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A local curvature bound in Ricci flow

PENG LU

In this note we give a proof of a result which is closely related to Perelman’s theorem
in Section 10.3 of the paper The entropy formula for the Ricci flow and its geometric
applications [4].

53C44

1 Introduction
In [4, Section 10.3], G Perelman gives the following theorem.

Theorem 1.1 (Perelman) There exist €, § > 0 with the following property. Suppose
gij(¢) is a smooth solution to the Ricci flow on [0, (€79)?], and assume that at t = 0 we
have |Rm|(x) < r0_2 in B(xg, ro), and Vol B(xg, o) = (1 —8)wpry , where wy is the
volume of the unit ball in R". Then the estimate [Rm|(x,¢) < (ero) ™2 holds whenever
0 <1t < (erg)?, dist,(x, x0) < €rp.

He continues: “The proof is a slight modification of the proof of theorem 10.1, and is
left to the reader. A natural question is whether the assumption on the volume of the
ball is superfluous.”

In this note by using the idea in the proof of Perelman’s pseudolocality theorem [4,
Theorem 10.1] (see Theorem 2.1 below for the statement), we will show:

Theorem 1.2 Given n > 2 and vg > 0, there exists €y > 0, depending only on n
and vg, which has the following property. For any ro > 0 and € € (0, €] suppose
that (M™, g(t)), t €0, (ero)?], is a complete smooth solution to the Ricci flow with
bounded sectional curvature, and suppose that at t = 0 for some xo € M we have
curvature bound |[Rm|(x,0) < ry 2 for x € Bg(0)(x0.79) and volume lower bound
Volg(0)(Bg(0)(X0.70)) = vor{. Then [Rm]|(x,?) < (eoro)~2 for t € [0, (e79)?] and
X € Bg(1)(x0.€070).
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In Section 2 we will give a proof of Theorem 1.2 using two technical lemmas which will
be proved in Section 3. In Section 4 we will give two examples and a remark. The first
example shows that the curvature bound in Theorem 1.2 is false without the assumption
Volg(0)(Bg(0) (X0, 70)) = vory . The second example shows that the curvature bound
in Theorem 1.2 is false without the assumption that the Ricci flow is complete. The
remark says that Theorem 1.2 follows from Theorem 1.1 and the proof of Lemma 3.1.

2 Proof of Theorem 1.2

First we give a proof of Theorem 1.2 assuming Proposition 2.1 below. Then we will
prove the proposition.

Proposition 2.1 Given n > 2 and vy > 0, there exists €9 > 0, depending only on n
and vg, which has the following property. For any ro > 0 and € € (0, €] suppose
that (M", g(t)), t €[0, (ry)?], is a complete smooth solution to the Ricci flow with
bounded sectional curvature, and suppose that at t = 0 for some xy € M we have
curvature bound [Rm|(x,0) < r 2 for x € Bg(0)(x0,r0) and volume lower bound
Volg (0)(Bg(0)(X0,70)) = vorj. Then |Rm|(x,?) < (€oro)~2 for t € [0, (ery)?] and
X € Bg(g)(xo, e legrg).

Proof of Theorem 1.2 It suffices to prove the following statement. For the solution
g(t) in Proposition 2.1 we have

(1 Bg(1)(x0,€0r0) C Bg(o)(xXo, e"legrg)  forany t €0, (erg)?].

We will prove (1) by contradiction.

If (1) is not true, there is a point x € By (r)(X0, €070) \ Bg(0) (X0, e legrg). Let y(s),
0 < s <59, be a unit-speed minimal geodesic with respect to metric g(¢) such that
y(0) = x¢ and y(sg) = x. Then s¢ < €grg, and there is a 51 € (0, 5] such that
y(s1) € 0(Bg(0)(xo, e" leorg)) and y([0,51)) C Bg(0)(x0, e"legrg). In particular,
the length satisfies

2 L) (7lf0.s1)) = €" ' €oro.

From the curvature bound [Rm|(x,?) < (€9ro) 2 in Proposition 2.1 and the Ricci flow
equation, we have

V' ()go) <"Vl (9)lgy fort €0, (er0)*] and s € [0, 5,].

51
Hence Lg(0)(Yl[0,5,]) = / " MY (9)gqy ds < " s < e legrp.
0

This contradicts (2). Hence (1) is proved, and Theorem 1.2 is proved assuming Propo-
sition 2.1. O
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Proof of Proposition 2.1 Let g(¢) = (rg) "2g((ro)?t) be the parabolically scaling of
g(t). The proposition holds for g(¢) and rq if and only if the proposition holds for
g(¢) and ro = 1. Hence it suffices to prove the proposition for ry = 1 which we assume
from now on. We will prove the proposition for oy = 1 by contradiction argument.

Suppose the proposition is not true. Then there are n > 2, vy > 0, a sequence of
€0i — 07, a sequence of ¢; € (0, €o;], a sequence of complete smooth solutions to the
Ricci flow (Ml.”, gi (z)) , t €0, eiz], with bounded sectional curvature, and a sequence
of points xo; € M;, such that the following is true for each i:

(i) [Rmyg,;|(x,0) <1 for x € Bgi(O)(XOi’ 1).

(i1) Volgi (0)(Bgi (0) (x0i, 1)) = vy.

(iii) There are ¢; € (O,Giz] and x; € Bgi(o)(x()i,e”_leo,-) such that |Rmyg, |(x;,#;) >
)
€7 .
0i

(iv) €0 =1/(8e™1).

To get a contradiction from the existence of sequence {(M;, g;(¢))}, we need the
following point-picking statement whose proof is simpler than the proof of the point-
picking claim used by Perelman in [4, Section 10.1]. Let 4; = 1/(100n¢y;).

Claim A Fix any i, there is a point (X;, ;) € By, (0)(X0i, (24i + e Deg;) x (0, el.z]
with Q; = |[Rmyg, |(X;,4) > €57 such that
IRmg; |(x,7) < 40Q; for(x,t)e Bg,-(O)(-)_Civ A,-Qi_l/z) x (0, ;].

Proof of Claim A Let Q? = |Rmyg, | (x;, ;). If (x;, ;) from (iii) satisfies the curvature
bound of the claim, ie,

IRmyg, |(x,1) <40 for (x,1) € By, 0y (xi, 4:(0Y)72) x (0, 4],
we choose (X;, f;) = (x;i, t;) and the claim is proved.
If (x;,t;) does not satisfy the curvature bound of the claim, then there is a point

(57 1) € By (o) (xin 4i(0)1/?) x (0,11

such that [Rmy, |(in , til) > 4Q?. We compute using Q? > 66-2

dg,0)(x}, X0i) < dg, 0y (xi, x0i) + A4;(QP) 12
<e"leo; + Aicoi

< (24; +e" Heg;.

Geometry & Topology, Volume 14 (2010)



1098 Peng Lu

If (xi1 , til) satisfies the curvature bound of the claim, we choose (X;, ;) = (xi1 , Zil) and
the claim is proved.

If ()ci1 , tl.l) does not satisfy the claim, let Q} = |Rmyg;, |(in , tl.l), then there is a point
(x2.13) € By, o) (x}. 4:(0DH /) x (0.1]]

such that [Rmy, |(xl e 2) > 4Q1 We compute using Q1 > 4Q0

dg,0y(X7, X0i) < dg,(0) (X}, X01) + A'(Q')_l/2

= (en ! + Ai)eoi + A; - E01
< (24; +e" Heo;.

If (xl o 2) satisfies the curvature bound of the claim, we choose (X;,7%;) = (x 2) and
the claim is proved.

If (xl.z, Ziz) does not satisfy the claim, then there will be a point (xi3 , zl.3) and we can
continue the above process of arguments. Hence for each i either we get a finite
sequence of points {(xl ,tk )} ko Where (xl e 9) = (x;, ;) such that the claim holds
by taking (Xj, ;) = (x t 1), or there is an infinite sequence of points {(x; ,tk)} o
which satisfies the followmg Let Q = |Rmyg;, |(x¥, tX). Then for each integer k > 0

1’ l
(L) € By o (xF L 425 71?) x (0,4
such that [Rmy; |(xzCJrl k+1) > 4Qk

Now we show that for any i there can not be an infinite sequence {(xl , lk ) e from
which the claim follows. We compute

dgy () (xF 1 xo0r)
< dg; 0)(%0i, X]) + dg; 0) (57 X)) + dg; 0 (5] X7) + -+ 4 dig @) (xF . xf )
<e" leoi + Ai(Q?)_l/z + Ai(Qil)_l/2 +- 4+ Ai(Q{'C)_l/2
<e" ey + Ajegi + Ai%GOi +t Aiz%e()i
< (24; +e" Neg;,

where we have used QkJrl > 40K > 4k+1 00 > 4k+1e 2 For any fixed i, from
A; = 1/(100n€0;) and €9; < 1/(8¢"~1), we conclude that (xl W k) is in the compact
set By, (0)(X0i, 1) x [0, 6-2] for all k. On the other hand we have

hm |ng,|(x, , l)> hm 4k€01 = 00,

which is impossible. Now Claim A is proved. m|
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Let (X;,1;) be the point given by Claim A. We divide the rest of the proof of Proposition
2.1 into three cases according to the value of

A3) lim; o0f; - |RMg, |(Xi, %) = &

equals to infinite, positive finite number, or zero. We will derive contradictions in each
of the three cases.

Casel & = +o00. From Claim A and the choice of A; = 1/(100n¢€q;), by passing to
a subsequence (still indexed by i) we have

(1) G <e?,
(Lii) 1imj—oof; - [RMg, |(%;. %) = 0o,
(liii) dg, 0)(Xi, x0;) < 1/4. In particular, Bg, (0)(X;,3/4) C Bg;(0)(X0i, 1).
From the assumptions (i) and (ii) given at the beginning of the proof of Proposition

2.1 and the Bishop—Gromov volume comparison theorem there is a constant v; > 0,
depending only on n and vg, such that

Volg; 0) (Bg; (0) (xoi.1/4)) Z vy
Since the ball By, 9)(X;, 1/2) contains the ball Bg,(g)(xo;. 1/4) we have
“) Volg, (o) (Bg;(0) (Xi 1/2)) = v1.

We define a regular domain in a smooth manifold to be a bounded domain with a
C!-boundary. Recall Perelman’s pseudolocality theorem [4, Theorem 10.1] says the
following (for an expository account, see, for example, Chow et al [3, Chapter 21]).

Theorem 2.1 (Perelman) Forevery o > 0 and n > 2 there exist § > 0 and €y > 0
depending only on a and n with the following property. Let (M", g(1)), t €[0, (€r9)?].
where € € (0, €9] and rg € (0, 00), be a complete solution of the Ricci flow with bounded
curvature and let xo € M be a point such that

R(x,0) > _},0—2 for x € Bg(0)(x0.70)
and (Areag(o)(BQ))n > (1—8)cn (Volg(o)(Q))n_1

for any regular domain Q2 C By (g)(Xo, 7o), Where ¢, = n" w, is the Euclidean isoperi-
metric constant. Then we have the curvature estimate

o 1
IRm(x,?)| < — +
t  (eoro)?

for x € Bg(r)(Xo. €079) and t € (0, (€79)?].
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Let § = §p > 0 be the constant in Theorem 2.1 corresponding to o = 1. Applying
Lemma 3.1 below to metric 4g;(0) and ball Byug, (0)(Xi, 1) = Bg,(0)(Xi,1/2) we
conclude that there is a r; < 1/2, depending only on 7, §y and v; but not depending
on i, such that

-1
) (Areag, (0)(32))" = (1 —8o)en( Volg, 0y ()"
for any regular domain 2 C By, () (Xi,71).
Let r, =min{r;, 1//n(n—1)}, and let g;(¢t) = (1) "2gi((r2)%t), 0<t < (rz)_zel.z. It

follows from assumption (i) that the scalar curvature Rg, (-,0) = —1 on Bg, ) (Xi, 1).
From (5) we have

-1
(Areag, 0y (92))" = (1 —8o)en( Volg, 0y ()"
for any regular domain Q2 C Bg, (0)(Xi, 1).
For i large enough we can apply Theorem 2.1 (using & = 1) to (Bg, (0)(Xi. 1), &i (1)),
0 <t < (ry)"2€?, and conclude
Rmg, (1) <+ —

mg, |(x,1) < -+ —
' t o (rp)72€f
for ¢ € (0, (rz)_zeiz] and x € By, (1) (Xi, (r2)"'€;). Equivalently we have

1

1
|[Rmg, |(x, 1) < ? 2
l

for ¢ € (0, eiz] and x € By, (1)(Xi, €;). In particular

[u——

1
Rmg |(X;, ) <=4+ <=
|Rmyg, |(X; %) L2

\S]

€
for i large enough. This contradicts with the assumption of Case 1 that @ in (3) is
infinity.

Case2 &€ (0,00). Let 7; = 0;7;. Let g;(t) = 0;gi((0i)~'t), t €[0,7]. Let bo
be a constant bigger than (11/3)(n—1)(& + 1) 4 1 to be chosen later (see (10) below).
By passing to a subsequence we have

(21) |Rmg,|(x,7) <4 for x € Bg,(0)(Xi, 4;) and ¢ € [0, %],
(2i) [Rmg, |(¥;. %) =1,
(2ii)) |Rmg, |(x,0) < Q;! for x € Bg, (o) (Xi. 4i),

Qiv) G <a+1,5—>a, A; >2e*@=D@+Dp0 and A; — oco.
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A local curvature bound in Ricci flow 1101

Applying Lemma 3.2 to g;(¢) with b = by we get a function A;: M; x[0,%;] — [0, 1]
such that the support

— _ 11 _
Supphi(' ) [) C Bg,([) (xi’ 2b0 - _(n - l)t) C BE,‘(O)(XI.’ Al)
d
and 5 — Aé‘l(t) hl = b_zh
Recall the curvature Rmg, of Ricci flow g;(¢) satisfies

3
(& )|Rm |* < —2|Vg, Rmg, |* + 16|Rmg, |*.

Now we compute the evolution equation of /2;|Rmg, 2.

0
(3-8 ) thulRang

d d
= ((g—Ag,i)h,-)|Rm§i|2+hi((g—A§i)|Rm§i |2)—2V§ihi~V§i|Rm§i|2

10 4+/1 1/2
§b—2hi|Rm§i|2+h( 2|Vg, Rmg, [2416|Rmg, | )+—|R mg, |-h}/?| Vg, Rmg, |
0
10 16«/ W
< (b—2+64) hi|Rmg, |>~2h;|Vg, Rmg, |2+ /2|5 Rmg, |
0
10 320
< (—2+64) (hilRmg, 1)) +—-
bO bO
where we have used
|¢" (w)] V10 12
Vaihil = = = Va g (v Flg, = = =y’

and [Rmg, | <4 on supp 4;(-,). Here ¢ is the function defined in the proof of Lemma
3.2.

Let u; = h;|Rmg, |2. We have proved

0 ) (10 ) 320
——Az Ju; < + 64 Ju; + —-
&i ! l
(az b2 b§

on M; x[0,7].
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Let H; > 0 be the backward heat kernel to the conjugate heat equation on (Mj, g; (1)),
t €0, fi], centered at Xx;, ie,

d
(E+A§i _R§i) H; =0,

lim H;(x, 1) = 8.

t—>t;
Note that fMi Hi(-,t)dug, ) =1.

Now we compute
d
E /Mi ul'fli dlué\,
0 0
= /Mi o Ag; |ui | Hidpg, + /Mi “i\\ 5/ +Ag — Rg, | Hi ) dpg,
10 320
< / ((— + 64)ui + —)I'Ii dug,
M; \\ b3 b2

10 320
=|— +64 / ui Hy dig, + —-.
(ba ) h, R T

Hence it follows from a simple integration that U; (¢) = /. M; ui H; dug, satisfies

320

2
—(8(10/b0+64)t _ 1)
(10/b§ + 64)bg

(©) Us(t) < e1955+691 7, 0) +

for t €[0,%].
By the definition of 4; we have at ¢ = 1

(11/3)(n = )i;

(7) Ui(t)) = ui(Xi, 1) = ¢( by )|Rm§i (i, 5) = 1.

On the other hand we have

U,-(O)=/ hi(x,0)[Rmg, |*(x, 0) H; (x, 0) dug, (o
M;
5/ [Rmg, [2(x, 0) H; (x, 0) djug, o)
Bg; 0)(Xi»2b0)
< Qi_zf L HI(x 00 dug o)
Bz, 0)(Xi,2bo)

= 0;? /M Hi(x,0) dug, (o)
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A local curvature bound in Ricci flow 1103

where we have used support supp 4; (-, 0) C Bg,(0)(Xi,2bo) in the first inequality and
(2iii) in the second inequality. Hence we have proved

®) Ui (0) < 0; 2.
By combining (6), (7) and (8) we get

320

| < e(lo/b§+64)?,- Qi_2 I A
B (10/b% + 64)b3

(6(10/b§+64)i} — ).

Hence
9) | < e(lo/b§+64)(&+1)Q—2 + 320 o(10/b65+64)@+1)
- " (10/b2 +64)b3

Let

. 11 ~ 33(@+1)
(10) by = max ?(n—l)(a+1)+1,3e .
For such choice of by we have

320 L10/B3+68)@+1) _ >
(10/b3 + 64)b3 9

Equation (9) is impossible since Q; — co. We get the required contradiction for
Case 2.

Case3 « = 0. The proof of this case is similar to the proof of Case 2. Let = Q il
Let g;(¢t) = Q,-g,-((Qi)_ll), t €[0,%]. By passing to a subsequence we have

(3i) |Rmg,|(x,t) <4 for x € Bg,(g)(¥i. A;) and ¢ €[0,7],
(i) [Rmg, |(Xi, %) =1,
(3iii) |Rmg,|(x,0) < Q7! for x € Bg,(o)(Xi. Ai),
(Giv) 7 <1/(6(n—1)),4 — 0, A; > 4e? and 4; — co.

Applying Lemma 3.2 to g;(¢) with b = 2 we get a function /;: M; x[0,#;] — [0, 1]
such that the support

_ [ 1 _
supp hi(-,1) C Bg, () (xl',4— ?(n— l)t) C Bz, 0)(Xi, 4i)
d
and 5 — A?,(t) l’li < Ehl

Geometry & Topology, Volume 14 (2010)
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We compute

3
(3-8 ) ulRag 2
= 3—AA hi ||Rmg, |*+h; 2—AA IRmg, |* | -2V, hi-Vg, |Rmg, |2
- ot &i l &i ! ot &i &i gl g

5

< 3 hilRmg, [*+h; (=2|Vg, Rmg, [>+16|Rmg, |*)+2+/10|Rmyg, |-h;/*| V5, Rmg, |
133

< hi|Rmg, *~21;| Vg, Rmg, |*+8/1 0h}/?|Vg Rmg, |
13

< === (hi|Rmg, [*)+80,

where we have used

¢’ (w)l V10
Vgihil = === Vg g, (x. X)lg, = ~5—hy?

and |[Rmg, | <4 on supp /; (-, t). Here ¢ is the function defined in the proof of Lemma
3.2.

Let u; = h;|Rmg, |2. We have proved

9
(E—AA)ui§67u,~+80

on M; x[0,7].

Let H; > 0 be the backward heat kernel to the conjugate heat equation on (M, 2;(t)),
t €[0,1%], centered at X;. Note that sz‘ Hi(-,t)dug, ) = 1. We compute

d ad
7 /M,- uiHi dug, = / (((% Ag, ) u,-) H; dug,
< / (67u; + 80) H; dpug,
M;
= 67/ u; H; dl,Lgl. + 80.
M;
Hence it follows from a simple integration that U; (¢) = /. a; Wi Hi dug, satisfies
67t 80 67
(11 Ui(t) <e Ui(())—{-a(e —-1)

for t €[0,7].
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At t =1; we have

(12) Ui(t) = ui(Xi, ;) = ¢ IRmg, |*(x;.7) = 1.

(11/3)(n = 1)z
2
On the other hand by an argument similar to the proof of (8) we have

(13) Ui(0) < 07 2.
By combining (11), (12) and (13) we get
~_ 20 ~
67ti H—2 67t;
1<e®’iQ; —I—a(e 1),
This is impossible since #; — 0 and Q; — co. We get the required contradiction for
Case 3.

Now we have finished the proof of Proposition 2.1 modulo the proofs of Lemmas 3.1
and 3.2. i

3 Proof of two technical lemmas

In the proof of Proposition 2.1 we have used the following two lemmas. Intuitively
the first lemma says that if a ball of radius 1 has bounded sectional curvature and is
volume noncollapsing, then the isoperimetric constant on small certain size ball is close
to the Euclidean one. Note that the next lemma and essential the same proof are also
given by Wang [5].

Lemma 3.1 Givenn>2, vy >0 and §y > 0, there is r > 0, depending only on n, v,
and 8y, which has the following property. Let B (xg, 1) be a ball in a Riemannian
manifold (M", g) which satisfies the following:

() The closed ball B(xg, 1) is compact in M .
(II) The Riemann curvature |Rm| <1 on B(xg, 1).

() The volume Vol(B(xq, 1)) = vg > 0.

Then we have
(14) (Area(d))" = (1—8o)cn(Vol(2))" ™!
for any regular domain Q2 C B (xq, ). Here ¢, = n"w, is the isoperimetric constant

for Euclidean space.
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Proof Step 1 (Injectivity radius bound) Under the assumption of Lemma 3.1, by a
theorem of Cheeger—Gromov—Taylor [2, Theorem A.7] there is a ¢y > 0 depending
only on 7 and vo such that the injectivity radius inj, = to.

Step 2 (Metric tensor on ball B(xg,1)) Let x = (x?) be the normal coordinates at
Xg. It follows from a result of Hamilton (see Cao et al [1, Theorem 4.10, page 308])
that for any & > 0 there is A9 = A (7, &) such that metric tensor

(15) (I—2)(8ij) = (gij) = (1 +)(8ij)
for |x| < Ag. Note that (§;;) is the Euclidean metric in the coordinates (x%).
Step 3 (Approximation argument) Let r==min{i,Ao} and let exp, : B(r) —

B(x¢,r) be the exponential map. exp,, is a diffeomorphism. Now we consider
a regular domain  C B (xg, 7). We compute

Volg () = fg Vdet(gij)-dx' - dx"
5/ \/(1+8)”det(5ij)-dx1---dx”
(expy,) "' Q

=1+ g)n/Z VOlEuc((epro)_l Q).

Let {Oa}Z;ll be an orthonormal frame of (€2, (§;j)|sq) at some point x and let {6}
be the dual frame. The area form do(yq,(5;,)(yg) 2t X is given by 07 A--- A6, . The
area form do(yq ¢|,.) at X is given by

Nag

V4 (Ba, 0 rtynry 07 A+ A B

We can estimate

\/det(g(ea, ) (n—1)x(n—1) = \/(1 — €)1 det((8:)(Bar 0p)) = (1 — )12,
hence

Areag|,, (082) = /m Ao .gl50)

> 1—g)n=D/2g 1) (5,
= /a((expxo)_l Q)( £) T (((exPg) ™ D611 i -1 50

= (1—&)™™D/2 Areap,(d((expy,) ' Q).

Geometry & Topology, Volume 14 (2010)
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Now we compute
(Areag|,, ()" _ ((1—&)@=1/2 Areag, (3((exp,,) ' R)))"
(Volg ()" ((1 + £)"/2 Volgue((expy,) 1))
1 —g\ 0 Dn/2 (Areagy (3((expy,) 19)))"
(1 + 8) . (Volguc((expy, )~ 1Q))" !

(1_8)(71—1)11/2
> Cn.
1+¢

Given 6y we choose ¢ such that

l—e (n—1)n/2
=14y,
1+¢

which in turn requires us to choose the corresponding Ao (7, €) to ensure (15). Then
Lemma 3.1 holds for » = min{tg, Ao }. O

A%

The second lemma is about the existence of an auxiliary function.

Lemma 3.2 Let (M",g(t)), t € [0,7], be a solution of the Ricci flow. Let b be
a constant bigger than (11/3)(n — 1) + 1 and let A be a constant bigger or equal
to 2¢*®=D1p  We assume that closed ball Bg(0)(X,A) C M is a compact subset
and that |Rm|(x,7) < 4 for (x,1) € Bg(g)(X, A) x [0,7]. Then there is a function
h: M x[0,7]— [0, 1] such that for each t € [0,7] the support

supp /1(+,1) C Bg(r)(X,2b —(1 1/3)(n — 1)t) C Bg(o)(X, A)
3
and (E — Ag(t)) h < 2 h
on M x[0,7].

Proof Let ¢: R — [0, 1] be a smooth function which is strictly decreasing on the
interval [1, 2] and which satisfies

1 ifs € (—oo, 1],
(16) )= {0 if s €[2, 00),
and
(17a) (@' ()* = 10 (s),
(17b) ¢"(s) = —10¢(s)
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for s € R. We define for any ¢ € [0, T']

hx 1) =¢(%)

where a and b are two positive constants to be chosen. Note that supp i(-,7) C
Bg(t)(f 2b—at).

By the curvature assumption we have Bg(;)(X, e —4(n— 1)tA) C Bg(0)(x, A) forr€[0,1 1].
We choose 2b < e=4=17 4 5o that supp /i (-.1) C Bg(g) (X, 4).

Let w(x,?) = (dg()(x,X) +at)/b. We compute

9
(5 - Ag(z))h

¢ (bw) ((E — Ag(t)) dg(t)(x,)_c) —I—a) ('b ( {Vg(,)dg(,)(x x){g(t)

0
¢ Zw) ((a_ — Ag(t)) dg(t)(x’ )_C) + a) b2 — h.

Choosing a such that af < b —1, then for x € Bg)(x,1) or x €supph(-,t) we have
¢’ (w)(x, 1) = 0, hence for such x we have

9
—_A _—
(az g(”)h e

For x ¢ Bg(;) (X, 1) and x € supp /i(-,1), we use [4, Lemma 8.3(a)] with 7o = 1 and
K =4 and get

9 _
(5 - Agm) dg(n)(x. X)

_(n—l)( Krg + 1)z—%(n—l).

=ty

By choosing a = %(n —1) and using ¢’(w) < 0 we obtain

0 0
(2 sg0)i= 2

The lemma is proved. O

4 Two examples

In this section we give two example showing that neither the volume lower bound
assumption nor the completeness assumption in Theorem 1.2 can be dropped.
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Let r be an arbitrary positive constant in (0, 1]. Let g2 be a Riemannian metric on
a topological sphere X2 which contains a round cylinder S'(r) x[—1, 1] of radius r
and length 2. We have Vol 0(2) > 4r. We assume volume Vol o(E) <20r. Let
(22,g,()), t€[0,T,), be the maximal solution of the Ricci ﬂow with gr(0) =

Then the blowup time

1 1 5
T, = - Vong(E) € (Er Er:| .
Let p € S'(r). Then x¢ = (p,0) is a point in X. For any €y we can choose r small
enough so that 7, < €g. Clearly we have |Rmyg, |(x,0) = 0 for x € By, (9)(x0,1) and
Volg, (0)(Bg, (0)(x0,1)) < 4mr. For any € € ((1/2)r, T;), should the conclusion of
Theorem 1.2 hold for g, (¢) when r is small enough, we would have |Rmyg, |(x¢,€) <
€ 2. Since e is arbitrary, we have lim,_, 7, |[Rmg, |(xo,?) < € 2 However it is well-
known that the limit should be infinity. Hence Theorem 1.2 does not hold for g, (¢).
By taking the product of (X2, g,(¢)) with flat torus we get high dimensional examples.

The second example is a simple modification of the previous example, the idea of
construction is due to Peter Topping (unpublished work). Let

O:Rx(-1,1)=>S'(r)x(-1,)Cc =

be the standard universal cover map. Then (R x (—1, 1), ®*g,(¢)) is a incomplete solu-
tion of the Ricci flow. Clearly we have [Rmcp* gr| (x,0) =0 for x € Bgsg,(0)((0,0), 1)
and Volg+ g, (0)(Bo*g,(0)((0,0),1)) = . Arguing as in the previous example we
conclude that Theorem 1.2 does not hold for ®*g, (z) with the ball center being (0, 0)
when r is small enough.

Finally we make a remark. It follows from the proof of Lemma 3.1 that under the same
assumption as the lemma there is a 7 € (0, 1], depending only on 7, vy, and &g, such
that

Vol (B(x¢,7)) > (1 —68¢)w,7".

We need to switch the notation below. Denote the ¢ in Theorem 1.1 by r; and denote
the ro in Theorem 1.2 still by ry. Let 8o to be the § in Theorem 1.1. Let g(¢)
be a solution of the Ricci flow satisfying the assumption of Theorem 1.2. Then the
assumption of Theorem 1.1 holds for g(¢) with r; = ro7, hence by Theorem 1.1 we
get a curvature bound which is essentially equivalent to the curvature bound given by
Theorem 1.2. The reason why we do not use Theorem 1.1 and the proof of Lemma 3.1
to give a more direct proof of Theorem 1.2 is that at the time of writing this note the
author is not aware of a detailed proof of Theorem 1.1 in the literature.
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