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On discreteness of commensurators

MAHAN MJ

We begin by showing that commensurators of Zariski dense subgroups of isometry
groups of symmetric spaces of noncompact type are discrete provided that the limit
set on the Furstenberg boundary is not invariant under the action of a (virtual) simple
factor. In particular for rank one or simple Lie groups, Zariski dense subgroups with
nonempty domain of discontinuity have discrete commensurators. This generalizes
a Theorem of Greenberg for Kleinian groups. We then prove that for all finitely
generated, Zariski dense, infinite covolume discrete subgroups of Isom(H?), com-
mensurators are discrete. Together these prove discreteness of commensurators for
all known examples of finitely presented, Zariski dense, infinite covolume discrete
subgroups of Isom(X) for X an irreducible symmetric space of noncompact type.

57TM50

1 Introduction

Motivated by Margulis’ celebrated characterization of arithmeticity of irreducible
lattices in semisimple Lie groups in terms of density of the commensurator [18],
Shalom asked (see Leininger, Long and Reid [16]) for a description of commensurators
of Zariski dense subgroups of semisimple Lie groups. We start with the observation
that for Zariski dense subgroups of isometry groups of rank one symmetric spaces,
commensurators are discrete provided that the domain of discontinuity is nonempty.

Proposition 1.1, Corollary 1.2 Suppose I' is a Zariski-dense subgroup of a semisim-
ple Lie group L = Isom(X) for X arank one symmetric space of noncompact type.
Then the commensurator Comm(I") of T is discrete if the limit set At is not all of 0X .

When X = H3, the above is due to Greenberg [9; 10].

Using the theory of limit sets (in the Furstenberg boundary Y = G/B) of Zariski-
dense subgroups of semisimple Lie groups of higher rank developed by Benoist [2] we
generalize Proposition 1.1 to arbitrary semisimple Lie groups.

Proposition 1.7 Suppose I' is a Zariski-dense subgroup of a semisimple Lie group
L = Isom(X) for X a symmetric space of noncompact type. Further suppose that
the limit set Ay C Y is not invariant under any nontrivial semisimple (virtual) factor
subgroup L. Then the commensurator Comm(I") of I is discrete in L.
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332 Mahan Mj

We then specialize to the case that I" is abstractly a (relative) hyperbolic group in the
sense of Gromov and X is of rank one.

Infinite covolume discrete subgroups of semisimple Lie groups have received little
attention in the context of commensurators until recently. However, the theory of
Kleinian groups deals primarily with infinite covolume discrete subgroups of PSL,(C).
Commensurators of some nonfree Kleinian groups have been investigated by Leininger,
Long and Reid [16]. In this paper we reprove and extend their results to all finitely
generated Kleinian groups.

Theorem 3.7 Let G be a finitely generated, Zariski dense Kleinian group such that
H3/G has infinite volume; then the commensurator Comm(G) of G is discrete
in PSL,(C).

The above statement was proven by Leininger, Long and Reid [16] when G is nonfree
and without parabolics. As in [16], Theorem 3.7 can be strengthened as follows.

Theorem 3.8 Let G be a finitely generated Kleinian group such that G is Zariski
dense in PSL,(C) and H3/G has infinite volume. Then [Comm(G) : G] < oo unless
G is virtually a fiber subgroup, in which case Comm(G) is the fundamental group of a
virtually fibered finite volume hyperbolic 3—manifold.

Together, Proposition 1.7 and Theorem 3.7 prove discreteness of commensurators for
all known examples of finitely presented, Zariski dense, infinite covolume discrete
subgroups of Isom(X) for X a symmetric space of noncompact type.

We also provide an example of a Zariski dense subgroup G C Isom(H*) such that
Comm(G) is discrete, [Comm(G) : G] = oo but the limit set Ag # 0H*. We also
justify a statement of Gromov [12] by showing that negatively curved 4—manifolds
cannot fiber over the circle.

1.1 Zariski-dense subgroups of semisimple Lie groups

Our first observation is that a version of Margulis’ dichotomy holds for all Zariski
dense subgroups. (Some version of this is probably well-known to experts in the theory
of Lie groups and algebraic groups.)

Proposition 1.1 Suppose I' is a Zariski-dense subgroup of a semisimple Lie group
L = Isom(X) for X a rank one symmetric space of noncompact type. Then the
commensurator Comm(I") of T is either discrete or dense in L.

Proof Let Comm(I") be the closure of Comm(I") in the Lie group L. If the connected
component of the identity Ly of Comm(I") is trivial, then Comm(I") and hence
Comm(T") is totally disconnected and therefore discrete.
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Else, let [y denote the Lie algebra of Ly and I denote the Lie algebra of L. Since L
is the connected component of the identity of Comm(I"), L is normal in Comm(T").
Then [y is an invariant subspace of [ under the adjoint action Adr of I'. Hence [ is
an invariant subspace of [ under the adjoint action of ZC(I"), the Zariski closure of T".
(This follows from the fact that Adg acts on the Grassmannian of dim([y) - planes
in [ and Adr fixes the plane ly.) Since I' is Zariski-dense, it follows that [ is an
idealin [. Let [=g; ® gy P --- P g be the decomposition of [ into its simple Lie
algebra summands. Hence [, = g;, ® g;, ®--- P gi, for iy, ..., iy distinct elements of
{1,...,k}.

Two cases arise:

Case 1 L is noncompact. Let K C L be the maximal compact subgroup of L
and X = L/K be the associated symmetric space. Then Xo = Lo/(Lo N K) is the
symmetric subspace of L associated to the subgroup L. Further, L¢ is normal in L,
since ly is an ideal in [ and L is connected. Since L is noncompact, its limit set
is nonempty and since L is normal, its limit set is all of dX (This is essentially the
only place where we really use the rank one assumption).

Using the associated Killing form [13] for instance, X is a totally geodesic subspace
of X'. But from the previous paragraph, the limit set of L is all of dX. Hence
Xo =X and Comm(T") = L =Isom(X).

Case2 L iscompact. Then L fixes some point x € X . Further, L is normal in L,
since [ is an ideal in [. Hence forany g € L and [ € Ly, (glg )g.x =gl .x=g.x
and so Lg fixes g.x. Hence Lg fixes all x € X. Therefore L is trivial, since
L =TIsom(X). |

As an immediate Corollary of Proposition 1.1, we have the following:

Corollary 1.2 Suppose I' is a Zariski-dense subgroup of a semisimple Lie group
L =Tsom(X) for X arank one symmetric space of noncompact type. Further suppose
that the limit set At # 0X . Then the commensurator Comm(T") of T" is discrete in L.

Proof The limit set A is invariant under Comm(I"). Hence if Comm(I") is dense
in L, Ar = dX . Therefore by Proposition 1.1, Comm(I") is discrete in L. m|

Next, we generalize Proposition 1.1 to arbitrary semisimple L = Isom(X'), by intro-
ducing an appropriate generalization of the notion of irreducibility. Motivated by the
definition of irreducibility of lattices we propose the following.

Geometry € Topology, Volume 15 (2011)
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Definition 1.3 A Zariski dense subgroup I' of a semisimple Lie group L will be
called strongly irreducible if for any proper nontrivial normal subgroup L of L, the
projection of T to the quotient L /L is indiscrete.

Now, let I' be a strongly irreducible Zariski-dense subgroup of a semisimple Lie group
L =TIsom(X). Asin Proposition 1.1 let Lq be the connected component of the identity
in Comm(I"). Suppose Lo # {1}. The quotient Comm(I")/L¢ is discrete. Since
I' € Comm(TI"), it follows that Comm(I") = L. Since T is Zariski-dense, Lo = L
and we have shown the following.

Proposition 1.4 Suppose I' is a strongly irreducible Zariski-dense subgroup of a
semisimple Lie group L = Isom(X) for X a symmetric space of noncompact type.
Then the commensurator Comm(I") of I is either discrete or dense in L.

The following is another simple generalization of Proposition 1.1.

Proposition 1.5 Suppose I' is a Zariski-dense subgroup of a semisimple Lie group
L =1Isom(X) for X a symmetric space of noncompact type. If Comm(I") denotes the
commensurator of I', then there exists a short exact sequence

11— Ly— Comm(I") > Q — 1

where L is a semisimple Lie subgroup of L and Q is discrete in L/Ly.

Proof As in the proof of Proposition 1.1, let Comm(I") be the closure of Comm(I")
in the Lie group L and Lg be the connected component of the identity in Comm(T"). If
L is trivial, then Comm(T") is totally disconnected and hence Comm(I") is discrete.

Else, as before, let [y denote the Lie algebra of L and I denote the Lie algebra of L.
Then Ly C Comm(I") is normal and Comm(I")/ Ly = Q is discrete. |

We now proceed to refine some of these results to higher rank semisimple Lie groups
in the context of Zariski dense subgroups of Isom(X) acting on the flag variety or
the Furstenberg boundary. This gives a geometric perspective on Proposition 1.5.
Let G be a semisimple Lie group, K a maximal compact subgroup and P a Borel
subgroup. Then G/ P is called the Furstenberg boundary of the associated symmetric
space X = G/ K. See Benoist [2] for details. Limit sets of Zariski-dense subgroups I
of G have been defined by Benoist [2] as in the rank one case. The limit set of the
action of I on G/ P will be denoted as A(G/P,T"). The following basic Proposition
is due to Benoist, generalizing an analogous statement for SL,(R) by Guivarc’h.
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Proposition 1.6 (Benoist [2]) Let I' C G be a Zariski dense subgroup. Then
A(G/ P,T) is the unique minimal closed I" —invariant subset G/ P .

A semisimple Lie algebra is a direct sum of simple Lie algebras. A closed semisimple
Lie subgroup L of a Lie group L will be called a (virtual) factor if its Lie algebra [
is a direct summand of the Lie algebra [ of L.

Proposition 1.6 will be essential in generalizing Corollary 1.2 to the following.

Proposition 1.7 Suppose I' is a Zariski-dense subgroup of a semisimple Lie group
L =1Isom(X) for X a symmetric space of noncompact type. Further suppose that the
limit set A(G/ P, T") is not invariant under any nontrivial semisimple (virtual) factor L.
Then the commensurator Comm(I") of " is discrete in L.

Proof As in the proof of Proposition 1.1, let Comm(T") be the closure of Comm(I")
in the Lie group L and L be the connected component of the identity in Comm(I"). If
Ly is trivial, then Comm(I") is totally disconnected and hence Comm(I") is discrete.

Else, as before, let [ denote the Lie algebra of L and I denote the Lie algebra of L.
Two cases arise:

Case 1 L is compact. Then exactly the same proof as Case 2 of Proposition 1.1
shows that L is trivial.

Case2 L is noncompact. Comm(I") N Ly = I'g is an infinite normal subgroup of
Comm(I"). Also, I'y is Zariski-dense in Lo. Let Ar and Ar, denote the limit sets
of I and I'y respectively. Both are nonempty.

Forevery g € L, g.Ar is the limit set of g.T" and hence g.T'g'. Since the limit set
of a Zariski dense group is the unique minimal invariant set (Proposition 1.6), and since
a finite index subgroup of a Zariski dense group is Zariski dense, g. A = Ar for every
g € Comm(T"), and hence for every g € Comm(I"). In particular, Ar is Lg—invariant.
But by hypothesis Ar is not invariant under any such L, a contradiction.

Therefore Comm(I") is discrete in L. O
Remark 1.8 In terms of limit sets, invariance of Ar C G/ P under the action of a
semisimple Lie subgroup Lo C L means that Ay = Lo/ Py X A1, where

(1) L = Lyx L (atleast virtually),
(2) Lg/ Py is the Furstenberg boundary of Ly,

(3) A is the limit set of the induced action of I' on the Furstenberg boundary
L1/ Py of the semisimple L.
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2 Relations on boundaries

2.1 Hyperbolicity and relative hyperbolicity

Definition 2.1 For any geodesic metric space (H, d), the hyperbolic cone H" is the
metric space H x[0,00) = H h equipped with a path metric dj obtained from two
pieces of data :

(1) dp,((x,1), (p.1)) = 27"dg (x. y), where dj, is the induced path metric on
H x {t}. Paths joining (x,?), (y,?) and lying on H x {z} are called horizontal
paths.

2) dp((x,1),(x,s)) = |t —s| for all x € H and for all ¢,s € [0,00), and the
corresponding paths are called vertical paths.

Forall x,y e H b dy(x, y) is the path metric induced by the collection of horizontal
and vertical paths.

Definition 2.2 Let X be a proper (ie complete and locally compact) geodesic metric
space and H be a collection of uniformly separated subsets of X. X is said to be
hyperbolic relative to H in the sense of Gromoyv, if the space G(X, H), obtained by
attaching the hyperbolic cones H" to H € H by identifying (z,0) with z for all
H € H and z € H, is a proper hyperbolic metric space. The collection {H h.He H}
is denoted as H”. The induced path metric on G(X, H) is also denoted by dj,.

A group G is hyperbolic relative to a finite collection Hy, ..., Hy, if the Cayley graph I'
of G with respect to some finite generating set is hyperbolic relative to the collection H
of translates of Cayley subgraphs of Hy,..., Hy (see Gromov [11], Farb [5] and
Bowditch [3] for details on relative hyperbolicity). Then dG = 3G (G, H) is called the
(relative) hyperbolic (or Bowditch [3])-boundary of G, and G=¢G (G,H)UIG(G,H)
is the compactification of dG(G, H). The set of distinct pairs of points on dG will be
denoted as 3G

Let G be a (relatively) hyperbolic group. A fixed point on dG of a hyperbolic element g
of G is called a pole (See [11, Section 5.1]), and the pair of fixed points (g—co, goo)
is called a pole-pair.

Proposition 2.3 (Pole-pairs dense; Gromov [11, Section 5.1, page 136]) The collec-
tion of pairs (g_oo, oo) as g ranges over hyperbolic elements of G is dense in 0>G .
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2.2 Cannon-Thurston maps

Let (X, dyx) be a proper hyperbolic metric space and G be a (Gromov) hyperbolic
group acting freely, properly discontinuously by isometries on X . Let I" be a Cayley
graph of G with respect to some finite generating set. By adjoining the Gromov
boundaries 0X and dG to X and I', one obtains their compactifications X and G
respectively. Choose a basepoint 0 € X. Let i: ' — X denote an “inclusion map
mapping g € I' to g .o and an edge [a, b] of I" to a geodesic in X joining a.o0,b.o0.

29

A Cannon—Thurston map 1 from G to X is a continuous extension of i . The restriction
of 7 to dG will be denoted by di. The map di induces a relation Rt on G where
x ~ yif di(x) = di(y) for x, y € 0G.

Definition 2.4 A CT leaf Act is a bi-infinite geodesic in I' whose endpoints are
identified by di .

Next, let G be a relatively hyperbolic group, hyperbolic relative to a collection
Hy, ..., H; of subgroups. Let, as before, (X, dy) be a hyperbolic metric space and
G act freely, properly discontinuously by isometries on X, such that each conjugate
of H; fixes a unique point of dX. We thus think of each conjugate of H; acting
on X as a group of parabolic isometries. Let, as in Section 2.2, i: I' — X denote the
“inclusion map” mapping g € I" to g .o for some basepoint 0 € X. Then 7 induces a
map i": G(G,H) —» X.

A Cannon—Thurston map T from G to X is a continuous extension of i”. As before,
the restriction of 7 to 3G will be denoted by di and the induced relation on 3G
by RCT-

Also, the set of distinct pairs of points identified by di will be denoted as T\’%T, which
is a subset of 9%(G).

Lemma25 i: T — X (ori": G(G,H)—> X)isa quasi-isometric embedding if and
only if RE&; =

Proof If i (or i")is a quasi-isometric embedding then di: 3G — X is a homeomor-
phic embedding [11, Theorem 7.2H, page 189]. Hence RéT =0.

Conversely, if 7 (or i h) is not a quasi-isometric embedding then there exist a,, b, €i(T")
(or i"(G(G,H))) such that the geodesic [ay, by]r C T passes through 1 € T, but the
geodesic [ay, byly C X joining i(ay),i(b,) in X lies outside B,(i(1)), the n—ball
about i (1) in X . Assume (after subsequencing) that a, — deo € 0G and by, — b €9G .
It follows that i (aoo) = 0i (bso). Hence doo ~ boo and RéT #* . O

Definition 2.6 Rct will be called rrivial if x ~ y for all x, y € dG, and quasiconvex
if Ré, = 2.
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2.3 Properties of the CT relation

We assume in this subsection that G is a (relatively) hyperbolic group acting freely,
properly discontinuously by isometries on (X dX) a hyperbohc metric space. Further
we assume that a Cannon—Thurston map 7 from G to X exists. The restriction of 7
to dG is denoted by di. Recall that di induces a relation Rcr on dG where x ~ y if
di(x) = di(y) for x, y € dG. Note that Rcr is G—invariant. We investigate the basic
properties of Rt now. Assume that Rer is nontrivial.

The following Lemma is a direct consequence of the continuity of i

Lemma 2.7 Rcr is a closed relation on 0G, ie if x, ~ y, for sequences {x,},{yn} €
dG and x, — x € 0G, y, — y € 0G, then x ~ y € 0G. Further, R%T is a closed
subset of 9%(G).

Definition 2.8 G is said to act on X without accidental parabolics if for every
hyperbolic element g of G, its fixed points on dX are distinct.

The next Lemma says that poles cannot lie in Rcr.

Lemma 2.9 Suppose G acts on X without accidental parabolics If (x, y) € Rer and
X # y, then x cannot be a pole of G .

Proof By G-invariance of Rcr we can assume that the CT-leaf (x, y) C I' passes
through 1 € I'. We argue by contradiction. If x is a pole, there exists a hyperbolic
element g € G such that goo = x and so g acts on X as a hyperbolic isometry. Then
the infinite geodesic ray [1, x) C T" is a C —quasigeodesic in X for some C > 1 since G
acts without accidental parabolics. Choosing a sequence of points x, € [1, x) C (x, »)
such that x, — 0o, note that x,, 1.(x, y) and x,, 1.[1, x) converge (up to subsequencing)
to the same bi-infinite geodesic (p,q) C I'. Hence (p,q) C I' is a C —quasigeodesic
in X . In particular di (p) # 0i(q). But, by Lemma 2.7 (p, q) € Rcr, ie di(p) = 0i(q).
This is a contradiction. |

Density The next Lemma proves density of orbits of cosets of Rt in the Hausdorff
metric.

Lemma 2.10 Let G be a (relatively) hyperbolic group acting on a hyperbolic metric
space without accidental parabolics and admitting a Cannon—Thurston map. Assume
that the relation Rcr is nontrivial, ie not all points are in the same equivalence class.
Let K C Rcr be a coset (equivalence class) of the relation. Let C.(dG) denote the
space of closed subsets of 0G with the Hausdorff metric. Then for all x € G, the
singleton set {x} is an accumulation pointof {g. K : g € G}.
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Proof Clearly, K C dG is closed. By Proposition 2.3 and Lemma 2.9, K is nowhere
dense in dG and, for all x € dG, there exist a sequence {/,} C G such that

(1) the pole pair (/1y,—c0. fin,00) Of hy is a subset of G \ K,

(2) hpo — x€0G as n — o0.

By taking sufficiently large powers hi,” of hin, we can ensure that hf{’ (K) lies in an ¢,
Hausdorff neighborhood of /1, o, where €, — 0. Hence Ay (K) — {x} € C.(0G). O

Remark 2.11 The assumption on absence of accidental parabolics is not too restrictive.
In all cases of interest, subgroups H of G which become parabolic in X will be
regarded as elements of the collection Hi, ..., H, relative to which G is hyperbolic.

2.4 Continuity in uniform topology

Let Ag C dX denote the limit set of G, ie the collection of accumulation points in d.X
of an(y) orbit of G' acting on X . The existence of a Cannon-Thurston map ensures that
di: G — A is a quotient map, where preimages of di are given by elements of Rcr.
Let di.: C.(0G) — C.(Ag) be the map induced by i, from Rcr—saturated compact
subsets of dG to compact subsets of Ag both equipped with the Hausdorff metric.
Suppose that f is a homeomorphism of dG that preserves the cosets of Rcr, ie for
any coset K € Rer, f(K) is also a coset of Rer. Then the quotient map from Ag
to itself induced by / will be denoted by f .

Proposition 2.12 Suppose that Rcr is nontrivial. Let f, be a sequence of homeo-
morphisms of (0G, d) that preserves the cosets of Rct, where d denotes some visual
metric. Let f, denote the induced homeomorphisms of Ag . If f, — id in the uniform
topology on Homeo(dG) then f, — id in the uniform topology on Homeo(Ag).
Conversely, if fn — id in the uniform topology on Homeo(A g) then for every pole
pedG, d(p, fn(p)) — 0. More generally, if { p} is a coset of Ret, d(p, fu(p)) = 0.

Proof The forward direction follows from the definition of quotient maps. Conversely,
suppose fp, — id in the uniform topology on Homeo(Ag) but f;, does not converge
to the identity map in the uniform topology on Homeo(dG). Suppose that there exists
(up to subsequencing) an € > 0 and a pole x € dG (or a point x such that {x} is a
coset of Rer) such that forall n € N d( f(x), x) > €.

Then there exists n < €/10, say, such that dg(By(x), f4»(By(x))) > n where dg
denotes the Hausdorff metric on C.(dG) and B;(w) denotes a closed ball of radius 7
centered at w.
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Assume after subsequencing that f;,(x) — y € dG. Then x ~ y, since f, — id. But
X # y.

This contradicts Lemma 2.9, if x is a pole (or, more generally, if {x} is a coset
of RCT)- O

3 Commensurators of Kleinian groups

In this section we prove discreteness of commensurators for finitely generated, discrete,
Zariski dense, infinite covolume Kleinian groups.

3.1 Surface groups

It follows from the Scott Core Theorem [26] that any finitely generated Kleinian
group H is the fundamental group of a compact 3 manifold with boundary. Further,
a geometrically finite group Hys can be chosen abstractly isomorphic to H such
that the isomorphism preserves parabolics (see McCullough, Miller and Swarup [20],
McCullough [19] and Feighn and McCullough [7] for relative versions of the Scott
core Theorem). Hence abstractly G is hyperbolic relative to its parabolic subgroups
(see Farb [5] for instance). The convex core of H?3 /H will be denoted by M and
the convex core of H3/ Hgyr will be denoted by K, so that the inclusion K C M is a
homotopy equivalence. We proved the following theorem:

Theorem 3.1 [23;22] Let G be a finitely generated Kleinian group. Then G admits
a Cannon—Thurston map from the (relative) hyperbolic boundary of G to its limit set.
Further, the Cannon—Thurston map from the (relative) hyperbolic boundary of G to its
limit set identifies precisely the endpoints of leaves of the ending laminations.

By Corollary 1.2, it suffices to consider the case where all ends of M are degenerate as
these are precisely the manifolds that come from Kleinian groups with empty domain
of discontinuity. Our study of Comm(H) splits into two cases:

Casel Some component of the boundary dK of K is an incompressible geometrically
finite surface.

Case Il K is topologically a compression body whose lower boundary is a (possibly
empty) collection of tori.

This dichotomy stems from the fact that if some boundary component Q of K is
incompressible relative to rank one cusps, then some other component of dK is an
incompressible geometrically finite surface unless K is topologically a compression
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body whose lower boundary is a (possibly empty) collection of tori. This follows
from standard 3—manifold topology [14] by choosing a maximal collection of disjoint
homotopically distinct compressing disks with boundary curves on Q. In particular, if
some maximal cusp of K is of rank one, we are in Case .

We deal with Case I in this subsection and indicate the modifications for Case II in the
next subsection.

Lemma 3.2 Let M, K be as above. Let ¥ C Bdy(K) be a finite area surface
component of the boundary of K that is incompressible away from cusps. Further
suppose that the ideal (relative) hyperbolic boundary 8(5]) = S! is a proper subset of
the (relative) hyperbolic boundary 8([? ).

Let ]7,1 € Comm(H) be a sequence of commensurators converging to the identity in
Isom(H?) and let f, be the induced homeomorphisms on the (relative) hyperbolic
boundary 9(K). Then f,, — Id € Homeo(S!).

Proof Suppose f,, does not converge to the identity map Id € Homeo(S!). Then
by Proposition 2.12 it suffices to show that there exists (up to subsequencing) a pole
p €9d(K) and an € > 0 such that d( f,(p), p) > € for all n, where d is a visual metric
on J(K).

Since f, does not converge to the identity, we may assume (after passing to a further
subsequence if necessary) that there exists a translate 7T(= g . 8(5)) of 8(5]) such
that f,(T) # T for all n. Since T has a definite visual diameter and the poles of
gp(m1(X))g~! are dense in g . B(fl), there exists a pole p € g. B(E) and an € > 0
such that d(f,(p), p) > € for all n O

It remains to deal with doubly degenerate surface groups. By passing to a subgroup of
index at most two in the commensurator group if necessary, we can assume without loss
of generality that ends of doubly degenerate groups are preserved. Thus, in any case,
for a sequence of commensurators g, converging to the identity an end corresponding
to a strictly type-preserving representation p: 71 (S) — Isom(H?) is “preserved”. The
image p(m1(S)) is simply the subgroup of H corresponding to an incompressible
end of M. By Theorem 3.1 we may assume that {g,} preserves the relation Rcr
corresponding to the Cannon—-Thurston map for the end. Let £ be the ending lamination
whose endpoints are identified by the Cannon-Thurston map.

Claim 3.3 Let ]7,1 € Comm(H) be a sequence of commensurators converging to the

identity in Tsom(H?3) and let f, be the induced homeomorphisms on the (relative) hy-
perbolic boundary 91 (S)(= S!) of the group 7{(S). Then f, — Id € Homeo(S!).
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Proof of Claim Suppose f, does not converge to the identity map Id € Homeo(S').
Then by Proposition 2.12 it suffices to show that there exists (up to subsequencing) a
pole p € S! and an € > 0 such that d( f,(p), p) > € for all n, where d is the usual
visual metric on S'.

Since f, does not converge to the identity, we may assume (after passing to a further
subsequence if necessary) that there exists an ideal polygon A such that

(a) the sides of A are leaves of the ending lamination L,
(b)  fula #1d for all n.

Then there exist ideal adjacent vertices A, B of A suchthat f,(A4)+# A and f,(B)# B
for all n. Let Ay be another polygon whose sides lie in £ and whose endpoints lie
in the arc (4B) of the circle S' that contains no other ideal points of A. Also let
A1, By be adjacent vertices of A; such that (4 B1) C (AB). See Figure 1.

Ay

B B
Figure 1
Since f,(A) # A and f,(B) # B for all n it follows that any pole p in the arc

(A1 B1) is moved at least € = min(d (A4, A1),d(A, By1),d(B, Ay),d(B, B1)) by fu
for all n. This proves the Claim. |

We are finally in a position to prove the following.

Theorem 3.4 Let G be a finitely generated Kleinian group such that G is Zariski
dense in PSL,(C) and H3/G has infinite volume. Further, suppose that some end of
M =H?3/G is incompressible. Then the commensurator Comm(G) of G is discrete
in PSL,(C).
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Proof As above, suppose ﬁ, € Comm(H) be a sequence of commensurators converg-
ing to the identity in Isom(H?) and let f,, be the induced homeomorphisms on the
(relative) hyperbolic boundary d7;(S)(= S') of the group 71 (S). Then by Claim 3.3
it follows that for any ideal polygon A with boundary in the ending lamination there
exists N = N(A) such that f, fixes all the vertices of A forall n> N . Let zp € Sgo
denote the common image of the ideal vertices of A under the Cannon—Thurston map of
Theorem 3.1. The collection of translates of za is dense in S2. Choose ideal polygons

A1, ..., A4 such that the collection {zaA,,...,za,} is in general position on S2,ie
not all lying on the same circle. Then for all # > max;—1..4{N(A;)}, f» =1d. The
Theorem follows. a

Theorem 3.4 was proven by Leininger, Long and Reid [16] under the additional
assumption that G is nonfree and without parabolics.

3.2 Compressible core

It remains to prove the analogue of Theorem 3.4 in Case II, ie when the (relative)
core K is topologically a compression body whose lower boundary is a (possibly
empty) collection of tori. As in the previous subsection, H will denote the Kleinian
group. The associated manifold M = KU E, where E is homeomorphic to .S x[0, co)
and ENK = § x{0}. Further E is a simply degenerate end. Let o be a homotopically
essential simple closed curve on the boundary Bdy(K) of K.

Background In [21], Minsky constructs a model for the simply degenerate end E.
We consider the family F of pleated surfaces exiting the end E and let F be the
collection of lifts of F to the universal cover M of M . The elements of F are lifts &
of pleated surfaces ¥ in E'.

For any g € Comm(H), H, = g~ Hg N H is of finite index in H. Hence M, =
H3/ Hy is a finite-sheeted cover of M . Let Fg denote the lifts of elements of F
to Mg. Since o0 C Bdy(K) = Bdy(E) is homotopically trivial in K, any loop in E
freely homotopic to o in E lifts isometrically to loops in M as well as in M, ¢ - Denote
by oy C X4 the unique geodesic representative in the homotopy class of o in E
carried by the pleated surface X, € F.

In [22] we constructed the following.

(1) A subcollection {Xg, B € B} of the collection F.

(2) An auxiliary Gromov hyperbolic metric dg on M called the graph metric.
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(3) Let Dy denote a disk bounded by (a lift of) o in K. We also constructed a
quasidisk A5 = (D | pe 0p) such that A, is quasiconvex in (]l? ,dg). This
construction is natural with respect to taking covers (finite or infinite) as o
bounds in K. Hence any cover of K contains isometric copies of A, . Since
A s quasiconvex in (]l? ,dg), the limit set 94, is a proper subset of S2, with
diameter greater than zero.

(4) It is also shown in [22] that if 7 — oo in g, then the visual diameter of
h.34, C S, tends to zero. In particular, the collection {/ .94} is discrete
in SZ,.

We therefore conclude:

Lemma 3.5 Let g, € Comm(H) such that g, — 1d. Then for any hy,...h; € H,
there exists N > 0 such that g,, . (h; .0As) = h; .04, foralli =1,...,k andn> N .

Remark 3.6 We may think of the collection {#.0A4,} as an H —invariant pattern
on Sgo along the lines of [24].

The last step of the argument is similar to Theorem 3.4. Let A be an ideal polygon
contained in Bdy(K), whose sides are leaves of the ending lamination (thought of as
an element of the Masur domain).

Choose a collection of lifts oy, ...,0, of 0 to K such that the following holds:

(1) The associated compressing disks Dy, ..., Dy, are the corresponding lifts of
the disk D bounded by o in K.

(2) The boundary of (IZ \ Ul-=1,“_,m D;) consists of one bounded piece ¥ homeo-
morphic to a sphere with finitely many holes and a finite collection of unbounded
components.

(3) Consider the singular foliation associated to the ending lamination. Then the
polygon A naturally corresponds to an /—prong P — a union of / geodesic
rays starting at a common point p € de(E ). p will be called the base of the
/—prong P. We assume that p lies in the interior of Xp.

Let Ay,..., Ay be the quasidisks associated to Dq,..., Dy,. Let g, € Comm(H)
such that g, — Id. Then, by Lemma 3.5, there exists N > 0 such that g, .(d4;) = d4;
foralln > N.

Since any commensurator of G induces a homeomorphism of one finite sheeted cover
of K to another, it moves K to within a bounded Hausdorff distance of itself in M .
Hence we can isotope the image to K by a bounded isotopy.
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After a bounded isotopy, we may assume that g,(D;) = D; for i = 1---m and for all
n > N . Hence the base p of the /—prong P is moved to some point in X by g, for
alln>N.

However, there exist only finitely many /—prongs (/ > 2) whose base lies in Xj. Also
gn(D;) can be isotoped to D; by a bounded isotopy of M . Hence there exists M > N
such that g,(P) is homotopic to P by a bounded homotopy for all n > M .

As in Claim 3.3 let f, be the homeomorphisms of the (relative) hyperbolic boundary
0K induced by g,. Then for all n > M, f,(x) = x for all ideal endpoints x of P.

Let g: 0H — A g be the Cannon—Thurston map of Theorem 3.1 from the relative
hyperbolic boundary of H to its limit set A g . Then g,(g(x)) = ¢q(x) forall n > M .

Choose four prongs Py, ..., P4 and ideal endpoints xy, ..., x4 such that the images
q(x;) are in general position on S2_. Then there exists M > M such that g,(q(x;)) =
q(x;) for all n > M. Therefore g, =1d forall n > M .

We have finally proved the following.

Theorem 3.7 Let G be a finitely generated Kleinian group such that G is Zariski
dense in PSL,(C) and H?/G has infinite volume. Then the commensurator Comm(G)
of G is discrete in PSL,(C).

Using the Thurston—Canary covering theorem [4], Theorem 3.7 can be strengthened a
la Leininger, Long and Reid [16] to show that unless G corresponds to a fiber subgroup
of a 3—manifold fibering over the circle, then, in fact, [Comm(G) : G] < oo. We discuss
this below.

Let g € Comm(G) be a commensurator of G. Then the group G| = (G, g) is a
finitely generated discrete Kleinian group. Let M = H?*/G and M; = H3/G;. If
M is an infinite cover of M, ie if [G : G] = oo, then the Thurston—Canary covering
theorem [4] implies that G is virtually a fiber subgroup of the finite-volume 3-manifold
group G, ie M, has a finite sheeted cover that fibers over the circle with fiber subgroup
of finite index in G. Else, inductively, for all g, ..., gr € Comm(G), if we denote
Gr=(G,g1.....8k), then [Gy : G] <oo. Let My =H?3/G,. Again, by the Thurston—
Canary covering theorem [4], every end of M}, is covered by an end of M . Since M
has a finite number of ends, we may assume after passing to a subsequence, that all
the M} have the same number of ends. Since each end of M} is homeomorphic to
S x [0, 00) for some finite volume hyperbolic surface S and since each S can cover
only finitely many hyperbolic surfaces, it follows that the sequence M} must stabilize.
We have thus shown the following.
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Theorem 3.8 Let G be a finitely generated Kleinian group such that G is Zariski
dense in PSL,(C) and H3/G has infinite volume. Then [Comm(G) : G] < oo unless
G is virtually a fiber subgroup, in which case Comm(G') is the fundamental group of a
virtually fibered finite volume hyperbolic 3—manifold.

Finally, a note of caution: Just the existence of Cannon—Thurston maps is not sufficient
to ensure discreteness of commensurators. A nonuniform arithmetic lattice in H? has
dense commensurator. However, work of Floyd [8] ensures the existence of Cannon—
Thurston maps in this situation. Thus the proof of Theorem 3.7 implicitly uses the
following fact in an essential way:

Any polygon whose sides are leaves of an ending lamination has more than two sides.

This is exactly what goes wrong for nonuniform lattices in H? and prevents us from
using the separation arguments that go into the proof of Theorem 3.7.

3.3 Examples, applications and questions

We give an example to show that certain naive analogues of Theorem 3.8 cannot be
expected in higher dimensions. The examples of fiber groups in Theorem 3.8 have
empty domain of discontinuity. We first furnish an example that illustrates: Domain of
discontinuity nonempty does not imply [Comm(T") : T'] < oo

Example of a group I" with Ar a proper subset of d.X', but [Comm(T") : I'] = oo
Let M be a finite volume hyperbolic 3—manifold fibering over the circle and admitting
a totally geodesic embedded incompressible surface . Let p: 7y (M) — Isom(H?)
be the associated representation. Let p’: 7y (M) — Isom(H*) be p composed with the
embedding of Isom(H?) in Isom(H*). Then a bending deformation of p’, keeping
0 (1 (2) fixed gives a new discrete faithful representation p”: 7y (M) — Isom(H*)
with Zariski dense image and such that p”(7;(M)) = G is quasiconvex. Hence
Ag # OH*. Now, let F be the fiber of M. Then p”(m(F)) = H is normal in
G and hence Ay = Ag # 0H*. By Corollary 1.2, Comm(H) is discrete. But G
normalizes H . Therefore G C Comm(H). Hence [Comm(H) : H] = co.

Absence of examples in dimension 4 We indicate that a naive generalization of
Theorem 3.8 cannot exist in dimension 4. In fact, in [12] Gromov comments:

Nonarithmetic I' are especially plentiful for » = 3 by Thurston’s theory

and often have unexpected features, eg some V = H3/ T fiber over S'!
(which is hard to imagine ever happening for large n).
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The next Proposition provides some justification.

Proposition 3.9 Let M be a closed aspherical four manifold fibering over the circle
with fiber F. Then w1 (M) cannot be Gromov-hyperbolic. In particular M cannot
be a rank one locally symmetric space. More generally if M is a closed aspherical
n-manitold fibering over an (n—3)—manifold with infinite fundamental group, then
1(M) cannot be Gromov-hyperbolic.

Proof Observe that F xR covers M and FxR = M is aspherical. Hence m; (F) =0
forall i > 1. Hence F is a closed aspherical 3—manifold. Suppose 71 (M) is Gromov-
hyperbolic. Then m{(M) cannot contain a copy of Z & Z. Hence F is a closed
aspherical atoroidal 3—manifold with infinite fundamental group. By Perelman’s
Geometrization Theorem, it follows that F admits a hyperbolic structure. Hence
Out(ry (F)) is finite.

But M = (F x I)/¢ for a diffeomorphism ¢ inducing an infinite order element
of Out(my(F)) as otherwise w1 (M) would contain a copy of Z & Z. This is a
contradiction.

The same argument gives the more general conclusion in the statement of the Proposi-
tion. |

Remark 3.10 The Chern—-Gauss—Bonnet formula proves that an even dimensional
hyperbolic manifold cannot fiber over the circle as such a manifold must have Euler
characteristic zero.

An alternate way of increasing fibered faces An application of the ideas developed
in this paper is an alternate argument (cf Long and Reid [17] and Agol [1]) for increasing
the number of fibered faces of an arithmetic hyperbolic 3—manifold fibering over the
circle.

Let N be a finite volume arithmetic hyperbolic 3—manifold fibering over the circle.
Equip N with the suspension flow of the associated pseudo-Anosov monodromy. A
theorem of Fried [6] says the following:

Theorem (Fried) Let Fy and F, be two embedded incompressible connected sur-
faces in a fibered 3—manifold M . Then F; and F, lie in the same fiber face of
the unit Thurston norm ball if and only the flow lines of the associated suspension
pseudo-Anosov flows are isotopic.
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Take a stable polygon P (of more than two, possibly infinitely many sides, as in the
punctured case) on a lift of the fiber F c F. Flow it forward and backward under
the suspension flow to obtain a set S(P). If F is a punctured surface and P has
infinitely many sides, adjoin a copy of the horoball B which has the same common
horospherical base-point at infinity as P. By [25], BU S(P) is a quasiconvex subset
of H3. Let 9P denote the limit set of BU S(P). Then the collection of translates
{g.0P: g € p(m1(S))} is a discrete collection of sets in the Hausdorff topology on S2 .

This collection is a discrete pattern [24] which is an invariant of the fiber face of the
unit Thurston norm ball, ie F; and F, lie in the same fiber face of the unit Thurston
norm ball if and only if they give rise to the same invariant collection of translates
{g. 0P : g € p(m1 (1))}

Since the 3-manifold N is arithmetic, Comm(w{(/N)) is dense. Therefore the
Comm(7rq (N))—orbit of 9P is not discrete. Hence, as in [1, Theorem 7.1] or [17],
intersecting 7 (V) with finitely many gr{ (N)g™~! for appropriate g € Comm(7{(N))
one can increase the number of fiber faces arbitrarily.

Questions Together, Proposition 1.7 and Theorem 3.7 prove discreteness of commen-
surators for all known examples of finitely presented, Zariski dense, infinite covolume
discrete subgroups of Isom(X) for X a symmetric space of noncompact type. We
therefore venture the following:

Question 3.11 If T is a Zariski dense infinite covolume subgroup of Isom(.X) for an
irreducible symmetric space X of noncompact type, is Comm(I") discrete?

For finitely presented groups, Question 3.11 subsumes the following (by Proposition
1.7 and Theorem 3.7).

Question 3.12 If I is a finitely presented, infinite covolume, Zariski dense subgroup
of Isom(X) for an irreducible symmetric space X # H3 of noncompact type, can the
limit set be all of the Furstenberg boundary?

Misha Kapovich [15] has an example of a finitely generated but not finitely presented
normal subgroup of a lattice in CH?. Normality ensures that the limit set is all of the
visual boundary.

If we leave the domain of finitely generated groups, then there do exist examples to

which Question 3.11 applies.

Question 3.13 Let Iy be an infinite index normal subgroup of a rank one (possibly
arithmetic) lattice I". Is Comm(I'g) discrete? For instance I'¢ could be the commutator
subgroup [I", '] when H{(I", Q) # 0.
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A particularly simple instance when even the special case of Question 3.13 seems
unknown is when I' C SL,(R) is a congruence subgroup of SL,(Z).
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