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Bounds on exceptional Dehn filling II

IAN AGOL

We show that there are at most finitely many one cusped orientable hyperbolic 3–
manifolds which have more than eight nonhyperbolic Dehn fillings. Moreover, we
show that determining these finitely many manifolds is decidable.

57M50; 30F40

1 Introduction

Thurston demonstrated that if one has a hyperbolic knot complement, all but finitely
many Dehn fillings give hyperbolic manifolds [46]. The example with the largest
known number of nonhyperbolic Dehn fillings is the figure-eight knot complement,
which has 10 fillings which are not hyperbolic. Call a Dehn filling exceptional if it is
not hyperbolic. Previous authors have distinguished between hyperbolike manifolds,
which are atoroidal and aspherical, and hyperbolic manifolds, defining an exceptional
filling to be one which is not hyperbolike. But by the geometrization theorem [39;
40; 28; 35; 16], a manifold is hyperbolic if and only if it is hyperbolike, so we need
no longer make this distinction. Bleiler and Hodgson [7] showed that there are at
most 24 exceptional Dehn fillings, using Gromov and Thurston’s 2� –theorem and
estimates on cusp size due to Colin Adams [1]. We made an improvement on the
2� –theorem [3], independently discovered by Lackenby [29], and used improved lower
bounds on cusp size due to Cao and Meyerhoff [15], to get an upper bound of 12
exceptional Dehn fillings. In this paper, we show that there are at most finitely many
one cusped hyperbolic manifolds which have exceptional Dehn fillings r1; r2 such that
�.r1; r2/ > 5 (where �.r1; r2/ denotes the intersection numbers of the slopes of the
Dehn fillings). This theorem is sharp, in that the .�2; 3; 8/ pretzel link complement W 0

admits two exceptional Dehn fillings r1; r2 with �.r1; r2/D 5. By hyperbolic Dehn
filling the other cusp of W 0 , we see that there are infinitely many 3–manifolds with
�.r1; r2/ D 5. This theorem implies that there are only finitely many one cusped
hyperbolic 3–manifolds with more than 8 exceptional Dehn fillings, since there can
be at most 8 curves on a torus with �.r1; r2/� 5. We also prove the existence of an
algorithm which will determine the manifolds which have �.r1; r2/> 5 for exceptional
Dehn fillings r1; r2 , and therefore which manifolds may have more than 8 exceptional
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Dehn fillings. It is conjectured that there are only four orientable hyperbolic manifolds
with two exceptional Dehn fillings r1; r2 so that �.r1; r2/> 5. These manifolds are the
Dehn fillings W .�1/;W .5/;W .5=2/ and W .�2/ on one component of the Whitehead
link complement W , and are conjectured by Gordon to be the only such examples
[23, Conjecture 3.4]. Of these four examples, only the figure eight knot complement
W .�1/ has more than 8 exceptional Dehn fillings. It is conjectured that there are only
finitely many one cusped hyperbolic 3–manifolds with more than 6 exceptional Dehn
fillings; see Kirby [27, Problem 1.77].

Remark In the process of preparation of this manuscript, Lackenby and Meyerhoff
gave a proof that a one cusped hyperbolic 3–manifold has at most 10 exceptional Dehn
fillings [30]. They also prove that the distance between exceptional fillings is at most 8.
Their approach uses extensive computation based on Gabai, Meyerhoff and Milley [20],
as well as some improved estimates on lengths of slopes of exceptional Dehn fillings
under certain geometric hypotheses. Our results imply that it ought to be possible to
continue the computational approach even further.

Our theorem depends on results of Anderson, Canary, Culler and Shalen [5] which
have been subsequently strengthened by a culmination of various results in Kleinian
groups. In particular, we use the result that Kleinian groups are limits of geometri-
cally finite Kleinian groups (proved independently by Ohshika [37] and Namazi and
Souto [36]), which depends on the classification of Kleinian groups, including the
tameness conjecture proved by the author [2] and Calegari and Gabai [14] (see also
Soma [44] and Bowditch [10]) and the ending lamination conjecture proved by Brock,
Canary and Minsky [12; 34], and generalizes many previous results on density of
geometrically finite Kleinian groups in the space of Kleinian groups by Brock and
Bromberg [13; 11], going back to work of Jørgensen on the space of punctured torus
groups [26] and Thurston’s double limit theorem [45; 38]. We remark that these
arguments depend on the ending lamination conjecture for general Kleinian groups,
which has been claimed by Brock, Canary and Minsky and is treated in the preprint
of Bowditch [9] based on their approach. The key geometric consequence that we
make use of is the following result stated in Theorem 3.4: if a maximal horocusp in an
orientable hyperbolic manifold has volume < � � � for � > 0, then the volume of the
manifold is uniformly bounded as a function of � .
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2 Background and definitions

Let N be a hyperbolic 3–manifold. Then N Š H3=� where � Š �1.N / is a
discrete torsion-free subgroup of Isom.H3/, with pW H3 ! N the covering map.
We will assume that the reader is familiar with Margulis’ constant � and the thick-
thin decomposition in the case of hyperbolic 3–manifolds; see Thurston’s notes [46,
Chapter 5] for an introduction to this. The following definitions are needed only for part
of the proof of Lemma 3.2. If g is a loxodromic isometry of hyperbolic 3–space H3 ,
we shall let Ag denote the hyperbolic geodesic which is the axis of g . The cylinder
about Ag of radius r is the open set Zr .g/ D fx 2 H3 j dist.x;Ag/ < rg. If C is
a simple closed geodesic in N then there is a primitive loxodromic isometry g 2 �

with p.Ag=hgi/D C . For any r > 0, the projection p.Zr .g/=hgi/ of Zr .g/ under
the covering projection is a neighborhood of C in N . By the Margulis lemma, for
sufficiently small r > 0 we have

fh 2 � j h.Zr .g//\Zr .g/¤∅g D hgi:

Let R denote the supremum of the set of r for which this condition holds (R depends
on C ). We define tube.C /DZR.g/=hgi to be the maximal tube about C . A set U is
said to be precisely invariant under the group � if for every g 2 � , either g.U /D U

or g.U /\U D∅, which is equivalent to saying that U= stab.U / embeds in H3=� .
Then tube.C / is the largest precisely invariant tube about C .

There is a similar situation when we have a maximal parabolic subgroup P < � .
We define an open horoball to be a subset of H3 isometric to f.z; t/ j z 2C; t > 1g,
where H3 D f.z; t/ j t > 0g �C �R is the upper half-space model of the hyperbolic
3–space. By the Margulis lemma there is an open horoball zH � H3 so that P D

fg 2 � j g. zH/D zHg. Choose zH maximal subject to the condition that fh 2 � j
h. zH/\ zH¤∅g D P (that is, zH is a maximal precisely invariant horocusp for � such
that stab. zH/DP ). Then we call p. zH/DHŠ zH=P a maximal horocusp. If P ŠZ2 ,
then H Š S1 � S1 �R, and if P Š Z, then H Š S1 �R2 . Since H is maximal
subject to this condition, there exists  2 � �P so that  .@ zH/\ @ zHD x . We may
assume that � is normalized by a conjugation so that P fixes 1, and @ zH is a plane
of height one, so that  . zH/ is a ball of height 1. Note that �1.@ zH/\ @ zHD �1.x/

will also be a point of tangency. Then �1. zH/ is also a horoball of height one call the
Adams horoball [1] (see Figure 1). We will call the group BDhP;  i a bicuspid group
(see Agol, Culler and Shalen [4, Lemma 6.2]), so called because it corresponds to a
point in H3 where the closure of two maximal horoballs meet, corresponding to two
preimages of a neighborhood of a cusp of N . In this paper, when Z2ŠP , we will use
the notation P D h˛; ˇi, where ˛; ˇ are parabolic elements. Then B is free bicuspid
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Figure 1: A bicuspid group associated to a maximal horocusp

if B Š P � h i Š Z2 �Z. For any cusp of N with associated maximal horocusp H ,
there will be finitely many bicuspid subgroups of � up to conjugacy in one-to-one
correspondence with the � orbits of points x 2H3 so that x D  .@ zH/\@ zH for some
 2 � �P . One may think of each of these points as “self-tangencies” of @H .

Here we develop a normalization for the generators of the bicuspid group B which
will be used in examples and in the proof of Theorem 5.5. Let N DH3=B . We have
AD Area.@H/D 2Vol.H/. As mentioned in the previous paragraph, we assume that
zH is normalized to be centered at 1 and to have height 1 in the upper half-space

model. The generators ˛; ˇ of P translate by complex numbers a; b 2C in @ zHDC ,
which has the standard Euclidean metric induced from the hyperbolic metric of H3 .
We may assume the generators for the parabolic subgroup P are chosen so that ˛
represents the shortest closed path in @H , and ˇ the next shortest path, by choosing
b=a to lie in the standard fundamental domain for the moduli space of tori. Also, since
˛ . zH/\  . zH/D∅, we must have jaj � 1 (this is an observation of Adams [1]; see
Figure 1). Moreover, by the normalization, jbj � 2A=

p
3 as follows from an analysis

of the fundamental domain of moduli space. Conjugating B by a parabolic or elliptic
element fixing 1, and taking �1.1/ to 0, we may normalize ˛; ˇ;  as elements in
SL2C such that zH is the horoball centered at 1 of height 1,  .0/D1, and

(1) ˛ D

�
1 a

0 1

�
; ˇ D

�
1 b

0 1

�
;  D

�
c �1

1 0

�
;

where 1 � jaj � jbj � 2A=
p

3. Further multiplication of  on the left by elements
of P allows us to assume that c lies in a fundamental domain for the action of P

on C consisting of points closest to 0, and therefore that jcj � jbj (this requires a bit
of analysis of fundamental domains of tori, but is not hard to show, and the precise
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estimate is not important for our argument). We will denote the parameter space by

(2) PA D f.a; b; c/j1� jaj � jbj � 2A=
p

3; jcj � jbjg:

3 Maximal embedded cusps of hyperbolic manifolds

The following result generalizes [25, Theorem IV.4.1] to Kleinian groups with cusps.
This lemma is used in the proof of Lemma 5.3. One could give a purely topological
proof, but we choose to make use of some Kleinian group theory.

Lemma 3.1 If Q is a bicuspid group of infinite covolume, then Q is free bicuspid.

Proof Since H3=Q has infinite volume and is finitely generated, there is a compact
3–manifold with boundary N such that H3=QŠ int.N / (by tameness [2; 14]). Also,
ˇ1.N /D ˇ1.Q/� 3. Since bicuspid groups are nonelementary, �.N / < 0. Thus N

has a boundary component T which is a torus, and a boundary component † with
�.†/ < 0. By half-lives, half-dies, † must be a genus 2 surface, since ˇ1.T /C

ˇ1.†/� ˇ1.@N /� 6. The space of characters X of discrete faithful representations
of �1.N / ! PSL.2;C/ has complex dimension 3 (see Bers [6] and Marden [32,
Theorem 10.8]). We also see that this is the dimension of the variety of characters of
Z2 �Z which are rank 2 parabolic on Z2 . But the character variety of N must be a
subvariety of the same dimension, which means that �1.N / must have no relations
among the bicuspid generators, and is therefore free.

The following geometric result is made possible by recent advances in Kleinian groups,
and generalizes [4, Lemma 4.3].

Lemma 3.2 Let h˛; ˇ;  i be a free bicuspid group, with maximal horocusp H . Then
Vol.H/� � .

Proof To prove the theorem, first we approximate Q by geometrically finite groups
Qi such that Qi D h˛i ; ˇi ; ii and such that ˛i ! ˛; ˇi ! ˇ; i !  . Denote by
Ni D H3=Qi the hyperbolic manifold which is homeomorphic to the interior of a
compression body which is the boundary connect sum .T 2 � I/q .S1 �D2/Š xNi .
Denote Si to be the torus boundary component of xNi . In fact, one may assume that
in the groups Qi , the only parabolic elements are conjugate into h˛i ; ˇii. This is
possible by the fact that geometrically finite groups without rank one parabolics are
dense in the space of all Kleinian groups in the algebraic topology [37, Theorem 1.1;
36, Theorem 1.1]. We may assume that Ni contains a maximal embedded horocusp
neighborhood Hi such that Vol.Hi/! Vol.H/.
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Next, we proceed as in Lemma 4.3 of [4]. Suppose that .Pj / is an infinite sequence of
distinct hyperbolic manifolds obtained by Dehn filling Ni along Si using Thurston’s
hyperbolic Dehn surgery theorem for geometrically finite manifolds (see Bonahon and
Otal [8] or Comar [17]). Then �1.Pj / is free two generator, and the manifolds .Pj /

converge geometrically to Ni . Moreover, the core curve of the Dehn filling Pj of Ni

is isotopic to a geodesic Cj in Pj . The length Lj of Cj tends to 0 as j ! 1;
and the sequence of maximal tubes .tube.Cj //; j � 1 converges geometrically to Hi .
In particular limj!1Vol.tube.Cj // D Vol.Hi/. According to [4, Corollary 4.2],
since �1.Pj / is free, log 3 is a strong Margulis number for each of the hyperbolic
manifolds Pj . It therefore follows from [5, Corollary 10.5] that Vol.tube.Cj //>V .Lj /,
where V is an explicitly defined function such that limx!0 V .x/D� . In particular, this
shows that Vol.Hi/� limj!1 V .Lj /� � . Now, since Hi converges geometrically
to H , we conclude that Vol.H/� � .

Remark The estimates of [5] depend on a paradoxical decomposition argument for a
2–generator free group acting on H3 given in [19]. We believe that it should be possible
to give a more direct argument for the previous lemma by analyzing an appropriate
generalization of the paradoxical decomposition for free bicuspid groups.

Example Consider the group � D h˛; ˇ;  i, where

˛ D

�
1 4

0 1

�
; ˇ D

�
1 1C i

p
3

0 1

�
;  D

�
2 �1

1 0

�
:

One may show that this group is free as follows. Consider the geodesic planes in the
upper half space model of H3 bounding the circles fjz�cjD 2 j c 2Z2CZ.1Ci

p
3/g,

and cut out the open half-spaces disjoint from 1 bounded by these planes to obtain a
region R�H3 . These bounding circles have two orbits under the group h˛; ˇi, with
representatives at centers cD 0; 2, and thus R=h˛; ˇi will be homeomorphic to T 2�R
with two geodesic disks in its boundary. Under the map  , the circle jzj D 2 is sent to
the circle jz� 2j D 2, and therefore  maps the corresponding planes bounding these
circles to themselves. Thus, N DH3=� is obtained from R=h˛; ˇi by gluing the two
geodesic planes in the boundary using the identification given by  . This has the effect
of adding a handle onto T 2�R, and therefore N is homeomorphic to the interior of a
compression body with fundamental group identified with � Š h˛; ˇi � h i. Thus, we
see that � is free bicuspid. If zH is the horosphere centered at 1 of height one in H3 ,
then zH=h˛; ˇi embeds as a cusp H�N , since it is disjoint from the geodesic planes
given above. We have Vol.H/D 2

p
3D 3:46 : : :. Thus, the bound given in Lemma

3.2 is fairly close to optimal.

Here is another way to find free bicuspid groups.
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Lemma 3.3 Let M be an orientable hyperbolic 3–manifold with a maximal horocusp
H and an associated bicuspid subgroup B < �1.M /. If rank H1.M IZ=pZ/ � 4,
where p is prime and

(1) M has one cusp and p > 3 or

(2) M has at least two cusps and p � 2,

then B is free bicuspid, and therefore Vol.H/� � .

Proof This essentially follows from the arguments of [4, Lemma 4.3, Proposition 5.3,
Proposition 6.3]. First, assume that M has 4 or more cusps, or rank H1.M IQ/� 4.
Then there exists a map �W �1.M /!Z4 . As rank B=ŒB;B�� 3, rank�.�1.B//� 3,
and therefore B has infinite index in �1.M /. Thus, B is free bicuspid (see Lemma 3.1).

Now suppose that rank H1.M IZ=pZ/�4, and we have a map �W �1.M /!.Z=pZ/4 .
Then rank�.B/� 3, so there exists a map �1.M /! .Z=pZ/4=�.B/!Z=pZ. Take
the kernel of this map to get a p–fold cover �M !M such that B � �1. �M /. Under
the hypotheses of the theorem, �M has at least 4 cusps, and by the previous paragraph,
B must be free bicuspid. Then Vol.H/� � by Lemma 3.2.

We did a search of manifolds in the SnapPea census [47], and found that the manifold
M D v1902 has an embedded cusp of volume 3:238 : : :. Moreover, the bicuspid group
associated to v1902 is free. One may see this by finding an irregular 3–fold cover�M !M (cover 8 in SnapPea’s notation) which has 3 maximal cusps with the same
volume as M , and has H1. �M / D Z3 C Z=3Z (see Figure 2). It follows that the
bicuspid subgroup of �1M is free, since it lifts to �1

�M , and any bicuspid subgroup
of �1

�M is free by Lemma 3.3 since rank H1. �M IZ=3Z/D 4.

In fact, there will be an optimal constant � �R< 3:238 : : : such that the quotient mani-
fold of every free bicuspid group will have an embedded horocusp H with Vol.H/�R.
It is an interesting question to obtain better upper and lower bounds on R. The following
theorem will be reproved in Section 5; however we include this proof here as it is a
bit more direct than the argument of Theorem 5.5. The following theorem would hold
with R replacing � .

Theorem 3.4 For � > 0, there exists a constant V .�/ such that if N is an orientable
hyperbolic 3–manifold with a maximal horocusp H with Vol.H/ < � � � , then
Vol.N / < V .�/.
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Figure 2: Pattern of horoballs in H3 for the manifold v1902 3–fold cover 8
from the SnapPea census with cusp volume 3:238 : : :

Proof Let Q < �1N be a bicuspid subgroup corresponding to the maximal horo-
cusp H . First, suppose that Q is a free product QD h˛; ˇi�h i Š .ZCZ/�Z. Then
Vol.H/� � by Lemma 3.2, contradicting the assumption that Vol.H/ < � � � .

Thus, we may assume that Q is not a free product. Then Q must be indecomposable,
and in fact H3=Q must be finite volume, by Lemma 3.1. We get a contradiction in this
case by taking a geometric limit. Suppose we have �j <PSL.2;C/ with Nj DH3=�j ,
such that Vol.Nj /!1 and maximal bicuspid subgroups Qj < �j , such that Qj is
not free bicuspid and Vol.Hj / < ��� , where Hj is a maximal cusp of H3=Qj . Then
Vol.H3=Qj / <1 by Lemma 3.1, so Œ�j W Qj � <1. Normalize Qj as a standard
bicuspid group with Hj �H3=Qj the maximal cusp, and with self-tangency point of
xj 2 @Hj �H3=Qj as in Equation (1).

(3) j̨ D

�
1 aj

0 1

�
; ǰ D

�
1 bj

0 1

�
; j D

�
cj �1

1 0

�
;

where we assume that the generators are normalized so that .aj ; bj ; cj / 2 P2� .

Since by the Margulis lemma the injectivity radius inj.xj / is bounded below, we
may take a subsequence jk such that .H3=Qjk

;xjk
/ converges geometrically to

.M1;x1/, where H1 �M1 is a maximal cusp with self-tangency point x1 and
Vol.M1/D1, and so that .ajk

; bjk
; cjk

/ converges to a point .a1; b1; c1/ 2 P2� .
We are using the standard fact here that the algebraic limit of a sequence of groups
is a subgroup of the fundamental group of the geometric limit (or perhaps the limit
in the Chabauty topology). Then Qj converges algebraically to a bicuspid subgroup
h˛1; ˇ1; 1i DQ1 < �1.M1/ such that H1 lifts to a maximal cusp in H3=Q1
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and Vol.H3=Q1/ D 1 . By Lemma 3.1, Q1 Š .ZC Z/ � Z, so that Q1 is a
free bicuspid group. The cusps Hj !H1 in the Gromov–Hausdorff topology. Since
Vol.H1/� � by Lemma 3.2, we see that there is k such that Vol.Hjk

/ > � � � . This
gives a contradiction, so we see that the assumption that Vol.H3=Qj /!1 is false,
and thus there exists V .�/ such that Vol.Nj / < V .�/.

Remark A similar argument to the previous theorem shows that there is a constant V

such that if M is a hyperbolic 3–manifold with Margulis constant < log 3, then
Vol.M / < V by applying [19]. It would be interesting to get some idea of the
distribution of Margulis constants < log 3.

4 Exceptional Dehn fillings

In this section, we prove the main theorem of the paper.

Theorem 4.1 There are only finitely many one cusped orientable hyperbolic 3–mani-
folds of finite volume N such that N has two exceptional Dehn fillings a1; a2 so that
�.a1; a2/ > 5.

Proof Fix some � < � � 3. If Vol.N / � V .�/, where V .�/ is the constant from
Theorem 3.4, then N has a maximal horocusp H � N so that Vol.H/ � � � � > 3.
Then Area.@ xH/ > 6. It was proven by Agol [3, Theorem 6.2] and Lackenby [29,
Theorem 3.1] that if a is a slope such that xN .a/ is an exceptional Dehn filling, then
l.a/ � 6. Thus by the proof of [3, Theorem 8.1], if a1; a2 are two slopes on @ xN so
that xN .ai/ are exceptional Dehn fillings, then �.a1; a2/� 62=Area.@ xH/ < 6. Thus,
N does not violate the theorem.

Suppose the theorem is false. Then there is an infinite sequence of orientable one cusped
hyperbolic 3–manifolds .Ni/i2N such that i !1 and Ni has two exceptional Dehn
fillings of distance >5. By the previous paragraph, we may assume that Vol.Ni/<V .�/.
Let Hi be a maximal cusp neighborhood in Ni . By [46, Theorem 5.12.1], we may
choose a subsequence J �N and an orientable hyperbolic 3–manifold M with � 2

rank two cusps so that each Ni ; i 2J is obtained by hyperbolic Dehn filling on M , and
Ni converges to M in the Gromov–Hausdorff topology. Moreover, M has a distin-
guished cusp with maximal cusp neighborhood H such that as i !1; i 2 J , Hi!H
in the Gromov–Hausdorff topology. In fact, since Vol.H/ � � � � , we may assume
that M has at most three cusps, by Lemma 3.3. This observation is not necessary
for the proof, but makes the notation of the proof simpler. By [22, Theorem 1.3], the
distance between exceptional filling slopes on the cusp H of M is � 5.
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Let @ SM D T0 [T1 [T2 , where T0 corresponds to H . For slopes qj 2Q[1[�,
j D 0; 1; 2, let M.q0; q1; q2/ be Dehn filling on the boundary component Ti with
slope qi , where the � denotes that the boundary component is unfilled. Let Ni D

M.�; qi;1; qi;2/, i 2 J . For each 0 � j � 2, there is a finite subset Ej �Q[1 so
that if qj …Ej , then M.q0; q1; q2/ is hyperbolic [46, Theorem 5.8.2]. For i 2 J large
enough, qi;j …Ej , for j D 1; 2. This implies that the only nonhyperbolic Dehn fillings
on Ni must correspond to a subset of the slopes E0 . Let Eh�E0 be such that t 2Eh

if and only if t 2 E0 and M.t;�;�/ is hyperbolic. For t1; t2 2 E0 �Eh , we have
�.t1; t2/ � 5 by [22, Theorem 1.3] as noted above. For each slope t 2Eh there are
finite subsets Et;j �Q[1 so that M.t; q1; q2/ is hyperbolic if qj …Et;j (again by
[46, Theorem 5.8.2]). Let Fj DEj [t2Eh

Et;j . Then if qi;j … Fj and t 2Eh , then
Ni.t/ is also hyperbolic. Therefore, we see that for i large, the distance between two
exceptional slopes of Ni is at most 5. This gives a contradiction to our assumption
that there is a sequence of manifolds contradicting the theorem with volumes bounded
by V .�/, thus proving the theorem.

Corollary 4.2 There are only finitely many one cusped orientable hyperbolic 3–
manifolds of finite volume N such that N has > 8 exceptional Dehn fillings.

Proof By [3, Lemma 8.2], if the distance between exceptional Dehn fillings is � 5,
take the next largest prime and add one, to conclude there are at most 8 exceptional
Dehn fillings on N .

5 An algorithm to find exceptional Dehn fillings

We would like to classify the finitely many manifolds with two exceptional Dehn
fillings of distance > 5 given by Theorem 4.1. Since the proof of Theorem 3.4 is by
contradiction, it’s not clear that there is a procedure one could run which would for a
given � identify all of the manifolds which have an embedded cusp of volume <�� � .
Thus, we must devise a method to classify manifolds with a small volume cusp. This
is similar to the procedures implemented in [21; 20], which find manifolds with small
radius tubes around a short geodesic, or small volume cusped manifolds. We modify
their approach to show that finding the manifolds with exceptional fillings in Theorem
4.1 and Corollary 4.2 is decidable. First, we need some preliminary results.

Theorem 5.1 Given a finite volume hyperbolic 3–manifold M , there is an algorithm
which will determine the set of all exceptional Dehn fillings on M for which any proper
sub–Dehn filling is hyperbolic.
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Proof We approximate the hyperbolic structure on the cusped manifold well enough
to determine the area and modulus (for example using interval arithmetic ) of simultane-
ously embedded equal sized horocusp neighborhoods of all the cusps, up to some small
error. This uses the algorithms to compute Ford domains in Riley [42], Hildebrand and
Weeks [24] and SnapPea [48] (see also Manning [31]). We determine which slopes on
each cusp have length � 6, and therefore could lead to nonhyperbolic Dehn fillings by
[3; 29]. We perform all of the Dehn fillings along these short slopes, determining which
ones result in hyperbolic manifolds using the algorithms described in [42; 48; 31], then
repeat. At each stage we get hyperbolic manifolds with fewer cusps, and so this process
eventually terminates with a finite collection of cusped hyperbolic manifolds along
with a finite collection of slopes associated to each cusp, so that every exceptional
Dehn filling on M is obtained by Dehn filling on one of the slopes associated to one
of the members of this finite collection.

Lemma 5.2 Let N be a hyperbolic 3–manifold, and R�N be a connected region,
such that imf�1.R/! �1.N /g is elementary. Then Vol.R/� 1

2
Area.@R/.

Proof This follows from the isoperimetric inequality for H3 plus the fact that the
image of �1R in �1N is amenable. Alternatively, one may also use the method of
[41, Lemma 3.2, Theorem 4.1], which is essentially a calibration argument.

Lemma 5.3 Suppose QD h˛; ˇ;  i is a (discrete torsion-free) bicuspid group which
is not free. Let N DH3=Q. Let w.x;y; z/ 2 .hxi� hyi/� hzi be a cyclically reduced
word, such that w.˛; ˇ;  /D 1 2Q. Let d.w/ be the number of occurrences of z˙1

in the word w . Then Vol.N /� �.d.w/� 2/.

Proof This result generalizes [18]. Consider the word w D q1z�1q2z�2 � � � qkz�k ,
where we assume that �i ¤ 0, and qi 2 hxi� hyi� f1g. Then d.w/D

Pj
iD1
j�i j. Let

w0D 1, and for k D 1; : : : ; d.w/, let wk.x;y; z/ be a prefix of w so that d.wk/D k

and wk ends in z˙1 (thus wd.w/ D w ). Thus wk�1 is a prefix of wk such that
w�1

k�1
wk D qz˙1 for some q 2 hxi� hyi. Then we may find a string of geodesics gk ,

k D 1; : : : ; d.w/ in H3 so that gk connects wk�1.˛; ˇ;  /.1/ and wk.˛; ˇ;  /.1/,
and so that gd.w/ connects wd.w/�1.˛; ˇ;  /.1/ to 1Dw.1/. We may find a map
of a disk r W D!H3 with d.w/ punctures in @D so that r.@D/ � g1 [ � � � [ gd.w/

by coning each gi to 1, for 1< i < d.w/. The disk r.D/ will be made of d.w/� 2

triangles, and therefore Area.r.D// D �.d.w/ � 2/. Let zg � H3 be the geodesic
connecting 1 to  .1/ passing through the self-tangency point of zH with  . zH/. Let
w�1

k�1
wk D qz˙1 , for some q 2 hxi � hyi. Then q�1wk�1.˛; ˇ;  /

�1.gk/ connects
1 to q�1w�1

k�1
wk.˛; ˇ;  /.1/ D 

˙1.1/, and we see that gk is a translate of zg .
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Thus under the projection map pW H3!N , each gi will project to the same geodesic
g �N , and the boundary projects to p.r.@D//� g .

Let W �N be a submanifold which is a regular neighborhood of p.r.D// union a
small horocusp. Let U DN nW , and let U D[˛U˛ , where each U˛ is a connected
component of U . Define a submanifold U 0 � U by the property U˛ � U 0 if and only
if imf�1.U˛/! �1.N /g is elementary (that is, the image of the fundamental group
is either trivial, Z or ZCZ). Now, let N 0 �N be defined by N 0 DW [U 0 . Then
@N 0 � @W , and in particular @N 0 is compact. What we will now endeavor to show is
that N DN 0 . We will let U 00 D U nU 0 , so that N DN 0[U 00 .

To see how the proof will be finished, suppose that N 0 is irreducible and atoroidal. Then
@N 0 has no sphere components, and �.@N 0/ < 0, otherwise �1.U

00/ is elementary.
Thus, �1.N

0/ is a Kleinian group with �.N 0/ < 0. Consider the covering space
N 00!N 0 such that

imf�1.N
00/! �1.N

0/g D imfZ2
�Z! �1.N

0/g:

Then �1.N
00/ must also be a bicuspid group. Since p.r.D// gives a relation in N 0

which lifts to N 00 , we see that �1.N
00/ is not free. By Lemma 3.1, N 00 must be finite-

volume. Since N 0 is atoroidal, each torus component of @N 00 must map to a torus
boundary component of N 0 , which must therefore be a torus boundary component of N .
This implies that N 00!N is a finite-sheeted cover, which implies that N 00DN 0DN .
Thus, our goal is to show that N 0 is irreducible and atoroidal. This actually might not
hold initially, but we modify N 0 until it does hold.

We now prove some properties of the submanifold N 0 . Suppose that S � N 0 is a
2–sphere. Since N is irreducible, S D @B , for some ball B �N . If B ª N 0 , then
B \ .N �N 0/¤∅, so there is a component Uˇ � U 00 � U such that Uˇ � B . But
then imf�1.Uˇ/! �1.N /g D 1, which contradicts the fact that Uˇ ª U 0 �N 0 . Thus,
we have shown that N 0 is irreducible.

Now, suppose that T �N 0 is 2–torus. Since N is atoroidal, T is separating and either
T is parallel to a cusp of N , or T is compressible in N . In the first case, T D @H ,
where H Š T � Œ0;1/ is a neighborhood of a cusp in N . If H ª N 0 , then there is a
component Uˇ �H , in which case imf�1.Uˇ/!�1.N /g � imf�1.H /!�1.N /gD

ZCZ, which contradicts Uˇ ª U 0 .

Thus, we may assume that T is compressible in N . Let D �N nT be a compressing
disk for T , and let S � N .D [ T / be the 2–sphere component resulting from
compressing T by D . Then S D @B , where B � N is a ball. There are two
possible cases here: either T ª B or T � B . If T ª B , then T D @Q, where
Q � N is a solid torus. If Q ª N 0 , then there is a component Uˇ � Q. Then
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imf�1.Uˇ/! �1.N /g � imf�1.Q/! �1.N /g D Z, which contradicts the fact that
Uˇ ª U 0 . Thus, we conclude that Q�N 0 .

In the second case, where T � B , then T bounds a knot complement Q inside of B ,
since the other side of T is a punctured solid torus in B . As before, if Q ª N 0 , then
we conclude that there is a component Uˇ �Q� B , which gives a contradiction as
before.

Thus, we conclude that every torus T � N 0 must either be essential and bound a
product neighborhood of a cusp T D @H , H � N 0 , or T D @Q, Q � N 0 , where
Q is a (possibly trivial) knot complement. Suppose Q � N 0 is a nontrivial knot
complement inside of N 0 whose boundary is incompressible in N 0 . On T D @Q, there
is a longitude c�T . In this case, there is a ball Q�B . Then let B0DBnQ[T�@R R,
where RDD2 �S1 is a solid torus (R stands for ring) such that the meridian of R

is attached to the longitude c � T under the identification T � @R (really, we should
think of R as a trivial knot complement, in which case the meridian is the longitude,
and we remove a nontrivial knot complement, and replace it with a trivial one). There is
a map f W B!B such that fj@B is the identity, and f .Q/DR (Figure 3). Moreover,
this map is homotopy equivalent to the identity map relative to the boundary @B . We
may extend this homotopy equivalence to a map f W N ! N which is the identity
outside of B which is homotopic to the identity.

B B

N 00
N 0

U 0 U 0

T
T

Q R

Figure 3: Reimbedding a handle

Let N 00 D N 0nQ[R. Then N 00 D f .N 0/. One may see that N 00 � N , such that
N nN 00 ŠN nN 0 Š U 00 , and that N 0nQ�N 0 is homotopic to N 00nRŠN 0nQ�N

so that N nN 0 �N nN 00 by a homotopy equivalence. This has the effect of reimbed-
ding U 00 in N by a homotopy. Thus, each component Uˇ�U 00 still has nonelementary
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image of its fundamental group. Moreover, there is a degree one map f W Q! R,
such that @f W @Q ! @R is a homeomorphism. This map extends to a degree one
map f W N 0 ! N 00 . The operation of turning N 0 into N 00 is a version of Fox re-
imbedding (rather, we reimbed N 0nQ � N by a homotopy equivalence). We now
relabel N1 D N 0;N2 D N 00 , and perform a sequence of reimbeddings, which have
associated degree one maps N1!N2!N3!N4!� � � which are homeomorphisms
@Ni ! @NiC1 . Each NiC1 is obtained by replacing a knot complement Qi � Ni

by a solid torus, and therefore �1.Ni/! �1.NiC1/ is not �1 –injective. Since the
complementary regions of Ni are homotopic for each i , we conclude that Ni is
irreducible. By a result of Soma [43], there exists i such that Ni ! NiC1 is a
homotopy equivalence, which gives a contradiction. Thus, there exists Nn such that
every torus T �Nn which is compressible in N must be compressible in Nn . Thus,
Nn is irreducible and atoroidal. Moreover, we have a map �nW N

0!Nn which induces
an epimorphism �1.N

0/! �1.N /. The argument above shows that N nNn is trivial,
which implies that N DNn DN 0 , as desired.

Theorem 5.4 Given a rational number V , there is an algorithm which will find a finite
collection M1; : : : ;Mm of finite volume orientable hyperbolic 3–manifolds so that
any hyperbolic 3–manifold of volume < V is obtained by Dehn filling on one of the
manifolds Mi .

Proof Let " be Margulis’ constant for hyperbolic 3–manifolds. By the method of proof
of the Jørgensen–Thurston theorem, there is a constant C so that if M is a hyperbolic 3–
manifold with Vol.M /<V , then Mthick."/ admits a triangulation with <C V tetrahedra
(by construction, C is computable from the Margulis constant [33]). The first step of
the algorithm is to take < C V tetrahedra, and glue them together in all possible ways
to get an orientable manifold with Euler characteristic zero. Next, we run the algorithm
described in [24; 48; 31] to decide which of these manifolds has a hyperbolic interior.
Then all hyperbolic 3–manifolds of volume < V will be obtained by Dehn filling on
one of the resulting finite collection of manifolds.

The proof of the next theorem actually leads to an independent proof of Theorem 3.4.

Theorem 5.5 There is an algorithm which will determine the finitely many one cusped
orientable hyperbolic 3–manifolds N1; : : : ;Nk such that Ni has two exceptional Dehn
fillings of distance > 5.

Proof We know that if N is a one cusped orientable hyperbolic 3–manifold which has
an embedded maximal horocusp neighborhood H�N such that Vol.H/ > 3, then any
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two Dehn fillings on N have distance � 5. Thus, we must determine the one cusped
orientable hyperbolic 3–manifolds N which have a maximal cusp of volume � 3 (see
the beginning of the proof of Theorem 4.1 for similar logic). By an argument similar
to Lemma 3.2 and Theorem 3.4 such manifolds have a non–free bicuspid subgroup
Q D h˛; ˇ;  i of finite index in �1N D � , such that H lifts to a maximal cusp of
H3=Q. Thus, we must determine the bicuspid groups Q which have a maximal cusp
of H3=Q of volume � 3. By Theorem 3.4, we know that Vol.H3=Q/ < V .�/, for
� < � � 3. But we don’t know how to compute V .�/ explicitly. For any � < � � 3 we
show that there is an algorithm which will determine all bicuspid groups Q such that
H3=Q has a maximal cusp of volume < � � � .

As in Section 2, we normalize a general bicuspid group QD h˛; ˇ;  i so that

˛ D

�
1 a

0 1

�
; ˇ D

�
1 b

0 1

�
;  D

�
c �1

1 0

�
;

where 1� jaj � jbj � 2A=
p

3, and jcj � jbj, where AD Area.@H/� 2.� � �/. This
gives a finite parameter space PA to search through, and we know that when A< 2� ,
the group Q must either be non–free bicuspid by Lemma 3.2, or else Q is indiscrete
or not normalized. Furthermore, if Q is discrete but not a free product, then either
Q has finite covolume, or Q has torsion. In this case, there will be a nontrivial word
w.x;y; z/ 2 .hxi � hyi/� hzi Š .ZCZ/�Z such that w.˛; ˇ;  /D 1 2Q. A lift of
w.˛; ˇ;  / to SL2C gives a matrix

W .a; b; c/D

�
� �

p.a; b; c/ �

�
;

W .a; b; c/D

�
1 0

0 1

�
such that

when the variables .a; b; c/ correspond to the group Q. The lower left entry of
W .a; b; c/ may be regarded as a polynomial p.a; b; c/ 2 ZŒa; b; c� which vanishes on
the parameters corresponding to Q.

If �D

�
w x

y z

�
represents a matrix in SL2C , and if zH is the horoball of height 1 centered at 1
in H3 , then �. zH/ is a horoball of height 1=jyj2 for y ¤ 0. Thus, if zH\�. zH/D∅,
we see that jyj � 1. So, if � 2Q is an element of the bicuspid group Q, and zH is
precisely invariant under Q, then we see that if jyj < 1, we must have zH D �. zH/,
and therefore � is a parabolic element, so y D 0.
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Similarly, if Q is indiscrete, then the closure xQ�SL2C must be dense in a Lie subgroup
of SL2C , and thus there are elements w.˛; ˇ;  / 2Q such that jW .a; b; c/� I j2 < � ,
for any small � . In particular, if

W .a; b; c/D

�
� �

p.a; b; c/ �

�
;

where p.a; b; c/< 1, then either p.a; b; c/D 0, or the three generator group associated
to the parameters .a; b; c/ does not have an embedded horocusp H �H3=h˛; ˇ;  i

which is a projection of a horoball at height 1 in H3 , and is therefore not bicuspid with
normalized generators. Find a finite collection of such polynomials fp1; : : : ;pkg 2

ZŒa; b; c� so that the sets f.a; b; c/jpi.a; b; c/ < 1g cover PA . Each such polynomial is
determined by a word wi.x;y; z/. We may find a finite collection since PA has compact
closure. To make this search algorithmic, enumerate p.a; b; c/ for all w.x;y; z/ 2
Z2 � Z. Cover PA by compact subsets, such as cubes with dyadic vertices and
sidelength 2�n , such that each cube C � PACı (where AC ı < 2� ), so that we
will cover all bicuspid groups with Vol.H/� 3 and still exclude free bicuspid groups.
For a given polynomial p.a; b; c/, and a given cube C , one may determine whether
jp.a; b; c/j < 1 for all points .a; b; c/ 2 C , by determining the maximal value of
p.a; b; c/ on C , which is algorithmic (an interior maximum is determined by computing
a point where the gradient rp.a; b; c/ D 0, which may be computed via algebraic
geometry, whereas boundary maxima may be determined by Lagrange multipliers
inductively on the faces of the cube). Inductively, we refine the covering and increase
the number of polynomials, until we find a covering of PA (this is similar to the process
employed in [21, Proposition 1.28]).

All of the discrete non-free bicuspid groups with a cusp of volume � 3 will occur
somewhere in the parameter space PA with some wi.˛; ˇ;  / parabolic, and therefore
pi.a; b; c/D 0. Conversely, if .a; b; c/ 2 PA is a point where pi.a; b; c/D 0, then it
either corresponds to an irreducible bicuspid representation of Z2�Z when W .a; b; c/

is parabolic or trivial, or gives an indiscrete representation, or a representation with
torsion, or it may correspond to a bicuspid group whose generators have not been
normalized. If 0<pi.a; b; c/< 1, then either the group is indiscrete, or it does not have
a maximal cusp H normalized as above, so does not correspond to a bicuspid group. If
pi.a; b; c/D 0 and the associated bicuspid group is discrete, then wi.a; b; c/D ˛

mˇn .
We may apply Lemma 5.3 to the word w0Dwi˛

�mˇ�n to conclude that the covolume
of the discrete torsion-free Q will be bounded by the complexity �.d.wi/� 2/ D

�.d.w0/� 2/. Let V be the supremum of these numbers. Thus, we have shown the
existence of an algorithm to determine a bound on the covolume of bicuspid groups with
a maximal cusp of volume ���� . Moreover, this gives another proof of Theorem 3.4.
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The next step is to enumerate all orientable hyperbolic manifolds with volume <V . We
use Theorem 5.4 to give a finite collection M1; : : : ;Mm of finite volume hyperbolic 3–
manifolds so that any hyperbolic 3–manifold of volume < V is obtained by hyperbolic
Dehn filling on one of the manifolds Mj . Finally, we use Theorem 5.1 to determine the
set of all exceptional Dehn fillings on each Mj . We then search this list of exceptional
Dehn fillings for any one cusped manifolds with two exceptional fillings of distance > 5.
By Theorem 4.1, there will be only finitely many isometry types of hyperbolic one
cusped manifolds with two exceptional Dehn fillings of distance > 5.

6 Conclusion

There are several problems suggested by the results in this paper. Of course, there
is Gordon’s conjectured classification of one cusped manifolds with two exceptional
fillings of distance > 5 (see [27, Problem 1.77, Conjecture (B)]). As we point out, it
will suffice to classify the manifolds with a cusp of volume � 3. Searching through the
SnapPea census of cusped orientable manifolds [47], there appears to be few one or two
cusped manifolds which have cusp volume � 3 and which are not obtained by Dehn
filling on a manifold with corresponding cusp of volume very close to 3 and which
have fewer than three cusps. The collection of three cusped manifolds with a cusp of
volume � 3 is finite, as follows from the argument of Theorem 4.1. We show several
examples of three cusped manifolds with a cusp of volume � 3 in Figure 4, and which

Figure 4: Some 3 component links with cusps of volume � 3
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give rise to infinite families of 3–manifolds with maximal cusps of volume � 3 via
Dehn filling. We remark that if one wants to classify manifolds with > 8 exceptional
Dehn fillings, it suffices to classify manifolds with two exceptional Dehn fillings r1; r2

with �.r1; r2/ > 6. Thus, it suffices to consider manifolds with a cusp of volume � 24
7

corresponding to the parameter space P5 1
7

. This would significantly simplify the search
space in the algorithm proposed in Theorem 5.5.

References
[1] C C Adams, The noncompact hyperbolic 3–manifold of minimal volume, Proc. Amer.

Math. Soc. 100 (1987) 601–606 MR894423
[2] I Agol, Tameness of hyperbolic 3–manifolds arXiv:math/0405568
[3] I Agol, Bounds on exceptional Dehn filling, Geom. Topol. 4 (2000) 431–449

MR1799796
[4] I Agol, M Culler, P B Shalen, Dehn surgery, homology and hyperbolic volume, Algebr.

Geom. Topol. 6 (2006) 2297–2312 MR2286027
[5] J W Anderson, R D Canary, M Culler, P B Shalen, Free Kleinian groups and

volumes of hyperbolic 3–manifolds, J. Differential Geom. 43 (1996) 738–782
MR1412683

[6] L Bers, Spaces of Kleinian groups, from: “Several Complex Variables, I (Proc.
Conf., Univ. of Maryland, College Park, Md., 1970)”, Springer, Berlin (1970) 9–34
MR0271333

[7] S A Bleiler, C D Hodgson, Spherical space forms and Dehn filling, Topology 35 (1996)
809–833 MR1396779

[8] F Bonahon, J-P Otal, Variétés hyperboliques à géodésiques arbitrairement courtes,
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