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Topological properties of Hilbert schemes
of almost-complex four-manifolds 1T

JULIEN GRIVAUX

In this article, we study the rational cohomology rings of Voisin’s Hilbert schemes X ]
associated with a symplectic compact four-manifold X'. We prove that these rings
can be universally constructed from H*(X, Q) and ¢;(X), and that Ruan’s crepant
resolution conjecture holds if ¢; (X)) is a torsion class. Next, we prove that for any
almost-complex compact four-manifold X, the complex cobordism class of X1
depends only on the complex cobordism class of X .

32Q60; 14C05, 14J35

1 Introduction

The Hilbert schemes of points X [l of a smooth projective complex surface X are
moduli spaces for finite subschemes of length 7 on X . By a result of Fogarty [16], the
varieties X} are smooth crepant resolutions of the n—fold symmetric powers X
of X, so that they present a strong geometric interest. Hilbert schemes of points
have been intensively studied in the past twenty years, and this has led to important
developments in algebraic and differential geometry as well as in theoretical physics
(see Iarrobino [24] and Gottsche [19] for an overview).

Among these various studies, we will recall here what concerns the cohomology rings
H*(X™1 Q) of Hilbert schemes.

The first step towards the understanding of the vector spaces H* (X1, Q) was achieved
by Gottsche [17] with the computation of the generating series for the Betti numbers
bi(X [”]) in terms of the Betti numbers of the surface X. Then Wafa and Witten
pointed out that the infinite-dimensional vector space H = @ -, H*(X (" Q) was
(by Gottsche’s formula) an abstract highest-weight representation of the Heisenberg
superalgebra modeled on H*(X, Q). Such a construction was geometrically realized
independently by Nakajima [34] and by Grojnowski [23], using correspondences given
by incidence varieties. The additive structure of the cohomology rings of Hilbert
schemes of points was thus given a precise geometric description.
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Then Lehn obtained in [25] a decisive result in the study of the multiplicative structure.
He computed explicitly, when E is an algebraic vector bundle on X and the E []
are the associated tautological bundles on the X (] the cup product by ch(E [y on
H*(X™ Q), and described in this way the subring of H generated by the Chern
classes of all the tautological bundles. This study was completed by Li, Qin and
Wang [29], who constructed virtual tautological Chern characters G(«, n) attached
to each cohomology class @ on X', and computed the cup product by each G(«, n)
on H. The classes G(«, n) extend the Chern characters of the tautological bundles in
the following way: if « is the Chern character of an algebraic vector bundle E, then
G(a, n) is the Chern character of E ["] Besides, it is shown in [29] that the components
(Gi(a,n))o<i<n Of the classes G(x,n) generate the ring H* (X", Q) when « runs
through a basis of H*(X, Q). Using these generators, the authors obtained in [30]
a universal description of H*(X ("] Q) from the ring H*(X, Q) and the first Chern
class of X in H*(X,Q).

This study led to interesting consequences in the particular case where X is a K3—
surface. Indeed, at the same time, Chen and Ruan [9] developed the theory of orbifold
cohomology and hinted at the existence of strong relations between the orbifold coho-
mology ring of an orbifold and the cohomology ring of a crepant resolution: this is
known as the cohomological crepant resolution conjecture (see Ruan [38]). If X isa
K3-surface, the Hilbert schemes X1 are hyperkéhler by a result of Beauville [4] and in
this case the cohomological crepant resolution conjecture predicts that for every positive
integer 7, the ring H*(X™, C) and the orbifold cohomology ring HY (X ) C) of
the n—fold symmetric product of X are isomorphic (see Adem, Leida and Ruan [1,
Conjecture 4.24]). The above recalled description of the cohomology ring of Hilbert
schemes made it possible to prove this prediction (see [27]) by putting together results
of Lehn and Sorger [27] for the Hilbert schemes part with the computations performed
independently by Fantechi and Gottsche [15] and Uribe [42] for the orbifold part.

If we leave the algebraic setting and consider abstract compact complex surfaces instead
of projective ones, Hilbert schemes of points still exist (they are usually called Douady
schemes). If X is a compact Kéhler surface, it can be deformed to a projective surface,
so that the general description given for the cohomology rings of X when X is
projective remains valid. In the general case of possibly non-Kéhler compact complex
surfaces, Gottsche’s formula has been proved by de Cataldo and Migliorini [7], but
the study of the multiplicative structure cannot be performed as in the projective case.
Indeed, Lehn [25] uses in an essential way the fact that the cohomological cycle classes
of smooth algebraic curves on a smooth projective surface X span H!'1(X). This
property fails for abstract complex compact surfaces.
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In a still more general context, Voisin defined in [43] Hilbert schemes X [7] associated
with any almost-complex four-manifold (X, J): for every positive integer n, X ] s
a stably almost-complex differentiable manifold of real dimension 47n. These almost-
complex Hilbert schemes are symplectic if X is symplectic (see Voisin [44]), and are
still crepant resolutions of the n—fold symmetric products of X ". This construction sheds
a new light on the results we have mentioned about the cohomology rings of Hilbert
schemes: indeed, Voisin’s results imply that, for any projective surface X and any
positive integer n, the underlying differentiable manifold of X (] depends only on the
underlying differentiable manifold of X and on the deformation class of the complex
structure of X in the space of almost-complex structures. This explains why the ring
H*(X,Q) depends only on almost-complex invariants of X. On the other hand, it
is worth noticing that orbifold cohomology is naturally defined for almost-complex
orbifolds, which includes n—fold symmetric products of any almost-complex manifold.

Our paper is the second part of a program, the aim of which is the study of Voisin’s
almost-complex Hilbert schemes. The first part [21] has been devoted to the additive
structure of their cohomology rings: Goéttsche’s formula has been proved and Nakajima
operators have been constructed. The first main concern here is the study of the ring
structure of the almost-complex Hilbert schemes. We prove the analog of Li, Qin and
Wang’s result quoted above under a symplectic hypothesis:

Theorem 1.1 If (X, J) is a symplectic four-manifold, the rings H* (X ["] Q) can be
constructed by universal formulae from the ring H*(X, Q) and the first Chern class
of X in H*(X,Q).

This theorem is proved in Section 5.3. Let us have a glimpse at the strategy of the proof.
The techniques developed in [21] allow us to adapt in the almost-complex case the
quasitotality of the proof of Lehn’s main formula [25, Theorem 3.10], except for the
very argument which has already been pointed out for non algebraic complex surfaces:
if (X, J) is an almost-complex compact four-manifold, the homology classes of smooth
J —holomorphic curves in X do not span H,(X, Q) in general. To overcome this
difficulty, we use the symplectic assumption: if X is symplectic and if J is an adapted
almost-complex structure, Donaldson’s theorem on symplectic divisors [11] makes it
possible to span H, (X, Q) by pseudoholomorphic curves for small perturbations of
the almost-complex structure J .

The second important problem in the proof of Theorem 1.1, which occurs only if
the first Betti number of X is nonzero, is to construct virtual tautological characters
for almost-complex Hilbert schemes. Indeed, in the classical situation, if X is a
projective surface, and if Y, is the incidence locus in X x X, the virtual tautological
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Chern character G(a,n) is equal to pry,[ch(Oy,) . pr3(a . td(X))]. The problem in
the almost-complex setting lies in the term ch(QOy, ). Unlike in the case of vector
bundles, there is no tractable analog of coherent analytic sheaves on almost-complex
Hilbert schemes: the differentiable structure of X is pretty hard to deal with; the
topological structure of X ("] (as a C°-manifold) would do better, but sheaves of
continuous functions are generally ill-behaved. To explain the means used to cope
with this problem, we have to recall the basics of the construction of X ("] when X
is an almost-complex four-manifold: it relies on the choice of a relative integrable
complex structure J, ,;el, which is essentially a smooth family J, ;"’; of integrable complex
structures parameterized by X () such that for each x in X ™ J,ge; is an integrable
complex structure in a neighbourhood Wy of the points of x. If W}e’f] is the disjoint
union of the Hilbert—-Douady schemes WAE"], where each Wy is endowed with the
integrable structure J,fk, then X is a subset of Wr[g] Our main idea is to replace
X by Wr[gl’] , the latter having a much better structure: it is a differentiable orbifold
fibred in smooth analytic sets over X ™) We develop in a systematic way a theory
for these spaces, which we call relative analytic spaces, and for a particular class of
sheaves on them, the relatively coherent sheaves. These sheaves are locally an extension
of classical coherent analytical sheaves by C*° parameters. If T is a differentiable
orbifold chosen as parameter space and if F is a coherent analytic sheaf on an analytic
set Z, then it is possible to define a sheaf C°°(T, F) of smooth sections of F with
parameters in 7 as follows: if F is the sheaf Oz, then C*°(T, O) is the subsheaf
of pry, C%  consisting of smooth functions holomorphic in the first variables, and
for an arbitrary F, the sheaf C*®°(T, F) is equal to F ®p, C*(T,Oz). Besides,
this construction can be sheafified in the space of parameters: if V is a differentiable
orbifold, there exists a sheaf F on Z x V such that for all open subsets U and T of Z
and V respectively, I'(U x T, .7?) is equal to T'(U,C*°(T, F)). In our construction,
Z x V is a local model for a relative analytic space and F is a local model for a
relatively coherent sheaf on Z x V. A relative analytic space is obtained by gluing
together a family of such local models and so is a relatively coherent sheaf.

The formalism of relative analytic spaces and relatively coherent sheaves allows us to
use tools of algebraic and analytic geometry in the almost-complex setting. It does not
only solve our present problem, but will be essential in the last section of the paper
(Section 6). We give an independent exposition of this formalism, as it may be useful
in other situations.

As soon as Lehn’s formula is obtained and virtual Chern characters are constructed, The-
orem 1.1 follows from formal combinatorial arguments. We also prove (in Section 5.3)
that Ruan’s cohomological crepant resolution conjecture is valid for Hilbert schemes
of symplectic compact four-manifolds with torsion first Chern class:
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Theorem 1.2 Let (X, w) be a symplectic compact four-manifold with vanishing first
Chern class in H*(X, Q). Then, for every positive integer n, the rings H* (X", C)
and H}, (X () C) are isomorphic.

Our second object in this paper is the description of the complex cobordism classes of
almost-complex Hilbert schemes. We obtain:

Theorem 1.3 Let (X,J) be an almost-complex compact four-manifold. For any
positive integer n, the complex cobordism class of X [] given by its stable almost-
complex structure depends only on the complex cobordism class of X .

This theorem is proved in Section 6. Our interest in this problem goes back to Voisin’s
original motivation for constructing Hilbert schemes in the almost-complex setting: it
is the computation of the cobordism classes of Hilbert schemes of points for projective
surfaces, achieved by Ellingsrud, Gottsche and Lehn in [14]. The authors proved
that these classes can be universally computed from the cobordism classes of the
surface X itself. Their result shows that Hilbert schemes of points for projective
surfaces can be interpreted as modifications at the level of complex cobordism. Voisin’s
idea was that this modification of the complex cobordism could be lifted at the level
of almost-complex manifolds. Although she actually constructed Hilbert schemes for
almost-complex four-manifolds, it is not at all clear that they actually lift the classical
Hilbert schemes at the cobordism level. Our theorem means that it is indeed the case.
The proof relies heavily on the use of relatively coherent sheaves to adapt the argument
of [14] in the almost-complex setting.

Let us now describe the organization of the paper.

Two distinct aims are pursued in Section 2. The first one is to define relative analytic
spaces, which occur in particular in Voisin’s construction of almost-complex Hilbert
schemes. The second one is to recall this construction as well as related results. This
section, which is mainly expository, will be used throughout the paper. In Section 2.1,
we recall classical results about Hilbert schemes of points. In Section 2.2, we introduce
relative and differentiable analytic spaces. This section consists mostly of definitions.
The link between relative analytic spaces and relative integrable structures originally
used by Voisin [43] is given by Proposition 2.12. We also state a general existence
result for relative integrable structures (Proposition 2.13), which is proved in Section 7.
In Section 2.3, we recall the construction of almost-complex Hilbert schemes only as
topological spaces. For the construction of their differentiable structures, we refer the
reader to Voisin’s papers [44, Section 2] for an outline and [43, Section 3] for a detailed
exposition. Then we state the main results of [43; 44; 21] about almost-complex
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and symplectic Hilbert schemes. In Section 2.4, we recall briefly the construction
of incidence varieties carried out in [21, Section 4], mainly to fix the notation. The
compatibility conditions (A) and (B) introduced in Section 2.4 will appear several times
in Section 3.5, Section 5.2 and Section 6.

In Section 3, we present the general theory of relatively coherent sheaves on the relative
analytic spaces introduced in Section 2.2. This formalism is rather heavy and will be
used in Section 5.2 to construct virtual tautological Chern characters and in Section 6
to compute the complex cobordism class of almost-complex Hilbert schemes. The
reader interested only in the description of the cohomology ring of X "] when X
is a symplectic compact four-manifold with vanishing first Betti number may skip
this section except for Definition 3.1, and go directly to Section 4. In Section 3.1,
we define relatively coherent sheaves as well as related operations: pullback, internal
Hom, tensor product, and the corresponding derived operations. In Section 3.2, we
define relative analytic subspaces and prove in Proposition 3.11 that their structure
sheaves are relatively coherent. The proof relies on deep properties concerning ideals
of differentiable functions. We also prove in Proposition 3.13 that relatively coherent
sheaves are stable under pushforward by finite maps. The aim of Section 3.3 is to
generalize the formalism of analytic K-theory of Borel and Serre [5] for relative
analytic spaces. Suitable morphisms are introduced in Definition 3.14, so that the
relatively coherent sheaves on a relative analytic space X become an abelian category.
The associated Grothendieck group is by definition the relative analytic K—theory of X.
Then the operations defined in Section 3.2 and Section 3.3 induce operations in relative
K—theory. Various formulae relating these operations are grouped in Proposition 3.16;
they will be frequently used in Section 3.5, Section 5.2 and Section 6. The aim
of Section 3.4 is to construct a map from relative analytic K—theory to topological
K-theory with complex coefficients. In the case of usual analytic K-theory, such
a map can be obtained via global real analytic locally free resolutions of coherent
analytic sheaves (see Atiyah and Hirzebruch [2, Proposition 2.6]). It is also possible
to use differentiable resolutions instead of real analytic ones, as explained in Atiyah
and Hirzebruch [3, Section 6]; this is the method we adopt in the case of relatively
coherent sheaves. The important point is that, although differentiable coherent sheaves
as introduced in [3, Definition 6.1] are defined by a global condition, it turns out that
they can be characterized by a local condition: it is the object of Proposition 3.17. This
allows us to prove that any relatively coherent sheaf F on a relative analytic space X
admits a finite locally free resolution over C2° in a neighbourhood of every compact
subset of X (Proposition 3.19), and then to associate with F a well defined element in
topological K-theory, called the topological class of . Next, we prove two important
results about this class, namely the functoriality by pullback (Proposition 3.20) and
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the homotopy invariance (Proposition 3.21). In Section 3.5 we apply the formalism
of Sections 3.1-3.4 and associate with any almost-complex compact four-manifold X
various incidence sheaves on relative analytic spaces built from X via suitable relative
integrable complex structures. This defines the geometric setting which will be used
independently in Section 5.2 and Section 6. The last result of the section (Proposition
3.27), which is the analog of Ellingsrud, Gottsche and Lehn [14, Lemma 1.1] in a
relative setting, will be used only in the proof of Proposition 6.8.

The object of Section 4 is to carry out for symplectic four-manifolds Lehn’s computation
of the boundary operator [25, Theorem 3.10]. In Section 4.1 we adapt the first part of
Lehn’s argument to the almost-complex case as we did for the Nakajima relations in [21].
This yields half of Lehn’s formula (Theorem 4.2). In Section 4.2, we use Donaldson’s
theorem on symplectic divisors [11] to establish a general result (Proposition 4.6)
concerning pseudoholomorphic curves on symplectic four-manifolds. This result allows
us to obtain in Section 4.3 the other half of Lehn’s formula when X is symplectic: this
is the object of Theorem 4.7.

In Section 5, we deal with the cohomology rings of Hilbert schemes of points for
symplectic compact four-manifolds. In Section 5.1, we prove an induction relation for
the Chern characters of the tautological vector bundles constructed in [21] (Lemma
5.1). In Section 5.2, we construct virtual Chern characters satisfying the same induction
relation (Proposition 5.2). As we already mentioned, we use the machinery of relatively
coherent sheaves, and especially Section 3.5. Note that Section 5.2 can be skipped
if the first Betti number of X vanishes. In Section 5.3, we state and prove our main
results about the cohomology rings of symplectic Hilbert schemes which are Theorems
5.6,5.7 and 5.9.

Finally, Section 6 is entirely devoted to the computation of the cobordism class of
Hilbert schemes of an almost-complex compact four-manifold (Theorem 6.1). We
combine the strategy of [14, Section 1-3] with the use of the relative incidence sheaves
of Section 3.5. In Sections 6.1, 6.2 and 6.3 respectively, we extend to the relative setting
the results of [14, Propositions 2.2, 2.3 and 3.1]. This is the object of Propositions 6.4,
6.5 and 6.8.
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2 Almost-complex Hilbert schemes and relative analytic
spaces

2.1 Hilbert schemes, incidence varieties and tautological bundles

Let X be a smooth complex manifold, Oy be its sheaf of holomorphic functions and
n be a positive integer.

Definition 2.1 The Hilbert—Douady scheme X" of n—points in X is the set of zero-
dimensional subschemes of length 7 in X, ie the set of ideal sheaves 7 of Oy such
that ), y dimc Op/J)p is equal to n.

Let &, be the symmetric group on n symbols and let X := X"/&, denote the
n—fold symmetric product of X .

Definition 2.2 The Hilbert—-Chow morphism T': X" — X ig defined by the
formula F(&):ZpeX [,(&) p, where [,(§) is the length of £ at p.

Some basic properties of Hilbert schemes of points are:

o XMMisa complex analytic space and I" is a bimeromorphic map.

o If X is compact, sois X

e The fibers of I' are projective, and irreducible if dim X = 2 by Briangon [6].
o If X isa complex curve, then I is an isomorphism and X is smooth.

o If X isacomplex surface, then X is smooth of dimension 2n and is irreducible
if X is connected by Fogarty [16].

For a thorough study of Hilbert schemes of points, we refer the reader to Géttsche [18]
and Nakajima [34].
In this section, we only consider the case dim X = 2. The Hilbert schemes correspon-

ding to different values of n are related through the incidence varieties:

Definition 2.3 For all positive integers m and n such that m > n, the incidence variety
X[m-n] s the set of couples (£, €’) in X x X" guch that & is a subscheme of &.

The incidence varieties X7 are analytic subvarieties of X (] » xm] . The case
m =n + 1 appears as particularly interesting in the theory:

o X[nt+Lnl g smooth and irreducible by Cheah [8], Tikhomirov [41] and unpub-
lished work of Ellingsrud.
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e If Y, is the incidence locus, defined as
(2-1) Y, = {(£.x) in X" % X such that x € supp(€)},

then X"+1.7 ~ P(7,) by Danila [10, Proposition 3.3]. As a consequence,
X[+1.1] is jsomorphic to the schematic blowup of ¥, in X" x X. The
exceptional divisor associated with this blowup is

(2-2) D={(&.¢&)in x[+11] guch that supp(€) = supp(&")}.

These properties show that the incidence variety X["+1:7] is closely related to the
incidence locus Y. The latter satisfies the following properties:

e The morphism pr|y,: ¥, — X (] is flat and finite.

e The ideal sheaf [Jy, admits a global locally free resolution of length 2 on
X" % X by Danila [10, Lemma 3.2].

o If¢: XItlnl__ xInl ang y: xlnt1.nl s xIn+1] gre the natural morphisms
induced by the projections, if p: X"*+1:"] — X is the residual map defined by
the formula p(&, &) = supp(§/€’), if j = (id, p): XtLal o xl+lnl o x
and if £ = Oywm+1.,1(—D), then there exists a natural exact sequence on the
product X"+1:71 % X [14, Section 1]

(2-3) 0 — jxL — (¢,id)* Oy, , — (¢.id)* Oy, — 0.

The variety X [2+1.7] can be constructed explicitly via a global locally free
resolution

0—A—>B—Jy, — 0

of Jy, : if P(B) is the projective bundle of B (using Grothendieck’s convention
for projective bundles), if 7: P(B) — X" x X is the associated projection
and if s is the section of 7 *.A*(1) given by the morphism 7*A— 7*B— Op(1),

then s is transverse to the zero section and its vanishing locus is isomorphic
to X[n-i—l,n]'

We end this section with tautological bundles. Let pr; and pr, be the projections from
X[l » X on the first and second factors.

Definition 2.4 Let E be a holomorphic vector bundle on X and n be a positive
integer. The rautological vector bundle EU is a holomorphic vector bundle on X!
defined by the formula E" = pr,, (Oy, .pr? E).
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If £ is a holomorphic vector bundle on X and 7 is a positive integer, the tautological
vector bundles E and E"+1] are related through an exact sequence on X[ +1.7]
(see [25, page 193]):

(2-4) 0— p*EQL— y*EIH] - gl o,

2.2 Relative spaces and relative integrable complex structures

The geometric structure underlying the construction of the almost-complex Hilbert
scheme of Voisin [43] is that of relative integrable structure, or in an almost equivalent
way that of relative analytic space. In this article, this point of view is systematically
expanded in order to study coherent sheaves in relative analytic spaces, which is done
in Section 3.

Throughout this section, B and B’ denote compact differentiable effective orbifolds
(see Satake [39] and Adem, Leida and Ruan [1, Section 1.1]). Recall that a map
f: B— B’ is smooth if for any b in B there exist two orbifold charts (V}, Gp,
Up) and (Vrpy, Grp)» Urp)) near b and f(b), a group morphism A: Gp —= Gz
and a smooth A—equivariant map from Vj, to V¢ () inducing f on Up.

Definition 2.5 Let X be a separated topological space and 7: X — B be a continu-
ous surjective map.

(1) A relative chart (resp. relative holomorphic chart) on X is given by a homeomor-
phism ¢: U —=Y x V such that |y = pr, o ¢, where U is an open subset
of X, V is an open subset of B and Y is a differentiable manifold (resp. Y is a
smooth analytic space).

(i) Let ¢: U —=Y xV and ¢: U —=Y' x V' be two relative charts (resp. rela-
tive holomorphic charts) and let (y, v) — (¥ (»,v), v) be the associated transi-
tion function ¥ o ¢~ 1: (U NU’) — (U NU’). The charts ¢ and ¥ are
compatible if y is smooth (resp. y is smooth and for all v in pr,(¢(U NU’))
the function y — y(y,v) is holomorphic).

(iii) A relative atlas (resp. relative holomorphic atlas) on X is a collection of com-
patible relative charts (resp. relative holomorphic charts) on X whose domains
cover X.

(iv) A relative atlas (resp. relative holomorphic atlas) A on X is maximal if every
relative chart (resp. relative holomorphic chart) on X compatible with all the
charts of 4 belongs to A.

(v) If A is a relative atlas (resp. relative holomorphic atlas) on X, the saturated
atlas of A is the smallest maximal atlas containing A.
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To be able to define and study relatively coherent sheaves in Section 3, we introduce
the notion of complete relative holomorphic atlas (cf Remark 3.3 (iii)).

Definition 2.6 Let X be a separated topological space and let 7: X — B be a
continuous surjective map.

®

(i)

(ii1)

(iv)

(v)

If ¢: U —>Y x V is a relative holomorphic chart, if Y’ (resp. V') is an open
subset of Y (resp. V) and if U’ = ¢~ (Y’ x V'), then ¢|y: U —=Y'x V'
is a relative holomorphic chart called the restriction of ¢ to U’.

A relative holomorphic atlas A on X is complete if

» for all relative holomorphic chart ¢ in A, all the restrictions of ¢ are in A.

e for all finite family {qbi: Ui —Y; x V,-}1 <i<r of relative holomorphic
charts in A such that the open sets U; are pairwise disjoint, then the relative
holomorphic chart [[;_; ¢;: [[U; — [[(¥Yi x V}) isin A.

If A is a relative holomorphic atlas on X, the completed atlas of A is the
smallest complete relative holomorphic atlas containing A.

If A and A’ are two relative holomorphic atlases on X, we say A refines A’
if for any relative holomorphic chart ¢: U —=Y x V in A’ and any x in U,
there exists a neighbourhood Uy of x in U such that ¢|y, isin A.

Two relative holomorphic atlases A and A’ are equivalent if A refines A’ and
A’ refines A.

We define now relative differentiable spaces and relative analytic spaces.

Definition 2.7 (i) A relative differentiable space (resp. relative analytic space)

(i)

over B is the data of a separated topological space X endowed with a continuous
surjective map w: X — B and with a maximal relative atlas (resp. an equivalent
class of complete relative holomorphic atlas) over B.

If X is a separated topological space, if 7: X — B is a continuous surjective
map and if A is a maximal relative atlas (resp. a complete relative holomorphic
atlas) on X, we denote by (X, .A) the associated relative differentiable space
(resp. relative analytic space).

Remark 2.8 (i) If (X, .A) is a relative differentiable space (resp. relative analytic

space) over B, the fibers (Xp)pep defined by X, := 7w~ 1(b) are differentiable
(resp. complex) manifolds, but they do not form in general a fibration over B,
since the projection map 7 is not assumed to be proper.
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(i) The connected components of a relative differentiable space (resp. relative ana-
lytic space) (X, .A) are still relative differentiable spaces (resp. relative analytic
spaces). If X is connected, the dimension (resp. complex dimension) of X is
independent of 5. We call it the relative real dimension (resp. relative complex
dimension) of X.

(iii) If (X,.A) is a relative differentiable space over B, then X is a differentiable
orbifold and the projection 7: X — B is smooth.

Let us introduce some natural operations on relative analytic spaces.

Definition 2.9 (i) (Base change) Let (X,.4) be a relative differentiable space
(resp. relative analytic space) over B and u: B’ —= B be a smooth map. If A =
{pi: Ui —=Y; x ViYier. if A ={¢; xpidp: Ui xg B'—=Y; xu~'(V;)}ies and if
u*(A) is the saturated (resp. completed) atlas of A’, then (Xxpg B’, u*(A)) is a relative
differentiable space (resp. relative analytic space) over B’.

(ii) (Fiber product) Let (X, .A) and (X', A") be two relative differentiable spaces
(resp. relative analytic spaces) over the same base B. Suppose ¢: U —= Z x V and
¢’ U'—= Z' x V are two relative charts (resp. relative holomorphic charts) over
the same open set V. Then ¢ xg¢’: U xgU’' —= (Z x Z') x V 1is a relative chart
(resp. relative holomorphic chart) on X xg X’. If A” is the relative atlas (resp. relative
holomorphic atlas) on X xg X’ consisting of such charts ¢ xp ¢’ and if Axp A’
is the saturated (resp. completed) atlas of A", then (X xp X', Axp A’) is a relative
differentiable space (resp. relative analytic space).

(iii) (Relative tangent bundle) Let (X, .4) be a relative differentiable space (resp.
relative analytic space) over B, where A = {¢;: U; —=Y; x V;}ier. We define a set
T™X by T™X =[] ycp T Xp, and arelative differentiable (resp. relative holomorphic)
atlas A” on T™% by A" = {d™¢;: T™'U; —> TY; x Vi}icr, where d™'¢; is the
relative differential of ¢;. If 7™ A is the saturated (resp. completed) atlas of A’, then
(T™%, T™A) is a relative differentiable space (resp. relative analytic space) called
the relative tangent bundle of X. As a topological space, T™'X is a topological vector
bundle over X.

Relative analytic spaces are introduced by Voisin [43] by means of relative integrable
structures:

Definition 2.10 Let X be a relative differentiable space over B. A relative integrable

complex structure J™ on X is a continuous section of End (77'X) satisfying the
following conditions:
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o If ¢: U—>Y x V is any relative chart of X, the map J™: Y xV —TY is
smooth.

e Forevery b in B, the map J{°': X, —= End (T'X;) defines an integrable com-
plex structure on Xp.

The next proposition allows us to construct local holomorphic trivializations for relative
integrable complex structures.

Proposition 2.11 Let (X, A) be a relative differentiable space over B and J™ be a
relative integrable complex structure on X. For every x in X, there exist a neighbour-
hood Uy of x and a relative chart ¢: Uy —= W x V in A such that:

e W is an open subset of C, where 2N is the relative real dimension of the
connected component of x in X.

o If Jy is the standard complex structure on C and if b is any point in V', then
$p: (Ux N Xp. I — (W, Jy)
is a biholomorphism.

Proof Let U x be a neighbourhood of x, $ : l7x —>Y x V be arelative chart, and
put ¢(x) = (yo, vo). The relative integrable complex structure J™ defines a smooth
family (Jy)yep of integrable complex structures on Y . By the Newlander—Nirenberg
theorem with parameters, there exist a neighbourhood Uy, x Uy, of (yg,vo) and
smooth complex-valued functions z!,...,z" on Uy, x Uy, such that for every v
in Uy,, (z,lj, - 211)\7 ) are holomorphic coordinates on (U, Jy) (see [44, page 271]).
If Uy = ¢~ 1(Uy, x Uy,), we define ¢ on Uy by ¢ = ((z!,...,zV) 0§, 7). o

Proposition 2.11 enables us to relate relative complex structures and relative analytic
spaces.

Proposition 2.12 Let (X, A) be a relative differentiable space over B. There is a
natural bijection between relative integrable complex structures on X and maximal
relative holomorphic atlases contained in A.

Proof If X is endowed with a structure of relative analytic space over B, Proposition
2.11 allows us to construct a relative holomorphic atlas on X and then the corresponding
saturated atlas. Conversely, if {¢;: Uj —= Z; X V; }jey is a relative holomorphic atlas
on X, the complex structures of the Z;’s define a relative integrable complex structure
on X. O

As a corollary, if X is a relative analytic space over B, there exists a canonical relative
integrable complex structure on the underlying relative differentiable space.
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Relative integrable structures are introduced in [43] to deal with problems in almost-
complex geometry. Let us give some general results about relative integrable complex
structures associated with an almost-complex manifold.

Let (X, J) be an almost-complex compact manifold and B be a compact connected
differentiable orbifold. Recall that B carries a stratification with finitely many strata.
If Z is aclosed subset of X x B, we say that Z is an incidence set if the following
conditions are satisfied:

e The map pr,|z: Z — B is surjective and finite.

e For each stratum By of B, if Z; = pr;1 (B)) N Z, then Z, is a submanifold
of X x B) and the map pr, |z,: Z) —= B, is a covering map.

Let us introduce now some notation. Let g be a Riemannian metric on X, ¢ be a
positive integer and Z be an incidence set of X x B.

e If W is neighbourhood of Z in X x B (considered as a relative differentiable
space over B), Bg (W) will denote the set of relative integrable complex
structures J™ on W such that || J™ — Jlco g w <e.

* Weput By ¢ = l_ir_I}W’ZgW Bg,s(W).

Proposition 2.13 Let B be a compact differentiable orbifold, (X, J) be an almost-
complex compact manifold and Z be an incidence set in X x B. If g is a Riemannian
metric on X , there exists a positive real number ¢ such that for any positive & smaller
than ¢y, Bg, ¢ is nonempty and weakly contractible in the following sense: for every
nonnegative integer p and every pair of smooth families (Jéfls) sesp and (J fels) sesp In
Bg, s parameterized by the sphere S?, there exists a smooth family (J;?;)(t,s)e[(),l]xgp
parameterized by [0, 1] x S? joining (J(gfl ) and (Jlrfls).

N

This result is implicit in [44], although not stated in this degree of generality (see [44,
Proposition 4]). We provide a proof in Section 7.

2.3 Construction of the almost-complex Hilbert scheme

First of all, we define relative Hilbert schemes.

Definition 2.14 Let (X, .A) be a relative analytic space over B of relative complex
dimension two and J™! be the associated relative integrable complex structure. For any
positive integer n, we define a set %E:l] by %Pe’l] =[lpen %E]"], where %E}"] is the Hilbert
scheme of n—points of X; endowed with the integrable complex structure Jgel. If

A= (i U —=Yix Vidier and A ={@p;: Ul — Y x Vijier

i,rel® ~i,rel
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and if A is the completed atlas of A’, then (36["] Al is a relative analytic space

rel °
called the relative Hilbert scheme of X.

Let us now recall the definition of Voisin’s almost-complex Hilbert schemes. Let (X, J)
be an almost-complex compact manifold of dimension four, g be a Riemannian metric
on X, n be a positive integer and Z, be the incidence setin X x X ) defined by

(2-5) Zn = {(p:x)in X x X such that p € x}.

We use the notation introduced at the end of Section 2.2. Let ¢ be any positive real
number smaller than the bound &g of Proposition 2.13. Then Bg, . is nonempty.

Definition 2.15 Let W be a small neighbourhood of Z, in X x X and J™ be a
relative integrable complex structure in Bg, ¢(W). The topological Hilbert scheme X 5,31
is the subset of the relative Hilbert scheme Wr[gf] defined by

X.[]nrgl — {(g x)in W "] such that x =1y (5)}

where I'y: Wén] — ch(") is the Hilbert—Chow morphism associated with the inte-
grable complex structure J ;’1.

Remark 2.16 (i) The topological Hilbert scheme X7

of J™ along Z,, ie of the image of J™! in By .

depends only on the germ

(i) If W is a small neighbourhood of Z,, let {J[!}, ¢ B(0,r)cRd be asmooth famlly
in Bg, ¢(W). This family deﬁnes a relative integrable complex structure J el o
the relative analytic space W=Wxyw (X™ x B(0, r)). Then there exists a
natural relative topological Hilbert scheme over B(0,r) whose fibers are the

(X rel)teB(O r)» namely,
XU TN e o) = {(E x, 1) in W such that x = Ty, (£)},

where Iy ;: Win] — ch(n) is the Hilbert—-Chow morphism associated with
the complex structure J ,rc‘flt.
To obtain a differentiable structure on X 5,31, Voisin uses relative integrable structures
in a contractible subset B’ of By,  satisfying some additional geometric conditions
(see [43, page 711]). The main results she obtains are:

Theorem 2.17 [43, Theorem 5, Theorem 6, Theorem 3; 44, Theorem 3] Let (X, J)

be an almost-complex compact four-manifold, J™ be a relative integrable structure
in B’ and n be a positive integer. Then
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i X [] has a natural differentiable structure. Furthermore, if J'™ is another

Jrel
relative integrable structure in I5', there is a diffeomorphism between X [’21 and

X 5",]&1 which is uniquely defined up to isotopy.

(i1) There is a canonical Hilbert—Chow map I': X 3”,(]:]
lowing property: for any x in X ™) and any integrable complex structure in a
neighbourhood Uy of supp(x), I'"!(x) is homeomorphic to the fiber at x of
the usual Hilbert—Chow morphism from U. é"] toU lﬁ”).

(i) X yﬂ, can be endowed with a stable almost-complex structure, and the associated

complex cobordism class of X B’QI depends only on the deformation class of J .

(iv) If X is symplectic and J is compatible with the symplectic structure, X 3”,3] is
also symplectic.

—> X® satistying the fol-

For arbitrary relative integrable structures, this theorem has the following topological
form:

Theorem 2.18 [21, Proposition 3.4, Proposition 3.10, Remark 3.5]

(i) Let J™ be a relative integrable complex structure in Bg,e. Then X Enrzl is a
topological manifold of real dimension 4n.

(ii) If W is a neighbourhood of Z, in X x X and if {J{Cl},eB(O’,)ng is
a smooth path in Bg (W), then the associated relative topological Hilbert
scheme (X', {J{el},eB(O’,)) over B(0, r) is a topological fibration (cf Remark
2.16 (ii)).

(iii) For any x in X™ and any integrable structure J in a neighbourhood Uy of
supp(x), the Hilbert—Chow morphism T": X %, — X® js locally homeomor-
phic over a neighbourhood of supp(x) to the classical Hilbert—-Chow morphism

from UM to UM .

We can compare almost-complex Hilbert schemes corresponding to different relative in-
tegrable complex structures. Let g and g’ be two Riemannian metrics on X, &9 and 86
be the bounds given by Proposition 2.13, ¢ and &’ be positive real numbers smaller
than ¢ and ¢ respectively and J rel * j'l be relative integrable complex structures
in Bg ¢ and By .. Then there exists a positive real number ¢” smaller than ¢ such
that Bg, ¢ is included in By o. Since, by Proposition 2.13, Bg ¢, Bg/, ¢ and By, ¢
are nonempty, connected and simply connected, X }’ﬂl and X B",rel are homeomorphic
by Theorem 2.18 (ii); and this homeomorphism is canonical up to isotopy.

Therefore, for every positive integer 7, there exists a canonical ring H* (X ("] Q) (resp.
K(X)) such that for every relative integrable complex structure J'™ in Bg, ¢, the

Geometry & Topology, Volume 15 (2011)



Topological properties of Hilbert schemes of almost-complex four-manifolds I1 277

ring H*(X ETL , Q) (resp. the ring K(X yﬂ,)) is canonically isomorphic to H* (X, Q)

(resp. to K(X1)).

Theorem 2.18 (iii) implies that Gottsche’s classical formula for the Betti numbers of
Hilbert schemes of points also holds in the almost-complex case (see [22, Theorem 3.9]).

2.4 Incidence varieties and Nakajima operators

If m and n are two positive integers, let
(2-6) Znxm = {(p: x, ) in X x X x X such that p e xU p }.

Relative integrable structures in a neighbourhood of Z, «;, are denoted by J,rﬁlm

Definition 2.19 (i) If J {elnx m and Jéflnx m are two relative integrable structures
in neighbourhoods W; and W, of Z,x;,, then the product Hilbert scheme
(x[nlxlm] | yrel Jiel ) is defined by

,AXm? 2 nxm

O, il TEem) = (€ €3 %, 2) in WL X g grom WIS

such that I'y  ,(§) = x and T, , - (§) = z}.

(i) If m>n andif J5g x(m—n) 1s arelative integrable structure in a neighbourhood W
of Z,x(m—n)» the incidence variety (X [m.n]  jrel ) is defined by

nx(m—n)

AU ) = {6 € 20 p) in W onxomem W

rel

such that § C &', T, (§) = x and Ty, (§) = x U y}.

As it is the case for topological Hilbert schemes, the product Hilbert schemes and
the incidence varieties are canonically defined up to homeomorphisms isotopic to the
identity if the relative integrable structures used to define them are chosen close enough
to J in C %—norm.

From now on, we fix a Riemannian metric g on X and assume that all relative integrable
structures are sufficiently close to J in C%—norm.

Let J, “’;l(m —ny> In pel s Im el and JI<! = be relative integrable structures in neighbourhoods
w, W', W” and W of Zyx(m—ny> Zn> Zm and Zyxpy , respectively. We consider

the following compatibility conditions of relative analytic spaces:

(A) For every (x,y) in X s xn=m W' W, y and S5 onn) . y|Wv
Jnrelx, ie W' xxm (X® x X(m=m) C W, where the base change map is the
first projection. If this condition holds, there is a natural morphism A from

(X[m ,n] Jrel (m— n)) to (X[n] Jrel)
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(B) For every (x,y) in X 5 y tm=m) WYy, = Wx,y and St (m—n). x. y =
J,rjlx uysie W’ X xom (X x XMm=m) — W | where the base change map is
(x, y) — x U y. If this condition holds, there is a canonical morphism v from
(xlmnl el ) o (XD gy,

(C) For every (x,y) in X0 5 x Om=m) xuy = Wy, and nx(m n),x,y =
Jn“ﬂm x,xUy> i€ w X x () 5 x om) (X(”) x X m= M) = W, where the base change
mapis (x, y)+— (x,xU ). If this condition holds, there is a natural embedding
of (Xlm.nl yrel % (m—n)) into the product Hilbert scheme (X [lxm] el el .

Each of these conditions can be satisfied for a suitable choice of relative integrable
complex structures (this is obvious for conditions (B) and (C); for condition (A),
it is necessary to use the gluing method developed in Section 7). Unfortunately,
conditions (A) and (B) cannot hold at the same time, unless X carries an integrable
complex structure. Indeed, if » =1 and m = 2, assume that we are given three relative
integrable complex structures Ji<,, Ji and J5! such that (J1¢, JI<,) satisfies (A)

and (J5¢!, Ji)) satisfies (B). Then, for all x and y in X,

Jrel | _ Jrel | _ Jrel |
LxWen W) = Yixl,x, yIWiNW) = Y2, {x, y} Wi N W
:Jrel | , /:Jrel | , ,
1x1,y,x Wy N Wy Lyl\Winwy
so that J1°! defines a global integrable complex structure on X .

If J, rel X(m—n) 18 arelative integrable complex structure in a neighbourhood of Zj,x (;s—n)
let us fix four relative integrable complex structures J!, Jfflnx(m_n), Jrl and

Jée’lnx(m_n) in respective neighbourhoods of Zy, Z,x(m—n), Zm and Z,x(m—n) such

that (J5!, J lrf,:}m(m—n)) satisfies the compatibility condition (A) and (J!, Jﬁ"’lnx(m_n))
satisfies the compatibility condition (B). For i =1, 2, there is a homeomorphism be-
tween (X771 g rex(m ny) and (X [, n] J7 rel mx(m—n)) Which is canonical up to 1sot0py
In thlS way, we get two continuous maps “from (xlm.nl g relx (m—n)) 0 (X Jm]) and

(X ,e]) Their homotopy classes are canonical and are still denoted by A and v.

The incidence varieties X > are locally homeomorphic to the integrable model U7
where U is an open set of C?2; this allows us to put a stratification on each X [m.n] In
this way, the X [m.n] are stratified topological spaces locally homeomorphic to analytic
spaces endowed with their natural stratifications, and so each of them has a fundamental
homology class.

The construction of representations of the Heisenberg superalgebra H(H* (X, Q)) of
H*(X,Q) into H = @, cny H* (X ["] Q) via correspondence actions of incidence
varieties done by Nakajima [34] and Grojnowski [23] also holds in the almost-complex
setting:
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Theorem 2.20 [21, Definition 4.3, Theorem 4.5] If (X, J) is an almost-complex
compact four-manifold, Nakajima operators {q,-(oz), ie€Z,ae H* (X, Q)} can be
constructed. They depend only on the deformation class of J and satisfy the Heisenberg
commutation relations:

Vi €L Ve pe ' (XQ). @ qB)l=idio([ ap)ida.

Furthermore, these operators induce an irreducible representation of H(H* (X, Q))
in H with highest weight vector 1.

Finally, we introduce relative incidence varieties, which are essential in Sections 4.1,
5.2, 6.2 and 6.3.

Definition 2.21 If m, n are two positive integers with m > n, if W is a neighbourhood
of Z,x(m—n) and if J;ii(m_n) is a relative integrable complex structure on W, Wr[e’l””]
is the subset of Wrgf] X x () 5 x (m—n) Wr[e’l"] defined by

wim.nl — {(g, £ x, y)in wln X x () x X (m—n) wlml such that £ C é/}.

rel rel rel

If {¢i: Ui —= Q; x V; };es is a maximal relative holomorphic atlas on W , then for all i
in I we have ((]bl["] Xy ¢l[m]) [(U.["] Xy, U-[m]) N wlmnl] = ng’"] x V;. Therefore,

i,rel i,rel rel
for m = n + 1, the relative incidence varieties Wr[e'l” "] are relative analytic spaces.

3 Coherent sheaves on relative analytic spaces

In this part, the letters B and B’ always denote compact differentiable effective
orbifolds.

3.1 Operations on relatively coherent sheaves

We start by defining relative holomorphic functions.

Definition 3.1 Let (X, .A) be a relative analytic space over B. A continuous complex-
valued function f defined on an open subset 2 of X is relatively holomorphic if
for any x in € and for any relative holomorphic chart ¢: U — Z xV of A ina
neighbourhood of x, the function f o¢~! is smooth and holomorphic in the variables
of Z in a neighbourhood of ¢(x).

The sheaf (95?1 of relatively holomorphic functions on X is a sheaf of rings on X.
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Definition 3.2 Let (X, .4) be a relative analytic space over B. A sheaf F of (’);fl—
modules is relatively coherent if there exists a relative holomorphic atlas A equivalent
to A such that for any relative holomorphic chart ¢: U —= Z x V in A, there exists
a coherent analytic sheaf F on Z such that F|y and ¢! (prl_lf ®prloz OrexV)

are isomorphic as sheaves of (’)ﬁle—modules.

An equivalent definition of relatively coherent sheaves can be stated using gluing
conditions: if A = {¢i: Ui —= Z; x Vi}jer and if ¢;j := i o (]bj_l are the associated
transition functions, a relatively coherent sheaf on X is given by a family of coherent
sheaves {F;};cs on the smooth analytic sets {Z }ier and a family of isomorphisms
of sheaves of Orel( Ui)) —modules between bi; N(F ®prr10y, (’)re XV)|¢I w;;» | and
(.7-"1 Rpryl 0z, (’)Zé <V )g; (Ui satisfying the usual cocycle condltlon

Remark 3.3 (i) Let F be a relatively coherent sheaf on X given by a family of
sheaves {F;}ics. Then, for any b in B, if J is the set of the indices i in /
such that b belongs to V;, the sheaves {F;}ies on {Z; x b};cy patch together
into a coherent analytic sheaf on X, which we denote by Fj,.

(i) If (X,.A) is a relative analytic space and if £ is a locally-free sheaf of O;l—
modules, then & is relatively coherent. In particular 77X is relatively coherent
on X.

(iii) If (%, .4) is a maximal relative analytic space, it is not difficult to prove that any
relatively coherent sheaf on X is in fact locally Ox—free. This fact justifies the
use of nonmaximal atlases.

Let us now introduce a class of morphisms between relative analytic spaces that is
well-adapted to relatively coherent sheaves.

Definition 3.4 (i) Let (X,.4) and (X', A") be two relative analytic spaces over
B and let f: X —= X’ be a continuous map over B. Two relative holomor-
phic charts ¢: U —=ZxV and ¢": U —=Z'xV in A and A are f-
compatible if f(U) C U’ and if there exists a holomorphic map g: Z —= Z’
such that the following diagram commutes:

U flu U’
T
ZxV —7'xV
(g,id)
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(ii) Let (%, .A) and (¥/, A") be two relative analytic spaces over B and let f: X —X’
be a continuous map over B. We say that f is a morphism when there exists a
relative atlas A equivalent to A such that for any relative holomorphic chart ¢
in A, there exists a relative holomorphic chart ¢" in A’ such that and ¢ and ¢’
are f—compatible.

(iii) Let (X%,.A) and (X', A") be two relative analytic spaces over B and B’ and
f: X —= X’ be a continuous map. We say that f is a weak morphism if there
exist a smooth orbifold map u: B —= B’ and a morphism f: X —= X' xp B
such that f is obtained by composing f with the base change map from X’'x g/ B
to X’ induced by u.

If f: X—= X’ is a weak morphism, then the sheaf /! (95?,1 is a subsheaf of Orel
Therefore we get a pullback functor f™: Mod(Orel) — Mod((?rel) given by the
formula f*F = [T F® /- o (’)rel

To prove that many usual operations on Mod((’)ggl) induce operations on relatively
coherent sheaves, we use a flatness lemma:

Lemma 3.5 Let W be an open subset of R”, G be a finite group of diffeomorphisms

of W and Z be a smooth analytic set. If V = W /G, then O?le is flat over pI’l_l Oz.

Proof Let §: W — V be the projection and M be a sheaf of prl_lO z—modules.
Then

(8.id) " M ®pto, O%hy) = (6.1d) "M ®pto, (O, p)°
~ [(8,id) "M @pto, OF p1C.

Since the functor F+— F% from Modg((’)rzelxw) to Mod[(Orelxw)G] is exact, it

suffices to prove that Orzel w 1s smooth over pr_lO z.Letk=[(m+1)/2]. Then
W x R¥ can be seen as an open subset W in (C(’H'k)/2 By [31, Theorem 2 bis]

O?xﬁ/ is flat over O, 7, and O, 5 is flat over pry 1O®, . Therefore O ~ is

ZxW

flat over pr; 107 If ¢ Z x W — Z x W is the projection, then ¢ loglxw isa

direct factor of (’)?XW in Mod(pr 102), so that O;lxw is flat over pr; 107, O

We obtain as a consequence:

Proposition 3.6 (i) Let (X, A) be a relative analytic space over B and F, G
be relatively coherent sheaves on X. Then for every nonnegative integer k,
TO}’gr;l (F,9) and Sxt’é? (F. Q) are relatively coherent on X.
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(i) Let f: X —= X' be a weak morphism between two relative analytic spaces
(X, A) and (X', A"), and G be a relatively coherent sheaf on X’. Then for every
nonnegative integer k , Tor’}—l o (f1g, (91;1) is relatively coherent on X.

(iii) Let (X,.A) be a relative analytic space over B, F be a relatively coherent
sheaf on X and u: B'— B be a smooth map. If u: X xg B’ — X is the
associated base change morphism, then Torﬁ{-qo?(ﬁ_l]—' , OE&B p) vanishes
for every positive integer k .

Proof (i) Since two equivalent relative holomorphic atlases always admit a common
equivalent refinement, there exists a complete relative holomorphic atlas A on X
equivalent to A such that for every relative holomorphic chart ¢: U —= Z x V in A,

Flu = ¢~ (pr7' F @p0, OFhy) and Glu = ¢~ (pr7'G @pto, OFp)
where F and G are coherent analytic sheaves on Z. Then
(F®og Dl ~ ¢~ (pr; (F®0, G) Qprto, 0% )
and Hom@g (F.9D|u ~ qﬁ‘l (prl_1 Homo , (]?, é) Rpylos OrZele).

Since OrZele is flat over prl_lO 7z, for any nonnegative integer k, we obtain by
derivation

Tor](‘g§1 (F.Dlu = ¢~ (Tork (F.G) ®p10, 0%, y)

and Extéa (F, D)y ~ ¢~ (Ext§,(F,G) ®pi1 0, OFy).
(i) We can take refinements A and A of A and A’ such that for any relative
holomorphic chart ¢: U —= Z x V in A, there exists a relative holomorphic chart
¢ U'—=Z'xV"in A, aholomorphic map g: Z —Z’, asmoothmap u: V —V’
and a coherent analytic sheaf G on Z’ such that f(U) CU’, ¢'o fodp™! = (g,u)
and G|y ~ d)’_l(prl_lg Rprlo, (’)rZel,Xw). Thus
(/7'G® 108 Oy

= ¢_1 ((g’ u)_l[prl_lg_®Pr1_loz’ OEI’XV’]®(g,u)_1OrZE]/XV/ O?XV)

~ ¢~ (pr;' (g7 G ®-10,, Oz) Opro, OF sy ).
so that for any nonnegative integer &k, Lemma 3.5 yields

Tori-100 (f7'G. OF) = ¢™" (pr} ! Torg-10,,,(87'G. 02) @10, O%y).

(iii) We can assume that X = Z x B, F = prl_l]?®prl—l(gz OrZele and # = (id, u),
where Z is a smooth analytic space and F is a coherent analytic sheaf on Z. Let
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(z, b) be an element of Z x B’, put b = u(b’), and let Eo be a free resolution
of ]:Z By Lemma 3.5, E. ®0, Orel is a free resolution of ¥ ;. Therefore, the
germ of Tork —1Or§1(u LF, Orel( B/) at (z,b’) is the k—th cohomology group of

(Ee ®0. (9“’1 p) ®or, O] lb/ The latter complex being isomorphic to Ee @0, O;elb/,
the result is agam a consequence of Lemma 3.5. |

Remark 3.7 Let F and G be two relatively coherent sheaves on a relative analytic
space X over B. Then for every b in B and for every nonnegative integer k, we
have Tor*(F,G)p = Tor’é)xb (Fp.Gp) and Ext*(F,G)p = gxz’gg%b (Fp.Gp). A similar
result holds for the Tor sheaves appearing in (ii).

3.2 Relative analytic subspaces and direct image
The definition of a relative analytic subspace runs as follows:

Definition 3.8 Let (X, .A) be arelative analytic space over B and 3 be a closed subset
of X. We say that 3 is a relative analytic subspace (resp. smooth relative analytic
subspace) of X if there exists a relative holomorphic atlas A equivalent to A such that
for any holomorphic chart ¢: U —= Z x V in A with UN3 # &, there exists a closed
(resp. closed and smooth) analytic subspace Z’ of Z satisfying (U N3)=2Z'x V.

For instance, the relative incidence varieties Wr[’”’”] introduced in Definition 2.21 are
relative analytic subspaces of Wr[el] X x () x x (m—n) WrE:I ], they are smooth if m =n+1.
We will study other examples in Section 3.5.

Remark 3.9 If 3 is a smooth relative analytic subspace of a relative analytic space
(X, A), then 3 is also a relative analytic space: a complete relative holomorphic atlas
on 3 is obtained by taking the restrictions to 3 of the charts of A.

The forthcoming proposition is needed to associate relatively coherent sheaves with
relative analytic subspaces:

Proposition 3.10 Let n and k be positive integers, 2 and W be open subsets of C"
and R¥ respectively, and T be a reduced analytic subset of 2. Assume that the ideal
sheaf of T is globally generated by holomorphic functions fi,..., fz on Q.

e If g: QxW — C is a relatively holomorphic function on  x W such that

glrxw = 0, then for any (zo, wg) in Q x W, there exist relatively holomor-
phic funct1ons @1,...,¢4 in a neighbourhood Uy, v, of (zo,wo) such that

g = Zz—l ¢i fi on UZO wo -

e Furthermore, if G is a finite group of diffeomorphisms of W fixing wo and if g
is G —invariant, then the functions ¢; can be chosen G —invariant too.
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Proof Let (zo, wo) in 2 x W . Forany z in Q, let gy, (z) be the formal Taylor expan-
sion of the function w = g(z, w) at wo. Writing gy, (2) = Z|1|=k0‘1 (z) (w—wg)T,
the hypotheses made on g imply that the functions «; are holomorphic on €2 and vanish
on T . Therefore for every multiindex I of length k, there exist holomorphic functions
or1,...,074 in a Stein nelghbourhood U;, of zo such that oy = Zl_l ar; fi on Uy,

Hence we get gy, = Zl—l(ZUl kori (w—wop) )f, in O(Uz,)[w—wo]. If S; (resp
f, ,zo ) denotes the formal expansion of z — ZIII =k ¢ ari(z) (w—we)! (resp. fi)at zg
in Cllz — zo, w — wo] (resp. in C[[z —zo])) and if g, , denotes the formal Taylor
expansion of g at (zg, wg) in Cllz—zp, w — wo]],Athen 8z0,wp = Z,_l S; f, zo- Thus

forany (zo, wo) in QXW, gz w, is divisible by fi ..., fd,z() in C[z—zg, w—wyq].
Since the f;’s are analytic, it follows from [32, Theorem 1.1°, page 82] that there
exist ¢1,...,¢q in C>°(2) such that g = Z?Ll ¢; fi. It remains to prove that the

functions f; can be chosen relatively holomorphic in a neighbourhood of any point
in QxW.

If (2o, wo) is an element of Q x W and if r is an integer such that 0 <r <, let us
consider the property (P, ):

There exist a neighbourhood Uz, 4, of (zg, wo) in 2xW and smooth
functions ¢y, ..., ¢4 on Uz, v, such that:

P
(Pr) * g= Z?,:ld’ifi on Uz, -
e Ifr>1,1<i=<dand 1=<j <r,then d¢;/0z; = 0.

We have seen that (Pg) is true. Fix r such that 0 < r < n — 1, and assume that
(P,) holds. We consider a presentation (’)q — Od (jT)ZOéO of the ideal
sheaf of 7" at zg, where the first map is given by a matrlx M in My, ((’)ZO) and the
second one by (f1,..., fg). If O™ denotes the sheaf of smooth functions on Q x W
holomorphic in the first r variables, then O™ is flat over prl_1 Ogq (this is proved
exactly as in Lemma 3.5). Thus we get an exact sequence

M
(3-1) Oy — (O?l)?o,wo e

Pick ¢;....,¢4 in (OF I)ZO wo such that g = Zl_l ¢; fi. Since g is relatively
holomorphlc Z,_l 0¢;/0Z,+1 fi = 0. By the exactness of (3-1), there exists an
element (¢j)1<j<q in ((9rel)z0 wo such that for every i with 1 <i <d, d¢;/0z, 1 =

Z —1 Mijpj. Now the map 9/0Z, 41: ((’)re )zowo —>= (OXN) z0.w, is surjective, so
that there are functlons (¥j)1<j<q in ((9 )ZO wo such thatfor 1 < j <q, 0y /0Z, 41 =

;. If gi = Z]-l M;;jyj then Zl_l bi fi = Zl_l ¢i fi = g in a small neighbour-
hood of the pomt (2o, wo) and 3¢; /02,41 = 3¢y /0Z, 41 — Zl_l M;jdyj/0z, 41 =0,
so that ¢, is in (Ore+1) z0,wo - This proves that (P, ;) holds. By a finite induction,
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we obtain that (P,) holds. This means that ¢, ..., ¢, are relatively holomorphic in a
neighbourhood of (zg, wy).

To prove the last statement, it suffices to replace for each i the function ¢; by the
G —invariant function ¢; defined by ¢;(z, w) = |G|~ Y ouec Pilz.u. w). O

Proposition 3.11 Let X be a relative analytic space over B and 3 be a relative
analytic subspace of X. If jgel is the ideal sheaf of 3 in (’)ggl consisting of the relative
holomorphic functions vanishing on 3 and if (’)gel = (’)ggl / jgel is the structure sheaf of
3, then jsrel and Og"'l are relatively coherent on X.

Proof Since the result is local, we can assume that ¥ = Z x V and that 3 =2’ x V,
where V is a differentiable orbifold, Z is a smooth analytic space and Z’ is an analytic
subset of Z. If Jz is the ideal sheaf of Z’ in Z, then J3* = pri! 7z . OF' by
Proposition 3.10. By Lemma 3.5, (956‘31 is flat over prl_1 Oz, so the equality prl_1 Jz.
Og‘gl = pl‘l_l Tz ®pr171 0, (’)5?1 holds. This implies jgel is relatively coherent. Using
again that (’)5?1 is flat over prl_1 Oz, we obtain that (’)gel = prl_1 Oz ®pr1—1 0, O;gl,
and thus the sheaf (’)gel is relatively coherent too. |

Let us make an important remark:

Remark 3.12 Let Z be any reduced analytic set and V' be a differentiable orbifold.
Then it is possible to define a sheaf Orzde of relative holomorphic functions on Z x V
(which is a subsheaf of ngV) as follows: since we can argue locally, we assume that
there exists an open set U in some C” such that Z is a reduced analytic subset of U .
Then we define (’)rZele as the structure sheaf of Z x V in U x V. Using Proposition
3.11, it is easy to prove that the definition in independent of U . This makes it possible
to construct singular relative analytic spaces, although we will not go any further in

this direction.
Following the strategy of [20, Chapter 1, Section 3], we prove:

Proposition 3.13 Let f: X — X' be a morphism between two relative analytic
spaces (X, A) and (X', A’), 3 be a relative analytic subspace of X such that f is finite
on 3 and F be a relatively coherent sheaf on X supported in 3. Then fiF is relatively
coherent on X’.

Proof For any point x” in X', let ¢’: U’ —= Z’ x V be a relative holomorphic chart
of A’ in a neighbourhood U’ of x’. Since f is finite on 3, there exists a relative
holomorphic chart ¢: U —> Z x V in a neighbourhood of #~1(x’)N3 such ¢ and ¢’
are f—adapted. Up to a refinement of A, we can assume that:
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« ¢(U)CU and ¢~ (U)N3CU.

e ¢'ofop ! =(g.id), where g: Z —= Z' is holomorphic.

e p(UN3)=Y xV,where Y is areduced analytic subset of Z.
e The function g|y: Y — Z’ is finite.

e The sheaf F|y is isomorphic to ¢! (pr' F ®pito, 0% }), where F is a
coherent analytic sheaf on Z supported in Y .

Let us prove that the natural morphism
32 pri(8xF) ®pr 0, OFy—= (2,id)x (br] ' F ®plo, OF )

is an isomorphism. The function g being finite on Y and (’)rel < (Tesp. (’)re1 <) being
flat over pr_1 Oz (resp. pr; ~102/), both members of (3-2) deﬁne exact functors from
Cohy (Z) to Mod((’)rel <)+ Let Jy be the ideal sheaf of Y. Since g is proper, we
can assume, after shrinking Z’ if necessary, that jI],V F vanishes for N large enough.
Using the exact sequences

0— P F—=TF—TVFIF}y T F—o.

we see that it is sufficient to prove that (3-2) is an isomorphism when F is an
Oy -module. Under this assumption, for any z’ in g(Y), we can take local Oy —
presentations of F in a neighbourhood of the finite set g~!(z’) N Y. Thus it is enough
to prove that (3-2) is an isomorphism when F = Oy . If h = g|y, this amounts to
show that the natural morphism from /2, Oy Qprl 0/ (’)E‘,XV to (K, id)« (’)r;le is an
isomorphism. Since the problem is local, we can assume that there exist two positive
integers m and n and an open subset  of C™ such that Z’ is open in C”, Y is a
closed analytic subset of € x Z’ and / is the restriction to Y of the projection from
CM"xC" to C".

We deal at first with the case m = 1. If (w, z’) denotes the coordinates on C x C”",
then for any z’ in A(Y), (h«Oy), is free over O, : a basis is given by the functions
lL,w,..., w9 , where d is the degree of /4 (see [20, I, Section 2]). Since the general
Weierstrass division theorem remains valid for relative holomorphic functions, for any v
in V', the module ((%,id)« O?XV)Z/ v is also free over Orel with basis 1, w, ..., w?.

, U
This yields the required isomorphism.

To conclude, we argue by induction on m. Let us write Q = Q" x Q’, where Q"
and Q' are open in C and C™~! respectively, and let p: Q x Z' — Q' x Z' and
q: Q' x Z' — Z’ be the natural projections. Then there exists an analytic hypersur-
face S in  x Z’ containing Y such that p is finite on S. If Y = p(Y), then Y is
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an analytic subset of Q' x Z’ and ¢ is finite on Y. By Proposition 3.11, ngzl y 1s,
as a sheaf of OE?ZXZ/)XV—modules, isomorphic to pr; 'Oy ®pry! Oy 77 O(éxz/)xV.

Therefore the result in the case m = 1 yields the isomorphism

p«Oy Qpi 1 Ogrx 2/ OE%’XZ’)XV ~ (p.id)« Orlgle'

Besides, we get another isomorphism by induction, namely

qx(pxOy) ®Prl_loz/ OrZel/xV >~ (q,1d)« (pxOy ®Pf '0grszr O(Q’XZ’)XV)

Putting these two isomorphisms together, we get the result. O

3.3 Relative analytic K —theory

We are now going to introduce morphisms of relatively coherent sheaves. A natural idea
would be to consider relatively coherent sheaves on a relative analytic space (X, . A) as
a full subcategory of the abelian category Mod((’)rel) of sheaves of (’)rel —modules on X.
Unfortunately, the resulting category would be nonabelian. Indeed, 1f X=ZxBis
trivial, if F is relatively coherent on X and if y is a smooth cut-off function in B,
the multiplication by y defines an endomorphism of F over (’)ggl whose kernel is
far from being relatively coherent in general. Now, if A is given by the family of
relative holomorphic charts {¢;: U; —> Z; x V;};c, another natural definition is to
glue together the abelian categories (Coh(Z;));cy of coherent analytic sheaves on Z;.
This is what we do.

Definition 3.14 (i) A strict morphism between to relatively coherent sheaves F
and G on a relative analytic space (X,.4) is a morphism u in Hom@;el (F.9)
satisfying the following condition: there exists a relative holomorphic atlas A
equ1valent to A such that for every relative holomorphic chart ¢: U —=ZxV
in A there exist two coherent analytic sheaves F and g on Z as well as a
morphism v in Home , (F, G ) such that Fl|y ~ ¢~ (pr 1f®pr 1o, Ofo),
Glu ~¢~ (pr g Qpilo, OrexV) and the following diagram commutes up
to isomorphism:

Flu

Glu

1= ¢~ (v®id)

¢~ (pry ' F @0, OFy) ¢~ (pr7'G @0, OF )

(i) If X is arelative analytic space and 3 is a closed subspace of X, we call Coh™ (¥)
(resp. Cohgel(%)) the subcategory of Mod(Oggl) whose objects are relatively
coherent sheaves on X (resp. relatively coherent sheaves on X supported in 3)
and whose morphisms are strict morphisms.
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If X is a relative analytic space and 3 is a closed subset of X, the categories Coh™!(X)
and Cohgel(f{) are abelian subcategories of Mod((’)ggl) by Lemma 3.5.

In the sequel, the Grothendieck group of an abelian category C is denoted by K(C).

Definition 3.15 Let X be a relative analytic space and 3 be a closed subset of X. The
relative analytic K—theory of X (resp. relative analytic K—theory of X with support
in 3) is defined by K™ (%) = K(Coh™ (X)) (resp. K¥'(X) = K(Coh§'(X))).

As for coherent sheaves, we can define usual operations on relative analytic K-theory.
These definitions rely on Proposition 3.6 and Proposition 3.13.

e (Product) If X is a relative analytic space and 3 is a closed subset of X, a
product from K™(X) ®z K™ (X) (resp. K*(X) ®z K%el(%)) to K™ (X) (resp.
K5!(%)) is defined by

F.g=Y (-1 Torlégl(]:, g).

k>0

e (Dual morphism) Let X be a relative analytic space and 3 be a closed subset
of X. The dual morphism F+— FV from K™(X) to K™(X) (resp. from
K%el(%) to K%el(%)) is given by

FY =Y (=) &xtb(F, OF.
k=0

e (Pullback morphism) Let f: X — X' be a weak morphism between relative
analytic spaces and 3’ be a closed subset of X’'. The pullback morphism
(resp. the pullback morphism with support) f KX — K(X) (resp.
fh KE(X) — K (X)) is defined by

=13
/G = 3 (DF Torksom (/71 6. OF).
k>0 '

e (Gysin morphism) Let f: X —= X' be a morphism between two relative
analytic spaces and 3 be a relative analytic subset of X such that f is finite on
3. The Gysin morphism f; from ngl(%) to K™ (X’) is induced by the exact
functor f: Cohgel(%) — Coh(X).

We now list all the properties we need concerning the operations introduced above.
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Proposition 3.16 (i) (Product structure) If X is a relative analytic space and if

(i)

(iii)

(iv)

)

3 is a closed subspace of X, then K™ (X) is a unitary ring and ngl(f{) is a
module over K™ (X). Besides, if F and G are relatively coherent sheaves on X
and if G is supported in 3, then

FY.G=Y (1) Extipe (F,G) in KE'(X).

i=0

(Functoriality) The pullback morphism (resp. Gysin morphism) in relative
K-—theory is contravariant (resp. covariant) with respect to weak morphisms
(resp. with respect to morphisms). Besides, the pullback and the dual morphism
commute.

(Projection formula) Let f: X — X' be a morphism between two relative
analytic spaces and 3 be a relative analytic subspace of X such that f is finite on
3. If F is arelatively coherent sheaf on X supported in 3 and G is a relatively
coherent sheaf on X', then fy(F . f'G) = foF.G in K*\(X').

(Base change I) Let f: X — X' be a morphism between two relative analytic
spaces over B, A be a relative analytic space over B and 3’ be a relative analytic
subspace of X' xg A such that the projection q: X' xg A —= X' is finite on 3’.
If fo = f xpida, we consider the cartesian diagram:

fa

XxpA X'xgA
pl lq
X X'

If3= fA_1 (3), then 3 is a relative analytic subspace of X xg A and p is finite
on 3. Besides, the pullback and Gysin morphisms

psi K§ (X xpA) — K*(X), ¢ K§5'(X'xpA) — K™(X)),
K@) — K(X) Sar KX xp A) — K5(Xxp A)

are related through the formula f'qs« = p« f i.

(Base change II) Let A be a relative analytic space over B, f: X — X' be
a morphism between two relative analytic spaces over B and assume that X’
is a smooth relative analytic subspace of A. If fa = f xpida, consider the
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cartesian diagram

%M%XBA

fj lfA

.%/ Gd.) %/ XB A

Then the pullback and Gysin morphisms
(id, i)s: K™N(X) = KX xg A), (id.i 0 f)s: K*(X) =K (X xp A),

S K@) — K(%), Sar KX xp A) — K (X xp A)

are related through the formula fi (id,i)s = (id,i o f)« f*.

(vi) (Base change III) Let (X, A) be a relative analytic space over B, 3 be a closed
subset of X, u: B—= B’ be a smooth map and u: X xg B’ —= X be the
associated base change morphism. Then the pullback functor &i* from Coh™ (%)
to Coh™ (X x g B’) (resp. from Cohr3el (%X) to Cohrﬂel_ 13) (X xpg B’)) is exact, and

u=u*. ’

Proof (i) If F, G and ‘H are relatively coherent sheaves on X, there is a spectral

sequence (canonical from E5) such that

ED® = Torly(Torty(F.O)H).  E&? = Gry Torg " (F.G.H)

and E 21’ *? vanishes on each component of X except for finitely many couples (p, q).
Furthermore, by Proposition 3.6 (i), the sheaves E 217 "4 are relatively coherent on X and
the morphisms dzp *4 are strict. Thus, for all r > 2, the sheaves E,”? are relatively
coherent and the morphisms d/°? are strict, so that

Y (—DPHEPT =3 (—1)" Torhu(F.G. H)
X

p,9=0 n=0

in K™(X). This yields the associativity of the product. The proofs of the remaining
properties in (i) and of (ii) are essentially similar, using spectral sequences associated
with the composition of two functors.

The proofs of (iii), (iv) and (v) are performed in the same way. We detail the proof
of (iv).

(iv) For x in X, we take two relative holomorphic charts ¢: U —= Z x V and
¢': U’ —= Z' x V in neighbourhoods of x and f(x) such that ¢ and ¢’ are f—
compatible. Let us write ¢’ o f o ¢! = (g,id), where g: Z —= Z’ is holomorphic.
If §;,...,8y are elements of A such that ¢~ '(f(x)) N3 = UYL, (f(x),8), we
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choose a relative holomorphic chart ¥: Us, . s\ —=Y x V in a neighbourhood of

the §;’s. The local form of the diagram of (iv) is then:

(g,id,id)
ZxYxV =2"5Z7Z'xYxV

pr13‘ pri3

ZXYV — = 7'xV
(g,id)

Furthermore, we can assume that (¢’ xp Y)[(U’ x Us, .. sx) N X] =3 x V, where 3
is an analytic subset of Z’ x Y and pr; is finite on 3. Then for any coherent analytic
sheaf G on Z’ x Y supported in 3, we use Proposition 3.13 and we get

(g.id)*[pryz. (pry, §®prl_21 0y O% )]
~ (2.id)*(pr14 G ®pirt 0, OFy)
~ ¢*(pry. G) Qprrloz Oy
~pri[(g.id)* G| ®prto, Oy
~ pri3[pr; (8. 1)* G @10, OFhyur]
= pry3.[ (8.1 i) * (Pr3 G ®pt 00, Oy i)
Taking the derivative with respect to G and using Lemma 3.5, we obtain the result.

(vi) This is an immediate consequence of Proposition 3.6 (iii). a

3.4 Topological K —theory for relatively coherent sheaves

In Section 3.3, we have constructed a theory for relative coherent sheaves as well as
associated operations. It remains to obtain cohomological information about these
objects. To do so, we construct global resolutions by complex vector bundles for
relatively coherent sheaves. We start with a general result:

Proposition 3.17 Let Y be a differentiable orbifold.

(i) Locally free sheaves of Cy°—modules are projective elements in the category
Mod(Cy°). In particular, if 0 —= F —= G —=H—0 is an exact sequence
of sheaves of C3° —modules on Y and if H is locally free, then this sequence
globally splits.

(i) If H is sheaf of Cy° —modules admitting a finite free resolution in a neighbour-
hood of any point of Y, then H admits a finite locally free resolution in a
neighbourhood of any compact subset of Y .
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(ii1)) Two finite locally free resolutions of a sheaf of C;’,o —modules are subresolutions
of a third one.

(iv) Let 0 —= F — G —= H — 0 be an exact sequence of sheaves of C;’,o —mod-
ules such that G and H admit finite locally free resolutions on Y. Then
JF admits a finite locally free resolution on Y and we can find three such
resolutions Fo, Ge and H, of F, G and ‘H related by an exact sequence

00— Fg—>Goe— He —0.

Proof (i) Let P, Q, H be sheaves of C;’,O —modules such that Q is a quotient of P
and 7 is locally free, and let 7 be in Hom¢ge (H, Q). It is possible to lift & locally
to a morphism from H to P, and then globally using a partition of unity on Y .

(i) Let K be a compact subset of Y. We choose a finite covering (U;);<;j<qg of K
and open sets (V;)1<;j<g such that for 1 <i <d, U; is relatively compact in V; and
‘H admits a finite free resolution on V;. For each i, we multiply this resolution by a
smooth cut-off function equal to 1 on U; and supported in V;. We obtain in this way
a complex of sheaves

0 — (C)HN ——cenee —— (C)nin i 0

on Y, which is exactin U;. If E = @;Ll(c;';’)"“ and if 7 = @f-;l mi: E—H
is the sum of the m;’s, then the morphism 7 is surjective in a neighbourhood of K.
For 1 <i <d,let N; and N denote the kernels of m; and 7 respectively. We have
an exact sequence

0 M|Ui NlUi _)69]#1((’,[0]?)”]1 —0.

By (i), Ny, is isomorphic to N;|y, & (Ci’;;)zf#i i1 . Furthermore N;|y, admits a
finite free resolution of length N — 1. Thus A admits a finite free resolution of length
at most N — 1 in a neighbourhood of every point in K and we can start the argument
again. After at most N steps, we obtain a locally free kernel.

(iii) Let H be a sheaf of C3°-modules and (E;)o<i<n and (Fj)o<i<n be two finite
locally free resolutions of H on Y. Let us construct by induction a finite locally
free resolution Go of H on Y such that E, and F, are subresolutions of Go. We
put Gy = E¢ @ Fy, the map from G to H being obtained by adding the two maps
from E( and from Fy to H. If k is a positive integer smaller than or equal to N —1,
assume that we have constructed (G;)o<;<x as well as injections E¢~— G, and

Geometry & Topology, Volume 15 (2011)



Topological properties of Hilbert schemes of almost-complex four-manifolds I1 293

F.“—— G, in degrees at most k. Then in the two diagrams

0— E; Gy 0) —= 0 0— F, Gy Ry —> 0
AN oo
0— Ex—1 = Gg—1 = Qk—1 —0 0— Fx—1 = Gk—1 = Rg—1 =0

! J | | ’ |

0 Ey Gy Qo 0 0 Fy Go Ry 0
0 H H 0 0 H H 0
0 0 0 0
all the lines and the columns are exact and Qy, ..., Ok, Ry, ..., Ry are locally free by

induction. Let N = ker(Ek—>Ek 1), Nk— ker(Fk—>Fk 1), Nk =ker(Gr—=Gj_1),
Qk =ker(Qr—0Qj_1) and Rk = ker(Ry— Ry _1). By breaking the exact sequences
of the two last columns into short exact sequences, we obtain that Qk and Rk are
locally free. The two sequences

0—= Ny — N/ —=Qr—0 and 0—= N/ —= N/ — R —=0

are exact. By (i), N >~ Ny & O ~ N, @ Rk, and we can define Gy by the
formula Gy = (Ek+1 ® 0k) ® (Fit1 EB Ry).

If k = N, we end the resolution G by putting Gy 1 = Ny .

(v) If (é,—)ofl«s N and (H;)o<;j<n are locally free resolutions of G and H, let us
construct by induction locally free resolutions Fo and Ge of F and G such that G, is
a quotient of G,, together with an exact sequence 0 — Fo —> Go¢ —> He —> 0.

Since Hj (resp. éo) is a projective object by (i), we can lift the map from Hy to H
(resp. from 50 to H) to a map m (resp. 7) from Hy to G (resp. from 60 to Hy). If
Gyo=Hy® éo, there is a natural surjective map from G¢ to G obtained by adding 7
and the map from Gy to G. Besides, (id, 7): G, — H, is surjective, we denote its
kernel by Fj.

If k is a positive integer smaller than or equal to NV, assume that we have constructed
(Fi)o<i<k and (Gi)o<j<k. an exact sequence 0 —> Fo —> Go —> He —> 0 and a
surjective morphism from G to Ge in degrees at most k. Let Ny = ker(Fy = Fr_;),
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N/ =ker(Gx —Gy—1), N, =ker(Hy— Hj_;) and Ny = ker(Gy — Gi—1). We
have an exact sequence 0—= Ny —= N —= N/ —=0. If Re =ker(Ge—G.)
and Sy = ker(Rk—>Rk 1) the sequence O — Sk — N’ — Nk — 0 is exact,
so that N L~ Sk EBNk by (i). As above, we lift the map from Hy 41 to N}/ ./ (resp. from
Sk ® Gk+1 to N;') to a map g (resp. 7g) from Hyiy to N, (resp. frorn Sk ® Gy
to Hy4q). If Gk+1 =Hp 1 BSk® Gk+1 there is a natural surjection from Gy 4
to N, / obtained by adding m; and the map from S; & Gk+1 to N . Then we define
Fk+1 by Fyy1 = ker(7g,id).

Ifk=N, FNy1=Nnyy1 and Gy = NI/\’+1’ so that F, and G, are locally free

resolutions of F and G. O

We apply now this result in our context. If (X, .4) is a relative analytic space, then
X is also a differentiable orbifold, and (95?1 is a subsheaf of C;O. Therefore, we can
associate with every relatively coherent analytic sheaf F on X the sheaf F°° defined
by F® =F ®or C$°, which is a sheaf of C3°—modules. This sheaf admits a finite
free resolution in a neighbourhood of any point of X, thanks to the lemma:

Lemma 3.18 Let U be an open subset of R”, G be a finite group of diffeomorphisms
of U and Z be a smooth analytic set. If W = U /G, then CZ y, is flat over pr| “104.

Proof Asin Lemma 3.5, it suffices to prove that O?X y is flat over prl_1 Oz.IfY is
a real-analytic manifold, let C{ be the sheaf of real-analytic functions on Y. Then,
C% isflatover Oz, CS ;s ﬂat over pr; 16% and C%, ,; is flat over C5_ ,; by [31,
Theorem 2]. O

The Grothendieck group of the category of complex topological vector bundles on a
topological space Y will be called K(Y). Besides, the class in K(Y) of a complex
vector bundle £ on Y will be denoted by [E]. Then Proposition 3.17 and Lemma
3.18 yield:

Proposition 3.19 If (X, A) is a relative analytic space and if F is a relatively coherent
sheaf on X, then the sheaf F°° admits a finite locally free resolution in a neighbourhood
of any compact subset of X. Besides, if il is a relatively compact open subset of X and
(Ei)o<i<n is alocally free resolution of F°° on i, then the element Zfio(—l)i[Ei]
of K™() is independent of Eo and depends only on the class of F in K™ (X).

In conclusion, we can associate with each relatively coherent sheaf F on X a topological
class [F°°]in lim_ K (L), where il runs through all the relatively compact open subsets
of X. Furthermore, if 3 is a closed subset of X and F is supported in 3, then the
topological class of F lies naturally in LiLnu K n3(h).
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We are going to prove two fundamental properties of the topological class, namely the
functoriality by pullback and the homotopy invariance. We start with the first one.

Proposition 3.20 Let f* be a weak morphism between two relative analytic spaces X
and X', 3 be a relative analytic subspace of X' and F be a relatively coherent sheaf on
X' supported in 3. Then the pullback morphism

ST lim Kynz() — lim - Ky r-163) (4)
weex scex
maps [F*®] to [(f*F)*].
Proof We can assume that F°° admits a global locally free resolution on X’. Let

(E;)o<i<n be such aresolution. Then for every nonnegative integer k , the cohomology
sheaf of f*E, in degree k is

Torf-1ee5( /7' F.CF)
which is isomorphic to

Tor}(—lozll(f_l}—, (f)ggl o
by Lemma 3.5 and Lemma 3.18. We define the sheaves N} and Zj by the expressions
N =ker(f*Eyp = f*Er_1) and Z), =Im(f*Ey 11— f*E). Then we have exact
sequences

(3-3) 0— Ny — f*Ex —TIy —0,
(3-4) 0 —Tp —= Ny — Torj’%_lcg?( fTIF®, L) —0.
If 31 is relatively compact in X, then the sheaves

Tor}_lc;?( fIFe e

admit, by Proposition 3.19, a global locally free resolution on . Since Ny = Ej, the
repeated use of Proposition 3.17 (iv) with the exact sequences (3-3) and (3-4) shows
that the sheaves N; and Z; admit global locally free resolutions on $f, and that the
following identities hold in K/ r—1(3)(41):

[/*Exl = Wil + [Zx-1] and [Nk]=[Ik]+[70r,'5—lc;<;(f_1f°°,c§° ]

As a consequence, vazo(—l)i[f'*E,-] = Zilio(_l)i [7-07'}71(/»;? (f71F, C)]. This
yields the result. ' O

We can now come to the homotopy invariance of the topological class:
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Proposition 3.21 Let ) be a relative analytic space over B x [0, 1], R be a relative
analytic subspace of ) and F be a relatively coherent sheaf on ) supported in ‘R.
Assume that the pair (R, 2)) is topologically trivial over [0, 1] (ie for any ty in [0, 1], if
X =9, and 3 = Ry, , then there exists a homeomorphism between ) and X x [0, 1]
over B x[0, 1] mapping R to 3 x[0, 1]). Forevery t in [0, 1], let i;: ); —=2) be the
natural inclusion. Then, via the homeomorphism between 2); and X, the topological
class [(i; F)*°] in LiLnuccx Kin3 () is independent of ¢ .

Proof Let 4 be an open relatively compact subset of X, ¢: X x[0,1]—%) be a
homeomorphism trivializing the pair (R,%)) and let &' = ¢(44 x [0, 1]). Then 4’ is
open and relatively compact in ). We take a locally free resolution (E;)o<;<pny of
F*° on Y. By the homotopy invariance property for topological K—theory, the class
Zl o(— 1)i[ifF*®] in Kyn3(4) is independent of 7. By Proposition 3.16 (vi) and
Proposition 3.20, i/ E, is a locally free resolution of i F°° in . This yields the
desired result. |

3.5 Relative incidence sheaves

Let (X, J) be an almost-complex compact four-manifold and » be a fixed positive
integer. If W, W’ and W" are small neighbourhoods of the incidence loci Z,x1, Z,
and Z, 4 introduced in (2-5) and (2-6), let J,ﬁi}l, J,ﬁel and J,ﬂl be relative integrable
complex structures on W, W’ and W” respectively. To simplify the notation, we put

Xt = x Xt = et
ylnt1n] _ Xgri:xrll ,n] ylnIx[1] — (X[n]x[l] J;E;ll Jrell)

Definition 3.22 The four relative incidence sets Ly, Vn+1., 23,, and izjn+1 are de-
fined by:

{5, w;x) in W, 1] Xy W' such that w € supp(£)},
(%- w; y) in W//[n+ ] Xy (n+1) W"” such that w € SUPp(é)},

rel

Q.jn—i- {
{(E w; x, p) in W, 1] Xymxx W such that w € supp(é)}
gjn—i- {

(&, w;x, p)in w1l Xymxx W such that w € supp(é)}.

rel

The relative incidence sets 2);,, Dn+1. 23 n and ‘Z)nﬂ are relative analytic subspaces
1
of W siyron W, WA st ey W, W i e Woand WIH s oo W

rel rel rel
respectively. For instance, if {d’i? U — Q; x V,} where V; and €2; are open

iel’
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subsets of X and C2 respectively, is a maximal relative atlas on W', the associated
atlas on W;L'l'] Xy W' is the completed atlas of
(! xy, i UM sy Up —> @ 5 @ x V)

iel’

For any i 1n I let Yy, i be the incidence locus in SZ[ o 2; defined by (2-1). Then
we have (¢ XV; ¢l)[(U Xy Ui) NYn] = Yn,zXVz

Definition 3.23 (i) The relative exceptional divisor D, is the subset of ng“”’]
defined by

Dra = {(§. §": x. p) in W™ such that supp(§) = supp(&")}.
(ii) The relative residual morphism p: Wr[e'f"'l’”] — W is defined by
p&.& 1 x. p)=(supp(§/&"):x. p.)
(iii) The relative diagonal A is the subset of W Xy xy W defined by
Al = {(wl, wy;x, p)in W Xymyy W such that wy = wz}.
The set Dy is a relative analytic subspace of Wrg’f"'l’”] of relative codimension one,
and the fibers Dyey, x, p 0f Dy over X (M % X are the usual exceptional divisors

W[""'1 d defined by (2-2). The ideal sheaf 7, rel g locally free of rank one on
W[thl 6 , 50 that J3° is a complex line bundle on W[”Jrl nl,

Let us give a list of notation which are extensively used in the sequel of this section as
well as in Section 5.2 and Section 6.

Notation 3.24 Notation related to sheaves is as follows:

e The relatively coherent sheaves

rel rel rel rel rel rel rel rel
Oy, Op,ir- 05, O, (esp. Ty Ty j j@ +])
/[n / nln—+1 " +1
on Wr[el] XxmW', re[l Ve W W s x W, W5y W

defined by Proposition 3.11 are denoted by O,,, Oy 41, O, and 5n+1 (resp.
Ins Int+1> In and Tpy1).

e The ideal sheaf j rel is denoted by L.

e The relatively coherent sheaf Orel on W xymyxyx W is denoted by O .
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Notation for cohomology classes is given as follows:
o The restriction to X+ 171 of the first Chern class of £ in H*(X"+1.7l Q)
is denoted by /.
e If 0 <i <2n+ 2, we define a class p; , in H* (X"l x X, Q) by the formula
ti.n = ci((OPD |yt~

For morphisms, we use the following notation:
e The natural morphisms from Wr[e’f“’"] to Wg]’] and Wr[g]""l] are denoted by ¢
and Y respectively.

e The natural projections from

n n+1
W/[ ] XX(n) W/’ W//[ ] XX(n+l) W”, VI/r[e’il] XX(n)XX W,

rel rel
1 1
WET X imex Wo o WYL sy W

o wnl W;Q[I'H'l], W['f], W['f+1], [/Vrgf"‘lﬂ”], resp.

rel » re re

are denoted by p, ¢, p, q, P, resp.
¢ The morphism p: Wr[S’fH’"] —= W has already been defined in Definition
3.23 (ii).
e The morphism &: Wb~ Wit ) o W is defined by & = (¢, ).
e The morphism j: Wittt o wlrttnl, () W is defined by j = (id, p).
o If f: X—= X’ is a morphism of relative analytic spaces over X ™ x X, we
define fi by

fw = xxwxxidy: Xxymwxx W —= X' xymyx W.

The relative incidence sheaves O,, Oy 1, 6,, and 6n+1 are related if the relative
integrable complex structures J[°!, J,rﬁlH and JI, satisfy some compatibility condi-
tions.
e If the compatibility condition (A) of Section 2.4 is satisfied in the case m =n+1,
let k: W;[e'f] X yan (X x X)— Wr[e’f] be the associated injection. Letting r
denote the base change morphism from W;Ef] Xy (X% X) to W;[e'f], then
r*0, = k*0, and r*J, = k*7,.
o If the condition (B) of Section 2.4 is satisfied, a weak morphism s from wint1]

rel
to W;'e[ln 11 can be obtained by composing the isomorphism

W= Wil e (X® % X)

with the base change morphism from W’ [n+11 xaotn (X x X) to W;’C[I”H].

2 rel

Then S*O,H_] = On+1 and S*jn-{—l = jn—l—l-
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The sheaves (5,1 and 6n+1 fit into an important exact sequence:

Proposition 3.25 Let X be the relative analytic space W[n+1’”]

rel

Xymxx W.

(i) There is a natural exact sequence on X :
0 — jul —= Y5y Op1 —= ¢ Op — 0.

(ii) The relatively coherent sheaves j«L and p*L ® p},,Oa are isomorphic on X.
(i11) The three sheaves

rel

Tori—1 o (0 Oa, OF),  Tory-1 e (! Ont1, OF)
and Torfp;Vl orel (¢I/_Vl 671 y Oggl

vanish for any positive integer i .

Proof Using Proposition 3.6, the proposition is an immediate consequence of the
analogous results in the integrable case. For instance, the exact sequence of (i) is
obtained via relative holomorphic charts on W using the exact sequence (2-3). |

We now turn to the computation of the classes ;. .

Lemma 3.26 For every positive integer i, the classes ;, , are independent of the
relative integrable complex structure J'< .

Proof Let J(flnxl and J {flnxl be two relative integrable complex structures on a
neighbourhood W of Z,; such that [|J§%, i — Jllco g and [|J1%; — T llco, o
are strictly smaller than the bound ¢( given in Proposition 2.13. Then there exist a
neighbourhood U of Z,x; included in W as well as a relative integrable complex
structure J', on U x [0, 1] (considered as a relative differentiable space over the base
X 5 X x[0, 1]) such that Ji% |[yxio; = J&i 1o and T [y = I lu. I

X = U x][0,1], Jrl ) let us introduce the incidence set

nx1
D = {(E wix, p.0) in X %y y o, 17 X such that w € supp }.

Then @n is a relative analytic subset of X" x XWx xx[0,1] X- Furthermore, for any ¢
in [0, 1], if i;: .’{[tn] Xy mx x x{ry Xt —= xl] Xy mx xx[0,1] X is the natural injection,
then iFOX! is the incidence sheaf O, on UM x xmwxx U, where U is endowed with
the relativenintegrable complex structure J el |Ux{ry- Since the relative product Hilbert
scheme (XTIx01, .7,221) is a topological fibration over [0, 1], the required result is a
direct consequence of Proposition 3.21. |
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We compute now the cohomology classes p; ,. Let p: X [r+1.n] - X be the restric-
tion of pr; o p to X171 If A is the canonical homotopy class in [X*+1.71 : xTn]]
introduced in Section 2.4, we define o in [X*T1.71: X"l « X by 0 = (X, p).

Proposition 3.27 If 1 <i <2n+2, pi.n = (=1) 0ox(').

Proof Let us assume that (W, Ji<,) and (W', J, rel) satisfy the compatibility condi-
tion (A) of Section 2.4 for m = n+ 1. Then X[”]X[l] X x X . In this proof, we
denote the two relative analytic spaces W[”Jrl " and WILI] Xymyxyxy W by X and X’
respectively. The homotopy class of the restriction of a: X —= X’ to X"+1:11 j5 o

Let {¢;: Ui —= Q; x V; }ier, where ; and V; are open subsets of C? and X®x x
respectively, be a maximal relative holomorphic atlas on W. If ¢; = ¢["+1 o] , if
= ¢l[”] Xy, ¢;i and if O; = ul xy; Ui, then the family

i,rel

R U[n+1 ] Q[n+1 d XVl}leI (resp. {Vl Oi _>Q[ ]X £ x Vz}ze[)

i,rel

is a relative holomo h1c atlas on X (resp. X’). For any i in I, let Y, ; be the
incidence locus in Q Ty Q; defined by (2-2), and let 0 — A;— B; be a locally
free resolution of length two of the ideal sheaf Jy, ; (see Section 2.1). By the very
construction of global smooth resolutions for relatively coherent sheaves (Proposition
3.19), we can assume, after shrinking W if necessary, that there exists a locally
free resolution 0 — A— B of length 2 of jn°° on X’ such that for any i in I,
0— yi_l.A?o—> J/l._lBl?o is a subresolution of 0 — A|p, — Bl o, , where by a
slight abuse of notation, we write A° instead of

—1 [e'e}
7 A Qp! C
Pry Lepn OQE’I]XS‘ZZ- QEn]XQiXVi

and B instead of

—1 oo
ry B Qp—! C .
Pl i ®pr1 Oggn]xsz,- QE"]inxVi

Let P(B) be the projective bundle of B (using Grothendieck’s convention), K be the uni-
versal quotient line bundle on P (B), n: P(B) — Wr[e’f] Xymxx W be the projection
and s be the section of 7*A* ® K obtained via the morphism 7* A4 — 7*B— K.

Lemma 3.28 (i) The vanishing locus Z(s) of s is canonically isomorphic to X.

(ii) After changing base from X ) x X to X" x X, the section s is transverse to
the zero section.

(iii) If j is the embedding of X into P(B), then j*IC >~ L.
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Proof (i) By Proposition 3.17 (i), we can split the injection of yi_lA?O in Alg,.
If Alp, ~ yl._l (AP° @ R;) is such a splitting, it induces another splitting B|o, =~

¥ 1 (B @ R;). The resolution 0 — A|o,— B] o, is therefore isomorphic to

N _
0—y {AR B R;) — ¥ ' (BX & Ry),

-1 .
where N; = (yi OM’ 1(()1) )

For any point p in QE."H’"] x V;, we have an obvious bijection between the two sets

{u in (B;?fp @ R;i|p)* such that u vanishes on (A?fp SRi|p)}

and {u in (B;’fp)* such that u vanishes on A;’Tp}.

If we consider the embedding of P (yi_lB;?o) in P(B|p,) given by the splitting of B, ,
this means that Z(s) N 7~1(0;) lies in IP’()/I._IBE’O). Furthermore, it is easy to see
that the embedding of Z(s) N7~ 1(0;) in IP’(yi_lB?o) is independent of the split-
ting. If 7: P(B;) — QE" x ; is the projection of the projective bundle of B;, if
§ is the section of 7*.4% (1) given by the morphism 7*A; — 7*B; — Op(p,)(1)
and if §;: IP’()/i_lBl‘?o) —> P(B?®) is the natural isomorphism induced by y;, then
Zs)Na~1(0) = 8 Y(Z(5)xV;). The zero locus Z(5) being canonically isomorphic
[n+1,n] . .

to €2 , we get a commutative diagram

P(y; ' B)

— P(B)
U " —— > ZE) x Vi

i,rel A
1

Thus Z(s) N~ (05) = U7,

i,rel

(i) Let p bein (QE”] x §2;) x V;. We choose a neighbourhood U, x V), of p such that
A;, B;i and R; are trivial on Up, U, and U, x V), of respective ranks r, r 4+ 1 and m.
Let ¢ be a point in 7=1(p) N (Z(5) x V;). We can find an affine hyperplane H;
in C"*! which does not contain zero and an hyperplane H, in C™ such that the
open subset (Hy x Hy x Up) x Vp, of P(B?° @ R;) contains g. The restriction of s
to H; x {0} x U, is a holomorphic map from H; x U, to (C")* corresponding
to the section §, and s: (H; x Hy x Up) x V), — (C” @ C™)* can be expressed as
s(uy,uz, z;v)(@, B) = 5(uq, z) (@) + uz(B). After changing base from X ™ x X to
X" x X, the variable v lies in the preimage of V; in X" x X, which is smooth. Since
s is transverse to the zero section, the result ensues.
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W[n+1,n]

i el as the composed of the following morphisms:

(iii)) We write j on

Wl (@ ) x Vi s P(B1) x Vi = P(BF) > P(Bo,)

Since the restriction of Opp,)(1) to QE."] x §2; is the ideal sheaf of the exceptional
divisor in QE"] x Q;, the sheaves j*KC and L£> are isomorphic on Wi['r’e-li'l’" tis
then a routine verification to check that these isomorphisms patch together into a global

isomorphism between j*/C and £*°. O

We now finish the proof of Proposition 3.27. Let r: P(B) Xym x x (X" x X) — P (B)
be the natural base change map. Point (ii) of Lemma 3.28 imply that Z(r*s) is Poincaré
dual to the top Chern class of r*(7*A* ® K). Since the pullback morphism r* is
injective in cohomology with rational coefficients, Z(s) is Poincaré dual to the top
Chern class of 7* A* ® K in Hg,13(P(B), Q). Besides, if ¢ is the first Chern class
of K in H*(P(B),Q), point (iii) of Lemma 3.28 imply that / = j*&|ym+1.m. As &
is proper, we get for 1 <i <2n 4 2:

(_7*(j*8i) = ”*j*(j*gi): 7 ([X]. Si)

r
= yr*(cr(zr*.A* ®K). si) = Z cr(A*) e e Tk
k=0

r
=Y k(A" 5ik (B*) = ci(A* = B*) = (=) ei(F°) = (1) i (O).
k=0
Let u (resp. v) denote the embedding of Xxlnt1,n] (resp. Xl % X)in X (resp. in X').
Since 640* =id and o4x0* =id, we get
V¥5e(j*e)) = 050 0 0x (') = 04t T* T (j *6') = ogu™ j ¥ = 04l

so that o, /! = (—l)iv*Ci((a,?O) =(-1) Ki,n- =

4 The boundary operator

4.1 Lehn’s formula in the almost-complex case

Let (X, J) be an almost-complex compact four-manifold, and W', W be respective
neighbourhoods of Z, and Z,«; endowed with relative integrable complex struc-
tures JI¢' and JIS, . If £ is the invertible sheaf defined in Notation 3.24, let F be the
restriction of £ to X+171, By the homotopy invariance of topological K—theory,

the class of F in K(X+1.7]) is independent of el and its first Chern class is /.
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If {¢pi: Ui —= Z; x V; }ies is a maximal relative holomorphic atlas on W, the tauto-

logical sheaves
—1 [n]
pry O 20 ®Pi'0 OZ[nle

patch together into a locally free sheaf Tr[enl] on Wr[gl’] The restriction T of Tr[e’i] to
X satisfies the properties (see [21, Proposition 5.3, Lemma 5.4, Proposition 5.5]):

(i) The class of T in K(X™]) is independent of Jrel,

(ii) The cohomology class —2¢; (T in H2(X!" Q) is Poincaré dual to the
fundamental homology class of X! where

30X = {(£:x) in X" such that there exists p in x with length,, (§) > 2}

is the so-called boundary of X1,

(iii) If A and v are the homotopy classes introduced in Section 2.4 in the case
m=n—+1,then v* T+t _ >l = Fin g(x+nl)

If m and n are positive integers with m > n, we define a class I Im.ml in K (xm.nly
by the formula 7" .l — yx Tlm] _ )% T1n] | Then property (iii) 1mphes that I+ [r-+1.n]
and F are equal in K(X[”'H 1y,

Let us recall Lehn’s definition of the boundary operator [25, Definition 3.8]:

Definition 4.1 Let H = @,~, H* (X", Q).
(i) The boundary operator d: H — H is defined by
(@n)nzol = (c1 (T Uay), -
(ii) If A is an endomorphism of H, the derivative A’ of A is defined by the formula
A'=[0,A]=00A4—Ao0d.

We now state a partial extension of Lehn’s main formula [25, Theorem 3.10] for
almost-complex four-manifolds.

Theorem 4.2 Let (X, J) be an almost-complex compact four-manifold. Then there
exist classes (ey)n>0 in H*(X, Q) such that for all integers m, n and for all rational
cohomology classes « and B on X,

[q;(a)’ am(B)] = —nm quim(@f) + 5n+m’0(/X €|n|()t,3) idg .
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Proof Exactly as in [25, Lemma 3.9], we start by proving that correspondences
actions induced by homology classes on incidence varieties are stable under derivation.
We denote by PD the Poincaré duality map between the homology groups and the
cohomology groups of a compact topological manifold.

Lemma 4.3 Let m, n be two positive integers with m > n, u be a rational homology
class on X" and u,: H*(X"™, Q) — H*(X™] Q) be the correspondence map
given by the formula ux(t) = PD™[vs(u N A*7)]. Then (ux) =[uNcy (IE'T"’"])]*.

Proof For every rational cohomology class © on X1,
() T = el (T Unat —us (e (T Ut)
= PD™ [ (ve (N 2*0) Ner(TI) — v (N A% (e (TI) U 7)) |
—pD"! [v* (u A[(v*er (TP = 1*ey () U A*f])]
=PD~" v ([une (1] Na*e)
=[une ("], @). O

By this Lemma, the proof of the theorem boils down to computing the commutator of
two correspondences. Lehn’s proof can be adapted exactly as we did in [21] for the
Nakajima relations. This yields (see [22, Section 4.3] for a detailed exposition):

e For all integers m and n such that m 4 n is nonzero, there exists an excess
multiplicity ptn,, in Z such that for all rational cohomology classes « and B
on X, the commutation relation [q),(«), 4m(B8)] = tn, m Gn+m(B) holds.

e For every nonnegative integer k, there exists an excess intersection class e in

H?*(X, Q) such that for every integer n and for all rational cohomology classes
a and B on X, the identity [q), (@), q—n(B)] = ([y €| @) idm holds.

The terms u,, m and ey are the excess contributions. The multiplicity (n, , can be
computed locally on X, so that Lehn’s proof is valid and gives uy, m = —nm. a

Unlike the multiplicities (i, , the excess classes ex involve the global geometry
of X. We compute these classes in Section 4.3 under the additional assumption that
X be symplectic.

Corollary 4.4 When o runs through a basis of H* (X, Q), the operators 0 and q1 ()
generate H from the vector 1.

Proof The corollary is a straightforward consequence of the commutation relations
91 (@). gm(D] = —m g1 (), m>0. 0
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4.2 Holomorphic curves in symplectic four-manifolds

Until now, we have only considered integrable structures in small open sets of (X, J).
To compute the excess classes e, appearing in Theorem 4.2, we construct pseudoholo-
morphic curves in X for perturbed almost-complex structures. To do so we use the
following theorem of Donaldson, which is a symplectic analog of Kodaira’s embedding
theorem:

Theorem 4.5 [11, Theorem 1] Let (V, w) be a symplectic manifold of dimension 2n
such that w is an integral class and let @ be a lift of w in H?>(V, Z). For any sufficiently
large positive integer k , the Poincaré dual of k@ in Hy,—»(V,Z) is the homology class
of a closed symplectic submanifold of V . More precisely, if J is an almost-complex
structure on V' compatible with w, there is a positive constant C such that for any large
integer k, there exist an almost-complex structure J; on X and a Jj —holomorphic
submanifold S}, of codimension two in V such that ko is Poincaré dual to S}, and
that || Jx — J || co < C/Vk.

We apply this theorem to our situation:

Proposition 4.6 Let (X, w) be a symplectic compact four-manitold, J be an adapted
almost-complex structure on X and N be the second Betti number of X. Then
there exist almost-complex structures (J;)j<;<n arbitrary close to J in C°-norm and
two-dimensional submanifolds (C;)1<;j<n such that:

(i) Forany i with 1 <i < N, C; is Ji—holomorphic and J; is integrable in a
neighbourhood of C;.

(i) The homology classes of C1,...,Cy span Hy(X,Q) over Q.

Proof Let otq,...,apn be closed differential two-forms on X such that the w + «;’s

are rational symplectlc forms whose cohomology classes span H?(X, Q) Then there
exist almost-complex structures (J,)1<,< ~ on X such that for every i, Ji is adapted to
w—+o; . Besides, if g is a Riemannian metric on X and if ¢ is a positive real number, we
can assume by choosing the «;’s small enough that ||=7i —Jllco,g <efor 1 =i <N.
Let my,...,my be positive integers such that m(w + a1),...,my(w + ay) are
integral classes. By Theorem 4.5, there exist a positive integer &, a family (J/)1<i<n
of almost-complex structures on X and a family (Cj);<;<ny of two-dimensional
submanifolds of X such that for 1 <i <N, C; is J/-holomorphic, ||J;— Ji lco g <e
and km;[w + «;] is Poincaré dual to [C;]. Thus, for each integer i between 1 and N,
J} defines an almost-complex structure on C;, which is integrable since C; is two-
dimensional. Furthermore, Ji/ endows the normal bundle Nc,,x with the structure of
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a complex vector bundle over the Riemann surface (C;, J;). By the Koszul-Malgrange
integrability theorem [12, Theorem 2.1.53], there exists a structure of holomorphic line
bundle on N¢,,x . Let U; be a tubular neighbourhood of C; in X', diffeomorphic to
a neighbourhood of the zero section in N¢,, x . Pulling back the integrable complex
structure on N¢,;,x by this diffeomorphism, we obtain an integrable complex structure
J{" on U; whose restriction to C; is equal to J;. Since we are free to restrict U;, we
can assume that || J]" — J/[co o v, <&, so that | J" —J|co oy, <3e. If & is small
enough, this implies that there exist a relatively compact neighbourhood V; of C; in
U; as well as a smooth family (J;)o<;<; of almost-complex structures on V; such that
Jo=Jly;, J1 = J"ly; and for every ¢ in [0, 1], ||/ — J¢[co gy, <3e. Let x bea
smooth real-valued function on X supported in V; such that x = 1 in a neighbourhood
of C;. We define an almost-complex structure J; on X by J;(p) = J,()(p). Then
Ji is integrable on V;, C; is J;—holomorphic and ||J; — J||co <3 €. O

4.3 Computation of the excess term in the symplectic case

Our aim in this section is to prove Lehn’s formula in full generality for symplectic
four-manifolds:

Theorem 4.7 Let (X, w) be a symplectic compact four-manifold and J be is an
almost-complex structure compatible with w. If n is a nonnegative integer, the excess
contribution e, of Theorem 4.2 is given by
1
en = 3 n?(n—1)c; (X).
This means that for all integers n, m and for all rational cohomology classes « and f8
on X,
n| —1

5@, 0 (8)] = =1 (s @B) = B [ e1(Y)arp) i)

In the integrable case, the statement of the theorem is [25, Proposition 3.15], with slightly
different notation. We start by an outline of Lehn’s original proof [25, Section 3.4], then
we show how to adapt it in the symplectic case. In the sequel, if Z is a triangulable
cycle in a topological manifold Y, we denote by [Z] the cohomological cycle class
of Z.

If X is a smooth projective surface and if C is a smooth algebraic curve on X, a
result of Grojnowski (see Lemma 4.8 below) describes explicitly the class [C [”]] in
H?"(X"] Q) in terms of the classes qi,([C]) ... qix([C]) . 1, where iy, ...,iN are
positive integers of total sum 7.
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Let X, (E"] be the set of elements in X" whose support is a single point. If §C"]
denotes the intersection CI"1 N3 X1 the term

= / (X [act
xlnl
can be computed in two different ways:

(i) The integral I is equal to q_,(1) ([dC)]). Since C and d X! intersect generi-
cally transversally, [0C] = [a.x1].[Cl) = —2 ¢, (T™).[C")] = —2d([C!"]]). Thus,
I is a linear combination of terms q—,(1) q;, ([C]) ... q;.k ([CD...qix(C]) . 1, where
i1,...,in are positive integers of total sum n. These terms vanish except in two cases:

e N=1,ii=n.Then
d- D 7,(CD. 1=~ [ e.1C)
* N =2,i;+iy=n.Then q—,(1) qx (C]) q,,_, ((C]).1 =0 and

4-n(1) 0% (CD) 4r—x ((C]) - 1 = =1k 4k ((C]) 4u— ((C]) . 1 = nk(n—k) [CP,

= %/Xe €1+ (Z) (C2.

(i) The cycle C ["] intersects transversally X (En] in its smooth locus. Besides, the
intersection C"1 N X (E"] is C(E"], which is canonically isomorphic to C. Therefore

This computation gives

1= [ XEICH. (017 = deg clOx1n (2] = deg clOcin (0],

which is —n(n — 1) deg - Kx by direct computation.

The excess terms e, lie in the Neron—Severi group of X so that it is enough to show
that for every smooth algebraic curve C,

1
/ [en——nz(n— l)cl(X)] .[C]=0.
X 2
This is proved by comparison of the two expressions obtained for 7.

Proof of Theorem 4.7 If y is a rational cohomology class on X of even degree, we
define the vertex operators (S (y))m>o0 acting on H by the formula

-1 n—1
Y Smly) ™ =exp (Z ( 2 an(y) t").

m=0 n>0
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Since y is of even degree, the operators (q;(y));>o commute in the usual sense,
so that the definition of S;,(y) is unambiguous. The following lemma is due to
Grojnowski [23] in the integrable case; we refer the reader to Nakajima [35, Section 9.3]
for a detailed exposition.

Lemma 4.8 Let J be an almost-complex structure on X in the deformation class
of J, and let C bea J —holomorphic curve on X . Assume that J is integrable
in a neighbourhood of C. Then for any positive integer n, [C"] = S,([C]) .1 in
H?2n (X[n]7 Q).

Proof Let V' be a small neighbourhood of C in X such that J is integrable on
V', U be a relatively compact neighbourhood of C in V', m and n be two positive
integers such that m > n and J, rel % (m—n) D be a relative integrable complex structure in
a neighbourhood W' of Zx(m—n). If W =V xU® xym=" let us assume that
W[YS ’Y]V that J, rel(m mlj = J and that J, rel(m _n) 1s close to J in C%norm. Then
W (X [m. n] , I <(m—n)) is exactly the usual incidence variety U [m.n] \where
U is endowed with the integrable complex structure J. We denote by §i (a) the
usual Nakajima operators on U, in order to distinguish them from the almost-complex

Nakajima operators on X . Then we have a commutative diagram:

H} (UM, Q) H*(X™, Q)
Zim—n acon am—n(C]
HX(U Iml Q) H* (XM Q)

Besides §,([C]). 1 lies in (UM, Q) and its image in H*(X"], Q) is ¢,(C]). 1.
Since the identity of the lemma holds in H2"(U ["] Q) for the classical Nakajima
operators, we obtain the result. |

If (C, J ) satisfies the hypotheses of Lemma 4.8, Lehn’s computations recalled above
apply verbatim and give

/X[e,,—%nz(n—l)cl(X)].[C]zO.

By Proposition 4.6, H?(X, Q) is spanned by cohomology classes of such holomorphic
curves. Since the intersection form of X is nondegenerate on H?(X,Q), we get
en:%nz(n—l)cl(X). O
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The derivative of the Nakajima operators can be explicitly expressed using the Virasoro
operators £, («) defined in [25, Section 3.1]:

Corollary 4.9 If (X, w) is a symplectic compact four-manifold and if J is a compa-
tible almost-complex structure, then for every n in 7,

1
(@) =n Ly(a) — 5 (I = Dan(er(X) ).

For the proof, see [25, page 180].

5 The ring structure of H*(X ", Q)

5.1 Geometric tautological Chern characters

Let (X, J) be an almost-complex compact four-manifold, » be a positive integer and
A, v be the homotopy classes in [X* 1.7 : x[n] and [x1n+1.71 . xIn+1]] jntroduced
in Section 2.4.

If E is a complex vector bundle on X, it is possible to associate with E a sequence
of tautological vector bundles (E [”])n>0 on X"l These tautological bundles are
constructed in [21, Section 5] using relative holomorphic structures on E, and their
classes in complex K—theory are shown to be independent of these auxiliary structures
[21, Proposition 5.3]. This construction yields tautological morphisms from K(X)
to K(Xx).

If F is the class in K(X"+1.7) defined at the beginning of Section 4.1, then the
tautological bundles EI™ and E[+1 are related through the identity v* EI*+1 =
VEP 4 p*E @ F in K(X"*1:1) which is a K —theoretical analog of (2-4) (see
[21, Proposition 5.5]). This gives in H*(X["+1.7]1 Q) the relation

v*(ch(EP 1)) = A*(ch(E™)) + p* ch(E) . ch(F).
Lemma 5.1 For every class o in H**"(X, Q) and every positive integer n, there

exists a unique class G(«, n) in He"(X" Q) such that G(«, 1) = « and for every
positive integer n,

v¥G(a,n+1)—A*G(a,n) = p*a.ch(F).
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Proof The Chern character on X gives an isomorphism between K(X) ®z Q and
H®*"(X,Q). Therefore, we can define the classes G(«,n) in H(X" Q) as
follows: if y is the unique class in K(X) ®z Q such that ch(y) = «, then G(o,n) =
ch(y[”]). Furthermore, G(w, ) is unique since vxv* = (n + 1) id. a

5.2 Virtual tautological Chern characters

In this section, we extend Lemma 5.1 to odd cohomology classes. We adapt the method
originally developed in the projective case by Li, Qin and Wang in [29, Section 5].

Proposition 5.2 For every class « in H*(X,Q) and every n in N*, there exists a
unique class G(a,n) in H* (X", Q) such that G(«,1) = « and for every positive
integer n,

v¥G(a,n+1)—A*G(a,n) = p*a.ch(F).

Remark 5.3 If X is a projective surface, if Y, is the incidence locus in X ("l % x
and if td(X) is the Todd class of X, then G(a,n) = prf[ch(Oy,) .pr5 a.pr; td(X)]
(see [29, Lemma 5.8]).

Proof We adopt the notation of Section 3.5, especially those of Notation 3.24.

e The projection from W (W', W”)to X is denoted by ¢ (¢, t”, resp.).

e The projection from

1
W sy W' W sy W W sy x W

rel
W[IH- 1]

[n+1,n]
rel Xymxx W, VVrel

Xymxx W
to w', w”, w, W, W, resp.

is denoted by w1, 7y, w3, w4, 75, rESP.

e The first and second projections from W Xy .y W to W are denoted by mg
and 7.

Thanks to Proposition 3.19, we can assume that O;°, O;7 ;. 6;" and 6;11 admit

global smooth locally free resolutions. Let pty, (resp. (p+1, hn> An+1) be the Chern
character of the relative incidence sheaf O, (resp. Op41, Oy, Oy41) in

Hgn(W;[n] Xym W) (resp. H5n+1 (W”["+1] Xym+n W,

el rel

wint1] Xymxx W)).

rel

Hy (Wi xxmsx W), Hy
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Since p (resp. ¢, p, q) is finite on ), (resp. Vp+1., @n, @,,H ), we can define six
cohomology classes as follows:

K(@,n) = puljin . 5 (@ td(X))] in H*(WE @),

rel »

K@, n+1) = gufpnyr . 7} " (@ 1d(X))] in H*WE @),

rel
Ri@.n) = pa[fin. 7} t*(@.td(X))] in H*(W, Q),
K, n+1) = gu[finsr - 7f t* (@ 1d(X)] in H*(WET Q)
G(a,n) = K(a,n)|x= in H*(X"™, Q),
Gla,n+1) = K(a,n+ 1)|ym+1 in H*(X[n+1]’ Q).
Then, by Proposition 3.10 (ii),

Y*K(a.n+1)—¢*K(@.n) = pe[ (W Fnt1 — bjy fin) - 75 1% (@ . 1d(X))]
= px[P* ch(L) . pyy ch([OX)) .oy 75 ¥ (o . td(X))].

Since ch([OF]) is supported in A, for every B in H*(W xxmx W, Q), we obtain
that ch([OX°]) . g B = ch(JOS]) . 75 B. Using the diagram

—x

Py
WL e x W ——— Wy mux W
p 76

W[n-l—l,n] 114

rel

we get

v*K(a.n+1)—¢*K(a,n) = ch(L) py Py [ch((ORX) . 78 1 (o . td(X))]
= ch(£) p *(wex ch([OX]) . t*(er . td(X))).
Lemma54 (i) If7=1(Xywyyt: WymxxW—=XxX andif i: X—XxX
is the diagonal injection, then ch([OY°]) = i, td(X)7L.
() A*G(a,n) = ¢*[Z(Ot,l’l)|X[n+l.n].
(i) vV*G(a.n+1)=y*K(@.n+1)|ym+im.

Proof (i) The class [O]in Ka,, (Wynxx W) is the pullback by the map 7 of the
class [CZOX] in K, (X xX). Besides, the differentiable Grothendieck—Riemann—Roch
theorem for immersions [3, Theorem 3.3] yields ch([CX ]) = i« td(X )yl
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(i) If (W,Je) and (W', J, rel) satisfy the compatibility condition (A) of Section 2.4,
then we have A*G(a, n) = ¢* K (o, n)|yn+1.m. To conclude in the general case, we
argue exactly as in Lemma 3.26.

(iii)) The proof is the same as (ii), replacing condition (A) by condition (B). O

By (i), we get e ch([(’)oo]) =gs I ix td(X) ™! =¥ pry, ixtd(X)7 =*td(X) 7!,

so that ¥ * K (a,n+1)—¢* K (a,n) =ch(L) p* t*«. By points (ii) and (iii), we obtam
the relation A*G(a,n) —v*G(a,n + 1) = ch(F) . p*«. This finishes the proof of
Proposition 5.2. ad

5.3 The ring structure and the crepant resolution conjecture

In this section, X is a symplectic compact four-manifold endowed with a compatible
almost-complex structure.

We introduce operators acting on H = @, cjy H* (X ("], Q) by cup product with the
components of the virtual tautological Chern characters constructed in Section 5.2.

If « is a homogeneous rational cohomology class on X and if i, n are positive integers,
we denote by Gj(a,n) the (|o| + 2i)—th component of G(«,n) and by &;(«) the
operator on H that acts by cup product with G;(a, n) on H*(X" Q).

We now state a result, originally proved by Lehn for geometric tautological Chern
characters [25, Theorem 4.2] and generalized by Li, Qin and Wang for virtual ones
[29, Lemma 5.8]. We include a proof for the sake of completeness.

Proposition 5.5 For all homogeneous rational cohomology classes «, 8 on X and
for any positive integer k , [Sy (®), q1(B)] = (l/k!)qik) (aB).

Proof Let o, B be homogeneous rational cohomology classes on X and n be a
positive integer. The operator q;(8): H*(X", Q) — H*(x["t11 Q) is given by
q1(B) .7 = v«(A*1. p*B). Therefore

Gla.n+1).(q1(B) . 1) —aq1(B) . (G(a,n) . 7)
=v(A T v Gl n+1). p*B) —vi(A*(r. G(a, n)) . p*B)
= V4 (ch(F) AT p*(aB)) by Proposition 5.2

- Z ve(c1 (F)Y 17T, p* @B)).
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On the other hand, since q; (B) is given on H*(X Q) by the action by correspon-
dence of the Poincaré dual of p*(«f), we have by Lemma 4.3

(k—1)

[(PD (o*(@p))),]* = [(PD (p*(@B)) N1 (F)),]
=---=[PD (p*(@B)) N1 (F)*],.

This yields the result. i

00 @p)

As explained in [25, Remark 4.5], Proposition 5.5, Theorem 4.7 and Corollary 4.4 yield
a complete description of the operators &y ().

The forthcoming Theorems 5.6, 5.7 and 5.9 extend to Hilbert schemes of symplectic
manifolds the analogous results for projective surfaces of Li, Qin and Wang [29, Theo-
rem 5.2; 30, Theorem 4.1] and, for Theorem 5.9, of Lehn and Sorger [27, Theorem 1.1]
and Qin and Wang [37, Theorem 5.13]. The first two results are formal consequences of
the various relations between q,(®), 0, £,(x) and &; () listed in [30, Theorem 2.1].
Thus, the two following theorems are formal consequences of Theorem 4.7, Corollary
4.9 and Proposition 5.5:

Theorem 5.6 If 0 <i < n and if o runs through a fixed basis of H*(X,Q), the
classes Gi(a,n) generate the ring H*(X™ Q).

Theorem 5.7 For every integer n, the ring H*(X ("] Q) can be built by universal
formulae from the ring H*(X, Q) and the first Chern class of X in H*(X,Q).

In the case where b (X) vanishes, Theorem 5.6 implies that the rings H* (X LINe)!
are generated by the components of the tautological Chern characters ch(E ]y where
E runs through all complex vector bundles on X .

We now turn to the study of a particular case of Ruan’s crepant resolution conjecture.
Orbifold cohomology provides a geometrical approach to the rings H* (X " Q). If
J is an adapted almost-complex structure on X, the symmetric product X ™) s an
almost-complex Gorenstein orbifold. The orbifold cohomology ring H ), (X ™ Q) is
Z—graded and depends only on the deformation class of J (see [9; 1; 15]).

After works by Lehn and Sorger [26; 27], Li, Qin and Wang [28; 29; 30], Fantechi
and Gottsche [15] and Uribe [42], Qin and Wang [37, Section 2.6] developed a set of
axioms that characterize H, (X ™ Q) asa ring. Here is their result, as stated in [1,
Theorem 5.24]:
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Theorem 5.8 Let A be a graded unitary ring, (X, J) be an almost-complex compact
four-manifold and H(H* (X, C)) be the Heisenberg superalgebra of H*(X,C). We
assume that:

(i) The ring A is an irreducible H(H*(X, C))—module and 1 is a highest weight
vector.

(ii) For any o in H*(X, C) and for any nonnegative integer i , there exist classes
0;(a,n) in A1+21 guch that if ©;(«) is the left multiplication by ,, O;(«. n)
on A and if 0 = ® (1), then:

e Forall «, B in H*(X,C), for every nonnegative integer k ,

Dk (@), 41 (B)] = 4 (@B).

o If 8y is the class in H*(X,C)®* mapped by the Kiinneth isomorphism to
the cycle class of the diagonal in X3, then

Y A Gx) = —60.
ll +12+l3=0

Then the rings A and HJ, (X ) C) are isomorphic.

(We use the physicists’ normal ordering convention

. qll q[2q13 = CImchmzqmga where {11’12»13} = {ml,n’I2,l’l/I3} and mi = mj = m3)'

We apply this theorem to prove Ruan’s conjecture for the symmetric products of a
symplectic four-manifold with torsion first Chern class.

Theorem 5.9 Let (X, w) be a symplectic compact four-manifold with vanishing first
Chern class in H?(X, Q). Then, for every positive integer n, Ruan’s crepant conjecture
holds for X", ie the rings H*(X™, C) and Ho*rb(X(”), C) are isomorphic.

Proof Let O (a,n) = k! Sy (o, n). The first condition of Theorem 5.8 (ii) is exactly

Proposition 5.5. The second condition is a formal consequence of the Nakajima relations
and of the formulae [q),(«), qm(B)] = —nm quim(aB), q, (@) =n Ly(a). O

6 The cobordism class of X"

In this section, (X, J) is an almost-complex compact four-manifold, and no symplectic
hypotheses are required. The almost-complex Hilbert schemes X (] are endowed with
a stable almost complex structure, hence define almost-complex cobordism classes. By
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classical results of Novikov [36] and Milnor [33], the almost-complex cobordism class
of X is completely determined by the Chern numbers

fX Pl e (x ],

where P runs through all polynomials P in Q[T}, ..., T,,] of weighted degree 4n,
each variable 7} having degree 2k. We intend to prove the following result:

Theorem 6.1 The almost-complex cobordism class of X (] depends only on the
almost-complex cobordism class of X .

This means that if P is a weighted polynomial in Q[T7, ..., T,,] of degree 4n, there
exists a weighted polynomial P[T7;, T3] of degree 4, depending only on P and n, such
that

/ Pley(x™), ... cap(xM)] = / Plei(X), e2(X)]-
X[ X

This result has been proved by Ellinsgrud, Géttsche and Lehn [14, Theorem 0.1] when
X is projective. In Sections 6.1, 6.2 and 6.3, we adapt the authors’ original proof in a
relative setting. Throughout this section, we use extensively the notation of Section
3.5, especially Notation 3.24.

6.1 Computation of TX[" in K —theory

Let Ji, (resp. J&, J,ﬂl ) be a relative integrable complex structure in a neighbour-
hood W (resp. W/, W") of Z,x1 (resp. Z,, Z,+1). We denote the class of

TrelW[n] (resp TreIW[rlH-l] Trelwl[n] el W//['H‘l])
: re g

rel » rel

in Krel(VVr[g]) (resp. Krel(erEg+1]), Krel(W/[”]) Krel(W//[lH-l])) by K (resp. En—i—l ,

rel
Kn» Kn+1)-

Lemma 6.2 The restriction to X" (resp. X [n+11) of the topological class of ky
(resp. kp+1) is the class of the complex vector bundle T'X [] (resp. TX [n+11) jp
KXy (resp. K(X"*+11)) given by the stable almost-complex structure on X!
(resp. X+l

Proof If JI* satisfies the conditions () listed in [43, page 711], then X; [ r!] is smooth.
Besides, the construction performed in [43] of the stable almost- Complex structure
of X1 Jl shows that 7X and T relW[” | xtm have the same class in K(X1]). Since
relatlve almost- complex structures satlsfylng the conditions (¢) can be chosen arbitrary
close to J in C°-norm, Proposition 2.13 implies, after shrinking W if necessary,
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that J! can be joined by a smooth path {J;‘“’It} refo.1] 10 another relative integrable
structure satisfying the conditions (). By rigidity of the topological K-theory, the
class of T [wlH relt]| xt in K(X") is independent of 7. The result follows. O

rel *

Remark 6.3 For an arbitrary J, el by Theorem 2.18 (ii), X rel is only a topological
manifold. Therefore, the advantage of using 7™ Wr[e’l’] is that this complex vector
bundle is defined for any relative integrable complex structure J°'.

Proposition 6.4 The following identities hold in K™'(W) and K™(W+11) res-
pectively:

Bn=px(On+ 0y —04.0Y), Fnt1=0qxOn1+ 0, —Ony1.0y, ).
Proof Let ¢: U —= Z x V be a relative holomorphic chart on W', p be the first

projection from Z ("] % Z to Z" and Y, be the incidence locus in Z[" x Z defined
by (2-1). Since p is finite on 2),, we obtain by Proposition 3.13:

Px Homorel (jn, 6}1)|U
= ¢_1 [prl_l [p* 7-[onlloz[n]xz (an ’ OYn)] ® Prl_l Oz[n]xzorgl[n]xZXV]
~ ¢ ' ' TZM @10, , OF J= (T Wiy

zlnlxz Y ZxZxV

These local isomorphisms patch together into a global isomorphism between the two
relative holomorphic bundles p,. Homew (Jy, Op) and T Wr[g] If i is a nonnegative
integer, Proposition 3.6 yields the isomorphism

| A 1
gxrl(orel(on’ Ore )lU
~ A1 —1 i _
— ¢ (Prl EXt(’) Zlnlx (OYn» OZ["]xZ) ®prl IOZ[”]xZ Orz[n]XzXV)

Since Y, has codimension 2 in Z"x 7, a‘fxtorel (On, O™ =0 for i <2 by [13, Propo-
sition 18.4, Theorem 18.7]. Besides, j,, locally admits a free resolution of length 2.
Using Proposition 3.16 (i), we get the following equalities in K%’L (Wrgf] Xxymwxxy W):

T . On = Homea (T, On) — Extloa(Tn. On) + Ext2 (T, On)
= Hom@rel (jn, 6n) - 5)6[%9;91(6”, 611)
= Homer (Tn, On) — Extly (O, O™)
= Homorel (jn , 6}1) — 6;{

so that py Hompre (Tn. Op) = pal (O™ — 6,\{) O, + 6,\1’] The proof of the second
identity is exactly the same. |
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6.2 Comparison of 7X "1 and TX["+11 yja the incidence variety X [*+1.7]

We use the notation of the previous section. The relative canonical bundle of W is
denoted by K rp?,l

Proposition 6.5 The following identity holds in K rel(V[/r[e’frl’”]):
U Rgr = ¢+ L+ LY. 5K = 1O — T™W + K35tV
—L.50Y LY. p' KV .50,

Proof By Proposition 6.4, ¥'%, 11 = ¥' Ps (6n+1 + (5:{+1 — 6n+1 .(5,\1’“). Let us
consider the cartesian diagrams:

Yw
WEHEM sy W ——= W symcx W

7| |

1, 14 1
wlhttnl W+l

ow
WhtLal s vy x W ——= W x yo x W

g |

win+1,n] ¢ W]

rel rel

Since p (resp. ¢) is finite on Qj)n (resp. {Dn_i_l), Proposition 6.4 and Proposition
3.16 (iv) yield

W!?nﬂ = ﬁ*WéI/(énJrl + 6;\1/+1 _6n+1 '6r\1/+1)
and ¢'%n = Pty (O + O — Oy, . O)).
Thus, we obtain by Proposition 3.25 and Proposition 3.16 (ii):

V' Rusr = 9%+ B L. DYy On+ FLY. By OF = (L. £Y). 5y (0a. O)
—P'L. 504 .0 BY —F'LY. B 0% .4l 6n].

Note that £. LY = Oli/?/l’[ql-i-l,n]. Let m: W Xymyy W —= W be the first projection.
Since 7 is injective on A, the diagram

pw

m[;t—i—l,n] XX(”)XXW Wme)XxW

W[n+1,n] W

rel
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and Propositions 3.16 (iv) and 3.25 (ii) give

U'Rnr1 = 'Fn + L. 0 1:0p + LY 5 1. OX = P 7£(On . OX)
= Pe(L .ty OY) = LY ulpiy OX - $1y Onl.
Now m.0p = O}, mO0X = KigY and Op.0X = O —Ti + K39V, and if

s I/'V — W xxymwxx W is the diagonal injection, then ,B’WOX = ,5!W5* Krv‘f,lv =
Jxp K {}f}v thanks to Proposition 3.16 (v) and to the diagram:

J
A WL Xy msx W
lﬁ lﬁw
w 5 W xxymwxx W

By Proposition 3.16 (ii) and (iii), we get
Vg1 = Ru+ L+ LY .7 KV — 5 (O — Ty + K9 Y)
—(FoP+lL.wo ) OF1=LY.(Fo )« ($w o ) On.

Since po j =id and ¢ o j = &, we obtain the result. a

6.3 Cohomological computations

Lemma 6.6 Ifi is a positive integer, the following identities hold in H* (Xn+1.71 ).

) C,'(¢!En)|X[n+1,n] = )»*Ci(X[”]) and Ci(W!En+1)|X[n+1,n] = V*Ci(X[n+1]).
(i) ¢i[@" 5n)°°]|X[n+1.n] =0*Win.

(i) ¢;(@* T™W)| ytns1.m = p*ei(X).

Proof (i) By the homotopy invariance of topological K—theory, the cohomology
class ¢;(¢'%n)| ytnt1.m in H? (X171 Q) is independent of JI%, . Thus, we can
assume that W and W' satisfy the compatibility condition (A) of Section 2.4. It
follows from Lemma 6.2 that ¢; (¢'%y)| yin+1.m=A%c; (kcn)| xt1 =A*c; (X)), Using
the compatibility condition (B) instead of (A) we obtain the second identity.

(ii) By Proposition 3.20, [(@'®,)%°] = a*[O,*°]. This gives the result.
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(iii) Let W = W xym X, where the base change morphism is given by the diagonal
injection of X in X () We consider the diagram:

o

A Y
X[n-l—l,n] \l —JX'

Then, ¢;(p* T™'W)| ytu+1.m = p*c;(T™ W)|x. Since W is a neighbourhood of
Ay in X x X, T™ Wy ~ TX, so that ¢;(T™'W )|x = ¢;(X). ]

For any nonnegative integer k, denote by dj the k—th Chern class of [CZ"X] in
H?*(X x X, Q). If i: X — X x X is the diagonal injection, the differentiable
Grothendieck—Riemann—Roch theorem for immersions [3, Theorem 3.3] gives do = 1,
dl =0, d2 = —i*(l), d3 = —Ix [Cl(X)] and dk = 0 for k > 4. Thus i*do =1,
i*di =0,i*dy = —cy(X), i*dy = —c1(X) cp(X) and i*dy = 0 for k > 4.

Proposition 6.7 Let i be a positive integer.

@) (.id)* i, n1 — A id) i n = Yo Pri 1K (p.id)* dj_ .
(i) v*e;(XTH1y — 3 *¢; (X)) is a universal polynomial in the classes [, p¥ci(X)
and o*[Lj p.

Proof (i) Let Z,xix; be the incidence locus in X x (X M x X x X ) defined by
Zuxixl = {(p; X, q, 1) inXx(X(”)xXXX) suchthatpe;chUr}

and let J, rell «1 be arelative integrable complex structure in a neighbourhood W of
Znx1x1- We can assume that (W, Ji< ) and (W.J el 1) satisfy as relative analytic
spaces the compatibility condition W X ym) 5 y (X M x X xX)C W, the base change
map being given by the diagonal injection of X into X x X.

Exactly as in Section 3.5, we can construct relative 1n01dence sheaves (’) and (’)n+1 on

VVI[B’I] nd I/IQEI'H] as well as a relative exceptional divisor Dre] n W/r[”+1 -7l . Let ¢W,

Vs Py J P L, A and O3 be the analogs of ¢, Yw, pw, j, D, L, Arel
and Op . In this context, Proposmon 3.25 takes the following form:
W[n+l n)

rel

e There is a natural exact sequence on Xxmxxxx W relating O, and
On+1, namely,

~ ~ ~

— JuL —> U7 Opy1 — ¢35 O, — 0.
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~

A N
. p},Og ZP!W(')&, WW n+1 WW n+1 and ¢W = ¢W 0,

Arguing as in Section 6.3 and using Proposition 3.20, we get ¢ (ﬁ*2)|X[n+1.n]XX =
pry [ and for any nonnegative integer k,
O™ xmt1.myx = (p,id)*d,
o (7 Ons )™yt rmsex = 0, id)* k1
Om ™ xtrtmxx = (A id)* fg -

This yields the result.
(i1) This is a straightforward consequence of Proposition 6.5 and Lemma 6.6. a
We are now going to perform in our context the induction step of [14]. For any subset /

of {0,...,m}, we denote by pr; the projection from X*+1x X™ to the product of
the factors indexed by /7.

Proposition 6.8 If m is a positive integer, let P be a polynomial in the coho-
mology classes prj ¢ (Xt Proy Min+1s prkl di, prpci(X) (1 <k,l <m) on
X+ X™  Then there exists a polynomial P depending only on P, in the analogous
classes on X["] x X™+1 such that

P = P.
Xn+1lx xm X[n]XXm-l-l

Proof We consider the incidence diagram:

X[n+1,n] x Xm
Xln+1l e xm (X x x)yx xm

Since (v,id) and (o, id) are generically finite of degrees #n 4+ 1 and 1 respectively,

1
/ p= / (0, id)[(v, id)* P].
Xn+1ly xm n-—+ 1 Xnly xm+1

Let i be a positive integer. The class (v,id)* pry ¢; (X [+1]) — (o, id)* pry ci (X [y
is, by Proposition 6.7 (ii), a polynomial in the classes pr3 [, (o, id)* pri ¢j(X) and
(0,1d)* pry, f4j, s and Proposition 3.27 gives (o, id)« prg [/ = (—=1)7 prg, (j, . Thus,
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(0,id)«(v,id)* prg ci (X1l pry ¢i (X)) is a polynomial in the classes Pro; M, n
and pr} ¢j(X).
By Proposition 6.7 (i), (v,id)* prg, ii, n+1 — (0,1d)* prakJrl i, n is a polynomial in
the classes pry / and (o, id)* pr*l" k+1 4j - Applying Proposition 3.27 again, we obtain
that (0,1id)« (v, id)* prg, i, n+1 —prz’)",ﬁL1 Wi, n is a polynomial in the classes prg, (4},
and pry, d;.
To conclude, we use the relations
(v,id)* pry; di = (0,id)* pry o | ;4 di
(v,id)* pry ¢;(X) = (0,id)* pry_ ; i (X). O

We can now finish the proof of Theorem 6.1. We write

/ P(cl(X[”]),...,cz,l(X[”])):/ 2 :/ ﬁzz...:/ P
xnl Xh—1lx x X[n—21x x2 n

where P is a universal polynomial in the classes pry ¢;(X) and pry; d;. By the
explicit expression of the classes d;, we obtain that [’ 'y P 1s a universal polynomial
in the Chern numbers ¢;(X)? and c,(X). a

7 Appendix: Existence of relative integrable complex struc-
tures

This appendix is devoted to the proof of Proposition 2.13. This proof is carried out in
several steps. We introduce at first some notation and terminology:
e If Y and A are two subsets of X x B and B respectively, we put Y|4 =
YN(X xA).
e If Y is a subset of X x B, we say that Y is adapted to Z if Y contains
pry '[pry(Y) N Z].
e If W and W' are open subsets of X x B, we write W < W/ if WN W' is
nonempty and if W |y w)npr,w7) is included in W’ o w7y A pr, 97 -

Then we have:

Lemma 7.1 Let K be a compact subset of B. Then for any neighbourhood W
of Z|g in X x B, there exists a neighbourhood U of K in B such that Wy is
adapted to Z .

Proof Let m: Z — B be the restriction of the first projection to Z. Since  is finite,
7 is closed. Thus, if U = B\ JT[((X x B)\W)n Z], U is an open neighbourhood
of K in B, and Wy is adapted to Z. |
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We are now going to study in detail some very special open subsets of X x B, which
are essentially tubular neighbourhoods of Z. The construction of these open sets relies
on the (probably well-known) lemma:

Lemma 7.2 Let Y be a differentiable orbifold endowed with its natural stratifica-
tion, S be a stratum of T and K be a compact subset of Y. Then there exist a
neighbourhood U of K in Y and a smooth retraction R: U —U N S.

Proof We start by a local construction. Let x be a point in S and U, be a neighbour-
hood of x in Y such that Uy is isomorphic as an orbifold to V' /G, where V is an open
subset of R” and G is a finite group of diffeomorphisms of V. Let 7: V — Uy be
the quotient map and p be an element of 7~ (x). We can assume that G is equal to
the stabilizer Gy of y. In this case, 7~ 1(S NUy,) is exactly the subset of the points
of V fixed by all the elements of G ; we denote it by VC .

Let us construct an embedding of U, into an Euclidean space. By Bochner’s lineariza-
tion theorem, we can assume that the finite group G acts linearly on V. This means that
the action of G is induced by a linear representation of G in GL(n, R) if we choose
v as the origin of R”. Then G also acts on the algebra R[ X7, ..., X;] of polynomial
functions on R” and the algebra R[X7, ..., X,]® of G—invariant polynomials is finitely
generated [40, Appendix 4, Proposition 1]. Let ¢4, ..., ¢4 be a set of generators and
¢ = (¢1....¢4). The map ¢: R” —=R? induces a smooth map ¢ from R"/G
to R which is easily checked to be injective. Since Uy is open in R" /G, ¢ gives an
embedding of Uy in R¥.

Let us now prove that the restriction of ¢ to S N Uy is an immersion. Since
wlye: VG — SNU, is a diffeomorphism, this is equivalent to show that the re-
striction of ¢ to V¥ is an immersion. Let p be a point in VY, /& be a tangent
vector in TPVG, and assume that ¢«(h) = 0. If we put ¥; = ¢; — ¢i(p) for
1 <i < d, then every G-invariant polynomial P on R” can be decomposed as
Py + -+ Pgyg + P(p), where the P;’s are G—invariant. This proves that
Py(h) = 0. Let A be the algebra of polynomial functions on the vector space (R”)C .
Then A is a quotient of R[X7,..., X,] and G acts trivially on A, so that 4 is a

quotient of R[X7, ..., X,]%. Let us choose a linear form u on (R”)? such that, via
the identification between T, pVG and (R™)C, u(h) is nonzero. If & is a lift of u in
R[X],...,X,]C, then @4(h) is nonzero, which is a contradiction.

We can now argue as in the proof of the Whitney embedding theorem in the compact
case: using a partition of unity, we obtain an embedding I" of a neighbourhood U of K
into some Euclidean space RY such that I'lyns is an immersion. Since I'(U N S)
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is a submanifold of R¥, after shrinking U if necessary, we can consider a tubu-
lar neighbourhood Q of T'(U N S) in RN such that T'(U) is included in Q. If
R Q— I'(U N S) is the retraction associated with this tubular neighbourhood, we
define R: U — U NS by composing RoT with the inverse of the diffeomorphism
Clyns: UNS —TWUNS). O

Let » be the injectivity radius of X. Since X is compact, r is positive. For any x
in X and ¢ satisfying 0 <& <r, the exponential map exp,(x) at x associated with
the Riemannian metric g is a diffeomorphism between the Euclidean ball of 7T, X
of radius ¢ centered at the origin and the geodesic ball Bg(x,¢). The former being
endowed with the integrable complex structure J, we get a canonical integrable
complex structure on the latter.

Let us fix a stratum B) of B and a compact subset K; of Bj;. We denote by d(A) the
number of sheets of the covering map pr, |z, : Z) —= B,. If n is a sufficiently small
number in |0, [, there exists a small neighbourhood V3, of Kj in Bj such that for any b
in Vy,if Z|p ={x1,...,xq1)} then the geodesic balls (Bg(x;,1))1<i<d()) are pair-
wise disjoint in X'. By Lemma 7.2, we can assume that there exist a neighbourhood Uy,
of K, in B such that U) N B) = V) and a smooth retraction R: U — V. Then
we put Q = [[pep, ]_[erMwh) Bg(x,n). Since Q is a neighbourhood of Z|g, ,
Lemma 7.1 shows that €2 is adapted to Z if U), is a sufficiently small neighbourhood
of K, . We call such an open set 2 an n-neighbourhood of Z above Kj . It is easy to
prove that if W is any neighbourhood of Z |, , then there exists an n—neighbourhood
of Z above K, contained in W if 7 is a sufficiently small positive real number.

We now explain how to cover Z in a compatible way by a finite number of n—
neighbourhoods.

Lemma 7.3 Let W be an open subset of X x B adapted to Z, B), be a stratum of B
such that B}, is contained in pr,(W') and no be a positive real number. Then, for every
relatively compact open subset V' of pr,(W) containing dB; , there exist a compact
subset K, of Bj, a positive real number 1 smaller than ny and a n—neighbourhood §2
of Z above K, such that B CV UK, and Q < W|y.

Proof Let U be a relatively compact neighbourhood of dB; in B; NV and put
K; = B3 \U. Then K, is compactin By and By CVNK,.If K'=(VNB)\U,
then K’ is a compact subset of By included in K and W is a neighbourhood
of Z|gs. Thus, for n small enough, there exists an n—neighbourhood Q' of Z
above K’ contained in W. We can even assume that Q' = Q|p, where Q is an
n-neighbourhood of Z above K and O is a small neighbourhood of K’ in B. Since
QloCW, Qlony SWlonw,sothat Q < W|p. o
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Then we get:

Lemma 7.4 For every positive real number 1, we can construct a finite covering
(Wi)1<i<n of Z by open subsets of X x B such that:

e For each i, there exists n; in |0, ng] such that W; is a disjoint finite union of
n; —neighbourhoods of Z above compact subsets of the strata of B.

e Foreveryi suchthat2<i <N, W; SW,_{U.--UW;.

e The integer N is smaller than the number of strata of B.

Proof Let A be the finite set of strata of B and (A;)1<ij<n be the partition of A
defined as follows: A is the set of elements of A corresponding to closed (ie minimal)
strata in B, and the other A;’s are defined inductively for i > 2 by the expression

i—1
A; = {k in A\ (A{U---UA;_q) such that 9By C U U Bu}-
Jj=1 pep;

For | <i <N,weput S; = Uijzl Uarea, B The S;’s are closed subsets of B. Let
A1 ={r1,...,Ar}. For n; sufficiently small, we can pick pairwise 171 —neighbourhoods
of Z above the By)s (1 =i < k). We denote their union by W;. Then pr, (W) is
a neighbourhood of S| in B. Let V be a relatively compact neighbourhood of S
in pry(Wy). If Ay ={uyq,..., 7}, we can find by Lemma 7.3 some compact sub-
sets Ky,...,K; of By,,..., By, and ny—neighbourhoods 21,...,£2; of Z above
Ky,..., K; (where 0 <1, <n;)suchthatfor 1 <i </, E,Li CVUK; and Q; SWilp.
If n, is small enough, we can assume that the €2;’s are pairwise disjoint. If we replace
Wi by Wi|p and if we put W, = ]_[521 2;, then pr, (W) is still a neighbourhood
of S; in B and pr,(W; U W) is a neighbourhood of S, in B. Besides, W, < W;.
To construct W3, we add the strata in A3 and so on. O

We now turn to the construction of relative integrable complex structures. If we take
a covering (W;)1<ij<ny of Z given by Lemma 7.4, each W; (more generally each
n—neighbourhood of Z above a compact subset of a stratum of B) is endowed with
a canonical relative integrable complex structure, but these various structures do not
match on the intersections W; N W; . This is why it is necessary to use a gluing argument.
We start by some preliminaries.

Let E be any finite-dimensional real vector space of even dimension 2k. If J(E)
is the set of complex structures on E, J(E) is a homogeneous space isomorphic
to GL(2k,R)/GL(k,C), so it is a submanifold of End(E). We define a subset J
of the vector bundle End(7X) by J =[] ,cx J(TxX). Then J is a differentiable
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manifold and the projection p: J —= X is a smooth fibration. Besides, the almost-
complex structure J of X is a smooth section of this fibration. For € > 0 and x in X,
we put J(TxX) = {M in J(TxX) such that [|M — J(x)|lg < s} and we define
Je =l yex Je(TxX). For any & > 0, J, is a neighbourhood of the image of J in J.
Furthermore, since X is compact, there exists g9 > 0 such that for every & smaller
than eg, Je is a smooth fibration whose fiber is diffeomorphic to an Euclidean ball.

Let n be a positive real number strictly smaller than r. For x in X and ¢ in [0, 1], we
define u;: Bg(x,n) — Bg(x,tn) by u;(x)(p) = expg(x)[t expg(x)_l(p)]. For
any y in Bg(x,n), there is a canonical isomorphism ¢;(x, y) between 7, X and
Ty, (x)(y») X obtained via the differential of exp,(x) from the canonical isomorphism
between Texp, (x)~1 (»)(TxX) and Tiexp, (x)~1(»)(TxX). Since X is compact, there
is a positive constant A, depending only on 7 such that lim,_,o 4 = I, and for
every x in X, every y in Bg(x,n) and every ¢ in [0, 1], [[¢/(x, )|l < 4y and
llpe(x, ) g < Ay. If x isin X and ¢ in [0, 1], let J be an almost-complex
structure on Bg(x,tn);if t =0, we take the convention that Jisa complex structure
on T X . Then we can define a rescaled almost-complex structure R t(f ) on Bg(x,n)
by the formula

Vye Be(x.m), Yhe T, X, Ru(D) () =i (x. 07 (T () (0)) (9 x, 1)) ).

Then, for every ¢ in [0, 1] and every almost-complex structures Jo and J; on Bg(x,tn),
we have

IR (J1) — Rl‘(jO)”CO,g,Bg(x,n) < A2 |71 = Jollco. B (x,tn)-

Remark thatif J is an almost-complex structure on Bg(x, 1), then R; (f ) =us(x)* J
if £ >0,and R;(J) = expg(x)*(J(x)) if  =0. Thus, if > 0 and J is integrable
orif t =0, then Rt(f) is integrable.

We end with another estimate. For any x in X and any ¢ in [0, 1], R;(J)(x) =
J(x). Since X is compact, there exists a positive constant B; depending only on 7
such that lim,_.o B, = 0, and for every x in X and every ¢ in [0, 1], we have

I/ =Re(N)llcog, Byx,n) = Bn-

We are ready to prove the essential gluing lemma:

Lemma 7.5 Let ¢, ¢’ and n be positive real numbers satisfying the conditions n <r,
0 <& <e<gy and 8’A2 + B,,(A,z7 + 1) < ¢, and let W be a n-neighbourhood
of Z above a compact subset K of a stratum B) of B. If Ji' and J{! are two
relative integrable complex structures in Bg o (W), then there exists a smooth family
(JI)o<s<1 of relative integrable complex structures in Bg (W) joining J5 and Ji°.
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Proof Let Ji*' = Ro(J§") and Ji = Ro(J5"). Then the families (R (J¢))o<r<1
and (R;(J{® ))0<t<1 are two smooth families of relative integrable complex structures
on W joining J&' and Ji to J§ Jrel and Ji jrel respectively. Besides, for every ¢ in [0, 1]
and i in {0, 1},

IR () = Tllco, g, = IRe(TfD) = Re(D)lco, g, + IR (T) = Tl co, g,
<A+ By

Letz = A% ¢+ By, V=pr,(W)N By, and R;: pry(W)—V be the smooth retrac-
tion associated with W . Since ¢ is smaller than ¢, Jz xx Z|p is a smooth fibration
over Z|p whose fiber is diffeomorphic to an Euclidean ball (hence contractible).

The relative integrable complex structures Jj Jiel and J! rel define two sections Jy and J|
of the fibration Jz xx Z|y ; they are given for (x,v) in Z|y by J/(x,v) = flre,l) (x).
Then we can find a smooth family (J;)o</<1 of sections of Jz xx Z|y joining J;
and J|. Each J defines a relative integrable complex structure J;™' on W as follows
for b in pry (W), let v=R; (D) and Z|, ={x1,...,xg}. Then Wp = ]_[l_l Bg(xi,n)
and J/™ is equal to Ro(J;(xi,v)) on Bg(x;,n). Note that Jrel Ji* fori =0,1.
Besides,

177 =T llco, g, w = 17 = Ro(N)llco, g, w + I Ro(J) =T | co g, < A7 T+ By <e.

Thus we have found a piecewise smooth family of relative integrable complex structures
in Bg, (W) joining J&! and JI!. This family can be made smooth by reparametriza-
tion. |

We can now finish the proof of Proposition 2.13. Fix ¢ and & which satisfy the
conditions 0 < &’ < & < gq. If d is the number of strata of B and 7 is a positive
real number, we define a sequence (g;)1<j<q by €1 = ¢ and, for | <i <d —1,
Eiv1 = Af, &i + By (Af, 4+ 1). Then we can find ng > 0 such that for every n smaller
than 79, the &;’s are strictly smaller than ¢ for 1 <i <d and By, is strictly smaller
than ¢. We pick such an 7o and take a covering (W;)1<j<ny of Z satisfying the
conditions of Lemma 7.3. Each open subset W; is endowed with a relative integrable
complex structure Jf°' such that ||Jf! — J lco g m; <&

Since W, < Wy, Wi N Wj is a finite disjoint union of 7, —neighbourhoods of Z (where
N2 < n9) above compact subsets of the strata of B. The relative integrable complex
structures Ji¢ and JI¥! being in Bg, ¢, (W) N W), there exists by Lemma 7.5 a smooth
family (J[!)1<;<3 in Bg, e, (W) N W,) joining Ji¢! and J5¢.

Let V' be a relatively compact open subset of pr,(W;). If V is large enough, the
open sets (Wi|y, Wa, ..., Wy) still satisfy the conditions of Lemma 7.3. Let x be a
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smooth function from pr, (W, UW,) to [1,2] such that x =1 on V and supp(x —2) is
relatively compact in pr,(W7). Then we define a relative integrable complex structure
T in By o,(Wyy UWa) by the formula Ji' = Ji%, 5 for b in V Upr,(W5). The
same argument can be used to glue J™ and J. ;el together, and so on. Finally, we get
a relative integrable complex structure in Bg ¢, (W), where W is a neighbourhood
of Z in X x B. Thus Bg_ ¢ is nonempty.

We now prove the connectedness of By . for 0 < & < gg. Let J& and JI° be
two relative integrable structures in Bg (W), where W is a neighbourhood of the
incidence set Z in X x B. We put &’ = ||J&! —J {61||Co, g, w - As we did previously,
we can find 1o > 0 such that for every positive 7 smaller than ng, the &;’s are strictly
smaller than ¢ for 1 <i <d + 1. For this ¢, we take a covering (W;)1<;j<ny of Z
satisfying the conditions of Lemma 7.3 such that each W; is contained in W. Then for
each i, J§ |y, and Ji¥|y; are elements of Bg, ¢, (W), so that, by Lemma 7.5, there
exists a smooth family (Jir’e})ost‘fl in Bg, ¢, (W) joining J&¢'|w; and Ji|y, . Using
exactly the same methods as before, we can glue the families {(Jl{e})oftfl M<i<N
together and get a smooth family in 5 (WN/) joining J&' to JI°', where W is a
neighbourhood of Z in X x B.

8, EN+1

The weak contractibility follows from the connectedness of By, ¢ over the bases BxS?.
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