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Perturbative invariants of
3—manifolds with the first Betti number 1

TOMOTADA OHTSUKI

It is known that perturbative invariants of rational homology 3—spheres can be con-
structed by using arithmetic perturbative expansion of quantum invariants of them.
However, we could not make arithmetic perturbative expansion of quantum invariants
for 3—manifolds with positive Betti numbers by the same method.

In this paper, we explain how to make arithmetic perturbative expansion of quantum
SO(3) invariants of 3—manifolds with the first Betti number 1. Further, motivated by
this expansion, we construct perturbative invariants of such 3—manifolds. We show
some properties of the perturbative invariants, which imply that their coefficients are
independent invariants.

57TM27

In the late 1980s, Witten [44] proposed topological invariants of a closed 3—manifold
M for a simple compact Lie group G, what we call quantum G invariant, which is
formally presented by a path integral whose Lagrangian is the Chern—Simons functional
of G' connections on M . There are two approaches to obtain mathematically rigorous
information from a path integral: the operator formalism and the perturbative expansion.
Motivated by the operator formalism of the Chern—Simons path integral, Reshetikhin
and Turaev [34] gave the first rigorous mathematical construction of quantum invariants,
as linear sums of quantum invariants of framed links. After that, rigorous constructions
of quantum invariants were obtained by various approaches; in particular, Kirby and
Melvin [14] constructed the quantum SO(3) invariant, which we denote by 7% (M);
it is defined to be a linear sum of the quantum sl, invariant (the colored Jones poly-
nomial) of framed links at an r th roots of unity. On the other hand, the perturbative
expansion of the Chern—Simons path integral suggests that we can construct perturbative
invariants which describe asymptotic behavior of quantum invariants at r — 00} in fact,
it is known (see, for example, the author’s book [28]) that we can construct perturbative
invariants of rational homology 3—spheres based on arithmetic perturbative expansion
of quantum invariants of them.

We review the construction of the perturbative SO(3) invariant of a rational homology
3—sphere M , as follows. Let p be an odd prime, and put { = exp(2w+/—1/p). Since
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it is known (by Murakami [23]) that rlf 3 (M) € Z[¢], we can make an expansion,
5O (M) = apo+api (=) +ap2C =D+ +apnE-DY,

with some integers a , . Though this expansion is not unique, (ap,, mod p) €Z/pZ is
uniquely determined by the value of 7, °” (M), since Z[¢] is isomorphic to Z[g]/ T (¢)
where

T(q) = qp%ll = (f) + (g)(q—l)Jr (p)(q—1)2+---+ (p)(q—l)”_l.
q 3 p

The author showed in [26] that there exist A,(M) € Z[% % el %] where m =

max {2n+1,|Hy(M:;Z)|} and |H,(M;Z)| denotes the order of H;(M:Z), such
that

|Hi (M Z)|
= (P 0
() P
for any odd prime p > max {2n+3, |Hy(M; Z)|}, and defined the perturbative SO(3)
invariant of M by

dp,

T(M) = ho(M) + 21 (M)(g = 1) +A2(M)(g = 1)* +--- € Qg — 1].

We call this the arithmetic perturbative expansion of r,‘f ©®(M). In particular, by
results of Murakami [23], we can see that the first two coefficients are presented by
“(semi-)classical” invariants,

_ 6A(M)
|H{(M;2)| |Hi(M;2)|
where A(M) denotes the Casson—Walker invariant [43] of M . Further, when M is
obtained from S3 by f surgery along a knot K, t(M) is presented by Gaussian inte-

gral of the following form (see Rozansky [38; 40], Bar-Natan, Garoufalidis, Rozansky
and Thurston [1; 2; 3] and the author’s book [28]),

Ao(M) = A (M)

(M) = (constant) / qf(”z_l)/4[n]2(perturbative expansion of J,(K; q))dn,
neR

where [n] = (¢"/2—q7/2)/(q"/?—¢~"/?), and J,,(K:q) denotes the colored Jones
polynomial of K, whose perturbative expansion is a power series in ¢ — 1 with
coefficients of polynomials in ¢ and ¢”. Note that, when f = 0, this integral diverges.

In this paper, motivated by the arithmetic perturbative expansion of 7, ¥ (M), we
construct a perturbative invariant of a 3—manifold M with the first Betti number 1,

T(M;¢) = ho(M;¢) + i1 (M;e)(g—1) +Aa(M;e)(g = 1) +--- € Cg — 1],
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where ¢ is 0 or a zero of the Alexander polynomial A(z) of M, and prove that it
is a topological invariant of M (Theorem 1.1). When M is obtained from S* by 0
surgery along a knot K, instead of the f = 0 case of the above Gaussian integral, we
consider the following integral,
. 2 dt
(constant) - (loop expansion of [n]“J,(K: q) ‘qn R t) —,
re{lz|=1}cC !
where the loop expansion of J,(K;¢) is a power series in ¢ — 1 with coefficients of
rational functions of ¢" whose denominators are powers of the Alexander polynomial
of K, and our construction of the perturbative invariant is obtained as the residue of
this integral,

1 . 5
7(M; ¢) = (constant) -Bzecs;(loop expansion of [n]*Ju(K: q)| ._, -

The Oth coefficient A¢(M ;¢) is presented by the Alexander polynomial of M (Propo-
sition 5.3), noting that the Alexander polynomial can be regarded as the Z equivariant
version of the order of the first homology group. Further, when M is obtained from
S3 by 0 surgery along a knot K, A{(M;c) is presented by the 2—-loop polynomial of
K, which can be regarded as “Z equivariant Casson invariant” of the infinite cyclic
cover of the complement of K (see the author’s paper [29]). A1(M ; ¢) can be regarded
as another extension of the Casson—Walker invariant than the Casson—Walker-Lescop
invariant (see Lescop [20; 21]), for 3—manifolds with the first Betti number 1. The
coefficients of the arithmetic expansion of rl;g O3 (M) are presented by linear sums
of 1 and ((1+¢;)/(1 —¢;))”, where ¢E!,.... cE! are the zeros of the Alexander
polynomial. As we explain in Section 2, the space of such series can be described by
the “Tamagawa map”,

n ap+b n a b
1 i 1 i 1 i
(Z( +c,) ) Z( +c,) ®( +c,) €C®gC.
1—¢ p: primes 1—¢ 1—¢

i=1 i=1

Through this map, we can regard

1+c 1—c
M:; C O)|lg—1
> T8 M0 e(CrO)g—1]

as an arithmetic perturbative expansion of 7, ¥ (M).

An idea of constructing our perturbative invariants is to consider equivariant invariants
(see the author’s papers [29; 32; 31]). As mentioned above, the Alexander polynomial
and the 2-loop polynomial can be regarded as equivariant invariants. More generally,
the loop expansion of the Kontsevich invariant of a knot can be regarded as the “Z
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equivariant LMO invariant” of the infinite cyclic cover of the knot complement. As
its sl reduction, the loop expansion of the colored Jones polynomial of a knot can be
regarded as the “Z equivariant perturbative SO(3) invariant” of the infinite cyclic cover
of the knot complement. In this sense, our perturbative invariants of 3—manifolds with
the first Betti number 1 can be regarded as “Z equivariant perturbative invariants” of
the infinite cyclic cover of such 3—-manifolds. By considering equivariant invariants of
covering spaces, we can construct perturbative invariants of such 3—manifolds, though
we could not define perturbative invariants of such 3—manifolds by the method for
homology 3—spheres.

It is known that, though the LMO invariant (see Le, Murakami and Ohtsuki [19]) is
powerful enough to be expected to classify integral homology 3—spheres, it is weak
for 3—manifolds with positive first Betti numbers; in fact, when b; (M) > 0, the value
of the LMO invariant of M can be determined from “classical” invariants such as the
cohomology ring, the Alexander polynomial and the Casson—Walker—Lescop invariant
of M (see Garoufalidis—Habegger [6], Habegger [10], Habegger—Beliakova [11] and
Lieberum [22]). On the other hand, Proposition 5.2 suggests that our perturbative
invariant is as fine as the perturbative SO(3) invariant for homology 3—spheres in
the sense that the perturbative SO(3) invariant of a homology 3—sphere N can be
determined from the values of our perturbative invariants of M#N and M for a
3-manifold M with the first Betti number 1. Moreover, Proposition 5.4 implies that
the coefficients of our perturbative invariants are independent invariants. Since the
LMO invariant dominates all perturbative invariants for homology 3—spheres (see the
author’s book [28]), it is expected that there exists a refinement of the LMO invariant;
this will be discussed in [25]. Out perturbative invariants would be the sl; reduction
of such a refinement of the LMO invariant.

It is still an open problem to interpret our perturbative invariants from the Chern—
Simons path integral. It might be necessary to consider a Z equivariant version of
the Chern—Simons theory. It might be related to the fact that the space of irreducible
SU(2) representations of the fundamental group of a knot complement branches from
the space of reducible representations at zeros of the Alexander polynomial of the knot.

The paper is organized as follows. In Section 1, we define perturbative invariants for
3—manifolds with the first Betti number 1, and show their concrete values for some
examples. In Section 2, we explain how we can describe the arithmetic perturbative
expansion of rlf O3 (M) in terms of the perturbative invariants. In Section 3, we review
the loop expansions of the Kontsevich invariant and the colored Jones polynomials,
which are used in the proof of the main theorem. In Section 4, we prove the main
theorem, which states the topological invariance of the perturbative invariants. In
Section 5, we show some properties of the perturbative invariants. In Section 6, we
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calculate arithmetic limits of some rational functions of roots of unity, which we use
when we calculate arithmetic expansion of quantum invariants.

The author would like to thank Akio Tamagawa for the description of the space of
certain arithmetic series, and Lev Rozansky for discussion on the loop expansion of
the colored Jones polynomial. He is also grateful to Kazuo Habiro, Andrew Kricker,
Tomoyoshi Yoshida, Christine Lescop, Jgrgen Andersen, Gregor Masbaum, Thang Le
for valuable comments and suggestions. He would also like to thank the referee for
many helpful comments.

Notation

We denote by A(¢) the Alexander polynomial of a knot K or a 3-manifold M with
b1 (M) = 1; they are equal when M is obtained from S* by 0 surgery along K. We
normalize A(¢) in such a way that A(z) = A(+~') and A(1) is equal to the order of the
torsion subgroup of H;(M ;Z). Further, we normalize the colored Jones polynomial
Jn(K; q) in such a way that J,(the trivial knot; g) = 1. We note that [n]J,(K; q) is
equal to the quantum (sl,, V},) invariant for any knot K with 0 framing, which is the
invariant defined from the irreducible n—dimensional representation 1}, of the quantum
group of sl, (see, for example, the author’s book [28]).

For a prime number p, we denote by Z,) the subring of Q consisting of rational
numbers whose denominators are not divisible by p. For x, y € Z(,), we write x(z) y

if x — y is divisible by p in Z(p). Let F be an extension of Q, let O be the intelzger
ring of F, and let p be a prime ideal of O. We denote by Oy, the subring of F
consisting of elements of the form a/b for a € O and b € O —p. For x, y € O, we
write x(f)y if x—yepOy.

For Jacobi diagrams D; and D,, we write D1 = D, if their images by the s, weight
system are equal. (sl2)

1 Definition of the perturbative invariants

In this section, we define perturbative invariants for 3—manifolds with the first Betti
number 1, motivated by the arithmetic perturbative expansion of the quantum SO(3)
invariant. We show concrete values of the perturbative invariants for some examples
and for the case where the Alexander polynomial has small degree.

Before explaining the general case, for simplicity, we explain the definition when M is
obtained from S by surgery along a knot K with 0 framing. Let p be an odd prime,
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and put { = exp(2wr+/—1/ p). Then, the quantum SO(3) invariant 150(3’(M) of M
is presented by

_L_;O(S) (M) — ci Z [n]?Jn(IC ;),

1<n<p
n is odd

where J,(K: g) denotes the colored Jones polynomial of K,
e = (€2 = ¢ /62 =712
g -2 —p
and co = Z [n]? = % Z — = -
1<n<p neZ/pZ Z+§ —2 §+§ -2

nis odd

Further, as shown by Rozansky [41] (see also Remark 3.2), the loop expansion of the
colored Jones polynomial is presented by

00 Po(a™
(1) Jn(K:q)=3" ﬁ

£=0

(q— 1",

where Py(t) € Z[t*'] and, in particular, Po(z) = 1, and A(¢) is the Alexander poly-
nomial of K, which is equal to the Alexander polynomial of M . Hence, for each
n,

N

Tn(K:8) ="

£=0

Py(8")

A E D 0@ =D T2 ).

By substituting this to the formula of flf o (M),

N

SO _i §n+§_n_2 PZ@”) IR/ _\N+1
B = Y s ;A(c")zf“(§ Do(E=D"")

1<n<p
n is odd

M1 (" +E7"=2) Py(L™)
1
(P

- —= _ -1 L 0 -1 N+1 )
’ anZ/pZ A(;n)ZZ—l—l )(é‘ '+ ((§ ) )

Further, by Proposition 6.1, 7,°* (M) € Z(p)[¢] and

N 1 p 1=t H2zp
@) T}fom(M):_%Z( Z (11_2) BEE%)Q_DE

£=0 “c¢=0,cq,...,cn
+ 0((;- . l)min{N-l-l,p—l})’
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for all but finitely many primes p, where cq, cl_l, .o s Cn,s cn_1 are the zeros of A(z).

Motivated by this formula, we define the perturbative invariant of M at ¢ by
1 14c (1—171H2P (1)
T (e g

(3) T(M;c) = _E 1—¢ : A(Z)zé-{—l
-0

)(q—l)g eClg—1].

where ¢ is 0 or a zero of the Alexander polynomial A(z) of M .

In general, we define the perturbative invariant, as follows. Let M be a 3—manifold
with the first Betti number 1. Then, M can be obtained from a rational homology
3—sphere N by surgery along a null-homologous knot K with 0 framing in N . By
Proposition 3.1,

Py(q™)

W(CI -1

o0

Wap, v, (Z™O (N, K)) =[n] Y

£=0

for some Py(t) € Q[tT'], where A(¢) is the Alexander polynomial of K, which is
equal to the Alexander polynomial of M ; in particular, Py(?) (= A(l)) is equal
to the order of the torsion part of H;(M;Z). By using these Py(z), we define the
perturbative invariant ©(M;c) at ¢ by (3), where ¢ is 0 or a zero of the Alexander

polynomial A(¢) of M. By Remark 3.2, this definition fits the previous definition
when N = S3.

Theorem 1.1 (M ;c) does not depend on the choice of N and K, that is, t(M ;¢)
is a topological invariant of a 3—manifold M with by(M) = 1.

We show the proof of the theorem in Section 4.

By definition, t(M;0) € Q[¢—1]. By Proposition 1.6, if the irreducible factors of A(z)
are of degree <1, then 7(M;c) € Q[g—1]. By Proposition 5.1, (M ;c) =t(M;c™ )
for a zero ¢ of A(¢). We denote by A;(M;c) the £th coefficient of t(M ;c), that is,
t(M;e) =720 he(M;c)(g— 1) and

1 14+c. (1—=t7H2Py1)
— - Res
2 1 —cC t=c AU)ZZ—H

Note that Ay (M ;0) € Q, and, if the irreducible factors of A(¢) are of degree < 1, then
M(M;c)eQ.

MM;c)=— e C.

Example 1.2 By definition, 7(S'xS?;0) = 1, since S!xS? is obtained from S by
0 surgery along the trivial knot. Hence, by Proposition 5.2, for a rational homology
3—sphere N, r((S IxS2H#N; 0) is equal to the product of the perturbative SO(3)
invariant (see the author’s paper [26]) of N and the order of H{(N;Z).
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Example 1.3 For the 3-manifold obtained from S3 by 0 surgery along the (a, b)
torus knot,

1 . _
-[(M,O): _iq lf(a,b)_(2,3), (M C) 1=C " (a—a~ 1)(b b— l)/4
0 otherwise, 2A/( )
where c is a zero of
(Zab/z _ t—ab/Z)(Zl/Z _ 1_1/2)

Al = (1972 —(=a/2)(tb/2 _;=b/2)

and we regard the right-hand sides of the formulas as in Q[¢ — 1] by expanding them
into power series in ¢ — 1.

Proof Rozansky [39] showed that the loop expansion of the colored Jones polynomial
is presented by

(ab—a/b—b/a)/4 X m 2m ,1/2 _ ,—1/2
q 1 [(logg d t t
Iy =T (—g ) (z—) o

t1/2 _¢=1/2 ab dt Alt)

where the equality holds by putting ¢ = ¢" after we calculate the right-hand side.
Hence, by definition,

q(ab a/b—b/a)/4 e
2 l—c

XZ logg\"™ estl/z—t‘l/z N 2m /2 4=1/2
m!'\ ab 1=c t dt At)

m=0

t(M;c) =

The residue of this formula is calculated recursively by using
d
1/2 - ,—1/2y 4 __1 1/2 4 ,—1/2
4) Res(r!/* 51715 — (t9(1) = —3Res(t/* £17 /%) (),
where we obtain this formula from

S F ) 1) = 10 )00 + () 5 (),

since the residue of the differential of some function equals 0. It follows that

q(ab a/b—b/a)/4 d+c i 1 (logq)m 1 R S )

M:; —
T(Me) = 2 1—c = m!\ ab

X
4m i=c tA(2)

€S
2 1—ci=c tA(t)
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When ¢ = 0, we calculate 7(M;0), as follows. If (a,b) = (2,3), then A(¢) =
t —1+41t~1, and we obtain the required formula by concrete computation. Otherwise,
deg A(¢) > 1. Hence, putting

AD)y=@"+t7")+--,
the function of the residue has the form

" _2[n—1 +Zn—2
12n 4.4 1

’

and it has no pole at = 0. Therefore, its residue equals 0, and we obtain the required
formula.

When c¢ is a zero of A(¢), the residue is calculated as

t+t7 1 =2 t—=o)+t7'=2) . t4+tT' =2 (c—1)?
Res———— = lim = lim = .
t=c  tA(t) t—c tA(1) t—c  tA(1) 2N (c)

Hence, by using this formula, we obtain the required formula. |

Example 1.4 Rozansky [39] calculated “approximation” of loop polynomials of some
knots. If his “approximate” formulas would be the exact ones, we can calculate our
invariants by using them for 3—manifolds obtained from S3 by 0 surgery along those
knots. For example, for the 3—-manifold M obtained from S3 by 0 surgery along the
figure-eight knot,

T(M:0) = 3 +0(g =D +0(g—1D*+---

(M 258) = L+ 0l - 1) = 35l =1 4+

Further, for the 3—-manifold M obtained from S3 by 0 surgery along the 5, knot,
o(M;0) = =3+ 5@ - D= glg—D*+--,
L3+4/=7y 1 31 915 2
t(MEE) S g i@ D+ s =D+

11

The Oth and 1st coefficients of the right-hand sides are correct, since we can calculate
the 2—loop polynomial exactly for arbitrarily given knot; see Kricker [18] and the
author’s papers [30; 33].
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1.1 The case where A(?) is of degree 0

In this case, A(¢) = b, where b is the order of the torsion subgroup of Hy(M ;7). We
can calculate the perturbative invariant from the loop polynomial by

(t+1t71=2)Py(1)
b2£+lt

1
he(M;0) = =7 Res

1

= —sz—“_l(constant term of (t +¢~ ' —2) P, (Z)).

Remark 1.5 When H;(M;7) =~ 7 and the Alexander polynomial A(¢) of M equals
1, independently of the author, Kazuo Habiro and Thang Le constructed an invariant,
presented by “Habiro expansion”, which is an expansion of the form

Y anlg=D(g*=1)...(¢" = D).

n=0

It is an equivalent invariant to (M ;0) for such 3—manifolds in the sense that their
invariant is uniquely determined by t (M ;0). Further, they showed that the value of
each rlf ©®) (M) is obtained from their invariant by substituting a root of unity to ¢.
It follows that (M ;0) is universal among quantum invariants ri,go(” (M) for such
3-manifolds.

1.2 The case where the irreducible factors of A(z) are of degree 1

In this case, we show Propositions 1.6 and 1.7, in this subsection.
Proposition 1.6 If the irreducible factors of A(t) are of degree 1, (M ;c) € Qg—1].

Proof Tt is sufficient to show that Ay (M ;c) € Q for a zero ¢ of A(z), where ¢ is a
zero of a factor 1 —a(t +¢t~! —2) of A(¢). By definition,

1 l4+c_ (t+t71=2)P(1)

AM(M;c)=— .
¢M:0) 22+ I—cime  (A()2+!

It can be presented by a linear sum of

1 t+t1—2)m
+CRes -+ )

I—cr=ci(1—a@ 4171 -2)

m+1"

Further, by Lemma 6.5, this is equal to
2m—1\ (1—c\*"  (=1)"2 (2m—1
(—1yma (" ) N R )
m l1+c da+ 1"\ m
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since 4a + 1 = (14¢)?/(1 —c)?. Hence, A;(M:c) € Q. |
Proposition 1.7 If A(¢) is of degree 1, the following (1) and (2) holds, where we put
A(t) = by — by (t + t~1 —2) with non-zero integers by, by , and ¢ is a zero of A(t).
(1) The Oth coefficients of the perturbative invariants are presented by
bo bo

)LO(MQO)=ﬁ )\O(MQC)=_E-

(2) Putting the 2—loop polynomial by Py (t) = f(t)A(t)> +a A(t)*> +a; At) +ay,
the first coefficients of the perturbative invariants are presented by

A1(M;0) = —1 (constant term of (t + ¢~ —2) f (1)) + 26172,
1

_a ai ao(by + bo)
2by  bo(4b1 +bo)  b2(4by +bo)?’

M(M;c)=

Proof We obtain (1) by Proposition 5.3.

We show (2), as follows. By definition, putting z = ¢ +¢~! —2,

Pi(1)
A (M:0) = —1Res !
1(M:0) 2t=egtA(t)3
1 z ay aj ao
= —1Res>( f(t .
ergt(f(”bo—blﬁ(bo—blz)z+(bo—b1z>3)

Since

z —p ifL=1,
Res———— = 1
t=0l(b0—b12)e 0 if € > 1,

we obtain the required formula of A (M ;0). Similarly, we have that

1 1+¢ z ay ay ap
MMie)=— - CResZ( 1t .
1(M:e) == 1—ct=ecst(f()+b0—blz+(b0—blz)2+(b0—blz)3)

Since
B if € =1,
14+c¢ z 2 .
Res =9 " badh Tb0) if E = 2,
I—cr=cibo=hi)t | "No'Sh iy s
b2 (4b1+bo)? -
we obtain the required formula of A{(M;c). |
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2 Arithmetic perturbative expansion of 7,°® (M)

In this section, we explain how we can describe the arithmetic perturbative expansion of
1,7 (M). We define t(M; o), which describes the behavior of the series ()A\ pa(M))
for certain subsequences of p. Further, we define t(M ), which is obtained from the
vector (r (M; 0))(I by such a coordinate change that the resulting (M) does not
depend on o.

We briefly review some preliminaries of number theory used in this section; for details
see, for example, Neukirch [24] and Ribenboim [35]. We denote by F the minimal
splitting field of A(¢), which is a Galois extension of Q. We denote by O the integer
ring of F. It is known that, for any prime number p, the ideal pO C O decomposes
into the form,
PO =(p1...pg)",

where the p;s are prime ideals in O such that p; N Z = (p); they are related to each
other by p; = o(p;) for some o € Gal(F/Q). When e = 1, p; is called unramified.
Let p denote a prime ideal in O such that (p) =pNZ. It is known that p is unramified
for all but finitely many p. The decomposition group of p is defined by

D, = {0 € Gal(F/Q) ‘ o(p) = p}.

Let k, denote the residue field O/p, which is a Galois extension of the prime field
Fp. It is known that, when p is unramified, the left map of the following line is an
isomorphism,
Gal(ky/Fp) <— D, C Gal(F/Q).

Let Fry, denote the Frobenius map k, — kj, taking x to x?. Itis known that Gal(k,/IF,)
is generated by Fr,. When p is unramified, by the above map, we associate the
Frobenius automorphism Fr, = o € Gal(F/Q) with p. Let P be the set of unramified
prime ideals of O. For each o € Gal(F/Q), we put P(c) to be the set of p € P whose
Frobenius automorphism is o, that is,

P(o)={peP|Fr,=0}.

When p € P(0), t(p) € P(ror™!) for v € Gal(F/Q). It is known by the Chebotarev
density theorem (see, for example, Neukirch [24, Theorem VII.13.4] and Ribenboim [35,
Section 25.3]) that P(o) is an infinite set for each o € Gal(F/Q).

2.1 Arithmetic perturbative expansion

We calculate the arithmetic perturbative expansion of rps ©® (M) under the following
assumption; this is a technical assumption (see Remark 2.3).

Geometry & Topology, Volume 14 (2010)



Perturbative invariants of 3—manifolds with the first Betti number 1 2005

Assumption 2.1 M is a 3-manifold obtained from S3 by 0 surgery along a knot K.

In this case, as mentioned before, rps °(M) e Z(p)[¢]. We expand this as a polynomial
in ({—1),
p—2
) 700 (M) =Y "o (M)(& = D)E + 0((C = DP 71 Zp)2])
£=0
for some A p,¢(M). This expansion is not unique, but ()A» p,¢ (M) modulo p) is uniquely

determined from tlf O (M), so we regard A p,¢(M) as in the prime field IF,. Further,
by (2),

~ 14c)\?!
©) hpe(M) =" (M) € Zp)
(= \l-c
for all but finitely many primes p (to be precise, for an odd prime p such that p > £+1
and p > 1 +deg Pr(t) — (2k 4+ 1) deg A(?) for any k < £ and A(1) is not divisible
by p). For o € Gal(F/Q), we put

l+o(c) 1—c
M:o) = _ M;c)e Flg—1] c Clg—1],
TMio)= ), T o e Mo e Flg-11cCle~1]
c=0,cy,..., Cn
where ¢y, cl_l, e CnaCpy I are the zeros of A(t). In particular, its £th coefficient is
given by
1 1—

% h(Mio)= Y to©) 1=¢, wmioercc.

l—0o(c) 1+c¢

Let O, denote the subring of F consisting of elements of the form a/b for a € O
and b € O —p. Then, Ay(M;0) € O, for p with A(1) &p.

Proposition 2.2 Under Assumption 2.1, for all but finitely many prime ideals p €
P(o).
)\p’g(M) (f) )\g(M; O’) S O(p)

where p is the prime given by p N Z = (p). Hence, the value of Ly(M;0) € F is
uniquely determined by the series (A, ¢(M ))p: primes Since P (o) is an infinite set.

A more concrete assumption of p € P(a) for the proposition is that A(1) & p, and
p>L+1,and p > 1+deg P;(t)—(2k+1) deg A(¢) for any k <. By the proposition,
we can regard (M ;o) as an arithmetic perturbative expansion of tlf @ (M) for such
a subsequence of p € P(0).
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Proof of Proposition 2.2 Since p € P(0),

(l—l—c)p (l—i—c) (l—i—c) l1+0o(c)
l—c l—c l—c¢ 1—o0o(c)

Hence, by (6) and (7), we obtain the required formula. O

Remark 2.3 Rozansky informed the author that we can show the loop expansion
(1) of the colored Jones polynomial with integer coefficients for knots in integral
homology 3—spheres; see Rozansky [36; 37]. If we show the above procedure using
this, Assumption 2.1 can be replaced with the assumption that H;(M;Z) = Z.

In the following of this section, we explain how to describe the series ()A\ p (M ))
under Assumption 2.1 and, for simplicity, the following assumption.

D: primes

Assumption 2.4 The Alexander polynomial A(¢) of M does not have a multiple
Zero.

From (6) and the definition of Ay(M ; c), we have that

1+ PReS (1—1t=H2 P, (1)
t=c; A(t)%"'l

T (M) 2 1001:0) Ly (

i=1

for all but finitely many primes p, where we put A(r) =[]/, (1 —wi(t + 1 - 2))

with distinct «; € C, and ¢; is a zero of 1 —o; (¢ + - 2). Hence, Xp’g (M) can be
presented by a Q-linear sum of 1 and

& 1+¢\? Jm(ai)
Z(l—cz') A 1-2))"

im1 f—Czt(l—ox,-(t—i-t_

for some polynomials f, () € Q[a], because, for example, putting z =¢ +¢~1 —2,
1 “ ! 1

A) ; [1jpi(ei —j) 1 -0z

|
= 2> et Tl [T @ -en?;
i=1 j#i Joj'#
J#i

e ()
z _;l—aiz

for some polynomial f () € Q[e], where d =[], (ot —« )% € Q, since a symmetric
polynomial in «js (j # i) can be presented by a polynomial in o; with rational
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coefficients. Therefore, in the same way as in the proof of Proposition 1.6, ) pe(M)
can be presented by a Q—linear sum of 1 and

n 1 ; p—1
Z(IJ—FE) g (i)

i=1

for some polynomial g(a) € Q[«]. Putting ¢; = (1 4+ ¢;)/(1 —¢;) (and, hence, 4o; +
1 = el.z), )A»p,e (M) can be presented by a Q-linear sum of 1 and ) ;_, ef+k for
k = —1,1,3,.... Further, we note that ef, el e,% equals the zeros of F(x), where
we set V(z) € Q[z] by A(¢) = V(z) =[];(1 —«a;z) putting z =7 +¢~! —2, and set
F(x) e Q[x] by F(x)=z"V(l/z) =[];(z— ;) putting x =4z + 1. Since F(x) is
a polynomial of degree n, Y ef ¥ for each odd k can be presented by a Q-linear
sum of Y 7_, E{Hb for b =1,3,...,2n—1. Therefore, Xp’ﬁ (M) can be presented by

a Q-linear sum of 1 and Z;;l efﬁLb for b=1,3,...,2n—1.

Let us regard the series (X Pt (M ))p: primes 88 0
=TT 5 D
primes p primes p

that is, we consider the series (A ¢ (M ))p: primes € [ Iprimes pFp modulo the equivalence
that (ap) ~ (a),) when ap=aj, for all but finitely many primes p. Note that F forms
a Q-algebra. In I, the series (A, ¢(M)) can be presented by a linear sum of 1

and ( iep+b

Dp:primes
i ) p: primes

forb=1,3,...,2n—1.

Further, by the Tamagawa map given in Section 2.2, such a linear sum in F is
identified with an element in C ®qg C, and, in particular, the Tamagawa map takes
()‘P,K (M))p: primes to
®) -
1+c¢ (1=t P(2) l+c¢ 1-c
_1 ~ —
2 Z 1—c ®$=e§ A([)ze—i—l Z ®

l—c 1+4c¢
c=0,c1,...,.cn c=0,c1,...,Cn

Ag(M;c)eC®gC.

So, we put

1 -
) (My= Y li_z®1+Z‘E(M;C)G(C®Q(C)[[q—l]].

c=0,c1,...,.Cn

It can be shown from the topological invariance of rlf O3 (M) (without using Theorem
1.1) that this is a topological invariant of M , when M satisfies Assumptions 2.1 and
24.
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As mentioned before, (M ;o) can be regarded as an arithmetic perturbative expansion
of rl‘fo(”(M) for a subsequence P (o). The vector (r(M; (7))(I is taken to (M), by
the inverse matrix of the matrix (0( fi))a,i given in the proof of Lemma 2.6. Hence,
(M) is an invariant obtained from the vector (‘L’(M ; 0))0 by such a coordinate change
that the resulting (M) does not depend on the Galois group.

2.2 The Tamagawa map

The arguments of this subsection are due to Akio Tamagawa. For the preliminary of
number theory used in this subsection, see, for example, Neukirch [24] and Riben-
boim [35].

Let F(x) and €,..., €, be as above. We use the notation given at the beginning of
this section.

Proposition 2.5 (A Tamagawa) The following map

n n
(10) (Zel‘?”“’) — Y @l e FREFCCRQC
p: primes

i=1 i=1

induces an isomorphism between algebras,

n n
spangy { (Ze?p+b) a-+b is even} —> spang {Ze?@ef’ a+b is even}.
(11) i=1 b i=1
N N
F F®oF

Recall that kj, is the residue field O/p for a prime ideal p C O. Similarly as IF is a
Q-—algebra, ]_[p ky / @p ky forms an F—algebra, where p runs over all prime ideals of
O in the direct product and in the direct sum; we can further assume that p € P, since
we can ignore finitely many p in [], &y / D, kp-

Proof of Proposition 2.5 We consider the following homomorphisms,
F— [Tke/ @Pkp < Fo0q F.
b p

where the left homomorphism is the natural homomorphism induced by the inclusion
F, — kp, and the right homomorphism ¢ is defined by (e ® §) = (e7§) By
definition, the images of

n n
(Zefp+b) and Ze,‘l ®e’

i=1 p: primes i=1

peP”
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in ]_[p ky / EBp ky are equal. Further, since the homomorphism ¢ is injective by Lemma
2.6 below, the homomorphism (10) is well defined.

Moreover, since the inverse homomorphism of (11) is well defined, (11) is an isomor-
phism. |

Lemma 2.6 (A Tamagawa) The homomorphism
i F g F — ]‘[kp/@kp
p p

given by (e ® §) = (61’ S)p cp Is an injective F ~homomorphism, where we regard
F ®q F as an F —-algebra by the multiplication of a scalar € F to the second factor of
F®q F.

Proof Since P splits into the disjoint union of PP(c0)s, we have that
e/ @h-B( [Tk Bk)
p p o peP(o) peP(o)
We consider the map
F— J] & / P
peP (o) peP (o)

induced by the natural map O,y — k,. Since P(0) is an infinite set, this map is
injective. By making the direct sum of such maps, we have an injective linear map.

f®m—>]'[kp/@kp,
p p

where m is the degree of the extension F/Q, which is equal to the cardinality of
Gal(F/Q). This linear map takes the natural basis of F®" to

o = (00 . 1 ifpeP(o),
o o.p)pep’ P 0 otherwise.

In terms of ¢4, the linear map

i F@gF — FOM C ]‘[kp/@k,,
p p
is presented by

(e ®8) = (¢78),ep = Y Fry(€)des =Y o (€)des.

o
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For an integral basis { f;} of O, this linear map is presented by the matrix (a( fi))a,i'
Its determinant is the discriminant of the extension F/Q, and is non-zero. Hence, ¢ is
an injective J—linear map. Further, since ¢ is a homomorphism by definition, ¢ is an
injective F—homomorphism. a

Remark 2.7 This remark is on a personal history of the research of this paper. In
an early stage of the research, the author observed that the arithmetic perturbative
expansion of rlf ©® (M) can be presented by a linear sum of 1, )y, ..., ys—1 Where

n
Vi = Zeiﬁz]_l and € =10+c¢)/(1—ci)

i=1

for the zeros ¢

g e e

llLl ,c,fl of A(t), and obtained results such as those in Sections 2.3

and 2.4, when the irreducible factors of the Alexander polynomial A(z) is of degree
< 2. In order to obtain results when irreducible factors of A(z) is of general degree, it
was a problem to describe the space W = spangt{l, yo,. .., ¥n—1}. The author asked
Akio Tamagawa how to describe W, and Tamagawa soon constructed the map (11)
for a = 1. Motivated by this map, the author presented the coefficients of the linear
sum in terms of integral, showing Proposition 6.1, and observed that the image of the
linear sum by the Tamagawa map (11) is presented by the tensor product (8) for the
{th coefficient of the arithmetic perturbative expansion of 7, (M. After that, the
author directly proved Theorem 1.1, which implies that the second factor of this tensor
product is also a topological invariant, by introducing the 7—through relation.

2.3 The case where A(?) is of degree 0

In this case, the arithmetic perturbative expansion of rlf 3 (M) is described (without
using the Tamagawa map), as follows.

As a particular case of (6), we have

Proposition 2.8 Under Assumption 2.1, for all but finitely many primes p,
Apt (M) =1¢(M;0).
()
That is, for such p,
57V (M) = t(M:050 + 0(¢ = DL Zp)[8)).

where we put T(M; -)(SZ) = Zi:o A (M) (g — 1)k'
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A more concrete assumption of p for the proposition is that bq is not divisible by p
and p>/{¢+1 and p>1+deg P () forany k <¢.

Therefore, as an alternative form of (9), 1(M) = 1 ® ©(M;0) is regarded as the

arithmetic perturbative expansion of rlf o (M).

2.4 The case where the irreducible factors of A(r) are of degree 1

In this case, the arithmetic perturbative expansion of t; 3 (M) is described, as follows.

Proposition 2.9 Let M be a 3—manifold whose Alexander polynomial is presented
by A(t) =T17_, (1 —ait+t71— 2)) with a; € Q, satisfying Assumptions 2.1 and
2.4. Then, for all but finitely many primes p,

4a; +1

dpt (M) She(M:0) + > (

i=1

))\Z(M; i),

where ¢; is a zero of 1 —a;(t +1~! —2), and (;) denotes the Legendre symbol. That
is, for such p,

0O (M) =t (M;0) 0+ (M%I)T(M 1))+ 0(€ =D 2]

i=1

A more concrete assumption of p for the proposition is that A(%1) are not divisible
by pand p>{+1 and p > deg P (t) —2¢ for any k < /.

Proof of Proposition 2.9 By (6),

1 A\ Pl
) e,

n
)\p’g(M)E)\e(M;O)-F (
(p)

i=1

Since 1 —a;(c; +ci_1 —2) =0, we have that ¢; +cl._1 2= ai_l. Hence,

(1+c,-)2_ ai_1 + 4 —4ai+1
- - 1 ’

I —¢ al-_l

-\ P—1 .
and (1 + Cl) = (4a; +1)P7V/2 = (—4al + 1).
(») p

By substituting this formula to the above formula of ) p,.(M), we obtain the required
formula. o
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() () )

and denote by R the subring of [ generated by ¢ for non-zero integers k, ignoring
primes p for which the Legendre symbol (%) is not defined. Then,

We put

(12) R1=Qle_1,82,€3,¢5,.. -]/(831 =8§=8§=8§=‘ ~=1)

by the Dirichlet prime number theorem which implies that there are infinitely many
primes with same values for Legendre symbols. We can verify that the relations among
e in (12) are sufficient, since R; is embedded into C ® g C by the Tamagawa map

(1D),
1
vk
which is an algebra homomorphism in this domain. Therefore, as an alternative form
of (9),

R — C®qC, 8k|—>«/z®

n
T(M;0)+ ) eag 1t (M;c) € Rig—1]
i=1

is regarded as the arithmetic perturbative expansion of 7, ¥ (M).

3 The loop expansion

In this section, we review the loop expansions of the Kontsevich invariant and the
colored Jones polynomials in Section 3.1 and 3.2 respectively. The latter can be obtained
from the former by s[, reduction; we explain its concrete procedure in Section 3.2.

3.1 The loop expansion of the Kontsevich invariant

In this subsection, we review the loop expansion of the Kontsevich invariant and how
we obtain it by the rational version of the Aarhus integral.

The Kontsevich invariant is defined in the space of Jacobi diagrams on S, which we
define as follows. For a 1-manifold X, a Jacobi diagram on X is the manifold X
together with a uni-trivalent graph such that univalent vertices of the graph are distinct
points on X and each trivalent vertex is vertex-oriented, where a vertex-oriented
trivalent vertex is a trivalent vertex such that a cyclic order of the three edges around
the trivalent vertex is fixed. In figures we draw X by thick lines and the uni-trivalent
graphs by thin lines, in such a way that each trivalent vertex is vertex-oriented in the
counterclockwise order. We define the degree of a Jacobi diagram to be half the number
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of univalent and trivalent vertices of the uni-trivalent graph of the Jacobi diagram. We
denote by A(X) the quotient vector space spanned by Jacobi diagrams on X subject
to the following relations, called the AS, IHX, and STU relations respectively,

Jo— =

T-HX
- X

The Kontsevich invariant Z(K) [16] of a knot K is defined to be in A(S!); for details
of its constructions see, for example, the author’s book [28].

The loop expansion of the Kontsevich invariant is defined in the space of open Jacobi
diagrams. An open Jacobi diagram is a vertex-oriented uni-trivalent graph. We denote
by A(x) the quotient vector space spanned by open Jacobi diagrams subject to the
AS and THX relations. The Poincare—Birkhoff-Witt isomorphism x: A(x) — A(]) is
defined by

for any diagram D, where the box denotes the symmetrizer

(= T ==
o+ +

(14)

n lines

A label of a power series f (%) = co + c1h + coh? + c3h> + - implies that

S () h
(15) =Co | T "t h+63 hgen

Note that

S (#) S(=h)
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by the AS relation, in the notation of this paper. Any open Jacobi diagram can be
presented by a trivalent graph with labels on its edges. It is known (see Rozansky [42],
Kricker [17] and Garoufalidis—Kricker [9]) that the Kontsevich invariant of a knot K
has a presentation, called the loop expansion,

tiogAn) Pia )/ A(t)
1 Z(K) = 9 exp, ©+Z/ Pia)/AW)
N pis)/A@0)/

+ (terms of (> 3)-loop presented in the same way) | .

h

where we put ¢ = ¢”, and exp,, denotes the exponential with respect to the disjoint-

union product of open Jacobi diagrams, A(¢) denotes the Alexander polynomial of K,
and p; j(7) is a polynomial in t*1 and we put

1 1og Sith(h/2)
3 log =57

Q = x ' Z(the trivial knot) = exp,

Similarly, it can be shown that the LMO invariant of a pair of a rational homology
3—sphere N and a null-homologous knot K in N is also presented by the loop
expansion,

X_IZUVIO(N, K) = _% log (A(l)/A(l)) - Pi,l(l)/A(t)
ZUVIO(N)UQUGXPH @ + [ pi,Z(t)/A(l) \
SNGRTOVINGYA

+ (terms of (= 3)-loop presented in the same way)

We briefly review how we obtain the loop expansion; for detailed and precise arguments,
see Kricker [17] and Garoufalidis—Kricker [9]. The Kontsevich invariant of the long

Hopf link is presented by
—1i| —1
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where we put ¢ = e A pair of a rational homology 3—sphere N and a null-homologous
knot K in N can be obtained from (S3, K) by surgery along K for some framed
link Ko U L in S? such that K is the trivial knot and each component of L is
null-homologous in the complement of K. Let A be the equivariant linking matrix
(see Kojima—Yamasaki [15] and Garoufalidis—Kricker [7]) of a lift of L in the infinite
cyclic cover of S — Ky its entries are in Z[tT!]. Then, the Kontsevich invariant of
Ky U L can be presented by the form

x 1 Z(KyUL)=QUexp %Zm UR,
i,j Vi Yj

where R is a linear sum of open Jacobi diagrams with labels of polynomials in #*!
and with at least 3 univalent vertices; this presentation follows from (16). The rational
version of the Aarhus integral takes it to

rat
x ' Z™MON, K) ="t o / x 1Z(KoU L)dY =

—% log (A(l)/A(l)) dyj 9y
c;TeZ% UQUexpy U{exp| —> ,R),

where ct € A(@) are some normalization constants, o1 are the number of positive
and negative eigenvalues of the linking matrix of L, and the bracket is defined by

- if the number of dy;—legs of D; equals
(D, D,) = E : the number of y;—legs of D, for each i,

otherwise,

for open Jacobi diagrams D; with dy;-legs and D, with y;-legs. Here, a shaded box
means the sum of all ways of connecting the left lines to the right lines, which is equal
to n! times (14).

3.2 The loop expansion of the colored Jones polynomial

In this subsection, we explain the loop expansion of the colored Jones polynomial
(Proposition 3.1 and Remark 3.2) is obtained from the loop expansion of the Kontsevich
invariant by sl, reduction.
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The s[, reduction is a procedure reducing an open Jacobi diagram with labels of rational
functions to a rational function, in the following way. We resolve trivalent vertices by

wo Te) X
(sl2)

where / is a variable satisfying that ¢ = e’ noting that the sl, weight system of both
sides are equal; see Chmutov—Varchenko [4] and the author’s book [28]. By using this
formula recursively, we have that

k legs

hk
o e _ (mh)k'i‘(_ /2ch)k fOI‘k>0>
( )‘ ) |3 for k = 0,

where C denotes the diagram consisting of a single arc. Hence, for a function ¢(¥)
which has an expansion ¢(e) € Q[#],

@(t)
= oD+ @) + (1),

where we put 1 = e’ and 7 = eV 2Ch 1p a similar way, we can also show (see the
author’s paper [30]) that

@1(7)
(18) m o2 D ei@®e @ Her(D),
w 2 i)k =11,2,3}
()  Y@) . .
(19) O_Q(;z)zh(w@—w(t N (W@ —y@™).

for rational functions @;(¢), ¢(¢) and ¥ (¢). In general, we can decrease the number of
trivalent vertices, as follows. Consider a trivalent vertex,

By putting ¢; () = ¢i(t) —¢i(1), the above diagram is equal to the sum of diagrams
obtained from it by replacing each ¢;(¢) with @;(z) or ¢;(1). If we choose @;(¢) for
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all i, the diagram vanishes, since

=0
(sl2)

by (17). Hence, at least one of the ¢;(¢)s is replaced with ¢;(1). By applying (17) to
the edge corresponding to ¢; (1), we can decrease the number of trivalent vertices. In

this way, we can reduce a Jacobi diagram with labels of rational functions of ¢ to a
rational function of 7 by sl, reduction. Further,

—3 log (A(1)/A(1))
2
expy C) = exp (—log (A(D)/A(1))) =

(sl2

A
A@)

Therefore, since the sl, reduction of Z™MO(N) € A(@) is given by a power series
in Q[] = Q[g — 1], the sl, reduction of the loop expansion of y~!ZMO(N, K) is
presented by

“lZMON KyuQT! = i Py
X ’ (572) e A(})2€+1 q

for some symmetric polynomials ﬁe (1) € Q[F*!].

Proposition 3.1 Let K be a null-homologous knot in a rational homology 3—sphere

N . Then, Wy, y, (ZIMO(N, K)) is presented by the form,
[e @]
Py(q"™) L
(20) Wet 1, (Z™O(N. K)) =[] Y At

{=0
for some polynomials Py(t) € Q[t*!], where A(t) is the Alexander polynomial of K ;
in particular, Po(1) (= A(1)) is equal to the order of Hy(N;Z).

Proof Since x(£2) is the Kontsevich invariant of the trivial knot, Wy, y, ( X(Q)) =[n].
Hence,

o e,/zc.h/z —e_‘/zc'h/z Wity vnoX . qn/z —q_"/2
= —  [n]=—F——.
(s12) V2C - h ql/2 —qg=1/2
By replacing /& with kh,

| Pk/2 _7k/2 k2 _—kj2

Qr—[n ———— - —

k fiz_t-172 NOEETETENTA)
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where we put 7 = ¢V2C" and ¢ = ¢". Therefore,

1 Dy,
(p(;)Q > [l’l] (/2 _—1/2 : [D(x

(2 =)0 )

1 D

=[n]- RICEP=Trh ﬁ

((tl/Z _t—l/Z)q)([))’

eh/2_e—h/2
where we put Dy = d and D =214 Tr regarding 2 D] = mD as a power

series in (AD)? and /. Hence, we can determine Py (¢) by

(1) 1 D - Py(t)
1) Z G §213+1 Ue:m'ﬁ((f”z—f 1/2)2 R ))

where we can show that Py(z) € Q[¢r*!], since

1 omf (12 ,—1/2 Pe(f)
(12 _=1/2 +(hD) ((Z —! )A(t)zeﬂ( -1
is presented by a linear sum of the form A(J:’)‘Z(,t)Jr (g — l)k for some polynomials
Ji(0) € Q[e*1]. m

Remark 3.2 In particular, when N = S?3,
Waty 7, (Z™O(S?, K)) = Way 1, (Z(K)) = [1]Ju(K: q).

Hence, in this case, Proposition 3.1 implies the loop expansion of the colored Jones
polynomial,

- Py(g") ¢
Jn(K;q) = E ———(@q—-1)".

This formula was shown by Rozansky; he further shows that P;(¢) € Z[t*'] in [41].

Remark 3.3 In the defining relation (2) of the perturbative invariant, we can replace
Py (t) with Py(t), since

(=" P() _ o (=17 Py(1)
(22) es—————— = Res————F—,
t=c A(l«)2€+l t=c A(I)ZZ—H
where this equality is obtained as follows. By (4),
T Dp(t) = —Res————(1)

S
t=c t t=c t
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for D = 2t%. Hence,

(12 _4=1/2 (12 _ =12
Res— D?p(t) = Res—————¢(1).
t=c t t=c t
Therefore, when we consider the residue of (21) of the form (22), we can replace D?
with 1, and, hence, we obtain (22).

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1, which states the topological invariance of the
perturbative invariants of 3—manifolds with the first Betti number 1. We show “Kirby
theorem” for surgery presentations of such 3—-manifolds in Proposition 4.1, and prove
Theorem 1.1 by introducing the #—through relation. To prove the theorem, we also
show some properties of the ¢#—through relation.

Let M be a closed 3—manifold with the first Betti number 1. We choose a framed link
L’ in S? such that M is obtained from S3 by surgery along L’. Then, H'(M;7Z) is
presented by the kernel of the homomorphism Z" — Z™ given by the multiplication of
the linking matrix A of L’, and, hence, a cohomology class in H'(M;Z) is presented
by a € Z" such that Aa = 0. We can assume, without loss of generality, that all entries
in the first row and the first column of A are equal to 0 and a= (1 0 --- 0)T, by
changing L’ by handle slide moves if necessary. This implies that the first component
of L’ has 0 framing and the other components are null-homologous in the complement
of the first component. Further, we can assume that the first component of L’ is the
trivial knot K, because we can untie the first component by a sequence of crossing
changes and each crossing change can be realized by a surgery along a small trivial
knot winding around the crossing. It follows, by putting L’ = Ky U L, that, for a
3-manifold M with the first Betti number 1, we can choose a framed link Ky U L in
S3 as a surgery presentation of M such that K is the trivial knot with 0 framing and
each component of L is null-homologous in the complement of K.

Proposition 4.1 Let K be the trivial knot with 0 framing in S3, and let L and L’
be framed links in S — K such that each component of them is null-homologous
in S3 — Ky, and let S 13(0U I and S I3(OU 1% denote the 3—manifolds obtained from S3
by surgery along Ko U L and Ko U L' respectively. Then, SI3(0UL and SI3(0UL’ are
homeomorphic if and only if L and L’ are related by a sequence of the KI and KII
moves on the link and the KII moves over K, where the KI and KII moves are as
shown in Figure 1.
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The KI move : Lu% «~ L <« LLI(X)
The KII move : < <~ \-/<

Figure 1: The KI and KII moves

Proof We denote by Lk, and LY the framed links in S 2 x S! obtained from L
and L' by surgery along Ky ; note that they are null-homotopic in S2x S'. Let W, Ko
and WL/ be the 4-manifolds obtained from S? x S! x I by attachmg 2-handles
along L Ko and L’ Ko respectively. Then, Wy, Ko = 8WL/ >~ (S?2x S'YU M . Further,
the diagram

(M) (M)

T (Weg,) =2 =mi(Wp, )

commutes, and Hy(Z) = H4(S') = 0. Hence, by Fenn-Rourke [5, Theorem 6], L Ko
and L/Ko are related by the KI and KII moves. Therefore, L and L’ are related by the
KI and KII moves on the link and the KII moves over K. O

To show the invariance under the KII move over K, we introduce the 7—through
relation among Jacobi diagrams with labels of polynomials in 7. We define the 7—
through relation to be the relation generated by

@

where D is a Jacobi diagram with labels of polynomials in ¢, and we define a diagram
with the marking to be the sum of diagrams obtained from the original diagram by
connecting the marking at the right side of each ¢; for example,

2 % ¢ t_t
LO,/=t + ¢ + ¢ .
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This operation is well-defined, since, for the equality,

we have that
DO B S
t =
t + t )

Lemma 4.2 Let K, be the trivial knot with 0 framing in S, and let L and L' be
framed links in S* — K such that each component of them is null-homologous in
S3—Ky. If L and L’ are related by the KII move over Ky, then x ' Z(KoUL)UQ ™!
and x~'Z(KoU L) UQ™! are related by the t—through relation.

Proof From the definition of the Kontsevich invariant (see, for example, the author’s
book [28]), we have that

(B ) (|F) - A -

This implies the lemma. m|

Proof of Theorem 1.1 We recall the construction of the perturbative invariant (M ; ¢),
where M is a 3—manifold with the first Betti number 1 and c is a zero of the Alexander
polynomial A(¢) of M. As mentioned before, we choose a framed link Ko U L in
S3 as a surgery presentation of M such that K is the trivial knot with 0 framing
and each component of L is null-homologous in the complement of K,. Let N
be the 3—manifold obtained from S by surgery along L. By Proposition 3.1, the
loop expansion of Wy, y, (Z MO (N, K )) is presented by (20) for some polynomials
Py(t) € Q[tT']. By using these Py(t), we defined the perturbative invariant by (3).
Further, by Remark 3.3, we can replace P;(¢) with ﬁg (¢), that is,

t(M;c) = _l. It+e Z (BSCM)@_ ¢,

— 20+1
21 S A(t)
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where IA’@ (¢) € Q[t*'] are determined by

o0

> oD a1t 2 7R K e
(23) £=0 A(’) rat

= c;‘” =%~ / x ' Z(KoUL)dY uQ!.

By Proposition 4.1, it is sufficient to show the invariance of t(M;c¢) under the ori-
entation change of Ky and under the KI and KII moves on L and under the KII
moves over K. By the orientation change of Ky, labels of x ! Z(Ky U L) changes
by replacing ¢ with ¢~!. Since the sl, reduction is invariant under this change, we
obtain the invariance of t(M;¢) under the orientation change of K. The invariance
of (23) under the KI and KII moves on L is obtained from basic properties of the
Aarhus integral; the invariance under the KI move is obtained since the change of the
Aarhus integral under the KI move cancels with the change of the normalization factor
cy 7+ =%~ and the invariance under the KII move is obtained since the KII move can
be presented by certain variable change of the Aarhus integral and the Aarhus integral
is unchanged under such variable change; for details, see Bar-Natan, Garoufalidis,
Rozansky and Thurston [1; 2; 3] and Garoufalidis and Kricker [9]. Hence, it is sufficient
to show the invariance of (M ; ¢) under the KII move over Kj.

When we change KU L by the KII move over Ko, x ' Z(KoUL)UQ~! changes by
the ¢—through relation by Lemma 4.2. Further, by Lemma 4.7, x~! Z™MO(N, k)L Q™!
changes by the 7—through relation on Jacobi diagrams with labels of rational functions.
Hence, the change of x ! Z™MO(N, K) U Q™! is presented by

—%log(A/Al) "

=~ @ -
—1log (A/ Ay) tA'/A

for some diagram D With labels of rational functions, where we put A = A(z),
A; = A(l),and A" = Ir A(Z) By sl, reduction, it is sufficient to consider the case

where
/ P1(1)  @2(1) en(t) Y@ o+
@& s OO-OC
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for some rational functions @; (¢) and ¥ (¢) satisfying that ¢; (t) = @; (t™'), @i(1) =0
and ¥ (1) = —y(¢~1). In this case,

tA /A
_ tAOWO
é_@ AN 1—.[2 w@:

=, 8o @Oy ® []20:® + 8ty @ [ 20:(D) +-

i#1 i#2
+8ion DY (D) [ ] 206D +4(rw @ + A—m) 1‘[2% ()
i#n

= 4z(w0 1‘[2% 0) + ().

Hence, by putting ¢(1) =4y (¢) [ [; 2¢:i (1),

tA' /A ~ ~
A’ ~ 1
@@ @ 2R 0+ e

Therefore, the change of ), (ﬁg @)/ A(Z)M‘H)(q —is given by

AW (1A pl0) B oY 141 o)
A(z)(_ R “’(’))‘A(l)(t(A(z)) +r—l'A(z))‘

Further, the change of the defining formula of ©(M;¢) is given by

I 14ec 12 e\ 141 9@
3R -rran((55) + HAG)

A1) 1+4c ((t+t‘1—2)<p(t))’
— . Res
2 l—ct=c A1)

=0,

since the residue of the differential of some function is always equal to 0. Hence, we
obtain the invariance of t(M;¢) under the KII move over K. O

In order to show Lemma 4.7 below, we extend the definition of the #—through relation
to Jacobi diagrams with labels of rational functions. To extend it, we show some
properties of the marking connected to a label of a rational function, as follows. We
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define the marking connected to a label of 7 by

tk ik T I A S B L
k—

for k € Z. By extending this definition linearly, we define the marking connected to a

(24)

label of a polynomial f € Q[t*!]. Then, we can show, for polynomials f, g € Q[¢*!],
that
25) Je - f & 4+ [ g

9

by reducing the proof to the case where f = ¢! and g = t/. Further, we define
the marking connected to a label of a rational function f/g (for f,g € Q[t*!] with

g(1) #0) by

/{g — S Vg _  flg g 1/g
VR s\ 7\
In particular, [ [
/g _—_ 1/g g 1/g
VR s\

Note that these two formulas imply that

. [
(26) /@: [ Ve 4+ f /g

Lemma 4.3 For polynomials f, g € Q[t'] with g(1) # 0,

A L
N T N T /N

Proof By definition, it is sufficient to show that

f /g _  flg g /g _— /g f _ 1/g g flg
s\ s\ s\ s\

By multiplying g from both sides of each term, this formula is equivalent to the formula

[ [ [ .

g f _ f g - f g _ g f

7N\ S 7N\ 7 N 7
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This is obtained by applying (25) to diagrams with labels of fg and gf. |

Lemma 4.4 For polynomials f,g € Q[t*'] with f(1),g(1) #0,

Ve - Uf Vg L 1S 1/g
7 N 7N 7N\

Proof By definition, it is sufficient to show that

_ Vfe jg Vfe—_ 1S f Vg _ 1/fg g 1/¢
ST N SN ST N
This is obtained by applying (25) to the label of fg. O

Lemma 4.5 For rational functions ¢, ¥ of t,

ro0 L

oy - e ¥ 4L e ¥

Proof We put ¢ = fi/g; and ¥ = f/g, for polynomials f;, g; € Q[¢*!] with
gi(1) # 0. Then, the left-hand side of the required formula is equal to

N Vgigs o A Vsigs —
e N

[

N /g8 + N o 1/818 4

fifo /g /gy fifo/gr 1/g

where the equality is obtained from (25) and Lemma 4.4. Further, since we can exchange
the order of f, and 1/g; in the second and third terms by (26) and Lemma 4.3, the
above formula is equal to

[

N /g8 4+ [ 1/g1 fo/g

+ Ni/gn o /gy  fifa/gr 1/g

By definition, the right-hand side of the required formula is equal to this formula. O
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Extending the previous definition, we redefine the ¢ —through relation to be the relation

generated by
& -

where D is a Jacobi diagram with labels of rational functions of 7, and we define a
diagram with the marking to be the sum of diagrams obtained from the original diagram
by connecting the marking at each label; for example,

(pw*:%w>+¢w).

Lemma 4.6 For a rational function ¢ of ¢,

L

Proof When ¢ = tk , we obtain the lemma,

1k k¥
since this equality is obtained from (24) and the property

ol

In general, putting ¢ = f/g for polynomials f and g in !, we obtain the lemma,

[

/g f /g  flg g 1/g t(f/g)

where we obtain the second equality in the same way as above. a

Extending Lemma 4.6, we define the marking connected to a label of log f on a loop
for a polynomial f in t*! by

lcg f tf'/f

Geometry & Topology, Volume 14 (2010)



Perturbative invariants of 3—manifolds with the first Betti number 1 2027

Lemma 4.7 If x ' Z(KoU L) and x~'Z(Ko U L’) are related by the t—through
relation, then [™ x™'Z(KoU L)dY and [™ y~'Z(KoU L")dY are related by the
t —through relation on Jacobi diagrams with labels of rational functions.

Proof When L is of 1 component, we show the lemma, as follows. In this case, the
difference of the 7—through relation is generated by the form
(27)

exp 5

where D is a diagram with 2k legs. By the rational version of the Aarhus integral, this
is taken to
(28)

—1log (A/Ay) dy  dy

/A

VA A TA

Hence, (28) is equal to

—% log (A/Al)
(29) expy,

where we use

log(A/Ay) tAN/A
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Therefore, the Aarhus integral of (27) is presented by the form (29), and this implies
the lemma. Note that (29) can also be presented by

—%log (A/AI) ay Ay

exp, exp| — U ,

T7A = X

N[ —

In general, the difference of the 7—through relation is generated by the form,

exp | 3

1 Aij
+§Zm

i,j Vi

yjyilyig Vioge

Similarly as the above case, we can show, by replacing A and 1/A with 4;; and
(A7), i, that the Aarhus integral takes the above formula to

—1log(A/Ay) dyj Oy

oo ) (a5 1)
ij (A7Yi

where, instead of the second equality of (30), we use

ZA//A A,‘j (A_l)ji

i’j
since A’/A =trace(4’- A7) = D A;.j -(A71);;. This completes the proof. O
Lemma 4.8 Let D; and D, be Jacobi diagrams with a marking such that they are
related by the procedure of sl, reduction explained in Section 3.2. Then, the diagrams

obtained from D and D, by applying the marking on themselves are related by s,
reduction.
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The lemma implies that the operation of the marking * commutes with sl, reduction.
In other words, it implies that if

(572) .

Proof The procedure of sl, reduction mainly consists of the application of (17), and
this commutes with the operation of the marking . The non-trivial part is the procedure
of ignoring a trivalent vertex whose adjacent edges have labels ¢;(¢) (i =1, 2, 3) with
@i (1) = 0. Hence, it is sufficient to show that

<?51
(31) 2 +
¥3

for rational functions ¢;(¢) with ¢;(1) = 0. We put ¢; = f;/g; for polynomials f;
and g; with f;(1) = 0. Then, the left-hand side of the above formula is equal to

then

N I||

N
/g1 fi 1/g1) N 1/g1] N

/g2 |2 I/kgz /2 +1g
/g3 /g J&/ lfgs 3/

1/g1 f1 /g1 N /g1 N
L /g fa\ 4 /g 2 4 1/g fz

/g3 f3/ /g3 f3/ 1/g3 "1y

Further, the sum of the first three terms is equivalent to 0 by sl, reduction, since
fi(1) =0 for all i. Hence, it is sufficient to show (31) when ¢; = f;. Further, the
proof can be reduced to the case where f; = tki — 1. In this case, we can check (31)
concretely by (24) and (17). O
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Lemma 4.9 For a rational function ¢(t) with ¢(t) = —@(t™1),

"0)

(s12)

Proof We put ¢(¢) = f(t)/g(t) for polynomials f(¢) and g(¢) with f(1)=—f(@"")
and g(¢t) = g(+~!). By definition,

o0 ) _ S Vg ) _ flg'g V)
Further,

*

f 1/g 1 \t+1 41f'@)
(1) fO( (1) g(ﬂ)?—lJr 140)

where we can show this equivalence by (18) and (24) putting (1) =t* +/%.Ina
similar way, we can show that

/g 1/g L \i+1 4if(DHg'@)
(1) fo(g(l) g(ﬂ)?—lJr gD?
Hence,
o) l(fO /(D' O) PRSI0
@ \g@) g0 -1 g@
which implies the required formula. |

5 Properties of the perturbative invariants

In this section, we show some properties of the perturbative invariants. As before, we
let M be a 3—manifold with the first Betti number 1.

Proposition 5.1 For a zero ¢ of A(t), t(M;c) =t(M;c™ ).

Proof It is sufficient to show that Ay (M ;c) = Ag(M;c™1). By definition, A;(M;c)
is presented by the form,
1+ CR <p(t) 1+ ¢ 1
l—ct=c t l—C 2 —1 Jy(e)

d
o0
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for some rational function ¢(¢) with ¢(t) = @(¢t~'), where y(c) is a small loop winding
around c. Further, Ay (M ;c™!) is calculated by the same formula replacing the variable
by t = 1/u. Since dt/t = —du/u and (14+¢)/(1—c)=—(1+cV)/(1=c71), we
obtain that Ay (M;c) = Ag(M;c™ ). O

Proposition 5.2 For a rational homology 3—sphere N ,
T(M#N:c)=t(M;c)t(N)|H{(N:Z)|,

where M #N denotes the connected sum of M and N , ¢ is 0 or a zero of the Alexander
polynomial of M, and ©(N') € Q[q — 1] denotes the perturbative SO(3) invariant of
N (see the author’s paper [26]).

Proof By the connected sum of N, the perturbative invariant t(M ; ¢) changes by
the multiple of
Wai, (ZO(N)) = |Hi(N; Z) [t (N) € Qg — 1],

where the equality is derived from the universality of the LMO invariant among
perturbative invariants of rational homology 3—spheres, see the author’s paper [27].

Hence, we obtain the proposition. O
Proposition 5.3
1 if deg A(t) =0,
A)
Ao(M;0) = _A”(l) if deg A(r) =1,
0 if deg A(t) > 1.
For a zero ¢ of A(t) of multiplicity m < 2,
1—c2)A(l
d-c)al) 2CA’()c) W ifm =1,
MMz =9 4y PG - OAW O R
ifm=2.
c3 3A"(c) A"(c)

Proof We calculate A¢(M;0), as follows. By definition,

Al t+171-2
— es
2 =0 tA()
If deg A(¢) <1, putting A(¢) = by or A(t) = by (t +t~1) + by, the required formula
can be shown concretely. If deg A(¢) > 1, putting A(z) = b,(t" +t™") +---, the
function of the residue has the form (1" — 2t~ 1 +¢"=2)/(but*" + --- + by), and it
has no pole at + = 0. Hence, its residue equals 0.

Ao(M;0) =
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We calculate Ay(M :c), as follows. By definition,

A(l) T+c_ t+171-2
. €S
2 l—ct=c tA()

Ao(M:c)=—

If ¢ is a zero of A(¢) of multiplicity 1, the residue is calculated as

est+z—1 -2 i (t—c)t+1t71-2) - t+t71=2  (c—1)?
-_— = = 11 = ,
t=c tA(1) t—c tA(1) t—c  tA'(1) c2A'(c)

and we obtain the required formula. If ¢ is a zero of A(¢) of multiplicity 2, putting
A(t) = (t —c)? f(t), the residue is calculated as

t+171=2 (t+t_1—2 c+c_1—2)

Res———— = Res -

t=c  tA(r) t=c\t(t—0)2f(1) c(t—c)2f(c)

1 (z+z—1—2_c+c—1—2)
tf (1) cf(c)

_d t+t71-2
‘E( tf (1) ),:c

Hence, noting that A”(¢) = 2f(c) and A”'(¢) = 6f’(c), we obtain the required
formula. o

= lim
t—>cf—¢

5.1 Clasper surgery formula

In this section, we show a surgery formula of the perturbative invariants under clasper
surgery; for claspers, see Habiro [12]. It follows from this surgery formula that the
coefficients of the perturbative invariants are independent invariants.

Let F be a Seifert surface of a knot K in an integral homology 3—sphere. The Seifert
form Hy(F)® H{(F)— R is defined by taking ¢ ® b to the linking number of a and
b, where b™ denotes the puss-off of b in the normal direction of F. The Seifert
form is presented by a Seifert matrix V', fixing a basis of H;(F). We denote by
ex, ey the vectors presenting cohomology classes x, y € H L(F) for the basis. The
scaler eg (ZI/ZV—Z_I/ZVT)_ley depends only on the Seifert form and x, y € H!(F),
independently of the choice of a basis of H;(F). The Alexander polynomial of the
knot is given by A(¢) = det(s'/2V —¢=1/2yT)_ A leaf of a clasper in the complement
of a Seifert surface F of a knot is associated with a cohomology class in H'(F)
counting cycles as
W

W— :
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Let K be a knot with 0 framing in an integral homology 3—sphere, and let M be
the 3—manifold obtained from the integral homology 3—sphere by surgery along K.
Consider a graph clasper C of the following form, embedded in the complement of a
Seifert surface F of a knot K. Let x, y be cohomology classes in H!(F) associated
with the leaves of the graph clasper.

(1
/
\

Proposition 5.4 Let M and C be as above, and let M¢ denote the 3—manifold

obtained from M by surgery along C . Then, the change of the perturbative invariants

by the clasper surgery is presented by

AMMce;e)—Ag(M;c) = —=- R
(Meie)=he(M:0) 2 1—c r=¢ tA(t)

AM(Mcic) = A (M:c)

>~ N\ —
—\

3
) eg(zl/zV—l_l/zVT)_ley,

forany k < £.

Proof In the same way as [33, Proposition 4.17], we have that

\ F()/A@)
7 (£-loop) ) / ".. < ( _ 7 (t-loop) )) (( = ‘ll' ,

where Z(£-109P)(K) denotes the £—loop part of log x~! Z(K), and

F() _ _ 1
mz_(tl/z_l 1/2)€£(t1/2v_l 1/2VT) ey-

Hence, by this clasper surgery, Py (r)/A(r)*+!

changes by
22172 _4=1/2) .

e

1/2 —1/2y,T\—1
) T2y -2y T e,

keeping Py (¢) unchanged for any k < £. Therefore, from the definition of the pertur-
bative invariants, we obtain the proposition. |

We can obtain similar surgery formulas for other forms of the graph clasper, in the
same way as in the author’s paper [33].
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5.2 Stability of the perturbative invariants for finite cyclic covers

There is a natural d—fold cyclic cover M; of a 3—manifold M with by (M) = 1
(defined below). By regarding the perturbative invariant of M, as an invariant of
M (assuming that b (My) = 1), we have an infinite series of invariants of M . In
this section, we show that this series is stable for sufficiently large d in the cases of
Propositions 5.5 and 5.6.

For a positive integer d, let M; be the d—fold cyclic cover of M induced by the
homomorphism
m(M)— H(M:Z)— 7 — 7/dZ,

where the first map is the abelianization, the second map is the map ingoring the torsion
part, and the third map is the projection. We assume that b{(My) = 1, that is, the
Alexander polynomial A(¢) of M does not have a zero of a d th root of unity. We
choose a rational homology 3—sphere N and a null-homologous knot K in N such that
M is obtained from N by 0 surgery along K. Extending the above homomorphism,
we consider the homomorphism,

7 (N—-—K)—na (M)— H(M;Z) —7 —7]dZ,

and this homomorphism induces the d—fold cyclic cover N—K of N—K as a subset
of M. The above homomorphism is equal to

7i(N—K)— H{(N —K:Z) =~ H{(N:2)®Z — 7 — Z./dZ,

where the second map is the projection from Z ignoring H{(N;Z). Let N; be the
d —fold cyclic cover of N branched along K induced by the above homomorphism,
and let K; be the knot of the branch set in N;. Since Nyj—K; is the d —fold cyclic
cover of N—K induced by the above homomorphism, N;—K; is equal to N-K.
Hence, M, is obtained from N; by 0 surgery along K,;. Further, the Alexander
polynomial of K, is presented by

Ag,(0)== [] Ace'9),

td=1

where we choose the sign so that Ag, (1) > 0. Note that, for a zero ¢ of A(z), ?isa
zero of Ak, (1).

We define the total signature of a 3—manifold M with by (M) =1, as follows. As in
Section 4, M is obtained from S3 by surgery along some framed link Ko U L such
that K is the trivial knot and each component of L is null-homologous in S* — K.
Let L be the preimage of L in the d—fold cyclic cover of S* branched along Ky, and
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let A and A, be the linking matrices of L and L respectively. We define the total
d—signature oz of M by

04(M)=0(Aq)—do(A),
where o (-) denotes the signature of a symmetric matrix. We can verify, by Proposition

4.1, that this is an invariant of M .

Proposition 5.5 When A(¢) is of degree 0, for any positive integer £, the degree < {
part of (q_(3/4)"d (M) r(My; 0)) Vd i stable (that is, constant) for sufficiently large d .

Hence, the stable part is presented by

Proof of Proposition 5.5 When A(¢) is of degree 0, the loop expansion (see Section
3.1) of ZIMO(N| K) is presented by

X_IZLMO(N, K) —

Z™MO(N) L QU expy, ( linear sum of connected Jacobi diagrams )

with labels of polynomials in *1

Its d—fold cover is calculated in the way shown by Garoufalidis and Kricker [8]; in
particular, in this case,

X' Z™O(Ng, Kg) ~

oq(M)0/16 ILMO d _( constant terms of
¢ HZTEN)T L Lexpy (d ( the above linear sum / /’

where 6 is the Jacobi diagram of the 6 graph, and this formula means that, for any
positive integer £, the (< £)—loop parts of both sides are equal for sufficiently large d .
Hence, the sl, reduction of x~!Z™O(N;, K;) L Q! is stably presented by

(32) g3/ ®eaM) (Wai, (Z™MO(IN)) - exp (Wi, (the constant terms)))d,

and
T(My;0) ~ “(32)" (- %)Reg(l —17H2 =«32)".
=

Therefore, the degree < £ part of (q_(3/ Doa (M) (My: 0)) 1/d s stable for sufficiently
large d . m|

Proposition 5.6 Suppose that A(t) has no multiple zeros, and let cfl, e, C,:fl be
the zeros of A(t). Let ¢ be 0 or a zero of A(t). Let d be a positive integer satisfying
that A(t) does not have a zero of a d th root of unity (that is, by (M ;) = 1). Then,
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(1) ro(My:c?) is presented by a rational function of cf, .. ,c,‘f.

2) (kl(Md; c?)— %od(M)ko(Md;cd))/d is stable, in the sense that it can be
presented by a rational function of cf e c,‘f for sufficiently large d satisfying
the above condition.

Hence, the stable part can be presented by
M(M:c) = (M (Mg; ey = 304(M)ho(My; ¢?)) /d for such d > 0),

where this is a rational function of cf, el

Proof of Proposition 5.6 We show (1), as follows. We put
AO=b[](1-ai(t +17"-2)),
i

where ai_1 =c¢ + ci_1 — 2. Then
Ag, /Mg, (D) =] -a@G@+1"-2),
i
where @; ! = clfl + cl._d — 2. Hence, by Proposition 5.3, we obtain (1).
We show (2), in the following of this proof. Similarly as the proof of Proposition 5.5,

—IZLMO N ’K ~
X (Na.Kaq) —1log (Ak, (1)/ Ak, (1))

e@d(MDO/16 | ZIMO (A |1 O jexpy, ( )

U (1 + (2-loop terms) + - - )
—1log (Ak, (1)/ Ak, (1))

zea"(M)e/mI_lQI_lexp,_I C )

U (1 4 (2-loop part) +---),

where the 2-loop part is determined by the 2-loop polynomial Ok, (¢1,7;) (see
Garoufalidis—Kricker [8] and the author’s paper [33]),

Ok, (1.12)

33 =
33 Ak, (1) Ak, () Ak, (Li12)

CISTRAN TS
A6ty )ALty ) A1 G2t 1))

2

¢l =¢4=1

QU —
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where ©(t1,1,) denotes the 2—loop polynomial of K. Hence, the sl, reduction of
x 1Z™MO(N,, Kz) U Q™! is stably presented by

(3/4)gd(M) Ag,(1) Ok, 1) _ )
(Amﬁ) Ak, 47D

Further,
1 144 1—t7H2Ak, (1
Ao(My:c?y = —=. e Res( )" Ak (1)
2 1—cdi=c Ak, ()
1 144 (1-17H%0k,t 1)

3
A M;d=— M)A M;d——-
1(Mq: ) = 704(M)ro(Mg: ¢7) = 5 - 7 Res Ar, (1)

Therefore, it is sufficient to show that @, (¢, 1)/d is presented by a rational function
ofcf,...,cg for d > 0.

We show it, in the following of this proof. For example, when A(f) = 1—a(t+1t71=2),
Ag,(t) =a(c + 74 —1—17
for a zero ¢ of A(t). Further, since

AKd(Sd) _ o d—1_.—d+1 (s9 —c?)(s? —c79)

= N
A(s) (s=o)(s—ch
d—1 —d+1 d d d —d
a S ST —C d —d ST —C d d
= ) ( (S —C )_——I(S —C ))a
c—¢C §—cC S—cC

we can calculate O, (71, 7,) by (33) putting s = {; Zil/d. For example, when ©(¢1, ;) =
1, the summand of (33) is presented by

3d-3 soosdoed
- l
@ﬂﬂﬂn( '”)_xw*m_cﬂ
where we put s; = lell/d ,and s15253 = 1. Since the sum of (33) picks up the terms of
the form s;“d n2d for ny,ny € Z,, we pick up the following term, for example, from a

part of the above product,

da3d-3 sf' ¢4 sg’ cd sgl—cd

d_ —dyd _ —dyd _ —d
(C_C_l)?" S]_C S2—C S3_C ‘(Sl —C )(SZ_C )(S3 —C )W

da3d-3 3d _

c
(c—c™1)3

o — e - -,
c’—1
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Hence, in this way, we can show that

Ok, (1.2) a3 (c+1)(c?—1)?

d C(€2=1)3(c3=1)cd—4
(cd—l_l)(cd+1_1) B B L
x( d (ta+t+o -+ + 5 7
=D 4. 4 —1 —1
+c—d((c +c e+ =) +4c+4c7 +2) ).

For general O(t;,7,) and A(?), we can similarly show that ® (¢, 1)/d is presented
by a rational function of ci", el c,’f for d > 0. O

6 Arithmetic limits of rational functions of roots of unity

The aim of this section is to show Proposition 6.1, which is used when we calculate
arithmetic expansion of quantum invariants in Section 1.

Let p be an odd prime. We put ¢ = exp(277+/—1/p). We review some preliminaries.
It is known that p is divisible by ({ — 1) precisely p — 1 times in Z[¢] (because p =
(—1)(1’_1)/2 1—[1(1;:1)/2 (Zzi—l — C_(Zi_l))z; see, for example, Ireland and Rosen [13,
Proposition 6.4.2]). For non-negative integer i and an indeterminate x, the binomial
coefficient (7) is defined by

1

(’,‘) — il—'x(x—l)(x—2)...(x—i—|—1).

Proposition 6.1 We set ¢(t) by ¢(t) = f(1)/g(t) where f(t),g(t) € Zplt. 17 "]
with f(t) = f(t7'), g(t) = g(t™") and g(1) is not divisible by p. Then,

LS ez

neZ/pZ

Further, if p > deg f(t) —deg g(¢), then,

D
Ly pen= ¥ (1“) Res? 1 0((¢— 1?1 2, [2).

1—c t=c
nez/pZ c=0,C1,..., cn

1

where cl,cl_l, ....Cp,c, are the zeros of g(t).

To prove Proposition 6.1, we show some lemmas, which give particular cases of
Proposition 6.1.
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Lemma 6.2 Let ¢(t) be a polynomial in Q[t,t 1] with ¢(t) = ¢t~ 1). If p >
deg ¢(2), then

Proof It is sufficient to show the lemma when ¢(f) = ¢’ for |i| < p. Then, both sides
of the required formula are equal to 1 if i = 0, 0 otherwise. O

Lemma 6.3 We set ¢(t) by ¢(t) = f(t)/g(t) where g(t) =1—b(t +t~! —2) with

b€ Zy) and f(t) € Z(p)[t,t_l] with f(t) = f(t™Y). If p > deg f(t) —degg(¢),
then

Ly wem=% (llf") Res? 4 061977 210,

C t=c
neZl/pZ c=0,c1

where ¢ is a zero of g(t).

Proof We assume that b is not divisible by p (otherwise, the lemma is reduced
to Lemma 6.2). Further, by Lemma 6.2, we can reduce the lemma by subtracting
a polynomial from ¢(z). Hence, it is sufficient to show the lemma when f(z) = 1.
Putting n = {" + {7" — 2, we expand

1 .. 7]17 ..

— bl l = bl l’
o= 2 M T =
O=i<p 0<i<p

since n? € O(({—1)??) and 1 — bn is invertible in Z()[¢], where the equivalence in
the formula means the equivalence modulo O(({ —1)??). Further, for i < p,

dooni== ) @+

neZ/pZ neZ/pZ
onstant term of (f +~' —2)f = (/'/2 - l_l/Z)Zi)

0 (7)=<()

- 3 ()= “’z“”@b) (702)

0<i<p

!
P
=(c
=(-

Hence

LD S

(34) p neZ/pZ 77

p—1
_ (4b+ 1)PD/2 = (“F_Cl) ,
(»)

1—C1
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since b1 =¢; 4+ cl_1 — 2. Further,

1

Res—— =
t=01g(t)
t—cq 1 1 . 1—cq

Res —— = lim = =— = .
t=citg(t) t—c1 tg(r) c18'(cy) b(c, —cl_l) 1 +c¢g

Therefore, noting that p € 0((§ — 1P _1), we obtain the required formula. |

Lemma 6.4 For a positive integer £, we set ¢(t) by o(t) = f(t)/g(t)t, where f ()
and g(t) are as in Lemma 6.3. If p > deg f(t) — deg g(7)t, then

Ly wem=¥ (llfc) Res 4 (6171 2 l0),

c t=c
neZ/pZ c=0,cq

where ¢ is a zero of g(t).

Proof It is sufficient to show the lemma for ¢(r) = (r+¢~'—2)¢ =1 /(1-b(t +1~'=2))¢,
because other ¢(¢) can be obtained as a linear sum of a polynomial and such ¢(¢).
Similarly as (34), putting n = {" 4+ {7 — 2, we have that

1 n@—l ( ) i i+4—1
— — = (=1 b'n
pneZX/:pZ (1—bn)* Osiqzzé—i-l
—-1/2
— (— 1)( )b 4l+€ 1(. )
05i<pZ—€+1 i+£-1
Further,
{—1 —1/2 -1 l+‘€—1 —1/2
(1)( )4 (i+€—1)_4 ( i )(i+€—1)
_ 4l 1/2\(1/2—¢
=0
and

)35

_ ot £+1 _ (41,263
= omeh e = 2(3—1)‘
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Hence,
1 3 £=(_1)‘+12 20-3 3 1/2-¢ 4b)
p (1—bpt -1 i
nezZ/pZ 0<i<(p+1)/2—L
E(_1)‘5+12(26_3)(4b+1)(p+1)/2_£
{—1
—20+1
:(_1)K+12 28—3 1+C1 4 )
{—1 1—C1
Further,

(t+171—2)t!
Res 7
1=01(1=b(t+171-2))
Res (t +171—2)t! :(_1)“12(2@—3)(1—(:1)2“1
=ery(1=b(t 4171 —2)) E=1)\1+¢

where the second formula is obtained by Lemma 6.5 below. Hence, we obtain the
required formula for ¢(r) = (¢ + 11 = 2)1 /(1 = b(r + 171 = 2))L. O

-0,

Lemma 6.5 Putz=1t+¢"'—2,andlett = ¢ be a zero of | —bz. Then

L 2041
z i~ f20—1 l1—c
1 Res———— = (—-1)*2 ,
(D Respmrr = (D ( e )(l—l—c

(L —2b)zt — pzt+1 o (20—1\ (1=c\*!
2); R = (-2 .
(2 1= t(1—bz)t (=1)72¢ 1 l+c¢

Proof We show that “(1); < (2),”, as follows. The functions of the residues of (1),
and (2); are related by
zt b d ((z —z—l)zf) 1 (£ —2b)zt —pztH?
((1=bz)t+1 L(@4b+1) dt\ (1=bz)t ] L@b+1) t(1—bz)t
Since the differential of a function does not contribute to the residue, (1), is equivalent
to (2), noting that 4b + 1 = (1 +¢)?/(1 —c¢)?.
We show that “(2)y + b(2)¢4+1 = (£ —2b)(1),”, as follows. We have that

(LHS of (2)¢) 4+ 5(LHS of (2)¢+1)
(1—bz)((£ —2b)zt — bzt 4 b((L 4+ 1 —2b) 24+ —pztH2)
= Res
t=c t(1 _bz)é—i—l
(£ —2b)z*

= 1}3@ = (£—2b)(LHS of (1),).
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Further, it is shown by elementary calculation that

(RHS of (2)¢) + b(RHS of (2)741) = (¢ —2b)(RHS of (1)).
Hence, if (1)¢ and (2)¢ hold, then (2);4; holds.
Therefore, by induction, (1), and (2); hold for all £. |
Proof of Proposition 6.1 We can assume that g(1) = 1 by replacing g(¢) with its
quotient by g(1).

If g(7) is of degree 2, we put g(1) = (1—by (1 + 171 —=2))(1=ba(t +171 —2)) where
by and b, are complex number in general, but by + by, b1by € Z(py. If (b —by)? is
divisible by p, the proposition is reduced to Lemma 6.4. We assume that (b; —b,)? is
not divisible by p. We can put f(t) = fo+ fi(t +¢t~ ! —2) by subtracting a polynomial
from ¢(¢). Then,

S 1 ( bifo+fi  bfot+ fi )

g(t)  bi—by\1=bi(t+t71=2) 1—=by(t+t"1-2))

Further, in the same way as the proof of (34),
1 14c 14c\?7!
=X w= (s (1 11) ~tafor (1 j) )

neZ/pZ
where ¢; is a zero of 1 —b;(t +¢~! —2). Since

@) =

Res@ =0,

t=0

Res W _ o U= f @) fle) _bifot+ fi 1—c
es—— = lim = . ,

t=c¢; t t—c  tg(t)  cig'(c))  bi—bs; 1+4¢

we obtain the required formula in this case.

For a general g(¢), we can present ¢(¢) as a linear sum of the ¢(¢) of Lemmas 6.3
and 6.4. Hence, we can show the required formula in the same way as above. a
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