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Orbifold quantum Riemann-Roch, Lefschetz and Serre

HSIAN-HUA TSENG

Given a vector bundle F' on a smooth Deligne-Mumford stack X and an invertible
multiplicative characteristic class ¢, we define orbifold Gromov—Witten invariants
of X twisted by F and c¢. We prove a “quantum Riemann—Roch theorem” (Theorem
4.2.1) which expresses the generating function of the twisted invariants in terms of
the generating function of the untwisted invariants. A quantum Lefschetz hyperplane
theorem is derived from this by specializing to genus zero. As an application, we
determine the relationship between genus—0 orbifold Gromov—Witten invariants of X’
and that of a complete intersection, under additional assumptions. This provides a
way to verify mirror symmetry predictions for some complete intersection orbifolds.

14N35; 53D45, 14C40

1 Introduction

Our main goal is to extend the quantum Riemann—Roch theorem of Coates—Givental [19]
in Gromov—Witten theory to the case of algebraic orbifold target spaces (ie smooth
Deligne—-Mumford stacks). As applications, we prove quantum Serre duality for
Deligne-Mumford stacks and a general form of quantum Lefschetz hyperplane theorem
for Deligne—Mumford stacks. Results leading towards mirror symmetry of complete
intersection orbifolds are also deduced as consequences.

1.1 Background: Gromov—Witten theory of stacks

We work over the field of complex numbers C. A Deligne—Mumford stack X is a
category fibered in groupoids which satisfies several rather complicated conditions. For
the precise definition and detailed discussions about properties of Deligne—-Mumford
stacks, we refer to Laumon—Moret-Bailly [44] and Vistoli [52]. It is known by Keel—
Mori [37] that a (separated) Deligne—Mumford stack &’ has a coarse moduli space X
which is in general an algebraic space. For any closed point x € X there is an étale
neighborhood U, — X of x such that the pullback U, xxy X is a stack of the form
[Vx/ T'x] with Vy affine and I’y a finite group. Thus one may view a Deligne-Mumford
stack as a geometric object locally a quotient of an affine scheme by a finite group, just
like one would view a scheme as a geometric object locally an affine scheme. This
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viewpoint is in analogy with the notion of orbifolds in differential geometry: A complex
orbifold is a topological space X together with a choice of an open neighborhood
Uy > x for each x € X, an open subset Vi C CP?, and a finite group T acting on Vi
such that Uy is homeomorphic to a quotient Vy/ 'y of Vy by a finite group 'y and
the collection {Uy, Vy, 'y }xex satisfies some compatibility conditions concerning
T"x —actions on overlaps.

In this paper we work with Deligne—Mumford stacks, but in view of the analogy
mentioned above, the term “orbifold” will also be used. By abuse of language, we will

treat the terms “orbifold” and “smooth Deligne-Mumford stack” as synonymous' .

Let X be a smooth Deligne—Mumford stack with projective coarse moduli space X .
The inertia stack 1 X := X xa _xxx,A X associated to X" plays an important role in
the theory of stacks. Locally at x € X, the inertia stack /X’ consists of connected com-
ponents labeled by conjugacy classes of elements g € I'y . Each connected component
is described locally as a quotient [V, / Cr,(g)], where VE C V, denotes the locus
fixed by g and Cr (g) C I'x denotes the centralizer of g. Objects in the category
underlying /X are pairs (x, g) with x an object in X and g € Auty(x). There is
a canonical projection ¢ from I X to X'. Also, I X contains X as the component
corresponding to choosing g to be the identity element in I'y. See Section 2.1 for
more details.

The construction of Gromov—Witten invariants as intersection numbers on the moduli
spaces of stables maps was generalized to symplectic orbifolds by Chen—Ruan [15]
and to Deligne—Mumford stacks by Abramovich—Graber—Vistoli [2; 3]. A summary of
the basics of Gromov—Witten theory for stacks will be given in Section 2. The ideas
central to their constructions are: (1) the domain curves C of stable maps C — X to a
stack can be orbicurves, ie they can have nontrivial stack structures at marked points
and nodes; (2) the stable maps C — X" are required to respect the stack structures of C
and X, ie they should be representable morphisms.

In this paper, we consider a variant of Gromov—Witten theory for stacks. Suppose that
X satisfies Assumption 2.5.9 below. Given a complex vector bundle F on X and
an invertible multiplicative characteristic class ¢(-) of complex vector bundles, we
define twisted orbifold Gromov—Witten invariants using these data. These twisted invari-
ants can be encoded in a generating function, called (¢, F)—twisted total descendant

IWe do not assume that a Deligne—Mumford stack has trivial generic stabilizers, unless otherwise
mentioned.
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Orbifold quantum Riemann—Roch, Lefschetz and Serre 3

potential of X', which is defined as follows:

D(c F)(t) =exp ( Z hg_l Z 1 /[M . d)]w ,n,d) A ( /\ Z evf(tk)il_’lk))

i=1k=0

Let us explain the notation in this definition. Integration in this formula is performed
over the weighted virtual fundamental class [./Wg,n(X ,d)]* in the moduli space
M g.n(X,d) of degree—d stable maps to X’ from genus—g orbicurves with sections
to all » marked gerbes. The cohomology classes t, € H*(IX,C) for k =0,1,2,...
are pulled back to the moduli space by the evaluation maps? ev;: M en(X.d)—>1X,
i =1,...,n. The classes J,- are the first Chern classes of the universal cotangent line’
bundles over the moduli spaces M ¢.n(X.d). The “twisting factor” ¢(Fyg , 4) is the
characteristic class ¢ applied to the virtual bundle Fy , 4 € K oM gn(X.d)), which
is constructed as follows: Consider the universal family of orbifold stable maps:

Con(X.d) ——> X

g
Mqgn(X,d).

By definition, f is a family of nodal orbicurves which are the source curves of the
orbifold stable maps, and the restrictions of ev to the fibers give rise the stable maps
which Mg (X, d) parametrizes. We put*

Fgnd = Rfx(ev* F) € K*(Mgu(X,d)).

Qd is an element in the Novikov ring Anoy (see Section 2.5.2), and #% is a formal
variable. Finally, D, r)(t) depends on (Zo, 1,73, ...) and we package them as t(z) =
Y k>0 k. (Although we denote it by D, r)(t), the descendant potential does not
depend on z.)

The “untwisted” total descendant potential Dy of X, which encodes usual orbifold
Gromov—Witten invariants, is defined by the defining equation of D ) with the
twisting factors ¢(Fy , 4) replaced by 1. Details of the definition of twisted orbifold
Gromov—Witten invariants will be given in Section 2.5.8.

2Due to presence of stack structures on the domain curves, the evaluation of stable maps at marked
points takes values in /X" (rather then &’). Note that X" is a component of /X'.

3These are the cotangent line of the underlying coarse curve, not the orbicurve. See Section 2.5.1 for
details.

41t follows from the results of [1] that the map f is a local complete intersection morphism. Therefore
the K —theoretic pushforward R fi of a bundle has a locally free resolution and thus defines an element in
the Grothendieck group K°. See Appendix B for more discussion on this.
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1.2 Main result: Orbifold quantum Riemann-Roch

The main result of this paper, the orbifold quantum Riemann—Roch theorem, expresses
the twisted orbifold Gromov—Witten invariants in terms of the usual invariants. To
state the result we need the following quantization formalism introduced into Gromov—
Witten theory in Givental [32]. Here we give a brief summary; see Section 3 for a
detailed treatment. Let H := H*(IX,C) be the cohomology (super-)space of the
inertia stack. The space H is equipped with the symmetric inner product (called the
orbifold Poincaré pairing)

(a,b)orb::/ anl*b, a,beH,
IX

where I is an involution on /X induced by the inversion g > g~ !, for all g €
Auty(x), x € X. Fix an additive basis {¢} of H and let {¢*} be the dual basis with
respect to ( , )om. Introduce the space H := H ® Ag{z,z~!} of convergent Laurent
series in z (see Section 3.1). Following Givental [32] and Coates—Givental [19], we
equip H with the Ag—valued even symplectic form

Q(f.g) :=Res;=o(f(=2).8(2)ow dz. f.g€H.

The Lagrangian polarization H = H4 & H—, with H4 = H ® Ag{z} and H- =
27V (H ® Ag{z™!}), identifies (H, Q) with the cotangent bundle 7*H ; see Sec-
tion 3.1. Let pk, qp, be Darboux coordinates of (H,€2) with respect to this polar-
ization, as introduced in Section 3.1. Put pg := }_, p;:qb“,qk = > ., 4q;¢v and
(p:= Zkzopk(_z)_k_l = Zkzoqkzk)~

Let chy(-) denote the degree 2k component of the Chern character. We may view
c(+) =exp(D_j sk chi(+)) as a family of characteristic classes depending on variables
s = (50.51,...). As s varies, the twisted descendent potentials D, r) define a family
Dy of elements in the Fock space’ of formal functions on H using the following
convention: For t(z) =ty +t1z + 152> +--- € H ® Ag{z}, we identify t with the
Darboux coordinates q € H ® Ag{z} via

q(z) = Ve(FO) (t(z) - 12),

where F(© is the vector bundle on 17X whose fiber at (x, g) € I X is the subspace of
F|x on which g acts with eigenvalue 1, and 1 € H*(/ X, C) is the unit cohomology
class of the principal component X C I X (see Section 2.1). Then put

Ds(q) := D(e,F) (D).

5See Section 3.1 for definition.
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Orbifold quantum Riemann—Roch, Lefschetz and Serre 5

In other words, D ) is now viewed as a function in go = v/¢(F Oz, g1 =
Ve(F©®) (19 —1) and g = Ve(F©)t;, k = 2. Note that Dy |sy=s,=-=0 = Dx.
We also need to define certain vector bundles on the inertia stack. The inertia stack is a
disjoint union
1x =[],
i€l

where 7 is an index set. For any (x, g) € X; let r; denote the order of the element
g € Auty(x). To a vector bundle F on X, define F; @ over A} to be the vector bundle
whose fiber F |(x g) at (x,g) € Aj is the subspace of F|x on which g acts with

eigenvalue exp (2w +/—1//r;). See Section 2.2 for more details. Also observe that
H*(IX,C)=;c;s H*(X;,C).

The following is the main result of this paper.

Theorem 1 (Orbifold quantum Riemann—Roch. See Theorem 4.2.1.)
Dy ~ ADx.

Here A: ‘H — H is the operator given by ordinary multiplication by

A=y [Tew( X Yo X 2 ety (00,

€T 0<I<ri—1k=0 m=0

and A is the differential operator obtained by quantizing A.

We now explain the ingredients in the theorem.

(1) The symbol = stands for “equal up to a scalar factor depending on s> which will
be explicitly described in Section 4; see Theorem 4.2.1.

(2) Here By, (x) are the Bernoulli polynomials defined by
e’ By (x)t™
el —1 Z m!
m=0
For example, By(x) =1, Bi(x) =x —1/2, By(x) = x> —x + 1/6.

(3) The operators on H defined as multiplication by chg 41—z, (Fi(l))zm_1 over the
component &; of I X turns out to be antisymmetric with respect to the form €2 and
thus define infinitesimal linear symplectic transformations on #; see Corollary 4.1.5.
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6 Hsian-Hua Tseng

The quantized operator A on the Fock space is defined as follows: The operator
log A

= % Z Sk Chk(F(O)) + Z Z Z Sk Z w Chk-l—l—m(Fi(l))zm_1

k>0 i€ 0<I<ri—1k>0 m=0

is infinitesimally symplectic. We define A= exp(lo/g\A), where lo/g\A is the differ-
ential operator defined by quantizing the quadratic Hamiltonians of log A following
the standard rule in Darboux coordinates:

(qaqp) =1""quqp. (Papp) :=10g,0q,. (qapp) = qadqy.

See Section 3.3 for more details on the quantization procedure.

Remark 1 (i) When the target space X is a manifold, A is simplified to

eXP(Z Z lZm()?)C k41— 2m(F)sz_l)-

k>0 m>0

Thus our main theorem recovers the quantum Riemann—Roch theorem of Coates—
Givental [19]. Their proof is based on the Grothendieck—Riemann—Roch (GRR) theorem
applied to a family of nodal curves and thus goes back to Mumford [48] and Faber—
Pandharipande [25]. Our proof of Theorem 1 relies on an appropriate generalization,
in the spirit of Kawasaki [36], of the GRR formula valid for morphisms between
Deligne—-Mumford stacks. This version of the GRR formula, explained in Appendix A,
is known to hold in algebraic context (it is a result of B Toen). It is tempting to extend
our results to almost Kéhler orbifolds, but we are unable to do so at the moment. The
case of almost Kéhler manifolds is treated in Appendix B of Coates [17].

(ii) The Bernoulli numbers Bj,,(0) arise naturally in the formula of Coates—Givental
due to the use of the GRR formula. Peculiarly, the values By, (//r) of the Bernoulli
polynomials featuring in our main result do not seem to arise in the generalization of
the GRR formula to the case of orbifolds. It would be interesting to have a conceptual
understanding of the presence of Bernoulli polynomials in our result.

Theorem 1 has some immediate consequences in genus zero. The genus zero (c, F)—
twisted descendant potential is defined as

Qd/ n oo —
FOo =) = c(Fond) A evi() vk ).
o nX,d: n gy AP

i=1k=0
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Orbifold quantum Riemann—Roch, Lefschetz and Serre 7

It is viewed as a element in the Fock space in the way described above. The genus
zero orbifold Gromov—Witten potential ]-'2( is defined by the above equation with
the twisting factor ¢(Fy , 4) replaced by 1. The graphs of the differentials of .7-"(0c F)
and -7:9( are two (formal germs of) Lagrangian submanifolds £y = L. r) and Lx of
the symplectic vector space H. Theorem 1 yields a relationship between these two
Lagrangian submanifold germs.

Corollary 1 (Corollary 4.2.3) Ls = ALy.

The genus 0 orbifold Gromov—Witten potential .7-'/.?( is known to satisfy three sets of
partial differential equations: the string equation (SE), the dilaton equation (DE) and
topological recursion relations (TRR); see Section 2.5.7. According to Givental [33,
Theorem 1], this is equivalent to the following property of the Lagrangian submanifold
germ Ly:

Property (x) Ly is the germ of a Lagrangian cone with the vertex at the origin and
such that its tangent spaces L are tangent to Ly exactly along zL . See (3.1.1.1) for its
precise meaning.

Property (x) is formulated in terms of the symplectic structure 2 and the operator of
multiplication by z. It does not depend on the choice of polarization. Therefore it is
invariant under the action of the twisted loop group, which consists of End(H*(I X))-
valued formal Laurent series M in z~! satisfying® M*(—z)M(z) = 1. One checks
that A defines an element in the twisted loop group. This yields the following corollary:

Corollary 2 The Lagrangian submanifold L satisfies Property (= ). In other words,
twisted orbifold Gromov—Witten invariants in genus zero satisty the axioms (TRR),
(SE) and (DE) of genus zero theory.

1.3 Applications of quantum Riemann-Roch

1.3.1 Quantum Serre duality Consider the orbifold Gromov—Witten theory twisted
by the dual vector bundle F and the dual class

¢¥(+) :=exp ( DDy chk(-)).

k=0

Theorem 1 implies the following “quantum Serre duality”.

6Here * denotes the adjoint with respect to (-, )orb -
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8 Hsian-Hua Tseng

Corollary 3 (Theorem 6.1.1) Let t¥(z) = ¢(F)t(z) + (1 —¢(F))z. Then we have

D(CV,FV) (tv) ~ D(C,F) (t)

See Theorem 6.1.1 for the precise s—dependent scalar factor.

We may equip the bundle F with an C*—action given by scaling the fibers. We are also
interested in the special case of twisting by the equivariant Euler class e( - ) with respect
to this C*—action. Let the dual bundle F be equipped with the dual C*-action and
let e~ 1(-) be the inverse C*—equivariant Euler class.

Let M: H*(IX) — H*(IX) be the operator defined as follows: On the cohomology
H*(X;) of a component X; C IX', M is defined to be multiplication by the number
(—1)~2eeF)+A/)rank F™ " gee Section 6.2 for more details, including definitions of
age(F;), (¢* F)'™, and Fov,

Put t*(z) = z 4 (— 1)1/ k@ F)™ 310 F)(t(z) — 1z) and define a change
0: 0% /=D PD  0d e Ay,

in the Novikov ring. The following proposition is deduced from Corollary 3.

Proposition 1 (Proposition 6.2.1)
,D(e_1 ,FV) (t*» 0) ~ D(e,F) (t,©0).
See Proposition 6.2.1 for the precise constant factor.

1.3.2 Quantum Lefschetz Again we consider the C*—action on the bundle F given
by scaling the fibers. Let A denote the equivariant parameter. We now consider the
genus zero theory of the special case of twisting by C*—equivariant Euler class e of
this action. We assume that F is pulled back from the coarse moduli space X . In this
situation, the operator A is closely related to asymptotics of the Gamma function:

N

Am— T /we(—x+(x+q*pi)lnx)/zdx,
Ve(F);_ V2nz Jo

where pyq,..., py are Chern roots of F'.

The intersection of £y with the affine subspace —z+zH_ defines a function Jy (¢, —z)
called the J—function: For t € H*(1X), define

Jx(t,—z) = -2+t +dgFolqmr—z-

See Definition 3.1.2 for more explanation.
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Orbifold quantum Riemann—Roch, Lefschetz and Serre 9

Theorem 2 (Theorem 5.1.6) Let F be a vector bundle which is a direct sum of line
bundles pulled back from the coarse moduli space X . Let py, ..., pn be the Chern
roots of F. Let a formal function I(¢,z) of t € H be given as in Definition 5.1.4. Then
the family

t—I(t,—z), teH
lies on the cone L, . In view of Property (x ), the cone L, ) is determined by this
family.

This is an abstract form of the quantum Lefschetz hyperplane theorem for Deligne—
Mumford stacks, which generalizes previous results for varieties (see Givental [31],
Bertram [11], Lee [45], Gathmann [28], Coates—Givental [19] and Lian—Liu—Yau [46]).

1.3.3 Remark The formal function /(¢, z) may also be written as

L 7 S e I+ Gt p) Inx )
(I, Z) - l_[ fOOO e(x—()»'i‘fI*Pi)lnx)/zdx

i=1
where the integrals are interpreted as their stationary phase asymptotics as z — 0. To
see this, first rewrite Jx in the above equation using the string and divisor equations,
then use integration by parts.

1.4 Towards a mirror theorem for orbifolds

Many examples of Calabi—Yau varieties in the mathematics and physics literatures
are constructed as complete intersections in toric varieties, and many of them have
quotient singularities. In dimension at most three, one may avoid dealing with singular
Calabi—Yaus by taking crepant resolutions. In higher dimensions, this is not possible
in general since crepant resolutions may not exist. Therefore it is desirable to work
directly with varieties with quotient singularities. The structure of quotient singularities
on varieties is naturally described via Deligne—Mumford stacks.

A motivation to introduce twisted Gromov—Witten invariants is to compute Gromov—
Witten invariants of complete intersections and verify predictions from mirror symmetry
of Calabi—Yau manifolds (for example quintic threefolds in P#). This approach first
appeared in the work of Kontsevich [40]. Ever since the formulation of the quantum
Lefschetz hyperplane principle (see eg Givental [29], Kim [38] and Lee [45]), the
verification of mirror symmetry predictions for complete intersections has been divided
into two independent parts:

(1) Compute Gromov—Witten invariants for the ambient spaces.

(2) Understand relationships between Gromov—Witten invariants of the complete
intersections and those of the ambient spaces.

Geometry & Topology, Volume 14 (2010)
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One motivation of the present paper is to prove mirror symmetry predictions for
orbifolds using this approach. The quantum Lefschetz hyperplane theorem proved in
this paper establishes part (2) for orbifold target spaces under additional assumptions.
A more useful version of the quantum Lefschetz theorem for orbifolds is proven by
Coates et al [18]. So far, works on part (1) have been most successful in the case of
toric varieties. The toric mirror construction (see for instance Cox—Katz [22]) applied to
a toric orbifold & yields conjectural mirror pairs of Calabi—Yau orbifolds as complete
intersections in toric orbifolds. Under additional convexity assumptions, some twisted
orbifold Gromov—Witten invariants are related to orbifold Gromov—Witten invariants
of the complete intersections. Thus our quantum Lefschetz hyperplane theorem gives
relations between genus—0 orbifold Gromov—Witten invariants of those Calabi—Yau
orbifolds and the invariants of the ambient toric orbifolds; see Corollary 5.2.6. Once the
orbifold Gromov—Witten invariants of toric orbifolds are computed (ie part (1) is settled),
our result yields information about genus—0 orbifold Gromov—Witten invariants of the
Calabi—Yau complete intersection orbifolds. This will eventually lead to verifications of
mirror symmetry prediction for toric complete intersection orbifolds. Using the results
of [18], the case of complete intersections in weighted projective spaces is treated in
Coates et al [21]. We hope to return to other cases in the future.

1.5 Plan of the paper

The rest of the paper is organized as follows. Section 2 and Section 3 contain most
of the preparatory materials. In Section 2 we present some definitions and properties
used throughout this paper. Sections 2.1 and 2.2 contain discussions on important
notions of stacks needed in this paper. Properties of orbifold cohomology are reviewed
in Section 2.3. Section 2.4 is devoted to the moduli spaces of orbifold stable maps,
on which orbifold Gromov—Witten theory is based. In Section 2.5 we review the
orbifold Gromov—Witten theory constructed by Chen and Ruan [15] and Abramovich,
Graber and Vistoli [2; 3]. We introduce the twisted orbifold Gromov—Witten invariants
in Section 2.5.8. In Section 3 we explain how Givental’s symplectic vector space
formalism [32; 33] can be applied to twisted and untwisted orbifold Gromov—Witten
theory. In Section 4 we state the orbifold quantum Riemann—Roch theorem (Theorem
4.2.1). This is used to derive the quantum Lefschetz hyperplane principle in Sections 5.1
and 5.2. Orbifold quantum Serre duality is proved in Section 6. Section 7 contains
a proof of Theorem 4.2.1. We discuss a Grothendieck—Riemann—Roch formula for
Deligne—Mumford stacks in Appendix A. Appendix B concerns properties of the
virtual bundle Fg , ;. Some calculation concerning the quantized operators are given
in Appendices C and D. In Appendix E we present a proof of the topological recursion
relation for genus 0 orbifold Gromov—Witten theory.
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2 Orbifolds and their Gromov—Witten theory

In this section, we present some definitions, notation and properties which we use
throughout.

2.1 Orbifolds

Throughout this paper, let X’ be a proper smooth Deligne-Mumford stack over the
complex numbers C with projective coarse moduli space X . In this section, we discuss
some general properties of X and fix notation throughout.

A friendly introduction to basic notions of stacks can be found in Fantechi [26]. For
comprehensive introductions to rigorous foundation of stacks the reader may consult
Edidin [23] and the Appendix of Vistoli [52]. A very detailed treatment of the theory of
algebraic stacks can be found in Laumon—Moret-Bailly [44] (see also the forthcoming
book Behrend et al [7]). The geometry of a stack of the form [M/G] with M a scheme
and G an algebraic group is essentially equivalent to the equivariant geometry of M
with respect to the G —action. Since almost all stacks we treat in this paper are of this
form, keeping this interpretation in mind may help the readers unfamiliar with stacks
understand this paper.

Recall that a morphism f: X — ) of stacks is called representable if for every
morphism g : § — Y from a scheme S, the fiber product S X4 y ¢ X is a scheme. In
particular, any morphism from a scheme to a stack is representable.

To a Deligne—-Mumford stack X we can associate a coarse moduli space X which
is in general an algebraic space [37]. For a morphism X — ) of stacks, there is an
induced morphism X — Y between their coarse moduli spaces.

Geometry & Topology, Volume 14 (2010)



12 Hsian-Hua Tseng

We now introduce the inertia stack associated to a stack &X', which plays a central role
in Gromov—Witten theory for stacks.

2.1.1 Definition Let X be a Deligne—-Mumford stack. The inertia stack / X" associated
to X is defined to be the fiber product

IX =X XA xxx,A X,

where A: X — X' x X is the diagonal morphism. The objects in the category underlying
I X can be described as follows:
Ob(/X) ={(x,g) | x € Ob(X), g € Auty(x)}
={(x, H,g)| x € Ob(X), H C Auty(x), g a generator of H}.

2.1.2 Remark (i) For a stack X over C, I X is isomorphic to the stack of repre-
sentable morphisms from a constant cyclotomic gerbe to X:

(2.1.2.1) IX ~ ]_[ HomRep(Bp,, X).
reN
At the level of objects, this means

Ob(/X) ={(x, H, x) | x € Ob(X),

H C Aut(x), x: H — p, an isomorphism for some r}.
Since we work over C we will from now identify w, as the subgroup of C* of
r—th roots of 1, and fix a generator u, := exp(2w+/—1/r) of u,. In doing so, the
identification (2.1.2.1) can be described as follows. An object (x, g) of IX over a

scheme § is identified with a representable morphism S x Bu, — X such that the
image is x and the induced group homomorphism w, — Auty(x) takes u, to g.

This description of X will also be used. For more details, see Abramovich—Graber—
Vistoli [2, Section 4.4; 3, Section 3.2].

(i) There is a natural projection ¢: /X — X . On objects we have ¢((x, g)) = x.

An important observation is that the inertia stack /X is in general not connected (unless
X is a connected algebraic space). We write

12(:]_[2@

i€l
for the decomposition of I X into a disjoint union of connected components. Here Z
is an index set. Among all components there is a distinguished one (indexed by 0 € 7)

Xo :={(x,id) | x € Ob(X), id € Aut(x) is the identity element},

which is isomorphic to X.

Geometry & Topology, Volume 14 (2010)
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There is a natural involution I: IX — I X defined by interchanging the factors of
X X xxx X. On objects we have I((x, g)) = (x, g~ "). The restriction of I to X; is
denoted by I;. The map I; is an isomorphism between X; and another component
which we denote by &;:. It is clear that Xl. ;1 = Xj;. Also, the restriction of I to the
distinguished component X is the identity map Xy — Xjp.

There is a locally constant function ord: /X — Z defined by sending (x, g) to the
order of g in Auty(x). Let r; denote its value on the connected component ;. Note
that r;1 = r;. If we view I X' as in Remark 2.1.2 (i), it is easy to see that the value of
ord at [Bu, — X]is r.

2.1.3 Example Let X be of the form [M/G] with M a smooth variety and G a
finite group. We can take the index set Z to be the set {(g) | g € G} of conjugacy
classes of G'. In this case the centralizer Cg(g) acts on the locus M8 of g—fixed
points. For the conjugacy class (g) we have the component

Xg) =[M¥/Cg(g)].

and the distinguished component is [M'¢/Cg(id)] = [M/G]. The morphism I, (g) 18
an isomorphism between X(4) and X(,-1y. In our notation, (e)f = (g71). Also, the
value of the function ord on the component [M & /Cg(g)] is the order of the element
ginG.

2.2 Vector bundles on orbifolds

Let F be a vector bundle on X'. When we view X as a geometric object locally a
quotient of an affine scheme by a finite group, we may view F' as an object on X
locally an equivariant vector bundle on an affine scheme. In this section we discuss
some properties of the pullback bundle ¢* F, which is a vector bundle on the inertia
stack 1X.

Denote by (¢* F); the restriction to &; of the pullback of F,ie (¢*F); :=q* F|x;.
At a point (x, g) € A}, the fiber of (¢* F); admits an action of g, and is accordingly
decomposed into a direct sum of eigenspaces of the g—action. This gives a global
decomposition (see Toen [50]),

— U]

0<l<r;

where Fi(l) is the eigen-subbundle with eigenvalue ¢ L_ and §,, = exp(2nv/—1/r;)
is a primitive r;—th root of unity. We make the convention that 0 </ < r;. Define
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(q* F)™ .= Fl.(o). Denote by ¢* F'™ the bundle over /X whose restriction to A; is
(g F)™
P
The following result addresses compatibility of the decomposition of (¢* F); with
pulling back by the involution /;: &; — X;r.
221 Lemma (1) IX(F5 ) =F" foro<i<r.
)y _ (0
() Il.*(Fl., )=F;".

Proof We verify (1). Let S be a scheme and (x, g~!) an S—valued point of X;;.
Denote by X: S — X the morphism corresponding to (x, g~ '). Then the S-valued
point (x, g) of X; corresponds to the morphism /;7 o X: § — A&j.

Since Fl'(lri_l)l(x,g_l) =5 (,FL'(”_I)) is the sulzlr)p_rll()ile of Fir|(x g1y := X* F on which
g~ ! acts with eigenvalue {r; ', g actson Fl.,’ |(x,g—1) with eigenvalue {il_. Also,

i—! . ~ i—l ~ i—l L il
I ET Mg = U o D LHET™D) = 7 (FTD) = FG ) g1y

So (Il.*(Fl.(;" _l)))L(x,g) is the subbundle of X* F on which g acts with eigenvalue

di, which is Fl.(l l(x,g) i= (U;1 oy’E)*(Fi(l)). Hence Ii*(Fl.(,""_l)) C Fl.(l). The same

argument proves Ii*l (Fl.(l)) C Fl.(,rf_l). Since I;1 o I; is the identity map, we find
/ / i—1 i—1 /

FO=r 15 (Fy 1 (F0). Thus 1:(FG ") = FP.

A similar argument proves (2). O

We can describe the vector bundles Fl.(l) using the identification (2.1.2.1). Each
component &; of I X can be viewed as the moduli stack of representable morphisms

from constant ., —gerbes to X’. Hence there is a universal family over X;:

Xi X By, P x

!

X
Let y: X; — X; X Buy; be the morphism such that the map X; — A; to the first factor
is the identity and the map X; — Bu,,; to the second factor’ corresponds to the trivial
{tr; —bundle over X;. The pullback p* F admits an action of u,, . Let (p* F)® be the
eigen sub-bundle of p* F on which u,, acts with eigenvalue { ﬁi . Then® we have

(2.2.1.1) y*(p*F)P) = FD.

In other words, the map X; — By, to the second factor is the composition &; — Spec C — By,
where X; — Spec C is the constant map and Spec C — B, is the atlas of By, .

8Note that the bundle (p* F )(l ) over X X Buy; can be viewed as a bundle over X; with a pi,; —action.
In this point of view pulling back by y simply forgets the p,; —action.
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2.3 Orbifold cohomology and orbifold cup product

In this section we collect some facts about orbifold cohomology which we will use.

2.3.1 Definition Following Chen—Ruan [16], the cohomology H*(IX, C) of the
inertia stack is called the orbifold cohomology.

2.3.2 Remark In general, the cohomology with rational coefficients of a stack can
be defined as the (singular) cohomology of a geometric realization of the simplicial
scheme associated to this stack. For our purpose we define the cohomology of a
Deligne-Mumford stack as the (singular) cohomology of its coarse moduli space. In
our setting these two definitions are equivalent. See Abramovich—Graber—Vistoli [3,
Section 2.2], for a detailed discussion.

Grading on orbifold cohomology According to Chen—Ruan [16] (see also Abramo-
vich—Graber—Vistoli [2; 3]), the orbifold cohomology

H*(I1X.C) =P H*(x;.C)
ieT
is equipped with a grading different from the usual one. This grading is explained
below.

2.3.3 Definition For each component X; of X, the age age(X;) is defined as
follows: Let (x, g) € X;. The tangent space TxX is decomposed into a direct sum
Do<i< r v of elgenspaces according to the g—action, where VO s the eigenspace
with eigenvalue {, ,0=<[/<r;,and {, =exp(2m V—=1(1/r;)). The age is defined to
be

1
age(X;) := = Z [-dimc V.
! 0<l<r;

It is easy to see that this definition is independent of choices of (x, g) € Xj.
The following lemma follows directly from the definition.

2.3.4 Lemma [16, Lemma 3.2.1]
age(X;) + age(&X;r) = dimc X —dimc A;.

2.3.5 Definition The orbifold degree of a class a € H*(Xj, C) is defined to be
orbdeg(a) := deg(a) + 2 age(X;).

The orbifold degree gives a grading on H*(I X, C) different from the usual one.
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Orbifold Poincaré pairing Following [16, Section 3.3], the orbifold Poincaré pairing
(2 on: H*(IX,C)yx H*(I1X,C) — C

is defined as follows: For a € H*(X;,C),b € H*(X;1,C), define
(a,b)ors ::/ a/\li*b,
X.

where [ x; stands for the pushforward map H *(X;,C) - H*(Spec C,C) ~ C. For
other choices of classes a, b supported on components of /X the pairing (a, b)omp is
defined to be 0. Obviously this definition extends linearly to a pairing on H*(I X, C).

The orbifold Poincaré pairing pairs cohomology classes from a component &; with
classes from the isomorphic component X, . The fact that it is a nondegenerate pairing
follows from the fact that the usual Poincaré pairing on H*(&j, C) is nondegenerate.

2.3.6 Definition In what follows we often fix a homogeneous additive basis {¢q} of
H*(IX,C) such that each ¢ is supported on one component X; of 1X. We denote
by {¢%} the dual basis under orbifold Poincaré pairing.

Orbifold cup product On H*(IX,C) there is a product structure, defined in [16;
2], called the orbifold cup product (or Chen—Ruan cup product), which is different
from the ordinary cup product on H*(IX,C).

2.3.7 Definition For a,b € H*(IX, C), their orbifold cup product a- oy, b is defined
as follows: For c € H*(I1X,C),

(@ -orb b, Corb = <av b, C>0,3,0 )

where the right side is defined in Section 2.5.2.

Together with the grading by orbifold degrees, (H*(IX,C), o ) is a graded C—
algebra with unit 1 € H°(X).

In the following special case, we can compare the orbifold cup product with the ordinary
cup product of H*(1X,C).

2.3.8 Lemma Fora € H*(X,C) and b € H*(X;,C), the orbifold cup product
a-orp b is equal to the ordinary product ¢*a-b in H*(IX,C).
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Proof Using the identification
Mo3(X,0:i,iT,0) ~ X; x By, X By,

described in Remark 2.4.3 below, we find that a -o, b € H*(X;,C). For ¢ €
H*(X;1,C), by Definition 2.3.7 we have

(@ orb b, C)orb =/ qta-b-I'c.

X

On the other hand, by definition of the orbifold Poincaré pairing we have
(q*a-b,c)op = / (qFa-b)-Ijc.
Xi

We conclude by the nondegeneracy of the pairing (, )orb- m|

2.4 Moduli of orbifold stable maps

In this section we discuss some properties of the moduli stacks of orbifold stable maps.
We also set up notation used throughout the paper.

Let M ¢.n (X, d) be the moduli stack of n—pointed genus g orbifold stable maps to
X of degree d with sections to all gerbes [2, Section 4.5]. The stack My (X, d)
parametrizes the following objects:

C.(zih) —— x

Tv
where

(1) C/T is a prestable genus g balanced nodal orbicurve®,

(2) fori =1,...,n,the substack X; C C is an étale cyclotomic gerbe over 7 with
a section (hence a trivialization), and

(3) f§ isarepresentable morphism whose induced map between coarse moduli spaces
is a n—pointed genus g stable map of degree f«[C] = d € Eff(X). (The object
Eff(X) is defined in Definition 2.5.4 below. See Abramovich—Graber—Vistoli [3,
Section 2.2] for the definition of f.)

9n [4; 2], this is called a balanced twisted curve.
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A precise definition of balanced nodal orbicurves can be found in [4; 2]. The key idea
is that an orbicurve is not a curve but a “stacky” version of curve: Nontrivial stack
structures occur only at marked points or nodes. Etale locally near a marked point, an
orbicurve over Spec C is isomorphic to the quotient [Spec C[z]/ ] for some r, where
the cyclic group u, acts on Spec C|z] via z — £z, & € u,. Etale locally near a node,
an orbicurve over Spec C is isomorphic to the quotient [Spec(Cl[x, y]/(xy))/ur] for
some r, where i, acts on Spec(C[x, y]/(xy)) via x > &x, y > E Ly £ € pu,.

An étale cyclotomic gerbe over 7' with a section is identified (via the trivialization
given by the section) with T x Bu,, where Bu, >~ [Spec C/u,] is the classifying
stack associated to the finite group .

2.4.1 Remark In [4; 2; 3], orbifold stable maps are called twisted stable maps. Since
the word “twisted” is used in a different context in this paper, we use the term “orbifold
stable maps” instead.

For each i = 1,...,n there is an evaluation map ev;: /\7lg,,,(X, d) — IX defined
as follows: ev; sends an object f: (C,{%;}) = & to f|x,: ¥; — X. Since f|x, isa
map from a constant cyclotomic gerbe 7" x Bu, to X, f|x, is an object in /X" by the
description of /X" in Remark 2.1.2 (i). We obtain a morphism ev;: /\7lg,n (X, d)y—1X.

The stack M ¢.n(X ., d) can be decomposed according to images of the evaluation maps.
Define

n
Mg,,,(/'\,’,d;il, ey dp) = evl_l(/'\,’,-l) ﬂ---ﬂeV;I(Xin) = ﬂ evj_l(Xij).
j=1
We have

I15eeey in€l
This decomposition according to images of the evaluation maps will be important for
us: later on in our computations we will need explicit control on stack structures at the
marked points.

The universal family over the moduli stack M ¢.n(X,d) also admits a modular de-
scription. Let

Mg,n—}-l(Xv d)/ = eV;il(XO) - -A7lg,n+1(Xv d)

denote the open-and-closed substack consisting of orbifold stable maps with trivial
stack structure on the (7 + 1)—st marked point. According to [4, Corollary 9.1.3], there
is a morphism

e Mg,n—H(X, d)/ - Mg,n(X, d)
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which forgets the (1 4+ 1)—st marked point. Moreover, f exhibits M ent+1(X.d)
as the universal family over ./\7lg,n (X,d), and evy,41: /\7lg,n+1(X, d) — Xy~ X is
the universal orbifold stable map. Similarly, the universal family over the substack
Mgn(X.,d;iy, ... in) is

Mg ni1(X,dsiy, ... in,0) = Mg n(X,d3 iy, ..., in).

2.4.2 Remark There is another moduli stack Cg ,(X,d) studied in [4], which
parametrizes orbifold stable maps without trivializing the gerbes. Over Kg (X, d)
there are n universal gerbes G, 1 < j <n, corresponding to the marked points, and
the fiber product over Kg (X, d) of these gerbes is Mg (X, d) [2, Section 4.5]. We
will not use this stack g (X, d) to construct orbifold Gromov—Witten theory.

2.4.3 Remark We discuss briefly the special case (g,n,d) = (0,3,0). According
to [2, Section 6.2], the evaluation maps of Ko 3(X,0) can be taken to have target
IX. Moreover, by [14, Lemma 7.7], Ko 3(X, 0)’ is isomorphic to /X . See also the
proof of [3, Proposition 8.2.1]. Under this isomorphism, ev; is identified with the
identity map IX — I X, ev, is identified with I: IX — I X, and evjs is identified
with g: IX — X. The space /\710,3(2\,’,0;1'1,1'2,0) is empty if iy # iII. We have an
isomorphism
Mo3(X,0:4,iT,0) ~ X; x By, x Buy,.

2.4.4 Marked points and nodes The marked points define divisors in the universal
family Mg ,11(X,d) . Let

Dj C Mg,n+1(X’ d)/

be the j—th universal gerbe over M ¢.n(X,d). By definition, D; is the pullback to
/\7lg,n (X, d) of the gerbe &; over Ky (X, d). Since /\7lg,,, (X, d) is the fiber product
of all the &;’s, the pullback gerbe D; admits a canonical section and is thus trivialized
by this section. So for each 1 < j <n there is a section /\7lg’,, (X,d)— /\7lg’,,+1 (x,dy
corresponding to the j—th marked point. The image of this section is D; .

The identification of M g.n+1(X,d)" as the universal family over M g.n (X, d) implies
that D; can be described as a moduli space parametrizing maps f: (C, {Z;}) — X with
the following property: the domain has a distinguished balanced node X C C separating
two parts Co and C; . The marked points 3; and ¥, lie on C; and the other marked
points lie on Cy. flc,: (Co, {Xi}ij nt+1.2) — X is an n—pointed orbifold stable map
of genus g and degree d, and f|¢,: (C1, X, X, X,41) — & is a 3—pointed orbifold
stable map of genus 0 and degree 0.

PUt Dja(ila'"’in) = Dj m Mg,n“l‘l (‘X’ d; ll LICICCE] in, 0)'
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Dj (iy,....in) 18 the j—th universal gerbe over ./\7lg,,, (X,d;iy,...,in), which according
to the discussion above is canonically trivialized. We have that D; ¢, ... ;,) 18 iso-
morphic to Mg ,(X,d;iy,... i) X Burij . Under this isomorphism, f|pj’(,.l

coincides with the projection to the first factor.

Let ZC M g.n+1(X, d)" be the locus of nodes in the universal family. Z is a disjoint
union

Z— Zirr ]_[ Zred,

where Z' is the locus of nonseparating nodes and Z™¢ is the locus of separating
nodes. Z is of virtual codimension two in Mg ,41(X,d)’, and is a cyclotomic gerbe
over f(2).

There is a locally constant function ord: Z — Z defined by assigning to a node the
order of its automorphism group: If a node is locally the quotient [U/u,] where U is
the curve xy = ¢ and the cyclic group p, of order r acts via (x, y) — ({x, {7 1y),
for all ¢ € u,, then ord sends this node to the integer r .

Let Z, :=ord”!(r) C Z. Define
Z(iy i) = EN Mg ny1(X. iy, ... g, 0),
2y Giyoin) = Zr MMy 1 (X, d5 i1, .. in, 0).
The substacks
Zir Zred Zim zred ) C Mg ni1 (X, dsiy, ... i, 0)

(ila-“ain)’ (ila"'ain)’ r!(ila-“ain)’ ry(ils"'sin

are similarly defined.

2.4.5 Stable maps to the coarse moduli space Let M ¢.n(X, d) be the moduli stack
of n—pointed genus g stable maps of degree d to the coarse moduli space X . The
universal family over /\7lg,n (X,d) is Mg,,hq (X,d)— Mg,n (X, d); see for example
Behrend—Manin [10, Corollary 4.6]. There is a morphism

Tn: Mg n(X,d) — Mg (X, d),

which sends an orbifold stable map to its induced stable map between coarse moduli
spaces [4, Theorem 1.4.1].

2.5 Orbifold Gromov-Witten theory

In this section we describe the Gromov—Witten theory for Deligne—-Mumford stacks fol-
lowing Abramovich—Graber—Vistoli [2], which is based on the stacks M ,, (X, d). We
refer the reader to Cadman [14] and Abramovich—Graber—Vistoli [3] for a construction
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of orbifold Gromov—Witten theory based on the stacks Ky ,, (X, d) (see Remark 2.4.2).
Both constructions yield the same orbifold Gromov—Witten invariants. The intersection
theory for algebraic stacks needed here can be found in Vistoli [52] and Kresch [41]
(which has already been used to construct Gromov—Witten theory for varieties).

2.5.1 Virtual fundamental classes and descendants The stack M en(X.d) ad-
mits a perfect obstruction theory relative to the Artin stack of prestable pointed orbi-

curves [2, Section 4.6]. This obstruction theory is given by the object (R®fxev? g I'x )Y

in the derived category D(Coh(M gn(X.d))). Results in [8; 5] apply to yield a virtual
fundamental class

[Mgn(X, )" € He(Mgn(X,d), Q).

The virtual fundamental class [M en(X.,d; iy, ..., in)]"" may be obtained by restriction.
As observed in [2], we need to use a weighted virtual fundamental class [Mg , (X, d)]¥
defined as follows: the restriction of [J\7lg,n (X,d)]” to ./\7lg,n (X,d;iq,...,in), which
we denote by [./\7lg,n(X, d;iq,...,in)]", is defined by

n
[Mg,n(X, da lla sy ll’l)]w = ( 1_[ rl,)[ﬂg,n(xa d? ll? ceey in)]Vir‘

j=1
We refer to [2, Section 4.6] for more details.

We now define the descendant classes. For each i = 1,...,n, the universal family
Mg nt1(X,d) = Mg (X, d) has a section

0j. Mg,n(Xa d) — Mg,n—i—l(X, d),

which corresponds to the i —th marked point (note that here we consider the moduli stack

of stable maps to the coarse moduli space X ). Recall that the i —th tautological line bun-

gle is defined to be the pullback of the relative dualizing sheaf @ Meni1 (X.d)) Mg.n(Xod)
y Oi,

Li = O—i*a)/vlg.n—i-l(Xad)/-/vlg.n(X,d)'
See for example Manin [47]. Let ¥; = ¢1(L;) and

Vi = mpyi € H* (Mg (X, d), Q).

These v; are the descendant classes of M ¢.n (X, d). Note that our choice of descendant
classes differs from those of Chen—Ruan [15] by constants.
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2.5.2 Untwisted theory We are now ready to define the invariants, following [15; 2].
Letaj € HP/ (X};,C), j=1,...,n becohomology classes and k1, ..., k, nonnegative
integers. We define the descendant orbifold Gromov—Witten invariants to be

—k -k .
(alw Loany n)g,n,d = /_

s B
o (i (evian Yy - (evian)ykn.
gn(X,dsiy,....in

The notation f[ Mgn (X sdsitsonesip)]? stands for capping with the virtual fundamental
class [Mg n(X,d; i1,....in)]Y followed by pushing forward to Spec C. The symbol
(-+*)g,n,a 1s by definition multilinear in its entries.

The invariant {a;y*1, ... ,anl/_/k")g’n,d is zero unless

1
(2.5.2.1) E(orbdeg(al) +---+orbdeg(an)) + ki1 +---+ kn

=(1—g)(dimc X —-3)+n+ L c1(Ty),

where orbdeg(a;j) = p; + 2age(&j;) is the orbifold degree defined in Section 2.3.
This follows from the formula for virtual dimension of M en(X,d;iy, ... i), which
follows from [3, Theorem 7.2.1].

2.5.3 Remark The cohomology H*(IX,C) is viewed as a super vector space. For
simplicity we systematically ignore the signs that may come out. It is straightforward
to include the signs in our results (cf [19]).

We can form generating functions to encode these invariants.
2.5.4 Definition Let t=1t(z) =19+ 11z + 122 +--- € H*(I1X)[z]. Define
(t o gmd =)t D)gma = D (V. 1, Vg ma
ki,....,kn=0

The total descendant potential is defined to be

Da(t) :=exp ( 2. hg‘lféi(t)),

g20
g o
where Fo= > =it
n>0,d €Eff(X)

Here # is a formal variable, and Qd is an element of the Novikov ring Aoy Which is
a completion of the group ring C[Eff(X)] of the semigroup Eff(X’) of effective curve
classes (ie classes in Hp (X, Q) represented by images of representable maps from
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complete stacky curves to X’'). The completion is done with respect to an additive

valuation
v( Z chd) :rnincd#()/d(zl(L)

d €Eff(X)
defined by the ample polarization L of the coarse moduli space X which we choose
once and for all.

F ;‘,; (t) is called the genus—g descendant potential. It is regarded as a Anoy—valued
formal power series in the variables 7} where

= Zz;gqsa e H*(IX,C), k=>0.
o

2.5.5 Remark Following the treatment in [3, Section 2.2], the homology group
H, (X, Q) with rational coefficients is defined to be the homology group H, (X, Q)
of the coarse moduli space X . For this reason degree of effective curve classes in X’
are identified with degrees of effective curve classes in X, and we will use the term
interchangeably.

2.5.6 Lemma (cf[17, Lemma 1.3.1]) Dy is well-defined as a formal power series
in the variables 1)} taking values in Anov[[#, A1)

Proof We follows the argument of [17, Lemma 1.3.1], which treats the manifold case.
First of all, the expression

(2.5.6.1) > e FR()

g=0
is well-defined as a formal power series in 7 taking values in Anoy[[7, h~1]. We define
the degree of a monomial 78~ Q4 [Ti<i<n (l,?i" )/i tobe the triple (g—1, 3" <;<p, Ji-d)-
The coefficient of a monomial of degree (a, b, ¢) that occurs in (2.5.6.1) is a (nonzero)

orbifold Gromov—Witten invariant coming from the moduli space M a+1,6(X,c). One
observes that

(1) since Ma_l’_l’b (X, ¢) is finite dimensional, in each degree only finitely many
monomials can occur in (2.5.6.1),

(2) since MO,O(X ,0) and /\711,0(/'\,’ ,0) are empty, if a monomial of degree (a, b, 0)
occurs in (2.5.6.1), then at least one of @ and b is strictly positive.

Now, a monomial of degree (a, b, ¢) occurs in Dy = exp(zg20 h8 _1.7-";% (t)) only if
there are monomials of degrees (a1, b1,¢1),...,(an,bn,cn) in (2.5.6.1) such that

ai+---+ay =a, b1_|_..._|_bN:b, ci+--+cey=c.

Geometry & Topology, Volume 14 (2010)



24 Hsian-Hua Tseng

By the observations above, there are only finitely many choices of {(a;, b;, ¢;)}. The
result follows. a

We remark that the orbifold Gromov—Witten theory considered here differs slightly
from those in [15; 2]: we work with algebraic stacks while [15] works with symplectic
orbifolds. But unlike [2], we work with cohomology instead of Chow ring. One
reason for this is that Poincaré duality holds for cohomology, but not for Chow rings in
general. A definition of cohomological orbifold Gromov—Witten invariants of Deligne—
Mumford stacks using the moduli stack g (X, d) can be found in [3]. This definition
is equivalent to ours.

2.5.7 Universal equations in orbifold Gromov-Witten theory The Gromov-—

Witten invariants for varieties are known to satisfy four sets of universal equations'?:

string equation (SE), divisor equation (DIV), dilaton equation (DE), and topological
recursion relations (TRR). One may find the precise forms of these equations in for
instance [47]. The proof of these equations is based on comparisons of descendant
classes on various moduli spaces related by forgetful maps. These four sets of equations
hold in orbifold Gromov—Witten theory as well, and they take the same form as those
in Gromov—Witten theory for varieties. More precisely, we have:

e String equation:

n

Tk Tk Tk Tki—1 Tk
(aﬁ/’ L any nvl)g,n+1,d =Z(a1¢ 1,---,aj1/’ T an n)g,n,d
Jj=1

« Divisor equation: For y € H*(X,C),
(aﬂzkl» cee ,anlzk", V)g,n—i—l,d = (/d V) (Clﬂpkl, cee ,anlzk”g,n,d

n
Y v e a) VI T an ¥ ) g g
ji=1

¢ Dilaton equation:

(allzk] yeee ,anlzk”, IKZ)g,n—H,d = (2g—2+n)<allzklv---aan&kqg,n,d

¢ Topological recursion relations (in genus zero): For t € H*(1X), define

((allﬂkl,---,anwk"»o:z Z %(aﬂﬂkl,---,anlﬂk",f,---,f)o,n+k,d-

k=0deEff(x)

10 These universal equations can be rewritten as differential equations of the generating functions.
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Then
(o VF T Py U 2 P U N0 =D (e V5. B0 (8% Pa V2. by ¥ o

o

where {¢q} is an additive basis of H*(/X) and {¢*} its dual basis under
orbifold Poincaré pairing. In these equations the term ¥ ~! is defined to be 0.

Proofs of (SE), (DIV) and (DE) can be found in [3]. The key observation is that, since
our choice of descendant classes are pulled back from moduli space of stable maps
to the coarse moduli space, the comparisons of various descendant classes remain
unchanged. See Abramovich—Graber—Vistoli [3] for more details. A proof of (TRR) is
given in Appendix E.

2.5.8 Twisted theory We now introduce twisted orbifold Gromov—Witten invariants.
We will make the following:

2.5.9 Assumption X is a quotient of a smooth quasi-projective scheme by a linear
algebraic group.

Given a vector bundle F over X and an invertible multiplicative characteristic class
c(-) =exp(Q_g sk chr(-)). We define the “twisting factor” as follows.

2.5.10 Definition For a vector bundle F on X, define
Fygna = fxevy  F,

where f; is the K—theoretic pushforward. Assumption 2.5.9 and the results of [1]
imply that the map f is a local complete intersection morphism. Therefore the
K —theoretic pushforward fi of a bundle has a locally free resolution and thus de-
fines an element in the Grothendieck group K°. Hence F, ¢.n,d 18 an element in
KO(./\7lg,n(X, d)). Its restriction to /\7lg,n(/1’, d;ii1,...,iy), which is an element in
KO(/\7lg,n(X, d;iy,...,iy)), is denoted by Fy , 4 (i;,....in)- The cohomology classes
c(Fg na) and ¢(Fg 5.4.y,....in)) are called the twisting factors.

.....

More detailed discussions and properties of Fg , 4 can be found in Appendix B.

We define the (c, F)-twisted descendant orbifold Gromov—Witten invariants to be
(611 &kl yeees anlzkn>g,n,d,(c,F)

L _
- /W AT @ Ty i)
g.n(X,diiy,...in) ]
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where ay, ..., a, are as in Section 2.5.2. The symbol (--), , 4 (c,F) is by definition
multilinear in its entries. Again, these invariants can be packaged into generating
functions.

2.5.11 Definition Define

(t,.... Qg nd@F) = (). ... ’t(lz))g,n,d,(c,F)
= Z (tkl %kl ool 1;[_’kn)g,n,d,(c,F)-

ki,..kn=>0

The (¢, F)—twisted total descendant potential is defined to be

Die.F)(t) 1= exp ( D RETIFE b (t)),
g0
g 0’
where Fer® = Z T (t,.. . nd(eF)-
n>0,d€Eff(X)
.7-"(‘2 F) (t) is regarded as a formal power series in the variables 7' taking values in the
ring Ag. The ring Ay is defined to be the completion of C[Eff(X)][so, 51, ...] with

respect to the additive valuation

v( Z chd):mincds,éo/dcl(L), v(sg) =k + 1.

d €Eff(X)

(Here L is the chosen ample line bundle on X').

The total descendant potential D ry is well-defined as a formal power series in l,‘:
taking values in Ag[[2, A !]]. The proof of Lemma 2.5.6 can be easily adjusted to treat
this case.

3 Givental’s symplectic space formalism

A Givental introduces a symplectic vector space formalism to describe Gromov—Witten
theory (see Givental [32; 33] and Coates—Givental [19]). In this formalism many
properties of Gromov—Witten invariants can be studied using linear symplectic trans-
formations of a certain symplectic vector space, making them more geometric. In this
section we explain how this formalism is applied to orbifold Gromov—Witten theory.
We will present this in detail for both twisted and untwisted theories.

To take care of certain convergence issues, we will make use of the following definition.
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3.0.12 Definition (cf[18]) Let R be a topological ring with an additive valuation
v: R\ {0} — R. Define the space of R—valued convergent Laurent series in z to be

R{z,z71}:= { Z rnz" 1y € R, v(ry) — oo as |n| — oo}.
nez
Note that R{z,z~!} is aring if R is complete. Also put

R{z} .= {Zr,,z” crp € R,v(ry) > oc0asn —>oo},

n=0

R{z™!}:= {Zrnzn trm € R,v(ry) > o00as —n— oo}.

n=<0
3.1 Givental’s formalism for untwisted theory
Consider the space

H:=H*(IX,C)Q Ag{z,z7 1}

of orbifold-cohomology-valued convergent Laurent series. There is a Ag—valued
symplectic form on H given by

Q(fvg) =Resz=0(f(_z)»g(z))0rb dZ’ for f’g GH
Consider the polarization
H=HyD®H-,
(3.1.0.1) . T 1
Hy=H UX,C)QAs{z} and H_:=z7 H (IX,C)Q@As{z""}.

This identifies # with H4 @ H}, where H} is the dual Agy—module. (We may
thus think of # as the cotangent bundle 7*H 4 .) Both H4 and H_ are Lagrangian
subspaces with respect to €2.

Introduce a Darboux coordinate system {p qp} on (H,2) with respect to the po-
larization (3.1.0.1). Namely, in these coordinates, a general point in H takes the

form
DD A B B PO

a>0 M b>0 Vv
Put pg =Y, pa¢* and g5 =3, g}y . Denote

p=p():= Z (=) = po(=2) ' + pr(=2) 2+,
k=0

q=9q():= ZQka =qot+q1z+qz +- .
k>0
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For t(z) e Hy = H*(I1X,C) ® As{z} introduce a shift q(z) = t(z) — 1z called the
dilaton shift.

Define the Fock space Fock to be the space of formal functions'! in t(z) € H 4 taking
values in Ag[[h, A~!]. In other words, Fock is the space of formal functions on H in
the formal neighborhood of q = —1z. The descendant potential Dy (t) is regarded as
an element in Fock via the dilaton shift.

The generating function }'8( of genus—0 orbifold Gromov—Witten invariants, which
is defined in a formal neighborhood of —1z, defines a formal germ of Lagrangian
submanifold

Lx:={P.q|p=dgFy} CH=T"Hy,

which is just the graph of the differential of .7-"3(. Equivalently £y is defined by all
equations of the form pk = 8.7-"2 /gl .

By [33, Theorem 1], string and dilaton equations and topological recursion relations
imply that £y satisfies the following properties.

3.1.1 Theorem (cf[20]) Ly is the formal germ of a Lagrangian cone with vertex at
the origin such that each tangent space T to the cone is tangent to the cone exactly along
zT . In other words, if N is a formal neighbourhood in ‘H of the unique geometric
point on Ly, then

TNLy=zTNN,

(3.1.1.1) foreachf e zT N N, the tangent space to Ly atfis T,
if T =TiLy then f € zT N N.

The statements in (3.1.1.1) are valid in the context of formal geometry. So for instance
T NLy =zT NN means that any formal family of elements of 7 which is both a
family of elements of 7" and of £y is also a family of elements of both z7" and N, and
vice versa. Also, these statements imply that the tangent spaces 7 of Ly are closed
under multiplication by z. Moreover, because 7/zT is isomorphic to H*(IX,C), it
follows from (3.1.1.1) that £y is the union of the (finite-dimensional) family of germs
of (infinite-dimensional) linear subspaces

{zT NN | T is a tangent space of Ly}.

U This means formal power series in variables 1y where ( = > Fda-
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3.1.2 Definition Following [31], we define the J—function Jx (¢, z) as follows:

0d — P
o > (Z,...,Z,Qbalﬂk)o,n,dﬁ'

k>0,a

Ix(t.z)=z+t+ >
n>1,d €Eff(X)

This is a formal power series in coordinates t* of t =), t*¢q € H* (I X, C) taking
values in H. The point of Ly above —z +1¢ € Hy is Jx(¢,—z).

For each k > 0, the coefficient of the z~!=% term in Jx (7, z) takes values in the Ag—
module H*(IX,C) ® Ay. Using the decomposition H*(IX,C) =P, H*(X;, C),
we write

Jx(t,z) = (Ji(t,z)) where J;(t,z) takes values in H*(X;, C) @ Ag{z,z7 1.

We further decompose J; according to degrees:

Jit.2)y= Y Jialt.2)0%

d €Eff(X)

This J—function plays an important role in the genus-0 theory. For example:

3.1.3 Lemma The union of the (finite-dimensional) family

t+ 2T t,—n)Lx NN, ¢ in a formal neighborhood of zero in H*(I1X,C) ® Ay,
of germs of linear subspaces is Ly .
Proof According to the discussion above, we just need to prove that every tangent

space T of Ly is of the form Ty, (r,—z)Lx for some r € H*(IX,C) ® Ag. This can
be found in [20, Proposition 2.14]. O

3.1.4 Remark In untwisted Gromov—Witten theory one usually use the Novikov ring
Anov as the ground ring. Since we will need to compare untwisted theory with twisted
theory, we choose to work with the larger ground ring Ag. This only requires minor
notational changes applied to discussions in Section 2.5.

3.2 Givental’s formalism for twisted theory

The formalism for twisted theory requires a twisted version of the pairing on H*(1 X, C)
which we call the (¢, F')—twisted orbifold Poincaré pairing (', )(, ). It is defined by

(@.b)(c,F) = / anIFbAe((g*F)™), forae H*(X;,C),be H*(X;1,C).

1
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For other choices of a, b the pairing (a, b)(c, F) is defined to be 0.

Consider another symplectic vector space (H(c,F). 2(c,F)), Where H r) = H and
the As—valued symplectic form €2 ry is given by

Q(f. 8)(e,F) =Resz=0(/(—2). &(2))(ce,F) dz.

for f,g E'H(C’F).

3.2.1 Lemma The symplectic vector spaces (H,2) and (H, r). 2, F)) are identi-
fied via the map

(3.2.1.1) (H(c,F)> R(e,F)) =~ (H. Q)

defined by a + a+/¢((g* F)™™), where a/c((¢* F)™) is the ordinary cup product in
H*(1X,C).

Proof For a,b € H*(IX), we have

(@V/ellg Py beq I an = [ ael@ FImAT* (el Fy™)
_ /Ma\/WAI*bAI*\/W
B /IXa\/W/\I*b/\ Vel *((g* F)m))
_ /I aVel@FFAT b A ella™ ™)

:/ anI*bac((q* F)™) = (a,b) . F)-
Ix

Here the fact 1*((¢g* F)™) = (¢* F)™ is used; see Lemma 2.2.1 (2). O

We equip H (., ) with the same polarization as that of H, namely H . ry = (H(c,F))+®
(Hc,F))— with (H(,F))+ = H+. This polarization also identifies H, ) with
(He,r))+ ® (He,F))%» where (H(, )} is the dual Ag—module. (We may thus
think H(, ) as the cotangent bundle 7*(H (., F))+-)

We define the twisted dilaton shift to be q(z) = /¢((¢* F)™)(t(z) — 1z), where the
ordinary cup product in H*(I X, C) is used. Via the twisted dilaton shift the twisted
total descendant potential D ) (t) is regarded as an element in the Fock space, the
space of Ag[[#, 5~ !]-valued formal functions on A in the formal neighborhood of

q=—ve((g*F)™)lz.
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Similar to the untwisted case, the twisted genus—0 potential F, (i F) which is defined in a
formal neighborhood of —1z € H ., defines a (formal germ of) Lagrangian submanifold

'C(c,F) ={p.qlp= dqf&,F)} CH.

Here F?° (©.F) is first regarded as an element in the Fock space of functions on (H, r))+ C
(H(c,F)» 2(c,F)) via the untwisted dilaton shift. Define a (formal germ of) Lagrangian
submanifold Z(c, F) C (H(c,F). Q(c,F)) by the graph of its differential. Second, the map
(3.2.1.1) identifies this Lagrangian submanifold with the submanifold L ) C (H,£2).

We remark that it is not a priori clear whether the Lagrangian submanifold L r)
satisfies (3.1.1.1) or not. This will be a consequence of our main theorem; see Corollary
4.2.3.

3.2.2 Definition The twisted J—function J¢ f)(t, z) is defined as follows:

(Je,F)(t.2),a)(c,F)

Qd a
=C+La)en+ Y el ——
n>0 z— w 0,n+1,d,(C,F)
deEff(X)
Q —k 1
(Z+t a)(c F)+ Z Z_' yee ey ,aw >0,n+l,d,(c,F)k__H-
n=0, k>0 z
d €Eff(X)

Again, the twisted J-function is a formal power series in coordinates t* of 1 =
Y o t%Pe € H*(IX,C) taking values in H f).

3.3 Quantization of quadratic Hamiltonians

Givental [32] observed that many interesting relations in Gromov—Witten theory can
be expressed in simple forms by applying the Weyl quantization, which is a standard
way to produce (projective) Fock space representations of the Heisenberg Lie algebra,
to his symplectic space formalism. In this section, we describe this quantization of
quadratic Hamiltonian procedure. This quantization procedure allows us to write the
quantum Riemann—Roch formula in a simple form.

Let A: H — H be a linear infinitesimally symplectic transformation, ie Q(Af, g) +
Q(f,Ag) =0 forall f,g € H. When f € H is written in Darboux coordinates, the
quadratic Hamiltonian

[ SQAAL )
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is a series of homogeneous degree two monomials in Darboux coordinates pg, gy .
Define the quantization of quadratic monomials as

|

—— o ]

Moy R n v =h—
da Pp = 4q Pa Dy, oq 0q)

noy
daqp = iy

Extending linearly, this defines a quadratic differential operator A, called the quantiza-
tion of A. The differential operators §zqp . ga Pp . PapPp act on Fock. Since the qua-
dratic Hamiltonian of A may contain infinitely many monomials, the quantization A do
not act on Fock in general. The quantization of a symplectic transformation of the form
exp(4), with A4 infinitesimally symplectic, is defined to be exp(/’l\) => k>0/fk /k!. In
general, exp(/’l\) is not well-defined. However the operator that occurs in our quantum
Riemann—Roch formula does act on the descendant potential.

For infinitesimal symplectomorphisms A and B, there is the following relation
[4. B] = {A. BY" + C(ha. hp).

where {-,-} is the Lie bracket, [-,-] is the supercommutator, and /4 (respectively
hp) is the quadratic Hamiltonian of 4 (respectively B). A direct calculation shows
that the cocycle C is given by

C(p& Pp-qaqp) = —C(qa qp- Pl Py) =1+ 8" 8ap,
C = 0 on any other pair of quadratic Darboux monomials.

For simplicity, we write C(4, B) for C(hy4, hp).

Some universal equations in orbifold Gromov—Witten theory can be expressed as
differential equations satisfied by the total descendant potential Dy . These differential
equations can often be written in very simple forms using the quantization formalism.
For example:

3.3.1 Lemma The string equation can be written as

—

(3.3.1.1) (l)DX=0.

Z

Proof This is proved in the same way as that for varieties (which can be found in [17,
Example 1.3.3.2]). We explain the details for the readers’ convenience.
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Put t;(z) = ) ;> tijz/ € H*(I1X)[z]. The string equation in cases (g,n,d) #
(0,3,0),(1,1,0) can be written as

n—1 -

)ty (D) V) grd = Z<t1(w, . [ ’f;‘”

i=1

:| ’---’tn—l(‘;)> )
+ g,n—1,d

where |:tl (W)] Z tl]w] 1

jz1

Summing over g,n,d yields

Qd —
Z o tw) L AY) D gna

g.n,d
Qps! <[t<&>] 5 uE >

= = | Jt(Y).....t(Y) (t(llf) t(¥). 1)0,3,0 + (1o,1,0-

g;d T 7. ond 20 0,3,0 0,1,0
This gives

1 Qhs~ 1<[q(@} — - >
o J Jt(Y), ..t =0,
28 gapdl Z oo\ )

where gog = (¢q. ¢ﬂ)orb-
A direct calculation shows that this is (3.3.1.1). O

In the proof of Theorem 4.2.1 we will encounter quantizations of operators of the form
A = Bz™ with B € End(H*(1X)). An explicit expression of A may be found by a
straightforward computation. This is worked out in [17, Example 1.3.3.1], to which we
refer the readers for details. See also Appendix C.

3.4 Loop space interpretation

In this section we sketch an interpretation of Givental’s formalism in terms of loop
spaces. The interpretation is topological in nature, so we work with the topological stack
underlying the Deligne—-Mumford stack X (which we still denote by X"). We should
point out that while this interpretation sheds some light on the conceptual meaning
of this formalism, one can work with the formalism without knowing this loop space
interpretation.

Let LX = Map(S!, X) be the stack of loops in X'. The definition and properties of
LX can be found in eg [9]. Loop rotation yields an S'—action on LX. The stack
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LXS' of S!-fixed loops is identified with the inertia stack 7X'. One may think of
H 4 as the S!-equivariant cohomology of LX expressed in terms of the cohomology
of the space LX S' ~ T X and the first Chern class z of the universal line bundle L
over BS!.

4 Quantum Riemann-Roch

As in Section 2.5.8, consider a characteristic class ¢ which is multiplicative and
invertible. Since the logarithm of ¢ is additive, it is a linear combination of components
of the Chern character. Hence we may write

() =exp (X sieu()
k>0

For convenience, set s_; = 0. We regard s; as parameters and consider the twisted
descendant potentials Dy := D(. ) as a family of elements in the Fock space of
functions on # depending!? on s;. We have Dy = Dy when all s; = 0. In this
section we formulate our main result, Theorem 4.2.1, which expresses D in terms
of Dy.

4.1 Some infinitesimal symplectic operators

In this section we introduce certain operators acting on H which will be used in the
subsequent sections.

Recall that the Bernoulli polynomials By, (x) are defined by
tet* By (x)t™
-1 2 m!
m=0

See for instance Whittaker—Watson [53, Section 7.2], 0. In particular, By(x) =1,
Bi(x) = x —1/2. The Bernoulli numbers By, are given by By, := B,;(0). The
following lemma is immediate from the definition.

4.1.1 Lemma B,,(1—x)=(-1)"B,(x).

12The 54 —dependence of D¢, F) occurs in two places: the twisting factor e(Fy , 4) and the twisted
dilaton shift.
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4.1.2 Definition For each integer m > 0, define an element 4,, € H*(IX) =
D;c7 H*(X;) as follows: The component of 4,, on H*(X;) is

Amlr= Y ch(F)Bu(l/r2).
0<I<r;—1
Let (Am) denote the degree 2k part of Ay, :
/
Akl = Y che(F) Bull/12).

0=</=<r;—1

Ordinary multiplication by A,, defines an operator on H*(/X). By abuse of notation,
we denote this operator by A,,. The quantization of the operator A,,z™ ! will appear in
Theorem 4.2.1. The main goal of this section is to prove that A,z ! is infinitesimally
symplectic, which is not a priori clear. It follows from the following result.

4.1.3 Lemma For m > 1, the operator A, is anti-self-adjoint with respect to
the usual or twisted orbifold Poincaré pairing. The operator A,,, is self-adjoint with
respect to the usual or twisted orbifold Poincaré pairing.

Proof We prove the statements for the usual pairing. The proofs for the twisted pairing

are identical.

For a € H*(X;),b € H*(X;1) and 0 </ <r;, by Lemma 2.2.1 (1) we have
(ch(FP)a, b)o, = / ch(Fyan 1*b

1

- / anT*ch(F b = (@, ch(FS)bYors.
X.

Multiplying by By;,+1(1/r;) yields
(Bam1(1/17) ch(F{P)a, BYows = (@, Bam1(1/10) ch(E}7 ™ )b)ory for 0 <1 <ry.

By Lemma 4.1.1, Byy+1(1/ri) = —Boms1(1=1/r;i) = —Boy+1((ri —1)/r;). Hence
for 0 </ < r; we have
4.1.3.1)

/ ri—1 _
(32m+1(;) ch(Fi(l))a,b) =—(a, 32m+1( ’r. )ch(Fl.(,r’ ”)b) .
1 orb l orb

By Lemma 2.2.1 (2), (ch(F{”)a. b)ors = (@, ch(FS)bYory. Since Byma1(0) = 0 for
m > 1, we have

4132 (Bams1(0) ch(F{”)a, Doy = =@, Baym+1(0) ch(FP)b)ons
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Adding (4.1.3.1) for / =1,...,r; —1 and (4.1.3.2) yields
(Aom+1la;a,D)ore = —(a. Aomt1lx, 1 D)or,
which proves the statement about Ay, 1.
To prove the statement for A,,,, we start with
(Bam(1/11) ch(F")a. b)osy = (@. Bam(1/ri) ch(F ' )b)orp for 0 <1 <1y,
(4.13.3) (Bam(0) ch(F )a, bYors = (@, Bam(0) ch(F 5 )b)ors.

By Lemma 4.1.1, By, (I/7;) = By (1 —1/7;) = Bay((ri — 1)/ ;). This implies that,
for 0 </ <r;,

41.34)  (Bom(1/ri) ch(F{)at, bYory = (. Ba (ri = 1)/ 17) ch(F 1 ™ )b)ory.
Adding (4.1.34)for [ =1,...,r; — 1 and (4.1.3.3) yields
(A2m|Xia7 b)orb = (Cl, AZm |Xi1 b)OI'ba

which proves the statement about A,,,. a

4.1.4 Remark (i) Since By(x) =1, we have

l
Aol = Y ch(F)=ch(g*F)lx,.

0<I<r;—1
Thus multiplication by 4 defines a self-adjoint operator with respect to both pairings.

(i) The operator A; is not anti-self-adjoint. However note that

ri—1
At = 3 Bi/myen(F) = By ch(F) + Y Bi(I/ri) ch(F).
0</<r;—1 =1

We can use the arguments in the proof of Lemma 4.1.3 to show that

ri—1 ri—1
( 3> Bl(l/r,-)ch(Fl.(l))a,b) - —(a, 3 B —l/ri)ch(Fl.(,ri_l))b) :
=1 orb I=1 orb

Using B1(0) = —1/2 we rewrite this as

1 1
((A1 26 + 5 ch(Fl.(O)))a, b) = —(a, (A1 2 + 5 ch(Fi(,")))b) .
orb orb

In our notation, ch(F{*) =ch((¢* F)™)|x; . So multiplication by A; +1 ch((g* F)™)
defines an anti-self-adjoint operator.
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(iii) Lemma 4.1.3 also holds if we replace As,,+1 and Azy, by (A2m+1)r and
(Apm) i respectively.

4.1.5 Corollary Multiplications by the following classes define infinitesimally sym-
plectic transformations on (H, 2) and (H(c,Fy. Q(c,F)):

1 .
Ao z?™ Y A1 22™, m>1; Ao/z, Ay +§ch((q*F)mV);

_ 1 -
(Aom)kz®™ Y, (Aams)kz™™, m=1; (Aok/z, (A1)k+50hk((61*F)mv)-

4.2 Orbifold quantum Riemann-Roch formula

Recall that in the definition of twisted orbifold Gromov—Witten invariants in Section
2.5.8, we assume Assumption 2.5.9 (ie X is assumed to be a quotient of a smooth
quasi-projective scheme by a linear algebraic group). This assumption is needed also
for the application of Grothendieck—Riemann—Roch. To apply Grothendieck—Riemann—
Roch formula for Deligne—Mumford stacks to the universal family of orbifold stable
maps, we need the universal family to have certain properties. The required properties
are proved in Abramovich et al [1] for those X that satisfy Assumption 2.5.9. Many
interesting stacks, for instance the toric Deligne-Mumford stacks (see Borisov—Chen—
Smith [12]), satisfy Assumption 2.5.9. Through the collective efforts of many works,
including Edidin et al [24], Kresch—Vistoli [43] and de Jong [35], it is now known
that if X is a smooth, separated, generically tame Deligne-Mumford stack over C
with quasi-projective coarse moduli space, then X satisfies Assumption 2.5.9. See
Kresch [42], Section 4 for a detailed account.

Now we state the orbifold quantum Riemann—Roch theorem. Its proof is deferred to
Section 7.

4.2.1 Theorem (Orbifold quantum Riemann—-Roch) Let X be as in Assumption
2.5.9. Then we have

exp (_ %OrankF(1Z>1 L Fso (e o )DS
m—1 * pryinvy \ A
— exp ( Zsk( Z (Am)k-l-nl/;mz n Chk((q2 F) )) )
k=0 m>0 ' A
X exp ( Z Sk ((AO)%) )Dx.

k=0

This theorem expresses, in a rather nontrivial way, the twisted descendant potential Dy
in terms of the untwisted potential Dy .
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4.2.2 Remark The right-hand side of Theorem 4.2.1 is well-defined. The verification
of this is a straightforward modification of [17, Proposition A.0.2] (and the fact that
Ay is equipped with a topology). We omit the details.

Passing to the quasi-classical limit # — 0, we find that applying the operator exp(/f) to
Dy corresponds to transforming the Lagrangian submanifold £y by the (unquantized)
operator exp(A4). Hence we have the following:

4.2.3 Corollary The Lagrangian submanifolds Lg := L, ) and Ly are related by

m—1 * inv
Ly :exp(zsk( Z (Am)rZ'Z n Chk((‘]2 F) )))EX

k=0 m+h=k+1;m,h=0

A Zm—l ch ( * | inv
=eXp( Z Sm+h—1—( mz’}ljl' +ZSk—k (C] ) ))EX

2
m,h=>0 k>0

In particular, Ly is the germ of a Lagrangian cone swept out by a finite dimensional
family of subspaces (ie (3.1.1.1) holds for Ly ).

When X is a variety, the inertia stack /X is just X itself and Theorem 4.2.1 reduces
to [19, Theorem 1] of Coates—Givental. An interesting feature of Theorem 4.2.1 is the
presence of values of Bernoulli polynomials (see the definition of elements A4,,) in
place of Bernoulli numbers which appear in the quantum Riemann—Roch theorem for
varieties [19, Theorem 1]. It would be interesting to find a conceptual way to explain
why this is the case.

4.2.4 Remark (Loop space interpretation) There is a heuristic interpretation of the

operator
A _ m—1 h * inv
e (D3 Ulmdieon™ eillan P17 )

k>0 m=0

in terms of loop space LX (Section 3.4), which we sketch below. On each component
X CIX ~ LX S 1, the S!-action on AX; is trivial. This action is related to the
ST _action on the coarse space X; via the r;—fold cover § I ST We have X; x sl
ES' ~ X; x BS!. Let pry,pr, be the projections to factors and let LY7i denote
the pullback by pr, of the universal line bundle over BS!. Define F to be the
S!_equivariant vector bundle over /X x BS! whose restriction to X; x BS! is
Do<i<r,—1 P} Fi(l) ® (LYr)®L,
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Consider the infinite product
o0
Ve(FO) [Te(FoL™).
m=1

We interpret this as follows: Let s(x) := ) ;>0 Sk (x¥/ k). Note if x = ¢1(£) is the
first Chern class of a line bundle £. Then s(x) = ) . sg chg (£) = logc(L£). We write

/ e/r)z(3/9x) Zai 9\"!
_ — — X _—
Z s (x + rZ mz) 2@ ] (z ax) s(x)

m>0
Bm(l 3\ !
= Z % (25) S(X).

m=0

Using this (and splitting principle) we expand

. By, (/7 _
log( [1eF"eLm ’”)) =S %) ”’T,/’)chkﬂ_m(Fi”))zm I

m>0 k>0 m>0

Thus the infinite product above gives rise the operator A after some simplification.

4.3 Relations to Hurwitz—Hodge integrals

Let G C SL,(C) be a finite subgroup. Consider a G'—action on C” without trivial fac-
tors so that 0 € C” is an isolated G —fixed point. Hurwitz—Hodge integrals (cf [13]) arise
in the study of orbifold Gromov—Witten theory of [C”/G]. More precisely, the com-
ponents of Mg ,([C"/G],0) parametrizing maps with images [0/ G] from orbicurves
with stacky marked points may be identified with M ¢,n(BG), and the restriction of the
virtual fundamental class is given by the Euler class e(R' fix evy +1 V), where V is the
vector bundle over BG defined by the G —representation C”", f: M ent+1(BG) —
/\7lg,,, (BG) is the universal orbicurve, and evy;: Mg,,hq (BG) — BQG is the univer-
sal orbifold stable map (see Section 2.4). The integrals over M ¢.n(BG) of cohomology
classes involving e(R! fi evy 41 V) are called Hurwitz-Hodge integrals.

One may consider an equivariant version of this: Let C* acts on C" by scaling. This
C*—action commutes with the G —action, hence descends to a C*—action on the stack
[C"/G]. A C*—equivariant Hurwitz—Hodge integral

/ (- )ec+(R' fuev®,, V)
[Mg.n(BG)]
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coincides with

eC*(ROf* CVZ_H V) _ ("')e(El(Vg,n,O)s
[Me.n(BG)]

where (---) denotes cohomology and/or descendant insertions. From this it is easy to
conclude that Hurwitz—Hodge integrals can be determined by twisted orbifold Gromov—
Witten invariants of BG'. Theorem 4.2.1 implies that descendant twisted orbifold
Gromov—Witten invariants of BG are determined by the usual descendant orbifold
Gromov—Witten invariants of BG. In [34], explicit formulas expressing descendant
orbifold Gromov—Witten invariants of BG in terms of descendant integrals on moduli
stacks of stable curves have been proven. It is interesting to combine these results
to obtain formulas for Hurwitz—Hodge integrals. In genus zero, under additional
assumptions, a procedure of explicitly computing (e 1 V)—twisted orbifold Gromov—
Witten invariants using information about usual orbifold Gromov—Witten invariants
of BG has been established [18]. A method of computing Hurwitz—Hodge integrals
directly using the Grothendieck—Riemann—Roch calculation in this paper has been
developed by J Zhou [55], and is used by him to prove the crepant resolution conjecture
in higher genus for type A surface singularities [54].

5 Quantum Lefschetz

5.1 Twisting by Euler class

Consider the group C* which acts trivially on X and on the vector bundle F by
scaling the fibers. Let A be the equivariant parameter and e(-) the C*—equivariant
Euler class. In this section we consider the special case of twisting by F and ¢ =e.

From
xk
A+Xx =exp(2skﬁ),
k>0

we find!3

Ini, k=0,
(5.1.0.1) Sk = (Iil)k—l(k_l)v

T., k> 0.

Let ,ol[.’j be the Chern roots of Fl.(l), j=1,...,rank Fl.(l). The following is the case
¢ = e of Corollary 4.2.3.

13 Here we work over the ground ring Ay with the values of si specified by (5.1.0.1).
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5.1.1 Corollary The Lagrangian cone L, := L, gy C H of the twisted theory is
obtained from Ly by (ordinary) multiplication by the product over Chern roots ,o of

%)+(— in (1447
+ Ymz2 Ty 2 (5 1) "), ifl £,

0.j 0,j 0.
exp((p,- ) nto 40 +h)

J J RN
exp ((pi +A) ln(Pj +1) (Pi +1) +1n )\'(% _

z

Vi (2)=

=1D"Bmn m—1 : —
+ 2 m=2 Gn=1) (k;}?.j) ) itl = 0.
Proof We substitute the definition of s; into the statement of Corollary 4.2.3 and
express components chh(F { )) of the Chern characters using the Chern roots :01
Then by using the identity
hogm! —1)™(m —2)!

ZSerh—lp ——In(A+p) = M, form > 1,

h! d Jom—1 (}\ + p)m—l
h>0
we check directly that the z”~! terms, with m > 1, coincide with what are given in
Corollary 4.2.3. For the z~! term, a direct calculation gives

% 3 sk (FP) = % 3 (((pf’f' +) (e +1) = (ph 1)) — (R InA —x)).

k=0 J

Since the operator 1/z preserves the cone £y, we may discard the term (AlnA—A)/z.
The result follows. i

Our next goal is to extract from Corollary 5.1.1 more explicit information about genus
zero invariants. For the rest of this section and Section 5.2, we make the following
assumption.

5.1.2 Assumption (1) The generic stabilizer of the stack X is trivial.

(2) The bundle F is a direct sum €P); Fj of line bundles and each Fj is a line bundle
pulled back via the natural map 7: X — X to the coarse moduli space X .

5.1.3 Remark (i) In the situation of Assumption 5.1.2, the intersection index
(c1(Fj),m*B) := c1(Fj)-7*PB is an integer for all effective curve classes f of X.
Let L = *M be a line bundle on X that is pulled back from a line bundle M on the
coarse moduli space X . Then for any such B, we have ¢{(L)-7*B=ci{(M)-B € Z.

(i) For each i and j, the lme bundle ¢*(F;)|x; has p,, —eigenvalue 1. In other
words, ¢ (Fj)|X, =q (Fj)|
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We are interested in a more precise relationship between the J—function Jy and the
twisted J—function J(, ). We generalize the approach of [19].

5.1.4 Definition Put pj; := ¢;(¢*(F})|x;) € H*(X:) and p; := ¢ (Fj) € H*(X).
Define Ip(t,z) := (If(t,z);) where

(p], )
_ (At pji +kz)
Ip(t.2)i= Y Jiat.2)Q [ k=== g1
d €Eff(X) j Hk:_oo()\‘i‘,oji +kz)

Following [19], we call this the hypergeometric modification of Jy .

5.1.5 Remark Assumption 5.1.2 is used to ensure that the intersection indices
(c1(Fj),d) are integers, which is needed in order for the hypergeometric modifi-
cation to be well-defined. (Note that for d € Eff(X’) there exists 8 € Eff(X) such
that a;— a*B. If (c1(F)), d) (c1(Fj),m*B) are not integers, then the product
,ipi’_oo(k +pji +kz)/ ]_[k__oo(k + pji + kz) doesn’t make sense.)
5.1.6 Theorem The family
it Ip(t,—z), t€ H*(IX)
of vectors in (H ., F). 2(e,F)) lies on the Lagrangian submanifold /j(e’ F)-

5.1.7 Remark Theorem 5.1.6 uses Assumption 5.1.2 in a essential way. A more
general result of this kind is given in [18].

Proof This is a generalization of [19, Theorem 2] (see also [17, Theorem 1.7.3]). In
view of Assumption 5.1.2 and Lemma 2.3.8, we may rewrite the operators Voli (z) in
terms of the Chen—Ruan orbifold cup product (note that our assumption force$ / = 0).
More precisely,

V0 (2)

. R _ . _1\m m—1
=exp((,0]+)»)ln(,0]+)\) (p]+)\)+2( 1) Bm( ol ) )'orblH*(Xi).

z -~ m(m—1) \ A+ p;j

It is then straightforward to check that the argument of [19; 17] applies verbatim (of
course with Corollary 5.1.1 replacing its manifold version). Details are left to the
readers. |

5.1.8 Corollary The tangent space L; to Z(e, F) at the point Ig(t,—z) is equal
to the tangent space of L ) at a unique point J r)(t(t),—z), where ©(t) €
H*(IX,C)® Ag.
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Proof Note that I (¢,z) = Jx(¢,z) mod Q. An easy calculation shows that the
family

t—Ip(t,—z), te H*IX,C)® Ag
is transverse to zL; for every ¢. As pointed out in Corollary 4.2.3, (3.1.1.1) holds for

Lie,F)- Thus the proof of [20, Proposition 2.14] may be applied to show that L; is
equal to the tangent space of L. r) at a unique point Ji, ) (t(¢), —z). ad

5.1.9 Remark (i) Intuitively this corollary may be interpreted as saying that the
intersection of zL; with {—z +zH_} N L, F) is equal to

Je.p)(t(t),—2) € =z + (1) + H—,
where (1) € H*(IX,C) ® Ay is defined by this intersection.

(i1) This corollary should be viewed as a procedure of computing J, ry from IF.
This procedure is related to Birkhoff factorization in the theory of loop groups. More
precisely, this procedure applied to the first derivatives of /g is indeed an example of
Birkhoff factorization.

(iii) The map ¢ — 7 = t(¢) may be viewed as the “mirror map”. This corollary gives
a geometric description of this map.

5.2 Complete intersections

In this section we apply Corollary 5.1.8 to vector bundles with some positivity property
to deduce relationships between orbifold Gromov—Witten invariants of a complete
intersection orbifold and orbifold Gromov—Witten invariants of its ambient orbifold.

5.2.1 Definition A line bundle F over X is called convex if H'(C, f*F) = 0 for
all 1—pointed genus—0 orbifold stable maps f: (C,X) — X.

5.2.2 Example Let L :=7*M be a line bundle on X that is the pullback of a line
bundle M on the coarse moduli space X . For an orbifold stable map f: C — X with
induced map f: C — X between coarse moduli spaces, we have

HYC, f*Ly=H'(C, f*z*M)=H'\(C.7* f*M)=H'(C, f*M).

Here 7: C — C is the map to the coarse curve. From this we see that the bundle L is
convex if M is convex in the usual sense.

The following proposition follows from [39].
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5.2.3 Proposition Let F = (D; Fj be a direct sum of convex line bundles. Let J
be the zero locus of a regular section of F, and jy . 4: Mo 2V, d) > My (X, d)
the induced map between moduli spaces of orbifold stable maps from orbicurves at
most one of whose marked points is stacky. Then jO,n,d*[MO,n V. DY =e(Fopna)N
[/\710,,, (X, d)]*, where ¢(-) denotes the nonequivariant Euler class.

In the situation of Proposition 5.2.3 let j: ) — X be the inclusion. Assume 7 € H*(X).
Let Ix,y(t,z) and Jx y(7,z) be the nonequivariant limits A — 0 of /f(¢,z) and
J(e,F)(7. z) respectively. Let F0 nil.d be the kernel of the evaluation map Fg ;41,4 —
evy +1 q* F at the (n 4 1)—st marked point. Note that the image of the evaluation map

is contained in evy 41 ((¢* F)'™V). The nonequivariant limit Jx y can be written as

Jayl(t,2)
=z+t+ Z evn+1* evl ty.. Uev ZU—ﬂ[Mo’n+1(X,d)] .
n>0, Z—Ynt1
dEf(X)

Together with Proposition 5.2.3 this implies that

(5.2.3.1) e((q* F)™) e y(u.2) = judy(j*u.2)

where on the right-hand side the Novikov rings should be changed according to
Eff()) — Eff(X).

By taking the nonequivariant limit, we obtain:

5.2.4 Corollary Let X',) and F be as in Proposition 5.2.3. Assume t € H*(X).
Then Ix,y(t,—z) and Jx,y(t,—z) determine the same cone. Moreover, Jy y(t, —z)

is determined from I x y(t, —z) by the procedure described in Corollary 5.1.8, followed
by the mirror map t — .

This is a generalization of “quantum Lefschetz hyperplane principle” (see Givental [31],
Kim [38], Bertram [11], Lee [45], Gathmann [28] and Coates—Givental [19]) to Deligne—
Mumford stacks.

We now restrict to the small parameter space H=2(X’). We continue to assume that

F =P, Fj is a direct sum of convex line bundles.

5.2.5 Proposition Let {y;} be a basis for H<*(X). If ¢;(F) < ¢{(Tx), then for
t € H=%(X) we have an expansion

Lyy(t.2) =zF(@) + Y G*O)y + 0,
k

where F(t) and G¥(¢) are certain scalar-valued functions with F(t) invertible.
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Proof We have

{nj.d)
Ip(t.2)i=z+1+ ) Jia@2)Q [T [T G +pji+k2)+0E™.
d>0 J k=1
Recall that
¢Ol
Jialt,z) = Z Z 1, oty )0,n+1,dﬁ,

n>0 ! k>0,a

where {¢%} is an additive basis of H*(X;). We need to identify the highest power of
z in J; 4(t, z). For this one should take 1 € H 2(X) and orbdeg(¢) to be as large as
possible. In view of Lemma 2.3.4, the largest possible orbifold degree is 2 dim¢ &'.
Therefore, by (2.5.2.1), the largest power of z in J; 4(¢,z) is 1 — {c1 (T X), n*d).

The highest power of z occurring in

(pj.d)
Jia@.2)Q T [ O+ pji +k2)
Jj k=1

is equal to

1+ (c1(F),7n*d) —(c1(Tx), 7*d).
By our assumption, this is at most 1. If this is equal to 1, then the class ¢ has orbifold
degree 0. In order to have z° term, we must have orbdeg(¢y) > 2 dimc X — 2, which

implies that orbdeg(¢*) < 2. Also, we see that F(t) = 1(mod Q). The proposition
follows. o

Since Jx,y(t, z) is characterized by the asymptotic Jx y(7,z) =z +17+ O(z™ 1), by
comparing the asymptotics of Iy y and Jx,y, we obtain:

5.2.6 Corollary If ¢;(F) < ¢i(Tx), then the restriction of Jx y(t,z) to small
parameter space H=?(X)) is given by

k
Jxy(t,z) = IX’Fy—((Zt)’Z)’ where T = Z GF(EZ)) Vk
k

This may be regarded as a mirror formula for complete intersection orbifolds. Once the
J —function of X is known, part of the J—function of ) that involves classes pulled
back from X can be computed by Corollary 5.2.6 and (5.2.3.1).
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6 Quantum Serre duality

The so-called “quantum Serre duality” [30; 19] is formulated as a relation between
(¢, F)—twisted invariants and invariants twisted by the “dual data” (¢¥, FV) defined
below. In this section we prove such a relation for Deligne-Mumford stacks.

6.1 General case

We again consider the general case of twisting by a vector bundle F' over X and
multiplicative invertible characteristic class ¢(-) = exp (D _j sk chg(-)). Here we do
not require Assumption 5.1.2. Consider the dual case of twisting by the dual bundle

FV and the class
c’(+):=exp ( Z(—l)k“sk chk(-)).
k>0
Note that ¢¥(FY) = 1/¢(F). An application of Theorem 4.2.1 yields the following
relation between the potentials D ry and D(ev Fv).

6.1.1 Theorem (Quantum Serre duality for orbifolds) Let t¥(z) =c((¢* F)™)t(z)+
(1 —c((g* F)™))z. Then we have

Diev,Fvy(tY) = exp (—so rank F(¥)1,1,0)Dee, ) ().

Proof One may prove this result by comparing the formulas for D¢, fy and D(cv Fv)
given by Theorem 4.2.1. We proceed differently by comparing the differential equation
(7.1.1.4) for (¢, F) and (c¥, F"). The equation satisfied by D f) is

oD A m—1 h *F inv A
©6.1.1.1) Per) _ (( )3 (Am)nz e k(" F) )) n Ck)D(c,F)-
08y

m! 2
m+h=k+1,
m,h=>0

We write the equation satisfied by Dev pv) as

)k-‘rl aD(cv’F\/)

6.1.1.2) (-1
0
AV Zm—l ch * vV inv A
:(( Z ( m)h| + k((q ) )) +C]2/)D(CV,FV)'
m+h=k+1, m: 2
m,h>0

For a fixed i € Z, the first term on the right-hand side of (6.1.1.2) is

3> % S ehy(F D) B/ ri)2m 1

m+h=k+1,  0=<I<r;—1
m,h>0
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We now analyze this for each fixed m, i. Using F, MU = F; (ri=hv for 0 </ < r; and

Flv(o) F v , We can write this as

1 _ 1
— 37 ey (P DY) By (1 i)z +n70hh(Fi(0)V)Bmzm_l

1<I<ri—1

1 I
=(_1)m+h% 3 chy(F ’))Bm(—)z’" Ty (- 1)” ch,,(F( )) Bz~
1=l<ri—1

1

1 /
+h O]
= (=)™ — E chh(Fl- )Bm(r_

1<i<ri—1 !

)Zm Ty (- l)h ch (F(O))Bmz

For m # 1, since (—1)" B;; = By, this sum is
1 ) _
(_l)k-l-l_' Z Chh(Fi(l))Bm(—)Zm 1,
m. ri
0<l<ri—1

where weuse m+h =k + 1. For m =1 and h = k, we have
1 0
(—D)* ety (F{”) By = —(=1)* ehye(F{®),

which cancels with the term chy (F I.V(O)) /2.

Therefore we conclude that (6.1.1.2) is

ID(ev,Fv) (Am)pz""" e ((g* F)™)
(6.1.1.3) ST:(( > S 5 )+Ck)D(chV)

m+h=k+1
m,h>0

By Lemma 7.2.1, C];/ =0 for k > 1, and

1 — 1 _
Cy = ErankFV(W)l,l’o —(c1(F 1,10 = ErankF(W)l,l,o +{c1(F))1,1,0-

The result follows by comparing (6.1.1.3) with (6.1.1.1). O

6.2 Euler class

We consider the case of twisting by a C*—equivariant Euler class e(-), where C*
acts on F by scaling the fibers. Let the dual bundle FV be equipped with the dual
C*—action and let e~!(-) be the inverse C*—equivariant Euler class. If pj are the
Chern roots of F, then e ! (FV) = ]_[j( A —p;)~'. The main result of this section,
Proposition 6.2.1, is a relation between (e, F)—twisted invariants and (e~!, F)—twisted
invariants. Note that this is not a special case of Theorem 6.1.1 since e -1 #eV.
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Let F be a vector bundle on X'. For a component X; of /X we define the age of the
bundle F on X; to be

/
age(F;) = Z — rank Fl.(l).

1<i<ri—1 "

The bundle F" is defined to be @, </<,,_; F). Let M: H*(1.X) — H*(IX) be
defined as multlphcatlon by the number (— 1)(1/ 2) rank ™" —age(Fi) on F*(X;). Put

t(2) = 2+ (=) DD pe (g FY™)(1(2) - 12),

and define a change ¢: Q9 > Q4 (—1){M(F):4) in the Novikov ring.

6.2.1 Proposition We have

( F11
exp

= exp (— In A rank F(@)I’I,O)D(&F)(t, ©Q).

«/—_1 rank F(‘;)I,I,O + n‘/__l(cl(F))l,l,O)D(el,FV)(t*’ 0)

Proof Writing e71(-) =exp (k>0 che(+)) and e(-) = exp (k>0 Sk chi (),
we find that Sk = (=1)**1g; for k>0 and s = —So—m~/—1. The proof of Theorem

6.1.1 shows that Dy« satisfies the differential equation

m—1 * rryinvy \ A
(6.2.1.1) 8Ds =(( > (Amdiz™ | chellg” ) )) +C,§)Ds*.
sk

m! 2
m+h=k+1;m,h=0

Also, Dy~ |sk:0 = Dy |

sy =—m~/—1,5;=0for k>0"

By Theorem 4.2.1, we have

/-1 —
exp ( 3 rank FY(y)1,1,0 — 7 —I(Cl(FV))l,l,o)Ds*|s;;=_,,ﬁ

5;=0 for k>0
1 . A
= exp (— nv/-1 ((Al)o +5 cho((q*Fr“V)) ) exp(—7v=1((40)1/2)")Ds

For a fixed i € Z, we have

3 cho(FP) By (/).

o<l<r;

(Ao)1/z|lx; =chi(¢* F|x;)/z.

((Al)o+%cho((q*F)i“V)) =

i
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The operator exp(—m \/—_1((140)1/2)/\)

can be computed directly using Appendix C and is seen to yield the change ¢ via
the divisor flow. The operator exp(—mw+/—1((41)o + %cho((q*F)inV))/\) may be
computed using Appendix C, one sees that it yields the operator M .

Solving the equation (6.2.1.1) and using the expression of Dy, —¢ yields the desired
formula. o

7 Proof of Theorem 4.2.1

In this section we prove Theorem 4.2.1. The proof is rather lengthy and somewhat
unpleasant, however the idea (which we borrowed from [19]) of the proof is quite
simple.

7.1 Overview

For the convenience of what follows, we introduce a new notation.

7.1.1 Definition Let a; € H?J (X,-}.,(C), j =1,...,n be cohomology classes, 4 €
H*(/\7lg,n(/'\,’, d;iy,...,in)), and kq, ..., k, nonnegative integers. Define

(@ T an T A) g = f (v an) K1 U U(ev? an) TR UA.
[Mg,n(X,d;ilwuin)]w

Let us explain the structure of the proof. As explained in Section 4, the twisted
descendant potentials Dy are viewed as a family of asymptotic elements depending on
variables s = (59, 51,...). We know that

Dy |s0=s1 =.=0 = Dx.

To prove Theorem 4.2.1, we find a system of differential equations in s satisfied by
Dy, and solve the initial value problem with the initial condition given by above. Such
a system of differential equations is found by doing the naive thing: compute dD;/dsy, .
A direct computation yields

_, D dpg—1
(7.1.1.1) D! ass =Y QT

<t(2), t(Z) C(an d)>

g.n.d gon.d

dhg 1
+ Z Q D <—t(z) t(z);C(Fg,n,d)>

g.n,d
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The second term in (7.1.1.1), called the derivative term, is equal to

d .
112 - Z O he((* FY™)EE) — 1) 4 e Fyma g

(n—1!

This can be seen from
d _ d * pyinvy—1/2
——t(z) = —(c((¢" F)™) " /7q(z) + 12)
08y 08y

= —Sellg" FY™) ™ e (g* FY™)a(2) = —3 ehi(g” FY™)(E) ~ 12).

. 0
Since Ec(Fg,n,d) = C(Fg,n,d) Chk(Fg,n,d)’

the first term in (7.1.1.1) is equal to

thg—l
(7.1.1.3) > T(t(z), o U2)i e (Fg ) i (Fg nd))g g
g.n,d )

The Chern character chy (Fy , 4) appearing in (7.1.1.3) will be computed by applying
Grothendieck—Riemann—Roch formula. The result is then combined with (7.1.1.2) to
obtained the following differential equation, written using Givental’s formalism:

Dy (Am)pz™""  che((g* F)™)\"
(7.1.1.4) o _(( > + ) +Ck)DS

m! 2
m+h=k+1,
m,h>0

Here we define

Coi=- [ S evF chy (F)(TdY (L1)pe(Fy10).
M (00T gyt
a,b>0
The term (—); means the degree 2b part of a cohomology class, and Td" is the dual
Todd class defined by the property that TdY (L") = Td(L) for any line bundle L.
Recall that the superscript * indicates the quantization, discussed in Section 3.3.

The proof of Theorem 4.2.1 will be completed in the next few sections. In the next
section we derive Theorem 4.2.1 from (7.1.1.4). The computation of chy (Fg , 4) by
applying Grothendieck—Riemann—Roch formula will be presented in Section 7.3. In
Section 7.4 we derive Equation (7.1.1.4) from these computations.
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7.2 From (7.1.1.4) to Theorem 4.2.1

We first derive Theorem 4.2.1 from (7.1.1.4).
7.2.1 Lemma Ck =0 fork>1. Co = %I‘ankF(&)lglao — (Cl (F))I,I,O-

Proof The virtual complex dimension of ./\711,1 (X,0) is 1 (note that the marked
point is nonstacky). The integrand involved in Cj is of degree at least 2(k + 1).
Therefore C, = 0, k > 1, for dimension reasons. The degree—2 part of the inte-
grand of C() is (CV* Cho(F)(TdV(Ll))l —{—E‘/V>’= Ch1 (F))C(Fl,l’o)(), where C(Fl,l,O)O =
exp(so cho(F7,1,0)) denotes the degree—0 part of ¢(F7,1,0). By Riemann—Roch, we
find that the virtual rank of Fy ;¢ is 0, thus cho(F7,1,0) =0 and e(Fy,1,0)0 =1. We
conclude by observing that (TdY(L;)); = —% 7 a

7.2.2 Remark Our proof of Lemma 7.2.1 uses a dimension argument and is valid
in nonequivariant Gromov—Witten theory. The exact evaluation of Cj, in equivariant
Gromov—-Witten theory requires an explicit description of the moduli stack M 1(X.0)
and its virtual class. Such a description is not known for Deligne-Mumford stacks X,
thus an exact evaluation of Cj in equivariant Gromov—Witten theory remains un-
known. If the torus acts with isolated fixed points, virtual localization formula yields a
calculation of Cj . We will not discuss it here.

For simplicity, write

i ( 5 Undesionz" ™! chk«q*F)inV))A, i ((Ao)k+1 )

m! 2 z
m>0

As explained in [17, Example 1.3.4.1], the cocycle C(Zj sjaj, Bx) is equal to

C(ZSJ (Azz)j—lz’ (Aoik+1 )

Jj=0

1 ( Sj(AZ)j—l)
— —str[ (Ao AN
(7.2.2.1) 2 ’ Hg 2

I1q)*(A7)j—
=5 [ T AU o Y5y T

2 ,
j>0
=0,
where the second equality follows Appendix D and the last holds since the degrees of
integrands exceed the dimension of /71X .
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Solving (7.1.1.4), we find

Dy = exp (Z skak) exp (Z skﬂk) exp(s0Co) Do,

k k
which gives Theorem 4.2.1.

7.2.3 Remark Our derivation of Theorem 4.2.1 from (7.1.1.4) uses the exact values
of Cj and the cocycles, and is valid for nonequivariant Gromov—Witten theory. In
this paper we only consider nonequivariant Gromov—Witten theory. Note however that
(7.1.1.4) is valid in full generality.

7.3 GRR calculation

In this section we compute chy (Fg , 4) N M g.n(X,d)]V by applying Grothendieck—
Riemann—Roch formula. For technical reasons we proceed as follows. The construction
in [1] using Hilbert functors for Deligne-Mumford stacks provides a family of orbi-
curves

UuU—-M

over a smooth base stack M and an embedding
Men(X,d) — M
satisfying the following:

7.3.1 Property (1) The family &/ — M pulls back to the universal family over
Mg u(X.d).
(2) The vector bundle E = ev;‘; 11 F extends to a vector bundle over .
(3) The Kodaira—Spencer map T,, M — E xll((’)um, Ouy,,) is surjective for all
me M.

Details can be found in [1, Proposition 3.1.1]. We check that Grothendieck—Riemann—
Roch formula (Corollary A.0.8) can be applied to &/ — M. First note that Property
7.3.1 and the smoothness of M imply that I/ is a smooth Deligne-Mumford stack. By
the construction in [1], ¢/ — M factors as

L{—n&xM—)M,

where A is smooth, &/ — A x M is a regular embedding, and A x M — M is
the projection. Therefore I/ — M is a local complete intersection (Ici) morphism!#.

14The notion of a Ici morphism for Deligne—Mumford stacks is the same as that for schemes [27,
Appendix B.7.6].
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Moreover, since the relative tangent bundle of A x M — M is just the tangent bundle
of A pulled back to A x M, it follows that the Ici virtual tangent bundle of U — M
coincides with its relative tangent bundle.

We can compute ch(fxev,  ; F)N M gn(X, d)]vr by applying Corollary A.0.8 to the
morphism ¢/ — M then capping with [Mg (X, d)]""". Therefore for the rest of this
section, we assume Property 7.3.1. To avoid introducing cumbersome new notation, we
will express our computations as if they were done for the morphism M ent1(X.d) —
M g.n (X, d). Namely we assume that the moduli stack M g.n(X, d) is smooth and its
universal family has everywhere-surjective Kodaira—Spencer map.

The Grothendieck—Riemann—Roch calculation we need is done individually for each
component Mg ,,11(X,d;iy,...,in,0). We begin with an analysis of the components
of the inertia stacks I Mg ,,41(X,d;iy,...,iy,0) required for this calculation. There
are three types of components of the inertia stack I My ;1 1(X.d;iy,...,iy,0) that
are mapped to Mg ,(X.d;i1,...,in):

(1) the main stratum /\7lg,n+1(/'\.’, d;i1,...,in,0),

(2) the divisors of marked points D; ¢, .. .i,), and

(3) the locus of nodes Z, ;... i,)-

In the rest of this section we work out contributions from each of them to GRR formula

of ch(fxevi, | F) N[Mgn(X. )]

7.3.2 Main stratum The computation on the main stratum does not depend on
(i1,...,in). Tosimplify notation, we describe it for f: Mg ,41(X,d) = Mg, (X.d).

The restrictions of ch(E) and ﬁ(Tf) to Mg nt1(X,d) are ch(E) and Td(Ty)
respectively. To compute Td(7r) = Td" (2f), we use the following lemma.
7.3.3 Lemma There are exact sequences of sheaves

0—Qr —wr—ix0z—0,

0= wr— Lyy1 — @SJ*ODJ. — 0,
Jj
where
o L, is the tautological line bundle on M g.n+1(X.d) corresponding to the
(n + 1) —st marked point,
o 5j: Dj = Mg ut1(X,d) are inclusions of the divisors of marked points,

e i Z— /\7lg,n+1 (X, d)’ is the inclusion of the locus of the nodes.
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Proof We prove the first exact sequence. The second sequence can be proved by a
similar argument. Away from Z, two sheaves €2y and wy are the same. Consider a
family

S<—C£>X

of orbifold stable maps with S = SpecR such that the fiber of C/S over a point of
S is a nodal orbicurve. Etale-locally near a node!?, we may write C as the quotient
[U/py] where U is the nodal curve Spec(R[z, w]/(zw —¢)) and p, acts on U via

(z,w) > (&2, 8 w).

On this neighborhood, the dualizing sheaf ws corresponds to the (,—equivariant sheaf
wy with invariant generator (dz A dw)/d(zw). The sheaf Q2 of Kihler differentials
corresponds to the ,—equivariant sheaf Qg with generators dz, dw and a relation
wdz + zdw = 0. There is an equivariant inclusion Qs < wy defined by

dz Adw dz A dw
dz—z———, dw+—>—-w———.
d(zw) d(zw)
The cokernel corresponds to the p,—equivariant sheaf generated by
dz Adw
d(zw)
with coefficients in Og. This sheaf is identified with i,Oz, proving the first exact
sequence. |

Therefore we have
TdY(Qy) = Td" (Ly11) Td¥ (=ixOz)) [ [ Td" (=54 Op;).
J

Note that the D;’s and Z are disjoint, and the restrictions of L, to them are trivial.
So we have

(Tdv(—Sjl*ODjl) - 1)(Tdv(—s]~2*(’)pj2) -1)=0 for1 < j; < j, <mn,
(TdY (=sj+O0p;) — )(Td¥(Lp41)—1) =0  for1 < j <n,
(Tdv(—sJ-*ODj) —1)(TdY (—ixOz)—1)=0 forl1 <j<n,
(Td¥ (—ixOz) — )(Td" (Lp41) — 1) = 0.

15We use the condition on Kodaira—Spencer map to give this description.

Geometry & Topology, Volume 14 (2010)



Orbifold quantum Riemann—Roch, Lefschetz and Serre 55

Equivalently,
Tdv(_sjl*ODjl _SjZ*ODjz) —1
= (Tdv(—Sjl*ODjl) -1+ (Tdv(—sz*ODjz) —-1)
for 1 < j; < jo <m,
Td¥(=5j20p; + Luy1) — 1 = (Td" (=54 0p,) = 1) + (Td" (Ly 1) — 1)
for1 <j <n,
TdV(—sJ-*(’)Dj —ixOz)—1= (Tdv(—s]*(’)pj) — 1)+ (TdY (—ixOz) — 1)
for1 <j <n,
TdY (=ixOz + Lyg1) — 1 = (Td¥ (=ix0z) — 1) + (Td" (Lyg 1) — 1).

Using these equations repeatedly, we find

TdV(Qf) —1= Tdv (Ln+1 + Z(—Sj*ODj)—i*OZ) —1
J

= (Td"(Lp41) = 1)+ ) _(TdV(s;+0p;)"" = 1)
J
+ (TdY (i+0z)"' = 1).

Hence the contribution from the main stratum is

{fx(ch(E) TdY(Ly41)) + ) fu(ch(E)(TdY (s;+Op,) ™" = 1))
J

+ fx(ch(E)(TdY (ixO2) ™" = 1))} N [Mgn(X, d)]'.
The term Td" (Sj*O'Dj)_l — 1 is computed as follows: Consider the exact sequence
(7.3.3.1) 0— O(=Dj) - O — 5jxOp; — 0.

Note that s *(=D;) = ¢1(N}’) with N} the conormal bundle of Dj — Mg 41 (X, d)'.
It follows that

_ B
TdY (sj+Op;) ' =1 =TdY(O(-D;)) =1 = r—!’(—Dj)’
r=1

By s
=5 3 Ty = —sj*[

r=1

TdV(NjV)
CI(N]'V) i|+'

Here and henceforth the symbol [ -]+ denotes power series truncation, which removes
terms containing negative powers of cohomology classes.
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The term TdY (ixOz)~! — 1 is computed as follows: Let ¢: Z — Z be the double
cover of Z consisting of nodes and choices of a branch at each node. Zisa disjoint
union of open-and-closed substacks of the form ./\7lg_1,n+{+,—}(z\,’, d)Xpxxrx IX or
of the form M xyx M_, where M4 = Mgi,nintl(x, dy) suchthat g4 +g_ =
g, ny +n_=n,d+ +d_ = d is an ordered splitting of g,n,d. This follows from
the fact that Z is the universal gerbe of nodes over f(Z) (cf [2, Proposition 5.2.1]).

Let L+ be the line bundle on M whose fiber at an orbifold stable map is the cotangent
space! ¢ at the marked point of gluing. The line bundle L_ on M_ is similarly defined.
On Mgy yyi+.—3(X,d) the cotangent line bundles at marked points + and — are
also denoted by L+ and L_.

By [48, Lemma 5.1], there is a polynomial P such that
TdY (ixO0z) "' =1 =ix P(c1(N), c2(N)),
where N is the normal bundle of Z C M g.n+1(X.d)". Thus we have

TdV(i:0z)" ' =1 = %i*qﬁ*P(cl((ﬁ*N), c2(p*N)).

Denote 1 =i o¢. Using $* N = LY @ LY and the expression of P in [48, page 303],
we find

Tdv(i*(’)g)_l —

- (ZBS ) (1)“w+w_)

s>2 ' g4+b=s—2

( ( 1 1 1+ 1 _ 1 +1))
++lﬂ eV+ —1 E e¥-—1 K 2

[ (ldV(LJr) ldV(L_))}
V- Yy V- +
Here v+ =c¢1(Ly).

Therefore the contribution from the main stratum is
Sx(ch(E) TdY (Lp11)) N [Mgn(X, d)]™

* TdV(NjV) A A vir
—;f*sj*(ch(sj E)[TN,.V)L) N[Mgn(X.d)]

(7.3.32)

l\)l'—‘ l\)l'—‘

—i—%(fot)*(ch(L*E)[ : (TdV(L+) Td(L-)

\ A " ,d vir‘
Ve +Y-\ Y4 i V- )}+)O[Mg’ ()]

16This is not the cotangent space on the coarse curve.
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The contribution to ch(f, .. i)«E) N [/\7lg,,, (X.,d;iy,...,ip)]"'" from the main stra-

.....

tum can be found by restricting the above to J\7lg,n (X,d;iq,...,in). Itis the sum of
the following three terms:
(7.33.3) it esinys (H(E) TV (L)) N [Meg (X, diiy, i)

| PSRN & 070
(713.3.4) _]Zf(il ----- in)*Sj,@1,e in)*(c (Sja(il ..... in) )|: CI(N]'V) j|+)

ﬂ [Mg,n(X, d, ll, ceey in)]Vir,

(73.3.5) (Ch%1 ..... in)E)|:1/f+-1i-l// (Td:{f(f+)+de/f(L_))] )
- - +

N[ Mgn(X,d;iq,. .. in)]""

Here the subscript (;, ... ;,) indicates the restriction to M en(X.,d;iy, ... in). Wecall
(7.3.3.3) the codim-0 term, (7.3.3.4) the codim—1 term, and (7.3.3.5) the codim—2
term.

7.3.4 Remark Consider the stack My x;x M_ parametrizing maps whose domains
consist of two parts separated by a distinguished node!”. If the order of the automor-
phism group of this node is r, then ry4 = 1;+ is the first Chern class of the line bundle
whose fiber is the cotangent line of the coarse curve at the marked point of gluing.
Similarly ry— = J_. The same statements hold for L4 on M g—1n+{+,—3 (X, d).

7.3.5 Marked points We compute the contribution from the divisors formed by
marked points. Let s; ,....i.): D Gi1,sin) = /\7lg,n+1(X, d;iy,...,in,0) be the divi-
sor of the j—th marked point. We know D; , . i)~ /Wg,n(/'\.’, diiq,...,in) X B/,Lrij

and the diagram

Mg,n(X’d;ila---,in)XBun-j — &

!

Mg,n(X,d;il,...,in).

defined by the restriction of the universal orbifold stable map is equivalent to the
evaluation map
evj: Mgn(X,d;iy, ... in) = &j;.

17By definition, a section of the gerbe at the distinguished node is part of the data in this moduli
problem.
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Also, the generator Up;, € Hy;, acts on the conormal bundle N jV with eigenvalue ¢, L
J

The locus D; ,,....i,) contributes components of I./\7lg,n+1(z'\,’, d;iy,...,iy,0) which
are mapped to M en(X.,d;iy, ... iy). These components are
Mg,n(')(adiil,---,in)X(IB/fLr,-j \B/Lr,-j) = ]_[ Dj,(il,...,i,,)(l)
1§l§rij—1

where D; (;,
as

in) (1) is defined as follows. The inertia stack BM,,.]_ can be described

.....

IB/Lrl.j = ]_[ [Spec (C/C(u’fij )]
0<k=<r;.—1
J
Define Dj (iyoiny (D) = Mg n(X.d5 iy, . .., in) x [Spec C /C(uiij N

= Mgan(X’d;ll?' .. ,in) X B//Lrij.

These components arise in the following way. The automorphism group of an object
_____ i,) splits as a product Aut x /Lrj where the first factor Aut is the automor-
phlsm group of the corresponding object in M en(X,d;iy, ... in). The components
Dj (iy,i)(1), 1 =1 < ri; — 1 correspond to taking the identity element of the factor

Js
Aut and elements uii. 1<i< ri; — 1 in the second factor Wi -

By Lemma 7.3.3 and the exact sequence (7.3.3.1), we see that the pullback of Tf(;
..... i) (1) has trivial invariant part, and the moving part is the pullback of N i

to Dj,(il,...,in)(l)-

The restriction Elp; ., is decomposed into a direct sum o< <, _LE® of u,, —
eigenbundles, where E (k5 has Uy, —eigenvalue g k and ¢, i, = exp(in v=1(1/ry )).
Let P;: Dj iy,...i) D) = Dj iy,.. ,,”) be the prO]eCtIOIl Then we have

in))) = Z r,'j Ch(Pl* (E(k)))

0=k=rj;—1

Ch(p(P]*E |Dj’(jl

So the contribution from D; ;, . ;.)(]) is

Zosksnj —1 d‘lf Ch(Pl* (E(k)))
—1
1 - é"’ij Ch(Pl* NJ\/)

N[ Mgn(X,d;iq,. .. in)]""

Let yi: Men(X, dsit,. o in) = Dy iy,i) () = Men(X,d3ir, ... in) X Bur,
be the map such that the map to the first factor is the identity and the map to the second
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factor corresponds to the trivial p ri; —bundle. We have

VisV; =ri;-id and  fG, i) ©Sj Gy ,..in) © Pro v =id.

Hence we can write the contribution from D; ¢, ;) (/) as

1 Zosksnj_l Crl ch(y} P*(E(k)))

1 N[Mga(X,d;iy, ... 0"

rij

=l
1— é‘r,-j Ch(Vl PI*NJ'V)
The following lemma is straightforward.

73.6 Lemma (1) For E =ev, , F, we have y;" P (E®) = eV;‘(Fl.(jk)),

@) yfPINY =1L;.

59

Proof The second statement follows from the definition. We prove the first statement.
Let § — Mg »(X,d) be a morphism and S <- C — X the corresponding orbifold

stable map. Restricting to the divisor of the j—th marked point yields morphisms

S(ﬂSxB,u,l.j 2 x.

By the description of the inertia stack I X in Remark 2.1.2 (i), these morphisms corre-
spond to amorphism p: S — A;; . Consider the component B/Lrl ~[SpecC/C (u )]c
IBMr and let 7r;: S X [Spec C/C(u )]— S x B[L,«l be the prOJectlon Let y: S —
S X [Spec c/C (u )] be the section of p o such that the map to the first factor is
the identity and thé map to the second factor corresponds to the trivial Wri; —bundle.
Let (p* F)®) be the eigen sub-bundle of p* F on which Uy, acts with elgenvalue § k

To prove the first statement it suffices to prove
k
y*af((p* F)®) = 5" (F9).

This is obtained immediately from (2.2.1.1) by pulling back via p.

Therefore the contribution from D; (;, . ;.y(I) can be written as

k
1 ZOSkSrij—l dc,f ch(ev;‘(F,-(j ))) Mo (X d vir
1 al ,diig, ..., 0 .
i 1=l eh(L)) Mot
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The contributions from D; ¢, ;)(1),....Dj y,...i,y(ri; — 1) add up to

k
1 ZO<k<r, -1 Ti; Ch(eV*(F( )))

L AW n(X.dir .. )]
Z . l_é.rij Ch(Lj) [ g,n( I in)]

;k.’ .
For each k with 0 <k < ri; we have
ff,j ri; eker (L)) 1
1<l§zr, -1 1_;;](eC1(L,-) C—ema@) 1 —ead)’

Using y()*yg‘ = ri; -id we can rewrite the part of codim—1 term (7.3.3.4) that comes

.....

S Y bV () Y e (L) (X i i)

Yosks<r;—1 n>1

-1 Y chiev} (F(k)))

ij 0<k<ri;—1

1 ( C](L])

c1(Lj) ec1(Lj) _ 1 - 1)ﬂ[/\7lg,n(-)(, diiy,..., l'n)]vir‘

Here we use

X:ﬁx"_1=l T ).
n! x\e¥—1

n=1
Combining this part of the codim—1 term and contributions from D; ¢, . ;.)(1)....,
Dj (iy,....in)(ri; — 1), we find that their sum is equal to

ke (L
L E Ch(eV (F(k))) ki e + : O[Mgn(')(,dﬂ.l,---,in)]Vir-
i _erijcl(Lj) c1(Lj) ’
4 O<k=ri;—1

Using the definition of Bernoulli polynomials, we see that this is

(736.1) — > (ch(ev}f(Fl-(jk)))

0=k=r;; =1

Bu(k /i '
x5 2O e (L (X ]

n=>1
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D o<k<r; —1 Ch(eV;(Figk)))Bn(k/rij) el o . i
:_Z J p Vi N[ Mg a(X, dsiy, .. i)™

n>1

Here we also use ¥ = ri; ¥j, which follows from the fact that L}g” i =myLj.

7.3.7 Nodes We proceed to compute the contributions from the locus of nodes in a
similar fashion. Let

Or (it semsin) Zr(itsemsin) = ZF(i1semsin)

be the double covering of Z, (;, .. ;) consisting of nodes and choices of a branch at
each node and

U livoin): Zriyin) = Mens1(X,diit, ... in, 0)
be ¢, (i,,....i,) followed by the inclusion.

The components Er,(l-l L (D), r(,l, Lin(r—1) of IZ, (i1,....in) Mapped to
Mg n(X.d;iy, ... i) can be deﬁned similarly as D; ,,....i) (). Smce Z can be
identified with a disjoint union of the stack

.....

Mgy ppir. (X, d) Xpxxra IX

and stacks of the form M4 x;y M_, each 2,,(,-1
Let

P Zr i) (D) = Zr iy i)
be the projection, and y; an inverse of P;. Note that y;, ;" = id.
By the Koszul complex
0->O0L4+RL-)—>O(L4)DO(L-)—>0O0—-0z—0

and Lemma 7.3.3, we see that the invariant part of the pullback of Tf(l1 to

..... in)

,(,1’ i) (1) is the sum of a trivial bundle O, and —O, and —(L4 ® L_)". The
moving partis (LY @ LY).

The contribution from gr,(il,...,in)(l ) is

> Sk ch(y PF(E®)) Td(—(L1 ®L-)Y)
1-¢l eh(L4)— ¢l ch(Lo) +ch(AX(Ly B L)) )
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Put ¥y =1 (L4), ¥— =c1(L-). Note Td(—(L+ ® L_)¥) =Td"(~(L+ ® L-)) =
1/TdY(L+ ® L_). We have

Td(—(L+® L))
1= ¢l eh(Ly) =&l eh(L-) +ch(A? (L4 & L))

eV+tv— _q
WY = GVt —gleV eVt
eV+tv- _q

T W + Y (=L lev ) (1 —¢levm)

1 1 1
= 1+ + .
(/8 +l/f—( Glevs —1 0 tlev- — 1)
Also, for 0 <k < r,

r—1 kil k r—1 kil
i re®* 1 f re

P &lex —1 Tl e -1 E;ﬁex—lz erx—1  eX—1

—k)x 1

And
’Z‘i 1 _’i o 1 ’2‘5;,(,_ —1,  k#0,
p tleX -1 tlex — 1 erx—1 eX—1" =" T |, k=0
=1 I=1 =1
Therefore
r—1 il é-kl é—kl
7.3.7.1 + r + r )
D ;( Glevt —1 - flev-—1
rekvV+ 1 re(r—k)v— 1
V1 eVt i1 ~ e L k#O,
r 1 r 1

V-1 eVt—1 T erv——1" ev——1 tr—1. k=0

We have ;" P/'E (k) = =ev: o (F (k)), which is similar to Lemma 7.3.6 (see Appendix B
for the definition of evnode) What we need to do now is to combine the part of the
codim-2 term (7.3.3.5) from Z, (i1,...,in) and contributions of Z, (G1oim) (D)5 -

Z, (i1,onin)(r — 1) First note that the term Ch(t E ) in (7.3.3.5) breaks into a
sum of terms ch(evnode((q*F)(k))) for0<k<r. The term in (7.3.3.5) corresponding
to k is (the pushforward of) ch(ev* , ((¢* F)®))) multiplied by 1/(y+ + ¥—) and

1 1 +1+ 1 1 1
eY+—1 vy 2 e¥v-—1 vy_
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(see (7.3.3.2)). Adding this to (7.3.7.1), we get for k # 0

rekv+ 1 +re(’_k)‘/’— 1
e+ —1 Yy e’v-—1 Y-
B e(k/r)rt/f+ 1 N e((r—k)/r)rt/f_ 1
o \ervr -1 ryg erv-—1 ry_
B,(k/r) B,(1—k/r)
= 3 (Pt PO ).

n>1

and for k =0

r 1 n r n
—_— . — — —_— — — r
erv+ —1 Yy  e'v-—1 Y_

1 1 +1+ 1 1 +1
=r — — — =
v+ —1 ryy 2 eV-—1 ry— 2

ry. (%(WH"_I + %(“/’—)"_1)

n=2

By _ B,(1 _
=r Z (H(’”‘Wr)n '+ %(”ﬂ—)" 1) :

n>1

By these calculation it follows that the combined contribution is the following expression
capped with the virtual class:

r? 1 1
?(f(il,...,in) O Ly (iy,msin) ) Z (;m

n>1
x 3 entestulla PION (B v 4 B (11 )owor )
o<l<r
2 1
= %(f(,-],...,i,,) O Ly iy omin))* D (;(Zch(evzode«q*F)‘”))Bn(l/r))
n>1 ’ [

x Yy (—1)b<rw+)“(rw_>b)

a+b=n-2

2
=D oY (ni!(Zch(ev::ode«q*F><’>>)Bn<l/r>)
l

n=2
(1ﬁ+)” L (D)"Y 1)
Vi + Y-
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Here we use r/+ = 1+ . Note that we rewrite 1/(¥4 +v¥_) as r-(1/(rr4 +ry_)),
which gives a factor of r.

Combining all together, we find

ch(fievi, F) N[Mgn(X.,d)]'™"
= fx(ch(ev* F)TdY(Ly41)) N[Mgn(X,d)]'"

(71372 =Y eV’m )" N[ Mg (X, )
i=1m>1 ’
| 1 . W)™ (=DM (!
+ E(f © t)*mZ:Z (Mrnzode(evnode Am)( &++J_ )

N (X)),

7.4 Finding the differential equation

We begin with the following splitting property of the virtual fundamental classes, which
will be used in the calculations. Let S)ﬁgfn be the (Artin) stack of twisted curves of
genus g with n marked gerbes (not trivialized). First consider the case of separating
nodes. Let

D™(gyinylgin_) = 11 D™(g4:Alg—: B),
{1,...=AUB,| A|=n,| Bl=n_

where the right-hand side is defined as in [3, Section 5.1]. There is a natural forgetful
map Mg (X, d) — 9Ny, and a natural gluing map gl: D™ (g4;n4[g—;n—) — My,
as defined in [3, Proposition 5.1.3]. Consider the Cartesian diagram formed by these
maps:

Qg,n(-)() —_— Mg,n(X,d)

l l

There is a natural map

o U Meyme1(Xody) xpx Mg y1(X,d-) > Dg u(X).
d=dq+d_

This is the universal gerbe over the distinguished node [2, Proposition 5.2.1].

Geometry & Topology, Volume 14 (2010)



Orbifold quantum Riemann—Roch, Lefschetz and Serre 65

Similarly, for nonseparating nodes we write gl for the map obtained by gluing the last
two marked points. There is a similar Cartesian diagram and a similar map g, which
we do not describe explicitly.

7.4.1 Proposition Let

My, n 41X dy) X Mg_p 1(X,d-) € 2, 5 Mg (X, d).
Consider the diagram of gluing
Mg ne+1(X dy) xpp Mg_p_p1(X.do) —— Ix
| dl
evy Xev_

Mg+,n++l(X7d+)XMg_,n_—H(X,d—) — IXxIX.

Here §: IX — I X x I X is the diagonal map, and ev_ is the composite

_ _ 1
Mgm1(X.d) S IX S 1X.

Then ) 8'(Mgyny+1(X,d0)]" X[Mg_n_41(X,d2)]")
dy+d_=d

= r2g* (' [Mgn(X. D))
Similarly, for ./\7lg_1,n+{+,—}(X, d)xpxxix IX C Z, - ./\7lg,n()(, d), we have

S TMgoi i+ (X, DY = r?g* (& Mg (X, d)]).

This proposition is more general than Proposition 5.3.1 of [2]. The proof of this
proposition is the same as that of [3, Proposition 5.3.1], with the straightforward
adjustment for weighted virtual classes. In particular, the factor r? arises since when
a stacky node of order r is split into two stacky marked points, each marked point
should receive a factor of r in order to get the weighted virtual class. (Note that r
should be interpreted as a locally constant function.)

We now process the term (7.1.1.3). According to the GRR calculation (7.3.7.2), (7.1.1.3)
splits into three parts:

e Codimension—1:

thg—l Am Nm— .
(7.4.1.1) —g%:d W<( Z W(w) 1) tt,... t C(Fg’n,d)>

m=>1 k g7n5d

Geometry & Topology, Volume 14 (2010)



66 Hsian-Hua Tseng

¢ Codimension—-2:

d 1
(7.4.1.2) Z Q hg < oot

1, Yl 4 (—1)'"%21—1] >
o)« — "node ©Vnode Am - - F »1, :
[(f ! mzzzm!r e ot v+ - kC( o) g.n.d

¢ Codimension—0:

09he~! . v
Zd =t (faleh(ev' F) T (Ly)Die(Fed))g
g.n,

thg—l .
=y 0 (/... /"t (ch(ev* F)TAY (Lyt1)k+13¢(Fgnt1,d))g py1.a
g.n,d )

thg_l \% *
=3 T(t"“’t’ (ch(F) Td (L4 1))k+1: € (Fgnt1,0))g s 1.4
g.n,d ’

d hE— 1 "
Z Q <Chk+1(F) corb [%]F,t,...,t; C(Fg,n,d)> ,

=1 g.n,d

where we have used Lemma B.0.9. This is equal to the sum of the following
four terms:

thg—l
(7.4.1.3) Z o 1),( 4 (ch(F) TdY (L)k+1: ¢(Fgn,d))g n.a-

d #h8—1 0
(7.4.1.4) — Z Q—<chk+1(F) “orb [@] ,t,...,t;c(Fg,n’d)> ,
vody g.n,d

_ 1\
o (n—1)!

1
~5 (t.t. (ch(F) TdY (L))k41: ¢(Fo,3,0))q 3,07
(7.4.1.6) —((ch(F) Td¥ (L))k41: ¢(F1,1,0))] 1.0

(7.4.1.5)

Here (---)°. denotes invariants defined from moduli spaces of maps with the last marked
point untwisted, and we use the property

f*t(%)—t(w])—s,*[ (‘”f)} |
Vi J+

J

Since 1/_fj are pulled back from M g.n(X,d), this follows from the case of schemes
(see for instance Coates—Givental [19]).
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Observe that, by Lemma 2.3.8,

t(y)

i1 (F) oy [7L = chys 1 (g* F)[ (j)L - chk+1<q*F)(“WT_“).

On a component X;, we have

ZAmml

m=>1

- ¥ ch(F,.(”)( 3 —B’”Z,/”)zm—l) =

0</<r;—1 m>1

ch(F) Bl /1:)

Sy y DB
m!

X m>10<i<r;—1
(/r)z
> ar(S )
1 z

0<l<ri—1

[
and chg1(¢* F)lx; = D o<1<r—1 Chk+1(Fi( ).

For each / we have

(/ri)z — (/ri)z (/ri)z
(G -1+ 0 - (-1 ) = | S o)

ez —1 e?

+

€) + ches1 (4" F)lx [“f )]
(V2

B ch(Fi(l))e(l/"')'/_’) _]
B Z |:( eV —1 kt(W) +.

0<l<ri—1

A, —
Hence ( Z ﬁwm_l)k

m=>1 &

Therefore the sum of (7.4.1.1) and (7.4.1.4) is

— Z 1 | z t ,t,.,.,t;c(Fg,n,d) :
n—1)! e? —1 ke d+ g.n.d

g.n,d

Also, (ch(F)TdV(L))k+1:[(ch(F)TdV(L)) w] :[(M) w} .
v Je Iy eV —1)k 14

Hence the sum of (7.4.1.1), (7.4.1.3) and (7.4.1.4) is

dpg—1 h(ED) e/ )V _
_ Z 0 <|:(ZIC (eZl—)le ) (t—]W)] ,t,...,t;c(Fg,n,d)> .
k + g.n,d
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Adding (7.1.1.2) to this, we get

dg— D,/ rd)v * ryinv
7417 -3 o7n% 1<[((Z’Ch(F" e )k+0h"((q F) ))q(lﬁ)] ,
+

’ (n—1)! ez —1 2
g.n,

L...,t§c(P§Jud)>
g.nd

Restricting the operator

3 (Am)pz""! +Chk((q*F)i“V)

7.4.1.8
( ) m! 2

m+th=k—+1
m,h=>0

to X, we obtain

ch ((¢* F)™|x;)
+
X 2

m—1
7419 3 (Am)n=

m!

m+h=k+1
m,h>0

_ (ZuehED N ey (g7 F) ™)
e?—1 k 2 ’

Note that the operator (7.4.1.8) is infinitesimally symplectic by Corollary 4.1.5.

By [17, Example 1.3.3.1] (see Appendix C), the quantization of the pg—terms of the
quadratic Hamiltonian of (7.4.1.8) applied to Dy gives (7.4.1.7).

It is straightforward to check that the g?—term of the Hamiltonian of the operator

(7.4.1.8) only comes from (Ag)x+1/z = chg41(¢* F)/z. Using statements from
Remark 2.4.3 we can calculate (7.4.1.5) directly, the answer is

1 )
- to Ao Achg (g™ F) Ae((g™ F)™).
2h Jrx

Then by Appendix C the quantization of the ¢g2—term yields exactly (7.4.1.5).

Now we handle the codim-2 terms (7.4.1.2), following the approach of [17]. By
pulling back to M4 x M_ and Mg_{ n4(4 1,4 and using Lemma B.0.9 and
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Proposition 7.4.1, we express (7.4.1.2) as

I le-i-dzhgl—l-i-gz—l
T T Y Y (fn

g.n,d g1+g2=gnitnr=nd,+dr=

neV
X Z <t, .. ,t, L;c(}j‘gl,l’ll-i-l,d1)>

a,b’c \% c((q*F)ll’lV) gl,n1+1,d1
/" )
b,c 1/,—
(7.4.1.10) x<"”—’,,t,...,t;c(F .y )> )
Vel(g* F)m™) Ry PR A
h thg—l—l
+5 Z ( n!
g.n,d
17 b
b cw-i- Oa b,c, w
X t,. %a. s e(Fg—1,n+2 d)> )
a% < \/C(((]*F)m") Vel(g*Fym™) o g—1n+2.d
Here!8

o A Y+ Dy
> Oup¥ivl = ( 2o

ab m=2 Y+ Y-

) - (g% 00 ® ¢p)
k—1

e H*(IX)[y+]® H*(1X)[y-].

2% is the matrix entry of the inverse of the matrix (g48) With g8 = (o, #g)orb, and
we write O, € H*(IX) ® H*(I1X) in its Kiinneth decomposition:

/ *
ab_ZOabc abc’ a,b,c’ abceH(IX)

Due to twisted dilaton shift, we have

0 1 0

i Je((q* Fym) g

I8Note that the term

Z Am ]//f‘_n 1+( l)ml/,m 1
m=2 VY-

belongs to End(H* (I X))[¥+. ¥_]|, which is identified with H* (I X)[¥+] ® H*(I X)[¥_] using the
pairing on H*(1X).
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Comparing this with [17, Example 1.3.3.1] (see Appendix C), we find that (7.4.1.10)
coincides with the quantization of the p?—terms of the Hamiltonian of

A .
> U @t ™2
m,h=0,m+h=k+1 )

applied to Dy (note that the Hamiltonian of (A¢)x11/z + (A1)x + chi ((¢* F)'™)/2
has no p%—terms).

Putting the above together, we just proved

9Dy ( ( ) (Am)pz""! n ch ((¢* F)™)

0 - m! 2

)A + (7.4.1.6))Ds.

m+h=k+1,m,h=0

Note that (7.4.1.6) is equal to Cj, defined in Section 7.1. This concludes the proof of
(7.1.1.4).

Appendix A A Grothendieck-Riemann—Roch formula for
stacks

Let X and ) be Deligne—-Mumford stacks with quasi-projective coarse moduli spaces.
Let f: X — ) be a proper morphism of Deligne—-Mumford stacks. Assume that f
factors as

(A.0.1.11) f=goi,

where i: X — P is a closed regular immersion and g: P — ) is a smooth morphism
(not necessarily representable). Define

Ty :=[i*Tp/y]—[Nx/p] € K°(X).

It is easy to show that Ty is independent of the factorization [ = goi. There is
a Grothendieck—Riemann—Roch formula for this kind of morphism, which is due to
Toen [50]. We begin with some definitions.

A.0.2 Definition [50] Define a map p: K°(I1X) — K°(1X) as follows: If a bun-
dle F on IX is decomposed into a direct sum EB§ F® of eigenbundles F® with
eigenvalue ¢, then
p(F):=> tF® e K'(1x).
¢
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A.0.3 Definition [50] Define ch: K 0(X) — H*(IX) to be the composite

KOx) 25 kOra) L5 KO x) - HF (1),

where gx: I X — X is the projection and ch is the usual Chern character.

A.0.4 Definition Define an operation A_; in K-theory as follows: for a vector
bundle V', define A_1 (V) :=)_ 5 o(=1)*A%V.

A.0.5 Definition (Todd class) Define Td: K° (X)— H*(IX) as follows: For a vec-
torbundle E on X, g% E is decomposed into a direct sum (¢% E)™ @ (g% E)™ where
(g% E )iV the invariant part, is the eigenbundle with eigenvalue 1, and (g% E)™, the
moving part, is the direct sum of eigenbundles with eigenvalues not equal to 1. Define

Td((¢3 E)™)

A& E) = .
T = i (@ E)™)Y))

The map Td satisfies
Td(V/)
Td(V2)

Recall that a stack has the resolution property if every coherent sheaf is a quotient of a
vector bundle (see for instance Totaro [51]).

Td(Vy + Vo) = Td(V))Td(Va), Td(Vy—Va) =

A.0.6 Theorem (Grothendieck—Riemann—Roch formula [50]) Let X and ) be
smooth Deligne—-Mumford stacks with quasi-projective coarse moduli spaces and
f: X — Y a proper morphism which factors as (A.0.1.11). Assume that X and )
have the resolution property. Let E € K°(X). Then

Ch(fw E) = If«(Ch(E)Td(T)),

where fy is the K —theoretic pushforward and If: IX — [} is the map induced
by f.

A.0.7 Remark The cohomological pushforward I f; of a nonrepresentable morphism
is defined by passing to a finite scheme cover of /X'; see Kresch [41].

Restricting to the distinguished component ) C 1), we obtain:

A.0.8 Corollary ch(fiE) = If+(ch(E)Td(Ty)|;/-1(y))-
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Appendix B Properties of virtual bundles

In this appendix we discuss some properties of the virtual bundle Fg , ;. First note
that the fact that F , 4 is well-defined can be seen by factoring f as in (A.0.1.11)
(which follows from the construction of the universal family in [1]). Note that f is
perfect, and resolution property implies that the K —theory of vector bundles coincides
with the K —theory of perfect complexes.

We study how F, , ; behaves under pulling back by the maps f: M gnt+1(X.d) —
Mg n(X,d), sj: Dj = Mg i1 (X,d) and it Z— Mg i 1(X,d). Let treq: 24—
M gn+1(X,d) be the composition of double covering of 2™ and the inclusion
into Mg ,4+1(X,d)’. Similarly we can define iy Zimr s Mg nt1(X,d). By the
definition of Z it is the universal gerbe at node over f(Z) C M g.n(X,d). According
to [2, Proposition 5.2.1], we have

2}'}'red= ]—[ /\7lg+,n++1(X’d+) X[/y./v‘g_,n_-i—l(-)(,d—)

g++tg-=¢g,
n4+n_=n,
di+d_=d
and 2" = Mg_1a42(X,d) xgaxrx 1X.

Therefore we may view Zrd 45 the moduli stack which parametrizes pairs

(f+: C+ AZif1<izny U4} = X,

(B.0.8.1) J= (C- {Zihi<isn U{ZE-)) > ),

where [ /1] € Mg, n, (X, d+), such that
[flzpl=1(/~z_D e IX.
Here I: IX — I X is the involution defined in Section 2.1.
Similarly we may view Z 35 the moduli stack which parametrizes maps

(B.0.8.2) [f: € AZihisizn US4, B2}) = X] € Mg nta(X, d),

such that = d=1(fIs_DelX.

Let eVnode: £ — IX denote the evaluation map at the marked point of gluing in
the description of Z above. More precisely, evyoqe 1S defined to map (B.0.8.1) to
[f+|z,]1€ X and map (B.0.8.2)to [f[s, ]€ IX.

B.0.9 Lemma (1) f*Fg’n’d = Fg,n+1,d|/\7tg,n+1(2(,d)/' .
) teaFent1d = PiFgyni+1.dy T P2 Fg n 41,d_ — eV (g F)™.
) & Fgnt1,d=Fg_1nt2,d —Vhgelad™ F)™.
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Proof The proofs are similar to those of the corresponding statements in [19; 17]. Let
X =[M/G] be as in Assumption 2.5.9, where M is a smooth quasi-projective variety
and G is a linear algebraic group. Choose a G —equivariant ample line bundle L on
M . The bundle F corresponds to an equivariant vector bundle which we also denote
by F. For N sufficiently large we have the exact sequence

0>Ker— H' M, FRLY) > Feo LN —0.
Tensoring with L™ yields an exact sequence
0>Ker@ LN > HO WM, FRLVM)Q L™ - F 0.

Let A=H'(M,F® LN)® L™V and B = Ker® L™ . These two bundles induce
two vector bundles on X' which we denote by A and B respectively. The above exact
sequence implies that Fg , y = Ag n g —Bg n.a -

If d #0, then R f; evy ,;Aand R £ ev,_, B both vanish for N sufficiently large,
and —Ag , 4. —Bg.n.a are vector bundles.

We verify (2) for Ag , 4. Let T be a scheme. Let
((f4: C = X). (fo: C— — X))
be a T'—valued point of
Mg, ni1(Xody) xpx Mg_n_+1(X.d-),

and f: C — X the stable map obtained by gluing. Denote by t: C — T, t+: C+ - T
the structure maps, by v: C+ UC_ — C the gluing morphism, and by ®peqe C C the
locus of the node formed by gluing. The restriction of —t% ;Ag 41,4 to the T —valued
point (f: C — X) is

Rt f* A~ (RO (f* AY ®@ wc))Y.
The restriction of —p% Ag, n, +1,4, tothe T—valued point (f1: C+ — X) is
Rt fEA = (RO%us(fEAY ®wey))Y.
The relative dualizing sheaves of C, C4, C_ are easily seen to fit into the exact sequence

0—>wc/s = velwe, /s Doc_ss) = 0@, — 0.

node

Tensoring by f*AY and applying t. gives the exact sequence

0— R (/" AY @ wey1) = ROty (ffAY ®we, 1) ® ROt (/*AY @ we_)7)
— R%,(f*AY ® Og_.)— 0.

node
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Note ROt (f*AY®0Og,,,.) is the sheaf of sections of f*.4Y which are invariant under
the action of the stabilizer group of the node. Therefore R%t,(f*AY ® Og__,.) is the re-
striction to the 7' —valued point ((f4: C4+ — X), (f=: C— — X)) of ev* , ((g*AY)™)
(cf the proof of Lemma 7.3.6). Dualizing this sequence then proves (2) for Ag , 4.
We can prove it for Bg , 4 in the same way. (2) thus hold for Fg , 4 since Fg , 4 =

Agnd —Bgna-
If d =0, then R® f; ev;l"Jrl F is a trivial bundle and R! f; ev;l"Jrl F is a vector bundle.
The same argument can be applied to this case.

(1) and (3) can be proved by a similar approach, we omit the details. O

Appendix C An example of quantized operator

In this appendix we reproduce the calculation in [17, Example 1.3.3.1].

Let A= Bz™ be an infinitesimal symplectic transformation of H. Here B: H* (1 X) —
H*(I1X) is alinear transformation. We write B as a matrix (BO‘) using the basis {¢q}
of H*(IX). Put g48 = (¢a., Pg)orv and let g% denotes the matrlx entry of the matrix
inverse to (g4g). Then define Byg = gayBB and B*f = B“g”ﬂ

A direct calculation shows that
1

2% Z (= 1)k+mBank‘1 1—k—m — Z Bﬂqka , ifm <0,
Q- 0<k<-m—1 k>—m T+m
h ad h 0 d
—Zng;fa Tt Y (~DfB gaa - ifm>0.
k>0 Tke+m 20<k<m 1 aqk Tm—1-k

For m = 0 we have 4 = 2 k>0 Bﬂqk (0/94%).

We calculate
B
(Zngka a ) (Z ,qua )(Zq;/¢yz)
k m k+m
= [Z B,‘é‘q,fd)azk*’"} = [Aq]+.
k +

This explains the appearance of (7.4.1.7).

Now suppose m > 0. We want to explain the double derivative terms in A above,
following [17, Example 1.3.3.1]. Observe that the double derivative

0 0
aq” Iy
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is the bivector field corresponding to
PV K @ o™V ~ 1L @My (identifying ¥, Y— with z).

Note that for m > 1, we have

S gk L VELEDTYE
0<k<m—1 v+t Y-
Thus the term

0 0
>, DB
dg? 94y,
0<k<m—1 qy " Im—1-k
can be interpreted as the bivector field corresponding to
By + (=)~ By
Vi + Y- '
This explains the appearance of (7.4.1.2).

Appendix D Cocycle calculation

In this appendix we calculate the cocycle (7.2.2.1). We begin with a lemma.

D.0.10 Lemma Let Y be a smooth proper Deligne—-Mumford stack. Denote by
q: 1Y — Y the natural projection. Let A: H*(Y,C)— H*(), C) be a linear operator
defined by a class a € H*(),C), ie A(y) =a-y. Then

su() = [ 4@ neTiy),

Proof Write the class @ as a sum of its degree zero part and positive degree part:
a=agl +a where a’ € H>°(Y,C). Since H*(), C) is a graded ring, the operator
of multiplication by a positive degree element of H*(), C) has super-trace 0. So
str(A) = str(agl-) = str(apid).

We find that
str(id) = x(1)) by the Lefschetz trace formula (see eg Behrend [6])

= / e(Try) by Gauss—Bonnet (see eg Toen [49, Corollaire 3.44]).
Iy
Since ¢*a’ Ae(Try) =0, we have

| ar@nem = [ q@ neTiy) = sutaio). 0
1y Iy
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Equation (7.2.2.1) is obtained by applying this lemma to each component X; of I X,
and use the definition of double inertia stack 11X := I(I1X) = J; [ X;. We denote
the projection by Igq: I1X — I X.

Appendix E Proof of (TRR)

In this appendix we give a proof of the topological recursion relations (TRR) in genus 0.
In this proof we will use the moduli stack Kg , (X, d) instead of ./\7lg,n (X,d). This
is because the proof involves splitting nodal twisted curves along a node, and it is
easier to express this using the stack Kg (X, d). As pointed out in [3, Section 6.1.3],
orbifold Gromov—Witten invariants defined using Kg , (X, d) agree with those defined
using /\7lg,n (X, d). We refer to [3] for properties of Kg (X, d) used here.

Our proof is adopted from [47, Section VI.6.6]. Let Z)JTB“”_,, 4 be the (Artin) stack
of twisted curves of genus 0 with 3 4+ k& marked gerbes (not trivialized) and let
p: Kojs4k(X,d) — ?Jﬁg”vﬂk be the forgetful morphism. For each partition {4, 5, ...,
3+ k}=A]] B with A, B # & we consider the stack ™ (0; {1} U 4|0;{2,3}U B)
defined in [3, Section 5.1]. Put

DW= ] DY(0; {1} U 4]0; {2,3} U B).
A,B, A]| B={4,5,...,.3+k}

There is a natural gluing map gl: % — E)JIE)W3 4 as defined in [3, Proposition 5.1.3].
Form the following Cartesian diagram:

m
D(X) —— Ko34+4(X.d)

! 7|

Let DY C 93?‘0“’“3 +« denote the image of D™ under the map gl. Consider the forgetful
maps 97(3’53 k= Mo,34+k — Mo,3, where the first map takes a twisted curve to its
coarse curve, and the second map forgets all but the first three marked points and
stabilizes the curves. Let L be the line bundle over 93?3’?'3 4 obtained by pulling back
the first universal cotangent line bundle over Mg 344, and L/1 the line bundle over
9JTBW3 4 obtained by pulling back the first universal cotangent line bundle over Mo,3.

(Wé slightly abuse notation here.) It is not hard to see that there is an exact sequence

0—> L, —>L;— Opw—0.
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A standard intersection theory result (see eg Manin [47, Chapter VI, Equation (6.19)])
shows that for any cycle class o on Ko 344 (X, d) we have

c1(p*Ly) N =c(p*L) Na+ pa gl a.

Take a = [Ko 344(X, d)]'" and use the fact that c1(L}) = 0 (because /\710,3 is a
point), we get

(E.0.10.1) 1;1 N [K0,3+k(X’ d)]Vir — /’L*(glz[,COJ—i—k (X, d)]vir).
According to [3, Proposition 5.2.2], we have

D™ (0:{1}U 410; {2, 31U B) xapy Ko 344 (X, d)

~ ]_[ Ko 1304ue (X, d1) X574 Ko 12,330BUx (X, d2),
di+dr=d

where I X is the rigidified inertia stack of X' (see [3, Section 3.4]). The diagonal map
§: IX — [ X x [ X fits into the following Cartesian diagram:

Ko,{13u4ue (X, dy) Ko,{13u4ue (X, dy)
XTx ’CO,{Z,S}UBU*(X» d>) X KO,{2,3}UBU*(X’ d>)
eVnodel Ve XCV*JV
Tx 4 TXXTX.

By the splitting result [3, Proposition 5.3.1], we get

(B0.102) gl'[Ko,344(X.d)]"™"
= Z 5!([’Co,{1}uAu.(X, d)" % [Ko.12,330 BUus (X, d2)]'™).
A]] B={4,5,....3+k},
di+dr=d

We may apply (E.0.10.2) to (E.0.10.1) and view the resulting equahty in homology via
cycle map. Integrate the resulting equality against y = ¢q, 1//1 ! ]_[ ¢a, v; ki and use
an identification of H*(IX) and H*(IX) (cf [3, Section 6.1.3]), we get

3+k
—ki+1 ki
<¢alw1‘ [ ¢a,.w,~'>
i=2 0,3+k,d
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—k _k,'
- Z Z(i<¢alwll’n¢ai% ’¢a>
Al B={4,...3+k}, @ icd 0,|A|+2,d;
d=d,+d>

x <¢“, $ar Vs bas Vs> [ | b &,-k">

icB 0,|B|+3,d2)

Here the sign come from the possibly different ordering of odd cohomology classes
between the left and right sides. (TRR) follows as this is the equality of coefficients of
the corresponding terms on the left and right sides of (TRR).
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