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Quilted Floer cohomology

KATRIN WEHRHEIM
CHRIS T WOODWARD

We generalize Lagrangian Floer cohomology to sequences of Lagrangian corre-
spondences. For sequences related by the geometric composition of Lagrangian
correspondences we establish an isomorphism of the Floer cohomologies. This
provides the foundation for the construction of a symplectic 2—category as well as
for the definition of topological invariants via decomposition and representation in
the symplectic category. Here we give some first direct symplectic applications:
Calculations of Floer cohomology, displaceability of Lagrangian correspondences
and transfer of displaceability under geometric composition.

53D40; 57R56

1 Introduction

Lagrangian Floer cohomology associates to a pair of compact Lagrangian manifolds
a chain complex whose differential counts pseudoholomorphic strips with boundary
values in the given Lagrangians. In this paper we generalize Floer cohomology to
include compact Lagrangian correspondences. Recall that if (M, wg) and (M1, w1)
are symplectic manifolds, then a Lagrangian correspondence Lg; from M, to M,
is a Lagrangian submanifold Lo; C M x My, where M := (Mo, —wo). These
were introduced by Weinstein [45] in an attempt to create a symplectic category with
morphisms between not necessarily symplectomorphic manifolds. So we also denote a

Lagrangian correspondence by
L
My =25 M.

With this notation we can view a pair of Lagrangian submanifolds L, L’ C M as
sequence of Lagrangian correspondences
L %
pt— M — pt

from the point via M back to the point. This is a special case of a cyclic sequence of
Lagrangian correspondences

Lo Ly Lrg+n
M0—>M1 —)Mz---Mr—>Mr+1 IM(),
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834 Katrin Wehrheim and Chris T Woodward

for which we will define a quilted Floer cohomology
(1) HF(Lo1, L2, ..., Ly(r41))-

The quilted Floer complex is generated by generalized intersection points. The quilted
differential counts tuples of pseudoholomorphic strips (u;: R x [0, 1] = Mj);—o.....
whose boundaries match up via the Lagrangian correspondences (u; (s, 1), uj41(s,0)) €
Ljj+1) for j =0,...,r. These tuples are examples of pseudoholomorphic quilts
with the strips thought of as patches and the boundary matching conditions thought
of as seams. We develop the theory of quilts in higher generality in [41]. In this
paper, we next investigate the effect of geometric composition on Floer cohomology.
The geometric composition of two Lagrangian correspondences Loy C M, x My,
LM 1 X M is

(2) Lot oLyz:={(x0,x2) € Mg x My |3 x1 : (x0,x1) € Lo1. (x1,X2) € L12}.

In general, this will be a singular subset of M x M,. However, if we assume
transversality of the intersection

Lot xpr, L1z := (Lo1 x L12) N (Mg x Ay, x M),

then the restriction of the projection mop: My X My x M| x My — M x M to
Loy Xpm, L1z is automatically a Lagrangian immersion. We will study the class of
embedded geometric compositions, for which in addition g, is injective, and hence
LojoLj; is asmooth Lagrangian correspondence. If the composition Lz—_1y¢oLgg+1)
is embedded, then we obtain under suitable monotonicity assumptions a canonical
isomorphism

3) HF(...,Lg—1y¢ Loy --) =HF( .., Lg—1y¢ o Le+1y,---)-

For the precise monotonicity and admissibility conditions see Section 5.4. The proof
proceeds in two steps. First, we allow for varying widths (§; > 0);—o,...,
pseudoholomorphic strips (uj: R x [0,8;] — Mj);—o,...,, defining the differential.
Section 5.3 of this paper shows that Floer cohomology is independent of the choice
of widths. (These domains are not conformally equivalent due to the identification
between boundary components that is implicit in the seam conditions.) The second (hard
analytic) part is to prove that with the width §, > 0 sufficiently close to zero, the (r+1)—
tuples of holomorphic strips with seam conditions in (..., Lg—1)¢. Leg41).--.) are
in one-to-one correspondence with the (r+1)-tuples of holomorphic strips with seam
conditions in (..., Lg—1)¢© Lg+1).---). This analysis is completely analogous to
our work [38], where we establish the bijection for the Floer trajectories of the special
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cyclic sequence
Ly Ly, Ly, L,
pt— My — M{ — M, — pt
when §; — 0. The monotonicity assumptions are crucial for this part since the exclusion
of a novel “figure eight bubble” in [38] hinges on a strict energy-index proportionality.

In Section 6 we provide a number of new tools for the calculation of Floer cohomology
(and hence detection of nondisplaceability), arising as direct consequences of (3) or
from a conjectural generalization of Perutz’ long exact Gysin sequence [24]. These
are meant to exemplify the wide applicability and reach of the basic isomorphism (3).
We believe that it should have much more dramatic consequences once systematically
employed. As first specific example of direct consequences of (3) we confirm the
calculation HF(T{,, T}) = H«(T") of Cho [4] for the Clifford torus in CP", and
we calculate some further Floer cohomologies in CP” using reduction at pairs of
transverse level sets. Next, we prove Hamiltonian nondisplaceability of the Lagrangian
3—sphere ¥ C (CP')~xCP? arising from reduction at the level set of an S ' —action on
CP? containing T¢y. The latter will be deduced from the nontriviality of HF (Tél, T, él)
together with our isomorphism

HF(S' x Tcy, X) = HF (T, Ta),

and the fact that HF (L', L) 20 = HF(L, L) # 0 (since HF (L, L) contains an element
that acts as the identity on HF(L’, L)). Finally, we generalize this nondisplaceability
result to the Lagrangian embedding = C (CPK™1)~ x CP” of (S!)" % x §%~1,
which arises from the monotone level set of an S"~K+1_action on CP" for 2 <k <n.

Another consequence of our results is a general prescription for defining topolog-
ical invariants by decomposing into simple pieces. For example, let ¥ be a com-
pact manifold and f: Y — R a Morse function, which induces a decomposition
Y =Yo1 U---UY-1)k into simple cobordisms by cutting along noncritical level
sets Xq,..., Xx—. First one associates to each X; a monotone symplectic mani-
fold M(Xj), and to each Y(;_y); with dY(;_;); = XJ.__1 U X; a smooth monotone
Lagrangian correspondence L(Y(j_1);) C M(Xj—1)” x M(X;) (taking M (X,) and
M (X}) to be points.) Second, one checks that the basic moves described by Cerf
theory (cancellation or change of order of critical points) change the sequence of
Lagrangian correspondences by replacing adjacent correspondences with an embedded
composition, or vice-versa. In other words, the equivalence class of sequences of
Lagrangian correspondences by embedded compositions [L (Y1), ..., L(Yx—1)k)]
does not depend on the choice of the Morse function f. Then the results of this paper
provide a group-valued invariant of Y, by taking the Floer homology of the sequence
of Lagrangian correspondences. For example, in [42; 43] we investigate the theory
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836 Katrin Wehrheim and Chris T Woodward

which uses as symplectic manifolds the moduli spaces of flat bundles with compact
structure group on three-dimensional cobordisms containing tangles. Conjecturally
this provides a symplectic construction of Donaldson type gauge theoretic invariants:
SO(3)—instanton Floer homology, its higher rank version (though not strictly defined in
the gauge theoretic setting), and the SU(n)—tangle invariants defined by Kronheimer—
Mrowka [14] from singular instantons. The same setup is used to give alternative
constructions of Heegaard Floer homology [16] and Seidel-Smith invariants [26].

Even more generally, in our paper [39] the quilted Floer cohomology groups provide
the 2—-morphism spaces in our construction of a symplectic 2—category which contains
all Lagrangian correspondences as morphisms, and where the composition is equivalent
to geometric composition, if the latter is embedded. This setup in turn is used by
Abouzaid-Smith [1] to prove mirror symmetry for the 4—torus and deduce various
further symplectic consequences.

Notation and organization We will frequently refer to the assumptions (M1)-(M2),
(L1)-(L3) and (G1)—~(G2) that can be found at the beginning of Section 4.1.

Section 2 is a detailed introduction to Lagrangian correspondences, geometric compo-
sition and sequences of correspondences, which also provides the basic framework for
the sequels [39; 41] to this paper. In Section 3 we generalize gradings to Lagrangian
correspondences and establish their behaviour under geometric composition, so that
the isomorphism (3) becomes an isomorphism of graded groups. Section 4 provides a
review of monotonicity and Floer cohomology and gives a first definition of the Floer
cohomology (1) by building a pair of Lagrangians in the product My x M x--+ Mj_1.
The latter is however unsatisfactory since it does not provide an approach to the
isomorphism (3). Section 5 gives the general definition of quilted Floer cohomology
(1) and finalizes the proof of the isomorphism (3). Finally, Section 6 gives a number of
direct symplectic applications of the isomorphism (3).

Acknowledgements We thank Paul Seidel and Ivan Smith for encouragement and
helpful discussions, and we are very grateful to the meticulous referee for help with
cleaning up the details.

2 Lagrangian correspondences

Let M be a smooth manifold. A symplectic form on M is a closed, nondegenerate
two-form w. A symplectic manifold is a smooth manifold equipped with a symplectic
form. If (M{,w;) and (M;, w,) are symplectic manifolds, then a diffeomorphism
@: My — M, is a symplectomorphism if ¢*w, = w;. Let Symp denote the category
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whose objects are symplectic manifolds and whose morphisms are symplectomorphisms.
We have the following natural operations on Symp.

(a) (Duals) If M = (M, w) is a symplectic manifold, then M~ = (M, —w) is a
symplectic manifold, called the dual of M .

(b) (Sums) If M; = (M;,wj),j = 1,2 are symplectic manifolds, then the disjoint
union M1 U M, equipped with the symplectic structure w; on My and w, on M>, is
a symplectic manifold. The empty set & is a unit for the disjoint union.

(c) (Products) If M; = (Mj,wj),j = 1,2 are symplectic manifolds, the Cartesian
product (M x M>, Jr;"a)l + n;‘wz) is a symplectic manifold. (Here mj: M| x M, —
M; denotes the projections.) The symplectic manifold pt, consisting of a single point,
is a unit for the Cartesian product.

Clearly the notion of symplectomorphism is very restrictive; in particular, the symplectic
manifolds must be of the same dimension. A more flexible notion of morphism is
that of Lagrangian correspondence, defined as follows [44; 45; 12]. Let M = (M, w)
be a symplectic manifold. A submanifold L C M is isotropic, resp. coisotropic,
resp. Lagrangian if the w—orthogonal complement 7 L% satisfies TL® O TL resp.
TLY® CTL resp. TL® =TL.

Definition 2.0.1 Let M;, M, be symplectic manifolds. A Lagrangian correspondence
from My to M, is a Lagrangian submanifold L1, C M| x M.
Example 2.0.2 The following are examples of Lagrangian correspondences:

(a) (Trivial correspondence) The one and only Lagrangian correspondence between
My = & and any other M, is L1, = @.

(b) (Lagrangians) Any Lagrangian submanifold L. C M can be viewed both as
correspondence L C pt~ x M from the pointto M and as correspondence L C M ™ xpt
from M to the point.

(¢c) (Graphs) If ¢1: M1 — M, is a symplectomorphism then its graph
graph(g12) = {(m1, p12(m1)) | my € M1} C M x M,
is a Lagrangian correspondence.

(d) (Fibered coisotropics) Suppose that 1: C — M is a coisotropic submanifold.
Then the null distribution 7C? is integrable; see eg McDuff and Salamon [18, Lemma
5.30]. Suppose that 7C? is in fact fibrating, that is, there exists a symplectic manifold
(B, wp) and a fibration 7r: C — B such that (*w is the pullback 7*wpg. Then

(txm):C—>M"xB
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maps C to a Lagrangian correspondence.

(e) (Level sets of moment maps) Let G be a Lie group with Lie algebra g. Sup-
pose that G acts on M by Hamiltonian symplectomorphisms generated by a mo-
ment map u: M — g*. (That is u is equivariant and the generating vector fields
g — Vect(M), £ — &y satisfy 1(Epp)w = —d (. £).) If G acts freely on u~'(0),
then 1 ~1(0) is a smooth coisotropic fibered over the symplectic quotient M /G =
w~1(0)/G, which is a symplectic manifold. Hence we have a Lagrangian correspon-
dence

(txm): w1 0) > M~ x (M) G).

The symplectic two-form wpsyg on M/ G is the unique form on M/ G satisfying
oy e =1 w.
Definition 2.0.3 Let My, My, M, be symplectic manifolds and Loy C M x M1,
Ly, C M| x M, Lagrangian correspondences.
(a) The dual Lagrangian correspondence of Ly is

(Lo1)" :={(my.mg) | (mo,my) € Lo1} C My x M.
(b) The geometric composition of Ly and L1, is

(mo,my) € Loy

LoioLqy:= {(n’lo,WI2)€MO_XM2 dm, € My : }CMO_XMz.

(my,my) € Ly,

Geometric composition and duals of Lagrangian correspondences satisfy the following:
(a) (Graphs) If gg1: My — M, and @1,: M — M, are symplectomorphisms, then
graph(¢o1) o graph(¢;2) = graph(¢i2 © ¢o1),

graph(¢o1)" = graph(gg;).

(b) (Zero) Composition with & always yields &, that is for any Lagrangian corre-
spondence Lo; C M; X My we have

oLy =4, Lyioo=a.

(c) (Identity) The diagonal is an identity. Thatis, if Lo; C M x M is a Lagrangian
correspondence and Aj; C M X M; are the diagonals, then

Loy =Ago Loy = Lo1oAy.
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(d) (Associativity) If Loy C My X My, Ly; C M X M3, Ly3 C M, X M3 are
Lagrangian correspondences, then

(Lo1oLjyz)oLaz=Loio(LizoL23),
(LoioLi2)" = (L12) o(Lo1)".
The geometric composition can equivalently be defined as
Loi oLy =moa(Lo1 Xpm, L12),
the image under the projection mwoz: My x My X M x My — My x M of
L1z X1, Lot := (Loi X L12) N (Mg x Ay x M>).

Here Ay C M| x M denotes the diagonal. Lojo L1y C My x M, is an immersed
Lagrangian submanifold if Loy X L1, intersects M X Ay x M, transversally. In
general, the geometric composition of smooth Lagrangian submanifolds may not even
be immersed. We will be working with the following class of compositions, for which
the resulting Lagrangian correspondence is in fact a smooth submanifold, as will be
seen in Lemma 2.0.5 below.

Definition 2.0.4 We say that the composition Lo o L1, is embedded if L1z xpr, Loy
is cut out transversally (ie (Lg; x Li3) (MO_ X A1 X M>5)) and the projection
mo2: L12 Xpr, Lot = Loy o L1 C My X M3 is an embedding. (For compact
Lagrangians it suffices to assume that g, is injective, by Lemma 2.0.5 below.)

By some authors (eg Guillemin and Sternberg [12]) geometric composition of La-
grangian correspondences is more generally defined under clean intersection hypotheses.
This extension is not needed in the present paper, because the quilted Floer cohomol-
ogy is invariant under Hamiltonian isotopy, and after such an isotopy transversality
may always be achieved. However, transverse intersection only yields an immersed!
Lagrangian correspondence, as the following Lemma shows.

Lemma 2.0.5 Let Loy C My X My, L2 C M x M3 be Lagrangian correspon-
dences such that the intersection (Lgy x L12) th (MO_ X Ay X M>) is transverse. Then
the projection 1oy L1 Xpg, Lor = Lo1 o L1a C My X M3 is an immersion.

In particular, if the Lagrangians are compact, the intersection is transverse, and the

projection is injective, then the composition Lgj o L1, =: Lg, is embedded.

1One can not necessarily remove all self-intersections of the immersed composition by Hamiltonian
isotopy on one correspondence. A basic example is the composition of transverse Lagrangian submanifolds
L,L’ C M. Identifying M = M x {pt} = {pt} x M the projection L xps L' — Lo L' C {pt} x {pt}
maps the (finite) intersection L M L’ to a point.
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Proof The proof essentially is a special case of the fact that the geometric composition
of linear Lagrangian correspondences is always well defined (ie yields another linear
Lagrangian correspondence); see eg Guillemin and Sternberg [12, Section 4.1].

Fix a point x = (x¢, X1, X1, X2) € Lo1 Xps, L12 then we need to check that ker dy g =
10} for the projection restricted to L1, Xps, Lo . In fact, we will show that

TK(M()XMI XMl XM2)

(4) kerdymgy = s
= (T(X(),Xl)LOI X T(xl,)Q)LlZ) + (TX()MO X T(xl,xl)Al X TXZMZ)

which is zero by transversality. To simplify notation we abbreviate Ag := T(x,,x,)Lo1>
A1z :=T(x, x,)L12,and V; := Ty, M;. Now (4) follows as in [12, Section 4.1]. For
completeness we recall the precise argument: We identify
kerdyxmoa = (Ao1 Xy, A12) N ({0} x Vi x Vi x {0})

5) =~ {vy € V1 [ (0,v1) € Ao, (v1.0) € Aya} =ker Ay Nker Ay,
where ker A1, :={v; € V1| (v1,0) € A1} C Vi and similarly kerAf)1 C V7. On the
other hand, we use the symplectic complements with respect to the form wg113 1=
(—wo) ® w1 B (—w1) D wy on Vo x Vi x Vi x V, to identify
(Vo x Vi x Vi xVa) [ (Ao1 X A12) + (Vo x Ay, x V3)

= (Ao1 X A12)®0112 N (Vo x Ay, x Vo)@0112

= {(0,v1,v1,0) | (0,v1) € AG*V®, (v1,0) € A2V}
(6) >~ (im Agp)®' N (im A},)“",

where im A := 7y, (Ag1) C V7, similarly im A’12 C V1, and we used the equivalence

(—wo ® w1)((0,v1), (Ao, A1) =0 V (Ao, A1) € Ay
<~ wl(vl,kl)zO V)qE]TVl(A()l).

Now the two vector spaces in (5) and (6) are identified by the dualities ker Agl =
(im Agq1)®! and ker A1, = (im A’lz)“)1 , which follow from the Lagrangian property
of Agq resp. A,

O0,v))eAhgr <= (0,0) €A% — v e(imAg)®.

This proves (4) and hence finishes the proof that o, is an immersion. Finally, note
that an injective immersion of a compact set is automatically an embedding. a

Remark 2.0.6 Suppose that the composition Ly o L1; =: L, is embedded.
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(a) By the injectivity, for every (xg, x;) € Lo, there is a unique solution x; € M,
to (xg,X1,X1,X2) € Loy X L. Due to the transversality assumption, this solution is
given by a smooth map £: Lo, — M.

(b) If Loy and L, are compact, oriented, and equipped with a relative spin structure,
then L, is also compact and inherits an orientation and relative spin structure; see our
paper [40]. The orientation is induced from the canonical orientation of the diagonal
(see Remark 3.0.5 (b)) and the splitting

T(Mox My x My x My) = (T Loz x {0}) ® ({0} x (TA)) ® T(Loy x L12)*.

(c) If both fundamental groups 7;(Lo;) and m{(L;,) have torsion image in the
respective ambient space, then 71 (Lg;) has torsion image in 7;(My x M>). (Any
loop y: S — L, liftstoaloop : S — Lo x L1, with y = mp,0%. By assumption,
some multiple cover 7V is the boundary of a map #i: D> — My x M} x My x M.
Hence the same cover ¥V = (1, 0 if)|5p2 is contractible.)

2.1 Generalized Lagrangian correspondences

A simple resolution of the composition problem (that geometric composition is not
always defined) is given by passing to sequences of Lagrangian correspondences and
composing them by concatenation. In [39] we employ these to define a symplectic
category containing all smooth Lagrangian correspondences as composable morphisms,
yet retaining geometric composition in cases where it is well defined.

Definition 2.1.1 Let M, M’ be symplectic manifolds. A generalized Lagrangian
correspondence L from M to M’ consists of

(a) asequence Ny,..., N, of any length r 4+ 1 > 2 of symplectic manifolds with
No=M and N, = M’ ,
(b) asequence Loy, ..., Ly—1), of compact Lagrangian correspondences such that

Li—1yj CNj_—l x Nj for j=1,...,r.

Definition 2.1.2 Let L from M to M’ and L' from M’ to M" be two generalized
Lagrangian correspondences. Then we define composition

(L, L") := (Lot L—1yrs Logs -+ Lipr_1y,)

as a generalized Lagrangian correspondence from M to M" . Moreover, we define the
dual

t.__ t t
L= (L(r—l)r""’LOI)
as a generalized Lagrangian correspondence from M’ to M .
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We conclude this subsection by mentioning special cases of generalized Lagrangian
correspondences. The first is the case M = M, which we will want to view separately
as a cyclic correspondence, without fixing the “base point” M .

Definition 2.1.3 A cyclic generalized Lagrangian correspondence L consists of

(a) acyclic sequence My, My,..., M,, M, = My of symplectic manifolds of
any length r +1>1,

(b) asequence Loy, ..., L, 41) of compact Lagrangian correspondences such that
LjGj+1) C M; x Mjyy for j=0,....7

The second special case is M = {pt}, which generalizes the concept of Lagrangian
submanifolds. Namely, note that any Lagrangian submanifold L. C M’ can be viewed
as correspondence L C {pt}” x M.

Definition 2.1.4 Let M’ be a symplectic manifold. A generalized Lagrangian sub-
manifold L of M’ is a generalized Lagrangian correspondence from a point M = {pt}
to M'. That is, L consists of

(a) asequence N_,,..., Ny of any length r > 0 of symplectic manifolds with
N_, = {pt} a point and Ny = M’,

(b) asequence L(_;)(—r+1),---.L(=1)0 of compact Lagrangian correspondences
such that L;_1); C N;Z; X N;.

3 Gradings

The purpose of this section is to review the theory of graded Lagrangians and extend it
to generalized Lagrangian correspondences. It can be skipped at first reading.

Following Kontsevich and Seidel [31] one can define graded Lagrangian subspaces as
follows. Let V' be a symplectic vector space and let Lag(V') be the Lagrangian Grass-
mannian of V. An N —fold Maslov covering for V is a Z y—covering LagN V) —
Lag(V') associated to the Maslov class in Hom(zr; (Lag(V)), Z). (More precisely, the
mod N reduction of the Maslov class defines a representation ¢ (Lag(V)) — Z . Let
fﬁé (V') be the universal cover of Lag(1"), then the N —fold Maslov covering associated
to the given representation is the associated bundle Lag(V) X1 (Lag(V)) Z N —Lag(V).)
A grading of a Lagrangian subspace A € Lag(V) is a lift to = Lag V).
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Remark 3.0.5 (a) For any basepoint Ay € Lag(V) we obtain an N —fold Maslov
cover LagV (v, Ay) given as the homotopy classes of paths A: [0, 1] — Lag(V') with
base point A(O) - Ao, modulo loops whose Maslov index is a multiple of N. The
covering is A > A(l) The base point has a canonical grading given by the con-
stant path Ao = Ay. Any path between basepoints Ay, A/ induces an identification
Lag" (V, Ag) — Lagh (V, A)).

(b) For the diagonal A C V™ x V we fix a canonical grading and orientation as follows.
(This choice is made in order to obtain the degree identity in Lemma 3.0.12 (d).) We
identify the Maslov coverings Lag™ (V™ x V, A~ x A) and LagN (V~ x V, A) by
concatenation of the paths?

(7 (e’"A™ x N)sefonja, ((tx + Ty, x +1Jy)|x, p € A} seo.1];

for J € End(V') an w—compatible complex structure on V (ie J2 =—1Id and w(-, J-)
is symmetric and positive definite). In particular, this induces the canonical grading on
the diagonal A with respect to any Maslov covering Lag™ (V™ x ¥, A~ x A), by con-
tinuation. Any identification Lag™N (V™ x V, Ay x No) — LagN (V= xV, AT xAy)
induced by a path in LagN (V') maps the graded diagonal to the graded diagonal, since
the product ¥~ x y of any loop y: S! — Lag(V) has Maslov index 0. Similarly, we
define a canonical orientation on A by choosing any orientation on A, giving the
product A~ x A the product orientation (which is well defined), and extending the
orientation over the path (7). This is related to the orientation induced by projection of
the diagonal on the second factor by a sign (—1)"®=1/2 where dim(M) = 2n.

Let M be a symplectic manifold and let Lag(M') — M be the fiber bundle whose fiber
over m € M is the space Lag(7;, M) of Lagrangian subspaces of 7,, M . An N —fold
Maslov covering of M is an N —fold cover LagN (M) — Lag(M) whose restriction to
each fiber is an N —fold Maslov covering Lag™ (T,,, M) — Lag(T, M ). Any choice of
Maslov cover for R?” induces a one-to-one correspondence between N —fold Maslov
covers of M and Sp” (2n)—-structures on M . Here 2n = dim M and Sp® (2n) is the
N —fold covering group of Sp(2n) associated to the mod N reduction of the Maslov
class in Hom(mr1 (Sp(2n)), Z ). (Explicitly, this is realized by using the identity as
base point.) An SpN (2n)—structure on M 1is an SpN (2n)—bundle Fr¥ (M) - M
together with an isomorphism BV (M) XspN (2n) Sp(2n) =~ Fr(M) to the symplectic
frame bundle of M . It induces the N —fold Maslov covering

N N N on
Lag(M) = Fr(M) xspN (2n) Lag(R“").
2 The first path arises from the canonical path between Id and J in Symp(V). The second path can

be understood as the graphs of the symplectomorphisms (¢ ~!Id) x (¢Id) on V = A x JA. For t — 0 this
graph converges to the split Lagrangian JA x A C V™ x V; for ¢t = 1 the graph is the diagonal.
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The notions of duals, disjoint union, and Cartesian product extend naturally to the graded
setting as follows. The dual Lag™ (M ™) of a Maslov covering Lag”™ (M) — Lag(M)
is the same space with the inverted Z y —action. We denote this identification by

N N ~ ~
(8) Lag(M) — Lag(M ™), A— A",

For Sp” —structures Fr'¥ (M) and Fr™ (M) the embedding

N N N
Sp(2ng) xz, Sp(2n1) — Sp(2ng + 2ny)
induces an Sp” (2n¢+2n; )-structure FrN (Myx M) on the product and an equivariant
map
N N N
©) Fr(Mgy) x Fr(M;) — Fr(My x M,)

covering the inclusion Fr(My) x Fr(M;) — Fr(My x My). The corresponding product
of N —fold Maslov covers on M x M; is the N —fold Maslov covering

N N N N .
Lag(Mo x My) := (Fr(My) x Fr(My)) XspN (2ng)xsp" (2n;) Lag(R*"0 x R*"1).

Combining this product with the dual yields a Maslov covering for M x M7 which
we can identify with

N _ N N N e n
Lag(My x My) = (Fr(Mo) x Fr(M))) xspN angyxsp® (2ny) Lag(R>"0™ x R2),

Finally, the inclusion Lag(My) x Lag(M;) — Lag(M, x M) lifts to a map

N N N - - - N
(10) Lag(My) x Lag(My) — Lag(Mo x My), (Lo, L)+ Lox" Ly

with fiber Z . It is defined by combining the product (9) with the basic product of the
linear Maslov cover Lag" (R2"0) x Lag® (R?"1) — Lag!¥ (R2"0 x R2"1),

Definition 3.0.6 (a) Let M, M; be two symplectic manifolds equipped with N —
fold Maslov covers and let ¢p: My — M; be a symplectomorphisms. A grading of
¢ is a lift of the canonical isomorphism Lag(My) — Lag(M;) to an isomorphism
oN: LagN (M) — LagN (M), or equivalently, a lift of the canonical isomorphism
Fr(My) — Fr(M;) of symplectic frame bundles to an isomorphism Frv (My) —
FrV (M).

(b) Let L C M be a Lagrangian submanifold and M be equipped with an N —fold
Maslov cover. A grading of L is a lift aiv L — LagN (M) of the canonical section
or: L — Lag(M).
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Remark 3.0.7 (a) The set of graded symplectomorphisms forms a group under
composition. In particular, the identity on M has a canonical grading, given by the
identity on Lag™ (M).

(b) Given a one-parameter family ¢; of symplectomorphisms with ¢ = Idps, we
obtain a grading of ¢; by continuity.

(c) Any choice of grading on the diagonal Ac Lag™ (R?"~ xR?") induces a bijection
between gradings of a symplectomorphism ¢: My — M7 and gradings of its graph
graph(¢) C M x My with respect to the induced Maslov cover LagN (My x My).
Indeed, the graph of the grading, graph(¢™V) C (Fr™¥ (Mp) x Fr™ (M}))|graph(g) is
a principal bundle over graph(¢) with structure group Sp™¥ (2n), 2n = dim My =
dim M. The graded diagonal descends under the associated fiber bundle construction
with graph(¢?V) to a section of Lag’V (M X M1)|graph(e) lifting graph(¢). Moreover,
this construction is equivariant for the transitive action of H°(Mj, Z ) on both the
set of gradings of ¢ and the set of gradings of graph(¢).

We will refer to this as the canonical bijection when using the canonical grading
Ae Lag™ (R2"~ x R2") in Remark 3.0.5. In particular, the diagonal in M~ x M has
a canonical grading induced by the canonical bijection from the canonical grading of
the identity on M .

(d) Any grading Giv of a Lagrangian submanifold L C M induces a grading of
L C M~ via the diffeomorphism Lag" (M ~) — Lag™ (M).

(e) Given graded Lagrangian submanifolds Ly C My, L C M, the product subman-
ifold Lo x L1 C My x M, inherits a grading from (10).

(f) Given a graded symplectomorphism ¢: My — M; and a graded Lagrangian
submanifold L C My, the image ¢(L) C M, inherits a grading by composition
oN =¢NogN

(L) ’

Example 3.0.8 (a) Let Lag?(M) be the bundle whose fiber over m is the space
of oriented Lagrangian subspaces of T, M . Then Lag?(M) — Lag(M) is a 2—fold
Maslov covering. A Lag?(M )—grading of a Lagrangian L C M is equivalent to an
orientation on L.

(b) By [31, Section 2], any symplectic manifold M with H'(M) = 0 and minimal
Chern number Njs admits an N —fold Maslov covering LagN (M) if and only if N
divides 2Ny . Any Lagrangian with minimal Maslov number Ny, admits a LagN (M)-
grading if and only if N divides Ny . In particular, if H'(M) =0 and L is simply
connected, then Ny = 2N, and L admits a LagZNM (M) grading.
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(c) Suppose that [w] is integral, [w] = (1/1)ci(TM), and L is a line bundle with
connection V and curvature curv(V) = (2z/i)w. This induces a 2/—fold Maslov
cover LagZI(M) — Lag(M); see Seidel [31, Section 2b]. Let L C M be a Bohr—
Sommerfeld monotone Lagrangian as in Remark 4.1.4. A grading of L is equivalent
to a choice of (not necessarily horizontal) section of £|L whose /—th tensor power is
¢f; that is, a choice of the section exp(2ni1ﬂ)¢f in (19).

Definition 3.0.9 Let Ay, A{ C V be a transverse pair of Lagrangian subspaces in
a symplectic vector space V' and let Ao, A1 € LagN (V) be gradings. The degree
d(AO, 1) € Zy is defined as follows. Let 7%, 7: [0, 1] — Lag™ (V) be paths with
common starting point »(0) = ¥(0) and end points y;(1) = A j- Let yj:[0,1] =
Lag(V) denote their image under the projection Lag” (V) — Lag(V) and define

(1) d(Ro, A1) := 3 dim(Ag) + I(yo.71) mod N,
where I(yg, 1) denotes the Maslov index for the pair of paths as in [36; 27].

Let us recall from [27] that the Maslov index for a pair of paths with regular crossings
(in particular with a finite set of crossings C := {s € [0, 1]| yo(s) N y1(s) # {0}}) is
given by the sum of crossing numbers with the endpoints weighted by 1/2,

Iom=y5 3 seCopn+ 3 selon.9).

seCn{0,1} seCn(o,1)

Each crossing operator I'(yy, 1, s) is defined on v € yo(s)Ny; (s) by fixing Lagrangian
complements yo(s)¢, y1(s)¢ of yo(s), v1(s) and setting

(12) T (Yo, v1.5)v = 4| _ 0@ w()—w' ()

where w(t) € yo(s)¢ such that v + w(t) € yo(s +¢) and w'(z) € y;(s)¢ such that
v+ w'(s+1) € y1(5).

Remark 3.0.10 The degree can alternatively be defined by fixing Yy = Ao and
choosing a path 7: [0, 1] — Lag™ (V) from 7(0) = Ao to y(1) = A1 such that the
crossing form I'(y, A, 0) of the underlying path y: [0, 1] — Lag(V’) is positive definite
at s = 0. Then the degree

~ dim A
d(Ro, K1) = 0

+1(Ao.y)=—Y_ sign(T'(y.A¢.s))=—1I'(y.A¢) mod N
s€(0,1)

is given by the Maslov index I” of y|(,1) (not counting the endpoints) relative to Ag.
Equivalently, we have

d(Ag.A)=1'(y"',Ay) mod N
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for the reversed path y~!: [0, 1] — Lag(V) from y~1(0) = A to y~!(1) = A such
that the crossing form I'(y !, A, 1) is negative definite at s = 1.

Lemma 3.0.11 (Index theorem for once-punctured disks) Let Ag,A1 C V be a
transverse pair of Lagrangian subspaces with gradings Ao. Ay € Lag™ (V). Then for
any smooth path of graded Lagrangian subspaces A: [0,1] > LagN (V') with endpoints
A(]) = Aj, j =0,1 we have

d(Ao, A1) =Ind(Dy,) mod N.
Here Dy, is any Cauchy—Riemann operator in V' on the disk D with one outgoing
strip-like end (0, 00) x [0, 1] < D and with boundary conditions given by A (the

projection of A to Lag(V')) such that A(j) = A; is the boundary condition over the
boundary components (0,00) x{j}, j =0, 1 of the end.

Proof It suffices to prove the index identity for a fixed path A. Indeed, if A is
any other path with the same endpoints then we have Ind(Dy A) — Ind(Dy p/) =
Ind(Dy,A) + Ind(Dy,—p’) = Ind(Dy, p4(—a7y) by gluing. Here the last Cauchy—
Riemann operator is defined on the disk with no punctures and with boundary conditions
given by the loop A #(—A’). Since the loop lifts to a loop A #(—A’) in LagM (V), its
Maslov index (and thus index) is 0 modulo N .

By Remark 3.0.10, the degree can be defined by a path A from A to Ao whose
projection A has negative definite crossing form at s = 1. The sum of crossing numbers
in d(/~\0, /~\1) = Zse(O,l) sign(I"(A, Ay, s)) is the Maslov index /g (A) in [33, Lemma
11.11] and hence equals to the Fredholm index Ind(Dy, A ) over the half space, or the
conformally equivalent disk with strip-like end. This conformal isomorphism takes the
boundary ends (—oo, —1) resp. (1, 00) in the half space {Imz > 0} (over which A
equals to Aq resp. Ag)to {1} x (1, 00) resp. {0} x (1, co) in the strip-like end. O

Lemma 3.0.12 The degree map satisties the following properties.

(a) (Additivity) If V =V’ x V" then

d(Ay <N Ay, Ay <N RY)) = d(Ay. A)) +d(Ag. AY)
for IN\;, /~\;/ graded Lagrangian subspaces in V', V" respectively, j =0, 1.
(b) (Multiplicativity) For /~\0, A graded Lagrangian subspaces and any ¢ € Z
d(Ag,c- A1) =c+d(Ahg, Ay).
(¢) (Skewsymmetry) For 7\0, 7\1 graded Lagrangian subspaces
d(Ao, A1) +d(Ay, Ag) =dimAg = d(Ag, A1) +d(Ay, A7).
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(d) (Diagonal) For a transverse pair Ko, Kl of graded Lagrangian subspaces in V
and A the canonically graded diagonal in V™~ x V

d(A, Ay xN Ay) =d(Ao, Ay).

Proof The first three properties are standard; see Seidel [31, Section 2d]. We prove the
diagonal property to make sure all our sign conventions match up. For that purpose we
fix L € Lag" (V) and choose the following paths 7. of graded Lagrangian subspaces
(with underlying paths y.. of Lagrangian subspaces):
e 70:[-1,1]—Lag" (V) from 7%(=1)=L to 7% (1) = A¢ such that ')70|[_1’0]EZ,
e 7:[=1,1]—Lag™ (V) from 7 (1) =Lt yi(h)= A1, such that Yil=1/2,0=
JL th L and y;|[—1,—1/2] is a smoothing of ¢ eI
o P:[=1. 11— LagN (V_ x V) starting with #[;_1 1 /21 = 7} X" 70)l{=1,-1/2]
ending at ¥[[o,;] = A, and such that y|_;/3,0] is a smoothing of 7 >
{(Qt+1)x+Jy,x+Q2t+1)Jy)|x,y € L}. (The lift to graded subspaces
matches up since y|[_j,o] is exactly the path of (7) which defines A by connect-
ing it to L= xL.)

Note that we have (o, y1)|[-1,0] = —% dim Ay and

I(y. vy xvDI=1,00 =11 Yo )i=1,00 + L1 (Yo, Y1) |[—1,00 = —dim Ay

since ¥ |[—1/2,0] is transverse to L™ x JL. With these preparations we can calculate

d(Ro, Ay) = Jdim Ao+ I(vo. v1) = I(¥o. Y1) ljo,1]
=1(A, vy xyDl[o,1]
=dim Ao+ I(y,yy xy1) = d(A, Ay xV Ay).

Here the identity of the Maslov indices over the interval [0, 1] follows from identi-
fying the intersections K(s) := yo Ny1 = AN (y, X y1) and the crossing forms
I'(s), f‘(s): K(s) — R at regular crossings s € [0, 1] (after a homotopy of the paths to
regular crossings). Fix Lagrangian complements y(s)¢ and y;(s)¢, then for v € K(s)
pick w;(¢) € y;(s)¢ such that v + w;(¢) € y;(s + t). For the corresponding vector
v=(v,v) € AN(y, xy1) we can pick w(?) = (0,0) € A° satisfying v+ 0 (¢) € A
and W'(7) = (wg, w1) € Yo(s)¢ x y1(s)¢ satisfying v+ w'(z) € (yo x y1)(s +1) to
identify the crossing forms

Fs)o= 4| _ (0@ )@ 6()— b (1)
= 4|, _o (o —w(0) + (v, —w; (1))
= 4| _ o w(t)—wi(t)) =T(s)v. O
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If Lo, Ly C M are Lag" (M)—graded Lagrangians and intersect transversally then
one obtains a degree map

I(Lo.L1):=LoNLy—Zy, x> |x|:=d(o},(x).0] (x)).

More generally, if Lo, L; do not necessarily intersect transversally, then we can pick a
Hamiltonian perturbation H: [0, 1] x M — R such that its time 1 flow ¢1: M — M
achieves transversality ¢;(Lo) M L. Then the Hamiltonian isotopy and the grading
on L induce a grading on ¢; (L), which is transverse to L. The degree map is then
defined on the perturbed intersection points, d: Z(Lg, L1) :=¢1(Lo) N L1 —> Zy .

3.1 Graded generalized Lagrangian correspondences

In this section we extend the grading and degree constructions to generalized Lagrangian
correspondences and discuss their behaviour under geometric composition and insertion
of the diagonal.

Definition 3.1.1 Let M and M’ be symplectic manifolds equipped with N —fold
Maslov coverings. Let L = (Lo1...., L—1),) be a generalized Lagrangian correspon-
dence from M to M’ (ie L(j_1); C Mj__1 x Mj forasequence M = My,... . M, =
M’ of symplectic manifolds). A grading on L consists of a collection of N —fold
Maslov covers Lag™ (M i) — M and gradings of the Lagrangian correspondences
Lj—1); with respect to LagN (M PERR M), where the Maslov covers on M| = M
and M, = M’ are the fixed ones.

A pair of graded generalized Lagrangian correspondences L, and L, from M to M’
(with fixed Maslov coverings) defines a cyclic Lagrangian correspondence L, #(L,)’,
which is graded in the following sense.

Definition 3.1.2 Let L = (Loy, ..., L,(+41)) be acyclic generalized Lagrangian cor-
respondence (ie Ljjy1) C Mj_ x M for a cyclic sequence Mo, My,..., M, | =
My of symplectic manifolds). An N —grading on L consists of a collection of N —fold
Maslov covers Lag™ (M i) — M; and gradings of the Lagrangian correspondences
Lj(j+1) with respect to LagN(Mj_ XMjyq).

In the following, we will consider a cyclic generalized Lagrangian correspondence L
and assume that it intersects the generalized diagonal transversally, ie

(13) (LOI X L12 X X Lr(r+1)) rh (A]TJ() X A]Tll X X A;lr)T,

where Ay, C M XM ™ is the (dual of the) diagonal and Mo x M;” X My X ---x M,” —
My xMyx---xM; xMy, Zi>Z T s the transposition of the first to the last factor.
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In Section 4.3 this transversality will be achieved by a suitable Hamiltonian isotopy. It
ensures that the above transverse intersection cuts out a finite set, which we identify
with the generalized intersection points

I(L) == XApy, (Lot XAnr, L1z XAy, Ly(r+1))

= {x = (x0.....X,) € Mox---xM, | (x0,x1) € Lo1.....(xr,X0) € Ly(r41)}-

Remark 3.1.3 Consider two cyclic generalized Lagrangian correspondences
L = (LOI» B L(j—l)j, Lj(j+1), ey Lr(r—i—l))»
L/ = (LOI’ CER ) L(j—])j © Lj(j+1), cey Lr(r+1))

such that the composition L;_1);j o Lj(j+1) is embedded in the sense of Definition
2.0.4. Then the generalized intersection points

(L) = {(...,xj_l,xj,xj+1,...) € XMj_ X MjxMjyy--- ‘
v (Xjo1,x5) € Li—1yj, (xj,Xj41) € Lj(j_H),...}
={(. Xjm 1 Xjp1s o) € X My X Mgy -+ |
e (xj1,xj41) € L—nyj o LjGi1ys - - -} = T(L)

are canonically identified, since the intermediate point x; € M; with (x;_1,x;) €
Lj—1)j and (xj,Xjy1) € Lj(j+1) is uniquely determined by the pair (x;_1,X;41) €
Li-njoLjG+n:

An N —grading on L induces an N —fold Maslov covering on
M =My xMyx---x M, x M, x My

and a grading of
L= LOl X le XX Lr(r+1)'
In addition, we have a grading on

AT = (A, ¥ Ay, X+ x Ay )T

from the canonical grading on each factor. In order to define a degree we then identify
generalized intersection points x = (xg, X1, ..., X,) with the actual intersection points
X = (X0, X1, X1,....Xr, Xp,x0) € LNAT

Definition 3.1.4 Let L be a graded cyclic generalized Lagrangian correspondence L
that is transverse to the diagonal (13). Then the degree is

I(L)—>Zy. x> |x|=d(o] (x),00 (x)).
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Lemma 3.1.5 Alternatively, the degree is defined as follows:

(a) Pick any tuple of Lagrangian subspaces A € Lag(Tx, M;), A} € Lag(Tx; M),
i =0,...,r whose product is transverse to the diagonal, A} x A} At M,
Then there exists a path (unique up to homotopy) y: [0, 1] — Lag(Tx M) from
y(0) =TxL to y(1) = Aj x A} x---x A} x A}/ x Ay that is transverse to the
diagonal at all times, y (t) th Tx AT . We lift the grading 027 (x) e LagN (TxM)
along this path and pick preimages under the graded product map (10) to define
K; € Lagh (T, M;) and K;/ € LagN (T, M;"). Then

x| = Zd(A/ A7)

(b) Ii L has even length r + 1 € 2N then it defines an N —fold Maslov cover on
M =My xM;xM; x---x M, and a pair of graded Lagrangian submanifolds,
Ly :=Loi X Lyz x+--X L(y_1y, C M,
Lay:=(LiaxLygx-xLygy1)’ C M-,
where we denote by M ™ x--- X M,” X Mo —> Mo x M x---xX M, Z—2zZT

the transposition of the last to the first factor. If L has odd length r + 1 € 2N + 1

we insert the diagonal Apgy C My x Mo = M | x My (with its canonical

grading) before defining a pair of graded Lagrangian submanifolds as above.
By (13), the Lagrangians intersect transversally L gy L(_l), and this intersection
is canonically identified with Z(L). Then for x € Z(L) corresponding to
Y€ LN L(_l) we have

x| =y =d), »).of, (1)7).
Proof In (a) we use the fact that the path y has zero Maslov index to rewrite
d(op (x), 08 (x)) =d(AyxN AgxN .- xN R <N R, Z;XOMO xNV.. -xNZ;Xr M)

where we moreover transposed the factors. Now by Lemma 3.0.12 the right-hand side
can be written as the sum over d(A} xN A7, AT, M )= d(A/ A”_)

In (b) note that a reordering of the factors identifies the pair of graded Lagrangians
(L) % L) AX71) with (L, AT) for r odd. So Lemma 3.0.12 implies

d(og (x),057 () =d(og, () xN op (1), A7 ) =d(or, ()01, (7))
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For r even the same argument proves

d@ (.o, )

= d(aiv(x) xN ZTXOMO, (Z;XOMO XX Z?X, M, X Z;XOMO)T)’

which equals to a’(aiV (x), O’IAVT (x)) by Lemma 3.1.6 (b) below. a

The following Lemma describes the effect of inserting a diagonal on the grading of
generalized Lagrangian correspondences. Part (a) addresses noncyclic correspondences,
whereas (b) applies to cyclic correspondences with

A = T(xgxsexrx0) (Lot X L1a X+ oo X Lyry1))s
K = T(xp,x0:x100xr) (B gy X Dpg, X oo X App ),
Vo = Tx, Mo,

Vi=T,

.....

Lemma 3.1.6 Let Vy, V1, V, be symplectic vector spaces.

(a) Let AgC Lag™ (Vp), Aor C LagN(VO_ x V1), Aia C LagN(Vl_ x V,), and
A, C LagV (V") be graded Lagrangian subspaces. If the underlying Lagrangian
subspaces are transverse then

d(Ao xN Aya, 7\0_1 xN K;) =d(AoxN Ay xN A, Ko_1 x K1_2)‘

(b) Let A C LagN(VO_ x Vi x Vy) and KcC Lag™ (Vp x Vo x V1) be graded La-
grangian subspaces. If the underlying Lagrangian subspaces are transverse then

d(AxN Ao, (K xN ADT) =d(A, KT),

with the transposition Vo x W — W x V4, Z zT.

Proof To prove (a) pick a path yp112: [0, 1] — Lag(Vo x V[~ x Vi x VJ7) from
Yo0112(0) = Ay, x AT, to asplit Lagrangian subspace yo112(1) = Aj x A7 x AT x Al
that is transverse to Agx A1 XA, at all times and hence has Maslov index /(yYo112, AgX
A1 x Ay) = 0. We can homotope this path with fixed endpoints to y9112 = Y01 X
Y12: [0, 1] — Lag(Vo x V") x Lag(Vy x V") that may intersect Ag x Ay X A, but
still has vanishing Maslov index. We lift the grading along the paths ) and y;, and
pick preimages under the graded product map (10) to obtain gradings KS € LagN Vo),

7\’1 € LagN(Vl_), K/l/ e LagN (vy), X/z € LagN(Vz_). With these we calculate,
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using Lemma 3.0.12,

d(Ao xlez,/K(jl xN K;) =d(Ao xV K’l’_ xNV K’;,K% xNV K’l xNV K;)
=d(Ao, Ap) +d(AN~, A) +d(Ay,A3)
=d(Ao, Ap) +d(Ay, N; xN AY) +d(A,, AY)
=d(Ao xN A, ><N7\2,7\6 xN /K’l xN /A{'I’XN K’z)

= d(xo xN Ay xN 7{2,7{0—1 xN Kl_z)
The first and last degree identity are due to the vanishing of the Maslov index
0=1I(Aox A1 x Az, 01 X¥12) = I(Ao X ¥15, Vo1 X A5) = 0.

The identity of these Maslov indices follows from identifying the intersections K(s) :=
(Ao X Y12 (5)) N (Yo1(s) x AJ) = (Ao x Ay X Az) N (Yo1 X y12) and the crossing form
I'(s), T'(s): K(s)— R given by (12) at regular crossings s € [0, 1]. Fix Lagrangian com-
plements yo1(s)¢ C Vo x V]~ and y12(s)¢ C Vi x V7, then for v = (vo, vy, v2) € K(s)
we can pick (wq, w;)(t) € y12(s5)€ such that v + (0, wy, wy)(t) € Ag X y12(s + 1)
and (wg, w)(?) € yo1(s)¢ such that v + (wg, w},0)(¢) € yo1(s + 1) x Ay. For the
corresponding vector ¥ = (vo, v1,v1,v2) € (Ag X Ay x AT) N (y; X ¥;,) We have
U4 (0,0,0,0) € (Ag x Ap x Ap) and D + (wg, wi, wi, w2)(?) € (Yo1 X ¥12)(s +1).
With this we identify the crossing forms

[(s)d = 4| _ (@0 ® —01 ® w1 ®—w3)(D,(0,0,0,0) — (wp, wi, wi, w2) (1))
=4 _ (~wovo. wp) — @1 (vy, wy —w)) + w2 (v2, w3))
=4 _ (@0 ®—w; ®wy)(v. (0. wy, w)(1) — (wh w}, 0)(¢)) = T'(s)v.
This proves (a). To prove (b) we pick a path y: [0, 1] — Lag(Vy x V1 x V) from y(0) =

A to asplit Lagrangian subspace y (1) = Ay x A x Ay € Lag(V;")xLag(Vy)xLag(Vp)
that is transverse to K7 at all times and hence has Maslov index

0=1I(y,KT)=I(y x Ao, (K x Ay)T).
Here the equality of Maslov follows directly from the identification of the trivial
intersections (y x Ag) N (K x AO_)T ~y N KT ={0}. Now we can lift the grading

along y to obtain gradings Ao € Lag™ (Vy), Ay € Lag™ (V), K() e Lagh (1p).
With these we calculate, using part (a) and the fact that gradings are invariant under
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simultaneous transposition of both factors,
d(A xN Ao, (K xN ATy =d(Ag xN Ky xN Ay xN Ao, (K xN Ay)T)
= d(/A% xN Ay xN Kg xNV A4, Zo_ xN K)
=d(AyxN K=, Ay xN (Ayg xNV Ay)7)
=d(Ag xN (Ag xN Ay), Ay xN K)
=d(K=, Ay xN (Ag xN K1)))
=d(AyxN Ay xN Ay, K)
=d(Ay xN Ay xN AL, KTy =d(A, KT). O
In the rest of this section we investigate the effect of geometric composition on the

grading of Lagrangian correspondences. This requires a generalization of Viterbo’s
index calculations [36].

First, we lift the composition map to Maslov covers. Let My, M1, M, be symplectic
manifolds equipped with N —fold Maslov coverings LagN (Mj),j=0,1,2. We equip
the products M;” x Mj and My x My x M| x M, with the induced Maslov coverings
LagN(Mi_ x Mj) resp. LagN(MO_ X My x M x M3). We denote by

T (My) C Lag(My x My x M| x Mz)\MoxAMl <M>
the subbundle whose fibre over (mq, m,my,m,) consists of the Lagrangian subspaces
No112 C Tong,mymy,my) (Mo X My xX M ™ x M>)
that are transverse to the diagonal
Ao112 := Ty My X ATmlMl X Ty M.
The linear composition of Lagrangian subspaces extends a smooth map
o: T(My) — Lag(M, x M), Aor12 > Tagex, (Aor12 N Aorr2).

The preimage of 7 (M) in the Maslov cover will be denoted by

N
TN(My) C Lag(My x M, XMl_XMZ)|M0xAM1xM2'

Finally, recall that we have a canonical grading of the diagonal A M, eLagN (M x My)
and its dual A;/Il € LagN (M7 x M), and let us denote another exchange of factors by

N N ~ ~
Lag(M, x My x My x M{") — Lag(M, x My x M| x M5>), A AT,
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Lemma 3.1.7 The linear composition o: T (M1) — Lag(M x M) lifts to a unique
smooth map o™ : TN (M) — Lag" (M, x M3) with the property that

~ ~ T ~ ~_ ~
(14) oN((Ao2 xN A11)") =d(A11.Ayy) - Koo

for all graded Lagrangians Koz ELagN(MO_ X M) and Kll eLagN (My x M{"), such
that the underlying Lagrangian A1y € Lag(My x M ") is transverse to the diagonal.

Proof We denote by Lag(R?") the Lagrangian Grassmannian in R?”, write dim M; =
2n;, and abbreviate Rg; 1 := R270:~ x R2"1 x R?"1>~ x R2"2 Let T C Lag(Ro112)
be the subset of Lagrangian subspaces meeting the diagonal R2"0 x Agany X R272
transversally. The linear composition map

Lag(Ro112) D7 — Lag(R*"0™xR>™2), A > wgangygons (AN(ROX Agan, xR22))
is equivariant under Sp(2n¢) X Sp(2n1) x Sp(2n,), and it lifts to a unique map equi-
variant under Sp® (2n1¢) x SpY (2n1) x SpN 2ny),

N N N 2 2
(15) Lag(Ro112) D 77 — Lag(R*"™ x R*"2)

with the property (14). On the other hand, the restriction of the product bundle
Fr(Mo) x Fr(M7) x Fr(M1) x Fr(M3) to Mo x Apg, x M5 admits a reduction of the
structure group to Sp(2n¢) x Sp(2n1) x Sp(2n;), and similarly the restriction

N N N N N
011:1r2 := (Fr(Mo) x Fr(M) x Fr(My) x Fr(M,))| Mox Ang, x Mo

admits a reduction of the structure group to SpN (2ng) x SpN (2ny) x SpN (2n3). This
group acts on Lag" (Ro;12) by the diagonal action of SpY (21) on R2"1 x R271:—
Finally, we use the associated fiber bundle construction to identify

N
Lag(My x My x M x M,)| MoxAns,

XM>
N N
=PI XN (2ng)xspN (2np)xspN (2np)xsp (2np) LAE(R0112)

N N N N
= (Fr(MO) x Fr(M) x Fr(MZ)) XspN 2ng)xSp™ 2n1)xSp™N (2n2) Lag(Ro112).
N
Lag(M, x M)

— (Fr(M;) x Fr(M. Lag(R2"0 x R2"2
_( I‘( O)X I'( 2)) ><SpN(2n())><SpN(2}12) ag( X )

Then the forgetful map on the first factor and the equivariant map (15) on the second
factor define the unique lift o?V . |
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Now consider two graded Lagrangian correspondences Loy C My x My and L1, C
M " x M, and suppose that the composition Lo o L1z =: Loz C M X M is smooth
and embedded. The canonical section 0r,: Loz — Lag(M x M>) is given by the
linear composition o applied to (o, X Ole)lLOIXAM L, The gradings Oﬁn a]ivlz

induce a grading on Ly;,

N ._ N(.N N _N
(16) op, =0 (o7, % “le)‘meAMlle’

where the map x is defined in (10) and we identify Lgy = Lo X Apt, Lqs.

Proposition 3.1.8 Let Lo C My, Lo C MO_XMI , L1, C Ml_XMz, and L, C M2_
be graded Lagrangians such that the composition Lgj o L1, =: Lg, is embedded. Then,
with respect to the induced grading on L, , the degree map Z(Lo %X Ly, Loz) > Z N
is the pullback of the degree map Z(Lo % L12, Lo1 X Ly) — Z n under the canonical
identification® of intersection points.

Proof Suppose for simplicity that Hamiltonian perturbations have been applied to the
Lagrangians L, L, suchthat Z(Lox Ly, Lgy) (and hence also Z(Lox L1y, Lo1xL3))
is the intersection of transverse Lagrangians. We need to consider (mg,m,m;) €
(Lo x L12) N (Lo x L), which corresponds to (mg,m,) € (Lo x L) N Lgy. We
abbreviate the tangent spaces of the Lagrangians by Aj= T m;Lj, A, j = T(m, m)Lij,
and Ay = ATm M, and their graded lifts by Aj = O'L (mj), A,j = O’L (mi,mj),

and Al ATm M, - We claim that

d(l’{() XN KIZ’ Kal XN [’{;) = d([h{o XN Z] XN Kz, KO_I XN ["\'1_2)
A7) =d(Ao xN Ay, Ay, oV AT,
The first identity is Lemma 3.1.6. To prove (17) we begm by notmg the transverse mter—
section Agy M Agx A,. We denote A02 = A01 o A12 (hence A02 = A01 12)
and plckapath P02: [0, 1] — LagV (Timg My X Ty M3) from yp2(0) = Ay xN A, to

Y02(1) = A02 whose crossing form with Ay x A, at s = 0 is positive definite and
hence by Remark 3.0.10

d(Ao xN Ay, IN\Ez) = —I'"(y02. Ao X Ay).

Here I’ denotes the Maslov index of a pair of paths not counting crossings at the
endpoints. Next, fix a complement L1y € Lag(T(, m,)M1 x M) of the diagonal.
Then both (Agy xV L11)T and Ag; x Ay, are transverse to Tng Mo x Ay X Tyyy M3

3Here it suffices to allow for Hamiltonian perturbation on M and M, ie replacing L, L, with

=¢, O(Lo) L), := (¢, 2) 1(Ly). Then for every (mg,m5) € (Lyx L) N Loy there is a unique
m1€M1 such that (H’lo my)€Lyy, (my,my) € Lq,,hence (mg,mq, mZ)E(L X L13) N (Lo x L’ )
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and their composition is Ag;. By Lemma 3.1.9 below we then find a path Y1, and lift
it to Yo112: [0, 1] %LagN(T(mo,ml,ml,mz)M X My x M x Mp) from ¥5112(0) =
[Aoz xN Li1]" to Fo112(1) = Aoy xV A, whose COHIPOSIUOH o(yo112) = Aoz
is constant and that has no crossings with Ay X A; x A, (by the transversality
Vo112 N (Ao X Ay x As) = Aga N (Ag X Ay) = {0}). Here the grading of L;; is
determined by continuation along this path. Since the composition o(}112) is constant
this continuation yields

Aoz =N Fo112) = N (Roa xN LiNT) =d(L;, Z_)'Koz-

Here we also used (14), and we deduce that d (L1 1 AT ;) =0mod N. Furthermore , We
fix a path ¥11: [0, l]—>Lag (Tm,, myM; X My) from 711(0) = Al to y11(1) =
whose crossing form with A; at s = 0 is positive definite, and thus

—I'(y11, A1) =d(Ay, L) =d(Ly;, A7) =0 mod N.

Now the concatenated path (oo x 711)T # 7, Yo112 connects Ao xN Ay xN A, to
A= 01 X A , With positive definite crossing form at s = 0, and (17) can be verified:
d(Ao xN Aq x N 1~\2,1~\0_1 x N KTZ)

= —I"((Yor x v11)T #¥4112: Ao X A1 x Ay)

=—I"(yo2. Ao X A2) = I'(y11. A1) — I'(Vg112- Mo X A1 X A3)

= —1I'(yo2, Ao x Ap) = d(Ao xN Ay, Ay)). ]
Lemma 3.1.9 Let V4, V1, V5 be symplectic vector spaces, Aoy C Vi~ x V3 a La-
grangian subspace, and denote by

Thos CLag(Vy x Vi x V[ x V)

the subset of Lagrangian subspaces A CVy™ x Vi x V™ xV, with Ath (Vo x Ay, x V,) =:
/A\oz and noz(lA\OZ) = Ao2. Then Ty, is contractible.

Proof We fix metrics on V,, Vi, and V,. Then we will construct a contraction
(P)eefo,1]s P2 Thos = Tagy With pg = Id and p; = W(Agz x (Ay)T), where
W Vo xVaxVyx V — Vo x Vi x V7 x V, exchanges the factors. To define
,0,(A) we write A = A02 ® A11 , Where A11 is the orthogonal complement of A02 in
A . Now Aoz is the image of (Idy,, i1, i1, 1dy,): Aoz — V; x Vi x V[~ xV, for alinear
map i1: Agp — V1 and /A\“ is the image of (o, Idy, —}—jl,—IdV1 + j1, j2): V1 —
Vo x Vi x V™ x V, for linear maps j;: Vi — V;. One can check that

pr(A) :=im(Idy,, ¢ iy, ¢ i1, 1dy,) @ im(t - jo. Idy, + 12+ ji, =Idy, + 1% j1.,t+ j2)

is an element of Ty, for all # € [0, 1] and defines a smooth contraction. O
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4 Floer cohomology

The main content of this section is a review of the construction of graded Floer
cohomology for pairs of Lagrangian submanifolds in monotone and exact cases by
Floer, Oh, and Seidel. In Section 4.3 we then extend Floer cohomology to generalized
Lagrangian correspondences, which in Section 5 will be reformulated in terms of
pseudoholomorphic quilts.

4.1 Monotonicity

Let (M, w) be a symplectic manifold. Let 7 (M, w) denote the space of compatible
almost complex structures on (M, w). Any J € J(M, w) gives rise to a complex
structure on the tangent bundle 7'M ; the first Chern class ¢ (TM) € H>(M,Z) is
independent of the choice of J. Throughout, we will use the following standing
assumptions on all symplectic manifolds:

M1) (M, w) is monotone, that is for some 7 > 0
[w] =tc 1 (TM).

(M2) If t >0 then M is compact. If t =0 then M is (necessarily) noncompact but
satisfies “bounded geometry” assumptions as in [33].

Note here that we treat the exact case [w] = 0 as special case of monotonicity (with
T = 0). Next, we denote the index map by

c1: (M) = Z, ur> (c1,ux[S?).
The minimal Chern number Nps € N is the nonnegative generator of its image.

Associated to a Lagrangian submanifold L C M are the Maslov index and action (ie
symplectic area) maps

I:1,(M,L) —> 7, A: my(M, L) — R.
Our standing assumptions on all Lagrangian submanifolds are the following:
(L1) L is monotone, that is
24(u)=tl(u) Yuen,(M,L)

where the v > 0 is (necessarily) that from (M1).

(L2) L is compact and oriented.
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Any homotopy class [u] € w, (M, L) that is represented by a nontrivial J—holomorphic
disk u: (D,dD) — (M, L) has positive action A([u]) = [u*w > 0. Monotonicity
with t > 0 then implies that the index is also positive. So, for practical purposes, we
define the (effective) minimal Maslov number N € N as the generator of I({[u] €
(M, L)|A([u]) > 0}) C N. If M and L are exact (t =0), then 4 =0, so we have
N, L = 0.

If the Lagrangian submanifold L is oriented then /(u) is always even since it is the
Maslov index of a loop of oriented Lagrangian subspaces. So the orientation and
monotonicity assumption on L imply Nz > 2, ie any nontrivial holomorphic disk must
have I(u) > 2, which excludes disk bubbling in transverse moduli spaces of index 0
and 1.

In order for the Floer cohomology groups to be well defined we will also have to make
the following additional assumption.

(L3) L has minimal Maslov number Ny, > 3.

Alternatively, following [22; 10], we may replace (L.3) by an assumption on the
disk counts, which we briefly recall here. Given any p € L and w—compatible
almost complex structure J € J (M, w) let ./\/l%(L, J, p) be the moduli space of J—
holomorphic disks u: (D, dD) — (M, L) with Maslov number 2 and one marked point
satisfying u(1) = p, modulo automorphisms of the disk fixing 1 € dD. Oh proves that
for any p € L there exists a dense subset [7"¢(p) C J (M, w) such that M%(L, J,p)
is cut out transversely, and consequentially a finite set. Moreover, any relative spin
structure on L induces an orientation on M%(L, J, p). Letting €: Mf(L, J,p)—>
{%1} denote the map comparing the given orientation to the canonical orientation of a
point, the disk number of L,

(18) wl)= Y €@

ueM3(L,J,p)

is independent of J € J™(p) and p € L. If we work without orientations then
w(L) € Z, is still well defined.

As a third class of assumptions, we will restrict our considerations to Maslov coverings

and gradings that are compatible with orientations, that is we make the following

additional assumptions on the grading of the symplectic manifolds M and Lagrangian

submanifolds L C M . (In the case N = 2 these assumptions reduce to (L2).)

(G1) M is equipped with a Maslov covering LagN (M) for N even, and the induced
2—fold Maslov covering Lag?(M) is the one described in Example 3.0.8 (i).

(G2) L isequipped with a grading aiv L — LagN (M), and the induced 2—grading
L — Lag?(M) is the one given by the orientation of L.
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In the following we discuss topological situations which ensure monotonicity.

Lemma 4.1.1 Suppose that M is monotone and L. C M is a compact Lagrangian
such that 7 (L) is torsion; that is every element has finite order, and there is a finite
maximal order k. Then L is monotone and the minimal Maslov number is at least
2Np [ k.

Proof Let u: (D,0D) — (M, L) and let k(u) be the order of the restriction of u
to the boundary in 7y (L). After passing to a k(u)—fold branched cover #, we may
assume that the restriction of % to dD is homotopically trivial in L. By adding the
homotopy we obtain a sphere v: S? — M with k(u)I(u) = I(ii) = 2¢; (v) divisible
by 2Ny . For the relation between the first Chern class and the Maslov index, see eg
McDuff and Salamon [18, Appendix C]. The similar identity for the actions (due to
w|r = 0) completes the proof. |

In practice, we will need the action-index relation not only for disks as in (L1) but also
for other surfaces with several boundary components mapping to several Lagrangians.
(This really only becomes relevant in [41] for the definition of relative invariants from
surfaces with strip-like ends.) In particular, to define Floer cohomology for a pair of
Lagrangians (and especially later to prove the isomorphism (3)) we need the action-
index for annuli between the two Lagrangians. This provides the energy-index relation
in Remark 4.2.2. In fact, it also implies monotonicity (L.1) for both Lagrangians as
long as M is connected.

Definition 4.1.2 (a) We say that a tuple (L,)ccg 1S monotone with monotonicity
constant T > 0 if the following holds: Let ¥ be any connected compact surface with
nonempty boundary 0¥ =| |,c¢ Ce (With C, possibly empty or disconnected). Then
for every map u: ¥ — M satisfying u(C,) C L, we have the action-index relation

2/u*a) =1-I(w*TM,(u*TL¢)eee),

where / is the sum of the Maslov indices of the totally real subbundles (u|c,)*T L,
in some fixed trivialization of u*TM .

(b) We say that a pair (Lo, L) is monotone for Floer theory if (a) holds for the
annulus ¥ = [0, 1]x S! and every map u with boundary values u({;j}x S') C L; for
j=0,1.

The following is a minor generalization of [22, Proposition 2.7].
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Lemma 4.1.3 Suppose that M is monotone.

(a) Ifeach L, C M is monotone, and the image of each w{(L,) in w{(M) is
torsion, then the tuple (L¢)ecs is monotone.

(b) If both Ly, Ly C M are monotone, and the image of w{(Lgy) or m1(L) in
71 (M) is torsion, then the pair (Lg, L) is monotone for Floer theory.

Proof To check (a) consider u: ¥ — M satisfying u(C,) C L,. By assumption we
have integers N, € N such that Neu|c, is contractible in M. Let N =[], ¢z Ne,
so that Nu|c, is contractible for all boundary components C, of X. Let Y>3 be
a ramified N —cover defined as follows: Pick one ramification point z1,...,zx € X
in each connected component of ¥ with nonempty boundary. Then there exists a
representation p: w1 (X \ {z1,...,zr}) = Zn with p([Ce]) =[N/ Ng]. The induced
ramified cover p: T — ¥ satisfies the following: The inverse image C, of C, consists
of N/N, connected components, each of which is an N,—fold cover of C,. Now the
pullback u: Y — M of u: ¥ — M has restrictions to the boundary | ¢, that are
homotopically trivial in M . Thus # is homotopic to the connected sum of some maps
Ve,j 1 (D,0D) — (M, L) for j =1,...,N/N, and amap v: S — M on a closed
surface S. We can now use the closedness of @ and the monotonicity of M and each
L, to deduce

ZN/u*a):Z/ ﬁ*a)=2/ vio + 2/ v¥ o
> s S 2 p &7

ee&,
j=1,...,N/N,
=2tc;(V’TM) + Z 1 (ve,j) = tI(U) = tNI(u),
eel
j=1,...N/N,

using properties of the Maslov index explained in [18, Appendix C]. The first equality
N [u*w = [ @*w can be confirmed by integrating over the complement of the branch
points. The last equality 7(it) = NI(u) holds since any trivialization u*TM =~ X xC"
induces a trivialization #*TM =~  x C", which restricts to the N —fold covering
p xId: C, x C" — Co x C™" on each boundary component.

In the case of (b) we can take a multiple cover of the annulus such that one boundary
loop is contractible in M, and hence the multiply covered annulus is homotopic to two
disks to which we can apply monotonicity of the single Lagrangians. |

In the exact case, with @ = dA, any tuple of exact Lagrangians (L¢)ece, that is with

AlL,]=0€ H'(L,), is automatically monotone. Moreover, note that monotonicity is
invariant under Hamiltonian isotopies of one or several Lagrangians.
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Remark 4.1.4 Another situation in which one naturally has monotonicity is the Bohr—
Sommerfeld setting, as pointed out to us by P Seidel. Suppose that the cohomology
class [w] is integral. Let (£, V) — (M, w) be a unitary line-bundle-with-connection
having curvature (277/i)w. The restriction of (£, V) to any Lagrangian L C M is flat.
L is Bohr—Sommerfeld if the restriction of (£, V) to L is trivial, that is, there exists
a nonzero horizontal section. In that case, we choose a horizontal section d)f of unit
length, which is unique up to a collection of phases U(1)™) . Suppose that M is
monotone, [w] = Acy(M) for some A > 0. Since ¢ (M ) and [w] are integral, we must
have A = k /I for some integers k,/ > 0. Let X~! — M denote the anticanonical
bundle, ,,! = tOp(TO 1M) which satisfies kc; (K1) = I5—[curv(V)] = lci (£).
Hence there exists an isomorphism

@: (KH®k — ¥,

Let L C M be an oriented Lagrangian submanifold. The restriction of X! to L has
a natural nonvanishing section ¢L’C given by the orientation and the isomorphisms

Atﬂ(;‘pTLﬁAt(%pTo’lMu, ViAAvgp > (1 FiJv) A A (v +1Jvy).

We say that L is Bohr—Sommerfeld monotone with respect to (£, V, ®) if it is Bohr—
Sommerfeld and the section (¢ L)®l is homotopic to ® o (qbf)@k that is, there exists
a function ¥: L — R such that

(19) (expriy)pr)® = Do (pF)®k.

Lemma 4.1.5 Let (L.)cce be a collection of Lagrangians such that each is Bohr—
Sommerfeld monotone with respect to (L, V, ®). Then (L,)ccg is monotone.

Proof Let ¥ be a compact Riemann surface with boundary components (Cp)ees -
Let u: ¥ — M be a map with boundary u(C,) C L. The index I(u) is the sum of
Maslov indices of the bundles (u|c,)* T L., with respect to some fixed trivialization of

u*TM . Equivalently, I(x) is the sum of winding numbers of the sections ¢/ L, with
respect to the induced trivialization of #*/C~!. Since each L, is Bohr—Sommerfeld
kI(u) is the sum of the winding numbers of the sections (¢>£ )®! | with respect to the
induced trivialization of u*£®!. Write u*V® = d + o for some « € Q'(Z) in this
trivialization, so that u curv(V‘X’l ) = da. Since the sections are horizontal, we have

kl(u)=(i/2m) /azcx =(i/2n) /): u*curV(V®l) =1A(u). |
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4.2 Graded Floer cohomology for pairs of Lagrangians

Let Ly, L1 C M be compact Lagrangian submanifolds. For a time-dependent Hamil-
tonian H € C*°([0, 1] x M) let (X});¢[o,1] denote the family of Hamiltonian vector
fields for (H;)e[o,17- and let ¢y s, : M — M denote its flow. (That is, ¢y,,r () =
x(t1), where x: [0, 1] — M satisfies X = X;(x), x(¢y) = y.) We will abbreviate
@1 1= ¢o,1 for the time 1 flow from 7o =0 to #; = 1. Let Ham(L,, L) be the set of
H e C*([0, 1] x M) such that ¢;(L¢) intersects L; transversally. Then we have a
finite set of perturbed intersection points

I(Lo, L1):={y: [0,1]— M | y(t) = ¢, (y(0)), ¥(0) € Lo, y(1) € L1}.

It is isomorphic to the intersection ¢;(Lo) M L. If we assume that M and Lg, L,
are graded as in (G1)—(G2), then we obtain a degree map from Section 3,

I(Lo.L1) > Zn. x> |x| =d(of) (x).07 (x)).

Since N is even the sign (—1)"6| is well-defined. It agrees with the usual sign in the
intersection number, given by the orientations of ¢; (L) and L;, which also determine
the mod 2 grading by assumption.

We denote the space of time-dependent w—compatible almost complex structures by
Tt (M, w) := C*([0, 1], T (M, w)).

For any J € J;(M,®) and H € Ham(Lg, L) we say that a map u: R x[0,1] - M

is (J, H)—holomorphic with Lagrangian boundary conditions if

(20) 0y, 1= 05u(s, 1) + Jp us,ry) Qsuu(s. 1) — Xe (u(s. 1)) =0,

21) u(R,0) C Loy, u(R,1)CL;.

The (perturbed) energy of a solution is
EHwyzf |mw2=/ u*w + d(H (u)dt).
Rx[0,1] Rx[0,1]

The following exponential decay lemma of Floer [8] will be needed later and is part of
the proof of Theorem 4.2.3 below.

Lemma 4.2.1 Let H € Ham(Ly, L) and J € J;(M,w). Then for any (J, H)—
holomorphic strip u: R x [0, 1] = M with Lagrangian boundary conditions in Lo, L
the following are equivalent:

(a) u has finite energy Epg(u) = fo[o 1] |0su|? < oc0.
(b) There exist x4 € Z(Lg, L) such that u(s,-) converges to x+ exponentially in
all derivatives as s — 00 .
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For any x4 € Z(Lg, L) we denote by
M(x—, xq) = {u: Rx[0,1]—> M | (20), (21), Eg (1) < 00, liI:P u(s,-)=x+}/R
S>>0

the space of finite energy (J, H)—holomorphic maps modulo translation in s € R.
It is isomorphic to the moduli space of finite energy J’'—holomorphic maps with
boundary conditions in ¢ (L¢) and L, and without Hamiltonian perturbation. Here
J' € Ji(M, w) arises from J by pullback with ¢, ;.

Remark 4.2.2 Suppose that the pair (Lg, L) is monotone, then for any x4 €
Z(Lg, L1) there exists a constant ¢(x—, x4+) such that for all u € M(x_, xy) the
energy-index relation holds:

(22) 2Eg(u) =t-Ind(Dy,) + c(x—, x4),

where D, denotes the linearized operator at u# of the Cauchy—Riemann Equation (20)
on the space of sections of u*TM satisfying the linearized Lagrangian boundary
conditions from (21). Its Fredholm index is given by the Maslov—Viterbo index of u.
This monotonicity ensures energy bounds for the moduli spaces of fixed index and thus
compactness up to bubbling.

Theorem 4.2.3 (Floer, Oh) Let Lo, L; C M be a monotone pair* of Lagrangian
submanifolds satisfying (IL1)—(L2) and M1)—~(M?2). For any H C Ham(Lg, L) there
exists a dense subset J, (Lo, L1; H) C J;(M, w) such that the following holds for
all X+ € I(L(), Ll)

(a) M(x—, x4+) is a smooth manifold whose dimension near a nonconstant solution
u is given by the formal dimension Ind(D,) — 1. We denote M(x_,x4); :=
{Ind(D,) = j + 1}; thus excluding the constant solution from M/(x, x)q.

(b) The component M(x—, x4+)9 C M(x—, x4) of formal dimension zero is finite.

(c) Suppose that Lo and Ly have minimal Maslov numbers Ny, > 3. Then the
one-dimensional component M(x—, xy); C M(x—, x+) has a compactification
as one-dimensional manifold with boundary

(23) IMO—xprz ([ Mo x)ox M. x4 )o.
XEI(L(),LI)

(d) If (L, L) is relatively spin (as defined in eg [40]), then there exists a coherent
set of orientations on M (x—, x4 )9, M(x—,x4)1 forall x4 € Z(L¢y, L1), that
is, orientations compatible with (23).

4Throughout, we are working with monotone pairs of Lagrangians in the sense of Definition 4.1.2.
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For the proofs of (a)—(c) we refer to Oh’s paper [22] and the clarifications [23; 15]. For
the exact case see Seidel [33]. The proof of (d) is contained in our paper [40] loosely
following Fukaya et al [10]. From (d) we obtain a map

€: M(x—,x4)o —> {1}

defined by comparing the given orientation to the canonical orientation of a point.

Now let M be a monotone symplectic manifold satisfying (M1)-(M2) and equipped
with an N —fold Maslov covering. Let Loy, L; C M be a monotone, relative spin pair
of graded Lagrangian submanifolds satisfying (L.1)—(L3), and let H € Ham(Lg, L1).
The Floer cochain group is the Z y—graded group

CF(Lo.L1)= € CFi(Lo.L1).  CFU(Lo.L)= P Z(x).
deZyn X€Z(Lo,L1)
|x|=d

and the Floer coboundary operator is the map of degree 1,

94: CF (L, L1) — CF4*Y (Lo, L)),
defined by 94 (x_):= Z ( Z e(u))(x+).

x4+€Z(Lo,L1) ueM(x—,x4)o
Here we choose some J € J; (L, L1; H). If an isolated trajectory u € M(x_, x4 )
exists, then the degree identity |x4+| = |x—| + 1 can be seen by concatenating the
paths g, 71 of graded Lagrangians in the definition of |x_| with the unique graded
lifts of u*T Ly, u*T L1 to obtain paths of graded Lagrangians defining |x4| (using
a trivialization of u*TM over the strip, compactified to a disk). By additivity of the
Maslov index this shows |x4| = |x—| + [(u*T Ly, u*TLy) = |x_| + 1. It follows
from Theorem 4.2.3 that 3> = 0. Alternatively, following [22], we could drop assump-
tion (L3), then 9> = (w(Lo) — w(L;))Id, and to obtain a well defined cohomology it
suffices to assume that this disk count vanishes. In either case, the Floer cohomology’

HF(Lo.L1):= @ HF*(Lo.L1).  HF?(Lo.L1) :=ker(3%)/im(3?™")
dEZN
is Z y—graded. It is independent of the choice of H and J; a generalization of this

fact is proved in Section 5.3 below. If the gradings moreover satisfy (G1)—(G2), then
we have a well defined splitting

HF(Lg, L) = HF®*"(Ly, L1) ® HF*"(Lo, L),
which coincides with the splitting induced by the orientations of Ly, L C M .
3Note that our conventions differ from Seidel’s definition of graded Floer cohomology in [31] in two

points which cancel each other: The roles of x_ and x4 are interchanged and we switched the sign of the
Maslov index in the definition of the degree (11).
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4.3 Floer cohomology for generalized Lagrangian correspondences

The goal of this section is to define a first version of Floer cohomology for a cyclic
generalized Lagrangian correspondence L as in Definition 2.1.3. So we consider L =
(Lots---»Ly+1)), a sequence of smooth Lagrangian correspondences L(j_1); C
Mj__1 x M between a sequence My, My, ..., M, = My of symplectic manifolds.
For example, we could consider a noncyclic sequence of Lagrangians Ly C My,
(L(i—l)i C M, x M,-)l.:2 ..... ,» Lro C M,", which is a special case of the cyclic
setup with My = {pt}. The usual Floer cohomology for pairs of Lagrangians fits into
this case with r = 1 and Lagrangian submanifolds Lo, L19 C M.

We assume that L satisfies (M1)-(M2) and (L1)—(L3), ie each M; satisfies (M1)-(M2)
and each L(;_y); satisfies (L1)—~(L3) with a fixed monotonicity constant T > 0. We
moreover assume that L is graded in the sense of Definition 3.1.2 and equipped with a
relative spin structure in the following sense. Alternatively, we may replace the minimal
Maslov assumption (L.3) by the assumption that the sum of disk numbers from (18)
vanishes:

(24) w(L01)+"'+w(Lr(r+l)) =0.

Definition 4.3.1 Let L = (Lo, ..., L, +1)) be acyclic generalized Lagrangian cor-
respondence (ie Lj(j4+1) C Mj_ x Mj 4 for a cyclic sequence Mo, My,..., M, | =
My of symplectic manifolds). A relative spin structure on L consists of a collection of
background classes b; € H (M i, Zy) for j =0,...,r +1 and relative spin structures
on L;(j41) with background classes —njf"b i+ nj’." +10j+1. The cyclic requirement on
the background classes by € H?(My, Z,) and b,y € H*(M,41,7Z,) = H*(My, Z>)
is by 1 = bg for r odd and b, | = by + w, (M) for r even.®

Eventually, in Section 5, we will define the Floer cohomology HF (L) directly, using
“quilts of pseudoholomorphic strips”. In this section however we define HF(L) as a
special case of the Floer cohomology for pairs of Lagrangian submanifolds — which
are constructed from the sequence L as follows. If L has even length r + 1 € 2N we
define a pair of graded Lagrangian submanifolds,

~

L(O) = (L()1 XL23 X"'XL(r—l)r) _ _
C My xMixM; x---xM, =M.

Ly :=(L1ax L3y <+ X Lyri1))T

Here we denote by Ml_x--~xMr_xM0 — MO_ XM X XM,, Z+> ZT the
transposition of the last to the first factor, combined with an overall sign change in

6 This shift is necessary in order to fit in the canonical relative spin structure for the diagonal Ag; see
our paper [39] for details.

Geometry & Topology, Volume 14 (2010)



Quilted Floer cohomology 867

the symplectic form. If L has odd length r + 1 € 2N 4 1 we insert the diagonal
Ao C My xMy= M, ; x My (equipped with its canonical grading) into L before
arranging it into a pair of Lagrangian submanifolds as above, yielding

Ly = (Lo1 X Laz X+ X Ly(y41)) B B -
r CMyxMix---xM; XM,y =M.
Lay=(Li2xL3gx-+-x L_1)r X Ag)
In the case of a noncyclic correspondence with My = M, 1 = {pt} the transposition
as well as insertion of the diagonal are trivial operations. Note that, beyond the grading,
also the monotonicity, compactness, and orientation assumptions (L1)-(L2) on L
transfer directly to properties (L1)—(L2) for L) and L(;y. Similarly, a relative spin
structure on L induces compatible relative spin structures on L) and Ly [40].
Moreover, we say that L is monotone if the pair of Lagrangians (L), L(1)) is
monotone in the sense of Definition 4.1.2(b). If this is the case, then a graded Floer
cohomology for L can be defined by

HF(L) = HF(L(O), L(l))-

Remark 4.3.2 To see that HF (L), L(1)) is well defined we need to make sure that
92 = 0. This holds immediately if Loy and Ly also satisfy (L3), if the bubbling of
holomorphic discs is otherwise excluded, or if the effect of bubbling sums up to zero.
This can be achieved if all Lagrangians satisfy (L.3) or, weaker, if the total disk count
vanishes (24).

(a) Note that the assumption (L3) on the factors of L does not directly transfer to
the product Lagrangians L) and L1y since a difference of Maslov numbers greater
than 3 could give a total Maslov number less than 3. However, if we use a split
almost complex structure J = Jo®:- b J, on M , induced from compatlble almost
complex structures J; on each My, then any nonconstant holomorphic disc in M with
boundary on L) or L) will simply be a product of J; —holomorphic discs. Pairs of
these discs take boundary values in the Lagrangian correspondences L _1)x Which
satisfy the monotonicity assumptions as well as (L3). Hence each of these double discs
must have nonnegative area and hence index, and at least one of them has positive area
and hence Maslov index at least 3. This excludes bubbling in moduli spaces of index 1
or 2, hence proves 9> = 0.

The proof that transversality can be achieved with an almost complex structure (and also
Hamiltonian perturbation) of split type can be found in Theorem 5.2.4 and Proposition
5.2.1 below. This excludes bubbling such that 9> = 0 for this specific choice of
perturbation data (and hence for any other choice of regular perturbation data). So the
Floer cohomology HF (L gy, L(1)) is indeed well defined.
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(b) In the absence of (L3) we have 9> = (w(L o)) —w(L)))Id by [22]. Using
a split almost complex structure we show in [43] (here stated in the case of even
length r + 1) that w(L)) = w(Lo1) + w(L23) + -+ w(L—1),) and w(Ly)) =
—w(L1z)—w(L3g)—---—w(Ly(41)), hence 8% = (w(Lo1) +- -+ w(Ly(r41))1d,
which vanishes if we assume (24). The relative minus sign in w (L)) arises from the
fact that eg w(L13) is the disk count for the Lagrangian L1, C M, x M3, whereas in
the construction of L) we use L, C My x M, , the same submanifold but viewed
as Lagrangian with respect to the reversed symplectic structure. The disk counts are
related by w(L7,) = —w(L3), since the (J1, —J2)-holomorphic discs with boundary
on L, are identified with (—J1, J>)-holomorphic discs with boundary on L, via a
reflection of the domain, which is orientation reversing for the moduli spaces.

In the case of a noncyclic sequence the Floer cohomology HF(L) specializes to
HF(L],le,...,L(r_l)r,Lr) :HF(LI XL23 Xoeee ,L12 XL34 X)
In particular we reproduce the definition of Floer cohomology for a pair of Lagrangians
Ly, L1 C M, viewed as cyclic correspondence
Ly L,
{pt} — M — {pt}.

We moreover define a Floer cohomology for any Lagrangian L C M~ x M , viewed as
cyclic correspondence M > M , in particular for graphs L = graph(¢) of symplecto-
morphisms ¢: M — M . By definition, this invariant is HF (L) := HF (L, Aps), which
reproduces the Floer cohomology HF (graph(¢)) = HF(graph(¢), Aps) = HF(¢) of
a symplectomorphism.

S Quilted Floer cohomology

The purpose of this section is to reformulate the definition of Floer cohomology for
generalized Lagrangian correspondences in terms of quilted surfaces (consisting of
strips). As in Section 4.3 consider a cyclic generalized Lagrangian correspondence L,
that is, a sequence of symplectic manifolds My, M1, ..., M, M, 1 with My =M, 4,
for r = 0, and a sequence of Lagrangian correspondences

LOICMO_XMI, leCMl_XMz, ey Lr(r+1)CM,,_XMr+1.

5.1 Unfolding of Floer cohomology in products

We defined the Floer cohomology HF(L) as the standard Floer cohomology in the
product manifold M = M x My x M, x--- of a pair of Lagrangians L), L(1)
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that is built from the cyclic sequence L. We will show how quilts arise naturally from
“unfolding” this construction and phrasing it in terms of tuples of holomorphic curves
in the M;.

Informally, HF (L) can be viewed as the Morse homology on the path space

P(Loy, L1y) = {»: [0, 11> M | p(0) € Lg), y(1) € L1y}

of the (potentially multivalued) symplectic action functional

1
an=[ ey [ Heyoa,

[0,1]x[0,1]
Here v: [0, 1] — P(L(o), L)) is a smooth homotopy from a fixed v(0) = yg €
P(L o). L1)) (in a given connected component) to v(l) = y, which can also be
viewed as map v: [0, 1] x [0, 1] — M satisfying Lagrangian boundary conditions on
{0} x[0, 1] and {1} x [0, 1].

Suppose for now that r is odd, then the path space can be identified with the set of
tuples of paths in the manifolds Mj, connected via L ;4 1)—matching conditions at
the ends,

PL) = {x = (xj: [0,1] > M;), o |(xj (1), x41(0) € Ljj+1y}-

Here and throughout we will use the index j €{0,...,7} modulo r +1,s0eg X,y :=
Xo and the matching condition for j =7 +1 is (x,(1),x0(0)) € L,(,41). We make the
identification with P(L gy, L(1)) by y(t) = (xo(l —1),x1(8),x2(1—1),... ,x,(l)),
then the unperturbed (H = 0) symplectic action functional on P (L) becomes

,
Ao(x) = Z/ v op; -
=,

11x[0,1]

Here vj: [0, 1]x[0, 1] — M interpolate between fixed paths v;(0,-) and v;(1,-) = x;,
and satisfy what we will call “seam conditions” (vj (s, 1), vj 4 L(S’ 0)) € Lj(j+1) forall
s €[0, 1]. Next, assume that the almost complex structure on M is of time-independent
split form J = (=Jo)® J1 ® (—J2) B --- D J;, given by a tuple J; € T (M, w;) of
almost complex structures on the factors of M . This defines a metric on the path space,
and the gradient flow lines, viewed as solutions of PDE’s are the J—holomorphic strips
w: Rx[0,1]— M with boundary values in L) and L(qy. They are in one-to-one
correspondence with (r+1)—tuples of J;j—holomorphic maps u;: R x [0, 1] — M;
satisfying the seam conditions

(j(s,1),ujy1(5,0)) € Lij+1) forall j =0,...,r, seR.
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Here we again use cyclic notation u, 1 := ug, and the correspondence is given by
w(s, 1) = (uo(s, 1—1),ui(s,t),ux(s,1—1),...,u,(s, t)).

For r even there is a slight modification of the previous correspondence. The product
manifold A has two factors My and M, = My matched up via the diagonal. So
the path space can be identified with the generalized path space P (L) as above with
the exception that the path x¢: [0,2] - My in My = M, is parametrized by an
interval of length 2 and satisfies the matching condition (x¢(2), x1(0) € Lo; at its end.
Similarly, a J—holomorphic strip w: R x [0, 1] — M corresponds via

w(s, 1) = (uo(s, 2—1),u1(s, ), ux(s,1—2)...,up(s,1—1),ug(s, t))

to a tuple of Jj—holomorphic strips as above, with the exception that the strip uo: R x
[0,2] — My has width 2. This tuple (u;);—o,... , is the first instance of a nontrivial
pseudoholomorphic quilt — containing strips of different widths.

When r is even, the Floer trajectories of the pair L), L) in fact cannot be identified
with an (r+1)-tuple of pseudoholomorphic maps, all defined on strips of width 1, with
seam conditions in L ;(;41). Conformal rescaling (s, ) := uo(2s, 2¢) would result in
a “time-shifted” matching condition (¢ (s, 1), u1(2s,0)) € Loy unless u; is rescaled,
too, which would result in #y having width 1 but all other strips having width % In
fact, only simultaneous rescaling of all components in these pseudoholomorphic quilts
preserves holomorphicity and seam conditions (unless the Lagrangian correspondences
are of split type, eg Lo; = Lo x L for Lagrangians L; C Mj ). It cannot change the
relative widths of strips.

By a reparametrization of the path in My, one could identify P (L), L)) and the
action functional with the generalized path space P(L) and a corresponding action
functional, where all paths are parametrized by [0, 1]. However, the reparametrized
to(s,1) := ug(s,2t) now satisfies dsitg + %J(,atao = 0 with a no longer complex
structure %JO that squares to —%. This is due to the fact that the pullback of the metric
on P(L ), L(1)) to P(L) is the L?—metric on each factor with respect to w; (-, J;+)
for j=1,...,r but %wo (-, Jo-) on M. We could drop the factor % in the metric on
M, to obtain Jj—holomorphic strips of width 1 in each factor as trajectories, however
these would be the “gradient flow lines” with respect to a different metric. In general, it
is not known how Floer homology behaves under a change of metric. However, we will
show that it is independent of the choice of weights 51._1a)j (-, Jj-) in the L?—metric
on P(L). This setup is equivalent to defining the generalized path space with varying
widths x;: [0,6;] — M; but fixing the standard L?—metric induced by wj and J; on

each factor.
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5.2 Construction of quilted Floer cohomology

In the quilted setup for HF(L) we fix widths § = (§; > 0);—o
generalized path space

.....

.....

We define a perturbed symplectic action functional on P(L) by picking a homotopy
v = (vj)j=o,...r: [0, 1] = P(L) from a fixed v(0) to v(1) = x and setting

r

8j
Ag(x) = (/ viw .+/ H;i(t,x;i(¢ dt),
HX) =) oamony M, (. xj (1))

Jj=0
using a tuple of Hamiltonian functions

H = (Hj € C®([0.8;1x M), g -

By folding and rescaling as in the previous section, this is equivalent to the path space
P(L o). L(1)) with symplectic action functional perturbed by a Hamiltonian of split
type, eg H = er-=0(—l)j+18jﬁj for r odd, where H;(t,x) = H;(8;t,x) for j odd
and Hj(¢,x) = H;(8;(1—1),x) for j even. Here the critical points correspond to the
perturbed intersection points q)fq (L0y)) N L), where ¢1H is the time-one flow of H.
In the quilted setup, the critical points of Ag are tuples of Hamiltonian chords

xj (1) = Xa; (x (1)),
Z(L) == {x = (xj: [0,8;] = M;), ’ .
(L) {J_C (Xj [ J] — J)j=0,...,r (Xj(aj),xj+1(0)) c Lj(j+1)
Z(L) is canonically identified with
Xg3%0 (Lot Xgf Liz =+ Xg" Lr(r41)).
the set of points

H.
{(mo,....my) € Mox--+x M, | (@5, (mj),mj+1) € LiGi+1)}

where ¢ 7 is the time J; flow of the Hamiltonian H; . In this setting we can check that
Hamiltonians of split type suffice to achieve transversality for the intersection points.

Proposition 5.2.1 There is a dense open subset Ham(L) C EB;:O C°°([0,67] x Mj)
such that for every (Hy, ..., H,) € Ham(L) the set

X5, (Lot Xggt Lz Xgflr Lrr+1)

is smooth and finite, that is, the defining equations are transversal.
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Proof The defining equations for X¢;30 (L01 xd,;‘l’l L12---x¢£’r Lr(r+1)) are

(25) m}zd)gj(mj) forall j =0,...,r
for (mgy, my,m',mj,...,my,,my) € Loy X L1+ X L,(y41). Consider the universal
moduli ¢ space of data (Ho,..., Hy,mgy,my,...,m, mg) satisfying (25), where

now each Hj has class C ¢ for some £ > 1. It is cut out by the diagonal values of the
ct —map

Loy x Lz xLyganx € CH0.11xM)— P M;xM;.
j=0""’r j=0,...,r

The linearized equations for U/ are
(26) v}—D¢ff(hj,vj)=OeTMj forall j =0,....r,
for vj, v} € Tn; Mj and hj € C*([0,1] x M;). The map

CH0. 1% M) = Tyl mp My hj > D" (h;.,0)

is surjective, which shows that the product of the operators on the left-hand side of (26)
is also surjective. So by the implicit function theorem I/ is a C* Banach manifold,
and we consider its projection to P} _, C*([0, 8x] x My). This is a Fredholm map
of class C¢ and index 0. Hence, by the Sard—Smale theorem, the set of regular
values (which coincides with the set of functions H = (Hy, ..., H,) such that the
perturbed intersection is transversal) is dense in Py _, C £([0, 8] x My). Moreover,
the set of regular values is open for each £ > 1. Indeed, by the compactness of
LoitxXLyy--XLyy1y,aC 1 _small change in H leads to a small change in perturbed
intersection points, with small change in the linearized operators.

Now, by approximation of C°°—functions with C ¢ _functions, the set of regular values
in Pj_o C([0, 8x]x My) is dense in the C*t—topology for all £> 1, and hence dense
in the C*°—topology. Finally, the set of regular smooth H is open in the C°°—topology
as a special case of the C'!—openness. a

In the proof of Theorem 5.4.1 we will use the following special choice of corresponding
regular Hamiltonian perturbations, which will provide a canonical identification of
intersection points, as in Remark 3.1.3 for the unperturbed case.

Remark 5.2.2 Consider two cyclic generalized Lagrangian correspondences

L=(Lot:-» Lij—j> LiGi+1y: > Lrera):
L' =(Loi,..., Li—njoLjG+1y---»Lreg+1))
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such that the composition L(;j_)j o Lj(j+1) is embedded in the sense of Definition
2.0.4. Pick Hamiltonian perturbations H' = (..., Hj_y, Hj+1....) € Ham(L') such
that

X¢8130 (Lol cee X¢81]{]_—11 L(]—l)] OL](]+1) X¢81;1]_:11 ...Lr(r+1))
is transverse. Then we have H := (..., H;_1,H; =0, Hj;,...) € Ham(L), that is
H;_ H:
x¢§éo (L01 -..><¢8j1_11 Li—1yj xuLjii+1) X¢8jj+-|;l "'Lr(r+1))

is transverse, since by assumption L(j_1); X L(jy1); 1S transverse to the diagonal
Mj_y X Apg; X M. Moreover, the generalized intersection points

IZ(L,H) = {(...,mj_l,mj,mj+1,...) € o X Mj_ xMjxMjyqg--- }
H;_

oo (g, mj1)my) € Ljoayj (mjmjs) € Lig4ys -}

= {(...,le_l,n’lj+1,...) S --~XM]'_1 XM]'_H }
H;_

---,(¢5j’_11(mj—1),mj+1) €Li—njoLjGt1y.---y =Z(L H)
are canonically identified, since the intermediate point n1; € M is uniquely determined
by the pair

Hj_
(5, )" (mj—1).mj 1) € Lj—1)j © Ljj+1)-
With this split Hamiltonian perturbation we have a canonical bijection of critical points

(]blH (L)) N L) =Z(L), and hence the (graded) Floer chain group CF(L ), L (1))
is identified with

CFL) = P cFr'w). crliw):= O 2.
deZn x€I(L), |x|=d
The grading is defined as in Section 3.1,
I(L) = ¢ (L) NLay—>Zn.  x=ye|yl=x|.

Next, fix a tuple of almost complex structures

J = U)jmo,..r € @D C®(0.8:1. T (M. 7)) = To(L)

j=0

and equip (L) with the L?-metric induced by the —dependent metric wj (-, J;-) on
each factor M;. Then the Floer trajectories (obtained by reformulating the gradient
flow as PDE) are (r+1)—tuples of maps u;: R x [0,5;] — M; that are (J;, Hj)—
holomorphic,

(27) 0y, 11 = Osuj + Jj(duj — X, (uj)) =0 ¥V j=0,..r
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and satisfy the seam conditions
(28) (uj(s,87), uj11(s,0)) € Ljj+1) Vj=0,...r, seR.

For a Floer trajectory to be counted towards the differential between critical points
x* € Z(L) we moreover require finite energy and limits
r
E(u) = Z/ weo; + d(H; (u))dr) < 0o,
29) j=0 Rx[0,8]
+

Iim wui(s,-)=x;,
s—>to0 ]( ) J

As in standard Floer theory, the moduli spaces of “quilted holomorphic strips”

L,
L12
7777777777777777 Et
LG-Dr _ 23
. Lot
—— . — 3 3
I Lr(r+1)
112 t
7777777777777777 2 .
EG—Tyr (r=2)(r—1)
77+ Y

Figure 1: Quilted Floer trajectories for My = {pt} and in general

M xT) = {u = (uj: Rx[0,8;] > Mj), | (27),(28), (29)}/R

arise from quotienting out by simultaneous R —shift in all components u; . (Separate
shifts will not preserve the seam condition unless the correspondences are of split type.)
We will see that they have the same Fredholm, exponential decay, and compactness
properties as usual for Floer trajectories. For that purpose we restrict ourselves to the
monotone case.

Remark 5.2.3 The “monotonicity for Floer theory” assumption for the pair (L (o), L (1))
in Definition 4.1.2 can be phrased directly for L in the language of [41]: “L is a
monotone boundary condition for the quilted cylinder”. That is, the action-index
relation

)
23" [ oy = o 1O TM) )t 6y T4 1))j 0,
j=0

holds for each tuple of maps u;: S 1'x[0,8 i] — M that satisfies the seam conditions
SiGi+1)(8) = (uj(s,8;),ujy1(s,0)) € Ljcj41) for j =0,...,r. Here the topological
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index I is defined by choosing a trivialization for each u;" TM; and then summing
over the Maslov indices of the loops s T'Lj(j+1) of Lagrangian subspaces with

A JG+D
respect to these trivializations.

Note that the monotonicity condition for L is independent of the width §; of the
annuli that parametrize the maps u;. Moreover, it implies monotonicity for the
sequence L' = (Loy, ..., Lii—1yjoLjG+1)s---» Lr@r41)) obtained from an embed-
ded composition L(;j_1);j o Ljj+1). To see the latter note that any seam condition
SG=1)(j+1): St — Lj—1)j o Lj(j+1) induces a smooth map u;: St x[0,1] - M;
that is constant in [0, 1], fits the seam conditions for L, but contributes zero to
both energy and Maslov index. Hence the action index relation for L implies the
same relation for L’. Indeed, to identify the Maslov indices pick the trivializa-
tion of u;TM;j constant across [0,1]. Then the Maslov index for L has a con-
tribution I(Aj—1);) + I(Aji+1)) = I(Aj—1)j X Aj(j+1)) from the trivializations
Ajs1y: ST — Crithi+1 of SHi+1yLiG+1). and the contribution to the Maslov index
for L’ is the index I(AG—1)(j+1) = A—1)j © Aj(j+1)) of the geometric composi-
tion of the trivializations. By Lemma 3.1.9 we can homotope A(j_1); X Ajj41) to
(AG-1)(i+1) X Aq )T, where A1y C C" xC™ is a fixed complement of the diagonal
and (-)7 is the exchange of factors as in Section 3.1. Then the crossing form definition
of the Maslov index proves

I(AG-1; x Aji1) = T((AG-nyg+n X A7)
=I(AG-nG+1) T I(A1) = I(AG-1)G+1)-

Theorem 5.2.4 Suppose that the symplectic manifolds M; satisty (M1)—-(M2) with the
same value of the monotonicity constant t, the Lagrangian correspondences L 1)
satisty (L1)—(L2), and L satisfies the monotonicity assumption of Remark 5.2.3.

For any choice of widths § and regular Hamiltonian perturbations H C Ham(L)
there exists a dense subset 7, (L; H) C J;(L) such that the following holds for all

X+ €Z(L).

(a) M(x—, x4) is a smooth manifold whose dimension near a nonconstant solution
u is given by the formal dimension, equal to Ind(D,) — 1. Here D, is the
linearized operator at u of (27) on the space of sections satisfying the linearized
boundary- and seam conditions of (28). We denote the component of nonconstant
solutions of formal dimension j by M(x—,x4); :={Ind(D,)—1=j}.

(b) The component M(x—,x+)9 C M(x—, x4+) of formal dimension zero is finite.

(c) Suppose that each L ;1) has minimal Maslov number Ny, , = 3. Then the
one-dimensional component M(x_, x+); C M(x—, x4+) has a compactification
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as one-dimensional manifold with boundary

(30) M- x)1= [ M@E-x)ox M, x1)o.
X€Z(L)

(d) If L isrelatively spin (as defined in Definition 4.3.1), then there exists a coherent
set of orientations on M(x_,x4)o, M(x—,x4); for all x4+ € Z(L), that is,
orientations compatible with (30).

Proof Suppose for simplicity that r is odd. (For even r we can insert a diagonal
into the sequence L, then the quilted holomorphic strips of widths § can be identified
with quilted holomorphic strips for the new sequence with widths (870, 81+, 0r, 870) )
Then the quilted moduli space M (x—, x4+) is canonically identified with the moduli
space of (Jg, H)-holomorphic maps w: R x [0, 1] — M with boundary conditions
w(R,0) C i(o), w(R, 1) C L), finite energy Eg(w) < oo, and limit conditions
limg— 00 w(s,-) = X+ € Z(L(o)> L(1))-

The correspondence is by
w(sv t) = (llo(S, 80(1 _t))’ ul(sv SIZ)v MZ(S, 82(1 _l))7 ) ur(sv 87'[))9
where H = Y"}_(~1)/*18; H; as above and

Js := (=85 Jo(Bo(1 — 1)), 87 J1(812), ..., 8; 1 T (8,1))

satisfies all properties of a 7—dependent w ;; —compatible almost complex structure

except that it squares to the negative definite diagonal matrix
J§ = =857 1drar, @ ... &8, *1dra,)

instead of —Id. Let us call it a “scaled almost complex structure”. Most analytic
properties of pseudo-holomorphic curves carry over directly to Js—holomorphic curves.
Indeed, 3 Js.H still presents a partial differential operator of the form ds + D, where
the linearizations of D are self-adjoint operators on L2([0,1], T M ) with boundary
conditions in T'L ), TL(;). Moreover, in local coordinates (s — D)(ds + D) =

92 — J 282 + (lower order terms) is an elliptic operator (ie has an elliptic symbol), and
in the sphttlng TM =T Loy® Jg I'TL (0) the Lagranglan boundary conditions induce
Neumann conditions (from d;w — X g (w)|;=0 = =—J5 Loswl;—o € J 1TL(O)) resp.
Dirichlet conditions (from w|;—¢ € L)) on the two factors

With these remarks in mind, we can follow the standard construction of Floer theory
(which is currently probably best outlined by Salamon [29] for the case of holomorphic
cylinders, fully executed by Donaldson [5] for a gauge theoretic setting, and hopefully
soon available in Oh [20] for holomorphic strips). The moduli space (before quotienting
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by the R—action) is described as the zero set of the scaled Cauchy—Riemann operator
F] Js,H » which is a Fredholm section of a Banach bundle over the usual Banach manifold
of;naps w: Rx[0, 1]— M satisfying boundary conditions in L ), L (1) and converging
uniformly to x4 for s — £00. (The Banach manifold is modeled as usual for some
p > 2 on the Sobolev space of maps in W 1Z(R x [0, 1], CV) which take boundary
values in RV resp. iRV )

The Fredholm property of the linearized operators follows as in eg Floer [8] from the
general theory of Lockhart and McOwen [17] (also see Donaldson [5]) for operators
of the form ds + D, where the operators Dg converge to invertible operators as
s — £oo. After a Hamiltonian transformation (moving the perturbation onto the
Lagrangian L) and replacing Js with ol Js, which retains the same properties)
these operators take the form (¢ Js)d; on LP([0,1], ™ ) with domain given by
W 1-P _paths satisfying boundary conditions in T¢IH (L(0)), TL(y). Note that ol Js
is an invertible operator on LZ ([0, 1], ™ ), and invertibility of d; follows as usual
from the fact that the boundary conditions are transverse on the ends s — oo. Similar
considerations (for p = 2 showing that each Dy is self-adjoint and for sufficiently
large |s| has a spectral gap — eigenvalues bounded uniformly away from 0) are the
crucial ingredient in proving that solutions of the nonlinear equation on long strips of
small energy converge exponentially to intersection points. Details can be found in
Floer [8], Salamon [29] or our paper [38, Lemma 3.2.3] (where we prove the presently
irrelevant fact that the exponential decay rate is in fact uniform for certain families of
widths §).

To calculate the index of the linearization of 3y, g, one can deform Js through
the endomorphisms (exp(r Inéo)Idrag, - - ., exp(z In 8,)IdTMr) o Js to a true almost
complex structure at T = 1. This provides a continuous family of Fredholm operators,
along which the index is constant, and ending at a traditional Cauchy—Riemann operator
whose index is given by a Maslov index. (see eg Floer [7] or Seidel [33]). In particular,
we have ind(D,) = 0 for the constant solution in case x_ = x 4. This identification
of the index with a Maslov index together with the monotonicity assumption implies
an energy-index relation as in Remark 4.2.2 for solutions (for another proof see eg
Oh [22]). Hence all solutions with a fixed index satisfy a uniform L2 -bound on
the gradient. But before proceeding to compactness, let us assume that the section
F] Js,H 1s transverse to the zero section, ie its linearization at any zero is surjective.
(This will be achieved by an appropriate choice of J — see below.) Then the implicit
function theorem for Banach bundles (see eg McDuff and Salamon [18]) implies that
the space of solutions (M (x_, x4+) before quotienting by R) is a smooth manifold,
whose dimension near u is the Fredholm index ind(D,). Now, except for at a constant
solution, the R—action on these finite dimensional manifolds is smooth, proper, and
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free (whereas on the Banach manifold it is not even differentiable), inducing a smooth
structure on the moduli spaces M(x_, x4+) of dimension ind(D,) — 1 at nonconstant
solutions. This proves (a).

To prove (b) and (c) one next proves compactness properties of the moduli spaces of
fixed index, as in Floer [8; 29]. By monotonicity, the fixed index provides a uniform
L?-bound on the gradients of solutions. If, on the other hand, one had an L> gradient
bound for a sequence of solutions, then elliptic estimates would imply that a subsequence
converges with all derivatives on all compact subsets of R x [0, 1]. (These estimates
work exactly as in [18, Appendix B], using the splitting into Dirichlet and Neumann
problem described above.) For the moduli spaces of index 1 and 2 we can ensure L °°—
bounds as follows: We analyze any blow-up point of the gradient in the formulation as
a tuple of maps u. Then the usual rescaling analysis (see eg Floer [8]) is local, in the
interior of one component u; (leading to a J; —holomorphic sphere in M) or near a
seam, where we can consider u; (s, —1) X u;y1(s,?) as (—J;) @ Jj1—-holomorphic
curve with boundary condition in L;j41). The latter type of bubbling hence leads
to a holomorphic disc in M X M 11 with boundary on Lj;j11). Away from these
blow-up points, the solution converges Co° to a punctured solution, to which we can
apply the usual removable singularity theorems (in eg McDuff and Salamon [18] and
Oh [21]). In the limit we obtain a new solution (possibly with different end points) of
nonnegative index and a number of holomorphic spheres and disks, each of which is
nonconstant, so by monotonicity has positive index. By assumption (L3) they in fact
must have Maslov index at least 3 (ie Chern number 2 for spheres). Since the Maslov
index of all components adds up to 1 or 2, any bubbling is excluded. (See Oh [22] for
the analogous argument in the standard theory.) This discussion ensures that the moduli
spaces of index 1 and 2 are compact up to the breaking of trajectories as in Morse
theory. This is proven by combining the local elliptic estimates with the exponential
decay on long strips; see Floer [8] and Donaldson [5]. Finally, part (c) requires a gluing
theorem identifying the ends of the moduli space with broken trajectories. Again the
proof in Floer [6] (or Schwarz [30, Section 3.2] for the closed case) carries over directly.
The crucial ingredient is a uniformly bounded family of right inverses for the linearized
operator as in Salamon [29, Proposition 3.9], which is established by combining the
already established exponential decay and Fredholm estimates.

Orientations can also be defined as in the standard Floer theory [33] since the linearized
operator canonically deforms (as above) through Fredholm operators to a standard
Cauchy—Riemann operator.

The only part of the standard construction of Floer theory on M that has to be adapted
substantially is transversality: The scaled almost complex structures Js obtained from
tuples J of almost complex structures on each factor of M are highly nongeneric as
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scaled almost complex structures on M (which generically do not respect the splitting
into factors). Nevertheless, we proceed as usual and define the set j,reg (L; H) tobe
those tuples of complex structures J , such that the corresponding scaled almost complex
structure Js € J;(L(o), L(1): H) is regular in the sense that the linearized operator
D,d Js,H 1s surjective for every solution of F) Js,qu = 0 with L), L(;) boundary
values. (This is equivalent to the surjectivity at every solution u of the linearized
operator D, of (27) on the space of sections satisfying the linearized boundary- and
seam conditions of (28).) In order to find a dense set of regular J we note that the
unique continuation theorem [9, Theorem 4.3] applies to the interior of every single
nonconstant strip u;: R x (0,8;) — M. It implies that the set of regular points,
(50, %0) € Rx(0,6;) with dsuj(s9, %) # 0 and Z/lj_l (uj (RU{£o00}), 19) = {(s0.%0)},
is open and dense. These points can be used to prove surjectivity of the linearized
operator for a universal moduli space of solutions with respect to almost complex
structures of class C¥. (The constant solutions are automatically transverse due to the
previously ensured transversality of the intersection points ¢IH (L(gy) L1y.) The
existence of a C¥—dense set of regular J then follows from the usual Sard—Smale
argument as in [18] for each k € N. Finally, an intersection argument by Taubes (which
here works exactly as in [9]) proves that the regular smooth almost complex structures
are a comeagre’ subset of J;(L) in the C*—topology. Since J;(L) is a complete
metric space®, and hence a Baire space, any such comeagre subset is dense as claimed;
see eg Royden [28, Theorem 27]. O

Now, assuming monotonicity and choosing regular H and J we can define the
Floer homology HF(L) just as in the standard case: The Floer coboundary operator
39: CF4 (L) — CF?*1(L) is defined by

3 (x_) = Z( > 6(2))()_6+),

X4+ €Z(L) ueM(x—,x+)o

where the signs €: M(x_, x4+)¢— {£1} are defined by comparing the given orientation
to the canonical orientation of a point. It follows from Theorem 5.2.4 (c) that 92 =0,
and 0 is a map of degree 1 by index calculations as in the standard case. This defines

7 A subset of a topological space is comeagre if it is the intersection of countably many open dense
subsets. Many authors in symplectic topology would use the term “Baire second category”, which however
in classical Baire theory [28, Chapter 7.8] denotes more generally subsets that are not meagre, ie not the
complement of a comeagre subset.

8 It can be expressed as a closed subspace of a function space C*° ([0, 1]x M., RN ). The latter carries a
metric d(f,g) =Y ey 27K IVE(f =) loo(1+ IVE(f = ©)lloo) ", which induces the C—topology.
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the quilted Floer cohomology

HF(L):= @ HF'(L).  HF?(L):=ker(d)/im(d" ")
deZn

as Zjpy—graded group. It is independent of the choice of H and J by a standard
construction of continuation maps. The same construction also allows for a deformation
of the widths §, in the folded setup of the above proof, where the §; are merely
scale factors in the endomorphism Js. For a more conceptual proof based on quilts
interpolating between strips of different widths see Section 5.3 below.

Remark 5.2.5 One can also allow the sequence L to have length zero (that is, the
empty sequence) as a generalized correspondence from M to M ; this is the case
r = —1 in the previous notation. In this case we define HF(L) = HF(Idpy), the
cylindrical Floer homology. This would be the case without seams in Figure 1.

In the special case of a cyclic generalized Lagrangian correspondence L with My = {pt}
and some intermediate correspondence L ;1) of split form, we have the following
Kiinneth Theorem.

Theorem 5.2.6 Suppose that L = (Lo, ..., L, 41)) is a cyclic generalized La-
grangian correspondence as in Theorem 5.2.4 such that My = {pt} and L;jt1) =
Ljx Ljyq forsome 1 < j <r and Lagrangian submanifolds L; C Mj and L;j 4, C
M 1 1. Then the quilted Floer complex for L is canonically isomorphic to the tensor
product of the two Floer complexes for the cyclic correspondences (L1, ..., L;) and

(Lj+1s- s Lrgs1))s

CF(Lot,....,LjxLjy1,....Lyr41))
= CF(L()],...,Lj)@CF(Lj+1,...,Lr(r+1)).

In particular, if either HF (Loy,...,Lj) or HF(Lj11,..., Ly 41)) is torsion-free,
then there is a canonical isomorphism

HF(Lo1,...,Lj X Ljy1,....Lyr41))
~HF(Loy,....Lj) @ HF(Ljy1,.... Ly(r41))-

The latter isomorphism also holds if we work with coefficients in a field, eg with Z,
coefficients.

Proof The generators and boundary operators of the Floer complex CF(Lyy,...,
LjxLjyy,...,Ly41)) are trivially identified with the generators and differential of
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the Floer complex CF(Lo1....,Lj, Ljt1,...,Ly(++1)), viewing the two factors of
Lj x Ljy as correspondences L; C Mj_x{pt} and Lj41 C {pt}” xMj4; to and
from the point. This is the first trivial case of Theorem 5.4.1 below. At the same
time, the intersection points of L are trivially identified with the pairs of intersection
points of (Loi,...,Lj) and (Ljy1,...,L,+1)), and the Floer trajectories for L
are either a pair of a Floer trajectory for (Loj,...,L;) and an intersection point of
(Lj41,-.-+Ly+1)) orapair of an intersection point for (Lg1, ..., L;) and a Floer tra-
jectory for (Ljy1...., Ly+1)). This canonically identifies the Floer complex CF(L)
with the tensor product of complexes CF(Loy,...,Lj) @ CF(Ljt1,....Ly(r41))-

Now the isomorphism of homologies follows from the general Kiinneth formula [35,
Lemma 5.3.1] and the fact that the torsion product vanishes if it has one torsion-free
factor [35, Lemma 5.2.5]. Modules over fields are generally torsion-free. a

5.3 Invariance of quilted Floer cohomology and relative quilt invariants

The purpose of this section is to prove the independence of quilted Floer cohomology
from the choice of perturbation data, in particular the choice of widths.

Consider a cyclic generalized Lagrangian correspondence L = (Lg(k+1))k=o0,...,r
satisfying the monotonicity conditions of Theorem 5.2.4. Fix a tuple of widths § =
(8k)k=o,...,r - Then Proposition 5.2.1 and Theorem 5.2.4 provide tuples of Hamiltonians
H = (Hy)k—o...,, and almost complex structures J = (Jx)x—o....,, such that the Floer
homology HF (L) can be defined by counting quilted Floer trajectories u € M(x~, x™)
between generalized intersection points x* € Z(L).

The proof of independence of Floer cohomology from the choice of perturbations and
particularly the widths goes somewhat beyond the proof for standard Floer theory. It
is best formulated by using quilted surfaces that are not obtained by “unfolding of
strips”. With Proposition 5.3.2 below in place we can in particular identify the two
definitions of Floer cohomology HF(L) = HF (L), L(1)) for a cyclic sequence in
Section 4.3 and Section 5.2. For that purpose one chooses special widths in the quilted
setup of Section 5.2, namely those that correspond by the discussion in Section 5.1
to the “folded” Floer trajectories of HF(L ), L(1)). The proof of the Proposition
however uses the notation and construction of relative quilt invariants in [41]. For
readers familiar with this notation, the following Remark describes the quilted Floer
trajectories as quilted surfaces. For readers unfamiliar with the quilt notation we will
summarize the definition of relative quilt invariants in the special case used in the proof
of Proposition 5.3.2 below.

Remark 5.3.1 In the language of quilted surfaces developed in [41] the Floer tra-
jectories correspond to the holomorphic quilted cylinders u € Mz(x~, x") with
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K = (Hpdt)g—o,.., and J = (Jx)k=o,...,. Here the quilted surface is the quilted
cylinder Z whose patches are strips (Sx = R x [0, §¢])k=o,...,, of the given widths
with the canonical complex structure and the obvious (up to a shift chosen as 4-1) ends
kel RE %[0, 8] = Sk, (s.2) — (s, £1 +1). The seams are o = {(k, R x {8}).
(k+1,Rx{0})} for k=0,...,r mod (r+1) with seam maps ¢q, : 9Sx D (s, ;)
(5,0) C 0Sk 1. This quilted surface is shown on the right in Figure 1. There are no
remaining boundary components except for in the special case of a noncyclic sequence
with M = {pt}, which is indicated on the left in Figure 1. In that case Z has no seam o,
between S, and Sy but true boundary components (0, R x {0}) and (r, R x {5, }). The
ends of the quilted surface are the incoming ¢_ = ((O, e—),(l,e-),....(r, e_)) and the
outgoing e, = ((0,e4), (1,e4),...,(r,e4)). Note however that the perturbation data
(J, K) is R—invariant and the count for the Floer differential is modulo simultaneous
R —shift of all maps uy . That is, unlike in the definition of relative quilt invariants
in [41], where no symmetries are divided out and index O solutions are counted,
we here count the isolated solutions M(x~,x%)g = Mz(x~,x1);/R, which are
pseudoholomorphic quilts of index 1.

Proposition 5.3.2 HF(L) is independent, up to isomorphism of Z, y —graded groups,
of the choice of perturbation data (H, J) and widths § of the strips.

Proof Suppose that (H' iJE éi ) are two different choices for i =0, 1. Let Z; resp.
Z o be the quilted cylinder as before, but with complex structures ji on each strip
Si = R x [0, 1] that interpolate between the two widths 82 and § /i at the ends (k,e_)
and (k,ey), in this order for Z, and in reversed order for Z,,. In order for the
seams to be real analytic we pick the standard complex structure near the boundary
components R x {0, 1} C dSx and only in the interior of Sy scale to the appropriate
width and interpolate. Figure 2 shows the example for r = 3 and My = M4 = {pt}. For
readers unfamiliar with [41] we specify, as an example, that the quilted surface Z,
consists of the following data:

(a) Acollection S = (Sk)k=o....r of patches. Here these are the twice punctured disks
Sr =Rx[0, 1] D?\{—1, 1} with acomplex structure jj and strip-like ends as follows:
We fix embeddings of half-strips e4+: R* x [0, 8+] — Sk, (s,7) — (£1 + 5;1s, 8;1t).
of width 6_ = 52 resp. §4 =48 Ii These are incoming resp. outgoing strip-like ends with
disjoint images. To construct the complex structure we moreover let A = % min(84,6—)
and fix disjoint embeddings €p: R x [0, A] > S and €;: R x[1 — A, A] = Sk such
that €o(s,0) = (s, 0) resp. €1(s,1) = (s, 1) and € /11 o€+ are four biholomorphisms
with respect to the canonical complex structure on the half-strip and strip. Now we
choose a complex structure j; on Sy such that it pulls back to the canonical complex
structure under each of €_, e, €g, €7.
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(b) A collection S of seams. Here these are the set S = (0x)k—o,...,, of seam
labels oy = {(k,R x {1} C dSk), (k +1,R x {0} C dSk+1)}, where we use the label
k modulo (r + 1), with seam maps ¢g, : 0SSk > (s,1) = (s5,0) € Sk providing
diffeomorphisms of boundary components. By our construction these seams are real
analytic and compatible with strip-like ends.

(c) Orderings of patches, boundary components, and quilted ends. Here they are given
by the enumeration with k =0, ..., r, and there is only one incoming and one outgoing
quilted end consisting of all incoming resp. outgoing strip-like ends on the patches. We

§ 0
3
§ 1
RSO ey o 3
BT vy s
T S N e v
S e R s
§ 0 pgereteetetoretetetototoretetotots sa 1 IR 1
2 8
’ 2
§ 1
1
§ 0
1

Figure 2: Interpolating between two widths

moreover interpolate the perturbation data on the two ends by some regular (K ;. J ;)
on Z,, and similar for Z . Summarizing from [41] this means the following.

(a) We pick function valued one-forms K,, = (Kk e Q1(Sk, C°°(Mk)))k:0’m,r
such that Kz |ps, = 0 and on each end €* Ky = H,?dt resp. € Ky = H,idt. The
corresponding Hamiltonian vector field valued one-forms are denoted by Y ,; =
(Yk € Q'(Sk. Vect(My)) and satisfy €% Yy = Xg0/'dt on each end.

(b) Let J denote the set of collections
J= (Jk € MaP(Sk, T (M, a)k)))k=0,...,r

of compatible almost complex structures agreeing with the almost complex structures J ]8
resp. J ,g on the incoming ends im €_ resp. the outgoing ends im €. We prove in [41]
that J contains an open dense subset of regular J, of which we pick one J ;.

Given this perturbation data and intersection points x~ € Z(L)?, xT e Z(L)! we
construct in [41] the moduli spaces of pseudoholomorphic quilts Mz (x~, xT) and
Mz, (x7,x). For example,

Mz, 7 xT) = {u = (ukt Sk — M)y, | (@ —(d)}

is the space of collections of (J,;,Y y;)—holomorphic maps with Lagrangian seam
conditions, finite energy, and fixed limits, that is
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(@) Jr(ug)o(dug —Yg(ug)) — (dug — Y (ug)) o jy =0 for k=0,...,r,
(b) (U, g1 0900, )(Rx{0}) C Lgg41) forall k =0,...,7,

© Y k—o fSk (u}:a)k +d(Ky o uk)) < 00,

(d) limgy g up(esx(s,t)) = xki(t) forall k =0,...,r.

The relative invariants, constructed in [41] from the zero-dimensional moduli spaces of
pseudoholomorphic quilts then provide maps between the Floer cohomology groups

®gz,,: HF(L)° — HF(L)", @z, HF(L)' — HF(L)°.

We briefly review the construction: On chain level amap C®z = CF (L)° - CF(L)!
can be defined by

Chgz, {x7) = Z ( Z E(u))(fr),

xTeT(L)! "ueMzgy, (x—,xT)o

where e: Mz (x7, x1)o — {—1,+1} is defined by comparing the orientation con-
structed in [40] on the zero dimensional component of the moduli space to the canonical
orientation of a point. We prove in [41] that the map C®z  is a chain map and so
descends to a map of Floer cohomologies. In fact, the map on cohomology level is
independent of the choice of perturbation data (K, J¢;)-

Next, the quilted surface Z,; # Z,, that is obtained by gluing the incoming ends
of Z,, to the outgoing ends of Z;, can be deformed with fixed ends to the infinite
strip with translationally invariant complex structures (reflected in the widths §') and
perturbation data (H', J'). The relative quilt invariant defined by the latter is the
identity on HF(L)! since only constant strips can contribute (all nonconstant solutions
lie in at least 1-dimensional moduli spaces due to the nontriviality of the R—action);
see our paper [41]. Since the relative quilt invariants are independent of the above
choices, the relative invariant ®z 4z  is the identity on HF (L)' (and similarly
Oz 4z, 1s the identity on HF (L)?). Then by the gluing theorem for relative quilt
invariants [41] (where the sign is positive) we have

Cz, 0Pz, =Pz 4z,,=1d, Pz 0Pz, =Pz uz, =Id

This proves that the Floer cohomology groups HF(L)? and HF(L)! arising from the
different choices of data are isomorphic. a
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5.4 Geometric composition and quilted Floer cohomology

In this section we prove and discuss the isomorphism (3), more precisely stated as
follows.

Theorem 5.4.1 Let L = (Loy,...,L,¢+1)) be a cyclic sequence of Lagrangian
correspondences between symplectic manifolds My, ..., M,+1 = My as in Definition
2.1.3. Suppose

(a) the symplectic manifolds all satisfy (M1)—(M2) with the same monotonicity
constant 7,

(b) the Lagrangian correspondences all satisty (L1)—(L2) and at least one of the
following:
(i) Each Lagrangian correspondence satisfies (L3).
(i) The sum w(Lo1)+---+w(L—n;)tw(Lg+n)+ - F+w(Lri4+1)) =0
of holomorphic disk counts (18) vanishes.
(iii)) The sum w(Loy)+---+w(Lj—yjoLji+1)+ - +w(Ly41)) =0 of
holomorphic disk counts (18) vanishes.

(c) the sequence L is monotone, relatively spin and graded in the sense of Section
4.3,

(d) the composition L(j_1y;j o Lj(j+1) is embedded in the sense of Definition 2.0.4.

Then with respect to the induced relative spin structure, orientation, and grading® on
the modified sequence L' = (Lo, . .., Li—1joLjii+1)---+» Lr@+1)) the following
two Floer homologies are well defined and canonically isomorphic as graded groups:

HF(L)=HF(...L(—1j> LiGj+1)---) —>HF(...L(j_1)joLj(j+1y---) =HF(L').

The isomorphism is canonical in the following sense: The Floer cohomologies defined
by any two choices of perturbation data and widths are canonically isomorphic. For
sufficiently small width §; > 0 and corresponding perturbation data, the isomorphism
HF(L) =~ HF(L') is given by the identity map on the generators Z(L) = Z(L'), which
are canonically identified by Remark 5.2.2.

Before summarizing the proof let us mention the (im)possibility of various generaliza-
tions.

9 The grading of L(j_1)(j+1) is given by (16), the orientation is given by Remark 2.0.6(b), and for
the relative spin structure see our paper [40].
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Remark 5.4.2 (a) Note the orientation conventions when comparing with the Floer
cohomology HF (L, L) for a pair of Lagrangians Lo, L1 C M in [22]. For quilted
Floer cohomology, this pair is viewed as cyclic sequence {pt} — M — {pt}, that is the
Lagrangian correspondences are Lo C {pt}” x M = M and LT C M~ x{pt} = M,
the same submanifold but viewed as Lagrangian with respect to —®. Thus we obtain
w(Lo) +w(L])=w(Lo)—w(Ly), since the —J;-holomorphic discs with boundary
on L7 C M~ are identified with J;—holomorphic discs with boundary on L; C M
via a reflection of the domain, which is orientation reversing for the moduli spaces.

(b) If in Theorem 5.4.1 (b) we only assume (L.1)—(L2) then Floer cohomology may
not be well-defined due to 9> = wid, where w = w(Lg;) +---+ w(Ly41)) [22;43].
In case w # 0 the chain homotopy equivalence (CF(L), d) = (CF(L'), d’) continues
to hold in the derived category of matrix factorizations!® [43].

We will show that either of the extra assumptions (i), (ii) or (iii) implies that 92 =0
on both Floer complexes, and hence implies both (ii) and (iii) (but not (i)). In fact, (i)
directly implies (ii) (but not (iii)) since all minimal Maslov numbers being at least 3
implies w(L—1);) = 0 for each i. The other implications (i) = (iii), (ii) = (iii),
(iii) = (i) also require the monotonicity and embeddedness assumptions since they
follow indirectly from the above isomorphism in the derived category.

(c) The relative spin structures are only needed to define the Floer cohomology groups
with Z coefficients. Here we only prove the isomorphism with Z, coefficients. The
full result then follows from a comparison of signs in [40].

(d) There should also be versions of this result for Floer cohomology with coefficients
in flat vector bundles, and Novikov rings, using an understanding of their behaviour
under geometric composition, similar to the theory presented here for gradings. The
gradings on the Lagrangians can be dropped if one wants only an isomorphism of
ungraded groups.

(e) Note that the geometric composition L;_1); o Lj(j4+1) could be a smooth
Lagrangian despite the composition not being embedded. If this failure is in the
transversality, then our approach does not apply (as eg for a G —invariant Lagrangian
L C 1~ '(0) in the zero set of the moment map, whose composition with X u 1s the
smooth projection L o ¥, = (L) despite L not being transverse to w=1(0)). (For
such Lagrangians one would expect a correspondence between holomorphic curves
in M//G and symplectic vortices in M, in the spirit of [11] and the Lagrangian
version of the Atiyah—Floer conjecture [37].) However, when L;_1); x M; Liii+1)

10 Explicitly, there exist chain maps f: CF(L) — CF(L') and g: CF(L’) — CF(L) such that both

fog and go f are homotopy equivalent to the identity in the sense thateg Id — g o ' = kd — dk for
some k: CF(L) — CF(L).
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is transverse but a k—fold cover of L(;_1yj o Lj(j+1), then the map of intersection
points Z(L) — Z(L') is a k—to—1 map as well. In this case our analysis still applies
and gives a k—to—1 map of moduli spaces as long as bubbling is excluded. This leads
to further calculation tools for Floer cohomology but needs to be investigated on a
case-by-case basis.

(f) The monotonicity assumptions (M1) and (L1) cannot simply be replaced by other
tools which allow the definition of Floer cohomology (such as Novikov rings, twisted
coefficients, obstructions, or deformations). This is since a new type of bubbling can
occur in the strip shrinking that we use to prove the isomorphism. We have called it the
“figure eight bubble” and describe it in [38]. However, we are lacking the construction
of a moduli space of figure eight bubbles. Our present method for excluding these
bubbles hinges on strict monotonicity with nonnegative constant 7 > 0 as well as
the 2—grading assumption implied by orientations. In general, we expect figure eight
bubbles to be a codimension 1 phenomenon in a 1—parameter family of strip widths
approaching zero. We hence expect the isomorphism to fail in more general settings,
except for special topological assumptions restricting the expected dimension of the
moduli space of figure eight bubbles. Eventually, we expect to construct obstruction
classes and an A, —type structure from moduli spaces of figure eight bubbles, and to
replace the isomorphism by a morphism of A.,—modules. However, all of this depends
on a basic removable singularity result for figure eight bubbles, which has not yet been
accomplished.

Theorem 5.4.1 is fairly obvious if one of the composed Lagrangians correspondences
is the graph of a symplectomorphism. It suffices to observe that symplectomorphisms
map pseudoholomorphic curves to pseudoholomorphic curves. However, there is no
corresponding effect for more general Lagrangian correspondences. Here the natural
approach to a proof is to degenerate the holomorphic curve equation in M; until
solutions become constant across the strip (or, equivalently, shrink the width of that
strip to zero). This limit corresponds to geometric composition of the two Lagrangian
correspondences attached to the strip. Clearly, most difficulties in this proof are
localized near the degenerating strip. We thus banished the analysis to [38], where we
prove the special case HF (Lg, Lo, L2, L2) = HF(Lg, Lo o L2, L>) of Theorem
5.4.1 by establishing a bijection between the Floer trajectories for (L, Loz, L;) on
strips of width (1, 1) and those for (Lg, Lo1, L12, L3) on strips of width (1,4, 1)
for sufficiently small width § of the middle strip. These quilted Floer trajectories are
shown in Figure 3. The missing piece of proof in [38] is the independence of the Floer
cohomology from the choice of § > 0, which we here established in Proposition 5.3.2.
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Figure 3: Shrinking the middle strip

Summary of proof of Theorem 5.4.1 We first consider the case of assumption (i)
or (ii) holding in (b). Then the assumptions of the Theorem guarantee that HF (L) is
well-defined. By Remark 5.2.3 the monotonicity of L also implies monotonicity of L’
and hence monotonicity in the sense of (L1) for L(;j_1)j o Lj(j+1). (Assuming the
symplectic manifolds to be connected, any disk can be extended to a quilted cylinder.)
Compactness and orientation (L2) also holds for the composed correspondence, but
the minimal Maslov index condition (L3) may not transfer. However, this only affects
the question whether 9> = wId = 0 on the Floer chain group for L’. In fact, we just
assumed that w = w(Lo1) + -+ w(L,+1)) =0 on CF(L), and a priori it is not
clear that one should have w(L;—1)joL;(j+1)) = w(Lj—1)j) +w(Ljj+1)). If, on
the other hand, assumption (iii) holds in (b), then we are guaranteed that HF(L') is
well-defined, but it is not a priori clear that 3> = 0 on CF(L).

In either case, to define the differential on CF(L) we choose some widths §’, Hamil-
tonian perturbations H’ to make the intersection Z(L') transverse, and almost complex
structures J' to make the moduli spaces of Floer trajectories for L’ regular. Thanks
to Proposition 5.3.2 we may then choose the same widths § except for some small
§; > 0, the same Hamiltonian perturbations H except for the additional H; = 0, and
the same almost complex structures J except for some additional time-independent
Jj € J(Mj,wj), to define HF(L). We only need to make sure that this choice
makes the intersection points Z(L) and the moduli spaces of Floer trajectories for
L regular. The first is automatically the case by the transversality assumption for
Lj-1yj Xm; Lj(j+1), the latter is true for §; > 0 sufficiently small and is proven
as part of the adiabatic limit analysis [38]. (Actually, precisely following the con-
structions of [38], we can achieve transversality for L’ with J {—1 and J J’ 41 being
time-independent near the seam; then J;_; and J; 1 are obtained by a slight linear
dilation and constant extension near the new seams.) With these choices, our assumption
(b) on holomorphic disk counts (or (L3) on the minimal Maslov index) implies 2=0
on CF(L).

Geometry & Topology, Volume 14 (2010)



Quilted Floer cohomology 889

Next, the injectivity assumption for the composition L;—1); Xar; Lj(j+1) provides
a canonical bijection of generalized intersection points Z(L") = Z(L) as in Remark
3.1.3. In [38] we establish bijections between the corresponding moduli spaces of Floer
trajectories for §; > 0 sufficiently small. This means that the Floer differentials on
CF(L') and CF(L) agree under the canonical identification of generators. In particular
that implies 3% = 0 on both complexes as soon as it is true on one (which is ensured by
each version of assumption (b)). Hence both Floer cohomologies are well-defined and
isomorphic as claimed. (In fact, we deduce a posteriori that w(L;—1)j o Lj(j+1)) =

w(Lj-1);) +w(Lj+1))-) m

Remark 5.4.3 To see that the assumption that the composition L(;j_1)jo Ljcj+1) is
embedded is necessary, consider the case that r = 2 and My, M, are points. In this
case, if v: R x[0, 1] — M is a Floer trajectory of index one with limits x¥ # x ™, we
can consider the rescaled maps vg: R x [0, 5] — M. In this case a figure eight bubble
always develops in the limit § — 0. This shows that the bijection between trajectories
fails in this case.

6 Applications

Quilted Floer homology was originally designed to construct symplectic versions of
gauge theoretic invariants, in particular symplectic versions of Donaldson invariants,
which we develop in later papers [42; 43], Seiberg—Witten invariants as in Perutz [25]
and Lekili [16], and Khovanov invariants as in Rezazadegan [26]. Applications to
symplectic topology are given for moduli spaces of flat bundles in [43], and to clas-
sification of Lagrangians in tori in Abouzaid—Smith [1]. In this section, we give a
few brief applications of the main result to symplectic topology, which show how the
results work in practice. Most of the concrete examples can be achieved with other, less
sophisticated methods. Our point in giving them is to show how many Floer homology
calculations can be obtained from a single principle: Floer homology is well defined
under embedded geometric composition. The reader looking for more sophisticated
applications is encouraged to look at the sequel papers and the references above.

6.1 Direct computation of Floer cohomology

Theorem 6.1.1 Let Loy C M x My be a Lagrangian correspondence and suppose
that the Lagrangian submanifolds Ly C My and L1 C M are such that both Lyo Ly
and L o L are embedded compositions. Assume that My, M satisty (M1)-(M2),
Ly, Ly, Loy satisfy (L1)-(L2), and (Lo X L1, Lo1) is a monotone pair in the sense of
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Definition 4.1.2 (b). Then there exists a canonical isomorphism
CF(Loo Lo1, L) —> CF(Lo, Loy o Ly)

in the category of derived matrix factorizations. It is an isomorphism of Floer coho-
mologies if one of the following holds: All Lagrangians satisfy (L3), or w(Lg) +
w(Lo1) +w(Ly) =0,0orw(LooLo1)+w(Ly)=0,o0rw(Lo)+w(LoroLi)=0,

Proof By Theorem 5.4.1 both Floer cohomologies are isomorphic to the quilted Floer
cohomology HF(Lg, Lo1, L1) =HF(Lox Ly, Lo1). Incase 0% # 0, the isomorphism
of homologies is replaced by a chain homotopy equivalence in the derived category;
see Remark 5.4.2. O

Example 6.1.2 We begin with a “warm-up” example. Let N be a compact, simply
connected, monotone symplectic manifold. The submanifold

Ajj i={(x1,x2,x3,xX4)|[xi =x;} CN" XN XN~ xN
is coisotropic for appropriate choices of 1 <i < j < 4. Then we can identify
(31) HF(A14NAz3, A1 NA3g) = HF (AN, An) = H(N)

with the homology of N . This follows from Theorem 6.1.1 applied to Ly = Anx C
N XN =My, Ly = A12NA34 CN XNXN XN =M, and Ly =
{(w,z;w,x,x,z) |w,x,z€ N} C My x M;. Then the compositions Lo o Lo; =
A14 N Ajjz and Ly o L1 = Ay are clearly embedded. Monotonicity together with
simply connectedness ensures the monotonicity of all the Lagrangians and pairs of
Lagrangians. Since N is orientable, all minimal Maslov indices are at least 2. The
reader can easily verify the identification (31) using the fact that the components of
a holomorphic trajectory for (Aj4 N Ajysz, Ajx N Azy) fit together to a holomorphic
cylinder v: S! x[0,1]— N.

The following is a more nontrivial example of Theorem 6.1.1.
Example 6.1.3 Let M, be the moduli space of Euclidean n—gons of edge length 1,
as in for example Kirwan [13]:

My = (SH") SO3) = {(v1, ..., vn) € (SH)"|vg + -+ + vy = 0}/ SO(3).

We take on S? the standard symplectic form @ with volume 47 so that ¢ (S?) =
[@]. For n > 5 odd M, is a monotone symplectic manifold with minimal Chern
number 1 and monotonicity constant 1. For example, M3 is a point and M5 is
diffeomorphic to the fourth del Pezzo surface, given by blowing-up of P2 at four points
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[34, Example 1.10]. For i # j the submanifold A;; = {[vy,...,vs] € My |v; = —v;}
is a coisotropic, spherically fibered over M,_, by the map that forgets v;, vj. The
image of A;; in M, , x My is a Lagrangian correspondence, also denoted A;;. For
i, j,k distinct the composition A;; o A;.  1s embedded and yields the graph of a
permutation on M,_,. For k =i + 1 or for i,k = j £ 1 this permutation is trivial,
so we have

t t
AijoRjixny =AMz BGixD) © Bjizn) = Moo

Now let L C M,_, be a compact, oriented, monotone Lagrangian, and L;; = Lo A;;j
be its inverse image in M} . This composition is embedded and we can also identify it
with L;; = A§ ;0 L. The latter allows to calculate

Aij Oij = Aij OA;kOL.

For i, j,k distinct it is an embedded composition, which yields the image of L
under permutation. Suppose that the pair (L, L) is monotone, so that HF (L, L) is
well-defined. Using Theorem 6.1.1 we can also calculate

HF(Lij, Lj+1)) = HF(L o Aij, LjG+r)) = HF(L, Aijo Lj-1)) = HF(L, L).

Here all Floer homologies are defined since 9> = 0 on CF(L, L). Similarly, we obtain
HF(L(jxn)j» LjFn) = HF(L, L).

The symplectic manifolds in the above example are certain moduli spaces of para-
bolic bundles on punctured spheres, which can also be seen as SU(2)-representation
spaces of punctured spheres with fixed conjugacy class for each puncture [19]. The
Lagrangian submanifolds A;; arise from elementary tangles connecting two punctures,
by taking parabolic bundles on the corresponding cobordism of punctured spheres,
and restricting them to the boundary. The fact that their composition is the graph of a
permutation reflects the fact that all braid moves on the punctures can be decomposed
into elementary tangles. Thus one may hope to define knot or tangle invariants by
decomposition into elementary tangles and representation in the symplectic category as
above. The invariant should then be the quilted Floer cohomology of the sequence of
Lagrangian correspondences arising from the sequence of elementary tangles. In order
to prove invariance, one needs to check that moves between different decompositions
are reflected by isomorphisms of Floer cohomology. The above example shows how
this follows from our main Theorem for the cancellation of two elementary tangles.

This general approach to defining topological invariants is also described in the in-
troduction. The moduli spaces in Example 6.1.3 actually yield the trivial invariant
since they arise from conjugacy classes close to the center of SU(2). In [42; 43] we
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employ similar moduli spaces with different conjugacy classes, giving rise to nontrivial
invariants of tangles and 3—manifolds.

6.2 Computations in CP"

In this section we demonstrate, at the example of CP”, how some Floer cohomologies
in toric symplectic varieties can be calculated by reduction. We equip CP" = {[z] =
[zo : z1 :+++: zu]} with Fubini-Study symplectic form and moment maps w;([z]) =
7|zj|?/|z|? for j =1,...,n. We denote by

3= {([zoz...zj_l Zj4 :---:zn],[zoz---:zn])‘;Lj([zo:---:zn])zlf—l}

C (CP" H~ xCP"
the Lagrangian sphere arising from reduction at the level set
Wi GED = Azt znl |z = s Y lal® = i)
Note that the reduced space, eg
y GED /S =Alz0 oz | il = A3/ ST

for j = n, is CP""! with Fubini-Study form scaled by 747 » hence has the same
monotonicity constant 7 = 7! arg =+ 1)~'7 as CP". (Recall that the generator
CP! ¢ CP" of n5(CP") has Fubini-Study symplectic area 7 and Chern number

n+1.)

More generally, for each 1 < k <n a Lagrangian correspondence

Sy =1{(z0:- - zk—1)[z0:. .. zal) | i (2D = ;25 ¥ j =k} C(CPF 1)~ xCP"

arises from reduction at the level set

(i %+ ) G )

k—1
1 2 k
= {[£]|Zk =|zk+1l=... |znl = ﬁ»2|zi| = n+1}'
i=0
Here again the reduced spaces CP+ 1 = {[zo: - 1 zk—1]] X; |zi|? = nk?}/S1 carry

scaled Fubini—Study forms with monotonicity constant t = n”? Moreover, note that
X (k,...,n)» diffeomorphic to the product of an (n — k)—torus with a (2k — 1)—sphere,
can be viewed as Lagrangian embedded in (C Pk 1)~ x CP" and also as coisotropic
submanifold of CP". One can check explicitly that the Lagrangians X, ,) are
monotone, and we will see in Corollary 6.3.3 below that they are nondisplaceable
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by Hamiltonian diffeomorphisms. The reason is that as coisotropic they contain the
nondisplaceable Clifford torus

TG =i wn) ™ Gie i) = 2l 20 = lzi] = = |zl = o=} CCP™.

That T/ is the only nondisplaceable fibre of the torus fibration is known by eg [3].
Its Floer cohomology was calculated by Cho [4] with all possible spin structures.
Here we reproduce this calculation for the standard spin structure, employing the
above Lagrangian correspondences and the isomorphism of Floer cohomology under
embedded geometric composition (Theorem 5.4.1). This approach also allows for a
direct computation of Floer cohomology for any pair of nonstandard spin structures on
T, which we will discuss in [40].

Theorem 6.2.1 [4] For any n € N with the standard spin structure (given by [4,
Proposition 8.1])
HF (TS, TE) = Ho(T™) = 22",

Proof The isomorphism between the Floer cohomology and the homology of the
Clifford n—torus follows inductively from the following chain of isomorphisms:

HF(TH, T4) = HF(Tg 0 Sq2,...my ) 0 TET)

(32) = HF(T¢), 22, © 24 TET)

= HF(T¢y, Toy x TE L TE

= HF(T¢), T¢y) @ HF(TEL TE ).
Let us go through this step by step: The geometric composition 7, Cll 0¥, .n=T41s
the preimage of TCI1 under the projection (tp X - -+ X Mn)_l(#, ..., -E)—>CP!,
hence automatically embedded in the sense of Definition 2.0.4. Similarly, Té’l_l 0¥y =
T/, is the preimage of TC”I_1 under the projection ,ul_l(#) — CP"!, and by

transposition we obtain the embedded composition %/ o TC”I_1 = T{,. Next, the
intersection

B, Xepn 51 2 (XX ) T G ) Ny GE) = T8 € CP”
is transverse and embeds to
.... oS ={(zo:z1].[z0: 2212 2a)) | L] € TE} = T T cCP < CP* 1.

To make sure that Theorem 5.4.1 indeed implies all the above isomorphisms of Floer

.....

Geometry € Topology, Volume 14 (2010)



894 Katrin Wehrheim and Chris T Woodward

That follows from the monotonicity of all factors together with the torsion fundamental
groups of the symplectic manifolds involved. Moreover, it turns out that we need not
worry about the minimal Maslov indices 2. This is since we have 3*> = 0 on the first
chain group CF(T¢, Tcy), ie assumption (b)(iii) is satisfied (see Oh [22] and note
Remark 5.4.2 (a)). Now Theorem 5.4.1 implies 9% =0 (ie (b)(ii) resp. (iii)) for each
of the other chain groups in (32).

Moreover, we need to fix spin structures on Té’l_l and X, as well as on T, Cll and
_____ n) such that the induced spin structure on the composition, T/ is the standard
one. For the Clifford tori we pick the standard spin structure given by the trivialization
of TTCk1 C C* in the coordinate chart C¥ >~ {zy = 1//n+ 1} C CP¥. On the sphere
31 C CP”" we fix the spin structure given by the standard orientation in the chart
{z1 =1/+/n + 1}. (The orientation provides a trivialization over the 0—skeleton, which
coincides with the 1— and 2—skeleton of this sphere of dimension > 3; see Cho [4] or
our paper [40] for more details on spin structures.) We can read off the standard spin
structure induced on T from the identification

TIS = pr*TTE '@ E.  E = (pr*TCP" )t C TS|,

Here TCP"~! |TCnl—1 =TT, C”I_l @ iTTé’l_1 inherits a trivialization from Tgl_l , so the
orientation of ¥ induces a trivialization of the line bundle E (given by the linearized
action of ).

For the spin structure on X5, ,) C CP” we identify X, ) = T"2.S3 with the
orbit of the sphere

S3:{[Z()ZZII

1 . . 1 2 2 2
mm]}|zo| + |z1] —m}C(CIPn

under the action of the torus 7"~2 C C"~2 in the zs, ..., z,—coordinates. If we
pick the standard trivialization of 772 and the standard orientation of S3 C C?
in the above chart, then again the standard spin structure is induced on 7/ by the
identification

T T4 = Tu T O To(T" 2 @ Fizpey), F = (r*TCPY)* C TS|

Here TCP! I 1= TTCIl b iTTCll inherits a trivialization from Tcll, so the orientation
of 3 induces a trivialization of the line bundle F .

The last isomorphism HF (TJ, T4 x TH4 1, TE ) =~ HF (T, T)  HF (T, TE ™)
in (32) follows from the Kiinneth Theorem 5.2.6. Here the right hand side is the tensor
product of homologies since the first factor is torsion-free. We know from elementary
curve counts (see eg Cho [4]) that, with the standard spin structure on both factors,
HF (T, T}) = Z®Z ~ H,(S' = T"). Finally, the homology Hy(T") satisfies the
same inductive relation (32) as the Floer cohomology. This proves the theorem. O
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This Floer cohomology calculation directly generalizes when replacing 7, Cll c CP! with
another Lagrangian submanifold in a possibly higher dimensional complex projective
space.

Theorem 6.2.2 Let 1 <k <n andlet L C CP¥ and L' c CP"* be oriented, mono-
tone Lagrangian submanifolds. Denote by pr: (i 41 X -+ X jin) ! (n”?, e #) —
CP¥ and pr': (uq x -+ x ,uk)_l(#, ) CP"* the reductions of CP" at
complementary monotone level sets. Then pr—'(L) c CP" and pr' ' (L") c CP”"
are monotone Lagrangian submanifolds and there exists a canonical chain homotopy
equivalence

CF(pr'(L).pr' ' (L") = CF(L,TK) ® CF(TZ 7%, L').

Here we assume that 3> = 0 on either the left hand side or the ride hand side complex;
otherwise this is an equivalence in the category of derived matrix factorizations.

.....

.....

.......

Now in complete analogy to the proof of Theorem 6.2.1 above, we have a sequence of
chain homotopy equivalences

.....

= CF(L, k41, ° Z(1,.._pyr L)
~ CF(L, TExTE ™. L")
~ CF(L, TX) ® CF(TE7*, L)), H

A special case of Theorem 6.2.2 arises from taking L’ to be a Clifford torus, then
HF(pr™" (L), T8) = HF (L, T&) @ Ho(T"7F),

where we used HF(Té’l_k, T(’:’l_k) ~ H,(T" %) by [4] or Theorem 6.2.1. Since the
latter is torsion-free, the Kiinneth Theorem 5.2.6 indeed implies the above isomorphism
of homologies. This applies, for example, to L = RP! ¢ CP! and yields another
Lagrangian torus pr_!(RP!) ¢ CP”. Although it is Hamiltonian isotopic to the
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Clifford torus, we need not check this but can calculate directly the relative Floer
cohomology

HF(pr '(RP'), T2) =~ HF(RP', T¢) ® Hi(T" ") = H,(T™)
as well as (for n = 2)
HF (pr '(RP'), pr ' (RP')) = HF(RP', T)) ® HF (T, RP)
~ Ho(T') ® Ho(T") = Hi(T?).
More generally, we can apply Theorem 6.2.2 to odd real projective spaces L = RPF ¢

CPk for k = 20 —1 > 3 with Z,—coefficients.!! By explicit calculation due to
Alston [2] the underlying Floer cohomology is

HF(RP2T 721, 7,) = 2%
Now our calculations in Theorem 6.2.2 provide with Z,—coefficients

HF (pr  (RP27Y), T8 Zy) = HF(RP2 ! T3 Z,) @ Ho (T4, 7,)
o 72t4+2(m—2L+1)
~ 7

as well as for even n = 2m

HF (pr' RP>"), pr' ™ (RO 7,5)

=~ HF(RP*!, 7475 Z5) @ HF(TG™ O+ RP20¥1: 7)o 737027
6.3 Detecting nontrivial Floer cohomology of a Lagrangian correspon-
dence

In this section we provide a tool for deducing nontriviality of Floer cohomology
and hence nondisplaceability of a Lagrangian correspondence itself (as Lagrangian
submanifold).

Theorem 6.3.1 Let Loy C My x My be a Lagrangian correspondence. Suppose
that there exists a Lagrangian submanifold L1 C My such that Ly := Lgj o Ly is
an embedded composition and HF (L, Lg) # 0. Assume that My, M satisfy (M1)—
M2), Lg, L1, Lgy satisty (L1)-(1.2), and (Lo x Ly, Lg1) is a monotone pair in the
sense of Definition 4.1.2 (b). Then the Lagrangian Loy C M x My has nonzero Floer
cohomology HF (L¢1, Lo1) # 0.

1 The number of holomorphic discs through a generic point is 0 for RP* (which has minimal Maslov

number k + 1> 3 for k > 2)anditis k + 1 for Té‘l by [4], hence 92 =0 on CF(RIP’k, Tckl) only holds
for odd k and with Z, coefficients.
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Proof The Floer homologies HF (Lg, Lo) = HF (L, Loy, L1) =HF(Lox Ly, Lo1)
are all well-defined, isomorphic, and nonzero by assumption. (The differential on all
three squares to zero since the total disk count in the sense of (24) is w(Lg) —w(Lg) =
0.) Now HF (Lo x Ly, Lo1) is a module over HF (L1, Lo1), where the multiplication
is defined by counting pseudoholomorphic 3—gons; see eg Seidel [33] or our paper [39].
The unit 17, € HF(Lo1, Lo1) is defined by counting pseudoholomorphic 1-gons;
it is nontrivial since it acts as identity on a nontrivial group. Hence HF (L1, Lo1)
contains a nonzero element, as claimed. O

Corollary 6.3.2 Let ¥ C M be the level set of the moment map of a Hamiltonian G —
action. Suppose that 3 contains a G —invariant Lagrangian submanifold L C M such
that HF(L,L) # 0 and pr(L) C /G = M/ G is smooth. Assume that M, M /| G
satisty (M1)-(M2), X, L, pr(L) satisfy (L1)—(L2), and (pr(L) x L, ¥) is a monotone
pair in the sense of Definition 4.1.2 (b). Then HF (X, ¥) # 0.

Proof This is a case of Theorem 6.3.1, where L; = pr(L), and the composition
Yopr(L) =pr ' (pr(L)) = L is automatically embedded. a

The following example in case k =n = 2 was initially pointed out to us in 2006 by Paul
Seidel; we since learned of alternative proof methods by Biran—Cornea and Fukaya—Oh—
Ono—Ohta. We use the notation of Section 6.2; in particular X, C (CP" 1)~ xCP"
is a Lagrangian 2n — 1—sphere arising from reduction at the level set ,u;l (#)

Corollary 6.3.3 For every 2 <k < n, the Lagrangian embedding
k... C (CPEH~ x CP"
of (S§1)"=k x §2k=1 js Hamiltonian nondisplaceable.

Proof By construction X . ») is the correspondence arising from the level set
of fig X -+ X up at the level (;7, ..., 757) which contains the nondisplaceable
Clifford torus 7% C CP". The projection pr(7%) = T& o Ek,....n) is the Clifford
torus Té‘l_l C CP¥=!. The Clifford tori as well as % (k,...,n) are monotone with
minimal Maslov number 2 (but this is immaterial here since 3> = 0 on the relevant
Floer complex), and the monotonicity of the pair (T é‘l_l X TH, Zk,....n)) follows
directly from the monotonicity of the factors and the torsion fundamental groups
of complex projective space. Now Corollary 6.3.2 says that the nonvanishing of
HF(TY, T%) # 0 (by [4] or Section 6.2) directly implies nonvanishing Floer cohomol-
ogy HF (Z(k,...n)» Z(k,...n)) # 0, and hence nondisplaceability.

To spell things out in this example, Theorem 5.4.1 provides an isomorphism

HE(TE X T8, Sk,..my) = HE(TE T Sk TE) = HF (T, TE) #0. O
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6.4 Gysin sequence for spherically fibered Lagrangian correspondence

In this section, we give a conjectural relation between Floer cohomology HF(L, L')
for L, L" C My and the Floer cohomology HF (Lo o L, Lo; o L) for the images in
M under a correspondence Lo; C My x M. Results of this type can be viewed
as transfer of nondisplaceability results, in the sense that nontriviality of HF(L, L’)
implies nontriviality of HF(Lgjo L, LojoL’) and hence nondisplaceability of Lgjo L
from Lg; o L’ by Hamiltonian perturbation.

In our example, the Lagrangian correspondence arises from a spherically fibered
coisotropic ¢: C — M with projection w: C — B. The image of C under ¢ X 7 is a
Lagrangian correspondence from M to B, also denoted C. Our standing assumptions
are compactness, orientability, and monotonicity, ie M, B, and C satisfy (M1)—-(M2)
and (L1)—(L2) with a fixed 7 = 0. Perutz [24] proved the following analogue of the
Gysin sequence.

Theorem 6.4.1 Suppose that the minimal Maslov number of C is larger or equal to
codim(C C M) + 2. Then there exists a long exact sequence

--+— HF(C,C) — HF(I1d) - HF(Id) - HF (C,C) — - -
where the map HF (Id) — HF (I1d) is quantum multiplication by the Euler class of 7 .

One naturally conjectures the following relative version (for example, compare the
Seidel triangle with the relative version in [32]).

Conjecture 6.4.2 Let Ly, L1 C B be a monotone pair of Lagrangian submanifolds
satistying (L1)—(L3). (Or replace (L3) by w(Lo) = w(L1).) Suppose that the minimal
Maslov number of C is at least codim(C C M) + 2 Then there exists a long exact
sequence

—)HF(L(), Ct, C, L])—>HF(L0, Ll)—>HF(L0, Ll)—>HF(L0, Ct, C,Ll)—>
where the middle map is Floer theoretic multiplication'? by the Euler class of 7 .

The compositions C o L; and Lgo C! = (C o Lg)" are clearly embedded. Hence
Conjecture 6.4.2 together with Theorem 5.4.1 implies the following.

Corollary 6.4.3 Under the same assumptions as in Conjecture 6.4.2 there exists a long
exact sequence

e.—>HF(CoLq,CoL)—HF (Lo, L{)— HF (Lo, L{)— HF(CoLqy, CoL{)—>---

12 This product is defined by counting pseudoholomorphic strips with boundary on (Lg, L;) and an
internal puncture with asymptotics fixed by a given class in HF(Ag) = H(B).
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In particular, we obtain a “transfer of nondisplaceability” result if the Euler class
vanishes.

Corollary 6.4.4 With the same assumptions as in Conjecture 6.4.2, if the Euler class
of m: C — B is zero, then HF(C o Ly, C o L) is isomorphic to two copies of
HF(Lo, Ly).

Example 6.4.5 Suppose that M is a monotone Hamiltonian G = SU(2) manifold,
with moment map ®, and ®~1(0) is an SU(2)-bundle over the symplectic quotient
M)G.

Let (Lo, L1) be a monotone pair of G —invariant Lagrangians contained in the zero
level set and with minimal Maslov number at least three. Necessarily each L; is
a principal SU(2) bundle over L;j/G C M //G. Suppose that the minimal Maslov
number of ®~1(0), considered as a Lagrangian in M~ x M/ G, is at least 5. Then
there is a long exact sequence

—)HF(L(),Ll)—>HF(L0/G,LI/G)—>HF(L0/G,LI/G)—>HF(L(),Ll)—> .

In particular, if M — M /G is a trivial G-bundle, then HF (L, L) is isomorphic to
two copies of HF(Lo/G,L1/G).
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