projection, if and only if .P; e/ D
.PC; eCC/˚ .P�; e��/ with eCCW PC! PC and 1� e��W P�! P� nilpotent.

Algebraic K –theory

Section 5 obtains results on the algebraic K–theory of AŒF��, Prim.A/, Sei.A/,
F lk.A/ and Bla.A/, using the algebraic K–theory noncommutative localization exact
sequences of Schofield [39] and Neeman–Ranicki [30; 31].

The class group K0.E/ of an exact category E is the Grothendieck group with one
generator ŒM � for each object M in E , and one relation ŒK�� ŒL�C ŒM �D 0 for each
exact sequence in E

0!K!L!M ! 0:

The algebraic K–groups Kn.E/ are defined by Quillen [32] for n>1 and by Schlichting
[38] for n 6 �1. Write

Prim�.A/DK�.Prim.A//; Sei�.A/DK�.Sei.A//;

Bla�.A/DK�.Bla.A//; Flk�.A/DK�.F lk.A//;

noting that Blan.A/D Flkn.A/ for n¤ 0.

Theorem D (i) The algebraic K–groups of AŒF�� split as

K�.AŒF��/DK�.A/˚
M
�

K��1.A/˚ ePrim��1.A/:

(ii) The sequence of functors

Prim.A/ // Sei.A/ B // Bla.A/

induces a long exact sequence of algebraic K–groups

� � � ! Primn.A/! Sein.A/
B // Blan.A/! Primn�1.A/! � � �

with

im.BW Sei0.A/! Bla0.A//D Flk0.A/� Bla0.A/:
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(iii) The exact sequence in (ii) splits as a direct sum of exact sequences

� � � !
L
2�

Kn.A/!
L
�

Kn.A/
0 //

L
�

Kn�1.A/!
L
2�

Kn�1.A/! � � � ;

� � � ! ePrimn.A/! fSein.A/! fBlan.A/! ePrimn�1.A/! � � � :

For � D 1 Prim.A/ is the exact category of f.g. projective A–modules P with a
near-projection eW P!P , which is equivalent to the product N il.A/�N il.A/ of two
copies of the exact category N il.A/ of f.g. projective A–modules P with a nilpotent
endomorphism eW P ! P , and

Prim�.A/DK�.Prim.A//D Nil�.A/˚Nil�.A/;

Nil�.A/DK�.N il.A//DK�.A/˚fNil�.A/;

ePrim�.A/D fNil�.A/˚fNil�.A/:

Thus for �D 1 Theorem D (i) is just the splitting theorem of Bass, Heller and Swan
[5], [4] for K1.AŒz; z

�1�/ and its generalization to the higher K–groups

K�.AŒz; z
�1�/DK�.A/˚K��1.A/˚eNil��1.A/˚eNil��1.A/:

Theorem D (ii)–(iii) is new even in the case �D 1.

Let †�1AŒF�� be the noncommutative Cohn (ie universal) localization of AŒF��

inverting the set † of the morphisms of f.g. projective AŒF��–modules which induce
isomorphisms of f.g. projective A–modules under the augmentation � WAŒF��!A.
The exact category H.AŒF��; †/ of h.d. 1 †–torsion AŒF��–modules is such that

H.AŒF��; †/D Bla.A/; K�.H.AŒF��; †//D Bla�.A/:

Theorem E (i) The localization exact sequence

K1.AŒF��/!K1.†
�1AŒF��/!K0.H.AŒF��; †//!K0.AŒF��/! � � �

splits as a direct sum of the exact sequences

K1.A/˚
L
�

K0.A/!K1.A/
0 //

L
�

K�1.A/!K0.A/˚
L
�

K�1.A/! � � � ;

ePrim0.A/! fSei0.A/! fBla0.A/! ePrim�1.A/! � � � :

(ii) If †�1AŒF�� is stably flat (ie if TorAŒF��
� .†�1AŒF��; †

�1AŒF��/D 0 for �> 1)
the exact sequences and the splitting in (i) extend to the left, involving the algebraic
K–groups Kn for n > 2, with

K�.†
�1AŒF��/DK�.A/˚eSei��1.A/:
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For �D 1 Sei.A/ is the exact category End.A/ of f.g. projective A–modules P with
an endomorphism eW P ! P , and

Sei�.A/DK�.End.A//D End�.A/DK�.A/˚eEnd�.A/:

The special case of Theorem E (i)

K1.†
�1AŒz; z�1�/DK1.A/˚eEnd0.A/

is the splitting theorem of Ranicki [33, 10.21].

We are grateful to Pere Ara, Warren Dicks, Marco Schlichting and the referee for helpful
comments on the preprint version of the paper, which have led to various improvements.
In particular, it was Pere Ara who pointed out that the Blanchfield AŒF��–module
category Bla1.A/ is the same as the F�–link module category F lk1.A/ of [41].

1 Combinatorial transversality for F�–covers

For �> 1 let F� D hz1; z2; : : : ; z�i be the free group with generators z1; z2; : : : ; z� .

1.1 F�–covers

Definition 1.1 An F�–cover of a space W is a regular covering pW �W !W with
group of covering translations F� .

A classifying space BF� for F�–covers is a connected space such that

�j .BF�/D

(
F� if j D 1

0 if j > 2:

The universal cover of BF� is an F�–cover

p�W EF� DeBF �! BF�

with EF� a contractible space with a free F�–action.

Proposition 1.2 (i) Given an F�–cover pW �W !W and a map f W V !W there
is defined a pullback square

zV

zf
//

f �p

��

�W
p

��
V

f
// W
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with
zV D f � �W D ˚.x;y/ 2 V � �W jf .x/D p.y/ 2W

	
;

f �pW zV ! V I .x;y/ 7! x; zf W zV ! �W I .x;y/ 7! y

such that f �pW zV ! V is the pullback F�–cover.

(ii) The F�–covers pW �W !W of a space W are classified by the homotopy classes
of maps cW W ! BF� with�W D c�EF� D

˚
.x;y/ 2W �EF� j c.x/D Œy� 2 BF�

	
;

p.x;y/D c�p�.x;y/D x:

For a connected space W the homotopy classes of maps cW W !BF� are in one-one
correspondence with the morphisms c�W �1.W /! F� ; the connected F�–covers �W
correspond to surjections c�W �1.W /! F� .

Proof Standard.

1.2 The Cayley tree G�

We shall be working with the following explicit constructions of BF� and EF� , as
well as the Cayley tree of F� :

Definition 1.3 The Cayley tree G� is the tree with vertex set

G.0/
� D F�

and edge set

G.1/
� D f.g;gzi/ jg 2 F�; 1 6 i 6 �g �G.0/

� �G.0/
� :

�

�

�

��
z�1

i .z�1
i ; 1/ 1 .1; zi/ zi

zj

.1; zj /

.z�1
j ; 1/

z�1
j
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Define a transitive F�–action on G�

F� �G�!G�I .g;x/ 7! gx

with quotient the one-point union of � circles

G�=F� D BF� D
_
�

S1:

Let

I� D

�[
iD1

Œe�i ; e
C
i �� R�

with

eCi D .0; : : : ; 0; 1; 0; : : : ; 0/; e�i D .0; : : : ; 0;�1; 0; : : : ; 0/ 2 R�;

Œe�i ; e
C
i �D f.0; : : : ; 0; t; 0; : : : ; 0/ j � 1 6 t 6 1g � R�:

Thus I� is the one-point union of � copies of the interval Œ�1; 1�� R , identifying the
� copies of 0 2 Œ�1; 1�.

We regard BF� as the quotient space of I�

BF� D I�=fe
C
i � e�i j 1 6 i 6 �g D

_
�

S1;

the one-point union of � copies of the circle S1 D Œ�1; 1�=.�1� 1/ in which the �
copies of Œ0� 2 S1 are identified, with

ei D Œe
C
i �D Œe

�
i �¤ Œ0� 2 BF�

a point in the i th circle. The universal cover EF� of BF� is

EF� D .F� � I�/=f.g; e
C
i /� .gzi ; e

�
i / jg 2 F�; 1 6 i 6 �g;

a contractible space with a free F�–action

F� �EF�!EF�I .g; .h;x// 7! .gh;x/

and covering projection

p�W EF�! BF�I Œg;x� 7! Œx�:

Define an F�–equivariant homeomorphism G�
Š // EF� by sending the vertex

g 2 G
.0/
� D F� to the point .g; 0/ 2 EF� , and the edge .g;gzi/ 2 G

.1/
� to the line

segment
f.g; teCi / j 0 6 t 6 1g[ f.gzi ; te

�
i / j 0 6 t 6 1g �EF�
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with endpoints .g; 0/, .gzi ; 0/ 2 EF� . The projection G� ! G�=F� can thus be
identified with the universal cover p�W EF�! BF� .

1.3 Fundamental domains

Definition 1.4 A fundamental domain of an F�–cover pW �W ! W is a closed
subspace U � �W such that

(a) F�U D �W , or equivalently p.U /DW ,

(b) for any g; h 2 F�

gU \ hU D

8̂̂̂̂
<̂
ˆ̂̂:

gVi if g D hzi

hVi if g D hz�1
i

gU if g D h

∅ otherwise

with Vi D U \ z�1
i U .

UVi zi Vi

Vj

zjVj

zi Uz�1
i

U

zjU

z�1
j

U
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Thus U � �W is sufficiently large for the translates gU � �W (g 2 F� ) to cover �W ,
but sufficiently small for the overlaps gU \hU to be non-empty only if g�1hD 1 or
zi or z�1

i .

Example 1.5 (i) The subspace .1; I�/ � EF� is a fundamental domain of the
universal cover p�W EF�! BF� .

(ii) Let G0� be the barycentric subdivision of the Cayley tree G� , the tree with

.G0�/
.0/ DG

.0/
� [G

.1/
� ;

.G0�/
.1/ D f.h; .g;gzi// j hD g or gzig � .G

0
�/
.0/ � .G0�/

.0/:

The F�–equivariant homeomorphism G� DG0� ŠEF� sends the vertex .g;gzi/ 2

.G0�/
.0/ to .g; eCi / 2EF� . The subgraph U� �G0� defined by

U
.0/
� D f1g[ f.1; zi/g[ f.z

�1
i ; 1/g

U
.1/
� D f.1; .1; zi//g[ f.z

�1
i ; .z�1

i ; 1//g

is the fundamental domain of the cover G�!G�=F� corresponding to .1; I�/�EF�
under the G�–equivariant homeomorphism G� ŠEF� .

�

�

�

��

�

�

��

z�1
i .z�1

i ; 1/ 1 .1; zi/ zi

zj

.1; zj /

.z�1
j ; 1/

z�1
j

Proposition 1.6 (i) Given an F�–cover pW �W ! W and a map f W V ! W let
f �pW zV D f � �W ! V be the pullback F�–cover. If U � �W is a fundamental domain
of p then

zf �1.U /D f.x;y/ jx 2 V;y 2 U; f .x/D p.y/ 2W g � zV
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is a fundamental domain of f �p .

(ii) Every F�–cover pW �W !W has fundamental domains.

Proof (i) By construction.

(ii) Apply (i), using the fundamental domain U� �G0� DEF� for the cover

p�W EF�!EF�=F� D BF�

given by Example 1.5, noting that

p D c�p�W �W D c�EF�!W

is the pullback of the universal F�–cover p�W EF�!BF� along a classifying map
cW W ! BF� �W zc //

p

��

EF�

p�

��
W

c // BF�

The inverse image of U� �EF�

U D zc�1.U�/� �W
is a fundamental domain of cW �W !W .

1.4 Combinatorial transversality

If pW �W ! W is an F�–cover of a space W with an additional structure such as
a manifold or finite C W complex, we should like to have fundamental domains
U � �W with the additional structure. For manifolds this is achieved by choosing a
classifying map cW W ! BF� transverse at fe1; e2; : : : ; e�g � BF� – see Example
1.11 below for a more detailed discussion. For a finite C W complex W we shall
develop a combinatorial version of transversality, constructing finite subcomplexes
X �X.1/ of the Borel construction X.1/D �W �F� G� , such that the projection
f .1/W W .1/!W restricts to a simple homotopy equivalence f W X !W such that
the pullback F�–cover eX D f � �W !X has a fundamental domain U � eX which is
a finite subcomplex.

Proposition 1.7 For any F�–cover pW �W !W let F� act diagonally on �W �G�

F� � . �W �G�/! . �W �G�/I .g; .x;y// 7! .gx;gy/:
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(i) The map
� W X D �W �F� G�!W I Œx;g� 7! p.x/

is the projection of a fibration

G� // X
� // W

with contractible point inverses; for each x 2 �W there is defined a homeomorphism

G�! ��1p.x/I g 7! Œx;g�:

In particular, � is a homotopy equivalence.

(ii) The pullback F�–cover of X

��pW eX D p� �W D �W �G�!X D �W �F� G�

has fundamental domain �W �U � eX D �W �G� , with U � G� any fundamental
domain.

Proof Standard.

Definition 1.8 (i) An F�–splitting .X;Y;Z; h/ of a space W is a homeomorphism
hW X !W from a space with a decomposition

X D Y � Œ�1; 1�[Y �f�1;1gZ

with Y DY1tY2t: : :tY� the disjoint union of spaces Y1;Y2; : : : ;Y� and Y � Œ�1; 1�

attached to Z along maps

˛�i W Yi � f�1g !Z; ˛Ci W Yi � f1g !Z:

(ii) An F�–splitting .X;Y;Z; h/ of a connected space W is connected if each of
Y1;Y2; : : : ;Y�;Z is non-empty and connected.

Proposition 1.9 Let W be a space with an F�–splitting .X;Y;Z; h/.

(i) The F�–splitting determines an F�–cover pW �W !W with�W D �F� � .Y � Œ�1; 1�tZ/
�
=�;

.g;yi ; 1/� .zig; ˛
C
i .yi ; 1//;

.g;yi ;�1/� .g; ˛�i .yi ;�1// .g 2 F�;yi 2 Yi ; 1 6 i 6 �/;

pW �W !W I .g;x/ 7! Œh.x/�:
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The subspace

Z0 D .1;Y � Œ0; 1�/[ .1;Z/[

�[
iD1

.zi ;Yi � Œ�1; 0�/� �W
is a fundamental domain of pW �W !W .

(ii) If there exists a homeomorphism �W Z0!Z such that

�.1;yi ; 0/D ˛
�
i .yi ;�1/; �.zi ;yi ; 0/D ˛

C
i .yi ; 1/ .yi 2 Yi ; 1 6 i 6 �/

the identification space�W 0 D �F� �Z
�
=.g; ˛�i .yi//� .zig; ˛

C
i .yi//

is such that there is defined a homeomorphism

.1; �/W �W ! �W 0I .g;x/ 7! .g; �.x//

so that
p0 D p.1; �/�1

W �W 0!W I .g;x/ 7! p��1.x/

is an F�–cover of W which is isomorphic to pW �W !W , with fundamental domain

.1; �/.Z0/D .1;Z/� �W 0:
(iii) The fundamental group of a connected space W with a connected F�–splitting
.X;Y;Z; h/ is an amalgamated free product

�1.W /D �1.Z/�F�=f˛
C
i .gi/zi D zi˛

�
i .gi/ jgi 2 �1.Yi/; 1 6 i 6 �g:

The surjection �1.W /!F� is induced by a map cW W !BF� sending h.Yi�f0g/�

W to feig � BF� . The surjection �1.W /! F� classifies the connected F�–cover
pW �W !W in (i).

Proof (i) and (ii) follow by construction.

(iii) follows from the Seifert–van Kampen theorem and obstruction theory.

Example 1.10 Define an F�–splitting .H�; f1; 2; : : : ; �g; I�; f / of BF� by

H� D f1; 2; : : : ; �g � Œ�1; 1�[
.i;1/�e

C

i
;.i;�1/�e�

i

I�;

f W H�! BF�I

8̂̂̂<̂
ˆ̂:
.i; t/ 7! Œ.1� t=2/eCi � for 0 6 t 6 1

.i; t/ 7! Œ.1C t=2/e�i � for � 1 6 t 6 0

u 7! u=2 for u 2 I�
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with
f .i; 0/D ei ; f .i; 1/D eCi =2; f .i;�1/D e�i =2:

The corresponding F�–cover of BF� is the universal F�–cover eBF �DG�!BF� ,
with fundamental domain I� D .1; I�/�G� . Note that f .I�/D J� , with J� � I�
the homeomorphic copy of I� defined by

J� D f.0; : : : ; 0; t; 0; : : : ; 0/ 2 I� j � 1=2 6 t 6 1=2g:

A subspace Y � X is collared if the inclusion i W Y ! X extends to an embedding
j W Y � Œ0; 1�! X , with i.y/ D j .y; 0/ 2 X for y 2 Y . In particular, @Z � Z is
collared, for any manifold with boundary .Z; @Z/.

Example 1.11 Use the F�–splitting .H�; f1; 2; : : : ; �g; I�; f / of BF� given by
Example 1.10 to identify

BF� DH� D f1; 2; : : : ; �g � Œ�1; 1�[f1;2;:::;�g�f�1;1g I�:

If pW eX !X is an F�–cover of a manifold X it is possible to choose a classifying
map

cW X ! BF� D f1; 2; : : : ; �g � Œ�1; 1�[f1;2;:::;�g�f�1;1g I�

which is transverse regular at fe1; e2; : : : ; e�g � BF� , with the inverse images of
ei D .i; 0/ 2 BF� disjoint framed codimension–1 submanifolds

Yi D c�1.ei/�X .1 6 i 6 �/:

Cutting X along

Y D c�1
fe1; e2; : : : ; e�g D Y1 tY2 t : : :tY� �X

there is obtained an F�–splitting .X;Y;Z; id:/ of X , so that

X D Y � Œ�1; 1�[Y �f�1;1gZ

with Y D Y �f0g �X a framed codimension–1 submanifold, and Z D c�1.I�/�X

a codimension–0 submanifold with

˛Ci W Yi � f1g !Z; ˛�i W Yi � f�1g !Z

components of the inclusion of the boundary @Z D Y � f�1; 1g �Z . Since @Z �Z

is collared the fundamental domain of the F�–cover eX D c�G�

Z0 D .1;Y � Œ0; 1�/[ .1;Z/[

�[
iD1

.zi ;Yi � Œ�1; 0�/� eX
Geometry & Topology, Volume 10 (2006)
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is such that there exists a homeomorphism �W Z0!Z with

�.1;yi ; 0/D ˛
�
i .yi ;�1/; �.zi ;yi ; 0/D ˛

C
i .yi ; 1/ .yi 2 Yi ; 1 6 i 6 �/:

Thus by Proposition 1.9 (ii) pW eX !X is isomorphic to the F�–cover p0W eX 0!X

with eX 0 D �F� �Z
�
=.g; ˛�i .yi//� .zig; ˛

C
i .yi//;

p0 D p.1; �/�1W eX 0!X I .g;x/ 7! p��1.x/:

If X and eX are connected it is possible to choose c such that each Yi D p�1.ei/ is
connected, with

p� D p.Y;Z/�W �1.X /! F�:

Definition 1.12 (i) A homotopy F�–splitting .X;Y;Z; h/ of a space W is a ho-
motopy equivalence hW X !W from a space with an F�–splitting .X;Y;Z; 1/, so
that

X D Y � Œ�1; 1�[Y �f�1;1gZ; Y D Y1 tY2 t : : :tY�:

(ii) A homotopy F�–splitting .X;Y;Z; h/ of a finite C W complex W is simple if
X is a finite C W complex, Y1;Y2; : : : ;Y�;Z �X are subcomplexes and hW W !X

is a simple homotopy equivalence.

Example 1.13 Any finite C W complex W with an F�–cover �W ! W admits
simple homotopy F�–splittings .X;Y;Z; h/ : embed W �SN (N large) with closed
regular neighbourhood .X; @X / and apply the manifold transversality of Example 1.11
to the F�–cover eX ' �W !W 'X .

Working as in Ranicki [35] we shall now develop a combinatorial transversality con-
struction of simple homotopy F�–splittings of W using finite subcomplexes of the
Borel construction (Proposition 1.7) �W �F� G� , as follows.

Definition 1.14 The canonical homotopy F�–splitting .X.1/;Y .1/;Z.1/; h.1//
of a space W with an F�–cover pW �W !W is given by

X.1/D Y .1/� Œ�1; 1�[Y .1/�f�1;1gZ.1/

with
˛.1/Ci W Y .1/i D

�W !Z.1/D �W � I�I x 7! .zix; e
C
i /;

˛.1/�i W Y .1/i D
�W !Z.1/D �W � I�I x 7! .x; e�i /;

h.1/W X.1/!W I .x;y/ 7! p.x/:
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The map h.1/ is a homotopy equivalence since it is the composite

h.1/D � ıf W X.1/
f

// �W �F� G�
� // W

of the homeomorphism

f W X.1/! �W �F� G�I

8̂̂̂<̂
ˆ̂:
.x; i; t/ 7! .x; .1� t=2/eCi / for 0 6 t 6 1

.x; i; t/ 7! .zix; .1C t=2/e�i / for � 1 6 t 6 0

.x;u/ 7! .x;u=2/ for u 2 I�

and the homotopy equivalence

� W X D �W �F� G�!W

given by Proposition 1.7. For every y 2 G� there is a unique g 2 F� such that
gy 2 I�nfe

C

1
; eC

2
; : : : ; eC� g, so that either gy D teCi with 0 6 t < 1, or gy D te�i

with 0 6 t 6 1, and

f �1W �W �F� G�!X.1/ W

Œx;y� 7!

8̂̂̂<̂
ˆ̂:
.gx; i; 2.1� t// if gy D teCi with 1=2 6 t < 1

.z�1
i gx; i; 2.t � 1// if gy D te�i with 1=2 6 t 6 1

.gx;gy/ if 2gy 2 I� .ie if �1=2 6 t 6 1=2/:

Proposition 1.15 Given a space W with F�–cover pW �W ! W and a subspace
V � �W let

X.V /D Y .V /� Œ�1; 1�[Y .V /�f�1;1gZ.V /�X.1/

with

˛.V /Ci W Y .V /i D V \ z�1
i V !Z.V /D V � I�I x 7! .zix; e

C
i /;

˛.V /�i W Y .V /i D V \ z�1
i V !Z.V /D V � I�I x 7! .x; e�i /;

and set
h.V /D h.1/jW X.V /!W I .x; t/ 7! p.x/:

(i) For any x 2 V

h.V /�1.p.x//D f.x;y/ 2 �W �F� G� jy 2G�.V;x/g

D fxg �G�.V;x/�X.V /�X.1/D �W �F� G�
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with G�.V;x/�G� the subgraph defined by

G�.V;x/
.0/ D fg 2 F� jgx 2 V g �G

.0/
� D F�;

G�.V;x/
.1/ D f.i;g/ jgx;gzix 2 V g �G

.1/
� D f1; 2; : : : ; �g �F�:

(ii) The image of h.V / is

h.V /.X.V //D p.V /�W;

so that h.V / is surjective if and only if p.V /DW , if and only if
S

g2F�
gV D �W .

Proof By construction.

In particular, if V D �W then

.X.V /;Y .V /;Z.V /; h.V //D .X.1/;Y .1/;Z.1/; h.1//

and h.V /W X.V /D X.1/!W is a homotopy equivalence (since it has contractible
point inverses).

Theorem 1.16 (Combinatorial transversality) Let W be a connected finite C W

complex with a connected F�–cover pW �W ! W . The canonical homotopy F�–
splitting .X.1/;Y .1/;Z.1/; h.1// of W is a union

.X.1/;Y .1/;Z.1/; h.1//D
[
fV g

.X.V /;Y .V /;Z.V /; h.V //

of simple homotopy F�–splittings .X.V /;Y .V /;Z.V /; h.V // of W , with fV g a
collection of finite subcomplexes V � �W such that

p.V /DW;
[
fV g

V D �W :

In particular, there exist simple homotopy F�–splittings of W .

Proof Let
W D

[
D0
[

[
D1
[ : : :[

[
Dn

be the given cell structure of W , with skeleta

W .r/
D

[
D0
[

[
D1
[ : : :[

[
Dr :

The characteristic maps Dr!W of the r –cells restrict to embeddings DrnSr�1�W

on the interiors, and as a set W is the disjoint union of the interiors

W D
G

D0
t

G
.D1
nS0/t : : :t

G
.Dn
nSn�1/:
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Choose a lift of each r –cell Dr in W to an r –cell eD r
in �W , so that

�W D [
g2F�

[
g eD0

[

[
g2F�

[
g eD1

[ : : :[
[

g2F�

[
g eDn

:

Write �W Sr!W .r/ for the attaching maps of the .rC1/–cells in W , and let e� W Sr!�W .r/ be the attaching maps of the chosen lifted .rC1/–cells in �W . For any subtree
Tn �G� there exists a sequence of subtrees Tr �G� for r D n�1; n�2; : : : ; 0 such
that e�.Sr /� �W .r�1/

[

[
gr2T

.0/
r

gr
eD r
: .�/

The sequence T D .Tn;Tn�1; : : : ;T0/ determines a subcomplex

V hT i D
[

g02T
.0/

0

[
g0
eD0
[

[
g12T

.0/

1

[
g1
eD1
[ : : :[

[
gn2T

.0/
n

[
gn
eDn
� �W

such that p.V hT i/DW . The map h.V hT i/W X.V hT i/!W constructed in Propo-
sition 1.15 is surjective, with contractible point inverses

h.V hT i/�1.p.x//DG�.V;x/D Tr .p.x/ 2Dr
nSr�1

�W /;

so that it is a homotopy equivalence and .X.V hT i/;Y .V hT i/;Z.V hT i/; h.V hT i//
is a homotopy F�–splitting of W . For the maximal sequence T D .G�;G�; : : : ;G�/

V hT iD �W and we have the canonical homotopy F�–splitting .X.1/;Y .1/;Z.1/;
h.1// of W . Any finite subtree Tn � G� can be used to start a sequence T D

.Tn;Tn�1; : : : ;T0/ of finite subtrees Tr � G� satisfying .�/, since for each r D

n; n � 1; : : : ; 1 the r –cells eD r
! �W are attached to a finite subcomplex of the

.r�1/–skeleton �W .r�1/ . For a sequence T of finite subtrees .X.V hT i/;Y .V hT i/;
Z.V hT i/; h.V hT i// is a simple homotopy F�–splitting of W . Finally, note that G�
is a union of finite subtrees Tn�G� , so that .F�;F�; : : : ;F�/ is a union of sequences
T D .Tn;Tn�1; : : : ;T0/ of finite subtrees Tr �G� satisfying .�/, with corresponding
expressions

�W D[
T

V hT i;

.X.1/;Y .1/;Z.1/; h.1//D
[
T

.X.V hT i/;Y .V hT i/;Z.V hT i/; h.V hT i//:

This completes the proof.
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2 Algebraic transversality for AŒF��–module complexes

Algebraic transversality for AŒF��–module chain complexes is modelled on the combi-
natorial transversality for F�–covers of Section 1. The procedure replaces matrices
with entries in AŒF�� by (in general larger) matrices with entries of the linear type

a1C

�X
iD1

azi
zi 2AŒF�� .a1; az1

; : : : ; az� 2A/:

Algebraic transversality can be traced back to the work of Higman, Bass–Heller–Swan,
Stallings, Casson and Waldhausen on the algebraic K–theory of polynomial extensions
and more general amalgamated free products. See of Ranicki [33, Chapter 7] for a
treatment of algebraic transversality in the case �D 1 when AŒF��DAŒz; z�1� is the
Laurent polynomial extension of A.

Definition 2.1 Given an A–module P and a set F let

P ŒF �D
M
x2F

xP

be the direct sum of copies xP of P , consisting of the formal A–linear combinationsP
x2F

xax .ax 2 P / with fx 2 F j ax ¤ 0g finite.

In particular, if F is a semigroup with 1 then AŒF � is a ring.

We shall be particularly concerned with the case of a free group F D F� or the free
semigroup FC� on � generators z1; z2; : : : ; z� . Thus FC� � F� consists of all the
products z

n1

i1
z

n2

i2
: : : z

nk

ik
with n1; n2; : : : ; nk > 0. The rings AŒF��, AŒFC� � are free

products

AŒF��DAŒz1; z
�1
1 ��A AŒz2; z

�1
2 ��A : : :�A AŒz�; z

�1
� �;

AŒFC� �DAŒz1��A AŒz2��A � � � �A AŒz��:

For any ring morphism kW A! B induction and restriction define functors

k!W fA–modulesg ! fB–modulesgI L 7! k!LD B˝A L;

k !W fB–modulesg ! fA–modulesgI M 7! k !M DM

such that k! is left adjoint to k ! , with a natural isomorphism

HomA.L; k
!M /! HomB.k!L;M /I f 7! .b˝x 7! bf .x//:
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Definition 2.2 An AŒF �–module is induced if it is of the form

P ŒF �D k!P DAŒF �˝A P

for an A–module P , with kW A!AŒF � the inclusion.

Proposition 2.3 Let P;Q be A–modules.

(i) There is defined a natural isomorphism of additive groups

HomA.P;QŒF �/! HomAŒF �.P ŒF �;QŒF �/I f 7!
�X

y2F

ygy 7!

X
y2F

yf .gy/
�
:

(ii) There is defined a natural injection of additive groups

HomA.P;Q/ŒF �! HomA.P;QŒF �/I
X
x2F

xfx 7!
�
y 7!

X
x2F

xfx.y/
�
:

(iii) If P is a f.g. projective A–module the injection in (ii) is also a surjection, so
that the composite with the isomorphism in (i) is a natural isomorphism allowing the
identification

HomA.P;Q/ŒF �D HomAŒF �.P ŒF �;QŒF �/:

Proof (i) This is just the adjointness of k! and k ! , with kW A!AŒF � the inclusion.

(ii) Obvious.

(iii) It is sufficient to consider the case P DA.

Definition 2.4 Let P be an A–module which is given as a �–fold direct sum

P D P1˚P2˚ � � �˚P�

with idempotents �i W P ! Pi! P .

(i) Define the AŒF �–module endomorphism

z D

�X
iD1

�izi D

0BBB@
z1 0 � � � 0

0 z2 � � � 0
:::

:::
: : :

:::

0 0 � � � z�

1CCCA W P ŒF �D P1ŒF �˚P2ŒF �˚ � � �˚P�ŒF �

�! P ŒF �D P1ŒF �˚P2ŒF �˚ � � �˚P�ŒF �:
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For F D F� this is an automorphism, with inverse

z�1
D

�X
iD1

�iz
�1
i D

0BBB@
z�1

1
0 � � � 0

0 z�1
2
� � � 0

:::
:::

: : :
:::

0 0 � � � z�1
�

1CCCA W P ŒF��DP1ŒF��˚P2ŒF��˚� � �˚P�ŒF��

�! P ŒF��D P1ŒF��˚P2ŒF��˚ � � �˚P�ŒF��:

(ii) Given a collection of A–module morphisms

e D fei 2 HomA.Pi ;Q/ j 1 6 i 6 �g

define the AŒF �–module morphism

ezD

�X
iD1

e�iziD
�
e1z1 e2z2 � � � e�z�

�
W P ŒF �DP1ŒF �˚P2ŒF �˚� � �˚P�ŒF �!QŒF �:

(iii) An AŒF �–module morphism f W P ŒF �!QŒF � is linear if

f D f Cz�f � D
�
f C;1z1�f

�;1 : : : f C;�z��f
�;�

�
W

P ŒF �D P1ŒF �˚P2ŒF �˚ � � �˚P�ŒF �!QŒF �

for some A–module morphisms f C;i ; f �;i W Pi!Q.

Definition 2.5 (i) A Mayer–Vietoris presentation of an AŒF �–module E is an exact
sequence of the type

0 //
�L

iD1

C .i/ŒF �
f

// DŒF � // E // 0

with C .i/;D A–modules and f D f Cz�f � a linear AŒF �–module morphism.

(ii) A Mayer–Vietoris presentation of an AŒF �–module morphism �W E! E0 is a
morphism of Mayer–Vietoris presentations

0 //
�L

iD1

C .i/ŒF �
f

//

˚g.i/
��

DŒF � //

h

��

E //

�

��

0

0 //
�L

iD1

C 0.i/ŒF �
f 0

// D0ŒF � // E0 // 0
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where g.i/W C .i/! C 0
.i/ and hW D!D0 A–module morphisms.

(iii) A Mayer–Vietoris presentation of an AŒF �–module chain complex E is an exact
sequence as in (i), with C .i/;D A–module chain complexes and f ˙;i W C .i/ ! D

A–module chain maps. Similarly for an AŒF �–module chain map �W E!E0 , with a
morphism of exact sequences as in (ii) in which g.i/ , h are A–module chain maps.

(iv) A Mayer–Vietoris presentation of a finite induced f.g. projective AŒF��–module
chain complex E is finite if C .i/;D are finite f.g. projective A–module chain com-
plexes.

Example 2.6 Let X be the C W complex

X DZ=
˚
x � ˇi.x/ jx 2 Y Ci ; 1 6 i 6 �

	
which is obtained from a C W complex Z and disjoint collared subcomplexes

Y C
1
; Y C

2
; : : : ; Y C� ; Y �1 ; Y �2 ; : : : ; Y �� �Z

using cellular homeomorphisms ˇi W Y
C
i ! Y �i as identifications. As in Definition 1.8

there is an F�–splitting .X;Y;Z; h/, where Y D Y C
1
tY C

2
t : : :tY C� and

˛Ci D inclusion
Y
C

i
�Z
W Yi D Y Ci !Z;

˛�i D .inclusionY �
i
�Z /ˇi W Yi D Y Ci !Z:

The cellular free ZŒF��–module chain complex C. eX / of the F�–cover eX of X given
by Proposition 1.9 (i) has a Mayer–Vietoris presentation

0 // C.Y /ŒF��
˛ // C.Z/ŒF�� // C.eX / // 0

with C.Y /.i/ D C.Yi/, C.Z/ free Z–module chain complexes, and ˛ D ˛Cz �˛� a
linear ZŒF��–module chain map. If Z is a finite C W complex the Mayer–Vietoris
presentation is finite.

We shall construct Mayer–Vietoris presentations of free AŒF��–module chain com-
plexes using the Cayley tree G� (Definition 1.3) and the subtree GC� �G� correspond-
ing to FC� � F� .

Definition 2.7 (i) Let GC� �G� be the subtree with

.GC� /
.0/
D FC� ; .GC� /

.1/
D f.g;gzi/ jg 2 FC� ; 1 6 i 6 �g:
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(ii) For any subtree T �G� and i D 1; 2; : : : ; � let T .i;1/ � T .1/ be the set of edges
of type .g;gzi/ with g 2 F� , such that

T .1/
D

�a
iD1

T .i;1/;

and let
TC D T \GC� � T:

(iii) For F D F� (resp. FC� ) let G DG� (resp. GC� ).

We shall only be considering subtrees T �G containing the vertex 1 2G.0/ .

Proposition 2.8 Given an A–module P let E D P ŒF � be the induced AŒF �–module,
regarded as a 0–dimensional AŒF �–module chain complex.

(i) For any subtree T �G there is defined a Mayer–Vietoris presentation of E

EhT iW 0 //
�L

iD1

C .i/ŒF �
f

// DŒF � // E // 0

with
D D P ŒT .0/�; C .i/ DD\ z�1

i D D P ŒT .i;1/��E;

f C;i W C .i/!DI xp 7! xp; f �;i W C .i/!DI xp 7! zixp:

(ii) The Mayer–Vietoris presentations EhT i are such that

EhT \T 0i DEhT i \EhT 0i; EhT [T 0i DEhT iCEhT 0i .T;T 0 �G/:

If P is f.g. projective and T is finite then C .i/ , D are f.g. projective A–modules.

(iii) Given a morphism of induced AŒF �–modules

�W E D P ŒF �!E0 D P 0ŒF �

and a subtree T �G let ��T �G be the smallest subtree such that

�.P /� P 0Œ��T
.0/��E0:

For any subtree T 0 � G such that ��T � T 0 there is defined a morphism of Mayer–
Vietoris presentations

EhT i W 0 //
�L

iD1

C .i/ŒF �
f

//

L
g.i/

��

DŒF � //

h

��

E //

�

��

0

E0hT 0i W 0 //
�L

iD1

C 0.i/ŒF �
f 0

// D0ŒF � // E0 // 0
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with
g.i/ D �jW C .i/

! C 0
.i/
; hD �jW D!D0:

If P is a f.g. A–module and T �G is finite, then so is ��T �G .

Proof By construction.

Example 2.9 The Mayer–Vietoris presentation of E associated to the minimal subtree
T D f1g �G is

0 // 0 // P ŒF �
id: // E // 0:

Definition 2.10 The canonical Mayer–Vietoris presentation of an AŒF �–module chain
complex E with each Er D Pr ŒF � an induced AŒF �–module

Eh1i W 0 //
�L

iD1

C .i/ŒF �
f

// DŒF � // E // 0

is the Mayer–Vietoris presentation with Er h1i DEr hT i the Mayer–Vietoris presen-
tation of Er associated to the maximal subtree T DG �G , where

f C;i D id:; f � D zi W C .i/
D k !E!D D k !E

with kW A!AŒF � the inclusion.

Remark 2.11 (i) The canonical Mayer–Vietoris presentation can be written in terms
of induction and restriction

Eh1i W 0 //
L
�

k!k
!E

f
// k!k

!E // E // 0

with

f W
L
�

k!k
!E! k!k

!EI xi ˝y 7! xizi ˝y �xi ˝ ziy .xi 2AŒF �;y 2E/;

k!k
!E!EI x˝y 7! xy .x 2AŒF �;y 2E/:

(ii) The canonical Mayer–Vietoris presentation for F D F� is the algebraic analogue
of the canonical homotopy F�–splitting of a space W with an F�–cover �W in
Definition 1.14.

Theorem 2.12 (Algebraic transversality for chain complexes) Let E be an n–
dimensional AŒF �–module chain complex

EW En
dn // En�1

// � � � // E1

d1 // E0
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with each Er D Pr ŒF � induced from an A–module Pr .

(i) For any sequence T D .Tn;Tn�1; : : : ;T0/ of subtrees Tr �G such that

.dr /�.Tr /� Tr�1 .r D n; n� 1; : : : ; 1/ .�/

there is defined a Mayer–Vietoris presentation

EhT iW 0 //
�L

iD1

C .i/ŒF �
fCz�f � // DŒF � // E // 0

with
EhT ir DEr hTr i .0 6 r 6 n/; EhT i �Eh1i:

(ii) If the A–modules Pr are f.g. projective then for any finite subtree Tn �G there
exists a sequence T D .Tn;Tn�1; : : : ;T0/ of finite subtrees Tr �G satisfying .�/, so
that EhT i is a finite Mayer–Vietoris presentation of E . Thus

Eh1i D
[
T

EhT i

with the union taken over all such sequences T . In particular, E admits a finite
Mayer–Vietoris presentation.

Proof By repeated applications of Proposition 2.8, with the sequences T D .Tn;Tn�1;

: : : ;T0/ the chain complex analogues of the sequences used to construct the homotopy
F�–splittings of C W complexes in the proof of Theorem 1.16.

This completes the proof of Theorem A of the Introduction.

3 Blanchfield and Seifert modules

3.1 The Magnus–Fox embedding

This section obtains some technical results on the Magnus–Fox embedding which
we shall need to characterize Blanchfield AŒF��–modules, and to approximate h.d. 1
F�–link modules by f.g. projective Seifert A–modules.

Let Ahhx1;x2; : : : ;x�ii be the ring of A–coefficient formal power series in non-
commuting indeterminates x1;x2; : : : ;x� . The Magnus–Fox embedding is defined
by

i W AŒF��! 1AŒF�� DAhhx1;x2; : : : ;x�iiI zj 7! 1Cxj :
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See the paper of Ara and Dicks [1] for a recent account of the Magnus–Fox embedding,
including the relationship with noncommutative Cohn localization.

The augmentations �.zj /D 1, b�.xj /D 0 give rise to a commutative triangle of rings

AŒF��
i //

�

!!DD
DD

DD
DD

D
1AŒF��b�

}}{{
{{

{{
{{

A

Proposition 3.1 (i) For projective 1AŒF��–modules yK; yL the augmentation map

y�W Hom dAŒF��

�
yK; yL

�
! HomA

�
A˝ dAŒF��

yK;A˝ dAŒF��
yL
�
I yf 7! 1˝ yf

is surjective.

(ii) A morphism yf W yK! yL of projective 1AŒF��–modules is an isomorphism if and
only if the A–module morphism

1˝ yf W A˝ dAŒF��
yK!A˝ dAŒF��

yL

is an isomorphism.

(iii) A morphism f W K!L of projective AŒF��–modules induces an 1AŒF��–module
isomorphism

1˝f W 1AŒF��˝AŒF��K!
1AŒF��˝AŒF��L

if and only if the A–module morphism

1˝f W A˝AŒF��K!A˝AŒF��L

is an isomorphism.

Proof (i) By additivity this reduces to the special case yK D yLD 1AŒF�� , which is
just the fact that b� W 1AŒF��!A is surjective.

(ii) It suffices to prove that if 1˝ yf is an A–module isomorphism then yf is an
1AŒF��–module isomorphism.

Consider first the special case when yK; yL are free 1AŒF��–modules, say 1AŒF��k ,
1AŒF��` for some sets k; `. The augmentation map

b� W Hom 1AŒF��
�1AŒF��k ; 1AŒF��`�! HomA

�
Ak ;A`

�
I yf 7! 1˝ yf
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has a canonical splitting. If 1˝ yf is an isomorphism then all the entries in the matrix
of the 1AŒF��–module morphism

g D 1� .1˝ yf /�1 yf W 1AŒF��k ! 1AŒF��k

have constant term 0, so that 1�g D .1˝ yf /�1 yf is an 1AŒF��–module isomorphism
with inverse

.1�g/�1
D 1CgCg2

Cg3
Cg4

C � � � W 1AŒF��k ! 1AŒF��
k
;

and yf D .1˝ yf /.1�g/ is an isomorphism.

For the general projective case apply (i) to lift .1 ˝ yf /�1 to an 1AŒF��–module
morphism yeW yL! yK . Choose a projective 1AŒF��–module yJ such that yJ ˚ yK˚ yL is
a free 1AŒF��–module, and apply the special case to the 1AŒF��–module morphism

1˚

�
0 ye
yf 0

�
W yJ ˚ yK˚ yL! yJ ˚ yK˚ yL:

(iii) This is a special case of (ii).

For j D 1; 2; : : : ; � let yj be a formal square root of zj , so that .yj /
2 D zj . Let

F�.y/ be the free group generated by y1;y2; : : : ;y� , so that F� � F�.y/ is the
free subgroup generated by z1; z2; : : : ; z� . We can identify G

.1;j/
� with the subset

F�yj � F�.y/: the edge .g;gzj / 2 G
.1;j/
� (g 2 F� ) is identified with the element

gy�1
j 2 F�.y/.

Lemma 3.2 If T �G� is a finite subtree then

AŒT .0/�DAŒf1g�˚
� �M

jD1

AŒT .1;j/�.y�1
j �yj /

�
�AŒF��: .�/

Proof If w 2 T .1;j/ then certainly w.y�1
j � yj / 2 AŒT .0/�. Let us check linear

independence of the generators on the right hand side of .�/. Assuming the contrary,
let

a1C

X
gy�1
j
2U

agg.y�1
j �yj /D 0 2AŒF��

be a non-trivial relation with U � T .1/ non-empty and minimal. We reach a contradic-
tion by observing that if g.yj /

�1 2 U is a word of maximal length (in reduced form)
then ag D 0.
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We must also show that every v 2 T .0/ is an element of the right-hand side of .�/.
Indeed there is a (unique) path in the tree from 1 to v defined by a sequence of edges
w1; w2; : : : ; wn 2 T .1/ and we have

v D 1C

nX
iD1

wi.y
�1
j.i/�yj.i//�i 2AŒF��

if the signs �i 2 f˙1g are chosen appropriately and j .i/ is such that wi 2T .1;j.i// .

Proposition 3.3 For any finite subset S � F� the inclusion i jW AŒS �! 1AŒF�� is a
split A–module injection.

Proof Since every finite S is contained in the vertex set of some finite tree we may
assume that S D T .0/ for some finite subtree T �G� . We proceed by induction on
jT .0/j.

If the tree T has only one vertex then T .0/ D f1g with i.1/D 1 2 1AŒF�� and

1AŒF�� DAŒf1g�˚

�M
iD1

1AŒF��xi DA˚

�M
iD1

1AŒF��.1� z
�
i / .��/

for any � 2 f˙1g, and i jW AŒf1g�! 1AŒF�� is a split injection.

Suppose now that jT .0/j> 2. Let v0 2 T .0/ be a leaf, ie a vertex to which only one
edge is incident. Let T nfv0g denote the tree obtained by removing the vertex v0 and
the incident edge. By the inductive hypothesis, i jW AŒT .0/nfv0g�! 1AŒF�� is a split
injection; we denote the image by P .

Since v0 is incident to precisely one edge then v0 D w0y
�

k
for unique � 2 f˙1g,

k 2 f1; : : : ; �g and w0 2 T .1;k/ . Now for every j we have T .1;j/y
��
j � T .0/nfv0g.

Thus

T .1;j/.y�1
j �yj / D T .1;j/y

��
j .1�y

2�
j /�

D T .1;j/y
��
j .1� z

�
j /�� .T

.0/nfv0g/.1� z
�
j /�:

It follows from .�/ that i.AŒT .0/�/ is a direct summand of

Ai.v0/˚

�M
jD1

P .1� z
�
j /

and hence, by the following Lemma 3.4, a direct summand of 1AŒF�� .
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Lemma 3.4 Suppose P is an A–module which is a direct summand of 1AŒF�� . If
� 2 1AŒF�� is an element such that b�.�/D 1 2A and �D 1 or �1 then

A� ˚

0@ �M
jD1

P .1� z
�
j /

1A� 1AŒF��

is again a direct summand.

Proof We may write 1AŒF�� D P ˚Q for some A–module Q. Let � D 1 or �1.
Now it follows easily from .��/ that

1AŒF�� DA� ˚

 
�L

jD1

1AŒF��.1� z
�
j /

!

DA� ˚

 
�L

jD1

P .1� z
�
j /

!
˚

 
�L

jD1

Q.1� z
�
j /

!
which completes the proof.

3.2 Blanchfield modules

Definition 3.5 (i) A Blanchfield AŒF��–module M is an AŒF��–module such that

TorAŒF��
� .A;M /D 0:

(ii) (Sheiham [41]) An F�–link module M is an AŒF��–module which has a 1–
dimensional induced AŒF��–module resolution

0 // P ŒF��
d // P ŒF�� // M // 0

with P an A–module and d an AŒF��–module morphism such that the augmentation
A–module morphism �.d/W P ! P is an isomorphism.

As before, let kW A!AŒF�� be the inclusion.

Proposition 3.6 The following conditions on an AŒF��–module M are equivalent:

(i) M is a Blanchfield module,

(ii) M is an F�–link module,
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(iii) the A–module morphism

M W

M
�

k !M ! k !M I .m1;m2; : : : ;m�/ 7!

�X
iD1

.zi � 1/mi

is an isomorphism.

Proof The canonical Mayer–Vietoris presentation (Definition 2.10) of any AŒF��–
module M is defined by

0 //
L
�

k!k
!M

d // k!k
!M // M // 0

with

d W
L
� k!k

!M ! k!k
!M I xi ˝y 7! xizi ˝y �xi ˝ ziy .xi 2AŒF��;y 2M /;

k!k
!M D k !M ŒF��!M I x˝y 7! xy .x 2AŒF��;y 2M /;

such that d has augmentation A–module morphism

�.d/D�M W

M
�

k !M ! k !M:

Regarded as a right AŒF��–module A has a 1–dimensional f.g. free resolution

0 //
�L

iD1

AŒF��
˚.zi � 1/

// AŒF��
� // A // 0;

so that for any AŒF��–module M

TorAŒF��
n .A;M /D

8̂<̂
:

A˝AŒF��M D coker.M / if nD 0;

ker.M / if nD 1;

0 if n > 2:

The equivalences (i) ” (ii) ” (iii) are now clear.

Definition 3.7 (i) Let Bla1.A/ be the category of Blanchfield AŒF��–modules,
and let Bla.A/� Bla1.A/ be the full subcategory of the h.d. 1 Blanchfield AŒF��–
modules. (In view of Proposition 3.6 Bla1.A/ is the same as the F�–link module
category F lk1.A/ of Sheiham [41]).

(ii) Let F lk.A/ � Bla.A/ be the full subcategory of the h.d. 1 Blanchfield AŒF��–
modules M such that there exists a 1–dimensional induced AŒF��–module resolution

0 // P ŒF��
d // P ŒF�� // M // 0
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with P a f.g. projective A–module.

Example 3.8 (i) For a principal ideal domain A

K0.AŒF��/DK0.A/D Z

(see Bass [3]) so that
Bla.A/D F lk.A/:

(ii) A finitely presented Blanchfield ZŒF��–module is a ‘type L’ ZŒF��–module in
the sense of Sato [37].

(iii) Given a �–component boundary link `W
F
� Sn � SnC2 let cW W !W0 be a

Z–homology equivalence from the exterior W to the exterior W0 of the trivial �–
component boundary link `0W

F
� Sn � SnC2 , with F�–equivariant lift zcW �W ! �W0

to the F�–covers. The homology groups PH�
� �W �

DH�C1

�
zcW �W ! �W0

�
are Blanch-

field ZŒF��–modules of homological dimension 6 2. Each PHr

� �W �
has a Z–contracti-

ble f.g. free ZŒF��–module resolution of the type

0! ZŒF��
ar ! ZŒF��

br ! ZŒF��
cr ! PHr

� �W �
! 0 .0 6 r 6 nC 1/

with ar � br C cr D 0, and PHr . �W /=Z-torsion is an h.d. 1 F�–link module (Levine
[26, 3.5] for � D 1, Sato [37, 3.1] and Duval [12, 4.1] for � > 2). See Example
3.13 below for the construction of an .nC1/–dimensional chain complex C in Sei.Z/
such that the covering B.C / is an .nC1/–dimensional chain complex in F lk.Z/ with
H�.B.C //D PH�. �W /.

The following Proposition 3.9 characterizes Blanchfield AŒF��–modules in terms of
AŒF��–modules K such that

TorAŒF��

1
.A;K/D 0:

If K is a flat AŒF��–module then TorAŒF��

1
.B;K/D 0 for any right AŒF��–module

B , and in particular B DA. If K D P ŒF�� is induced from an A–module P then

TorAŒF��

1
.A;P ŒF��/D TorA

1 .A;P /D 0:

Proposition 3.9 (i) If M is an AŒF��–module with a resolution

0 // K
d // L // M // 0

such that
TorAŒF��

1
.A;K/D TorAŒF��

1
.A;L/D 0
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(e.g. the canonical Mayer–Vietoris presentation of Definition 2.10) then M is Blanch-
field if and only if the A–module morphism 1˝ d W A˝AŒF��K!A˝AŒF��L is an
isomorphism.

(ii) A morphism d W K ! L of projective AŒF��–modules is injective and M D

coker.d/ is a Blanchfield AŒF��–module if and only if the A–module morphism
1˝ d W A˝AŒF��K!A˝AŒF��L is an isomorphism.

Proof (i) It follows from Proposition 3.6 and the commutative diagram with exact
rows and columns

0

��

0

��
TorAŒF��

1
.A;K/D 0 //

�L
iD1

K
K //

˚d
��

K //

d

��

A˝AŒF��K //

1˝ d

��

0

TorAŒF��

1
.A;L/D 0 //

�L
iD1

L
L //

��

L //

��

A˝AŒF��L // 0

�L
iD1

M
M //

��

M

��
0 0

that M is Blanchfield if and only if 1˝ d is an isomorphism.

(ii) If d is injective and M is Blanchfield then 1˝d is an isomorphism by (ii), since
projective AŒF��–modules are flat. Conversely, if 1˝ d W A˝AŒF��K!A˝AŒF��L

is an isomorphism then 1˝d W 1AŒF��˝AŒF��K!
1AŒF��˝AŒF��L is an isomorphism

by Proposition 3.1 (iii), and it follows from the injectivity of K! 1AŒF��˝AŒF��K ,
L! 1AŒF��˝AŒF��L and the commutative diagram

K
d //

��

L

��
1AŒF��˝AŒF��K

1˝ d // 1AŒF��˝AŒF��L
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that d W K!L is injective.

The idempotent completion P.E/ of an additive category E is the additive category
with objects pairs .M;p D p2W M !M / defined by projections p of objects M

in E , and morphisms f W .M;p/ ! .N; q/ defined by morphisms f W M ! N in
E such that qfp D f W M ! N . As usual, E is idempotent complete if the functor
E ! P.E/IM 7! .M; 1/ is an equivalence, or equivalently if for every idempotent
p D p2W M !M in E there exists a direct sum decomposition M D P ˚Q with

p D

�
1 0

0 0

�
W M D P ˚Q!M D P ˚Q:

For any exact category E there exists a full embedding E �A in an abelian category A
(Gabriel–Quillen), and the idempotent completion P.E/ is equivalent to the full exact
subcategory of A with objects im.p/ for objects .M;p/ in P.E/. For E DF lk.A/�
AD Bla1.A/ we have that P.F lk.A//� Bla1.A/. In fact, we have:

Proposition 3.10 (i) The exact categories Prim.A/, Sei.A/, Bla.A/ are idempotent
complete.

(ii) The idempotent completion of F lk.A/ is equivalent to Bla.A/

P.F lk.A// � Bla.A/:

Proof (i) The exact categories Prim.A/, Sei.A/, Bla.A/ are closed under direct
summands.

(ii) For any f.g. projective AŒF��–modules K;L the augmentation map

�W HomAŒF��.K;L/! HomA.A˝AŒF��K;A˝AŒF��L/I d 7! 1˝ d

is surjective, by the following argument: choose f.g. projective AŒF��–modules K0;L0

such that
K˚K0 DAŒF��

k ; L˚L0 DAŒF��
`

for some k; `> 0, and note that the augmentation map

�W HomAŒF��

�
K˚K0;L˚L0

�
D HomAŒF��

�
AŒF��

k ;AŒF��
`
�

�! HomA

�
A˝AŒF��

�
K˚K0

�
;A˝AŒF��

�
L˚L0

��
D HomA

�
Ak ;A`

�
is surjective. Given an h.d. 1 Blanchfield AŒF��–module M with a f.g. projective
AŒF��–module resolution

0 // K
d // L // M // 0
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we know from Proposition 3.9 (i) that 1˝ d W A˝AŒF�� K! A˝AŒF�� L is an A–
module isomorphism. By Proposition 3.1 (i) it is possible to lift .1˝ d/�1 to an
AŒF��–module morphism eW L!K , so that by Proposition 3.9 (i) e is an injection
with

N D coker.e/

an h.d. 1 Blanchfield AŒF��–module. Let J be a f.g. projective AŒF��–module such
that J ˚K˚L is f.g. free, say AŒF��

m . The AŒF��–module morphism

f D 1˚

�
0 e

d 0

�
W J ˚K˚LDAŒF��

m
! J ˚K˚LDAŒF��

m

is such that 1˝ f W Am!Am is an isomorphism, so that coker.f /DM ˚N is an
h.d. 1 F�–link module. The functor

F lk.A/! Bla.A/I M 7!M

is a full embedding such that every object in Bla.A/ is a direct summand of an object in
F lk.A/, so that Bla.A/ is (equivalent to) the idempotent completion P.F lk.A//.

3.3 Seifert modules

Let Q� be the complete quiver which has � vertices and �2 arrows, one arrow between
each ordered pair of vertices. The path ring is given by

Q� D ZŒe��Z
�
�1; �2; : : : ; �� j�i�j D ıij�i ;

P�
iD1

�i D 1
�

where �ie�j corresponds to the unique path of length 1 from the i th vertex to the
j th vertex. An A–module P together with a ring morphism �W Q�! EndA.P / is
essentially the same as a triple .P; e; f�ig/ with eW P ! P an endomorphism, and
f�i W P !Pg a complete system of � idempotents. (Such representations of Q� were
first considered by Farber [14] for particular A.)

Definition 3.11 (i) A Seifert A–module .P; e; f�ig/ is an A–module P together
with an endomorphism eW P!P , and a system f�i W P!Pg of idempotents express-
ing P as a �–fold direct sum, with

�i W P D P1˚P2˚ � � �˚P�! P I .x1;x2; : : : ;x�/ 7! .0; : : : ; 0;xi ; 0; : : : ; 0/:

(ii) A morphism of Seifert A–modules

gW .P; e; f�ig/! .P 0; e0; f� 0ig/

is an A–module morphism such that

ge D e0g; g�i D �
0
igW P ! P 0:
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The conditions g�iD�
0
ig are equivalent to g preserving the direct sum decompositions,

so that

g D

0BBBBB@
g1 0 : : : 0

0 g2 : : : 0

0 0 : : : 0
:::

:::
: : : 0

0 0 : : : g�

1CCCCCA W P D P1˚P2˚ � � �˚P�! P 0 D P 01˚P 02˚ � � �˚P 0�

with gi W Pi! P 0i .

(iii) The Seifert A–module category Sei1.A/ has objects Seifert A–modules and
morphisms as in (ii). Let Sei.A/ � Sei1.A/ be the full subcategory of the Seifert
A–modules .P; e; f�ig/ with P f.g. projective.

3.4 The covering functor B

Seifert modules determine F�–link modules by:

Definition 3.12 (i) The covering of a Seifert A–module .P; e; f�ig/ is the F�–link
module

B.P; e; f�ig/D coker.1� eC ezW P ŒF��! P ŒF��/

with Mayer–Vietoris presentation

0 //
�L

iD1

Pi ŒF��
d // P ŒF�� // B.P; e; f�ig/ // 0;

where d D 1� eC ez .
(ii) The covering of a Seifert A–module morphism gW .P; e; f�ig/! .P 0; e0; f� 0ig/

is the F�–link module morphism

B.g/W B.P; e; f�ig/! B.P 0; e0; f� 0ig/I x 7! g.x/

resolved by

0 // P ŒF��
d //

g
��

P ŒF��

g
��

// B.P; e; f�ig/

B.g/
��

// 0

0 // P 0ŒF��
d 0 // P 0ŒF�� // B.P 0; e0; f� 0ig/

// 0

with d D 1� eC ez , d 0 D 1� e0C e0z .
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Example 3.13 Let `W
F
� Sn�SnC2 be a �–component boundary link with exterior

W , so that there exists a Z–homology equivalence cW W !W0 to the exterior W0 of
the trivial �–component boundary link `0W

F
� Sn � SnC2 . The .nC2/–dimensional

f.g. free ZŒF��–module chain complex

PC . �W /D C.zcW C. �W /! C. �W0//�C1

is Z–contractible. For any �–component Seifert surface V DV1tV2t: : :tV��SnC2

for ` there exists a degree 1 map V ! V0 to the �–component Seifert surface
V0 D

F
�DnC1 � SnC2 for `0 . Let

PC .Vi/D C.C.Vi/! C.DnC1//�C1; PC .V /D

�X
iD1

PC .Vi/:

The map V !SnC2nV pushing V off itself in the positive normal direction combines
with chain level Alexander duality to induce a Z–module chain map

eW PC .V /! C
�
SnC2

nV;
F
�fpt:g

�
' PC .V /nC1��;

so that there is defined an .nC1/–dimensional chain complex . PC .V /; e; f�ig/ in
Sei.Z/. The covering B. PC .V /; e; f�ig/ is an .nC1/–dimensional chain complex in
F lk.Z/, with the projection

C.1� eC ezW PC .V /ŒF��! PC .V /ŒF��/D PC . �W /

�! B. PC .V /; e; f�ig/D coker.1� eC ezW PC .V /ŒF��! PC .V /ŒF��/

a homology equivalence.

The covering construction defines a functor of exact categories

B1W Sei1.A/! Bla1.A/I .P; e; f�ig/ 7! B.P; e; f�ig/

which restricts to a functor BW Sei.A/! F lk.A/.

Definition 3.14 A morphism f in Sei1.A/ is a B–isomorphism if B.f / is an
isomorphism in Bla1.A/. Let „1 denote the set of B –isomorphisms in Sei1.A/,
and let „ denote the set of B –isomorphisms in Sei.A/.

3.5 Blanchfield/Seifert algebraic transversality

We shall now use the algebraic transversality of Section 2 to establish that every h.d. 1
F�–link module M is isomorphic to the covering B.P; e; f�ig/ of a f.g. projective
Seifert A–module .P; e; f�ig/, uniquely up to morphisms in „.
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We refer to Sheiham [41] for the proof that B1W Sei1.A/! F lk1.A/ induces an
equivalence of exact categories xB1W „�1

1 Sei1.A/� F lk1.A/. Algebraic transver-
sality will be used to prove that the universal localization Sei.A/!„�1Sei.A/ has a
calculus of fractions, and that the covering functor BW Sei.A/! F lk.A/ induces an
equivalence of exact categories xBW „�1Sei.A/� F lk.A/.

Given an F�–link module M let U.M /D .M; eM ; f�ig/ be the Seifert A–module
defined in [41] – the definition is recalled in the Introduction of this paper, along with
the fact proved in [41] that B1 is a left adjoint of

U1W Bla1.A/! Sei1.A/I M 7! U.M /:

The natural isomorphism of the adjointness

HomBla1.A/.B.Q; f; f�ig/;M /
Š // HomSei1.A/..Q; f; f�ig/;U.M //I

g 7�! adj.g/D U.g/h

is defined for any Seifert A–module .Q; f; f�ig/, with

hW Q�QŒF��! UB.Q; f; f�ig/

the restriction of the canonical surjection QŒF��! B.Q; f; f�ig/. If M is h.d. 1 and
.Q; f; f�ig/ is f.g. projective the natural isomorphism can be written as

HomF lk.A/.B.Q; f; f�ig/;M /Š HomSei1.A/..Q; f; f�ig/;U.M //

but note that in general U.M / is not a f.g. projective Seifert A–module.

The following result establishes that for an h.d. 1 F�–link module M the Seifert
A–module U.M / is the direct limit of a directed system of f.g. projective Seifert A–
modules .P; e; f�ig/ and morphisms in „, with isomorphisms B.P; e; f�ig/ŠM .

Theorem 3.15 (Blanchfield/Seifert algebraic transversality) Let M be an h.d. 1 F�–
link module, with a 1–dimensional induced f.g. projective AŒF��–module resolution

0 // P ŒF��
d // P ŒF�� // M // 0

such that �.d/W P ! P is an A–module isomorphism.

(i) Let I1 be the set of ordered pairs T D .T0;T1/ of subtrees T0;T1 � G� such
that d�.T1/� T0 . The set I1 is partially ordered by inclusion, with maximal element

Tmax D
[

T2I1

T D .G�;G�/ 2 I1:
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There is defined a directed system of Seifert A–modules .P hT i; ehT i; f�ihT ig/ and
morphisms in „1

�hT;T 0iW .P hT i; ehT i; f�ihT ig/ �! .P hT 0i; ehT 0i; f�ihT
0
ig/ .T � T 0 2 I1/

with direct limit

lim
�!

T2I1

.P hT i; ehT i; f�ihT ig/D .P hTmaxi; ehTmaxi; f�ihTmaxig/D U.M /:

For any T D .T0;T1/ 2 I1 the morphism �hT;TmaxiW .P hT i; ehT i; f�ihT ig/ !

U.M / is the adjoint �hT;Tmaxi D adj.�hT i/ of an isomorphism in F lk.A/

�hT iW B.P hT i; ehT i; f�ihT ig/
Š // M

such that for any T �T 0 2 I1 there is defined a commutative triangle of isomorphisms
in F lk1.A/

B.P hT i; ehT i; f�ihT ig/

�hT i

Š

%%JJJJJJJJJJJJJJJJJ

B.�hT;T 0i/

Š
// B.P hT 0i; ehT 0i; f�ihT

0ig/

�hT 0i

Š

yyssssssssssssssssss

M

In particular, �hT;Tmaxi 2„1 .

(ii) Let I � I1 be the subset of the ordered pairs T D .T0;T1/ of finite subtrees
T0;T1 �G� such that d�T1 � T0 . For T 2 I .P hT i; ehT i; f�ihT ig/ is a f.g. projec-
tive Seifert A–module, and

lim
�!
T2I

.P hT i; ehT i; f�ihT ig/D U.M /

with �hT;T 0i 2„ .T � T 0 2 I/.

(iii) For any f.g. projective Seifert A–module .Q; f; f�ig/ every morphism

gW B.Q; f; f�ig/!M

in F lk.A/ factors as

gW B.Q; f; f�ig/
B.ghT i/

// B.P hT i; ehT i; f�ihT ig/
Š

�hT i
// M

for some T 2 I , with ghT iW .Q; f; f�ig/! .P hT i; ehT i; f�ihT ig/ a morphism in
Sei.A/.
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1808 Andrew Ranicki and Desmond Sheiham

Proof (i) The induced f.g. projective AŒF��–module chain complex

EW E1 D P ŒF��
d // E0 D P ŒF��

is such that H0.E/DM , H1.E/D0. By Theorem 2.12 for any subtree T1�G� there
exists a subtree d�.T1/� G� such that for any subtree T0 � G� with d�.T1/� T0

E admits a Mayer–Vietoris presentation

E1hT1iW 0 //
�L

iD1

C
.i/
1
ŒF��

f
C

1
z�f �

1 //

dC

��

D1ŒF�� //

dD

��

E1
//

d

��

0

E0hT0iW 0 //
�L

iD1

C
.i/
0
ŒF��

f
C

0
z�f �

0 // D0ŒF�� // E0
// 0

with C
.i/

j D P
�
T
.i;1/

j

�
; Dj D P

�
T
.0/

j

�
� Ej D P ŒF�� .j D 0; 1/;

and dC D
L�

iD1
d jW

L�
iD1

C
.i/
1
!
L�

iD1
C
.i/
0
; dD D d jW D1!D0:

The A–modules defined by

PihT i D coker.d jW C .i/
1
! C

.i/
0
/;

P hT i D coker.dC /D
L�

iD1
PihT i;

QhT i D coker.dD/

fit into a commutative diagram of AŒF��–modules with exact rows and columns

0

��

0

��

0

��
0 //

�L
iD1

C
.i/
1
ŒF��

f
C

1
z�f �

1 //

dC
��

D1ŒF�� //

dD

��

P ŒF�� //

d

��

0

0 //
�L

iD1

C
.i/
0
ŒF��

f
C

0
z�f �

0 //

��

D0ŒF�� //

��

P ŒF�� //

��

0

0 // P hT iŒF��
fCz�f � //

��

QhT iŒF�� //

��

M //

��

0

0 0 0
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with f C; f �W P hT i !QhT i the A–module morphisms induced by

f C
0
; f �0 W

L�
iD1

C
.i/
0
!D0:

It follows from TorAŒF��

1
.A;M /D 0 that f C�f �W P hT i!QhT i is an A–module

isomorphism. The Seifert A–module .P hT i; ehT i; f�ihT ig/ defined by

ehT i D .f C�f �/�1f CW P hT i ! P hT i; �ihT iW P hT i ! PihT i ! P hT i

is such that P hT iŒF�� ŠQhT iŒF��!M induces the isomorphism of Blanchfield
AŒF��–modules �hT iW B.P hT i; ehT i; f�ihT ig/ Š M adjoint to the natural map
.P hT i; ehT i; f�ihT ig/! U.M /. (In particular, .P hTmaxi; ehTmaxi; f�ihTmaxig/ D

U.M / and �hTmaxiW BU.M /ŠM is the natural isomorphism  M defined in [41,
5.10].) For T � T 0 2 I the B–isomorphism �hT;T 0i is induced by the inclusion
T � T 0 .

(ii) The augmentation of the AŒF��–module morphism d W P ŒF�� ! P ŒF�� is an
A–module isomorphism �.d/W P ! P , so that the induced 1AŒF��–module morphismbd W 1P ŒF��! 1P ŒF�� is an isomorphism, by Proposition 3.1. For any T D .T0;T1/ 2 I

the inclusion P
�
T
.0/
1

�
! 1P ŒF�� is a split A–module injection by Proposition 3.3.

Let sW 1P ŒF�� ! P
�
T
.0/
1

�
be a splitting A–module surjection. The anticlockwise

composition of the morphisms (inverting bd ) in the diagram

D1 D P
�
T
.0/
1

�
dD D d j

��

// P ŒF�� //

d
��

1P ŒF��

s

ww

bdŠ
��

D0 D P
�
T
.0/
0

� // P ŒF�� // 1P ŒF��

defines an A–module surjection P
�
T
.0/
0

�
!P

�
T
.0/
1

�
splitting d jW P

�
T
.0/
1

�
!P

�
T
.0/
0

�
.

Thus d j is a split injection of f.g. projective A–modules and P hT i D coker.d j/ is a
f.g. projective A–module.

(iii) The morphism gW B.Q; f; f�ig/!M in F lk.A/ has a canonical resolution

0 // QŒF��

adj.g/
��

1�f Cf z
// QŒF��

adj.g/
��

// B.Q; f; f�ig/

g

��

//

��

0

0 // P hTmaxiŒF�� // P hTmaxiŒF�� // M // 0
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1810 Andrew Ranicki and Desmond Sheiham

with
adj.g/W .Q; f; f�ig/! .P hTmaxi; ehTmaxi; f�ihTmaxig/D U.M /

the adjoint morphism in Sei1.A/. Since Q is f.g. projective there exists T 2 I such
that

im.gW B.Q; f; f�ig/!M /� im.B.P hT i; ehT i; f�ihT ig/!M /

with a lift of g to an A–module morphism ghT iW Q! P hT i which preserves the
direct sum structures. The diagram of A–modules and morphisms

Q
f

//

ghT i

��g

!!

Q

ghT i

�� g

}}

.�/

P hT i
ehT i

//

�hT i

��

P hT i

�hT i

��
U.M /

e // U.M /

commutes except possibly in .�/, and .�/ commutes if and only if

ghT iW .Q; f; f�ig/! .P hT i; ehT i; f�ihT ig/

is a morphism of Seifert A–modules. Since Q is f.g. projective and the composite

Q
ghT if�ehT ighT i // P hT i

�hT i // U.M /D lim
�!

T 02I

P hT 0i

is 0 there exists T 0 2 I such that T � T 0 and the composite

ghT 0if � ehT 0ighT 0iW Q
ghT if�ehT ighT i // P hT i // P hT 0i

is 0, so that
ghT 0iW .Q; f; f�ig/! .P hT 0i; ehT 0i; f�ihT

0
ig/

is a morphism of Seifert A–modules as required (except that T 0 has to be called T ).

Definition 3.16 Let M D B.P; e; f�ig/ for a f.g. projective Seifert A–module
.P; e; f�ig/.
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(i) For any T 2 I1 let

shT iW .P; e; f�ig/! .P hT i; ehT i; f�ihT ig/

be the B –isomorphism determined by the inclusion P D P Œf1g�� P
�
T
.0/
0

�
.

(ii) For T D Tmax 2 I1 write

sM D shTmaxiW .P; e; f�ig/! .P hTmaxi; ehTmaxi; f�ihTmaxig/D U.M /:

This is the B –isomorphism adjoint of 1W M !M , such that

sM W .P; e; f�ig/
shT i // .P hT i; e; f�ig/

�hT i // U.M /

for any T 2 I1 .

Putting everything together:

Theorem 3.17 (i) Every h.d. 1 F�–link module M is isomorphic to the covering
B.P; e; f�ig/ of a f.g. projective Seifert A–module .P; e; f�ig/.

(ii) For any f.g. projective Seifert A–modules .P; e; f�ig/, .Q; f; f�ig/ every mor-
phism gW B.Q; f; f�ig/! B.P; e; f�ig/ in F lk.A/ is of the form g D B.s/�1B.t/

for some morphisms

sW .P; e; f�ig/! .P 0; e0; f� 0ig/; t W .Q; f; f�ig/! .P 0; e0; f� 0ig/

in Sei.A/ with s 2„.

(iii) If uW .Q; f; f�ig/ ! .P; e; f�ig/ is a morphism of f.g. projective Seifert A–
modules such that B.u/D 0 there exists an element vW .P; e; f�ig/! .P 0; e0; f� 0ig/

in „ such that vuD 0.

(iv) The localization „�1Sei.A/ has a left calculus of fractions, and the covering
construction defines an equivalence of exact categories

xBW „�1Sei.A/ � // F lk.A/I .P; e; f�ig/ 7! B.P; e; f�ig/:

Proof (i) By Theorem 3.15 (i)–(ii) M is isomorphic to B.P hT i; ehT i; f�ihT ig/

for any T 2 I , e.g. for the minimal element Tmin D .d�f1g; f1g/ 2 I .

(ii) By Theorem 3.15 (iii) the adjoint of g factors in Sei1.A/ as

.Q; f; f�ig/
adj.g/

//

ghT i
''OOOOOOOOOOOOOOOO

UB.P; e; f�ig/

.P hT i; ehT i; f�ihT ig/

adj.�hT i/

66nnnnnnnnnnnnnnnnn
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1812 Andrew Ranicki and Desmond Sheiham

for some T 2 I . The morphisms in Sei.A/ defined by

s D shT iW .P; e; f�ig/! .P 0; e0; f� 0ig/D .P hT i; ehT i; f�ihT ig/

t D ghT iW .Q; f; f�ig/! .P 0; e0; f� 0ig/D .P hT i; ehT i; f�ihT ig/

are such that s is a B –isomorphism (ie s 2„) and g D B.s/�1B.t/.

(iii) Let M D B.P; e; f�ig/. We have a commutative diagram in Sei1.A/

.Q; f; f�ig/
adj.B.u//D 0

//

u
$$JJJJJJJJJJJJJ

U.M /

.P; e; f�ig/

�M

;;xxxxxxxxxxxx

Since Q is f.g. projective there exists T 2 I such that

v D shT iW .P; e; f�ig/! .P hT i; ehT i; f�ihT ig/

is a B –isomorphism in Sei.A/ (ie v 2„) with vuD 0.

(iv) Immediate from (i)–(iii).

This completes the proof of Theorem B of the Introduction.

4 Primitive Seifert modules

This section is devoted to the kernel of the covering functor BW Sei.A/! F lk.A/.
Following the terminology of Sheiham [41]:

Definition 4.1 (i) A Seifert A–module .P; e; f�ig/ is primitive if

B.P; e; f�ig/D 0

or equivalently 1� eC ezW P ŒF��! P ŒF�� is an AŒF��–module isomorphism.

(ii) Let Prim.A/� Sei.A/ be the full subcategory with objects the primitive f.g. pro-
jective Seifert A–modules.

We shall now obtain an intrinsic characterization of the objects in Prim.A/, generalizing
the results for �D 1 recalled below.

Definition 4.2 (Lück and Ranicki [28, Section 5]) A near-projection .P; e/ is an A–
module P together with an endomorphism e 2EndA.P / such that e.1�e/2EndA.P /

is nilpotent.
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Proposition 4.3 (Bass, Heller and Swan [5], Lück and Ranicki [28])

(i) A linear morphism of induced f.g. projective AŒz�–modules

f0Cf1zW P Œz�!QŒz�

is an isomorphism if and only if f0Cf1W P !Q is an isomorphism and

e D .f0Cf1/
�1f1W P ! P

is nilpotent.

(ii) A linear morphism of induced f.g. projective AŒz; z�1�–modules

f0Cf1zW P Œz; z�1�!QŒz; z�1�

is an isomorphism if and only if f0Cf1W P !Q is an isomorphism and

e D .f0Cf1/
�1f1W P ! P

is a near-projection.

(iii) Suppose that .P; e/ is a near-projection, or equivalently that

1� eC zeW P Œz; z�1�! P Œz; z�1�

is an AŒz; z�1�–module automorphism. If N > 0 is so large that .e.1� e//N D 0 then

eN
C .1� e/N W P ! P

is an A–module automorphism, and the endomorphism

e! D .e
N
C .1� e/N /�1eN

W P ! P

is a projection, with e!.1� e!/D 0. The submodules of P

PC D .1� e!/.P /D .1� e/N .P /D fx 2 P j .1� eC ez/�1e.x/ 2 P Œz�g;

P� D e!.P /D eN .P /D fx 2 P j .1� eC ez/�1.1� e/.x/ 2 z�1P Œz�1�g

are such that
.P; e/D .PC; eC/˚ .P�; e�/

with eCW PC! PC and 1� e�W P�! P� nilpotent.

Definition 4.4 A f.g. projective Seifert A–module .P; e; f�ig/ is strongly nilpotent if
the AŒFC� �–module endomorphism

ez D

�X
iD1

e�izi W P ŒF
C
� �! P ŒFC� �
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1814 Andrew Ranicki and Desmond Sheiham

is nilpotent, ie .ez/N D 0 for some N > 1.

The condition for strong nilpotence is equivalent to the AŒF��–module endomorphism

ez D

�X
iD1

e�izi W P ŒF��! P ŒF��

being nilpotent.

Expressed as a representation of the complete quiver Q� , a Seifert module .P; �W Q�!

EndA P / is strongly nilpotent if and only if there exists N > 1 such that �.p/D 0 for
every path p 2Q� of length > N .

Proposition 4.5 The following conditions on a f.g. projective Seifert A–module
.P; e; f�ig/ are equivalent:

(i) .P; e; f�ig/ is strongly nilpotent,

(ii) the AŒFC� �–module endomorphism

1� ezW P ŒFC� �! P ŒFC� �

is an automorphism,

(iii) the AŒFC� �–module endomorphism

1� eC ezW P ŒFC� �! P ŒFC� �

is an automorphism.

Proof (i) H) (ii) If .ez/N D 0 then 1� ez has inverse

.1� ez/�1 D 1C ezC .ez/2C � � �C .ez/N�1

2 Hom
AŒF

C
� �
.P ŒFC� �;P ŒF

C
� �/D HomA.P;P /ŒF

C
� �:

(ii) H) (i) The inverse of 1� ez is of the form

.1� ez/�1
D

X
1 6 i1; i2; : : : ; ik 6�

n1;n2; : : : ;nk > 0

n1Cn2C� � �Cnk <N

fi1i2:::ik
z

n1

i1
z

n2

i2
: : : z

nk

ik
W P ŒFC� �! P ŒFC� �

for some N > 1. We have the identity

.1� ez/�1� .1C ezC .ez/2C � � �C .ez/N�1/D .1� ez/�1.ez/N

2 Hom
AŒF

C
� �
.P ŒFC� �;P ŒF

C
� �/D HomA.P;P /ŒF

C
� �
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in which the left hand side is a sum of monomials in zi1
z

n2

i2
: : : z

nk

ik
of degree n1C

n2C � � � C nk < N and the right hand side is a sum of monomials of degree > N .
Both sides of the identity are thus 0,

.ez/N D 0W P ŒFC� �! P ŒFC� �

and .P; e; f�ig/ is strongly nilpotent.

(ii) ” (iii) Immediate from the identity

1� eC ez D 1� e.1� z/W P ŒFC� �! P ŒFC� �

and the change of variables zi 7! 1� zi .

Definition 4.6 A �–component Seifert A–module .P; e; f�ig/ is a near-projection
if it can be expressed as

.P; e; f�ig/D

�
PC˚P�;

�
eCC eC�

e�C e��

�
; f�Ci g˚ f�

�
i g

�
and the 2�–component Seifert A–module

.P 0; e0; � 0/D

�
PC˚P� ;

�
eCC �eC�

e�C 1� e��

�
; f�Ci g˚ f�

�
i g

�
is strongly nilpotent.

Lemma 4.7 For a near-projection .P; e; f�ig/ the pairs .P; e/, .P; e0/ are near-
projections.

Proof We have a decomposition P D PC˚P� with respect to which e0 is strongly
nilpotent. Now

e.1� e/D

�
eCC eC�

e�C e��

��
1� eCC �eC�

�e�C 1� e��

�

D

�
eCC� .eCC/2� eC�e�C �eCCeC�C eC�.1� e��/

e�C� e�CeCC� e��e�C �e�CeC�C e��.1� e��/

�

D

�
eCC� .eCC/2� eC�e�C �eCCeC�C eC�.1� e��/

e�C� e�CeCC� e��e�C �e�CeC�C .1� e��/� .1� e��/2

�
:

The matrix

e0 D

�
eCC �eC�

e�C 1� e��

�
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denotes a strongly nilpotent representation of the complete quiver Q2� on 2� vertices.
In the following illustration �D 1:

�
((

99 �hh ee

Now each entry in the 2� � 2� matrix e.1 � e/ above is (the image of) a linear
combination of paths of length at least one in the quiver. Hence each entry of .e.1�e//N

is the image of a sum of paths of length at least N . It follows that .e.1� e//N D 0

for some N > 1.

The pair .P; e0/ is a near-projection since e0W P ! P is nilpotent.

For � D 1 there is no difference between a near-projection .P; e; f�ig/ and a near-
projection .P; e/. For �> 2 a near-projection .P; e; f�ig/ has .P; e/ a near-projection
(Lemma 4.7) but the splitting .P; e/D .PC; eC/˚ .P�; e�/ given by Proposition 4.3
does not in general extend to a direct sum decomposition of Seifert A–modules

.P; e; f�ig/D .P
C; eC; f�Ci g/˚ .P

�; e�; f��i g/:

This is illustrated by the following example.

Example 4.8 Let A be a field, and consider the 2–component Seifert A–module
.P; e; f�1; �2g/ given by

P DA4; e D

0BB@
0 0 0 0

0 1 1 0

0 0 0 0

1 0 0 1

1CCA ; �1 D

0BB@
1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

1CCA ; �2 D

0BB@
0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

1CCA :
In this case eW P ! P is a projection, with e.1� e/D 0. This f.g. projective Seifert
A–module has just one submodule

.SP ; xe; fx�1; x�2g/� .P; e; f�1; �2g/

namely
SP D e.P /D f.0;x; 0;y/ 2 P j .x;y/ 2A2

g:

It is not possible to decompose .P; e; f�1; �2g/ as a direct sum, since .SP ; xe; fx�1; x�2g/

is not a summand. Neither e nor 1� e is nilpotent but

1� eC ez D

0BB@
1 0 0 0

0 z1 z2� 1 0

0 0 1 0

z1� 1 0 0 z2

1CCAD
0BB@

1 0 0 0

0 1 z2� 1 0

0 0 1 0

z1� 1 0 0 1

1CCA
0BB@

1 0 0 0

0 z1 0 0

0 0 1 0

0 0 0 z2

1CCA
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and 0BB@
0 0 0 0

0 0 z2� 1 0

0 0 0 0

z1� 1 0 0 0

1CCA
2

D 0

so 1� eC ez is invertible. Moreover, .P; e; f�1; �2g/ is a near-projection, with

PC
1
DA˚0˚0˚0; P�1 D 0˚A˚0˚0; PC

2
D 0˚0˚A˚0; P�2 D 0˚0˚0˚A

such that

e0 D

0BB@
0 0 0 0

0 0 1 0

0 0 0 0

1 0 0 0

1CCA W P D PC
1
˚P�1 ˚PC

2
˚P�2 ! P D PC

1
˚P�1 ˚PC

2
˚P�2

is strongly nilpotent.

The main result of this section is:

Theorem 4.9 A f.g. projective Seifert A–module .P; e; f�ig/ is primitive if and only
if it is a near-projection.

Proof Suppose that .P; e; f�ig/ is a near-projection, with e0 D

�
eCC �eC�

e�C 1� e��

�
strongly nilpotent. We have

1�eCez D 1�e.1�z/

D

�
1�eCC.1�z/ �eC�.1�z/

�e�C.1�z/ 1�e��.1�z/

�

D

�
1�eCC.1�z/ eC�.1�z�1/

�e�C.1�z/ 1�.1�e��/.1�z�1/

��
1 0

0 z

�

D

��
1 0

0 1

�
�

�
eCC �eC�

e�C 1� e��

��
1�z 0

0 1�z�1

���
1 0

0 z

�
W .PC˚P�/ŒF��

�! .PC˚P�/ŒF��:

It follows from the strong nilpotence of e0 that e0..1� z/˚ .1� z�1// is nilpotent,
and hence that

1�e.1�z/D .1�e0..1�z/˚.1�z�1///.1˚z/W .PC˚P�/ŒF��! .PC˚P�/ŒF��
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is an isomorphism, so that B.P; e; f�ig/D 0 and .P; e; f�ig/ is primitive.

Conversely, suppose that .P; e; f�ig/ is a primitive f.g. projective Seifert A–module,
ie such that the AŒF��–module morphism

1� eC ezW P ŒF��! P ŒF��

is an isomorphism. We shall use a variant SG� of the Cayley tree G� (Definition 1.3)
to prove that 1� eC ezW P ŒF��! P ŒF�� is a near-projection. Define

SG.0/
� D F�; SG.1/

� D
˚
.w; ziw/ jw 2 F�; i 2 f1; 2; : : : ; �g

	
so that there is defined a right F�–action

SG� �F�! SG�I .w;g/ 7! wg:

For each i D 1; 2; : : : ; � partition F� as

F� D FC;i� tF�;i� t f1g

with F
C;i
� (resp. F

�;i
� ) consisting of the reduced words in z1; z2; : : : ; z� which start

(resp. do not start) with zi . Removing the edge .w; ziw/ disconnects SG� , and the
complement is a disjoint union of trees

SG��f.w; ziw/g D SG
C
� .w; ziw/t SG

�
� .w; ziw/

with
SGC� .w; ziw/

.0/
D FC;iw; SG�� .w; ziw/

.0/
D .F�;i [f1g/w:

In the diagram

ez //ez //
1�e

oo
1�e

oo

ez
��

1�e

OO

ez
��

1�e

OO

Pi ziPiz�1
i Pi

z�1
j Pj ziz

�1
j Pj

Pj ziPj

ziPP

we are placing the components of the range (resp. domain) P ŒF�� at the vertices
(resp. edges) of SG� , with the A–module wP at w 2 SG.0/

� , and the A–module wPi at
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.w; ziw/ 2 SG
.1/
� . An element

x 2 P ŒF��D
X

.w;ziw/2SG
.1/
�

wPi

is sent to
.1� e/.x/C ez.x/ 2 P ŒF��D

X
w2SG

.0/
�

wP;

as indicated by the arrows in the diagram. For i D 1; 2; : : : ; � define the A–modules

PCi D

�
x 2 Pi j .1� eC ez/�1ez.x/ 2

X
w2F

C;i
�

wP

�
;

P�i D

�
x 2 Pi j .1� eC ez/�1.1� e/.x/ 2

X
j¤i

Pj ˚

X
w2F

�;i
�

wP

�
:

An element xC 2 Pi belongs to PCi if and only if there exist elements yC.w/ 2 P

(w 2 F
C;i
� ) such that

ez.xC/D .1� eC ez/

� X
w2F

C;i
�

wyC.w/

�
2

X
w2F

C;i
�

wP: .�/

There is one component yC.w/ for each edge in SGC� .1; zi/
.1/ , and one equation for

each vertex in SGC� .1; zi/
.0/ . Similarly, an element x� 2Pi belongs to P�i if and only

if there exist elements yj 2 Pj (j ¤ i ) and y�.w/ 2 P (w 2 F
�;i
� ) such that

..1�e/.x�/; 0/D .1�eCez/

�X
j¤i

yjC

X
w2F

�;i
�

wy�.w/

�
2P˚

X
w2F

�;i
�

wP: .��/

There is one component yj (j ¤ i ) or y�.w/ for each edge SG�� .1; zi/
.1/ , and one

equation for each vertex in SG�� .1; zi/
.0/ . For i D 1; 2; : : : ; � partition

FC;i� D FCC;i� tF�C;i� ; F�;i� D FC�;i� tF��;i�

with F
˛C;i
� consisting of the words wDz

�0

i0
: : : z

�k

ik
2F� with .i0; �0/D .i;C/, �kD˛ ,

and F
˛�;i
� consisting of the words wD z

�0

i0
: : : z

�k

ik
2F� with .i0; �0/¤ .i;C/, �k D˛ .

For any xC 2PCi and w 2F
˛C;i
� we have that yC.w/2P˛

j , as given by all the terms
in .�/ involving SGC.w; ziw/. Similarly, for any x� 2 P�i and w 2 F

˛�;i
� we have

that y�.w/ 2 P˛
j , as given by all the terms in .��/ involving SG�.w; ziw/.
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Regarded as an A–module isomorphism 1�eCezW P ŒF��! P ŒF�� can be expressed
as

1�eCez D�
ezj .1�eCez/j 0

.1�e/j 0 .1�eCez/j

�
W Pi ˚

� X
w2F

C;i
�

wP

�
˚

�X
j¤i

Pj ˚

X
w2F

�;i
�

wP

�

�!

� X
w2F

C;i
�

wP

�
˚

�
P ˚

X
w2F

�;i
�

wP

�

so that there is induced an A–module isomorphism�
ezj

.1� e/j

�
W Pi!

�
coker

�
.1� eC ez/jW

X
w2F

C;i
�

wP !
X

w2F
C;i
�

wP

��

˚

�
coker

�
.1� eC ez/jW

X
j¤i

Pj ˚

X
w2F

�;i
�

wP ! P ˚
X

w2F
�;i
�

wP

��

and

Pi D PCi ˚P�i ;

with

.1� eC ez/�1ez.PCi /�

�X
jD1

X
w2F

CC;i
�

wPCj ˚

�X
jD1

X
w2F

�C;i
�

wP�j ;

.1� eC ez/�1.1� e/.P�i /�

�X
jD1

X
w2F

C�;i
�

wPCj ˚

�X
jD1

X
w2F

��;i
�

wP�j :

For ˛; ˇ 2 f˙g let

e
ˇ˛
ji W P

˛
i ! P

ˇ
j

be the A–module morphisms such that

e D

 
eCCji eC�ji

e�Cji e��ji

!
W P D

�X
iD1

.PCi ˚P�i /! P D

�X
jD1

.PCj ˚P�j /:

Let

�
ˇ˛
ji .w/W P

˛
i ! P

ˇ
j
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Blanchfield and Seifert algebra 1821

be the A–module morphisms such that

�.1�eCez/�1ezj D

0BBBB@
�P

jD1

P
w2F

CC;i
�

w�CCji .w/

�P
jD1

P
w2F

�C;i
�

w��Cji .w/

1CCCCA W PCi
�!

�X
jD1

X
w2F

CC;i
�

wPCj ˚

�X
jD1

X
w2F

�C;i
�

wP�j ;

�.1�eCez/�1.1� e/j D

0BBBB@
�P

jD1

P
w2F

C�;i
�

w�C�ji .w/

�P
jD1

P
w2F

��;i
�

w���ji .w/

1CCCCA W P�i
�!

�X
jD1

X
w2F

C�;i
�

wPCj ˚

�X
jD1

X
w2F

��;i
�

wP�j :

Composing with 1� eC ez gives
(�)

�eCCji zi D

�X
kD1

� X
w2F

CC;i
�

w.ıjk � eCC
jk

/�CC
ki

.w/C
X

w2F
�C;i
�

wzk.e
C�

jk
/��C

ki
.w/

�
W

PCi �!
X

w2F
CC;i
�

PCj ;

�e�Cji zi D

�X
kD1

� X
w2F

CC;i
�

we�C
jk

�CC
ki

.w/C
X

w2F
�C;i
�

wzke��jk �
�C

ki
.w/

�
W

PCi �!
X

w2F
�C;i
�

wP�j ;

�.�eC�ji /D

�X
kD1

� X
w2F

C�;i
�

w.ıjk�eCC
jk

/�C�
ki
.w/C

X
w2F

�C;i
�

wzkeC�
jk

���ki .w/

�
W

P�i �!
X

w2F
C�;i
�

wPCj ;

�.ıji�e��ji /D

�X
kD1

� X
w2F

C�;i
�

we�C
jk

�C�
ki
.w/C

X
w2F

��;i
�

wzke��jk �
��
ki .w/

�
W

P�i �!
X

w2F
��;i
�

wP�j :
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Comparing the coefficients of zi and 1 gives

�

 
eCCji

e�Cji

!
D

�X
kD1

  
ıjk � eCC

jk

�e�C
jk

!
�CC

ki
.zi/C

 
eC�
jk

e��
jk

!
��C

ki
.ziz
�1
k /

!
W

PCi ! PCj ˚P�j ;

�

 
�eC�ji

ıji � e��ji

!
D

�X
kD1

  
ıjk � eCC

jk

�e�C
jk

!
�C�

ki
.1/C

 
eC�
jk

e��
jk

!
���ki .z

�1
k /

!
W

P�i ! PCj ˚P�j :

Writing�
�CC �C�

��C ���

�
D

�
�CC

ki
.zi/ �C�

ki
.1/

��C
ki
.ziz
�1
k
/ ���

ki
.z�1

k
/

�
W PC˚P�! PC˚P�;

we thus have

�

�
eCC �eC�

e�C 1� e��

�
D

�
1� eCC eC�

�e�C e��

��
�CC �C�

��C ���

�
:

Let Q
C;�
� be the quiver with 2� vertices .i;˙/16i6� and one edge .i0; �0/! .i1; �1/

for each pair of vertices with .i0; �0/¤ .i1;��1/. (The path ring is given by

QC;�� D

ZŒs��Z

h
�C

1
; ; : : : ; �C� ; �

�
1 ; : : : ; �

�
� j�

˛
i �

ˇ
j D ı˛ˇıij�

˛
i ;

�X
iD1

.�Ci C�
�
i /D 1

i
=
˚
�˛i s��˛i

	
where �˛i s�

ˇ
j (.i; ˛/ ¤ .j ;�ˇ/) corresponds to the unique path of length 1 from

.i; ˛/ to .j ; ˇ/.) In the illustration �D 2:

�
((

99

��

�hh ee

��
�

((
99

HH

�hh ee

HH

Regard a word w D z
�0

i0
z
�1

i1
: : : z

�k

ik
2 F� as a path of length jwj D k in Q

C;�
�

.i0; �0/! .i1; �1/! � � � ! .ik ; �k/

and for k > 1 define an A–module morphism �.w/W P
�0

i0
! P

�1

i1
as follows. Define

Œw�D
�
z
�0

i0
z
�1

i1

��
z
�0

i1
z
�1

i2

�
: : :
�
z
�k�1

ik�1
z
�k

ik

�
2 F�
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with

�
z
�0

i0
z
�1

i1

�
D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

z
�0

i0
if .�0; �1/D .C;C/

z
�0

i0
z
�1

i1
if .�0; �1/D .C;�/

z
�1

i1
if .�0; �1/D .�;�/

1 if .�0; �1/D .�;C/:

For k D 1 set

�
�
z
�0

i0
z
�1

i1

�
D �

�1�0

i1i0

��
z
�1

i1
z
�0

i0

��
and for k > 2 set

�
�
z
�0

i0
z
�1

i1
: : : z

�k

ik

�
D �

�
z
�k�1

ik�1
z
�k

ik

�
: : : �

�
z
�1

i1
z
�2

i2

�
�
�
z
�0

i0
z
�1

i1

�
:

The identities

�.w/D �
�k�0

ik i0
.Œw�/W P

�0

i0
! P

�k

ik

may be verified by induction on k , since both sides satisfy the equations (�) and so

�.1� eC ez/�1ezj D
X

w2F
C;i
�

w�.w/W PCi !
X

w2F
C;i
�

wP;

�.1� eC ez/�1.1� e/j D
X
j¤i

�C�ji C

X
w2F

�;i
�

w�.w/W P�i !
X
j¤i

Pj ˚

X
w2F

�;i
�

wP:

For ˛; ˇ 2 f˙g let F
ˇ˛
� be the set of paths

.i0; �0/! .i1; �1/! � � � ! .ik ; �k/

in Q
C;�
� with �0 D ˛ , �k D ˇ . The AŒF��–module endomorphism

�0 D

�
z 0

0 1

��
�CC �C�

��C ���

��
1 0

0 z�1

�
W .PC˚P�/ŒF��! .PC˚P�/ŒF��

is such that for any N > 1

.�0/N D

0BB@
P

w2F
CC
� ;jwjDN

w�CC.w/
P

w2F
C�
� ;jwjDN

w�C�.w/P
w2F

�C
� ;jwjDN

w��C.w/
P

w2F��� ;jwjDN

w���.w/

1CCA W
.PC˚P�/ŒF��! .PC˚P�/ŒF��:
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If N > 1 is so large that

.1� eC ez/�1
D

X
w2F�;jwj<N

awwW P ŒF��! P ŒF�� .aw 2 HomA.Pi0
;Pik

//;

then for any word w 2 F� of length jwj D k >N

�.w/D 0W P
�0

i0
! P

�k

ik
:

The 2�–component Seifert module

.P 0; �0; � 0/D

�
PC˚P�;

�
�CC �C�

��C ���

�
; f�Ci ˚�

�
i g

�

is strongly nilpotent, with .�0z0/N D 0, regarding F2� as free group on 2� generators
z0

1
; z0

2
; : : : ; z0

2�
and letting

z0 D

0BBB@
z0

1
0 : : : 0

0 z0
2
: : : 0

:::
:::
: : :

:::

0 0 : : : z0
2�

1CCCA W P 0ŒF2��! P 0ŒF2��:

Define the 2�–component Seifert module

.P 0; e0; � 0/D

�
PC˚P�;

�
eCC �eC�

e�C 1� e��

�
; f�Ci ˚�

�
i g

�
:

Applying the augmentation �W zi 7! 1 to the AŒF��–module morphisms

�

X
w2F

C;i
�

w�.w/W PCi ŒF��
ez // P ŒF��

.1�eCez/�1

// P ŒF��;

�

�X
j¤i

�C�ji C

X
w2F

�;i
�

w�.w/

�
W P�i ŒF��

1�e // P ŒF��
.1�eCez/�1

// P ŒF��
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shows that the components of e0 are given by linear combinations of paths of length
> 1

eCC D�
X

w2F
CC
�

�.w/W PC! PC;

e�C D�
X

w2F
C�
�

�.w/W PC! P�;

�eC� D�
X

w2F
�C
�

�.w/W P�! PC;

1� e�� D�
X

w2F���

�.w/W P�! P�:

The AŒF2��–module endomorphism e0z0W P 0ŒF2��! P 0ŒF2�� is nilpotent, with

.e0z0/N D 0;

so that .P; e; �/ is strongly nilpotent.

This completes the proof of Theorem C of the Introduction.

5 Algebraic K –theory

We shall obtain our results on the algebraic K–theory of AŒF�� and Blanchfield and
Seifert modules using the Waldhausen [50] algebraic K–theory of categories with
cofibrations and weak equivalences, and the noncommutative localization algebraic
K–theory exact sequence of Neeman and Ranicki [30; 31].

5.1 The algebraic K –theory of exact categories

The higher algebraic K–groups Kn.E/ of an exact category E are defined by Quillen
[32] to be the homotopy groups of a connective spectrum K.E/

�n.K.E//DKn.E/ .n > 0/

with K0.E/ the Grothendieck class group. The idempotent completion E ! P.E/
induces an injection K0.E/ ! K0.P.E// and isomorphisms Kn.E/ ! Kn.P.E//
for n > 1, by the cofinality theorem of Grayson [21]. The lower K–groups Kn.E/
(n 6�1) are defined by Schlichting [38] (following on from the definitions of Karoubi
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and Pedersen–Weibel for the lower K–groups of filtered additive categories) to be the
lower homotopy groups of a nonconnective spectrum KP.E/ such that

�n.KP.E//DKn.P.E// .n 2 Z/;

with Kn.E/DKn.P.E// for n¤ 0.

The algebraic K–groups of a ring R are the algebraic K–groups of the idempotent
complete exact category E D Proj.R/ of f.g. projective R–modules

Kn.R/DKn.Proj.R// .n 2 Z/;

as defined for �1 < n 6 1 in Bass [4], and for 2 6 n <1 in Quillen [32]. The
nonconnective spectrum defined by K.R/ D KP.Proj.R// has homotopy groups
��.K.R//DK�.R/.

A Waldhausen category .C; w/ is a small category C with cofibrations together with
a subcategory w � C of weak equivalences satisfying the axioms of [50]. As usual,
there is defined a connective algebraic K–theory spectrum

K.C; w/D�jwS�Cj

with homotopy groups the algebraic K–theory groups

Kn.C; w/D �n.K.C; w// .n > 0/:

A functor F W .C; w/! .C0; w0/ of Waldhausen categories induces a long exact sequence
of algebraic K–groups

� � � // KnC1.F / // Kn.C; w/
F // Kn.C0; w0/ // � � � // K0.F / // 0

with Kn.F /D �n.F W K.C; w/!K.C0; w0// (n > 0).

As in Thomason and Trobaugh [45, 1.9] we shall only be considering Waldhausen
categories .C; w/ which are ‘complicial biWaldhausen’, so that in particular C is a
full subcategory of the category of chain complexes in an abelian category A, the
cofibrations are chain maps which are split injections in each degree, w contains the
quasi-isomorphisms ( = the chain maps inducing isomorphisms in homology), and
which in addition are closed under the formation of canonical homotopy pushouts and
pullbacks.

The homotopy (or derived) category [45, page 269] of a Waldhausen category .C; w/
is the category of fractions

D.C; w/D w�1C;
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which is a triangulated category under the above hypotheses. The idempotent comple-
tion PD.C; w/ is then also triangulated (Balmer and Schlichting [2]), and the class
groups K0.D.C; w//, K0.PD.C; w// are defined, with K0.D.C; w// D K0.C; w/.
Schlichting [38] defined the lower K–groups Kn.PD.C; w// for n 6 �1 for Wald-
hausen categories as above, and constructed a nonconnective spectrum KP.C; w/ with
homotopy groups

�n.KP.C; w//DKPn.C; w/D

8̂<̂
:

Kn.C; w/ for n > 1

K0.PD.C; w// for nD 0

KPn.C; w/ for n 6 �1.

A functor F W .C; w/! .C0; w0/ of Waldhausen categories induces a long exact sequence
of algebraic K–groups

� � � // KPnC1.F / // KPn.C; w/
F // KPn.C0; w0/ // KPn.F / // � � � ;

with KPn.F /D �n.F W KP.C; w/!KP.C0; w0// .n 2 Z/.

Given an exact category E let C b.E/ be the category of bounded chain complexes
in E and chain maps. An object C in C b.E/ is acyclic (in the sense of Keller [24,
Chapter 11]) if each differential d W Cr ! Cr�1 factors as Cr !Zr ! Cr�1 with

0!ZrC1! Cr !Zr ! 0

exact. A morphism f W C !D in C b.E/ is a quasi-isomorphism if the mapping cone
C.f / is chain equivalent to an acyclic complex. If E is fully embedded in an abelian
category A with the embedding closed under extensions and the idempotent completion
P.E/ is closed under taking kernels of surjections then a quasi-isomorphism is the same
as a chain map inducing isomorphisms in homology in the ambient abelian category A
[45, Appendix A].

Let .Cb.E/; wE/ be the Waldhausen category with cofibrations the chain maps which
are degreewise split injections, and wE �Cb.E/ the subcategory of quasi-isomorphisms.
The derived category

Db.E/DD.Cb.E/; wE/
is the category of bounded chain complexes in E and fractions of chain homotopy
classes of chain maps, with denominators quasi-isomorphisms. As usual, let Kb.E/
be the category of bounded chain complexes in E and chain homotopy classes of
chain maps, and let wKE � Kb.E/ be the subcategory of quasi-isomorphisms: the
localization

Db.E/D .wKE/
�1Kb.E/
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has both a left and a right calculus of fractions. The derived category Db.E/ is
a triangulated category [45, 1.9.6]. Balmer and Schlichting [2, 2.12] prove that the
idempotent completion of the derived category is the derived category of the idempotent
completion

PDb.E/DDb.P.E//

and the algebraic K–groups are such that8<:Kn.Cb.E/; wE/DKn.E/ for n > 0 (Gillet [20])

KPn.Cb.E/; wE/DKn.P.E// for n 2 Z (Schlichting [38]):

By [45, 1.9.2] the Waldhausen category defined in the same way but with cofibrations the
chain maps which are degreewise admissible monomorphisms has the same algebraic
K–theory.

Definition 5.1 Let F W E!D be a functor of exact categories.

(i) The algebraic K–groups KP�.E ;D/ are

KPn.E ;D/DKPn.C
b.E ;D/; w.E;D// .n 2 Z/

with .Cb.E ;D/; w.E;D//� .Cb.E/; wE/ the Waldhausen subcategory with Cb.E ;D/�
Cb.E/ the full subcategory with objects the bounded chain complexes C in E which
are chain equivalent in D to acyclic complexes, and

w.E;D/ D wE \ Cb.E ;D/� Cb.E ;D/

the subcategory of the quasi-isomorphisms.

(ii) The algebraic �K–groups of F are

�Kn.F /DKPn.C
b.E/; wD/ .n 2 Z/

with wD � Cb.E/ the subcategory with morphisms the chain maps in E which become
quasi-isomorphisms in D , or equivalently such that the mapping cones are in Cb.E ;D/.

The groups �K�.F / are the algebraic K–theory analogues of the algebraic L–theory
groups ��.F / of Cappell and Shaneson [8].

Theorem 5.2 Let F W E!D be a functor of exact categories.
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(i) The algebraic K–groups fit into a commutative braid of exact sequences

KPn.E ;D/

%%KKKKKKKKKK

&&
KPn.E/

%%KKKKKKKKK

F

&&
KPn.D/

KPnC1.F /

88rrrrrrrrrr

&&LLLLLLLLLL
�Kn.F /

�F
99ssssssssss

%%KKKKKKKKKK

KPnC1.D/

99ssssssssss

88
KPnC1.�F /

99ttttttttt

88
KPn�1.E ;D/

with �F W .C b.E/; wD/! .C b.D/; wD/ induced by F .

(ii) If �F W PD.Cb.E/; wD/! PD.Cb.D/; wD/ is an equivalence of categories then

KP�.�F /D 0; KP�C1.F /Š KP�.E ;D/; �K�.F /Š KP�.D/

and the braid of (i) collapses to the exact sequence

� � � // KPnC1.D/ // KPn.E ;D/ // KPn.E/
F // KPn.D/ // � � �

(iii) The hypothesis of (ii) is satisfied if F W E !D D†�1E is the canonical functor
to a category of fractions and D has a calculus of left fractions.

Proof (i) The cases n > 0 are a direct application of the version of the localization
theorem of [50, 1.6.4] stated in Theorem 2.3 and Lemma 2.5 of Neeman and Ranicki
[31], with

Rc DD.Cb.E ;D/; w.E;D//� Sc DD.Cb.E/; wE/; Sc=Rc �D.Cb.E/; wD/;
RD .Cb.E ;D/; w.E;D//; SD .Cb.E/; wE/; TD SR D .Cb.E/; wD/

giving a fibration sequence of connective spectra

K.Cb.E ;D/; w.E;D//!K.Cb.E/; wE/!K.Cb.E/; wD/:

The cases n< 0 follow from Theorems 2.4, 3.7 of [31] and Schlichting [38, Theorems
1,9], which give a fibration sequence of nonconnective spectra

KP.Cb.E ;D/; w.E;D//!KP.Cb.E/; wE/!KP.Cb.E/; wD/:

(ii) This is a direct application of the Approximation Theorem of Waldhausen [50,
Theorem 1.6.7]: if F W .C; w/! .C0; w0/ is a functor which induces an equivalence of
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the homotopy categories F W D.C; w/!D.C0; w0/ then F W K.C; w/!K.C0; w0/ is a
homotopy equivalence inducing isomorphisms F W K�.C; w/ŠK�.C0; w0/. Similarly,
if F W PD.C; w/ ! PD.C0; w0/ is an equivalence there are induced isomorphisms
F W KP�.C; w/ŠKP�.C0; w0/ ([38]).

(iii) Every object D in Cb.D/ is chain equivalent to F.E/ for an object E in
Cb.E/, and the functors F W C b.E/! C b.D/, F W D.Cb.E/; wD/! D.Cb.D/; wD/
are localizations.

Definition 5.3 (i) Write the algebraic K–groups of the exact categories Prim.A/,
Sei.A/, Bla.A/, F lk.A/ as

Prim�.A/DK�.Prim.A//; Sei�.A/DK�.Sei.A//;

Bla�.A/DK�.Bla.A//; Flk�.A/DK�.F lk.A//:

(ii) Write the algebraic K–groups of the idempotent completion of the homotopy
category of .Cb.Sei.A/;Bla.A//; w.Sei.A/;Bla.A/// as

.Sei;Bla/�.A/DKP�.Cb.Sei.A/;Bla.A//; w.Sei.A/;Bla.A///:

Proposition 5.4 The covering functor BW Sei.A/ ! Bla.A/ induces morphisms
BW Sei�.A/! Bla�.A/ which fit into a long exact sequence

� � � // .Sei;Bla/n.A/ // Sein.A/
B // Blan.A/ // .Sei;Bla/n�1.A/ // � � �

with
im.BW Sei0.A/! Bla0.A//D Flk0.A/� Bla0.A/:

Proof Apply Theorem 5.2 (iii) with

F W E D Sei.A/!DD„�1Sei.A/ � F lk.A/;

noting that Sei.A/ is idempotent complete (Proposition 3.10 (i)), that „�1Sei.A/�
F lk.A/ has a left calculus of fractions by Theorem 3.17, and that Bla.A/�P.F lk.A//
(Proposition 3.10(ii)).

In the next section it will be shown that the functor

Prim.A/! Cb.Sei.A/;Bla.A//I .P; e; f�ig/ 7! .� � � ! 0! .P; e; f�ig//

induces isomorphisms of algebraic K–groups Prim�.A/Š .Sei;Bla/�.A/.
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5.2 The algebraic K –theory of noncommutative localizations

Given a ring R let Mod.R/ be the abelian category of R–modules, so that Proj.R/�
Mod.R/ is an exact subcategory. Write the Waldhausen category of Proj.R/ as

.Cb.R/; wR/D .Cb.Proj.R//; wProj.R//:

An object in Cb.R/ is a bounded chain complex C of f.g. projective R–modules; C is
acyclic if and only if H�.C /D 0. A morphism f W C !D in Cb.R/ is a chain map;
f is in wR if and only if f�W H�.C /! H�.D/ is an isomorphism. The algebraic
K–groups of R are given by

K�.R/DK�.Proj.R//DKP�.Cb.R/; wR/:

A ring morphism F W R! S induces a functor of abelian categories

F D S ˝R �WMod.R/!Mod.S/I P 7! S ˝R P

which restricts to an exact functor F W Proj.R/! Proj.S/. There is also induced a
functor of Waldhausen categories

F W .Cb.R/; wR/! .Cb.S/; wS /I C 7! S ˝R C:

The relative homotopy groups of F W K.R/!K.S/ are the relative K–groups K�.F/
in the long exact sequence

� � � // Kn.R/
F // Kn.S/ // Kn.F/ // Kn�1.R/ // � � � :

Let R be a ring, and let † be a set of morphisms of f.g. projective R–modules. A
ring morphism R! T is †–inverting if each .sW P !Q/ 2† induces a T –module
isomorphism 1˝ sW T ˝R P ! T ˝R Q. By Cohn [10] there exists a universal
†–inverting localization ring morphism

F W R! S D†�1R

such that any †–inverting ring morphism R! T has a unique factorization

R
F // S // T:

The category of fractions †�1Proj.R/ is equivalent to the full subcategory

ProjR.S/� Proj.S/

with objects isomorphic to the f.g. projective S –modules †�1P D S ˝R P induced
from f.g. projective R–modules P , and Proj.S/D P.ProjR.S// is the idempotent
completion.
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Definition 5.5 (i) For any ring morphism F W R!S write the Waldhausen categories
defined in Definition 5.1 as

.Cb.Proj.R/;Proj.S//; w.Proj.R/;Proj.S///D .Cb.R;S/; w.R;S//;

.Cb.Proj.R//; wS /D .Cb.R/; wS /

with corresponding nonconnective algebraic K–theory spectra

KP.Cb.R;S/; w.R;S//DK.R;S/; KP.Cb.R/; wS /D �K.F/

and algebraic K–groups K�.R;S/, �K�.F/. An object in Cb.R;S/ is a bounded
chain complex C of f.g. projective R–modules such that H�.S ˝R C / D 0. A
morphism f W C ! D in Cb.R;S/ is a chain map; f is in w.R;S/ if and only if
f�W H�.C /! H�.D/ is an isomorphism. A morphism f W C ! D in Cb.R/ is in
wS if and only if 1˝f W H�.S ˝R C /!H�.S ˝R D/ is an isomorphism.

(ii) For an injective universal localization F W R! S D†�1R let H.R; †/ be the
exact category of h.d. 1 †–torsion R–modules, ie the cokernels of injective morphisms
sW P ! Q of f.g. projective R–modules which induce an S –module isomorphism
1˝ sW S ˝R P ! S ˝R Q (eg if s 2†).

(iii) (Neeman and Ranicki [30; 31]) A universal localization F W R! S D†�1R is
stably flat if

TorR
i .S;S/D 0 .i > 1/:

In particular, a universal localization F W R! S is stably flat if S has flat dimension
6 1 as an R–module, ie if there exists a 1–dimensional flat R–module resolution

0! F1! F0! S ! 0:

Proposition 5.6 (i) For any ring morphism F W R! S the functor

�F W .Cb.R/; wS /! .Cb.S/; wS /I C 7! S ˝R C

induces morphisms of algebraic K–groups �F W �K�.F/!K�.S/ which fit into a
commutative braid of exact sequences

Kn.R;S/
**UUUU

&&
Kn.R/

**UUUUUUU

F

&&
Kn.S/

KnC1.F/
44hhhhhhh

**VVVV �Kn.F/
�F 44hhhhhhh

**VVVVV

KnC1.S/

44iiiii

88
KnC1.�F/

44iiiii

88
Kn�1.R;S/
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(ii) For any universal localization F W R! S D†�1R

�Kn.F/DKn.S/; Kn.F/DKn�1.R;S/; Kn.�F/D 0 .n 6 1/:

(iii) For a stably flat universal localization F W R! S D†�1R

�K�.F/DK�.S/; K�C1.F/DK�.R;S/; K�.�F/D 0;

and there is induced a localization exact sequence in the algebraic K–groups

� � � // Kn.R;S/ // Kn.R/
F // Kn.S/ // Kn�1.R;S/ // � � � :

(iv) For an injective universal localization F W R! S D †�1R there is defined an
equivalence of homotopy categories

D.Cb.R;S/; w.R;S// � D.C b.H.R; †//; wH .R;†//

inducing isomorphisms

K�.R;S/Š K�.H.R; †//:

(v) For an injective stably flat universal localization F W R! S D †�1R there is
defined a localization exact sequence in the algebraic K–groups

� � � // Kn.H.R; †// // Kn.R/
F // Kn.†

�1R/ // Kn�1.H.R; †// // � � �

Proof (i) Immediate from Theorem 5.2 (i) and (ii) applied to F W Cb.R/! Cb.S/.

(ii)–(v) See Neeman and Ranicki [30; 31].

5.3 Triangular matrix rings

We refer to Haghany and Varadarajan [23] for the general theory of modules over
triangular matrix rings, and to Schofield [39], Ranicki [36] and Sheiham [42] for
previous accounts of the universal localization of triangular matrix rings.

Proposition 5.7 Let

AD

�
A1 B

0 A2

�
be the triangular 2�2 matrix ring defined by rings A1;A2 and an .A1;A2/–bimodule
B .
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(i) An A–module LD .L1;L2; �/ is defined by an A1 –module L1 , an A2 –module
L2 and an A1 –module morphism �W B ˝A2

L2 ! L1 . As an additive group L D

L1˚L2 , written
�

L1

L2

�
, with�

A1 B

0 A2

�
�

�
L1

L2

�
!

�
L1

L2

�
W

��
a1 b

0 a2

�
;

�
x1

x2

��
!

�
a1x1C�.b˝x2/

a2x2

�
:

(ii) An A–module morphism .f1; f2/W .L1;L2; �/! .L0
1
;L0

2
; �0/ is defined by an

A1 –module morphism f1W L1! L0
1

, and an A2 –module morphism f2W L2! L0
2

such that the diagram

B˝A2
L2

� //

1˝f2
��

L1

f1
��

B˝A2
L0

2

�0 // L0
1

commutes.

(iii) An A–module L D .L1;L2; �/ is f.g. projective if and only if � is injective,
coker.�/ is a f.g. projective A1 –module, and L2 is a f.g. projective A2 –module.

(iv) The projection

Proj.A/! Proj.A1/�Proj.A2/I LD .L1;L2; �/ 7! .coker.�/;L2/

induces isomorphisms
K�.A/Š K�.A1/˚K�.A2/:

(v) If an A–module LD .L1;L2; �/ is h.d. 1 then

(1) the 1–dimensional A1 –module chain complex

KW � � � // 0 // B˝A2
L2

� // L1

is such that there exists a quasi-isomorphism ( = homology equivalence) J !K

for a 1–dimensional f.g. projective A1 –module chain complex J , and

(2) L2 is an h.d. 1 A2 –module.

If B is a flat right A2 –module the converse also holds: an A–module L is h.d. 1 if
and only if conditions 1. and 2. are satisfied.

(vi) The columns of A are f.g. projective A–modules

S1 D .A1; 0; 0/; S2 D .B;A2; 1/
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with

S1˚S2 DA; End.S1/DA1; End.S2/DA2:

The universal localization of A inverting a non-empty subset †� HomA.S1;S2/ is a
morphism of 2� 2 matrix rings

AD

�
A1 B

0 A2

�
!†�1ADM2.C /D

�
C C

C C

�
with C the endomorphism ring of the induced f.g. projective †�1A–module

†�1S1 Š†
�1S2:

The composite of the functor

†�1
WMod.A/!Mod.†�1A/I P 7!†�1P D†�1A˝A P

and the Morita equivalence of categories

.C C /˝†�1A� W Mod.†�1A/
' // Mod.C /I

LD .L1;L2; �/ 7�! .C C /˝†�1A L

is the assembly functor

Mod.A/ �!Mod.C /I

LD .L1;L2; �/ 7�! .C C /˝†�1A†
�1LD .C C /˝A L

D coker
��

1˝�

�˝ 1

�
W C ˝A1

B˝A2
L2! C ˝A1

L1˚C ˝A2
L2

�
with

�W C ˝A1
B! C I x˝y 7! xy

the .C;A2/–bimodule morphism defined by multiplication in C , using the A1 –module
morphism B!C . The assembly functor Proj.A/!Proj.C / induces the morphisms

†�1
W K�.A/DK�.A1/˚K�.A2/!K�.†

�1A/DK�.C /:

(vii) If B and C are flat A1 –modules and C is a flat A2 –module then the A–module�
C
C

�
has a 1–dimensional flat A–module resolution

0!

�
B

0

�
˝A2

C !

�
A1

0

�
˝A1

C ˚

�
B

A2

�
˝A2

C !

�
C

C

�
! 0
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so that †�1AD
�

C
C

�
˚
�

C
C

�
is stably flat. An h.d. 1 A–module LD .L1;L2; �/ is

†–torsion if and only if the C –module morphism�
1˝�

�˝ 1

�
W C ˝A1

B˝A2
L2! C ˝A1

L1˚C ˝A2
L2

is an isomorphism.

Proof (i) and (ii) Standard.

(iii) For any A–module LD .L1;L2; �/ there is defined an exact sequence

0! .ker.�/; 0; 0/! .B˝A2
L2;L2; 1/

.�; 1/
// .L1;L2; �/! .coker.�/; 0; 0/! 0:

Now .A1; 0; 0/D
�

A1

0

�
and .B;A2; 1/D

�
B
A2

�
are f.g. projective A–modules, since

.A1; 0; 0/˚ .B;A2; 1/D

�
A1˚B;A2;

�
0

1

��
DA:

If ker.�/ D 0 and coker.�/ is a f.g. projective A1 –module then .coker.�/; 0; 0/ D
.A1; 0; 0/ ˝A1

coker.�/ is a f.g. projective A–module. If L2 is a f.g. projective
A2 –module then

.B˝A2
L2;L2; 1/D

�
B

A2

�
˝A2

L2

is a f.g. projective A–module. Thus if these two conditions are satisfied then the exact
sequence splits and L is a f.g. projective A–module.

Conversely, suppose that .L1;L2; �/ is a f.g. projective A–module, so that there exists
an A–module .L0

1
;L0

2
; �0/ with an A–module isomorphism

.L1;L2; �/˚ .L
0
1;L

0
2; �
0/Š

�
.A1/

k
˚Bk ; .A2/

k ;

�
0

1

��
DAk

for some k > 0. It follows from ker.�˚�0/D 0 that ker.�/D 0, and from coker.�˚
�0/Š .A1/

k that coker.�/ is a f.g. projective A1 –module. Also, L2˚L0
2
Š .A2/

k ,
so that L2 is a f.g. projective A2 –module.

(iv) The result that the inclusion and projection

i DA1 �A2!A; j W A!A1 �A2

induce inverse isomorphisms

K�.A1 �A2/DK�.A1/˚K�.A2/
i� //

j�

oo K�.A/
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was first obtained by Berrick and Keating [6]. Here is a proof using Waldhausen
K–theory. It is immediate from j i D 1 that

j�i� D 1W K�.A1 �A2/!K�.A/!K�.A1 �A2/:

Every f.g. projective A–module LD .L1;L2; �W B˝A2
L2!L1/ fits into a natural

short exact sequence of f.g. projective A–modules

0! .B˝A2
L2;L2; 1/

.�;1/ // .L1;L2; �/! .coker.�/; 0/! 0:

The functors

F1W Proj.A/! Proj.A/I L 7!A˝A1
A1˝A LD .coker.�/; 0/;

F2W Proj.A/! Proj.A/I L 7!A˝A2
A2˝A LD .B˝A2

L2;L2; 1/

fit into a cofibration sequence

F2! 1Proj.A/! F1;

and are such that

Fk W K�.A/!K�.Ak/!K�.A/ .k D 1; 2/:

Now apply the additivity theorem for Quillen K–theory [50, Proposition 1.3.2 (4)] to
identify

i�j� D F1CF2 D 1W K�.A/!K�.A/;

so that i� , j� are inverse isomorphisms.

(v) If LD .L1;L2; �/ is an h.d. 1 A–module there exists a 1–dimensional f.g. pro-
jective A–module resolution

0 // .P1;P2; f /
.h1;h2/ // .Q1;Q2;g/ // .L1;L2; �/ // 0;

so that coker.f /; coker.g/ are f.g. projective A1 –modules and P2;Q2 are f.g. projec-
tive A2 –modules. The 1–dimensional A1 –module chain complex

KW � � � // 0 // B˝A2
L2

� // L1

and the 1–dimensional f.g. projective A1 –module chain complex

J W J1 D coker.f /
h1 // J0 D coker.g/

are related by a homology equivalence J !K . Furthermore, L2 D coker.h2/ is an
h.d. 1 A2 –module. Thus both conditions 1. and 2. are satisfied.
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Conversely, suppose that B is a flat right A2 –module and that LD .L1;L2; �/ is an A–
module such that there exists a homology equivalence J !K with J a 1–dimensional
f.g. projective A1 –module chain complex and that L2 is an h.d. 1 A2 –module with a
1–dimensional f.g. projective A2 –module resolution

0! P2!Q2!L2! 0:

There is induced a short exact sequence of A1 –modules

0! B˝A2
P2! B˝A2

Q2! B˝A2
L2! 0

and it follows from the 1–dimensional f.g. projective A–module resolution of L

0! .B˝A2
P2;P2; 1/˚ .J1; 0; 0/! .B˝A2

Q2;Q2; 1/˚ .J0; 0; 0/!L! 0

that L is an h.d. 1 A–module.

(vi) and (vii) See [36, 2.2].

We shall actually be working with .�C 1/� .�C1/–matrix rings:

Definition 5.8 For any ring A and �> 1 define the triangular .�C1/�.�C1/–matrix
ring

T�.A/D

0BBBBB@
A A˚A A˚A : : : A˚A

0 A 0 : : : 0

0 0 A : : : 0
:::

:::
:::

: : :
:::

0 0 0 : : : A

1CCCCCA :

The ring T�.A/ is the A–coefficient path algebra of the quiver with vertices 0; 1; : : : ; �

and two arrows sCi ; s
�
i W i!0 for iD1; 2; : : : ; �. A T�.A/–module LD.Li ;f

C
i ;f

�
i /

consists of A–modules L0;L1; : : : ;L� and A–module morphisms f Ci ; f
�

i W Li!L0

(1 6 i 6 �).

Let S0;S1; : : : ;S� be the T�.A/–modules defined by the columns of T�.A/, so that

S0 D .A; 0; : : : ; 0I 0; : : : ; 0/;

Si D .A˚A; 0; : : : ; 0;A; 0; : : : ; 0I 0; : : : ; 0; id:; 0; : : : ; 0/ .1 6 i 6 �/:

It follows from
S0˚S1˚ � � �˚S� D T�.A/

that each Si is a f.g. projective T�.A/–module. Let � D fsCi ; s
�
i g be the set of

f.g. projective T�.A/–module morphisms

sCi D ..1 0/; 0; : : : ; 0/; s�i D ..0 1/; 0; : : : ; 0/W Si! S0 .1 6 i 6 �/:
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Proposition 5.9 (i) The universal � –inverting localization of T�.A/ is given by the
inclusion

F W T�.A/! ��1T�.A/DM�C1.AŒF��/

with M�C1.AŒF��/ the ring of all .�C 1/� .�C1/–matrices with entries in AŒF��.
The universal localization F is both injective and stably flat.

(ii) The composite

Mod.T�.A//
F // Mod.M�C1.AŒF��//

Morita
�

// Mod.AŒF��/

sends a T�.A/–module LD .Li ; f
C

i ; f
�

i / to the assembly AŒF��–module

M D coker
�
.f C

1
z1�f

�
1 : : : f C� z��f

�
� /W

�M
iD1

Li ŒF��!L0ŒF��
�
:

(iii) A T�.A/–module LD .Li ; f
C

i ; f
�

i / is f.g. projective if and only if L0; : : : ;L�
are f.g. projective A–modules and the A–module morphism

�
f C

1
f �

1
f C

2
f �

2
: : : f C� f ��

�
W

�M
iD1

Li ˚Li!L0

is a split injection. The projection

Proj.T�.A//!
Y
�C1

Proj.A/I .Li ; f
C

i ; f
�

i / 7! .L0;L1;L2; : : : ;L�/

induces isomorphisms in algebraic K–theory

K�.T�.A//Š
M
�C1

K�.A/:

(iv) A T�.A/–module LD .Li ;f
C

i ;f
�

i / is h.d. 1 � –torsion if and only if L0; : : : ;L�
are f.g. projective A–modules and the AŒF��–module morphism

�
f C

1
z1�f

�
1
f C

2
z2�f

�
2
: : : f C� z��f

�
�

�
W

�M
iD1

Li ŒF��!L0ŒF��

is an isomorphism. A f.g. projective Seifert A–module .P; e; f�ig/ is primitive if and
only if .P;Pi ; f

C
i ; f

�
i / is an h.d. 1 � –torsion T�.A/–module. The functor

Prim.A/!H.T�.A/; �/I .P; e; f�ig/ 7! .P;Pi ; e�i ; .e� 1/�i/
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is an equivalence of exact categories, so that

Prim�.A/DK�.H.T�.A/; �//:

The forgetful functor

Prim.A/!
Y
2�

Proj.A/I

�
PC˚P�;

�
eCC eC�

e�C e��

�
; f�Ci g˚ f�

�
i g

�
7! .PC

1
;P�1 ; : : : ;P

C
� ;P

�
� /

(defined using Theorem 4.9) is split byY
2�

Proj.A/!Prim.A/I .PC
1
;P�1 ; : : : ;P

C
� ;P

�
� / 7! .PC˚P�; 0; f�Ci g˚f�

�
i g/:

The reduced K–groups defined by

ePrim�.A/D ker.Prim�.A/!
M
2�

K�.A//

are such that

K�.H.T�.A/; �//D Prim�.A/D
M
2�

K�.A/˚ ePrim�.A/:

Proof The universal localization ��1T�.A/ is the .�C 1/ � .�C1/–matrix ring
M�C1.R/ with R the endomorphism ring of the induced f.g. projective ��1T�.A/–
module ��1S0 , and there is defined an isomorphism

AŒF��!RI zi 7! sCi .s
�
i /
�1:

The remaining parts are given by Proposition 5.7, viewing the .�C1/� .�C1/ matrix
ring T�.A/ as a triangular 2� 2 matrix ring

T�.A/D

�
A1 B

0 A2

�
with

A1 DA; A2 D

0BBB@
A 0 : : : 0

0 A : : : 0
:::
:::
: : :

:::

0 0 : : : A

1CCCA ; B D
�
A˚A : : : A˚A

�
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such that
Mod.A2/D

Y
�

Mod.A/:

An A2 –module is just a �–tuple .L1;L2; : : : ;L�/ of A–modules. By the 2�2 theory
a T�.A/–module L just a .�C1/–tuple .L0;L1; : : : ;L�/ of A–modules, together
with A–module morphisms f Ci ; f

�
i W Li ! L0 (1 6 i 6 �). Note that B is a flat

right A2 –module, and that for an h.d. 1 � –torsion T�.A/–module LD .Li ; f
C

i ; f
�

i /

each Li (0 6 i 6 �) is a f.g. projective A–module, by the following argument. The
necessary and sufficient conditions of Proposition 5.7 (v) and (vii) for a T�.A/–module
L to be h.d. 1 � –torsion are:

(i) there exists a 1–dimensional f.g. projective A–module chain complex J W J1!

J0 with a homology equivalence

J1
//

��

J0

���L
iD1

Li ˚Li

.f Ci f �i / // L0;

(ii) each Li .1 6 i 6 �/ is an h.d. 1 A–module,

(iii) the AŒF��–module morphism

.f Ci zi �f
�

i /W

�M
iD1

Li ŒF��!L0ŒF��

is an isomorphism.

If L satisfies these conditions there is defined a commutative diagram of A–modules

0 //
�L

iD1

Li

�
1
�1

�
//

Š
.f
C

i
�f �

i
/

��

�L
iD1

Li ˚Li

.f
C

i
f �

i
/

��

.1 1/
//
�L

iD1

Li

��

// 0

0 // L0
1 // L0

// 0 // 0

with exact rows and with .f Ci � f
�

i / an isomorphism. There are defined A–module
isomorphisms

J0˚L0 Š J0˚

�M
iD1

Li Š J1;

so that each Li (0 6 i 6 �) is a f.g. projective A–module.
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Example 5.10 The assembly of AŒF��–modules is an algebraic analogue of the
geometric construction of an F�–cover �W of a space W from a fundamental domain
U � �W . The subspaces

Vi D U \ z�1
i U; ziVi D ziU \U � U .1 6 i 6 �/

are disjoint, with embeddings

f Ci W Vi! U I x 7! x; f �i W Vi! U I x 7! zix .1 6 i 6 �/;

and �W can be constructed by glueing together F� copies of U�W D .F� �U /=f.g; f Ci .x//� .gzi ; f
�

i .x// jg 2 F�;x 2 Vi ; 1 6 i 6 �g

D

[
g2F�

gU with U \ z�1
i U D Vi :

Such a situation arises if W is a manifold with a surjection �1.W / ! F� , eg a
boundary link exterior. The surjection is induced by a map

cW W ! BF� D
_
�

S1

which is transverse regular at f1; 2; : : : ; �g � BF� . Cutting W open at the inverse
image codimension–1 submanifolds ViDc�1.fig/�W there is obtained a fundamental
domain U � �W for the pullback �W D c�EF� to W of the universal cover EF�
of BF� . More generally, suppose that W is a finite C W complex with an F�–
cover �W , and that U � �W is a fundamental domain which is a subcomplex. The
embeddings f Ci ; f

�
i W Vi ! U induce inclusions of the cellular f.g. free Z–module

chain complexes f Ci ; f
�

i W C.Vi/! C.U /. The f.g. projective T�.Z/–module chain
complex C D .C.U /;C.Vi/; f

C
i ; f

�
i / has assembly the cellular f.g. free ZŒF��–

module chain complex of �W
coker

�
.f C

1
z1�f

�
1 : : : f C� z��f

�
� /W

�M
iD1

C.Vi/ŒF��! C.U /ŒF��

�
D C. �W /;

such that

C. �W /r D coker
�
.f C

1
: : : f C� /W

�M
iD1

C.Vi/r ! C.U /r

�
ŒF��:

Theorem 5.11 The algebraic K–groups of AŒF�� split as

K�.AŒF��/DK�.A/˚
M
�

K��1.A/˚ ePrim��1.A/:
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Proof By Proposition 5.9 the universal localization

F W AŒF��! ��1T�.A/DM�C1.A/

is injective and stably flat. The noncommutative localization exact sequence of Neeman
and Ranicki [30; 31]

� � � �!KnC1.�
�1T�.A// �!Kn.H.T�.A/; �//

�!Kn.T�.A// �!Kn.�
�1T�.A// �! � � �

is given by

� � � !KnC1.AŒF��/! Primn.A/!
M
�C1

Kn.A/!Kn.AŒF��/! � � �

with Primn.A/!Kn.T�.A//D
L
�C1

Kn.A/ induced by

Prim.A/!
Y
�C1

Proj.A/I .P; e; f�ig/ 7! .P;P1;P2; : : : ;P�/;

so that

Primn.A/D
M
2�

Kn.A/˚ ePrimn.A/!
M
�C1

Kn.A/I

.xC
1
;x�1 ;x

C

2
;x�2 ; : : : ;x

C
� ;x

�
� ; zx/

7�!

� �X
iD1

.xCi Cx�i /;x
C

1
Cx�1 ;x

C

2
Cx�2 ; : : : ;x

C
� Cx��

�
:

This completes the proof.

Definition 5.12 Let GW AŒF��!†�1AŒF�� be the universal localization inverting the
set † of morphisms of f.g. projective AŒF��–modules which induce an isomorphism
of f.g. projective A–modules under the augmentation �W AŒF��!AI zi 7! 1.

Proposition 5.13 (i) The universal localization GW AŒF��!†�1AŒF�� is injective.
The h.d. 1 †–torsion AŒF��–module category is

H.AŒF��; †/D Bla.A/:

(ii) The composite

GF W T�.A/
F
�! ��1T�.A/DM�C1.AŒF��/

G
�! ��1T�.A/DM�C1.†

�1AŒF��/
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is the universal localization inverting the set � of morphisms of f.g. projective T�.A/–
modules which become isomorphisms under the composite

�F W T�.A/
F // ��1T�.A/DM�C1.AŒF��/

� // M�C1.A/:

(iii) A T�.A/–module LD .Li ;f
C

i ;f
�

i / is h.d. 1 � –torsion if and only if L0; : : : ;L�
are f.g. projective A–modules and the A–module morphism

f D
�
f C

1
�f �

1
f C

2
�f �

2
: : : f C� �f

�
�

�
W L1˚L2˚ � � �˚L�!L0

is an isomorphism, if and only if

.P; e; f�ig/D
� �M

iD1

Li ; f
�1.f C

1
f C

2
: : : f C� /; f�ig

�
is a f.g. projective Seifert A–module. The functor

Sei.A/!H.T�.A/; �/I .P; e; f�ig/ 7! .P;Pi ; e�i ; .e� 1/�i/

is an equivalence of exact categories. The assembly of .Li ; f
C

i ; f
�

i / is the covering
Blanchfield AŒF��–module of .P; e; f�ig/

coker
�
.f C

1
z1�f

�
1 : : : f C� z��f

�
� /W

�M
iD1

Li ŒF��!L0ŒF��
�

D coker
�
1� eC zeW P ŒF��! P ŒF��

�
D B.P; e; f�ig/;

so that up to equivalence

F D BW H.T�.A/; �/D Sei.A/!H.M�C1.AŒF��/; �/D Bla.A/:

(iv) The forgetful functor

Sei.A/!
Y
�

Proj.A/I .P; e; f�ig/ 7! .P1;P2; : : : ;P�/

is split by

Y
�

Proj.A/! Prim.A/I .P1;P2; : : : ;P�/ 7!
� �M

iD1

Pi ; 0; f�ig

�
The reduced K–groups defined by

eSei�.A/D ker
�

Sei�.A/!
M
�

K�.A/
�
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are such that

K�.H.T�.A/; �//D Sei�.A/D
M
�

K�.A/˚eSei�.A/:

Proof (i) The Magnus–Fox embedding AŒF��! Ahhx1; : : : ;x�ii is †–inverting,
so that there is a unique factorization

AŒF��!†�1AŒF��!Ahhx1;x2; : : : ;x�ii:

The identification H.AŒF��; †/ D Bla.A/ is a formality, as is the identification
Proj.AŒF��/ D P.ProjA.AŒF��// with ProjA.AŒF��/ � Proj.AŒF��/ the full sub-
category with objects isomorphic to the f.g. projective AŒF��–modules P ŒF�� induced
from f.g. projective A–modules P .

(ii)–(iv) By construction, working as in the proof of Proposition 5.9 (iv) to show that
if LD .Li ; f

C
i ; f

�
i / is an h.d. 1 � –torsion T�.A/–module then L0;L1; : : : ;L� are

f.g. projective A–modules.

Theorem 5.14 (i) The algebraic K–groups of Prim.A/, Sei.A/ and Bla.A/ fit into
a commutative braid of exact sequences

Primn.A/

##FF
FF

FF
F

%%L
�C1

Kn.A/

$$JJJ
JJJ

$$
�Kn.G/

Sein.A/

;;wwwww

B
%%JJJ

JJJ
Kn.AŒF��/

99tttttttt

&&NNNNNN

�KnC1.G/

::tttttt

<<
Blan.A/

88qqqqqq

::
Primn�1.A/

for n 2 Z, with GW AŒF��!†�1AŒF�� the universal localization and

K�.T�.A//D
M
�C1

K�.A/;

K�.H.T�.A/; �//D .Sei;Bla/�.A/D Prim�.A/D
M
2�

K�.A/˚ ePrim�.A/;

K�.H.T�.A/; �//D Sei�.A/D
M
�

K�.A/˚fSei�.A/;

K�.H.AŒF��; †//D Bla�.A/D
M
�

K��1.A/˚ fBla�.A/;

�K�.G/DK�.A/˚fSei��1.A/ .DK�.†
�1AŒF��/ for �6 1/
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The reduced K–groups fit into a long exact sequence

� � � ! ePrimn.A/!eSein.A/!eBlan.A/! ePrimn�1.A/! � � � :

(ii) If GW AŒF��!†�1AŒF�� is stably flat then

�Kn.G/DKn.†
�1AŒF��/DKn.A/˚eSein�1.A/

for all n 2 Z.

Proof (i) Consider the commutative square of Waldhausen categories

.Cb.T�.A//; wT�.A//
//

F
��

.Cb.T�.A//; w��1T�.A/
/

��

.Cb.T�.A//; w��1T�.A/
/

G // .Cb.��1T�.A//; w��1T�.A/
/:

Since F W T�.A/! ��1T�.A/DM�C1.AŒF��/ is stably flat there are defined equiv-
alences

.Cb.T�.A//; w��1T�.A/
/ � .Cb.��1T�.A//; w��1T�.A/

/ � .Cb.AŒF��/; wAŒF��/

which induce homotopy equivalences

KP.Cb.T�.A//; w��1T�.A/
/ ' K.��1T�.A// ' K.AŒF��/:

Also, since ��1T�.A/DM�C1.†
�1AŒF��/ the functor

.Cb.T�.A//; w��1T�.A/
/! .Cb.��1T�.A//; w��1T�.A/

/

induces an equivalence of the homotopy categories

D.Cb.T�.A//; w��1T�.A/
/ � .Cb.��1T�.A/; w��1T�.A/

/:

The composite of this equivalence and the Morita equivalence

D.Cb.��1T�.A//; w��1T�.A/
/ � D.Cb.AŒF��/; w†�1AŒF��

/

induces a homotopy equivalence

KP.Cb.��1T�.A//; w��1T�.A/
/ ' KP.Cb.AŒF��/; w†�1AŒF��

/

D �K.GW AŒF��!†�1AŒF��/:
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Thus Propositions 5.6, 5.9 and 5.13 give a braid of Waldhausen categories

.Cb.T�.A/; �/; w.T�.A/;�//

$$IIIIIIIII

''

.Cb.T�.A//; wT�.A//

##FFFFFFFF

$$

.Cb.AŒF��/; w†�1AŒF��
/

.Cb.T�.A/; �/; w.T�.A/;�//

99ssssssssss

%%KKKKKKKKK
.Cb.AŒF��/; wAŒF��/

>>~~~~~~~

.Cb.AŒF��; †/; wCb.AŒF��;†/
/

;;xxxxxxxx

inducing a commutative braid of exact sequences

Kn.H.T�.A/; �//

((QQQQQQQ

''
Kn.T�.A//

&&MMMMMM

%%
�Kn.G/

Kn.H.T�.A/; �//

66mmmmmmm

((QQQQQQQ
Kn.AŒF��/

77ooooooo

''OOOOOOO

�KnC1.G/

66mmmmmmmm

77
Kn.H.AŒF��; †//

88qqqqqq

99
Kn�1.H.T�.A/; �//

Split off the reduced K–groups in

Prim�.A/D
M
2�

K�.A/˚ ePrim�.A/;

Sei�.A/D
M
�

K�.A/˚fSei�.A/

from the long exact sequence

� � � ! Primn.A/! Sein.A/! Blan.A/! Primn�1.A/! � � �

to define the reduced K–groups in

Bla�.A/D
M
�

K��1.A/˚eBla�.A/

and to obtain the long exact sequence

� � � ! ePrimn.A/!eSein.A/!eBlan.A/! ePrimn�1.A/! � � � :

(ii) This is a special case of Proposition 5.6 (ii).
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This completes the proofs of Theorems D and E of the Introduction.

Remark 5.15 Unfortunately, we do not know if the universal localization †�1AŒF��

is stably flat in general. See Dicks and Sontag [11], Farber and Vogel [16] for proofs
that †�1AŒF�� is stably flat when A is a principal ideal domain, and Ara and Dicks
[1, Theorem 4.4] when A is a von Neumann regular ring or a commutative Bezout
domain.

Remark 5.16 Sheiham [40] computed

K1.†
�1AŒF��/DK1.A/˚ �

�1
† .1/=C

with �†W †�1AŒF��! A the factorization of the augmentation map �W AŒF��! A

and C � ��1
†
.1/ the subgroup generated by the commutators

.1C ab/.1C ba/�1 .a; b 2†�1AŒF��; �.ab/D �.ba/D 0/:

It follows from the splitting given by Theorem 5.14 (i)

K1.†
�1AŒF��/DK1.A/˚eSei0.A/

that there is defined an isomorphism

eSei0.A/
Š // ��1

† .1/=C I .P; e; f�ig/ 7!D.1� eC ezW P ŒF��! P ŒF��/

with D the generalized Dieudonné noncommutative determinant of [40, 4.3].

Example 5.17 (i) The algebraic K–groups of ZŒF�� are such that

K�.ZŒF��/DK�.Z/˚
L
�

K��1.Z/;

Kn.ZŒF��/DKn.Z/D

(
Z if nD 0

0 if n 6 �1

by Stallings [44], Gersten [19], Bass [4, XII] and Waldhausen [49; 48], so that

F lk.Z/D Bla.Z/; ePrim�.Z/D 0;

K�C1.†
�1ZŒF��/=K�C1.Z/D fSei�.Z/D Flk�.Z/D Bla�.Z/;

K�.H.ZŒF��; †//D
M
�

K��1.Z/˚fSei�.Z/;

Kn.H.ZŒF��; †//D fSein.Z/ .n 6 0/:

(ii) Given a �–component boundary link `W
F
� Sn � SnC2 with exterior W and

given a �–component Seifert surface V D V1 t V2 t : : : t V� � SnC2 for ` let
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PC .W /, . PC .V /; e; f�ig/ be the chain complexes defined in Example 3.13. Thus
PC . �W / is a †�1ZŒF��–acyclic .nC2/–dimensional f.g. free ZŒF��–module chain

complex, . PC .V /; e; f�ig/ is an .nC1/–dimensional chain complex in Sei.Z/, and
B. PC .V /; e; f�ig/ is an .nC1/–dimensional chain complex in F lk.Z/ with a homology
equivalence PC . �W /! B. PC .V /; e; f�ig/. The torsion

�.`/D �.†�1 PC . �W //

D . PC .V /; e; f�ig/D

nC1X
rD0

.�/r . PCr .V /; e; f�ig/D Œ PC . �W /�

2K1.†
�1ZŒF��/=K1.Z/DK0.H.ZŒF��; †//D fSei0.Z/D Bla0.Z/

is an isotopy invariant of `, given by Sheiham [40] to be the generalized Dieudonné
determinant

�.`/D

nC1X
rD0

.�/r D.1� eC ezW PCr .V /ŒF��! PCr .V /ŒF��/ 2eSei0.Z/D �
�1
† .1/=C

with �†W †�1ZŒF��! Z and C � ��1
†
.1/ as recalled in Remark 5.16. The ZŒF��–

modules PHr . �W /=Z-torsion (0 6 r 6 nC 1) are h.d. 1 F�–link modules, and

�.`/D

nC1X
rD0

.�/r D.1� eC ezW PHr .V /ŒF��! PHr .V /ŒF��/

D

nC1X
rD0

.�/r Œ PHr . �W /=Z–torsion�

2K1.†
�1ZŒF��/=K1.Z/DK0.H.ZŒF��; †//

D fSei0.Z/D Bla0.Z/D .†
�1ZŒF��/

�=f˙1g:

For �D 1 this is just the Reidemeister torsion of a knot `W Sn � SnC2 , which is the
alternating product of the Alexander polynomials

�.`/ D
nC1P
rD0

.�/r det.1� eC ezW PHr .V /Œz; z
�1�! PHr .V /Œz; z

�1�/

D

nC1P
rD0

.�/r Œ PHr . �W /=Z-torsion�

2K1.†
�1ZŒz; z�1�/=K1.Z/DK0.H.ZŒz; z

�1�; †//

D fSei0.Z/D Bla0.Z/DeEnd0.Z/D .†
�1ZŒz; z�1�/�=f˙1g

(Milnor [29], cf [33, Example 17.11]).
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(iii) The isotopy classes of simple �–component boundary links `W
F
� S2q�1 �

S2qC1 for q > 3 are in one-one correspondence with the ‘l –equivalence classes of
Seifert matrices’ (Liang [27], generalizing the case �D 1 due to Levine [25]), and also
with the ‘R–equivalence classes of .�/q –symmetric isometry structures of multiplicity
�’ (Farber [15, 4.7]). For simple ` Hq. �W / is an h.d. 1 F�–link module, and the
torsion

�.`/D .�/q ŒHq. �W /� 2eSei0.Z/D Flk0.Z/D Bla0.Z/

is just the K–theory part of these complete isotopy invariants for q > 3.
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