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Zero dimensional Donaldson—-Thomas
invariants of threefolds

JUN L1

Using a homotopy approach, we prove in this paper a conjecture of Maulik, Nekrasov,
Okounkov and Pandharipande on the dimension zero Donaldson-Thomas invariants
of all smooth complex threefolds.

14D20; 14J60

0 Introduction

Ever since the pioneer work of Donaldson and Thomas on Yang—Mills theory over
Calabi—Yau threefolds [5; 13], people have been searching for their roles in the study
of Calabi—Yau geometry and their relations with other branches of mathematics. The
recent results and conjectures of Maulik, Nekrasov, Okounkov and Pandharipande [10;
11] that relate the invariants of the moduli of ideal sheaves of curves on a Calabi—Yau
manifold to its Gromov—Witten invariants constitute major progress in this direction.
This paper will address one of their conjectures on invariants associated to Hilbert
scheme of points.

To begin with, we let (X, H) be a smooth projective threefold over complex numbers
C. For any integer r > 0, a line bundle / € Pic(X) and two classes ¢, € H*(X,Z)
and c3 € H%(X,Z), we form the moduli space

MY (1 1. ¢2,¢3)
of H —stable sheaves of Oy —modules £ satisfying
kE=r, detE=1, c(E)=c; and c3(€)=c;.

Back in the seventies, Maruyama [9] proved that such moduli spaces are quasi-projective,
and become projective in case the quaduple (r, I, ¢, c3) is relatively prime. Later,
Mukai [12] showed that the first order deformations of any sheaf £ in these moduli
spaces are given by the traceless part of the extension group Ext! (£, £); the obstructions
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to deforming & lie in the traceless part of Ext>(£, &) (see also Artamkin [1]). In case
X is a Calabi—Yau threefold and £ is stable, the traceless part

Ext*(£,8)o = Ext’(£,€)y =0
while Ext*(&,E)o = Ext' (£,8)y.

Hence the moduli space 93?;1 (r, I, c2, c3) admits a perfect-obstruction theory as defined
by Li and Tian [7] and Behrend and Fantechi [4]; when it is projective, it carries a
virtual dimension zero cycle

[N (r, I, 2, ¢3)]"" € Hy(ME (r, 1, ¢2,¢3), 2).

Its degree is the invariant originally defined and studied by Donaldson and Thomas [5].
Following [10; 11], we shall call them Donaldson—Thomas invariants of the Calabi—Yau
manifold X .

One special class of such moduli space studied extensively in [10; 11] is when r =1
and I = Oy . Because X is smooth and £ is stable, it must be torsion free, and be a
subsheaf of its double dual £YV =~ Oy ; hence it becomes an ideal sheaf of a subscheme
Z C X . Following the notation of [10; 11], after picking a curve class 8 and an integer
n, we denote by

Ix(B.n)

the Hilbert scheme of one dimensional subschemes Z C X satisfying [Z] = B
and x(Oz) = n. A simple argument shows that Iy (8,n) is the moduli space
My (0, 1, B, c3) with c3 the third Chern class of any ideal sheaf of Z C X in Iy (8,n).
One special feature of the moduli of rank one torsion free sheaves is that they admit
perfect-obstruction theory for all smooth projective threefolds.

Following [10; 11], for Calabi—Yau threefold X and curve B one forms the generating
function

DTy p(q) =) _ deg[Ix (8. m)]"q".

In case X is any smooth threefold, since the Hilbert schemes Ix (0,7) have virtual
dimensions zero, one defines D7y g(q) according to the same formula and call it the
dimensional zero Donaldson—Thomas series as well. Of the several conjectures on
DTy p(q) proposed in [10; 11], one is about the dimension zero Donaldson-Thomas
invariants D7y o(q). Let M(q) be the three dimensional partition function

1
Mo =] l=m

and ¢3(Tx ® Kx) be the third Chern class, viewed as the Chern number, of 7Ty ® Ky .
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Conjecture 0.1 [10; 11] For any smooth projective threefold X', the dimension zero
Donaldson-Thomas series D7y o(¢) has the form

DTx0(q) = M(—q)= T &K,
In this paper, we shall prove this conjecture for all compact smooth complex threefolds.

Theorem 0.2 The zero-dimensional Donaldson-Thomas series D7y o(q) for any
compact smooth complex threefold X are of the form

DTy .0(q) = M(—q)Tx®Kx),

We remark that this conjecture was independently proved for the class of Calabi—Yau
threefolds based on different method by Behrend and Fantechi [3], and for projective
threefolds by Levine and Pandharipande [6].

We now briefly outline the proof of this theorem. Clearly, in case X is a disjoint union
of two smooth proper threefolds X; and X>, then

Ix©O.n)y= ] Ix0.n1)x Ix,(0,ny).
ni+nz=n

Since the deformation of the ideal sheaf of the union Z; U Z{ C X; U X is the direct
product of the deformation of Z; C X; and the deformation of Z, C X,, we have

[Ix .= ] [Ix, 0.7 x [Ix, (0. n2)]"".
ni+n>=n
Therefore
DTx,0(q) = DTx,,0(q) - DTx,,0(9)-
Put differently, the correspondence that sends any threefold to its zero-dimensional
Donaldson-Thomas series defines a homomorphism from the additive semigroup
Pe = {All smooth projective threefolds}/iso

to the multiplicative semigroup of infinite series Z[[¢]].

A distant cousin of complex manifolds are so called weakly complex manifolds, which
by definition are smooth compact real manifolds M (possibly with smooth boundaries)
together with C—vector bundle structures on the stabilizations! of their tangent bundles
Tar.

I'Here as usual a stabilization of Tjy is a direct sum of Tjs with some trivial bundle R™ on M ;

together with the identity Ty @ R™ = (Ths @ R™) @ R? with the last R? is given the obvious complex
structure R? =~ C.
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The equivalence classes of weakly complex manifolds (without boundaries) modulo the
relations [0W] = 0 forms a group, called the complex cobordism group Q€, under the
addition [M;]+ [M>] = [M; | | M>]. It is a classical result that Q* ®7 Q is generated
by all possible products of projective spaces P*. As a consequence, the six (real)
dimensional complex cobordism group Qg is generated by

Y; =P Y, =P>xP' and Y;=(P")>.

The crucial step in proving Theorem 0.2 is to establish

Proposition 0.3 There are universal polynomials

Jos f1. f2. e

in Chern numbers of smooth complex threefolds so that for any smooth projective
threefold X its zero-dimensional Donaldson—Thomas series are of the form

DTx0(q) =Y fu(X)q".

Because any complex threefold X is C—cobordant to %Yl + %Yz + % Y; for some
integers n;, knowing the Proposition, and that cobordant weakly complex manifolds
have identical Chern numbers,

D SamX)g" =" fulmy Yy +myYy +m3Ys)q".
n n

By the definition, the left hand side is
DTmx,0(q) =DTx,0(q)™

while the right hand side is

DT, Yy +maYa+m3Y3,0(q) = DTy, 0(9)™" - DTy,,0(q)™? - DTy, ,0(q)™.

Because Y; are toric threefolds, their Donaldson—Thomas series are known [10; 11] to
have the form
DTy, o(q) = M(—q)> T &K%,

Put together, and adding that

3
me3(Txy ® Kx) = Zmi c3(Ty; ® Ky;),

i=1

we obtain

DT (@)™ = M(=q)>i=1 " T @K3) — g (—gymes Tx @Ko,
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Finally, because both DTy o(¢) and M (—q) are power series with integer coefficients
and constant coefficient one,

DTx.0(q) = M(—q) &),
This would prove the theorem.

As to the proof of the Proposition, we shall first construct a collection of approximations
X! of X1l indexed by partitions of [n] = {1,--- ,n}. To each X1, we shall construct
its virtual cycle and prove that its degree can be approximated by the degree of the
virtual cycle of X [°] of o < 7, with errors expressible in terms of a universal expression
of the Chern numbers of X . Thus by induction, we prove that the degree of the virtual
cycle of X [} can also be expressed universally in terms of the Chern numbers of X',
thus proving the Proposition and the Theorem.

During the early stage of this work, K Behrend developed a theory of micro-local
analysis for a symmetric obstruction theory [2]; later, jointly with B Fantechi they
proved Conjecture 0.1 for Calabi—Yau threefolds [3]. Toward the end of finalizing this
paper, the author was kindly informed by R Pandharipande that he and M Levine have
proved the same conjecture using algebraic K—theory [6].

The author also like to take this opportunity to thank Weiping Li for his valuable
comments.

0.1 Terminology

We shall work with the category of analytic functions in this paper. Thus for any
reduced quasi-projective scheme W, we shall work with and denote by Oy the sheaf
of analytic functions on W; we shall use ordinary open subsets of the W unless
otherwise stated.

To distinguish from that of analytic spaces, we shall reserve the words schemes and
morphisms to mean algebraic schemes and algebraic morphisms, though viewed as
objects in analytic category.

Often, we shall work with open subsets of quasi-projective schemes. We shall endow
such sets with their reduced induced analytic structures and work with their sheaves of
analytic functions. We shall call such space either analytic spaces or analytic schemes.
Accordingly, whenever we say two analytic spaces isomorphic we mean that they are
isomorphic as analytic spaces.

In this paper, we reserve the word smooth to mean the smoothness in C°°—category.
Thus a smooth function is a C*°—function and a smooth map is a C*°—map.
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There is one case in which we need to keep non-reduced scheme structures. It is the
case of flat U —families of zero-subschemes Z C U x Y with U an analytic space and
Y an open subset of a smooth varieties. In this case, Z is defined by the ideal sheaf
Tz C Oyxy; the structure sheaf of Z is the quotient Oy xy /Zz; we say that Z is
flat over U if Oz is flat over Oy .

1 Hilbert schemes of «—points
The purpose of this section is to construct the filtered approximation of Iy (0,7n) by
Hilbert schemes of «—points.

For convenience, we let
X[n] = Ix(0,7n)req

be the Hilbert scheme Iy (0, n) with the reduced scheme structure.

1.1 The Definition

We begin with a finite set A of order |A]; it could be the set of n integers [n] =
{l,--- ,n} or asubset of [r]. For such A we follow the convention

X" ={(xa)aen | Ya € X}.
In case |A| = n, we define
X® = x™ —gny and xWAl=x0
Using the Hilbert—-Chow morphism /c¢: X [Al 5 X @A) | we define
yIAT — yIA] XAy XA

it comes with a tautological projection X [AY 5 x A, Obviously, according to this
definition a closed point of XAl is a pair of a 0—scheme & € XAl and a point
(Xa)aer € X2 such that hic(§) =Y xa.

We next look at the set P of all partitions of, or equivalence relations on, the set A.
In case @ € Pp has k equivalence classes «q,--- , @, we write

(1) (X=(O(1,"',O{k).

It has two distinguished elements: one is A that is the partition with a single equivalence
class A; the other is 0 that is the partition whose equivalence classes are all single
element sets. The set P, has a partial ordering “=<" defined by

“a zﬁ7’<:>“a ’\"Bb :>a’\‘a b”.
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In case o = (ay,--- ,ax), then @ > B if and only if B is finer than «, or that 8 can
be written as

l;
13:(5117“'7131117'“713/(17”'713klk) so that (Xj:szllgij.
Under this partial ordering, the element o A 8, which is defined by
“a~qprp b’ = “a~gbanda~gb”,

or equivalently for 8 = (B1,---,B;) itisaAB = (¢ NP1, ,arNP;), is the largest
element among all that are less than or equal to both @ and . Following this rule, 04
is the smallest element and A is the largest element in Py .

For a € Pp, we let X le] pe (reduced) Hilbert scheme of o—points in X. Let o
be as in (1). Because each «; is a set, we can form X%, X @) xleil gpnq xlel
respectively. We then define

k k k
y@ — l_[ X(Oli)7 ylod = 1_[ X[ai]’ yled — 1_[ X'[ai]];
i=1 i=1 i=1

they fit into the Cartesian product:

xlel o ylel

| Le

XA i) x @
We shall call points in X [*] & _zero-subschemes and call X1 the Hilbert scheme of
o —points.

The space X [o] coincides with XAl over a large open subset of each. For instance,
both X10a1 = x4 and XTAD contains as their open subsets the set of n = |A|
distinct ordered points in X . It is when distinct simple points specialize to points
with multiplicities the space X [0A] becomes different from XIAl: for the former
they remain as simple points by allowing multiple simple points to occupy identical
positions in X ; for the later fat points with non-reduced scheme structures emerge.
This way, the collection

(XUl g epyy

forms an increasingly finer approximation of X AT

Though the notion of X [o¢] seems artificial at first, it proves to be useful in keeping
tracking of the difference among all X1, Lastly, in case A =[], we shall follow the
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convention

xA=x" xW_x® xtal = yll - xlIAl = xl],

1.2 The relative case

We can generalize the notion of Hilbert scheme of o—points to that of smooth families
of varieties. Let

.Y —T
be a smooth family of quasi-projective varieties. For any integer /, we let Iy, 7(0,/)
be the relative Hilbert scheme of length / 0—subschemes of fibers of Y/ T . It is the fine
moduli scheme representing the functor parameterizing all flat S —families of length /
0-schemes Z C Y x7 S. As before, we let

YU = Iy )70, Drea

be Iy;7(0, /) with the reduced scheme structure. The moduli Y1 is a scheme over
T with a universal family. In case for an open U C T with ¥ x7 U = Yy x U, then
canonically

YUxrvu=v1xu.
As before, for any o € P we let YA, Y@ ylel apg Yol be the Cartesian products
presented before with X replaced by Y and with products replaced by fiber products
over the base scheme 7. Againincase ¥ xp U =Yy x U,

yld s, v = Y(E[a]] x U.

The three cases we shall apply this construction is for the trivial fiber bundle pr;: X x
X — X, for the total space of the tangent bundle 7X — X and for the total space of
the universal quotient bundle Q of a Grassmannian Gr = Gr(N, 3) of quotients C3
of C. We shall come back to this in detail later.

1.3 Partial equivalences

As mentioned before, the collection Y I8 forms an increasingly finer approximation of
YIAT It is the purpose of this subsection to make this precise.

We begin with comparing ¥ IAl with Y11 for an o = («;, -+ , ). By definition, a
point in YLl consists of

(i (Xa)aeca;) € ylel xp Y%

subject to the constraint /1c(§;) = )_,eq, Xa- In case the support of &; is disjoint
from that of &;, then & U&; is naturally a zero-subscheme in Y of length |o; U ot ;
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the pair (§; U&;, (Xq)aeq;Uq;) thus is a point in yleiVei] - Applying this to all pairs
1 <i<j<k,we see that
(UF_ &, (xa)aen) € YA
if and only if the supports Ac(&;) are mutually disjoint.
In general, for « < 8 = (B1,---,B;) and 1 < j </, the pair
(Vaicp, i (Ya)aeg;) € Y1

if and only if the supports {/c(§;) | o; C B;} are mutually disjoint. This leads to the
definition

Definition 1.1 For o < 8 we define A (g g) be the set
{x € YA | xa = x} for at least one pair @, b € A so that a ~g b but a £4 b };

for general a # B we define Ay gy = A(g,anp) U AB,anp): We define the discrepancy
between Y11 and YIAD pbe

A
Aapy 2V xya A p.
[ _ [o]
We define Yag =YE—al.

Lemma 1.2 Given any pair «, € Py, we have a functorial isomorphism

el . 151
Y8 = Y(8.0)

Here by functorial isomorphisms we mean those that are induced by the universal
property of the respective moduli spaces.

Proof of Lemma 1.2 We first prove the case « = A. Let 8 = (B81,---,B1) € Pa
with m; = |B;]; let S = Y(I[f]l]g); and let (W, ¢) be the tautological family of S. By
definition, : S — Y is the tautological map and W is a flat S —family of length |A|

zero-subschemes in ¥ whose Hilbert—-Chow map /cyy: S — Y ) coincide with the
composite of ¢ and Y2 — Y4,

Similarly, a T'—-morphism S — YA is classified by a collection

2) (Wl,"',Wl;(/’l’"'»(/’l)
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of S—families W; C Y x7 S in X8l and ¢;: S — Y#i so that the Hilbert—Chow
morphism /cpy,: S — X [6i] (of the family ;) makes the diagram

(owmow) g

S
3) (@1, ,wz)l l
yA

. y®

commutative.

To proceed, we shall show that we can split the family (W, ¢) into a family as in (2).

For each a € A, we denote by ¢,: S — Y, the a-th component of ¢, by I'y, CY X7 §
the graph of ¢, and by I'g; the union U,ep, Iy, . By the definition of Y([[zi\]f]})’ the set
g, , ', are mutually disjoint closed subsets of ¥ x .§'; hence are open and closed

subsets of I' = Ugep Ty, .

On the other hand, the closed subscheme ¢: W< Y x7 S is set-theoretically identical
to I'; hence W; = 1! (I'g, ) are mutually disjoint open and closed subsets of ¥, which

therefore inherit scheme structures from )V so that W = ]_[f:1 W; . In particular, they
are close subschemes of Y xr S, flat and finite over S'. Finally, because the fibers of
W; over general closed points in S have length m;, by the flatness, W; is a family of
length m; zero-subschemes in Y .

Now, because the sets I'g, are mutually disjoint, the associated classifying morphisms
pw;t S — Y8l and Y = l_[ 0a: S —> YPi
aep;

satisfies the commutative diagram (3). Therefore, each pair (W}, ¢;) associates to a
canonical morphism
ni: S —> ylBil Xy yBi — ylBil
Put them together, we obtain a morphism
n=. ) S — Y . op ylAl = y TPl
whose image is contained in Y([Egﬂ 1). This way, we have constructed an induced
morphism
. ¢ _ ylal A1
7S =Yap = Ygny
To complete the proof of this special case, we need to construct a morphism

VAl N
N Yigay =S =Y p
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that is the inverse of 7. But this is straight forward and shall be omitted. This proves
the lemma for the case o = A.

For the general case o = (aq, -+ ,ar) € Pa, the o A B consists of equivalence classes
a; N Bj, each of order m;;. Obviously,
A
Otl‘/\ﬁ = (Oli/\ﬁl,--- ,Oli/\ﬂl) EPai.
Hence we can apply the proven case of this lemma to conclude

YIIOéi ABl o ylloid

(C{j /\ﬂaai) = (ai s /\ﬂ) ’
Therefore, because Y 1Al = ]_[l; Y181, one checks easily that:
k
yled y leil ~ 1‘[ y Lei ABT

(a, a/\ﬂ) (al i AB) = (i ABa;)
i=1 i=1

- H(H yleniil ) xyai (Y = A, 0;n8))

i=1 j=1
= (l_[ YIIai/\ﬁj]]) Xy A (YA — A(a,a/\ﬂ))
i,j
For the same reason,
Yians = (1_[ YEBil) sy s (Y2~ Agang)-
ij

Because Ay, g) = A,ang) Y Ag,anpg), We obtain

[l _ vl A ~ vIBl A [81
Yoy = Yaang) X¥r (Y2 =B@p) = Ygonp Xva (Y2 —Aw@p) =Y p)

This proves the Lemma. a

1.4 Universal families under partial equivalence

Let («,B) and @ A B = (a1 N By, -+, N B;) be as in the proof of the previous
lemma; let

Wij.pijii=1,-k, j=1,--1)

be the universal family of Y281 Under the partial equivalence Y([Ex (]l AB) = Y([([xafi\ﬂﬂl)’
the restriction of W;; to Y([([xaxi\ﬂﬂ]gz)

Wil XylLerBl Y(E{/\ﬂﬂgl)’ et Wil Xylanpl Y(El/\ﬂﬂ(]l)’
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are families of zero-schemes of Y over Y([([Xaﬂ )" Following the previous proof, these

families, viewed as subschemes in ¥ xr Y([([x“/:\ ﬂﬂ ]gl), are mutually disjoint. Hence their

union
[
(LI W) <o YE5N,
j=1

ylansl

forms a flat family of zero schemes in Y of length |o;| over (@nBa)’

Corollary 1.3 Let (Z;,¢;;i = 1,--- k) be the universal family of Y11 Then for

each i,
[

(LI W) xvtonm Vg = 2 xyia Yo g
j=1
as families of relative zero-subschemes in Y/ T .

1.5 Hilbert scheme of centered o« -points

In order to parameterize family of slices in Y [)| we need the notion of Hilbert scheme
of centered «—points.

Let w: Y — T be the total space of a rank three vector bundle, viewed as a smooth
family of affine schemes isomorphic to A>. We let

1
o YA — vV, (Xa)aeA € YtAHmZxa eY;
a

be the fiberwise averaging morphism and let
ol yld __y

be its composition with the tautological ylel 5 YA We define the relative Hilbert
scheme of centered o—points be the preimage of the zero section Oy of Y under wlol:

@) ylel = yled iy 0y

Intuitively, YO[[O‘]] consists of a—zero-subschemes whose center of support lie in the
zero section of Y.

For any pair «, B € Py, we define

] _ ylol - vl
Yoty =Yo N ¥ip)
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The partial equivalence for Yol carries over to

] Al
(5) Yo.@.8) = Yo,.0)

1.6 Outline of the proof

We now explain briefly the strategy to prove the main Proposition. First, because X []
is finite over X1, the degree of its virtual cycle is a fraction of that of X (] To study
the former, we first make sense of the virtual cycles [ X I®I]Ir for all partitions & of [n];
we then construct explicitly their cycle representatives Dy as cycles in X”. Using the
isomorphism X ([Ex‘i]/]B) =X ([[ﬂﬂ’](]x), we can choose Dy and Dg so that their difference lies
entirely in a small tubular neighborhood of Ay gy C X”. Repeating this procedure,
we show that the desired degree deg Dy, is a linear combination of deg Dy plus a
discrepancy term which we denote by J[,). Using induction on 7, to prove the main

proposition we only need to show that Jf,) only depend on the Chern numbers of X .

To prove the last statement, we shall find a cycle representative of J[,) that is entirely
contained in a small (tubular) neighborhood of the top diagonal

XP ={(x,---,x) | xeX}C X"
Once we know this, we shall find a small (tubular) neighborhood U C X [AD of
(6) xI — xnd sy, X2

and a fibration
m: U — X

whose homotopy type is determined by one of its fiber 7~ (x) and the tangent bundle
TX . Since the homotopy type of the fiber 7! (x) is universal (independent of threefold
X'), the discrepancy &, thus only depend on the homotopy type of 7X". This will
lead to a proof that ), and thus deg[X [21)vir " depends only on a universal expression
in Chern numbers of X .

2 Top diagonal of the Hilbert scheme of o—points

In this section, we shall give a smooth parameterization of the normal slices to the top
diagonal in the Hilbert scheme X [o1. Before doing this, we shall comment on the
terminology on stratified spaces and their smooth functions.
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2.1 Stratifications of singular spaces

Since we primarily are interested in (reduced) quasi-projective schemes and their open
subsets, we shall confine ourselves to their stratifications and functions.

For quasi-projective W, we shall only consider stratifications by Zariski locally closed
smooth subvarieties. It is known that every quasi-projective scheme admits such
stratifications. In case we are given a finite collection R of Zariski closed subsets
of W, we can find stratifications S of W subordinating to R in the sense that each
R € R is a union of strata in S. To find a canonical such stratification, we can take
the smallest such stratification? among those subordinating to R. In case in addition
we are given a morphism of schemes w: C — W, we can find a stratification S" of
C and a stratification S of W so that S is subordinating to R and 7: C — W is a
stratified map. Again, among all such pairs of stratifications there is one that is the
smallest; we call such pair the standard stratification of C — W subordinating to R.

The collection R usually arises from the singular loci of a sheaf £ of Opr—modules.
To such sheaf £ we associate a collection inductively by letting Ry = W and letting
R; C R;_ be the non-locally free locus of the sheaf of Og, ,—modules £ xp,, O, _, .
We shall call {R;} the loci of non-locally freeness of £.

We next look at the standard stratification of Y for a smooth family over a smooth
T . Obviously, in case U C T is a Zariski open so that ¥ x7 U = Yy x U, then strata
of the standard stratification of ¥ [%] X7 U are of the form S x U for S strata of Yg[a]].
In case Y/ T is the total space of a rank three vector bundle, then Yy = A3 and we
know that all strata of Y(E[a]] are invariant under the symmetry group of Y. This proves

Lemma 2.1 Let Y/T be a smooth Zariski fiber bundle. Then the standard stratifica-
tion of Y11 restricts to the standard stratification of (Y;)[el = (yloly, .

Another property of the standard stratification of X lo1 js as follows.

Lemma 2.2 Let U, C X and Uy, C X be two analytic open subset that are biholomor-
phic to each other, say via f: U, —> Uy . Then pulling back via f* of the universal
family 7 of X [o1 over U b[[a]] £ ylel x XA UaA defines a map

F. Uit gl

that is an isomorphism of (standardly) stratified spaces. This construction also applies
to smooth family of quasi-projective varieties over a smooth base.

2Two stratifications S; < S, if each strata in S is the union of strata in S,.
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Here we say a continuous map f: Z; — Z, between two stratified spaces preserves
stratifications if every stratum of Z is the preimage of a stratum of Z,. We say f
is a smooth isomorphism of stratified spaces if ! exists and both f and f~! are
smooth and preserve stratifications of Z; and Z,.

Proof Let o = (xq,---, o). Because UJ,[O‘]] is canonically isomorphic to

[TV xye U,

to prove the lemma it suffices to show that for every n the Hilbert scheme of n—points
Iy, (0,n) = Iy, (0,n) canonically under the map induced by /. But this follows from
the universal property of Hilbert schemes. a

2.2 Smooth functions on stratified spaces

We now define the notion of smooth functions on a stratified space.

Definition 2.3 Let Z be a topological space equipped with a stratification S. A
smooth function f: Z — C is a continuous function whose restriction to each stratum
is smooth.

We let W be an analytic space and let £ be a sheaf of Oy —modules. We let S be a
standard stratification subordinating to the loci of the non-locally freeness of £. To
such stratification, we denote by As the sheaf of smooth functions on W, and define
the sheaf of smooth sections of £ be

As(&) =E®oy As.

Because .As has partition of unity, whenever 0 — &, — £ — £ — 0 is an exact
sequence of sheaves of Oy —modules, then both

As(&2) — As(€) — As(€) — 0

and
[(As(&)) — T(As(€)) — I(As(Er)) — 0

are exact.

As usual, for any subset B C W and sheaf of Oy —modules £, the space of smooth
sections of £ over B is the limit

P(B. As(£)) = lim T(U. As(£))
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taken over all open subsets U containing B. Thus each s in I'(B, As(£) is a smooth
section defined on some open U containing B. Further, in case 5 € I'(B’, As(£)) is
a section over a larger subset B’ D B, we say s’ extends s if there is an open U D B
so that both s and s are defined over U and s|y = 5’|y . Following this convention,
the restriction homomorphism

I'(B', As(€)) - T'(B, As(£))

is surjective for any pair of sets B C B’ with B closed in B’,

2.3 Normal slices to the diagonal in X x X

We begin with constructing an isomorphism of a tubular neighborhood U of A(X) C
X x X with a tubular neighborhood V of the zero section Oy C 7X . This map will
be a smooth isomorphism of analytic fiber bundle // X and V/ X in the sense that for
each x € X the fiber Uy and Vy are isomorphic as analytic spaces. Here U/ X is via
the first projection pri: U/ C X x X — X .

Since Vx C Ty X, it has a distinguished point 0 € Vy and ToVy = Tx X canonically;
likewise, Uy is a neighborhood of x € X, which has its distinguished point x € Uy
and isomorphism Tl = Tx X .

Lemma 2.4 We can find a smooth isomorphism
o U — YV

of a tubular neighborhood U of A(X) C X x X and a tubular neighborhood V of
Oy C TX, both considered as vector bundles over X , such that

(1) restricting to each fiber Uy the map ¢x = @|y,: Ux — Vx is a biholomorphism,
(2) @x(x) =0 and that doy: TxUyx — ToV is the identity map.

Proof First, after identifying Ty V 2 V in the standard way for the threefold V = A3
we can define such ¢ globally:
o: VXV —TV;, VxVsx,v)r—v—xeTlyV.

Hence for any open U, C X that admits an open embedding U, C V', the map ¢
restricting to
Uy = ¢ (Ty,V)N(UaxUg) C X x X

is a local version of the map required by the lemma; we denote such ¢y, by

(7 Qa: Uy CX XX —TX.
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We next pick an open covering {U,} of X with embedding U, C V and a partition of
unity Y 1, = 1 subordinate to the covering U, ; we form

Ut {(x,y) e X x X | (x,y) €Uy whenever x € Supp(ny)}.

Because Supp(nq), which is the closure of 1y # 0, is compact and is contained in Uj,
U is open and contains the diagonal A(X) C X x X . Over U, we define

0(x, ) = Y na(¥)ga(x,y) € TX,

We let n: U — X be the projection induced by the second projection pry: X x X — X.
Clearly, restricting to each fiber Uy = 771 (x),

ox() = @(x,): Uy = Tx X

is analytic. Further, because ¢, (x, x) =0 and dy@,(x, y)|y=x =id whenever 14(x) #
0, we have px(x) = 0 and doy: Txlyx — ToVx is the identity map. Therefore, by
replacing U by a sufficiently small tubular neighborhood U’ of A(X) C X x X and
let V' = ('), the restriction ¢’ £ @, becomes the desired map. O

2.4 Induced map on Hilbert schemes

The map ¢ induces a smooth map from the relative Hilbert scheme U/ [od to Vled 45
fiber bundles over X .

We begin with the definition of Z/I] and V11, First, by letting ¥ = T'X be the vector
bundle over 7' = X, we can apply the previous discussion to form the relative Hilbert
scheme of a—points (T7X)I. Let (7X)[*] - (TX)A be the tautological map; let
VA be the product of |A|—copies of V over X indexed by A, which is an open subset
of (TX)A. We define VI?l | called the relative Hilbert scheme of a—points in V/ X,
be an open subset of (7X)I*] defined via the Cartesian product (to the left below)

ylel 5 (7x)led yled s> X x xled
® | l | l
YA L) (TX)A us A X x x4

Similarly we form the relative Hilbert scheme U/ [o] of a—points of U/ X as an open
subset of X x X1 defined by the square (to the right above). Both ¢/1® and 7/1%]
are analytic spaces over X via the first projection of X x X [l and X x XA,

Because for each closed x € X, the fiber ¢x: Uy — Vx is an isomorphism, restricting to
fibers over x the universal families of Z/I?] and VI*! induces a canonical isomorphism
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¢£an: Z/{,E“]] — VE“H from Z/{Ea]] =ulel xy x to V;[Ca]] = VYll x v x. We define
©) g0|[01]]: ylel __ ylel

be (p;[Ca]] when restricting to U;Ea]].
Lemma 2.5 The map ¢l is a smooth isomorphism of the analytic fiber bundles
Uled and VIl ag stratified spaces. Namely, (p[“]] preserves the standard stratifications
of Vol and (/11 and

@D ™ (Aper) = Ao

Further, restricting to fibers over each x, ol induces isomorphism of analytic spaces
[ee] o]
Uy " and Vi .

Proof The proof is a tautology after applying the universal property of the moduli
spaces U [o] and Vled | First, because ¢: U — V is a smooth isomorphism that preserves
the analytic structures of the fibers, pulling back the universal family of Viel via ¢
forms a continuous family of relative oz—schemes of the fiber bundle I/ / X, thus defines
a continuous map
w[[a]]: pled __, glel
Now, let S  VI?l be any stratum of the standard stratification of VIl Because
its (standard) stratification is induced from that of (7X )[["‘]], the stratum S is the
restriction of a stratum S of (T X))l By Lemma 2.1, for an x € T the intersection
SN (TX)[,[C“]] is a stratum of (7 X)I*1. Hence S, = SN V;[Ca]] is a stratum of VE“].
Then because w;[ca]]: V;[Ca]] — U)[Ea]] is an analytic isomorphism, S} = w;[(a]] (S5x) must
be a stratum of UE“H. Similar to the case 7X/X, S, is the intersection with UE“]I of
a single stratum S’ of X x X[ Let S = §" nylel. Applying Lemma 2.2, we see
immediately that
ylds) =g’

Thus l/f[["‘]] preserves the stratifications.

On top of this, because restricting to .S the pull back of the universal family is a smooth
family of relative «—subschemes, ¥[?1|g is a smooth map from S to w[*I(S). This
proves that w[[“]] is a smooth stratified map.

Similarly, applying the same argument to ¢~ ': V — U/, we obtain the map ¢I®J that
is also a smooth stratified map. Then the composition

l/,[[Ot]] o (pl[a]]: yled __ g/led
must be the identity map since it is induced by the identity ¢ o ¢! = id. For the same
reason, <p[[°‘]] ) w[[“]] = id as well. This proves that both <p[[°‘]] and w[[“]] are smooth
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isomorphisms of stratified spaces. Lastly, because wl[ot]] preserves fibers over x, it
defines a smooth map from Vlel 1o 4191 a5 smooth fiber bundles over X .

The last statement is true because restricting to fibers over x € X, both (p[[“]l and o]

are analytic isomorphisms. This proves the Lemma. O

2.5 Top diagonal and its normal slices

We define the top diagonal X ga]] c Xl pe

Xga]lzXﬁxXAX[[“]] where Xﬁz{(x,---,x)eXA|xeX}.
Because X é‘ =~ X, the top diagonal is fibred over X :
(10) x oy,

The purpose of this subsection is to find an open neighborhood U of X g“]] c xlel
and a fiber bundle map U — X extending the map (10).

Welet (TX )E[)a]] be the relative Hilbert scheme of centered «v—points of the fiber bundle
TX/X . Because VI is an open subbundle of (7X)I*) we define the relative Hilbert
scheme of centered «—points of V/ X be

Vi = Il (7 x)le,

There is another way to define this space. Let (TX )é‘ = (TX)* x7x Ory and let Vé\

be the intersection VA N(T X )6\. Then Vga]] and Vé\ fit into the following commutative
Cartesian squares

Yol ylad Y0 ey I el P yled

- | l l | l

VA opn I yn I yasx M xa

in which the ¥4, 75 and ;11 are the obvious maps induced by ¥ and by j: U —
X x X. Welet Wy: Vg“]] — XTI pe the composite of the arrows in the top line.

Lemma 2.6 After shrinking V if necessary, the image set

ulel 2 g, (V) ¢ xled
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is an open neighborhood of X ga]] c X1 Further, after endowing U with the induced
stratification through the inclusion U [l  xMd | the induced map

W VIl plel

becomes a smooth isomorphism of stratified spaces.

Proof Because each square in the above diagram is a Cartesian product square, to
prove that W, (V([)[a]]) is open in X1V it suffices to show that the image of Vé\ in XA
under the composite of the bottom line is open in X4 .

We let h: Vé\ — X be the composite of the bottom line in the above diagram. We
first prove that the differential

dh(g): TsVé\ — Th(E)XA
is an isomorphism at each § in the zero section O(ry)a C (T'X A

Let £ € O(rx)a be a point over x € X . Since (Tx X )é\ intersects O(7 y)a transversal
at £, the tangent space TgVé\ is a direct sum of T¢(Tx X )é\ and T¢O(ryya . Clearly,
the images d h(Tg(TxX)é\) and d h(TgO(TX)A) are

{(Va)aepy € (TxX)™ | Zva =0} and {(v,---,v) € (TxX)® |veE T X}

respectively. Thus d & is an isomorphism at § € O(py)a C Vé\ and thus /4 is a
diffeomorphism near Oz y)a C Vé\. In particular, if we shrink V if necessary, A
becomes a diffeomorphism from Vé\ to the image £ (Vé\), an open neighborhood of
XA cxh

It follows then that UI*] = w,, (Vga]]) is an open neighborhood of X Ea]] c Xle1 and the

induced map W, is continuous and is one—one and onto. We endow Ul*l = w, (Vga]])
the stratification induced from that of X1oI,

We now prove that W, is a smooth isomorphism of stratified spaces. We first prove
that W, preserves the stratifications. Indeed, because all but the furthest left arrow in
the top line of the above diagram preserves stratifications, to prove the claim we only
need to show that the inclusion Vga]] c yll preserves stratifications, which follows
from that the inclusion (7°X )[([)“]] — (TX)ld preserves stratifications. For the later,
because (TX)E[)OL]] = (TX)l] xpy O¢rx)a with @ (TX)[] - TX the fiberwise
averaging morphism, we only need to prove that the restriction of @ to each stratum
S c(TX)ll
w|ls: S — TX
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is a submersion. But this is clear since the stratum S is induced by a stratum Sy of
(Tx X )[[“]] , as shown in Lemma 2.1, and the stratum S is invariant under the translation
group of Ty X . Therefore w|g is a submersion.

Once we know that W: Vga]] — xle] preserves stratifications, the fact that each
squares above is a Cartesian product shows immediately that it is smooth, and its
restriction to each stratum is a diffeomorphism onto its image. Hence, W, is a smooth
isomorphism of stratified spaces. |

From the definition, (T X )(ﬂ)a]] c (TX)I1 is a subscheme, hence Vg“]] c Vel js an

analytic subscheme. Therefore, restricting to fibers Z/{gaj of Z/{(|)[a]] over x € X the map
® is analytic.

Before we close this subsection, we shall comment on the partial equivalence of V([)[a]]
and of Ul For this, we define

fel _ y)led [ lel _ 77led ]
VO,(a,ﬂ) =V, N (TX)O,(a,,B) and U(a,ﬂ) =U"™n X(a,ﬂ)'
Lemma 2.7 Let Wy: Vga]] — Uled pe the smooth isomorphism constructed before.
Then Y, (V[[a]] ) = U(E?],]s) and the partial equivalence of V([)[a]] and of Ul are

. Oi(a’ﬂ)
compatible under W, .

Proof This is obvious and will be omitted. O

2.6 Universal family of Hilbert schemes of centered «—points

We let O — Gr be the total space of the universal quotient rank three vector bundle
over the Grassmannian Gr = Gr(CV,C?) and let p: QE[)O’]] — G'r be the associated
relative Hilbert scheme of centered «—points. Let

g X — Gr

be a smooth map so that TX =~ g*Q as smooth vector bundles. To such g, we define
the pull back
g 0t = 0l s, x =[] »7'(g(x) c oM x x.
xeX
Further, the universal family of QE[)‘X]] pulls back under g to a continuous family of
relative centered a—points of 7X /X, thus defines a continuous map over X

(12) go: g0 s (Tl
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Lemma 2.8 This map is a smooth isomorphism of fiber bundles over X . Further, its
restriction to each fiber is an analytic isomorphism and preserves the partial equivalences
of Q¥ and of (711,

3 Obstruction sheaves

Our next step is to investigate the obstruction theory of the relative Hilbert scheme of
a—points of a smooth family Y/ T . Because Y2 — Y@ is not étale, the defining
square

ylel o ylel

l l

YA — 5 Y@
does not allow us to lift the obstruction theory of Yl (o that of Y11, Our solution
is to take the pull-back of the obstruction sheaf and the normal cone of Yol a5 the
obstruction sheaf and normal cone of YI¢1 To force Yol — yle] flat, we shall view
YA > Y@ and hence YI®l — ylol 454 morphism between stacks.

We will investigate the obstruction sheaves in this section, deferring normal cones to

the next section. We begin with a brief account of the relevant extension sheaves.

3.1 A brief account of extensions sheaves

Let Y/T be a smooth family of quasi-projective threefolds over a smooth variety
T; let S be any scheme over 7 and Z be a flat S—family of O—subschemes in
Ys =Y x7 §;and let pg: Yg — S be the projection. Our first goal is to prove a
canonical isomorphism relating the traceless part of the relative extension sheaf of the
ideal sheaf 77 of Z C Y with the high direct image sheaf of an extension sheaf.

Lemma 3.1 Let the notation be as before, then we have canonical isomorphism

&ty (Zz.12)o = psx &xtd, (0z.17).

Proof We begin with the defining exact sequence
0—12Z7 — 0Oy — 0z —0
and its associated long exact sequence of relative extension sheaves

o
— &t? (Oyg. Iz) —> &t (I7.17) — &ty (0z7.1z7) —>
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¢
(13) —>£XZ‘;S(OYS,1'2)—3> SXZ;S(Iz,Zz)—>O_
Because Oy is locally free and Z is a flat family of zero-subschemes Yg,
&'xt];S (Oys.1z) = R¥psiIz = RkPS*OYS, k>2.

On the other hand, it follows from the definition that R ps+QOyy is a subsheaf of
Ext’; <(Zz,Zz) and the composite

C tr
(14) R ps. Oy —> &tk (T7.17)—> R* ps, Oy

is multiplying by 1, which is the rank of Zz. Thus R¥ Ps+Oyy is the trace part of
Sxt]; <(Zz,Zz), and the traceless part

(15) &ty (Tz7.Tz)0 =&ty (0z.1z)
canonically.

To complete the proof of the lemma, we shall apply the local to global spectral sequence.
First because the extension sheaf &' (07,7 7) is zero away from Z and Z — S has
relative dimension 0,

RFpsy & 5(02.77)=0

except when k = 0. Hence the spectral sequence

R°ps« &xt*(0z,Iz) = &ty (Oz,1z)
degenerates to

5%3,5 (02.T2), = ps« &} (0z,Iz).

This proves the Lemma. O

The relative extension sheaves satisfy the base change property. Let p: S” — S be a
morphism and Z' = Z xg S’ be the subscheme of Yg, = Yg xg S’, then

(16) &ty (T2, Tz0)=p* &y (T2.12),

and such isomorphisms are compatible with S” — S’ — §.
To prove the base change property, we will apply the Lemma and prove the base change
property of

psx &’ (Oz.1z).

Because dimY /T = 3 and O is flat over .S, the later admits a length three locally
free resolution as a sheaf of Oyg—modules. Then because tensoring this resolution by
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Oy provides a locally free resolution of Oz, applying the definition of extension
sheaves we readily see that

(17) &téYS/ (Oz.T7) = gx%YS (0z,T7)®0g Os'.
Because the first sheaf if a finite sheaf of Og,—modules,

P’ EX%YS, (Oz,Iz)= &fgoys, (Oz.1z)

when the later is viewed as sheaf of Og/—modules. Thus by viewing the other &xt>
sheaf as a sheaf of Og—modules, the identity is exactly the base change property (16).

Corollary 3.2 Let Z C Ys be as in the previous lemma. Suppose turther that
Z = Z1U Z, is a union of two disjoint flat S —families of O—subschemes. Then

gxtlz’s (IZ’IZ)O = gxtf’s (IZI ’IZI)O ® gxtlzis (IZZ,Izz)O

canonically.

Proof This is true because

2
&ty (Tz2.1z)y = pss &1 (0z,Tz) = P ps« &1 (Oz,.Iz,). O

i=1
3.2 Obstruction sheaves of Hilbert scheme of points

For a smooth family of quasi-projective threefolds over a smooth base 7', the relative
Hilbert scheme Iy,7(0,n) is a quasi-project fine moduli scheme with universal family

ZCY XT Iy/T(O,l’l);

its obstruction theory as moduli of stable sheaves with fixed determinants is perfect
with obstruction sheaf the traceless part of the relative extension sheaf under the second
projection of ¥ x7 Iy;7(0,n):

ObIY/T(OJl) = &tf)rz (Zz,Zz)o.

For Y which is I y,;T(0,n) endowed with the reduced scheme structure, we shall
take the pull back of the obstruction sheaf of /y,7(0,7) under the inclusion yld
Iy;7(0,n) as its obstruction sheaf. By the base change property just proved, it can
also be expressed as the traceless part of the relative extension sheaf of the universal
ideal sheaf of Y.

Now let o = (@q,--- , o) be any element in Py as before; let (Z1,--- , Z;) be the
universal family of Y%, each is a flat family of length |a;| zero-subschemes in Y/ T
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over Yl we let 7z, be the ideal sheaf of Z; CY xr Yl Because Yol = [1r yleil,
we define the obstruction sheaf of Y1l be the direct sum of the pull back of that of
vl which by Corollary 3.2 is of the form

k
Obg(,x] = @gxtgrz (Izi’IZi)()'

i=1

As to YT we shall take the pull-back ¢;‘(’)b["‘] (of the tautological ¢: Y11 — ylel)
as its obstruction sheaf. For the same reason, they can be defined using relative extension
sheaves. Let Wy, --- , W) with W; C Y xp Yol pe part of the universal family of
Ylel: cach W is the pull back of Z; under ylel 5 ylol. jg¢ Ty, be the ideal sheaf
of W; C Y x7 Yl The obstruction sheaf of Yo ig

k
ob¥V = P &2 (T, . Tw) o

i=1
3.3 Comparing obstruction sheaves under equivalences

Our next task is to compare the sheaves (’)b[l[/a I with (’)bg[,ﬂ 1 over the partial equivalence
Y[[a]] ~ Yl[ﬂ]]
(@) = “(B)

Lemma 3.3 Under the partial equivalence Y([([xof]g) ~ Y([Egﬂ, g), the restriction to Y([([Z]g) of
of

the obstruction sheaf (’)b[l[/a I s canonically isomorphic to the restriction to Y([g} g)
oplAl
vy -

Proof We first show that the Lemma can be reduced to the case where o > . Indeed,

lel o 08D . [e] el o ylanrBl
because Y(a’ B = Y( B 18 induced by Y(a’ 5 C Y(a’a rp) = Y(a AB.)? should the lemma

hold for a > B, we would have

oty = 0plMY s
Vv, =00 i,
which would imply
[o] ~ plaerBl ~ plBl
0Py gy, = Oy vt v, = O v
For the case @ > f, by induction we only need to consider the case where

a=(ar,--,ar) =B =B1.-+ . Br+1)-

For simplicity we assume «; = 8; for i <k and op = Br U Br+1.
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Now let W, ¢i)1<i<k, With W; C Y xr Y[[ Hﬁ) be the universal family of Y[l over
Y([([X ]g), let (W,,(p,)f‘fll be the universal famlly of YIAI over Y, ﬂﬁﬁ i](). Because «o; = B;
fori <k, W; = W,- after identifying Y([[ ]g) ~ Y([Egﬁ ]]) On the other hand, by Corollary
1.3 the supports of Wk and Wk+1 are disjoint closed subsets of ¥ x7 Y, (Ilﬂﬂ ]]), and

their union form a flat family of zero-subschemes satisfying Wk U Wk+1 W

As for the obstruction sheaves Ob;[g I and (’)b[l[/’s ]], by definition,

k
Oy 1ey =D &y, (Twi- T
’ i=1
k+1
and Ob[l[/B]HY([,[sB]]) = D &g, (T, T, o
s l:1

Hence to prove the lemma we only need to check that

(Sx pl‘2 (IWA ’ IWk )0 - gxtprz (Iﬂ/k ’ IVT/ ) ® gxtpl‘z ( Wk+1 IVT//H_l )O :

But this is exactly what was proved in the last subsection. O

3.4 Obstruction sheaves under smooth isomorphism

We next move to the obstruction sheaves of various moduli spaces of interests. We
continue to denote by X a smooth complex threefold.

Let 7z, be the the ideal sheaves of Z;,---,Z; C Z/{ga]] Xy U, which are part of
the universal family of X [o1; Jet 7, be the first projection of X [« 5 X . Then the
obstruction sheaf of X1 ig

k k
(18) oo}V = P &2 (Tz,.1z,), = @ m14 &2 (02, Iz,)

i=1 i=1
Similarly, the obstruction sheaf of Vga]] is defined to be the relative extension sheaf
k k
(19) obV = D &2 (T, T, )y = @D w14 & (O T, )
i=1 i=1

in which 7y, are ideal sheaves of the subschemes W; --- , Wy C Vga]] Xy V that are
part of the universal family of Vga]]; that my is the first projection of Vga]l xx V.
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These obstruction sheaves are related in the obvious way. First, we let

A1 = Axteixy ytenr and Ay = ‘Avg“]]xxwvg“ﬂ

respectively be the sheaf of smooth functions on X[ x X and Vga]] xx V that are

analytic along fibers of X1 x x/x1Iel ang Vga]] xx V/ Vg“]]. Because ¥, of Lemma
2.6 is induced by the universal family and because the tautological map

h=(Wa. pro): Vi xy v — xT s x,

where pyoyr: ¥V — X is the composite of {: V — X x X with the second projection
of X x X', maps fibers to fibers and is analytic along fibers,

(20) /’l*(Iz,- ®.A1) =Ty, ® Aj.

Here the tensor products are over the sheaves Oyfa1y y and ngoz]] NIRYE On the other

hand, by the property of relative extension sheaf, the tensor product

k
o] -~
Obv(:; ® Avga]] ~ @ 1% (Extiz @w; . Tw,) ® Az)

i=1
k
x~ @7[1* 5xt§42 (IW,' ®A2,Iwi ®./42).

i=1

Here the extension sheaf Exti‘ , (. +) is defined using locally free resolution of locally
free sheaves of A, -—modules.

Because of the isomorphism (20), the last term in the above isomorphisms is canonically
isomorphic to

k
= @n1*<£xtf42(h*(lgi ®A1),h*(IZ,~ ®~A1)))

i=1
>~ én’l*(gxtill (Ozi ® A,z ®A1) =~ \I’;(Obl[‘:x]] ®.AX[[a]]>.

i=1

This proves that

fo] ~ opled
@1 v (0pf1 @ Ayien ) = 0BT © A,
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4 Representing Virtual Cycles

We will begin this section with a quick review of the construction of the virtual cycle of
a scheme with perfect obstruction theory. For more details of this construction, please
consult Behrend and Fantechi [4] or Li and Tian [7].

4.1 Virtual cycles via Gysin map

For the moment, we assume W is a quasi-project scheme with a perfect obstruction
theory and obstruction sheaf Ob. Following [4; 7], the virtual cycle of W is constructed
via

(1) finding a vector bundle V on W and a surjective sheaf homomorphism?® V —
Ob; then the obstruction theory of W provides us a unique cone cycle* C C V
of codimension rkV ;

(2) defining the virtual cycle [W]'' = 03,[C] via the Gysin homomorphism
0%: HEM(v,7) — H (W, Z).

Since every subvariety of V' defines a class in the Borel-Moore homology group,
03,[C] is well-defined.

Before we move on, a few comments are in order.

Usually, the Gysin map is defined as a homomorphism between Chow groups. For
us, we shall use the Borel-Moore homology group and use intersecting with smooth
sections to define this homomorphism.

The cone cycle C C V is unique in the following sense. To each closed w € W, we
let w be the formal completion of W along w and fix an embedding

# C T2 Speck[Tw W]

that is consistent with the tangent space at their only closed points. We let O =
Ob ®oy,, k(w) be the obstruction space to deforming w in W. Then the Kuranishi
map of the obstruction theory provides a canonical embedding of the normal cone
CyT toin T
CyT C %0,
3In this paper, whenever we use a Roman alphabet, say V', to denote a vector bundle, we will use its
counter part V to denote the sheaf of regular sections Oy (V).

4A cycle is a finite union > " m; D; of subvarieties D; with integer coefficients m; ; it is a cone cycle
if all D; are conesin V.
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where the later is viewed as a vector bundle over w. The uniqueness of C asserts that
there is a vector bundle homomorphism

Nw: VX —> OXW
extending the homomorphism V|, — O induced by V — Ob such that
(22) *CaT = CN(V xy ),
Lastly, the resulting cycle 03,[C] € A«W is independent of the choice of V — Ob.

As we will see in the later part of this paper, it will be useful to eliminate the dependence
of constructing [W]¥"" on the choice of ¥ — Ob. To achieve this, we will use smooth
sections of Ob to define the cycle [W]'.

Before we do that, we shall first recall the notion of pseudo-cycles.

4.2 Pseudo-Cycles

In this work, we shall use pseudo-cycles to represent homology classes in a stratifiable
space.

Let ® C W be a triangulable closed subset of a stratified space W. We shall fix a
Riemannian metric’ on W and denote by © the e—tubular neighborhood ® in W.

Definition 4.1 A (®, ¢)-relative d—dimensional pseudo-chain is a pair (f, X) of a
smooth, oriented ¢ —dimensional manifold with smooth boundary 0% and a continuous
map f: ¥ — W such that f is smooth over ¥ — f~1(Q¢).

We denote the Z-linear span of all such pseudo-chains by PChyz(W)g with e—
implicitly understood.

We define an equivalence relation = on PChy(W)g as follows. For notation brevity,
we shall use [ f],¢ to denote the pseudo-cycle (f, ¥) with X implicitly understood.
We call two such chains [ f1]p¢ and [ f1]pc equivalent if there are open subsets A; C X;
and orientation preserving diffeomorphism ¢: A; — A, so that X; — 4; C fi—1 (B¢)
fori =1 and 2, and f30¢|4, = f1la,; we define [f1 U fo]pe = [/1]pe + [/2]pe
with the union [f] U f2]pc be the map X U X5 — W induced by f and f;; we
define [— f]pc = —[f]pc With [=f]pc be f: X7 — W and X~ the space X with the
opposite orientation. The equivalence relation = generates an ideal in the Abelian
group PCha(W)g.

>We can embed W in a smooth space and use the induced Riemannian metric on the ambient space.
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There is an obvious boundary homomorphism
o PChd(W)@ — PChd_l (W)@

that sends any [ f],¢ to [0f]pc with df is the restriction of f* to dX. The kernel of
its induced homomorphism is defined to be the space of pseudo-cycles relative to O:

PCy;(E)e £ ker{d: PChy(W)g —> PChy_1(W)e/ =).

The proof of the following lemma is standard.

Lemma 4.2 Suppose dimg ® <d —2 and suppose the € —tubular neighborhood ®; is a
deformation retract to ©. Then every (®, €)—relative pseudo-cycle [ f]pc € Pcys(W)e
defines canonically a homology class [ f]1 € Hz (W, Z).

One version of pseudo-cycle we shall repeatedly use is the following:

Remark 4.3 Any pair (B, ®) of a closed subset B C W and a stratifiable closed
® C W such that B—© is a smooth, oriented d —dimensional manifold and dimg ® <
d —2 is a (O, €)-relative pseudo-cycle for all € > 0.

This can be seen as follows. For any € > 0, we pick an open O C B N O/, so
that ¥ = B — O is a smooth manifold with smooth boundary. Then the identity map
f: X — BC W isa (0,¢)-relative pseudo-cycle.

In case W is stratifiable, which is the case when W is an open subset of a quasi-
projective scheme, ®, deformation retract to ® for all sufficiently small €. Because
dimg ® < d — 2, for all sufficiently small € these (®, €)-relative pseudo cycles all
represent the same homology class in H;(W, Z). Because of this, in the future we will
call B a ®-relative pseudo-cycle and will denote by [B] € H;(W, Z) the resulting
homology class. In case ® is the singular locus of B, we shall call B a pseudo-cycle
directly with ® = By;,g implicitly understood.

4.3 Cycle representatives via smooth sections of sheaves

We now investigate how to intersect with smooth sections to define the Gysin homo-
morphism of a cone cycle in a vector bundle over W'.

Let C be a pure C—dimension r algebraic cone cycle in a vector bundle 7: V — W;

C=> mC

its irreducible components decomposition. We pick a stratification S of W and a
stratification S’ of U;C; so that the induced map U; C; — W is a stratified map. Also,
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to each stratum S’ € 8’ with S = 7(S’) its image stratum, we shall denote by Vg
the restriction to S of V'; for a smooth section s € As(V), we denote its graph by
Irscv.

Definition 4.4 A smooth section s € Ag(V) is said to intersect transversally with C
if every stratum S’ C U;C;, which is a smooth subset in Vg, intersects transversally
with I'y N Vg inside Vg.

By embedding W in a projective space and extending V, we can apply the standard
Sard’s transversality theorem to conclude that the set of smooth sections that intersect
transversally with C is dense in the space of all smooth sections.

Let s be a section that intersects transversally with C'. We claim that the intersection
I's N C is a pseudo-cycle. Indeed, let S; C C; be the open stratum of Cj; then S; C C;
is smooth, open and Zariski dense; therefore, dimg C; — S; < dimg C; — 2. Suppose
dim C; = d (forall i) and tkV = r. Then I'y N.S; is a smooth, oriented manifold of
real dimension 2d — 2r; its complement [y N (C; — S;) has real dimension at most
2d —2r — 2. According to Remark 4.3, by taking

0 =U;I'sN(C; = Si),

the set I's N C; becomes a 2d — 2r —dimensional pseudo-cycle (relative to ®). We
denote this pseudo-cycle by (I's N C;) p and denote its image pseudo-cycle under the
projection 7: V' — W by 4« (I's N C;) p¢. Finally, by linearity,

TsNC)pe=Y (TsNC)pe and mu(TsNC)pe =Y m4(Ts N Ci) pe.
i i
It is immediate to check that its associated homology class given by Lemma 4.2 is the
Gysin homomorphism image of [C]

O?/[C] = [m(T's N C)pc] € Hyq—2r (W, 2).
We now apply this technique to construct the virtual cycle [W]'", assuming that W is
quasi-projective with a perfect obstruction theory and the obstruction sheaf Ob. As we
mentioned, we first pick a locally free sheaf 1V and a quotient sheaf homomorphism
Y — Ob, thus obtaining a cone C C V' given by the obstruction theory of W . We then
pick the standard pair of stratification S’ of C and S of W that respects the morphism
C — W and the loci of non-locally freeness of Ob. Then as was argued, we can find a
section s € Ag(V') that intersects transversally with C. The virtual fundamental cycle

[W]Ir, which is 03,[C]. is the homology class given by the pseudo-cycle
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We next show that such pseudo-cycle can be constructed using the image section
& € As(Ob) of s under the homomorphism As(V) — As(Ob). To this end, we need
first to recover the pseudo-cycle m«(I's N C) p¢ using the smooth section & € As(Ob).
Suppose V' — Ob is a surjective homomorphism and ¢ € Ags(V’) is a lift of & under
As(V') — As(Ob), which exists by the exact sequence at the end of subsection 2.2.
We claim that ¢ intersects transversally with the virtual normal cone C’ C V'’ and

(23) % (Ts mC)pc = ﬂ;(rt ﬂC/)pc
as pseudo-cycles in W,

We first prove the case where V' =V and t € As(V) is another lifting of &. We
first show that as sets 7 (I's N C) = #/(I'"; N C’). For this, we consider the section
s—t € As(V) and its induced fiberwise translation

by—s: V=V, x € Vyr—x+s(w)—t(w) € Vy.

Because of [7], the fiber C N V,, of the cone over w is translation invariant under
vectors in
Ky =ker{Vy — Ob|y}.

Therefore £5_;: V — V maps C to C. But on the other hand, £;_; maps I'; to T,
hence £s—;(I'; N C) = ' N C, which proves (23).

It remains to show that ¢ intersects C transversally and the induced orientation on
(s NC) coincides with that of 7 (T'; NC). First, because the stratification S respects
the non-locally freeness of Ob, the restriction Ob ®,,, Og is locally free. Hence the
collection {K,, | w € S} forms a subbundle of Vg. By the translation invariance of
C N Vy under Ky, and by the minimality of the stratification S’, S NV, is invariant
under the translations by vectors in Ky, ; hence S' = £5_;(S’).

On the other hand, since the map £5—;: Vg — Vg is a smooth diffeomorphism, I’
intersects transversally with S’ if and only if its image ¢s—;(I';) = T’y intersects
transversally with £5_,(S”) = S’, which is true by our choice of s. Hence T'; intersects
transversally with S”. In particular, £s_;(I'; NC) =Ty NC and hence 74 (I'; NC) pe =
(T NC)pe.

Next we consider the general situation where V' — Ob is an arbitrary quotient sheaf
homomorphism by a locally free sheaf. We claim that by picking a lifting ¢ € As()’)
of £ € As(Ob), we obtain the identical cycle representatives of [W]'I". Indeed, by our
previous discussion, we only need to consider the case that V' is a quotient sheaf of V'
and V' — Ob is the composite of

V — VYV — Ob.
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In this case, the cone cycle C’ C V' is merely the pull back of C C V via the
induced vector bundle homomorphism ¢: V' — V. Now let t’ € As(V’) be a lifting
of s € As(V), and let r’: V' — W be the projection. Then because C' = ¢*C,

7 (Ty ﬂ(p*C)pc =, (Tr N*C)  =m([sNC)

pc pc

as pseudo cycles. This shows that the pseudo-cycle representative 7 (l"s nc ) of [W]Ir
only depends on the section & € As(Ob).

This way, those sections & € As(Ob) whose lifts intersect transversally with the
normal cone provide us pseudo-cycle representatives of the virtual cycle [W]''". In the
following, we shall denote such representative by D(§) pc.

In the remainder of this paper, for a scheme W with obstruction sheaf Ob, we shall
fix a locally free sheaf Oy (V) that surjects onto Ob with C the virtual normal cone
in V of the obstruction theory of W . We say that a smooth section & € As(Ob) is
a good section if it has a lift s € As(V) that intersects transversally with C. By the
previous construction, the image 74(I's N C) . defines a closed pseudo-cycle D(§) pe.

We summarize this subsection in the following Proposition.
Proposition 4.5 Let the notation be as before. Then any good section & € As(Ob)

defines a pseudo-cycle D(£) in W whose associated homology class is the virtual
cycle [W]¥'" in Hy (W, Z).

4.4 Virtual cycle of Hilbert schemes of a—points

We shall employ smooth sections to construct cycle representatives of the virtual cycles
of Y1 for a smooth family of quasi-projective threefolds Y/ T over a smooth base
T . But before we do that, we shall first define how cycles are pulled back by the
tautological map Yl — ylel,

We begin with defining the o—multiplicity of the symmetrization morphism
Sa: YA — Y@,

Let x € YA be any element. We define the multiplicity 714 (x) be the number of
permutations of A that fix x and leave « invariant. Namely,

my(x) =#{o € Symm(A)|o(a) =«a, o(x) = x}.
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It is easy to see that all elements in (S¢)~!Sg(x) have identical @—multiplicities; their
summations satisfies®

(24) > ma(y)=al.
YE(S*)T1S%(x)
For any z € Y1 Jies over x € Y2, we define its a—multiplicity mq(z) = mg(x).
Because the virtual normal cone is constructed based on the obstruction theory of the
Hilbert scheme of points Iy, 7(0,n), we need to work with the tautological morphism
0o Y1V — 1y 7(0, )
with  Iy;7r(0,a) = Iy;r(0,mq) X7 --- X7 Iy;7(0,mg), where m; = |a;].
We let F be a vector bundle on Iy, 7(0,«) and let C C F be a cycle, which is a linear

combination of subvarieties of F. We let E be the pull back vector bundle ¢} F on
vl let ¢o: E — F and ny: E — Y1 be the obvious projections.

Definition 4.6 For any subvariety D C E we define the o—multiplicity my (D) of
D be the o—multiplicity of the general point of the image 74(D) C Y. For any
subvariety C C F and irreducible decomposition ¢! (C) = U7_, Di, we define the
pull-back

r
$aC = ma(D;)D;.
i=1

We define the pull back of any cycle by extension via linearity.

The identity (24) implies that for any cycle C in F
¢a*¢;c - 0{! C.

The virtual cycle of YT will be defined as the Gysin map image of the pull back
virtual normal cone given by the obstruction theory of Iy,;7(0, ). Let Fy be a locally
free sheaf on Iy,7(0, ) that makes the obstruction sheaf of Iy, (0, «) its quotient
sheaf. Then the obstruction theory of Iy, (0, ) provides us a cone cycle Cy € A« Fy
in the vector bundle F, associated to &,. We let E, be the pull back vector bundle
over Yol jet ¢o: Eq — Fy be the projection, and let

Co = ¢*Coc

be the pull back cycle in E, defined in Definition 4.6. Since the pull back of the
obstruction sheaf of Iy;7(0, ) is canonically isomorphic to the obstruction sheaf of

SWe define a! = arq !~ oy !.
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Yol the sheaf & = O(E,) has the obstruction sheaf (’)b[l[f‘ Vot ylel g s quotient
sheaf. By abuse of notation, we will call the cycle Cy € A« E,, the virtual cone of the
obstruction theory of Yol

Definition 4.7 We define the virtual fundamental class

[yledpir = 0%, (Co) € Ho (Y1, 2).

Since the push-forward of [Y[#1]Ir ypder YIed — 1 y;7(0,) is ! times the virtual
fundamental cycle [y, (0, a)]¥'", it is independent of the choice of Eg, thus is well-
defined.

To get an explicit cycle representative, we can take a good section &, of Ey that
intersects the cone C,, transversally to form a pseudo-cycle

D(§q) = ma(Tg, N Co)pe € PC)/*(YIIa]]).

As was shown before, the cycle D(&,) only depend on the image section sq €
.Ag((’)b;[f’ ]]) of &, . Hence to eliminate the dependence on E, we shall denote D (&)
by D(sy). We have

[D(se)] = [Y N € g, (v, 7).

S Approximation of Virtual cycles

Because the partial equivalence Y(I(Ixa]é) > Y(I%?E) is functorial, we expect that the
obstruction sheaves, the virtual normal cones, and the cycle representatives of the
virtual cycles of Y1l and YA are identical over Y([([;x]g) ~Y (['[3/3 (]l). It is the purpose
of this section to show that this is the case.

5.1 Cones under equivalence

Our immediate task is to compare the sheaves (’)b%[ft I with Ob[l[/ﬁ J and compare their

respective virtual normal cones. Since for different & and 8, the mentioned partial equiv-
[e] ~ ylarBl (81 ~ ylarBl

e Yoy anp) = Yanpa) 29 Yiganp) = Yang,p)

for our purpose we only need to investigate the case where o > .

alence follows from the equivalence

We first set up the notation. Let o > 8 be any pair. In this section we will fix once and
for all an indexing

Ol:(Oll,"' ’ak) and :3:(:311"" vﬁlll”" vﬁkl""ﬁklk)

so that B;; U---U B;;, = a;. Since o > B, such indexing exists.
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Welet 2y, , fk be subschemes of Y([E:‘]g) x7 Y that are part of the universal family
of Yl over Y(EZ]/;); we let Wy, -+ ,Wklk be subschemes of Y(%ﬁ’ 1) x7 Y that are

part of the universal family of YA over Y([Egﬂ g).

The partial equivalence Y([([xa]é) =~ Y([Egﬂ (]i) induces a rational map from Iy, (0, 8) to
IY/T(Ov a). Let

Qu: Y([E)toj]g) —> Iy (0,0)
be the tautological morphism that is induced by the families (Zy,---, Z;); we let
U ('Z’ 5 C Iy;7(0, ) be the image subset of this map, which is open. Because of this,
we shall endow it with the induced scheme structure (usually non-reduced) from that
of Iy;r(0,a). For B, we have the similarly defined

op: YYY — Iy;70.8)

induced by the families W;;. We then endow the open subset U, (% @) = Im(gg) with
the induced scheme structure from that of Iy, 7 (0, B).

More to that, for any 7 € U(% ) OVer t € T that is the image of an n € Y([Egﬂ g), the

associated (indexed) zero-subschemes 0y, -+, 17, .My, C Yy foreach 1 <i <k
have that the collection 7,1, ---1;;, is mutually disjoint. Hence we can assign

Ei=niU---Uny,,
thus obtaining a zero-subscheme in Iy,7(0, |;|) and the tuple

(Sl?"' ’gk) € IY/T(()?a)'

It is easy to see that this correspondence defines a one—one onto map from U, (’;33 o) O
Ylap) |
a,B)”

The proof given in subSection 1.3 immediately shows that
Lemma 5.1 The induced map
. 778 o
Yop: Ul oy = Ua,p)

is an étale morphism between two schemes; it commutes with the maps o, , the map

op and the partial equivalence Y, ([([z]g) ~Y, (%B (]i). Further, the obstruction sheaves Obl?l

of Iy;r(0, a) are isomorphic under pull back by U, 53 0"

161 o oplel
1,00 = b ye .
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The virtual normal cones are also identical under this isomorphism. We pick a locally
free sheaf &, on U(“a 5) that makes (’)bg(/x] its quotient sheaf (over U(‘fx B))‘ Then

Ep = T;‘B&x is a locally free sheaf over U(‘% o) that makes Obgf Vits quotient sheaf.
Then the perfect-obstruction theory provides us the virtual normal cone Cy C E, and
the normal cone Cg C Eg.

Lemma 5.2 Under the induced flat morphism ¢qg: Eg — Eq, the cycles

Proof This follows from the uniqueness assertion on cones (22) and the following
invariance result. d

Lemma 5.3 Let U C X be an open subset and let £ C U be a zero subscheme. Then
the obstruction spaces to deforming & in U and in X are canonically isomorphic.
Further, under this isomorphism of obstruction spaces, the obstructions to deforming &
inU andin X are identical.

Proof First the to obstruction spaces are traceless extension groups
Exty (Ze, Ze)o and  Extf (Zg, Zg)o.
They are isomorphic because
Exty (Ze. Tg)o = HO(Exty, (Og. T¢)) = HO(Extdy,, (Of. Tg)) = Exty; (Zg, Ig )o.

As to the obstruction theory, say using locally free resolutions of Z¢ and using Céch
cohomology representative of the obstruction classes, one checks directly that the
obstruction to deforming & in X gets mapped to the obstruction class to deforming &
in U under the canonical homomorphism

Ext)z( Ze. Zg)o — Ext%] (Ze. Zg)o-

But because this arrow is an isomorphism, the two obstruction classes must be identical.
O

5.2 Some further notations

From now on, for any a we fix a locally free sheaf & over Iy,;7(0, ) that makes
its quotient sheaf the obstruction sheaf Obl®] of I y;7(0,a); we let Cy C Eq be the
associated virtual normal cone. Because Y1 is Iy;7(0,a) with reduced scheme

structure, we can view FE, as a vector bundle over Yl and view Cy as a cone cycle
in Ay E,.
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For the Hilbert scheme of a—points vl its obstruction sheaf (’)b[l[,a I'is canoni-
cally isomorphic to the pull back sheaf p} oplel c 1 v, 7 (0, a) under the tautological
morphism

po: YOI yled,
Thus by taking Eq = P, the obstruction sheaf (’)bgﬁx ] naturally becomes a quotient
sheaf of ga.

We let Eq — E4 be the tautological projection, viewed as a stack flat morphism

Ea = Eq Xy @ Y — EA.
The normal cone C’a C Ea is then defined to be the stack flat pull back of C, as
specified in Definition 4.6.

For stratifications of Cg and Y% we shall take the standard pair of stratifications that
respects the morphism Cy — Y [] and the loci of non-locally freeness of the sheaf
opled.

Y

Definition 5.4 We say that a smooth section sy C A(Ob;[;x ]]) intersects transversally
with its normal cone if one (thus all) of its lifts &, € A(ga) intersects transversally
with the cone Cy.

Following the discussion in subSection 4.3, we can find sections of A((’)b;[f‘ ]]) that
intersect the normal cone transversally. For such sy, we shall denote by D(sy) C yld
the pseudo-cycle that is the image in vl ynder E, — Yol of intersecting a lift of
sq With Cy C Eg.

Now let s, € A(Obgﬁx ]]) be a section that intersects transversally with the normal cone.
Because Obg,a]ﬂy([[a ~ Ob[l[/ﬂ]uy(ﬂﬁﬁg) canonically, we can view Sq|g = S""Y&"% asa

a.g)
section of (’)b[)[,ﬂ T over Y(['[BB g). Because of Lemma 5.1 and 5.2, 54 18 a smooth section

of (’)b;[,B I and intersects transversally with the normal cone of YAl

5.3 Compatible cycle representatives
To compare the cycles [Y[["‘]]]Vir, in this section we shall carefully pick smooth sections

Sq so that for any pair « and B the cycle representatives D(sy) are D(sg) are identical

: : el o yIA]
over most part of the intersection Y(a’ B = Y( Ba):

To this end, we form the strict «—diagonal

Ag={x €YD |a~gb= x4=xp};
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they are closed; for different o and B, Aq N Ag = Ay ,37. Next we fix a sufficiently
small ¢ > 0 and pick a function &: Ppo — (0, ¢) whose values on any ordered pair
a > B obey g(a) > Re(B) for a sufficiently large R. After fixing a Riemannian metric
on Y, we then form the e—neighborhoods of Ay C YA

Age=1{xe€ YA | dist(x, Ay) < e()}.
For any 8 < «, we form
be= U Aye and 0%, =Ag.— [ AL,
azy=p azy>p
Note that Q _ are closed subsets of Ag,.

We have the following intersection property of these sets.

Lemma 5.5 For any pair 81, B> < o satisfying Ag, N Q%Z . 7 9, necessarily
B2 = P

Proof Because c is sufficiently small, whenever A, o N A, o # &, necessarily Ay, N
Ay # &. Then because Ay NA, = Ayyy, because Ay intersects Ay, perpendicularly,
and because s(u vV v) > gs(u) + %8(1}),

ApsNAye CApvvs.
Now suppose B, 7 B1,then BV B > B ; therefore we have Ag, NAg, . CAg g, e
and Qaz,s C A%z,s — A%wﬂz,s' Combined, we have
2 # A0geNQF, e CABvBe N (Apre—Apivpre) = 2.
This proves B, > 1. m|

An immediate corollary of this is that A‘E’ . = ]_[azyz B Q7 forms a partition (a
disjoint union) of A%’g. By choosing 8 = 04, it also shows that {Q%’E | B <a} forms
a partition of Y4,

Moving to Y1l we form

fe=ra (Njo) and Qf 2p7'(05,) Y,

in which we continue to denote by pg: ylel 5 yA the projection. The collection
{Q3 . | B < a} forms a partition of ylel,

7a Vv B is the smallest element among all that are larger than or equal to both o and 8.
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Lemma 5.6 For sufficiently small ¢, we can find a collection of sections sy €
As(Obl1) that satisty the properties

(i) each s, intersects transversally with the normal cone of Ob[[a]];

(ii) for any B < «, the sections sy and sg coincide over Q%’ e

The requirement (ii) is understood as follows. To each B < o, because Q"‘ is disjoint

from p,!1(A,) forall @ >y > B, it lies inside Y, ([[ ]}3) Thus restricting to Q"‘ both
Sq and sg are sections of the same sheaf, and hence can be said to equal.

Proof We prove the lemma by induction. Because the space ylod jsa disjoint union
of Q”"S, we will construct s, by specifying its values along each of the above subsets
according to (ii) and then showing that the resulting section can be extended to satisfy
@@).

We now construct the section s by induction. Suppose we have already constructed sg
for all B <« that satisfy the properties (i)—(ii). Along the partition Y[l = L1 B<a %,8,
we shall follow the rule (ii) to define

salp = splog, , € T(Q%,. As(oplel)

be the restriction to Q% . of s Inductively, this will define

sa € T(reT— A2, As(ObET))
after checking that the collection s4|g forms a smooth section over yled —Nge.

We now prove that it is so. First, because ¥ 2] — N is a disjoint union of {Q% _|

B <a},each z e Yl — N . must lie in a Q%,a for a unique B < «. In case z is an
interior point of Q"‘ then s4 coincide with sg near z; by induction hypothesis, sy
satisfies the requlrement (i) and (ii) near z. In case z is not an interior point of Q% B
since NJ‘,’" ¢ 1s open, by Lemma 5.5 this is possible only when z lies in the closure
cl (Q%,’s) for some B’ > B. There are two possibilities: one is when B’ = «, in which
case nothing to prove. The other is when B’ < «. Since sq is defined via sg on Q""e
and via sg on Q%/’g , to check the continuity of s,, we need to compare the germ of

o]
CYap)

asto Q% B QO‘ Ny[[Fl = Qﬂ Hence by induction hypothesis, sg/ is an extension
of sg, Thus sa 1s well- deﬁned near z, and thus is smooth near z.

sg and of sg near z. In this case, Q“, thus can be considered lies in Y[[ﬂ/]]'

Once we know that s, is smooth over ylel —/\/'O‘j‘, ¢» Which is closed in ylel , We can

extend it to a good smooth section of (’)b[l[/a 1 over vIed | which completes the proof of
the Lemma. O
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From now on, we fix such a collection {sq}oep, and form their associated pseudo-cycle
representatives D(sg,).

5.4 Approximation of the virtual cycles

In this subsection, we shall investigate how pseudo-cycles D(sy) are related by looking
at their images in Y.

We let d be the real dimension of T ; let D(sq) be the d —dimensional pseudo-cycles
constructed relative to a set @a c Yol of dimension <d —2. We take ® C Y2 be the
union of the images under the projection pg: Yol 5 yA ofall ©4: © = Ugy Pa ((:)a).
Then to a sufficiently small € > 0 independent of ¢, we pick ﬁ,: Ty — Yol 5
representative of D(sq) as d —dimensional pseudo-cycle relative to (o, 1(®),¢€). The
composition fu = py © ff, defines a (O, €)-relative pseudo-cycle, which we denote

by [falpe-

We now relate different pseudo-cycles [ fo]pc by forming inductively

(25) S =[falpe— Y 8p € Cyca(¥M)e.

B<a

We have the following vanishing result:
Lemma 5.7 The pseudo-chain 8, N (YA — Ag.,2¢) Is equivalent to 0.

Proof What we need to show is that to any z € YA — (Ag,2¢ UO¢) we can find a
sufficiently small ball B,(z) centered at z so that §4 N B,(z) as a pseudo-cycle is
equivalent to zero.

We now prove this by induction. For o = 04, there is nothing to prove. Now let
« € P, be any element so that this holds true for all f < a. Let x € YA be any point
away from Ay 2. U ®¢ and let B < « be so that

(26) xeQ%,.

We first claim that for sufficiently small r, §, N B,(x) ~ 0 forall B ¥ y < «.
Suppose not, then by induction hypothesis, x € A, .. Since c is sufficiently small
and &(B1) > Re(B,) for any B > B, we have Ag, N Ay, . C Agyy ., and hence
p(2) € Agyy,.. Because we have assumed that 8 7 y, we must have vy > B, which
implies that Agy,, N Q%’e = @&, contradicting to x € Q%’s and in Agny ¢

Because of this, when we intersects §, with B, (x), for sufficiently small r (25) tells
us that

8a N Br(x) =[falpe N Br(x) — Z 8y N By (x).
v=B
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On the other hand by definition
880 B (x) = [fplpe N Br(x) = Y 8, N Br(x).
y<B
Hence if we can show that [ fo]pc N By (x) = [/g]pc N Br(x), the above two identities
will force 84 N By (x) = 0, exactly what we intend to prove.
For this we argue as follows: let z € D(sg) N ,0071 (Br(x)). Because of (26), x € Ag ,
and x €U B<y<aly; thus z must lie in Y(ng]/g) and thus also in Y(['[Bﬂ 2{). Hence (ii) of

lemma 5.6 implies that

D(sa) N py ' (B (x)) = D(sg) N pj " (Br (x)).

For the same reason, the above identity holds in case x € D(sg). This proves the
lemma. o

5.5 Truncated discrepancy cycles

Because Jy is equivalent to zero away from Ay >0, We can truncate it by intersecting
it with the closed subset Ay . with a general 2¢ < e <3c¢: 8f = 8¢ N Ag,e. It can also
be defined inductively by

52 ~ [f;x]Pc mza,e - Z 52,
B<a

where the intersection [ fy]pc N Ag.e can be replaced by any pseudo-chain Jalxe
with ¢ = 1 (Za,e) — O for an open O such that X¢, has smooth boundary and
fa(0) C ©,. By Sards theorem, for general e the set £, ! (Aq.¢) has smooth boundary
away from £, !(®,). Thus we can choose e that works for all «.

Lemma 5.8 With such choice of e and pseudo-chain representative [ fo]pc N Ag.e
the inductively defined pseudo chain 8¢, is a pseudo-cycle relative to (0, €).

Proof This follows directly from Lemma 5.7 and the definition of pseudo-cycle. O
In case « has more than one equivalence class, the cycle 4 is equivalent to the product
of 8y; . More precise, by viewing each «; as a set, we can form the spaces Y% and the
pseudo-cycles g, for B; € Py;. We continue to denote by «; the top partition in Py, .
Lemma 5.9 We can choose representatives 8y, and 8y so that under the identity

YA = ]_[l} Y% as pseudo-cycles 8y = ]_[f-;l Sa; -
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Proof For each «;, we form the cycle representatives D(y) C YI¥] and the discrep-
ancy cycles d,, by picking a collection of sections {s, | y € Py, } provided by the
previous lemma. For each B <« in P, we write B as (B11,--- ks, ) and form
Bi = (Bi1.--- . Bi;), each is a partition in Py, . Then

Yﬂﬂ] — Yl[lgl]] Xeeoe X YIIng]] and Ob;[/ﬁ]] — JTTObE}Bl]] H---D ﬂ;@b;[,ﬂk]]

with 7; the 7-th projection of Yol (o ylel  Further, the sections SByatt 5B
provides us a section

.
sp =158, D D LSp,

with associated pseudo-cycle

27) D(sg) = D(sg,) x---x D(sg, ).

We claim that using such decomposition, the discrepancy pseudo-cycles

(28) §g=8p, X+ xbg, .

Indeed, when 8 = 04, then the identity reduces to

D(Sﬁ) = l_[ D(Sl{a})’

ach

which is (27). Now suppose the identity holds for all y < 8. Then

k k
HD(Sﬂi)zl_[(Z 5/31'1‘): Z Byy X+ X By,

i=1 i=1 Bij<Pi (Y1, V) EPB XX Ppg),
=D 8y 481, X X8y
y<B
The desired identity (28) then follows from D(sg) = Zy <p 0y +8p and the identity
(27). This proves the Lemma. O

By choosing a general e as before, the truncated discrepancy cycle also satisfies the
product formula (28) with §. replaced by its truncated version §¢.

6 Proof of the Main theorem

The proof of the theorem now is fairly straightforward. We first apply the previous
construction to ¥ = X and to the set A = [n] of integers from 1 to # to relate the
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degree of the virtual cycle
vir 1 [n]qvir
deg[Ix (0,n)]"" = - deg[ X VHYE,
n!

(Here we follow the convention X"l = YAl )

The right hand side can be expressed as the degree of an explicit zero-cycle. For this
we pick a smooth section s, of the obstruction sheaf (’)bl[[‘,n]] of X" that intersects
transversally with the normal cone. Because the virtual dimension of Iy (0, n) is zero,
the resulting pseudo-cycle D(sp,)) in X [7] is a zero-cycle, satisfying

deg[ XN = deg[ D (sp)].

To proceed, we shall relate it to the degrees of the discrepancy cycles 8. For a
sufficiently small € and ¢ and for all « € P5 we choose sections s, of (’)bg[(a]]
according to Lemma 5.6. We let D(sy) in X [o] pe the associated zero-cycle derived by
intersecting the normal cone by s, . However, because each dy is a zero-cycle, Lemma
5.7 shows that it is entirely contained in the e—tubular neighborhood of X3 C X™.
Further, their degrees
deg[ D (spn))] = Z degdg.
aE€EPA

Thus to prove that deg[Ix (0, n)]"" is expressible in terms of a universal polynomial in
Chern numbers of X we only need to show that the same hold for all deg §,, which
then follows from that of degd[,) by the product formula in Lemma 5.9. This way,
we are reduced to show that deg d[, is expressible by a universal expression in Chern
numbers of X .

Our next step is to use the construction of the diffeomorphism of a neighborhood of
O7x C TX with a neighborhood of the diagonal A(X) C X x X to transfer the cycle
8[n) to the tangent bundle 7X .

We let U/ C X x X be the tubular neighborhood of A(X) C X x X', let V C TX be the
tubular neighborhood of 07y C TX and let ¥: ¥V — U be the smooth isomorphism
provided by Lemma 2.4. The map ¥ induces a smooth isomorphism

(29) W Vi pled ¢ yled

onto an open neighborhood of X Ea]] c XM (see Lemma 2.6). Because UL is an

open neighborhood of X ga]], by choosing ¢ sufficiently small, Lemma 5.7 tells us that
the cycle 4y, lies entirely in U [] Thus the degrees of

81,y = Yy Bpmp)

Geometry & Topology, Volume 10 (2006)



Zero dimensional Donaldson—Thomas invariants of threefolds 2161

is identical to that of Jj).

The cycle d[,),1) can also be constructed using the universal family over the Grassman-
nian of quotients CV — C3. Let Q — Gr be the total space of the universal quotient
bundle and let Qll (resp. QE[)“]]) be the relative Hilbert scheme of «—points (resp.

centered a—points) of Q/Gr. To each QE[)O‘]] we form its obstruction sheaf (’)b[[Qa]];

we pick a locally free sheaf &£, making (’)b[[Qa]] its quotient sheaf; we let Ey be the
associated vector bundle and let D, C E, be the associated normal cone.

We then pick a smooth section f, of Ey for all o so that the collection {fy}gep,
satisfies the conclusion of Lemma 2.4. The sections #, provide us the pseudo-cycle
D(ty) in Q(ﬂ)a]] relative to a subset ©, of dimension at most 2 dim Gr — 8. According
to (25), the images under the projections 7y: [([)a]] — Qy of the pseudo-cycles D(ly)
form the discrepancy pseudo-cycle 8[,1,0 C Qf relative to (O, €), the set ® which is

the union of all ny (@a) and for € which is sufficiently small.

The cycle d,),p defines a codimension six homology class in Gr. Indeed, by Lemma
5.7, the pseudo-cycle is zero outside the 2c¢—tubular neighborhood in QF of the top
diagonal QX N QF. Because the top diagonal Q% consists of points (§,--- &), they
are centered only if & = 0. Thus the top diagonal is the zero section of Qf/Gr; thus is
compact. Therefore, [, o is a compact pseudo-cycle, thus defines a homology class

(61,0 € Haimg 6r—6(04.Z) = Hgimg 6r—6(G1, Z).

We shall relate the cycle d,), o with J,) in X" by picking a smooth map g: X — Gr
so that as smooth vector bundle g*Q = T X . Without loss of generality, we can choose
N to be sufficiently large and choose g to be an embedding. Obviously, g induces a
smooth isomorphism (compare to (12))

(30) gn: 04 xgr X = (TX)g.

We have the following compatibility result.

Lemma 6.1 We can choose g and sections so so that O Xg, X intersects transver-
sally with 8,1, ¢ and the intersection

25 (8p1.0) 2 8iur.o N (08 x6r X),

considered as a cycle in (T X)q via the isomorphism (30), is identical to the cycle 8[,),,
via the inclusion Vi C (T X)sg.
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Once the lemma is proved, then we can use the constructed sections sy to form the
cycle 8, in X" to conclude

deg 8[;) = deg [,y = deg g5 (8(n1.0) = deg (81,0172 N g+ (X)),

where [S[n],Q]P'D' is the Poincare dual of the homology class [5[,), 0] € He(Gr, Z).
Because H*(Gr,Z) is generated by u; € H* (Gr,Z),

Bia1.017 2" = Pu(ur,uz,u3) € HY(Gr, 7)

expressible in a polynomial in #;. On the other hand, using the embedding Gr (N, 3) C
Gr(N + 1, 3) and the proof that will follow, we see immediately that this polynomial
P, is independent of the choice of N ; thus is universal in 7.

Finally, because g} (u;) = ¢;(X),

[Bpn.01""" N g# (XD = pa(e1(X). c2(X). ¢3(X)) N[X]
is a universal expression in the Chern numbers of X . This proves the main theorem.

We shall divide the proof of Lemma 6.1 into two steps: one is to compare the intersection
25 (8n),0) With a similarly constructed cycle dp,),7x on (7X)g; the other is to compare
the later with the pull back of §[,; using the map Vj — X™. Since the proofs of both are
similar, we shall provide the details of the first while indicating the necessary changes
required for the second.

We begin with a quick account of the moduli of A>. We let V = A? and let VO[[O‘]] -V
be the tautological map from the Hilbert scheme of centered a—points to V' that
was constructed in section 1 with Y replaced by V. Because GL(3) acts on V, it
acts on VIl and V" Further these actions leave the projection VI¢l — 7 and
the averaging map V" — V invariant, thus the space VO[[Q]] =Vl x,0is GL3)-
invariant. Not only that, its obstruction sheaf (’)bg,a I and its obstruction theory are all
naturally GL(3)-linearized.

Because GL(3) is reductive, we can find a GL(3)-linearized locally free sheaf F,
on VO[[a]] that makes Obg}x Vits 6L (3)—equivariant quotient sheaf

31) Foy —> Ople1,

We let F, be its associated vector bundle and let D, C F, be the associated normal
cone. Then each Dy ; in the irreducible decomposition

Dy = E ma,iDa,i
i
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is a GL(3)—invariant cone-like subvariety of Fy.

We next fix a standard stratification of U; Dy ; — VO[[a]] subordinating to the loci of
the non-locally freeness of the sheaf (’)b[l[f‘]]. To each Dy i, we let Sy,; C Dg,; be its
open stratum and let Ty ; C VO[[a]] be the image of Sy ;, which is a stratum of Vol[a]].
Because Dy — Fo — VOIIO‘]] are GL(3)—equivariant, every stratum, including S ;,

are GL(3)-invariant.

Our next step is to use (31) to build locally free sheaves on Q(ﬂ)a]] and on (TX )[([)a]]

making their respective obstruction sheaves their quotient. For Q/Gr, we first cover
Gr by open U, C Gr with vector bundle isomorphisms

(32) fa: OxGr Ug—V x Ug.
Then using the induced isomorphism
le]

0 XGr a = VOIIa]I X Ua

and py the first projection of the product on the right hand side, we can form the
induced

(33) Eaa = piFa — prObi = 065 jran,
Over U,y = U, N Uy, the isomorphisms
fba = fbof;z_l: VXxUzp —> V xUyg

induce transition isomorphisms

a. e — 5 &
fba' a’anga]]XGrUab a’b|Q(E)a]]XGrUub'

Since f4p satisfy the cocycle condition, /7 also satisfy the cocycle condition. Hence

5 glue to form a locally free sheaf &y on Q[([)a]]. Obviously, the quotient homomor-

phisms (33) glue to form a quotient homomorphism

&, —> Ob[Q“]].

The normal cone of Ob[[Qa]] takes a simple form in this setting. Let E, be the associated
vector bundle of &, . The cycles

Do % Ug = MaiDai % Ua € Ca(Fo x Ua) = Cu(Eal e, , ;)

1
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glue together to form a cycle that is the normal cone C, C Ey:
Co = Zma,ica,i
i
with Cy ; the glued subvariety from Dy ; x U,.

Similarly, for the vector bundle TX / X we can carry over the same procedure to form

a locally free sheaf Ey over (TX )0 making the obstruction sheaf opl } its quotient

sheaf; the normal cone in the associate vector bundle Ca C Ea is also the similarly
induced cycle by Dy C Fy.

Now we look at the smooth map g: X — Gr, which we assume to be an embedding,
and the smooth isomorphism

(34) go: TX = Qxgr X CQ.
We let
g (TX)F1 — ol

be the induced smooth map; we let .A; and A, be the sheaves of smooth functions
of (TX )(ﬂ)“]] and Q(ﬂ)“]] respectively. We claim that there are smooth isomorphisms as
shown below that make the diagram commutative

25(Ea ® A)) —— g2(0b51 ® Ay)

(35) gl %

ga ® Ay S Ob[[a]] R Aj.

Indeed, for any open U, C X with trivialization 7X |y, = V x U, and open Up C Gr
with trivialization Q|y, = V x U and satisfying g(U,) C Uy, the isomorphism gg
in (34) defines a smooth map 4: U, — GL(V) that makes the diagram commutative

Oxgr X —25 TX

T

(h,1)
VxU, —— VxU,

The family of automorphisms /% then induce smooth diffeomorphism

Aol
VO[[O‘]] x U, L—L V(l[a]] x Uy,

|[06]] xXGgrUg —— — (TX)EQH xx Uqa
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and isomorphisms of sheaves

ha: 5a|Q(H)a]]XGrUa = ]:a ® OUa —>.7:a ® OUa = gd'(TX)ga]]XXUa’

where the first and the third isomorphisms are induced by the construction of &, and
Eq in (33) while the middle one is induced by /.

The homomorphisms 4% for a covering of X patch together to form the left smooth
isomorphism in (35); it makes that diagram commutative.

This way, by lifting 7, to a smooth section in &, then pulling the lifted section back to

a smooth section of &y, and finally pushing forward the new section to a section in the

obstruction sheaf Obgwa}, we obtain a smooth section. Obviously, the resulting section

the original pull back 1o ; therefore, 7, is smooth. Likewise, because g: X —>Grisa
smooth embedding, because each stratum of Cy ; is submersive onto Gr, and because
as subsets

Eal gtety g, x 2 Darit 1(Q6™ %61 X) = Davi C Ee

under the isomorphism (35), we see immediately that a lift of 7, intersects transversally
with the cone cycle C, if and only if QE[)“]] xXgGr X intersects transversally with the
pseudo-cycle D(#y). But this is possible if we choose g general. Therefore, we can
choose g that makes all pull back sections 7, satisfy the first conclusion of Lemma
5.6. Since the collection 7, satisfies the second conclusion of Lemma 5.6, so does the
collection 7y .

Apply the same argument to the standard embedding
Gy: Gr(N,3) — Gr(N +1,3)
we see that we can choose sections 7, ’s so that
8in1,Gr(N,3) = &N Opnl,Gr(N+1,3))
are stable under G . Therefore, their homology classes
(61,6 (v,3)] € He(Gr (N, 3);Z)
is stable under inclusions.

It remains to use the sections 7, to get smooth sections sq of Obj,[;"]]. First, because
Vg“]] is an open subset of (77X )Eaﬂ, the section 7, restricts to a section of the obstruction

sheaf ObEa] of Vga]]. Without much confusion, we shall denote the restriction section
by 7, as well.
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Our next step is to take the induced sections 5, of Obf,[f]llUuan under the smooth
isomorphisms
wroplel ~ opled

covering the smooth isomorphism ®: Vga]] — Ulel ¢ xled ip (29) and show that
they are smooth and satisfy the conclusion of Lemma 5.6.

We begin with more notations for X [ we pick a locally free sheaf £, on X []
making Obg[f]] its quotient sheaf; we let C, C E, be their associated normal cones
with irreducible decomposition

50( = Z ”_”lot,i éoc,i-

Like before, we denote by b—’a,i C éa,,- its open stratum and denote by Ta,i c xlel
the image of Sg;.

Differing from the case of Q/Gr, we shall work with the restriction of the obstruction
sheaf to Ty ;. To this end, we let

Wei = 00 g,

X [l

OTa.i ;
let Wa, ; be the associated vector bundle and let
goc,i: Eq |7_"0“. I Wa,i

be the surjective homomorphism induced by £, — (’)bgf‘]].

We shall do the same for (T X )[([)a]]. We let W,; be the associated vector bundle of the
restriction sheaf

We,i = (’)b[[T"ﬂ ®0(TX)E[)Q]] Tor
which is locally free over T, w,is we let

Bait Ea|fa’i —— Wa,i
be induced by Ey — Obg?j‘]l.
Our next step is to show that possibly after re-indexing the i ’s we have
(36) Wy (To NUED) = T I,

and that under the canonical isomorphism W Wa,i ~ I;f/a, i we have

(37) Wy (Ei (D)) = Eai(Di) and  mg; = ifig.
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The proof is straightforward. Let x € X be any element and let ¢y: Vx — Uy C X
be the analytic open embedding provided by Lemma 2.4. By the construction of the
projection U [l — X, its fiber over x is canonically isomorphic to

Ul sepn " x 7. x 0

in which the map U]} — Tx X is the composite

C n ave

wy: Uy = % T, X T X

with the averaging map. Combining the local isomorphism Lemma (Lemma 2.2), the
base change property of the obstruction sheaves (21), the invariance of the obstruction
theory (Lemma 5.3) and the invariance of normal cone (22), we see immediately that
to each stratum S of X [[“]I, the induced map

S Xxn (L{x)” ﬂ) TXX
is a submersion. This shows that the standard stratification of X[l induces the standard
stratification of (Z/{X)[["‘]] xr.x 0. By using Uy = Vx and the open inclusion Vy C T X,
the standard stratification of (7TxX )[([)a]] also induces the standard stratification of
(Z/lx)[[“]] x1.x 0. Therefore, the restrictions of the standard stratification of (7x X )E[)“]]

and of the standard stratification of X1 to Vga]] xx x coincide. Consequently, after
re-indexing Ea,i, we will have (36).

Then by the base change property of the obstruction sheaves, we automatically have
canonical isomorphism

\IJ; Wa,i = Wa,ﬁ
applying the invariance results of the obstruction sheaf and of obstruction theory, we
get the identity (37).

Once we have these, we immediately see that the section 5y induced by the isomorphism

U5 (0bih) = OB | e

is a smooth section of (’)b}[(a]] over UI?T; that it intersects transversally with the normal

cone of (’)bl[,[f]] and the collection {54} satisfies the conclusions of Lemma 5.6 over
ulel,

To continue, we shall comment on the role of 0 < ¢ < 1 and 0 < € < 1. In choosing
sections 7 according to Lemma 5.6, we use the smallness of ¢ to force the resulting
pseudo-cycle ), o to lie entirely in the 2c—tubular neighborhood of the zero section
of O3/Gr. As to €, after picking Z, we use € to choose pseudo-cycle representatives

Geometry € Topology, Volume 10 (2006)



2168 Jun Li

of D(ty) to ensure that the resulting pseudo-cycle dj,), o represents a homology class
in Hy(Gr,Z).

After that, we pick a smooth embedding g: X — Gr to pull the sections #, back to
sections 7y in (’)bg?‘} By choosing g in general position, we can be sure that the degree
of the discrepancy cycle §[,), 7y constructed using T coincides with the pull back
of d41,0 under the induced map (7X)g — Qf. This time because each D(fy) is a
zero-dimensional pseudo-cycle, they are cycles automatically. Likewise, because 8}, o
lies in the 2¢—tubular neighborhood of the zero section of Qf/Gr, for ¢ sufficiently
small, 8, 7x lies entirely in V.

The next step is to form the sections 5, of Obg[(a]] over UL restrict them to a compact
subset K1¢1 c 7ol and then extend the restrictions to all X% so that the resulting
sections {sq} satisfy the conclusion of Lemma 5.6. Now let A, C X" be the top
diagonal {(x,---,x)|x € X} as before and let A, 3. be the 3c—tubular neighborhood
of A, in X™. Because c is sufficiently small, we can choose a compact K C X" so
that

Apsze CKCVyCX™

Thus if we choose K[l = xlIel x4, K| then the discrepancy cycle [, constructed
using D(sq) is entirely contained in A, 3.; thus is contained in U [o]; thus coincide
with W, (8[n),7x ) - Here the last statement holds because 8p,),7x C V-

This completes the proof of Lemma 6.1.

7 The case of complex manifolds

To generalize this theorem to cover all compact, smooth three-dimensional complex
manifolds, we first need to define their Hilbert schemes of subschemes and their
Donalson-Thomas invariants. The technique developed in this work readily covers the
case of zero-dimensional invariants.

We now construct the Hilbert scheme of points for such complex manifolds X. We
shall achieve this goal indirectly by quoting the invariance results proved in this paper.
We first cover X by open subsets U, such that each is realized as an open subset of
A®. By viewing Uy as an open subset of A®, we define the Hilbert scheme of z—points

Iy, (0,n) C 1,3(0,n)

be the open (analytic) subscheme of all & € 1,3(0,7) whose supports lie in Uy, . For
any pair Uy and Ug, the Lemma 2.2 ensures that the open subscheme

I, (0,m) C Iy, (0, )
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is canonically isomorphic to the open subscheme

IUaB(O’n) C IUB(O,I’I).

Thus the collection Iy, (0,7) glue to form an analytic scheme, the Hilbert scheme of
n points in X :

1 X (0, l’l)
The scheme Ix (0,7n) comes with the usual obstruction sheaf, obstruction theory and
virtual normal cone. Because of the invariance results stated or proved in this paper, the
obstruction sheaves Oby of Iy, (0,n) glue together to form the obstruction sheaf of

Ix (0,n). It can also be defined as the traceless relative extension sheaf of the universal
ideal sheaf of Z C X x Ix(0,n):

Ob = &t (T2, Iz)o.

Over each open Iy, (0, 1), we can find locally free sheaf £, making the obstruction
sheaf Oby, of Iy, (0,n) its quotient sheaf; we can also construct its associated normal
cone Cy in the associated vector bundle E, . Using

CO( C Ea al‘ld ga —> Oba,

we can define the notion of smooth sections of Ob, and when smooth section s, of
Oby intersects transversally with the normal come. Because such notion is consistent
when restricted to open subsets Iy, 4(0,7), we can make sense of smooth sections of
Ob on Ix(0,n) and when it intersects transversally with the normal cone of Ob.

We then define the virtual cycle Iy (0, 7) be the homology class
[D(s)] € Ho(Ix(0,n): Z)

represented by the pseudo-cycle D(s) constructed by intersecting the graph of s with
the normal cone in Ob.

To show that the cycle [D(s)] is well-defined, namely it is independent of the choice of
s, we need to show that for different smooth sections s the cycles D(s) are homotopy
equivalent. This is true because we can find a stratification of Iy (0, n) and of the cone
so that each stratum is the complement of finitely many closed analytic subvarieties in
a closed analytic variety.

Combined, this proves
Theorem 7.1 Let X be a compact, smooth three dimensional complex manifold.
Then the so constructed Hilbert scheme of points Iy (0,n) has a well-defined virtual

cycle ‘
[Zx (0.m]™ € Ho(Ix (0,n); Z)
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that is represented by the cycle D(s) after intersecting a smooth section s transversally
with the normal cone in the obstruction sheat Ob.

Once the virtual cycle is constructed, then the proof of this paper applies line to line to
Ix(0,n) to conclude that
deg[ Ly (0.m)]'"

is expressible by the same universal expression in its Chern numbers as other projective
threefolds. Thus

Theorem 7.2 The identity

Y deg[Ix (0,m)]"g" = M (—q)*3Tx ®Kx)
n
holds for all compact, smooth three dimensional complex manifolds.

The Hilbert scheme of ideal sheaves of curves for any complex manifold X can also
be defined. In case X has dimension three, one can also define its virtual cycle and its
Donaldson—-Thomas series, along the lines of the work [8].
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