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The homotopy type of the space of symplectic balls
in rational ruled 4-manifolds

SiLvVIA ANJOS
FRANCOIS LALONDE
MARTIN PINSONNAULT

Let M := (M*, ) be a 4—dimensional rational ruled symplectic manifold and
denote by w) its Gromov width. Let Emb,, (B*(c), M) be the space of symplectic
embeddings of the standard ball of radius r, B*(c) C R* (parametrized by its
capacity ¢ := wr?), into (M, ). By the work of Lalonde and Pinsonnault [13],
we know that there exists a critical capacity c.i € (0, wps] such that, for all ¢ €
(0, cerit)» the embedding space Emby,(B*(c), M) is homotopy equivalent to the
space of symplectic frames SFr(M). We also know that the homotopy type of
Emb,, (B*(c), M) changes when ¢ reaches ¢ and that it remains constant for all
¢ € [Cerits war) - In this paper, we compute the rational homotopy type, the minimal
model and the cohomology with rational coefficients of Emb,,(B*(c), M) in the
remaining case ¢ € [cqi, War). In particular, we show that it does not have the
homotopy type of a finite CW—complex. Some of the key points in the argument
are the calculation of the rational homotopy type of the classifying space of the
symplectomorphism group of the blow up of M, its comparison with the group
corresponding to M and the proof that the space of compatible integrable complex
structures on the blow up is weakly contractible.

53D35, 57R17, 57S05; 55R20

1 Introduction

We compute in this paper the rational homotopy type, the minimal model and the
cohomology with rational coefficients of the space of embedded symplectic balls
of capacity ¢ in any closed rational ruled 4—manifold. We consider only minimal
ruled manifolds in the sense that they are not blow-ups of ruled manifolds. By the
classification theorem for rational ruled 4-manifolds in Lalonde and McDuff [12], any
such manifold is symplectomorphic, after rescaling, to either

o the topologically trivial S2—bundle over S2, M 3 = (S?x 8?2, a)g), where a)g

is the split symplectic form w(i1) ® w(1) with area j > 1 for the first S —factor
and with area 1 for the second factor; or

Published: 5 February 2009 DOI: 10.2140/gt.2009.13.1177



1178 Silvia Anjos, Francois Lalonde and Martin Pinsonnault

* the topologically nontrivial S?~bundle over S, M, = (S*XS?, w},), diffeo-
morphic to CP2# CP? equipped with the standard Kéhler form a)plb where the
symplectic area of the exceptional divisor is p > 0 and the area of a projective
line is p + 1 (this implies that the area of the fiber is 1).

Note that the second bundle is, topologically, the only nontrivial S2-bundle over S2.
Let B*(c) C R* be the closed standard ball of radius  and capacity ¢ = 72 equipped
with the restriction of the symplectic structure wg; = dx| A dy; + dxy Ady, of R*.
Let Embfu (c, ) be the space, endowed with the C°°—topology, of all symplectic
embeddings of B*(c) in M ;lL Finally, let ??Embﬁu (¢, 1t) be the space of subsets of M, IlL
that are images of maps belonging to Emb}, (c, i) defined as the topological quotient

(1) Symp(B*(c)) < Emb’, (c, ) — SEmb), (c, p)

where Symp(B*(c)) is the group, endowed with the C°—topology, of symplectic
diffeomorphisms of the closed ball, with no restrictions on the behavior on the boundary
(thus each such map extends to a symplectic diffeomorphism of a neighborhood of
B*(c) that sends B*(c) to itself). We may view %Embéo (c, n) as the space of all
unparametrized balls of capacity ¢ in M, IIL

1.1 Preliminary results

Recall that the Nonsqueezing Theorem implies that Embfu (c, n) is empty for ¢ > 1;
it is then easy to see tha‘; the Gromov width of all spaces M ;L is equal to 1 and that,
actually, the space Emb}, (c, ) is nonempty if and only if ¢ € (0, 1). It was proved
in Lalonde and Pinsonnault [13, Corollary 1.2] and in Pinsonnault [17, Corollary 1.9]
that the homotopy type of Embi) (c, u) can be completely understood for some special
values of w, namely:

Proposition 1.1 Let ¢: Embiu (¢, ) = SFr(M jt) be the map that associates to an
embedding 1: B*(c) — M l’L the symplectic frame at the origin.

(1) For =1 andi =0, that is, for S* x S? with factors of equal area, the map ¢
is a homotopy equivalence for all values ¢ € (0, 1). Consequently, the space of
unparametrized balls ;”sEmbS) (c, ;v) is homotopy equivalent to S? x S2.

(2) In the twisted case, for any [ in the range (0, 1], the map ¢ is a homotopy

equivalence for all values ¢ € (0, 1). Hence, the space ?sEmbclo (c, n) is homotopy
equivalent to M ,} for these values of .

We will therefore assume in this article that o > 1. Denote by £ the “low integral part”
of 1, ie the largest integer strictly smaller than p. Using an inflation argument, it was
shown in [13, Theorem 1.7] and in [17, Theorem 1.7] that:
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Proposition 1.2 The space Embi (c, u) is homotopy equivalent to the space of sym-
plectic frames of M, ! for all values ¢ € (0, u —£). Hence, in this range of ¢’s, the
space SEmb! w(C, ) is homotopy equivalent to the manifold M ! itself. Moreover, the
homotopy type of JEmb’ (c, ;) changes when ¢ reaches the cr1t1ca1 capacity pu— ¢
and remains constant for all ¢ € [u — £, 1).

Define the critical capacity c.i, € (0, 1] by setting cei :=  — £. In this paper, we will
therefore restrict our attention to the remaining cases, namely to the values p > 1 and
€ > cqrit in both the split and nonsplit bundles.

1.2 The general framework

Let M llt be a normalized rational ruled 4-manifold with @ > 1 and consider ¢ € [cqi, 1).
The main results of this paper are:

e Theorem 3.1 that gives the rational homotopy type of TsEmbfv (c, p), expressed
as a nontrivial fibration whose base and fiber are explicitly given,

e Theorem 5.1 that computes the minimal model of ?sEmbe (c, ).

e Corollary 7.1 that computes the rational cohomology ring of i‘sEmbio (c, ).

In particular, these results imply that if ¢ € [cqit, 1), then the topological space
SEmb},(c, i) does not have the homotopy type of a finite dimensional C W —complex.

In order to obtain the previous results we need two fundamental calculations, namely:

e The computation of the rational homotopy type of B Symp(]\? li ¢)» the classifying
space of the symplectomorphism group of the blow-up of M ;L at a ball of
capacity ¢ (Theorem 2.5), as well as its rational cohomology (Theorem B.7).

e The calculation of the structure of the space of compatible integrable complex
structures on the blow-up of M, and in particular the fact that this space is
weakly contractible (Appendix A).

Here is a brief description of the approach to prove these results. McDuff showed
in [14] that the space JEmb’ w(c, ) is path-connected. By extension of Hamiltonian
isotopies, one sees immediately that the group of Hamiltonian diffeomorphisms of M, i
acts transitively on SEmb’ w(C. ). Note that under the restriction v > 1, the group
of Hamiltonian diffeomorphisms is equal to the full group of symplectic diffeomor-
phisms. On the other hand, using J—holomorphic techniques, it was proved in Lalonde
and Pinsonnault [13] that the stabilizer of this action, ie the subgroup of symplectic
diffeomorphisms of M llz that preserve (not necessarily pointwise) a symplectically
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embedded ball B, C M "'L, can be identified, up to homotopy, with the group of all
symplectomorphisms of M lit,c” the blow-up of M I’L at a ball of capacity ¢ in M ;L We
therefore have the fibration

2) Symp(]\z’;’c) — Symp(MliL) — %Embéo (c, )
that naturally expresses i‘sEmbﬁO (c, ) as an homogeneous space, namely,
SEmbi, (c, 1) ~ Symp(M})/Symp(M]. ,).

Consequently, the homotopy-theoretic study of SEmbiu (c, u) breaks down into three
steps:

Step 1 The computation of the homotopy type and cohomology algebra of the space
Symp(M li) (as well as those of BSymp(M li)). This step was carried out by a number
of authors: Abreu [1], Abreu and McDuff [3], Anjos [4], Anjos and Granja [5] and
Abreu, Granja and Kitchloo [2].

Step 2 The computation of the homotopy type and cohomology algebra of the space
Symp(]\? I’Lcl (as well as those of BSympLA? /i,c))' The rational cohomology modules
H*(Symp(M|, .); Q) and H*(BSymp(M/, .); Q) were computed in Lalonde and
Pinsonnault [13] and Pinsonnault [17]. In the present paper, we will carry these
calculations further and describe the full homotopy type of these spaces as well as the
rational cohomology ring structure by adapting the arguments of Abreu, Granja and
Kitchloo [2].

Step 3 The most interesting step is understanding how Symp(ﬂ ;i,c) sits inside
Symp(M I’L) so that we could compute the quotient. This step has been carried out
in some special cases in Anjos and Lalonde [6], Lalonde and Pinsonnault [13] and
Pinsonnault [17]. In this article, we take a systematic approach to compute the rational
homotopy type of the quotient. See Theorems B.8 and B.9 showing that, even with
the most natural choice of generators, the way in which Symp(]\? /i,c) sits inside
Symp(M,,) is not straightforward.

Note that, in view of the fibration (1) above, and since the reparametrization group of
the standard ball B* C R* retracts to U(2), the computations for SEmbiu (c, u) carry
easily to Embi) (c, ;). We get, in this way, similar theorems for the parametrized space
of embeddings.

1.3 The duality between Emb(M ) and Emb(M})

We now explain the duality introduced in Pinsonnault [17] that enables us to reduce
the twisted case to the split one.
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Denote by B® and F° in H,(M?°,Z) the classes of the first and second factor respec-
tively. Denote by F! the fiber of the fibration M !(= CP?*#CP?) — CP! and by
B! the section of self-intersection —1 of that fibration. Denote by E’ € H, (]\7 17),
i = 0,1, the class of the exceptional divisor that one gets by blowing up the standard
symplectic ball of capacity ¢ in M*. Let’s denote by the same symbols B, F' the
obvious lifts (proper transforms) of these classes to the blow-up M. Now let’s recall
the duality! according to which blowing up M° = §2x 52 or M' = CP?*#CP? leads
to diffeomorphic smooth manifolds MO~ M!. As explained in [17], the blow-down
of an exceptional curve in MO in class FO — E° yields a manifold diffeomorphic
to CP2#CP?. The induced diffeomorphism between MO and M relates the bases
{B°, F° E°} and {B!, F', E'} as follows:

B! «— BY—E©
E! « FO_FO
Fl «— F°

When one considers this birational equivalence in the symplectic category, the unique-
ness of symplectic blow-ups implies that the blow-up of M S at a ball of capacity
0 < ¢ < p is symplectomorphic to the blow-up of M Ii_c at a ball of capacity 1 —c.
Conversely, the blow-up of M /i with capacity 0 < ¢ < 1 is symplectomorphic to
the blow-up of M 1(L) 41— With capacity 1 —c. In other words,.we have a complete
symplectic duality between the blow-up of “large” balls in M* and the blow-up of
“small” balls in M '~ . For this reason, we will state our results for both ruled surfaces
M?° and M! but we will often give the complete proof for the split case M only,
leaving to the reader its relatively easy adaptation (using the above equivalence) to the
twisted case M 1.

1.4 Plan of the paper

Here is an overview of the content of the paper. In Section 2, we briefly recall the geomet-
ric facts that lead to the homotopy decomposition of the groups of symplectomorphisms.
The actual computations for the groups Symp(]\z ;L ) are carried out in Appendices A
and B, following the method introduced in Abreu, Granja and Kitchloo [2]. In Section 3,
we express rationally the space SEmbi, (c, 1) as a fibration whose base and fiber are
computed. In Section 5 we compute the minimal model of SEmbi, (¢, i), showing
in particular that the latter space does not retract to a finite CW—complex for pu > 1

I'That duality also exists on ruled symplectic 4-manifolds over surfaces of any genus and was exploited
in Lalonde [11] to prove that the Nonsqueezing Theorem does not hold when the base of the trivial
symplectic fibration Xg x S 2 is a real surface of genus greater than 0.
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and ¢ > cgj¢. Finally, in Section 7, we compute the cohomology of SEmbfo (c, ) with
rational coefficients.
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sations, Octav Cornea for discussions on some aspects of the theory of minimal models
and V Apostolov and A Broer for conversations on complex algebraic geometry. But
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supported by FCT/POCTI/FEDER and by project POCTI/2004/MAT/57888 and the
second author is partially supported by NSERC (Canada) grant OGP 0092913 and
FQRNT (Québec) grant ER-1199.

2 Homotopy decomposition of the symplectic groups

This sec~ti0n is devoted to the homotopy decomposition of the groups Symp(M li) and
Symp(M/, ). For the convenience of the reader, we first briefly review the geometric
arguments that lead to the description of these symplectomorphism groups (and of
their classifying spaces) as iterated homotopy pushouts. The references for this are
the papers by Abreu, Granja and Kitchloo [2], Abreu and McDuff [3], Lalonde and
Pinsonnault [13], McDuff [16; 15] and Pinsonnault [17] and Appendices A and B in
which we carry out the computations for the groups Symp(]\? I’“,)

To simplify the notation, we will write GfL and 6L,c for the group Symp(M li) and
Symp(M,, ).

2.1 The limits lim,, _, o, G,i and lim,_, é,i,c

Let us first recall that the homotopy-theoretic understanding of the groups G Alt and G L ¢
heavily relies on the generalization, due to McDuff, of the Lalonde—McDuff inflation
technique. These ideas are used in McDuff [16] to prove the following fundamental
results. In the following two theorems, £ is the largest integer strictly smaller than pu,
iel<pu=<l+1.

Theorem 2.1 (See McDuff [16] and Abreu, Granja and Kitchloo [2].) Forany p > 1
and €,8 > 0, there is a natural diagram

i i
G, — G

N

i
Gu+e+5
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well defined up to homotopy. Altogether, these maps define a homotopy coherent system
whose homotopy limit is FDiff(M"), the group of fibered C > —diffeomorphisms, that
is, those diffeomorphisms that are lifts to M* of diffeomorphisms of the base S? of
the fibration S — M' — S?. Moreover:

(1) The homotopy type of GL remains constant as 4 varies in the interval (£, { + 1].

(2) The map GL — GfH_E is (4€+2i—1)—connected. In particular, when @ > 1, it

induces an isomorphism of fundamental groups.

(3) These maps induce surjections H* (BGL 1)~ H *(BG;) for all coefficients.

Consequently, the map BGL — BFDiff induces a surjection in cohomology.

The same arguments can be adapted to the case of 6;” and yield:

Theorem 2.2 [17] Given c € (0, 1), there is a homotopy coherent system of maps

defined for all 1 > 1 and all €, § > 0, whose homotopy limit is FDiff, (M), the group
of fibered C > —diffeomorphisms of M that fix a point p € M*. Moreover:

(1) The homotopy type of G[l:l,, . Temains constant as | varies in either ({, £ + c) or

[£+c, +1].

(2) The map wa — 5L+€’c is (4£+2i—3)—connected if ¢ > ceyit, and (4€+2i—1)—
connected if ¢ < cqit. In particular, when > 1, it induces an isomorphism of
fundamental groups.

(3) These maps induce surjections H* (B(?I"H_E’c) — H*(BGL,C) for all coef-
ficients. Consequently, the map BGfmf — BFDiff, induces a surjection in
cohomology.

Proof See Theorem 1.3 and Proposition 3.6 in [17]. O

2.2 The action of Symp(M ,i) on compatible almost complex structures

Let J, I’L be the space of all C'°°—almost complex structures compatible with the sym-
plectic form ‘UL on M llt This is an infinite dimensional Fréchet manifold on which
GL acts by conjugation, that is, ¢ - J = (d¢)J(d¢)~! where ¢ € GL and J € j;i'
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Observe that because 7, I’L is contractible, the associated homotopy orbit space (ie the
Borel construction)

i e i : i
(le)thL = EG), xq], "711«
is homotopy equivalent to the classifying space BG;L. It is a standard fact that the
projections yield an equivariant diagram

EGi x Ji —— Ty

L,

BG,, T/ Gy,

such that the preimage ¢~![J] is naturally identified with the classifying space BK s
of the stabilizer subgroup Ky of J. In our case, this isotropy subgroup is the group
of isometries of the almost Hermitian structure associated to the pair (a)L, J) and,
hence, is a compact Lie group. Moreover, as we will explain below, the orbit category
associated to the action of GL on j;i is essentially finite and can be understood
by combining J—-holomorphic techniques with standard results from the theory of
deformation of complex structures. This leads to a description of BGiL i.n terms of
classifying spaces BK y of finitely many compact Lie subgroups Ky C G;L.

2.3 The stratification of 7, ,i as an orbit decomposition

The space J, li is naturally partitioned in (£ 4 1) strata indexed by even integers in the
split case i = 0 and by odd integers in the twisted case i = 1:

i i i i
Tp =T iV Typqi WU Ty 24

where as usual £ is the largest integer strictly smaller than . The stratum .7 ;i,z ket
is made of those almost complex structures J for which the class B* —kF* can be
represented by an embedded J—holomorphic 2—sphere. Note that this is indeed a
partition: by positivity of intersection, a J —structure cannot belong to more than one
such stratum, and any J € J,i must belong to at least one stratum since the GW-
invariant associated to the class B* does not vanish (use then the Gromov compactness
theorem to conclude). Each stratum is a smooth co-oriented Fréchet submanifold of
finite codimension: the stratum j;i,i is an open and dense subset of jli while for
j =2k +i > 2 the stratum 7, l’L j is of codimension 27 — 2. The reader will ﬁpd in
Abreu and McDulff [3] the proofs of the results regarding the stratification of 7, and
further references.

Each stratum corresponds to a toric structure on M , unique up to equivariant sym-
plectomorphisms. In particular, J, ;ZL j contains a Hirzebruch complex structure J;,
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unique up to diffeomorphisms, coming from an identification of (M?, J i) with the
Hirzebruch surface IFj :=P(O(—;) ® C) (hence our choice of indices). The stabilizer
subgroup K(j) of J; is given, up to isomorphism, by

SO(3) xSO(3) if j =0,
K(j)~{S!%xS0(3) if j =2k, k>1,
U(2) if j=2k+1,k>0.

The closure of J I’L j in 7, li is the union of all strata of index n > j

i i i
ju,j = ju,j '—'""-'ju,zui-

In fact, using J—holomorphic gluing techniques, one can show that the partition is a
genuine stratification: each 7, ; has a neighborhood N C 7, which, once given the
induced stratification, has the structure of a locally trivial fiber bundle whose typical
fiber is a cone over a finite dimensional stratified space.

Most importantly, the action of GfL preserves each stratum and, although the action
restricted to a stratum cannot be transitive (because, for instance, each stratum contains
both integrable and nonintegrable structures), the inclusion

i : i
Gu/K() = Ty,
of the symplectic orbit of J; in 7, /lL j is a weak homotopy equivalence.

Let us consider the particular case M, 0= (S2x 82, uo ®o) with 1 < <2 more
closely. For p in that range, the space j 9'is made of an open stratum j 0 ~ Gﬂ /Ko
and a codimension 2 stratum 7 18 ~ G0 u/ K(2). The isotropy groups 1ntersect along a
common SO(3) which is the SO(3) factor in K(2) = S x SO(3) and the diagonal
SO(3) in K(0) = SO(3) x SO(3). The action of the S! factor of K(2) on a fiber of
the normal bundle of j 0 is isomorphic to the standard linear action of S' on R2.
In particular, K(2) acts transmvely on the unit normal bundle over J, with stabilizer
SO(3). Now assume that there exists a Gg —invariant tubular neighborhood N :=
N (J 0 2) of J 2 in J, 9 isomorphic to a tube G XK(2) D?. Then we could write the
contractlble space Ty 9 as an equivariant homotopy pushout

NT) =T, —= T2, = G/ K(2)

o] |

~ G9/K(0) 70
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and, by applying the Borel construction £ ng G » we would get another pushout
diagram

BSO(3) B(S! x SO(3))

“ J{ l

B(SO(3) x SO(3)) BG),

that would decompose (the homotopy type of) B GB along conjugacy classes of maximal
compact subgroups. The only problem with this argument is that it may be impossible
to construct such an invariant tubular neighborhood A . Nevertheless, as explained
in [2, Appendix C], a slice theorem for the action of GL on J, /i allows one to make
the previous argument completely rigorous > by defining, for any indices i and j, an
Aoso—action of GfL near 7. . which is essentially equivalent to the left action of GL

; by zu,j
onatube G, xg(j) D/,

In the general case u > 1, i € {0, 1}, one may decompose j,i as the union
(jplb,i u---u j;i,22+i—2) UN(Typ40)-

To apply the previous ideas to this decomposition, one has to understand the action of
K(2¢ + i) on the normal bundle N (Jzi ¢+;) of the last stratum and one must compute
the homotopy orbit space

i i
(Jpiu---u ju,2€+i—2)hGL‘

In principle, this can be done using J—holomorphic gluing techniques but, as explained
in McDuff [15], the computations quickly become intractable as p increases. A solution
to this problem, found by Abreu, Granja and Kitchloo in [2], is to look at the restriction
of the action GL X jli — j;i to the subspace I;'L c J, /i of compatible integrable
complex structures. As they explained, the point is that for Kidhler 4—manifolds
satisfying some analytical conditions, the action of the symplectomorphism group on
the space of compatible integrable complex structures can be understood using complex
deformation theory. In the special case of rational ruled surfaces M’ , they showed
that:

(1) IL is a submanifold of j;i and the inclusion IL - j;i is transverse to each
stratum j;lL Iz

(2) The stratum 7' I’L ji= ZL nJg, I’L j is homotopy equivalent to the symplectic orbit
of Jj in T ;.

2See also Anjos and Granja [5] for a different, more algebraic, approach.
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(3) For any J € IL, the tangent space of I(’;, at J is naturally identified with
Ty (Diff(M)-J) DZ(’;)) &) HJO’1 (TM[L), where TM[L denotes the sheaf of germs
of holomorphic vector fields. Here the (infinite dimensional) first summand
is the tangent space to the stratum I’ j o which J belongs, while the (finite
dimensional) second summand is naturally identified with the fiber of the normal
bundle of I’ j C I’ at J. Moreover, this identification is equivariant with
respect to the actlon of the isometry group K(j).

It follows that I’ is itself a stratified space, that the inclusion I;L i< j i j isa
homotopy equlvalence that the equivariant diffeomorphism type of a normal nelghbor-
hood of the j—th stratum is the same in both stratifications and that this neighborhood
does not depend on the parameter u as long as u > (j —i)/2. These facts, together
with the resu}ts of Appendix C in [2], imply that the action of GL on the normal
bundle N'(7,, + ) is homotopically equivalent to the left action of G, on the tube
(T'M,,) and that the homotopy orbit space

i i
(ju,i U---u ju,2£+i—2)hGL

can be understood iteratively. Finally, because dimc H;)j’l (TM Ii) =2j—2, we get

G XK e+i) H JZH

the following homotopy decomposition of BGL:

Theorem 2.3 [2, Theorem 5.5] There is a homotopy pushout diagram
4€+2i—3 T .
(se+2 )hK(zZ—H) — BK(2(+1)

T

i i
BG! _, BG!,

Where { < <{+1, r is the bundle associated to the representation of K(2¢ + i) on

JM (TM ) the map iy is induced by the inclusion K(2{ + i) < G! , and where
the map BG 1 BG;L coincides, up to homotopy, with the one given by inflation
described in Theorem 2.1.

2.4 Homotopy decomposition of B G ,’;, c

There is a similar pushout decomposition for the Clas51fymg space of G . Note
that because we can identify symplectically M 3 ¢ with M li el—c there is no loss in

generality to restrict ourselves to the case i = 0, that is, to symplectlc blow-ups of the
trivial bundle M, B only.
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All of Abreu, Granja and Kitchloo arguments on M/ 0 apply as well for the group of
symplectomorphisms of the blow-up M S  if one has in mind the following geometric
facts and observations. When passing to the blow-up, the spaces of compatible (almost)
complex structures j;f,c and Ig . are now partitioned according to the degeneracy
type of exceptional curves in class B — E (using the notation introduced in Section 1.3).
Indeed, recall that there are exactly three exceptional classes in H, (]\7 ;L)’ ¢), namely £,
F—FE and B—E. For generic J, they are all represented by embedded J—holomorphic
spheres. However, when p > 1, the class B — E has strictly larger area than £ and
F — E and it follows that:

(1) The exceptional classes E and F — E are symplectically indecomposable and,
given any J € jﬁ’c, are always represented by embedded J-holomorphic
spheres.

(2) A J-holomorphic representative of the exceptional class Dy := B — E can
only degenerate, as J varies, to a cusp-curve containing a unique embedded
representative of either D,y := B—kF or Dy, := B—kF — E for some
1<k={.

Because the intersection D; - D; is always negative, this defines a partition of spaces of
compatible (almost) complex structures in which the j—th stratum j 70 c.j consists of
those complex structures J for which the class D; admits an embedded J —holomorphic
representative. The set of strata is in bijection with the set of equivalence classes of
toric actions on M I(L), . and incorporates strata coming, after blow-up, from both 7, I‘L) and
J, /i—c" It is easy to see that the strata are now indexed by all integers between 0 and m,
where m = 20 if ¢ < cqrip or m = 2€ — 1 if ¢ > ¢ In particular, when ¢ belongs to
the range [ccrit, 1), Which is the case considered in this paper, this stratification starts at
the dense stratum associated to Dg and ends at the (2¢—1)—th stratum associated to
the class D,y_1 = B —{F. Again, the symplectomorphism group ég’c acts on \718’0
preserving the stratification.

Proposition 2.4 (See Lalonde and Pinsonnault [13, Section 4] and McDuff [15].)
Given > 1 and ¢ € (0, 1), recall that £ is such that { < u < {4 1. Let m be the
index of the last stratum in 7, 7° . namely,

_ 28 lfc < Cerit»
20—1 ifc > cuit.
Then, given 1 < j < m, we have:

(1) The subspace J, 18 e.j is a smooth, co-oriented, codimension 2j submanifold

whose closure is the union |_|j <s<m Ju,c,s -
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(2) The stratum j;u, j contains a complex structure .7] , unique up to diffeomor-
phisms, coming from the blow-up of the Hirzebruch surface IF; at a point p
belonging to the zero section. Equivalently, one can obtain .7] by blowing up the
even Hirzebruch surface F,j. on the zero section if j = 2k, or on the section at
infinity if j =2k —1.

(3) The group Gu ¢ acts smoothly on J ;? e The stabilizer of fj is the 2—torus
T(j) generated by the lifts of the Kéhlerian isometries of [F; fixing the center p
of the blow-up. This identifies T (j) with a maximal torus of K ( ])

(4) The inclusion of the symplectic orbit Gg’c - Jj > G0 C/T(j) — 7 u c.j is a

homotopy equivalence.

As we explain in Appendix A, the action of the symplectomorphism group on :77(2 ¢
is homotopically equivalent to its restriction to the subset of compatible integrable
complex structures Z,, 0 . Since the last stratum has real codimension 2m, this yields
the following descrlptlon of BG

Theorem 2.5 If{ < <{+ 1 and c € (0, 1), there is a homotopy pushout diagram

2 1
Sufm — BT (m)

ljm lim
~0 0
BGY,, —— BGY,

where m is the index of the last stratum of j e and where

W= L+c ife < e,
1 if ¢ > Cerit,

so that G0 . Is the group associated with a stratification having one stratum less than
the stranﬁcauon associated with G0 The upper honzontal map is the universal
bundle map associated to the representanon of T(m) on H (T ) the map iy, is
induced by the inclusion T(m) — Gu ¢» and the map BG e BG ¢ coincides, up
to homotopy, with the one given by inflation described in Theorem 2. 2

3 Homotopy type of the space of embedded symplectic balls

In this section we describe the rational homotopy type of the space

SEmb(B., M) ~ G!, /G, .
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as the total space of a fibration whose base and fiber are explicitly computed. We will
prove the following theorem:

Theorem 3.1 If ¢ > ¢, the topological space SEmbiD (c, n) has the rational homo-
topy type of the total space of a fibration

Fi - GL/GL,C — M[L,

where FO = S4-1 x QS4+1 apd F! = S4+1 x Q§4+3 a5 topological spaces.
The projection map is homotopy equivalent to the pushforward, through the quotient
map Embio (c,pn) — SEmbﬁu (¢, ), of the evaluation map at the center of the ball
€Veenter: Embﬁu (c,p) > M "L

To prove the Theorem 3.1, it is convenient to consider the untwisted case and the
twisted case separately.

3.1 The untwisted case

Let FDiff be the group of fiber preserving diffeomorphisms of S2 x S2 and FDiff, C
FDiff be the stabilizer of a point. Since FDiff acts transitively on S? x S2, there is a

fibration
S? x S? — BFDiff, — BFDiff

and because FDiff 2~ hocolimy— oo Gg and FDiffy 2~ hocolimy— o G
homotopy commuting diagram of fibrations

0

u,c- there is a

~ n
Fp ——Gp/G) . — 52 x S2

bond ~ {l; Ne .

) F; —— BGY . — BFDiff,
Y _

Fy, BG) BFDiff

in which the spaces in the leftmost column are defined as the homotopy fibers of the
horizontal maps. Over the rationals, this diagram simplifies enough to allow explicit
computations. For instance, the topological group FDiff is homotopy equivalent to the
semidirect product SO(3) x Map(S?2, SO(3)) where SO(3) acts on Map(S2, SO(3))
by precomposition. In fact, the principal fibrations

Map(S2, SO(3)) — EDiff — SO(3)

and Q2S0(3) — Map(S?,S0(3)) — SO(3)
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both admit sections so that, as a space, FDiff ~ 22SO(3) x SO(3) x SO(3). At the
classifying space level, we have fibrations with natural sections

Map(S?, BSO(3)) — BFDiff — BSO(3)
and QSO0(3) — Map(S2,BSO(3)) — BSO(3).

Because the rational cohomologies of BSO(3) and 2SO(3) are concentrated in even
degrees, the corresponding rational spectral sequences collapse at the second stage,
and since

H*(22S0(3) x BSO(3) x BSO(3); Q) = H*(K(Q,2) x K(Q,4) x K(Q, 4)),
it follows that there are rational homotopy equivalences
BFDiff - K(Q,2) x K(Q,4) x K(Q,4) < 2S0(3) x BSO(3) x BSO(3).

In fact, since 2SO(3) ~qg BS'!, there is a natural map
BS!vBSO(3) v BSO(3) — BFDiff

that, rationally, extends to a homotopy equivalence
BS! x BSO(3) x BSO(3) — BFDiff.

The same arguments as above show that the classifying space of the stabilizer subgroup

FDiff, is rationally equivalentto BS!x BS'x BS! ~ K(Q,2)x K(Q,2)x K(Q,2).

Lemma 3.2 Over the rationals, BGIOL fibers over B(SO(3) x SO(3) x S1) with fiber
g4+

Proof We know from [2] that the rational cohomology ring of BG?L is isomorphic to

QIT. X, Y1/(f)

where the generators are of even degrees |7'| =2, |X| =4 and |Y| = 4, and where
f is an homogeneous polynomial of degree 4£ + 2. The theory of minimal models
(see, for instance, the discussions in the beginning of Sections 4 and 5) implies that,
rationally, the cohomology ring of the homotopy fiber of the map

0
BG, — K(Q.2) x K(Q.4) x K(Q.4)
is isomorphic to an exterior algebra with a single generator of degree 4¢ + 1. Therefore,

the homotopy fiber is rationally equivalent to K(Q,4£ + 1) ~ S4+1, m|
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Similarly, the description of the rational cohomology ring of Bég, . given by Theorem
B.7 in Appendix B yields:

Lemma 3.3 Over the rationals, the space Bég’c fibers over B(S' x S! x S1) with
fiber S4¢1,

The previous two lemmas implies that the diagram (5) is homotopy equivalent, over the
rationals, to the following commutative diagram in which %Embg (e, ) ~ Gg / Gg’c
appears, as desired, as the total space of a fibration whose base and fiber are known:

FO GY/GY, ——— §2x 52
(6) §H-1 ——= BGY . —— B(S' x S x 1)
o
g4+l BG), B(SO(3) xSO(3) x S1)

Notice that F° is the fiber of the map j from S =1 o gaLHL Any map between
such spheres is null homotopic, so FO = S*~1 x QS46+1 a5 topological spaces. This
proves Theorem 3.1 in the untwisted case.

3.1.1 The particular case 1 < <2 When 1 < <2, one can strengthen Theorem
3.1 by computing the full homotopy type of the embedding space i‘sEmbS) (c, ). This
range of p corresponds to the first step of the induction process that gives the homotopy
type of BG?L and B ég’c as pushout squares. In this case the Borel construction
S;I‘;;_(gz) = EK(20) Xk (20) S4L-3 gives S,iK(z) ~ BSO(3). Therefore, it is easy to
see that there are maps ¢ and v that make the following diagram commutative.

BSO(3) —— B(SO(3) x S1)

|s

B(SO(3) x SO(3))

io

B(SO(3) x SO(3) x S1)

where A is the diagonal map, m is the inclusion of the first factor, ig and i; are the
inclusions of the classifying spaces of the isotropy subgroups. Note that this diagram
holds not only over the rationals but also over the integers.
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Similarly, if 0 < © —1 < ¢ < 1, then the homotopy orbit SéT(l) is equivalent to BS'!
and we get the following commutative diagram that also holds over the integers.

T

BS!

la

B(S!x S

B(S!'x S

io

AL
B(S'x STx S

The fibers of the maps BG), —B(SO(3)xSO(3)x S!) and Bég,c — B(S'xS!xSh
are given by X2SO(3) and S3, respectively. Using these fibrations, we can then
construct a commutative diagram, as in (6), that now gives the full homotopy type of
the space of embedded balls.

Theorem 3.4 If0 < pu—1=<c <1, the topological space SEmbg (c, 1) has the full
homotopy type of the total space of a fibration

(7 Q3?S0(3)/QS? — JEmb? (¢, u) — S2 x S?,

where the inclusion QS3 C QX?SO(3) is understood by identifying QS3 with
Qx2S and taking the standard inclusion of S in SO(3).

Moreover, S? x S? is a retract of the space of embedded balls.

Proof The fibration has a section, since S? x S? may be identified with the homo-
geneous space (SO(3) x SO(3))/(S! x S1) where these two groups are subgroups of

Gg and 6216, respectively. This proves the second statement in the theorem. a

3.2 The twisted case

There is a whole similar picture for the twisted bundle M, li =(5?%S82, wy). Letus write
FDiff for the group of fiber preserving diffeomorphisms of M !, and FDiff, C FDiff
for the stabilizer of a point. Rationally, we have homotopy equivalences

BFDiff ~ BSU(2) x BSU(2) x BS!,
BFDIff, ~ BS!' x BS! x BS'!
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Over the rationals, this yields a commutative diagram that expresses the homotopy type

of f?sEmb}u (c,m) =G !IL / G }L . as the total space of a fibration:

G o g+ — > Gllb/élIL,C

|

S2%8?

g4+ BGL B(S!x S!x S
/ |
G4t+3 BG,, B(SU(2) xSU(2) x S1)

This concludes the proof of Theorem 3.1.

4 The minimal models of Symp (M ,i) and of Symp(M ;;,c)

First recall that in order to be applicable to some given topological space, the theory
of minimal models does not require that the space be simply connected. We simply
need that the space has a nilpotent homotopy system, which means that rr; is nilpotent
and 7, is a nilpotent r; —module for n > 1. Since the groups of symplectomorphisms
Symp(M li) and Symp([\? ;i,c) are H —spaces, it follows that they have a nilpotent
homotopy system, because for a H —space, 71 is abelian and is therefore nilpotent,
and moreover 7; acts trivially on all 7,’s. On the other hand, SEmb’ is simply
connected sincE we know that the generators of w1 (Symp(M, /i)) lift to the generators
of 71(Symp(M}, .)). Therefore the theory of minimal models is applicable to all
spaces under consideration.

Recall that a model for a space X is a graded differential algebra that provides a
complete rational homotopy invariant of the space. Its cohomology is the rational
cohomology of the space. The model can be constructed from the rational homotopy
groups of X . In this case, it is always minimal, which implies that there is no linear
term in the differential of the model, ie the first term is quadratic. When there are no
higher order term (ie all terms are quadratic), then Sullivan’s duality can be expressed
in the following way:
dby =Y (by.[bi.bj])bib;.
i

where the (a,b) denotes the a—coefficient in the expression of b, and where the
brackets denote the Whitehead product. Finally, when X is an H-space, as it is the
case of both Symp(M, li) and Symp(]\? ;i,c)’ all Whitehead products vanish as well as
the differential.
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From these considerations and the computations of the rational homotopy groups of
both Symp (M, I’L) and of Symp(M, lit,c’) in Abreu and McDuff [3] and Pinsonnault [17],
we have:

e The minimal model of Symp(ﬂ ;i,c) is A(7,X,7,W), the free graded algebra
generated by the elements 7, X, J, W with degrees deg? = degX =deg 7 = 1
and degw = 4¢ +2i —2.

e The minimal model of Symp(M li) is A(¢,x,y,w), the free graded algebra
generated by the elements ¢, x, y, w with degrees deg?t =1, degx =degy =3
and degw =4£ 4 2i.

Let’s now explain what these generators are.

First recall that F (or more precisely F') denotes the homology class of the fiber of
M), and E (or more precisely E') € Hy(M,, ., Z) is the class of the exceptional
divisor that one gets by blowing up the standard symplectic ball of capacity ¢ in M ;L

Jc’

We first briefly recall the definition of the Hirzebruch surfaces. For any v > 0 and any
integer k > 0 satisfying v — % >0, let CP! x CP? be endowed with the Kihler form
v— %)‘L’l + 1, where 1 is the Fubini—Study form on CP* normalized so that the area
of the linear CP!’s be equal to 1. Let [F;, be the corresponding Hirzebruch surface, ie
the Kihler surface defined by

Fr = {([z0. 21], [wo, w1, wy]) € CP! x CP? | zé‘wl = wao}

It is well-known that the restriction of the projection 7: (CP!xCP?2, (v—%)rl +15)—>
CP! to F endows Fj with the structure of a Kihler CP!—bundle over CP! that
corresponds topologically to the trivial S2x S? bundle if k is even and to the nontrivial
one S%x,; S% =CP2# CP2 if k is odd. In this correspondence, the fibers, of area 1,
are preserved and the section at infinity of this bundle

Soo = {([20.21].[0.0. 1)}

of area v — % in [ corresponds to the section of self-intersection —k that lives in
S2 x 82 if k is even and in the nontrivial S?-bundle if k is odd. Thus it represents
the class og — %F (resp. 0—1 — (I%I)F in the nontrivial case) where o; is the section
of self-intersection j. Therefore, the form (v — %)11 + 7, gives area | to each
CP!—fiber and area v to the section of self-intersection 0 (ie to B = oy in the trivial
case, and to (0—1 4+ 01)/2 in the odd case). However, our conventions for M ZL gives
area [ to the zero section when i = 0 and gives area p to the section o_; when
i = 1. This means that v must be identified with © when k is even and with p + %

when k is odd. By the classification theorem of ruled symplectic 4—manifolds, this
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correspondence establishes a symplectomorphism between (Fy, (1 — %)rl + 1) and
M I(L) for all even k's strictly smaller than 2y ; similarly, there is a symplectomorphism
between (Fg, (1 + % - %)‘El + 1) and M, li for all odd k's strictly smaller than 2.
Each such symplectomorphism endows M), with a different integrable compatible
complex structure indexed by 0 < k < p having the section of self-intersection —k
holomorphically represented.

The element ¢ in 71 (Symp(M, li)) is the rotation in the fibers of the Hirzebruch surface
F5,4;, once identified with M 1lL’ i =0,1; for i =0, it is therefore the rotation in the
fibers of M ;L) = B x F round the two fixed symplectic surfaces in classes B—F, B+ F
represented by the graph of the & identity map from the base B to the fiber F'. Similar
comments apply to i = 1.

In the case i = 0, the element 7 is the blow-up of ¢ at the point ([1, 0], [0, 0, 1]) € F,,
kept fixed under the action of 7, identified with the center (.(0) € S? x S? of the
standard ball B.. In the untwisted case the element x is the 3—dimensional sphere
generating 773(SO(3)) where SO(3) is considered as acting on the first factor in the
obvious way, the element y corresponds to the case when SO(3) acts on the second
factor; the elements X, J are the blow-up of the S part of that action that leaves the
point ¢-(0) € S%x S? invariant. In the twisted case x and y are 3—spheres that generate
the U(2)-Kaihler actions on [y when k is odd. Finally, both w and w are symplectic
elements that do not correspond to Kéhlerian actions (ie a symplectic action preserving
an integrable complex structure compatible with the symplectic form). In the split case,
recall that £ is the largest integer strictly smaller than yu: if £ = 1 the generator w is
the Samelson product of # and x, while @ is the Samelson product of 7 and X; and
if £ = 2, then both w and @ are higher order Samelson products. More precisely,
as explained in [3, Section 6], if £ =2 one can find commuting representatives of ¢
and x, so the Samelson product [z, x] vanishes. Hence there is a 5—disk that bounds
[#, x], and the new 8—dimensional generator w is a second order Samelson product
made from this new disk and x. In general, if £ < u < £+ 1, the Samelson product
[t,x,...,x] of order £ — 1 vanishes, so w, in degree 4¢, is a higher order product
made from a (4¢{—3)—disk and x. For the generator W in the blow-up manifold, there
is a similar description, that is, if £ < u < £+ 1 and ¢ > u — £, the Samelson product
[£,X,...,X] of order 2¢ — 2 vanishes, so the generator @ in degree 4¢ — 2 is a higher
product made from a (4£—3)—disk and X. Notice that the dimension of w jumps by
two every time 4 passes an integer or ¢ passes the critical value ¢y = o — £.

There is a corresponding description for the twisted case, however, instead of considering
the Samelson product of ¢ and x one should consider the product of the generators x
and y and their higher order Samelson products.

Geometry & Topology, Volume 13 (2009)



The homotopy type of the space of symplectic balls 1197

5 The minimal model of i‘sEmbi, (co )
The goal of this section is to prove the following theorem:

Theorem 5.1 If ¢ > ¢y (ie 0 < u—+£ <c¢ < 1), the minimal model of SEmbe (c, ) is
A(SEmb. (¢, u)) = (A(a,b,e, f.g. h),dy) = A(S* x S?) @ A(c, g)
with generators in degrees 2, 2, 3, 3, 4 +2i — 1, 4¢ 4+ 2i and with differential
dye =a?, dy f =b?, dyg = dya=dyb =0, dyh = gbg,

where A(S? x S?) is the minimal model for S? x S? and ¢ is a nonzero rational
number. Thus the rational cohomology ring of SEmb’, (¢, j¢) is equal to the algebra

H*(JEmb',(c, 0); Q) = A(a,b, g, gh,...,gh",...,bh,...,bh",..)/(a® b% bg)

where n € N (see the computation of this cohomology ring in Corollary 7.1). It is
therefore not homotopy equivalent to a finite-dimensional CW-complex.

Proof Any fibration V' < P — U for which the theory of minimal models applies
(ie each space has a nilpotent homotopy system and the 7r; of the base acts trivially on
the higher homotopy groups of the fiber) gives rise to a sequence

(AU).dy) — (AU) @ A(V).d) — (A(V). dy).

where the differential algebra in the middle is a model for the total space. Let d|y7, d|y
represent the restriction of the differential d to U and V respectively. The theory of
minimal models implies that

dly =duy
dly =dy +d’
where d’ is a perturbation with image not in A(V).
Given the fibration
Symp(ﬂli’c) — Symp(M;'L) — TsEmbiu (c. ),

we wish to find the model for %Embi, (c, ). We will treat the case i = 0 in complete
detail. The case i = 1 is completely analogous to this one. To avoid unnecessary
repetitions, in the latter case we will just state the relevant propositions, leaving the
proofs as exercises to the interested reader. Since the rest of the section is mainly
devoted to the case i = 0, we will assume throughout that i = 0, unless noted otherwise,
and omit the superscript © to simplify notation.
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The algebra of the minimal model of JEmby,(c, i) for ¢ > c¢q i follows from the
computation, in Pinsonnault [17], of its rational homotopy groups:

71 =0, 1, = Q2% 73 =Q3, ma¢—1 = Q, w4y =Q and m, = 0 for all other n.

Therefore the algebrais A(a, b, e, f, g, h) where dega =degh =2, dege =deg f =3,
degg =4£—1 and degh = 4£. Thus we get the following fibration

Aa.b.e, f.g.h).dy — Aa.b.e. f.g. ) @ AT X, 7. B).d — A@.X. 7, D). dy

The differential d satisfies d|iy = dy and djy = dy +d’' =d’. So in order to find the
differential dyy for A(a, b, e, f, g, h) it is sufficient to compute the differential d for
the model A(a,b,e, f,g.h) ® A(f,X, ¥, ). We need to compare this model with the
minimal model A(¢, x, y, w) of Symp(M ;i) given in the last section.

Computation of the differential 4 Let us first apply the simplest method of dimen-
sion counting. That method yields easily the following partial results:

Lemma 5.2 Without loss of generality, one may assume that the differential d satisfies
di =0, dX=a, dy=b, dv=¢g

(and therefore the ditferentials of a, b, g vanish). Moreover de and df must be
quadratic, equal to (perhaps vanishing) linear combinations of a®, b?, ab.

Proof Since the middle term computes the rational cohomology of Symp(M ), we
need exactly one generator of degree 1. There is no loss of generality in assuming
that itis 7: d 7 = 0. It follows that d X and d 7 must be different from 0 otherwise
we would have too many generators in cohomology in dimension 1. By the theory of
models for fibrations, the perturbation d’ has image not in A(7, X, 7, ). Therefore,
without loss of generality, we may set

dX=a, dy=»>b
which implies that da =d b = 0.

Now lets compute d . It does not vanish because there is no generator in the cohomol-
ogy of Symp(My) in dimension 4¢ — 2. The theory of rational models for fibrations
implies that the perturbation d’ is dual to the boundary operator 0: 7«(B) ® Q —
7+ (F)® Q. Since dg = w, we conclude that d’ = g, which means that di = g
and implies that dg = 0. O
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Let us now compute the values of d ¢ and d f. As we will see below, these will
follow easily from the computation of the Whitehead products [, a], [a, b], [b, b] in the
rational homotopy of SEmby,(c, ). If the total space of the fibration Symp(]\? we) =
Symp(M,,) — IEmb,,(c, ) were contractible, computing such products would boil
down to computing the Samelson product of corresponding elements of the fiber. But
our total space is not contractible, and we have to take also into account an horizontal
part in the Whitehead product.

Let us briefly describe the generators of A(U), ie the generators of the rational
homotopy groups of IEmby,(c, ). The group Symp(M,) acts on JEmb,,(c, i)
by ¢ - A = image (¢|4) with stabilizer equal to Symp(M,,, B.), the subgroup of
symplectic diffeomorphisms which preserve (not necessarily pointwise) B, the image
of the standard embedding of the ball of capacity ¢ of R?" in M, . This leads to the
following homotopy fibration:

®) Symp(]\?u,c) — Symp(M,,) — SEmby, (¢, ).

The elements e, f and / are the images by the action of Symp(My) on SEmb,, (i, ¢)
of the elements x, y and w of 74 (Symp(My)) ® Q. The elements a, b are uniquely
defined as those spheres in the base of that fibration whose lifts to the total space
Symp(My,) are discs with boundary on the fiber equal to X and y respectively. These
lifts are unique because 7 (Symp(My)) ® Q vanishes. The element g is defined in
the following way. When £ > 1 it is uniquely defined as the sphere in the base of that
fibration whose lift to the total space is a disc with boundary on the fiber equal to w.
Such a lift is unique since m4¢—; (Symp(My)) ® Q vanishes in this case. However, if
¢ =1, the lift of g to the total space is a class in 73(Symp(M,,), Symp(]\?u,c)) RQ
(= m3(SEmby, (¢, 1)) ® Q) which is not uniquely defined. To make it unique, we
define it by first taking the 2—disc Dz C SO(3) = x C Symp(M_,) whose boundary is
equal to 2X, and then taking the commutator of ¢ and Dx. This yields a 3—disc D
lying inside [r, x]s = w, whose boundary is the Samelson product 2 [£,X] = 2. Set
g = D/2 € m3(Symp(My), Symp(My.c)) ® Q.

Lemma 5.3 The Whitehead product [a, b] vanishes, and

la.al=e. [b.b]=f.
Proof Assume that X, Y are the generators of 74(S?) ® Q of degrees 2 and 3,
respectively, and X;, Y; their images in the j—th factor of S2? x S%. We have
[X, X] =Y in the rational homotopy of S? and [X7, X,] = 0 because [X;, X>] is the

obstruction to extend the inclusion map (5?2 x {pt}) U ({pt} x S?) = S? x §? to a map
defined on S? x S2.
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Recall, from Theorem 3.4, that S2 x S2 is a retract of the space of embedded balls,
that is, there is a section o: S x S? — SEmbS) (¢, u) of fibration (7). It follows
that 0x(X7) = a, 0«x(X3) = b, 0x(Y1) = ¢ and 0«(Y,) = f and therefore [a,a] =
e,[b,b] = f and [a,b] = 0. O

Recall that Sullivan’s duality implies

dby =Y (bi.[bi. bj])bib;.
i!j
Therefore, the last lemma implies that

dy(e) =a* and dy(f)=>b>.

It remains to compute dh.

Lemma 5.4 The ditferential d satisfies dh = qbg where ¢ is a nonzero rational
number.

Proof Notice that dh # 0 if and only if

1 forl=1,

mk H*¢(IEmb c,L); =
( wle 1) Q) {O for £ > 2.

Indeed, if dh did not vanish, there would be no element remaining in degree 4¢ when
£ > 1 and there would be only one element remaining in degree 4, namely ab. Hence,
in that case, we would have dh = ¢t where 7 is a nonzero linear combination of
a and b, since there are no closed classes in degree 4 + 1 except ct. Moreover,
there is a constant ¢ # 0 such that dh = gbg, because the Whitehead product [a, g]
vanishes. Indeed, recall that if £ = | the element 2« is the projection on the base
SEmby, (¢, 1) of the 2—disc Dz C D defined above, while 2g is the projection of the
3—disc D C[t, x]s = w. Therefore a C g and their Whitehead product must vanish
since 74(S%) ® Q = 0. If £ > 1 notice that the Samelson product of order 2¢ — 2,
[t,X,...,X], vanishes so the (4£—1)—disc

Dg=I[tXx,....X, D5]
——
202

is well defined. Its boundary is the higher order Samelson product 2[¢, X, ..., X] = 2w.
So 2g is the projection on the base of this disc. Since Dz C Dy it follows again that
a C g and their Whitehead product must vanish because 74,(S*~1) ® Q = 0.

We will show that H*¢(JEmb,, (¢, n): Q) = H** (Gu/éu,d Q) is zero-dimensional
if £ > 2 and one-dimensional if £ = 1, by an argument that uses the Eilenberg—Moore

Geometry & Topology, Volume 13 (2009)



The homotopy type of the space of symplectic balls 1201

spectral sequence applied to the fibration G w/ G e > BG w,c =BGy, . This spectral se-
quence, which is a second quadrant spectral sequence, converges to H*(G/Gy,c: Q).
Its E,—term is given by

Ey) =Torgpe Q. H*(BG.0)).

We follow P Baum’s paper [7, Section 2] to calculate these Tor groups. Let A be a
graded (Q—algebra and, M and N be A-modules. Then Torp (M, N) is the bigraded
@Q-module obtained as follows. Consider a projective resolution R of M over A
given by

(=2) (=1 )
R L pen L po Ly 0.

R={-

Let L be the bigraded differential Q-module defined by L?? = (R(P) ® , N )9 with
d: LP4 — LPT14 givenby fP) @4 1. Torpa (M, N) is the homology of L, that
is Tor?(M, N) = HP4(L).

In our example we have A = H*(BG,;Q), M =Q and N = H*(B@M,c; Q). The
cohomology ring of BG, was computed by Abreu, Granja and Kitchloo in [2]; it is
given by

H*(BGy: Q)
L
= Q[T, X, Y]/<T []?+ i4X—i2Y)> where |T| =2 and |X| = |Y]| = 4.
i=1
The same methods can be applied to compute the cohomology ring of Bémc. The
proofs of the following two theorems are given in Appendix B.

Theorem 5.5 (See Theorem B.7.) Let { < u < {4+ 1. Then the cohomology ring of
B éﬂ,c is isomorphic to
Qlz, x, )]
Ryc

where z, x, y have degree 2, and where the ideal Eu,c is given by
(zz=x+y)z=x—=p)---(z—=L£>x +Ly)) inthe casec > Ceit,
Rue={zz—x+y)z—x—p)
v (2= 02x +Ly)(z —Px —Ly)) in the case ¢ < Cerit.
31t is obvious that dh either vanishes or is equal to a nonzero multiple of bg. Unfortunately, one can

prove that the Leray spectral sequence cannot distinguish between these two cases. We thank the referee
for pointing out that the Eilenberg—-Moore sequence does.
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The map B éﬂ,c — BGy, induces a map in cohomology.

Theorem 5.6 (See Theorem B.8.) The map H*(BG,;Q) — H*(B@M,C;Q) is
given by
T — z
X — Xx
Y — y242xz.

2

Under this map, the cohomology of BG can be identified with the subring

£
H*(BG,; Q) = Q[z, x2, y* + 2xz]/<z 1_[((2—1'2)6)2 —i2y2)>.
i=1

We need to construct a projective resolution for Q as a H*(BG,)—module. We can
achieve this with &: Q[z, x2, y? 4+ 2xz]/(z ]_[f=1 (z—i%x)?>=i?y?)) > Q =~ A", the
augmentation of A. Therefore we may calculate these Tor groups using the following
resolution (called the Koszul resolution)

{
A, B,v,6) ® Q|z, x2, y2 + 2xz]/<z 1_[((2 — l'2x)2 — i2y2)>,

i=1

with differentials given by

£
©) d@ =z, dB)=x> dy)=y>+2xz, d®) =a [ [(z—i*x)* —i%p?).
i=1

Here A(w, B, y,6) denotes the free (bi)graded algebra on elements «, B,y and § in
bidegrees (—1,2), (—1,4), (—1,4) and (-2, 4L+ 2) respectively. The above complex
is a module over Q[z, x2, y? 4+ 2xz]/(z ]_[f=1 ((z—i%x)*—i?y?)), graded in external
degree zero, ie it lies in grading (0, ). It follows that the Tor groups of interest are the
cohomology of the complex

£—1
A B.y.5) 8 QL x. 3]/ <z<z — x4 ) [ =% —i2y2)>.

i=1
Here we use the identification of H*(BGy; Q) as a subring of H* (Béu,c; Q) and
under this identification the differential of the complex above satisfies the equali-
ties (9) along with the equality d(n ® m) = dn ® m with n € A(a, B,y,d) and
meQlz, x, y]/(z(z—02x +Ly) ]_[f;i ((z—i%x)?—i?y?)). Any class in total degree
4¢, which is in negative external degree, may be written as x4y =c18+aof hi(x, y,z)+
ay hy(x, y,z), where c; is a constant and /1 and /i, are linear combinations of classes
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of the type x"x y"rz": where ny, ny, n; € N such that ny +n, +n, =2{—2 and
therefore |x"x y™z"z| = 4¢ — 4. For it to be closed we need

{
o 1_[((2—1'2x)2 —i2yY) 4 zBhy + zyhy —ax?hy —a(y? 4 2zx)hy =0

i=1

which can happen only if ¢; = 0 and all the coefficients in the linear combinations /1,
h, vanish. Hence the only closed classes are in external degree zero. Clearly, all the
classes of the type z x"x y"»z"=  where nx,ny,n; € N and nx +ny,+n, =20—1, are
in the image of the differential d because d (o x"x y™r z"z) = z x"x y™» z"z It remains
to check that all the classes of the type x* 26—k are also in the image of d where
0 <k <2¢, except the class xy if £ =1 (k = 1). Note that if k£ > 2 then

K20k 2 k=2 20k g k=2 20Ky

If k=1 and £ > 2 then
— — 1 —
xyZE 1 xyZE 3 ] 2 5 ]{(xyZE 3(‘ 20 /))

This shows that there are no classes in Tor in total degree 4¢ if £ > 1 and there is only
one, generated by xy,if £ =1. |

Remark 5.7 There is a completely analogous story for the twisted case. The methods
are exactly the same and they show that only the dimension of the generators g and
h changes. In this case the cohomology ring of BG}L was computed in [2] where the
authors showed that

(10) H*(BG.: Q)

(X+Y)-Y)—

i(i+1) i2i+1)>2 T2)>.
2 2

£
— QLY. Y, T]/<l_[((2i F1)2(

i=0

The diffeomorphism BG o' ~ Bég +1_c.1_c Yields easily the cohomology ring of
the blow up when ¢ > cgit:

L
H*(BGy':Q) = Qlx, y.7] / < [T¢—i%x +z‘y)<z—i2x—iy)>.

i=1
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Moreover, the map i*: H*(BG!:Q) — H* (BéM,CI;Q) is given by (see Theorem
B.9)

X=y(y—x)+ 5Ty +7z—-3x)

Y= 2(y—x+2)

TH—4z+2y—x.

Note that under this map, the relation in (10) is mapped to the product

L+1 L
(—5) =+ D x+C+ D) [[E=i*x+iy)(—i*x—iy)

i=1

which is a multiple of the relation in the cohomology ring of Béu,cl .

This completes the proof of Theorem 5.1. O

6 The minimal model of Embfo (cy )

In this section, we compute the minimal model of the space Embﬁu (c, n) of parametrized
symplectic balls. Unless noted otherwise, we assume that i = 0 throughout and again
omit the superscript °. Consider the fibration U(2) — Emby,(c, t) — SEmbg,(c, ).
First observe that this fibration is the restriction to B, of the fibration Symp(]\? w,e) =
Symp(My) — IEmby,(c, t). This can be expressed by the commutative diagram

restr

Symp'd-Be (M) —— SympV® (M,,, B.) U(?2)

| |

Sympid’BC (MM)(—> Symp(MM) L Emb,, (C, M)

| | |

{Bc}—————JEmby(c, p) SEmby, (¢, p)

where the map restr is the restriction to the standard embedded ball B, C M,,,
SympU(z) (M, B.) is the subgroup of Symp(M ) formed of diffeomorphisms that
preserve the ball B, and act in a U(2) linear way on it, and Symp'-Be (M) is
the subgroup of Symp(M,,) formed of the elements that fix the ball B, pointwise.
Recall that there is a natural homotopy equivalence between SympU(z) (M, B:) and
Symp(]\? w,c), so the vertical fibration in the middle is equivalent to the fibration (2) of
Section 1, namely Symp(ﬂﬂ,c) — Symp(M,,) — SEmb, (c, p).
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We also have the commutative diagram

U(Q) UQ2)

L,

Emby,(c, 1) . UFr(M)

| |

SEmby, (c, () ; M

where UFr(M) is the space of unitary frames of M, j is the 1—jet map evaluated at
the origin (followed by the Gram—Schmidt process assigning a unitary frame to each
symplectic one), and where the last horizontal map assigns to each unparametrized ball
its center (well-defined up to homotopy).

The minimal model for U(2) is A (uq, vog) where deg(u¢) =1 and deg(vo) = 3. We first
show that the elements e, f, g,/ € 7« (SEmby, (¢, 1)) ®Q lift to 74« (Emby, (¢, 1)) ®Q,
but not a, b. However the difference ¢ — b does lift. On the other hand only the
element vg injects in 74 (Emby, (c, 1)) ® Q, the element ug is killed.

Proposition 6.1 The rational homotopy of Emby, (¢, t) is generated, as module over
Q, by a single element I in dimension 44, by one element g in dimension 4{ — 1, by
three elements v, €, f in dimension 3, and by a single element d b In dimension 2.
The elements 1, ¢, f are the images by the restriction map of the elements w, x, y
respectively. The element v is the image of vy, ga,b is the unique lift of the difference
dgp :=a—>b and g is the unique lift of g if £ > 1. If £ = 1 the element g is
well-defined up to a multiple of v.

Proof Consider the following commutative diagram of long exact sequences:

s T (U(2) ® Q — g (Emby (¢, 1) ® Q —25 4 (SEmb, (¢, 1)) ® Q —> - -

C -

> (U(2) @ Q —— mi (SFr(M)) @ Q (M) ®Q

Since 4y (M) ® Q vanishes, /,—4¢(h) = 0, and therefore d«(%) = 0. Hence py—ay¢
is an isomorphism between 744 (Emby, (¢, 1)) ® Q and 740 (SEmbg, (¢, 1)) Q. Let’s
denote by h the lift of /. Since w40—1(U2)) and m4y_»(U(2)) vanish if £ # 1, it
follows that the map p4—4¢—1 is an isomorphism between 74¢_1(Emby,(c, 1)) ® Q
and 41 (SEmby(c, 1)) ® Q. Let g be the lift of g. In that case, that is, if £ # 1
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and for k = 3, the short sequence

73(U(2)) ® Q 5 73 (Emby, (¢, 1)) ® Q 2 73(3Emby (¢, 1)) ® Q

splits because 74 (IEmby (¢, 1)) ® Q and 7, (U(2)) vanish. Let’s denote by v the
image of vy and by €, f the lifts of e, f'; all are well defined.

If £ =1, for k = 3, the short sequence

73(U(2) ® Q 55 73 (Emby (¢, 1) ® Q 23 713 (3Emby (¢, 1) ® Q

still splits because, as we saw, /i is mapped to 0, and 7, (U(2)) vanishes. We still
denote by v the image of vy and by e, f , g the lifts of e, f, g. In this case, all are
well-defined except g which is defined up to a multiple of the element v. Consider
now the sequence

P ~ 0%
0 — 72 (Emby, (¢, 1)) ® Q = 72 (SEmby (¢, 1)) ® Q — 71 (U(2)).
The elements a, b are by definition such that they lift to discs
$a. ¢p: D? — Symp(My)

with boundary equal to the elements x, y € m; (Symp(]\? w,c)) ® Q respectively. There-
fore, their lifts to Emb,, (¢, 1) ® Q are the 2—discs

Ya, Vp: D* — Emb,, (c, n)

defined by V¥, 5(2) = ¢4.5|B, - Hence their boundaries are the restriction of the loops
X,y € m(Symp(My, B:)) ® Q to the standard ball B, C M. But each of these
loops preserve B, (not pointwise) and correspond to the generator of 71 (U(2)) ® Q
through the identification B*(c)(C R*) — B.. This proves that each of @ and b is
mapped to u( by the boundary operator of the above sequence. Denote by ga,b the lift
to 5 (Emby, (¢, 1)) ® Q of the element d, p, =a—b.

Finally, the map 0«: 72 (SEmbyg, (¢, 1)) ® Q — 71(U(2)) ® Q being onto, the space
1 (Emby, (¢, 1)) ® Q must vanish. O

Let’s compute the minimal model of Emby, (¢, i). By the last proposition, a model of
Emby, (¢, i) is given by (A(Ja,b, e, f g,v, E), dp). By minimality, there is no linear
term in the differential, so d()(ga’b) = 0, while the constants (when £ > 1) in the
expressions B B B B

do(e) = Clda%b, do(f) = Czdaz,lw dov = Csda%b

are given, by duality, by

[dap. dap] = cre+ C2f~+c3v_
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When £ = 1 we have to consider also dy(g) = C4c7azb. Denoting by p the projection
Emby, (c, u) — SEmb(c, i), we have

pi(daps dyp)) = [dap, dap) =la—b,a—b]=[a,al +[b,b] = e + f.

Therefore ¢; = ¢, =1 and ¢4 = 0 (if £ = 1), and we get [da’b, ga’b] =+ ]7—{— c3v.
Now any value of this constant leads to the same model, up to isomorphism. Indeed,
since doe = dofz Ja%b and dov = C3c’z’va2’b, this means that ¢ kills ga%b and thus both
f and v can be considered as cycles (up to a reparametrization of the basis of the
algebra).

Finally, if £ = 1, the differential of his given by the coefficient affecting the term h
in the Whitehead products [ a.b+ €] [da b f] [da b 2, [da », V], while if £ > 1 we
just need to compute the Whitehead product [da »» £]. Projecting on the base of the
fibration, we see that all these coefficients must vanish, except for the coefficient g € Q
in doh = qda »& . Indeed projecting [da »» £] on the base we have

pi(dap, &) = [dap. gl =[a—b, gl =[a,g]— b, g] = —

since [a, g]=0 and the differential d of the minimal model of SEmb satisfies dh =qbg
for some ¢ # 0, as seen in Lemma 5.4. This shows that the differential of / is given by

dofl = _qga,bg-

Denoting by /7 and v’ the elements f—¢ and v—c3@ respectively, the sets {2, /7, §, v’}
and {e, j~ ', v’} form a basis of the 3—dimensional generators for the cases £ = 1 and
£ > 1 respectively. These same methods apply also to the computation of the minimal
model of Embclu (c, 1), that is, to the twisted case. So this proves the following:

Theorem 6.2 If0 < pu—¥{ < c¢ <1, aminimal model of Embﬁo (c, p) is given by

AEmb, (¢, 1) = (A(dyp. 2, [0, 8, 1), do)

with generators of degrees 2, 3, 3, 3, 4¢ 4+ 2i — 1, 4¢ 4 2i and with differential
defined by

dodyp = do[' = do¥ = dov' =0, do? =d?, and doh = —qd, &

where ¢ is a nonzero rational number. Then the rational cohomology ring of the space
Emb} (c, ) is given by

H*(Embl,(c, 1): Q)
= A(dap. [ 8V Bho. . BH o daph. . dg ")) (d 2y dypE)

where n € N (see the computation of this cohomology ring in Corollary 7.2).
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7 Cohomology rings

It is easy to describe the cohomology ring of SEmbiD (c, ) with rational coefficients.
A careful comparison between the Serre spectral sequence of the fibration

40+2i—1 4042i+1 i i j
1D S =Ix QS ! —>G[ZL/G/[L,C—>M;L

=1 =0
(recall that G, . ~ G\,

i‘sEmbe (c, ).

) and Theorem 5.1 gives the cohomology ring of

Corollary 7.1 If0<pu—£ <c <1 the cohomology ring of ?sEmbe (c, n) with rational
coefficients is given by

H*(JEmb! (¢, 0): Q) = A(a.b,g.gh,....gh", ... bh,....bh",..))/({a* b* bg),

that is,

H* (SEmbj, (¢, 1); Q)
= H*(S>xS* Q)@ A(g.gh,...,gh", ... bh,....bh",..))/(bg),

where n € N, b is a generator of H*(S? x S2;Q), and g, h correspond to the
generators of the cohomology ring H*(S*¢+21—1 x Q§4+2i+1. Q) where |g| =
40+ 2i—1 and |h| = 4L+ 2i.

Proof We give the proof for the untwisted case. The case i = 1 is analogous to this;
we leave its proof to the reader. The rational cohomology ring of the fiber is given by

H*(S4€—1 % QS‘M'H;(@) = A(g) ®Q[A].

We showed in the proof of Lemma 5.4 that H* (SEmbg (c, 1), Q) is one dimensional
and that rnk H*¢ (SEmbg (c,n),Q) =0 when £ > 1. This implies that in the E,—
term of the Serre spectral sequence of the fibration (11) the differential d,/s does
not vanish. This is clear when ¢ > 1 for dimensional reasons. When ¢ = 1 if
we had dyh = 0 then /i would survive to the Eo, page of the spectral sequence
and, unless d4g = ab, we would have two generators in the cohomology group
H 4(%Emb2,(c, 1); Q), namely & and ab. However, it follows from the minimal
model computation that rnk H3 (?sEmbS,(c, 1); Q) = 1 which implies that g is a
permanent cycle and therefore d,g = 0 for all » > 2. We can assume that d,h = bg.
Then the generators b4 and gh”™ where n € N survive to the E, page of the spectral
sequence. For all these generators, except for gh” when £ = 1 and n € N, this
follows simply for dimensional reasons since £, 4, =0 forall p > 5 and ¢ > 0. When
¢ =1 one knows from the computation of the minimal model of fTsEmbS) (c, p) that
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rnk H4”+3(3Emb2) (c,); Q) =1, and it is easy to verify that gh”, for each n, is the
single element in dimension 47 4 3 that can survive to the E,—page of the spectral
sequence. This completes the proof. |

A comparison of Theorem 6.2 and the Serre spectral sequence of the fibration
(12) U(2) — Emb), (¢, 1) —> SEmb. (c, 1)

yields the cohomology ring of Embéu (¢, ;) with rational coefficients.

Corollary 7.2 If0 < pu—4€ <c <1 then
H*(Emb! (c, 1): Q) = A(b, fov.g.gh.....gh", ... bh,....bh",..))/(b* bg)

where H*(U(2); Q)= A(u,v), |f|=3anda, b, g, gh", bh™ withn €N correspond
to the generators of the cohomology ring of JEmb}, (c, i).

Proof From the computation of the minimal model in Theorem 6.2, it follows that there
is no generator in degree 1 in the cohomology ring of Embﬁu (c, i) so, inthe E,—page of
the Serre spectral sequence of the fibration (12), the differential satisfies dou # 0. There-
fore d,u is alinear combination of @ and b. Notice that the minimal model computation
also shows that there is no element in degree 4 in the cohomology ring. Hence the ele-
ment ab inthe E,—page has to be in the image of d, or d4. The computation of the min-
imal model implies that we need to have two generators of degree 3 in the cohomology
ring for all cases except when £ =1 and i = 0 (in this latter case it has three generators).
Hence v is a permanent cycle and we can choose d>u = a. Then one has d,ub = ab as
desired and the element ua survives to the £, page. The element ua corresponds to
the generator f. The element g survives to the E,—page since it is the only candidate
that could represent the generator in dimension 4£ + 2i — 1 that exists by the minimal
model computation. It is not hard to see that the generators gh” also survive to the E
page and they correspond to the generators §}7” in the minimal model. Finally we see
that the generators b4 cannot be in the image of d, with r > 2, so they also survive
to the Eoo page. Moreover they correspond to the elements s, = hn=1 (Ega,b +ngqgeg)
in the minimal model, where n € N, which clearly satisfy dgs, = 0. a

Remark 7.3 Notice that this cohomology ring is equivalent to the one given in Theo-
rem 6.2. Indeed the difference between the two is that, here, we use the generators of
the cohomology ring of SEmbi) (c, ) to describe the ring while, there, we used the
generators of the minimal model.
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7.1 The split case with 1 <y <2

Recall from Section 3.1.1 that if u lies in this interval we have the fibration
(13) Q¥280(3)/QS? s G,‘l/@,‘i,c g2y,

One can compute the cohomology ring of the space SEmbg (¢, n) with Z, coefficients
and p prime, using this fibration. Let 'z, [x] denote the divided polynomial algebra on
the generator x. This is, by definition, the Z,—algebra with basis xo =1, x1,x3,...

and multiplication given by
XiXj = (l —i,_‘])xi’Lj.

l

As one can check, there is an isomorphism

Uz, [x]~ Zp[x1, xp, xp2, .. .]/(xlp,xlﬁ’,xlfz, )= ®Zp[xpf]/(xﬁ,-).
i=0

Corollary 74 If0 <pu—1<c <1 and p # 2 then
H* (SEmbY,(c. 1): Zp) = Aa.b.g)/(a*.b%. bg) ® gz, [] ® bTz, ]

where |a| = |b| =2, |g| = 3, |h| = 4 and tT'z,[h], with T = g or T = b, stands for
the infinitely generated algebra in which t commutes with every element.

Proof First notice that the fiber Q £2S0(3)/ 253 is equivalent to the space S3xQS3
away from the prime 2. Therefore we get

H*(QX?S0(3)/ Q5% Zp) = A(g) ® I'z, [A],

where p # 2, |g| = 3 and |k| = 4. The same argument as in the proof of the Lemma
5.4, using the Eilenberg—Moore spectral sequence, shows that H* (%Embg, (¢, 1); Zp)
is one dimensional if p # 2. Since rnk H*"+3 (SEmbg (c,n); Q) =1 where n € Ny it
follows that H4"+3 (SEmbg (c,m); Zp) is at least one dimensional. Then using again
the Serre spectral sequence of the fibration (13) and an argument similar to the one
used in Corollary 7.1 we obtain the desired result. O

Next, we will see that SEmb°® has Z,—torsion and therefore the cohomology ring with
these coefficients is not as simple to describe as the previous ones.
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Corollary 7.5 When 0 < u—1 < c < 1, the cohomology groups with Z, coefficients
of the space SEmbS) (c, u) are given by

(14)  H*(SEmbY (c,1); Zs) = H*(S* x S Z,) ® H*(QX?S0(3)/ Q253 Z»)
(as vector spaces). Moreover, as an algebra
H(QX?S0(3)/QS?;Z2) = T(wa, w3, we) @T(wy) Z2

where T denotes the tensor algebra, that is, the free noncommutative algebra on the
generators w; with degrees |w;| = i. Therefore the cohomology ring of SEmbg) (c, )
with Z, coefficients is given by

H*(SEmbY (¢, 10): Z) = H*(S* x S*,Z,) ® A

where A has an infinite number of generators.

Proof Since the inclusions Q53 < QX2S0(3), 52’0 Gy and ST x ST x ST —
S1xS0(3)xSO(3) induce injective maps in homology with Z, coefficients, it follows
from the Leray—Hirsch Theorem that we have the following isomorphisms as vector
spaces:

H*(2%%S0(3); Z,) = H*(QX?S0(3)/QS*: 7Z,) ® H*(Q2S3:Z,),
H*(GY:L2) = H*(G/ G L2) ® H* (G 3 L),
H*(S'xSO03)xSO(3); Zy) =~ H*(S?* x §%:Z,) @ H*(S' x S' x §1:Z5).
Moreover, since the fibrations
m: Gy — S'xS0(3) x SO(3),
T 52,C—>S1 xStxs!
are (weakly) homotopically trivial, we obtain the following isomorphisms as graded
algebras:

H*(G%:7Z,) = H*(S' xSO(3) x SO(3): Z») @ H*(QX*S0(3); Z»),
H*(GY) 1 Zs) = H*(S' x 8! x S':Z,) ® H*(2S3: Z5).
The five previous isomorphisms yield the isomorphisms

(15) H*(Gﬁ/f}ﬁ’c; Z,) = H*(222S0(3)/QS3:Z,) ® H*(S? x %, Z,)

as vector spaces, that is to say (14).
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It follows that the homomorphism 7* is surjective and the Serre spectral sequence of
the fibration (13) collapses at £, . Therefore

EX* ~ EJ" =~ H*(QX*S0(3)/QS*: Zy) ® H*(S* x %, Z5)

as bigraded modules. But this does not directly shows that the isomorphism (15) also
holds as a graded algebra isomorphism. However, it is clear that H *(Gg / 52’ i L7)
has a subalgebra 7*(H*(S? x S2;7Z,)) = H*(S? x S?;Z,). Although it is not easy
to describe the Z,—cohomology of the space 2X2S0(3)/QS?3, one can calculate
its Z,—-homology. For this, recall that the homology of QX X, with its Pontrjagyn
product, is the free tensor algebra on the homology of X for any connected space X .
Hence the map Q53 — QX2SO(3) corresponds to the obvious inclusion of tensor
algebras over Zj,:T (w,) — T (w,, w3, ws) where T denotes the tensor algebra and

|w;| =i . The Bar spectral sequence for a principal fibration can then be applied to give
H(QX?SO(3)/QS>; Z2) = T(wa, w3, wa) @T (wy) L2,

as Hopf algebras, where T (w,) acts by product on the left factor and by mapping
w; to the zero map on the right factor. In Kitchloo, Laures and Wilson [9] the reader
will find the necessary results on the Bar spectral sequence (cf [9, Theorem 4.2]) and
further references. By a simple counting argument, since this is a noncommutative
algebra, the (graded-commutative) cohomology ring H*(Q2X2S0(3)/2S3;Z,) must
have an infinite number of generators. From the E, page of the spectral sequence of
the fibration (13) we can then conclude that
H*(GY/G) i 7)) = H*(S* x % Z,) ® A,

as graded algebras, where A has an infinite number of generators, but it is not necessarily
isomorphic as a graded algebra to H*(2X2S0(3)/QS3;Z,). This isomorphism
completes the proof. O

There is a similar picture for the cohomology ring of Embg) (¢, w) with Z, coefficients
and p prime.

Corollary 7.6 If0<pu—1=<c <1 and p # 2 then
H*(Bmbg,(c, 0); Zp) = A(b, f,g,v)/(b?,bg) ® ¢ Tz, [ ® bTg,[1],

where tI'z, [h], with T = g or T = b, stands for the infinitely generated algebra
Zplth,....chl™ thp, ... chf™ thys, . Tht ]

where the generators h; are the generators of the divided polynomial algebra I'z,[h].
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Using this corollary and the Serre spectral sequence of fibration (12), we get:

Corollary 7.7 If0 <pu—1<c¢ <1 then
H*(Emby, (¢, n); Zs) 2= A(b, f,0)/(b*) @ A’

where the algebra A’ has an infinite number of generators.

Appendix A Integrable complex structures and homotopy
decomposition of BG, .

A.1 Spaces of compatible integrable complex structures

Let (M, w) be a symplectic 4-manifold. Denote by 7, the space of compatible almost
complex structures and by Z,, the subset of integrable ones. Given an integrable J,
we write Hf,”q (M) for the g—th Dolbeault cohomology group with coefficients in
the sheaf of germs of holomorphic functions and Hg’q (TM) for the g—th Dolbeault
cohomology group with coefficients in the sheaf of germs of holomorphic vector fields.

In their paper [2], Abreu, Granja and Kitchloo prove that, under some cohomological
conditions, Z,, is a genuine Fréchet submanifold of 7, whose tangent bundle may be
described using standard deformation theory, namely:

Theorem A.1 [2, Theorem 2.3] Let (M, w) be a symplectic 4—manifold, and let
J € 1. If the cohomology groups H2’2(M) and H})’Z(TM) are zero, then 7, is
a submanifold of J, near J. Moreover, the tangent space of I, at J is naturally
identified with Ty ((Diff(M)-J) NZ,) & Hf;’l (TM). Here, Hg’l (T M) represents
the moduli space of infinitesimal compatible deformations of J in Z,, that coincides
with the moduli space of infinitesimal deformations of J in the set of all integrable
structures I.

The actions of various natural subgroups of Diff(M) on Z give rise to different
partitions of Z, . Let Diff[,,) denote the group of diffeomorphisms of M preserving the
cohomology class [w] and write Hol,,}(J) for the subgroup of complex automorphisms
of (M, J). Let Iso(w, J) denote the Kéhler isometry group of (M, w, J). The next
result shows that in some cases the part of the Diff[,j—orbit of J that lies in Z,, may
be identified with the Symp(M, w)—orbit:
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Theorem A.2 [2, Corollary 2.6] If J € Z,, is such that the inclusion Iso(w, J) —
Holp,j(J) is a weak homotopy equivalence, then the inclusion of the Symp(M, w)—
orbit of J in (Diff[,)- J) NI,

Symp(M, w)/Iso(w, J) — (Diff,) - J) N Ly,

is also a weak homotopy equivalence.

Recall that the natural stratifications of J (M, ;i) and J (Z\7 ;i,c) described in Section 2
are defined geometrically in terms of J—holomorphic curves in certain homology
classes. The restriction of each stratum to integrable compatible complex structures
can be understood as follows. Given a symplectic manifold (M, w), let us denote by
M(A4, J,) the space of pairs (u, J) € C*®(CP!, M) x J, such that u: CP! — M
is a somewhere injective J—holomorphic map whose image represents the homology
class A. This space is always a smooth manifold whose image U4 under the projection
. M(A, J») = Jo» is the set of all J such that A is represented by an irreducible
J —holomorphic sphere. The next proposition gives conditions ensuring that the stratum
Uy is transversal to Z,, and that its normal bundle at J € Z,, may be described in
terms of deformation theory.

Theorem A.3 [2, Theorem 2 9] Let (M,w,J) be a Kihler 4—manifold such that
the cohomology groups H (M ) and H; 9, 2(TM ) are zero. Suppose that (u,J) €
M(A, Jp) is such that u* JO 1(TM) — H0 A(u*(TM)) is an isomorphism. Then
the projection r: M(A,jw) — Jw Is transversal at (u,J) to Z,, C J, and the
infinitesimal complement to the image Uy4 of w at J can be identified with the moduli
space of infinitesimal deformations H?’l (TM)

A.2 The case of rational ruled surfaces

It is classical that given any & > 0 and a compatible integrable complex (Hirzebruch)
structure Jy in the k—th stratum J* ke both HO 2( M}, and HO 2(T M},) are zero.
Moreover, for any J € I j i & ﬂI’ and aJ holomorphlc map u: CP! —

(M IJ) ~TFy representlng a sectlon of negatlve self-intersection, the induced map
u*: JO 1(TM) H%'(u*(TM)) is an isomorphism. By Theorems A.1 and A.3,
it follows th_at the restriction of the strati.ﬁcation of Jj, to the integrable complex
structures Z;, defines a stratification of Z;, and that the strata in both stratifications
have normal slices isomorphic to moduli spaces of infinitesimal deformations. Now,
it is also well known that Hol(J) retracts on Iso(w, J;) = K} . Consequently, by
Theorem A.2, the symplectic orbit GfL - Ji is weakly homotopy equivalent to the
intersection (Difff,,)-J) NZ, . Finally, because any two integrable complex structures
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belonging to the same stratum are in the same Teichmiiller class (that is, there exists a
¢ € Diffy sending one to the other), each stratum is weakly homotopy equivalent to a
symplectic orbit:

1k = (Diffo - J3) N T, ~ G} /K.
Therefore, the actions of GL on'the spaces 7, ;i and IL are homotopically equivalent.
In particular, the tot;ll space Z;, is weakly contractible and one may compute the
homotopy type of G, using the homotopy pushout diagram

G[l:l, XK, §4L+2i-3 %IL,K ~ G;ZL/KE

| |

IL—I}’L’E 7,

where as usual £ < u < £+ 1. As explained in [2], the action of K; on the normal
slice HJOIZI gTM li) may be determined either directly (that is, by looking at the action
of K on Cech cocycles associated to an open cover) or by applying the Atiyah-Bott
fixed points formula to compute the character of the virtual representation of K; on
the equivariant elliptic complex

0,0 j 0,1 j 0,2 i
QJk (TM;L) — QJk (TM"L) — QJk (TM;L).
This gives:

Theorem A.4 [2, Theorem4.1] If k is even, the representation of Ky on H%;l (T™M l’L)
is given by det ® symk_2 (C?), where det represents the standard representation of S'!,
and symK=2(C?) denotes the k —2 symmetric power of the canonical representation
of SO(3) = SU(2)/ + 1 on C2. Similarly, if k is odd, we get the representation
det * ® symk_2 (C?), where det denotes the determinant representation of U(2) and

symk ~2(C?) denotes the k — 2 symmetric power of the canonical representation of
U(2) on C2.

In particular, the representation of K; on H%(I(T ‘M ;,;) is independent of u > k.
Consequently, an easy induction argument over the number of strata shows that

EG), Xgi, (Z,—1I, ) ~=BG,_,.
A.3 Blow-ups of rational ruled surfaces

We now show that similar results hold in the case of the symplectic blow-ups M lit,c”
for all values of u and ¢ € (0, 1). In particular, we no longer assume that ¢ > ccrj;-

Lemma A.5 Forany J EIL,c , the cohomology groups Hg’z(ﬂli,c) and H}J’Z(TJ\Z’;,C)

are zero.
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Proof (See also Kodaira [10, Section 5.2(a)(iv), page 220].) Without loss of gener-
ality we can suppose that i = 0. Because the exceptional class E is symplectically
indecomposable, it is represented by an embedded J—holomorphic exceptional sphere
that can be blowed down (in the complex category). This shows that any compatible
complex structure on M ;L)’ . 1s obtained by blowing-up a Hirzebruch structure on M 12'
Now, for any Kéahler manifold (X, J) of complex dimension n, the Hodge numbers
hP4 .= rnk H}”q (X) satisfy h"=P"79 = pP9 = h9P, Since the Hodge numbers
hP-° are birational invariants, it follows that

rnk H0’2(1\70 o) = hz’o(ﬂg,c) = hZ’O(M,?) =0.

As for HO 2(T C) = H2(T]\73’C), Serre duality implies that ﬁz(T]\fZﬁ,c)V ~
H° e Q ).N ow M . contains areal two-dimensional family of embedded rational
curves of zero self—lntersection (the fibers) which cover a dense open set, and the
restriction of the rank 2 bundle £ ® Q! to any of those curves is isomorphic to
O(—4) ® O(=2). Hence, K ® Q! cannot have a nontrivial holomorphic section. [

Lemma A.6 Each stratum I i ok is covered by the Teichmiiller orbit, that is, for any
pair Jo, Jl € I ek’ there ex1sts a ¢ € Diffy(M) such that Jl ¢*J0

Proof Given a pair JO, J, 1 € I’ ek the class E is represented by Ji —holomorphic
exceptional curves X; that are symplectlcally isotopic. So, we may assume that
3o = X;. By blowing down (M, X, :f,-), we get two complex structures on the same
underlying marked 4-manifold (M, p, J;). The unmarked complex surfaces are both
isotopic to the Hirzebruch surface ;. Note that any such isotopy sends p to the zero
section sg of Fy. The statement follows from the fact that the identity component
of the complex automorphism group of Fj (which is isomorphic to the semidirect
product PSL(2; C) x (C* x HO(CP'; O(k)) ) acts transitively on sq; see David and
Gauduchon [8]. O

Lemma A.7 The inclusion Iso(w, jk) — Hol[w](fk) is a weak homotopy equiva-
lence.

Proof This follows from the corresponding statement for the Hirzebruch surfaces. O

Lemma A.8 Let szzk ~ §2x S? denote the blow-up of the Hirzebruch surface
F,, at some point p. Let C be the unique embedded rational curve representing
either B—kF or B—kF — E (depending on whether p lies outside the zero section
of Fy, or not), and denote by u: C — Fm its inclusion. Then the induced map
u*: HOY(TF,) — H®! (u*(TF,)) is an isomorphism.
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Proof Consider the exact sequence of sheaves associated to the inclusion u: C — Fon
0—-0(-C)— Oﬁm — O¢c — 0.
Tensoring with TF,, we get the short exact sequence
0> O0(-C)RTFy, — TFy —> Oc ® Ty — 0
whose associated cohomology sequence is:
o> HY Fos TF) S H' PV t* T ) — H2 (Fp; O(—C) @ TFyy) — -

The sheaf O(—C) ® TF,, being locally free, Serre duality implies that

H? (Fpp; O(=C) @ TFy) ~ HO(F: O(C) @ TF,, @ K ).

But, since C - F = 1, the restriction of O(C) @ TFY ® K% to any fiber F is
isomorphic to O(1) ® (O(—4) & O(-2)). It follows that (’)(C) ® TIFV ® KT]F has
no nontrivial sections and, by duality, that H? (]Fm, o-C)xT Fm) =0. |

Corollary A.9 The action of Symp( c) on Zi’c is homotopy equivalent to its
restriction to I’

Corollary A.10 The space I/lL . of compatible integrable complex structures of M I’L ¢
is contractible.

Appendix B Algebraic computations

B.1 Conventions

In order to carry the computation of the cohomology ring of BG! ju,c» We follow the
conventions used in [2] and [3]:

(1) Let T* C U(4) act in the standard way on C*. Given an integer n > 0, the
action of the subtorus Tn2 ;= (ns +1t,t,s,s) is Hamiltonian with moment map

(21, .. za) > ()21 |2 412307 + |22 202 + |22]2).

We identify M, 09— (82 x 82, uo @ o) with each of the toric Hirzebruch surface
IF; 0=k = E (where as usual £ < u < £ + 1), defined as the symplectic
quotient C*// T22k at the regular value (1 + k, 1) endowed with the residual
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action of the torus 7'(2k) := (0, u, v,0) C T*. The image A(2k) of the moment
map ¢,y is the convex hull of

{(07 0)7 (17 0)7 (17 w + k)’ (03 Hw _k)}

Similarly, we identify M = (S*XS?, w,) with the toric Hirzebruch surface
IF; k—1> | =k ={, defined as the symplectic quotient Cc*// Tzzk_1 at the value
(4 k,1). The moment polygon A2k — 1) := ¢oj_1(Fox_1) of the residual

action of the 2—torus (0, u, v, 0) is the convex hull of
{(07 0)7 (19 0)7 (19 ,b(/ + k), (09 ,LL _k + 1)}.

Note that the group Symp, (M) of symplectomorphisms acting trivially on
homology being connected, any two identifications of F:* with M I’L are isotopic
and lead to isotopic identifications of Sympy,(F4") with Symp(M li).

The Kihler isometry group of I, is N(7,2)/ T, where N(T,?) is the normalizer
of 7.2 in U(4). There is a natural isomorphism* N (7p)/ T2 ~SO(3)xSO(3) :=
K(0), while for k > 1, we have N(T;,)/Tor ~ S' x SO(3) := K(2k) and
N (Tzzk_1 )/ T 22k—1 ~U(2):= K(2k—1). The restrictions of these isomorphisms
to the maximal tori are given in coordinates by

(u,v) — (—u,v) € T(0) := S x S C K(0)
(u,v) — (u, ku+v) e T(2k):= S' x S' c K(2k)
u,v) > u+v,ku+Ek—-1Dv) e TRk —1):=S'xS' c KQk —1).

These identifications imply that the moment polygon associated to the maximal
torus 7T (n) = S' x S' C K(n) is the image of A(n) under the transformation
C, € GL(2,Z) given by

—10 1 0 1-k 1

We identify the symplectic blow-up M /i),c with the equivariant blow-up of the
Hirzebruch surfaces )" for appropriate parameter  and capacity ¢ € (0, 1).

(a) We define the even torus action T(2k) as the equivariant blow-up of the
toric action of 7'(2k) on IF;L & at the fixed point (0, 0) with capacity c.
(b) The odd torus action 7~“(2k —1), k = 1, is obtained by blowing up the toric

action of T(2k — 1) on Fg k_—cl at the fixed point (0, 0) with capacity 1 —c.

“In the untwisted case, we assume i > 1 so that the permutation of the two S? factors is not an
isometry.
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Our choices imply that under the blow-down map, T(n) is sent to the maximal
torus of K(n), for all n > 0. Again, because Symp(ﬂﬁ’c) is connected (see
Lalonde and Pinsonnault [13] and Pinsonnault [17]), all choices involved in
these identifications give the same maps up to homotopy. Note also that when
€ < Cait 7= — £, M S’c admits exactly 2¢ + 1 inequivalent toric structures
T(0),...,T(2¢), while when ¢ > ¢, it admits only 2¢ of those, namely
T 0),..., 7~“(2€ — 1). Note that the free variable n indexing these objects
corresponds to the free variable j indexing the strata in Section 2.4.

(4) The cohomology ring of B T(n) is isomorphic to Q[xy, yu] where |x,| = |yu| =
2. We identify the generators x,, y, with the cohomology classes induced by
the circle actions whose moment maps are, respectively, the first and the second
component of the moment map associated to T(n). Geometrically, y, is induced
by the lift to M ﬁ’c of a rotation of the base of M ;L) , while x, is induced by
a rotation of the fibers. Note that since we work only with topological groups
up to rational equivalences, we will also denote by {x,, y,} the generators in

T T(n) and in nzBT(n).

B.2 The isotropy representation of T (n)

Proposition B.1 The character of the representation of T'(n), n>1, on H%!(TM o)
is given by
~ x4y kDY i =2k — 1,
k(n) = k-1 —k -
x4+ 475 ifn =2k.

Consequently, the equivariant Euler class of the representation is

Ls @ FER=D)G+ e =2p) - (x+ A —k)y) ifn =2k -1,
" A k= DY)x+ (k=2)p) - (x—ky) ifn = 2k.

In particular, €, € H *(BT(n); A) is nonzero for any coefficient ring A.

Proof Following [2], we compute the character of the virtual representation of the
group H (n) of holomorphic automorphisms of M, ;i,c on the equivariant elliptic com-
plex
0.0 i 01 i ppmor
0—> Q%M ) - Q> (TM), ) — Q**(TM], ) -0

using the Atiyah—Bott fixed point formula applied to the maximal torus T (n) C H (n).
Note that since H%2(TM ;lt ¢) =0, the index computes the character of H 0.0(TM I’L )
H%1 (TM;i,c)- Note also that the action of H (n) on HO’O(TMI’;,C) ~ Lie(H (n)) is
isomorphic to the adjoint representation.
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In the even case n = 2k > 2, the isotropy weights (w1, w,) of the toric action at the 5
fixed points {p;} are:

D1 D2 D3 P4 Ds
wy [y/x| 17y [Vex] o [pFFx
wa| y |[1/yEx 1)y |x/pR ] x/p%

Writing o; for the elementary symmetric polynomials in two variables, the index of
the virtual representation is given by

~ B o1(wy, wa)oa(wy, wy)

1 _ _ -
zzﬁﬁﬁh%“+y+1+mﬁ10y+£»—dﬂ°“%~+yky
Since the number of negative terms, 2k, is equal to the (complex) dimension of
H%\(TM, llt ). it follows that the character of the isotropy representation is given by
the negative part of the above formula, that is,

RQk) = x( 1 - 4 y7h),

Similarly, in the odd case n = 2k — 1 > 1, the isotropy weights (w1, w;) of the toric
action at the 5 fixed points {p;} are

P1 D2 P3 P4 Ps
wy [xF/pRFT =Tk Xk pk=T] )y
wa [ YR/ XU xyy YRRy xR AR

and the index computation shows that the character of the representation H%!(T' M llt o)1s

o) e ())

In both cases, the computation of the equivariant Euler class follows by naturality. O

From the Gysin exact sequence of the fibration (S2"~1) Wy ~ BT (n), we immedi-
ately obtain:

Corollary B.2 The rational cohomology of the space (S*"~1) T (n) is isomorphic to

Qlxn, ynl/(en).
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B.3 The cohomology module H*(BG 23 Z)

The homotopy decomposition of Bég, . 1n Theorem 2.5 yields a pullback diagram

H (S )15 my: 4) - H*(BT (m); A)

a7 a a
2L 0.
H*(BG), .; A) H*(BG), .: A)
where m is the index of the last stratum of j;f,c , and where
;L L4+c if e < et
¢ if ¢ = Cerit,

(here £ is the lower integral part of w) so that 52, . 1s the group associated with a
stratification having one less stratum. Because the map 7* is surjective, the associated
Mayer—Vietoris sequence splits into the short exact sequence

~0 . ~0 . T .
0— H*(BGM’C, A) — H*(BGM,,C, A)® H*(BT (m); A)
N H*((SZm—l)hf(m); A)—0
which reduces to the short exact sequence

0 — (&) = %@ {* (BT (m); A) > H*(BG, .1 A) > H*(BGY), ;1 4) > 0

where X" stands for the n—fold suspension of graded abelian groups. Both sequences
split over any field coefficients and, because all their terms are finitely generated, it
follows that they also split over Z . For £ =0 we have H* (Bég’c; Z)~ H*(BT(0); Z)
and, by induction, we get:

Theorem B.3 As a module,
m .
G i 7 2—1 ife> coi
H*(BGI?LC7Z) x~ @EZIH*(BTZ,Z) Wherem = 1 ¢ —CCrlt
| i=0 2t if ¢ < Cerit-

In particular, H* (B 62 ¢ ) is torsion free.

B.4 The rational cohomology ring H*(B G ,f, Q)

We know from Theorem 2.2 that the map JM,C: Bég, . — BFDiff, induces a surjec-
tion in rational cohomology, and we know from Section 3.1 that there is a rational
homotopy equivalence BFDiff, ~ B(S' x S x S1). It follows that H*(B Gg’ Q) x>
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Qlx.y.zl/R w,c Where R w,c 1s the kernel of 1;; ¢» and where the three generators
X, y, z are of degree 2. Now, the homotopy decomposition of BGg’c yields, at the
rational cohomology level, an extended pullback diagram

Qlxm. yml/ (€m) <T Q[xm, ym]

] ]

(18) Qlx, y,2)/ Ry e = Qlx. y. 2]/ Rpuc

Tk
Ve

Qlx, y, 2]

So, to compute the ideal ﬁu,c, one has to understand the maps 1;,’1" Qlx,y,z] —
Ql[xn, yu] for all n > 0. For that, it is enough to consider the relations in 7 FDiff
between the generators of T"(n). We first observe that when p > 1, the maps
T (n) — 62, . — FDiff, induce injective maps of fundamental groups. Then, from the
classification of Hamiltonian 7' ?—actions and Hamiltonian S!—actions on 4—manifolds,
it is easy to see that:

Lemma B4 In 74 (62’0) ~ 71 FDiff,, for all admissible values k,k’ > 1, we have
the identifications
Yok = kXxo + Yo,
k'xo — yar = kX — yorrs
kxok + yak = (k + Dxap—1 +kyap—1,
(k = Dxopr—1 +kyorr—1 = (I = Dxog—1 + k' yap—1.
X1 =)o —Xo-

Proposition B.5 Let {&: H*(BFDiffy; Q) — H*(BT (n); Q) ~ Q[xn, yu] be the
map induced in cohomology by the inclusion BT (n) — BFDiff,. Given w in

H*(BFDiffx; Q) corresponding to any element of the fundamental group, define
(an, bp) by setting Yy (w) = ayXp + by yy. Then, for k > 1, we have

ary =kar + (k—1ag by =kag+ by
azk—1 = —kao + bo bag—1 = kay + (2k + 1)ao — by,

which shows that the coefficients {ay, by, a,} determine w and {/;,’," (w) foralln >0,

Proof Let (s,7): S' — T2 stands for the inclusion 6 — (56, ¢6). Each relation in
Lemma B.4 gives rise to a relation in cohomology by looking at the induced commutative
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square. For instance, the first two relations yield

QIs] W Q[x2k» y2x] QIs] w Q[x2k7, yar']
(k,l)*T J’;"T (k/,—l)*T %;,{,T
Q[XO,YO]<TQ[X’J’,Z] Q[x2k5y2k]<TQ[x’y’Z]

0 1/f2k

from which we immediately get by = kag + by for k > 0. Setting k' = k + 1 in the
second relation, we obtain the recursive formula a,; = ka, + (k —1)ag, for k > 1. In
the same way, one gets a recursive formula for the coefficients (a¢pr_1,b2%—1), 1> 1,
by setting k" = k + 1 in the forth relation. Then, one obtains explicit formulae for all
coefficients, in terms of {ag, bg, a,} only, by using the remaining two relations. O

We can define an explicit isomorphism H*(BFDiff; Q) ~ QJx, y, z] by choosing
X, y z as the elements corresponding to the parameters {a¢g = 0,by = 1,a, = 0},
{ag =—1,bg =0,a, =1} and {ag = 0,bg = 0, a, = 1} respectively.

Corollary B.6 Let {x, y,z} be the generators of H *(BFDiffy; Q) defined above.
Then the maps V,; are given by the formulae

VUE) = vo, Vi) =—x0, YF(z)=0

and, fork > 1,
U () = yax U1 (X) = Xak—1 — Vak—1
Yo ) =Xok —kyae Y3 () = kxoj—1 — (kK + D yag—1
Yy (2) = kxok Vap1(2) =kyar—1.

Their kernels are the ideals
ko = (z—k*x —ky),
ko1 = (z —k*x + ky).

Theorem B.7 Given (t > 1 and ¢ € (0, 1), the rational cohomology ring of Bég,c is
isomorphic to
Qlx, y, 7]
Ry.c

where x, y, z have degree 2, and where the ideal ﬁu,c is given by

(zz—x4+y)z—x—p)---(z—L2x+Ly)) inthe casec > ceis
Ruce=1{zC—x+y)(z—x—-y)
(2= 02x +Ly)(z —x —Ly)) in the case ¢ < Cerit.
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Proof The proof is by induction on the number m of strata in jﬁ ¢~ Fix some
¢ € (0,1). Then the case m = 1 corresponds to =1 (hence =0, cuit = 1).
But it is proved in [13] that G0 ¢ Tetracts onto T(O) so the result holds in that
case. Now assume the statement is true for some ' > 1 for which there are m — 1
strata and consider a > ' for which j 70 ¢ contains m strata. The diagram (18)
1mp11es that R,L c C R,L ¢ Nky. Since RM ¢ and k,, are coprime, it follows that

RyeNkp = Ru ¢ km By Theorem B.3, the first relation in H*(BGM o: Q) must
occur in degree 2m so that RM,C = RM . *km . The statement follows. O

B.5 The map H*(BG';Q)— H*(BG| .;Q)

The map BG0 — BFDiff defined in Theorem 2.1 induces a surjective map in rational
cohomology. The rational equivalence BFDIff ~¢g B(S! x SO(3) x SO(3)) allows
one to choose generators of H*(BFDIiff; Q): let T be the generator of degree 2
corresponding to the S! factor, and denote by X and Y the two generators of degree 4
corresponding to the two SO(3) factors. Then, the rational cohomology of BG?L is
given by

H*(BGy; Q)
l
=Q[X.Y. T]/<T ]_[(T2 + i4X—i2Y)>, where |T| =2 and | X| = |Y| = 4.
i=1

Theorem B.8 The map i*: H*(BGY: Q) — H*(BG, °: Q) is given by

X > x2

Y > y242xz
T+ z.

Proof Let denote by A, and X,;, k > 1, the generators of degree 2 and 4 in the
rational cohomology of BK(2k) ~ B(S! x SO(3)). When k > 1, the torus T(2k)
maps to the maximal torus S x S! € K(2k) ~ ST xSO(3). At the cohomology level,
it follows that we have

Azfe — X2k

2
Xop — Yok

where A, and X, are the generators of

H*(B(S'xS0(3))) and H*(B(S'xS0(3))).
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Let consider the diagram:

*
2k

H*(BT (2k)) Do H*(BFDiff,)

| d
w;k

H*(BK(2k)) <—— H*(BFDiff)
It was shown in [2] that the map ‘/f;k verifies

Vo (T) = kA
Vi (X) = Xox
YE(Y) = A2, + Kk X

Consequently, for the diagram to commute we must have
yN(T) =z
YY) = x°
YY) = 242

modulo elements in ker({ﬁ;k) = (z—k?x—ky). But since this must hold for all k > 1,
and since () ker(/};) = @, we see that ™ is indeed given by the formulae above. O

In the twisted case the rational equivalence H*(BFDiff; Q) ~q B(S'xSU(Q2)xSU(2))
still gives generators 7, X and Y such that |7| =2 and |X| = |Y| =4 corresponding
now to S! and to the SU(2) factors. The rational cohomology ring of BG}L was
computed in [2] and it is given by

H*(BG,; Q)
¢ » B
! 1
=y, 71 /(] (@ +1? GAD oy yy_y) = 20D 0
i=0
Since Bau,cl =~ Bég +1—c.1_c One gets immediately, from Theorem B.7, the coho-

mology ring in the twisted case, when £ < u <£4 1 and ¢ > cqy;:
12
H*(BG,.';Q)=Qlx, y,z]/<z l_[(z —i’x+iy)(z—i%x —iy)>.
i=1
Theorem B.9 The map i*: H*(BG!;: Q) — H*(Béu,cl;(@) is given by

X—=y(y—x)+2(0y+7z-3x)
Y=>2(y—x+2)
TH—4z+2y—x.
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Proof The proof goes exactly as in the corresponding theorem in the split case. We
just need to note that now at the cohomology level we have

Apk—1 = Xok—1 + Vak—1

Xok—1 = Xok—1V2k—1
where A,;_; and X,j_; are the generators of H*(BU(2)), and to recall from [2]
that the map v, _, verifies

Ve (T) = 2k —1)Azp—

Vo (X) =k(k — 1)A%k_1 + TXZk—l

k(k—1)

Va1 (Y) = TXZk—L m]
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