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The 3—fold vertex via stable pairs

RAHUL PANDHARIPANDE
RICHARD P THOMAS

The theory of stable pairs in the derived category yields an enumerative geometry of
curves in 3—folds. We evaluate the equivariant vertex for stable pairs on toric 3—folds
in terms of weighted box counting. In the toric Calabi—Yau case, the result simplifies
to a new form of pure box counting. The conjectural equivalence with the DT vertex
predicts remarkable identities.

The equivariant vertex governs primary insertions in the theory of stable pairs for
toric varieties. We consider also the descendent vertex and conjecture the complete
rationality of the descendent theory for stable pairs.

14N35; 14M25, 14D20, 14J30

0 Introduction

0.1 Overview

Let X be a nonsingular 3—fold, and let
Be Hy(X,Z)
be a nonzero class. We are interested here in the moduli space of stable pairs
[Ox = F] € Pu(X. )

where F is a pure sheaf supported on a Cohen—Macaulay subcurve of X, s is a
morphism with 0—dimensional cokernel and

x(F)=n, [F]=8.

The space P, (X, B) carries a virtual fundamental class obtained from the deformation
theory of complexes in the derived category; see our preprint [14]. A review can be
found in Section 1.

If X is toric, we may calculate the stable pairs invariants by localization with respect to
the torus action as in Graber and Pandharipande [4]. The outcome is expressed in terms
of the associated polyhedron A(X'). The edge contributions are related to partition
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sums. The vertex contributions, related to box counting, are the most interesting aspect
of the geometry.

We calculate the edge and vertex contributions for toric X in terms of weighted partition
and box counts. In case X is toric Calabi—Yau, the formulas simplify to pure box
counting. The subject is related to dualities in string theory, wall-crossing formulae in
the derived category, commutative algebra and the combinatorics of 3—dimensional
partitions.

0.2 Toric geometry

Let X be a nonsingular toric 3—fold acted upon by a 3—dimensional complex torus T.
Let A(X) denote the Newton polyhedron of X determined by a polarization. The
polyhedron A(X) is the image of X under the moment map.

The vertices of the polyhedron A(X') correspond to fixed points
X1 = {Xo}
of the T-action. For each X, there is a canonical, T—invariant, affine open chart,
Uy = C3,

centered at X, . We may choose coordinates #; on T and coordinates x; on U, for
which the T-action on U, is determined by

(0-1) (1,12, 13) - xi = 1ix; .
The edges of A(X) correspond to the T—invariant lines of X . More precisely, if
Caﬂ cX

is a T—invariant line incident to the fixed points X, and Xpg, then Cyg corresponds to
an edge of A(X) joining the vertices Xy and Xpg.

The geometry of A(X) near the edge is determined by the normal bundle N, o/ x - If
NC,p/x = Omgp) ® O(m,,g)

then the transition functions between the charts Uy and Ug can be taken to be of the
form

_ —m’
(0-2) (x1,x2,x3) > (37 oxa x, " xs x, P

The curve Cyp is then defined in these coordinates by x, =x3 =0. If X is Calabi—Yau,
then degree of N,/ x is —2 and

Mg = m;ﬂ mod 2.
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0.3 Localization

The T-action on X canonically induces a T-action on the moduli space of pairs
P, (X, B). Our first result is a determination of the T—fixed loci of P,(X, B). Let

QC P(X.B)T

be a connected T—fixed locus.
Theorem 1 Q is a product of P1’s.

The 0—th product of P! is a point. Indeed, if X is a local toric surface, the T—fixed
points of Py, (X, ) are isolated. Positive dimensional fixed loci occur only in the fully
3—dimensional setting. Theorem 1 is proven by an explicit characterization of the
T—fixed points in terms of box configurations in Section 2 and Section 3.

Let [Ox — F] € Q be a stable pair, and let C C X be the Cohen—Macaulay curve
obtained from the (scheme-theoretic) support of F'. Certainly C has set-theoretic
support on the edge curves

U Cop C X.

a.p
Since C must be T—invariant, C determines a partition (qg at each edge. The size
|igp| of the partition is simply the multiplicity of C along Cyg. The partition 114 is
the same for each stable pair in Q. All the moduli in Q are obtained from the vertices.

A complete determination of the T—equivariant contribution of the T—fixed locus Q to
the stable pairs theory of X is the main calculation of our paper. The result is easiest
to state in the toric Calabi—Yau case for the basic stable pairs invariant

(0-3) Pop= / 1.
[Pu(X. B

If X is toric Calabi-Yau, define the restricted contribution of Q to the invariant P, g

by
Xtop(Q) : (—1)n+ZDtB mag|kapl

where ,,, is the topological Euler characteristic.

Theorem/Conjecture 2 The toric Calabi-Yau invariant P, g is obtained by summing
over all components of P,(X,B)T:

Zpp(@) =) Pupq"
n

- Z Z Xtop(Q) . (—1)n+zlxﬁ maﬂmg[ﬂ qn

" QCPu(X,B)T
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We prove Theorem/Conjecture 2 in the local Calabi—Yau toric surface case (where all
vertices have at most 2 legs). For the 3-leg case, our derivation at present depends
upon conjectural! properties of the stable pair space; see Sections 3.3-3.4. We will
show the summation of Theorem/Conjecture 2 is a form of box counting.

0.4 Correspondence with DT theory

DT theory (see Donaldson and Thomas [3] and Thomas [15]) is defined by integration
against the virtual fundamental class of the moduli space I,(X, B) of ideal sheaves?

0—>7— OX — OY —0
satisfying
x(Oy)=n, [Oy]=p¢€ Hy(X,Z).

In the Calabi—Yau case, the basic invariants are

I 5= / 1.
P S

For toric Calabi—Yau 3—folds, the DT invariants have been calculated by localization
by Maulik, Nekrasov, Okounkov and Pandharipande [9; 10]:

(0-4) Zorp@) =Y _ Inpq"
n

n[ZlcI(X.B)T
The result (0-4) is parallel to Theorem/Conjecture 2. The edge contributions in DT
theory agree exactly with the edge contributions in the theory of stable pairs. The main
difference occurs in the vertex contributions. Since the fixed point set

Li(X. B C I(X.B)

consists of isolated points, the DT result (0-4) is easier to prove than Section 2 for
stable pairs. However, the stable pairs result is free of the irrationalities related to
unrestricted box counting.

The stable pairs theory is conjectured to be equivalent to DT theory for all 3—folds;
see our preprint [14]. In case X is toric, the conjecture specializes to the claim

Zpr,8(q)

ZP,ﬁ(Q) = W ,

IThe Calabi—Yau case is a particular limit of the full T—equivariant calculation. The conjectural
properties are needed to take the limit.
2 I.(X, B) is isomorphic to the Hilbert scheme.
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where M (—q) is the MacMahon function

1
Moo= o=

The toric equivalence can be further refined to relate only the vertex contributions of
the two theories.? This is discussed in Section 4.

0.5 Descendents

Let X be a nonsingular projective 3—fold. Let
F - X x Py(X,B)

denote the universal sheaf.* For a stable pair [Oxy — F] € P,(X, B), the restriction of
F to the fiber

X x[Ox = F]C X x Py(X,B)
is canonically isomorphic to F. Let

mx: X x Py(X,B) = X,

np: X X Py(X,B) — Pu(X.B)

be the projections onto the first and second factors. Since X is nonsingular and F is
mp—flat, F has a finite resolution by locally free sheaves. Hence, the Chern character
of the universal sheaf ' on X x P, (X, B) is well-defined. By definition, the operation

7 pa (5 () - cho i (F) N (5 (-)): Ha(Pu(X. B)) — Hu(Pu(X. B)
is the action of the descendent 7;(y), where y € H*(X, Z).

For nonzero B € Hy(X,Z) and arbitrary y; € H*(X,Z), define the stable pairs
invariant with descendent insertions by

k
f/w [T 00

C ) Ll

k X

< [T (J/j)>

j=l1 n,

k
— i (vi Pn X, vir )
/n(xsﬂ)l"[r,(yj)([ (X, B))

j=1

3 The refinement in the Calabi—Yau case is Conjecture 5.1 of [14].
4The existence of the universal sheaf is shown in Section 2.3 of [14].
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The partition function is

k k X
Zea( TTwn0) = Z< I (y,->> /"
j=1 n \j=1 n,B
Since P,(X, B) is empty for sufficiently negative n, Zp g( ]_[j?:1 7;; (yj)) is a Laurent
series in ¢q.

Conjecture 1 The partition function Zp, ,3( ]_[j-‘=1 Tj; (yj)) is the Laurent expansion
of a rational function in q.

The partition functions with primary insertions (all i; = 0) were conjectured to be
rational and, furthermore, conjectured to take a very restrictive BPS form in [14]. The
analogue of BPS invariants in the presence of descendents is an interesting question.

The descendent series of both Gromov—Witten theory and DT theory are known to
contain irrationalities. Conjecture 1 predicts the descendent theory of stable pairs is
much better behaved.

0.6 Vertices

The stable pairs vertices for toric 3—folds in increasing degree of generality are:

(1) the toric Calabi—Yau vertex,
(ii) the equivariant vertex,

(iii) the equivariant descendent vertex.

The vertices (i) and (ii) are discussed in Sections 4 and 5. We treat the localization
formulas for the descendent theory in Section 6.
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1 Stable pairs on 3—folds

1.1 Definitions

Let X be a nonsingular quasi-projective 3—fold over C with polarization L. Let
B € Hy(X,Z) be anonzero class. The moduli space P,(X, B) parameterizes stable
pairs

(1-1) Ox > F

where F is a sheaf with Hilbert polynomial
X(F® LK) :k/ ci(L) +n
B

and s € H°(X, F) is a section. The two stability conditions are:

(i) the sheaf F is pure with proper support,

(ii) the section Oy % F has 0—dimensional cokernel.
By definition, purity in (i) means every nonzero subsheaf of F' has support of dimen-
sion 1; see Huybrechts and Lehn [5]. In particular, purity implies the (scheme theoretic)
support Cr of F is a Cohen—Macaulay curve. A quasi-projective moduli space of

stable pairs can be constructed by a standard GIT analysis of Quot scheme quotients as
in Le Potier [6].

For convenience, we will often refer to the stable pair (1-1) on X simply by (F,s).

1.2 Virtual class

A central result of [14] is the construction of a virtual class on P, (X, ). The standard
approach to the deformation theory of pairs fails to yield an appropriate 2—term
deformation theory for P, (X, ). Instead, P,(X, B) is viewed in [14] as a moduli
space of complexes in the derived category.

et e the bounde erived category of coherent sheaves on . Let
Let D?(X) be the bounded derived category of coh h X.L
I*={0x — F}e Db(X)

be the complex determined by a stable pair. The tangent-obstruction theory obtained
by deforming 7°* in D?(X) while fixing its determinant is 2—term and governed by
the groups®

Ext!(1°, 1%y, Ext*(I*,I%),.

3The subscript 0 denotes traceless Ext.

Geometry € Topology, Volume 13 (2009)



1842 Rahul Pandharipande and Richard P Thomas

The virtual class
[Pu(X, B € Ay (Pu(X, B),Z)
is then obtain by standard methods [1; 7]. The virtual dimension is

dim"" = / c1(Ty).
B

Apart from the derived category deformation theory, the construction of the virtual
class of P, (X, B) is parallel to virtual class construction in DT theory [15].

1.3 Characterization

Consider the kernel/cokernel exact sequence associated to a stable pair (F,s),
(1-2) 0— ¢y — Ox —> F— Q — 0.

The kernel is the ideal sheaf of the Cohen—Macaulay support curve Cr by Lemma 1.6
of [14]. The cokernel Q has dimension O support by stability. The reduced support
scheme, Support™(Q), is called the zero locus of the pair. The zero locus lies on CF.

Let C C X be a fixed Cohen—Macaulay curve. Stable pairs with support C and
bounded zero locus are characterized as follows. Let

mC Oc¢
be the ideal in O¢ of a 0—dimensional subscheme. Since
Hom(m” /m" 1, Oc) =0
by the purity of O¢, we obtain an inclusion
Hom(m",O¢) C Hom(m”" 1, O¢).
The inclusion m” < O¢ induces a canonical section

Oc <= Hom(m", O¢).

Proposition 1 A stable pair (F, s) with support C satisfying
Support™(Q) c Support(O¢ /m)
is equivalent to a subsheaf of Hom(m”,O¢)/O¢, r > 0.

Alternatively, we may work with coherent subsheaves of the quasi-coherent sheaf

(1-3) lim Hom (", O¢)/Oc
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Under the equivalence of Proposition 1, the subsheaf of (1-3) corresponds to Q, giving
a subsheaf F of 1i_n>17-{0m(m’ , Oc) containing the canonical subsheaf O¢ and the
sequence

O—>(9C—S>F—>Q—>0.

Proposition 1 is proven in [14].

2 T-fixed points

2.1 Affine charts

Let X be a nonsingular, quasi-projective, toric 3—fold, and let
2-1) [Ox = Fle Pa(X. §)"

be a T—fixed stable pair.

Let X, € XT be a T—fixed point with associated T—invariant affine chart U, C X .
The restriction of the stable pair (2-1) to Uy,

S,
(2-2) Ov, = Fa,
determines an invariant section s, of an equivariant sheaf Fy,.

Let x1, x», x3 be coordinates on the affine chart U, in which the T-action takes the
diagonal form
(t1,12,13) * Xi = 1iX;.

We will characterize the restricted data (Fy, s¢) in the coordinates Xx;.

2.2 Monomial ideals and partitions

Let x1, x5 be coordinates on the plane C?2. A subscheme S C C? invariant under the
action of the diagonal torus,

(t1,82) - xi = tixi,
must be defined by a monomial ideal Jg C C[xy, x,]. If

dime Clxq, x2]/Jg < 00

then Jg determines a finite partition w1 g by considering lattice points corresponding
to monomials of C[xy, x;,] not contained in Jg .

Conversely, each partition p determines a monomial ideal

wlx1, x2] € Clxq, x3].
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X2
3 3
X3 |xX1x3
2 20,.2..2
Xy |X1X5|X7X;

X2 | X1X2 XIX2

X1

Figure 1: The monomial ideal (x;', xlzxg’, xfxz, xls) determines the partition (4,4,3,1,1).

The ideal associated to the finite partition (4,4, 3, 1, 1) is displayed in Figure 1.

Similarly, the subschemes S C C? invariant under the diagonal T-action are in
bijective correspondence with 3—dimensional partitions. The ideal pictured in Figure 2
corresponds to a 3—dimensional partition with infinite legs.

In Figure 1 and Figure 2, the boxes are labelled by the lattice points in the corners with
smallest coordinates, a convention which will be followed throughout the paper.

X3

X2
X1
Figure 2: The monomial ideal (x;xZ,x;x2, x,x3) determines the above

3—dimensional partition. The legs in the three coordinate directions are of
infinite length.

2.3 Cohen-Macaulay support

The first step in the characterization of the restricted data (2-2) is to determine the
scheme-theoretic support C, of Fy. If nonempty, Cy is a T—invariant, Cohen—
Macaulay subscheme of pure dimension 1.

Geometry & Topology, Volume 13 (2009)
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Let C C C3 be a T—fixed subscheme of pure dimension 1. The subscheme C is
defined by a monomial ideal

associated to the 3—dimensional partition 7. The localisations

(SC)Xl C (C[xlaXZ:x?;]xl»
(SC)XZ C (C[xlyxz’x?)]va

(SC)Xj, C C[Xl » X2, x3]X39

are all T'—fixed and each corresponds to a 2—dimensional partition u’. Alternatively,
the 2—dimensional partitions ' can be defined as the infinite limits of the x;—constant
cross-sections of . In order for C to have dimension 1, not all the u' can be empty.

Given a triple ji = (', u2, u?) of outgoing partitions, there exists a unique minimal
T —fixed subscheme

3

Cﬁ ccC
. . .« . l . . .« . . . .
with outgoing partitions p’. The 3—dimensional partition corresponding to Cj; is

obtained by taking the union of the infinite cylinders on the three axes determined by
the 2—dimensional partitions /. Let

Syt = plx2, x3]- Clx1, X2, X3], Cp1 = Ocs /Sy,
SMZ:MZ[XI,X3]'C[XI,X2,X3], CMZZOCS/SMZ’

3
’(‘\§[l,3 =Hu [XI,xz]'C[Xl,xz,X3], C,LLS = OCS/SILS.

Then Cﬁ is the union Cul U CMz U CM3 with ideal

If the 4 are not all empty, then C ;i 1s easily seen to be the unique Cohen-Macaulay
T —fixed curve in C3 with these outgoing partitions. By convention, let Cy g, C C3
denote the empty scheme.

Consider the kernel/cokernel sequence associated to the T—fixed restricted data (2-2),
(2-3) 0— ¢, = Oy, > Fy — Qg — 0.

We conclude Cy = Cj; where the partitions u! are associated to the edges of A(X)
incident to the vertex corresponding to Xy .

Geometry € Topology, Volume 13 (2009)



1846 Rahul Pandharipande and Richard P Thomas

2.4 Module M

Since the support of the quotient Q4 in (2-3) is both 0—dimensional by stability and
T-fixed, O, must be supported at the origin. By Proposition 1, the pair (Fy, Sq)
corresponds to a T—invariant subsheaf of

ll_fl)lr}_(om(mr ) OCO[)/OCON

where m is the ideal sheaf of the origin in C, C C3.

Following the notation of Section 2.3, let Cy = C};. Let

Mi = (OCM,' )x,-
be C[x1, X2, x3]-module obtained by localisation. So, for instance,
_ Clx,, x
My = Cly. ] 28]
ptxz, x3]

By elementary algebraic arguments,

3
lim Hom (m”, Oc,) = @li_r)n’l-{om(mr, Oc,;)

i=1
3
%@M;‘.
i=1

The T-equivariant C[x, X, x3]-module M; has a canonical T—invariant element 1.
Let

3
M:@Mi.

i=1
By Proposition 1, the T—fixed pair (Fy, sy) corresponds to a finitely generated T-
invariant C[xy, x,, x3]-submodule

(2-4) Qo C M/((1,1.1)).

Conversely, every finitely generated® T—invariant C[x;, x,, x3]-submodule

Q c M/{(1,1,1))

occurs as the restriction to Uy of a T—fixed stable pair on X .

SHere, finitely generated is equivalent to finite dimensional or Artinian.
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2.5 Box configurations

We now describe the finitely generated T—invariant C[x1, X, x3]—submodules
(2-5) Q c M/((1.1,1)).
via labelled box configurations in the weight space Z> of T.

For each of the three partitions u!, the module M; may be viewed in the space of
T-weights as an infinite cylinder

Cyl; c 73

along the x;—axis with cross section /. The cylinder extends in both the positive and
negative weight directions.

X1

Figure 3: Cylinder associated to the partition (2, 1) along the x;—axis in
both the positive and negative directions

The module M is obtained by summing the M;. For every weight w, let 1,,, 2, and
3w be three independent vectors. A C-basis for M is determined by the set

Liw [ weCyl; ).
The CJ[x1, X, x3]-module structure on M is clear:
X1 hy =ly4(1,0,00, X2 lw =ly4(0,1,00 X3 lw =ly4(0,0,1)-

The union of the cylinders Cyl; can be separated into 4 types of weights

3
oy, =rtunumur cz?,

i=1
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where:

e IT consists of all weights which have only nonnegative coordinates and which
lie in exactly 1 of the cylinders,

e Il and Il consist of all weights which lie in exactly 2 and 3 cylinders respectively,

e I consists of all weights with at least 1 negative coordinate.

Figure 4: Diagram of boxes of type I, Il and Il distinguished by shading
for the partitions u! = (2,1), u? = (1) and p* = (1)

The submodule Oc, C M generated by
(1,1,1) =19+ 29 + 39

lies entirely in the weight space IT UTLUI. The quotient M/ OC[L’ described as a
T —module, is supported on U U I~ and has the following C —basis:

e If wel™ issupported on Cyl;, then
C-iy CM/OCFL.
e If w €1l is supported on Cyl; and Cyl;, then
C'iw @C'jw
- = CCcM/Oc¢,.
C - (iw +Jjuw) #
e If well, then

C1y,06C-2,0C-3y

C-(1,1, 1)y

~ C*Cc M/Oc, .
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A finitely generated 7T —invariant C[xy, x5, x3]-submodule
QCcM/Oc,

yields the following labelled box configuration in TUMUI™ : a finite number of boxes
supported on TUIM UI™ where the type Il boxes w may be labelled by an element of

pl_p C1y,06C-2,0C-3y
C-(1,1, 1)y

A box signifies the occurrence of the corresponding T—weight in Q. An unlabelled
type Il box signifies the inclusion of the entire 2—dimensional space

C'lw@C‘2w®C'3w

C-(1,1, 1)y

A labelled type Il box signifies the inclusion of only the corresponding 1-dimensional
space in Q.

c .

Conversely, given a labelled box configuration, the following rules ensure that the
corresponding T—submodule
QCcM/Oc

is actually a C[xy, x5, x3]-submodule:
i) If w=(wq,wy, w3) €l and if any of
(wy — 1wz, w3), (w1, wa—1,w3), (W, wz, w3 —1)
support a box then w must support a box.
(i) If w ell, w ¢ Cyl;, and if any of
(w1 — 1wz, w3), (w1, wa2—1,w3), (W, wz, w3 —1)

support a box other than a type Wl box labelled by the 1-dimensional subspace
C -i, then w must support a box.
(iii)) If w € Il and the span of the subspaces of
C1y,06C-2,80C-3,
C-(1,1,1)y

induced by boxes supported on

(w; — 1wy, ws3), (wy, w2 —1,w3), (W, wz, w3 —1)

is nonzero, then w must support a box. If the span has dimension 1, then w
may either support a box labelled by the span or an unlabelled box. If the span
has dimension 2, then w must support an unlabelled box.
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The length of a labelled box configuration is calculated by summing the following
contributions over the boxes of the configuration. Boxes of type I~ and II contribute
length 1 each. A labelled box of type Il contributes 1 and an unlabelled box of type III
contributes 2.

A labelled box configuration for M/ Oc; is said to have outgoing partitions wl, pu?
and 3.

Proposition 2 T-invariant C[x1, x;, x3]—-submodules of M/ Oc;, of length [ are
in bijective correspondence with labelled box configurations satisfying (i)—(iii) with
outgoing partitions [i and length [ .

Proof Certainly C[x1, x;, x3]—submodules satisfy (i)—(iii). An elementary analysis
shows the converse. O

Proposition 3 The reduced connected components of the moduli space of T—invariant
Clx1, x2, x3]—submodules of M/Oc are products of P L,

Proof Given a labelled box configuration, let L be the set labelled type Il boxes.
Define a path of labelled boxes to be a sequence of translations of the form xl.il that
stay within L. The set L is divided into disjoint path connected subsets.

Two labelled type Il boxes differing by a move of xiil must carry the same label in
P! by rule (iii) above. Hence, all labelled boxes in each path component of L carry
the same label.

A path component P C L is restricted if either of the following two possibilities hold:

(r+) There is a box in P which is taken by multiplication by x; to a type II box of
M/Oc; not occurring in the labelled box configuration.

(r—) There is a box in P which is taken by multiplication by x; ! to a type I~ box
of the configuration.

The label of such a path component P is forced to be a single point of P! by the
rule (iii). In the first case above, if the empty type II box is not in Cyl,, then the label
is forced to be (1,0,0). In the second case, if the type I~ box is in Cyl;, then the
label is forced to be (1,0, 0).

The labellings are the only continuous parameters of the labelled box configurations. For
each unrestricted path component of L, the label can take any value in P!. Therefore,
the moduli space, as a reduced variety, is simply a product of P1’s. O
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We will use the calligraphic symbol Qj; to denote components of the moduli space of T—
invariant C[x, x5, x3]-submodules of M/ (’)Cﬂ . By Proposition 2 and Proposition 3,
the components Q, correspond to the discrete data of a labelled box configuration —
forgetting the labelling of the labelled type Il boxes.

2.6 Local to global

We have determined the T—fixed restricted data
Oy, ~ Fa

locally on every T—invariant affine chart U, C X . The gluing condition for different
charts is simply the matching of edge partitions.

We conclude the T-fixed points of P, (X, ) exactly arise by distributing labelled box
configurations to the vertices of A(X),

[Xal e V(X)) > Qu,
and partitions to the edges,
[Capl € E(X) = pag.

compatible with the outgoing partitions at the vertices. The vertex data Q, determines
the edge partitions.

All the moduli in the T—fixed points of P, (X, ) occur at the vertices. Proposition 3
is half of the proof of Theorem 1. We will complete the proof of Theorem 1 by a
Zariski tangent space analysis to show the moduli spaces of T—invariant C[xy, x5, x3]—
submodules of M/ (’)Cﬁ are scheme-theoretically reduced (and hence nonsingular).

3 Tangent spaces

3.1 T-fixed deformation theory

The scheme structure on P, (X, §) obtained from the moduli of stable pairs coincides
with the scheme structure obtained from the moduli of complexes in Db (X). The
Zariski tangent space to P, (X, B) at the stable pair

I*= {0y > F}

is Ext®(1*, F). Derived category Ext’ may also be written as Hom.
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On each affine chart U, C X, the Zariski tangent space to the restricted data
Sa
I(; == {OUa — Fa}
is Ext®(/ o+ Fo). There is a global to local restriction map

Ext’(I*, F) > @D Ext°(1}. Fa)
o

which need not be an isomorphism. However, if the stable pair (F,s) is T—fixed, we
will see the induced map

(3-1) Ext®(1*, F)T — @D Ext’(I;. Fo)"
o

is an isomorphism. Here, the superscript T denotes the T—fixed part, or equivalently,
the T—weight O part.

To complete the proof of Theorem 1, we show the Zariski tangent space Ext(/ o F)T
to the T—fixed data,

Sor
I3 = {0y, = Fa},
described by a labelled box configuration has dimension equal to the number of
unrestricted path components of L, the set of labelled type Il boxes.

The kernel/cokernel sequence (2-3) yields the following sequence of T—modules:
(3-2) 0 — Ext' (Qq, Fy) — Ext’ (I}, Fy) — Hom(3c,, Fa).
The last term has no 0—weight piece: the T—weights of Jc,, lie in the complement in
the weight space Z3zo of the T—weights of Fy. As a result,

Ext’ (I}, Fo)" = Ext' (Qq, Fa)T.

Also, the vanishing of the last term shows the T—weight O deformations of the restricted
data are supported entirely at the origin. As the latter can easily be glued, (3-1) is an
isomorphism.

To avoid calculating with quasi-coherent sheaves (or non—finitely generated modules)
and passing direct limits through derived functors, we work with a sufficient approxi-
mation of M,

3
M} =Homw",Oc ), M" =DM/,
i=1
for r > 0. Since Fy is a subsheaf of M”, we obtain

(3-3) Hom(Qgq, M") — Hom(Qq, M” | Fy) — Ext' (Qu, Fy) — Ext' (Qu, M").
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Lemma 1l Hom(Qq, M")T = Ext'(Qq, M")T =0 for r > 0.

Proof By symmetry, we need only prove Ext(Qgq, M {') has no trivial 7' —subrepre-
sentations for i =0, 1. Since C,;1 is a product in the x; direction and Artinian in the
X3, x3—directions, we have

mr—HOCMl = (xl)erCu_l’ r>0,

where (x1) is the ideal of OCMI generated by x;. The ideal (x;) is invertible and ab-
stractly isomorphic as a sheaf to O¢ , , but twisted by the 1-dimensional representation
of T with character #; and associated weight (1,0, 0).

Therefore, MI”L1 o tl_l ® M| and
(3-4) Ext' (Qo, M{ ™) = 7V @ Ext'(Qa, M]).

Since Ext'(Qo, M {) is a finite sum of 1-dimensional T-representations (since Q has
O0—dimensional support and is finite dimensional), the T—module (3-4) has no trivial
subrepresentations for N > 0. m]

Putting together Lemma 1, the previous sequences and the stabilization
Hom(Qy, M/ Fy)" = limHom(Qq, M/ Fy)",
—_
we conclude that
Ext®(13, F)" = Hom(Qq, M/ Fy)"
for r > 0.

Proposition 4 The dimension of Hom(Qy, M/ F,)T equals the number of unre-
stricted path components of L, .

Proof The T-weights w of Q4 liein I” UTUII and are a subset of the weights of
Fy . The latter are a subset of the weights of M . We analyse each type in turn.

If w lies in I™, then w appears in M with multiplicity 1 and so does not appear in
M/ Fy . Thus, the T—weights of Q in I™ do not contribute to Hom(Q, M/ F,)T .

If w lies in II, then w appears in both F, and M with multiplicity 2. Again, w does
not appear in M/ F, and so does not contribute to Hom(Q, M/ F,)T . Similarly, if w
lies in Il with multiplicity 2, then w appears in both Fy, and M with multiplicity 3
and does not contribute to Hom(Qy, M/ F,)T .

If w lies in Il with multiplicity 1, then w appears in F, with multiplicity 2 but in M
with multiplicity 3. The multiplicity of w in M/ Fy is 1. Thus, we find an at most a
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1-dimensional subspace of Hom(Qg, M/ Fy)T corresponding to such w. However,

the analysis used in the proof of Proposition 3 shows that the C[x1, x5, x3]-module
structure forces any morphism in the w—-box to be equal to the morphism in any other
box in the same path component of L, . And, if the path component is restricted, then
the morphism is 0 over the whole path component.

Therefore, Hom(Qy, M/ Fy)T has dimension equal to the number of unrestricted path

components of L. O

Proposition 3 and Proposition 4 imply Theorem 1. Proposition 3 provides a description
of the reduced T—fixed components of P,(X, ). The T-fixed Zariski tangent space
obtained from Proposition 4 establishes the nonsingularity of the scheme structure.

Let Q C P, (X, B) be a component of the T—fixed locus. We have proven

Q: 1_[ Qot

[Xo]ev(X)

where Q, is a component of moduli space of labelled box configurations. Each element
of Q can be described by a labelled box configuration

[Xo] € V(X) = Qo

at each vertex. We will follow the above notation throughout the paper.

3.2 Ty-fixed deformation theory

Let X be a toric Calabi—Yau 3—fold with canonical form
we H'(X, Ky)

invariant under a 2—dimensional subtorus Ty C T. On the affine chart
CP*=U, CX,

the subtorus Ty must act trivially on the form dx; A dx; A dx3 and hence must be
defined by
To={(t1.02,3) €T | 11213 =1 }.

Consider the T—fixed restricted data studied above,
Sor
Ia't = {OUa - Fa}‘

Certainly /3 is also To—fixed.

Lemma 2 Hom(3c,, Fy) contains no Ty —fixed representation.
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Proof The space Hom(J¢,, Fy)T0 may be decomposed as a direct sum of weight
spaces for the quotient torus C* =~ T/Ty. Homomorphisms of C*-weight w € Z
multiply the T—-submodules of Jc, by (x1x2x3)" to give T—submodules of Fy,.

We have seen in Section 3.1 there are no such homomorphisms of C*-weight 0. The
same argument shows the nonexistence in the positive weight case. The T—weights of
(x1x2X3)wZ°Sca all lie in the complement in Z3>0 of the T—weights of Fy. Since

3
FyCcM =M.
i=1
the vanishing of all To—fixed homomorphisms of C*-weight w < 0 between Jc,
and M; implies the Lemma.

ar—w_az—w ar+m—w_az—w
X2 3 X2 3

ar+m—w_az—n—w
X3 X2 3

apy _aj arHm_aj|
X7 X3 R RE

artm aszri
R >|
' V

ar+A
x2

X2

Figure 5: The partition u'[x,, x3]

In fact, by symmetry, we need only study M. We write
- Clx2, x3]

My =Clx.x7 ' ®c —7———=

plx2, x3]

for the outgoing partition u!. Let ¢ € Hom(3c,, M 1)T0 be homomorphism of C*—
weight w < 0. Pick a nonzero element

a a a
x{'x5%x3 € Im(g) C M.

Geometry € Topology, Volume 13 (2009)



1856 Rahul Pandharipande and Richard P Thomas

Then, perhaps after scaling, we have
arl—w_a»—w __aiz—w a a a
¢(x11 x22 .X33 ):X11X22X33,
al—w _a»—w _az—w o~
where x; X, X5 € 3¢, -
By multiplying by x{v if necessary, we may assume that @¢; > 0. In the limit, we may
see the problem as essentially two dimensional in the variables x;, x3.
There is a maximal m > 0 satisfying
Clx,, x
0 # x;lz+mx§l3 1[ 2 3] )
plx2, x3]

Such a monomial x;’2+mx§3 is said to be x,—maximal. Consider the set

—n! . .
S={n">0] xngrmx;” " is not xy—maximal }.

Let n be the minimal element of S'. If S is empty, let n = a3. Unless a3 = 0, n must
be positive. See Figure 5.

By the minimality of n and the strict negativity of w,

+ - —_—
xR ETTTY € pl[xp, x3] € Clxa, X3

Since a; > 0, we also have x‘ll‘_wx‘zlﬁm_wx;”_"_w € 3¢, - Then,

n a—w __a+m—w _az—n—w, __ _ai_dz+m_aj
x3¢(x] X, X3 ) =X|'X, X3

is nonzero in M;. We find
(xal—wxa2+m—wxa3—n—w) _ xalxa2+mxa3—n 75 0
¢ 1 2 3 -7 2 3 :

We have found another nonzero element of M in the image of ¢ with smaller x3
exponent.

Inductively, we reduce the x3 exponent to 0; see Figure 5. We find there isan A > 0

. e A— — o~
for which x{" wxgz_" Yx;% €3¢ and
ai;—w _ar+A—w _—w\ _ _ay _ar+A4
Plxy" X xX30) = XX,

is nonzero in M;. After multiplying by a nonnegative power of x;, we may also

A .
assume )6‘212Jr to be x,-maximal. Hence,

ar+A—w 1 ai—w _a+A—w _ ~
X5 €ulra.x3l. Xt €3¢

We now obtain a contradiction since

¢(xa1 —w _ar+A—w

ar+A — a;—w _a+A—w
1 %2 2 =o)Xy )

—wy _ .41
X3 ) =x,'X 9
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and ¢(x;“_wx32+’4_w) = 0 since its third T-weight is negative. O

Lemma 2 and the Ty—fixed part of sequence (3-2) imply the local to global sequence
is an isomorphism for T—fixed stable pairs:

(3-5) Ext®(I*, F)™ = (HExt°(I3. Fo)™
o

Also, since the proof of Lemma 1 is valid for Ty in place of T, we obtain the following
result.

Lemma 3 The Zariski tangent space Ext°(I, 2, Fy)T0 to the To—fixed locus is equal
to Hom(Qg, M/ Fy)T0.

3.3 Nonsingularity

The question of the nonsingularity of the Ty—fixed loci
Py(X,B)"° C Pu(X, B)

is very natural and plays a crucial role in our study of the Calabi—Yau vertex.
Conjecture 2 The loci P,(X, )"0 are nonsingular.
By the local to global relation of tangent spaces (3-5), Conjecture 2 is equivalent to the

nonsingularity of the moduli space of To—invariant submodules of M/Oc;, .

A local toric surface is the total space of a toric line bundle over a toric surface. If X is
a local toric surface, The restricted supports Cy have only 1 or 2 legs. By Proposition 3
and Proposition 4, the loci P, (X, B)T are isolated points. Lemma 3 easily implies
the tangent space ExtO(I(;, Fo)T0 to the restricted data is 0, so the To—fixed Zariski
tangent space is no larger. Hence Conjecture 2 is proven in the local toric surface case.

Conjecture 2 would follow in general if the tangent vectors
Hom(Qq, M/ F)™
to the restricted data could be exponentiated. The latter is an essentially combinatorial

condition which holds in all the examples we have studied.
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3.4 Dimension

For any finite T-module K, let
xg (it 13) € ZIE 1F 1
be the T—character, and let
Xk (t.t2.03) = gty g,
Define the Laurent polynomial y, by

_ _ (=) —=1)
Yk _XK_XKXK—I .
12
Finally, let
VK,O(ZlaIZ) = )/K(t19t2’[1_1t2_1) € (C[llj:at;:]

Let Con(K, 0) be the constant term of y .
Given T—fixed restricted data (Fy, S¢), let I be the finite length T—module obtained

by cutting off’ the infinite legs of F, in the 3 positive directions. The parity of the
dimension of the Ty—fixed tangent space is determined by the following result.

Conjecture 3 For all suitably large cut-offs Ff,

dimc Ext®(I7, Fy)™ = Con(FS,0) mod 2.

If the support curve Cy has 1 or 2 legs, we have seen the dimension of Ext? Iy, Fy)To
is 0. Conjecture 3 then asserts that Con(Fg, 0) is even. The proof is easily obtained by
box removal in the manner described in Section 4.11 of [9]. We leave the details to the
reader.

If the parity of the dimensions of the Zariski tangent spaces to P, (X, B) were constant
in families of stable pairs, Conjecture 3 would be very natural. It is tempting to look for
a formal proof of the even jumping of tangent dimensions via an appropriate symplectic
form in the ambient geometry.

Unfortunately, we know the conservation of the parity of the Zariski tangent spaces is
false in general. An example can be found in a K3—fibration,

e X - P!,

"The cut-offs may be taken to be simple cuts perpendicular to the axes. Since we are only interested in
suitably large cut-offs, cuts which are finitely jagged are also fine to consider as well.
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where the fiber X, over 0 € P! is a K3 surface with a fully obstructed® A4,—
configuration

LiUL, CX,.

Here, L{ and L are (—2)—curves meeting transversely in a point,

X(OL1UL2) =1

The Zariski tangent spaces of P(X,[L1]+[L>]) are seen to jump from 1-dimension
to 2—dimensions.’

The sign of Conjecture 3 is therefore not purely formal and depends essentially on toric
geometry. In fact, the sign may be viewed as the only aspect of the Calabi—Yau vertex
calculation which is not purely formal.!°

4 Equivariant vertex

4.1 Localization

Let X be a nonsingular, quasi-projective, toric 3—fold. The T—equivariant obstruc-
tion theory of P, (X, ) obtained from deformations in D?(X) admits a 2—term
T—equivariant free resolution

4-1) E'> E°

(see [14]). Denote the dual of the restriction of (4-1) to a component Q of the T—fixed
locus

t: Q— P,(X,p),
by EQ,O — EQ,I .

The T-action on (4-1) restricts to a fiberwise T—action. Let E (T) ; and E gi denote the
subbundles with O and nonzero characters respectively. A T—fixed obstruction theory
on Q is obtained from
T T
E 0.0~ EQ1 .
Let [Q]'" be the associated virtual class [4].

8Here, we require the algebraic classes [L1], [Ly] and [L] +[L,] are all obstructed to first order in
the family €.

9 A similar odd jumping phenomena can be found in the moduli space
I, (X,[L1]+[L,]) of ideal sheaves.

10 A position taken by J Bryan
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By the virtual localization formula [4] we have

ERy |
2 ‘(Z(E L0IQ) = [Pu(X A € ATCPAX. B
QCPu(X.B) 0

Here, e denotes the T—equivariant Euler class, or equivalently, the top Chern class.
The formula holds in the localized T—equivariant Chow ring of P, (X, B).

4.2 T-fixed obstruction theory

The data of the T—fixed obstruction theory on Q includes a morphism ¢ to the cotangent
complex,

- ¢
[(EqHT = (EQ)"] =L
for which /°(¢) is an isomorphism and 4 ~!(¢) is a surjection. Since Q is nonsingular

by Theorem 1, the 2—term cut-off of the cotangent complex of Q can be taken simply

to be
LQ =[0 — Qq).

We can, after exchanging E°®, assume the morphism ¢ is represented by a map of
complexes. Then, the sequence

0
(Eqgh)T = (EY)T S 20 — 0
is exact. The kernel on the left is a bundle K, and
[QI'" =e(KY)N[Q]

by the definition of the virtual class [1].

Let T¢ denote the tangent bundle of Q. The obstruction bundle K" is determined in
K —theory by

(4-2) [KV]=[E§ 11— [Eg.ol + [Tl
The formal Euler class expression
e(EY )
Q,1 *
e(TQ) ——t—~€47(Q)
e(EQ’O)

is therefore well-defined and equal to e(K").

Together with the localization formula, we obtain the following result:

@3 > (e G2 n10]) = P p1
QC Py (X,B)

in A;{(Pn (X, ,B))loc .
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4.3 Local to global

We will calculate the difference

(4-4) [Eq,ol—[Eq.1]

in the T—equivariant K—theory of Q. Consider a stable pair
I'={ox > F), []eQ.

The difference (4-4) restricted to [/°] € Q is simply the virtual tangent space!!

(4-5) Tirep = Ext' (I°, I°) —Ext*(I*, I°).
Our first goal is a canonical calculation of the T-representation (4-5) relatively over Q.
By [14], the virtual tangent space at /° is given by

T = x(0.0) = x(I*. I*)

3
where X(F*.G*) =) (—1)'Ext' (F*.G").
i=0

We can compute each Euler characteristic using the local to global spectral sequence

3 3
X1 = Y (DT HEX (10 17) = Y ()T Ext! (1. 17).
i,j=0 £,j=0
where, in the second equality, we have replaced the cohomology terms with the Cech
complex with respect to the open affine cover {Uy}. Though the modules of the Cech
complex are infinite-dimensional, they have finite-dimensional weight spaces and,
therefore, their T—character is well defined as a formal power series.

Since F is supported on the T—invariant curves corresponding to the edges of A(X),
we have I* = Oy on the intersection of three or more Uy . Therefore, only the € and
¢! terms contribute to the calculation. We find

4-6) Tiro =P (F(Uo» = (=)'T (U, Ext'(I", I')))

o

-6B (F(Uaﬁ) =Y (=1)'T (Ugg. Ext'(I*, 1'))) .
o,B i

HTracelessness is automatic for toric varieties.
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The calculation of 7[7e] is reduced to a sum over all the vertices and edges of A(X).
We have the restrictions of 7°,

I3 € DY (Ua). I35 € DP(Ugp).
and we need to compute

T'(Us) =Y (=1 Ext/(I3.13).
T(Ugp) = > (=) Ext' (I35, I3p).

The vertex and edge cases will be treated separately.

A similar strategy was pursued in [9] to calculate the DT invariants of toric 3—folds.
The difference here occurs entirely in the vertex terms. The edge terms are identical.

4.4 Vertex calculation

Let R be the coordinate ring
R =Clxq, x5, x3] = T(Uy).
Following the conventions of Section 0.2, the T—action on R is
(t1,t2,83) - Xi = 1ixX; .

Let I, denote the universal complex on Qy x Uy. Consider a T—equivariant free
resolution of I3,

(4-7) (Bs— = F1 =1 € DP(Qy x Uy).
Each term in (4-7) can be taken to have the form

Fi = @EU ® R(dij), dijeZ?,
J

where L;; € Pic(Qg). The Poincaré polynomial
Po =Y (-D)'[Lij]® 1% € K(Qu) ®z ZItiE 15,15
i’j
does not depend on the choice of the resolution (4-7). We require the K —theoretic data
to keep track of twisting over Q.

We denote the T—character of F, by F,. By Theorem 1 and the sequence

0—0Oc¢c, = Fo = Qa — 0,
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we have a complete understanding of the representation Fy. The T—eigenspaces of Fy
correspond to the T—eigenspaces of O, and the boxes of the labelled configuration
associated to Q. The boxes contributes monomials to F, . For each unrestricted path
component P C Ly, let Pp denote the associated factor of Q, . For every labelled
box in P, we tensor the corresponding character by Op,(—1). The K—theory factors
associated to Oc, and the unlabelled boxes are trivial. Of course, an unlabelled type
Il box contributes twice. The result determines

FO( € K(Qa) ®Z Z(tl ’ t2’ t3)'
The rational dependence on the #; is elementary.

From the resolution (4-7), we see that the Poincaré polynomial P, is related to the
T—character of F, as follows:
B 1+ Py

(I—-t)A=0)(1—13)

Hence, we may effectively compute P, .

(4-8) Fo

The family x(I3,13) of virtual representations over Qg is given by the following

alternating sum
xUg. 1) = Y (=D)L ® £}, ® Homg(R(dij). R(dk1))
i3j7k’l
= Y (D" @ £, ® R(dr —dij) .
i,j.k,l
Therefore, the T—character is
t Py Py
Ty(y,lo) = .
Hedad = (1= 1) (1 =) (1 = 13)

The dual bar operation
y € K(Qa) ®z L(11.12.13) = 7 € K(Qu) ®z Z(t; 1y . 151)

is negation on K(Qy) and
ti> !

on the variables.

We find the T—character of the @ summand of virtual tangent space 7[e] in (4-6) is

1 — Py Py
-1 —-0)(1—-1)"
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Using (4-8), we may express the answer in terms of F:

F — (1=t =) —¢
@ —I—FaFa( D1 =12)(1—13) .
h1a13 it

(4-9) Ry, 18) = Fo —

On the right side of (4-9), the rational functions should be expanded in ascending
powers in the #;.

4.5 Edge calculation

We now consider the summand of (4-6) corresponding to a pair («, ). Our calculations
will involve modules over the ring

R =T (Uyp) = Clxz, x3] ®c Clxy. xy ']
The Clx,, xl_l] factor will result only in the overall factor

8(t) = Zl{‘

keZ
the formal §—function at #; = 1, in the T—character. Let
— ka k3
Fap = Z 171
(k2,k3)€pap

be the generating function for the edge partition p4g. Arguing as in the vertex case,
we find

F _ (-n)(1-1)

Because of the relations
§(1/1) =4(1) =18(1),

the character (4-10) is invariant under the change of variables (0-2).

Since there is no T-fixed moduli away from the vertices, there is no K —theoretic data
associated to the edges.

4.6 Redistribution

We now redistribute the terms of the vertex (4-9) and edge (4-10) contributions so both
become Laurent polynomials in the variables ;.

The edge character (4-10) can be written as

Ggplt2,13) L Gep(t2.13)

4-11

’
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where the first term in (4-11) is expanded in ascending powers of ¢;, and the second
term is expanded in descending powers. Here

F = (=) —13)
Gaﬁ = —Faﬂ — Lﬂ -+ FaBFaﬂ— .
i3 i3
Define a new vertex character V,, by the modification
. (xﬂ, (tl/9 tl”
(4-12) Va = tre_yaz.13) + Z -

i=1

where 81, B2, B3 are the three neighboring vertices and
{ti, tir, tir} = {11,102, 13}

The character Vo depends only on the local data Qg . Similarly, we define

aB —m
—1Gaplta. 13) Gapltat; " 131,
E ap = [1 1 -1 -1
_tl 1—1¢

The term Egp is canonically associated to the edge. Formulas (4-9) and (4-10) yield
the following result.

Theorem 3 The T—character of [y} over Q is given by

(4-13) o= >, Vet Y Eep.

[Xa]lev(X) [CapleE(X)
Lemma 4 Both V, and Eyg are Laurent polynomials in the ¢; .

Proof The numerator of E,g vanishes at 7; = 1 and therefore is divisible by the
denominator. The claim for V, follows from

Fapi
FO[:;E—F,

where 81, B, and B3 are the neighboring vertices and the dots stand for terms regular
at 1 = 1. O
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4.7 The equivariant vertex

Let A} denote the T—equivariant Chow ring of point. To the characters #; , we associate
line bundles L; on BT and Chern classes

si = c1(L;) € Ay
which generate the T—equivariant Chow ring

Ay = Z[s1, 52, 53]
Let (s, 57, 53) be the maximal ideal. Let

(A:;‘)loc = Q[Sl » 82, S3](S] ,82,853)
denote the localization.

Following the notation of Section 2, denote by S the set of components of the moduli
space of T—invariant submodules of M/ OCa . Since the character (4-9) depends only
upon the local data at the vertex, Vo is well-defined for [Q] € S éw . Let

w(Q) = /Q e(T)-e(—Vo) € (ADoc

be the integral of the evaluation of the contribution (4-9) on Q. The integral is well-
defined by Section 4.2.

Let £(Q) denote the number of boxes!? in the labelled configuration associated to Q.
Let |fi| denote the renormalized volume!3 of the partition 7 corresponding to e -
Finally, the stable pairs equivariant vertex is defined by

(4-14) WE= 3" w(Q) ¢ @ eQsi,s.5)(9).
[Qles}

4.8 Vertex correspondence

The nonnormalized DT equivariant vertex W2 i defined in parallel terms in Section

. LK
4 of [10]. Define the normalized DT equivariant vertex by
WDT,nn
DT _ _ [
Wﬁ - WDT,nn :
,0,0
12 A5 usual, unlabelled type Il boxes count twice.
13 The renormalized volume || is defined by || = #{z N[0,..., NP’} = (N +1) Z? Iui], N> 0.
The renormalized volume is independent of the cut-off N as long as N is sufficiently large. The number
|| so defined may be negative.

Geometry & Topology, Volume 13 (2009)



The 3—fold vertex via stable pairs 1867

The degree 0 series has been calculated in [10]:

(s1+s52)(s1+53)(sp+53)
DT,nn __ - 515551 B
W@,@,@ = M(—q) 19273 ,

where M denotes the MacMahon function

1
Moo= o=

Conjecture 4 The equivariant vertices agree:

wP — wPT
7 [T

In fact, there is a straightforward approach to proving Conjecture 4 following the path!4
already taken in DT theory [11; 12; 13]. Each DT step can very likely be followed by
the identical step in the theory of stable pairs. If the path is followed to the end, a proof
of Conjecture 4 will be obtained. The road is long and, even in DT theory, missing
foundation developments for the relative geometry. One could hope for a more direct
proof of Conjecture 4 via a wall-crossing analysis in the derived category.

4.9 Example

A basic example to consider is W{I)’ 2.5

stable pairs vertex is almost trivial.

The calculation from the definition of the

Lemma5 WZX = (1 4 q)b2ts3)/s1,

1),9,9

Proof The outgoing partitions are ! = (1) and u? = u® = @. The component
set S(All), 2. 18 in bijective correspondence with the positive integers k. The T—fixed
point Q corresponds to the length k& box configuration in Figure 6.

The qk coefficient of W(1), &, & is obtained by simply expanding the definition of Vo« .
The T—character F i is

t_k

1

1—1

and the T—character associated to the single edge e along the x;—axis is

FQ" =

Fe=1.

14The DT path in turn follows the Gromov—Witten trail [2; 8].
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X3

X2

X1

Figure 6: The box configuration corresponding to Q3

Unwinding (4-12) yields
k—1 tl
N W

1t
i=1 23

In fact, only the first two terms of (4-9) contribute — the others cancel with the redistri-
bution. Then,

w(QF) = /Q e(—Vor)

_ (=52 =53)(s1 =82 =83) - (K = D)s1 =82 —53)

(=s1)(=2s1) -+ (—ks1)

:i Sy + 83 S2+S3_1 52+S3_(k_1) ’
k! S1 S1 S1

which is clearly the g% coefficient of (1 4 ¢)®2Fs3)/s1 O

The result agrees with the DT calculation of W(l) 2.0 in Section 6 of [13] and verifies
Conjecture 4. The intricacy of the DT argument using localization relations, divisibility,
and the Hilbert—Chow morphism shows the difference in the theories.

5 Toric Calabi-Yau vertex

5.1 Calabi-Yau torus

Let X be a toric Calabi—Yau 3—fold with canonical form . The main example is a
local Calabi-Yau toric surface, the total space of the canonical bundle

Ks—>S
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of toric surface S'. As in Section 3.2, let To C T be the torus preserving w. The stable
pairs invariants take a much simpler form when computed Ty—equivariantly.

The direct approach to calculating the Ty—equivariant vertex is simply by restriction,

P —_w?P
W[L,CY - W[l: {S1+52+S3=0 :

The main drawback is the summation over [Q] € S M in the definition (4-14) of
Wg has to be done before restriction as the individual summands may have poles
at s; + s + 53 = 0. A better approach is to analyse the Ty—localization formula
geometrically.

5.2 To-localization

Let S ,9/[0 be the set of connected components of the moduli space of Ty—invariant
submodules of M/ Oc; - By Conjecture 2, such components Qy are nonsingular.!?
The quotient torus

C* ~ T/TO

acts on each Qg. The C*—fixed loci of Qg are elements of [Q] € S M Conversely,
every element of [Q] € SI_]{[ arises as a C*—fixed locus of a unique [Q] € Sé”o.

The scheme Qg carries a To—fixed obstruction theory,
(5-1) (EghTo — (EQ ™.

By the nonsingularity of Qg, the virtual class [Qg] is the Euler class of an obstruction
bundle. By the self-duality of the obstruction theory (5-1),

[Qo]"™ = e(Rqy) N[Qo-

Then, by the virtual localization formula for the C*—action and self-duality again,

P _ k(E9, )™o
Wﬁ ‘31+S2+s3=0 - Z o e(QQo) (=1) <0
[Q()]GS[]LV,IO 0
. 0 m
= Y Xiep(Qo) (—1)ime Qo) Fa)™,
[QO]GS;LV.IO

where tk(E %O)mo is the rank of the summand with nontrivial Ty—weight.

15We assume the validity of Conjecture 2 throughout the Section.
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5.3 Theorem/Conjecture 2

Using the Euler characteristic identity
Xop(Q0) = D Xip(D).
[Qlesy!, 2cQo
we can rewrite the Calabi—Yau vertex as

: 0 \ym
(5D Wi lstmim=0= D D Kip(Q (=DM (=1yRE,

[Qolesy, [Qles,
QCQo

Fix an element [Q] € Q C Q. The calculation of

(_l)dimc Qo (_l)rk(Eg,)mo
precisely follows Sections 4.10-4.11 of [9]. Let

Vol(ti, 12, 13) = Vol
where the restriction to the point [Q] € Q Kkills all the K—theory information. The
strategy of [9] is to split the vertex contribution as
Vol(t,t2,13) = VJQr +Vg
where VJQr =—-Vy.
We use precisely the same formulas to define the splitting here; see Section 4.11 of [9].

Then,
VE(I, 1,1) = cOn(v5|,1,2t3:1) +rank(EQ)™  mod 2.

The constant term is treated exactly as in Section 4.11 of [9]. The conclusion, using
Conjecture 3, is
Con(V§ s 103=1) = dimg Qp.
Finally, from the definition of the splitting,
VHAL L) = £(0) +|il.
where the second summand is the renormalized volume. We conclude
(5-3) WE s srbss=0 = D Xiop(Q) (=) @HHL,
[QlesM

Our calculation of the Ty—vertex (5-3) is complete in the 1— and 2-leg cases and
conjectural in the 3-leg case (since Conjecture 2 and Conjecture 3 are unproven there).
In particular, the result is established for local Calabi—Yau toric surfaces. Though we

Geometry & Topology, Volume 13 (2009)



The 3—fold vertex via stable pairs 1871

have not found examples violating Conjecture 2, perhaps (5-3) holds without requiring
the nonsingularity of the components Q.

The statement of Theorem/Conjecture 2 follows formally from the vertex Equation
(5-3) and the edge calculus of Section 4.10 of [9]. The edge calculus is identical for
stable pairs and ideal sheaves. a

5.4 Example

The example of the Calabi—Yau vertex with outgoing partitions
w=0). p=0. =)

was worked out at the end of [14].

We consider here the vertex W(I;), 2).(1).CY with outgoing partitions
=, w?=@., =),

The scheme-theoretic support curve C(y),(2),(1) is pictured in Figure 7 with renormalized
volume —3. The module M/ Ocﬂ is pictured in Figure 8. There is a single type Il box

X3

X2

X1
Figure 7: The T—character of the support curve C(1),(2),(1)

at x3 and a single type IIl box at 1, over the origin.

We now count box configurations up to length 3. There is a unique empty box con-
figuration corresponding to the O submodule. There are 2 distinct configurations of
length 1:

(i) abox at 1 labelled by C -1y € P!,

(i1) a box supported at x3.
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X1

Figure 8: The T—character of the module M/Ocy, () (1)

The box (i) is annihilated by multiplication by all the x; in the module structure. There
are 3 types of configurations of length 2:

(i) boxes at XZ_IX3 and x3,
(i) abox at 1 labelled with C -1 and a box at xl_1 ,

(iii)) a box at 1 with any label in P! and a box at x3.

The moduli space in (iii) is P!. The configurations of length 3 are classified as follows:
(i) an unlabelled (Iength 2) box at 1 and a box at x3,
(i) abox at 1 with any label in P! and boxes at x5 x5 and x3,
(iii) a box at xl_l , abox at 1 labelled by C -1y and a box at x3,
(iv) abox at x;l , abox at 1 labelled by C -3y and a box at x3,
(v) abox at 1 labelled by C -1¢ and boxes at xl_2 and xl_1 ,

1

(vi) boxes at x2_2x3 , X5 X3 and x3.

The moduli space in (ii) is P!.

Equation (5-3) for the Calabi—Yau vertex and the above box counting (including the
Euler characteristics) together yield!¢

—0)* Wiy 2).y.cy = 1 +2(=0) +4(=9)* + 7(—q)* +--- .

16 A closed formula for the Calabi—Yau vertex here can easily be found.
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Standard box counting yields the nonnormalized DT vertex
(=0)* Wy oy .oy = 1+3(=0) +9(=¢)7 +23(—=9)* + - -
(see [9]). Using the MacMahon series
M(=q) = 1+ (=) +3(=9)* +6(=q)* + -+ |
we can check Conjecture 4 up to order 3:

143(—q) +9(—q)* +23(—¢)* +---
1+2(9) +4C9 + 7 4o = 1++ E—Z; jrr 3§—cq1;2 J+r6(£q;]3 ++

6 Descendents

6.1 Chern characters

Let X be a nonsingular toric 3—fold. Consider the T—equivariant descendent invariants

(6-1) (fil()/l) c T (Vk)),[l‘jﬁ = /I" X.B) 1_[ Tij (Vk)([Pn(XuB)]Vir) S A:;,
(B gy

where y; € AT(X,Z). The operators 7;(y) are defined by

7w (7x (v) - chag i (F) N (5 (+)): AL(Pu(X. B)) = AL(Pu(X.B))
where we follow the notation of Section 0.5.

In order to calculate (6-1) by T-localization, we must determine the action of the
operators 7;(y) on the T—equivariant cohomology of the T—fixed loci Q.

6.2 Local to global

Let Q be a component of the T-fixed locus of P, (X, B) determined by the local data

{Qutxalevix),  {HaplCupleEx) -
On the chart U, C X, the Chern character
chy (Fa)lquxx,] € K(Qo) ®z ZI[1 157,15
is determined completely by the character Fy,

(6-2) ch;(Fo)|Qqx[x,] = chs(1 + Py)
= chy(Fo - (1 —17)(1 —12)(1 —13)),
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where we follow the notation of Section 4.4. In particular, the second equality is (4-8).
For notational convenience, we denote (6-2) and the pullback to Q simply by ch; (Fy).

The contribution of Q to the descendent (6-1) is calculated by summing over all
distributions
o: j = [XsH] € V(X)

of the insertions 7;; (y;) to the vertices and integrating

VillXo())
Z/e(TQ) e ZV“ ZEaﬂ> 1_[Ch2+lj(FU(j)) eJ(TX(J()))

where T ;) is the T—equivariant tangent space to Xg ;).

6.3 Descendent vertex

The descendent vertex WI{Z (tiy, - 7i, ) 1s obtained from the descendent weight
k
(6-3) we g, (Q) = / e(Tg)-e(—Vo)- [ [ chayi; (Fo- (1—1)(1 — 1) (1 —13))
j=1

taking values in (A7})ioc. By definition,

(6-4) W,g(fil' “Tiy) Z Wr;, - rzk(Q) qe(g)+|u| € Q(s1,52.53)(q)-
[QlesH!

6.4 Example

As an example, we calculate the descendent vertex
W{;), 2, o(Ti)
from the definitions.
Following the notation of Lemma 5, we have
For - (1=t)(1—12)(1 = 13) = (7 (1 = 1) (1 = 13).
Then, by Lemma 5 and (6-4),

Z W{;),@,@(ri)zz+i = Z Z W‘Ej(Qk)Zz-H

i=z—2 k=0i=-2

= (1—e%2)(1 —e"*3) exp (—zslqdi) [(1 4 g)G2ts3)/s1],
q
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The 7_, and t_; terms are included formally. The formulas for

P
Wiy,0,0(Tir - Tig)
are no more difficult.

Let [L] € H,(P3,7Z) be the class of a line. To calculate the T—equivariant descendent
series of P? in degree 1, we can use the determination of W{;) 5.5(T5):

k

3
(©5) Z5u(TTo0) <@ sl@.
j=1
Expansion of the T—contribution formula of Section 6.3 then immediately yields the

qualitative result that the descendent series (6-5) are rational in q:

k

Zg,s[L]( l_[ Ti(l)) € Qls1,52,53]®0 Q(q).

j=1

In the nonequivariant limit, the rationality provides evidence for Conjecture 1. How-
ever, we speculate, in the toric case, that rationality holds for all such T—equivariant
descendent series.

The descendent invariants for the theory of stable pairs appear much better behaved
than the descendents in DT theory. Because of the wandering points, the DT descendent
series corresponding to (6-5) — even in the nonequivariant case — contain significant
irrationalities. The Gromov—Witten descendent series also contain irrationalities. The
framework of the GW/DT correspondence for descendents was outlined in [10]. The
correspondence with the descendent theory of stable pairs remains to be fully explored.
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