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Product formulae for Ozsvath—-Szabo 4-manifold invariants

STANISLAV JABUKA
THOMAS E MARK

We give formulae for the Ozsvath—Szabé invariants of 4—manifolds X obtained by
fiber sum of two manifolds My, M, along surfaces ¥, ¥, having trivial normal
bundle and genus g > 1. The formulae follow from a general theorem on the Ozsvath—
Szabd invariants of the result of gluing two 4—manifolds along a common boundary,
which is phrased in terms of relative invariants of the pieces. These relative invariants
take values in a version of Heegaard Floer homology with coefficients in modules
over certain Novikov rings; the fiber sum formula follows from the theorem that
this “perturbed” version of Heegaard Floer theory recovers the usual Ozsvath—Szabd
invariants, when the 4-manifold in question has b+ > 2. The construction allows
an extension of the definition of Ozsvath—Szabd invariants to 4—manifolds having
b* =1 depending on certain choices, in close analogy with Seiberg—Witten theory.
The product formulae lead quickly to calculations of the Ozsvath—Szabd invariants
of various 4—manifolds; in all cases the results are in accord with the conjectured
equivalence between Ozsvath—Szabd and Seiberg—Witten invariants.

57R58; 57TM99

1 Introduction

At the time of writing, there is no example of a smoothable topological 4—manifold
whose smooth structures have been classified. Indeed, no smooth 4—manifold is known
to support only finitely many smooth structures, and in virtually every case a 4—manifold
that admits more than one smooth structure is known to admit infinitely many such
structures. A substantial amount of ingenuity by a large number of authors—see
Stern [19] for a brief survey—has been required to produce these exotic 4—manifolds,
though ultimately the list of topological tools used in the constructions is perhaps
surprisingly short. The standard approach to distinguishing smooth structures on
4-manifolds has been to make use of gauge-theoretic invariants, which requires an
understanding of how these invariants behave under the cut-and-paste operations used in
constructing examples. In the case of the Seiberg—Witten invariants, this understanding
was provided by Morgan—Mrowka—Szabd [7], Morgan—Szab6—Taubes [8], D Park [17],
Li—Liu [5] and many others, and the Seiberg—Witten invariants have become the tool
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of choice for studying smooth manifolds. Beginning in 2000, Ozsvath and Szabd [12;
11; 15] introduced invariants of 3— and 4—dimensional manifolds meant to mimic
the Seiberg—Witten invariants but also avoid the technical issues that for many years
prevented the expected Seiberg—Witten—Floer theory from taking shape. Their theory
has been remarkably successful and has had a number of important consequences in
the study of 3—manifolds and knot theory. The 4—dimensional side of the story has
been developed to a somewhat lesser extent, however, and the existing gauge-theoretic
technology means it is still the case that Seiberg—Witten invariants are often the easiest
to use in the study of smooth 4-manifolds. Our aim here is to develop reasonably
general cut-and-paste principles for Ozsvath—Szabd invariants, that will be useful in
a variety of situations. A central tool in many constructions of exotic 4—manifolds is
the normal connected sum or “fiber sum,” in which neighborhoods of diffeomorphic
surfaces are excised from closed 4—manifolds and the resulting complements glued
together along their boundary. As an application of the formalism we introduce here,
and as a motivating test case, we give formulae that essentially determine the behavior
of the Ozsvath—-Szabd 4—manifold invariants under fiber sum along surfaces of trivial
normal bundle.

To realize this goal we are obliged to introduce a substantial amount of machinery,
including the development of Heegaard Floer homology with coefficients in certain
power series (Novikov) rings. This can be viewed in analogy with Seiberg—Witten
Floer homology perturbed by a 2—dimensional cohomology class, and in many ways
exhibits parallel behavior. It is our hope that this “perturbed” Heegaard Floer theory
will be of interest in other applications as well.

For the sake of exposition, we state our results in this introduction in order of increasing
technicality. In particular, Ozsvath and Szabé defined their invariants initially for
4-manifolds M with b (M) > 2, and since the theory is simplest in that case we
begin there.

1.1 Constructions and statements of results when 5% > 2

The Ozsvath—Szabd invariants [15; 9] are defined using a “TQFT” construction, meaning
that they are built from invariants of 3—dimensional manifolds (the Heegaard Floer
homology groups) and cobordisms between such manifolds. To a closed oriented 4—
manifold M with b+ (M) > 2, with a spin® structure s, Ozsvith and Szabé associate
a linear function

Pprre: AM) — Z,

where A (M) is the algebra A*(Hy (M ; Z)/torsion) ® Z|U], graded such that elements
of Hy{(M) have degree 1 and U has degree 2. This invariant has the property that
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®jy s is nonzero for at most finitely many spin® structures s, and furthermore, with s
fixed, vanishes on all elements of A (M) not having degree

d(s) = 1(c7(s) — 30 (M) —2e(M)),

where o denotes the signature of the intersection form on M and e is the Euler
characteristic. Ozsvath and Szab6 conjecture [15] that @,y , is identical with the
Seiberg—Witten invariant.

We remark that there is a sign ambiguity in the definition of ®js q, so that the results
to follow are true up to an overall sign.

The fiber sum of two smooth 4-manifolds is defined as follows. Let M and M, be
closed oriented 4—manifolds, and suppose ¥; < M;, i =1, 2, are smoothly embedded
closed oriented surfaces of the same genus g. We assume throughout this paper that
g is at least 1 and that the X; have trivial normal bundles. In this case, 3; has a
neighborhood N(X;) diffeomorphic to X; x D?. Choose an orientation-preserving
diffeomorphism f: ¥; — X,, and lift it to an orientation-reversing diffeomorphism
¢: IN(X1) = IN(X,) via conjugation in the normal fiber. We define the fiber sum
X = Ml #Z M2 by

X =M\ N(X1)) Uy (M2 \ N(%)).

In general, the manifold X can depend on the choice of ¢. We assume henceforth that
the homology classes [X;] and [X;] are nontorsion elements of H,(M;;Z) (though
the results of this paper can in principle be adapted to other situations).

To state the results, it is convenient to express the Ozsvath—Szabd invariant in terms of
the group ring Z[H?(M ;Z)]. That is to say, we write

OSM = Z @M,secl@),
5€Spin¢ (M)

where €1 is the formal variable in the group ring corresponding to the first Chern
class of the spin® structure s (note that ¢q(s) = ¢1(s’) for distinct spin structures s
and s’ if and only if s —s’ is of order 2 in H?(M ;Z), so the above formulation may
lose some information if 2—torsion is present). The coefficients of the above expression
are functions on A (M), so that OSyy is an element of Z[H?*(M ;Z)|® A(M)*. The
value of the invariant on o € A(M) is denoted OSys () € Z[H?*(M ; Z)].

The behavior of @z, under fiber sum depends on the value of (c;(s),[X]) (since
c1(s) is a characteristic class, this value is always even when [Z]> = 0). Thus, we
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partition OSps accordingly: for an embedded surface 3 < M with trivial normal
bundle, let

OS;CM — Z qDM,s ECI(E)~
{c1(s),[Z])=2k

The adjunction inequality for Ozsvath—Szabd invariants implies that OSﬁ,[ =0 if
k| >g—1.

The topology of fiber sums is complicated in general by the presence of rim fori. A rim
torus is a submanifold of the form ¥ x S C ¥ x S, where y is an embedded circle
on X. Such tori are homologically trivial in the fiber summands M;, but typically
essential in X = M #x M,. Let R denote the subspace of H?(X;Z) spanned by the
Poincaré duals of rim tori, and let p: H*(X;Z) — H?*(X;Z)/R denote the natural
projection. If b; € H*>(M;;7), i = 1,2, are cohomology classes with the property that
bilan(z,) agrees with by |yn(x,) under ¢, then Mayer—Vietoris arguments show that
there exists a class b € H?(X; Z) whose restrictions to M; \ N(X;) agrees with the
corresponding restrictions of b;, and furthermore that b is determined uniquely up to
elements of R and multiples of the Poincaré dual of X. If b, b and b, satisfy these
conditions on their respective restrictions, we say that the three classes are compatible
with the fiber sum. We can eliminate part of the ambiguity in b given (b, b;) by
requiring that
b* = b} + b3 +4|m|,

where m = (b,[21]) = (b2, [X,]). With this convention, the pair (b, b,) gives rise
to a well-defined element of H?(X;Z)/R (see Section 10.3 for details).

Theorem 1.1 Let X = M #x M, be obtained by fiber sum along a surface ¥ of
genus g > 1 from manifolds My, M, satisfying b¥(M;)>2,i =1,2. If |k| > g—1
then OS§( = OS?"W1 = OS';{,I2 = 0. In general, we have

M p(0Sk@) =Y 0k (@18 B)- 08k, (u(B*) ®ata)-upk
.BEBk

where o; € A(M; \ N(X;)) are any elements such that a1 ® oy maps to o under the
inclusion-induced homomorphism.

The notation of the theorem requires some explanation. First, the product of group ring
elements appearing on the right makes use of the construction outlined above, producing
elements of H?(X;Z)/R from compatible pairs (b, b,). The set By denotes a basis
over Z for the group Hy (Symd(E); VAR @?;0 A H{(Z) Q@ Z[U]) U4~i+1  thought
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of as a subgroup of A(X), where d = g — 1 — |k|. Likewise, {8°} denotes the dual
basis to By under a certain nondegenerate pairing (see Section 10.3). The terms a; ® 8
and f«(B°) ® ay are understood to mean the images of those elements in A (M)
and A(M3), using the inclusion-induced maps. Finally, ug y is a polynomial in the
variable ¢PIZ] whose constant coefficient is 1, and which is equal to 1 except possibly
in the case k = 0.

The left hand side of (1) lies in the group ring of H2(X;Z)/R, and its coefficients
are “rim torus averaged” Ozsvath—Szabd invariants. That is to say, each coefficient of
p(OSﬁ‘() is a term of the form

Rim

5’ €Spin (X))
§—seR

A 4-manifold X is said to have (Ozsvéith—-Szabd) simple type if any spin® structure s
for which ®y , # 0 has d(s) = 0. We have:

Corollary 1.2 If My and M, have simple type, then the fiber sum X = M #x M,
has the property that if <I>§(i‘§ = 0 whenever d(s) # 0. Furthermore,

@) p(OSy) =0 if|k|<g—1,

€D 1).08EE V(1) ifq =
hile p(os§(g‘1’(a))={OOSMl (1)-083 (1) ;;ze;(;bl

In other words, the fiber sum of manifolds of simple type has simple type after sum
over rim tori. We note that Equation (2) holds if M; and M, are assumed only to
have A(X)-simple type, that is, if ®ps (cr) =0 whenever « lies in the ideal of A (M)
generated by U and the image of H{(X).

We should remark that Taubes [20] has shown that symplectic 4-manifolds with b > 2
have Seiberg—Witten simple type. It seems safe, therefore, to conjecture the following:

Conjecture 1.3 If X is a symplectic 4-manifold with b (X) > 2 then X has
Ozsvéath—Szabé simple type.

Leaving this issue for now, we turn to the case of a fiber sum along a torus, where the
product formula is slightly different.
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Theorem 1.4 Let X = M #x M, be obtained by fiber sum along a surface ¥ of
genus g = 1, such that M{, M,, and X each have bt >2. Let T denote the Poincaré
dual of the class in H,(X;Z) induced by [%;], and write T for the image of T in
H?*(X:;Z)/R. Then for any a € A(X) we have

p(OSx (@) = (T —T~")? OSpy, (@1) - OSar, (2)
where o1 @ oy € A(M1) ® A(M») maps to o as before.

Here the product between OSps, and OS,y, uses the previous construction, while
multiplication with T takes place in the group ring of H*(X;Z)/R.

We will show (Proposition 11.1) that any 4-manifold M containing an essential
torus 7 of self-intersection 0 has A(7)-simple type, in analogy with a result of
Morgan, Mrowka, and Szabé in Seiberg—Witten theory [7].

It is interesting to compare these results with those in Seiberg—Witten theory. Taubes
proved an analogue of Theorem 1.4 in [21], generalizing work of Morgan—Mrowka—
Szabé [7], and D Park [17] gave an independent proof of that result. The higher-genus
case was considered by Morgan, Szabé and Taubes [8], but only under the condition that
|k| = g —1. In this case the sum appearing in Theorem 1.1 is trivial since By_; = {1},
and the result here gives a product formula directly analogous to that of [8]. To our
knowledge, no product formulae at the level of generality of Theorem 1.1 have yet
appeared in the literature on Seiberg—Witten theory.

1.2 Relative invariants and a general gluing result

The theorems above are proved as particular cases of a general result on the Ozsvith—
Szabd invariants of 4—manifolds obtained by gluing two manifolds along their boundary.
In its most general form, the form that is useful in the context of fiber sums (Theorem
1.6 below), the statement involves perturbed Heegaard Floer invariants. If one is
interested in gluing two manifolds-with-boundary that both have 5+ > 1, however, the
perturbed theory is unnecessary and there is a slightly simpler “intermediate” result.
To state it, recall that the construction of the 4—manifold invariant ®py , is based on
the Heegaard Floer homology groups associated to closed spin® 3—-manifolds (Y, s).
These groups have various incarnations; the relevant one for our immediate purpose is
denoted HF,_;(Y,s). Below, we recall the construction of Heegaard Floer homology
with “twisted” coefficients, whereby homology groups are obtained whose coefficients
are modules M over the group ring Ry = Z[H!(Y)] (here and below, ordinary
(co)homology is considered with integer coefficients). If Y = dZ is the boundary of
an oriented 4—manifold Z, then such a module is provided by

Mz = Zlker(H*(Z,3Z) — H*(2))],
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where H!(Y) acts by the coboundary homomorphism H!(Y) — H?*(Z,9Z). The
intermediate product formula alluded to above can be formulated as follows.

Theorem 1.5 [f (Z,s) is a spin® 4-manifold with connected spin® boundary (Y, sy)
and if bT(Z) > 1, then there exists a relative Ozsvath-Szabé invariant W z  which is
a function

V7o A(Z) = HF (Y. sy; Mz),
a diffeomorphism invariant of (Z,s) well-defined up to multiplication by a unit in
ZIH'(Y)].

Furthermore, if (Z1,s1) and (Z;,5,) are two such spin® 4-manifolds with spin®

boundary 0Z1 = (Y,s) = —0Z,, write X = Z{ Uy Z,. Then there exists an Ry —
sesquilinear pairing

() HF oq(Y,5: Mz,) ®ry HF y(=Y,5; Mz,) > Mx y,

where My y = Z[K(X,Y)] and K(X,Y) = ker(H*(X) — H*(Z,) ® H*(Z,)).
The pairing has the property that for any spin® structure s on X restricting to s; on
Z;, we have an equality of group ring elements:

Y Oxern@) e = (Vz,0(@1), Vz,,0 (@),
heK(X,Y)
up to multiplication by a unit in Z[K(X,Y)]. Here o € A(X), oy € A(Z,) and
as € A(Z,) are related by inclusion-induced multiplication as before.

To understand the term “ Ry —sesquilinear,” observe that Ry = Z[H'(Y)] is equipped
with an involution r — 7 induced by 4 +— —h in H'(Y). To say that the pairing in
the theorem is sesquilinear means that

(g&.m) =g n) = &gn
forge Ry, §€ HF, (Y,s:Mz,) and n € HF (—Y,5; Mz,).

We note that the reason for the assumption ™ (Z) > 1 in the theorem above is that
this condition guarantees that the homomorphism in HF~ induced by Z \ B* (which
gives rise to the relative invariant Wz , above) takes values in the reduced Floer
homology HF_(Y,s5; Mz) C HF(Y,s; M z). That fact in turn is necessary to make
sense of the pairing (-,-). In the notation of later sections, (-,-) = (t~!(-),-) where
t: HFt — HF~ is the natural map; t is invertible only on the reduced groups.

The utility of Theorem 1.5 is limited somewhat by the difficulty of determining the
relative invariants Wz . in general. Furthermore, in the case of a fiber sum it is natural
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to hope to relate the relative invariants of the complement of the neighborhood X x D?
of the summing surface in M to the absolute invariants of M ; however the manifold
¥ x D? has b = 0 and it is not clear that the relative invariant is well-defined. This
issue is addressed by the introduction of a “perturbation.”

1.3 Perturbed Heegaard Floer theory and results when bt > 1

Let Y be a closed oriented 3—manifold and n € H?(Y;R) a given cohomology class.
The Novikov ring associated to 1 is the set of formal series

Ry, = { Z ag-glag € Z} C Z[[H (Y 2)]|
geHY(Y;Z)

subject to the condition that for each N € Z, the set of g € H!(Y; Z) with (g NONZEro
and (gUn,[Y]) <N is finite. This means Ry, consists of “semi-infinite” series with
variables in H'(Y;Z), with the usual convolution product.

In Section 8 below, we develop the theory of Heegaard Floer homology for 3—manifolds
Y and 4-dimensional cobordisms W equipped with 2—dimensional cohomology
classes 1, having coefficients in a module M,, over Ry,,. We refer to this theory
as Heegaard Floer homology perturbed by 5. Many features of the unperturbed
theory carry over to this setting with minimal modification, but one key simplification
is that if n is chosen “generically” in a suitable sense (in particular 1 # 0), then
HF>(Y,s; My) =0 for any Ry,,—module M,,. In fact, one can arrange this latter
fact to hold for any nonzero perturbation 1 by a further extension of coefficients:
Heegaard Floer homology is naturally a module over a polynomial ring Z[U], and
we form a “U —completion” by extension to the power series ring Z[[U]]. The U -
completed Floer homology is written HFe(Y,s; M) by notational analogy with a
similar construction in monopole Floer homology (see Kronheimer and Mrowka [4]).
The vanishing of HFJ®(Y,s; My) means that HF, (Y,s: My) = HF,_ (Y, s; M)
for all such M), and allows us to define a relative invariant

lI]eran € HFl‘gd(Y’ 55 MZ,T])

that has the desired properties so long as n|y # 0. Note, however, that Wz ; , is
defined only up to sign and multiplication by an element of H!(Y). We remark that if
nly =0 then Ry, = Ry, and we recover the unperturbed theory.

Now suppose that X is a closed 4—-manifold, ¥ C X a separating submanifold, and
n € H?(X;R) a cohomology class such that either |y # 0, or in the decomposition
X =Z,Uy Z, wehave b™(Z;) > 1. (Such a submanifold Y is said to be an allowable
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cut for n.) Then we can define the perturbed Ozsvdth—Szabo invariant associated to
X, Y, n,and a spin® structure s to be

3) ®X,Y,n,s(a) = (T_l (\DZl,n,s(al))’ \pZz,n,s(OQ))-

This invariant takes values in a module My, ,, which is a suitable Novikov completion
of My y introduced previously. In Section 8 we show (Theorem 8.17) that if bt (X)>2
then @y y,y ¢ is in fact a polynomial lying in My y , whose coefficients are the Ozsvath—
Szab6 invariants of X in the various spin® structures having restrictions to Z; and
Z, that agree with the restrictions of s. The precise statement is the following:

Theorem 1.6 Let X be a closed oriented 4—manifold with b™(X) >2,and Y C X
a connected submanifold determining a decomposition X = Z| Uy Z,, where Z;
are 4-manifolds with boundary. Fix a class n € H*(X;R), and assume that Y is
an allowable cut for . If b*(Z) and b¥ (Z,) are not both 0, then for any spin®
structure 5 on X and element o € A(X),

“4) D Oxpi(@)e =Ox yps(a) = (17107, 5 (@1). Yz, p.4(e2))
teK(X.Y)

up to sign and multiplication by an element of K(X,Y'), where a; ® o + « as before.
If bT(Z1) = b*(Z,) = 0 then the same is true after possibly replacing 1 by another
class 1, where 7| z, = 1|z, fori =1,2.

The above definition (3) of @y y,, s makes sense for any allowable pair (Y, 1) and spin®
structure s, but its dependence on the choice of (Y, 1) is not clear. When b™(X) > 2
it follows from Theorem 1.6 that since ®y , is independent of ¥ and 7, sois @y y, . s-
However when 51 (X) = 1 the situation is not so simple; indeed, different choices of
(Y, n) for a given (X, s) can lead to different results. This situation is analogous to the
chamber structure of Seiberg—Witten invariants for 4-manifolds with o+ = 1; partial
results in this direction are given in Section 8.

Note that the existence of a separating 3—manifold ¥ C X and a class n € H?(X,R)
restricting nontrivially to Y implies that X is indefinite, in particular b (X) > 1.

We also point out a minor difference between Theorem 1.1 and Theorem 1.4 from the
first section, and Theorem 1.6 above and Theorem 1.8 and Theorem 1.9 below. In the
former results, the various spin® structures are labeled by their Chern classes, while
in the latter they are identified in an affine way with two-dimensional cohomology
classes. Thus the results in the present situation do not lose information corresponding
to classes whose difference is of order 2, and to translate from results in this subsection
to those in the first one we must square the variables.
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An immediate consequence of Theorem 1.6 is the following result on the Ozsvath—
Szabé invariants of a manifold obtained by gluing two 4-manifolds along a boundary
3—torus. To state it, note first that if Z is a 4—manifold with boundary diffeomorphic to
T3 and n € H?*(Z;R) is a class whose restriction to 7°3 is nontrivial then the relative
invariant Wz . , is well-defined, and takes values in the ring K(Z, n) C Z[[K(Z)]],
where K(Z) = ker(H*(Z,0Z) — H?*(Z)) and K(Z,n) is a Novikov completion
of the group ring Z[K(Z)]. (If bT(Z) = 1 then Wz 4, lies in Z[K(Z)].) Indeed,
KC(Z,n) is precisely the perturbed Floer homology of 7'3 in the appropriate coefficient
system. Note that K(Z, n) can be identified with a multivariable Laurent series ring,
which is polynomial in variables that pair trivially with 1 (and some variables may
have finite order, if there is torsion in the cokernel of H!'(Z) — H'(0Z2)).

If X =2,UZ, is obtained by gluing two 4-manifolds Z; and Z, with boundary
T3, and n € H?*(X;R) restricts nontrivially to the splitting 3—torus, then the pairing
appearing in (4) is naturally identified with a multiplication map

K(Zy.n) ®K(Zy.n) — My 3, CZ[H*(X: Z)]]

induced by the maps j*: H*(Z;,0Z;) — H?(X) Poincaré dual to the inclusion
homomorphisms. Thus Theorem 1.6 gives:

Corollary 1.7 Let X = Z{ Uy Z, be a 4—manitold obtained as the union of two
manifolds Z and Z, whose boundary is diffeomorphic to the 3—torus T3, n €
H?(X;R) aclass restricting nontrivially to T3, and s a spin® structure on X . Then

®X,T3,s,n = jl*(‘DZhn,s) j;(\I’Zz,n,s)~
In particular if b (X) > 2 then

Z (I)X,s-l—k ek = ]1* (\IJZI,n,s) ]2* (\DZz,r],s)
keSH1(T?3)

up to sign and translation by an element of SH ' (T'?), where §: H'(T3) — H?(X) is
the Mayer—Vietoris coboundary.

We deduce the fiber sum formulae in Theorem 1.1 and Theorem 1.4 from the following
somewhat more general results, which apply in particular to the situation in which M,
M, and/or X have b* = 1. In each case, the perturbed invariants Opr, mxs1 take
values in My 5,51 5, which is isomorphic to the ring £(¢) of Laurent series in the
variable ¢ corresponding to the Poincaré dual of the surface X. Each of the following
is obtained by an application of (3), combined with knowledge of the relative invariants
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of manifolds of the form X x D?. In particular, Theorem 1.8 follows quickly from the
fact that up to multiplication by +¢",

1
Voo, po2 = —
T>xD<*n,s r—1

where s is the spin® structure with trivial first Chern class and n € H*(T? x D?;R)
has sz n > 0 (Proposition 10.3). Note that this implies that the complement Z of a
torus of square 0 in a closed 4—manifold M has relative invariant satisfying

/0(‘112,17,5) = (t - 1) @M,T3,77,5’

where 7 is a class as above. To understand the homomorphism p: K(Z,n) — L(1),
recall that K(Z, n) can be identified with a Laurent series ring in variables generating
K(Z) = H'(3Z)/H'(Z). Since 7 is defined on M (in particular n extends from
0Z = T3 to T? x D?), its restriction to 7' is a multiple of the Poincaré dual of
the meridian circle pt x D2. Thus we can choose generators for K(Z) in such a way
that n Ut is nonzero, while 7 pairs trivially with the other generators. Then there
is a well-defined homomorphism p: K(Z, n) — L(t) that corresponds to setting the
variables other than 7 equal to 1 (for more detail on homomorphisms between Novikov
rings see Section 8.1; this particular case is considered in Section 10, specifically
Equation (32)).

Theorem 1.8 Let X = M #1,—1, M, be the fiber sum of two 4—manifolds M,
M along tori Ty, T, of square 0. Assume that there exist classes 1; € H*(M;;R),
i = 1,2, such that the restrictions of n; to T; x S Ve M; correspond under the gluing
diffeomorphism f: Ty xS' — T, xS, and assume that Jr.ni>0. Letne H*(X:;R)
be a class whose restrictions to Z; = M; \ (T; x D?) agree with those of n;, and choose
spin® structures s; € Spin®(M;), s € Spin®(X) whose restrictions correspond similarly.
Then for any o € A(X), the image of &y @, under the map A(Z1)QA(Z,) - A(X),
we have

1/2 _ —1/2y2
POy 15t no(@) = ("2 =172 0p 11 p 0 (@1) - gy st sy (€2)
up to multiplication by +t".

In the higher-genus case we have the following.

Theorem 1.9 Let X = M #5,—x, M, be the fiber sum of two 4—manifolds M, M,
along surfaces X1, X, of genus g > 1 and square 0. Let n{, 12, n be 2—dimensional
cohomology classes satisfying conditions analogous to those in the previous theorem,
and choose spin® structures sy, s, and s restricting compatibly as before. If the
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Chern classes of each spin® structure restrict to ¥ x S as a class other than 2k PD[S!]
with |k| < g — 1 then the Ozsvath—Szabé invariants of all manifolds involved vanish.
Otherwise, writing f for the gluing map ¥ x S! — £, x S, we have

IO(dBX,ZxS1 ,n,s(a))

= ZQBM],ZIXSl,T]],El ((Xl ® ﬂ) .®M2,22XSI,T]2,52 (Olz ® f*(lBo)) . uﬂ,k
B

up to multiplication by +t".

In this theorem, {A} is a basis for Hy(Sym?%), d = g — 1 — |k|, as before, and ug k
is a polynomial in ¢ with constant coefficient 1, which is equal to 1 except possibly if
k=0.

The maps p: My 551, — L(t) appearing in Theorem 1.8 and Theorem 1.9 are
“change of coefficient” homomorphisms as before, defined in (32) below.

1.4 Examples

1.4.1 Elliptic surfaces For n > 1, let E(n) denote the smooth 4-manifold underly-
ing a simply connected minimal elliptic surface with no multiple fibers and holomorphic
Euler characteristic 7. In [13], Ozsvath and Szabd calculated that OS g(;) = 1, meaning
that @ g () . is trivial on all spin® structures s with ¢;(s) # 0, while if ¢;(s) = 0 then
®E(2),s = 1. We infer a posteriori that E(2) has simple type.

In general, we have that E(n) is diffeomorphic to the fiber sum of n copies of the
rational elliptic surface E(1) = CP?#9CP?, summed along copies of the torus fiber
F of the elliptic fibration, using the fibration structure to identify neighborhoods of
the fibers. From Theorem 1.8 we infer that the perturbed Ozsv4th—Szabé invariant of
E(1), calculated with respect to the splitting along the boundary of a neighborhood of
F and using a spin® structure whose Chern class restricts trivially to the complement
of F,is given by the Laurent series ( — 1)~!, up to multiplication by 4" . For other
spin€ structures the perturbed invariant vanishes.

It is straightforward to deduce from this and Theorem 1.4 that for n > 2,
OSgm = (T — T_l)n_2,

where T is the class Poincaré dual to a regular fiber. In fact, Theorem 1.4 gives this after
summing over rim tori using the homomorphism p on the left hand side. Arguments
based on the adjunction inequality [15, Theorem 1.5], familiar from Seiberg—Witten
theory [2], show that only multiples of 7' can contribute to OSg(,) and therefore
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application of p is unnecessary. Likewise, the only ambiguity remaining in the formula
above is an overall sign; the conjugation-invariance of ®y ; when bt (X) > 2 due
to Ozsvath and Szabé [15, Theorem 3.6] shows that OS g(,;) must be a symmetric
polynomial.

1.4.2 Higher-genus sums The elliptic surface E(n) can be realized as the double
branched cover of S? x S2, branched along a surface obtained by smoothing the
union of 4 parallel copies of S? x {pt} and 2n copies of {pt} x S2. The projection
mi: S22 x §? — S§? to the first factor lifts to an elliptic fibration on E(n), while
projection 7, on the second factor realizes E(n) as a fibration with typical fiber a
surface ¥ of genus n — 1, which can be perturbed to be a Lefschetz fibration if desired.
Note that ¥ intersects the fiber F of the elliptic fibration in two (positive) points. Let
X, = E(n)#x E(n) denote the fiber sum of two copies of E(n) along X, and suppose
n > 3. We wish to use Theorem 1.1 to calculate the Ozsvath—Szabé invariants of X, .

A useful observation is that E(n) has simple type by the example above. Corollary
1.2 then shows that we can have a nontrivial contribution to p(OSy, ) only when
|k| = g—1, ie, from spin® structures s with |{c;(s),[X])| =2g—2 =2n—4. From the
preceding example and the fact that [X].[ F] = 2, the right-hand side of (1) in the case
|k| = g —1 is equal to +1, being the product of the invariants arising from 7F"=2).
Since T*"=2) is equal (up to sign) to the first Chern class ¢; (E(n)), a convenient way
to express these conclusions is that OSy, = =K £ K ~1, where K is the canonical
class on X} . This formula is true after summing over rim tori.

Note that X, is diffeomorphic to a minimal complex surface of general type, and
therefore this calculation agrees with the corresponding one in Seiberg—Witten theory;
see Witten [22].

1.5 Organization

The first goal of the paper is to set up enough machinery for the proof of Theorem
1.5. To this end, the next section recalls the definition of Heegaard Floer homology
with twisted coefficients from [12] and the corresponding constructions associated to
4—dimensional cobordisms in [15]. Section 3 discusses a refinement of the relative
grading on Heegaard Floer homology, available with twisted coefficients. Sections 4,
5 and 6 extend other algebraic features of Heegaard Floer homology to the twisted-
coefficient setting, including the pairing mentioned in Theorem 1.5 and the action
on Floer homology by H;(Y;Z)/tors which is useful in later calculations. With
this machinery in place, Section 7 proves Theorem 1.5. Section 8 defines perturbed
Heegaard Floer theory, and deals with the extension of many of the results in preceding
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sections to that case; in particular Theorem 1.6. After making the necessary Floer
homology calculations in Section 9, Section 10 gives the proofs of Theorem 1.8 and
Theorem 1.9, and thence Theorem 1.1 and Theorem 1.4. We conclude with some
remarks on manifolds of simple type in Section 11.

Acknowledgements S Jabuka was supported by NSF grant DMS 0709625.

2 Preliminaries on twisted coefficients

2.1 Definitions

We briefly recall the construction of the Heegaard Floer homology groups with “twisted”
coefficients. For more details, the reader is referred to Ozsvath—-Szabé [12; 11].
To a closed oriented 3—manifold ¥ we can associate a pointed Heegaard diagram
(X, a, B,z) where X is a surface of genus g > 1 and @« = «y,...,0g and B =
Bi.....Bg are sets of attaching circles for the two handlebodies in the Heegaard
decomposition. We consider intersection points between the g-—dimensional tori
Ty = ay x---xoag and Tg = By x -+ X B, in the symmetric power Sym®(X),
which we assume intersect transversely. Recall that the basepoint z, chosen away from
the o; and B;, gives rise to a map s;: T, N Tg — Spin®(Y'). Given a spin® structure
s on Y, and under suitable admissibility hypotheses on the Heegaard diagram, the
generators for the Heegaard Floer chain complex CF*°(Y, s) are pairs [x,7] where
i € Z and x € Ty N T satisfies 5;(x) = 5.

The differential in CF counts certain maps u: D> — Sym®(X) of the unit disk in
C that connect pairs of intersection points x and y. That is to say, we consider maps
u satisfying the boundary conditions:

u(eie)eTa for cos 6 > 0 ui)=y
u(eig)eTB for cos 6 <0 u(—i)=x.
For g > 2 we let m,(x,y) denote the set of homotopy classes of such maps; for

g =2 we let m,(X,y) be the quotient of the set of such homotopy classes by a further
equivalence, the details of which need not concern us (see Ozsvith—Szabé [12]).

There is a topological obstruction to the existence of any such disk connecting x and y,
denoted e€(x,y) € H1(Y;Z). To any homotopy class ¢ € m,(x,y) we can associate the
quantity 72,(¢), being the algebraic intersection number between ¢ and the subvariety
{z} x Sym® 1 (X). The following is a basic fact in Heegaard Floer theory:
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Proposition 2.1 [12, Proposition 2.15] Suppose g > 1 and let x,y € T, N Tg.
If €(x,y) # 0 then m,(x,y) is empty, while if €(X,y) = 0 then there is an affine
isomorphism

m(x.y) =Z & H' (Y1),

such that the projection w5 (x,y) — Z is given by the map n .

We remark that if x =y, then the isomorphism in the above proposition is natural (not
merely affine).

There is a natural “splicing” of homotopy classes

T (X,y) X ma(y, z) = ma(X, Z),

as well as an action

5 (Sym# (2g)) x m2(x. y) — m2(X. y),

where 7, denotes the second homotopy group divided by the action of the fundamental
group. (For g > 1, m,(Sym#(Xg)) = Z, generated by a class S with n,(S) = 1.
When g > 2, 75(Sym#(Zg)) = m2(Sym#(Zg)).) The isomorphism in the above
proposition is affine in the sense that it respects the splicing action by (X, x), under
the natural identification 7> (x,X) =Z & H(Y).

The ordinary “untwisted” version of Heegaard Floer homology takes CF* to be
generated (over Z) by pairs [x, 7] as above, equipped with a boundary map such that
the coefficient of [y, j] in the boundary of [x, 7] is the number of pseudo-holomorphic
maps in all homotopy classes ¢ € (X, y) having moduli spaces of formal dimension
1 and n,(¢) =i — j. The twisted version is similar, but where one keeps track of all
possible homotopy data associated to ¢. In light of the above proposition, this means
that we should form a chain complex freely generated by intersection points X as a
module over the group ring of Z @ H'(Y), or equivalently by pairs [x,i] over the
group ring of H!(Y). Following [11, Section 8.1], we define:

Definition 2.2 An additive assignment for the diagram (X, ez, B, z) is a collection of
functions

Axy: ma(X,y) — Hl(Y; Z)
that satisfies the following:

(1) Axz(¢ *¥) = Axy(@) + Ay,.(¥) whenever ¢ € mp(X,y) and ¥ € m2(y, 2).
(2) Axy(S *¢) = Axy(¢) for S € 75 (Sym# (Zy)).
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We will drop the subscripts from Ay y whenever possible. It is shown in [11] how
a certain finite set of choices (a “complete set of paths”) gives rise to an additive
assignment in the above sense. We can also assume that Ay y: 75 (X, X) = ZSH'(Y) —
H'(Y) is the natural projection on the second factor.

Definition 2.3 Let (X, a, 8,z) be a pointed Heegaard diagram for Y and s €
Spin(Y"). Fix an additive assignment A for the diagram. The twisted Heegaard Floer
chain complex CF®(Y,s; Z[H'(Y)]) is the module freely generated over Z[H ' (Y)]
by pairs [x, ], with differential 9°° given by

0°xil= Y. D #M@) - Ply.i—na(9)],

yeTuNTp pem2(X,y)
w(p)=1

where the symbol e4(®) indicates the variable in Z[H'(Y)] corresponding to A(¢).

Here M (¢) denotes the space of holomorphic disks in the homotopy class ¢, where
“holomorphic” is defined relative to an appropriately generic path of almost-complex
structure on Sym® (Xg). For such a path, M(¢) is a smooth manifold of dimension
given by a Maslov index p(¢). There is an action of R on M(¢) by reparametrization
of the disk, and /Q(¢) denotes the quotient of M(¢) by this action. When u(¢) =1,
M(¢) is a compact, zero-dimensional manifold. An approprlate choice of “coherent
orientation system” serves to orient the points of M(¢) in this case, and #M (¢)
denotes the signed count of these points. It is shown in [12; 11] that under appropriate
admissibility hypotheses on the diagram (X, &, 8, z) the chain homotopy type of
CF>®(Y,s; Z[H'(Y))) is an invariant of (Y,s).

As in the introduction, in much of what follows we will write Ry for the ring Z[H!(Y)],
or simply R when the underlying 3—manifold is apparent from context. Note that by
choosing a basis for H!(Y) we can identify R with the ring of Laurent polynomials
in by (Y) variables.

By following the usual constructions of Heegaard Floer homology, we obtain other
variants of the above with coefficients in Ry : namely by considering only generators
[x,i] with i <0 we obtain a subcomplex CF~(Y,s; R) whose quotient complex is
CF*(Y,s; R), with associated homology groups HF~ and HF ™ respectively. There
is an action U': [x,i]+> [x,7 — 1] on CF® as usual; the kernel of the induced action
on CF* is written CF with homology HF (Y,s; R). There is a relative grading on
the Floer complex with respect to which U decreases degree by 2; we will discuss
gradings further in Section 3.
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Given any module M for Ry we can form Heegaard Floer homology with coefficients
in M by taking the homology of the complex CF @ g M . In particular if M = Z,
equipped with the action of Ry by which every element of H'(Y) acts as the identity,
we recover the ordinary untwisted theory.

For use in later sections, we introduce the following notion of conjugation of Ry —
modules. First, observe that the automorphism x — —x of H'(Y) induces an auto-
morphism Ry — Ry that we refer to as conjugation, and write as r — ¥ for r € Ry .
Now if M is a module for Ry, we let M denote the additive group M equipped with
the “conjugate” module structure in which module multiplication is given by

rme—=r-m

forreRyandeM.

2.2 Twisted cobordism invariants

We now sketch the construction and main properties of twisted-coefficient Heegaard
Floer invariants associated to cobordisms, which can be found in greater detail in [15].
Recall that if W: Y; — Y, is an oriented 4—dimensional cobordism and M is a module
for Ry := Ry, = Z[H'(Y)], then there is an induced module M (W) for R, = Ry,
defined as follows. Let

K(W) =ker(H*(W,dW) — H*(W))

be the kernel of the map in the long exact sequence for the pair (W, dW): then Z[K(W)]
is amodule for R; and R, via the coboundary maps H!(Y;) — K(W)C H*(W,dW).
Define

M(W) =M g, ZIK(W)].
Then M (W) is a module for R, in the obvious way. The reason for the appearance
of the conjugate module M above has to do with the fact that the orientation of W

induces the opposite orientation on Y; from the given one, and will be explained more
fully in the next section.

Ozsvath and Szabd show in [15] how to associate to a cobordism W as above with
spin® structure s a homomorphism

Fpy o HF(Y1,51; M) — HF®(Y2, 52; M(W))
(where s; denotes the restriction of s to Y;, and o indicates a map between each of

the varieties of Heegaard Floer homology, respecting the long exact sequences relating
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them). This is defined as a composition
Fy, =E°oH°0G",

where G° is associated to the 1-handles in W, H® to the 2-handles, and E° to the 3—
handles. Note that the coefficient module remains unchanged by cobordisms consisting
of 1- or 3-handle additions. Indeed, such cobordisms induce homomorphisms in
an essentially formal way, so we simply refer the reader to [15, Section 4.3] for the
definition of E° and G°.

Suppose that W' is a cobordism consisting of 2—handle additions, so that we can think
of W as associated to surgery on a framed link L C Y7 . In this situation, Ozsvath and
Szab6 construct a “Heegaard triple” (X, &, B8, ¥, z) associated to W . This diagram
describes three 3—manifolds Y,g, Yg, and Yy, obtained by using the indicated circles
on X as attaching circles, such that

Yop =Yi,  Yp, =#S'xS% Yo =T,

where k is the genus of ¥ minus the number of components of L. In fact the diagram
(X, a, B, y.z) describes a 4-manifold X,g, in a natural way, whose boundaries are
the three manifolds above. Furthermore, in the current situation, Xyg, is obtained
from W by removing the regular neighborhood of a 1-complex (see [15, Proposition
4.3]).

We can arrange that the top-dimensional generator of
HF=%(Yp,,50;Z) =~ A*H'(Yp,:Z) ® Z[U]

is represented by an intersection point ® € TgN T}, (here s¢ denotes the spin® structure
on #%S1 x 2 having ¢1(s¢) = 0). The map F° is defined by counting holomorphic
triangles, with the aid of another additive assignment. To describe this, suppose
xeTyNTg, yeTgnTy, and w € T, N T), are intersection points arising from
a Heegaard triple (¥, o, 8, y,z). Let A denote a standard 2—simplex, and write
75(X,y, w) for the set of homotopy classes of maps u: A — Sym#(X) that send the
boundary arcs of A into Ty, Tg, and T, respectively, under a clockwise ordering of
the boundary arcs ey, eg, and e, of A, and such that

u(eq Neg) =X, uegNey) =y, u(egNey) =w.

Again there is a topological obstruction €(x,y, w) € H;(Xyg,: Z) that vanishes if and
only if 75 (x,y, w) is nonempty. The analogue of Proposition 2.1 in this context is the
following.
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Proposition 2.4 [12, Proposition 8.3] Let (X, «, 8, y,z) be a pointed Heegaard
triple as above, and X,g,, the associated 4—manifold. Then whenever €(x,y, w) =0
we have an (affine) isomorphism

(X, y. W) = Z D HZ(Xaﬂy; Z)

where the projection to 7. is given by ¥ — nz (V).

There is an obvious “splicing” action on homotopy classes of triangles by disks on
each corner; the above identification respects this action.

Recall from [12, Section 8.1] that the basepoint z gives rise to a map

szt [ ma(x.y. W) — Spin‘(Xepy),
X,y.w
such that triangles ¥ € my(x,y,w) and ¥’ € m(x',y’, W) have s,(¥) = s, (') if
and only if there exist disks ¢x € m2(X,X'), ¢y € m2(y,y') and ¢y € w2 (W, W) with
V' =Y + ¢x + ¢y + ¢w. In this case ¥ and ' are said to be spin® equivalent. Note
that in case (X, oz, 8, ¥, z) describes a 2—handle cobordism W as previously, we can
think of s, as a function

Sz ]_[ 72 (x, ®, w) — Spin€(W).

X,W

Definition 2.5 An additive assignment for a Heegaard triple (X, ¢, 8, y, z) describ-
ing a 2-handle cobordism W: Y; — Y, as above is a function

aw: ] s7'e - KW)
5€Spin© (W)

obtained in the following manner. For a fixed ¥ € 55 1(s), let ¥ = ¥ + bap t+Ppy +
Pay be an arbitrary element of 57 !(s). Then set

Aw (V) = 8(=A1(Pap) + A2(¢ay))
where A; are additive assignments for Y; and § : H' (W) — H?*(W,dW) is the

coboundary from the long exact sequence of (W, dW).

We are now in a position to define the map on Floer homology induced by W (given
additive assignments on Y7, Y,, and W). We again refer to [15, Section 4] for the
details required to make full sense of the following.
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Definition 2.6 For a triple (X, &, B, ¥, z) describing a 2-handle cobordism W with
spin® structure s, we define

Fy o HF(Y1,51; M) — HF®(Yy, 525 M(W)),

where s; = sly;, to be the map induced on homology by the chain map

kil Y Y EME@) Wi —n@) @),
weToNT), Yemr (x,0,w)
u(y)=0
Here u(¥) denotes the expected dimension of the moduli space M () of pseudo-
holomorphic triangles in the homotopy class ¥, and #M () indicates the signed count
of points in a compact oriented 0—dimensional manifold.

We should note that while the Floer homology HF°(Y,s; M) does not depend on
the additive assignment Ay, the map Fyy, s does depend on the choice of Ay  as in
Definition 2.5 through the reference triangle . Changing this choice has the effect
of precomposing (postcomposing) Fy- with the action of an element of H!(Y}) (resp
H'(Y,)), which in turn act in M (W) via the coboundary. Likewise the generator ®
is determined only up to sign, so that Fy has a sign indeterminacy as well. Following
[15], we let [Fy;, ] denote the orbit of Fy,  under the action of H lp)e H (Y,).

With the conventions employed here Fp,  is “antilinear” with respect to the action of

Ry, , meaning that Fp, (r&) =7 Fy, (§) for r € Ry, .

2.3 Composition law

An advantage to using twisted coefficient modules for Heegaard Floer homology is the
availability of a refined composition law in this situation. To describe this, we must
first understand the behavior of the coefficient modules themselves under composition
of cobordisms. The following lemma will be useful in formulating results to come; as
usual, ordinary (co)homology is taken with integer coefficients.

Lemma 2.7 Let W = WUy, W, be the composition of two cobordisms W1: Yo — Y
and W,: Y1 — Y, . Define

K(W. Y1) =kerlp1 & pa: H*(W.0W) — H*(Wy) @ H*(Wy)],
where p; denotes the restriction map H?*(W,0W) — H?*(W;). Then
ZIKWD] ®z1a1 (v, ZIK(W2)] = Z[K(W, Y1)]
as modules over Z[H'(Yy)] and Z[H'(Y>)].
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Proof We have

ZIK(W)] ®z g1 (v ZIK(W2)]) = Z [K(Wl) ® K(Wz)] |

H(Y1)
so the claim amounts to exhibiting an isomorphism
K(Wy) & K(W,)
H'(Y1)

To see this, consider the diagram

~ K(W,Y}).

HY(Y)) — HX(Wy, 0W)) @ H2(Wa, 0Wy) —L—+ H2(W, 3W)
p1Dp2

H*(Wh) @ H? (W),
where the horizontal row is (the Poincaré dual of) the Mayer—Vietoris sequence. Write
is: HX(Wy, W) — H>*(W,0W)  and  jyx: H>*(Wy, dW,) — H*(W, W)

for the components of f; then it is not hard to see that
p1oix: HX(Wy,0W;) — H>(Wy)  and  pao jx: HX(Wy, dW,) — H*(W>)
agree with the maps induced by inclusion, while
p20ix =0 and 010 jx =0.

From this it is easy to deduce that f~!(K(W, Y;)) = K(W;) @ K(W,), from which
the lemma follows. |
Remark 2.8 If W is a cobordism between homology spheres, or more generally if
H?*(W,dW) — H?*(W) is an isomorphism, then there is an identification

K(W,Y)) = ket[H*(W) - H*(W)) & H*(W)],

the kernel of the restriction map in the ordinary Mayer—Vietoris sequence in cohomol-
ogy. In this case if s; and s, are spin® structures on W; and W,, then K(W,Y7)
parametrizes spin® structures s on W such that s|y; = s; (when that set is nonempty).
In the case of a closed 4—manifold X', the module My y of the introduction is simply
Z[K(W,Y)] where W is obtained from X by removing a 4-ball on each side of Y .

When regarding W as a single cobordism the group relevant to twisted coefficient
modules is K(W), while it W = W; U W, is viewed as a composite the coefficient
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modules change by tensor product with the group ring of K(W, Y1) (in light of the
lemma above). By commutativity of the diagram

H*(W,0W) H*(W)
0]®0
<
H>(Wh) @ H*(Wy),

there is a natural inclusion ¢: K(W) — K(W, Y7). This gives rise to a projection map
IT: ZIK(W, Y1)] = Z[K(W)],
namely (cf [15, Section 3.1])

eV if w = ((v) for some v
wy _
(™) = { 0 otherwise.

Equivalently, if we think of a group ring Z[G] as a set of functions G — Z, then I1
corresponds to the restriction of functions on K(W,Y;) to K(W).

Thus, if M is a module for Z[H'(Y,)] we obtain a map
Har: M(W1)(W2) > M(W)
by tensor product of the identity with IT under the identifications

MW1)(Wa) = M Qg1 (v, ZIK(W. Y1)]

The refined composition law for twisted coefficients can be stated as follows.

Theorem 2.9 [15, Theorem 3.9] Let W = W; Uy, W, be a composite cobordism as
above with spin® structure s. Write s; = s|p; . Then there are choices of representatives
for the various maps involved such that

[F;V,s] = [HM °© FI?Vz,ﬁz °© FI?VI ,51]'
More generally, if h € H'(Y}) then for these choices we have
Fyomsnl = [T © Fy, oy 0" Fiy ]

where 8h is the image of h under the Mayer—Vietoris coboundary H'(Y;) — H*(W).
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We should also remark that for a cobordism W: Y7 — Y, with spin® structure s the
map
F;I/,s: HF°(Y1,51;7Z) — HF°(Y>,55;7)

in untwisted Floer homology can be obtained from the twisted-coefficient map
HF®(Y1,51;Z) — HF®(Y3,52; Z(W))

(here Z(W) is the module M(W) with M = Z, namely Z(W) = Z Qz[m1(v,)]
ZIK(W)] = Z[ker(H?*(W, Y,) — H?(W))]) by composition with the map €, induced
in homology by the homomorphism

€:7Z(W)—>7Z

of coefficient modules that sends each element of ker(H?(W, Y,) — H*(W)) to 1.

3 Refined relative gradings

The Z—coefficient version of Heegaard Floer homology is naturally a relatively cycli-
cally graded theory, in general. This means that if S = {[x, ]| s;(x) = s} denotes the
natural generating set for CF°°(Y, s; Z) then there is a map

gr: SxXS — Z/0(s)7Z,
where 0(s) = ged{{c1(s),h) |h € Hy(Y;Z)}

is the divisibility of c{(s) (or by abuse of language, of s itself). The differential in
CF*®° has degree —1 with respect to this grading, while the endomorphism U has
degree —2.

In the case of fully twisted coefficients (coefficients in Z[H ! (Y)]), Ozsvith and Szabé
[11, Section 8] observe that there is a lift of this cyclic grading to a relative Z—grading.
Here we provide an extension of this construction to Floer homology with coefficients
in an arbitrary (graded) module M , in which elements of H!(Y) C Ry are explicitly
assigned nontrivial degrees depending on their Chern numbers. That the action of such
elements on fully-twisted Floer homology shifts degree by their Chern numbers is
implicit in the definition given in [11].

Definition 3.1 Fix a closed, oriented, spin® 3-manifold (Y, s). Define the s—grading
of Z[H'(Y)] by

5) gr(x) = —(c1(s) Ux,[Y]) for x € HI(Y).
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The s—grading makes Z[H!(Y)] into a graded ring, isomorphic to a multivariable
Laurent polynomial ring in which the variables have degrees determined by their
negative Chern numbers (5). When thinking of Z[H!(Y)] as a graded ring, we write it
as Ry, orjust Ry . Itis important to recognize that this grading depends on both the
spin® structure s and the orientation of Y, though we usually do not include s in the
notation. In particular, if —Y denotes the 3—manifold Y with its orientation reversed,
then although Ry, = R_y, as sets, the gradings have opposite sign. On the other
hand, the conjugation homomorphism c: r - ¥ induces an isomorphism of graded
rings ¢: Ry, — R_y,s.

Definition 3.2 Let (X, o, 8, z) be a marked Heegaard triple describing the 3—mani-
fold Y. Fix a spin® structure s for ¥ and an additive assignment { Ay y} for the diagram.
The relative 7. grading between generators [x,i] and [y, j] for CF°(Y,s; Ry) is
defined by

©)  gr(x. il 0y, j]) = (@) + 2 = j) = 2nz($) — (c1(s) U Axy (). [Y]).

where ¢ is any element of 7,(x,y). More generally, if r{,7, € Ry are homogeneous
elements, then we set

g(rl '[Xvi]’ ra '[Y? ]]) :g([XJ.L [y’]]) +gr5(r1) _grs(rZ)-

It is not hard to check that the expression (6) is independent of the choice of ¢ € 75 (X, y),
and that the differential in CF*°(Y, s; Ry) has relative degree —1 with respect to the
above grading.

Now suppose M is a module for Ry, which is equipped with a grading gr,, satisfying
(M gipg (1 -m) = grg(r) 4 grpg (m).

(Here we suppose Ry is equipped with the s—grading induced by some s € Spin©(Y').)
Then the twisted Floer complex CF(Y, s; M) =CF(Y,s; Ry)® g, M naturally carries
a relative Z grading given by

gr(my [x,i].ma [y, j]) = gr((x, .1y, j]) + grag (m1) — gras (m2),
inducing a relative Z grading on the Floer homology with coefficients in M .

More generally, if (7) holds modulo some integer d € Z, we obtain a relative Z/d Z
grading on CF(Y,s; M). For example, taking M = Z to be the trivial Ry —module
supported in grading 0, we have for n € Z and r € H'(Y),

gry(rom) =g () =0 while  gry(r) + gry(n) = —(ey(s) Ur.[Y]).
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Thus (7) holds modulo the divisibility 9(s) of s; in particular, the “untwisted” Floer
complex CF(Y,s;7Z) carries a relative cyclic grading by Z/0(s)Z.

In light of these observations, henceforth we will assume that all modules for Ry are
graded, and often omit this assumption from statements. In particular, we will suppose
that (7) holds at least modulo some d € Z.

That the homology of CF°(Y,s; M) is an invariant of (Y, s) follows by verifying
that the arguments in [12; 11] respect the grading described here, together with the
following.

Lemma 3.3 The chain complex CF*°(Y, s; M), equipped with the relative grading
defined above, is independent of the choice of additive assignment up to graded chain
isomorphism.

Proof Suppose A; and A, are two additive assignments satisfying the criteria at the
beginning of the previous section, and let {6y € 7, (Xg,X)} be a complete set of paths
for the spin® structure s. That is, X is a fixed intersection point with s,(Xo) = s and
B is some choice of homotopy class for each x € 5;!(s). Define a homomorphism
F: CF*®(Y,s, A;) > CF°°(Y,s, A,) between the chain complexes constructed with
the two choices of assignment, by the formula

F(x,i]) = eAZ(Gx)_Al(Ox)[X’ il.

Then F(aOO[X’ l]) — Z#J\//\l((]ﬁ)[y, i— n2(¢)] eAl (®) eAz(oy)_Al(oy)’
y:®
while P F([x,i]) = Z#/\//T@S)[y,l —n2(9)] eA2(0)—=A41(65) ,42(9)
y,®

Now, for i = 1,2 and given ¢ € m,(X,y), we have Ok * ¢ = Oy * Py for a periodic
domain Py € 75 (y,y) (up to addition of a multiple of the sphere class [S], which does
not affect the value of the additive assignment). Therefore by additivity

) Ai(0x) + Ai(p) = Ai(6y) + H(Py)

where H(Py) € H 1(Y; Z) is the cohomology class corresponding to Py . It follows
that the group ring elements appearing in the previous expressions are equal, so
that F' is a chain map. Since F is clearly an isomorphism of Ry -modules, we
get that CF*°(Y,s, A1) and CF*°(Y,s, A,) are isomorphic as ungraded Ry —chain
complexes.
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To see invariance of the relative gradings, we calculate that

gra, (F([x,i]), F(ly. j]) = gra, (X, i].[y, j]) + gr(42(6x) — A1(6x))
—gr,(A42(0y) — A1(6y))
= (@) + 2@ — j) —2nz(¢) — (c1(s) U 42(¢), [Y])
—{c1(s) U (A2(0x) — A1(6x)), [Y])
+{c1(s) U (42(0y) — 41(6y)). [Y])

Applying the identity (8) twice, this easily reduces to grq, ([x,7]. [y, /). |

We now show that one can always work with relatively Z—graded Floer homology
(rather than groups with a finite cyclic grading) if the coefficient module and spin®
structure are induced by a cobordism from S to Y. To do so we spell out the notion
of a conjugate module in the current, graded, context. As usual, if Y is an oriented
3—manifold then —Y denotes the same manifold with the opposite orientation.

Definition 3.4 Suppose M is a graded Ry —module. The conjugate module M is
the graded R_y module whose underlying graded group is the same as M , but whose
multiplication is given by

r@me—r-m, reR_y.

It is clear that if (Z) is satisfied for M as a graded Ry —-module (modulo d ), then the
same is true for M as a graded R_y—module.

Proposition 3.5 Suppose W: S3 — Y is an oriented cobordism with spin® structure
sy, and M (W) is the induced module for Ry . Then M (W) carries a natural grading
induced by sy that is compatible with the s—grading on Ry in the sense of (7), where
s is the restriction of sy to Y . In particular, HF°(Y,s; M(W)) carries a relative 7
grading.

More generally, if W: Yy — Y, is an oriented cobordism with spin® structure sy,
whose restrictions to Y1 and Y, are s1 and s, respectively, and M is a module for Ry,
satisfying (7) modulo d , then the induced module M (W) carries a grading induced by
sy also satisfying (7) modulo d .

Proof Observe first that since 0W = —Y; U Y,, we should most naturally consider
Z[K(W)] as a module for R_y, and Ry, . Recall that M (W) = MQ®Rr_y, ZI[K(W)],
where K(W) = ker(H*(W,dW) — H?*(W)). Define gry: K(W) — Z by

gry (k) = —(c1(sw) Uk,[W,0W]),
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and use this to impose a grading gry, on Z[K(W')]. We claim that this grading respects
the action by R_y, and Ry, , where the latter are equipped with gradings coming from
the restrictions of sy . To see this, it suffices to note that the actions of R_y, and Ry,
on Z[K(W)] are induced by the coboundary maps §;: H'(Y;) — K(W), and that

ci(sw)Udir =68;(j ei(sw)Ur) =8i(ci(si) Ur)

where j;: Y; — W, i = 1,2 are the inclusions of the boundary components. Hence
for r € H(Y7),

(crsw) Uyr,[W,0W]) = (c1(s) Ur, [-T1])

and correspondingly for elements of H!(Y). |

4 Pairings and duality

In [15], Ozsvith and Szabé defined a pairing
(. HFY(Y,;Z) @ HF ~(-Y,s.2) — Z

on Floer homology, with respect to which cobordism-induced maps satisfy a certain
duality. Here we extend this pairing to Floer homology with twisted coefficients and
prove a corresponding duality; throughout we use the ring Ry and modules M that
are graded via some choice of spin® structure on Y as in the previous section.

Recall that if (X2, &, B, z) is a pointed Heegaard diagram for Y, then (—X%, &, 8, 2)
describes the oppositely oriented manifold —Y', and the map s is invariant under this
change of orientation.

Definition 4.1 Define a pairing

() CF®(Y,s; Ry) Qg, CF>®(-Y,s; R_y) — Ry
as follows: for generators [x,i] € CF>°(Y,s; Ry) and [y, j] € CF>®(-Y,s; R_y) set

1l ifx=yand j =—i—1
0 otherwise.

(. i1y, J]) = {

The desired pairing is obtained by extending by Ry —linearity.
We must check that this definition has the desired properties:
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Lemma 4.2 Forany £ € CF°(Y,s; Ry), n€ CF*°(—Y,s; R_y), we have

(0°°8,m) = (£,0%n)
(U&,n) = (&, Un).

Proof This is much like the proof of the corresponding fact in untwisted Floer ho-
mology [15, Lemma 5.1], but we must be more careful with the coefficients. Observe
that composition with the reflection r: D> — D? across the real axis gives a map
75 (X,y) — m,(y,x) that exchanges J-holomorphic disks in Sym#(X) with —J—
holomorphic disks in Sym# (—X); in other words

M_s(por)=Mzx(¢)

for ¢ € mr(x,y).

Furthermore, if Ay is an additive assignment for (X, &, B, z) then we can think of
Ay as also giving an additive assignment A_y for (—X, o, 8, 2). For ¢ € my(X,y)
we have that ¢ * (¢ o r) is homotopic to a constant map, from which it follows that

A_y(por)=—Ay(9).

Since nZE (®) = nz_E (por), we have

Iy, jl= Y. #M_g@)w.j—n;Z(@)] @A @

pem2(y,W)

= Y #M_s(@or)w.j—n;Z(@or)]®etr @)
$€”2(W:Y)

= > #Mz@w.j-nZ (@@ P
pEm2(W,y)

From this it follows (using the conjugate module structure on the second factor) that

(xiL0%. /=Y #M(@)er@
¢€7T2(X7Y)
ux(@)=1
nZ(¢)=i+j+1
= (9°°[x.i].[y. /).

The first claim of the lemma follows from this, while the second is obvious. O

Thus we obtain a pairing on homology

HF*(Y,s:Ry)®g, HF~(=Y.s; R_y) — Ry
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that descends to the reduced homologies.

More generally, suppose M and N are (graded) modules for Ry and R_y, respec-
tively: we can extend the construction above to a pairing between HF 1 (Y, s; M) and
HF~(-Y,s; N). To this end, define

() CF®(Y,5; M) ®pg, CF*(-Y,s5;N) > M Qg, N
on generators by
([X,l]@m,[y,]]@l’l) = ([X,i],[y,j])-m@n,

where the pairing on the right is the universal one just defined. It follows from the
calculation above that the pairing descends to homology:

HF*(Y.s:M)®gy, HF~(=Y,5:N) — M ®g, N.

We can now give the analogue for twisted coefficients of Theorem 3.5 of [15].

Theorem 4.3 (Duality for twisted coefficients) Let W: Y; — Y, be a cobordism
and My and M, coefficient modules for Ry, and R_y, respectively. Write W'
for the manifold W regarded as a cobordism —Y, — —Y1, and let s be a spin®

structure on W with restrictions s; = s|y,. Then for any £ € HF*(Y1,51; M) and
ne HF (—Y,,57; M>), we have

(Fyf, J(€).m) = (&, Fypr ().

Observe that the two pairings in the theorem above take values in
Mi(W) @Ry, My = My ®r_y, ZIK(W)]®Ry, M>

(for the left hand side) and

Ml ®RY1 MZ(W) = Ml ®RY1 Z[K(W)] ®RY2 MZ = Ml ®RY1 Z[K(W)]®R_y2 M21

(for the right). Thus the two target groups are identical (with conjugate module
structures), and the equality of the theorem makes sense.

Proof We adapt the proof from [15]. Decompose W into a composition of 1-handle
additions, followed by 2-handles and then 3—-handles. The verification of duality for
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1—- and 3-handle cobordisms is unchanged from the untwisted case given in [15], so
we omit it here.

Assume, then, that W is a cobordism comprised entirely of 2—handle additions. Let R
denote the reflection of the standard 2—simplex A that fixes one corner and exchanges
the other two. Specifically, if the edges are labeled eq, eg and ey, we take R to
exchange eg and e, while reversing eq. If Ay is an additive assignment for a
Heegaard triple (X, ¢, 8, y, z) associated to W as in Definition 2.5 (using a base
triangle V), then we obtain an additive assignment Ay for W’ (described by the
triple (-, o, y, B, z)) from the triangle ¢ o R.

More generally, for any (homotopy class of) triangle v € 7, (X, y, W), precomposition

with R gives a triangle ¥ o R € w5(W, y, X). Moreover, if ¥ = Vo + ¢gg + gy + Pay
then it is easy to see that

WOR:W0°R+(¢ayo’”)+¢yﬂ+(¢aB°”),

where r is the reflection across the real axis used previously. Therefore

Aw' (Yo R) = 8(—A—y,(Pay or) + A_y,(¢apor)) = Aw (V)

(cf the proof of Lemma 4.2). Furthermore, just as in the case of disks we have an
identification

M_s (o R) = Ms(¥).

Thus for m; € M;:

(Fws([x,i]my),[w, klm,) = < Z #Ms ) [v, i —nz(Y)]m, ®eAW(1/f)’

veToyNTy
‘/feﬂz(X,G,V)
[w, k]m2>
= > #Ms@)-(m e V) @m,,
Yem (x,0,w)

nZ(W)=i+k+1

an element of M{(W) ® ]\72 (where all sums are over triangles with Maslov index 0).
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On the other hand, in M| ® M,(W).
(x,ilm1, Fw s([W, klmy)) = <[X, ilmy,

Z #M—E({;) v, k —nz({[)]m2 ® eAW’(‘/f)>
veToNTg
1/7€n2(w,®,v)
= Y HMos@)-m @ (my@etn W)
1;€7zz(w,@,x)
nTE () =i+k+1
= Z #M_E(lﬁ o R) -m ® (m2 ® eAW/(I/foR))
Y em (x,0,w)
nZ (Y)=i+k+1

— Z Mz (Y)-my ® (my @ e D)) o

Yen (x,0,w)
nZ (Y)=i+k+1

5 Action of first homology

In this section we extend to twisted coefficients an additional aspect of the algebraic
structure of Heegaard Floer homology, namely the action of A*(H;(Y)/tors) on
HF°(Y,s). We also discuss the interaction of this structure with cobordism-induced
homomorphisms. Much of this section is a straightforward generalization of material
from [12; 11; 15], so we omit many of the details.

Proposition 5.1 Fix an oriented spin® 3—manifold (Y, s) and a module M for Ry =
Z[H'(Y)]. Then for any h € H,(Y)/tors there is a chain endomorphism Aj, of
CF°°(Y,s; M) of degree —1, equivariant with respect to U and the Ry action, with
the property that Ay, o Ay, is chain homotopic to 0.

Thus, the collection of maps Ay, provides HF°(Y, s; M) with the structure of a module
over Ry[U|® A*(H(Y)/tors).

Proof For a generator [x,i]®@m € CF>®(Y,s; M) we set

A ilemy= Y 3 #M@NAG).h)-ly.i —n(@)] @@ m.

YeTaTh g € my(x,y)
u@)=1
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Then the proof that Ay is a chain map whose square is trivial in homology is virtually
identical to the proof in the untwisted case (cf Proposition 4.17 of [12]), and it is
straightforward to check that the action of .A; on homology is independent of the
choice of additive assignment A (cf the proof of Lemma 3.3). |

We will omit the map Ay from the notation and simply write /.£ for the action of &
on the element £ € HF°(Y,s; M).

Remark 5.2 Though the action of H;(Y)/tors is defined for Floer homology with
any coefficients, it may be largely trivial. Indeed, suppose M is an Ry —module, and
let Zp; C H'(Y) denote the stabilizer of M : that is, the set of all & € H'(Y) such
that om = m for all m € M . Then it can be shown that if # € H;(Y') has the property
that

(a,h) =0 for all @ € Zy,

then .4y is chain homotopic to 0. In particular, this implies that the H;(Y')/tors action
on the fully twisted homology HF°(Y,s; Ry) is trivial.

Lemma 5.3 Let (Y,s) be as above, and let M and N be modules for Ry and
R_y respectively. Then for any h € H,(Y)/tors, any £ € HF " (Y,s; M) and any
ne HF(—Y,s; N) we have

(h.&, n) =—(& h.n).
Proof This follows from a calculation very similar to the one in Lemma 4.2. Indeed,

the only difference is the appearance of the factors (A(¢), i), which change sign under
orientation reversal. d

We now extend the twisted cobordism invariants from the previous section to include
the action of first homology. Specifically, for a cobordism W: Yy — Y; we wish to
define Fyy s as a map

9) Fyyo: HF®(Yo,50; M) ® A* Hy(W)/tors —> HF°(Yy,51; M(W)).

With the preceding in place the definition runs precisely as in the untwisted case in [15];
we summarize the construction.

Suppose first that W: Yy — Y is a cobordism consisting only of 2—handle additions.
Then it is easy to see that the map

ix =lox —I15: H1(Yy)/tors ® Hy(Y7)/tors — Hy (W) /tors
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is surjective. Fix he Hy (W) /tors and suppose h =i«(hg, h1). For € HF°(Yy,509; M),
we set

(10) Fy E®h) = Fy (ho.£) —h1.Fy, (§).
Clearly Fp, ((6®h)®h) =0, so the action extends to A* Hy(W)/tors.

In fact, we can define this action using a Heegaard triple (X, &, 8, p, z) describing
the cobordism, just as in Lemma 2.6 of [15]. It follows as in that proof that the action
of pairs (/1g, 1) in the image of H,(W,dW, Z) is trivial, so the action descends as
claimed to Hy(W)/tors.

In general for a cobordism containing 1—, 2— and 3-handles we write the induced
homomorphism as a composition Fj, = E°o H° o G° as in Section 2.2. This com-
position corresponds to a factorization W = W; U W, U W3 where W, includes
only handles of index 7. As observed in [15], the inclusion induces an isomorphism
H{(W,) — H{(W); thus for v € A* H{(W)/tors we set

Fi(E® ) = E°(H°(G°(§) ® 0))
just as in [15].

Many properties of the extended cobordism maps (9) follow from corresponding
properties of the original ones. We mention two results here.

Theorem 5.4 Let W: Yy — Y, be a cobordism with spin® structure s and suppose
w € A*Hy(W)/tors. Write s; for s|y, Then for modules M and N over Ry, and
R_y, respectively, and for any x € HF*(Yy,50; M) and y € HF~(=Y1,51; N), we
have

(Fjf (x®w). 7) = (x. Fypr (¥ ® ).

Proof Assume first that W consists of 2-handles only, and suppose & € Hy (W) /tors
has the expression & =i (hg, h1) for h; € H{(Y;)/tors. Then using the duality theorem
for twisted coefficients (Theorem 4.3) and Lemma 5.3 we have

(Fyy ((x®h), y) = (Fy}, (ho.x) = hy.Fj}, (x). )
= —(x.ho.Fpy (1)) + (x. Fypr (h1.9))
= (x. Fyp (y ®h)).

It is a simple matter to extend to general cobordisms and general w. |
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Theorem 5.5 The composition law (Theorem 2.9) holds for the extended maps (9).
More precisely, suppose W = W; Uy, W, is a composite cobordism and write

Js: N (Hy(Wh) /tors) @ A* (Hy (W) /tors) — A*(H{ (W) /tors)

for the surjection induced on exterior algebras by the Mayer—Vietoris map Hy(W7) &
H(W,) — H{(W). Fix w; € A* Hy(W;)/tors and write w for the image of w1 ® w;
under jy. Then for any spin® structure s on W, we can find choices of representatives
for the maps F° such that for any « € H'(Y})

Firosal6®0) =Ty [ Fi (¢ Fy g, (E®01) @02)]

Proof This follows from Theorem 2.9 together with the formal properties of the H—
action, particularly (10) in the case of 2-handles. (See Ozsvath—Szab6 [15], particularly
Proposition 4.20. Note that here the strengthened composition law means that summing
over spin® structures is unnecessary.) |

6 Conjugation and orientation reversal

As in the original Heegaard Floer theory, there are simple relationships between the
twisted Heegaard Floer homologies of (Y,s), (—Y,s), and (Y,s), where 5 is the
conjugate spin® structure. To describe the effect of spin® conjugation, recall that
though we normally do not include it in the notation, the ring Ry depends on s
through the grading (5), and here we write Ry, to indicate this. Thus Ry and
Ry 5 are identical rings with opposite gradings; in fact Ry s = R_y as graded rings.
In particular, if M is a graded module for Ry 4, the conjugate module M can be
considered either as a module for R_y,, or for Rys.

Theorem 6.1 If (Y,s) is a closed spin® 3—manifold and M is a module for Ry s,
then there is a grading-preserving isomorphism of Ry, ;—modules

J: HF°(Y,s; M) —— HF°(Y,5; M).

Proof We mimic the argument in the untwisted case [11, Theorem 2.4]. Recall that
if (X, a, B,z) is a Heegaard diagram for ¥ and x € Ty, N T has s,(x) = s, then
(=X, B, «, z) also describes Y, and in this diagram s, (x) =5. If {Axy} is an additive
assignment for (X, &, B, z), then we obtain an assignment A" for (—X, B, &, z) by
A;,y (¢) = —Axy(po f), where f is the reflection across the imaginary axis in C.

Define a homomorphism J: CF°(Y,s; Ry,s) — CF°(Y,s; Rys) by mapping [X,i]
in the diagram (X, &, B,z) to [x,i] in the diagram (—X, B, &, z) and extending
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by Z[H'(Y)]-antilinearity. Then it is a straightforward exercise to check that J is
a chain map preserving relative gradings, recalling that M_x(¢ o f) = Mx(¢),
n;Z(@o f)=nZ(¢),and p_s(po f) = ps(¢). In general,

J: CF°(Y,8)®g,, M — CF°(Y,35) ®g,. M

is given by [X,i]® m +> [X,i] ® m. Since this is an antilinear chain isomorphism, the
theorem follows. ad

It is not hard to generalize the naturality of cobordism-induced maps under conjugation
to the twisted case.

Before describing the effect of orientation reversal, we pause to spell out our duality
conventions. Let M be a graded Ry ;—module, and set

CF;(Y,s; M) =Hom g, (CF.(Y,s), M),

made into an Ry —module in the obvious way. For the grading, suppose o, f €
CF}(Y,s; M) are homogeneous (as homomorphisms between relatively graded Ry s—
modules). Set

grepx (o, B) = grpy (@ () —grar (B(8)) — grer, (/. 8)
for any homogeneous f, g € CFy(Y,s) with a(f) and S(f) nonzero in M . Thus,
for example, grops(ra, o) = gr (r) for r € Ry 5.

Observe that there is a natural generating set for CF% (Y, s; Ry,s). Namely, for a genera-
tor [x,1]€ CFL°(Y, s), define [x, i]*: CFZ°(Y,s) - Ry, by setting [x, i]*([y, j]®r) =
r if [y, j] = [x,i], and 0 otherwise. Since CF{°(Y,s) is a free complex over Ry,
elements of CFZ (Y, s; M) can be expressed as combinations of elements of the form
[x,i]* ® m, whose value on [y, j] is [x, i]*(ly, j]) - m.

In terms of these generators, the coboundary in CF* can be expressed explicitly by

S il*@my= )" #M@y.i +n:@)]" @ Pm.

pem(y,x)
w(p)=1

With the grading conventions outlined above, we have
grep-r) (X, 15,1y, J1%) = —grep, an) (% 1.1y, /D).

Observe that with these conventions, the codifferential has degree —1, in other words,
CFX (Y,s; M) is a chain complex rather than a cochain complex. Likewise, the
transpose action of U given by U : [x,i]* > [x,i + 1]* decreases grading by 2.
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Theorem 6.2 For (Y,s) aclosed spin® 3—manifold and M a module for Ry, there
is a grading-preserving isomorphism of Ry, ;—modules

HFE(Y,s; M)~ HF:(-Y,s; M).

Proof Just as in the proof in [11, Proposition 2.5], define a homomorphism
CFJ(Y,5: M) — CFX(—Y,s; M)

by [x,i]® m > [x, —1 —i]* ® m, where on the right we consider m as an element of
M . One checks easily that this gives rise to a Z[H ! (Y')]-antilinear chain isomorphism
that preserves relative grading. |

7 Invariants for 4—-manifolds

We briefly recall the definition of Ozsvath—-Szabé 4-manifold invariants from [15], and
then proceed to discuss their calculation in the context of 4—manifolds obtained by
gluing two manifolds with boundary.

Suppose X is a closed 4-manifold having b (X) > 2. Then we can find an admissible
cut for X : thatis, a hypersurface N C X separating X into components X = Vi Uy V5,
with the following properties:

(1) Fori=1,2,wehave b™(V;)>1.

(2) The image of the Mayer—Vietoris map §: H!(N) — H?(X) is trivial.

As observed previously (Remark 2.8), the second condition ensures that spin® structures
on X are determined by their restrictions to V; and V.

The first condition is relevant because of the following.

Lemma 7.1 [15] If W is a cobordism having b+ (W) > 1 then for any spin® struc-
ture 5 and in any coefficient module, the map Fy;  vanishes.

Recall that for all sufficiently large integers r, the subgroups ker(U”) C HF~ (Y, s)
and im (U}) C HF *(Y,s) are independent of r (where U denotes the action of U
on HF*). The reduced Floer homology groups are defined by H F_4(Y,s) =ker(U’)
and HF T (Y,s) = coker(U 1). Together with the long exact sequence

red

coi—s HF®(Y,5) — HF Y (Y,s) —> HF~(Y,5) —> -+~
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and the fact that U is an isomorphism on HF°°, Lemma 7.1 implies that the image of
Fy,  for W a cobordism with bt (W) >1liesin H F._y, while F;{, , factors through
H Fr:d. Note also that the homomorphism t in the sequence induces an isomorphism

r: HF T

red

(Y,s) > HF 4(Y,s).

(All of the above holds in any coefficient system).

Definition 7.2 [15] Let ©~ denote a top-degree generator of HF~(S3). Let N be
an admissible cut for a 4—manifold X as above, and fix a spin structure s on X . The
Ozsvdth—Szabd invariant of (X, s) is the integer-valued function

Oy o AX):=Z[U)® A*(H(X)/tors) — Z/ £+ 1
defined by
P o(U" @) = (01 0 Fy)(U" 07 ©0),07).

Note that ®x , is defined only modulo a sign, due to the sign ambiguity of the maps
associated to cobordisms.

Remark 7.3 As a slight abuse of notation, if Z is a 4-manifold with one boundary
component Y, and s is a spin® structure on Z, we will denote by F%,E the homo-
morphism HF°(S3) — HF°(Y) induced by the cobordism obtained by removing a
4-ball from the interior of Z.

Remark 7.4 It follows from the formula for the degree shift induced by a cobordism
that ®y , is nonzero only on elements of A(X) having degree d(s), where

d(s) = %(012(5) —2e(X) —30(X)).

Here e(X) is the Euler characteristic of X and o(X) is the signature, and A(X) is
graded so that U carries degree 2 and elements of H;(X)/tors carry degree 1.

Ozsviath and Szab6 show that ®y ; does not depend on the choice of admissible
cut N, and therefore gives an invariant of smooth spin® 4—manifolds with b+ > 2.
An important property of ®y . is that it is nonzero for at most finitely many spin®
structures s on X .

In many situations there are convenient decompositions X = Z{ Uy Z;, in which Y
fails to be admissible in the sense above—specifically, condition (2) in the definition
of admissibility is violated. Ozsvath and Szab6 prove that one can use such a cut to
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obtain information about sums of invariants of X (Lemma 8.8 of [15]), but in order to
obtain more detailed information we must pass to twisted coefficients.

We express our results in terms of group rings. In the situation of cutting X along a
3—manifold Y satisfying (1) but not (2) in the definition of admissible cut, the relevant
group is K(X,Y) =ker(H*(X)— H*(Z,)® H*(Z,)) (cf Remark 2.8). For a given
s € Spin“(X) and @ € A(X), we would like a way to calculate the element

(11) Y. Oxer(@)-ef € ZIK(X,Y))
teK(X,Y)

in terms of invariants on the manifolds-with-boundary Z; and Z,. Indeed, the in-
variants of all spin® structures on X can be read from the coefficients of the above
expressions for various s.

Since we need to refer to maps in both twisted and untwisted Floer homology, in this
section we will follow the notation of Ozsvath and Szab6 and write Fy;, for the map
in twisted coefficients induced by W and Fy, for the untwisted map.

Definition 7.5 Suppose Z is an oriented 4-manifold with connected boundary 0Z =
Y and s € Spin®(Z). Define the relative Ozsvdth—Szabé invariant Wz , of Z to be
the function

Vz,.s A(Z) — HF (Y.s|ly: Z[K(Z)]))/ K(Z)
given by Vz.U"®w)=[F; (U" 0" @)

Here the brackets indicate equivalence class under the action of K(Z), where K(Z) =
ker(H*(Z,Y) — H?*(2Z)).

Normally we will think of W 7 4 as an honest function with values in HF~ (Y’) by choos-
ing a representative for the equivalence class (though strictly, the twisted-coefficient
map F7 _is defined only up to sign and the action of §(H!(dZ)) = K(Z)). Note
also that if b (Z) > 1 then Wz , takes values in HF_(Y).

The following result gives the central statement of Theorem 1.5 from the introduction,
and shows how to calculate (11) in terms of relative invariants.

Theorem 7.6 Let X be a closed 4—manifold with b¥(X) >2 and Y C X a 3—
dimensional submanifold separating X into components Z| and Z,. Let s be a spin®
structure on X and write 5; = 5|z, . Assume that ¥z, ., takes values in HF,_; for
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i =1,2, and also that b+ (Z;) > 1 for at least one of Z, Z,. Then for any a; € A(Z;)
we have

(12) Y Oxapi@ e = (T (V7,0 (@1)), Vz,.0(@2))
teK(X,Y)

as elements of Z[K(X,Y)], up to sign and multiplication by an element of K(X,Y).
Here « is the image of oy ® oy under the natural map A(Z1) @ A(Z,) — A(X).

In the statement of the theorem, we are implicitly choosing representatives for W 7, .. (a;)
and pairing them using the twisted-coefficient pairing defined earlier. Lemma 2.7
shows that the pairing does indeed take values in Z[K (X, Y)], and it follows also that
different choices of representatives give rise to elements of Z[K (X, Y)] differing by
multiplication by an element of K(X,Y).

The rest of this section is devoted to the proof of Theorem 7.6. For simplicity, we focus
on the case o =1 in the following; the general case follows by an entirely analogous
argument with Theorem 5.4 and Theorem 5.5 replacing Theorem 4.3 and Theorem 2.9.

We begin with a few easy preparatory lemmas.
Lemma 7.7 Fix a spin® 3—manifold Y and Ry -modules M and N . Let ¢: M — N

be a module homomorphism, and write ¢« : HF°(Y; M) — HF°(Y; N) for the
induced map in Floer homology. Then the following diagram commutes:

HF~(Y;M) — HF®(Y;M) — HFY(Y; M) —

HF~(Y;N) — HF*®(Y;N) — HFT(Y;N)

In particular, ¢4« descends to a map on reduced homology, and commutes with t (and
-1

7).

Proof This is clear. O

Lemma 7.8 For i = 1,2 let M; and N; be modules for Ry and R_y respec-
tively, and consider homomorphisms ¢: My — M, and ¥: Ny — N,. For any
g HFT(Y; M) and n€ HF~(=Y; N;), we have

(P (5), Y (M) = d ® Y (£, 1)) € M2 @Ry N

Proof This follows easily from the definitions. O
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Lemma 7.9 Suppose W = W; Uy, W,: Yy — Y, is a composite cobordism, and s
and s, are spin® structures on Wy and W, with s1|y, = sa|y,. If F ;Vl o has image
in HF,_,(Yy) then for any coefficient module M for Yy,

(1) im(Fy, 0 Fy o) © HEy(Ya: M(Wp)(Wy)). and

@) t'oFy,  oFy =Ff otlo

Wis1 = =Wa,5 =Wi,s1®

Proof Point (1) is clear from the fact that F Ws.e, Maps HF; wa(Y1: M(Wp)) into
HF (Y, M(Wy)(W2)).

Statement (2) follows from the commutative diagram

+
HF*(Yy: MOWD) 2% HE*(Yy: MOWy)(Wa)
T T
F w 5
HF~(Yo; M) =225 HF=(Yy: M(W)) —22% HF~(Yy; M(W;)(W2))
together with part (1). a

With these preliminaries in place, we turn our attention to the proof of Theorem 7.6
(with ¢y = o = a = 1). Thus, let X = Z; Uy Z, be as in the statement of the
theorem, and let us assume b7 (Z,) > 1. Then we can find an admissible cut N
for X contained in Z, (cf the construction in example 8.4 of [15]). Suppose X is
decomposed into pieces Vi and V; along N, so that

X=ViUNVo=Z{Uy WUxN W,
where W =V, N Z, is a cobordism ¥ — N .

Let us fix a spin® structure s on X . For simplicity we will omit the spin® structure from
the notation for homomorphisms induced by cobordisms, but all relevant cobordisms
and their boundaries will be equipped with spin® structures obtained by restricting s.

By definition, we have

Oxo(1) = (Fjf, ot 0 Fp, (©7), ©7)
= (" ‘oF;l (©7), Fy,(®7))

= (17 oex 0 Fyy (©7), &0 F,(©7))

=(t~

(13) T oFV(® ), FV(® )).
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We have passed to twisted coefficients using the remark after Theorem 2.9. The last
line uses Lemma 7.7 and the twisted pairing which takes values in Z[K (X, N)]. Since
N is admissible the group K(X, N) is trivial and hence the pairing is Z—valued; the
homomorphism €, ® €4 arising from Lemma 7.8 is the identity here.

According to Theorem 2.9 we can find representatives for the maps involved that satisfy
Fy =Ty 0Fy0F7,.

where Ily, is the map induced in homology by a projection map Z[K(V;,Y)] —
Z[K(V1)], which we also denote by ITy,. Different choices of representatives for
[EI_/I] and the other maps differ by the action of Ry on Z[K(X, N)] = Z, which is
trivial. Hence we can replace (13) with

Py (1) = (" 0TIy, 0 Fyyo F7 (7). Fy,(©7))
(14) =Ty, ®1-(t" o Fy 0 FZ (07), Fy,(07)).

Lemma 7.10 Under the isomorphism

ZIK(V. V)| ®ry ZIK(V)] = Z [K(Vl, e K(Vz)} |

H(N)
the map Ily, ® 1 corresponds to the homomorphism Ilz sending an element of a
group ring to the coefficient of the identity element.

Proof We have a diagram of identifications:
I1 v, ®1

ZIK(V1, Y)]®Ry ZIK(V2)] ZIK(V)]®Rry ZIK(V2)]
7 [K(VI,Y)@K(VZ)] ? . 7 [K(Vl)eaK(Vz)]
HI(N) H'(N)

Again, since N is admissible
K1) & K(12)
H(N)
The projection p is induced by some map
K(V) @ K(V>) N K(Vi,Y)® K(V>)
H(N) H(N)

for which there is only one choice since the domain group is trivial. The construction

=ker(H*(X) — H*(V;) ® H*(V)) = 0.

’

of p from this map proves the claim. O
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Returning with this to Equation (14), we have
Py o(1) =Tz (t™ o Fpy0 F7 (©7), Fy,(©7))
=Mz(Ff ot 0o FZ (7). F;,(07))
(15) =Tz(t ' o F7 (©7), Fy o Fy,(07))

using Lemma 7.9 and Theorem 4.3. Note that the pairings above can be thought of as
taking values in

[K(Zl)@K(W) & K(Vz)]
HY (Y)® HY(N)

with appropriate grading.

We would like to apply the composition law in (15) to replace £y, o F v by F 7y but
we are missing a factor of Ilz, required by Theorem 2.9. By commutativity of the
square () in the following diagram, we are free to introduce this factor:

1R 2,

ZIK(Z1)]® Ry ZIK(Z2, N)] ZIK(Z1)] @Ry ZIK(Z)]
Y A
7 [K(Zl)eaK(zz,N)] 7 [K(zl)esK(zz)]
H(Y) H(Y)
= Iy
' A
7 [K(zl)eeK(W)@K(Vz)} Mz . 7
HI(Y)®H'(N)

Indeed, it follows that Iz = I1z o (1 ® I1z,) (after identifying the groups in the
column on the left). Thus (15) becomes:
Ox(1)=Tzo(1®z,) (1" 0 F5 (07). Fy 0 Fy,(07))
=TMz(t 0 F; (©7). Hz,0Fy 0 Fy,(07))
=TMz(t ' o F (©7), FZ,(7)),

after possibly translating by an element of Ry . This verifies the “constant coefficient”
of (12). For the general statement, suppose ¢ = 67 € K(X,Y). Thensince s +¢ =5

when restricted to ¥, we can follow the same steps as above (and using the second
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part of Theorem 2.9) to see

Dy opi(D) = ("0 Fpy 1, (©7), Fp, ()
=t o Fy . (©7), Fy, (©7))
=(ttoMly, 0 Fy 0e Fy (O7), Fy, (©7))
=Mzle™ (7 0 F7 (©7). F7, ,(©))]
where we can use the same representatives for [F Zi, .J as before. Since the action of

Ry on Z[K(X, Y)] is via the coboundary, this last expression is exactly the coefficient
of ¥ = ¢! in (t7 1o FZ ,5(6)_), E}M((@_)), completing the proof of Theorem 7.6.

8 Perturbed Heegaard Floer invariants

The utility of Theorem 7.6 is limited in many practical circumstances by the restriction
on b (Z;). In particular, if one wishes to split a 4—manifold along the boundary of a
tubular neighborhood of a surface of square 0, it is not obvious whether the assumptions
of that theorem are satisfied. In this section we show how to remedy this circumstance by
making use of Heegaard Floer homology “perturbed” by a 2—dimensional cohomology
class n € H?(Y;R). (A version of this theory was mentioned briefly in [12]; here we
give a rather fuller treatment.)

8.1 Definitions and basic properties

Definition 8.1 Fix a closed oriented 3—manifold Y and a class n € H?(Y;R). The
Novikov ring associated to (Y, n) is the ring Ry,, C ZH'3D) of 7_valued functions
on H'(Y;Z) defined by the condition that f € Ry, if and only if for each N € Z,
the set supp(f) N{a e H'(Y)|(aUn,[Y]) < N} is finite.

More concretely, we can think of Ry, as the collection of formal series
RY,n:{ Z ag-g|ag€Z}
geH(Y;Z)
subject to the condition that for each N € Z the set of g € H!(Y) with ag nonzero

and (gUn,[Y]) < N is finite.

The multiplication on Ry, is the usual convolution product; note that in the case
n =0 we have Ry, = Z[H'(Y)]. Clearly, Ry,5 = Ry,cy for any positive constant c.
Furthermore, Ry, depends on the orientation of ¥ in the sense that Ry, = Ry,—;.
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The above is an instance of a general construction: given an abelian group G and a
homomorphism 1: G — R, we can form an associated Novikov ring AV'(G, 1) as a
subset of Z¢ . Namely,

N(G,n)z{Zag-g|ag€Z},

geCG

with the condition that for each N € Z the set of g € G with a, nonzero and n(g) < N
is finite. We now pause to remark on the functoriality of this construction.

Suppose (G, n) and (H, v) are two groups with homomorphisms to R, and f: G - H
is a group homomorphism. There are two ways in which one might wish to associate a
homomorphism between N (G, n) and N (H,v). First is a “pushforward”

e N(G, ) > N(H,v)

defined by ﬁ(zag-g)=zag-f(g)=th-h,

geqG geG heH

where by, is the sum of all ag for g € f~!(h). For the above to make sense we must
have that each collection {g € f~1(h) | ag # 0} is finite, and for the above to define
an element of AV'(H,v) we need the set {4 |h € im (f), v(h) < N} to be finite for
each N. It is easy to see that both of these properties are satisfied if whenever S C H
is a subset on which v is bounded, the function 7 is bounded on f~'(S), which in
turn is true if n = v o f. In this situation, the expression above gives a well-defined
function f* , which is easily seen to be a ring homomorphism.

On the other hand we can define a “pullback” map

A~

f*N(H,v) —> N(G,n)

by f*(zbh-h)=zbf(g)-g-

heH geCG

The expression above defines an element of (G, ) if the set {g | br(g) #0 and n(g) <
N} is finite for each N . This will happen if whenever 7 is bounded on a subset S C G
we have that v is bounded on f(S), and additionally, ker( /) is finite. In particular,
if n=vo f and f is injective, f * is a well-defined function. In general, f * is not
a ring homomorphism. However, we can regard N'(H, v) as a module over N (G, n)
using the homomorphism f* constructed above, and then one can check that fA *isa
homomorphism of N (G, n)-modules.

Geometry € Topology, Volume 12 (2008)



Product formulae for Ozsvdth—Szabo 4—manifold invariants 1601

To summarize:

Lemma 8.2 Suppose G and H are abelian groups and n: G — R and v: H — R are
additive homomorphisms. Let f: G — H be a homomorphism with the property that
n =vo f. Then there is a well-defined homomorphism

S N(G.m) > N (H,v)
of Novikov rings.

Ifin addition f is injective, then there is a well-defined pullback or “restriction” map
¥ N(H,v) = N(G, 1),
which is a homomorphism of N'(G, n)—modules.

It is easy to see that the above constructions are functorial with respect to compositions
of homomorphlsms Furthermore, if f is injective then clearly f o f* = idn(G,n)
so in this case f f* is surjective and f* is injective.

We can now recite the definition of twisted-coefficient Heegaard Floer homology using
the Novikov ring Ry, in place of Ry .

Definition 8.3 Let (Y, s) be a closed oriented spin® 3—-manifold, and let e H?(Y; R).
Endow Ry,;, with the s—grading defined by (5). Let (X, er, B, z) be a marked Heegaard
diagram for Y, and choose an additive assignment A for the diagram. The n-perturbed
Heegaard Floer complex is the free Ry,,—module CF*°(Y,s: Ry,;) generated by pairs
[x,i] where x € To, N Tg is an intersection point with s,(x) = s, equipped with the
relative Z grading defined in (6).

The boundary operator is given as in Definition 2.3, where e4®) jg interpreted as an
element of Ry,j.

If (2, «, B,2) is strongly s—admissible, in the sense of [12, Definition 4.10], then the
definition above obviously yields the Heegaard Floer complex for the unperturbed theory
with coefficients in the Ry -module Ry, ie, the complex CF°(Y,s; Ry) ® Ry, Ry,y-

In fact, the perturbed complex can be defined with relaxed admissibility hypotheses:
if 1 is generic in the sense that the induced map H'(Y;Z) — R is injective, weak
admissibility suffices to define HF*°(Y,s;Ry,;) and HF~(Y,s;Ry,;), while no
admissibility conditions are necessary to define HF T (Y,s; Ry,y) or HF (Y,s5:Ry,p)-
However, we have no need for this generality, and the observation in the previous
paragraph suffices to show that the perturbed Heegaard Floer homology is a topological
invariant of (Y, s, 7).
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Note that if M is a (graded) module for Ry, we can obtain a module for Ry, by
tensor product: My = M ®pg, Ry,,. Thus we can consider perturbed Heegaard Floer
homology with coefficients in the “completed” module M, namely the homology of
the complex CF(Y,s; Ry,,) ®ry.,, My (of course, since any module for Ry, is also
a module for Ry, we see trivially that any Ry ; module is obtained in this way).

Calculation of perturbed Floer homology is facilitated by the following.
Lemma 8.4 Forany ne H*(Y;R), the ring Ry, is flat as an Ry —module.

Proof Let K denote the kernel of the homomorphism H'(Y;Z) — R given by
x + (xUn,[Y]); note that K is a direct summand of H'(Y;Z). Let rk(K) = k. The
ring Ry can be identified with a Laurent polynomial ring in variables {x1,..., X},
b = b1(Y), and we can choose the generators x; such that (x; Un,[Y]) = 0 for
i =1,....k, while (x; Un,[Y]) >0 for i > k. The Novikov ring Ry,, can be
constructed as follows. First let Z, denote the (“partial”) power series ring obtained
by completing the ring Z = Z[xy,...,Xxp] with respect to the ideal generated by
Xk4+1,---,Xp. Then if V' denotes the multiplicative subset generated by the variables
X1,...,Xp, we have that Ry, = V_IZ,,. It is a standard fact that Z,, is flat over
Z (see, eg, [1, Theorem 7.2]), and it follows easily that Ry, = V_IZ,7 is flat over
Ry=V"1Zz. ]

Definition 8.5 Let Y be a closed oriented 3—manifold, s € Spin°(Y), and n €
H?*(Y;R). We say n is generic for s if ker(c;(s)) ¢ ker(n). That is to say, 7 is
generic for s if there exists a class x € H!(Y) such that

nUx#0 but ci(s)Ux=0.

Observe that if c;(s) is torsion and 7 is nonzero then 7 is automatically generic for
s, while if 51(Y) =1 and ¢;(s) is nontorsion, then a generic class 1 for s does not
exist. Once by (Y) > 1, however, any class n € H*(Y;R) that is “generic” in the sense
that (nU-,[Y]): H'(Y;Z) — R is injective, is automatically generic for any spin®
structure s.

In Seiberg—Witten theory, once b1 (Y) > 0 it is possible to “perturb away” reducible
solutions to the Seiberg—Witten equations on Y. The following can be seen as an
analog of that statement in Heegaard Floer theory.

Corollary 8.6 Ifn< H?(Y;R) is generic for a spin® structure s on Y , then
HF*(Y,s;Ry;) =0,

Geometry & Topology, Volume 12 (2008)



Product formulae for Ozsvdth—Szabo 4—manifold invariants 1603

and therefore HF*°(Y,s; M) = 0 for any Ry,,—module M. In particular, under this
assumption, for any Ry —module M with completion My = M ®g, Ry, we have
isomorphisms

HF:(Y,5: M) = HFE

red(sz; MT?) = HFr:ebd(Y’ s, M) ® Ry RYJ?'

Proof By the previous lemma, HF*®(Y,s;Ry,,) = HF*(Y,s; Ry) Qry Ry,5-
Oszvath and Szab6 showed [11, Theorem 10.12, Remark 10.13] that for any 3—manifold
Y, the fully-twisted Floer homology satisfies

HF®(Y,s; Ry) = Z[U, U]

where an element x € H!(Y;Z) having (c;(s) U x,[Y]) = 2k acts as multiplication
by U k. Take x to be as in the definition of generic above, so that k = 0. Without loss
of generality we can assume that {(n U x,[Y]) > 0, so that the element 1 — x has an
inverse ) ,~o X" in Ry,,. Butthen 1 —x is a unit that acts as 0 on HF*°(Y,s; Ry,y),
meaning the latter module must vanish. The remaining statements follow easily from
the flatness of Ry ;. O

As noted above, it is not always possible to guarantee the existence of a generic
perturbation (namely when b;(Y) < 1). Of more concern for our purposes, a similar
situation arises when considering cobordisms W: Y; — Y;, where perturbations and
spin® structures on Y; are taken to be induced from W. Here if b,(W) = 1, for
example, then any class 1 induced from W must be a multiple of the Chern class
of a spin® structure on Y, induced from W, and again we cannot arrange genericity
regardless of the value of b, (Y).

To deal with this situation we make a further completion of Heegaard Floer homology,

this time with respect to U .

Definition 8.7 Let Z[[U]] denote the ring of integer power series in U. The U -

completed Heegaard Floer groups for (Y, s,n) in a module M are defined by
HFJ(Y,s; M) = HF°(Y,5: M) @zt Z[[U]].

Thus the perturbed, completed Floer homology H Fg (Y, s; M) is amodule for Ry 4[[U]].

Observe that since the action of U is nilpotent on elements of HF™, this completion
has no effect on the latter group:

HF}(Y,s: M) = HFT(Y,s; M).
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There is a natural map HF°(Y,s; M) — HF.(Y,s; M) that is typically (when 7 is
generic for s, for example) an injection. We will often implicitly make use of this
homomorphism when extending previous results to the U —completed setting.

The definition is most useful when the uncompleted group HF°(Y,s; M) carries a
relative Z grading (not a cyclic grading). We will generally be interested in coefficient
modules M that arise from cobordisms S3 — Y, and in light of Proposition 3.5 we
will therefore be in the Z—graded case.

Corollary 8.8 Let (Y,s) be a closed spin® 3—manifold and n € H*(Y;R) a fixed
class. If ¢y (s) is torsion, assume that 1 # 0. Then

HF*(Y,5; M) =0

for any Ry,, module M,,.

The other conclusions of Corollary 8.6 of course follow as well for the U —completed
Floer homology perturbed by a compatible class 1. Note that if ¢{(s) is nontorsion,
then it suffices to take n = 0.

Proof It suffices to show the vanishing with coefficients in Ry, if ¢;(s) is torsion
then a nonzero 7 is necessarily generic for s so that Corollary 8.6 applies. Otherwise,
we can find 1 € H'(Y) such that {c;(s) Ut,[Y]) = —2k with k > 0; then as before ¢
acts as multiplication by U —k on HF*°(Y,s; Ry). Hence the element 1 — U acts
as 0, but the former is a unit in the completed ring Ry ,[[U]]. |

We now wish to extend perturbed Heegaard Floer theory to cobordism-induced homo-
morphisms. To do so, we again follow the program from the unperturbed case; we
need only make sure that the coefficient modules respect the algebraic nature of the
Novikov rings.

Definition 8.9 Let W: Y; — Y, be an oriented cobordism between 3—manifolds
Y;, and fix n € H*(W;R) with restrictions 1; = nly; . Let (W, n) be the Novikov
completion of Z[K (W] with respect to 1, where as usual K(W)=im (H'(0W;Z)—
H?*(W,0W;Z)). Concretely, K(W, n) is the ring of formal series

K(W,n)={ > ag-glagEZ}
geK(W)

subject to the condition that for each N € Z the set of g € K(W) with ag nonzero
and (g Un,[W,0W]) < N is finite. Then (W, n) is a module for both R_y, ,, and

RYz,nz'
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If M is a (graded) module for Ry, , , the module M(W,n) for Ry, 5, induced by
(W, n) is defined by

MW, n) =M OR_y,.n, K(W,n).

The module structure of (W, n) over R_y, 5, and Ry, y, is induced by the maps
§: H'(Y;) — H?*(W,0W), as usual. The fact that these maps induce well-defined
homomorphisms between Novikov rings relies on Lemma 8.2, together with the fact
that n; is the restriction of 7. Note that JC(W,n) can be given an integer grading
depending on a choice of spin® structure just as in Proposition 3.5.

For the conjugate module appearing in the last statement of the definition, observe that
the map x — —x in H!(Y) induces a conjugation map Ry,y = R—y,y. Thus M,
defined to be the same graded group as M with conjugate module structure, makes
sense as a graded R_y,;—module.

It is now straightforward to define a homomorphism
F;V,n,g: HFQO(Yl’sl , M) —> HF.O(Y2,52, M(W’ 7’))

associated to a spin® cobordism (W, s) with chosen perturbation 7 (or similar maps
between the groups without the “e”), by making the usual formal construction for
1- and 3-handles, and using Definition 2.6 for the 2—handles, where eAw W) g
considered to lie in IC(W, n). The proof that the result of this construction is a chain
map whose induced map in homology is an invariant of W (up to a sign and the action
of H'(Y|:Z)® H'(Y,;Z)) is identical to the proof in the unperturbed case in [15].
Alternatively, one can deduce this fact from the corresponding fact in the unperturbed
theory using Lemma 8.4.

Similarly, there is a composition law for perturbed cobordism maps that follows
from the usual one given in Theorem 2.9. Indeed, suppose we are given a cobordism
W: Y, — Y, and amodule M for Ry, along with a class n€ H*(W;R). Write M =
M® Ry, Ry, ,n for the Novikov completion of M (we do not distinguish in the notation
between 7 and its restrictions to Y7, Y>); then M can also be considered as an Ry, —
module. As such, we obtain an induced Ry, -module M(W) = M® R_y, Z[K(W)].
It is not hard to see that the Ry, ,—module induced by (W, n) is then

(16) M(W7 77) = M(W) ®Ry2 7zYz,T] = 7?'—Yhn ®R_Y1 M(W) ®RY2 7zYz,f]
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and we have a commutative diagram (with or without e’s)

HFu(Y1, M) “% HFu(Yz, M(W)) 2> HFu(Yz, M(W)) @y, Ry,

a7 Fw.p

HFo(Y2, M(W. 1))

where the vertical arrow is an isomorphism according to Lemma 8.4. Combining this
observation with the original composition law gives the desired result for perturbed
Floer homology.

All of the algebraic constructions earlier introduced for twisted coefficients go through
with only minor modifications in the perturbed setup. The action of Hy(Y;Z)/tors on
HFJ(Y,s; M) for M an Ry, ;-module is defined just as before, as is the extension
of cobordism-induced maps to incorporate this action. Likewise the previous definition
applies to give a pairing

HFf (Y, 5: M) ®ry, HF; (=Y. 5;N) > M ®p,y, N

for any Ry,;-module M and R_y,;—module N (and similarly without e’s).

8.2 Conjugation and orientation reversal

The perturbed versions of the results of Section 6 are straightforward generalizations,
with the caveat that conjugation Ry ; — Ry 3 extends to the setting of Novikov rings
only at the cost of reversing the sign of 1. Indeed, if r € Ry, 5, we can consider
the conjugate 7 to lie either in R_y 4, orin Ry . Hence if M is a module for
Ry,s,n, we can think of M as a module either for R_y,sn orfor Ryz .

Theorem 8.10 If (Y, s) is a closed spin® 3—manifold with class n € H*(Y;R), and
M is a module for Ry, then we have an isomorphism of Ry,,-modules

HFS(Y,s; M) =~ HF(Y,5, M)

preserving relative gradings, where M is considered as a module for Ryz—n. In
particular,

HFX(Y,5:Ryon) = HFS(Y,5. Rysn) = HF2 (Y5, Ry, n)- O

Thus in the perturbed case, there is a natural equivalence between Floer homology for
spin® structure s perturbed by a form 7, and the homology for s perturbed by —1.
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Theorem 8.11 For (Y, s) a closed oriented spin® 3—manifold with class n€ H*(Y;R),
and M a module for Ry, , there is an isomorphism

HFE(Y,5; M) = HF3(-Y, 5, M),
of relatively graded Ry s , ~modules, where M is a module for R_y,s.p. |

As usual, there are obvious analogues of each of these results before taking U—
completions.

8.3 Perturbed 4-manifold invariants

We are now in a position to define invariants for closed 4—manifolds using perturbed
Floer homology. If (Z, s) is a spin® 4—manifold with boundary Y and n € H?(Z;R),
we define the perturbed relative invariant for (Z,s,n) to be the map

Vzon A(Z)— HF, (Y,5:K(Z, 1))

givenby Vz . ,(U" ®@w) =[Fz . ,(U"- O ® w)], where the brackets indicate the
equivalence class under the action of K(Z) as before. Here K(Z,n) is the Ry,,—
module induced by Z, thought of as a cobordism S3 — Y'; in other words K(Z, n) is
the Novikov completion of Z[ker(H?*(Z,Y) — H?(Z))] with respect to 7.

Definition 8.12 Let X be a closed 4—manifold and n € H*(X;R). An oriented
3—dimensional embedded submanifold Y C X is an allowable cut for n if Y separates
X into two components, X = Z; Uy Z, with dZ; =Y = —0dZ,, and at least one of
the following conditions are satisfied:

(1) nly #0.
2) bT(Zi)>1fori=1,2.

Observe that if property (1) of the definition holds, then it follows from Corollary 8.6
that the induced map F %o o is trivial in perturbed, U —completed Floer homology for
any spin® structure on X . (Indeed, if the restriction of ¢;(s) to Y is a nontorsion class
then we need not even assume (1), but of course in this case one can always find a class
n satisfying (1), namely the image in real cohomology of ¢;(s). To avoid complicating
the statements of results to follow, we ignore this point.)

On the other hand, if W: Y| — Y, is a cobordism with 5T (W) >0 and ne H*>(W;R),
then since the unperturbed map in HF*° induced by W is trivial, the same is true
for the map perturbed by 1, whether n vanishes on dW or not. Hence the perturbed
relative invariant Wz . ,, for a component of X arising from a cut allowable for 7,
takes values in the reduced Floer homology in both cases, and the following makes
sense.
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Definition 8.13 Let X be a closed oriented 4—manifold and s a spin® structure on
X . For a pair (Y, ) consisting of an element n € H*(X;R) andacut X = Z; Uy Z,
of X that is allowable for n, the perturbed Ozsvdth—Szabé invariant of X associated
to (Y, 7, s) is the linear map @y v, s: A(X) — K(X,Y,n) defined by

QPX,Y,n,s(O‘) = (T_lqul,s,n(al)’ qJZz,s,n(az)>’

up to sign and multiplication by an element of K(X,Y). Here « is the image of
o1 ® oy under the natural map A(Z;) ® A(Z;,) — A(X).

In this definition, we set
K:(X’ Y, 7)) = ,C(Zl’ 7’]) ®RY.n IC(ZZ’ 77)

This can be identified with the Novikov completion of the Ry -module Z[K(X, Y)]
with respect to 77 as in Lemma 2.7. That is to say, K(X,Y,n) =Z[K(X,Y)]®ry Ry,
Note that @y y,, s depends on the orientation of Y in the sense that @y y, ; =
Oy, _y,y,s- Indeed, it is easy to see that the two are related by the action of the obvious
antihomomorphism K(Z1,n) ® K(Z,,1n) — K(Z,,1) ® K(Z1,n), which in turn
corresponds to the conjugation homomorphism (X, Y, n) — K(X, Y, n).

We will see that when b (X) > 2, the definition above recovers the ordinary Ozsvith—
Szabé invariants in the sense of Theorem 7.6: that is, @y y,, s lies in Z[K(X, Y)], and
the coefficients of this group ring element are the Ozsvath—Szabé invariants of X in
the various spin structures that have given restrictions to Z; and Z,. The utility of
this definition is that we no longer need to assume that 57 (Z;) > 1 or even that FE,- s
takes values in the reduced Floer homology, so long as n|y # 0.

It should be noted, however, that the existence of a 3—manifold Y separating X and
a class n € H?(X,R) restricting nontrivially to ¥ implies that X is indefinite; in
particular 5+ (X) > 1.

Lemma 8.14 Suppose X is a 4—manifold with b*(X)>2, Y a submanifold splitting
X into components Z and Z, with b*(Z;) > 1 (or more generally satistying the
hypotheses of Theorem 7.6), and n € H?(X; R) a perturbing class on X . Then for any
spin® structure s on X, @y y,y . takes values in Z[K(X,Y)] C K(X,Y,n), and

t
Oxyme= p, Pxori-e
teK(X,Y)

up to multiplication by +1 and an element of K(X,Y).
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Proof We have a commutative diagram

HF~(S3) — HF (Y, Z[K(Z)))
(18) = x

HF(S?) — HFJ(Y,K(Z1,1)

where the upper arrow is the unperturbed, twisted-coefficient homomorphism induced
by (Z1,s), and the lower arrow uses the perturbation 7|z, . Here ix is the natural
map induced by the homomorphism Z[K(Z)] — K(Z1, n) of a ring to its Novikov
completion; commutativity of the diagram is obvious from the definition of cobordism-
induced maps. We have a similar diagram for Z, with Y replaced by —Y .

Likewise, there is a diagram:

HF (Y. ZIK(Z))) ® g, HF (Y. ZIK(Z2)]) 2L 7k (X, V)]

(19) I ®ix J

—10).-
HFS (Y K(Z1.0) 8y, HFa (—Y,K(Z2, 1) 2% K(X.Y.0)
If n|y = 0, then the maps iy and j are the identity maps: indeed, it follows from

(16) that KC(Z;,n) = Z[K(Z;)] and K(X,Y,n) = Z[K(X, Y)]. Thus in this case, the
lemma is just a restatement of Theorem 7.6.

Assume that |y # 0. We claim that the map j: Z[K(X,Y)]— Z[K(X,Y)]®Rry Ry,
is injective, and this combined with Theorem 7.6 clearly implies the lemma. To see the
injectivity, observe that since 7 is induced from the 4—manifold X', we have a diagram

HY\(Y:7) 5 - K(X,Y)

N\
2 ©

R
with § surjective (recall that K(X,Y) is identified with a subgroup of H?(X); cf
Remark 2.8). From this it follows that the Novikov completion of Z[K(X,Y)] as
an Ry -module is the same as its Novikov completion N (K(X,Y),n) as a ring

with respect to the function (n U -, [X]). Tt is straightforward to see that the map
Z[G]— N(G,n) from a group ring to its Novikov completion is injective. |
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Remark 8.15 The injectivity of j: Z[K(X,Y)] — Z[K(X,Y)] ®g, Ry,; from
Z[K(X, Y)] to its (module) completion is not automatic, as can be seen in the case of
acut Y that is admissible in the sense of Ozsvéth and Szabd: in this case K(X,Y) is
trivial, Z[K(X,Y)]=Z,and Z ®p, Ry, =0if n #0.

To handle cases where not both sides of the cut Y have nonvanishing 5™, we consider
the dependence of @y y,, s on Y . For our present purposes, it suffices to assume that
we are given a closed 4—manifold X with two disjoint cuts Y7 and Y5, and both cuts
are allowable for a class n € H?(X;R). Assume also that the orientations on Y; and
Y, are compatible, in the sense that in the decomposition X' = Z; Uy, Z, Uy, Z3, we
have 0Z, =Y, 0Z, =—-Y UY,, and 0Z3 = —Y,. We consider the Ozsvath-Szabd
invariants @y y, 5 s and @y y, s, and for simplicity we calculate in particular their
values on o = 1 € A(X) (which we omit from the notation in the following).

According to the composition law, we can find representatives for the maps involved
such that

@X,Yl,r],s = (T_I\IjZl,n’ quzUZg,,T])
_1 — — — —
=(c FZlJ}(® ): FZzUzs,T)(® )

_1 — — — —_ —
(20) =1QM(c'Fz, (©7), Fz, 0 Fz (7).
Similarly,
1) Ox Yoms =N Fy, 0Fy (O7), Fz (©7)).

Thus, we can consider the quantity
O:=(t""Fz ,(07).Fg, ,0F; (©7))=(t""Fg ,0F, (©7).F; (),

where the second equality uses duality and the analog of Lemma 7.9 in the perturbed
case. Here we also note that the pairings above take values in

K(Z1.,n) ®ry, , K(Z2U Z3,Y2,n) and K(Z1 U Zy,Y1.1) ®ry, , K(Z3.1),

which are mutually isomorphic to the Novikov completion of

. |:K(Z1)®K(22)GBK(Z3)]
H'(Y))® H'(Y>)
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with respect to (the linear function on K(Z;) ® K(Z,) @ K(Z3) induced by) 7. Just
as in Lemma 2.7, there is an isomorphism
K(Z,)® K(Z,) ® K(Z3)
H'(Y))® H'(Y2)
= ketlpy @ p2 ® p3: H2(X) — H*(Z1) ® H*(Z2) ® H*(Z3)),

where p; is the restriction H*(X) — H?(Z;). We denote the above group by
K(X;Y1,Y,) and the Novikov completion of Z[K(X; Yy, Y>)] with respect to n by
K(X:Y1,Y,,n); this is a module for Ry, , and Ry, via the coboundary map
HY(Y))® H'(Y,) — H?(X) in the Mayer—Vietoris sequence arising from the de-
composition X = (Z; U Z3) Uy,uy, Z2. For this to make sense with the above
identifications, we adopt the convention that in this situation the map H'(Y,) — H?(X)
is signed oppositely from the one that arises when considering the single cut along Y;;
this is to account for the conjugate modules appearing above.

To understand the situation more concretely, consider the diagram:

H2(X) 2822, g2(7,) @ HX(Z,U Z3)
102D p3

H*(Z\)® H*(Z,) ® H*(Z3)

The kernel of the composition of the two maps is K(X; Y7, Y,), while the kernel of the
horizontal map p; @ p23 is K(X, Y1): this shows K(X, Y;) C K(X; Y1, Y>) (and there
is a corresponding diagram showing K (X, Y,) C K(X; Y1, Y>)). On the other hand, the
kernel of the composition is the preimage under p; @ p,3 of the kernel of 1 & p; & p3.
The latter is clearly the image im (§: H'(Y5) — H*(Z,UZ3)). Let SC K(X;Y;,Y2)
be a complete set of coset representatives for K(X,Y;) C K(X;Y1,Y,). Thus we
can think of S as a collection of lifts to H?(X) of the members of the image of
H'(Y,) = H?*(Z, U Z3) that lie in the range of p,3. In particular, for a given s € S
the spin® structure s + s has the same restrictions to Z;, Z, and Z3 as does s, but
the restriction to Z, U Z3 differs from that of s.

Now, according to (20) and (21), the invariants @y y, s and @y y, p , are the images
of @ under the homomorphisms 1 ® IT and IT ® 1, respectively. The projections IT
are the restriction homomorphisms (in the sense of Lemma 8.2) associated to inclusions
K(Z1 U Zy) > K(Z1U Z,, Y1) (cf the discussion before Theorem 2.9). It is not
hard to see that under the identifications above, 1 ® II is a restriction homomorphism
associated to the inclusion K(X,Y;) — K(X;Y1,Y>). When thinking of 1 ® IT in
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this way, we will write it as [1q: IC(X; Y1, Y2,1n) = K(X, Y1, n); and similarly write
II®1 as HZ: ]C(X; Yl7 Y2’ 77) - ]C(X7 YZ’ 77)

Suppose we are given a spin® structure s and an element s € S. We can write s as a lift
§h of an element 84 € im (§: H'(Y,) — H?*(Z, U Z3)), and according to Theorem
2.9 and the sign convention on the coboundary operator mentioned previously, we have

Ox v, ,n,5+s = <T_1F21,n,5(®_)’ FEZUZ3,,,,5_5},(®_))
=1®M(c ' Fy, , (7). Fz , oe" Fz  (07)
=T (t7'Fy,, 0 F7, ,(07). " Fz . (©7)
=T (e D)

where we can use the same representatives for the maps involved as in (20).

The above can be interpreted as follows. The “two-cut invariant” @ is an integer-
valued function on the group K(X; Y7, Y>), whose values on each coset K(X, Yy) +s
are equal to the values of the one-cut invariant @y y, , s+5. Indeed, (20) indicates
that the restriction of @ to the subgroup K(X,Y7) is equal to @y y, 5., while the
above calculation indicates that after translating o by —h and restricting, we obtain
Oy.y,,n,5+s- Thus, with appropriate choices of representatives,

@ = ZS '®X,Y1,77,5+S’

SES
thinking of both sides as members of the Novikov ring (X; Y71, Y3).

An entirely analogous discussion holds for the one-cut invariant arising from Y, , which
yields the following.

Lemma 8.16 Suppose X is given with two disjoint cuts Y, and Y, that are allow-
able for a class n € H?(X;R), and whose orientations are compatible. Then for a
spin® structure s on X, Oy y,,n,s and Oy y, , s contain the same information in the
following sense.

Let K(X;Y1,Y,) be as above, and let §1 and S, be complete sets of coset repre-
sentatives for K(X, Y1) and K(X,Y;) respectively in K(X;Y1,Y3). Then there are
choices of representatives for the invariants @y y, » s+s; (for s; € S;) such that

Z 51-Oxy, m,sts1 = Z 52O Y5 5455

S1€S1 $HESH

as members of K(X;Y1,Y>). a
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This implies, for example, that the collection of values (coefficients) taken by @y y, 5 s
for various s ranging through the collection {so +k |k € K(X; Y7, Y3)} is the same as
that of @y y, s, though of course the above also means that the identification between
the coefficients can be made to be equivariant with respect to the affine structure on
K(X, Yl s Yz) .

Finally we obtain the following, which is a restatement of Theorem 1.6 from the
introduction. It should be seen as a generalization of Theorem 7.6 that allows us to
calculate Ozsv4th—Szabé invariants using essentially any cut Y, if we can find an
appropriate perturbation.

Theorem 8.17 Let X be a closed oriented 4—-manifold with b™(X)>2,and Y C X
a connected submanifold determining a decomposition X = Z| Uy Z,, where Z;
are 4-manifolds with boundary. Fix a class n € H*(X;R), and assume that Y is
an allowable cut for . If b¥(Z1) and b¥(Z,) are not both 0, then for any spin®
structure s on X and element « € A(X),

D Oxpi(@) e =Oxys(@) = (T Wz, p (@), Vz,.(@2))
teK(X,Y)

up to sign and multiplication by an element of K(X,Y), where oy ® o — « as before.
If bT(Z) = b+ (Z,) =0 then the same is true after possibly replacing 1 by another
class 1, where 7|z, = 1|z, fori =1,2.

Proof If both b*(Z;) > 1 and b¥(Z,) > 1 then this follows from Lemma 8.14.
Assume, therefore, that b7 (Z;) = 0. We wish to find a cut Y’ for X such that (1) Y’
is disjoint from Y, and (2) in the decomposition X = Z’1 Uy Z/z, we have b+(Zlf) >1
fori =1,2.

To find Y’, first consider the restriction 7|y . Since Y is allowable for n and b¥(Z;) =
0, we must have 5|y # 0 € H*>(Y;R). Hence we can find a surface ¥ C Y such that
[s;n # 0, and since 7 is defined on X, we infer [X] is nonvanishing in H,(X;Z).
Clearly £.X = 0. Let S be an embedded surface in X intersecting 3 transversely in
a single point; then {[X], [S]} determine a direct summand of the intersection matrix of
X having one positive and one negative eigenvalue. Let N be a tubular neighborhood
of S in X ;then Y separates N into two components Ny U N,, with N; C Z;. Let
Zl be obtained by adding a collar Y x [0,€] C Z, to Z, and set Z; = Zl UN;.
Thus Y’ = 0Z is obtained by pushing Y slightly into Z, and attaching the boundary
of N. 2.

Since TUS C Z| wesee bT(Z]) =1; on the other hand, the complement Z, = X\ Z|
has b+(Z;) = bt (Z,). There are several cases to distinguish.
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Case 1 (b+(Z’2) > 1) Here we are done, by Lemma 8.14 and Lemma 8.16. Indeed,
Lemma 8.14 shows that the invariants calculated from Y’ are the Ozsvath—Szabd
invariants, while Lemma 8.16 implies that the invariants calculated from Y, taken
over all spin® structures, can be made to correspond in an equivariant way to those
calculated from Y.

Case 2 (b1 (Z}) =0, but nly, #0) Then Y’ is still an allowable cut for n and
disjoint from Y, so Lemma 8.16 applies. We can now run the construction above
with Z) playing the role of Z; the result is a new cut Y, disjoint from Y, with
bt (Z 7)=1for i =1,2. Lemma 8.16 implies that the invariants calculated from Y,
Y’,and Y” agree, while Lemma 8.14 shows that the invariants calculated from Y”
are the Ozsvath—Szabd invariants.

Case3 (b1 (Z),)=0and nlys =0) Let 7] =5+ PDy[X], where PDx[X] denotes
the image in real cohomology of the Poincaré dual of [X] in H?(X;R). Then it is easy
to see that 7|y # 0, so that Y’ is an allowable cut for 7. Note that since the classes
7 and 7 differ by an element in the image of §: H!(Y;R) — H?*(X;R), they agree
on Z; and Z,. Running the preceding proof with 7 in place of n we end in case 2
above, hence the conclusion of the theorem holds with the modified perturbation. O

Note that in case 3 of the proof, it works just as well to take 77 = n+ € PDy[X], where €
is an arbitrary nonzero real number. Thus Theorem 8.17 could be rephrased to say that
when 51 (X) > 2, the perturbed Ozsvith-Szabé invariants are equal to the ordinary
Ozsvéath—Szabd invariants when calculated with respect to a cut Y that is allowable for
a “generic” class n € H*(X;R).

The preceding results provide sufficient understanding of the dependence of @y yy s
on Y for our purposes. We do not study the dependence of the perturbed invariants on
n here.

9 Heegaard Floer homology of a surface times a circle

From the general considerations of the preceding sections, we turn now to the problem
mentioned in the introduction of determining the behavior of Ozsvath—Szabd invariants
under fiber sum. Since a fiber sum along surfaces with trivial normal bundle is obtained
by gluing two manifolds together along the product of the summing surface ¥ with a
circle, and the relative invariants of the pieces take values in the Floer homology of the
latter manifold, we will need a fairly detailed understanding of that Floer homology.

This section is devoted to the calculation of the perturbed Heegaard Floer homology
groups of ¥ x S, for a particular choice of perturbation 7. Indeed, our choice of 7 is
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induced by the cobordism 4 x D? — D*. The main input for this computation comes
from [3] where we developed most of the technical tools required. We start this section
by elucidating the new phenomena associated with working with twisted coefficients
in surgery exact sequences.

9.1 Exact sequences with twisted coefficients

Let K be a nullhomologous knot in a 3—manifold Y . Following typical notation in the
subject, we write Yy = Yy (K) for the 3—manifold obtained by £—framed surgery on
K. As described in [11], there are exact sequences relating HF ™ (or HF ) of the two
triples of three 3—manifolds (Y, Y, Y—;) and (Yy, Y,,Y ) with n > 0 but otherwise
arbitrary:

G H F G
oo —> HF Y (Yo, [s1]) — HF T (Y,s) — HF T (Y_p,55) —> -
G H F G
(22) coo—> HF (Y, [sx]) — HF Y (Y, s;) — HFT(Y,5) — -

By abuse of notation we have labeled the maps appearing in the two sequences by the
same letters although they are of course different functions. The map F: HF*(Y,s) —
HF™*(Y_,,s;) will be of special interest below and we proceed by first providing
more details concerning its definition as well as explaining the notation from (22).

Let W_, be the cobordism from Y to Y_, obtained by attaching a —n—framed
2-handle to Y x [0, 1] along K x {1}. Let 0 C Y be a Seifert surface of K and
let S C W_, be the surface obtained by capping off o x {1} with the core of the
attaching 2—handle. Given a spin€—structure s € Spin®(Y’) let sz € Spin®(Y_,) be the
spin¢—structure on Y_, which is spin®—cobordant to s via (W_y, tx o) where vy ¢ €
Spin®(W-,) is uniquely determined by tx ¢|y =5, (c1(tx (), [S]) =2k —(2€—1)n
and k €{0,1,...,n—1}.! By [sx] we denote the preimage Q:_Ll (sx) of a surjective map
Q+: Spin‘(Yy) — Spin®(Y+,) defined in [11, Theorem 9.19] whose details need not
concern us save the fact that when n 3> 0 this preimage includes at most a single spin€—
structure whose Floer homology HF* (Y, t) is nontrivial. By writing HF ™ (Y, [s¢])
we mean the direct sum of HF T (Y, t) over all spin®—structures t € [s].

The map F from (22) is a sum

(23) F=>YF,. where Fy: HFT(Y,s) > HF Y (Y_,, s1)
LeZ

is the homomorphism induced by (W_,, tx ¢).

IEvery spin€—structure t € Spin® (W_,) with t|y = s and tly_, = s is of the form v =ty ¢ for
some £ €Z.
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Recall that when ¢ (s) is torsion both HF*(Y,s) and HF*(Y_,,s)) come equipped
with an absolute Q—grading gr lifting the relative Z—grading gr (cf [15; 9]). With
respect to the absolute grading gr the degrees of the maps F; on homogeneous elements
are

_ _ 2
(24) deg Fy = % (1—(2k (Zﬁ Ln) )

This function attains its maximum at £ = % — %, though of course £ is constrained to
be an integer. When k # 0 there is therefore a unique value of £ corresponding to
the maximal degree shift, while for £ = 0 the maximum is attained for both £ =0, 1
(granted that n > 1).

To state the version of the sequence for twisted coefficients we first introduce some more
notation. Write Wy: Y — Y, for the surgery cobordism; then it is a simple matter to
calculate that K(W) C H?(W, 0W ; Z) is infinite cyclic, generated by the Poincaré dual
of the capped-off Seifert surface Sy C Wy. The group ring Z[K(W)] is then isomorphic
to the ring L(#) of Laurent polynomials in a single variable ¢, with Ry,—module
structure induced by the natural homomorphism H!(Yy) — K(W) = H!(Yy)/H (W).
With the choice of Seifert surface ¢ fixed, we can think of Z[K(W)] = L(¢) more
concretely as follows. Let 6 C Y be the surface obtained by capping off o with the
surgery disk, and take t = PD([G]) € H' (Yy;Z). Then let L(¢) = Z[t, '] be the ring
of Laurent polynomials in #; equivalently L(¢) is the group ring on the subgroup of
H'(Y,) generated by 7. There is a natural homomorphism Z[H ! (Yy)] — L(¢) induced
by the map « > (o, [K]) -7, or in multiplicative notation o > (%K1 | corresponding to
the map Ry, — Z[K(W)] above. (Here [K] indicates the homology class in H;(Yy)
coming from the core of the surgery torus.) Observe that if t € Spin(Y}) is a spin®
structure whose Chern class is dual to a multiple of [6] then as in Proposition 3.5, L(t)
is naturally a graded module for Ry, with gr () = —(c1(t) Uz, [Yo]).

More generally, suppose s € Spin(Y') is a spin® structure on the original 3—manifold,
and M is a graded module for Ry, . Then the surgery cobordism Y — Yy, equipped
with some spin® structure, induces a graded module M ® Ry ZIK(W)] for Ry, . that
we denote by M[t*1], where H'(Y) acts trivially on L(z).

With this understood, the next theorem is a slight generalization of Theorem 9.21 from
Section 9.6 in [11]. Indeed, the proof of that theorem goes through verbatim with only
notational modifications to yield:
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Theorem 9.1 Let Y be a three manifold, K a nullhomologous knot in Y and M
an Ry —module. Then for any n > 0 there are long exact sequences of Ry, ® Z[U]—
modules for the Heegaard Floer homology groups with twisted coefficients:

o HF (Yo, 5] M) 2 HEF (Y, 5 M)[*)]

s HF Y (Yo M[E] S
o E HF (Y. sl MIE') 2 HF* (¥, 50 M)

s HF (Y. s M) -

The analogous sequences for HF are also exact.

We shall refer to the above sequences as the negative n and positive n surgery sequences
respectively. As in (22) we abuse notation by labelling the maps in both sequences by
the same letters. It is worthwhile to single out a case of special interest later on, namely
the choice of M = Z with trivial Ry —module structure. In this case the negative n
sequence becomes

¢ + H oo+ +1
(25) -+ — HF7(Yo.[sxl: L(t)) — HF ™ (Y, 5)[1™]
F G
— HF T (Y_p, )t — -+
The fact that the Novikov ring Ry, 5 is flat over Ry, implies the following, by tensor

product of (25) with Ry, 5.

Corollary 9.2 Suppose 1y € H*(Wy:R) is given, and the image 1 of no under the
map H*(Wy; R) — H?(Yy; R) satisfies (nUt,[Yo]) > 0. Then for any n > 0 there is
a long exact sequence

G H®1
coo— HF Y (Yo, [st]; L)) — HF Y (Y, 9)[1*' | ®Ry, Ry

F®1 G®1
— HF Y (Y_p, s)l* 1 @Ry, Ryg — -+ »

where L(t) denotes the ring of Laurent series in t.

Indeed, it is not hard to see using Lemma 8.2 that the map H!(Yy) — K(W,) induces

a homomorphism of Novikov rings Ry, , — K(Wy, 1) under the hypotheses above,
and that in fact JC(Wy, n) = L(¢).

There is a straightforward relationship between the exact sequences (22) and (25).
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Proposition 9.3 Let K be a nullhomologous knot in Y and let F: HF*(Y,s) —
HFY(Y_,.s;) and F: HFY(Y,s)[tT'] - HF T (Y_,. s¢)[tT'] be the maps appear-
ing in the exact sequences (22) and (25) respectively. Let F; be the components of F
as in (23). Then

F= ZF@ ® 1t
LeZ

up to sign and overall multiplication by a power of t .

Moreover, when s is torsion and for a given fixed number dy € Q, the only nonzero
terms in the restriction of F' to HF : do (Y, s) are those for which £ = 0 or 1, for any
sufficiently large n.

Proof The homomorphisms in both sequences are defined by counts of holomorphic
triangles in appropriate Heegaard triple-diagrams, and the stated relationship between
F and F follows from elementary considerations in these diagrams. Indeed, in notation
from [11] (also [16]), the map in the twisted sequence can be written as

F(xi)= Y #M@)y.i —n)- @,

T/fEﬂz(X,®;y)

where the sum is over homotopy classes of triangles v in a diagram (X, &, 8, ¥, 2)
describing the natural cobordism ¥ — Y_,. In this situation we are using twisted
coefficients on Y_, constructed by fixing a reference point t lying on the surgery circle
Vg, such that the boundary operator in the twisted chain complex for Y_, records
(in the power of ) the intersection of the y —component of a holomorphic disk with
the subvariety V' = y; x -+ X yg_1 X {r} C T, C Sym#(X). (This formal device
induces trivially twisted coefficients on Y_,.) In the formula above, the power n,, ()
is similarly the intersection of the y —component of the boundary of  with V.

The first claim of the proposition amounts to the fact that the power of ¢ appearing
above determines and is determined by the value (c{(s;(v)), H(P)), where H(P) is
the 2—dimensional homology class of the triply periodic domain P corresponding to
the generator of the 2—dimensional homology of the surgery cobordism. This in turn
follows easily from inspection of the Heegaard triple itself, together with the expression
for (c1(sz(¥)), H(P)) in terms of data on the Heegaard diagram obtained by Ozsvith
and Szabd (Proposition 6.3 of [15]).

To see the remaining claim, recall that the homomorphism F; (corresponding to the
spin structure on the cobordism with (c; (¢t ¢),[S]) = 2k — (2¢ — 1)n) induces a shift
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in degree given by (24). In particular we have
deg Fy —deg Fo =2kl —L({—1)n
deg Fy—deg F| =2k({ —1)—£({ — 1)n,

and so for £ # 0, 1, the degree shift of F; can be made arbitrarily large by choosing »
large. The result follows since the grading of HF* is bounded below. a

As an example, let us consider the Floer homology of the 3—torus 7'3, in the torsion
spin® structure. We can realize T3 as the result of O—surgery on each component of
the Borromean rings (Figure 1 below), and if we take K to be one component of that
link, then 73 = Y(K) where Y = #2S1 x S2. It is well-known that

HFT#S'x S? s) = A*H'#S!' x $%,2) @ T4,

where 7T, is the Z[U]-module Z[U,U~!]/U - Z[U], graded so that the homogeneous
factor of lowest degree is in dimension 7. It can also be shown that for sufficiently
large n there is an isomorphism

Z®7Z d=>1

+ ~
HF] (Y_n,50)={0 .

where T = %(1 —n) (this follows from results in [10], cf also the discussion in the next
subsection).

Hence the surgery sequence (25) appears as:

HET#S! x S2,8)[tE] HF Y (Y_n,50)[tE'] HF (T3, 50, L(1))

ZZ[[:EI] ZZ[[:I:I] 7,2
ZZ[Z:I:I] ZZ[Z:I:I] 7,2
ZZ[Z:I:I] Zz[lil] ZZ@Z[Z:H]
Z[tT"] 0 0

Here we have arranged the columns “typewriter style,” so that the top-degree com-
ponents of the homomorphisms between the groups map horizontally, with the map
T3 — Y_, moving to the next row of the array. Strictly, the groups along the row
second from the bottom appear in degrees 0, 7, and —%, respectively. Furthermore,
we have chosen n large enough that only Fy and F; are relevant for the displayed
portion of the sequence (which continues upward indefinitely, repeating the top row
above). The structure of the Floer homology of 7% in large degrees can be deduced
from the universal coefficients spectral sequence, or by using the description of Fy and
Fy given in the following subsection. The U —equivariance of the sequence together
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with some easy homological algebra then shows that H Ffl /2(T3) has the indicated
form. Finally, we point out for future reference that the map

HFY (T 503 L(1)) > HF, (#S" x S2 )T

appearing above is induced by the surgery cobordism equipped with the torsion spin®
structure, and corresponds to the projection Z2 @ L(t) — L(t).

9.2 A surface cross a circle: partially twisted coefficients

In this section we apply the general discussion from the previous section to the case of
Y =#%8(S!x S?%) and K = K, = #8 B(0,0) with B(m,n) defined in Figure 1.

A

B(m,n)

Figure 1: The knot B(m,n) C L(m, )#L(n, 1) with m,n € Z. (Note that
L(0,1) isjust ST x §2))

Let o be the genus-1 Seifert surface for K; obtained from the obvious disk bounded
by B(0,0) in Figure 1 by adding a handle where one of the other two components of
the Borromean rings intersects that disk. Let 0 = 0, = j¥0; be the choice of Seifert
surface for Kg. It is then not hard to see that Yy = Xy X S I and ¢ becomes the
Poincaré dual of [X]. For the rest of this subsection and the next, we assume g > 2.

Let s be the unique torsion spin® structure on Y. Since HF ™ is nonzero only for a
finite set of spin€—structures, when n >> 0 there is only one spin® structure in the set
[5%] having nontrivial HF ™, namely the unique spin®—structure sz € Spin®(Zg x S 1
with ¢;(s;) = 2k PD([S']). We shall take as perturbation the class

n=PD(S']),
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which is easily seen to be the restriction of a class on the surgery cobordism Wy: Y —Y,.

With these choices of Y, K, o the maps Fy, Fi: HF T (Y,s) — HF T (Y_,,s;) ap-
pearing in Proposition 9.3 have been made completely explicit by the results from [3;
10]. Before proceeding we describe these maps.

Let us use the shorthand A¥ and A* to denote A¥ H!(Z4:7) and A*H'(Z4;Z)
respectively. The reader familiar with knot Floer homology [10; 18] may recall that
A8*J s just the knot Floer homology HFK (#8 B(0,0), j), which is the homology
of the associated graded complex arising from a filtration on the Heegaard Floer chain
groups CF . Such a filtration is induced by any nullhomologous knot K in a 3—manifold
Y'; here we specialize to the case K = #& B(0,0). In fact, K induces a filtration on
all the Heegaard Floer chain complexes, in particular on CF°°; the filtration level j
of a generator [x, i] for CF can be calculated directly from a Heegaard diagram
for Y (suitably adapted to K), and is recorded in the notation [x, 7, j]. The function
[x,7, j]+1i+j gives rise to another filtration on C F°°, and thence a spectral sequence
converging to HF*®(Y) whose E! term is ﬁﬁ((Y, K)® Z[U, U] (cf [10]). Tt is
this object that is currently under consideration in the case K = #& B(0, 0); in the case
at hand (ie, K = #8 B(0, 0), with integral coefficients in all Floer homology), there are
no further differentials in any of the spectral sequences.

We place the Z[U]-module A* ® Z[U,U~!] in a 2—dimensional coordinate system
by assigning AK ® U* the coordinates (—¢, k — g —£) (see Figure 2 below). We equip
the coordinate plane with a Q—grading gr: Z? — Q by setting

(26) g, j)=1i+J.

In this description, the action of U can be thought of as translation by (—1, —1) (see
again Figure 2); as usual it decreases grading by two. Following [10], we shall write

H{condition on (7, j)}

to denote the various Z[U] submodules and quotient modules of A* ® Z[U, U™!]
obtained as a direct sum over all the terms in the coordinate system which reside
at coordinates (i, j) subject to the stated conditions. For example H{i < 0} is the
submodule A* ® (U - Z[U]) and H{i > 0} is the quotient module A* ® 7, where
T =Z[U, U~/ U -Z[U]. For 0 <d < g—1 we define the Z[U]-module X(g,d) as

d

; T
X(g.d) = GB (A ®z yi—-d-1 'Z[U_l]) )

i=0

While our definition of X (g, d) differs slightly from that used by Ozsvath and Szabd
in [10], it is not hard to see that they agree up to an isomorphism of relatively graded
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AUl |\,

A5®U o o o o o o o o

X(3,2)

Figure 2: A visual representation of A* ® Z[U, U] in the case of g = 3.
The dot at coordinate (x, y) represents the group A8 ~*TY @ U™, two exam-
ples are indicated. The action of U* in this description of A* ® Z[U, U]
is simply translation by (—¢, —{). The direct sum of the groups represented
by the dots in the shaded triangle is X(3,2).

Z[U]-modules. In fact, as was noted in [10], X (g, d) is isomorphic as a relatively
graded group to the homology of Symd(E ¢)» the d—fold symmetric power of a genus
g surface. Indeed, the action of U on X (g, d) corresponds to the cap product with
the Poincaré dual of pt x Symd_1 (Xg) on Hy (Symd(Zg)).

In the notation above, X (g, d) is isomorphic to
27) X(g,d)~H{i>0and j <d+1—g)

as a Z[U]-module; see Figure 2 for a visual representation. We shall refer to this
identification as the standard embedding of X(g,d) into A* ® Z[U,U~']. We shall
encounter “nonstandard embeddings” of X(g, d) as well; see Theorem 9.4 below.

It was shown in [10, Section 9] (as an instance of a general result on the relationship
between the knot Floer homology of K and the Floer homology of surgeries along
K) that for Y = #26S! x S? and K = #8 B(0,0) as above, and n > 0, there are
A*H{(24;7Z) ® Z|U]-module isomorphisms

(28) HFT(Y.,s)~ H{i >0} and HFt(Y_,.s,) = H{i >0and j >k}
where the action of A* Hy(Sg:7Z) = A*H,(Y;Z) on Ak @ U* is given by

(29) yN@®UY =1,a@ U+ (PD(y) Aa) @ U]
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for y € H(Zg;7Z) and o € Ak . Here Ly is contraction with y and PD(y) is the
Poincaré dual of y taken on Xg. By virtue of (27) this action induces an action on
X(g,d). We shall refer to (29) as the standard action, and use the cap product notation
N to distinguish it from actions of first homology on Floer homology that need not be
“standard” (we use the “dot” notation for the latter: 4.§ for h € Hy, £ € HF®).

To describe the maps Fy, Fi: H{i > 0} — H{i > 0 and j > k} (under the identifi-
cations (28)) we need a bit more notation. Let ey, ..., ez be a symplectic basis for
Hi{(Xg:Z) and set = ej Aey+ -+ erg_1 Aezg € AzHl(Eg;Z). For a given
B e A! define B£: Ak — A¥=1 as contraction associated to w, ie

k

BL(ai A...Ahay) = Z(—I)Ew(ag,ﬂ) QLA A AL A
=1

where w(ay, B) refers to the natural pairing A2H;(Z4) ® A2H!(Z4) — Z. The
contraction / defined this way extends readily to a contraction /: A™ ® Ak — Ak—m
given by (81 A ... ABm) L(ag A conay) = B1L(B2ZL(..(BmL(ay A ... Aag)...)). Let
%: Ak — A28k pe the “Hodge-Lefschetz star operator” associated to @ and defined

as

1
Fo=— alof
g!

where we have by abuse of notation used w to also denote e! Ae? +... 42871 ne?8
A2, which is the dual of the symplectic form w from earlier. Here ¢/ € H'(Z e 2),
i =1,...,2g is the dual basis (with respect to the Kronecker pairing) of ¢; € H(X¢;7Z),
ie ei(é’j) = dij. Let
T - H{i >0} - H{i >0and j >k}

Tiso : A*®Z[U, U™ — H{i >0}

mizo : A*QZIU, U — H{j >0}
be the natural projection maps and let J: H{i > 0} — H{j > 0} be the map

J(xUY = Tj>0 ((—l)k"'g_1 expwU) L (% x) Ug+€_k) when x e AK,

where we omit the tensor product signs and, by convention, contraction with U" is
taken to mean multiplication by U ~". This map was studied in detail in [3]; see Figure
3 for a pictorial explanation of J.

The results from [3] show that Fy, Fi: H{i >0} — H{i >0 and j > k} are given by

_ Tk k<0 ko UTR) k<0
FO_{nko(U_kJ);k>O and Fl_{ Fi9% s k>0.
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A ° A °
° ° °
° ° ° e o

g ° ° ° o @ °
[] 4 Y ° ] ° ° L 4 ° ° ] L[] °
° > . o. o ° ° > ° ° ° °

..V
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Figure 3: A visual explanation of the map J: H{i > 0} — H{j > 0} (with
g = 3), which is perhaps best understood as a perturbation of the star operator
% . The latter maps an element at coordinate (x, y) to an element at coordinate
(¥, x). The action of exp(2wU) £ -, thought of as a formal sum, then “smears
out” such an element along the line with slope —1 and passing through (y, x),
in such a way that the only nonzero terms are those lying to the right and
below (y,x). Thus, for example when g = 3, an element at coordinate
(0, 3) is mapped by J to an element at coordinate (3,0) while an element
at coordinate (5, 3) is mapped to a sum of terms living at coordinates (5, 3),
(4,4) and (3,9).

With all these preliminaries out of the way and with our notation in place, we now
turn to the actual calculations of the twisted Heegaard Floer groups of Xg x § 1. The
adjunction inequality implies that for any spin®—structure s on Xy x S ! which is not
among the s, the associated Heegaard Floer groups HF T (2, x S!,5; M) vanish (for
any coefficient module M ); the same is true for s = s; when |k| > g. The remaining
spin€—structures s; with |k| < g — 1 give rise to nontrivial Heegaard Floer groups as
the next theorem explains.

Theorem 9.4 Fix an integer k with |k| < g—1. If k # 0 choose A to be either L(t)
or L(t) and if k = 0 choose A = L(t). Then the Heegaard Floer homology groups
HFT(Zg xS s5; A) are isomorphic to

HF T (Zg xS sp:A) = X(g.d)® A with d=g—1—|k|

as Z[H'(ZgxS'; Z)|®z Z[U]-modules. The action of A* Hy(Zg;7Z) C A* Hy(Z¢ X
S1:7Z) on X(g.d) is induced by the standard action (29) under the nonstandard
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embedding of X(g,d) into A*H'(24;7Z) ® Z|U,U~']® A given by

X > X 4 T ( Z(—t Ukl gyt x)-

£>1

Proof The proof of the theorem follows slightly different arguments depending on
whether k # 0 or k = 0. We first address the former.

Case of &k # 0 For concreteness let us assume k < 0. Choose A = L(t) for now
and consider the negative surgery exact sequence in twisted coefficients (25). By
Proposition 9.3 the map F equals Fy 4 ¢F after restricting to HF. ; d, (Y) for suitably
large dy, once n is chosen sufficiently large (which we assume tacitly throughout).
It follows from the degree shift formula (24) that deg Fy = deg F; — 2k and thus
deg Fy > deg F; when k < 0. From the description of Fy and F; above, Fj is clearly
surjective. Since deg F; < deg Fy we see that F is also surjective. Moreover, we
claim that the kernel of F' is generated by elements of the form

ker (F) =<x+nk(2(—t U_kJ)ex)

£>1

xe€ H{i >0and j <k}>

Indeed, suppose & =&p+&; +--- isin ker(F), where &; are the homogeneous terms in
order of decreasing degree. Then certainly &y € ker (Fy) =ker () = H{i >0 and j <
k}. On the other hand, if x € H{i > 0 and j < k} , we can “build” an element of
ker (F) from x by observing that Fo(x) = 0, while ¢F; (x) = t73 (U % J(x)). Thus
replacing x by x — 7, (U % J(x)), we obtain an element still annihilated by Fj,
whose image under ¢F; is (—(U % J))2x. Continuing in this way, and using that
since k < 0 the action of U ¥ is nilpotent on any element of A* ® Z[U, U~!], we
eventually find an element killed by Fy + tF; = F. This gives the identification
above, and then projection onto the homogeneous term of highest degree establishes
the isomorphism ker F = X (g,d) with d = g — 1 — |k|. Since the sequence (25) is
equivariant with respect to the H;(Zg; Z)—action, the proposition (for the case k <0
and A = L(¢)) follows. The results with A = L(¢) follows from the result for L(z)
by tensoring with Ry, , and using the flatness of Ry, , (cf Corollary 9.2). The case
of k > 0 can be proved analogously, or by appeal to conjugation invariance (Theorem
8.10).

We note that the argument above shows that F is surjective, and that if & € ker (F)
then the largest degree of a homogeneous term in £ is bounded above (by g —2—2|k|),
independent of #. Thus the restriction of F to HF g' d, above is permissible.
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Case of kK = 0 Consider once more the sequence (25) and again note that upon
restriction to a given grading we may take F' = Fy + ¢t F;. The key difference from
the case of k £ 0 is that the degrees of Fy and F; are now equal.

We begin by showing that F is again surjective: for a given y € H{i > 0 and j > 0}
let x, € H{i >0} ® Ay be x), = nizo(zezo(—tJ)ey). Then

Exy) =ma(id1) mizo 30011 ) = malid+a) (-1t )=o) =

£>0 £=0

This shows Fy 4-¢F is surjective; the remaining terms in F have strictly lower degree,
hence F' is also surjective.

To determine the kernel of F pick a kernel element £ = &y + &1 +&,1% + ... e ker (F).
Such an element £ is then subject to the infinite system of equations (coming from the
requirement (Fy+tF1)(§) =0):

7(50) =0
w51+ J(§0)) =0

(30)
mo(&k +J(§k—1)) =0

The equation 7(&g) = 0 implies &y € H{i > 0 and j < 0}. The second equation

determines the H{i >0 and j > 0}—component of &; uniquely but imposes no condition

on the H{i > 0 and j < 0}—component of &;. The same holds true for all &, k > 1:
e The H{i > 0 and j > 0}-component of &; is determined by &,_.

e The H{i > 0and j < 0}-component of &; can be chosen arbitrarily.
In particular, as before there is an a priori upper bound on the degree of a kernel
element and therefore it suffices to assume that F = Fy +tF;.

This immediately shows that the kernel of the map F' is isomorphic (but not equal!) to
H{i > 0and j < 0} ® L(t). As the above system shows, the isomorphism from
H{i > 0and j <0} ® L(¢) to ker (F) C H{i > 0} ® L(z) is given by the L(¢)—

equivariant map
g.—>s+n0(2(—z1)€g). O

£>1
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Remark 9.5 Consider the embedding X (g,d) < A*H'(Z4;Z) @ Z[U, U~ '|® A
from Theorem 9.4:

XX -7y (ZU_ka—(tU_kJ)Zx+(tU_kJ)3x—...)

It follows from this expression that the induced action by H;(Xg) on X(g.d) is
standard in the lowest power of ¢ but typically has nonzero “correction terms” involving
higher powers of 7. However, when 3|k| > g — 2 then all of the terms (tU % J)¢ for
¢ > 1 lie in the kernel of 7 showing that in that range the A* Hy(X4; Z)—action has
no correction terms. This was already observed by Ozsvath—-Szabé [10, Theorem 9.3]
in the case of Z coefficients (see also [3]).

Remark 9.6 The isomorphism HF 1 (X, x St spiA)= X(g.d)®A from Theorem
9.4 does not extend to the case of k =0 and A = L(¢). With k =0 and A = L(¢)
the infinite system (30) becomes a finite system which terminates with the equation
1wo(J(Em)) = 0 for some choice of m € N. This equation breaks the symmetry of the
system and imposes additional constraints not satisfied by all elements of the form
70 Y g=o(—tJ)x with x € X(g,g— 1) ® L(2).

Remark 9.7 From the proof of the theorem, the homomorphism F: HF T(Y,s5:A)—>
HF*(Y_,,s; A\) is surjective in all cases, so that HFT(Z x S!,s;;A) can be
thought of as a submodule of HFT(Y,s;A) = H{i > 0} ® A. The latter carries
a grading with respect to which 1 € A (= L(¢) or L(t)) carries degree 0, so we
can use this to impose a similar grading on HFT(Z x S, s A) = X(g,d) @ A.
Equivalently, we grade the latter group by lifting the natural grading on X(g,d),
induced by the standard embedding. This grading lifts the relative cyclic grading
obtained by forgetting the grading on Ry, in the definition of twisted-coefficient Floer
homology, and has the property, for example, that homogeneous summands are Ry, —
submodules. However, it is no longer the case that the action by H;(Y,) decreases
degree by 1, or is even homogeneous. We will refer to this alternative grading as the
heightin HFT(Z x ST, s5; ).

In the next section we will have occasion to consider the relative Ozsvath—Szabd
invariant of the 4—manifold X x D?, for which the following result is central.

Theorem 9.8 Consider the cobordism W from £¢ x S! to S* obtained by removing
a small 4—ball from Xz x D*. For |k| < g — 1 let t; € Spin°(W) be the unique
spin® —structure on W which restricts to s on ¢ x S'. If k =0 let A = L(¢) and if
k # 0 choose A to be either L(t) or L(t). Then the component of

Fr=Fw: HF (g x S s5p:A) - HFT(S) @ A
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mapping into the lowest-degree part H FJ (S3) ® A is given by projection onto the
summand of lowest height, corresponding to H{(0, —g)}@ A =A°H (Z)Q@U°®A C
X(g.d)y®A.

Proof We decompose the cobordism W as W = Wy U Wy U ...U W, where W is
the cobordism from T, x ST to ¥ = #28(S! x §2) obtained by attaching a O-framed
2-handle to the latter along the knot Kg. The orientation on Wj is the one that induces
the orientations dWy = —(Zg x S') LY on its boundary components. The cobordisms
W;,i=1,...,2g are obtained by the obvious 3-handle additions corresponding to the
2g 1-handles of Y.

As explained in Section 2.2, the map Fj can be calculated by separately calculating
the contribution from each of the maps Fyy, induced by W; (the spin®—structure on
W; is the restriction of tx|y; which we omit from the notation for simplicity).

The map Fyy, is just the map H from the sequence (25); it maps HFT(Z, xS1 51 A)
isomorphically onto the kernel of F'. This kernel was explicitly identified in the proof of
Theorem 9.4 and equals the image of the embedding of H{i >0 and j < —|k|}® A —
A*®Z[U1® A given by

XX +nk(Z(—tU_kJ)ex)

=1

Under the identification of HFT(Zg x S, 55; A) with H{i > 0and j < —|k|} ® A
(Theorem 9.4 and (27)), this embedding precisely corresponds to the map Fy, .

It is a simple matter to see that the homomorphism in Floer homology induced by the
composition of 3—handle cobordisms #2¢ S! x §? — S3 is given by projection onto the
lowest-degree factor (and shifting degree up by g). The result follows from the above
description of the image of HF (X x S!,s5: A) in HF T (#%*€S! x $?): indeed, the
only elements of HF1(Zg x S!,5.; A) having any component in the lowest-degree
part of HFT(#?¢S! x S?) are those in lowest height. m|

9.3 A surface cross a circle: universally twisted coefficients

It will be useful to have a small amount of information on the Floer homology of
¥ x S with “universal” coefficients, ie, coefficients in the group ring Ry, g1 . Strictly,
the material in this section is not necessary for the fiber sum theorems to follow, but we
find it conceptually helpful to understand the Floer groups in which relative invariants
take values. The result we need, Theorem 9.12 below, states that the Floer homology
HF*(Z x Sl,ﬁi(g_l); Ry, g1) is a free module of rank 1, ie, it is isomorphic to
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Ry, s1. This statement is in fact a consequence of work of Ozsvéth and Szab6 [14],
who show essentially that if Y is a 3—manifold that fibers over the circle with fiber
genus > 1, then there is an admissible Heegaard diagram for Y containing just a
single generator corresponding to the “extremal” spin structure. We give a different
argument here based on knot Floer homology in the universally twisted case, which is
useful in other situations (eg [6]).

Continuing our notation from the last section, let Y be the manifold ¥ = #%¢(S! x §2).
An easy application of Theorem 9.1 (for surgery on the unknot in S and with n = 1)
and the connected sum formula for HFT and HF (cf[11]) yields

HF #8(S' x 5%),50: Ry) = Z(_g) and HFT(#(S' x82),50; Ry) = T_¢

where 7, = Z[U,U~!]/U - Z[U] as before, graded such that the summand of lowest
degree lies in degree 1. For all spin€—structures s # so, HF T (#28(S! x S?),s; Ry)
and HF (#28(S! x S2),s; Ry) are zero, so we shall drop the spin®—structure from
our notation. Also, we shall drop the 3—manifold from our notation for the knot Floer
homology groups whenever there is not risk of confusion.

Lemma9.9 Letg>1,set Y =#%¢(S!xS?) andlet K be the nullhomologous knot
Igg_\: #8 B(0,0) C Y. Then for j € {—g,..., g}, the twisted knot Floer homology
HFK(Kg, j; Ry) is a free module over Ry having rank (ngj) and supported in
degree j, and is zero for all other values of j .

The proof of this lemma relies on a filtered version of Theorem 9.1.

Theorem 9.10 (Ozsvath—-Szabd [10]) Let K, L C Z be two nullhomologous knots
with linking number 0. Let Ko, K1 and K_; be the knots in Zy(L), Z1(L) and
Z_1(L) induced by K where Z;(L) is the result of £ —framed surgery on L. Then
for any s € Spin°(Z) and any R z—module M there are exact sequences of R z, (1)~
modules: foreach j € 7.
o> HFK(K. s, j; M)[r*'] > HFK(Ko.lsi]. j: M[r*")
— HFK (K. 5. j: M)t — -

.= HFK(K.s, j: M)[t*"] > HFK(K_y.[s¢]. j: M[t*"])

— HFK(Ko, s, j: M)[tT']—--- O
Proof of Lemma 9.9 Lemma 9.9 follows from repeated applications of Theorem 9.10

to various triples of knots; our proof is a straightforward adaptation of the Z—coefficient
proof first obtained by Ozsvéth and Szabd in [10]. We first consider the case of g = 1.

Geometry € Topology, Volume 12 (2008)



1630 Stanislav Jabuka and Thomas E Mark

The three knots B(oco, 1) — B(0,1) — B(1, 1) fit into the positive n surgery sequence
from Theorem 9.10. It is easy to see that B(co, 1) is the unknot in S3 while B(1,1)
is the right-handed trefoil. Thus

HFK(B(c0, 1), j) = { Zw) (/=0)

0 (#0)
Zoy (j=1)
and HFK(B(1.1). j) = ;:z 8 i)l)
0 (j#0,%1)

where a subscript () indicates that the corresponding module is supported in degree 7.

Using these in the surgery sequence leads to

(Rgixs2)3) U=1
(Rélxsz)(%) (=0
(Rgixs2)(—1y (G =-1)

0 (j #0,£1).
In a similar vein using the negative n surgery sequence from Theorem 9.10 for the
triple B(oco,—1) — B(—1,—1) — B(0,—1) (and observing that B(—1,—1) is the
left-handed trefoil) leads to

HFK (B(0.1), j; Rgixg52) =

(Rgixs2)y (=1
(Rélxsz)(_%) (J=0)
(Rgixs2) =3y U =-1)

0 (j #0,+1).

For our next set of surgery sequences note that B(0, 0o) is the unknot in S x S2 and
therefore

HFK (B(0,—1), j;: Rgixg2) =

2y U=0

0 (#0)
where Z is the trivial R g14g2—module. Using the negative n surgery sequence on the
triple B(0,00) — B(0,—1) — B(0,0) for j = 0 shows that

HFK (B(0,00), j; Rg1,52) = {

HFK (—1)(B(0,0),0; Ryz(g1x52)) = 0.

The positive n surgery sequence for the triple B(0,00) — B(0,0) — B(0,1) for
j = =1 leads to

HFK(B(O» 0)» j; R#2(S1><S2)) = (R#Z(Slxsz))(j) (] = :|:1)
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while j = 0 yields the sequence

0 — HFK (g)(B(0,0),0; Rip(s1x52)) = (R#ZZ(Slxsz))(_%) = (Rs1xs2)(—1)y = 0.

Let 51,5, be two generators of H!(#2(S! x §2);Z), then we can write the above as
0 — HFK (0)(B(0,0),0; Ryp(s1x52)) = L(s1, sz)%_%) EA L(s2)(_y) — 0.

where L(sy,s) is the ring of Laurent polynomials in s; and s;.

Notice that since s; acts trivially on the factor L(s,) above, f factors through a

quotient module:

L(s1.52)? 4

L(s2)

L(s1,52)* 5
Gron L1t = Ls2)

Here 7 is the map which sends a pair of polynomials (p(s1,52), ¢(s1,52)) € L(s1,52)>
to (p(1,s2),q(1,s2)) € L(s2)?. Consider f as a homomorphism between L(s,)
modules. Since f~ surjects onto the free module L(s;3), there is a splitting of the
domain of f as L(s7)? = ker ( f )@ L(s3), as an L(s,)-module (and incidentally,
ker ( ]7 )= L(s3)). Let @ and b be L(s;)-module generators for the two factors in this
splitting; then under the standard decomposition of L(s,)? we have that a = (a1, a>)
and b = (b1, by), where a;, b; are Laurent polynomials in s,. There is a canonical
lift of ¢ and b to @b € L(s1,52)%, by considering a; and b; to be polynomials in
both s, and s,. Since a and b generate L(s,)? as an L(s,) module, it is easy to see
that 7 and b generate L(s;,s,)? as an L(s,s,) module.

Put another way, we have arranged the splitting L (s, 55)? = L(sy, §2)a ® L(sy, 52)5
in such a way that f appears as the map (p(s1,52)d, ¢(s1,52)b) —q(1,s,). Therefore

ker (f) = L(s1.52) ® (51 — 1) L(s1.52) 2 L(51.52)* = (Ryzg152) 7
completing the proof of Lemma 9.9 when g = 1. The case of g > 1 follows from this

and the connected sum formula for knot Floer homology [10]. |

The results of Lemma 9.9 can be rewritten in a more concise way as follows: let M be
the free R—module of rank 2g (with R still denoting Ry = Ru2s51xs2). Then for
j=—g ....,g wehave HFK (Kg, j; R) = A8TJ M supported entirely in grading ;.

Recall that there is a spectral sequence associated to the knot filtration, whose E'!
term is HFK (Kg, j; R), and whose E® term is HF (#°8(S! x $?); R) =~ L—gy.
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Since the grading of any term in HFK (Kg, j: R) equals j, it follows that this spectral
sequence collapses at the E? stage, in particular the only nonzero differentials in the
spectral sequence are those on the E! level:

dp: AYTIM > AP M £=0,...,2g—1.

In particular, we infer that the chain complex

By
(31) 0 A28 0 2 a2e=1p BB pia B ponr g

which appears at the E! stage of the spectral sequence has homology equal to
HF #8S!' x S?;R) = Z(—g). In other words, the complex above is a (minimal) free
resolution of Z in the category of R—modules, which we will be a useful observation
for us momentarily.

As before, knowledge of the knot Floer homology of K allows calculation of the
Floer homology of large integer surgeries along Kg. We will need only the following
result; the twisted Floer homology of circle bundles is studied in greater depth in [6].

Lemma 9.11 Fix g >2 and n > 0. There is an isomorphism of Ry, ® Z[U]-modules
HF " (Yy,54(g-1): Ry,) = Ry, ®T ¢,

where T = (n — (2g —2—n)?)/(4n), and Ry, is supported in degree g —2 —t (with
trivial action by U ).

Observe that there is an identification H!(Yy;Z) = H!(Y;Z), so that Ry, = Ry .

Proof By conjugation symmetry, we may consider only the case of 5,_1. We have
HF " (Yy,54—1;Ry,) = H{i >0o0r j > g—1}.

To calculate this homology, we use the filtration induced by i + j as before to obtain a
spectral sequence with E! term HFK (#%*€ B(0,0), Ry) ® Z[U, U] (or, the portion
of this group lying in the region {i > 0 or j > g — 1}). From the work above, we can
express this as E; ! i = =AM QU™ and for dimensional reasons only the d;
differential can be nontrivial in the spectral sequence. Since d; splits as horizontal and
vertical parts as before, we can consider E! as a double complex and use a second
spectral sequence to calculate its homology. Specifically: we use the spectral sequence
that arises from the filtration of E! by the subcomplexes {i <ig}.

The first stage in this secondary spectral sequence calculates the homology of the
vertical differential. In each column 7 = ¢ with ¢ > 0, we see a shifted copy of the
complex (31) above, thus the homology of such a column is Z supported in degree
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¢ — g. The only other nonzero column is i = —1, which contains the single term
A?8 M =~ Ry in degree g—2 (and hence is equal to its homology). Further differentials
in the secondary spectral sequence must be trivial: the only possible differential would
map Z into A%€ M, but there are no nontrivial Ry —module maps of the torsion
module Z into the free module A& M . Hence the lemma follows, recalling that the
identification of HF 1 (Y,,54—1) with H{i >0 or j > g — 1} shifts degree by 7. O

Theorem 9.12 Let g > 2. The Floer homology of Yo = ¢ xS in the spin® structure
t4+(g—1) characterized by ¢ (t+(g—1)) = £(2¢—2) PD[S!] is given as an Ry, —module
by

HF" (Yo, te(g—1): Ry,) = Ry,.

with trivial action by U .

Proof As usual, we consider ty_; only. We consider the surgery sequence for large
positive surgeries, which gives rise to an exact triangle:

F

HF T (Yy,5¢-1, Ry)[t*!] - HFt(Y,s, Ry)[t*!]

HF+(Y09 tg—l ’ RY())

Here we have chosen n large enough that t,_; is the only spin® structure in the
equivalence class [s,_;] having nontrivial Floer homology, and of course s is the
torsion spin® structure on Y = #2851 x S2.

The highest-degree component of F is the 7-linear extension of the natural projec-
tion H{i > 0or j > g —1} - H{i > 0}, which is an isomorphism in all degrees
d > g—1—1, with t as in the preceding lemma. It follows that F itself is an
isomorphism in those degrees. By U —equivariance, we have that F restricts to the
factor 7_g—r C HF 1 (Y, sg—1; Ry) as an isomorphism onto 7_¢ = HF*(Y,s; Ry),
whence HF (Y, tg—1: Ry,) = ker (F). We claim that ker (F) = Ry[t*'] = Ry, .

To see this it suffices to find the kernel of F restricted to some bounded range of
degrees, where we know F' can be identified with Fy + ¢ (continuing notation from
previously). Furthermore, results of Ozsvéth and Szabé [16] show that Fy is identified
(up to chain isomorphism) with the projection

H{i>0orj>g—1}—> H{j >g—1}
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and in particular is surjective in all high degrees. Then U —equivariance of maps induced
by cobordisms implies F; (and also F() must vanish on HFr:d(Yn, Sg—1, Ryt =
Ry[tT], since Y has no reduced Floer homology. d

10 Product formulae

We can now piece together the ingredients of the preceding sections to deduce the
results stated in the introduction. The conceptual plan is reasonably straightforward: if
X = M #x M, is a fiber sum as in the introduction, then the Ozsvath—Szabé invariants
for X are given by a pairing between relative invariants for Z; = M; \ (X x D?), after
perturbing by a class n € H?(X;R) that restricts nontrivially to ¥ x S!, according to
Theorem 8.17.

To determine the relative invariants Wz, , of the pieces and obtain a formula for
OSx in terms of OSpy,, we observe that the Ozsvath—Szabé invariants of the M;
are themselves determined by the pairing between Wz, ;, and the relative invariant of
¥ x D?, again using the perturbed version of Floer theory since, even if 57 (Z;) >0, we
have b (X x D?) = 0 and Theorem 7.6 need not apply. Hence we need to understand
the perturbed relative invariant Wy, p2 ,,, as well as the relevant pairing on Floer

homology.

7",

Now, it is easy to see that the coefficient module for ¥ x S! induced by ¥ x D? (with
a 4-ball removed) is Z[K(Z x D?)] = L(t), where t € H' (X x S'; Z) is a generator
Poincaré dual to ¥ x pt. There is little choice in the perturbation 1 on ¥ x D?; namely
we take 7 to be (a positive multiple of the) Poincaré dual to the relative class pt x D2,
which has (t Un,[Z x S1]) = 1. Thus the Novikov completion of L(¢) with respect
to n is the ring L£(¢) of Laurent series in ¢.

Assuming [X] to be (rationally) nontrivial in M| and M, we can extend 5 to M;,
and consider the relative invariants of the complements Z;. In particular, if X(Z;, n)
is the module for Ry, g1 ,, induced by (Z;, 1), we are interested in the pairing

HF;7(ExS',s:K(Zi,n) @ HF 7 (—=X x S1,5: L(t)) = K(M;, = x S, 1)
EL®&E > (T (&), &)

between the perturbed Floer homologies. In fact, more specifically we are interested in
the homomorphism HF, (Z xS, s;K(Z;.n)) — K(M;, £ x S, n) induced by the
pairing above when &; is equal to Wy, 2 ,,, the relative invariant for X x D?.

Now, it is a simple exercise to see that K(M;, ¥ x S') is cyclic, generated by the
Poincaré dual of [£] in H?(M;). Since ¥ is assumed to represent a nontorsion class
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in each of M; and M,, then, we have KC(M;, X x S!,n) = L(¢). There is a natural
surjection

H' (Z xS H' (T xS

(32) p: K(Z) = HU(Z)  HW.Z)+ H(Z x D?)

~ K(M;, xS,

inducing a surjection p: KC(Z;, n) — L(t) (cf Lemma 8.2), and a commutative diagram

(7_1 (')alIJZXDZY,,)

HFE;(ZxSYK(Zi,n) - K(M;, 2 x S n) = L(t)

(33) P id

(T_] (.)"IIEXDZ,n)

HF7 (2 xS L(1)) - L(1)

(cf Lemma 7.7 and Lemma 7.8). We will see that the arrow on the bottom of this diagram
is determined essentially uniquely by algebraic considerations. Hence, determining the
pairing mentioned above is equivalent to understanding the change-of-coefficient map
px, and the relative invariant Wy, p2 .

Naturally, we cannot hope to do better than determining these objects up to a unit
in £(¢). Since units abound in a power series ring, this is not necessarily sufficient.
However, we know that all the algebra we must use in the context of Novikov rings is
induced from corresponding algebra over ordinary group rings: that is, the perturbed
case is an obvious Novikov completion of the unperturbed case. Since L(z) has many
fewer units than £(¢), this is a useful observation: we work initially in twisted, but
unperturbed, coefficients.

10.1 Relative invariants in case g =1

Let M be a closed 4—manifold with ™ (M) > 1 containing a smoothly embedded
torus 7 < M with trivial normal bundle. We assume that [7] is an element of
infinite order in H,(M). Write T x D? for a tubular neighborhood of 7', and let
Z = M \ (T x D?) be the complement of this neighborhood. We wish to understand
the relationship between the Ozsvath—Szabd invariants of M and the relative invariant
of Z. If b¥(M) = 1, we will be interested in the invariant Opr,rxs1,n» Where
ne€ H?(M;R) is a class that restricts to 7 x D? as a nonzero multiple of the Poincaré
dual of the relative class [pt x D?].
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Recall the following result of Ozsvath and Szabd.

Theorem 10.1 (Ozsvath—Szabé [9, Proposition 8.5]) The twisted Heegaard Floer
homology HF(T?,s; Ry3) is trivial unless s is equal to the unique spin® structure
so with cy(sg) = 0. In this case, there is an isomorphism

HFY(T?,50; Ry3) = Tp 5  ker(e),

where 7T/, is the Z[U]-module Z[U, U~11/U -Z[U], graded so that its homogeneous
summand of least degree lies in dimension 1/2, and

e Rps =Z[HY(T?)] - Z

is the augmentation homomorphism that maps each element of H'(T3) to 1. In the
above, ker(¢) lies in degree —1/2.

In particular, the reduced Floer homology H Fr:d(T 3,50: Rp3) in the fully-twisted
case is equal to ker(e), lying entirely in degree —1/2.

Proposition 10.2 Let Z = M \ (T x D?) be the complement of an essentially
embedded torus in a 4—manifold as above, and let K(Z) =ker(H?*(Z,0Z) — H?*(Z))
as usual, so that K(Z) = H'(T*)/H'(Z). Then HF;' (T? s0: ZIK(Z)]) = 0 if
k < —1/2, and there is an isomorphism

HF, ,(T? 50: ZIK(Z)]) = ker(e) ® g, , ZIK(Z)].

The change-of-coefficient map psx: HF (T3 ,s0; Z|K(Z)]) = HFT(T?3,s0; L(2)) is
given by the natural map

id ® p: ker(e) QR Z|K(Z)] — ker(e) QR s L(1)

Proof For an Rps—module M, there is a “first quadrant” universal coefficients
spectral sequence converging to HEFV(T?3,sy; M), which has E, term equal to
Tor / (HFi+(T3; Ry3), M). In particular, the group in lowest total degree in the
E, term is

TorO(HFjl/Z(T3; Rp3). M) = HF_+1/2(T3; Ry3) ®@ M =ker(e) @ M.

From the structure of the differentials in the spectral sequence this group must survive
as the lowest-degree part of Eo, which proves the first statement.

If p: M — M’ is a module homomorphism then we get a corresponding map of
spectral sequences, for which the map on the £, term is id ® p on the j = 0 row.
The second statement of the theorem follows as before, since we consider only the
bottom-degree groups. O
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Note that although the fully-twisted Floer homology for 73 in dimension —1/2 is
precisely equal to the reduced Floer homology, the same is not true in other coefficient
systems (indeed, with untwisted coefficients, the reduced Floer homology is trivial).
For example, in Section 9.1 we found that there is an isomorphism

HF_+1/2(T3,50; L) =ker(e) @ L) =Z ®Z & L(1),

and in this decomposition only the L(¢) factor lies in the reduced Floer homology.
However, there is a natural projection HFt — H Frjd for any 3-manifold and any
coefficient module. When we apply p+« we often implicitly compose with this projection
without including it in the notation, and hope this will not cause confusion; note that
this problem disappears when we pass to perturbed Floer homology.

In the special case K(Z) = H'(T?) (equivalently, the restriction H!(Z) — H(T3)
is trivial), we can identify the change-of-coefficient map (in reduced Floer homology)
with the surjection

H: ker(e) — L(¢)
a(l,1,t
a(r,s,t) — (—1)
Indeed, thinking of Z[K(Z)] = Rys as the ring of Laurent polynomials in three
variables r, s, t, we have that ker(e) is the ideal generated by the three elements r — 1,
s—1,and ¢t —1. In particular, if a(r, s, t) € ker(e), then a(1, 1,¢) is divisible by t —1;
the given map is uniquely determined up to units in Ry3.

With this understanding of the change of coefficients in the unperturbed case, we
can now introduce a perturbation 7. As before, we choose any n € H?(M;R) such
that the restriction of 1 to T2 x D? is Poincaré dual to pt x D?. To understand
the relative invariant W2, D27 observe first that HF +(T3, s; M) is trivial for any
Ry3—module M unless s = s, the unique spin® structure with ¢y (s9) = 0. Thus
from now on we consider only spin® structures on M that restrict to so on 73, which
means also that ¢ (s)| 25 p2 = 0. It is straightforward to see that in the fully-twisted
case, HF Y (T3,50; Rr3 ) = R73 5, using Lemma 8.4 and Theorem 10.1.

Consider the complement Z = M \ (T'? x D?) as a cobordism S* — T'3 by removing
a 4-ball (we still use the symbol Z for this cobordism). In this situation the diagram
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(17) becomes

o
HF~(S%) —% HF (T3 Z[K(2Z))

&\ l*
e
D
HF; (T K(Z, n)),

where i, is the homomorphism induced by the natural map i: Z[K(Z)] - K(Z,n).
If K(Z)= H'(T3) (eg, if the complement of 7" in M is simply connected), then in
the lowest nontrivial degree, iy is a map ker(e) — Rp3. This is induced by the natural
homomorphisms

HF (T* Rp3) — HF (T?; Rp3) ® R73
— HF (T*; Rps @ Rr3 ) — HF, (T Rr3 )
[x] x]®1

[x ®1]

so we can think of i, as the homomorphism mapping a Laurent polynomial a(r, s,t) €
ker(e) into the Laurent series ring R73 5 by the natural inclusion.

Continuing to assume that K(Z) = H'(T?3), we consider the diagram

HFZ (T Rps) —— L(1)

i
v

(34) HFY (T3 Rys ) — L)

HF*, (T3 L))

where the upper arrow is a — (a, F;szz((@_)), and the middle arrow is b +—
(b, ¥r2yp2 p)- In the unperturbed case, we have

(a, F;szz((@_)) = (p«(a), F;sz2(®_)> = (F;:le)z(:o*(a))’ 07)

where p4 is the projection to L(#) coefficients. We know that in L(¢) coefficients,
F ;_ZX D2 induces a surjection to L(¢) (see the discussion at the end of Section 9.1).
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It follows from (the unperturbed analog of) (33) and Proposition 10.2 that the upper
arrow in (34) is given by

avr>{a, F.

T2x D2 (©7)) = H(a),

where H: ker(e) — L(¢) is the homomorphism introduced above.
On the other hand, if we think of @ € ker(¢) as a Laurent polynomial a(r,s,t)
then ix(a) = a. The coefficient-change map py: HF (T3, R73 ) = Rr3n —
HFT(T?;L(t)) = L(t) is necessarily the reduction b(r,s,t) — b(1,1,t), so that
p*(l*(a)) = a(lv 19[)
Thus, W2y p2 (1) is a generator of HF__I/Z(T3; L(1)), satisfying the property that
for a(r,s,t) € ker(g),
a(l,1,1)

-1
up to a unit in L(¢). Identifying HF:—LI/Z(T3; L(t)) = L(t), the diagonal arrow in the
preceding diagram can be taken to be multiplication by Wz2, p2 ,(1). We conclude:

(@, W2y p2 y(1)) = H(a) =

Proposition 10.3 The relative invariant W2, p2 , can be identified with the map
A(T? x D?) — HF~(T?3,s0; L(t)) = L(t) whose value on the element 1 is

1
(35) Yr2xpzy(D="—
up to multiplication by +t", and which vanishes on elements of A(T? x D?) having
nonzero degree.

Let M be a closed 4—manifold containing an embedded torus T with trivial normal
bundle, and n € H*>(M ;R) a class with an > 0. Let s be a spin® structure on M ,
and write Z = M \ (T x D?). If {c(s),[T]) # 0, then the relative invariant ¥z ,
and the closed invariant @ps 7 51 , . both vanish.

If {¢1(s),[T]) = 0, then the relative invariant ¥ z ,, . takes values in the Novikov ring
K(Z,n). Furthermore, the value of the perturbed Ozsvath—Szabo invariant on a class
o) @, withay € A(Z), ap € A(T? x D?), is given up to multiplication by +t" by

Opr 31 ®0n) = (1717, (1), Wr2y p2 p o(@2))

_1 .
- t_llo(\pZ,n,s(al)) ifoy, =1

0 otherwise,

where p is the natural map K(Z,n) — L(t) induced by the projection K(Z) —
KM, T3 =7Z.
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Note that since 7 is defined on all of M, the fact that the induced homomorphism p is
well-defined follows from Lemma 8.2.

Proof First, observe that since the Floer homology HF, (T?3,s; M) is supported
entirely in degree —1/2 for any R73 ,—module M, the elements of A(7T2 x D?)
having nonzero degree must act trivially. Thus, only Wr2, p2 (1) can be nontrivial.

If HY(Z)— H'(T?) is trivial, then K(Z, n) = Rr3,, and the result follows from the
preceding discussion. In the general case, observe that since HF; (T3, s; Rr3p) =
Rr3,y is free over Rr3 5, we have

HF,(T?,50; K(Z, 1) = R13,5 ®ryp3,, K(Z, 1) = K(Z, 7).

Thus the last statement of the proposition follows from (35) and (34). O

10.2 Relative invariants in case g > 1

We follow an outline similar to the previous subsection; as before, we begin with
twisted but unperturbed coefficients.

Let X < M be an embedded surface of square 0 and genus g and s € Spin°(M) a
spin® structure. We have seen that unless ¢;(5)|xg1 is Poincaré dual to 2k[pt x S!]
with |k| < g—1, the Floer homology HFt(ExS!,s; N) =0 forany Ry, g1-module
N (and similarly after perturbation), forcing @ps 51y 51 5 o = 0 for such 5. Thus we
suppose that the restriction of s has the indicated form; we write s for the spin®

structure on ¥ x S with ¢;(s;) = 2k PD[S].
The following is an easy consequence of Theorem 9.12, together with the universal
coefficients spectral sequence.
Lemma 10.4 Let N be a module for Ry, g1. Then when |k| = g — 1, we have an
isomorphism

HF (xS s4;N)=HF (£ xS 5;N)=N.

If Z = M \ (X x D?) is the complement of a surface representing a class of infinite
order in Hy(M ;Z.), then the homomorphism

px: HF'

red

(xS, s Z[K(Z)])) - HEF(Zx S, s1; L(1))

is equal to the projection p: Z[K(Z)] — Z[K(M, X x S = L(1).
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Applying a perturbation 1 € H?(M ; R) restricting as a positive multiple of the Poincaré
dual of [pt x D?] on ¥ x D? as before, we obtain the following, which describes the
relative invariant of ¥ x D? for general k, and gives the analog of Proposition 10.3 in
higher genus for |k| =g —1.

Proposition 10.5 For the spin structure s; on X x D? with ¢ (s) Poincaré dual to

2k[pt x D?], the relative invariant Wy p2 , ., is a linear map

A(Ex D?) — HF; (S xS, s1: L(1))

(1) Iies in the summand of maximal height (cf Remark 9.7).
(T x St 551 L(t)) = L(t) such

whose value Wy, p2 , o,
Furthermore, there is a natural identification HF_,

® top
that
(36) sy p2pe (D) =1

up to multiplication by £¢". More generally, if & € A(Z x D?) then U« p2 4.5, (@) =
a.1, where the right hand side makes use of the action of A*H{ (2 x S';7Z) ® Z[U]
on HF; (X x S, sx: L(1)).

Let Z: S* — X x S! be a cobordism and n € H*(Z;R) a class restricting to ¥ x S'!
as a positive multiple of the Poincaré dual of pt x S'. Let s be a spin® structure on Z
restricting to the spin© structure s on X x S, where |k| = g—1. Then ¥z , , takes
values in the Novikov ring K(Z, n).

Finally, let M be the closed manifold obtained by gluing ¥ x D? to Z, and filling in
the other boundary component of Z by a 4—ball. Extend n across ¥ x D* and B* to
give aclass n € H*(M;R). For a spin® structure s with ¢{(s)| 5y p2 Poincaré dual to
+(2g —2)[pt x D?], the value of the perturbed Ozsvith-Szabé invariant @ M,ZxS1 .5
ona; ®a € A(Z)®A(T? x D?) is given by

Opp x5t (01 @) = (171 W7 (1), Usyp2 p o(@2))

_ [ p(¥zps(en) ifar =1
0 otherwise,

where p is the natural map K(Z,n) — L(t) induced by the projection K(Z) —
KM, 2xSHh=Z7.

Proof We have seen that the homomorphism Ff:LxDz,sk: HFT(Ex D?,s: L(t)) —
HFT(S3;£(t)) can be identified with the projection of X(g,d) ® L(t) onto the
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summand having minimal height. Combining this with the preceding lemmas, we have
that for x € HF ™ (Z x S, s1:K(Z, 1)),

(%, Fyxpn e (07)) = (Fibxpa e, (x).07) = { g(x) i}féf\zi?is minimal height
The analog of diagram (34) with ¥ x S! in place of 7'3 implies that VsxD2 g6 (1) =
Fs D2y, (©7) is aclass pairing with x to give p(x) when the latter has minimal
height, and 0 otherwise. It is not hard to see that the pairing between HF™ and
HF™ can be nontrivial only on elements of complementary height, and we have seen
(Theorem 9.4) that the summands in minimal and maximal height in the Floer homology
are HFngt(E x St sp: L(t)) = L£(t) and HF, (2 x S sp: L(t)) = L(t). Hence the
L(t)—valued pairing between these groups must be given by multiplication of Laurent
series (up to a unit in L(¢), since the pairing is induced from the unperturbed situation).
The above can therefore be interpreted as the statement that Wxx p2 5, (1) = 1.

Since A(Z x S') = A(Z x D?) is surjective, the statement YsxD2 g6 (@) = 0.1
holds by the naturality of cobordism-induced homomorphisms under the action of Hj.

The remaining statements follow from the preceding lemma, together with (36). O

The expression of the relative invariant Wz , ; where ¢ (s)|5x g1 = PD(2k[pt xS 1)
with |k| < g —1 is somewhat more complicated; in principle it may take as a value any
element of the Floer homology HF, (X x S, s;:K(Z,n)), which in the case at hand
is not a cyclic module. However, it is still possible to express the relative invariant for
Z (after applying p) in terms of the absolute invariants for M . To do so, we make
use of the structure of the Floer homology of ¥ x S! deduced previously.

First, recall that the graded group X(g,d) is equipped with a “standard” action of
A*H(X) ® Z[U]. In fact, suppose Bg 4 = {f} C X(g,d) is a basis for X(g,d) asa
free abelian group, with each 8 a homogeneous element. Then it is easy to see that
there is a uniquely determined collection of elements {,g }CA*H{(X) ® Z[U] (lying
in degrees < 2d) with the property that 8N B/ = Spp -1 for B, B’ € By 4, where N
is the standard action, § gy 1s the Kronecker delta, and 1 denotes a fixed generator in
lowest degree for X(g,d).

We have seen in Theorem 9.4 that there is an isomorphism HF; (X x S, s5: L(t)) =
X(g.d) ® L(t), and furthermore that the action of A*H;(Z x S') ® Z[U] agrees
with the £(¢)-linear extension of the standard action to leading order in ¢ (and that
the class pt xS acts trivially). Suppose first that k& # 0, so that the variable ¢ carries
a nonzero degree. The pairing (-,-) between HF;" and HF, is nontrivial only on
elements of complementary height, and is induced from the untwisted pairing since
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in our situation the twisting is trivial. Writing & for the generator in maximal height
given by Wsxp2 5 ¢, (1), it follows for dimensional reasons that if the degree of B is
equal to the height of x € X (g, d), then

(t71(B.x),E) = (t71(BNx),E)

(identifying x with x ® 1 € X(g.d) ® L(t) = HF~(Z x S',sx; L£(1))). Indeed, it
follows from Theorem 9.4 and Remark 9.5 that we can write

Bx=F0x+) " pu(B.x)

n>1

for some elements pj, (,g ,x) € X(g,d). Since E .X is homogeneous (with respect to the
7 grading in which ¢ carries degree —2k ), we infer that the p, (,g ,x) lie in degrees of
X (g, d) other than that of B N x. That is, these elements carry different height from
E N x, and hence pair trivially with E.

On the other hand, if & = 0 then corrections to the H; action E .X appear in the same
height as E N x. Since the action is standard to leading order in ¢, however, we can
say that for basis elements f,y as previously the action satisfies E .y =0p,ugl(t)-1,
where ug € L(t) is monic (in the sense that the coefficient of the lowest power of ¢ is
1, cf Remark 9.5) and hence a unit in £(¢) (here we observe that if ,g Ny =0 then
also ,g .y =0). When k = 0, then, the above becomes

(7' (B.x), E) =ug(r™"(BNx), E).

Now suppose £ is an element of a given height in HF, (xS, s;: £(¢)). Then fixing
the basis Bg 4 = {B} as previously, we can express & in terms of {8} by

Y (rTl(BE).E) B ifk#0
B
Y (T BE.B)-up' B itk =0,
B

where the sum is over basis elements 8 having the degree equal to the height of &, and
we have chosen the lowest-height generator 1 for X(g,d) such that (z~1(1), ) = 1.

Applying this idea to the case § = p(¥z , s(r1)) leads to the following.
Proposition 10.6 Let M be a closed 4—manifold containing an embedded surface X%
of genus g > 1 and trivial normal bundle, and n € H*(M ;R) a class with fz n>0.

Write Z = M \ (X x D?), and let s be a spin® structure on M restricting to sj on
xSt
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If 0 < |k| < g — 1, then for an element o € A(Z), the reduced relative invariant
Pz y.s(@)) is given in terms of a basis {B} for HF, (X x S1 sp: L(1)) by

PVZ0s(@) =) Oprsist y(@®B)-B,
B

where {E} C A(Z x D?) are elements dual in the above sense to the basis {B}. If
k =0, then
PVZys(@) =) Oprsxstns(@®P)-ug' B,
B
where ug € L(t) are units depending only on the basis {}.

In the expressions above, o ® E is shorthand for the image of that element under the
natural map A(Z) @ A(X x D?) — A(M).

Proof When k # 0, we expand p(¥z , s()) in the basis B as indicated previously:
P(Wzps@) =Y (7 (B.p(¥zys@). E)-B
B
=Y (—D)*EB (T (p(Wz p o(@))). B.E)-B
B

= S D)% (T (oW 7 (@), Wsxp20,e (B)) - B
B

=Y Opr x5t @@ B) B,
B

up to an overall sign and translation by a power of ¢, where we sum only over those
B whose degree is equal to the height of p(Vz , s(«)). The case k = 0 is identical
except for the introduction of the elements uEl . |

10.3 Fiber sum formulas

A minor technicality in deducing the formulae in the introduction is the presence of the
orientation-reversing gluing map in the fiber sum construction. We will have occasion
to refer to the map in Floer homology induced by this diffeomorphism, so we make a
few basic observations.

First, if /Y — Y’ is an orientation-preserving diffeomorphism between 3—manifolds,
we can construct the mapping cylinder Cy = (Y %[0, 1]) Uy (Y’ x {1}) in the usual way,
which we can view as a smooth cobordism Y — Y’ of oriented manifolds. The action
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of f on Floer homology is by definition the homomorphism F gf in Floer homology
induced by Cy. We will normally write this action as f.

It is easy to see from basic properties of the cobordism maps that if 4 € H{(Y) then
for x € HF°(Y) we have fi(h.x) = fx(h). fx(x). In twisted coefficients, there is an
isomorphism fi = (f~1)*: Z[H' (Y;Z)]|— Z[H'(Y'; Z)], and for o € Z[H (Y ; Z)]
we have fi(ax) = fi(®) fx(x). A similar statement holds in the perturbed case, if ¥
is equipped with a class 7, € H?(Y;R) and we take 7, = (f~1)*n;.

In the case of a fiber sum, we are given two closed 4-manifolds M;, M, with
embedded surfaces X, ¥, of genus g and square 0. Write Z; = M; \ (Z; x D?),
so that 3Z; = ¥ x S'. Then we choose an orientation-preserving diffeomorphism
between X; and X,, extending it to X; x S! by conjugation in the S! factor. The
result is an orientation-reversing diffeomorphism f: dZ, — 07, and the fiber sum
is defined to be X = Z; Uy Z,. To make the gluing f more explicit, replace Z;
by Wy = Z, Uja Cr. Then X = Z; Uiy W5, and the relative invariants of W, and
Z, are related by Wy, = fxWz,, according to the composition law. Thus both ¥z,
and Wz, naturally take values in HF, (X xS 1) (with appropriate coefficients), while
Wy, takes values in HF, (—X x Sh.

Note that in certain situations, the above observations are sufficient to determine the
action of fy. For example, if the genus of X is 1, then the reduced part of HF ™ (X x
S1: L(¢)) is isomorphic to L(t), where ¢ is Poincaré dual to the torus X. Since the
action of f* in cohomology reverses the sign of the latter class, linearity of the induced
map in Floer homology forces fix: HF,_ (X x St L(t)) — HF_ (=X x St L(1)) to
be the conjugation map L(t) — L(1), up to multiplication by +¢". Hence, the same
conclusion follows in perturbed Floer homology, using a class n € H*(ZxS!;R) fixed
by f*, eg, the Poincaré dual to [S!]. A similar conclusion holds when considering
the action of the gluing map in higher genus, if we restrict attention to the highest (or
lowest) nontrivial heights in the perturbed Floer homology.

The fiber sum formula in the genus 1 case is as follows.

Theorem 10.7 Let X = M, #r,—1, M, be the fiber sum of two 4—manifolds M,
M, along tori Ty, T, of square 0. Assume that there exist classes 1; € H*(M;;R),
i = 1,2, such that the restrictions of n; to T; x S' C M; correspond under the gluing
diffeomorphism f: T, xS' — Ty xS, and assume that fTi ni>0.Letne H*(X;R)
be a class whose restrictions to Z; = M; \ (T; x D?) agree with those of n;, and choose
spin® structures s; € Spin(M;), s € Spin®(X) whose restrictions correspond similarly.
Then for any o« € A(X'), the image of a; @y under the map A(Z1)RQA(Z,) - A(X),
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we have

1/2 —1/2N\2
POy x5t pa@) =2 =172 @p 151 p o (@) Opgy Tt s, (@2)

up to multiplication by +t".

Note that the closed invariants @y 1,551 p. ; €ach take values in £(7), where ¢ is

sNi »Si

the appropriate generator of K(M;, T; x S'), and the multiplication takes place in that
Laurent series ring.

Proof By definition,
Ox 7351 7.6(@) = (T (W2, 11,6 (@1)). Wy 5.0 (@2)),

where W, = Z; U Cy as in the remarks above. Applying p to each side, we see

POy, 7xs1,0,6(0)) = (T p(¥ 2, 11,60 (@1)s fxp(W 250,05 (¢2)))-

Since fxp(V 25,95, (@2)) = p(¥ 7, 05,5, (@2)), the theorem follows quickly from this,
Proposition 10.3, and antilinearity of (-, -). Observe that the pairing in Floer homology
of T'x S can only be multiplication, up to ¢, since the modules are cyclic. O

The higher-genus case is similarly easy, after some preparatory remarks. Recall that
given a (homogeneous) basis {f;} for X (g, d), we obtain a “dual” collection { ,g,-} of
elements of A(X) = A*H{(X) ® Z[U]. This dual basis is defined by the condition
that ,E,- N Bj = §ij, where N is the standard action of A(X) on X(g,d). The dual
basis satisfies (77! (,8 j-Bi), E) = 6ijui, where E is the usual topmost generator of
HF (=X x S, s3: L(1)), ,8] .Bi denotes the action of A(X) on Floer homology,
and u; is a unit in £(¢) that equals 1 unless & = 0. Furthermore, the basis {ﬂ,} is
unique if we specify that it is contained in the subgroup X (g.d)= EB?:O AH (Z)®
ZIU) U4+ c A(D).

If {ﬂ,} is the “Kronecker dual” basis, we can find a “Poincaré dual” basis {f;} for
X(g.d), namely B7 = ,3, N (1 ® U~4), where we think of 1 ® U™ as a topmost
generator for the Floer homology X (g, d)® L(t) = HF7 (£ xS, s;; L(t)). We could
also say that 87 is the leading order part (in #) of ,gi.E , except that in our conventions,
E is a generator for HF; (=X x S, s3: L(¢)).

Associated to the basis {ﬂ }, of course, there is a dual {,B }, generating a subset of
A(X). This set satisfies ,3 ng; = ,3 ﬂﬂj NIU ) = 8ij -

With these conventions in mind, we have the following.
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Theorem 10.8 Let X = M, #yx,—x, M, be the fiber sum of two 4—manifolds M,
M, along surfaces ¥, ¥, of genus g and square 0. Let ny, n,, n be 2—dimensional
cohomology classes satisfying conditions analogous to those in the previous theorem,
and choose spin® structures sy, $,, and s restricting compatibly as before. If the Chern
classes of each spin® structure restrict to ¥ x S as a class other than 2k PD[S!]
with |k| < g — 1 then the Ozsvdth—Szabé invariants of all manifolds involved vanish.
Otherwise, writing f for the gluing map ¥, x S! — ¥ x S, we have

P(Ox 5351 7,s(X))

= Z®M1,lesl,m,sl (a1 ® E) '®M2,22><Sl,r]2,52 (2 ® f*_l(go)) ‘up
B

up to multiplication by +t". Here {f} is a basis for HF; (xS, sx; L(t)) associated
to a basis for X(g,d), d = g —1— k|, and {$} and {B°} are the dual elements of

A(X) described above. The elements ug € L(t) are units that are equal to 1 unless
k=0.

Proof As in the previous theorem,

/0(®X,EXS1,7/,5(O[)) = <I_110(\IJZ1,771,51 (al))v f*p(\p22,n2,52 (Olz)))

Applying Proposition 10.5, this is

<T_1 ZQBMl’ElXSlJ]lsEI (al ®’3i).ﬁi’ f* ZQBMz,ZzXSl,T]z,SZ(az ®7j)yj>
i J

for bases {f;} and {y;} whose relationship will be determined momentarily. As before,
J+ is conjugate-linear in £(¢) and the pairing is also conjugate-linear in the second
variable. Hence the above is equal to

D Opry 5y xS ey @1 ® B) Opty 50551 030 (@2 ® T(TH(B). S5 (1))

iL,Jj
Choose the basis {y;} by setting y; = f*_l(ﬁ]‘.’); from this it is easy to see that
(VB fx(v})) = 8ij ug,,and y; = f*_l(ﬂj‘.’). The result follows immediately. O

Suppose now that each of M, M,, and X have b* > 2, so that Theorem 8.17 applies
to identify the perturbed invariants @ with the usual Ozsvath—-Szabé invariants .
Assume also that s € Spin®(X) restricts to a nonzero multiple of PD[S'], ie, k # 0
in the theorem above. The coefficient change p sums the coefficients of Oy 5, g1
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corresponding to spin® structures differing by rim tori, so since k # 0, Theorem 10.8
translates to the equation

Yoo (@' = " Bagy et @@ B) Pagy ey tnan (02 ® £ (BO)) 1M,
n

Bni,nz

where #; is Poincaré dual to the class of X; in M;, and ¢ is simultaneously the dual of
Y in X and the formal variable in £(¢). The above holds after possibly a multiplication
by a power of ¢; thus equating coefficients yields the formula

XMy = D Py et (@ ® B) Pasy sy oy (@2 ® £ (%)
B

ni+nz=nyg

for some fixed integer ng.

Now, if {,g } is a basis of homogeneous elements, it is not hard to see that {E°} are
likewise homogeneous of complementary degree. Specifically, if deg(ﬁ) = m in
X(g.d) C A(Y) then deg(,g°) =2d —m (as usual, d = g — 1 — |k|). Thus in the
above formula, we have

deg(a; ® B) +deg(ar ® f5 '(B°)) = deg(er) +2g —2—2|k].

On the other hand, if a spin® 4—manifold (N, t) has @y (§) # 0 for £ € A(N)
then we must have deg(§) = d(r). Substituting this in the above and using ¢(X) =
o(My)+0(M;) and e(X) = e(My) + e(M,) +4g —4 gives

(37) i (s) = ¢ (s1 +nity) + i (52 + nat) + 8k|.

When k = 0, of course, changing s; by multiples of # does not affect the self-
intersection so that (37) holds in that case as well.

This observation motivates the following “patching” construction producing elements
of H?(X;Z) (modulo rim tori) from certain pairs of elements in H?(M;;Z). We find
it easiest to describe this construction in homology rather than cohomology; the coho-
mological version is obtained by Poincaré duality. Suppose, then, that x; € H,(M;)
and x, € Hy(M,) are integral homology classes, represented by embedded surfaces
also denoted x1, x;, and assume that x;.%; = m for i = 1,2. Let p: Hy(M;) —
H>(Z;,0Z;) denote the composition of the natural map H,(M;) — H,(M;, X; x D?)
followed by the excision isomorphism of the latter group with H,(Z;, dZ;) where
Z; = M; \ int(Z; x D?). Consider the long exact sequence for X = Z; Uy Z,:

---—)Hz(EXSl)—>Hz(X)—)Hz(Zl,BZI)@Hz(Zz,aZZ)—)Hl(Exsl)—>---
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The condition on x;.%; and the fact that the p(x;) are restrictions of classes on the
closed manifolds M; imply that there exists a lift x € Hy(X) of (p(x1), p(x2)),
uniquely determined up to the image of H,(Z x S1).

Choose the surfaces x; to intersect X; x D? in a collection of normal disks; at the
expense of increasing the genus of the x; we may assume that there are exactly |m|
such disks. Then removing ¥; x D? from each of M;, M, and gluing we can obtain
a smooth surface representing the lifted class x. It is clear that x has x.3 = m, and
furthermore by using pushoffs of the x; that are disjoint from the normal disks in
¥; x D? we see that the self-intersection of x satisfies x2 = xl2 + x%.

Now let x; * X, = x 4 2eX, where ¢ is the sign of m. Then the self-intersection of
X1 % Xy 1S
(xq * x2)2 = xf +x§ + 4|m|,

and moreover the class x; * x, is determined by this condition up to addition of
elements of H,(X x S')/[Z], in other words, up to rim tori.

The multiplication in Theorem 1.1 is the Poincaré dual of this patching construction;
the proof of that theorem is immediate from Theorem 10.8 and the remarks leading to
(37). Theorem 1.4 follows similarly from Theorem 10.7.

11 Manifolds of simple type

Corollary 1.2 is an easy consequence of the fiber sum formula. Indeed, if M; and M>»
have simple type, then the only contributions to the right hand side of (1) are those
in which oy, a,, B and S° have degree zero. Hence o = ¢y ® o also has degree 0,
showing that p(@yx 4()) = 0 unless deg(e) = 0, which is the first statement of the
corollary. Furthermore, since 8 and 8° have complementary degree in X (g,d), their
degrees can both be 0 only if |k| = g — 1, which gives (2).

In the case of a 4—manifold containing a torus of square O, we have the following
analog of a result of Morgan, Mrowka and Szabd [7] in Seiberg—Witten theory. Recall
that a 4-manifold X containing a surface X is said to have A(X)-simple type if
all Ozsvath—Szabé invariants of X vanish on elements of A(X) lying in the ideal
generated by U and H{(X).

Proposition 11.1 Suppose X is a closed 4—manifold with b™(X) > 2 containing
atorus T C X of self-intersection 0 representing a class of infinite order in Hy(X).
Then X has A(T)-simple type.
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Proof By Theorem 8.17 we can write

®X,T3,n,5(a) = (T_llIIZ,n,s(al)’ \IszxDz,n,s(QZ))v

for suitable perturbation 7, and we may assume that s|2, 2 = ¢, the torsion spin®
structure. If @ = o’ -y is in the ideal generated by A(T'), where o’ € A(X) and
ar € A(T), then we can take oy = o’ and o, = ar. But U2y p2 e @T) =
ar.Vr2xp2 5.5 (1), and the relative invariant W72y p2 5 5, (1) lies in the only nontriv-
ial degree of HF (T3, 5¢; L(¢)). Hence if degar > 0 we have ar. W24 p2 p o (1) =
0 and the result follows. |

Note that the proof applies also to 4—manifolds with b (X) = 1, if we consider
only the perturbed invariant @y r3 , . relative to the decomposition of X along the
boundary of a tubular neighborhood of the torus.
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