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Novikov-symplectic cohomology
and exact Lagrangian embeddings

ALEXANDER F RITTER

Let N be a closed manifold satisfying a mild homotopy assumption. Then for
any exact Lagrangian L C T*N the map m2(L) — m2(N) has finite index. The
homotopy assumption is either that N is simply connected, or more generally that
m(N) is finitely generated for each m > 2. The manifolds need not be orientable,
and we make no assumption on the Maslov class of L.

We construct the Novikov homology theory for symplectic cohomology, denoted
SH*(M ; Ay), and we show that Viterbo functoriality holds. We prove that the
symplectic cohomology SH*(T*N; A,) is isomorphic to the Novikov homology of
the free loopspace. Given the homotopy assumption on NV, we show that this Novikov
homology vanishes when o € H'(LoN) is the transgression of a nonzero class in
H 2(]\7 ). Combining these results yields the above obstructions to the existence of L.

57R17; 57TR58

1 Introduction

Consider a disc cotangent bundle (DT*N, d6) of a closed manifold N” together
with its canonical symplectic form. We want to find obstructions to the existence
of embeddings j: L™ < DT*N for which j*0 is exact. These are called exact
Lagrangian embeddings. For now assume that all manifolds are orientable and that we
use Z—coefficients in (co)homology.

Denote by p: L — N the composite of j with the projection to the base. Recall that
the ordinary transfer map py: Hx(N) — Hx(L) is obtained by Poincaré duality and
the pullback p*, by composing

pr: Hy(N) — H" *(N) — H" (L) — Hy(L).

For the space Lo/N of smooth contractible loops in N, such transfer maps need not
exist, as Poincaré duality no longer holds. However, using techniques from symplectic
topology, Viterbo [11; 12] showed that there is a transfer homomorphism

ﬁp!l H*(,C()N) — H*(E()L)
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which commutes with the ordinary transfer map for p,

L p
Hy(LoL) <2— Hy(LoN)

Cx Cx

HL(L) »n

Hy(N)
where ¢: N — LyN denotes the inclusion of constant loops.

For any « € H!(LyN), we can define the associated Novikov homology theory, which
is in fact homology with twisted coefficients in the bundle of Novikov rings A = Z((t))
associated to a singular cocycle representing . We denote the bundle by A, and the
Novikov homology by Hy«(LoN; Aqy).

Main Theorem For all exact L C T*N and all « € H' (LoN), there exists a com-
mutative diagram:

Lp
Hy(LoL: Az pyra) < Hu(LoN; Aa)
<
Hy(L; ¢* A pyra) <—— Hi(N:c* Ag)
If ¢*a = 0 then the bottom map becomes py @ 1: Hx(L) ® A < Hx(N)Q A.
Suppose now that N is simply connected. Then a nonzero class 8 € H?(N) defines a

nonzero transgression t(B) € H'(LyN). The associated bundles A-g) on LoN and
A+(p+p) on LoL restrict to trivial bundles on N and L.

Suppose T(p*B) =0 H'(LyL). Then the above twisted diagram becomes

Lp
Ho(LoL) ® A <=2~ Hy(LoN; Avp)

Ho(L)® A~ H.(N)®A

where ¢q: LoN — N is the evaluation at 0 map. If N is simply connected and S # 0,
then we will show that Hyx(LoN: Arg)) = 0, so the fundamental class [N] € Hy(N)
maps to cx[N]=0. But Lpi(c«[N]) = cx )1[N] = cx[L] # 0 since cx is injective on
Hy(L). Therefore t(p*pB) = 0 cannot be true. This shows that 7 o p*: H*>(N) —
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Novikov-symplectic cohomology 945

H'(LyL) is injective. Now, from the commutative diagram

H?(N) — Hom(m2(N), Z) =~ H (Lo N)

lp* l(ﬁp)*

H*(L) —~> Hom(n»(L),Z) C H'(LoL)

we deduce that p*: H?>(N) — H?(L) and Hom(»(N), Z) — Hom(m5 (L), Z) must
be injective. Thus we deduce:

Main Corollary (See Corollary 11.) If L C T*N is exact and N is simply con-
nected, then the image of ps: wo(L) — m,(N) has finite index and p*: H>(N) —
H?(L) is injective.

We emphasize that there is no assumption on the Maslov class of L in the statement
— this is in contrast to the results of Nadler [6] and Fukaya, Seidel and Smith [3]:
the vanishing of the Maslov class is crucial for their argument. Also observe that if
H?(N) # 0 then the corollary overlaps with Viterbo’s result [11] that there is no exact
Lagrangian K(7r, 1) embedded in a simply connected cotangent bundle.

We will prove that the corollary holds even when N and L are not assumed to be
orientable. A concrete application of the Corollary is that there are no exact tori and no
exact Klein bottles in 7*S?2. We will also generalize the Corollary to obtain a result
in the non—simply connected setup:

Corollary (See Corollary 13.) Let N be a closed manifold with finitely generated
tm(N) foreachm > 2. If L C T*N is exact then the image of py: (L) — 73 (N)
has finite index.

This is innovative since in [3], [6] and [11] it is crucial that N is simply connected.

The outline of the proof of the corollary required showing that the Novikov homology
H.(LyN; Ar(ﬁ)) vanishes for nonzero 8 € H? (]V ). The idea is as follows. A class
1(B) e H'(LN) = H'(LyN) gives rise to a cyclic covering LoN of LoN . Let ¢ be
a generator for the group of deck transformations. The Novikov ring A = Z((t)) =
Z[[t][t~"] is the completion in ¢ of the group ring Z[t,~!] of the cover. The Novikov
homology is isomorphic to Hyx(Cx(LoN) Rz, -1 N)-

Using the homotopy assumptions on NV it is possible to prove that Hy (Lo N ) is finitely
generated in each degree. It then easily follows from the flatness of A over Z[t,™!]
and from Nakayama’s lemma that

H*(C*(ﬁ()N) ®Z[t,t_l] A) = H*(;C()N) ®Z[t,t_l] A - 0
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946 Alexander F Ritter

The outline of the paper is as follows. In Section 2 we recall the construction of
symplectic cohomology and we explain how the construction works when we use
twisted coefficients in the Novikov bundle of some o € H!(LN), which we call
Novikov-symplectic cohomology. In Section 3 we recall Abbondandolo and Schwarz’s
construction [1] of the isomorphism between the symplectic cohomology of 7*N and
the singular homology of the free loopspace LN, and we adapt the isomorphism to
Novikov-symplectic cohomology. In Section 4 we review the construction of Viterbo’s
commutative diagram, and we show how this carries over to the case of twisted
coefficients. In Section 5 we prove the Main Theorem and in Section 6 we prove the
Main Corollary. In Section 7 we generalize the corollary to the case of non—simply
connected cotangent bundles, and in Section 8 we extend the results to the case when
N and L are not assumed to be orientable.

Acknowledgements [ would like to thank Paul Seidel for suggesting this project.

2 Symplectic cohomology

We review the construction of symplectic cohomology, and refer to Viterbo [12] for
details and to Seidel [9] for a survey and for more references. We assume the reader is
familiar with Floer homology for closed manifolds; for instance, see Salamon [7].

2.1 Liouville domain setup

Let (M?2",0) be a Liouville domain, that is (M, ® = df) is a compact symplectic
manifold with boundary and the Liouville vector field Z, defined by i z® = 8, points
strictly outwards along dM . The second condition is equivalent to requiring that
o = 0|aps is a contact form on M , that is do = w|jps and o A (da)™! > 0 with
respect to the boundary orientation on dM .

The Liouville flow of Z is defined for all negative time r, and it parametrizes a
collar (—oo, 0] x dM of dM inside M . So we may glue an infinite symplectic cone
([0, 00) x dM, d(e"«@)) onto M along dM , so that Z extends to Z = d, on the cone.
This defines the completion M of M ,

M = M Uypy [0, 00) x IM.

We call (—o0, 00) x M the collar of M . We extend 6 to the entire collar by 8 =e"a,
and w by w = d6f. Later on, it will be convenient to change coordinates from r to
x =e". The collar will then be parametrized as the tubular neighbourhood (0, co) x IM
of M in M, where IM corresponds to {x = 1}.
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Let J be an w—compatible almost complex structure on M which is of contact type on
the collar, that is J*6 = e”dr or equivalently Jd, = R where R is the Reeb vector
field (we only need this to hold for e” >> 0 so that a certain maximum principle applies
there). Denote by g = w(-, J -) the J—invariant metric.

2.2 Reeb and Hamiltonian dynamics

The Reeb vector field R € C°°(TdM ) on dM is defined by irde =0 and ¢(R) = 1.
The periods of the Reeb vector field form a countable closed subset of [0, c0).

For He C °°(]\2 ,R) we define the Hamiltonian vector field Xz by
o(Xg,-)=—dH.

If inside M the Hamiltonian H is a C%—small generic perturbation of a constant, then
the 1—periodic orbits of Xz inside M are constants corresponding precisely to the
critical points of H.

Suppose H = h(e”) depends only on e” on the collar. Then Xz = h'(e”")R. It
follows that every nonconstant 1—periodic orbit x(¢) of Xy which intersects the
collar must lie in {e"} x M for some e” and must correspond to a Reeb orbit
z(t) = x(/T): [0, T] — M with period T = h’(e”). Since the Reeb periods are
countable, if we choose % to have a generic constant slope A’(e”) for e” > 0 then
there will be no 1—periodic orbits of Xz outside of a compact set of M.

2.3 Action functional

We define the action functional for x € C*®(S!, M) by

1
Ag(x) = —/x*9+/ H(x(t))dt.
0
If H = h(e") on the collar and x is a 1—periodic orbit of Xz in {e”} x M , then
Ag(x)=—e"HW (") + h(e").

Let LM =C (s, M ) be the space of free loops in M . The differential of A o at
x € LM in the direction EeTy LM = C®(S!t, *TM) is

1
dAH-.§=—/0 w(E X — Xg) dt.

Thus the critical points x € Crit(Ag) of Ag are precisely the 1—periodic Hamiltonian
orbits x(¢) = Xg(x(¢)). Moreover, we deduce that with respect to the L2-metric
fol g(-, -)dt the gradient of Ag is VAg = J(x — Xg).
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2.4 Floer’s equation

For u: R x S! — M , the negative L?—gradient flow equation d;u = —V Ay (1) in
the coordinates (s,7) € R x S! is Floer’s equation

dgu + J(3u — Xgr) = 0.

The action Ag (u(s,-)) decreases in s along Floer solutions, since

1

1
ds(Ap (u(s.-)) = dAg - dsu :—/ w351, d;u — Xpr) dt :—/ |8yu|2 dt.
0

0

Let M’(x_, x+) denote the moduli space of solutions u to Floer’s equation, which at
the ends converge uniformly in 7 to the 1—periodic orbits x4 :

lim u(s,t) = x1(1).
s—>+o00

These solutions # occur in R—families because we may reparametrize the R coordinate
by adding a constant. We denote by M(x_,x1) = M'(x—,x4+)/R the space of
unparametrized solutions.

2.5 Energy

For a Floer solution u the energy is defined as
E(u) = f |05u|? ds dt = /w(asu, diu— Xg)dsdt = —/ ds(Ag(u))ds.

Thus for u € M'(x_, x4) there is an a priori energy estimate,

E(u) = Ag(x-) —Ag(x+).

2.6 Compactness and the maximum principle

The only danger in this setup, compared to Floer theory for closed manifolds, is that
there may be Floer trajectories u € M (x_, x4) which leave any given compact set in
M . However, for any Floer trajectory #, a maximum principle applies to the function
e’ ou on the collar, namely: on any compact subset @ C Rx.S! the maximum of e” ou
is attained on the boundary d<2. Therefore, if the x4 lie inside M U ([0, R] x M)
then also all the Floer trajectories in M’(x_, x4) lie in there.
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y

Figure 1: The x, y’, y”, y are 1-periodic orbits of X, the lines are Floer
solutions in M . The u, € M(x, y) are converging to the broken trajectory
(', uy) € Mo(x, y') x Mo ()", p).

2.7 Transversality and compactness

Thanks to the maximum principle and the a priori energy estimates, the same analysis
as for Floer theory for closed manifolds can be applied to show that for a generic
time-dependent perturbation (H;, J;) of (H, J) the corresponding moduli spaces
M(x_, xy) are smooth manifolds and have compactifications M(x_, x1) whose
boundaries are defined in terms of broken Floer trajectories (Figure 1). We write
My (x—, x4) = M}, (x=, x4)/R for the k—dimensional part of M(x—,x4).

The perturbation of (H, J) ensures that the differential Dd))l(H of the time 1 return
map does not have eigenvalue 1, where ¢§(H is the flow of Xz . This nondegeneracy
condition ensures that the 1—periodic orbits of Xz are isolated and it is used to prove
the transversality results. In the proofs of compactness, the exactness of @ is used to
exclude the possibility of bubbling-off of J—holomorphic spheres.

To keep the notation under control, we will continue to write (H, J) even though we
are using the perturbed (H;, J;) throughout.

2.8 Floer chain complex

The Floer chain complex for a Hamiltonian H € C °°(]\2 , R) is the abelian group freely
generated by 1—periodic orbits of Xg,

CF*(H)= @ {Zx:x e LM, x(t) = Xp (x(1))}.
and the differential 0 on a generator y € Crit(Ag) is defined as

dy = Z e(u) x,

u€Mo(x,y)
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where M (x, y) is the 0—dimensional part of M (x, y) and the sign €(u) € {£1} is
determined by the choices of compatible orientations.

We may also filter the Floer complexes by action values 4, B € R U {£o00}:
CF*(H: A, B) =P {Zx:x e LM, x(t) = Xg(x(1)). A< Ap(x) < B}.

This is a quotient complex of CF*(H) if B # oo. Observe that increasing 4 gives
a subcomplex, CF*(H; A’, B) C CF*(H; A, B) for A < A’ < B. Moreover there
are natural action-restriction maps CF*(H; A, B) — CF*(H; A, B") for A < B’ < B,
because the action decreases along Floer trajectories.

Standard methods show that 3> = 0, and we denote by HF*(H) and HF*(H; A, B)
the cohomologies of these complexes.

2.9 Continuation maps

One might hope that the continuation method of Floer homology can be used to define
a homomorphism between the Floer complexes CF*(H_) and CF*(H;) obtained
for two Hamiltonians H4 . This involves solving the parametrized version of Floer’s
equation
Osu + Js(0ru — XHS) =0,

where J; are w—compatible almost complex structures of contact type and Hj is a
homotopy from H_ to H4 (ie an s—dependent Hamiltonian with (Hy, J5) = (H-, J-)
for s « 0 and (Hy, Js) = (Hy,J4) for s > 0). If x and y are respectively 1-
periodic orbits of Xg_ and Xg_ , then we can define a moduli space M (x, y) of such
solutions u# which converge to x and y at the ends. This time there is no freedom to
reparametrize u in the s—variable.

The action Ag, (u(s,-)) along such a solution u will vary as follows:

1 1
0y (A, (u(s.-)) = —fo Bgul? d +f0 (85 Hy) () di

So the action decreases if H is monotone decreasing, ds Hy < 0. The energy is
E() = / |8Su|§,s dsAdt = Ag_(x-) — Ag (x+) + /(BSHS)(M) ds ndt,

so an a priori bound will hold if dg Hy < 0 outside of a compact set in M.

If Hy = hg(e”) on the collar and ds/ < 0, then a maximum principle for e” ou as
before will hold on the collar (we refer to Seidel [9] for a very clear proof) and therefore
it automatically guarantees a bound on (d5 Hy)(u) and thus an a priori energy bound.
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Thus, if outside of a compact in M we have Hg = hg(e”) and 054/, <0, then (after a
generic C?—small time-dependent perturbation of (Hj, Jg)) the moduli space M (x, y)
will be a smooth manifold with a compactification M (x, y) by broken trajectories
and a continuation map ¢: CF*(Hy) — CF*(H-) can be defined: on a generator
y €Crit(Ag, ),
pM= Y  eWx,
vEM(x,Y)

where Mo(x, y) is the 0—dimensional part of M(x, y) and €(v) € {1} depends
on orientations. Standard methods show that ¢ is a chain map and that these maps
compose well: given homotopies from H_ to K and from K to H, each satisfying
the condition ds/} < 0 outside of a compact in M , then the composite CF*(Hy) —
CF*(K) — CF*(H-) is chain homotopic to ¢. So on cohomology, ¢: HF* (Hy) —
HF*(H-) equals the composite HF*(H+) — HF*(K) — HF*(H_).

For example, a “compactly supported homotopy” is one where Hj is independent of s
outside of a compact (dg Hy = 0 for s 3> 0). Continuation maps for Hy and H_g can
then be defined and they will be inverse to each other up to chain homotopy.

2.10 Symplectic cohomology using only one Hamiltonian

We change coordinates from 7 to x = e”, so the collar is now (0, 00) X dIM C M and
oM ={x=1}.

Take a Hamiltonian Hy, with Hoo = h(x) for x >> 0, such that 4’ (x) — oo as x — o0.
The symplectic cohomology is defined as the cohomology of the corresponding Floer
complex (after a C2—small time-dependent perturbation of (Heo, J)),

SH*(M ; Heo) = HF* (Hso).

The technical difficulty lies in showing that it is independent of the choices (Heoo, J).

2.11 Symplectic cohomology with action bounds

Similarly one defines the groups SH* (M ; Hoo; A, B) = HF*(M ; Hyo; A, B), but
these now depend on the choice of Hy,. However, for B = oo, taking the direct limit
as A — —oo yields

Lim SH*(M ; Hyo; A, 00) = SH* (M ; Hyo),
RN

since CF*(Hyo: A, 00) are subcomplexes exhausting CF*(Hyo; —00,00) as A —
—00.
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If we use action bounds, one can sometimes vary the Hamiltonian without continuation
maps. Let Hy = h;(x) for x > X¢, and suppose A, (x) = —xh(x) + h(x) < A for
X > xo. Let Hy = Hy on M U{x <X} and H, = hy(x) with A, (x) < A for x > xg
(eg if 45 > 0). Then

CF*(H;: A, B) = CF*(H,; A, B)

are equal as complexes: the orbits in {x > xo} get discarded by the action bounds;
the orbits agree in M U {x <x¢o} since H; = H, there; and the differential on these
common orbits is the same because the maximum principle forces the Floer trajectories
to lie in M U {x < x¢}, where Hl = H,, so the Floer equations agree.

For example, let H; = hy(x) = x on x> 0,s0 Ay, (x) = ——x2 Take Hz = H,
on M U {x < xo} and extend H2 linearly on {x > xo}. Then CF*(HI, 2 0, ;00) =
CF*(Hy; — 2 x5 00). By this trick, SH*(M ; Hoo: A, 00) can be computed by a Hamil-
tonian which is linear at infinity, and so SH*(M ; Hx,) can be computed as a direct
limit using Hamiltonians which are linear at infinity and whose slopes at infinity become
steeper and steeper. We now make this precise.

2.12 Hamiltonians linear at infinity

Consider Hamiltonians A which equal
helc(x) =m(x—c)+C

for x >> 0. We assume that the slope m > 0 does not occur as the value of the period
of any Reeb orbit. If H is a homotopy from H_ to H; among such Hamiltonians,
ie Hy = thC (x) for x > 0, then the maximum principle (and hence a priori energy
bounds for continuation maps) will hold if

asaxhzscs = dyms < 0.

Suppose that dgmg < 0, satisfying mg = m_ for s < 0 and mg = my for s > 0, and
suppose that the action values A g, (x) of 1—periodic orbits x of Xz, never cross the
action bounds 4, B. Then a continuation map can be defined:

¢: CF*(Hy: A, B) — CF*(H_; A, B).

These maps compose well: ¢’ o¢” is chain homotopic to ¢ (where to define ¢’, ¢”
use m/, varying from m_ to some m, m, varying from m to m, and the analogous
assumptions as above hold). For example if we vary only ¢, C, and not m, then
dgmg = 0 outside of a compact and the continuation map ¢ for Hg can be inverted (up
to chain homotopy) by using the continuation map for H_g. Thus, up to isomorphism,
HF*(H) is independent of the choice of the constants ¢, C in hZfC
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2.13 Symplectic cohomology as a direct limit

Suppose Hoo = h(x) for x > 0 and 4/(x) — oo as x — 0o. Suppose also that
xh"(x) > § > 0 for x > 0. This implies that dx 4, = —xh"(x) < —§ so Ay, decreases
to —0o as X — 00.

Given A € R, suppose Aj(x) = —xh'(x) + h(x) < A for x > x¢. Define H = Hy
on M U{x <X} and extend H linearly in x for x > xo. Then CF*(H; A, B) =
CF*(Hx: A, B), and CF*(H; A, B) is a subcomplex of CF*(Hyo; —00, B).

Decreasing A to A" < A defines some Hamiltonian H’ which is steeper at infinity,
and it induces a continuation map CF*(H; A, B) — CF*(H'; A’, B). The direct limit
over these continuation maps yields a chain isomorphism

li_n}CF*(H; A, B) — CF*(Hy; —00, B),
which by the exactness of direct limits induces an isomorphism on cohomology
li_r)nHF*(H; A, B) — SH*(M ; Hyy; —c0, B).
So an alternative definition is
SH*(M) = li_r)nHF*(H),

where the direct limit is over the continuation maps for all the Hamiltonians which are
linear at infinity, ordered by increasing slopes m > 0. In the above argument, we chose
particular H which approximated H, on larger and larger compacts. However, the
direct limit can be taken over any family of H with slopes at infinity 7 — oo because,
up to an isomorphism induced by a continuation map, HF* (H) is independent of the
choice of H for fixed m, so any two cofinal families (m — oco) will give the same
limit up isomorphism.

2.14 Novikov bundles of coefficients

We recommend Whitehead [14] as a reference on local systems. Let LN = C>®(S1, N)
denote the free loopspace of a manifold N, and let Lo N be the component of con-
tractible loops. The Novikov ring

A =Z(1) = Z[ ]

is the ring of formal Laurent series. Let o be a singular cocycle representing a €
H'(LN). The Novikov bundle A is the local system of coefficients on LN defined
by a copy A, of A over each loop y € LN and by the multiplication isomorphism
relul: Ay — A, foreach path u in LN connecting y to y’, where «[-]: C;(LN)—Z
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is evaluation on singular one-chains. A different choice of representative o for a gives
an isomorphic local system, so by abuse of notation we write A, instead of Ay, and
alu] instead of a[u].

We will be using the Novikov bundle A ;(g) on LoN corresponding to the transgression
(B) € H'(LoN) of some B € H*(N) (see Section 6.1). This bundle pulls back
to a trivial bundle under the inclusion of constant loops ¢: N — Ly N, since the
transgression t(f) vanishes on 71 (N) C w1 (LoN). Therefore we just get ordinary
cohomology with coefficients in the ring A,

H*(N; C*Ar(ﬂ)) = H*(N; A).

Moreover, for any map j: L — T*N the projection p: L — T*N — N induces a
map Lp: LoL — LoN, and the pullback of the Novikov bundle is

(LP)*Ar(p) = Awcp)*2(8) = Ae(p*p)-
If T(p*B) =0 € H'(LyL), then this is a trivial bundle and
H(LoL: (Lp)* Aegy) = Hu(LoL) ® A.

2.15 Novikov-Floer cohomology

Let (M 2", 60) be a Liouville domain Section 2.1. Let o be a singular cocycle represent-
ingaclassin H'(LM) =~ H! (E]\? ). We define the Novikov—Floer chain complex for
HeC °°(]\//Z , R) with twisted coefficients in Ay to be the A—module freely generated
by the 1—periodic orbits of Xz :

CF*(H:Ao) = @ {Ax:x € LM, x(t) = Xg (x(1))}.
and the differential § on a generator y € Crit(Ag) is defined as

§y = Z e(u) 1M x,

ueMo(x,y)

where Mo (x, y) and €(u) € {1} are the same as in Section 2.8. The new factor 7]
which appears in the differential is precisely the multiplication isomorphism Ay — A,
of the local system A, which identifies the A —fibres over x and y.

As in the untwisted case, we assume that a generic C?—small time-dependent pertur-
bation of (H, J) has been made so that the transversality and compactness results of
Section 2.7 for the moduli spaces M (x, y) are achieved.

Proposition 1 (CF*(H; Ay); ) is a chain complex, ie §08 = 0.

Geometry & Topology, Volume 13 (2009)
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Proof We mimic the proof that 9% = 0 in Floer homology (see Salamon [7]). Observe
Figure 1. A sequence u, € M/ (x,y) converges to a broken trajectory (u',u}) €
M (x,y") x M/ (', y), in the sense that there are s, — —o0 and S, — oo with

un(Sn + -,.) —>u,1 and Mn(Sn + .’.) _)u/z both in Clcgg;

Conversely given such (u, u’) there is a curve u: [0, 1) — M/ (x, y), unique up to
reparametrization and up to the choice of u(0) € M/, (x, y), which approaches (i, ")
as r — 1, and the curve is orientation preserving if and only if €(u)e(u}) = 1.

So the boundary of M (x, y) is parametrized by Mg (x, ') x Mo()’, ). The value
of da = 0 on the connected component of M (x, y) shown in Figure 1 is equal to
the sum of the values of o over the broken trajectories,

afu) ]+ afus] = aful{]+ aful),
and since e(u))e(u’y) = —e(u7)e(u’), we conclude that
e(u/ ) loe[u/l] E(U/ ) [a[u’z] _ —e(u”) la[u’{] e(u”) Zoz[u/z/]
1 2 = 1 2 :

Thus the broken trajectories contribute opposite A—multiples of x to §(5y) for each
connected component of M (x, y). Hence, summing over x, )’,

8(8y) = > () M) e(uly) 12142) x = 0. O
(u’l,u’z)eMo(x,y’)XMo(y’,y)

Denote by HF*(H; Ay) the A—modules corresponding to the cohomology groups of
the complex (CF*(H; Ay); ). We call these the Novikov—Floer cohomology groups.
By filtering the chain complex by action as in Section 2.8, we can define

HF*(H;Aq; A, B) = H*(CF*(H:; Ag; A, B): §).

2.16 Twisted continuation maps

We now show that the continuation method described in Section 2.9 can be used in the
twisted case under the same assumptions that we made in the untwisted case. Recall
that this involves solving

B0 + J5 (30 — Xpg,) = 0,

and that under suitable assumptions on (Hj, Js) the moduli spaces M(x, ) of solu-
tions v joining 1-periodic orbits x, y of Xpy_ and Xpg, are smooth manifolds with
compactifications M (x, y) whose boundaries are given by broken trajectories.
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So far, using a twisted differential does not change the setup. However, to make the
continuation map ¢: CF*(H+; Aq) — CF*(H-; Ay) into a chain map we need to
define it on a generator y € Crit(4g, ) by

PN = > ey

vEMo(x,y)
where Mg(x, y) and €(v) € {1} are as in Section 2.9.

Proposition 2 ¢: CF*(H+; Aq) — CF*(H-; Ay) is a chain map.

Proof We mimic the proof that ¢ is a chain map in the untwisted case [7]. Denote by
MH£ (. .) the moduli spaces of Floer trajectories for Hy. Observe Figure 2.

Figure 2: The dashed lines u 4 are Floer solutions converging to 1—periodic
orbits of Xy e the solid lines are continuation map solutions and the v, €
M (x, y) are converging to broken trajectories.

A compactness result in Floer homology shows that a sequence of solutions v, €
M (x, y) will converge to a broken trajectory

W', v') € ME=(x, X'y x Mo(x', y) or (v,uy) € Mo(x, ") x MEF (), ).

Conversely, given such (u_,v") or (v, u/_) there is a smooth curve v: [0,1) —
Mji(x, y), unique up to reparametrization and up to the choice of v(0), which ap-
proaches the given broken trajectory as ¥ — 1, and the curve is orientation preserving
if and only if respectively €(u_)e(v') = —1 and €(v')e(u/,) = 1.

Thus the boundary of M (x, y) is parametrized by .M “(x,x") x Mo(x’, y) and
by Mo(x, ") x M, +(y y). The value of do = 0 on a connected component of
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Mi(x, y) as in Figure 2 is equal to the sum of the values of o over the broken
trajectories. For instance, in the second figure

alul]+afv] = alv"]+alulf],
and since e(u’ )e(v') = e(v")e(u}),
el ) T e’y 12T = vy 1T T e ul)) 14,

Thus the broken trajectories contribute equal A —multiples of x to §(¢(y)) and ¢(5y)
for that component of M (x, ). A similar computation shows that in the first or third
figures, the two broken trajectories contribute opposite A—multiples of x and so in
total give no contribution to §(¢(y)) or ¢(§y). We deduce that

§(p(») = > e ) 11 (') 12
(. V) EMG™ (ex ) x Mo ('.7)
= > ) el (@) = g(sy).

(v/,uﬁr)GMo(x,y/)></\/l:,qJr o'y
where we sum respectively over x, x” and x, y’. Hence ¢ is a chain map. m|
A similar argument, by mimicking the proof of the untwisted case, shows that the
twisted continuation maps compose well: given homotopies from H_ to K and

from K to Hj satisfying the conditions required in the untwisted case, the composite
CF*(H4+:;Ay) — CF*(K; Ay) — CF*(H-; Ay) is chain homotopic to ¢.

2.17 Novikov-symplectic cohomology

If we use the groups HF*(H; Ay) from Section 2.15 in place of HF*(H) in our
discussion (Sections 2.10-2.13) of the symplectic cohomology groups of a Liouville
domain, and we use the twisted continuation maps constructed in Section 2.16, then
we obtain the A—modules

SH*(M: Hoo; Aa) and SH* (M Heo: Aa: A, B),
which we call Novikov-symplectic cohomology groups.
So for Hso such that Hy, = A(x) for x > 0 and /4'(x) — 0o as x — 0o, we define
SH*(M; Aq) = HF*(Hoo} Aa).

Alternatively, we may use the Hamiltonians H which equal 47" (x) = m(x —¢) + C
for x > 0, and we take the direct limit over the twisted continuation maps between the
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corresponding twisted Floer cohomologies as the slopes m > 0 increase:

SH*(M: Ag) = lim HF*(H: A).

3 Abbondandolo-Schwarz isomorphism

For a closed (oriented) manifold N”, the symplectic cohomology of the cotangent disc
bundle M 2" = DT*N is isomorphic to the homology of the free loopspace:

SH*(DT*N) = Hy_(LN).

This was first proved by Viterbo [13], and there are now two alternative approaches
by Abbondandolo and Schwarz [1] and Salamon and Weber [8]. We will use the
Abbondandolo—Schwarz isomorphism and show that it carries over to twisted coeffi-
cients, but similar arguments could be carried out using either of the other approaches.
We will recall the construction [1] of the chain isomorphism

(CM4(E), %) — (CF"*(H), H)

between the Morse complex of the Hilbert manifold £! N = W 1-2(S!, N) with respect
to a certain Lagrangian action functional £ and the Floer complex of 7* N with respect
to an appropriate Hamiltonian H € C®(S! x T*N,R).

Let 7: T*N — N denote the projection. We use the standard symplectic structure
® = df and Liouville field Z on T* N, which in local coordinates (g, p) are

0= pdq o =dpndq Z=pop.

A metric on N induces metrics and Levi-Civita connections on 7N and T*N, and
it defines a splitting T(g, ) T*N = TyN @ T,/ N = Ty N & Ty N into horizontal and
vertical vectors and a connection V =V, @ V,,, and similarly for 7(, ,,)T'N . For this
splitting our preferred w—compatible almost complex structure is Jdg = —0,.

Remark Our action A4 g is opposite to the action A used in [1], so our Floer trajectory
u(s,t) corresponds to u(—s,¢) in [1]. Our grading is u(x) = n — ucz(x) (see
Salamon [7], where the sign of H is opposite to ours), the one used in [1]is pucz(x)
and that in [9] is —ucz(x). In our convention the index p(x) agrees with the Morse
index indg7 (x) for x € Crit(H) when H is a C?-small Morse Hamiltonian.
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3.1 The Lagrangian Morse functional

The Morse function one considers on £L! N = W12(S! N) is the Lagrangian action
functional

1
£(q) = /0 L(t.q(0). 4(0)) dr.

where the Lagrangian L € C®°(S! x TN, R) is generic and satisfies certain growth
conditions and a strong convexity assumption that ensure that: £ is bounded below;
the critical points of £ are nondegenerate with finite Morse index; and £ satisfies the
Palais—Smale condition (any sequence of ¢, € £L! N with bounded actions £(g,) and
with energies ||VE(qn)|l1.2 — 0 has a convergent subsequence). By an appropriate
generic perturbation it is possible to obtain a metric G which is uniformly equivalent
to the W12 metric on £' N and for which (£, G) is a Morse—Smale pair. Denote by
ME(q—,q+) = M%(g—.q+)/R the unparametrized trajectories, where

Me(g—.q4) = {v: R > LIN : d50(s) = —=VE(v(s)). S_l)iiloo v(s) = q+ ).

Under these assumptions, infinite dimensional Morse theory can be applied to the
space (L' N, £, G) and the Morse homology is isomorphic to the singular homology of
LN (which is isomorphic to the singular homology of LN , since £L! N and LN are
homotopy equivalent). This isomorphism respects the filtration by action: the homology
of the Morse complex generated by the x € Crit(£) with £(x) < a is isomorphic to
H.({g € L'N : £(q) < a}). The isomorphism also respects the splitting of the Morse
complex and the singular complex into subcomplexes corresponding to the components
of LN (which are indexed by the conjugacy classes of 71 (N)).

3.2 Legendre transform

L defines a Hamiltonian H € C®(S! x T*N,R) by
H(t,q, p) = -v—L(t,q,v)).
(t.q.p) vren]%(p v—L(t.q,v))

The strong convexity assumption on L ensures that there is a unique maximum precisely
where p = dyL(t,q,v) is the differential of L restricted to the vertical subspace
T(qurlg)T N = T4 N, and it ensures that the Legendre transform

£ S'XTN - S'XT*N, (t,q,v) — (t,q.dyL(t,q,v))
is a fiber-preserving diffeomorphism.

Pull back (w, H, Xg) via £ to obtain (£*w, Ho£,Yr),s0 L*o(Yr, ) =—d(HoL).
The critical points of £ are precisely the 1—periodic orbits (¢, g) of Yz in TN, and
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these bijectively correspond to 1—periodic orbits x of Xg in T*N via

(t.x) = £(1.9.9).
Under this correspondence the Morse index of ¢ is m(g) =n—pu(x) (in the conventions
of [1], m(q) = pcz(x)). Moreover, for any W 1-2—path x: [0,1] - T*N,

E(rx) = —Ap (x),

which becomes an equality if and only if (¢, x) = £(¢, wx, d;(7rx)) for all 7.

3.3 The moduli spaces M*(q, x)

For 1—periodic orbits ¢ of Y7 and x of X, define M™ (g, x) to be the collection
of all maps u € C*®((—00,0) x S!, T*N) which are of class W13 on (—1,0) x S'!
and which solve Floer’s equation

dsu + J(t,u)(;u — Xg(t,u)) =0,
with the following boundary conditions:
(1) As s — —o0, u(s,-) — x uniformly in ¢.

(i) As s — 0, u will converge to some loop (0, -) of class W2/3:3 and we require
that the projection g () = wou(0,¢) in N flows backward to ¢ € Crit(£) along
the negative gradient flow ¢ ¢ of £: ¢° yo(q) — g as s — —oo.

Loosely speaking, M™ (g, x) consists of pairs of trajectories (w,u+) where w is a
—VE& trajectory in N flowing out of ¢, and u4 is a Floer solution in 7* N flowing
out of x, such that w and wu 4 intersect in a loop ¢(¢) = wu4(0,¢) in N.

3.4 Transversality and compactness

The assumption on H and L is that there are constants ¢; > 0 such that for all
(t.q.p) € S'XT*N, (t.q.v) € S'xTN,

dH(pdp)— H > co|p|* —c1. [VpH| < c2(1+|p)). |VgH| < ca(1+|p|?):
Vool = c31d, |VyuL| <cq, |VguL| <ca(14v]), |VggL| < ca(l+ |v]?).

We also assume that a small generic perturbation of L (and hence H') are made so
that the nondegeneracy condition (see Section 2.7) holds for 1—periodic orbits of Y7,
and Xg. We call such H, L regular. For regular H, there are only finitely many
1 —periodic orbits x of Xz with action Ag(x) > a, for a € R. After a small generic
perturbation of J, the compactness and transversality results of Section 2.7 hold for
the spaces M (x,y) = M’(x, y)/R of unparametrized Floer solutions in 7*N
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converging to x, y € Crit(Ag) at the ends, and similar results hold for M™ (g, x) by
using the W 1-3 condition in the definition to generalize the proofs used for M’ (x, y).

When all of the above assumptions are satisfied, we call (L, G, H, J) regular. In this
case, M%(p,q), MH (x,y) and M*(q, x) are smooth manifolds with compactifica-
tions by broken trajectories, and their dimensions are:

dim M (p.q) =m(p) —m(q) — 1
dim M (x, y) = pu(x) — p(y) — 1
dim M*(q,x) =m(q) + u(x) —n

and we denote by /\/li(p, q), Mf(x, y) and ./\/l,"c"(q, x) the k—dimensional ones.

Theorem (Abbondandolo-Schwarz [1]) If (L,G, H, J) is regular then there is
a chain-complex isomorphism ¢: (CM«(£),0%) — (CF" *(H),d*), which on a
generator ¢ € Crit(£) is defined as

ol@)= Y elws)x,

Ut MG (g%)

where €(u4) € {£1} are orientation signs. The isomorphism is compatible with the
splitting into subcomplexes corresponding to different conjugacy classes of w1 (N),
and it is compatible with the action filtrations: for any a € R it induces an isomorphism
on the subcomplexes generated by the g, x with £(q) <a and —Ag(x) <a.

3.5 Proof that ¢ is an isomorphism

Since actions decrease along orbits and £(wx) > —A g (x) with equality if and only if
(t,x) = L£(t, m ox,d;rx), we deduce that

E(@) 2 E(@q) 2 —Ar+(0.-)) =2 —An(x),

so £(q) = —Ap (x) with equality ifandonly if g =¢q, us+ =x, g =nx and (¢, x) =
£(t,q.q). Therefore if £(q) < —Ag (x) then M™T (¢, x) =2, andif £(q) = —A g (x)
then M™ (g, x) is either empty or, when (¢, x) = £(¢,¢.q), it consists of uy = x.
Now order the generators of CM,(€) according to increasing action and those of
CF*(H) according to decreasing action, and so that the order is compatible with the
correspondence (¢, x) = £(¢,¢q,¢). Then ¢ is a (possibly infinite) upper triangular
matrix with £1 along the diagonal, so ¢ is an isomorphism.
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3.6 Proof that ¢ is a chain map

The differentials for the complexes (CM«(E), °) and (CF*(H), 3 are defined on
generators ¢ € Crit(€), y € Crit(Ag) by

Fl@p= Y ewp ad ()= > ewx
ve./\/lg(q,p) uEMgl(x,y)

where €(v), €(u) € {£1} depend on orientations. Observe Figure 3. A compactness

Figure 3: Solid lines are —V& trajectories in N and dotted lines are the
projections under 7: T*N — N of Floer solutions.

argument shows that the broken trajectories that compactify Mf(q, x) are of two
types: either (i) the —V& trajectory breaks, or (ii) the Floer trajectory breaks. More
precisely, if u, € Mf(q, x) and ¢, (¢) = w(uy(0,1)), then one of the following holds:

(i) There are [v] € ./\/l‘g(q, p)ul, € M(’)L(p, x); and reals t, — —oo with
¢ (@n) = v(0) in W2, and u, — u/, in G.
(ii) There are [u'] € ./\/lgl(x, x')ul € M;)F(q, x"); and reals s, — —oo with
Un(sp + -,+) — u' and u, — u’, bothin C.
Conversely, given (v, u’) or (u’,u’_) as above, there is a smooth curve u: [0, 1) —
M;L(q, X), unique up to reparametrization and up to the choice of u#(0), which ap-

proaches the given broken trajectory as r — 1, and the curve is orientation preserving
if and only if respectively e(v)e(u’ ) =1 and e(u)e(u’, ) = —1.

Thus the boundary of /\/l;r(q, Xx) is parametrized by M‘g(q, p) X M(J)r(p, x) and by
—MOH(x, x') x M(’)L(q, x"). Figure 3 shows the possible components of MT(q, x):
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in the first and third figures, the broken trajectories contribute zero respectively to
¢(3%(q)) and 3 (¢(g)); in the second figure we see that e e, ) = e(")e(ul),
so the broken trajectories contribute x to both 37 (¢(¢)) and ¢(3¢(¢)). Therefore
0 (0(¢)) = ¢(3%(q)), so ¢ is a chain map.

3.7 The twisted version of the Abbondandolo-Schwarz isomorphism

Let a be a singular cocycle representing a class in H'(L!N) = H'(LN). We
will use the bundles Ay on £L'N and A(cx)sa ON LIT*N (see Section 2.14),
where Lr: LYT*N — LN is induced by 7: T*N — N . The twisted complexes
(CM+(&; Ay), 8%) and (CF*(H; A(Ln)*a),éH) are freely generated over A respec-
tively by the ¢ € Crit(€) and the y € Crit(A g). The twisted differentials are defined by

= Y e ™p and sF(n= Y e @@l
vEMG(q.p) ueMH (x,y)

since a[Lm(u)] = (Lr)*a[u]. The sign difference in the powers of ¢ arises because
§¢ is a differential and 8 is a codifferential. For simplicity, we write wu = L (u).

Theorem 3 If (L,G, H,J) is regular then for all « € H'(LN) there is a chain-
complex isomorphism ¢: (CM+(E; Ag), §¢) — (CF"*(H; Acryca) §H), which on
a generator ¢ is defined as

o@) = Y e(ug)rewlrelrus]
U+ €M (g:%)

where w: (—oo,0] — LN is the negative gradient trajectory w(s) = ¢ ye(q) con-
necting g to ¢(-) = wu4(0,-). The isomorphism is compatible with the splitting
into subcomplexes corresponding to different conjugacy classes of w1 (N ), and it is
compatible with the action filtrations: for any a € R it induces an isomorphism on the
subcomplexes generated by the g, x with £(q) <a and —Ag(x) <a.

After identifying Morse cohomology with singular cohomology, the map ¢ induces an
isomorphism
SH*(DT*N;Ay) = Hy—«(LN; Ay).

Proof Figure 3 shows the possible connected components of Mf(q, x). Evaluating
da = 0 on a component equals the sum of the values of o on the broken trajectories.
For instance, in the second figure

—aw'l+ afru' ]+ ofru'] = —a[v"] - a[w”] + a[zu’l],
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and therefore, since e(u')e(u’, ) = e(v")e(u’),
é(u/)e(uq—) t—a[w’]—i—a[nu’_i_] ta[nu’] _ E(UN)G(MZ_) Z—a[v”] Z—ot[w”]-i—a[nu/_i’_]'

Thus the broken trajectories contribute equally to 87 (¢(¢)) and ¢(6%(¢)). A similar
computation shows that in the first and third figures the broken trajectories contribute
zero respectively to ¢(85(¢)) and 7 (¢(¢)). Hence

5% (¢(q)) = > e(u') "t e(ul ) et elm ]
' ' )eME (x x)x M (g.x7)
= Z e(”) o] -e(uly) pelwlrelnull]
"} )eME (g, p)x M (p.x)
= 9(5%(9)),

where we sum respectively over x, x” and over x, p, and where w’, w” are the —V&
) . .. ; /) ) )
trajectories ending in 7u’, (0,-), 7wu’y (0,-). Hence ¢ is a chain map.

That ¢ is an isomorphism follows just as in the untwisted case, because for £(g) <
—A g (x) the only nonempty M(T(q, x) occurs when (¢, x) = £(¢,¢, ¢), and in this
case M(‘)F(q, x) ={u4+} where u; = x and w = ¢ are independent of s € R and so
the coefficient of x in ¢(g) is

e(uy)towltelmus] — ) = 41,

The last statement in the claim is a consequence of the identification of the Morse
cohomology of (LN, £, G) with the singular cohomology of £! N just as in [1], after
introducing the system A, of local coefficients. O

4 Viterbo functoriality

Let (M?",0) be a Liouville domain Section 2.1, and suppose
it (W2, 0"y — (M?*",0)

is a Liouville embedded subdomain, that is we require that i *6 — e’ is exact for
some p € R. For example the embedding DT*L < DT* N, obtained by extending
an exact Lagrangian embedding L < DT* N to a neighbourhood of L, is of this type.
We fix § > 0 with

0 < § < min {periods of the nonconstant Reeb orbits on dM and dW},
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We will now recall the construction of Viterbo’s commutative diagram [12]:

s (w) 22D sm ()

H*(W) <2 H*(M)

4.1 Hamiltonians with small slopes

We now consider Hamiltonians H® as in Section 2.12, which are C2—close to a
constant on M \ (0, 00) x IM ; H° = h(x) with slopes /4’(x) <§ for x > 0; and which
have constant slope /'(x) = m > 0 for x > Xxg.

A standard result in Floer homology is that (after a generic C?—small time-independent
perturbation of (HY, J)) the 1—periodic orbits of X0 and the Floer trajectories
connecting them inside M \ {x > x¢} are both independent of € S, and so these
orbits correspond to critical points of H® and these Floer trajectories correspond to
negative gradient trajectories of H°. By the maximum principle, the Floer trajectories
connecting these orbits do not enter the region {x > X¢}, and by the choice of § there
are no 1—periodic orbits in {x > xq} since there 0 < /'(x) < 4.

The Floer complex CF*(H?) is therefore canonically identified with the Morse com-
plex CM*(H?®), which is generated by Crit(H°) and whose differential counts the
—V HP trajectories. The Morse cohomology HM*(H?) is isomorphic to the singular
cohomology of M (which is homotopy equivalent to M ), so

HF*(H®) ~ HM*(H®) =~ H*(M).

Moreover, by Morse cohomology, a different choice H o of HO yields an isomor-
phism HM* (H®) ~ H* (M) which commutes with HM*(H®) = H*(M) via the
continuation isomorphism HM*(H®) — HM*(H®').

4.2 Construction of c,
Recall from Section 2.13 that
SH*(M) = lim HF*(H),
—>

where the direct limit is over the continuation maps for Hamiltonians H which equal
h - (x) = m(x—c) + C for x > 0, ordered by increasing slopes m > 0.
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Since H° is such a Hamiltonian, there is a natural map HF*(H®) — lim HF*(H)
arising as a direct limit of continuation maps. By Section 4.1, this defines a map

cs: H*(M) — SH*(M).

A different choice H°’ yields a map HF*(H 0,) — SH* (M) which commutes with the
map HF*(H°)— SH* (M) via the continuation isomorphism HF*(H°) — HF* (HO/) .
Together with Section 4.1, this shows that ¢, is independent of the choice of H°.

4.3 Diagonal-step shaped Hamiltonians

We now consider the Liouville subdomain i: W < M . The 9, —Liouville flow for
0’ defines a tubular neighbourhood (0,1 + €) x dW of dW inside M, where 3W
corresponds to x = e” = 1. This coordinate x may not extend to M \ W, and it should
not be confused with the x we previously used to parametrize (0, 00) x IM C M.

Figure 4: The solid line is a diagonal-step shaped Hamiltonian / = h?’b with
slopes a >> b. The dashed line is the action function A4y (x) = —xh’(x) +h(x).

We consider diagonal-step shaped Hamiltonians H as in Figure 4, which are zero on
W\ {x > ¢} and which equal /% (x) on {x > ¢}, where 1% is piecewise linear with
slope b at infinity; with slope a >> b on (¢, | + €); and which is constant elsewhere.
We assume that 0 < ¢ <1 and that a, b are chosen generically so that they are not
periods of Reeb orbits (see Section 2.2).

As usual, before we take Floer complexes we replace H by a generic C2—small time-
dependent perturbation of it, and the orbits and action values that we will mention take
this into account. Let M’ C M be the compact subset where /2 does not have slope b.
Observe Figure 4: the 1—periodic orbits of X that can arise are:
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(1) critical points of H inside W \ {x > ¢} of action very close to 0;

(2) nonconstant orbits near X = ¢ of action in (—ac, —8c¢);

(3) nonconstant orbits near X = 1 + € of action in (—ac,a(l + € —c));

(4) critical points of H in M\ (W U{x <1+ €}) of action close to a(1 + ¢ —c¢);
(5) nonconstant orbits near dM’ of action 3> 0 provided a > b.

Since the complement of the Reeb periods is open, there are no Reeb periods in
(a—vg4,a+v,) for some small v, > 0. Thus the actions in case (3) will be at least

—(a—vg)(l+e€)+a(l+e—c)=vs(1 +€)—ac,

and for sufficiently small ¢, depending on @, we can ensure that this is at least v,.
Hence (after a suitable perturbation of H) we can ensure that if @ > b and ¢ < a~!
then the actions of (1) and (2) are negative and those of (3), (4) and (5) are positive.

4.4 Construction of SH* (i)

Suppose H is a (perturbed) diagonal-step shaped Hamiltonian, with @ > b and ¢ < a~!
so that the orbits in W have negative actions and those outside W have positive
actions. We write CF*(M, H) to emphasize that the Floer complex is computed
for M . Consider the action-restriction map Section 2.8

CF*(M, H; —00,0) < CF*(M, H).

Given two diagonal-step shaped Hamiltonians H, H' with H < H’ everywhere, pick a
homotopy H from H’ to H which is monotone (d5 Hy <0). The induced continuation
map ¢: CF*(M, H) — CF*(M, H') restricts to a map on the quotient complexes
¢: CF*(M, H; —00,0) — CF*(M, H'; —00, 0) because the action decreases along
Floer trajectories when Hj is monotone (see Section 2.9).

Consider the Hamiltonian Hyy on the completion W=w Ugw [0, 00) x dW which
equals H inside W and which is linear with slope a outside W . Then the quotient
complex CF*(M, H; —00,0) can be identified with CF* (W, Hy/) by showing that
there are no Floer trajectories connecting 1—periodic orbits of Xz in M which exit
W U {x <1+ €}. Therefore we obtain the commutative diagram

CF*(W, H};)) <— CF*(M, H')

| T

CF*(W, Hy) < CF*(M, H)
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where the vertical maps are continuation maps and where the horizontal maps arose
from action-restriction maps. Taking cohomology, and then taking the direct limit as
a>b— o0 (soc<Ka"! = 0)defines the map SH*(i):

SH*(i): SH* (W) < SH*(M).

4.5 Viterbo functoriality

Consider a (perturbed) diagonal-step shaped Hamiltonian H = H® with ¢ = 1 and
slopes 0 < b < a < § so that the orbits inside W have negative actions and those
outside W have positive actions. Then H° and the corresponding ng, are of the
type described in Section 4.1 for M and W respectively. The action-restriction map
CF*(W, HI(/)V) < CF*(M, H°) is then identified with the map on Morse complexes
CM*(W, H®|w) < CM*(M, H®) which restricts to the generators x € Crit(H°)
with H%(x) < 0. In cohomology this map corresponds to the pullback on singular
cohomology i*: H*(W) <~ H*(M).

This identifies CM* (W, H®|y) < CM* (M, H®) with the bottom map of the diagram
in Section 4.4 when we take H = H°, and so taking the direct limit over the H' we
obtain Viterbo’s commutative diagram in cohomology:

SH* (i
s ow) 229 s

H*(W) <—— H*(M)
4.6 Twisted Viterbo functoriality

We now introduce the twisted coefficients Ay for some o € H'! (L]\/Z Y= HY(LM),
as explained in Section 2.15 and Section 2.17. Recall that we have constructed twisted
continuation maps Section 2.16 which compose well, so the discussion of Section 4.2
and Section 4.4 will hold in the twisted case provided that we understand how the local
systems restrict.

Suppose H° is a Hamiltonian with small slope as in Section 4.1. In the twisted case
the canonical identification of CF*(H®) with the Morse complex CM* (H°) becomes

CF*(H®; Ay) = CM*(H; c*Ay).

where ¢* A is the restriction of Ay to the local system on M cC LOZ\//} which con-
sists of a copy A, of A over each m € M and of the multiplication isomorphism
geleov] — getalvl A5 A, for every path v(s) in M joining m to m’, and where
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the twisted Morse differential is defined on ¢4 € Crit(H°) analogously to the Floer
case:

* . . 0 _ 0 . _
Sqy =) {e) Mg :q_ e Crit(H®).9v =-VH (v). lim v(s) = q+).

By mimicking the proof that HM*(H®) = H* (M), for twisted coefficients we have
HM*(H; c*Ag) = H* (M ; c* Ay) (singular cohomology with coefficients in the local
system ¢*Ag, as defined in [14]).

As in Section 4.2, we get twisted continuation maps CF*(H®; Ay) — CF*(H; Ag)
for Hamiltonians H linear at infinity. In cohomology these maps yield a morphism
HF*(H°; Ay) — lim HF*(H; Ay), where the direct limit is taken over twisted con-
tinuation maps as the slopes at infinity of the H increase. This defines

cx: H*(M;c*Ag) — SH*(M ; Ay).

We get action-restriction maps CF*(M, H; Ay; —00,0) < CF*(M, H; Ay) in Section
4.4, and two choices of diagonal-step shaped Hamiltonians H, H' with H < H' induce
a continuation map ¢: CF*(M, H; Ay) — CF*(M, H'; Ay) which restricts to the
quotient complexes ¢: CF*(M, H; Ay;—00,0) — CF*(M, H'; Ay; —00,0).

Let Li: LW — LM be the map induced by i. As in Section 4.4, the quotient complex
CF*(M, H; Ay —00,0) can be identified with CF* (W, Hy; A(zi)+o) because there
are no Floer trajectories connecting 1—periodic orbits of Xz which exit WU{x < 1+¢}
in M and so the twisted differentials of the two complexes agree since (L£i)*« and o
agree on the common Floer trajectories inside W U {x <1+ €}.

As in Section 4.4, the direct limit over the twisted continuation maps for diagonal-step
shaped H of the action-restriction maps

CF*(W, Hy: A(ciyra) < CF*(M, H: Aq)
as a > b — oo will define a twisted map SH* (i) in cohomology:
SH*(1): SH*(W: A(giyea) < SH* (M Ag).
As in Section 4.5, the action-restriction maps fit into a commutative diagram
CF*(W., Hy,: A(riyra) <—— CF*(M, H'; Ao)
T T
CM*(W, Hyys ¢* Ariyra) <—— CM*(M, H® c* Ag)

and taking the direct limit over the H’ yields the following result in cohomology.
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Theorem 4 Let (M?2",0) be a Liouville domain. Then for all « € H' (LM there
existsamap cx: H*(M;c*Ag) — SH*(M ; Ay), where ¢: M — LM is the inclusion
of constant loops. Moreover, for any Liouville embedding i: (W?",0') — (M?",6)
there exists a map SH*(i): SH*(W; A(ziy=a) < SH*(M; Ay) which fits into the
commutative diagram:

SH* (i
SH*(W: Aziya) < SH*(M:; Ag)

H*(W:c*Aziyea) ~—— H*(M:c*Ag)

5 Proof of the Main Theorem

Lemma 5 Let N" be a closed manifold and let L — DT*N be an exact Lagrangian
embedding. Then for all « € H' (LN, the composite

~ x _1
Hu(N:c*Ag) —> H™ (N ¢* Ag) —> SH" *(DT* N A(£ry+a) —> Hi(LN; Ag)

of Poincaré duality, the map cs« from Section 4.6 and the inverse of ¢ (Theorem 3), is
equal to the ordinary map cx: Hy«(N;c*Ay) — Hx(LN; Ay) induced by the inclusion
of constants ¢c: N — LN .

In the untwisted case, the lemma was proved by Viterbo [11] using his construction
of the isomorphism ¢, and it can be proved in the Abbondandolo—Schwarz setup by
using small perturbations of L(g,v) = %|v|2 and H(q, p) = %|p|2 and by considering
the restriction of the isomorphism ¢ to the orbits of action close to zero. The twisted
version is proved analogously.

Theorem 6 Let N" be a closed manifold and let L — DT* N be an exact Lagrangian
embedding. Then for all « € H'(LN) there exists a commutative diagram

L p
Ho(LL; A(cpyra) <2 HW(LN: Ag)
C
Hi(L; ¢* Az pyra) <—— Hyo(N:;c*Ag)

where ¢c: N — LN is the inclusion of constant loops, p: L — T*N — N is the
projection and p is the ordinary transfer map. Moreover, the diagram can be restricted
to the components LoL and LyN of contractible loops.

If ¢*a = 0 then the bottom map becomes py® 1: Hy(L) @ A < Hy(N)® A.
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Proof Let Oy be the canonical 1-form which makes (DT*N, d6fy) symplectic.
By Weinstein’s theorem a neighbourhood of L is symplectomorphic to a small disc
cotangent bundle DT*L. Therefore the exact Lagrangian embedding j: L" <>
DT*N vyields a Liouville embedding i: (DT*L,0;) <~ (DT*N,0y).

By Theorem 3 there are twisted isomorphisms:

oN: Hy«(LN; Ao) — SH" ™ (DT*N; A(£n)*a)
or: He(LL: A(cpyra) = SH" " (DT*L: Aciy* (£m)*e)

We define Lpy = (le o SH*(i) o g so that the following diagram commutes:

Lp
Ho(LL; Az pyra) P Hi(LN:Ag)

(/JZIT? «wlz

SH'™(DT* L A iy 2y a) o2 SH'™(DT* N A(nya)

Recall that the ordinary transfer map pp is defined using Poincaré duality and the
pullback p* so that the following diagram commutes:

H" *(L; ¢* Az pyra) ~— H'"*(N;c*Ag)

| :

Hy(L:c* Az py<a) i Hy(N;c*Agy)

Finally, Theorem 4 for the map i yields another commutative diagram whose horizontal
maps are the bottom and top rows respectively of the above two diagrams (in the
second diagram we use that L, N are homotopy equivalent to DT*L, DT*N ). By
combining these diagrams we obtain a commutative diagram

L
Hio(LL; Az pyra) <2 Ho(LN: Ag)

T |

H*(L;C*/_\(Lp)*a) S Hy(N;c*Agy)

Lemma 5 shows that the vertical maps are indeed the maps cx in ordinary homology.
Since ¢: N — LN maps into the component of contractible loops Lo N , the diagram
restricts to LoL and LoN by restricting Lp, and projecting to Hx(LL: Az py*a)
(not all loops in 7* L that are contractible in 7* N need be contractible in 7*L). O
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6 Proof of the Main Corollary

6.1 Transgressions

For Be H*(N),let f: N — CP™ be aclassifying map for 8. Let ev: LoNxS! — N
be the evaluation map. Define

T =moev’: H3(N) ——= H2(LoN x S') ——= H'(LyN)

where 7 is the projection to the Kiinneth summand. If N is simply connected,
then 7 is an isomorphism. Let u be a generator of H?(CP™), then v = t(u)
generates H!(LCP>®) =~ H!(QCP>) and t(B) = (Lf)*v. Identify H'(LoN) =
Hom(m(LoN),Z) and 1 (LyN) = 75 (N) x w1 (N), then the class 7(8) vanishes
on 71(N) and corresponds to

fi: 12(N) = 12(CP®) = 7.

Similarly, define t: H*(N) — H'(Q2oN) for the space Q¢N of contractible based
loops. Then Qf: QoN — QCP is a classifying map for t5(8). The inclusion
QoN — LN induces a bijection t(B) + 75 (f) between transgressed forms.

We will assume throughout that the transgression o = t(8) € H'(LoN) is nonzero,

or equivalently that fx: 7, (N) — Z is not the zero map.

6.2 Novikov homology of the free loopspace

Denote by Lo N the infinite cyclic cover of Lo N corresponding to a: 71 (LoN) — Z,
and let ¢ denote a generator of the group of deck transformations of £oN . The group
ring of the cover is R = Z[t,t™!], and A = Z((t)) = Z[[¢t][t "] is the Novikov ring
of a (see Section 2.14).

The Novikov homology of LoN with respect to « is defined as the homology of Lo N
with local coefficients in the bundle A, which by [14] can be calculated as

Hi(LoN: Ag) = Hy(Co(LoN) @R A).

Say that a space X is of finite type if Hj (X) is finitely generated for each k.

Theorem 7 For a compact manifold N , if ©(8) # 0 and 7,,(N) is finitely generated
for each m > 2 then Ly N is of finite type.

Proof The theorem follows from five claims.

Claim 1 If Q¢ N is of finite type then so is Ly N .
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Proof Consider the fibration Qo N — LoN — N, and take cyclic covers correspond-
ing to 75 () and 7(B) to obtain the fibration Qo N — Lo N — N . By compactness, N
is homotopy equivalent to a finite CW complex and Claim 1 follows by a Leray—Serre
spectral sequence argument. O

After replacing N by a homotopy equivalent space, we may assume that we have a
fibration f: N — CP* with fibre F = f~!(%), and taking the spaces of contractible
based loops gives a fibration Qf: QoN — QCP°.

Claim 2 The fibre of 2f is a union (Q2F)g of finitely many components of QF,
indexed by the finite set K = Coker( fx: mo N — m,CPP),

Proof Consider the homotopy LES for the fibration f,

ﬂzNgﬂz(CPOO 7T1F JTIN

then (/) 1(x¥) = QF N QyN consists of loops y € QF whose path component
lies in the kernel of 7wy F — 71 N, which is isomorphic to the cokernel of f. Since
7(B) # 0, also fi is nonzero and so K is finite. ad

Claim3 Qj: (QF)x — QoN is a homotopy equivalence.

Proof Observe that Qg N is the pullback under Qf of the cyclic cover of QP
corresponding to the transgression v = 15(u) € H'(QCP>) of a generator u €
H?(CP™) (see Section 6.1). We obtain the commutative diagram

Qf

o _
(RF)g —> QoN — > QCP® %R
N

(QF)g —= QoN —— QCP>® —= §!

where the homotopy equivalence ¢ corresponds to the class 75 (u) € H' (QCP>®) =~
[QCP, S!]. The claim follows since R is contractible. O

Claim4 QN is of finite type if and only if Q¢ F = QF is of finite type.
Proof Each component of Q2F is homotopy equivalent to 2o F' via composition with
an appropriate fixed loop. The claim follows from Claims 3 and 2 since K is finite.

Note that we may identify Q¢ F = QF since the loops of F that lift to closed loops
of the universal cover F are precisely the contractible ones. m|
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Claim 5 QF is of finite type if and only if 7w, N is finitely generated for each m > 2.

Proof Since F is simply connected, QF is of finite type if and only if F is of finite
type, by a Leray-Serre spectral sequence argument applied to the path-space fibration
QF > PF—>F (see Spanier [10, 9.6.13]). Moreover F is of finite type if and only
if nm(f) = 1, (F) is finitely generated for all m > 2 (see [10, 9.6.16]). The claim
follows from the homotopy LES for F — N — CP°. |

Corollary 8 For a compact manifold N , if ©(f) # 0 and m,,,(N) is finitely generated
for each m > 2, then Hx(LoN:Ar)) =0.

Proof We need to show that each HNy = Hy(LoN; Arg)) vanishes. Since Z[t]
is Noetherian, its (z)—adic completion Z[[¢]] is flat over Z[t] (see Matsumura [4,
Theorem 8.8]). Therefore, localizing at the multiplicative set S generated by #, A =
S~17Z[¢] is flat over R = S~'Z[t]. Thus HNy = Hy(LoN) ® g A, which is the
localization of Hy = Hy(LoN) ®z[r ZI[t]]. Observe that ¢ - Hy = Hj since ¢ acts
invertibly on Hy(LoN). So if Hj were finitely generated over Z[t], then Hy = 0 by
Nakayama’s lemma [4, Theorem 2.2] since ¢ lies in the radical of Z[[t]]. By Theorem 7,
Hj, is in fact finitely generated over Z, so this concludes the proof. O

Remark 9 The idea behind the proof of Corollary 8 is not original. I later realized
that it is a classical result that if Hy(X; Z) is finitely generated in each degree then the
Novikov homology Hy(Cx(X) ® g Ag) vanishes for 0 # o € H'(X). The basic idea
dates back to Milnor [5] and a very general version of this result is proved in Farber [2,
Proposition 1.35].

Corollary 10 If N is a compact simply connected manifold, then Hx(LoN;Ay) =0
for any nonzero « € H'(LoN).

Proof N is simply connected so its homotopy groups are finitely generated in each
dimension because its homology groups are finitely generated by compactness (see
Spanier [10, 9.6.16]). Since N is simply connected, any o« in H'(LyN) is the
transgression of some 8 € H2(N). The result now follows from Corollary 8. ad

6.3 Proof of the Main Corollary
We recall the Main Corollary:

Corollary 11 Let N" be a closed simply connected manifold. Let L — DT*N be
an exact Lagrangian embedding. Then the image of p«: ny(L) — mo(N) has finite
index and p*: H*>(N) — H?(L) is injective.
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Proof A nonzero class 8 € H?(N) yields a nonzero transgression t(8) € H!(LoN)
(see Section 6.1). Suppose by contradiction that 7(p*8) = 0. Then the local system
(Lp)*Ar(p) is trivial (see Section 2.14). Moreover ¢*7(f) = 0 since 7(f) vanishes on
71 (N). Therefore the diagram of Theorem 6, restricted to contractible loops, becomes

Lpy
Hy(LoL)® A <2~ Hy(LoN; Ar(p))

H.(L)® A Hy«(N)® A

where g: LoL — L is the evaluation at 0. By Corollary 10, Hx(LoN; A;g)) =0, so
the fundamental class [N ] € H,(N) maps to c«[N]=0. But Lpi(c«[N]) =c« p[N]=
cx[L] # 0 since c4 is injective on Hy(L).

Therefore 7(p*pB) cannot vanish, and so 7 o p*: H*N — H!(QL) is injective.

Consider the commutative diagram

H2(N) —> Hom(mry(N), Z) = H'(QN)

J{p* l(fzp)*
H2(L) —2> Hom(ns(L), Z) = H' (L)
where the top map 7 is an isomorphism since N is simply connected. We de-
duce from the injectivity of 75 0 p* = (Qp)* o 1p that p*: H*(N) — H?*(L) and
Hom(m,(N), Z) — Hom(m, (L), Z) are both injective, so in particular the image of
P« (L) = m,(N) has finite index. ad

7 Non-simply connected cotangent bundles

We will prove that for non—simply connected N the map m,(L) — m (V) still has
finite index provided that the homotopy groups 7, (/N ) are finitely generated for each
m=>2.

This time we consider transgressions induced from the universal cover N of N,
- H*(N) > H'(LN) = H'(LoN) =~ Hom(m, N, Z).

The homomorphism j* 1 (N) = 1, (N) — Z corresponding to such a transgression
r(,B) is induced by a classifying map f N — CP* for ,B € H3(N). Since QN =
QoN and LN = LN, the transgressions Tp (,8) and r(ﬁ) define cyclic covers Qo N
and LoN . We will use these in the construction of the Novikov homology.
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Theorem 12 Let N be a compact manifold with finitely generated (N for each
m>2.If t(B) # 0 then LyN is of finite type and Hy(LyN; /—\r(ﬁ)) =0.

Proof Revisit the proof of Theorem 7. It suffices to prove that Q2N has finite type.
This time we have the commutative diagram:

Qf
QCP>® ~ R

0 o0
QF LN QN = QoN —= QCP>® ~ §!

[T

CP
Since QF ~ QN , it suffices to show that 2 F has finite type. Observe that

where K = Coker(];:.< o N — m,CP™) is a finite set since f; % 0. So we just
need to show that Qo F = QF is of finite type. The same argument as in Theorem 7
proves that QF is of finite type if and only if 7, N = TN is finitely generated for
each m > 2. The same proof as for Corollary 8 yields the vanishing of the Novikov
homology. O

Corollary 13 Let N be a closed manitold with finitely generated m,,,(N) for each
m >2. Let L - DT*N be an exact Lagrangian embedding. Then the image of
px: ma(L) — m2(N) has finite index and p*: H*>(N) — H?(L) is injective.

Proof The proof is analogous to that of Corollary 11: (£p)* in the diagram

H2(N) —> Hom(72(N), Z) = H'(LoN)

li* J{(ﬁp)*

H*(L) — Hom(m,(L), Z) = H'(LoL)

is injective because if, by contradiction, (p* 5) € H'(LyL) vanished then the functo-
riality diagram of Theorem 6 would not commute. O
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8 Unoriented theory

So far we assumed that all manifolds were oriented. By using Z, = Z /27 coefficients
instead of Z coefficients one no longer needs the Floer and Morse moduli spaces to
be oriented in order to define the differentials and continuation maps. For the twisted
setup, we change the Novikov ring to

A =Z (1) = Zo[Qll '],

the ring of formal Laurent series with Z, coefficients. The bundle A, is now a bundle
of Z,((¢)) rings, however the singular cocycle « is still integral: [o] € H!(LoN:7Z).

Using these coefficients, all our theorems hold true without the orientability assumption
on N and L. The following is an interesting application of Corollary 11 in this setup.

Corollary 14 There are no unorientable exact Lagrangians in T*S?.

Proof For unorientable L, H?(L;Z) = Z,. Therefore the transgression t vanishes
on H?(L;Z) since its range Hom(m5(L), Z) is torsion-free. But for S? there is a
nonzero transgression. This contradicts the proof of Corollary 11. O
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