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Gromov—Witten invariants of blow-ups
along submanifolds with convex normal bundles

HSIN-HONG LAI

When the normal bundle Nz, y is convex with a minor assumption, we prove that
genus—0 GW-invariants of the blow-up Blz X of X along a submanifold Z, with
cohomology insertions from X, are identical to GW—invariants of X . Under the
same hypothesis, a vanishing theorem is also proved. An example to which these two
theorems apply is when Nz, x is generated by its global sections. These two main
theorems do not hold for arbitrary blow-ups, and counterexamples are included.

14N35; 53D45, 14E05

1 Introduction

In [28], Y Ruan proposes naturality problems of quantum cohomology rings under
birational surgery. GW-invariants are also used to classify symplectic manifolds
in a symplectic birational geometric program in the work of Hu-Li—Ruan [14] and
McDuff [27]. Recently, there has also been substantial progress in the crepant resolution
conjecture, which roughly says the quantum cohomology is preserved by the crepant
resolution after analytic continuation and some changes of parameters. On the other
hand, the blow-up formula for GW-invariants is known only for very few cases. Let
7: X = X be the blow up of X along the submanifold Z. A natural question is if the
induced genus—0 GW-invariants of X coincide with the GW—invariants of X . That
is, if o; € H*(X) and B € H>(X), do we have

(1) (e, ), g = ()

When formulated in this generality, the answer is negative (see Bryan—Karp [3, Remark
9] or Example 4.16). In the work of Gathmann [9] and Hu [12; 13], the answer to
Question (1) has been shown to be true in some cases, where dim Z < 2 with various
assumptions, including the requirement that cohomology insertions are supported away
from Z when dim Z = 2.

In this paper, we will show that if the normal bundle Nz, x is convex with a minor
assumption, then the answer to Question (1) is also affirmative. This provides examples
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2 Hsin-Hong Lai

where dim Z can be any number without assuming cohomology insertions are supported
away from Z . First recall the definition of a convex bundle:

Definition 1.1 A vector bundle W over a manifold Z is called convex if and only if
H'(P!, f*W) = 0 for any holomorphic map f: P! — Z.

A vector bundle which is generated by global sections is automatically convex. Recall
that a vector bundle is generated by global sections if and only if the vector bundle
is the quotient sheaf of a trivial bundle. For example, the vector bundle @ O(a;) for
nonnegative a; is generated by global sections. In this paper, we consider two classes
of submanifolds Z C X.

Definition 1.2 A connected submanifold Z C X is of type I, if the following two
conditions are satisfied:

(1) Nz,x is aconvex bundle over Z.

(2) There is a subbundle F in Nz,x with rank rk(F) > 2, and F is generated by
global sections.

An example of type I'is when Nz, x is generated by global sections.

Definition 1.3 A connected submanifold Z C X is of type II, if every holomorphic
map f: P! — Z must be a constant map.

For example, Z is of type Il if Z is a product of higher genus curves or abelian
varieties. Our first main result is the following:

Theorem 1.4 Suppose each connected component of the submanifold Z =|[; Z; C X
is of type I or type II. Let V be a vector bundle over X, and ¢ be an invertible
multiplicative characteristic class. Then we have an equality of genus—0 twisted
Gromov—Witten invariants

(o, ’O‘n>oX,;f,’,;/ = (nm*oy, ,n*an)(‘)‘;’:’:!;V, where a; € H*(X) for all i.
Given an arbitrary projective manifold X', Example 4.12 provides several ways to find
a submanifold Z C X, so that Nz, x is generated by global sections. This is the major
source of examples to which Theorem 1.4 applies. Type I and type II cases cover most
cases when Nz, x is convex. We speculate that Theorem 1.4 holds as long as Nz, x
is convex without any additional assumptions. Convexity of the normal bundle is a
critical assumption in Theorem 1.4. This is illustrated by Example 4.16, which has the
following properties:
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Gromov-Witten invariants of blow-ups along submanifolds with convex normal bundles 3

(1) The submanifold Z C X has enough freedom to move inside X', so that Z can
avoid any finite collection of holomorphic curves.

(2) The moduli spaces of X and X are both smooth and birational to each other.

(3) The difference of (pushdown) virtual classes has nonzero contribution to GW—
invariants. Therefore the conclusion of Theorem 1.4 does not hold in this case.

In this example, the nonconvex part of the normal bundle Nz, x “twists” the obstruction
bundle on the moduli space of X', and gives rise to the correction term of (pushdown)
virtual classes/GW—invariants. Theorem 1.4 is a direct consequence of the following
equality of virtual classes. In the following theorems, Wo and Wy are degenerations
(from deformation to the normal cones) of X and X respectively. The maps ¢ and ¢
on the corresponding moduli spaces are induced from 7: X - X.

Theorem 1.5 Suppose each connected component of the submanifold Z =, Z; C X
is of type I or type II. Then we have ¢« [M(OWVy, 0, n, ' B)]¥"" = [M(W,. 0,1, B)]VIF.

In some special cases, Theorem 1.5 can be improved as follows:

Theorem 1.6 Suppose Z is the transversal intersection of two arbitrary manifolds X
and Y in a compact homogeneous space P. Then we have @ [/\4—”( X, ﬂ)]vir _
[Mo.n (X, B)I" in the Chow group.

As a corollary, if X is an arbitrary projective manifold and Z is a collection of points,
then the equality of virtual classes holds. The case where X is a convex manifold and Z
is a collection of points has been proved in Gathmann [9]. We remark that when g > 0
and Z is a point, in general we have g.[Mg ,(Blz X, 7' B)['" # [Mg (X, B)I'".
The second part of this paper is a vanishing theorem. First we introduce some notation.

e [n]:={1,2,---,n}.

e Given A C [n], use tee4 to denote descendant insertions {t;, - &4 }ge 4, Where
g € H*(X) and iy > 0. If i; =0 for all a € 4, then Teaj is simply denoted
by ay.

—

o 1p:=(1,1,---,1), where 1 € H*(X).

e The product Te0q - Te¥B = {Tiy+jj * %a N Vb}a=beanB YU {Ti, - %ataca—B U
{Tj, - VbibeB—a-

e The GW-invariant (Tex4 - ﬁ)g(n 8 is simply denoted by (‘E.OlA>é(n PE
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4 Hsin-Hong Lai

Theorem 1.7 Let I, J, K be disjoint sets with J C [n]. Suppose Z = ([|;c; Zi) U
(Ujes Zj) U (Ukex Zx) is a disjoint union of submanifolds in X', with the following
assumptions:
e Foreachi € IUJ, Z; C X is either of type I or of type II.
» Foreachk € K, Ngz, ;x is convex.
e Thecurveclass = 'S +Xierdieit ) jeydiej+ 3 pek drex withdi #0
foralli € I,and 0 # B € H,(X). Here e, are the exceptional line classes.

e @y is a collection of cohomology classes in H* (f ). And PDx(w;) lies in
the image of Hyx(Ej) — Hx(X), where E; is the exceptional divisor, and PD
means Poincaré dual.

Fori € I U J, define

rk(F)—1 if Z; C Xisoftypel,
8 = and F C Nz, x is generated by global sections.
tk(Nz, x)—1 ifZ; C Xis of type IL.
Then
(m*ay - anX = a4 ime M _ _ .
A" TeV[n] C()J)O,n,~ =0 when degoyg > 2(lem(CMO,A(X, B) 25, Z 8]).

iel jeJ
Here @ is a collection of cohomology classes from X with A C [n], and Teyy,) are
arbitrary descendant insertions of X .

Roughly speaking, when taking J = &, Theorem 1.7 can be numerically interpreted
as:

The image of ¢: /\710,,, (X, E) — /\710,A(X, B) has “virtual codimension” > Z di.
iel
Therefore, if there are too many cohomology insertions from X', then the GW—invariant
of X vanishes. In [8], Gathmann proved a vanishing theorem for genus—0 nondescen-
dant GW—invariants when blowing up at points. Theorem 1.7 is a generalization of
Gathmann’s results in two aspects:

(1) There is no restriction on dim Z .

(2) Theorem 1.7 also holds for descendant GW—invariants.

We remark that Theorem 1.7 only holds for blow-ups with convex normal bundles, but
does not hold for arbitrary blow-ups (see Example 5.15).
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Gromov-Witten invariants of blow-ups along submanifolds with convex normal bundles 5

In Example 5.13, we use Theorem 1.7 to show that, given any algebraic surface S
which is not (birationally equivalent to) a ruled or rational surface, then most genus—0
descendant GW—invariants of S are zero. When the arithmetic genus pg(S) > 0, this
conclusion has been deduced from the Image Localization Theorem of holomorphic
two forms in Lee and Parker [20].

The tools used in this paper are: the degeneration formula (see Ionel and Parker [15],
A-MLi and Ruan [21], JLi [22] and Maulik and Pandharipande [26]), compatibility
of perfect obstruction theories (see Definition 3.3 and Behrend and Fantechi [2], Kim,
Kresch and Pantev [17] and J Li and Tian [23]) and deformation invariance of virtual
classes. Since there is no assumption on the manifold X, the moduli of stable maps
of X can be highly singular. Instead of analyzing singularities of the moduli space
(which is nearly impossible), in Section 3 we show that if Nz,x is convex, then
/\710,,, (f , E) — /\710,,, (X, 7 E) have compatible perfect obstruction theories. General
blow-ups don’t have this property. We use Proposition 3.15 as a criterion for the
equality of (pushforward) virtual classes.

To prove Theorem 1.6, we deform the submanifold Z so that the technical assumption
in Proposition 3.15 is satisfied. Regarding the type I case in Theorem 1.5, a degeneration
formula (in cycle forms) is used to split the problem into various relative virtual classes
associated to a ruled variety Pz (Nz,x ® Oz), and then the submanifold Z is moved
so that the technical assumption in Proposition 3.15 is satisfied. For type II case in
Theorem 1.5, we move holomorphic curves instead of Z and argue directly. Although
one can always move holomorphic curves as long as Nz, x is convex, there is a
technical difficulty in applying Proposition 3.15 due to singularities of the moduli space.
See Remark 4.15 for discussion.

Our starting point for the vanishing theorem is Lemma 5.1, which also requires com-
patible perfect obstruction theories, and therefore doesn’t hold for arbitrary blow-ups.
The bound of the degree of cohomology insertions in Theorem 1.7 is deduced from
codimension analysis of the image on virtual normal cones.

When Nz, x is a direct sum of convex and concave bundles, in general we have

(n*al’... ’”*a"l)([)‘jn’n!ﬂ 7é <a1’... ’an)({n’ﬂ'

The correction term will be discussed in the future.
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Witten theory, Bong Lian for kindly suggesting me to consider virtual classes of blow-up
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would like to thank Dan Abramovich and Jun Li for helpful conversations.

Geometry € Topology, Volume 13 (2009)



6 Hsin-Hong Lai
2 Preliminaries and notation

Given a projective manifold X and a curve class 8 € H,(X), the stable maps moduli
M ¢,n(X, B) collects all holomorphic maps from a genus—g nodal curve with » marked
points f: C — X . These holomorphic maps are required to satisfy the stability condi-
tion, which means the automorphism of each map is finite. Let C := M gent1(X,B) be
the universal curve of M := M ¢.n(X, B). Recall that the perfect tangent obstruction
complex of M ¢.n(X, B) is given by Li and Tian [23]

Fo=[Fi = Fa =[xt ([ *Qx = Qepp (D)) O],

where f: C — X is the universal map and D are the marked sections of M en(X,B).
One also has:

(1) An evaluation map ev: ./\7lg,n (X, B) —> X", which evaluates at the marked
points.

(2) A line bundle IL; with the fiber over (C,ay,--- ,ay, f) isomorphic to the cotan-
gent space of C at q;.

Let v; be the first Chern class ¢q(L;). Given y; € H*(X), fori = 1,--- ,n, the
genus—g descendant Gromov—Witten invariants are defined as:

(Talyl"" ’Tany}'l)g:n,ﬂ :/IE fl n---N W}?n meV*(®?=1)/i)-

Men(x.p]"
Suppose V is a vector bundle over X . Consider the universal family:

€n+1

Mg,n—i-l(Xa B) —X

lﬂ:nJrl

Men(X. )

(Rityt1)xo0e; +1(V) can be represented by a two-term complex of vector bundles
[Vo — Vi]. If ¢ is an invertible multiplicative characteristic class, the twisted genus—g
descendant Gromov—Witten invariants defined in Coates and Givental [4] are given by:

X,e,V n
(ta,v1,-- ,Tan)/n)g,,f,ﬂ = w NNy Nev (R v Ne(Voe V7).

/[Mg.n(X,ﬁ)]

Geometry & Topology, Volume 13 (2009)



Gromov-Witten invariants of blow-ups along submanifolds with convex normal bundles 7

3 Blow-ups with convex normal bundles

3.1 Compatibility of perfect obstruction theories

Given a morphism 7: ¥ — X of two projective manifolds and ,8 € Hy(Y), there always
exists an induced map ¢: /\/lg n(Y, ,3) — Mg n(X, 71*,3) as long as /\/lg n(X, n*,B)
makes sense (this is equivalent to saying n > 3 if 7y ,8 =0). If & = [51 — &) and
Feo =[F1 — F2] are the perfect tangent-obstruction complexes on M gn(Y, ,3) and
Mg n(X, 74 ,3) respectively, then there always exists a natural map & — ¢*F, in
DOz ), the derived category of the coherent sheaves on /\/l n(Y, ,B) The

(V.8
obstructlon sheaves of & on Mg (Y, ,3) and Fo on Mg (X, n*,B) are defined
as Ob i SR T = h%(E,) and Ob DB = h%(F,). There is a natural map
Ob G n(Yﬂ)_”" (Ongn(Xﬂ*ﬂ))

Suppose we have a stable map p = (C.a. f) € Mg,n(Y, E), where C is a nodal curve
and g C C are the marked points. The composition 7 o f : (5 ,d) — X might not be
stable. One contracts the unstable components to obtain the domain curve C. Then
o(p) € ./\7lg,n (X, n*,g) is given by (C, a, f), where a C C are the marked points after
contraction. We have the commutative diagram:

~ f
C—>Y
1 =stabilization l J/ T
C——X
S

Lemma 3.1 There are canonical isomorphisms:
(1) HOC, f*TX)~ HC, f*n*TX)
() HY(C, f*TX)~ H'(C, [*2*TX).

Proof Consider a sequence of maps
C i) C E) point

Set F = f*TX. Then there is a natural morphism F — Ry, o Ly *(F). For any
connected component C; of Cyngap, it must be a genus—0 nodal curve. Therefore

H®(C;,O¢;) = C and H'(C;,0c¢,) =0, for j # 0.

This implies F — R4 o Ly *(F) is an isomorphism. Since C and C are proper, we
have Y1 = ¥« and pt) = pt,,. Therefore

Rpt,(F) = Rpty oRYx0 LY*(F) = Rpty oRYyo Ly (F) = R(ptoy)io LY*(F)
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8 Hsin-Hong Lai

is an isomorphism. The lemma follows from the cohomology of this isomorphism. [

Let m: X := Blz X — X be the blow-up of X along Z C X. When g = 0 and the
normal bundle Nz, x is convex, we have surjectivity between obstruction sheaves.

Proposition 3.2 If N7,y is convex, then the natural map

Ob — ¢*(Ob

Mo.n(X.B) Mo.n(X, ﬂ*ﬁ))

is surjective, where ,g € HZ(AA;).

Proof For convenience, denote M, 2 (X, /3) by M and ./\/lo n( X,y ,3) by M . Given
a point p = (C a, f) € M , the obstruction space is (Oby;)5 = h?(Ee ® R0y k(p)),
where k refers to the residue field. We also have (Obps), = h?(Fe ®0,, k( p)) where
p:=¢(p)=(C,a, )€ M. Consider the following commutative diagram of the right
exact sequence (see Lemma 3.1):

H'(C, f*TX)—— (Ob)5 —=0

|

HY(C, f[*n*TX)

Tg

HY(C, f*TX)

(Obar)p —=0
It suffices to prove
HY(C, f*TX)— H'(C, f*n*TX) is surjective.
First we pull back the blow-up exact sequence [5, Lemma 15.4]
0>TX >n*TX >ix0Q—>0

to C, where Q is the universal quotient bundle on the exceptional divisor E =
P(Nz/x): L ~
f¥TX - f*n*TX — [0 — 0.
And let Ky and K, be the corresponding kernels:
0> Ky — [*7*TX > f*0 >0
0> Ky, > [*TX > K; -0
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Gromov-Witten invariants of blow-ups along submanifolds with convex normal bundles 9

Since the domain curve has dimension= 1, H? (5 , K3) = 0, which implies
H'(C, f*TX)— H'(C, K,) is surjective.
If we show H!(C, /*Q) =0, then the composition HI(C *TX)—> Hl(C K))—

H'(C, f* *TX) is also surjective. Set C’ := f~Y(E), then H(C, f*Q) =
HY(C’, f*0). Note C' might be disconnected.

There is another exact sequence on the exceptional divisor E
0> OnNny x(=1)>7*(Nz/x) > Q—0, where 7: E — Z.
Pull it back to C’ to deduce the right exact cohomology sequence
HY(C'. [*7*(Nzyx)) = H'(C". [* Q) 0.

Note that C’ is a collection of points and genus—0 nodal curves, and N /7 x 1s convex,
thus we have H!(C', f*x n*(Nz/x)) = 0. This implies H!(C’, f*0) =0 and
completes the proof. O

In Behrend and Fantechi [2] and Li and Tian [23], the existence of global vector bundles
is used to construct virtual fundamental classes. This technical assumption has been
removed due to the work of A Kresch [18; 19]. Nevertheless, for simplicity, in this paper
we still assume the existence of global vector bundles, which is true in Gromov—Witten
Theory (see Behrend [1] and again Li and Tian [23]). In other words, &£, &, F; and
JF» are global vector bundles, where £ = [£7 — &;] and F, = [F| — F»] are the
standard perfect obstruction theories.

First we recall the notion of compatible perfect obstruction theories [23; 2; 17; 22]:

Definition 3.3 Suppose ¢: M — N is a morphism between separated Deligne—Mum-
ford stacks. Let £°, F* and L*® be the (dual) perfect obstruction theories for M, N
and M/N. We say £°, F* and L°® are compatible if and only if we have a morphism
of distinguished triangles (the bottom row is the triangle of cotangent complexes):

p*F* E* s e*F(1]

o

@ Ly — Ly — Lyyn —— ¢* L[]

Remark 3.4 There are different versions of compatibility. One version [23; 2; 17]
requires £°* must come from the relative cotangent complex associated to a local
complete intersection morphism of relative Deligne-Mumford type. Here we adapt a
broader definition, as used in [22].
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10 Hsin-Hong Lai

Proposition 3.2 implies the existence of a relative perfect obstruction theory on M =

Mon(X,B) — M = Mo n(X, 74f).

Lemma 3.5 If Nz, x is convex, then there exists a distinguished triangle in D(O j;)

Lo —> Ee— ¢* Fo — Lafl]

Lo =[L1 = L5], where L; are locally free sheaves.

Proof One can always find Lo so that Lo — Ee — ¢*Fe — Lo[1] is a distinguished
triangle. Since M has enough locally free sheaves [10], we may assume Lo = [£] —
L, — L3], where L; are locally free sheaves. The associated cohomology long exact
sequence is

Obgp —— ¢*(Obum)

h%(Ee) —= h2(¢* Fo) — h3(Le) — 0.
By Proposition 3.2, we know /3(Le) = 0. This implies
T7<2(Le) = Lo is quasi-isomorphic, where t<3(Le) = [L1 — K3]
with the short exact sequence of sheaves
0> Ky—>Ly—> L3 —0.
Because £, and L3 are locally free, K is locally free as well. Replace Lo by 7<3(Le)

and change the arrows accordingly, this completes the proof. O

Proposition 3.6 L, introduced in Lemma 3.5 gives rise to compatible perfect obstruc-
tion theories on ¢: M — M .

Proof Define
L= L)V =@V F= (F)VIL

Note £* and F* are the perfect obstruction theories used in [1] and [2]. We have a
distinguished triangle
P*F* = E° = L* = ¢* F°[1].

We also have a distinguished triangle of cotangent complexes

¢*LM _>L1\7[ —)LM/M —>¢*LM[1].
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By the axiom of derived categories, we have a morphism of distinguished triangles:

p*F* e EI e*F(1]
ia l/s ly ia[l]

\
¢ Ly L Lt/ — o*Lyl1]

Take the associated cohomology long exact sequences of this diagram, we obtain:

H—l((p*]:O) s H—l(g.) . H_I(E') s HO((p*]:.) s HO(g.) . HO([:-) —>0

\Lsurjective lsurjeetive ih—l ») l = l = lho(r) l

H_l((p*LM)é H_I(LM)»H_I(LM/M)9H0(¢*LM)»HO(LM)»HO(LM/M)a()

By diagram chasing, we know 4~ !(y) is surjective and 4°(y) is an isomorphism. O

Lemma 3.7 Suppose A, B, C are separated DM-stacks equipped with perfect obstruc-
tion theories. If f: A — B and g: B — C both have compatible perfect obstruction
theories, then so does the composition map go f: A—C.

Proof This is a consequence of the octahedron axiom. |

3.2 Comparison of virtual classes

In this section, we assume ¢: M — N is a morphism between separated Deligne—
Mumford stacks. All results will be applied to the case M = M , (X, 7'B) and
N = My (X, B), where B € Hy(X). Note that m.7'f = B.

There are two equivalent approaches to virtual classes [2; 23; 17]. On the other hand,
when ¢: M — N have compatible perfect obstruction theories, there is also a different
construction of the virtual class of M, as shown in [22, Section 4.1]. The main argument
is the associativity of Gysin maps. We will quote [22, Lemma 4.3] in the following
situation:

Proposition 3.8 Given a morphism ¢: M — N of separated Deligne—Mumford stacks,
if ¢ induces compatible perfect obstruction theories, then one can construct a class
[M,N]V' in A4(M), and we have [M]"' = [M, N]""" in A,(M).

Suppose Lo, £ and F, are compatible perfect obstruction theories on M/N, M
and N respectively. Now we fix notation in the construction of [M, N]"'". Define
Obyyn = h?(Le) as the relative obstruction sheaf. There is an infinitesimal model
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12 Hsin-Hong Lai

(denoted by {D(p)2}pem in [22]) over the pair (M, Oby;/n ©¢™* Oby). Consider the
surjective map

Ly ® ¢*F, — Obyyn o™ Oby — 0.
This gives rise to a cone Cy C Vect(L, @ ¢*F5), so that Cyy is consistent with
{D(p)2} pem. The second construction [M, N]"I' is defined as the intersection class of
Cwm with the zero section of £, @ ¢*F>.

The “construction of [M, N]¥'"” in the setting of Behrend—Fantechi construction has
appeared in [17, Theorem 1], which is only formulated in the case where L£°® is the
pullback of a relative cotangent complex associated to a local complete intersection
morphism of relative Deligne-Mumford type. However, the second part in the proof
of [17, Theorem 1] doesn’t rely on “local complete intersection morphism”. Therefore
the proof can be slightly rearranged to give “the construction of [M, N]¥'”” in the
broader definition of compatibility (Definition 3.3). Here we briefly describe how this
is achieved by the argument in [17].

Let €N be the (intrinsic) normal cone stack of N, and let &yg/n be the relative normal
cone stack of M/N. One can form another normal cone stack €py/¢y, Which is a
natural subcone stack of Cpy/n xm @*EN. Therefore €y;/¢, embeds in the vector
bundle stack o: h2/h'(Le) ® ¢*(h?/ h'(Fs)) — M. The new class [M,N]'I" is
defined as (6*) ™! ([€p/ey])-

Given a morphism X — Y of relative Deligne-Mumford type, denote the deformation
(to the normal cone) stack by /\/lg, S e P!, with the fiber over {0} € P! isomorphic
to the normal cone stack €y ,y . If ¥ = spec(C), denote the deformation stack simply
by Mg,. In order to show

(@) ([Cmyey)) = [MI'" € A, (MD),

one considers the double deformation stack My, p1 JMQ > P! x P!, This provides
a rational equivalence [Cyj/¢y] ~ [€m] in Euxpi/arQ. On the other hand, by [17,
Proposition 1], the abelian hull of Cyxp!/ MY has a natural map to the vector bundle
stack 1!/h%(c(g)) on M x P!, where c(g) is the mapping cone associated to

Eo® 9*Fo > ¢* Fa R Op1(1) on Mx P

Now the rational equivalence can be pushed forward to 1!/ 1%(c(g)). It is easy to see
that the pull back of 4!/ h%(c(g)) to Mx {0} and M x {1}, correspond to h%/ h'(Le)®
@*(h*/ h'(F.)) and h?/h'(E.) respectively. Therefore (0*)_1([¢M/¢N]) = [M]"Ir,

Remark 3.9 At the beginning of [22, Section 4.1], it is assumed that M — N is repre-
sentable. One can drop this assumption by taking a presentation of M: a surjective étale
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Gromov-Witten invariants of blow-ups along submanifolds with convex normal bundles 13

morphism from a scheme 7" — M. There are natural compatible perfect obstruction
theories on 7" — N induced from those on M — N. Note 7" — N is representable, so
we can apply [22, Lemma 4.3]. On the other hand, the construction of various cones,
cycles and rational equivalence in the proof of Lemma 4.3 are canonical, and they
descend to the case M — N. Alternatively, this can also be seen via the construction
in [17], as described in the previous paragraph.

Remark 3.10 The “construction of [M, N]""” is only useful when one has a good
understanding of the relative obstruction theory £°, otherwise it simply transforms a
problem into something unknown. In practice, it is usually quoted in the form of [17,
Theorem 1], where £°® comes from local complete intersection.

Regarding the construction of [N]V', take the surjective map F, — Oby — 0.

This gives rise to a cone Cn C Vect(F3), so that Cy is consistent with the infinitesimal
model over (N, Oby). [N]'"" is defined as the intersection class of Cy with the zero
section of F,. Note that Cyp is a cone with pure dimension = vdimc (M) + rk(£;) +
rk(F;), and Cy is a cone with pure dimension = vdimg (N) + rk(F>).

Lemma 3.11 We have the following diagram (not Cartesian product):

Cy — Vect(Ly @ ¢*Fy)

|

Vect(p* F>)

|

Vect(F>)

CN

Proof The properties of Cy and Cy are determined by properties of infinitesimal
models, therefore it suffices to prove the corresponding diagram in the infinitesimal
models, which is straightforward. An alternative way to see this is via the construction
in [2] and [17]. O

On the other hand, Vect(£, @ ¢*F») can be also regarded as a vector bundle over
Vect(p*F,). Let

0r,: Vect(p*F,) — Vect(Ly ® ¢* F>)
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be the zero section, then we have the diagram:

Cn <V Oy N Vect(0* Fy) Cm

L

Vect(p™*F>) e Vect(L, ® ¢*F>)

The right square is a Cartesian product, and ¥ is the map induced by Cy; — Cy in
Lemma 3.11. Note ¥ is proper as long as ¢ is proper. We also have

0!£2 [Cwm] € A7) (Cm N Vect(p™ F>)) , where 03,;2 is the refined Gysin map.
In the blow-up case ¢: Mg, (X, 'B)— Mo.n(X, B), consider the following diagram:

€n+1

Mont1(X, ) —= X

lnn-l—l

MO,n(X’ :3)

Let U be the complement of ;41 (e;il (Z£)) in /\710,,, (X, B), therefore U is an open

substack of /\710,,1()(, B). Given (C,a, ) € M, we have:
(C.a. eU & f(C)NZ =¢.

Because 7: X — X is the blow up of X along Z, we deduce:

Lemma 3.12 There is an isomorphism ¢: ¢~ (U) — U with the same (in the sense
of quasi-isomorphic) perfect obstruction theory.
Because of the above lemma, it motivates us to analyze the following situation:

Suppose the proper morphism ¢: M — N induces compatible perfect obstruction
theories with d = vdimc (M) = vdimc (N). Moreover, we assume that there exists
an open substack U in N, so that ¢: ¢~ 1(U) — U is an isomorphism with the same
perfect obstruction theories.

Lemma 3.13 Under the setting in the previous paragraph, we have

(W*O![:Z [@M]) v = [Cxlu] in Agincr,)(Cxly). whered = vdimeM = vdimeN.
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Proof Because ¢~ 'U = U and the flat pull back ()|y commutes with other operators,
we have

(¥+0L,1Cu]) Iy = Y0, (Culv).
Moreover, because Ee|y—1() = Fol|u, we know Obyy/n |u vanishes. Therefore the
infinitesimal models on ¢ ! (U) 2 U are the same, and we have the Cartesian diagram:

Cmly — Vect(La|y @ Falu)

| |

Cnlu Vect(F2|v)

That is, Vect(L, |y @ F>|v) is a vector bundle over Vect(F, |y ), and Cy|y is the flat
pull back of Cn|y. Thus we have W*OXEZ((CM|U) = [CNly] in Ag4m(7,)(Cnly). O

Suppose Cy has irreducible components C;, i =1,--- , k. Let supp(e) be the support
of a cone. In the rest of this section, we will assume the open substack U C N satisfies
the following technical assumption:

(Assumption *) supp(C;) N U is nonempty in N fori =1,--- , k.
Because Cy is a cone with pure dimension d + rk(F;), (Assumption *) implies
dim(Cx — (Cnlv)) < d +1k(F2).

With this technical assumption, it is easy to prove that ¢: M — N is virtually birational.

Corollary 3.14 If the open substack U C N satisfies (Assumption ), then we have
Y0, [Cu] = [CN] in Ag4(5) (CN).

Proof We have
dim(Cn — (Cnly)) < d +1k(F2) = Ag4u(r,)(Cn—CN|y) = 0.
Combined with the right exact sequence:

Ad k(7)) (CN — CN|v) = Agu(F) (CN) = Agyu(r) (CNlu) — 0,

we know Ay (7,)(CN) = 444147, (Cn|y). By Lemma 3.13, we obtain

%022 [Cm] = [CN] in A4 41x(F>) (CN). ]

Now we summarize all results in this section to deduce the following:
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Proposition 3.15 Suppose the proper morphism ¢: M — N induces compatible per-
fect obstruction theories with d = vdimc (M) = vdimc (N). We also assume that there
exists an open substack U in N, so that ¢: ¢~ (U) — U is an isomorphism with the
same perfect obstruction theories.

If U N supp(each irreducible component of Cx) is nonempty in N, then @4[M]'" =
[N]I" in the Chow group A4(N).

Proof Recall the diagram with the right square as Cartesian product:

Cx ~—Y— Vect(¢*Fy) N Cyf ——> Cny

AT T

Vect(F>) Vect(p*F>) Vect(L, @ ¢*F,)

If we regard [Cy] as a class in A (Vect(L, & ¢*F)), and [Cn] as a class in
Ax(Vect(F3)), then Corollary 3.14 implies

@x0% [Cm] = [CN] in Ag(ry) (Vect(F2)).

From another diagram with the left square as Cartesian product:

0+ 7y)

0
Vect(p*F>) 2 Vect(L, @ ¢*F,)

M
@ J{fp
07,

N Vect(F3)

PxM]"" = s 0 0(,. ) © 0, [Cri] = O, 0 9 0 07, [Cwi]
= 0'5, [Cx] = [N]'"

Here we use 0!( O!fz: Ay (Vect(p*F,)) — Ax(M). O

0*F)

Corollary 3.16 Suppose the proper morphism ¢: M — N induces compatible perfect
obstruction theories with d = vdimc (M) = vdimgc (N). Suppose there exists an open
substack U in N, so that (M) NU = @.

If U N supp(each irreducible component of Cy) is nonempty in N, then ¢4[M]"'" =0
in the Chow group A;(N).

Proof Apply the previous proposition to ¢ | [Id: M][N — N. O

Geometry & Topology, Volume 13 (2009)
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3.3 Transversal intersection of two manifolds

Suppose X and Y are two arbitrary closed submanifolds of a compact homogeneous
space P, and Z is the transversal intersection of X and Y . Suppose the group variety
G acts on P transitively.

Lemma 3.17 The normal bundle Nz, x is generated by global sections, and therefore
is convex.

Proof The tangent bundle 7P is generated by global sections, and Ny ,p is a quotient
bundle of 7"P. This implies Ny/,p is generated by global sections as well. Note Nz, x
is the pull back of Ny,p to Z. |

Consider 7: X — X, the blow up of X along the submanifold Z. We may assume
codimc (Y, P) > 2. The first attempt is to apply Proposition 3.15, but the technical
assumption

supp(each irreducible component of Cx) N U is nonempty in N,
where N = My (X, B)

may not be satisfied. We will choose an element o € G, and show the technical
assumption is satisfied when Z is perturbed to X N Y°.

Lemma 3.18 Given a holomorphic map from a compact curve f: C — P, define
B, p ={oceG | f(C)NY? #a}.

Then B(c, fy is closed in G, and dim(B(c, 5)) <dimG.

@
Proof Consider G £~ G x ¥ —> ‘P, where p; is the projection and & is the group
action. Note B(c, r) = p1 (®~1(f(C))) is closed in G because p; is proper. Because
G acts on P transitively, @ is a smooth morphism. Therefore,

dim B¢,y <dimY +dim G —dim P + dim f(C)
<dim G —codimc (Y,P)+ 1 <dimG — 1. O

Lemma 3.19 Define W := {o € G | Y? is not transversal to X }. Then W is closed
in G, withdimW <dimG.

Proof Note the identity element Id € G does not belong to W. m|

Geometry € Topology, Volume 13 (2009)



18 Hsin-Hong Lai

Suppose F, is the perfect obstruction theory on N = M, ,(X, B), and the virtual
normal cone Cy has irreducible components C;, for i = 1,...,k. For each i, we
pick a point (C;, g;, f;) € supp(C;). By the previous two lemmas, we know

k
WU (U B(c,, f;)) is closed in G with codimension > 1.
i=1

Therefore we can take an affine smooth locally closed curve S < G such that:

(1) IdesS,

2 (S-Ihn (Uf-‘=1 B(Ci,fi)) =9,

(3) Y9 istransversalto X, Vo € S.
Choose an element o € S, then Z = X' NY is deformation equivalentto Z5 := X NY?.
Note the normal bundle Nz_,x is still generated by global sections. The technical
assumption of Proposition 3.15 is satisfied for X — X.
Lemma 3.20 We have the equality

supp(each irreducible component of Cx) N U is nonempty in N = M ,(X, B),

where U is a collection of stable maps supported away from Z .

Proof The choice of the curve S < G asserts f;(C;)NY? =@, fori=1,...,k.
Hence (Cj.q;, fi) e U. O

Proposition 3.15 and deformation invariance of virtual classes implies:

Theorem 3.21 Suppose Z is the transversal intersection of two manifolds X and
Y in a compact homogeneous space P. Then we have @«[Mg (X P =
[Mo.n(X, B)IV" in the Chow group.

The theorem can be generalized to the case when Z is the intersection of X with
multiple manifolds. More precisely, suppose Y;, i = 1,...,m, are submanifolds of

a homogeneous space P. We assume Yj . is transversal to X N (ﬂf-;l Y;), for
k=0,...,m—1.

Corollary 3.22 Let Z be X N (/L Y;). Then we have
Q[ Mo (X, 7 )] = [Mon(X. B)I'.
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Proof Define G’ := G™ and P’ := P™. Then P’ is a homogeneous space with
respect to the group variety G'. Let A: X — P’ be the diagonal map. X is transversal
to the manifold =, ¥; in the ambient space P’. Apply the previous theorem to the
case X > P, Y :=[[/L,Yi,and Z=XNY in P'. O

A similar argument also implies:

Corollary 3.23 Suppose X is a projective manifold, and Z is a collection of points
in X . Then
o[Mon(X. ') = [Mon(X. B

Proof This is because Nz, x is convex, and Z can always be moved. O

4 Virtual birationality after degeneration

In the previous subsection, the submanifold is deformed so that the technical assumption
in Proposition 3.15 is satisfied. In general, if Nz, x has a nonzero section, it doesn’t
imply Z can be moved. The degeneration formula reduces the problem to a ruled
variety, where Z can be moved if N7,y has a section. The degeneration formula has
been clearly presented in Li [22], Graber and Vakil [11] and Liu and Yau [25]. The
purpose of the first subsection is to fix notation.

4.1 Degeneration formula from blow-ups

(X, D) is called a relative pair if D is a smooth divisor of the manifold X. The
P!-bundle B := Pp(Np /x ® Op) has two divisors: the zero divisor (with normal
bundle N 1\)/ / x) and the infinity divisor (with normal bundle Np,x ). B; is defined as
the union of /—copies of B, by gluing the infinity divisor of the i —th component to the
zero divisor of the (i 4+ 1)—th component. Let D; be the zero divisor of the (i + 1)—th
component. Note Sing(B;) = -1 D;. Define X;:= X Up, B;.

i=1
Now we recall Definition 4.6 in [22]:
Definition 4.1 An admissible weighted graph I" for a relative pair (X, D) is a graph
without edges together with the following data:

(1) An ordered collection of legs, an ordered collection of weighted roots, and two
weight functions on the vertex set g: V(I') — Zx¢ and b: V(') - Hy(X).

(2) T isrelatively connected in the sense that either |V(I')| = 1 or each vertex in
V(I') has at least one root attached to it.
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The weight functions g and b in the previous definition are used to record the genus
and the homology class in X for each connected component of a domain curve. Denote
the moduli of relative stable maps to (X, D) with topological data I" by M (X, D, T).
A C—point in M(X, D,T) is a holomorphic map C i; X; — X satistfying stability
and predeformability together with topological constraints I'. The domain curve is
disconnected if and only if |V(I")| > 1. For convenience, define

b(I):= > b andg(T):=1-|V(ID)|+ > g).
veV (') vel(I)

Let 7 be the Artin stack parametrizing the possible target of relative stable maps to
(X, D). Let M, i be the Artin stack of prestable genus g curves with & marked
points. The perfect obstruction theory on M (X, D,T') is induced from the relative
perfect obstruction theory on

M(X,D,T) - T x Mg (r),k» Where k = number of legs + number of roots.

Given an arbitrary manifold X with a submanifold Z, deformation to the normal cone
is obtained from the blow-up of a trivial family:

W .= B]ZX{O}XXC — C.

Note Wy =~ X for ¢t # 0 and W, = )?U]P’(NZ/X)P(NZ/X ® Oz), where m: X =
Blz X — X. Denote P(Nz,x) by D,and pr: P(Nz;x ®0z) — Z.

Theorem 4.2 (Degeneration formula from blow-up [22; 25])
[M(Wo. g.n. B)I'™

_Z —|g]((?7))| @, A'(MX, D, T < [M(P(Nz,x ® Oz), D, T2)'M),

Qg.n
n€QL(g.n.8) where B € H,(X).

The set ﬁ(g,n, g) is an equivalence set 2(g » )/ ~equ- The set Qg , gy is a collection
of admissible triples n = (I'y, 'z, I) satisfying:

(1) Ty and I'; are admissible weighted graphs for (X, D) and (P(Nz,x®0Oz), D)
respectively.

(2) T’y and I'y are required to have identical number of roots, say » roots. The
weight of i —th root in I'y and I'; must be identical, for i = 1,--- ,r.

(3) If one glues all corresponding roots of I'y and I';, then the new graph must be
connected.
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@) n=#legs(I'y) + #legs(I',).
(5) 1[I is arule concerning the ordering of the union of legs in I'; and I',.
(6) (Genus constraint) g(n) := g(I"y) + g(I’2) +r —1 must equal g.

(7) (Homology constraint) m«(b(I'1)) + p2,(b(I'2)) = B and some other restric-
tions; see Section 3 in [25].

Given a permutation o € S;, n° is defined by reordering r roots. Define 1y ~ 1,
if and only if n{ = n, for some 0. Q4 » ) is the equivalence class of this relation.
Define

Eq(n) :=#{o € S,;|n° =n} and m(n) := the product of the weights of the roots in I'y.

M(X.D.Ty) M(X.D.Ty)
XprM(P(Nz;x®0Oz),D,I') XMP(Nz;x ®0z),D.T>)

i A diagonal l

D" D" x D"

@, M(X, D,Ty) xpr M(P(Nz/x ® Oz), D,T2) — M(Wo,g,n,p) is to glue
two relative stable morphisms.

One can also apply the deformation to the normal cone to D C X:
W= Blpx{o XxC—C.
Note W; =~ X for ¢ # 0 and

Wo = ¥ U

P(Nz/x)P(Nz,x®0z)

where P(Nz,x @ Oz) is the blow up of P(Nz,x ® Oz) along Z. This space can
also be viewed as a P! —bundle over P(N, /X):

P2:P(Nz)x ®0z) =Pp(On,,, (1) ®0O) - P(Nz,x) = D.

Our goal is to compare the virtual classes [M(Wp. 0, n, §)]" and [M (W, 0, n, 7' B)]'".
By the degeneration formula, the main issue is to realize all contributions from
(P(Nz;x ®0Oz),D) and (P(Nz,x ® Oz), D).
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4.2 Relative case

Let ry: ¥ — Y := P(Nz;x @ Oz) be the blow up along Z. Given an admissible
graph I" for (Y, D), define the admissible graph ny, (I") for (Y, D) by the following:

(1) All information of wy, (f) is identical to that of T except the weight function b.

(2) We have a commutative diagram:

V() Hy(Y)

| |

V(ry, (F)) 2— Hy(Y)

Lemma 4.3 Suppose Nz,x is convex, and the genus weight function of T is
a zero function. Assume M(Y, D,y (I')) makes sense. Then MY.,D,T) -
M(Y, D, y, (') have compatible perfect obstruction theories.

Proof Let 7 be the Artin stack parametrizing the possible target of relative stable
maps to (Y, D) and (Y, D). The perfect obstruction theory on M(Y, D, ny, (I')) is
induced from a relative perfect obstruction theory on

MY, D, ny, (1:)) — T x zmg(f)’k, where kK = number of legs 4+ number of roots.
Since 7 x zmg ).k is a smooth Artin stack, we have a right exact sequence:
RelOb( /) — Ob(C, ) — 0,
where Ob(C, f) refers to the obstruction space of M(Y, D, mry, (f)) at the point
c Ly v
¢: M(Y,D,T) — M(Y, D, ny, (I))
CL7 - Peicty -y
We have a diagram of right exact sequence:

RelOb(f) —= Ob(C, f) —=0

i |

RelOb(f) — Ob(C, f) — 0

Step1 RelOb( f ) — RelOb( f) is surjective.
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There is a natural diagram of exact sequences:

0—> H! (5’ f*T?z (~logDoo)) —= RelOb( [) —= HO(C, Flext! (Qf,](logDoo), (9171)) —

l | |

0 — H'(C., f*Ty, (—logDso)) —> RelOb(f) — HO(C, f~1Ex11(Qy, (logDeo), Oy,)) — 0

Ext! (Q (logDoo) Oy ) and Ext! (Ry,(logDwo), Oy,) are both supported on
Smg(Yl) = Sing(Y;) = Ul —o Di, and these two sheaves are canonically isomorphic
to each other. Therefore, it remains to show the first vertical arrow is surjective. We
also have another exact sequence

0 — T§ (—log Do) — Ty;(—log Do) = ON,x — 0,

where QN , is the universal quotient bundle on Pz (N7, x). Now the proof proceeds
as the second part of the proof in Proposition 3.2. This concludes Step 1.

Step 2 RelOb(f) — RelOb( f) is surjective — Ob(C, f) — Ob(C, f) is surjec-
tive.

By Lemma 3.5 and Proposition 3.6, there exists a relative perfect obstruction theory
on M(Y,D,T") > M(Y, D, ny,(I')). Moreover, it is compatible with two existing
obstruction theories on the two moduli spaces. |

There is an induced map on admissible triples: W: Q, , 718y = 2(0,n,8), Where
V(. . 1) = (T, my, (I72). 1)

Lemmad4.4 Suppose V(I'y, T, )= ("1, 3, I), then we have b(I'p) = n%, (b(I'3)) e
Hy(¥).

~

Proof Since ny, (b(I'y)) = b(l"3) it is enough to prove h(I';)® Do =0 in Y,
where 100 1 Dog = P(Nz/x) < Y has normal bundle ON,x(=1). Let 19 : Dy =
P(Nz;x) — Y be the divisor which has normal bundle © Nz, x (D).

We have b(I'y) =19, (p2+0(I'2)) + f, where f is a multiple of the fiber class of p;.
It remains to show f = 0.

(T1, T2, 1) € Q5,71 p) implies:

7' B =b(Ty) + pagh(Ta),
b(I'y)eDin X =b(I',)eDyinY.
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Therefore we have
0O=n'BeD=(h(Ty)eDinX)+ (p2,b(l2)e D in X)
= (b(T2) » Do in ¥') = (10, 24b(T'2) ® Do in ¥)
= f e Dj in Y O

Given (I';,I', ) € Q0,18 define

W) = {I', is a admissible weighted graph for (17, D)

| (Fl, I, I) S Q(O,n,n!ﬂ) such that \IJ(FI, I, I) = (Fl» T, I)}
It is straightforward to check that W~I(T") depends on (0, n, ,3) but is independent of
'y and /. Given [ € U™ 1(F) we have a natural map M(Y D,T)— M(Y, D, F)

Note that vdimc M(Y, D, T') = vdimc M(Y, D, T), and the weight functions g of T
and I' are both zero functions.

On the other hand, there is a canonical preimage n%,(F) € U~I(I"), which is charac-
terized by:

(1) All information of n%, (") is identical to that of I" except the weight function b.

(2) We have a commutative diagram:

V(i () 2 Hy(Y)

L,

b ~
V([) ——— Hy(Y)
Lemma 4.5 If Z C X is of type I, then we have:

(1) ¢«[M(Y, D, 7}, (D) = [M(Y, D, )™,
(2) ¢ [M(Y, D, )] =0 when n}, () # T e w~!(I).

Proof For the first statement, the submanifold Z will be moved so that the technical
assumption in Proposition 3.15 is satisfied:

supp(each irreducible component of Cn) N U is nonempty in N,

where N = M(Y, D,T) and U is a collection of relative stable maps supported away
from the submanifold Z.

For each irreducible component of Cy, we pick a point in the support of the cone

Ci£>Y],.—>Y, fori =1,--- k.
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Since the subbundle F is generated by global sections, we have @, Oz — F — 0.

0 smooth

jecti losed
Cc* Zproeeon ZxC*® = Vect(@ Oz) — Vect(F) i Vect(Nz,x) 2y,
N
Because p is proper, p(9_1 (Vect(F) N f,-(C,-))) is closed with dimension < 1 + s —
rk(F) < s —1. There exists a point ¢ € C*® such that g ¢ p(@‘l (Vect(F) N f,-(C,-))),
forall i.

The point ¢ induces a section of Nz, y — Z, say q(Z) C Vect(Nz,x). We have
q(Z) N fi(C;) = &. Move the submanifold Z to ¢(Z), and notice that the technical
assumption is satisfied for the case Bly(z) Y — Y. By Proposition 3.15, we obtain
$+[M(Y. D. 7, (D) = [M(Y, D, D).

For the second statement, the argument is the same, but one applies Corollary 3.16

instead. o

Proposition 4.6 Suppose Z C X is of type I. Then ¢«[M (Wo, 0,n, 7' B =
[M(WO’ 0,n, ﬂ)]wr'
Proof By Lemma 4.5 and Degeneration formula from blow-up, it remains to check

Eq(T'y, 7, (1), 1) =Eq(T'1, T, T)

VI, [, eQ
m(Ty, 7, (1), ) = m(T'y, T, 1) (T T1) € Qomp),

which is straightforward. |

Proposition 4.7 Suppose Z C X is of type II. Then ¢*[/\71(W0,0,n,7r !ﬁ)]Vir =
[M(Wo,0,n, B

Proof Due to the property of Z, any vector bundle over Z is automatically convex.
It suffices to prove Lemma 4.5 for type II. First one observes that there is a natural
fibration

M(Y, D,T') — Z with nonsingular fibers =~ M(P™, P™~1 T,

where m =1k(Nz,x). In particular, M(Y, D, T) is a smooth DM-stack. Therefore
the technical assumption of Proposition 3.15 is equivalent to saying :

any point in M(Y, D,T’) can be moved
so that the corresponding curve is supported away from Z.
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The point will be moved along the fiber M (P, P! T'), so we may assume Z =
point , Y =P,

Given a point in the moduli space

C£Y1—>Y:IP’”’:IP”"_1 ucm,
pick a point ¢ = (v, v3, -+, Uy) € C™ such that g € f(C).
It is easy to find an one parameter family v: C — PGL(C™*1) = Aut(P™) so that:

(1) When =1, v(l)o(C, f) is supported away from the origin Z .
(2) v(¢) preserves the divisor P"~1 C P™,
(3) wv(z) doesn’t change the contact order of (C, f') with the divisor. O

Proposition 4.6 and Proposition 4.7 immediately imply Theorem 1.5 and Theorem 1.4.

Proof of Theorem 1.4 Since the degeneration used here comes from the deformation
to the normal cone from blow-up construction, all insertions involved in the equality, ie
cohomology classes from X and the vector bundle V', can be lifted to the degeneration.

O

4.3 Descendant invariants

The upshot of this subsection is the following:

Corollary 4.8 Suppose each connected component of the submanifold Z = [[; Z; C
X is of type I or type II. If a; < max(2,codimc(Z, X)) — 1) for all i, then we have

(Ta 01, "Eana"l)({n,ﬂ = (tq, ¥y, ’Tann*a”)([)‘jn,n!ﬂ’ where a; € H*(X).

If there are too many cotangent line classes 1;, the previous equality of descendant
invariants is not expected to hold. This is because the stabilization of the domain
curve via ¢: ./\710,,1(?, 7' B) — Mo (X, B) causes ¥; # ¢* ;. Indeed, ¥; — @* ¥
corresponds to boundary strata in the moduli space.

Given E € H, ()? ), if /\710,,, (X, 74 ,g) makes sense, then define

! / X
<falfb17/1’ . fanfbn)/”)o,n,ﬁ

b
a /[/\71 (X,B) w?l m‘P*wll N---N Wr‘zl" m‘»"*‘/’n" meV*(®?=1 Yi)s
O,n s VIr
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where ¢: ./\710,,,(X~,,§) — Mo (X, n*ﬁ) and y; € H*(f).

Theorem 1.5 implies

/ * / * X _ X
(Tbln alv R Tbnn a”>0,n,n!ﬂ - (‘Eblal’ Tty Tbnan>0’n’ﬂ'

However, ¥; # ¢* ;. In order to prove Corollary 4.8, we will show that the correction
term vanishes if there are not too many cotangent line classes.

We may assume Z is connected. One can blow up successively to deduce results for
disconnected submanifold Z. Given an arbitrary map 7: ¥ — X, suppose 7«(B) =
0 € Hy(X), where B € Hy(Y). Therefore we have a diagram:

Mgn(Y, ) ——y"

Pl ) l”“

X X"

Suppose  ©® € H*(Mgn(Y,B)), ;€ H*(X)and y; € H*(Y).
For convenience, denote M, (Y, ) by M.

Lemma 4.9 We have:
* . * . — . .
/[M]Vir @ Nev ( ®l ()/l Nm al)) - fp* ([M]virm®mev* (®1 Vz)) ﬂlal

Proof This follows from the projection formula. |

We will set Y as X, and B as de, where e is the P! line class in the exceptional
divisor and d is an integer. The previous lemma says we can freely reorganize factors
from H*(X).

Lemmad4.10 Ifd>0, then (7,7 *a, V>0Xz 40.=0 when k<max(1,codim¢ (Z, X)—2).

Proof By the previous lemma,

X X
<‘L’k7T*Ol, V>0,2,de = (%, mFe N y>0,2,d€’

The case k = 0 is trivial. When k =1,

(r1, 7% N V>())(,2,de =(Q2g-2+2){x"an V>())(,1,de =0.

If the invariant doesn’t vanish, then we have deg(n*a Ny) < dim X — 1. Otherwise,
the pull back of 7*a Ny to the exceptional divisor D is zero. Since Mg »(X, de) =
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J\7lo,2(D, de), the invariant vanishes. On the other hand, k + deg(m*a N y) =
Vdim(c/vlo,z(X, de) =dim X —3 42+ d(codimc(Z, X) — 1). Therefore,

k > d(codimc(Z, X)—1) > codimc(Z, X) — 1. O

Given @: /\710’,, (X~, E) — /\710,,1 (X, n*g), the boundary strata associated to V1 —@* ¥y
are given by the clutching morphism from:

Mo,1+4gy(X.de) and Mo (g4 (n-1)(X, B —de),
where d runs through all positive integers. And then glue two points ¢ and ¢’,
/\710,1+{q}(/\7, de) X g MO,{q’}+(n—1)(j;a B —de) — Mon(X,B).

Now we pull back line bundles IL; and ¢*IL; on -/\710,11 (1\7, 5) to /\710’1+{q}(X~, de)xj,
MO,{q/}+(n—1)(X, ,5 — de). We have:

(1) (Ll on MO,n(fv ,g))|strata =1Lj on ./\710’14.{(1}(/?, de).
2) (90*%1 on MO,H(yLEZ)|Strata = 9*_Lq’ on -/\710,{61/}4-(11—’1)(?, ,g — de), where
0: Motgr+m—1) (X, B —de) > Mo 1g34+(n—1) (X, 7).

Suppose [A]Y =>"; T; ® T;" is the Kunneth decomposition of the Poincare dual of
the class [A], where A: X — X x X is the diagonal map.

Lemma 4.11 Suppose 7: X =X —> X is an arbitrary blow-up. If 1 < a; <
max(2, codimc(Z, X')— 1), then we have
(‘L’al Tl,)] 7T*011 , TaZTIIJZVZv ce L Tay, ‘L’l/,n J/n)OX’n,E

_ * / / X
= (Ta1+b177 al’rﬂszz)/z,"‘ ,Tan‘[bn)/n)()n E,

where a1 € H*(X) and y; € H*(X).

Proof Use induction on a;. The analysis of ¥; —¢*v; shows:
b'e

I_x ’ /
(Talfblﬂ Q15 Tay Tp, V2,0 ,Tanfann)OnB'

X ~
0,n,8

X X
+ 20 D Mt 17 T o (th, T TanTh, V2o Tan T, Yy, B-de’
d>0 T;

/ * / /
= <Tal—lfb1+17[ alafaszz)/Z"" ,Tanfbn)/n>

As a;—1 <max(l, codimc (Z, X)—2), by Lemma 4.10 (74, —17 "oy, Ti)())?2 de=0. 0
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Proof of Corollary 4.8 In the previous lemma, set y; = n*w;, ,g =7n'f and by =

by =---= b, = 0. Then apply the lemma to aq,a,,--- ,an, this shows
* * X oy % /% X
(tay w7, Ta, )G g = (T UL T, T ARG g
Now it follows from Theorem 1.5. |

4.4 Examples and remarks

Example 4.12 Given any projective manifold X', here we provide several ways to
find a submanifold Z C X, so that Nz, x is generated by global sections.

(1) Embed X in a homogeneous space P, and pick an arbitrary submanifold ¥ C P.
By Bertini’s Theorem, one can perturb Y so that Y are transversal to X . Then
take Z=XNY.

(2) Take any vector bundle V over X and an ample line bundle L. When n >> 0,
V ® L®" is generated by global sections. Take a regular section s € HO(X, V ®
L®"), and let Z = s~1(0).

(3) Suppose Ly, Ly,---, Ly, are line bundles over X, and are generated by global
sections. Take a regular section s € H%(X, @i, Li), and let Z = s71(0).
Then Z is a complete intersection of X .

Example 4.13 Suppose L1, L;,---, Ly, are line bundles over Z, and each L; is
generated by global sections. Let X = Pz (D~ L; ® Oz) be the projective com-
pletion, and X be the blow-up along Z. Let (C*)™ acton X and X fiberwise. In
principle, one can use virtual localization to express all GW-invariants of X and X
in terms of those of Z, and use the calculation to prove Theorem 1.4 in this case.
However, this is a formidable combinatorial task. When Z is a point and 8 € H(X)
has degree 2, Theorem 1.4 corresponds to Lagrangian interpolation in the localization
computation after cancelling numerous terms.

Remark 4.14 Suppose Nz, x is generated by global sections, and 7: X — X is the
blow-up. Let V be a convex line bundle over X, and s € H°(X, V) is a section so
that ¥ :=s~1(0) is a submanifold of X . It is well-known that genus—0 GW—invariants
of Y can be expressed by twisted invariants of X. If Y and Z is transversal in X,
then w*(s) € H® (f ,*V) is a regular section. And we have a Cartesian diagram:

Y =Blynz ¥ =7*(s)"1(0) — X
Y =510 ——— X.
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Since 7*V is also a convex line bundle of X , by Theorem 1.4, we have

{GW(I?) with insertions from Y} = { twisted— GW(A7 ) with insertions from X'}
= { twisted-GW(X)} = {GW(Y)}.

On the other hand, N(ynz),y is the pull back of Nz, x, and is generated by global
sections as well. This also implies {GW(I?) with insertions from Y} = {GW(Y)}.

For arbitrary blow-ups, the correction terms between GW-invariants of X and X are
required. If the universal blow-up formula exists, the correction terms should also have
this functoriality.

Remark 4.15 We speculate that Theorem 1.4 holds as long as Nz,x is convex
without any additional assumption. Here we briefly discuss the technical difficulty
encountered in our approach. For simplicity, assume X = Pz (N & O). Given any

point (C, 1) € /\710,,,()(, B), we have C i) X 2 Z . Because N is convex, f*p*N
is generated by global sections. Therefore one can find a section of f™* p* N to move
the curve so that the new curve is supported away from Z in X .

On the other hand, suppose C; is an irreducible component of the virtual normal cone,
and (C, f) € supp(C;). To check the technical assumption of Proposition 3.15, one has
to make sure that the new curve still stays in supp(C;). A priori, C; can be supported
in a very small part of j\710,n (X, B) (even if one assumes the reduced structure of
/\710,,, (X, B) is smooth). More precisely, dim supp(C;) > Vdim(c/\7lo,n (X, B), and the
equality can be achieved. Local analysis of Kuranish map is required if one attempts to
prove in this way.

Example 4.16 In this example we will see that even if Z C X has freedom to move
to avoid any finite collection of holomorphic curves in X, the induced GW—invariants
of X can be different from the corresponding GW-invariants of X .

Consider two vector bundleson Z =P": V; =@;_, Oz and V, = @521 Oz(—k),
where 5,7 > 2 and k > 0. Let X be the projective completion Pz (V] ® V, @ Oxo),
and Z C X with normal bundle V; @ V5. Since s > 2, Z can be moved to avoid any
finite collections of holomorphic curves. Define

7 X — X is the blow-up along Z,
Y =Pz(V1 8 0x) C X,
ny: Y — Y is the blow-up along Z C Y.
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We have a diagram (not Cartesian):

Y = Z xmathrmBl,P* — ¥ Mops1(Z,dt) —= Z
]
Y =ZxP$ X. Mon(Z,d0).

Let [£] be the line class in Z. Define an obstruction bundle on /\710,,1 (Z,d?) by
Z/fd = Rlﬂn+1*eV*Oz(—k).

Regard £ as acurve classin X via Z C X. Let ©: /\710,,,(/\7, 7'[d{)) —>./\7loyn(X, [d€])
with d > 0.

Lemma 4.17
(1) Mon(X,de) = My ,(Z,de) x P,
2) Mon(X,7'de) = Mo n(Z,dl) x Blyy P*,
(3) Ob(Mon(X.d0) =Uy B (D, Ops(1)).

@) Ob (Mo, (X,7'd0)) = U B[ B, (¢*Ops (1) ®[-D])], where ¢: Blip,P* —
P$ and D is the exceptional divisor of ¢.

Note @ is a birational map in this case, but the natural map between obstruction bundles
is not surjective. Assume the lemma, then the difference of (pushdown) virtual classes
D [Mo (f, td o)) — [Mo.n(X,d0)]'" in general doesn’t vanish, and has nonzero
contribution to GW-invariants. For example, take s =¢ =k =2 and d = 1, then U,
is a trivial line bundle. Let H be the hyperplane class of P2. Then

¢«[(H — D)*] - H? = —[p{] € 4o(P?)
= Pu[ Mo (X, 7 O]~ [Mo,n(X. O]
= —[Mon(Z.O]" x {pt} € Ax(Mon(Z.0) x P?),
which apparently has nonzero contribution to GW-invariants. For general s, 7, k d, the
difference of (pushdown) virtual classes is given by [ twisted -Mg ,(Z, d€)]""" x {pt},

where the virtual class is twisted by the vector bundle V, — Z, and the characteristic
class is a combination of various Chern classes.

Now we sketch the proof of Lemma 4.17. First note the normal bundle Ny, y =
Oz(-k)X (@ ; Ops (1)). This vector bundle is [d£]-concave (but is not concave for
any curve class), thus /\710,,,(Y, d?) is a path-connected component of ./\710,,, (X,d?).
Let [£1] = [£] and [€;] be the line classes of Z and P®. The equality ./\710,,,(X, dt) =
/\710,,, (Y, d?) follows from the following lemma.
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Lemma 4.18 Forany ;P! — X, if f(P!)Z Y, then

fx[P = all]+b[l] € A1 (X) = A1 (Y) = A,(Z) ® A, (P¥) witha > 0,b > 0.

The obstruction sheaf on /\710,,1 (Y,d?) is deduced directly from the normal bun-
dle NY/ X -

Lemma 4.19 Given three manifolds Z C Y C X, we have a diagram (not Cartesian):

Y=Bl;Y —>X=Blz X

| i

Y X.

Then N;/f = n*(Ny,x) ® [~ D], where D is the exceptional divisor of Y >Y.

In our case, the lemma says N?/X~ ~0z(-kK [EB, (go*OIps(l) ® [—D])], which
is also a [d{]—concave bundle. An analogue of Lemma 4.18 shows that M , (Y, d{)
is the only component of /\710,,, (X, 'd (). The analysis of obstruction sheaf is straight-
forward.

5 Vanishing theorems for blow-ups

Suppose we have amap f: X — Y between two compact complex manifolds. It is
obvious that

/ an f*B=0,a€e H*(X),B € H*(Y), when degg > 2dimc Y.
X
However, the virtual version in general is not true (even if X and Y are smooth):

/ aAf*B 20,0 € H*(X),p e H*(Y), when degg B > 2vdimcY.
[X]vir

To rectify this situation, one has to impose the assumption that f: X — Y have
compatible perfect obstruction theories. With such assumption, the vanishing result
holds in the virtual version. This simple phenomenon is the starting point of vanishing
theorems for blow-up in this paper.

In our convention, the empty set @ has dimension = —oo, and codimc¢ (&, S) = 400
if S is not empty.
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Lemma 5.1 Suppose M and N are two proper DM-stacks. Assume ¢: M — N have
compatible perfect obstruction theories. Let a € A* (M), B € A*(N). Denote the virtual
normal cone of N by Cy. If there exists an open substack U C N such that:

1 eMNU =90
(2) dim(Cy _CN|U) <dimCn-—k.

Then f[M]vir aN@g*B =0 when degf > vdimcN — k.

Proof We will adapt notation used in Section 3. Let Lo, £ and F, be the compatible
perfect obstruction theories on M/N, M and N respectively. Recall the diagram

Cn <V Oy N Vect(p* Fy) Cum

L

Vect(p*F>) e Vect(L, ® ¢*F>)

where Cy; and Cy are virtual normal cones used to construct virtual classes. Note
is a proper map. By abuse of notation, o (and 8) will be also viewed as an element in
A*(Cwm) (and A*(Cn)).
0 (M Nt 197B) = @10 05y © O, [Crt et N Y7 B]
= 0%, 0 Y500, [Cy N NY*p]
= 0% (BN (Y« 00, [Cy Na))),
where 4 o O!Lz [CmNa]e A*(W((CM N Vect((p*}"z))).

Since (M) N U = &, we have W((CM N Vect((p*]:z)) C Cn — CN|y - Recall that
dim Cn = vdim¢ (N) 4+1k(F3). Therefore dim ¥ (CM N Vect((p*}"z)) <vdimc (N) +
tk(F,) — k. Because deg 8 + rk(F,) > vdimcN + rk(F,) — k, we know that the

map O!jE2 o(B Nx): A.(l//((CM N Vect(go*}"z))) —> Ao degB—rk(F,) (N) must be a zero
map. |

There is a topological statement of Lemma 5.1. All A (e) in the proof must be replaced
by Borel-Moore homology HEM(e). The proof is the same and is omitted.

Lemma 5.2 Suppose M and N are two proper DM-stacks. Assume ¢: M — N have
compatible perfect obstruction theories. Let « € H*(M), B € H*(N). If there exists
an open substack U C N such that:

() ¢MNU =2
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(2) dim(CNy—Cn|y) £dimCn—k.
Then f[M]vi" aN@*B =0 when degg B > 2vdim¢eN — 2k .

Remark 5.3

(1) The second assumption dim(Cn—Cn|y) < dim Cn—k only depends on U and
the singularities of N, but is independent of the perfect obstruction theory F*°.

(2) Taking U as an empty set and k& = 0, this is the vanishing result mentioned at
the beginning of this section.

Corollary 5.4 Suppose M and N are two proper DM-stacks. Assume ¢: M — N has
compatible perfect obstruction theories. Suppose A C B is a pair of compact complex
manifolds, with a fiber diagram:

i,

1

A—— B.
If there exists an open substack U C N such that:
() poi’'M)YNU =2
(2) dim(Cny—Cnly) <dimCn—k.
Then f[M]vir j*(PDB oix(w)) N Np*B =0 when degg B > 2vdimeN — 2k .
Here « € H*(M), B € H*(N), w € H«(A) and PDgp is the Poincare dual in B.

Proof Form a fiber diagram:

M —— M
v
A—~ B

[Cm]N p*j*(PDp ix(w)) = i (p™* j" PD4(w) Ni'[Cu]) € HZM(Cw).
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Here i' means cap with J*(uq,B), where uy p € H*(B, B — A) is the canonical
orientation class of 4 C B. Note i'[Cy] € HEM(Cy,). Let
y = p*j* PD4(w) Ni'[Cp] and CpyN Vect(i™* Fy) v Cn.

Note v is a proper map. We have
/[M] j*(PDp oix(w)) N Ng*B =0, (BN (Y1 007, [y Nal).
Now argue as the proof of Lemma 5.1 and note the image of ¥’ lies in Cy —Cn|y. O

5.1 Relative case

In this subsection, we always assume Z is connected. Suppose Nz, x is a convex
bundle. We will attempt to apply the vanishing lemma to
¢: M= Mon(X. B) = Mou(X. 74 B) = Mom(X. 74 ) =N. B # w'ms .
where the second arrow forgets the last n —m marked points. Note
B#r'mif = B=n'B+de.d#0,

where e is the line class in the exceptional divisor. The open substack U C N will be
a collection of stable maps supported away from the submanifold Z C X. To show
the composition map ¢ induces compatible perfect obstruction theories, note the first
map induces compatible perfect obstruction theories (Proposition 3.6), and so does the
forgetful map.

Unfortunately, it is difficult to directly check the second assumption in Lemma 5.2 if
k > 0. The degeneration formula will be used to simplify the situation.

First we consider the simplest case: Z = the origin C X = P”, with the divisor
D=P ~l1cX.Let N=M(P",P"~!,T), where T is an admissible graph. In this
case, N is a smooth DM-stack.

Lemma 5.5 We have codim¢(N—U,N) >r —1.
Proof Define v: C” — PGL(C"*1) = Aut(P™) by:

100 -+ 0 —v
010 0 —v,
001 - 0 —vs

v(v17v27'.' ,Ur)z

000 -1 —v
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This matrix preserves the divisor P"~! and doesn’t not change the contact order of the
curve to P~ and therefore induces an action on N = M@PT, P71 T).

Equip N— U with reduced structure, denote it by B. Suppose codimc (B,N) <r—1,
then there exists a point

[CLY[-)Y]EB,

so that B is smooth at the point and codimc (B, N) < r — 1 near the point. Define a
morphism o: C” — N by the action of C” on

CES ]

We have
o(vy, - ,v) € B<= (vy,---,v,) € the image of the curve C.
Therefore dim o~ (B) < 1. Take the linearized map of o :

To|lz: TC"|z — TN|

icLy, >y
dim T'o|;' (TB <1
im 7oz ( |[C—f>Y,—>Y]) -
Therefore codimc (B, N) > codim(c{T(rE1 (TB|[C1>Y,—>Y]), TC"|z}>=r—1,which
is a contradiction. O

Now we can control the codimension for type II cases.

Lemma 5.6 Suppose Z isoftypell. Let Y =P(Nz;x ®0), D =P(Nz,x) and
N = Mg ,(Y, D,T). Then

codimc (Cn —Cn|y.Cn) 2 1k(Nz x) — 1.

Proof N is a smooth DM-stack. It suffices to show codimc (N—U,N) >1k(Nz, x)—1.

The fibration N = /\710’,,(Y, D,T") — Z is locally trivial, and therefore reduces the
problem to the fiber. Now it follows from the previous lemma. O

Lemma 5.7 Suppose Nz, x is convex and there is a subbundle 7 C Nz, x generated
by global sections. Let Y =P(Nz;x ®0), D =P(Nz,x) and N = Mo,n(Y, D, T).
Then there exists a section ¢ € H°(Z, Nz/x), so that

codimc (Cn — Cnly, . CN) = 1k(F) — 1,

where U, C N is a collection of relative stable maps supported away from q(Z) in Y .
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In particular, if Nz,x is generated by global sections, then we have a good bound of
the codimension > rk(Nz,x)— 1. Now the goal is to prove Lemma 5.7. (e)™d means
the reduced structure.

Lemma 5.8 Suppose f: A — B is a morphism of separated DM-stacks of finite type
over C. Then A can be split as finite disjoint union A = | [ Ai, so that:

(1) Foreach i, A; is irreducible and locally closed in A and then equipped with
reduced structure.

(2) Set fi: Ai — f(A;i). Then f;'(fi(a)) has dim A; —dim f(A;) forall a € A;.

Proof Use the induction on the number of irreducible components of top dimension
in the domain. Suppose D is an irreducible component of top dimension in .A. The
induced map f: D™ — mred is a dominant morphism of integral DM-stack
of finite type over C. There exists an open substack 2/ C D™, such that for any
y € f(D™Y), dimUy, = dim D —dim f(D). It remains to consider f: A— D — B
and f: D™ —U/ — B. m]

Given an admissible graph T" for (¥, D) and assume M (Y, D,T") exists. Define

M(Y» I):= 1_[ Mg(v),#legs(v)—i-#roots(v)(Yv b(v)).
velV (")

Because I is relatively connected, M (Y, T") makes sense and is the moduli space of
(disconnected)-stable maps in Y . Note here we have used the condition: if |V(T")| > 1,
then each vertex v € V(I') has at least one root and b(v) # 0.

There is a natural map
M(Y, D, T) = M(Y,T).

But there is no natural arrow between two obstruction theories. The universal curve of
MY, T) is

M(Y, l-v)univ

M(Y,T) -
Mg(v),#legs(v) “#roots(v)+1 (Y, b(v)).

X
veV(T) Mg(v),#legs(v)+#roots(v) (Y,b(v))

Note the coarse moduli space of M(Y,T) is projective, as shown in [6].

Lemma 5.9 Suppose A is a separated DM-stack of finite type over C with pure
dimension. Assume J C Nz, x is a subbundle generated by global sections.
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Given ¢: A — M(Y,T), then there always exists a section ¢ € H°(Z, Nz/x),
such that codimc (A — Aly, ., A) = tk(F) — 1. Here Uy C M(Y,T) is defined by
(disconnected-) stable maps supported away from q(Z) in Y .

Proof Recall Y = P(Nz,;x ®O) and D = P(Nz,x). Let r = rk(F). We may
assume 7 > 2, otherwise it is trivial.

Step 1 Use the previous lemma to split A = [ [ Ai . Define M; = <p(A,) , and
M; is thei image of M; in the coarse moduli space M (Y, T'). Assume M (Y, T") < PV
and dim M; = dim M; = k;.

If k; > r—2, pick a subplane PN—ki+(r=2) jn PN such that dim(PN %+ =D 1) =
r — 2. Define two new objects by the fiber diagrams:

W;miv /\7[ (Y, F)univ
Wi M(Y,T)

| |

PN—ki+(r=2) n pp; M(Y,T)

If k; < r —2, then define W; as M, . Note dim W}‘“iv <r—1and f;: W}‘“iv —Y is
a proper map. Suppose P, Oz — F — 0.

cs P projection 6 smooth

losed
Z xC* = Vect(P; Oz) —— Vect(F) i Vect(Nz,/x) =y,

dim p«0~ (i OWVI™) N Veet(F)) < dim 671 (i V™) N Vect(F))
= 5 —tkF +dim ( f; W) N Vect(F))

<s—r+r—-1=s-—1.
Since there are finitely many W?’“i", there exists ¢ € C* such that

q¢ U P07 (i WYY N Veet(F)).

Such ¢ induces an section in H(Z, F) c H°(Z, Nz/x).
Step 2 Claim dim(M; — M;y,) < ki —(r —1).

Suppose k; =r —2. Let Uy " := MY, T)— Uy equipped with reduced structure,
and U, be the corresponding coarse moduli. Argue by contradiction. Suppose not.
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Then dim;"™ N M; = k; — (r —2).

= dim U, N M; = k; — (r —2).

— dim Uy"™ N M; NPV R+ 0=2) oL g i PNV,

= U,;"""NW; # @ in M(Y,T).
On the other hand,

9(Z) N [iVI™) = & = Wi C Uy,

which is a contradiction.
If k; <r —2, then a similar argument shows M; c Uy . Therefore M; —M,; lu, = 2.

Step 3 dim(M; — M;|y,) < dimM; — (r — 1) and ¢;: A; — M; has the fiber
dimension dim .A4; — dim M; . Therefore
dim(A; — Aily,) < dim M; — (r — 1) + dim A; —dim M;
=dimA; —(r—1) <dimA—(r —1).

Now it follows from A — Ay, = [ iniee (Ai — Ailes,) - U

Proof of Lemma 5.7 Consider the composition A = C 7y p ry = M(Y,D,T) —
MY, T). Let Uiiy,p,r),q (and Ujgy ) 4) be the (relative) stable maps supported
away from ¢(Z) in Y. Note Uy p 1) , = the preimage of U5y ) , under the
natural map. Now it follows from the previous lemma. O

The next two corollaries are the building blocks of vanishing theorems of absolute
GW-invariants. According to Lemma 5.7 and Lemma 5.6, we define the codimension
6 corresponding to k in Lemma 5.2 as

tk(F) -1 if Z C Xis of type I,
6= and 7 C Nz, x is generated by global sections.
tk(Nz,x)—1 if Z C Xis of type IL

Recall 7: ¥ := P(Nz;x ®0Oz)—Y :=P(Nz,x ®Ogz) is the blow up along Z,
and D:=P(Nz;x)CY.Let AC[n], a, € H*(Y) fora € A, y; € H*(Y) for
i €[n], and t, € H*(D). See the paragraph before Theorem 1.7 about notation of
GW-invariants.

Corollary 5.10 Suppose Z C X is of type I or II. Let T be an admissible weighted

graph for (Y, D), and w44 be a composition of pushforward and the map forgetting
the [n] — A legs. Assume M(Y, D, mw44I") makes sense.
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If T' satisfies both conditions

genus-zero weight g: V(f) E—(>) Z >y,
homology weight b(v) # 7' b(v) for at least one vertex v € V(I').

Then we have

E—

N D
(T g - ToVmlts - . 1) )

=0

"Jl"‘l

,
when degoTA) + Zdeg t; > 2vdimc M(Y, D, nA*f‘) —26.
i=1

Proof For the type I case, let g € H*(Z, N, /x) be the section found in Lemma 5.7.
For the type II case, let ¢ be the zero section. Apply Lemma 5.2 to the map

¢: M= M(Bly(z) Y, D,T) = M(Y, D, 74T) - M(Y, D, m4xT) =N
where U C N collects all relative stable maps supported away from ¢(Z).

~ ~ =0
I" has genus-zero weight g: V(I') — Z>¢, and Nz, x is convex.

M = M(Bly(z) Y, D,T) = M(Y, D, m,T)
have compatible perfect obstruction theories.

M(Y, D, 4 f‘) — M(Y, D, nA*f‘) = N also induces compatible perfect obstruction
theories because it forgets [n] — 4 legs. On the other hand, b(v) # 7'74b(v) for at
least one v € V(f‘) implies that ¢(M) N U = &. The second assumption in Lemma
5.2 follows from Lemma 5.7 and Lemma 5.6. O

Corollary 5.11 Suppose Z C X isof type L orII. Suppose T is an admissible weighted
graph for (Y D) with genus-zero weight g: V(F)—>Z>0 Let w44 be a compos1t1on
of pushforward and the map forgetting the [n] — A legs. Assume M(Y, D, 745 D)
makes sense.

If one further assumes j € [n] and wy;, € H*(f;) with PDy (wy;3) sitting inside the
image of Hx(E) — H«(Y'), where E is the exceptional divisor, then we have

—
(¥ 0q - ToVim) - O30, ,tr)(Y D) —

when dega] + Zdeg t; > 2vdime M(Y, D, w5 ) — 26.
i=1
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Proof Apply Corollary 5.4 to:

M —=M=M(,D,T) — M(Y,D,74:]) =N

l l

E Y

Any curve [C — }7[ — ?] € M’ touches the exceptional divisor in Y, therefore the
corresponding image in N touches Z C Y. Now it follows from Lemma 5.7 and
Lemma 5.6. m|

5.2 Absolute case

Recall 7: X — X is the blow up along Z. In the following theorem, sets I, J, K, A
can be empty sets. When A4 is empty, deg a; will be counted as zero.

Theorem 5.12 1, J, K are disjoint sets with J C [n]. Suppose Z = ([|;c; Zi) U
(Ujes Zj)U(Ukex Zx) is a disjoint union of submanifolds in X', with the following
assumptions:
(1) Foreachi e IUJ, Z; C X is either of type I or of type II.
(2) Foreachk € K, Ngz, ;x is convex.
(3) The curve class ,3~ = 7'[!,3 + D ierdiei + Zje.] diej + Y recx drex with d; #
0 forall i € I, and 0 # B € H,(X). Here es are the line classes in the
corresponding exceptional divisors.

(4) @y is a collection of COhOIllO]Ogy classes in H* (f ). And PD g (wj) lies in the
image of Hy(Ej) — Hy(X).

Fori € I UJ, define

rk(F) —1 if Z; C Xisof type I,
8 = and F C Nz, x is generated by global sections.
tk(Nz,/x)—1 if Z; C Xisof type II.

H ~
Then (n*aA-r.y[n]-cTJ))g(nE:O
when degag > 2vdime Mo 4(X. ) —2) 8 =2 §;.

iel jedJ
Here a; is a collection of cohomology classes from X with A C [n], and Te)y,] are
arbitrary descendant insertions of X .
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Proof Fori € I UJ UK, define
Yi:=Pz,(Nz, ) x ®O0gz), mi:Yi:=Blg, Y;—Y:, Dj:=Pz(Nz x)CYi.

Apply the degeneration for blow-up:

X~~~ XUllie, YiUlljes Y Ullkex Y

|

X~ XU]_[ieIYiU]_[jeJ Y; U]_[keK Yy
Given (f‘,{f‘i}iel,{fj}jej,{f‘k}keK) onf > We have

(mas D {mwiawDitier. {mj, axLj}jes Ak ax Tk kek) € Ro.np.

where 7; 4%, j 4,5 and w4« are the compositions of pushforward and the map
forgettlng marked legs correspondlng to [n] — A in the absolute case. Note for each
i €1, T; can’t be empty, and b(T;) = 7! b(n,A*F)—I—de,

Let 67,67, GJ*, ;" refer to the distribution of insertions to various pieces X, 171', Y,’, ?k-

‘We can choose the distribution so that:

—
(1) 0Fm*ay ,0fn*ay and GI:‘JT*aA are the pull back of cohomology classes from
Y;,Y; and Y.

(2) 6*wy are distributed to the corresponding divisors in 171 ,for jeJ.

Argue by contradiction, suppose the invariant is not zero, then there exists

(T ATidier ATjYjer AThkex) € R, 5
% € H* (D' fori e IUJ UK,

so that

X,1ic D;
(O e - Oy ey {0 Sier 17 Yo i e ) ierorvs 20 22 g

—
(0Fm*oq -0 Teyn ]I_)V)(Y”D i) #0foralli €1,
(Y/,D )

El

(0F ™oy - 0] r.y[n] 0fw |lj V) #0forall j € J,

—
(OFm*aq - 0 TaVin] |tkv)(Y" Die) 75 0 forall k € K.
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A —_—
Given i € I UJ UK, define deg 0 m*ayq := ) deg oy, then we have

ac ANlegs offi
Fi84 x % T =
deg #; " +deg 0 n ay < 2vdimc M (Y;, D;i, ;i 4.+1'i) —28; by Corollary 5.10,
—_—> I ~
deg [—]?v +deg 6 n*ay < 2vdimc M(Y;, Dj, 7j 4.+Tj) —28; by Corollary 5.11,
—_—> I ~
deg wY + deg 6 w* oy < 2vdimc M (Y, D, 7, 4,4 k) by Lemma 5.2.
On the other hand, by the assumption on deg @, we have

— —
deg Oy ¥y + Z deg 0 n*aq + Z deg 77V + Z deg 77

ielUJUK ielUJUK ielUJUK
—_— ~
=degm*ay +2 Z (dim D;) e (#roots of T';)
ielUJUK
>2vdime Mo q(X. f) =2 8 =2 8;+2 Y (dim D;) e (#roots of T;)
iel jeJ ielUJUK
=2 ) vdimeMYi Di 74T
ielUJUK
—23 6 —2) &+ 2vdimeMX, ] DimanD).
iel jedJ ielUJUK

Combining all inequalities, we obtain

— - -~
deg 05w + Z deg?,? > 2vdime M (X, ]_[ D;,m4.T).
ielUJUK ielUJUK
However, the map M (X, [Licrosuk Di. I —M(X, [Licrusuk Di. 745 ) forgets
{the marked legs of '} — A, and therefore induces compatible perfect obstruction
theories. Thus

— -y — — — X.11; D;
(Og et Oy TV {1 bier W07 Yy es Wik ber) & H/E79K P = 0 by Lemma 5.2,

which is a contradiction. O

Example 5.13 Suppose X is an algebraic surface, which is neither rational nor ruled.
Let Xy be the minimal model of X . Since GW-invariants are deformation invariant,
we may assume 7: X — X is the blow-up at r distinct points aq,--- ,a,. Suppose

0 # B € Hy(Xo).
K, is nef == vdimc Mg o(Xo,8) =(2—3)+0—BN Ky, <—1.

Assume E = JT!,B + Z,Z:l drey , where dj. € 7.. We apply the previous theorem to
the case Z = [ [pex Zk ={a1.--- .a,}, withthe set I = J = A = &. We have

degay = 0> —2 > 2vdimc Mo o(Xo, B).
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By the previous theorem, g = 0 descendant GW-invariants of X are all zero if 8 # 0.
Since exceptional divisors are disjoint,

(tay V1,7 . Tay, Vn)gfnﬁ
invariants around the exceptional divisor P! if E = djey, for some k,
= with dj > 0.
0 otherwise.

The first case can be computed by obstruction bundles.

When the arithmetic genus pg(X) > 0, this result can also be deduced from Image
Localization Theorem in Lee and Parker [20] (see also Kiem and Li [16] for algebro-
geometric analogue) in symplectic geometry. In fact, Image Localization Theorem
is much more powerful than our argument because it can also handle higher genus
GW-invariants when pg > 0.

Example 5.14 Suppose Ky is nef, and Z is a smooth curve in X with genus
g(Z) = 1. Then we have zero descendant GW-invariants

Cug;EEQWMnﬁzn%+deeHﬂf)mmﬂ#Ode#Q
To see this, note Vdim(c/\7lo,0(X, B)=dimX —-34+0—-8N Ky <dimX — 3. Apply
the vanishing theoremto J = K = 4 = &, then § = codimc (Z, X)—1 =dim X —2.
Hence degoTA> =0> —2>2vdimc My o(X, B) —26.

Example 5.15 Let Z =P?, and X is the projective completion of O(—3)®O(-3) —
Z . This example shows Theorem 5.12 doesn’t not hold for arbitrary blow-ups. Let
n: X > X be the blow-up along Z. The exceptional divisor is E = Z x P! with
normal bundle NE/j(' =~ Oz (—3)RKO(—1). Let [£1] and [£,] be the line classes in Z

and P!.

E5X¥5x2 2z
Then ﬂ![zll = l'*(gl — 352). Consider Mo,l(y,i*(dﬁl)) — MQ’O(X, dﬁl) with
d>1.Let ] =J = A= in Theorem 5.12. We have degay = 0> 2(1 —3d) =

2Vdim(c./\7l(),0(X ,dfy). If Theorem 5.12 holds in this example, then it implies all
GW-—invariants of /\710,1 (X,ix(dly)) are zero.

On the other hand, (E + 37*p*H,)|g = —H, € H*(E), where H, and H, are
hyperplane classes of Z and P! in E. Let Uy — Mg o(Z, d{;) be the obstruction
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bundle associated to O(—3) — Z.

cop(Ug) Nev* (Hy K Hy)

(3% p* Hy A (E + 3% p* H)) Yy 4, :_f ’
M()‘I(E’del)v"

=—d [ _ aopUg) =—d - Kg.
Mo, o(Z,dLy)vT
The number K; has been computed by Lian, Liu and Yau [24], and is nonzero in
general (eg K1 = 3).

Example 5.16 Suppose Nz, x is generated by global sections and has rank r. Let
E be the exceptional divisor of 7: X — X. Given q; > 0, 0 # B € H,(X) and
a; € H*(X), then

(EYw*ay, E®n*ay, -, E% ¥ ap) X

n
0,n,n,B=Owhen0<2:ai <r—1.

i=1
To see this, we may assume @ > 0, and then apply Theorem 5.12 to:

K=gandd§=r—1,

J = {1} C [n] with w; = E?,
o = (g, - ,an) with A = [n]
Yin] = all remaining insertions.

n
Then  degary = vdimg Mo, (X, 7'8) =) a; > vdime Mo (X ) — (r — 1).

i=1

Therefore the invariant vanishes. One can use the similar argument to /\710,,1 (X~ ' p)—
Mo n—m(X, B) and show that if 1 <m <n, then

a a a a * a * X
(E 1’E 2,...’E m’E m+17-[ am+1’ ...... ’E nj-[ an>

0,78 0

n
when Zai <r—14+m.
i=1
If there are too many insertions coming from the exceptional divisor, then the invariant

may not vanish. For example, take X = P> and Z = a point. Let [£] be a line class
in X'. A computation in [7] shows

(E E% [ EY, 5 =—2332#£0.
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Remark 5.17

(1)

2)

Supgose Z =27Z]]Z, with ]j’ z;/x both generated by global sections. Let
m: X =Blz X - X and 7;: X — X; =Blz, X. To test if a GW-invariant of
X vanishes or not, using different base manifolds can yield different vanishing
criteria. For example, let E =n'B+diey +dae; € Hz(X~) with dy,d, > 0. If
aq € H*(X1), then
T -

<7T1aA 77'—>V[n]>0’ B =0

when degoT,Z > 2Vdim(c/\7lo,A(X1 ,B+dier)—21k(Nz, x).

However, this result can not be deduced from the vanishing criterion for X—>X
because a4 may not come from cohomology classes of X .

It is not necessary to test all possible base manifolds. In Theorem 5.12, suppose
I =14 ]]I- such that

E: J'[!ﬂ-i-Zd,‘ei + Zdjej + Z drey

iel jeJ kekK

with d; >0 forall i € I4,and d; <O forall i € I_.

A snnple argument shows: if an invariant of X satisfies the vanishing criterion
for X — X, then it automatically satisfies the vanishing criterion for X >
Bliz, ) X.where Z;_= [ [ Z:.

iel_
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