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An elementary construction of Anick’s fibration

BRAYTON GRAY
STEPHEN THERIAULT

Cohen, Moore, and Neisendorfer’s work on the odd primary homotopy theory of
spheres and Moore spaces, as well as the first author’s work on the secondary suspen-
sion, predicted the existence of a p—local fibration §2"~! — T,,_ | — QS§2"+1
whose connecting map is degree p”. In a long and complex monograph, Anick
constructed such a fibration for p > 5 and r > 1. Using new methods we give a
much more conceptual construction which is also valid for p =3 and r > 1. We go
on to establish an H space structure on 75,—; and use this to construct a secondary
EHP sequence for the Moore space spectrum.

55P45, 55P40, 55P35

1 Introduction

In [6; 5; 15], Cohen, Moore and Neisendorfer proved a landmark result concerning the
exponent of the homotopy groups of spheres localized at an odd prime p. When p > 3
and r > 1 they constructed a map 7,: Q252"+t — §27~1 guch that the composition
with the double suspension

T _, EZ
92S2n+1 n S2I’l 1 92s2n+1

is homotopic to the p” —power map. The existence of such a map for r = 1 was used
to show that p” annihilates the p—torsion in 4 (S2"*1).

In [4], Cohen, Moore and Neisendorfer raised the question of whether the map 7,
occurs in a fibration sequence!

(A) QZS2n+1 ﬁ) S2n—1 N T2n—1 N QS2n+1'

The first construction of such a fibration was accomplished for p > 5 by Anick [1] and
was the subject of a 270 page book. There has been much interest in finding a simpler

I'We will follow a convention suggested by Mahowald of indexing a family of infinite complexes by a
subscript to denote the least dimension in which the reduced homology is nontrivial.
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244 Brayton Gray and Stephen Theriault

construction. It is the purpose of this paper to give an elementary construction of the
space T>,—1 and the fibration (A) which is valid for all odd primes.

The question of the existence of a fibration as in (A) appeared in another context at
about the same time. In trying to understand the secondary suspension (see Cohen [3]
and Mahowald [13]), the first author [9; 10] was led to conjecture the existence of
(i — 1)—connected spaces 7; which fit into secondary EHP sequences

E H
T2n—1 —> QTzn — BWn
E’ H’
Ton — QTop41 — BWyy
where BW,, is the classifying space of the fiber of the double suspension constructed
by the first author in [8]. These EHP fibrations should fit together in such a way that
the resulting spectrum {7;} is equivalent to the Moore spectrum S U P’ el. The T;’s
would then give a refinement of the secondary suspension into 2 p stages. The analysis
indicated that 75, is homotopy equivalent to S2"*t1{p”}, the fiber of the map of
degree p” on S2"*! and that T5,_; would sit in the fibration sequence (A).

Our first objective is to construct a secondary Hopf invariant H: QT5, — BW,, for
p = 3. This lets us define 75,1 as the homotopy fiber of H . It follows easily that
T5,—1 satisfies the fibration in (A) and the secondary EHP fibrations. We also show
that the space we construct is homotopy equivalent to Anick’s when p > 5.

The EHP viewpoint also predicted that the 7;’s should have a rich structure. They
should be homotopy associative and homotopy commutative H —spaces enjoying a
certain universal property. Together, these properties would imply that the mod- p”
homotopy classes of the 7;’s could be represented by multiplicative maps. That
is, letting P’(p”) be the mod—p” Moore space of dimension i, there should be a
one-to-one correspondence

[PIT(p"), T;] <> {homotopy classes of H-maps from 7; to T }.

The properties were easy to establish when i is even [9]. Subsequent to Anick’s work,
Anick and the first author [2] constructed an H —space structure on 75,1 by showing
that, for each n, there is a (2n — 1)—connected co— H space G5, with the property
that 75, is a retract of QG,, and G,, is a retract of 3X75,_;. They also proved
a semiuniversal property for 75,—1. This work depended heavily on the analysis of
Anick in [1]. The other properties were later established by the second author [19].

Our second objective is to take advantage of our construction of the space 75,1 to
give a new, simpler construction of the space G,, and prove all the properties in [2]
for p > 3. Collectively, our results are as follows.
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An elementary construction of Anick’s fibration 245

Theorem 1.1 Suppose p > 3 and r > 1. Then the following hold:

(a)

(b)

(©

(d)

There is an H —fibration sequence
T
92s2n+1 n S2n—1 TZI’!—I Qs2n+l
where the composition
7 E?
92s2l’l+1 n S2n—1 QZSZn—H
is the p" —power map.

There is a fibration sequence

h
QG — Thrp1 — R—> Gyy,

where h has a right homotopy inverse g: Tr,—1 —> 2G», so that
QG2n ~ T2n—1 x QR

with R a wedge of mod-p® Moore spaces for s > r.

The adjoint of g,
g2 ETop—1 — Gap,

has a right homotopy inverse f: G, —> XT,,—1 and there is a homotopy
equivalence
YXTop—1=Gry VW

where W is a wedge of mod—p® Moore spaces for s > r.

There are secondary EHP fibrations
P E H
Wy —> Thy_1 —> QT — BW,
P’ E’ H'
Wat1 —> Ton —> QTopt1 —> BWyp

where T», = S?"t1{p"}, and there is an equivalence of spectra

(Tiy~ S%Uprel.

Our methods are simpler and more direct than those of Anick. He constructed 75,1
as a retract of a loop space 2D, where D is an infinite dimensional CW—complex
whose bottom two cells are the mod—p” Moore space P2"t1(p”) and whose other
cells come from iteratively attaching certain Moore spaces in a delicately prescribed
fashion. A great deal of his effort was directed towards constructing the attaching
maps, and this necessitated the introduction of many new techniques. The restriction
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to primes strictly larger than 3 was due to a heavy reliance on differential graded
Lie algebras which require that the primes 2 and 3 be inverted in order for the Lie
identities to be satisfied. By contrast, we construct the space 75,—1 directly for all
p = 3 without reference to the space D and without reference to differential graded
Lie algebras. Section 2 is devoted to Extension Theorem 2.2 which introduces a new
technique for doing obstruction theory in principal fibrations. This is the main tool for
all our results. In Section 3 we construct the fibration in Theorem 1.1 (a), without the
H —space structure. In Section 4 we use the extension theorem again in an elaborate
induction to obtain the spaces G,;, and the H space structure on 75,_;. Throughout
the induction we reproduce some of the delicate properties of G, and 75,—1 which
first appeared in [2].

The new methods may be useful in positively resolving a long-standing conjecture that
the fiber W, of the double suspension is a double loop space at odd primes. Including
dimension and torsion parameters, the space 75,,_1(p) gives a candidate for a double
delooping: potentially W), ~ Q2T>, p—1(p). Such a homotopy equivalence would have
deep implications in homotopy theory, one of which being a much better understanding
of the differentials in the EHP spectral sequence calculating the homotopy groups of
spheres.

This paper is the result of combining separate efforts by the two authors. The second
author discovered the extension theorem and obtained part (a) of Theorem 1.1 without
the H —space structure, as well as part (d). The first author later found a simpler appli-
cation of the extension theorem to obtain the map H and Corollary 3.5, Theorem 3.6,
Proposition 3.7, Theorem 3.8 and Corollary 3.9 below, as well as a further application
of the extension theorem to obtain parts (b) and (c), and the H —space structure.

The authors would like to warmly thank the referee for a sustained effort in carefully

reading the paper and its revisions, and for making many helpful comments and
suggestions.

2 The extension theorem

In this section we establish an extension theorem for principal fibrations defined over
mapping cones. Let

E-S XugCa
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An elementary construction of Anick’s fibration 247

be a principal fibration classified by a map ¢: X Ug CA — Y. We compare this to
the induced fibration over X :

E() E

|k

X —= X Uy CA.

In Extension Theorem 2.2 we will give conditions for when a map £y —> B extends
to amap £ — B. To motivate the underlying idea, observe that there is a pushout

A—X

s

CA—— X Uy CA.

Map all four corners of this square into ¥ by composing with the map ¢: X UgCA —>
Y . Appropriately turning maps into fibrations, we obtain fibration sequences £ —>
XUgCA—Y,Eg— X —Y,CAXQY —CA— Y ,and AXQY —A—Y.
By [8] or Mather’s Cube Lemma [14], these fibres fit into a homotopy pushout

Ax QY — Eq

C

CAxQY —E.

We wish to produce an extension of fy: Eg —> B as a pushout map f: £ — B. To
obtain this, we need to produce a map CA x QY — B and show that both it and f,
are homotopic when restricted to A x QY . This leads to two issues. One is to identify
the maps which appear in the homotopy pushout (1). We do this by constructing the
homotopy pushout for E from first principles. The other issue is to impose conditions
on the spaces and maps in (1) and on the space B which will guarantee the existence of
an extension. We will impose three conditions: A is a co— H space, B is a connected
H —space whose g—power map is null homotopic, and the restriction of A x QY to
E is divisible by ¢. It may be worth noting that the exponent condition on B will be
played off of the divisibility condition for the map A — Ej.

To set things up, observe as in (1) that the map 4 — X lifts to E(. There may be
many inequivalent choices of such a lift. By the homotopy lifting property, we can
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extend this lift to a map of pairs ¢: (CA, A) — (E, Ey) such that the composite

(CA. A) 25 (E. Eg) =5 (X Uy CA, X)

induces a cohomology isomorphism. Again, note that there may be many inequivalent
choices of ¢ with this property. In what follows, all spaces will have the homotopy
type of p—local CW—complexes with p > 2.

Extension Theorem 2.2 Let A be a co-H space and B be a connected H —space
whose g—power map is null homotopic. Let ¢: (CA, A) — (E, Ey) be a map such
that the composition

(CA. A) 25 (E. Eg) =5 (X Uy CA., X)

induces a cohomology isomorphism. Suppose that the restriction ¢|4: A —> Ej is
divisible by q in the co— H structure on A. Then the restriction

[E. B] — [Eo. B]

is onto. Consequently, any map Eq —> B extends toamap E — B.

Proof Let s: (CA, A) — (X Ug CA, X) be the standard map defining the mapping
cone. Observe that w¢ # s, in general. We first modify ¢ so that this does happen.
We do this by constructing a pullback diagram

Eg E’' i E

|,k

X —— X Up CA—Y> xuyca

and a map ¢’: (CA, A) — (E’, Eg) such that

@ ¢'la=¢la:
(b) n'¢p' =s": (CA, A) —> (X Uy CA, X), the standard map;

(¢) W: E' —> E is a homotopy equivalence.

Let 8: A —> X be the restriction of 7¢ to A. Define ¥: X Ugr CA —> X Uy CA
extending the identity on X with the map n¢: CA —> X Ug CA. Define E’ as the
pullback of 7 and v . By the pullback property of E’, we can define ¢’ such that W¢’' =
¢ and 7'’ =s'. Then s’ =yn'¢p' =nW¢' = ¢. Since w¢ induces an isomorphism
in cohomology and s’ is an excision, ¥: (X Ug: CA, X) —> (X Ug CA, X) induces a
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cohomology isomorphism as well. Hence i is a homotopy equivalence and it follows
that W is a homotopy equivalence.

We are therefore reduced to considering the case when ¢ = s. Since both fibrations
are principal fibrations, there is an action of 2Y on the total space

QY xE—FE
which restricts to an action on E
QY x EO — Eo.

Consider the composition

1
Vi (QY x CA. QY x A) 22 (QY x E. QY x Eq) —> (E. Eq).

Identifying QY x A C QY x CA with its image under y in E, define E = E¢ U
QY x CA by the pushout

QY xA— Ey

]

QY xCA——E.

From the map y we obtain a pushout map
[ E=EqUQY xCA—> E.

Observe that there is a homotopy commutative square

E=Ey,UQY xCA E

| |

X Ug CA =——— X Uy CA.

By [8], the left hand vertical map is a quasi-fibration with quasi-fiber QY. Since
quasi-fibrations induce long exact sequences in homotopy, the 5—lemma implies that
I" is a homotopy equivalence.

Let fo: E9g —> B. We will construct an extension ]7 : E —> B and hence an extension
f: E —> B via the homotopy equivalence I'. Since E is a homotopy pushout, it
suffices to construct a map

g: QY xCA— B

such that the composite

QY x AL Eg 2% B

Geometry € Topology, Volume 14 (2010)
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is homotopic to the composite

QY x A —> QY xCA 2> B,

Define g as the composition

QY xCAZS Qv -5 B, % B

where 77y is the projection and ¢ is the map in the given principal fibration QY —
Ey — X . Then we are reduced to showing that the compositions

0 QY x4 Ey 2% B

B QY x A QY -5 Eo % B

are homotopic. In Lemma 2.4, we will show in general that if o, f: X x A —> B are
two maps with a|yx« ~ Blxxx, then o (1 xg) ~ o (1 X q). Assuming this for
the moment, apply the lemma in our case. By definition, y: QY x A — Ej is the
composition

1
Qv x A2 Qv x Ey —> E,.

and by hypothesis ¢|4: A —> E is divisible by ¢. Let ¢|4 = ¢ - ¢’. Consequently,
y =y o(1xq) (where y’ is constructed by replacing ¢ with ¢’) and & = o’ o (1 x q)
wherea’ = fyoy’. Also, the projection in the definition of B implies that 8 = Bo(1xq).
Thus by Lemma 2.4, a’ o (1 x ¢) is homotopic to 8. That is, « is homotopic to S, as
required. O

It remain to prove Lemma 2.4. This will rely on Lemma 2.3, which summarizes some
well known properties of connected H spaces.

Lemma 2.3 Let B be a connected H —space and suppose u,v are maps Z —> B.
Then there is a difference map §(u,v): Z — B such that

(@) 8(u,v) ~=ifandonlyifu ~v;
(b) ith: W — Z,then§(uoh,voh)~dé(u,v)oh;

(¢) ifC C Z and u|c =v|c, then §(u,v)|c ~ *.

Proof Write x, y: B x B — B for the projections onto the first and second co-
ordinates. Then there is a homotopy equivalence e¢: B x B — B x B given by
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e=(x,u(x,y)). Let §: Bx B—> B be the second coordinate of a homotopy inverse
for e. Then

(2.3.1) S(x, pu(x,y) ~y
(2.3.2) p(x,d(x, y)) ~ y.

Define 6(u, v) as the composition

Uuxv

)
Z — BxB— B.

If §(u,v) ~ *, then u ~ pu(u,*) ~ w(u,(u,v)) ~ v by (2.3.2). On the other hand,
if u ~ v, then 6(u,v) ~8(u,u) ~ 8(u, u(u, %)) ~ * by (2.3.1). This proves part (a).
Part (b) follows by naturality. For part (c), apply (b) with W = C and / the inclusion.
It follow that 8(u, v)|c ~ *. |

Lemma 2.4 Let B be a connected H —space whose ¢—power map is null homotopic.
Suppose «, f: X x A —> B are two maps with & |y x« ~ Blxxx- Then co (1 xg) ~

Bo(lxq).
Proof Write 6 = 46(a, B): X x A —> B for the difference element defined in Lemma

2.3. Since §|xx« is null homotopic, we obtain a homotopy commutative diagram

1xq §
XxA—=XxA——B

| e LA

AxA—XxA

for some map §. Since X x (A1 V A,) is homeomorphic to (X x A1)V (X x 4,), the
co— H structure on A induces a co— H structure on X x 4 and 1 x ¢ is the degree ¢
self-map on X x A. The co— H space structure on X X A induces the same group
structure on [X x A, B] as the H —space structure on B. Thus the composite

1xq 8
XxA— XxA— B

is homotopic to the composite

8/
XxAd— -1 B

By assumption, the g—power map on B is null homotopic. Thus g o4’ is null homotopic
and so 8’ o (1 x ¢) is null homotopic. Therefore § o (1 x ¢) = §(ax, B) o (1 x ¢) is null
homotopic. On the other hand, by Lemma 2.3 (b), §(c, 8) o (1 xg) ~ 8(a o (1 x gq),
Bo(1xgq)),implying that the right hand side is null homotopic. Hence Lemma 2.3 (a)
implies that ¢ o (1 xa) ~ o (1 xq). O
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3 The construction of the space 73,_1
The purpose of this section is to construct the spaces 73,1 and produce several
fibration sequences. We begin our discussion with the Moore space

Pk(pr) — Sk—l Up" €k

which we will abbreviate as PX. Let us fix some notation by defining a diagram of
fibration sequences induced by the lower right hand corner

a b4

92s2n+1 E F 952n+1
J ok
3.1 * ————> p2n+l partl — > x

| L,

Qs —= gt pry o gt 2o gantr,
The spaces £ and F were first introduced in [5; 6]. It is easy to see that

Z i=2kn,

H(F) = {0 i % 2kn

from the cohomology Serre spectral sequence for the fibration

Qg2+l 0 p P pan+i
which is induced from the path space fibration over S2"+1.

In [5], Cohen, Moore and Neisendorfer introduced certain iterated relative Samelson
products x;: P2"~1 — QF . We will work with their adjoints X;: P?"! — F which
can be thought of as iterated relative Whitehead products. The following lemma was
certainly known by them.

Lemma 3.2 Fori > 1, there are maps X;: P*"' —> F such that

(a) if Z isan H space and f: P?"*1 — Z then fpX; ~ * fori > 1;

(b) Xi: P?™ — F induces an epimorphism in integral cohomology.

Proof Let X;: P?" — F be a lift of the standard map P?" — S?" — p2ntl,
Since 9: QS52"T!1 — F has degree p” in cohomology, X; is unique up to homotopy
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and (b) clearly holds. Having constructed X;, consider the map of fibrations

p2ni g q p2n+l F

| b

V1
p2ni, p2n+tl pxv. pan+l

| |

P2n+1 S2n+1

where the fibration on the left is the universal fibration for relative Whitehead products
and the induced map of fibres defines W . Let X;+1 be the composition

p2nli+1) __, p2ni pon __ p2ni g qp2ntt W

where the first map has a left homotopy inverse and projects trivially to P2 and the
second map is the natural inclusion. To prove (a), suppose that f: P2"*T1 — Z where
Z is an H space. Then we can construct a homotopy commutative diagram:

x;ivi
p2niy, P2n+1IL pan+i

l |’

P2ni % P2n+1 7.

Now since f'X;y; factors through P2™ x P2"+1 it is null homotopic by construction.
To prove (b) apply induction and compare the Serre spectral sequences for the two
fibrations. d

Since S?"T1{p”} is an H space, the classes pX; lift to classes y;: P2 — E
for i > 1. Thus oy; ~ pX; and p7r = o imply that p(wy; —X;) is null homo-
topic. Consequently 7y; —X; = du; for some maps u;: P>"' — QS2"*1 . Since
0*: H*"(F) — H?"(QS?"+1) has degree p”, (my; —Xi)* = 0 and we obtain the
following.

Lemma 3.3 Fori > 1, the composite H*" (F) I, geni (E) = H*"(P?"%) jsan
epimorphism. |

Define F;y as the 2ni skeleton of F'. Define E(;) by the homotopy pullback

Lk

Fioy—— F.
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Note that by (3.1) the fibre of 7 is Q282 +1 and so the same is true of the induced
map E;y — F(;. Including F(;_1y as the (2n(i —1))—skeleton of F(;), we obtain a
homotopy pullback diagram

QZSQIH-I —_— QZSZIH-I
E-y) Eg)
Fi-1y Fg).

Let Xj: (D27, §2ni=1y _ (p2ni §27i=1) pe the characteristic map of the 2ni cell.
Then Aj;|g2ni—1 has degree p”. The composition

. . Xi . . Vi T
f: (D2nl’ S2nl 1) N (P2nl’ San 1) AN (E(l)’ E(i—l)) N (F(l)’ F(i—l))
induces a cohomology isomorphism by Lemma 3.3. Thus there is an equivalence
F(i) = F(i—l) Ug eZni.

The restriction of 6 to S2™~! is divisible by p” so the conditions of Extension
Theorem 2.2 are satisfied with ¢ = p”. Therefore we have proved the following.

Theorem 3.4 If B is a connected H space whose p” —power map is null homotopic,
then for i > 1 any map E;_1) —> B extends to amap E;) — B. O

In [8], a classifying space BW, of the fiber of the double suspension was constructed,
along with a fibration sequence

E? v
sl — Q28— BW,.
Corollary 3.5 There is a map vE: E — BW, such that the composition

2o2n+1 9 vE
QS — FE — BW,

is homotopic to v.

Proof Since F(;) =S 2n we have the fibration

Q82— Egy — S — QST
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This fibration was analyzed in [8] and it was shown that E(;y >~ S*"~1 x BW, in such
a way that the composition

0
Q2g2ntt %, gan—1 o pw 2 pw,

is homotopic to v. It was also shown that for p > 5 BW,, is a homotopy associative
H space. The H space structure on BW,, was shown to be homotopy associative for
p = 3 and that the p—power map on BW, is null homotopic in [20]. Thus for i > 1
we can apply Theorem 3.4 to construct maps v;: E(;y) —> BWj, by induction such that
v;0; ~v. Since E = E(;), we define vE: E— BW, by vE | E; = ;. ad

Theorem 3.6 There is a diagram of fibrations
g2n—1 — s q2¢2n+1 —25 BW,

k]

Y

RO E BWn
= F

with i null homotopic and so QF ~ S?>"~1 x QR,.

Proof The space Ry is defined as the fiber of vE . Since the fibration

st g p

is induced by a map to 2S52"*! which induces an isomorphism in H,,( ), the map
QF — S?"~1 induces an isomorphism in H,,_;( ) and hence has a right homotopy
inverse. o

It is worth noting at this point that the space €2 Fj is split in [6]; consequently there is
a homotopy decomposition

QR ~ [[ S2"'~1p" 'y x QP (n.r)

i~1

where P(n,r) is a complicated wedge of mod- p” Moore spaces. The fact that the
product on the right is a loop space and is mapped to €2 F by a loop map is not obvious
from their analysis. The cohomology structure of R is rather simple.
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Proposition 3.7 We have
Z/p"iZ ifm=2niandi > 1,

0 otherwise.

H™(Ro) = {
Moreover, there is a choice of generators e; € H>™ (Rg) such that eiej=p’ (iJ;j)ei_H
when i, j > 0.

Proof Apply the Serre spectral sequence to the fibration S?”~! — Ry —> F in
Theorem 3.6. O

We now construct the space 7' in Theorem 1.1 and prove the existence of the fibrations
in parts (a) and (d), leaving the H —structure to the next section. By Diagram (3.1)
there is a fibration sequence

QSZn—I—l{pr}_f) E i) P2I’l+1 N SZ}H—I{pr}.
Define H by the composition
241y ry T vE
H: QS" " {p"} — E — BW,.

Note that H can be regarded as a secondary Hopf invariant. Define 7" as the homotopy
fiber of H. Then Theorem 3.6 implies the following.

Theorem 3.8 There is a diagram of fibrations

Toney — QS2n+1pr s pw,

! v

RO E BWn
| I

The connecting maps for the vertical fibrations in Theorem 3.8 immediately give the
following.

Corollary 3.9 There is a homotopy commutative diagram

QP2”+1 — QPZIH-I

l l

Ton—1 —= QS +t1{pr}

where the right map is the loop of the inclusion of the bottom Moore space. O
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Continuing the diagram in (3.1), we have

9252n+1 _$> QSZn-H{pr}

T

Q2s2n+1

E.
Applying Theorems 3.6 and 3.8 gives
He ~vErg ~vEd~ v,

and we conclude:

Theorem 3.10 There is a diagram of fibrations

92s2n+1 _ QZSZIH-I

Tn pr

g2n—1 L Q2g2n+1 —>Y ~ BW,

2n+1 r H
Ton—1 QS {p"} ——= BW,
Qs2n+1 QSZIH-I' O

In particular, the top square in Theorem 3.10 is Cohen, Moore, and Neisendorfer’s
factorization of the p” —power map on 252"+ Since 7, has degree p”, we have
the following corollary.

Corollary 3.11 There is a homotopy commutative diagram

.
g2n—1 _r g2n—1

s

Q2.g2n+1 LA Q2g2n+1

foreachr > 1. O
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4 The construction of G,, and the H —space structure on
Trn-1

In this section we will fix n and abbreviate 7,,—1 and G,, as T and G. We will
need to filter T by skeleta and write 7™ for the m skeleton.

Our purpose is to construct an H —space structure on 7. In fact we do more than that.
We construct a corresponding co— H space G in the sense of [11]; ie, we construct a
(2n — 2)—connected space G and maps

fi1G—XT
g T — QG
h: QG —T

such that the compositions
¢ Lzt 56
h
T-5Q6 T

are homotopic to the identity, where g is the adjoint of g. We go on to derive several
interesting results from this structure.

We will write 7" for the m—skeleton of 7. We will also reintroduce the torsion
parameter for Moore spaces as we will need to consider mod— p* Moore spaces P (p*)
for s # r. The space G will be filtered by the 2npk + 1 skeleton which we will
abbreviate as Gy, . These will be constructed inductively starting with G_; = *. We
will construct a map

ap: P2 (p7 R — Gy,

and define G, as the mapping cone of oy .
One of the features of [11] is that the spaces G and T come with a fibration

T—R—QG.

Thus we seek to construct G' inductively over the subspaces Gy together with the
induced fibrations
T — R — Gy.

The fibration in Theorem 3.8 provides the case k = 0. These fibrations will be induced
from corresponding fibrations

QST 5 Ep — Gy
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as in Theorem 3.8. The entire induction involves obtaining key properties of the skeleta
of XT as well as G and involves a cyclical induction through 14 steps.

Proposition 4.1 As an algebra, H*(T';Z/pZ) is generated by classes u of dimension
2n—1 and v; of dimension 2np’ for each i > 0 subject to the relations v{’ =0 and
u?> = 0. Foreach i define

u; = uvé’_lvf_l ~--vf__11.
Then BV *tDu; = v;. As a vector space H*(T: Z/pZ) is generated by classes v(m)
of dimension 2mn and u(m) of dimension 2mn — 1 for each m > 1 where

v(m) = v vyt = BUTu(s)

€541

.o et
s+1 "Vt

u(m) = ugvgsv
and m :ZLSeipi, 0<e;<p,es#0.
Proof We apply the Serre spectral sequence for the cohomology of the fibration
SZn—l s T — QSzn-f‘l'
Using Z/pZ coefficients we see that
H*(T;Z/pZ) =~ H*(S*" Y. 2/pZ) @ H*(QS*"+\.7/pZ)
as algebras. Using integer coefficients we see that v(m) is the reduction of a class of
order p"*S so v(m) = BUTDu(s) # 0. We define vy = BTy, m|

Note that dually the homology of 7" has a very simple description. There is a Hopf
algebra isomorphism
Hy(T) = Au) ® Z/pZ[v]

where u# and v are dual to # and v respectively, and the dual Bocksteins are determined
by BUHDyP" =P ! for i > 0.

Anick [1] introduced the notation Wfl’ for the collection of all spaces that are the
homotopy type of simply connected locally finite wedges of mod- p® Moore spaces
for a <s < b. Note that any simply connected Moore space is a suspension, so any
space in W[[l’ is a suspension. Recall that the smash of two Moore spaces is homotopy
equivalent to a wedge of Moore spaces: if s < ¢ then there is a homotopy equivalence

Pm(pS)/\Pn(pt) ~ Pm-i-n(pS)/\Pm-i-n—l(pS)‘

In particular, Wg is closed under smash products. Recall also that any retract of a
wedge of Moore spaces is homotopy equivalent to a wedge of Moore spaces, so Wé’ is
closed under retracts.
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Lemmad4.2 Suppose W € Wg is simply connected and f: P*(p')—> W is divisible
by pb.
(a) Write W = W, v W, with W; € Wé’_l and W, € W[i’. Then f factors
through W, up to homotopy.
(b) Suppose in addition that W, is (d — 1) connected and k < pd. Then [ ~ x.

Proof Since W is a wedge, there is a homotopy equivalence
QW = QW, x Q(W; x QW)

(see, for example, the first author’s work [7]). Since Wy, W, € Wf,’ , both spaces are
suspensions, and we can write Wy = YW, and W, = ZW,. Since W isa suspension,
we have W) x QW, ~ W; v (W) A QW,). For the right wedge summand, the James
splitting of TQEX as \/ TX D gives

Wi A QWZ ~ ZW] A QZWz ~ Wl A (\/ EWZ(I))
Combining, we have
wix@ws = wiv (Wi n (\/ w?)),

In particular, since W2 is closed under smash products, we have W; x QW, € W2,
Applying the Hilton—Milnor theorem therefore implies that

QW xQW,) >~ [[@P" (p*)

1
witha <s<b-—1.

By [16], the p” T!—power map on 2 P™(p") is null homotopic for any » > 1 and
m > 3. Thus P™(p”) admits no nontrivial maps which are divisible by p”+!. In our
case, this implies that [ [; QP (p*') admits no nontrivial maps which are divisible by
p?. Thus the adjoint of f, which is divisible by p?, is trivial on Q(W; x QW>) and
so factors through the inclusion QW, — QW . Hence, taking the adjoint, f factors
through the inclusion W, — W, proving part (a).

For part (b), since W, € WII)’ and W, is (d —1)—connected, the Hilton—Milnor theorem
implies that QW, = [ QP" (p?) where n; > d. By [6; 16], P2 T1(p") admits
no nontrivial maps which are divisible by p” from a CW-complex of dimension
t <2mp, and P?™(pP)) admits no nontrivial maps which are divisible by p” from a
CW-complex of dimension 7 < 2(2m — 1) p. In our case, the CW-complex is PX(p?),
the domain of ', and the target Moore spaces are the P”"i ( pb) in the decomposition of
QW,. Since n; > d for each i, the hypothesis k < pd guarantees that the component
of f on P" (p?), being divisible by p?, is null homotopic. So f is null homotopic. O
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Theorem 4.3 For each k > 0 there are spaces Gy and Wy, € W] +h=1 satisfying the
following conditions:

(a)
(b)

(©

(d)

©)
€y
(g
(h)

®
)
&)
@
(m)

ST 2 ~ G v W

There are maps gj: T2 =2 QGy_ and hy_q: QGj_; —> T such that
hy_18r is homotopic to the inclusion of 720" =2 jnto T

There is a homotopy commutative diagram of cofibration sequences which
defines the space G,

P2npk (pr+k) & ETZ”Pk_Z - ETZ”Pk

| s

P2np" (pr—i-k) Hk Gr_q Gy

where g}, is the adjoint of gy, .

There is a map e: P2"P* (p"+k=1yy p2np+1(prak=1y _ si72m0" which in-
duces an epimorphism in mod—p homology in dimensions 2np* and 2np* + 1.

The map my,: p2np* (p"th)y — » 72" =2 jg divisible by prtk—1,
There is a map ¢x: Gy —> S2"T1{p”"} extending ¢y_; .
XGy € W:+k,

There is a homotopy commutative diagram of fibration sequences

hi.
QG « T Ry Gy
QSZn-H{pr} Ek Gk S2n+1{pr}
s

¥2QGy_y € WETk-L,
. . . k
The equivalence in (a) extends to an equivalence X T>"P" ~ G v W.
22npk +k
TP e WiTE,
2npk +k
Gy NT"P" e WITe,

2npk 2np¥ +k
ET"P" ANTA"P" e Wik,
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. A L . . .
(n) There is a map puy: T?"P" x T —> T which is the inclusion on the first axis and
the identity on the second. Furthermore there is a homotopy commutative square

T ————T

| |

Qs2n+1 x Qs2n+1 _ s Qs2n+1.

Proof With G_; = % and Gy = P?" 1! these statements are all immediate for k = 0
with @g: P?"T1 — §21+1( 7 the inclusion, Eg = E from Theorem 3.6, vy = vE |
to: P?"xT —> T obtained from the action of Q P2"T1 on T defined by the fibration
in Theorem 3.6. We now supposed that (a)—(n) are all valid with k — 1 in the place
of k and we proceed to prove them for k.

Proof of (a) We will construct a map

= P2mn+1(pr+S) N ZTank—Z

1

which induces a monomorphism in mod-p homology for each m satisfying pk1 <

m < pk, where s = v, (m). We then assemble these into a map

pF-1
ETank_l v ( \/ P2mn+1 (pr+S)) N ET2npk—2
m=pk—141
which induces an isomorphism in mod—p homology. By applying (j) in the case k — 1
we are done.

To construct the maps f;,, we appeal to (n) in the case k — 1 and iterate this to produce
a diagram with p factors

1

X...XTznpkil Tznpk

| |

](Szn)pk—l X e X J(S2”)pk—1 — J(Szn)pk

Tank*

where J(S?"); is the 2nj skeleton of S2"*!. Write m to the base p. Since

pF=1 < m < pk, m has coefficients of p’ for i <k and the coefficient of pk—1 is

not zero

1

m:asps+---+ak_1pk_ with ag > 0 and aj_; > 0.
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2 1

Let ] = agp® + -+ ag_, p¥=2 so that m = | + aj_, p*~! and further restrict the

above diagram to one with aj_q + 1 factors

1 1

720l o Tan"— N, Tank_ T2nm

l l

J(Szn)] X J(Szn)pk—l X oo X J(Szn)pk_l - J(SZn)m‘

Applying the maps in this diagram to a generator of H?*™"(J(S?");,; Z/pZ) we get
(" (v(m)) =v(l) ® Vk—1 ® -+ ® Vg—1.
Now v(m) = B9 u(m) and v(l) = BC 9 u(l), so
V(D) ® vk @+ @ vy = B () ® vy @+ D V).
Applying (a) and (m) in case kK — 1 we see that
(72" x 720" TZ"pk_l) ~VVvW

where V' is a wedge of p spaces, all but one being G,_; with the other being the
subspace G; of Gyx_;,and W € W/ Tk~ In particular, the dimension of V is less
than 2np*=1 4+ 2. Since p¥~! < m, u*(u(m)) projects trivially to H*(v). But since
W e W,""k_l , for any class £ € H{(W;Z/pZ) with B)E #£ 0, there is a map

fe: PTY(p))y — W
with fé* an epimorphism. Thus for each m satisfying p¥~! <m < pk we may choose
such a map corresponding to £ = u(/) @ vg_1 ® - -+ ® vg_1 . The composition

P2mn+1(pr+5) £> E(Tan « T2np"_1

X oo X Tznpk_l) E} s 72mn
therefore gives the desired map f,.

Proof of (b) From part (a) we obtain a map T2np* =2
isomorphism in 7,,—1( ). The composition

—> QGyj—; which induces an

T2 G, ST
factors through the inclusion of 72"P*~2 and provides a self map of T2"?"~2 which
induces an isomorphism on 75,1 ( ). Calculations with cup products and Bocksteins
show that this map is a homotopy equivalence, so composing with the inverse provides
a possibly different map
gk T2np"’—2 — QG

such that /j_; gz is homotopic to the inclusion.
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Proof of (¢) Using the map g; from (b) we construct a commutative diagram where
the bottom row is the fibration sequence from (h) in case kK — 1 and the middle row is a
cofibration sequence

T2np/"/ T2npk—2 P2npk (pr+k)
| |
Tank_z T T/ T2np"—2 [— ETan"—Z
lgk H l lgk
hj—
QGpy —>T Ry Gi—1-

. . K k k A
Here, my is defined as the composite 7'2%P" / T?"P" =2 T/ T21P" =2 5 $,72mP" =2
Define

ag: P2 (PR — Gy

as the composite gj o my . Define g;c by the diagram of cofibration sequences

P2npk (pr+k) Mk ETZ"Pk‘Z . ETank

H j?k lg;(

p2np” (p" ) Yk Gr—1 Gy.

Proof of (d) As in part (a), we consider the diagram

1 1

X oo X Tznpkf T2npk

| |

J(Szn)pk—l X oo X J(Szn)pk—l — J(Szn)pk

T2npk7

with p factors on the left. This is defined by iterated application of part (n) in case
k —1. Clearly

~ - -1 -1
A = v ® - @y = UVl 0T @ vy ®- - @ g
As before there is a map

1

q: P2npk+l(pr+k—1) — E(Tank* N, T2npk*1)
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such that (X (f{)q)« is an epimorphism in Z/pZ homology in dimension 2np* + 1,
obtained by applying (k) and (m) in case k — 1. Similarly, vy = BTy and

(D) ur =D Vg1 ® @ Vg1 @ U1 ® V1 ® Vg1

p terms
In particular, the map

1 1

k—1_ k—1 k—1 [’ k
T2np 1 % T2np‘ NI T2np AN T2np

has the property that
()" (up) = 1 ® V1 ® -+ @ Vg
= ﬂ(r‘i‘k—l) (“k—l ®Uk_1 ® Uk ®.“® l)k) .

It follows, as before, that there is a map

1

k fk— k—1 k—1
re Pznp‘(pr-i-k—l)_)z(Tan -1 XTan X._.XTan‘ )

such that (X (f')r) is an epimorphism in Z/pZ homology in dimension 2npk . We
construct e as the wedge sum

e = (SE)r v (SE)g: P (pr =ty 2ttt prak=ty sk,
Proof of (e) We will construct a map ny: pant (p"th) —> > 7277 =2 quch that

my ~ p" +k=1p, out of a commutative diagram obtained from mapping a cofibration
sequence into a fibration sequence. Given a Hurewicz fibration

2 T
F—FE—B
and a commutative square

YU, CX — > SX

C T

E B’

one can construct a commutative ladder

T

QB a E B
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where 0” is adjoint to 6’. (See, for example, Neisendorfer [17, 3.3.1]). We will apply
this to the cofibration induced by the map

P2npk+l(pr+k) prkt P2np"+1(pr+k)
and the fibration induced by the map
ZTank N P2npk+1 (pr+k)

pinching the 2npK — 1 skeleton to a point. In this case the space ¥ U ¢ CX is homo-
topy equivalent to P2"P" (pr+k=1)\, p2np"+1(pr+k=1y and the map 115 induces an
epimorphism in mod p homology. By part (d), (;re)s« induces a mod p homology
epimorphism, so for some equivalence &, we& ~ . Taking 0 = e& and 0’ =1, we
obtain the diagram

r+k— 2npk k—1
P2npk(pr—i-k)pi)lPank(pr-i—k)_)P e (pr+ )

|

QPank—H(pr—}-k) F ETZ”Pk—>P2”Pk+1(p”+k)_

k
vPank+1(pr+k—1)_>P2np H(prth

0

The 2np* + 2n —1 skeleton of F is =T 2npk—2, Restricting the lefthand square to
the 2n pk + 1 skeleton yields a homotopy commutative square:

K pr+k—l X
p2np (pr+k)_ >~ p2np (pr—i-k)

miy

p2np* (pr+k) . 72np* -2

Proof of (f) To show that there is an extension of ¢;_; to ¢,

¢ Qe k
Pan’ (pr+k) —>I‘ Gk—l - 5 Gk — Gk—l Uotk CPan’ (pr+k)

ka_l /

SZn-H{pr}

it suffices to show that «y, is divisible by p”. This holds by (e) since r +k —1>1r.

Proof of (g) By part (g) for k — 1, there is a homotopy equivalence XGf_; =~
/524 p2np' +2(prtiy - Also, by definition, £Gy = £Gy_; Usg, CP2P"(prTk).
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By part (e) o =&o(p” Th~11) so Ty = Tdo(p" o1 ~ (p" th—1)oSa. However

k—1 k—1
pr+k_1t2 \/ P2np +2(pr+l)_> \/ P2np +2(pr+t)
i=0 i=0

is null homotopic since the order of the identity map on a mod- p” Moore space is p”.

Proof of (h) In case k = 0, this is Theorem 3.8. As we have constructed ¢;: G —>
S2n 1 p" Y in part (f), we have a pullback diagram of principal fibrations

QS2”+1{pr} QS2n+1{pr}

Ep Ey

Gy ——— G

Pr—1 Pk

S2n+1{pr} S2n+1{pr}.

Let (CPZ”pk (p" k), panrt (p"Tky) i> (G, Gi_1) be the relative homeomorphism
extending o and defining Gy . Since Ey —> Gy has the homotopy lifting property,
we can find a map ¢: cpanr" (p" k) — Ej covering 6. As Ej_; is a pullback,
we get a map of pairs

k k
¢: (CP2P" (p"+hy, p2nr” (pr¥kyy s (Ey, Ex_y)

covering 6. The composition

k ¢
PP (p" Ry = Efly — Gy
is a; which is divisible by p” T¥~!. Since k = 1 we may apply Extension Theorem

2.2 to obtain an extension vy of vg_;.

1

Proof of (i) By part (j) in case k — 1, X2QGy_; is a retract of »2Qx 727" The
latter space splits since the loop space can be approximated by the James construc-
tion [12], giving

s2Qur2r" ! ~ 22(\/(T2”Pk_1)(i))
i>1
which is in VVrH'k_1 by (k) and (1) in case k — 1. Since W,’+k—1 is closed under
retracts we are done.
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Proof of (j) By part (a), we have R 72 =2 ~ Gr_1 vV Wi and by (e), we have
ETank ~ (ETZHpk—Z) Uy CPan" (pr+k)
with my, divisible by p” +k=1 1t suffices to show that the map
my: P2PS(prtky st 2~ G v Wy
factors though G _;. To this end, observe that there is a homotopy decomposition
Q(Gr_1 VW) = QG xQ (W xQGp—1) .

We will show that any map panpt (p""k) —> Wi, x QGy_q which is divisible by
p" k=1 is null homotopic. Since Wj is (4n — 1)—connected, the Moore spaces in W,
are double suspensions, so Wi x QGy_y € W/ +h—1 by (i). In fact, Wi x QGp_1 ~
Wi v W, with Wy e W, +k=2 and W, a retract of

p—1

\/ Pank_l-l-l (pr+k—1) % QG

r=2

which is 4n pk_1 — 1 connected. The result follows from Lemma 4.2.
Proof of (k) This follows immediately from (g) and (j).

Proof of (1) This follows from 3 steps based on an analysis which first appeared
in [18].

Step1 Gy AT ™" cyyr+k=1,
Consider the cofibration sequence

k k—1 oaipAl k—1 k—1
Pt (prtky a2t DL G AT S G AT

We have P27P" ("t A T2 ¢ VV,"H‘_1 and ay A 1 is divisible by p”T*~1,

Consequently, oz A1 ~ * and so there is a homotopy decomposition

Gx A T2npk—1 ~ (Gr_, /\Tank—l)v(Pank+1(pr+k)/\T2nplc—l)

which is in W/ %=1 by (k) in case k — 1.
Step2 Gy A T2 e Wr+k=1,

By (j)incase k —1, Gy_1 A 727" is a retract of XT2"7" " A T27P" But

DIV (LU ANRNG (L AT (LT AN 3 (LU AN (2L AN (VA /)
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by (j). By Step 1 and (k) in case k — 1, the latter space is in WH'k I, Since W’+k !
is closed under retracts, we therefore have Gj_; A 72" ¢ Wy th—1,

Step3 Gy A T2P" e Wrtk,
Consider here the cofibration sequence

k oAl

P2npk (pr+k) A T2np Gk LA T2np N Gk A T2np

The first space isin W] +£ by (k) and the second is in Wy +h—1 by Step 2. In fact,
Gy AT ~ (P2"P" L (prk=1y A T2n0%) U W with W e WEHK=2 | Here,
the projection onto the first factor is py_; A 1, where pg_; is obtained by collapsing
G —, to a point. Applying Lemma 4.2(b), we see that if oz A 1 is nontrivial, so is the
composition

k oAl k pr—1A1 k—1 _ k
Pan (pr-i-k)/\Tan K 2 Gr 1/\T2np 1 p2np (pr+k I)ATan ]

We will show that this composition is null homotopic. Let § = pj_jay, which is

divisible by p"t%~! because ay is. According to [15], the p” t4~!_power map on

§2npt 71 {p”T*=1} is null homotopic. Therefore the composition
k 8 k—1 _ k—1 —
P2np (pr+k) N P2np +1 (pr+k 1) N S2np +1{pr+k 1}
is null homotopic. It follows that the composition

prrt (prky N prkT kL (prek=ty P qanpkTl4
is null homotopic. Since the map

k pAl

Pank_l-H(pr-l-k)/\Tan Sank 41 T2npk

has a left homotopy inverse, the map

k Nl k—1
P2np (pr-i-k)/\Tan P2np +1( r+k)/\T2np

is null homotopic. Since oy A 1 is the composition

k anl k A1

k k—1
P2np (pr-i-k)/\Tan Gk 1/\T2np P2np‘ +1( r+k)/\T2np

it is null homotopic as well. Consequently, there is a homotopy decomposition
Gi A T2npk ~ (Gp—t A T2npk) v (P2npk+1(pr+k) A T2npk)‘

Both terms on the right are in W, +k by (k) and Step 2.
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Proof of (m) By (j), ST A T2 ~ (G} v Wy) A T?™" . By (1), Gy A T2P" ¢
Wy +k and as W; is a wedge of Moore spaces which are at least (4n — 1)—connected,
it is a double suspension, so Wy A 721" ¢ Wr’+k by (k). So sip2npk \ p2npt o
Witk

Proof of (n) Since the composite Ry —> Ej —> Gy — S?"T1{p"} — §21+1 s
null homotopic by (h), there is a commutative diagram of principal fibrations

QG —— Q§2nt1

hy

T —— Qs2n+l

|

R —— pg2n+1

|

S2n+1

G
where PS2"T1 is the path space on S2"*1. Consequently the actions are compatible:

QG xT ——= Q§2n+1 y §2n+1

| |

T Qs2n+1'

. K ..
Using (j) we construct a map gi: T2™ —> QG such that the composition

h
727" 25 Q6 5 T

is homotopic to the inclusion as in (b). This gives a homotopy commutative diagram

X1
720" 7 B QG x T

luk l

T=T‘

Combining the preceding two diagrams gives the result and completes the induction. O
We now consider the limiting case. Write G = J G, R =|J Rx and Eoo = Ey.
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Theorem 4.4 There is a diagram of fibration sequences

h i

QG T R G
]
QS pn Eoo G -2 S22t pry
» ]
BW,, =————== BW,

and there are maps g: T —> QG and f: G — XT such that the composites
¢ Lsrtc
r %o
are homotopic to the identity maps.
Proof The diagram is the direct limit of the diagrams in Theorem 4.3 (h) with
h=limhg, g=limgy and [f=lim f,

where fi: Gy —> 272" isa right inverse for g given by Theorem 4.3 (j). |

Theorem 4.5 The following space belong to WE°: ¥2QG,XG,GAT,XT AT,
and W where XT ~GVv W.

Proof This follows immediately from the results in Theorem 4.3 by taking limits. O

The retraction of 7" off QG in Theorem 4.4 induces an H —structure on 7' by the
composite

gxg h
m T xT—QGxQG — QG —T.

The following proposition establishes the H —fibration property in Theorem 1.1 (a) as
a consequence of a slightly stronger result.

E
Proposition 4.6 The map T —> QS?"+1{p"} is an H map with respect to the H —
space structure m on T . Consequently, there is an H —fibration sequence S2"~! —
T — QS+l
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Proof Filling in the fibration diagram in Theorem 4.4 on the right, we obtain a
homotopy commutative square

QG —"—~1
|,
Q
QG _(p). QSZn-H{pr}.

Now consider the diagram

8 QG x QG QG —" -

E
QoexQ Q
ExE l pxiip l (p/

QSZn-H{pr} X QSZn-H{pr} - 5 QS2n+1{pr}.

TxT

The middle square commutes as 2¢ is an H-map and we have just seen that the right
triangle commutes. The left triangle commutes since ¢ ~ Eh, so ¢g ~ E. As the top
row is the definition of the multiplication m on T, the commutativity of the diagram
implies that £ is an H—map.

E
Consequently, the composition 7 —> QS2"t1{p"} — Q82"+ is an H-map as it
is a composite of H—maps, and so the homotopy fibration S?"~! — T — Q§27+1
is of H—spaces and H —maps. O

The next proposition and the following corollary give structural properties of the
spaces 7', G, and R.

Proposition 4.7 The spaces T and G are atomic.

Proof It is easy to see that 7' is atomic using the product structure and the Bockstein
relations. The case of G is more difficult. We first show that o is essential for all k.
Suppose not, so that for some k& we have a homotopy equivalence

k
Gr =~ Gp_y V P2np -H(pr—i-k).
Using the retraction G — Gj_{ we construct a composition
k+1_o 8k+1 hj—
T2 2 L QG — QG —> T

which induces an isomorphism in H>". Using the cup product and Bockstein struc-
ture, we infer that this composition is a cohomology isomorphism in dimensions
less than 2np*+! — 1. Since Hz”l’k(T) ~ Z/p"tk there must be an element of
H2np" (QGy_;) of order p” Tk . This contradicts Theorem 4.3 (i).
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Now suppose y: G — G is a cellular map inducing and isomorphism in H,,. We
will show, by induction on k, that yp: H,,x (G) = Hy, i (G) is an isomorphism.
Assuming that y, is an isomorphism in degrees less that 2npk , consider the diagram

Pt (prtky s Gy — Gy
B
panp* (p" k) Yk G Gy

where d is an integer multiple of the identity map. Since day = o and @y is nontrivial,
d is a p local unit and ys is an isomorphism in dimension 2np¥ by the 5-lemma. O

Corollary 4.8 R e W™.

Proof Since G and T are atomic, Theorem 4.4 implies that (G, T') is a corresponding
pair in the sense of [11]. According to [11, Theorem 3.2], R is aretractof XT AT
However T AT € W;° by Theorem 4.3(m). O

The next proposition implies that the space 7' constructed in this paper is homotopy
equivalent to the space Anick constructed in [1] when p > 5 (the primes for which
Anick’s construction holds).

Proposition 4.9 Suppose X is an H space and there is a fibration sequence
Q2g2n+l P gan—1 1y
such that the composite
® E?
92s2n+1 AN S2n—1 i 92S2n+1
is homotopic to the p” power map. Then X ~ T .

Proof Consider the diagram of fibrations

QWn QX 92s2n+1{pr}

| |

PW, —— 92s2n+1 Q252n—i-1

| e

Wy, — S2n—1 — > 92s2n+1

X.
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Since p-m«(Wy)=0and p” -7y (S2"T1{p"}) =0 we conclude that p" 1.7, (X)=0.
Since m2up—1(Wy) = 0, we also see that p” - m2,,_1(X) = 0. According to [2,
Corollary 4.2] this is sufficient to construct a map

0:G— XX

which induces an isomorphism in 73, . The construction given in [2] depends only on
the co— H space structure on G and the fact that o is divisible by p” k=1 50 the
proof works in this context as well. From this we construct the composition

g Qo
T —QGC — QXX — X.

It is an easy calculation with the Serre spectral sequence that H*(X:Z/pZ)
H*(T;7Z/pZ), so this map is a homotopy equivalence.

o R
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