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An algorithm to determine
the Heegaard genus of a 3—manifold

Tao L1

We give an algorithmic proof of the theorem that a closed orientable irreducible and
atoroidal 3—manifold has only finitely many Heegaard splittings in each genus, up
to isotopy. The proof gives an algorithm to determine the Heegaard genus of an
atoroidal 3—manifold.

57N10; 57M50, 57TM5057M25

1 Introduction

A Heegaard splitting of a closed and orientable 3—manifold M is a decomposition
M = Hy Ug H, of M into a pair of handlebodies H; and H, along a closed
surface S'. Every 3—manifold has a Heegaard splitting. The minimal genus of the
Heegaard surface S among all Heegaard splittings is called the Heegaard genus of M .
In [14], the author proved the so-called generalized Waldhausen conjecture.

Theorem 1.1 [14] A closed orientable irreducible and atoroidal 3—manifold has only
finitely many Heegaard splittings in each genus, up to isotopy.

An interesting feature in 3—manifold topology is that most decision problems are
solvable. For example the word problem is solvable for 3—manifold groups but un-
solvable for higher dimensional manifolds. One goal in 3-manifold topology is to
find algorithms to determine all the geometric and algebraic properties of any given
3—manifold. However, the proof of Theorem 1.1 in [14] is not algorithmic because of
a compactness argument on the projective measured lamination space of a branched
surface. In this paper, we give an algorithmic proof of Theorem 1.1. This proof in fact
gives us a slightly stronger theorem.

Theorem 1.2 Given a closed, orientable, irreducible and atoroidal 3—manifold M ,

there is an algorithm to produce a finite list of all possible Heegaard splittings of M in
each genus, up to isotopy.
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Note that Theorem 1.1 is not true for toroidal manifolds as one may generate infinitely
many nonisotopic Heegaard splittings by Dehn twists along an incompressible torus.
For most part of this paper, we will assume M is non-Haken and in Section 8 we will
show that the proof can be easily extended to atoroidal Haken manifolds. Note that the
Haken case was previously proved by Johannson [9; 10],

Although Theorem 1.2 gives a complete list of Heegaard splittings of bounded genus,
there may be repetition in the list, ie, we do not have an algorithm to determine whether
or not two Heegaard splittings are isotopic. Nevertheless, Theorem 1.2 immediately
gives an algorithm to determine the Heegaard genus of a 3—manifold and this answers
one of a few major decision problems left in 3—manifold topology.

Corollary 1.3 There is an algorithm to determine the Heegaard genus of a closed
orientable and atoroidal 3—manifold.

Note that if the 3—manifold is toroidal, a theorem of Johannson [9; 10] gives an
algorithm to determine the Heegaard genus. In Corollary 1.3 we do not have to assume
the manifold is irreducible, since the Heegaard genus is additive under connected sum.

By a theorem of Casson and Gordon [4], in a non-Haken 3-manifold, an unstabilized
Heegaard splitting is strongly irreducible. So we can assume our Heegaard splittings are
strongly irreducible. By a theorem of Rubinstein [18] and Stocking [21], every strongly
irreducible Heegaard surface is isotopic to a normal or an almost normal surface. In this
paper, we use branched surfaces to study almost normal Heegaard surfaces. In Section 2,
we briefly review and prove some properties of O—efficient triangulations and branched
surfaces, which are the basic tools for the proof of the main theorem. From normal
surface theory, we know that there is a finite set of fundamental solutions that generate
all normal and almost normal surfaces. Using a O—efficient triangulation, we may
assume the surfaces in the fundamental solutions have nonpositive Euler characteristic.
Since the genus of our Heegaard surface is bounded, one can express the strongly
irreducible Heegaard surface as a sum S = F + ) n;T; where each T; is a normal
torus in the fundamental set of solutions and there are only finitely many choices for F'.
If the coefficients n; are all bounded, then there are only finitely many possible such
Heegaard surfaces and the main theorem follows. Our task is to study the situation that
the coefficients #n; are unbounded, and our main tool is branched surface.

In Section 3, we perform some isotopies and compressions on a Heegaard surface
carried by a branched surface to eliminate certain “bubbles" called D? x I regions.
These isotopies are very simple and canonical, but it is surprisingly difficult to prove
that the process ends in finitely many steps. To prove this, we have to compress the
Heegaard surface and recover the original Heegaard surface in the end. A key part
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of the proof of the main theorem is an analysis of the intersection of normal tori
carried by a branched surface. In Section 4 and Section 5, we study the intersection of
normal tori carried by a branched surface. We show that either those coefficients n;
above are bounded and hence the main theorem holds, or the normal tori have a nice
intersection pattern. In Section 6, we show that in the latter case, the normal tori
with nice intersection pattern lie in some nice solid tori. Then we apply a theorem
of Scharlemann [19] on the intersection of a solid torus and a strongly irreducible
Heegaard surface to show that all but finitely many such Heegaard surfaces are isotopic.

In [13], the author proved a much stronger theorem, which says that there are only
finitely many irreducible Heegaard splittings in a non-Haken 3-manifold, without the
genus constraint. The proof in [13] also uses measured laminations, so one would hope
the methods in this paper can be used to give an algorithmic proof of this theorem.

Notation 1.4 Throughout this paper, for any topological space X, we use int(X),
|X| and X to denote the interior, number of components and closure of X respectively.
Unless specified, we will assume each of our surfaces is embedded and assume the
surfaces are in general position if they intersect.

Acknowledgments I would like to thank the referee for many suggestions and cor-
rections. This research was partially supported by NSF grants DMS-0705285 and
DMS-1005556.

2 Branched surfaces and normal surfaces

Similar to the proof in [14], we make extensive use of branched surfaces and 0—efficient
triangulations. In this section, we first recall some properties of branched surfaces and
O—efficient triangulations. We refer the reader to [14, Section 2] for a slightly more
detailed discussion.

A branched surface in M is a union of finitely many compact smooth surfaces glued
together to form a compact subspace (of M ) locally modeled on Figure 1(a).

Given a branched surface B embedded in a 3—manifold M , we denote by N(B) a
regular neighborhood of B, as shown in Figure 1(b). One can regard N(B) as an [—
bundle over B, where I denotes the interval [0, 1]. The boundary of N (B) is divided
into two parts: the horizontal boundary d; N (B) and the vertical boundary d, N (B);
see Figure 1(b). In particular, d, N (B) is a collection of annuli. Throughout this paper,
we denote by : N(B) — B the projection that collapses every I—fiber to a point.
We call an arc in N (B) a vertical arc if it is a subarc of an [ —fiber of N(B). We call
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Figure 1

an annulus A C N(B) a vertical annulus in N(B) if A =S x I with each {x} x I
(x € S1) a subarc of an 7 —fiber of N(B). Although we use the phrase “vertical arc"
to denote a subarc of an I —fiber of N (B), for any vertical annulus 4 = S! x I in this
paper, a vertical arc of A means an arc {x}x I (x € S!)in A rather than a subarc of
{x}x I. We say a surface F' is carried by B (or carried by N(B)) if F C N(B) and
F is transverse to the [ —fibers of N(B). Note that in general F may have boundary
and F may not be compact. For example, d, N(B) is regarded as a surface carried
by N(B). We say F is fully carried by B (or N(B)) if in addition F intersects every
I —fiber of N(B).

The branch locus of B is L = {b € B : b does not have a neighborhood in B home-
omorphic to R2}. We call the closure (under path metric) of a component of B — L
a branch sector. We associate with every smooth arc in L a vector (in B) pointing
in the direction of the cusp, as shown in Figure 1(a). We call it the branch direction
of this arc, and each component of d, N(B) has an induced branch direction which
is the normal direction for d, N(B) pointing into N(B). If a subset of B itself is a
branched surface (without boundary), then we call it a sub-branched surface of B. For
example, if there is a branch sector S with branch direction of each arc in dS pointing
out of §, then B —int(S) is a sub-branched surface of B; see the author’s paper [12,
Figure 2.1] for a picture.

Let F C N(B) be a surface carried by N(B) (or B), and let S be a branch sector
of B. We say that F passes through the branch sector S if F Nz~ (int(S)) # @,
where 7: N(B) — B is the collapsing map. If F is a closed surface and F is carried
but not fully carried by N (B), then the union of all the I —fibers that intersect F' can be
viewed as the fibered neighborhood of a sub-branched surface of B that fully carries F.
In fact, this sub-branched surface can be obtained from B by deleting all the branch
sectors that F' does not pass through.
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Let B be a branched surface in M and F C N(B) a closed surface carried by B.

Let L be the branch locus of B, and suppose bq,...,byN are the components of
B — L. For each b;, let z; be a point in b; and x; = |[F N7~ !(z;)|. Then one can
describe F using a nonnegative integer point (xg,...,xx) € RV, and (x1,...,xn)

is a solution to the system of branch equations of B (each branch equation is of the
form x; = x; + x;). See Floyd and Oertel [5] and Oertel [17] for more details. F is
fully carried by B if and only if each Xx; is positive. We use S(B) to denote the set
of nonnegative integer solutions to the system of branch equations of B. This gives a
one-to-one correspondence between closed surfaces carried by B and points in S(B).
We call the sum of all the coordinates Zzlil x; the weight of F' with respectto B.

Let F; and F, be embedded closed surfaces carried by N(B) and suppose Fi N
F, # @. In general, there are two directions to perform cutting and pasting along
an intersection curve of Fy; N F,, but only one of them results in a surface still
transverse to the I-fibers of N(B). We call this cutting and pasting the canonical
cutting and pasting. This is similar to the Haken sum in normal surface theory. We
use Fy + F, to denote the surface after the canonical cutting and pasting. This is a
very natural operation, because for any F; = (xq,...,xy) and F, = (y1,..., VN)
in S(B), Fiy + F, = (x; + »1,..., XN + YnN). Moreover, this sum preserves the
Euler characteristic, x(F1) + x(F,) = x(F; + F,). For a set of closed surfaces
F ={Fi,..., Fy} carried by B, throughout this paper, we use S(F)=S(Fi,..., Fi)
to denote the set of (possibly disconnected) surfaces of the form Z{;l n; F;, where
each n; is a nonnegative integer.

Definition 2.1 An isotopy of N(B) is called a B-isotopy if it is invariant on each
I fiber of N(B). We say two surfaces carried by N(B) are B-isotopic or B—parallel
if they are isotopic via a B—isotopy of N(B).

As we explained in Section 1, since we are mainly dealing with non-Haken 3—manifolds,
we may assume our Heegaard splittings are strongly irreducible. By [18; 21], we may
assume our Heegaard surfaces are normal or almost normal surfaces with respect a
triangulation of M . We will refer the reader to [14, Section 2; 21] for the definition of
almost normal surface.

Given any normal or almost normal surface, as in [5], by identifying all the normal
disks of the same type, we obtain a branched surface fully carrying this surface. Since
there are only finitely many normal disk types and almost normal pieces, one can
trivially construct a finite collection of branched surfaces such that each normal or
almost normal surface is fully carried by a branched surface in this collection.
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We would like to emphasize that, unlike the branched surfaces in [14; 13], the branched
surfaces in this paper are not modified after they are constructed from the triangulation,
and thus can all be described in terms of normal pieces in the initial triangulation.

Proposition 2.2 [14, Proposition 2.5] There is a finite collection of branched surfaces
in M with the following properties.

(1) Each branched surface is obtained by gluing normal disks and at most one almost
normal piece, similar to [5].

(2) After isotopy, every strongly irreducible Heegaard surface is fully carried by a
branched surtace in this collection. O

By [8], every irreducible and atoroidal 3—manifold M admits a O—efficient triangulation
unless M is S3 or RP? or L(3,1). Since the Heegaard splittings of lens spaces are
standard [3], we may assume M is not a lens space and admits a O—efficient triangula-
tion. By [8] there is an algorithm to change any triangulation of M into a O—efficient
one. A O—efficient triangulation for M has only one vertex and the only normal S? is
the vertex-linking sphere. Thus, by taking a sub-branched surface if necessary, we may
assume no branched surface in Proposition 2.2 carries any normal S2.

One of the most useful techniques in [8] is the so-called barrier surfaces or barriers,
which is a surface or complex that is a barrier for the normalization process of a (non-
normal) surface. We refer reader to [8, Section 3.2] and [14, Section 5] for details. Next,
we give several useful facts well-known to people who are familiar with O—efficient
triangulations. The proofs of these facts use the barrier technique.

In this section, we assume M is a closed orientable atoroidal 3—manifold with a
O—efficient triangulation. We also assume M is not a lens space.

Lemma 2.3 Let M be a 3—manifold with a O—efficient triangulation as above. In
particular M is not a lens space. Then M does not contain any almost normal S* and
M does not contain any normal or almost normal projective plane.

Proof Suppose M contains an almost normal 2—sphere S'. Since M is irreducible, S
bounds a 3-ball £ in M . We now try to normalize S in M — E. By [8, Theorem 3.2],
an almost normal surface is a barrier surface for M — E'. So either (1) S is isotopic to
anormal S? in M —int(E) or (2) S vanishes during the normalization process (ie S
can be isotoped into a tetrahedron). In possibility (2), S bounds a 3-ball outside E
and hence M is S3, a contradiction on our hypothesis on M . In possibility (1), since
the only normal S? is vertex-linking, M — int(E) must also be a 3—ball and M must
be S3, a contradiction again.
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If M contains a projective plane P, then a neighborhood of P is a twisted /—bundle
over P whose boundary is a 2—sphere S’. Since M is irreducible, S’ bounds a 3-ball,
which implies that M is RP3, a contradiction to our hypothesis on M . a

Lemma 2.4 Let M be a 3—manifold with a 0—efficient triangulation, and let B be
a branched surface constructed from the triangulation as above. Suppose B does not
carry the vertex-linking normal 2 —sphere. Then B does not carry any immersed normal
or almost normal 2—sphere, ie, there is no immersed normal or almost normal 2—sphere
in N(B) transverse to the I —fibers of N(B).

Proof Suppose there is an immersed normal or almost normal S? carried by N(B).
Then we perform a canonical cutting and pasting at each double curve of the im-
mersed S2 and eventually we obtain a collection of embedded surfaces carried by B.
The canonical cutting and pasting dose not change the Euler characteristic since the
surface is immersed. So the total Euler characteristic of the resulting embedded surface
is 2. This means that a component of the resulting surface must have positive Euler
characteristic and hence there is a normal or an almost normal 2—sphere or projective
plane carried by B. By Lemma 2.3, M has no embedded almost normal S2 and has
no embedded normal or almost normal projective plane. Since B does not carry the
normal S2 in M, we have a contradiction. O

Lemma 2.5 [14, Lemma 5.1] Suppose M is irreducible and atoroidal and M is not
a lens space. Let T be a normal torus with respect to a 0—efficient triangulation of M .
Then, we have the following.

(1) T bounds a solid torus in M .

(2) Let N be the solid torus bounded by T . Then, M —int(N) is irreducible and
T is incompressible in M —int(N).

Corollary 2.6 Let T; and T, be normal tori in M and suppose each curve in Ty N T,
is essential in both Ty and T, . Then a curve in T1 N T is a meridian of T if and only
if it is a meridian of T> .

Proof Let y be acurve of 71 NT,. If y is a meridian of 77, then y bounds an
embedded disk D in M . By our hypothesis, y is an essential curve in 75 . Since D is
embedded in M and y is an essential curve in 75, if y is not a meridian of 77, then
every curve in D N T, must be trivial in 7> and hence we can isotope D (fixing y)
so that int(D) N T, = & after isotopy. By part (2) of Lemma 2.5, D must be in the
solid torus bounded by 7, and hence y must be a meridian of 73, a contradiction. O
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Corollary 2.7 Suppose M is orientable, irreducible and atoroidal with a O—efficient
triangulation as above. Suppose M is not a Seifert fiber space. Then M does not
contain any normal or almost normal Klein bottle.

Proof Suppose M contains a normal Klein bottle P. Then the boundary of a small
neighborhood of P is a normal torus 7. By Lemma 2.5, 7" bounds a solid torus in M .
So M is the union of a solid torus and a twisted /-bundle over a Klein bottle, which
means that M is a Seifert fiber space.

If M contains an almost normal Klein bottle P’, then the boundary of a small neigh-
borhood of P’ is a torus 7’ containing two almost normal pieces. Next we try to
normalize T’ in M — P. By [8, Theorem 3.2], P’ is a barrier for the normalization
process. Hence, either (1) 7" is isotopic to a normal torus in M — P’ or (2) some
compression occurs in the normalization process, in which case T’ becomes a 2—sphere
after the compression. By Lemma 2.5 and since M is irreducible, in both cases, T’
bounds a solid torus in M . This means that M the union of a solid torus and a twisted
I -bundle over a Klein bottle and M is a Seifert fiber space, a contradiction again. O

Definition 2.8 Let B be a branched surface and let X be a component of M —
int(N(B)). We say X is a D? x I component of M —int(N(B)) if X is a 3—ball
with dX consisting of a component of d, N(B) and two disk components of d; N (B).
Suppose X isa D2 x I component of M —int(N(B)) and let & be an arc properly
embedded in X'. We say « is a vertical arc in X if

(1) o« is unknotted (ie d—parallel) in the 3—ball X,
(2) the two endpoints of « lie in different disk components of d, N (B).

For a more general component X of M —int(N(B)),let Ay, ..., A, be the components

of 0, N(B) that lie in 0X and let ¢; be a core curve of int(A4;) for each i. Suppose B

carries (but not necessarily fully carries) a closed surface S. We say X is an almost
D? x I component (with respect to S') of M —int(N(B)) if

(1) ¢3,...,cn, bound disjoint disks Aj, ..., A, such that each A; is carried by

N(B) and A; NS = & (such a A; is usually called a disk of contact; see [5]),

(2) if we split N(B) along A,,..., A, and get a fibered neighborhood of a new

branched surface N (B’), then X becomesa D?x/ component of M—int(N (B’))
after the splitting.

Suppose X is an almost D? x I component of M —int(N(B)) and let & be an arc
properly embedded in X with do C 9, N(B). We say « is a vertical arc in X if after
splitting N(B) along A,,..., A, above, o becomes a vertical arc of the resulting
D? x I component of M —int(N(B')).
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Definition 2.9 Suppose B carries (but not necessarily fully carries) a separating closed
surface S. Let o be an arc properly embedded in a component of M —.S. We say «
is an almost vertical arc with respect to B and S if

(1) o N N(B) consists of vertical arcs in N (B) (ie subarcs of I —fibers of N(B)),

(2) there are a collection of disjoint subarcs o, . .., &, of o such that a—U?:l o; C
N(B) and each «; is a vertical arc of either a D? x I component or an almost
D?x I component (with respect to S') of M —int(N(B;)) for some sub-branched
surface B; of B that carries S.

The second requirement makes sense if we view a sub-branched surface B; of B
as a branched surface obtained by deleting certain branch sectors from B, and view
N (B;) as the object obtained by deleting from N (B) the part corresponding to the
deleted branch sectors and then smoothing out the corners. The reason for this technical
requirement will become clear in the next section. We define the /ength of o to be
n+ 1, where n is the number of subarcs «;’s in part (2) of the definition. Note that we
allow 7n to be 0, and n = 0 if and only if « is a vertical arc in N(B). Moreover, let
Bj be the sub-branched surface of B that fully carries S. Recall that « is properly
embedded in M — S, so it follows from the definition that either « is a vertical arc
in N(B), or after we have isotoped S so that part of d; N (Bjs) lies in S, we can
make o to be an arc properly embedded in a component of M —int(N (By)).

Definition 2.10 Let B be a branched surface and S a closed separating surface carried
by B. We say that S is an almost Heegaard surface with respect to B if there are
finitely many disjoint arcs «y, ..., ox such that

(1) each ¢; is an almost vertical arc with respect to .S and B,

(2) after adding tubes to S along the «;’s, we get a Heegaard surface of M .

Adding a tube along «; is the operation deleting from .S two small disks that contain de;
and then connecting the resulting boundary circles using a small tube/annulus along «; .
We call these «;’s the set of (almost vertical) arcs associated to S and we call the
Heegaard surface obtained by adding such tubes to S the Heegaard surface derived
from S. If the Heegaard surface derived from §' is strongly irreducible, then we
say S is an almost strongly irreducible Heegaard surface with respect to B. Note
that the definition of almost Heegaard surface is basically for a pair (S, J), where J
is the set of arcs «;’s above, but to simplify notation, we use only S to denote the
pair (S, J). Moreover, to simplify notation, we will regard a Heegaard surface as an
almost Heegaard surface (with the set of associated almost vertical arcs J = &).
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Note that an almost strongly irreducible Heegaard surface S may not be connected. If
we assume S is normal or almost normal and assume our branched surface B does
not carry any normal or almost normal 2—sphere as above, then no component of S is
a 2—sphere.

Scharlemann’s no-nesting lemma [19, Lemma 2.2] says that if a simple closed curve in
a strongly irreducible Heegaard surface bounds an embedded disk in M , then it must
bound a disk properly embedded in one of the two handlebodies (or compression bodies)
in the Heegaard splitting. The following lemma is a mild extension of Scharlemann’s
lemma to an almost strongly irreducible Heegaard surface.

Lemma 2.11 Let S C N(B) be a surface carried by B and suppose S is an almost
strongly irreducible Heegaard surface with respect to B. Let y be an essential simple
closed curve in S that bounds an embedded disk in M . Then y bounds a compressing
disk for §S'.

Proof By Definition 2.10, there is a collection of almost vertical arcs J associated
to S such that if we add tubes along these arcs, we obtain a strongly irreducible
Heegaard surface S’. We can choose these arcs J so that their endpoints are not in y
and hence we may view y C S’. By Scharlemann’s no-nesting lemma [19, Lemma 2.2],
y bounds a compressing disk D,, for S’. Since S’ is the surface obtained by adding
tubes along arcs in J and since y is disjoint from J, we may assume the disk D, is
disjoint from these tubes (and after isotopy, disjoint from the meridional disks of these
tubes). As we can obtain S from S’ by compressing S’ along the meridional disks of
these tubes, we may view D,, as a disk with dD,, =y C S and int(D,,) NS = . By
our hypothesis that y is an essential curve in S, this means that D,, is a compressing
disk for S. |

Lemma 2.12 Suppose S is either a strongly irreducible Heegaard surface or a surface
obtained by compressing a strongly irreducible Heegaard surface. In the later case we
suppose S does not contain any 2—sphere component. Then no component of S is
contained in a 3—ball in M .

Proof The case that S is a strongly irreducible Heegaard surface is trivial, since a
handlebody is irreducible and M # S3. Suppose S is obtained by compressing a
strongly irreducible Heegaard surface S’. Let H; and H, be the two handlebodies in
the Heegaard splitting along S”. Since S’ is strongly irreducible, the compressions
occur only on one side, say in H,. So one side of S is a union of handlebodies lying
in H; and the other side of S, denoted by W, is obtained by adding 2-handles to H;.
Since no component of S is a 2—sphere, dW has no sphere component and S’ can be
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viewed as a strongly irreducible Heegaard surface of the manifold with boundary W'.
By [4], W is irreducible. So none of the two submanifolds of M bounded by S is
reducible. Since M is not S, this implies that no component of S is contained in a
3—ball. a

Definition 2.13 Let S; (i = 1,2) be an almost Heegaard surface carried by B, let
Ji be the almost vertical arcs associated to S;, and let Sl./ be the Heegaard surface
obtained by adding tubes to S; along arcs in J;. We say (S, J1) and (S, J,) are
similar if the Heegaard surfaces S{ and Sé are isotopic. Suppose the total length of
the arcs in J; is bounded from above by a number K (note that this implies that the
number of components of J; is at most K). We say (S7, J;) or simply say S; is
K —minimal if, for any (S;, J,) similar to (S, J1) and with length(J;) < K, we have
weight(S7) < weight(S,), where weight(S;) is the weight of S| with respect to B
defined at the beginning of this section.

We finish this section with following observation.

Lemma 2.14 Let B be a branched surface in M as above. In particular, assume B
does not carry any normal or almost normal 2—sphere. Let S C N(B) be a normal
or an almost normal surface carried by N (B), and we suppose S is either a strongly
irreducible Heegaard surface or an almost strongly irreducible Heegaard surface for B.
If S is an almost Heegaard surface, we suppose the total length of the almost vertical
arcs associated to S is bounded from above by a fixed number K and suppose S is
K -minimal. Let A C N(B) be a vertical annulus in N(B). Suppose AN S consists
of simple closed curves that are essential in S. Suppose a core curve of A bounds
an embedded disk D carried by N(B) and D does not pass through the possible
almost normal piece in B. Then there is an number k depending on B, M and the
fixed number K above, such that |A N S| < k. Moreover, k can be algorithmically
calculated.

Proof Let y C A be a core curve of A4 with dD = y. For any point x in y, we fix a
normal direction for 4 at x pointing into the disk D. We call it the positive direction
for A4.

Let P C N(B) be a compact subsurface of S with 0P C A. We say that P is on the
negative side of A if for each point x € dP, the direction pointing from x into P is
the negative direction for 4.

Claim 1 There is no planar subsurface P of S as above on the negative side of A.
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Proof of Claim 1 Suppose there is a planar surface P as above on the negative side
of A. Then we can cap off each curve in P using a disk B—isotopic to D and obtain a
(possibly immersed) 2—sphere carried by B. Since D does not pass through the almost
normal piece, the immersed 2—sphere is normal or almost normal, which contradicts
Lemma 2.4. a

Suppose S splits M into two submanifolds H; and H,. If S is an almost Heegaard
surface then H; may not be connected, but by our assumption on B and S, no
component of S is a 2—sphere and no component of H; is a 3-ball. If S is an almost
strongly irreducible Heegaard surface, since A4 is vertical in N(B), we may assume
the almost vertical arcs associated to .S are disjoint from A ; see Definition 2.9.

Since each component of AN.S is an essential curve in .S and bounds an embedded disk
B-isotopic to the disk D above, by Scharlemann’s no-nesting lemma [19, Lemma 2.2]
and by Lemma 2.11, each curve in 4 N S must bound a compressing disk in H;
or Hy (M = HyUg H»). Since S is either a strongly irreducible Heegaard surface
or an almost strongly irreducible Heegaard surface, curves in A NS cannot bound
compressing disks in both H; and H,. Thus we may assume the compressing disks
(for S) bounded by 4 NS all lie in H,.

The curves A NS cut A4 into a collection of subannuli properly embedded in H;
and H,. Let Aq,..., Ap be those subannuli of A properly embedded in H; and
clearly p > %|AﬂS|— 1.

Claim 2 FEach annulus A; (i =1,..., p) above is d—parallel in H;.

Proof of Claim 2 Suppose on the contrary that 4; is not d—parallel in Hj.

If S is a strongly irreducible Heegaard surface, then A; is d—compressible in H; and
after a d—compression on A;, we obtain a compressing disk for H; disjoint from A;.
However, this contradicts that .S is a strongly irreducible Heegaard surface because
dA; bounds compressing disks in H.

Next we suppose S is an almost strongly irreducible Heegaard surface. Let J be the
collection of almost vertical arcs associated to S and let S’ be the strongly irreducible
Heegaard surface obtained by adding tubes to S along arcs in J. Let H| and H;
be the two handlebodies in the Heegaard splitting of M along S’ corresponding to
H; and H, respectively. Since we have assumed that J is disjoint from A, we may
view A; as an annulus properly embedded in H { . By our assumption on 4 N .S above,
each component of dA; bounds a compressing disk in Hé. Since S’ is a strongly
irreducible Heegaard surface, as in the argument above, A; must be d—parallel in H].
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Let T; C S’ be the annulus in S” bounded by d4; and parallel to 4; in Hj. Since we
have assumed A; (as an annulus in H) is not d—parallel in H;, I'; must contain a tube
that we added to S'. Next we compress S’ along the meridional disks of these tubes to
get back the surface S. By our construction, since S has no 2—sphere component, the
meridional curve of each tube is an essential curve in S’. As the annulus I'; contains
some tube, the compressions on S’ changes T; into a pair of disks. This means that
0A4; = dI; is a pair of trivial circles in S, contradicting our hypothesis that 4 N S
consists of essential curves in S. Thus Claim 2 is also true if S is an almost strongly
irreducible Heegaard surface. |

Let I'; C S be the annulus in .S bounded by dA; and parallel to A; in H;. Since A;
is a vertical annulus in N (B) and T is transverse to the I —fibers of N(B), the solid
torus bounded by A4; U T; in H; must contain a component of M — N(B). Since
|M — N(B)| is bounded and the A;’s are disjoint in Hy, if |4 N S| is sufficiently
large, some of the I';’s must be nested in .S. Without loss of generality, we suppose
I'hcI' C---CTIy. By assuming |4 N S| to be large, we may also choose these I';’s
so that (int(I';) —T;_;) N A = & for each 1 <i <gq. Note that ¢ is large if |4 N S|
is large.

Since each I'; is parallel to A; in Hj, a small neighborhood of 0I'j in I'; (for any ;)
must be a pair of annuli lying on the same side of A. By Claim 1, I'; is not on the
negative side of 4. Hence a small neighborhood of dT'; in I'; must be a pair of annuli
lying on the positive side of A, for each j. This means that, forany j =2,...,¢, each
of the two annular components of I'; —int(I';_;) connects the positive side of A4 to the
negative side of A4, as shown in Figure 2(a). Let I’ be a component of I'; —int(I'y)
and let F]/- (j =2,...,9) be the component of I'; —int(I';_;) lying in I"". Since S
contains at most one almost normal piece, we may choose I'” to be the component
of I'; —int(I';) that does not contain an almost normal piece. Let A;. C A be the
subannulus of 4 bounded by 81“]’.. By our assumption that (int(I';) —T;—1)NA =9
foreach 1 <i <g, we have AN F]/. = 8F]’. and hence FJ’- U A} is an embedded torus or
Klein bottle in M . Since FJ’. connects the positive side of 4 to the negative side of A,
T/ =T} U A} can be perturbed slightly into a surface 7} transverse to the /—fibers
of N(B); see Figure 2(c). By our assumption that I’ does not contain an almost
normal piece, each 7 is a normal torus or Klein bottle. By Corollary 2.7, T; cannot
be a Klein bottle. Hence 7 is a normal torus carried by B and by Lemma 2.5 each T;
bounds a solid torus in M .

So each 7/ bounds a solid torus and the annulus A; C 77 is part of the boundary of
the solid torus. Since each I"; connects the positive side of A to the negative side of 4
and ANT}; =9I}, I';_, lies either totally in the solid torus bounded by 77 or totally

Geometry & Topology, Volume 15 (2011)



1042 Tao Li

outside the solid torus. As shown in Figure 2(b)(c), this implies that these tori 7;’s
(j =2,...,q) are disjoint after a small perturbation. A theorem of Kneser [11] says
that a compact 3—manifold contains only finitely many disjoint nonparallel normal
surfaces. Thus if ¢ is large, 7 and 7;_; are B-isotopic for some j; see Figure 2(c).
This means that FJ’. and FJ’._I are B-isotopic and the annulus FJ’. U FJ’. _, wraps around
the normal torus 7; more than once; see Figure 2(b). Thus we can unwrap it by a
Dehn twist on 7} (which is an isotopy in M because 7 bounds a solid torus) and get
a surface S” isotopic to S with smaller weight.

Note that in the argument above, if ¢ is large, then the number of B—parallel tori 7;’s
is large. If S is an almost Heegaard surface, the almost vertical arcs associated to S
are properly embedded in M — .S and (by our assumptions above) are disjoint from
the vertical annulus A. By the definition of K-minimal; see Definition 2.13, the total
number of the almost vertical arcs associated to S is at most K, thus by assuming ¢
to be sufficiently large, we may suppose the number of B—parallel tori 7;’s is so
large that we can choose the annulus FJ’. U FJ’._I above to be disjoint from the almost
vertical arcs associated to .S. Hence the Dehn twist on 7; above does not affect the
arcs associated to S. This means that S” is an almost Heegaard surface isotopic to .S
and with the same set of almost vertical arcs. Furthermore, the two Heegaard surfaces
derived from S and S” are isotopic, since the Dehn twist is an isotopy on M . This
contradicts the hypothesis that S is K-minimal.

Therefore ¢ and |4 N S| must be bounded by a number & that depends on B, M
and K, and it follows from the proof above that ¢ and k can be algorithmically
calculated. |

Figure 2

3 D?x 1 regions for a surface carried by a branched surface

Notation 3.1 Throughout this paper, we assume our manifold M is not a Seifert fiber
space and admits a O—efficient triangulation. Unless specified, we use B to denote
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a branched surface obtained by gluing normal disks and at most one almost normal
piece as in Proposition 2.2. As in Section 2, we may assume B does not carry any
normal S?. By Lemma 2.3, B does not carry any almost normal 2—sphere either.

The goal of this section is to eliminate certain “bubbles" called D? x I regions (see
Definition 3.2 below) for a strongly irreducible Heegaard surface carried by B. To
achieve this, we have to compress the Heegaard surface into an almost Heegaard surface
for B (see Definition 2.10). Moreover, we also need a bound on the length of the
associated almost vertical arcs (see Definition 2.9 and Definition 2.10) to be able to
algorithmically recover the original Heegaard surface in the end.

Definition 3.2 Let B be a branched surface as above and let S be an orientable
surface carried by N(B). Let A C N(B) be a vertical annulus with d4 C S. Suppose
both curves in dA are trivial in S. Let Do and D; be the two disks bounded by 94
in S. Suppose Dy U A U D; is an embedded sphere bounding a 3—ball £ in M .
We call E a D? x I region for S and B. We call Dy U D; the horizontal boundary
of E, denoted by d; E and call A the vertical boundary of E, denoted by d, E. If
E C N(B), ie Dy is B—isotopic to Dy, then we say the D? x I region is trivial,
otherwise we say E is nontrivial. If ENS = Dy U Dy (ie int(E£) NS = @), then we
say E is a simple D* x I region, otherwise we call E a stuffed D> x I region. We
say E is a good D? x I region if S N E consists of disks with boundary circles in A.
To simplify notation, we also say that the D? x I region is bounded by Dy U D; or
bounded by 4.

There is a slight ambiguity fora D? x I region depending on whether Dy, D and E in
Definition 3.2 are on the same side of 4. We say E is of type L if after collapsing A into
a circle, Dy U AU D becomes a 2—sphere with a cusp pointing out of E'; see Figure 3
for a 1-dimensional schematic picture. We say E is of type Il if after collapsing A
into a circle, Dy U A U D{ becomes a 2—sphere with a cusp pointing into E'; see
Figure 3. We say E is of type III if after a small perturbation, Dy U A U D becomes
a 2—sphere carried by N(B); see Figure 3.

Lemma 3.3 Let S C N(B) be a normal or an almost normal surface carried by N(B),
and suppose S is either a strongly irreducible Heegaard surface or an almost strongly
irreducible Heegaard surface. Then every D? x I region for S is of type L.

Proof First, since B does not carry any normal or almost normal S2, type IIl D? x [

region does not exist. Suppose the lemma is false and there is a type Il D% x I region E .
Let 0 E = Do U Dy and dy, E = A be as in Definition 3.2. If AN .S = 0A, then since
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E is of type II, we can enlarge E into a 3-ball E’ so that dE' N S = &. However,
since E is of type II, int(E) NS # &. As dE’' NS = &, this means that a component
of S lies in the 3-ball E’, which contradicts Lemma 2.12. So we may suppose
int(4)NS # @. Let n = |int(4) N S|. Suppose 7 is minimal among all type I D? x [
regions.

By our construction of B, the possible almost normal piece in B totally lies in a branch
sector of B. If S is an almost normal surface, the weight of S at the branch sector
that contains the almost normal piece is one. Since A is a vertical annulus in N (B)
with 4 C S, this implies that if D; intersects the almost normal piece then it must
contain the whole almost normal piece. As S is normal or almost normal, Dy and D
cannot both contain almost normal pieces. So we may suppose Dy does not intersect
an almost normal piece.

Claim There is no connected planar subsurface P of S such that PN A = 0P,
dD; CdP (i=0or1)and P # D;.

Proof of the Claim The proof is similar to the proof of Claim 1 of Lemma 2.14.
Suppose there is such a planar subsurface as in the Claim. As PN A = dP and
P # D;, P is properly embedded in either £ or M —int(E). Since E is a type II
D?* x I region and dD; C P for some i with P # D;, P must be properly embedded
in E. In particular, a neighborhood of dP in P and a neighborhood of dD; in D; lie
on different sides of A. This means that we can construct a 2—sphere carried by N(B)
by capping off each circle in dP using a disk B-isotopic to Dy. Since Dy does
not contain an almost normal piece, we get a normal or an almost normal S?2. This
contradicts Lemma 2.4. i

Let yo =030Dg, Y1,---»Vn» Yn+1 = 0D1 be the curves of AN S and we suppose y; lies
between y;_; and y;4q for each i. We first consider the case that some y; (1 <i <n)
is trivial in S. Let A; be the subdisk of S bounded by y;. If int(A;) is disjoint
from A4, then A; U Dy and A; U Dy (together with subannuli of A) bound two D?x1
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regions. Since the D? x I region E is of type II and there is no type IIl D? x [
region, at least one of the two D? x I regions is of type II. This contradicts our
hypothesis that n = |int(4) N S| is minimal among all type I D? x I regions. So
we may suppose int(A;) N A # &. Let y; be a component of int(A;) N A that is
innermost in A;. By applying the argument for y; above to y;, we can conclude that
yj must be either yo = 0Dy or y,4+; = dD;. Without loss of generality, we may
suppose yj = Yo = dD¢ which means that Dy C A;. However, this implies that A;
contains a planar subsurface P as in the Claim above and hence this cannot happen.
Thus every y; (1 <7 <n) must be essential in S'.

Suppose S splits M into two submanifolds H; and H,. If S is an almost Heegaard
surface then H; may not be connected, but by our assumption on B and S, no
component of S is a 2—sphere and no component of H; is a 3-ball. If S is an almost
strongly irreducible Heegaard surface, since A4 is vertical in N(B), we may assume
the almost vertical arcs associated to S are disjoint from A.

Let A; be the subannulus of A between y; and y;4+1. We may suppose A; is properly
embedded in H; if i is odd and properly embedded in H; if i is even. So Ag U Dy
gives a disk in H, bounded by y;. Since we have concluded that each component
of int(4) N S is an essential curve in S, by Scharlemann’s no-nesting lemma [19,
Lemma 2.2] and by Lemma 2.11, each curve in int(4) NS must bound a compressing
disk in Hy or Hy (M = H; Ug H;). Since y; bounds a disk in H, and since S
is either a strongly irreducible Heegaard surface or an almost strongly irreducible
Heegaard surface, every y; (1 <i < n) bounds a compressing disk in H,. As in
Claim 2 of Lemma 2.14, Ayx; must be d—parallel in H; for each k.

Let I'px4+1 C S be the annulus in S with 013541 = 4%+ and parallel to Apx 4
in Hy. If Tpx4q contains Dy or Dy, then I'yx4 1 — (Do U D) contains a planar
surface as in the Claim above. So we may assume no 'y contains Do nor D;.

Since each curve in S'Nint(A) is essential in S, I';541 N A consists of curves essential
in Tpx41. Thus if int(Tyx41) N A # &, then one can always find a subannulus P’
of I’y 11 properly embedded in the D? x I region E. Since E is of type II, as in the
proof of the claim, one can obtain a normal or an almost normal 2—sphere carried by B
by capping off each curve in dP’ using a disk B—isotopic to Dg, which contradicts
Lemma 2.4. So int(I'yx+1) N 4 = @. Moreover, this argument also implies that
each ',z 41 must be properly embedded in M —int(E), since E is of type II.

Recall that I'px 4 is parallel to A,z 41 in H; for each k. Let T be the solid torus
in H; bounded by Asx+1 Uk 41. Since I'px 4 is properly embedded in M —int(E),
Ty must lie in M —int(E) with Ty N 0E = Ajx41. Moreover, E U T} is a 3—ball.
Let E’ be the union of E and all these solid tori T;. So E’ is a 3-ball and by the
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definition of A4;, E’ is the union of Dy U Dy, the I'y;y1’s and the A, ’s. We can
enlarge E’ slightly into a 3-ball E” to enclose Dy U D; and these I'5541’s. Since
E is atype Il D? x I region, this means that dE” NS = @. Hence a component of S
lies in the 3-ball E”, which again contradicts Lemma 2.12. Therefore there is no
type II D2 x I region. a

Lemma 3.4 Let S C N(B) be a normal or an almost normal surface carried by N (B),
and suppose S is either a strongly irreducible Heegaard surface or an almost strongly
irreducible Heegaard surface. Let E be a stuffed D? x I region for S with 0, E =
Do U Dy and 0, E = A, as in Definition 3.2. Then each component of S N E is either
a disk with boundary in A or an unknotted annulus which is d—parallel in E to a
subannulus of A. Moreover, the annuli in E N S are non-nested in the sense that they
are isotopic (relative to the boundary) to a collection of non-nested subannuli of A .

Proof First, by Lemma 3.3, E is of type I. The proof is almost identical to the proof
of Lemma 3.3. However, since the D? x I region in the proof of Lemma 3.3 is of
type Il and E is of type I here, we need to interchange the roles of £ and M — E in
the argument.

Let y; and A; (i =0,...,n+ 1, y9 = 0Dy and y,+1 = dDy) be as in the proof of
Lemma 3.3. The first case is that some y; (1 <7 < n) bounds a disk A; in S. If
A; — E # @, then as in the proof of the claim in Lemma 3.3, A; — E is a planar
surface in M — E and we can obtain a normal or an almost normal 2—sphere carried
by B by capping off its boundary curves using disks B—parallel to Dy, contradicting
Lemma 2.4. So we can conclude that the disk A; is properly embedded in £ and A;
cuts E into a pair of smaller D? x I regions. Thus by taking a sub—D? x I region
of E if necessary, we may assume that each y; (1 <i <n) is essential in S.

Using the same notation as in the proof of Lemma 3.3 and by the same argument, we
may assume each A,xyq is d—parallel in Hy. Let [';x 41 C S be the annulus in S
bounded by 04,41 and parallel to Ak in H;. As in the proof of Lemma 3.3, if
[p+1— E # @, then 'y 1 — E is a planar surface in M — E and we can obtain a
normal or an almost normal 2—sphere carried by B by capping off its boundary curves
using disks B—parallel to Dy, which contradicts Lemma 2.4. So I'y54; — £ = & and
I’y +1 must be properly embedded in £. Hence S N E consists of these unknotted
annuli I'y541’s as in the proof of Lemma 3.3. As each I'px; is parallel to A4
in FE, these annuli are non-nested and Lemma 3.4 holds. O

Corollary 3.5 Let S be a normal or an almost normal strongly irreducible Heegaard
surface carried by B. Then there is a normal or an almost normal surface S’ carried
by B such that
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(1) S’ is an almost strongly irreducible Heegaard surface and S can be derived
from S’ (see Definition 2.10),

(2) every D? x I region for S’ is a good D? x I region (see Definition 3.2).

Proof Corollary 3.5 follows from Lemma 3.4. Let E be a stuffed D? x I region
for S with d,E = DgU Dy and d,E = A. Since S is normal or almost normal, we
may assume one of the two disks in d; E, say Dy, does not contain an almost normal
piece. By Lemma 3.4, S N E consists of disks and a collection of unknotted d—parallel
annuli in £. So we can compress each unknotted annulus in E into a pair of disks,
and then push all the disks in int(E) into disks B—isotopic to Dy ; see Figure 4(a) for
a schematic picture (ignore the vertical dashed arc in the picture after isotopy for now).
Let S be the resulting surface and clearly E NS consists of disks. Since Dy does
not contain an almost normal piece, S is either normal or almost normal. Moreover,
since the annuli in £ N .S are non-nested in the sense of Lemma 3.4, one can recover S
from S; by adding tubes to S; along some vertical arcs in N (B) connecting disk
components of S1 N E'; see the dashed vertical arc in Figure 4(a) for a picture. So S is
an almost Heegaard surface and S’ can be derived from S;. By repeating this argument
on all stuffed D? x I regions, we eventually get a desired surface S’. Furthermore,
the set of arcs associated to S’ is a collection of vertical arcs in N(B). a

tcompress and isotope / ‘ )
1sotopy

Vv

— =\

(a) (b)
Figure 4

E/

Lemma 3.6 Let S be a normal or an almost normal surface carried by B and suppose
S is either a strongly irreducible Heegaard surface or an almost strongly irreducible
Heegaard surface. Let V' be a component of d, N (B) and suppose N(B) does not
carry a disk D which is B—parallel to a disk in S and with dD C int(V'). Let A
be an embedded vertical annulus in N(B) with A D V and 0A C S. Suppose both
components of dA are trivial in S and each curve in int(A) N S (if not empty) is
essential in S'. Then the two disks bounded by 0A in S are non-nested in S and hence
(together with A ) bound a D? x I region for S and B.
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Proof Let Dy and D; be the two disks in S bounded by dA. Suppose the lemma
is false and Dy C D;. As A is embedded, 0Dy is disjoint from dD;. Let ¥ =
Dy —int(Dg) be the annulus between dDg and dD;. Since int(A4) NS (if not empty)
consists of essential curves in .S and every curve in X is trivial in §', we have ¥ N A4 =
0% and X U A4 is an embedded surface.

As the component V' of d, N(B) lies in A, the branch direction at V' induces a normal
direction for A and a normal direction for dD; in S. If the induced direction at dD;
points into D;, then we can perform a B—isotopy on D; pushing dD; into int(V),
which contradicts our hypothesis that no such disk exists. So we may suppose the
induced (branch) direction at dD; points out of D; for both i = 0, 1. This implies
that a small neighborhood of 9% in X is a pair of annuli lying on different sides
of A. Thus after a small perturbation, ¥ U A becomes an embedded normal or almost
normal torus or Klein bottle carried by N(B). Since ¥ connects one side of A to
the other side, ¥ U A is a Klein bottle if and only if the two annular components
of a small neighborhood of 94 in A lie on the same side of S (recall that S is
separating). However, by Corollary 2.7, M contains no normal or almost normal
Klein bottle, so ¥ U A cannot be a Klein bottle and hence the two annular components
of a small neighborhood of dA4 in A lie on different sides of S, in other words, A
connects one side of S to the other side of S. If int(A4) NS = &, then this conclusion
immediately implies that S is nonseparating in M , a contradiction. So we may suppose
int(A)NS # . Let y9 = 3Dy, y1, ..., Yn+1 = 0D1 be the curves of AN S and we
suppose y; lies between y;_; and y;4; foreach i. Let Ag and A; be the subannuli
of A bounded by yy U y; and y, U y,4; respectively. The conclusion above says
that 4¢ and A, lie on different sides of S. However, since y; and y, bound disks
AgU Dy and A1 U D respectively, by the hypothesis that int(4) NS is essential in S,
this means that y; and y, bound disjoint compressing disks on different sides of S'.
This contradicts our hypothesis that S is either a strongly irreducible or an almost
strongly irreducible Heegaard surface. a

Our main goal in this section is to eliminate all nontrivial D? x I regions.

Lemma 3.7 Let S be a closed normal or almost normal surface fully carried by B.
Suppose S is either a strongly irreducible Heegaard surface or an almost strongly
irreducible Heegaard surface. Then there is a normal or an almost normal surface S’
carried by B and isotopic to S in M such that every good D? x I region for S’ and
B is a trivial D* x I region.

Proof In the proof, we only consider good D? x I regions, in other words, for
any D? x I region E in this proof, we always assume E NS consists of disks; see
Definition 3.2.
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Let E be any simple D? x I region with 9, E = D; U D,. Recall from Definition 3.2,
simple D? x I region means that ENS = d,E = D; U D,. We can perform an
isotopy on S by pushing D across E into a disk B—parallel to D,, as shown in
Figure 5(a) (ignore the dashed arcs in the picture for now). Our main task is to show
that this process ends in a finite number of steps. First note that we may assume that
after an isotopy in Figure 5(a), the resulting surface remains normal or almost normal.
To see this, if a disk, say D, contains the almost normal piece (as we explained at
the beginning of the proof of Lemma 3.3, if D; intersects the almost normal piece
then it must contain the whole almost normal piece), then we push D; across E into
a disk B—parallel to D, and the surface after the isotopy is normal. Moreover, the
surface after this isotopy does not pass through the branch sector that contains the
almost normal piece. This means that a D? x I region in any future isotopy does not
involve the almost normal piece and we always get a normal surface. For this reason,
we may assume that for any simple D? x I region in the proof, its horizontal boundary
D1 U D, does not contain the almost normal piece.

We say a nontrivial D2 x I region is innermost if it does not contain any other nontrivial
D? x I region. Clearly an innermost good D? x I region must be a simple D? x I
region; see Definition 3.2. Let V' be a component of d, N(B). We say V is a belt
of a good D? x I region E if V C A =9, E and E contains the component Z of
M —int(N(B)) with 0Z D V.

Claim 1 For any innermost good nontrivial D> x I region E , a component of 3, N (B)
is the belt of E'.

Proof of Claim 1 A key ingredient in the proof is that N (B) fully carries S. Let E
be an innermost good nontrivial D? x I region with 9, E = D; U D, and 0,E = 4.
So E must be a simple D? x I region. Since A is vertical in N(B), we can give 4 a
product structure S x I such that {x} x I is a subarc of an I —fiber of N(B) for each
xeS!. Ifforsome x € S!, {x}xI does not contain a vertical arc of d, N(B), then we
can shrink E alittle to get a slightly smaller D? x I region inside E, which contradicts
the hypothesis that E is innermost. So we may assume each {x} x I contains a vertical
arc of dy N(B). If o N dy N(B) has more than one component for some vertical arc
a = {x} x I of A (this happens only if a corresponds to a double point in the branch
locus), then the subarc of a between the two components of o N d, N(B) can be
horizontally pushed slightly into an I —fiber of N (B); see Jo and J; in Figure 5(c) for
a schematic picture of how this subarc is pushed. As § is fully carried by N(B), S
intersects every I —fiber of N (B) and this implies that .S must nontrivially intersect the
subarc of a between the two components of & Nd, N(B). So S Nint(x) # & and this
contradicts our conclusion above that E is a simple D? x I region. Thus each {x} x I
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in A = S! x I contains exactly one vertical arc of 9, N(B) and this implies that A
contains a component V' of d, N(B). Let Z be the component of M —int(N(B)) that
contains V. If Z lies outside E, then we can shrink E a little to get a smaller D%x 1
region, which contradicts that E is innermost. So Z C E and V is the beltof E. O

1 JO
l. N(B) E 4
S isotopy
“\ \ Dy Ji
\\ : E D .
() (b) (©
Figure 5

Let P C N(B) be a compact surface carried by N(B). We say P is a splitting surface
for § if 0P C int(d, N(B)) and P NS = &. Note that we can split N(B) along P
(ie delete a small neighborhood of P from N(B)) to get a fibered neighborhood of a
branched surface carrying S'. If P is a disk, then P is called a disk of contact; see [5].

Claim 2 Let E be a simple D? x I region and suppose a component V of 0, N(B)
is the belt of E. Then there is a splitting surface P (which may be an empty set)
lying in int(E) such that each component of P is a planar surface and after splitting
N(B) along P, we get a fibered neighborhood N (B'’) of a branched surface B’ that
fully carries S and E —int(N(B’)) is a D* x I component of M —int(N(B’)) (see
Definition 2.8). Furthermore, if E is an innermost D? x I region, then each component
of P is a disk.

Proof of Claim 2 Suppose d,E = Dy U D; and d,E = A. Since V is the belt of
E,V C A. We may assume S C int(N(B)).

For any x in int(Dg) Uint(Dy), let I, be the I —fiber of N(B) that contains x and
let K, be the component of I, N E that contains x. So K is either an arc properly
embedded in E or an arc with one endpoint x and the other endpoint in d; N (B).
Suppose Ky is not properly embedded in E for some x € int(Dg) Uint(Dy), ie, one
endpoint of Ky is x and the other endpoint, denoted by x’, lies in 9, N(B) Nint(E).
We show next that such K, does not contain a vertical arc of d, N(B). Suppose on
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the contrary that K, contains a vertical arc of d, N(B) and let Jy be the component
of Ky —int(d, N(B)) that contains x’. Clearly Jo C int(E), and since E is a simple
D?x1 region, this means that Jo NS = &. However, as illustrated in Figure 5(c),
Jo can be horizontally pushed slightly into an /—fiber of N(B). Since S is fully
carried by N(B), S intersects every I —fiber of N (B) and this means that JoN.S # &,
a contradiction. Hence, for any x € int(Dgy)Uint(Dy), if K is not properly embedded
in E, then K, does not contain a vertical arc of d, N (B).

If K, is not properly embedded in E for every x € int(Dg) Uint(Dy), then the con-
clusion above on K implies that Dy and D; are B-isotopic to disk components Dy,
and D} of d;N(B) respectively and Dy U D} C E. Moreover, 0Dy U 0D/ bounds
the component V' of d, N(B) (V is the belt of E'). So Dy UV U D/ bounds a D2x1
component of M —int(N(B)) and the claim holds with P = &.

Next we assume K is properly embedded in E for some x € int(Dg) U int(Dy).
If Ky NdyN(B) contains two vertical arcs of d, N(B), then the subarc J; of Ky
between the two components of K N dy, N(B) can be horizontally pushed slightly
into an I —fiber of N(B); see Figure 5(c) for a schematic picture of how J; is pushed.
Since S is fully carried by N(B), as above, we have S N J; # @, which implies
that S Nint(Ky) # @ as J; C int(Ky). However, since E is a simple D? x I
region, S Nint(Ky) = &, a contradiction. Thus, if K, N d,N(B) # @ for some
x € int(Dy) Uint(Dy), then K, Ndy,N(B) is a single vertical arc of d, N(B).

Let U be the union of all such K ’s (x € int(Dg)Uint(D1)) that are properly embedded
in E. Since a component of d, N (B) is the belt of E, it follows from the definition of
belt that 3, E N U = @. Hence U must be an /-bundle over a compact surface P
and the horizontal boundary of U, denoted by 90U, is a compact subsurface of
int(Dg) Uint(Dq). This implies that if a component of U is a twisted /—bundle over
a nonorientable surface, then one can cap off the boundary of the nonorientable surface
using disks and obtain a closed nonorientable surface embedded in the 3-ball F,
which is impossible. Thus U is a product P x I, where each component of P is a
planar surface. Now we consider the vertical boundary of U, denoted by d,U . So
dyU is a collection of vertical annuli properly embedded in E. By our construction
of U, if Ky C 0,U, then K, Ndy,N(B) # &. The discussion above says that if
Kyx NdyN(B) # @, then K, N dyN(B) is a single vertical arc of d, N(B). This
implies that each component of d,U contains a component of d, N(B). Thus we may
view P as a splitting surface and clearly after we cut £ N N(B) along P, we get a
D? x I component of M —int(N(B’)), where B’ is the branched surface obtained by
splitting N(B) along P. As P C int(E), by our construction, S is still fully carried
by N(B').
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If a component Q of d,U is not a disk, then (Do U D;) — Q has a disk component
which determines a smaller D? x I region inside E. This means that if E is innermost,
then d,U and hence P must be a union of disks. a

It follows from Claim 2 that if E is an innermost good nontrivial D? x I region, then
there is exactly one component of M — int(N(B)) lying in £ and this component
becomes a D? x I component after splitting N(B) along P, where P is a collection
of disks as in Claim 2. This means that this component of £ —int(N(B)) is an almost
D? x I component of M —int(N(B)); see Definition 2.8.

Given any D? x I region X, we define the complexity ¢(X) of X to be the number
of components of M —int(N(B)) that lie in X'. So ¢(X) = |X — N(B)| and clearly
c(X) < |M — B|. Suppose a component V of d, N(B) is the belt of some good
D? x I region for S, then it follows from the definition of good D? x I region that
there is a unique simple D? x I region Xy for S of which V is the belt. We define
the complexity Cg(V) of V for S tobe Cs(V) =c(Xy) = |Xy — N(B)|.

Let E be a nontrivial simple D? x I region with dE = Dy U AU D;. As shown in
Figure 5(a) (ignore the dashed arc in the picture for now), we can perform an isotopy
on S by pushing Dg (resp. D;) across E to a disk B—isotopic to D; (resp. Dy).

Claim 3 Let E be a nontrivial simple D? x I region and suppose a component V
of 0y N(B) is the belt of E. Then one can perform some isotopies on S as shown in
Figure 5(a) and get a surface S; such that either

(1) N(B) carries but not fully carries Sy, or
(2) V is not the belt of any simple D* x I region for Sy, or

(3) V is the belt of a simple D2 x T region for S but the complexity satisfies
CSI(V) > Cs(V).

Proof of Claim 3 By the proof of Claim 2, we can split N(B) along a planar
splitting surface in E and get a fibered neighborhood N(B’) of a new branched
surface B’ such that E —int(N(B’)) is a D? x I component of M — int(N(B’)).
Note that N (B’) still fully carries S. So after some B’—isotopy on S pushing dj, E
to 0, N(B’), we may assume 0, E = Dy U Dy C S is a pair of disk components of
0,N(B'), V =0,E C d,N(B'), and the D? x I region E isa D? x I component
of M —int(N(B’)).

For any x € D;, let I, be the I—fiber of N(B’) that contains x. Since Dy U D C
0, N (B’), the interior of I, does not intersect DoU D unless I contains a vertical arc
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of V in which case 7 (1) is a point in the branch locus of B’, where 7: N(B') — B’
is the projection that collapses each I —fiber to a point.

Next we show that there is a point x in Dg (or Dy) such that I, does not intersect D
(or Dy respectively).

Suppose on the contrary that for every point x in Dy U D¢, I intersects both Dy
and Dy . It follows from DoU Dy C 9, N(B’) that if 7(I) is not a point in the branch
locus of B’, then int(/y) is disjoint from Dy U D;. Since we have assumed that I
intersects both Dy and Dy, if w(Ix) is not a point in the branch locus of B’, then
one endpoint of I, lies in Dg and the other endpoint of I, liesin D;. If 7 (Ix) is a
point in the branch locus, by taking the limit of points y € Do U Dy near x with m(/y)
not in the branch locus, as shown in Figure 5(b), we can also conclude that the two
endpoints of I, lie in different components of Dy U D;. This means that the union
of all the I, (x € Dy U Dy) is a fibered neighborhood of a branched surface, in fact,
it must be the whole of N(B’) and M —int(N(B’)) = E; see Figure 5(b). However,
since N(B’') fully carries S, the product structure of £ = D? x I and the I—fiber
structure of N(B’)— S gives an I -bundle structure for M — S and M — S must be
an I -bundle over a closed surface. This contradicts our hypothesis on S.

So we may suppose there is a point x in Dy such that I, does not intersect Dj.
Now we push D; back into int(N(B’)) and then we perform an isotopy on S by
pushing Dy across E into a disk B’—parallel to D; as shown in Figure 5(a). Since
I, N Dy =, |I,N S| is reduced after the isotopy. We use S’ to denote the surface
after this isotopy. If S’ is still fully carried by B’ after the isotopy, then since E is a
D? x I component of M —int(N(B’)) and S’ is separating, we can isotope S’ so that
9, E C S" and the D? x I component E becomes a D? x I region for S’ and B’. So
we can perform the same B’—isotopy on S’ which reduces |I N S’|. Thus after a finite
number of such isotopies, we obtain a surface S; isotopic to S with |I, NS;| =0.
This means that S is carried but not fully carried by N(B’).

By our construction, N (B’) is obtained from N (B) by deleting a small neighborhood
of a splitting surface. Thus we may view N(B’) C N(B) and view S| as a surface
carried by B. Although S is not fully carried by N(B’), S may still be fully carried
by N(B). Next we suppose part (1) of the claim is not true and S is fully carried
by N(B).

Suppose part (2) of the lemma is also not true, ie V is the belt of some simple D? x I
region E’ for S;. We may view S; C N(B’) C N(B). By our construction, the
splitting planar surface P in Claim 2 (for E') remains disjoint from S after the
isotopies above and P remains B—parallel to a subsurface of S;. Moreover, if P # &,
dP is incident to every component of E —int(N(B)). Since P is B-parallel to
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a subsurface of S; and V is the belt for both E and E’, this implies that every
component of E —int(/N(B)) must be a component of E’—int(N(B)); see Figure 4(b)
for a schematic picture. So Cg, (V) = Cg(V). Furthermore, if Cg, (V) = Cs(V),
then £ —int(N(B)) = E’ —int(N(B)) and after splitting N(B) along P, we get a
D? x I component in E’. This means that we have not finished the isotopies above
(ie, [Ix N S1| # 0) and Sy is still fully carried by N(B’), a contradiction. Thus by
our construction of Sy, Cg, (V) > Cg(V) and part (3) of the claim holds. a

It follows from the definition that the complexity Cg (V) < |M — B|. Hence if we
perform the isotopy in Claim 3 on simple D? x I regions of which V is the belt,
then part (3) of Claim 3 cannot occur infinitely many times, in other words, after a
finite steps of isotopies as in Claim 3, either the resulting surface is no longer fully
carried by N(B) or V is no longer the belt of a simple D? x I region for the resulting
surface. In the next claim, we prove that if a component of d, N(B) is not the belt of
a D? x I region, then it is not the belt of a D? x I region for the surface after the
isotopy in Claim 3.

Claim 4 Let S| be the surface after the isotopy in Claim 3 and suppose S is still
tully carried by B. Let U be a component of d,N(B) and suppose U # V , where V
is the belt of the D* x I region E in Claim 3. If U is not the belt of a simple D? x I
region for S and B, then U is not the belt of a simple D? x I region for S; and B.

Proof of Claim 4 Suppose the claim is false and U is the belt of a simple D? x [
region E; for S; and B. Suppose d,E; = ®gU®; C S; and d,E; = A, is a
vertical annulus containing U . First note that a core curve of int(U) does not bound
a disk A that is carried by N(B) and B—parallel to a subdisk of S. To see this, if
such a disk A exists, then the union of ®; and a parallel copy of A is a (possibly
immersed) 2—sphere carried by N(B). Since we have assume at the beginning of the
lemma that our D? x I region does not contain the almost normal piece, the 2—sphere
above is normal or almost normal, which contradicts Lemma 2.4.

Since U is a component of d, N(B) and S is fully carried by B, U can be vertically
extended to a vertical annulus Ay C N(B) that contains U and is properly embedded
in a component of M — S. Let yy and y; be the two boundary curves of Ay . If
both yo and y; are trivial in S, since the core curve of int(U) does not bound a
disk A thatis B—parallel to a subdisk of S’ as above, by Lemma 3.6, the union of Ay
and the two disks bounded by y and y; in S is an embedded 2—-sphere bounding a
D? x I region Ey for S. Let Zy be the component of M —int(N(B)) containing
the component U of d,N(B). If Zy lies outside Ey, then the core curve of int(U)
bounds a disk B—parallel to the subdisk of S bounded by y;, a contradiction to our
conclusion on U above. Thus Zy lies in Ey and hence U is the belt of the simple
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D? x I region Ey, contradicting our hypothesis that U is not the belt of a simple
D? x I region for S. Thus at least one component of 04y, say }p, is nontrivial in S
Our goal is to show that the isotopy in Claim 3 does not affect y.

Let E be the simple D? x I region for S in the isotopy in the proof of Claim 3. We
use the same notation as Claim 3, in particular 0, E = Dy U Dy and d,E D V. We
may suppose the isotopy that changes the surface S’ to .S; is the operation pushing Dy
across the simple D? x I region E, and suppose U is not a belt before the isotopy but
becomes the belt of the simple D? x I region E; for S; after the isotopy. We first
show that U lies outside E. Suppose U C E. Since E is a simple D? x I region, by
Claim 2, U must lie in the boundary of a product P x I, where P is a planar splitting
surface in Claim 2. This means that 04y = 39 U y; lies in 0 E = Dy U Dy, which
contradicts our conclusion above that y; is essential in S. So U lies outside E.

If yo N Dy = &, then the isotopy (which pushes Dy across E to a disk parallel to D)
does not affect yy and ), remains an essential curve in S, which implies that U
cannot be the belt of any D? x I region for S;, a contradiction. So we may assume
voN Dy # @. Since yq is nontrivial in S, y9 ¢ Do and this means that yo N dDy # <.

Next we show that there is an I —fiber of N(B) that intersects Dg in exactly one point.
The main reason for this is that the D% x I region E is simple. Let J be any I —fiber in
7~ 1(L) where L is the branch locus of B and 7: N(B) — B is the collapsing map.
Note that each component of J —int(d, N (B)) can be horizontally pushed slightly into
an [ —fiber of N(B); see Figure 5(c) for a 1-dimension lower schematic picture (in
this picture, the two components of J —int(d, N (B)) are pushed into Jy and J;). Let
X € y9 N dDg and let Jx be the I —fiber of N(B) containing x. Using the notation in
Claim 3, V is the belt of the simple D? x I region E. Hence 7 (dD;) = =(V) and
7 (yp) = m(U) are curves in the branch locus L. As x € y9 N dDy, w(Jy) is a double
point in the branch locus and J, contains a vertical arc o, of V' and a vertical arc
of U. Let J' be the component of Jy —int(d, N(B)) that lies between «, and o, .
Next we show J' NS = x. As U lies outside E, we have x € J'. We may suppose
S Cint(N(B)) and hence x € int(J'). So x cuts J’ into two arcs J,, and J; with
dJ;, —x and 9J, — x being endpoints of «, and o, respectively. Note that J), is a
subarc of a vertical arc of the annulus Ay and J) is a subarc of a vertical arc of the
annulus 0y E. Since Ay is properly embedded in M — S, J, NS = x. Since the
D? x I region E is simple, JyNS =x. Hence J' NS = x is a single point. As
illustrated in Figure 5(c), we can horizontally push J’ to be an I —fiber Jy of N(B)
such that Jo NS = Jy N Dy is a single point.

Therefore, after the isotopy pushing Dq across E to a disk parallel to Dy, Jy does not
intersect the resulting surface S, which means that S is not fully carried by N(B).
This contradicts our hypothesis on S . a
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Lemma 3.7 follows from the 4 claims above. Suppose there is a nontrivial good D? x I
region for S and B. By Claim 1, a component V' of d, N(B) must be the belt of a
simple D? x I region. Then we perform the isotopy in the proof of Claim 3. Since
the complexity Cg (V) is bounded by |M — B|, after a finite steps of isotopies across
simple D2 x I regions of which V is the belt, either the resulting surface is no longer
fully carried by B or V is no longer the belt of a good D? x I region for the resulting
surface. By Claim 4, if the resulting surface is still fully carried by N(B), then V
will not be the belt of a good D? x I region after any future isotopy. As |3, N(B)]
is bounded, after finitely many isotopies as in Claim 3, either the resulting surface is
no longer fully carried by N(B) or no component of d, N(B) is the belt of a good
D? x I region. In the latter case, by Claim 1, there is no nontrivial good D? x I region
for the resulting surface and Lemma 3.7 holds. If the surface after isotopy is no longer
fully carried by B, then we take a sub-branched surface of B that fully carries the
surface and apply the argument above on this sub-branched surface. Since the number
of sub-branched surfaces of B is bounded, part (1) of Claim 3 can only happen a
bounded number of times. Therefore the isotopies end in a finite number of steps and
Lemma 3.7 holds. |

If a D% x I region E for S and B is not good, then by Lemma 3.4, we may assume
every nondisk component of £ N .S is an unknotted annulus. Next we will compress
those unknotted annuli in a stuffed D? x I region as in Corollary 3.5. However, since
we are interested in an algorithm to list all the Heegaard surfaces of bounded genus,
we need to keep track of the compressions and be able to algorithmically recover the
original Heegaard surface in the end.

Lemma 3.8 Suppose S is a strongly irreducible Heegaard surface fully carried by B,
where B is as above and S is a normal or an almost normal surface. Then there is an
almost Heegaard surface S’ with respect to B (see Definition 2.10) and a set of almost
vertical arcs J associated to S’ such that

(1) S’ is normal or almost normal,

(2) S can be derived from S’ by adding tubes to S’ along arcs in J (Definition 2.10),

(3) the length of each arc in J is bounded from above by a number that depends
onlyon M and B,

(4) there is no nontrivial D? x I region for S’ and B.

Furthermore, given S’, there is an algorithm to construct a finite set of Heegaard
surfaces that contains a Heegaard surface isotopic to S .
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Proof If there is a stuffed D?x [ region for S that is not good, then we can compress S
as in Corollary 3.5 to get an almost Heegaard surface S| with respect to B such that
every D? x I region for S; is a good D? x I region. Moreover, the set of arcs I'y
associated to the almost Heegaard surface S; are vertical arcs in N(B).

Now we perform isotopies as in Lemma 3.7 to eliminate all the good nontrivial D? x I
regions. We also extend the isotopies to the associated arcs I'; so that the surface after
the isotopies remains an almost strongly irreducible Heegaard surface. Let S; and I'y
be as above. Since B does not carry any normal or almost normal S2, S; has no
2—sphere component and the total number of arcs in I'y is less than the genus of S'.
Before we proceed, we first explain why the isotopies may change an arc in I'; into an
almost vertical arc with respect to B; see Definition 2.9.

In the proof of Lemma 3.7, we perform isotopies on a simple nontrivial D? x I
region E. Although a simple D? x I region may not be innermost, we can divide the
isotopy on E into several steps with each step being such an isotopy on an innermost
D? x I region inside E. Thus we can assume the D? x I region E in the isotopy in
Claim 3 of Lemma 3.7 is innermost. As in Claim 2 in the proof of Lemma 3.7, since
E is innermost, E —int(N(B)) is an almost D? x I component of M —int(N(B)).
After the isotopies in Claim 3 of Lemma 3.7, an arc in I'y may be stretched through
the almost D? x I component E —int(N(B)) and may no longer be a vertical arc
in N(B) after the isotopy. So after the isotopies, an arc in I'; may become the union
of a vertical arc in the almost D? x I component E —int(N(B)) (see Definition 2.8)
and possibly a pair of vertical arcs in N(B) at the two ends; see the dashed arcs in
Figure 5(a) for a schematic picture of such change on arcs associated to an almost
Heegaard surface. The resulting arc is by definition an almost vertical arc with respect
to B; see Definition 2.10.

To prove the lemma, we use the following inductive argument. We perform the isotopies
in the proof of Lemma 3.7. Suppose we are at a certain stage of the isotopies and let
S5 be the current surface which is isotopic to S; above. Suppose S, is an almost
strongly irreducible Heegaard surface and let I', be the union of the associated almost
vertical arcs. Let B, be the sub-branched surface of B fully carrying S,. Suppose
we are to perform the isotopies in Claim 3 of Lemma 3.7 on an innermost D? x [
region E, for S, and B;.

First note that arcs in I', may intersect E,. As 0y E; is a vertical annulus in N(B,),
we may assume [, N dy E; = &. Recall that each arc in ', is properly embedded in
M — S, . This implies that I', N E; is a collection of properly embedded arcs in the
innermost D? x I region E,. Notice that the annulus 9, E> is properly embedded in a
component of H of M — S, and is incompressible in H —int(E>), because otherwise,
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the union of a compressing disk for d, E, outside E, and a disk in E, parallel to
a component of d; E, is an embedded 2—sphere separating the two disks of d; E>,
which means that a component of S, lies in a 3—ball contradicting Lemma 2.12.

Next we claim that I', N E, is a single unknotted arc connecting the two disk com-
ponents of d; E,. To see this, we need the assumption that after we add tubes to S,
along arcs in I',, the resulting Heegaard surface is strongly irreducible. As the D? x I
region E, is innermost, we can first shrink E, a little to get a slightly smaller 3—ball
E’ C E, disjoint from S,. We may view the strongly irreducible Heegaard surface S
as the surface obtained by adding tubes to S, along I';. Hence we may view the
intersection of S and the 3-ball F /2 as a collection of annuli along arcs in E ; N, A
theorem of Scharlemann [19, Theorem 2.1] says that if the intersection of the boundary
2—sphere of a 3—-ball with the two handlebodies of a strongly irreducible Heegaard
splitting is incompressible in the corresponding handlebodies, then the intersection
of the 3—ball with the Heegaard surface is a planar unknotted surface. Note that by
our construction, the meridional curve of each added tube is an essential curve in S
(otherwise S, contains a 2—sphere component carried by B, which contradicts our
hypotheses on B). Let H; and H, be the two handlebodies in the Heegaard splitting
along S and suppose the meridional disks of the added tubes are compressing disks
in Hy. So 0E ; N Hj is a collection of compressing disks. Now we consider 0F ’2 NH,.
By our conclusion above that the annulus d, E, is incompressible outside E,, any
compressing disk for dE, N H, in H, can be isotoped disjoint from 0, E,. This
implies that a maximal compression on 0E}, N H, in H, cuts E into a collection
of smaller 3—balls, and by Scharlemann’s theorem above, the intersection of each
3—ball with S is a single unknotted annulus. This implies that I'y N E, is a collection
of unknotted and unlinked arcs in the 3-ball E,. If the two endpoints of an arc in
I', N E, lie in the same disk component of d; E,, then since arcs in ', N E, are
unknotted and unlinked, adding tubes along I', yields a stabilized Heegaard surface, a
contradiction. Thus every arc in I’y N £, connects the two disk components of d; E ;.
Furthermore, the argument above implies that if I', N £, contains more one arc then
tubing along T", also yields a stabilized Heegaard surface. Thus if I'; N E, # &, then
I', N E, is a single unknotted arc connecting the two disks of d; E, .

Let ,3\ be an arc in I'; N E,. The isotopy in Claim 3 of Lemma 3.7 (as illustrated in
Figure 5(a)) on E, changes B to an arc isotopic to a vertical arc in N(B;) (since E,
is innermost and each arc in I'; is properly embedded in M — S, ); see the dashed
vertical arc in Figure 5(a) for a schematic picture of 3 . So we may choose the arc 3
after this isotopy on S, to be a vertical arc in N(B;), and this isotopy reduces the
length of 3 back to 1 (see Definition 2.9).
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Let Y = E, —int(N(B,)) be the almost D? x I component of M —int(N (B,)) inside
the innermost D? x I region E,. For an arc « in I', that does not intersect int(Y),
the isotopy may stretch « into a longer arc which is equivalent to adding a vertical arc
of Y (plus a pair of possible vertical arcs in N(B;) at the two ends) to the original o;
see the dashed nonvertical arc in Figure 5(a) for a schematic picture of . As « is an
almost vertical arc by our hypothesis, the new arc after this isotopy remains an almost
vertical arc (for the surface after isotopy) with respect to B. Moreover, the length of
the resulting almost vertical arc is increased by at most 2, since the isotopy may stretch
both ends of o through Y . Therefore, after we finish all the isotopies in Lemma 3.7,
we obtain an almost strongly irreducible Heegaard surface S’ and there is no nontrivial
good D? x I region for S’ and B.

Logically it is possible that there is a D? x I region E ¢ for S’ that is not good, though
by our construction, no such D? x I region exists for S;. Let I'” be the set of almost
vertical arcs associated to S’. By Lemma 3.4, the nondisk components of E, N S’
are a collection of d—parallel annuli non-nested in E,. This case seems trickier than
Corollary 3.5 because a compressing disk of Eg N S” might intersect I'’, but next we
show that this cannot happen. Let Ag be an annular component of E, NS’ and let A,
be a compressing disk for Ag in Eg, where dAg is a core curve of Ag. We claim that
dAg is an essential curve in S’. Suppose dAg bounds a disk O, in S’. As before,
by capping off the boundary circle of a disk component of Og —int(Ag) using a disk
B—parallel to a component of d, Eg, we get a normal or an almost normal 2—sphere
carried by B, which contradicts Lemma 2.4. Thus dAg is an essential curve in S’.
Let H{ and H, be the two submanifolds of M bounded by S and suppose A, is a
compressing disk in /]. We may view the Heegaard surface S as the surface obtained
by adding tubes to S’ along arcs in T'". Let H; and H, be the two handlebodies in the
Heegaard splitting along S corresponding to H| and H) respectively. If A, NI # @
(orif Ag and I lie on the same side of S”), then since Ay C H, the meridional disks
of the added tubes along I'" are compressing disks in H,. As S’ is the surface obtained
from compressing S along the meridional disks of these tubes, H| is the manifold
obtained by adding 2-handles to H; (along the meridians the tubes). However, by [4],
the hypothesis that S is strongly irreducible implies that dH| is incompressible in H],
which contradicts the assumption that A, is a compressing disk in H|. Thus A,
and T lie on different sides of S’, in particular, AgNI"" = &. So the compressing disks
for the annular components of E, NS’ are disjoint from I''. Hence we can compress
and isotope S’ as in Corollary 3.5 (see Figure 4(a)) and change E, into a good D?x1
region. Note that the total number of compressions is bounded by the genus of §,
so after finitely many operations and isotopies as above, we may assume there is no
nontrivial D? x I region for our final almost strongly irreducible Heegaard surface S’.
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Recall that in the proof of Lemma 3.7, after each step of the isotopies (ie all the isotopies
in Claim 3 of Lemma 3.7) on a nontrivial simple D? x I region E, either

(1) the resulting surface is no longer fully carried by the branched surface and we
have to take a sub-branched surface in the next step of the isotopies, or

(2) the belt of E is no longer a belt of any simple D? x I region for the surface
after isotopy, or

(3) the belt V of E is abelt of a simple D? x I region for the surface after isotopy,
but the complexity of V' is increased. Note that by definition, the complexity
Cs(V)<|M - B|.

Let E be the simple D? x I region in Claim 3 of Lemma 3.7. By our argument above,
if an almost vertical arc associated to the surface lies in E, then the isotopy (pushing
a disk in dy E across E) changes this arc back to a vertical arc of N (B). This means
that, although we may need to push disks across E several times to get a surface
not fully carried by N(B’) in Claim 3 of Lemma 3.7, the length of each associated
almost vertical arc is increased by at most 2 after we finish all the isotopies across E
in Claim 3 of Lemma 3.7.

If (1) and (2) above do not occur after one step of the isotopies (ie all the isotopies in
Claim 3 of Lemma 3.7), then we perform another isotopy on a simple D? x I region
of which V' is the belt. As the complexity Cs (V) <|M — B], after finite steps of such
isotopies, either the resulting surface is no longer fully carried by B or V is no longer
the belt of a D? x I region. If the resulting surface is no longer fully carried by N(B),
then we take a sub-branched surface of B that fully carries the surface. As B has only
finitely many sub-branched surfaces, the possibility (1) above can occur only finitely
many times. Guaranteed by Claim 4 of Lemma 3.7, this means that there is a number K
depending on the branched surface B, such that we only need at most K steps of
such isotopies to eliminate all the nontrivial D? x I regions. Thus the above argument
means that the length of each almost vertical arc associated to the final surface S’ is
at most 2K + 1. So by enumerating all possible sub-branched surfaces and counting
components of the branch locus, we can calculate (an upper bound for) K. We would
like to emphasize that the proof above shows the existence of such a surface S’. There
is an algorithm to calculate K, but we do not have an algorithm to find S’. Nonetheless,
we will show below that if the surface S’ above is given, then we can use the bound
on the length of associated arcs to recover the original Heegaard surface.

Suppose we have found our final almost strongly irreducible Heegaard surface S’
carried by the branched surface B in the lemma. Up to isotopy, there are only finitely

many subarcs of [ —fibers properly embedded in a component of M — S’. Moreover,
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as B has only finitely many possible sub-branched surfaces, up to isotopy, there are only
finitely many almost vertical arcs for S’ with length at most 2K + 1. By enumerating
and tubing along all possible almost vertical arcs of length at most 2K + 1 using all
possible sub-branched surfaces of B, we can construct a finite set of surfaces. Using
Haken’s algorithm [6] and the algorithm to recognize a 3-ball [22], we can determine
whether or not each side of a surface is a handlebody. So we can determine which
surfaces in our list are Heegaard surfaces. Thus we get a finite set of Heegaard surfaces,
one of which is isotopic to S. |

4 Sum of surfaces carried by a branched surface

As we describe in Section 2, given a finite set of closed surfaces 77, ..., T, carried
by N(B), the sum of these surfaces 7" = Z?:l n;T; is a surface obtained by canonical
cutting and pasting on copies of the 7;’s along the intersection curves. In this section,
we will obtain information of 7" from certain intersection patterns of the 7;’s. Our main
goal in this section is to show that if an almost strongly irreducible Heegaard surface S
has no nontrivial D? x I region, then either the coefficient of some torus summand
for .S is bounded or the branched surface has some nice property; see Lemma 4.12.

Definition 4.1 Let 7 and T, be closed and orientable surfaces carried by N(B) and
suppose 77 is transverse to 7. Suppose 7; (i = 1,2) has a subsurface F; such that
0F; =0F, = Fi N F, C Ty NT,. We say that F; and F, bound a (pinched) product
region if

(1) Fi U F, bounds a handlebody X = F x[1, 2]/~ with (x,s) ~ (x,t) for any
x € 0F and s,t €[1,2], where Fj is (the image of) F x{i} (i =1,2)in dX,

(2) there is a small neighborhood A g of dF in F such that for any x € int(F)NAF,
{x} x[1,2] is a subarc of an I -fiber of N(B).

Note that if F; is a disk, then X is basically a D?x 1T region (for 77 + 75). If F;
is an annulus, then X is a solid torus of the form bigon x S and in this case we
simply call X a bigonx S region. We say X is a trivial product region if X C N(B)
and for each x € int(F), {x} x[1,2] is a subarc of an /—fiber of N(B). We say X
is innermost if X NT; = F; for both i = 1,2. Note that if X is a trivial product
region, since F; is carried by N(B), there must be an innermost trivial product region
inside X . Suppose X is an innermost trivial product region, then we can perform a
B-isotopy on T;, which we call a trivial isotopy, to eliminate X (as well as the set of
double curves dF; C Ty N T,) by pushing either F; or F, across X .
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Before we proceed, we would like to point out a reason why trivial isotopy is important
for surfaces carried by N(B).

Proposition 4.2 Given any two embedded orientable and closed surfaces F and G
carried by N(B), it FNG # & but F can be isotoped disjoint from G via B —isotopy,
then F and G must form a trivial product region and one can isotope F disjoint from G
using a sequence of trivial isotopies.

Proof This proposition is similar to a theorem of Waldhausen [23, Proposition 5.4].
Let h: F x I — N(B) be the B—isotopy that moves F disjoint from G. We may
suppose (1) A(F x{0}) = F, (2) h(Fx{1})NG =, (3) h({x}x I) lies in an [ —fiber
of N(B) for each x € F, and (4) each h(F x {t}) is an embedded surface in N(B)
transverse to the /—fibers. Moreover, we may choose / to be transverse to G in the
sense that #~1(G) is a collection of surfaces properly embedded in F x I. Since
h(F x {1}) N G = @, the boundary of A~ 1(G) lie in F x {0}. Thus by a theorem
of Waldhausen [23], a component G; of A~ 1(G) and a subsurface F; of F x {0}
bound an innermost product region P in F x [, in particular, F; N G; = 0F; = dGy,
PN(Fx{0})=F; and PNh~'(G) = G,. As P is innermost, 4(int(P)) NG = @.

Let Ng be the compact 3—manifold obtained by cutting N (B) open along G. Let
G+ and G_ be the two components of dNg corresponding to the two sides of G'.
Since 1(F x{0}) = F and h(int(P)) NG = @, we may view F| = h(F) as a surface
properly embedded in Ng with dF] lying G4+ or G—. Without loss of generality, we
may assume dF| C G+. The manifold P has an induced product structure from Fx I .
For any vertical arc o properly embedded in P (« is a subarc of an [ —fiber of F' x I),
we denote the two endpoints of o by xo = N F; and y, = o N Gy . Then the product
structure of P gives rise to a projection p: F| — G4 with p(h(xa)) = h(ye) for
each such arc «. So F { can be projected into G in Ng and this means that F { is
null-homologous in H,(Ng,G+) and hence F is separating in Ng.

Note that Ng = N(B) — G has an induced I-fiber structure from N(B). Let o
be a vertical arc in Ng and we call o a vertical arc between F' { and Gy if (1)
int(er) N F] = @, (2) one endpoint x of « lies in F| and the other endpoint of «
is p(x) € G+. Let F{ be the union of the points x € F| that is an endpoint of a
vertical arc between F| and G4 described above. We may view 0F; C F|'. As F|
is a subsurface of F and is transverse to the I —fibers, by the product structure of P,
a small neighborhood of dF] in F| clearly lies in F{'. If F|' = F], then by our
construction, F { and a subsurface of G4+ bounded by 0F { bound a trivial product
region in Ng . This implies that F| (F| C F) and a subsurface of G bound a trivial
product region P’ in N(B). If FNint(P’) # &, then one can find an innermost trivial
product region inside P’. Hence Proposition 4.2 holds.
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Suppose F|' # F|. By our construction, F" is a closed set in F| containing a small
neighborhood of 0F]. Let x € int(F]) be a boundary point of F{'. Let a be the
vertical arc in Ng between Fj and G4 with x € da. As x is a boundary point of Fy’,
we have the following two cases. The first case is that & contains a vertical arc of
dy N (B). This case is impossible because the homotopy pushing Fj to G+ above is
totally inside G+ Uint(Ng). The second case is that the other endpoint of ay is a
point in dF| and if one slightly move x to a point x" € F| — F{’, then the interior of
the corresponding vertical arc (connecting x’ to p(x')) intersects F;. However, if this
case happens, since a neighborhood of dF] lies in F}', a vertical arc of N(G) (one
can use a subarc of the vertical arc connecting x’ to p(x’) above) connects one side
of F] to the other side. This means that F| is nonseparating in Ng, contradicting our
conclusion above on F. O

Let Ty,..., T, be a collection of embedded closed surfaces in general position and
carried by N(B). We can define a complexity of the intersection to be (¢,d) in
lexicographic order, where ¢ is the number of triple points and d is the number
of double curves in the intersection. Suppose two surfaces, say 77 and 75 in this
collection form an innermost trivial product region P, ie, a collection of double curves
in 71 N'T, bound surfaces Fy C T; and F, C T such that F; U F, bounds the trivial
product region P and int(P) N (T} U T,) = &. Note that other surfaces 7; (i # 1,2)
may intersect P. Let #; and f#, be the numbers of triple points (in the intersection of
the 7;’s) lying in Fy and F, respectively. Without loss of generality, we may assume
t1 <tp,andif t; = t,, we assume the number of double curves in F; is no larger than
the number of double curves in F,. Then we can perform a trivial isotopy as above
on T3, pushing 7% across P to eliminate the product region P. This operation is
basically replacing T, by (T, — F,) U F;. After a small perturbation, this operation
eliminates the triple points in F, but gains copies of triple points in int(F7). Since
11 < t,, this B—isotopy on 7, does not increase the total number of triple points. In
fact the isotopy eliminates all the triple points (if any) that lie on dF;. As the double
curves 0F; = dF, are eliminated, by our assumption above on the number of double
curves in F; and F3, this operation reduces the complexity. Using this complexity,
we can conclude that after some trivial isotopies, no pair of surfaces in this collection
form any trivial product region.

Let T1,..., T, be closed surfaces carried by N(B) and in general position. Let
I' = J/L, T;. Suppose each T; is a separating surface in M . This implies that for
any component N of M — T, the inclusion map i: N — M naturally extends to an
embedding/inclusion i: N — M where N is the closure of N under path metric. In
other words, no two points in 9N correspond to the same point in I', and N is an
embedded compact submanifold of M .
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As illustrated in Figure 6(a), the 2—complex I" can be naturally deformed into a
branched surface B! lying in N (B) and transverse to the I—fibers. The intersection
curves of these T;’s correspond to the branch locus of BT . We may identify each
component of M —T to a corresponding component of M — BT and the only difference
is that, when viewed as a component of M — BT, some corners of a component of
M —T are smoothed out and some corners become cusps.

Let X be the closure of a component of M —1I" (or M — B I'y and let « be a simple
closed curve in dX . Since each T; is separating and by the discussion above, « is
a simple closed curve in the 2—complex I'. We say o C dX is a good curve if o
becomes a smooth curve once we deform T" into the branched surface BT as above, ie
o does not cross the cusps. If @ C dX is a good curve, then the intersection of BT
with a small/thin vertical annulus in N (B) that contains « is a train track 74 and 7y
consists of the smooth circle & and possibly some “tails" all lying on the same side
of «.

Lemmad4.3 LetTy,...,T;,, " and X be as above and let y C dX be a good curve.
Let S = Z?;l n; T; . Suppose there is some number k such that n; > k for each n;,
then S contains at least k disjoint simple closed curves B—isotopic to y .

Proof Let A be a small vertical annulus in N (B) that contains y. Let t=A4ANT.
By our definition of good curve, after deforming I' into a branched surface, we may
view T as a train track which consists of y and some “tails" all on the same side of y.
We may assume S lies in a small neighborhood of I'. This implies that S N A consists
of some simple closed curves B—isotopic to ¥ and some arcs whose endpoints all lie
in the same component of dA4 (in particular, there are no spirals in A N S). Since S
is transverse to the I —fibers, it is easy to see from the above property of S N A that
there must be a vertical arc of A that does not intersect any of these d—parallel arcs in
S N A, ie the vertical arc only intersects the closed curves in .S N A. Since n; > k for
each n;, S N A contains at least & simple closed curves B—isotopic to y. a

Lemmad.4 LetTy,..., T, and " be as above. Suppose N(B) fully carries I, ie,
every I —fiber of N(B) intersects some T;. Then for any simple closed curve C in
9, N (B), there is a good curve in T' = | J7L, T; that is B—isotopicto C.

Proof Let S = Z;”Zl T;. Our hypotheses imply that S is fully carried by B. Thus
there is a simple closed curve C’ in S such that C’ U C bounds a vertical annulus A4
in N(B) and AN S = C’. This means that, before the canonical cutting and pasting
for S =) /", Ti, C’ corresponds to a good curve in I' = [ J/~; T;. O
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Definition 4.5 Let D be a disk and F a compact planar surface all carried by N (B)
and with either DN F =@ or DN F =9dD C dF. Let yy, ..., yx be the boundary
curves of F'. Suppose y, and a small annular neighborhood 4¢ of yy in F are B—
parallel to dD and a small annular neighborhood of dD in D respectively. Moreover,
if DN F # &, we require Yo = 0D = DN F. Let F’ be a maximal subsurface of F
that contains A¢ and is B—parallel to a subsurface of D. We say F is a flare based
at D if F— F’ consists of annular neighborhoods of y1, ..., y, in F; see Figure 7 for
a schematic picture of a flare (in this picture, F is an annulus and DN F = dD C JF).
So a flare surface F is a piece of surface that is not B—parallel to a subsurface of D,
but a large subsurface F’ of F is B—parallel to a subsurface of D containing dD. Let
¥Yi+---»¥; bethe components of dF' —yo and let o; (i =1,...,k) be the curve in D
that is B—parallel to ;. So the planar subsurface of D bounded by 0D and the o; s is
B—parallel to F’. We call the ;s the flare locus. Note that o; U y/ bounds a vertical
annulus A; in N(B). If a vertical arc of 4; does not contain a vertical arc of d, N(B),
then one can enlarge F’ a little to get a slightly larger subsurface of F B—parallel
to a subsurface of D, which contradicts our assumption that F’ is maximal. So each
vertical arc of 4; must contain a vertical arc of 9, N(B). In particular, o; C 7~ 1(L)
where L is the branch locus of B and w: N(B) — B is the projection. Moreover, the
normal direction of «; in D induced from the branch direction (of the corresponding
arcs in the branch locus) points out of the subdisk of D bounded by «; ; see Figure 7.
Note that if k£ > 2, then one can find a simple closed curve in F’ that cuts off an
annular neighborhood of some y; (i > 1) in F such that this annular subsurface of F
is a flare based at a subdisk of D. Let D; (i =1,..., k) be the subdisk of D bounded
by the component ¢; of the flare locus. We say a flare F' and its base D are innermost
if its flare locus is innermost in D in the sense that for any flare surface G based at
a subdisk of D and with the flare locus of G in Uf;l D;, then the flare locus of G
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and the flare locus of F are the same. If the flare F' is innermost, then F must be an
annulus, since otherwise an annular neighborhood of y; (i > 1) in F described above
is such a flare G' based at a subdisk of D. We say a branched surface B has a flare if
there are flare surface F' and base disk D carried by B as above. Clearly if there is a
flare based at D, then there must be an innermost flare based at a subdisk of D.

3
F

Figure 7

The notion of flare can be viewed as a generalization of nontrivial D? x I region; see
Lemma 4.6.

Lemma 4.6 Let S be any surface carried by N(B). If there is a nontrivial D? x I
region for S and B, then B has a flare.

Proof This lemma is fairly obvious. Let E be a nontrivial D? x I region with
opE = DgU Dy and 0y E = A. After enlarging E a little if necessary, we may assume
a small annular neighborhood of 0Dy in Dg is B—parallel to an annular neighborhood
of Dy in D;. Since E is nontrivial, Dy is not B—parallel to D;. So one can find a
sufficiently large neighborhood of dDg in Dy that is not B—isotopic to a subsurface
of D;. This gives a flare based at D, . a

Corollary 4.7 Let Ty,..., Ty be a collection of normal tori carried by N(B). Let
Br be the sub-branched surface of B that fully carries | J;—, T;. Suppose Bt has
no flare. Then, after some Bt —isotopy on the T;’s, every double curve in T; N Tj is
essential in both T; and T, for any i, j .

Proof Using the complexity of the intersection of the 7;’s defined after Proposition 4.2,
we can conclude that, after some Br —isotopies, the 7;’s do not form any trivial product
region. Thus we may assume 7; and 7; do not form any trivial product region for
any i, j.

Let « C T; N T be a double curve and suppose « bounds a disk D in 7;. As both

T; and T; are transverse to the /—fibers of N(Br), there is a collar annulus Ay of o
in T; (with @ C 044 ) that is B —parallel to an annular neighborhood of o in D. If «
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is an essential curve in T, then as in the proof of Lemma 4.6 and since « is essential
in Tj, we can extend Ay to a subsurface P of 7 such that o« C 9P and P is a flare
based at D, a contradiction to our hypotheses.

Suppose o also bounds a disk D’ in 7. By choosing « to be an innermost such curve,
we may suppose DU D’ is an embedded 2—sphere. Since B does not carry any normal
2—sphere, D and D’ must bound a product region which determines a D? x I region.
Since Bt has no flare, by Lemma 4.6, such a D2x T region must be trivial, which
means that D U D’ bounds a trivial product region, a contradiction to the assumption
at the beginning that there is no trivial product region. a

Lemma 4.8 Let F be a flare based at D as above and suppose F' and D are innermost.
Let o C D be the flare locus, let y C F be the corresponding curve B—isotopic to o,
and let A be the vertical annulus in N(B) bounded by o U y. Then there must be a
component V of d,N(B) suchthat V C A.

Proof Since F and D are innermost, by our discussion in Definition 4.1, F must
be an annulus. For each x € D, let I, be the [—fiber of N(B) containing x. By
fixing a normal direction for D, we can say one component of I, —x, denoted by 7,
is on the positive side of D and the other component of Iy — x, denoted by I, is
on the negative side. Note that it is possible that / Xi intersects other part of D. As
y U« bounds an embedded vertical annulus 4 in N(B), we may suppose y is on the
positive side of D in this sense.

Let I be the union of all the points in int(D) with the property that for each x € I",
I (not the whole I) contains a vertical arc of d, N(B). By the local picture of a
branched surface (see Figure 1), it is clear that " is a trivalent graph in int(D) with
each vertex corresponding to a double point of the branch locus of B. By the definition
of flare locus, o C I'. Each arc in I" has a normal direction in D inherited from the
branch direction at the corresponding arc in the branch locus of B (or d, N(B)). As
illustrated in Figure 6(b) (also see [12, Figure 2.3]), I" can be naturally deformed
into a transversely oriented train track tr in D. As we mentioned in the definition
of flare locus, « is a smooth circle in the train track with induced normal direction
pointing out of the subdisk D, of D bounded by «. Note that since the train track tr
is transversely orientable, tr does not form any monogon. As every simple closed
curve in D bounds a disk in D, the no-monogon property implies that any simple
closed curve ¢ carried by tr must correspond to a smooth simple closed curve in tr
(in other words, in a fibered neighborhood of tr in D, the curve c¢ intersects each
I —fiber at most once).

Let Dy be the subdisk of D bounded by «. We say « is innermost if « is the
only smooth simple closed curve in tr N D, with branch direction pointing out of
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the subdisk bounded by this curve. We say « is simple if there is an annular collar
neighborhood A, of o in Dy such that Ag Nt = .

Claim If « is innermost then o must be simple.

Proof of the Claim The reason why this claim is true is that B fully carries a closed
surface. Let S be a closed surface fully carried by N (B). For any point x € I", by our
construction of I', I, contains one or two vertical arcs of d, N(B) and I, contains
two vertical arcs of d, N (B) if and only if x is a vertex of I". Let p, be the component
of 1 ;’ — dyN(B) that contains x and let Vy = [ ;‘ — px . By our construction, (the
closure of) each component of Vy — d, N(B) can be horizontally pushed slightly into
an [ —fiber of N(B); see Figure 5(c) for a schematic picture. Since S is fully carried
by B, this implies that, for any point x € I', we have S NV, # &. From the local
pictures of B, it is easy to see that the intersection of S with the union of the Vy’s
(x € T') is a collection of compact curves that can be fully carried by the train track tr
after projecting these curves to D. The fact that tr fully carries some compact curves
implies that, if « is not simple (ie, int(Ay) N T # &), then there must be a smooth
arc B in tr such that 8 is properly embedded in D,. Since the train track tr is
transversely orientable, as shown in Figure 6(c), 8 and a subarc of o form a smooth
circle with branch direction pointing outwards. This contradicts the hypothesis that o
is innermost. |

Let A, be a small annular neighborhood of « in Dy. If o is innermost, by the claim
above, Aq N T" = «. The construction of T" plus 44 N T" = « implies that the small
annulus Ay is B—isotopic to an annulus Ay in d, N(B), where Ay is an annular collar
neighborhood (in d; N (B)) of a boundary component «,, of d;N(B). In particular,
oy is B—isotopic to « and is on the positive side of D. Let V' be the component of
dy N (B) that contains o, . Since « is a flare locus, each vertical arc of A (recall that
A is the vertical annulus bounded by o U y) must contain a vertical arc of d, N (B)
(see Definition 4.5). This implies that V' C 4 and the lemma holds.

It remains to prove that « is an innermost such smooth circle in . Supposing « is
not innermost, then D, contains an innermost such smooth simple closed curve o’
in 7 N Dy with induced normal direction pointing out of the subdisk of D, bounded
by o’. Then the argument above implies that there is a boundary component o;,
of 9, N(B) such that ¢’ U «;, bounds a vertical annulus P in N(B). Let V' be
the component of d, N(B) that contains «,. So A’ = P UV’ is a vertical annulus
in N(B). Let y' = 04’ —a’ be the other boundary circle of A’. Then one can easily
construct a small annulus F’ containing y’ and transverse to the I —fibers of N(B).
Since A’ contains a component of d, N(B), F’ is clearly not totally B—parallel to an
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annulus in D, and F’ is a flare based at a subdisk of D, whose flare locus is «’. This
contradicts the hypothesis that the flare F' is innermost. a

Definition 4.9 Let 4 = S! x I be an annulus and o = S! x {x} (x € int(/)) be
a core curve of A. We first fix a direction along «. Let A be a properly embedded
essential arc in A transverse to the I —fibers. As A is an essential arc of 4, we may
suppose A N« is a single point. We assign A the direction along A pointing from the
endpoint A N (S! x {0}) to the endpoint A N (S x {1}). Since A is transverse to the
I —fibers, the projection 7: A — o maps A to a subarc of «. As shown in Figure 8(a),
we say A is a positive arc if the induced direction of 7 (A) agrees with the direction
of o, and we call A N« a positive intersection point. Otherwise we say A and A N«
are negative. Let A be a collection of disjoint properly embedded essential arcs in A
and transverse to the [ —fibers. We say A is balanced if the number of positive arcs
equals the number of negative arcs in A.

+ = ey
cutting //_\
- D
pasting

(a) (b)
Figure 8

Lemma4.10 Let A= S!x I be a vertical annulus in N(B) and let o be a core curve
in A. Let A be a collection of disjoint essential arcs in A transverse to the I —fibers.
Suppose A is balanced. Then there is a number k < %lAl such that, if m > k, A +ma
(the curve obtained by canonical cutting and pasting of A and m parallel copies of « )
consists of some d—parallel arcs in A and m — k circles parallel to .

Proof The lemma is fairly obvious; see Figure 8(b). The argument below also gives a
way to determine k.

We use the notation in Definition 4.9. In particular « has a fixed direction along o« and
each arc in A intersects « in a single point. Let § be a subarc of o with 08 Ca NA.
Using the direction along o we can call one endpoint of 8 the starting point and the
other endpoint of B the ending point. We say B is a bottom arc if the starting point
of B (along this direction of «) is a positive intersection point and the ending point
of B is a negative intersection point.

We will inductively construct a sequence of sets of subarcs of «. Since A is balanced,
there is a maximal collection of disjoint subarcs of o, denoted by A, such that each
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arc B in Ay is a bottom arc and § N A = df. Let A1 be the union of the endpoints
of the arcs in Aq. Since arcs in A; are disjoint, the remaining intersection points
(¢ MA)—Aq is balanced in the sense that the number of positive intersection points
equals the number of negative intersection points.

Suppose we have inductively constructed sets of arcs Aq,...,A,. Let A; be the
endpoints of the arcs in A;. Suppose the remaining intersection points o, =« N A —
U?=1 A; is balanced in the above sense. If 0, # &, since g5 is balanced, there is a
maximal collection of disjoint subarcs of «, denoted by A, 1, such that each arc
in A,y is a bottom arc and B N o, = df. Since the collection is maximal at each
step of the induction, the interior of each arc in A;;; must contain at least one arc
of A;. So we can inductively construct a sequence of sets of arcs Ay,..., Ag such
that Uf;l A; =a N A. The number k£ depends on the intersection pattern of o with A
and can be easily determined. In particular k < %|o¢ NAJ.

Now we consider A + ka. In A + «, arcs in A; above are connected by subarcs
of A to form a collection of d—parallel arcs in A. Moreover, we may view A + 2« as
(A + @) + o and assume the d—parallel components of A + « do not intersect . So
inductively, as shown in Figure 8(b), the arcs A; in the i —th copy of « are connected
by subarc arcs of A forming a collection of d—parallel arcs in A with endpoints in
the same circle S! x {0} (using the notation in Definition 4.9). It follows from our
construction of A;, after cutting and pasting, A + ko consists of d—parallel arcs in A.
Since any additional copy of & can be isotoped to be disjoint from the d—parallel arcs,
the lemma follows. O

The following lemma is similar in spirit to Lemma 4.10. It deals with surfaces instead
of curves.

Lemma 4.11 Let F and A be compact orientable surfaces carried by N (B). Suppose
FNA is a collection of simple closed curves in F. Let k be the number of components
of FNA that are trivial in F. If m > k, then after B—isotopy, (A +m F)N F contains
no trivial curve in F. In particular, if F N A consists of trivial curves in F and m > k,
then A +mF is disjoint from F after B—isotopy.

Proof Let F x I C N(B) be a product of F and an interval with each {x} x I a
subarc of an I —fiber of N(B). We may view F = F x{1/2} and by the hypothesis, we
may assume A N (F x I) is a collection of annuli A4, ..., A, with each A; transverse
to the /—fibers of F' x I and F N A; is a simple closed curve in F'. Without loss of
generality, we may assume A4; N F is trivial in F if i <k.
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For any i < k, as A; N F is a trivial circle in F, A; + F is a pair of d—parallel
surfaces in F x I and hence A4; + F is disjoint from F after B—isotopy. Although
the surface A4; + F may intersect other annuli 4;’s (j # i), the intersection is
disjoint from F after B—isotopy. This means that after B—isotopy, the number of
circles in (A+ F)NF = (F+)_;_, A;) N F that are trivial in F is at most k — 1.
Thus inductively, (A + kF) N F contains no trivial circles after B—isotopy and the
lemma holds. a

In Lemma 4.6, we showed that if there is a nontrivial D? x I region, then B has a
flare. The following Lemma can be viewed as a certain converse of Lemma 4.6.

Lemma 4.12 Let T; (i =0,1,...,n)and H be closed surfaces carried by N(B).
Suppose each T; is a normal torus and S = H + Y ;_,n;T; is either a strongly
irreducible Heegaard surface or an almost strongly irreducible Heegaard surface. If S
is an almost Heegaard surface, we suppose the total length of the almost vertical arcs
associated to S is bounded by a fixed number K and suppose S is K —minimal; see
Definition 2.13. Let Bt be the sub-branched surface of B that fully carries U?:o T;.
If Bt contains a flare, then either there is a nontrivial D* x I region for S and B, or
there is a number k depending on K and the intersection pattern of H with the T; ’s
such that some coefficient n; is smaller than k . Furthermore, k can be algorithmically
determined.

Proof By the proof of Lemma 4.8, if N(B7) contains a flare, then using an innermost
flare, we have a component V' of d, N(Br) and a boundary circle o of V with the
following properties:

(1) The circle o bounds an embedded disk A carried by N(Br) (o corresponds
to the flare locus for the innermost flare and A is the subdisk of the base disk
bounded by the flare locus).

(2) Let Py be the component of d; N(Br) containing «, then a small annular
neighborhood of « in Py is By —parallel to an annular neighborhood of « in A.
In other words, the normal direction at dA induced from the branch direction
points out of A.

Moreover, since the flare in Lemma 4.8 is innermost, we may assume that no proper
subdisk of A is a base of a flare.

Let B be the other boundary curve of V' and let Pg be the component of d; N (Br)
that contains .
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By Lemma 4.4, there are good curves y, and yg in the 2—complex \U'_o T that
are Br—isotopic to o and B respectively. We may assume Y, and yg are close
to o and B respectively and y, U yg bounds a vertical annulus containing V. Let
Iy = Z?:o n;T;, so the surface S in our lemma can be expressed as S = H + [I7.
Suppose each n; > k for some number k. Next we will use @ and § to show that if k&
is large, then there is a nontrivial D? x I region for S and this implies the lemma.

By Lemma 4.3, there are at least k curves in I17 that are By —parallel to y, and «,
and we denoted these k curves by oy, ..., o . Similarly by Lemma 4.3, there are
at least k curves in Il7 that are Br—parallel to yg and 8, and we denoted these
k curves by B, ..., Bx. Note that, since each T; is separating, Y, and yg must be
disjoint good curves in the 2—complex | J;_, 7;. So the o;’s and f;’s are disjoint
curves in I17. Moreover we may assume the «;’s and B;’s are very close to « and f8
respectively. Since @ and S are the boundary curves of a component V' of d,N(B7),
similar to the assumption on y, U yg above, we may assume «; U B; bounds a vertical
annulus containing V' for any 17, j.

Claim Eacho; (i =1,...,k) bounds a disk in T1y which is B —isotopic to A.

Proof of the Claim We first consider A N T17. Since o = dA C d, N(B), we may
assume A N IIy Cint(A). Let y be a component of A N [Ty which is innermost
in A and let A, C A be the subdisk of A bounded by y. Since both A and Il are
transverse to the /—fibers, there is a small collar annulus 7}, of y in Il7 such that
y is a component of 07, and T, is Br—isotopic to an annular neighborhood of y
in A, . If y bounds a disk in ITz that contains 7), and is By —parallel to A, , then
we can perform a By —isotopy on Il to eliminate y. If y does not bound such a disk
in Il7, then as in the proofs of Lemma 4.6 and Corollary 4.7, we can extend 7, to a
subsurface 4, C Il7 that contains 7, and is not Bz —isotopic to a subsurface of A, .
This gives a flare based at A,, and contradicts our assumption at the beginning that no
subdisk of A is the base of a flare. Therefore, after some B7 —isotopies on Iz, we
may assume A NIl = 9.

Similarly, since «; is Br—isotopic to dA = «, there is a small collar annulus 4;
of ; in I17 such that «; is a component of dA4; and A; is B —isotopic to an annular
neighborhood of dA in A. As above, either o; bounds a disk in 17 which is By—
isotopic to A, or we can extend A; in I17 to get a flare based at a subdisk of A, which
contradicts our assumption on A. Hence the claim holds a

Now we consider the 8;’s. Although B; may not bound a disk carried by N(Br),
there is a curve ] C II7 parallel and close to B; in IT7 such that B; bounds a disk
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carried by N(Br) and containing the disk A above. To see this, let C; be a small
annular neighborhood of f; in Il7. Let Pg be the component of d;,N(B7) that
contains B, then one boundary circle of C; is always Br—parallel to a circle in Pg
(which is parallel to 8 in Pg), and we choose S} to be the other boundary circle of C;.
No matter how small C; is, B; U« always bounds an annulus A; transverse to the
I—fibers (A} can be obtained by slightly pushing the vertical annulus Y; between o
and B; so that f; is pushed to B; while « is fixed. There is only one direction to tilt ¥;
since ¥; contains the component V' of d, N(Br)). As « bounds the disk A, 47U A
is a disk bounded by B and carried by N(Br).

We may choose all the B; C Il (i =1,...,k) to be Br—isotopic and suppose they
lie in a vertical annulus Vg C N(Bt) C N(B). Now we consider the surface H in
the lemma (S = H + I17). After some B—-isotopy on H, we may assume each arc of
H N Vpg is essential in Vg. Moreover, we claim that after B—isotopy on H if necessary,
H N Vg is balanced. To see this, we consider the disk A} = A} U A bounded by f;
above. We can fix a direction along ] and define positive and negative intersection
points as in Definition 4.9. Since both H and A} are transverse to the I —fibers, the
two endpoints of any arc in /N A} have opposite signs. This implies that H N B is
balanced. We may view f; as a core curve of Vg. Hence H N Vp is balanced.

Let h = £|H N Vp|. We may view B/, ..., B} as k copies of the core curve of Vg and
assume I17 NVg = Uf-‘zl B;,soby Lemma 4.10,if k > h, SNVg=(H+Tl7)NVp
contains at least k —/ circles and each circle is B—isotopic to ;. Let yi, ..., Yx—p be
the k—/ circles in SN Vg. Recall that ] bounds a disk A} carried by N(Bt) C N(B)
and we may view A’ as a disk bounded by a core curve of V. Since Br fully carries a
collection of normal tori, By does not contain any almost normal piece and the disk A
does not contain any almost normal piece. Thus by Lemma 2.14 (setting Vg = 4 in
Lemma 2.14), if kK —h is sufficiently large, then the y; ’s cannot all be essential in S, in
other words, some y; must bound a disk in the surface S'. We denote this disk by D,, .
Since ,BJ/. is close to B; and B, by slightly shrinking or enlarging D,, in S, we can
find a disk D), in S with dD;, =y B—isotopic to the curve 8. Next we will use « to
find another disk in S that together with D;, bounds a nontrivial D? x I region for S.

Let D; (i =1,...,k) be the disk in IT7 bounded by ¢; as in the Claim. Since these
disks D;’s are all Bp—isotopic to A, we may view the D;’s as k parallel copies of
the same disk and assume the intersection patterns of H with the D;’s are all the same.
Each component of H N D; is either a trivial circle in D; or an arc properly embedded
in D;. The intersection of H with a small vertical annulus in N (B) that contains dD;
is always balanced, since the two endpoints of each arc in H N D; have opposite signs.
Let /' be the number of components of H N D;. As illustrated in Figure 8(b) and
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similar to the arguments in Lemma 4.10 and Lemma 4.11, if k > /', there are at least
k — I’ disjoint disks in S = H + I that are B—isotopic to D;. By assuming k > /’,
we know that there is a disk D, C .S B-isotopic to D; and A.

By our construction, dD, U 8D;, bounds a vertical annulus A" C N(B) that contains
the component V' of d,N(Br). We may view N(Br) C N(B). By viewing Br
as a branched surface obtained by deleting some branch sectors from B, we see that
part of V' (now viewed as a vertical annulus in N (B)) is incident to a component of
M —int(N(B)). So if a core curve of int(V) bounds a disk Dy carried by N(B)
and B-parallel to a subdisk of S, then we can obtain a possibly immersed normal
or an almost normal 2—sphere by capping off dA using a disk B—parallel to Dy,
a contradiction to Lemma 2.4. Thus by Lemma 3.6 and its proof, D, and D;, are
non-nested in S and hence Dy U A" U D), bounds a D? x I region E’ for S and B.
Since V' C A’ is incident to a component of M —int(N(B)) and D, is B—isotopic to
the disk A bounded by «, E’ must contain a component of M — N(B). So E’ is a
nontrivial D? x I region for S and B.

Next we show that the number & can be algorithmically determined. First, by solving
branch equations, similar to [1], we can check each component of d, N(Br) to find
a disk A that satisfies properties (1) and (2) at the beginning of the proof. Moreover,
using the argument in Lemma 4.8, we can find a subdisk of A corresponding to an
innermost flare. Thus we can algorithmically find a disk A in the proof above. In the
proof above, since o U 8 bounds a component of d, N(B7r), the numbers / and i’
above depend only on H N A and the intersection pattern of H with the normal
tori T;’s near the component V' of d, N(Bt). Moreover, the constant in Lemma 2.14
depends only on B, M and K. Thus we can algorithmically find a number & which
dependson B, M, K, HN A and the intersection pattern of H and the 7;’s near V,
such that if every coefficient n; in S = H + Z?:o n; T; is larger than k, there must
be a nontrivial D? x I region for S and B. i

5 Intersection of normal tori

Notation 5.1 Let B be a branched surface as in Notation 3.1. In this section, we fix
a set of normal tori 7 = {77,...,T,} carried by B. Let B be the sub-branched
surface of B fully carrying | J/_, T;. Suppose Br does not contain any flare. Note
that, using the complexity defined after Proposition 4.2 and after some trivial isotopies,
we may suppose no pair of tori form any trivial product region and by Corollary 4.7,
every curve of 7; N T; must be essential in both 7; and 7. We say a torus 7" can
be generated by the set of tori 7 if 7 is a component of F = > ";_, n; T; for some
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nonnegative integers n;’s, where 7; € T . In this paper we use G(7) to denote the
set of tori that can be generated by 7. Clearly if 7 consists of disjoint tori, then
G(T) =T . Note that G(T) is not the same as the solution space S(T) ={>_";_, n; T;}
mentioned in Section 2, as every surface in G(7) is connected. Each component of a
surface in S(7T) is a surface in G(7). Moreover, since B does not carry any normal
2—sphere, every surface in G(7) is a normal torus carried by B. So by Lemma 2.5,
every torus in G(7) bounds a solid torus in M .

Lemma 5.2 Let Ty and T, be tori in the set T and let Bt be the branched surface
as above. Suppose Bt does not contain any flare. Suppose F; (i = 1,2) is an annulus
in T; with 0F, = 0F, C T1 N T,, and suppose Fi U F, bounds a (pinched) product
region X ; see Definition 4.1. We view the solid torus X as bigon x S'. Let D be
a meridional disk of X . Suppose D C N(Bt) and D is either vertical in N(BT)
or transverse to the I —fibers of N(B7). Then X must be a trivial product region
in N(B7).

Proof The disk D cuts the solid torus X into a 3-ball Xp. If D is vertical in
N (Br), aslight perturbation on D can changed D into a disk transverse to the 7 —fibers
of N(Br). Thus we may assume next that D is transverse to the [/ —fibers of N(B7).

Since Fy, F, and D are all carried by N(Br), similar to Figure 6(a), we can deform
F1 U F, U D into (part of a) branched surface. By Definition 4.1, X is deformed into
a bigon x S! region and the 3-ball Xp is naturally deformed into a D? x I region
(with its vertical boundary annulus pinched into a cusp circle) for a surface obtained by
cutting and pasting of copies of Fy, F> and D. Since Br has no flare, by Lemma 4.6,
Xp deforms into a trivial D? x I region in N(B7). This means that X C N(Br)
and X must be a trivial product region. a

Definition 5.3 Let 7 be a normal torus carried by B and T the solid torus in M
bounded by 7. Let A C N(B) be a vertical annulus properly embedded in either T
or M —int(YA”). Suppose A is isotopic relative to dA to a subannulus A7 of T, ie
A U A7 bounds a solid torus X and a meridional curve of dX consists of a vertical
arc of A and an essential arc of A7. We call X a monogon x S! region. Note that
if we collapse (using 7: N(B) — B) the vertical annulus A4 into a circle, then the
meridional disk of X becomes a monogon. If there exists such an annulus A, then we
say T bounds a monogon x S! region. If such an annulus A4 lies in T and 04 is a
pair of essential and nonmeridional curves in 7, then we say T is a good torus.

Lemma 5.4 Let 7 be a set of normal tori carried by N (B). Suppose the intersection
of the tori in T has no triple point and each double curve in the intersection is essential
in both corresponding tori. Then all but finitely many tori in G(T") are good tori.
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Proof As in Figure 6(a), the tori in 7 naturally deform into a branched surface BT .
Since the intersection of the tori has no triple point, each double curve of the tori in T
corresponds to a thin annular branch sector of BT and the branch locus of BT consists
of disjoint curves. So each branch sector of BT is an annulus and every torus in G(7)
is carried by BT .

Next we show that all but finitely many tori carried by BT are good tori. Let A be an
annulus branched sector or BT and let T be a torus carried by BT . Clearly T is a
normal torus and by Lemma 2.5 T bounds a solid torus 7" in M .

Let ¢ be the weight of T at the branch sector 4, ie t = |T N 7~ !(int(A4))| where
mw: N(BT) — BT is the collapsing map. Let ¢ be a core curve of A. If t > 3, the
intersection of 7' and the vertical annulus V = 7 ~!(c) of N(BT) contains ¢ > 3
curves. By our hypotheses on 7~ and construction of BT, each curve in 7NV is an
essential curve in 7'. If ¢ > 3, 3 consecutive curves in 7'N V' give two subannuli A4
and A, of V properly embedded in T and M — int(f ) respectively. After a small
isotopy, we may assume dA; and dA4, are disjointin 7. As dA; is essential in T,
the annulus A; is d—parallel in the solid torus T . So the vertical annulus A; and a
subannulus of 7' bound a monogon x S region in T. By the definition of good torus,
either T is a good torus or dA4; consists meridional curves of T.

Claim If 0A; consists of meridional curves of T, then A, and a subannulus of T
bound a monogon x S region outside the solid torus T .

Proof of the Claim The claim is implicitly proved in [14, Section 5]. Let C; and C,
be the two annuli in 7" with dC; = dCy = dA45 and C;UC, =T . Let X1 = A, UCy
and X, = A, UC),. The tori X7 and X, are not normal tori, but by [8, Theorem 3.2]
T U A, is a barrier for the normalization process. So either (1) X; can be normalized
(in M — (JA“ U A45,)) into a normal torus isotopic to X; or (2) similar to the proofs of
Lemma 2.3 and Corollary 2.7, some compression occurs and X; becomes a 2—sphere
during the normalization process, in which case X; bounds a solid torus outside T UA,.
Since every normal torus bounds a solid torus, in either case, X; bounds a solid torus
in M, which we denote by )?i.

By the hypothesis in the claim, dA4; consists of meridional curves of T'. We first consider
the case that the solid torus X, ; lies outside 7. In this case, if the intersection number of
a meridional curve of 81?,- and a component of dA; is one, then X, ; is a monogon x S'!
region and the claim holds. Otherwise, the union of X ; and a neighborhood of a
meridional disk of 7' bounded by a component of dA4, is a nontrivial punctured lens
space, which contradicts our hypothesis that M is irreducible and is not a lens space.

Geometry & Topology, Volume 15 (2011)



An algorithm to determine the Heegaard genus of a 3—manifold 1077

The remaining case is that both X 1 and X. » contain T. By our discussion on normal-
izing X; above, this happens only if X; is parallel to a normal torus. By Lemma 2.5,
this means that X; = Bfi is incompressible in M —int(fi). Since 0A4; consists of
meridional curves of T, a core curve of C; bounds a meridional disk D of T. So
DiNX,=2. Since X| = 8X1 is 1ncompress1ble in M —1nt(X1) and since 7' C X1 ,
D; must be a meridional disk for X 1. After compressing X 1 along D;, we obtain a
3-ball £ CXI. Since X, C TUA2 CX1 and D; N X, = &, the torus X, lies in the
3-ball £. We may suppose X, C int(E). Hence X, is compressible in E. Since the
solid torus X » bounded by X, contains T and D, X, does not bound a solid torus
in the 3-ball E. As X, is incompressible outside the solid torus X 2, this implies that
the submanifold of E bounded by X, U dE is a ball with a knotted hole. Since X,
bounds a solid torus in M , this means that M must be S3, a contradiction to our
hypothesis on M . O

Suppose T is not a good torus, then as in the discussion before the claim, dA4; must be
meridional curves of 7" and by the Claim above, A, and a subannulus of 7" bound a
monogon X S1 region outside T. Let P; C T (i =1,2) be the subannulus of 7" such
that 0P; = d4; and P; U A; bounds a monogon X S 1 region. Since A; and A, are
assumed to be disjoint, dP; and dP, are disjoint in 7. We assign a normal direction
for each component of dP; in T which points out of P;. It is easy to see that, for
any configuration of dA4; in T, there is always an annulus Q C T (note that int(Q) is
allowed to contain curves in dP;) such that one component of dQ is a curve in dPq,
the other component of dQ is a curve in dP,, and the normal directions defined above
at both curves of dQ point into Q; see Figure 9(a) for a 1-dimensional schematic
picture. Now, as shown in Figure 9(b), we can use a copy of Py, a copy of P, and 2
parallel copies of Q to form a normal torus Tp carried by B. Moreover, as shown
in Figure 9(b), Tp bounds a solid torus which is the union of the two monogon x § !
regions (bounded by copies of P; U Ay and P, U A,) and a product neighborhood
of Q. A meridional disk of this solid torus is formed by the union of two monogons
and hence the meridian for Ty is not dP;. By Corollary 2.6, this contradicts that dP;
(0P; = dA;) bounds embedded disks in T. Thus curves of 0A; are not meridional
curves of T and T is a good torus.

The argument above says that if a torus 7 carried by B is not a good torus, then its
weight at each annular branch sector 4 above (of BT) is at most 2. The number of
tori carried by BT and with weight at most 2 at every branch sector is clearly finite,
and it is trivial to algorithmically enumerate all such tori. a

For any two surfaces 7" and F carried by N(B), we say T nontrivially intersects F
if TN F # & after any B-isotopy.
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Lemma 5.5 Let 7' be any finite set of normal tori carried by B. Suppose the
intersection of the tori in T’ contains no triple point and each double curve is essential
in both corresponding tori. Then there is an algorithm that either

(1) finds a good torus T carried by B such that T' nontrivially intersects at least
one torus in 7" and the intersection of the tori in T U T has no triple point, or

(2) Iists all possible tori in G(T"), in which case G(T") is a finite set.

Proof After some trivial isotopies, we may assume there is no trivial product region
(see Definition 4.1) between any two tori in 7”. As shown in Figure 6(a), the union of
the tori in 7 naturally deforms into a branched surface BT . Since each torus in 77 is
carried by N(B), we may view BT < N(BT) c N(B). By the proof of Lemma 5.4,
given any torus carried by BT , if its weight at an annular branch sector of BT is at
least 3, then it must be a good torus.

Suppose T is a torus carried by BT and suppose T can be isotoped disjoint from
every torus in 7’ via B—isotopy. By Proposition 4.2, for any torus 7; in 7', one can
eliminate the double curves 7' N T; by a sequence of trivial isotopies that eliminate
trivial product regions between 7" and 7;. Suppose there is another torus 7; in 7" that
is already disjoint from 7" before these isotopies on 7" and 7;. For any trivial product
region P bounded by subsurfaces of 7" and 7;,if PNT; # @, thensince T, NT = &,
a component of 7; N P and a subsurface of 7; in P must bound a trivial product
region in P, which contradicts our assumption at the beginning that 7; and 7; do
not bound any trivial product region. This means that 7; does not intersect any trivial
product region bounded by T and 7;. Thus, after the sequence of trivial isotopies that
move 7' disjoint from 7; as in Proposition 4.2, T remains disjoint from 7j. As 7’
is a finite set, this means that after some B—isotopies on 7', T is disjoint from every
torus in 7”. Hence T is disjoint from BT and N(BT) after some B—isotopies.
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By construction, we may view BT ¢ N(BT)c N(B), TC N(B) and TNN(BT)=2.
However since T is carried by N(BT) before these isotopies, there is a torus 7’ C
N(BT) that represents the same torus as T in N(B), ie, T U T’ bounds a product
region T2 x I in N(B), where each I —fiber of the product region is a subarc of an
I —fiber of N(B). Note that 7' ¢ N(BT) but T N N(BT) = @. If a component of
9, N(BT) lies in the product region T2 x I, it must be transverse to the I —fibers of
the product 72 x I. This implies that the component of 3, N(BT) N (T2 x I) that is
closest to T in the product region 7% x I must be a torus parallel to 7. So, if T can
be isotoped disjoint from every torus in 7" via B—isotopy, then 7 is parallel to a torus
component of 3, N(BT). Since |3, N(BT)| is finite, there are only finitely many tori
carried by BT that can be isotoped disjoint from all the tori in 7" via B—isotopy, and
we can algorithmically find all such tori.

Next we inductively construct a sequence of subsets of tori carried by BT . First we set
T = T'. Suppose we have constructed a subset 7. For every pair of tori 7; and 7Tj
in 7, with T; N T; # @, by adding the components of 7; + 7 that are not already
in T, to Ty, we obtain a set of tori 7,41 D Ty. If T,+1 = Ty for some n, ie, we do
not get any new torus type from 7; + 7; for any 7; and T in Ty, then since 7' C Ty,
it is easy to see that G(7’) C T, and G(T”) is a finite set. We can algorithmically build
the sequence of sets of tori 7, carried by BT .

Recall that we have proved in Lemma 5.4 that if the weight of a torus carried by BT at
a branch sector of BT is at least 3, then it is a good torus. Moreover, by the argument
above, we can check whether or not a torus in 7, is B—parallel to a torus component
of 3, N(BT) and determine whether or not it can be isotoped disjoint from every tori
in 77. So eventually either we find a good torus 7 that nontrivially intersects at least
one torus in 7, or 7,41 = T, for some n and we obtain a complete (finite) list of tori
containing G(77).

Furthermore, all the tori above are carried by BT . By the no-triple-point hypothesis
on 7’ and by the construction of BT | the branch locus of BT has no double point
and for any torus 7" carried by BT, after some BT —isotopy, the intersection of the
tori in 77U 7" has no triple point. a

Lemma 5.6 Let 7 and Bt be as in Notation 5.1. In particular, Bt has no flare. Let
T be a normal torus in T and let T' be the solid torus bounded by T . Suppose there
is a vertical annulus A of N(Bt) properly embedded in T with 0A essential in T .
Let T’ be any other torus carried by N (Br) that nontrivially intersects T . Then every
curve in T N T’ that is essential in T always has the same slope in T as the slope
of 0A4.
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Proof As in Notation 5.1, since B has no flare, after some Bt —isotopies removing
double curves trivial in both tori, we may assume each curve in 7N 7" is essential in
both T and T'.

As before, A and a subannulus of 7" bound a monogon x S! region in T . Since each
curve in TNT" is essential in both 7 and 7", the lemma holds trivially if 7" NdA4 = &.
Next we suppose 7/ N34 # &.

Since A4 is vertical in N(Br) and T’ is carried by N(B7), each arcin T/ N A4 is
transverse to the induced 7 —fibers of 4 = S! x I. We first consider the case that some
arc in 7' N A is d—parallel in A. Suppose there is such an arc and let « C 7' N A4
be an outermost d—parallel arc in 4. Let 8 C dA be the arc parallel to @ and with
0B = da. Let Dy C A be the bigon bounded by « U 8 in 4. The intersection of 7"’
and the solid torus 7" is a collection of annuli. Let Agq be the annular component
of TN T that contains . We first consider the case that « is also a d—parallel arc
in Ay. In this case, « and a subarc of dA4, bound a subdisk D4 of A,. After a
slight perturbation (or pinching D, to 8), D4 U D, becomes a disk transverse to the
I —fibers of N(Br). To simplify notation, we still use D4 U D, to denote the disk
after the perturbation. Note that D4 U Dy, is properly embedded in the solid torus T.
If the disk D4 U Dy is an essential disk in T, then similar to the proofs of Lemma 4.6
and Corollary 4.7, a subsurface of 7 is a flare based at D4 U Dy, a contradiction
to our hypothesis on By. So D4 U D, must be a d—parallel disk in T. Moreover,
as in Lemma 4.6, the no-flare hypothesis also implies that D4 U D, and the subdisk
of T bounded by d(D4 U Dgy) form a trivial D? x I region. Hence we can perform
a Br—isotopy on T to eliminate . Now we suppose the arc « is essential in A,
(recall that « is still d—parallel in A4). In this case, let g be the annulus in 7" bounded
by 04, and containing B, then Ay U Xg bounds a bigon x § ! region. The bigon
Dy C A is a meridional disk for this bigon x S region and Dy, is vertical in N(Br),
so by Lemma 5.2, the bigon x S! region is a trivial product region. Thus a trivial
isotopy can remove the two double curves (ie dA, ) in the bigon x S 1 region. Thus
after some B7 —isotopies as above, we may assume every arc of 7' N A is essential
in 4.

Let A’ be an annular component of 77 N 7. By the assumption above, A’ N 4 is a
collection of arcs essential in 4. Let y be a component of A’NA. If we deform 7"UT
into a branched surface BT, dy corresponds to two points at the cusp (ie branch
locus) of the branched surface. Since A is vertical in N(B7) and A’ is transverse to
the I —fibers of N(B7), as shown in Figure 10(a), the branch directions of B T at the
two endpoints of ¥ must be opposite with respect to 7’ (one points into the solid torus
bounded by 7"’ the other points out). Thus A’ cuts A into a collection of quadrilaterals
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and after we deform 7’ U T into a branched surface, each quadrilateral is deformed
into a bigon.

branch direction
4

/
T~ l/ ~— ~
A \L / Yy

(a) (b)

Figure 10

Next we show that each arc in A’ N A must also be an essential arc in A”. Otherwise,
a component y of A’ N A is an outermost d—parallel arc in 4". Let Y’ be the arc
in 04’ such that 0y’ = 0y and y Uy’ bounds a disk D, in A’. Note that 04
cuts 7' into two annuli and let I' C T be the annulus that contains y’. Since y is
essential in A, the two endpoints in dy = dy’ lie in different components of d4 = T,
which implies that 3’ must be an essential arc of I'. However, since A is vertical in
N(B7) and y is an essential arc of A, if we collapse A into a cusp circle (like the
projection w: N(Bt)— Br) and shrink y to a point (along the cusp circle), then D,,
becomes a monogon properly embedded in the region bounded by A UT". In fact, since
D, C A’ C T’ is carried by Br, we can first collapse A4 in to a cusp circle, which
deforms 7" into a branched surface, then since D, C T’ and as shown in Figure 10(b),
we can add in D,, (as a branch sector) and naturally deform 7"U D,, into a branched
surface transverse to the /—fibers of N(B7). This means that, as a branch sector,
D, is a monogon. However, as illustrated in Figure 10(b), such a branched surface
cannot have a monogon branch sector because the induced branch directions at 9y’
(dy’ = dy) are not compatible along . This means that no such disk D, exists and
hence each arc of A’ N A is also essential in A’.

Since A’ is a properly embedded annulus in 7' with 34’ essential in T', A’ is 9—
parallel in T. So 34’ bounds a subannulus Y7 of T such that A’ is parallel to X7
inT.So A'U Y7 bounds a solid torus X in T and there is a meridional disk A X
of X whose boundary dAx consists of an essential arc of A’ and an essential arc
of X7 . By our conclusion on the induced branch direction at dy (see Figure 10(a)), if
we deform T'U A’ into a branched surface as in Figure 6(a), Ay becomes a monogon
and X becomes a solid torus of the form monogon x S!.

Recall that the arcs in A’ N A cut A into a collection of quadrilaterals. So AN X is a
collection of such quadrilaterals. Each quadrilateral becomes a bigon after we deform
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T U A’ into a branched surface as above. Since the meridional disk Ay deforms into a
monogon and since each quadrilateral of 4N X deforms into a bigon, every component
of AN X must be a d—parallel disk in the solid torus X . For any quadrilateral QO
of AN X, two edges in dQ are arcs in A’ N A and the other two edges of dQ are
arcs properly embedded in the annulus X7. Since dQ is trivial in dX, for every
component Q of AN X, the two arcs of dQ N X7 must be d—parallel arcs in 7.
This means that one can find a core curve of X7 that is disjoint from dA. Hence the
slope of 4 in T is the same as the slope of dX7 = dA4" and TNT". O

Definition 5.7 Let 7, T, and T3 be normal tori carried by N(B) and in general
position. Let p and ¢ be triple points in the intersection. Suppose there are arcs
ap CT1NTy, ap CToNT3 and a3 C T3 N Ty such that do; = p U g for each
i =1,2,3, a3 Ua; (respectively o1 U ap and ap U @3) is an embedded trivial
circle bounding a disk D; in T7 (respectively D, in T, and D3 in T3). Suppose
DU D, U D3 is a 2—sphere bounding a 3—-ball X in M . Then we say that X is a
football region. In short, X is bounded by 3 bigon disks from the 3 tori. Note that since
B does not carry any normal 2—sphere, if we deform 77 U 7, U T3 into a branched
surface as in Figure 6(a), then X is naturally deformed into a D? x I region (with its
vertical boundary annulus pinched into a cusp circle) and the cusp circle is dD; for
some i .

Definition 5.8 We say a set of normal tori carried by the branched surface B is regular
if (1) the intersection of these tori contains no triple point, and (2) the intersection
curves are essential and nonmeridional curves in the corresponding tori.

Suppose we have a regular set of normal tori. The next lemma says sometimes we can
add in another torus to enlarge the regular set.

Lemma 5.9 Let ¥ be a regular set of normal tori carried by B and suppose the union
of the tori in X is a connected 2—complex after any B —isotopy that preserves X as
a regular set of tori. Let I" be another normal torus carried by B. Let Bt be the
sub-branched surface of B that fully carries ¥ U T" and suppose Bt does not contain
any flare. Suppose there is a special torus T € X such that after any B —isotopy
on I', curves in T N T that are nontrivial in T always have the same slope in T as
the intersection curves of T' with other tori in . Then after Bt —isotopy, X UT isa
regular set of normal tori.

Proof Before we proceed, we would like to remark that in practice, we assume 7'
to be a good torus, which (by Lemma 5.6) guarantees that the conditions on 7" are
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satisfied. Moreover, the special torus 7" is allowed to be disjoint from I', in which
case the lemma holds trivially.

We may assume the intersection of the tori in ¥ U I" is minimal in the sense that the
number of triple points is minimal under the conditions that X is a regular set. First
note that by this minimality assumption, we may assume

(1) every double curve in the intersection of the tori in ¥ U I" is essential in both
corresponding tori,

(2) the tori in ¥ do not form any trivial bigon x S! product region.

To see this, suppose there is a double curve ¢ in 7; NI" (7; € X)) that is trivial in both 7
and I' and let d; and d; be the two disks bounded by ¢ in 7; and I" respectively. By
choosing ¢ to be innermost in 7;, we may assume d Nd, = c. As B does not carry
any normal S?, d; Ud, forms a D? x I region (with its vertical boundary pinched
into a cusp circle). Since B has no flare and by Lemma 4.6, this D? x I region is
trivial. Hence we can eliminate the double curve ¢ by performing a trivial isotopy on I
pushing d, C I across this D? x I region. As ¥ is a regular set and since ¢ is an
innermost trivial curve in T, int(d) contains no triple point. The trivial isotopy on I'
above can be viewed as replacing d, by a parallel copy of d;. As int(d;) contains no
triple points, this means that the number of triple points is not increased by this trivial
isotopy. Moreover, ¥ is fixed by the isotopy, so the intersection remains minimal in
the above sense. Similar to Corollary 4.7, the no-flare hypothesis also implies that no
double curve in 7; NI is trivial in one torus but essential in the other. Thus after some
trivial isotopy removing trivial double curves, we may assume every double curve in
the intersection of the tori in 3 U I is essential in both corresponding tori. Similarly,
if two tori in the regular set ¥ form a trivial bigon x S product region, then as in the
discussion after Proposition 4.2, we can always use a trivial isotopy to eliminate the
pair of double curves in an innermost such bigon x S! region without increasing the
number of triple points. Note that ¥ remains a regular set after eliminating the trivial
bigon x S region, so the intersection remains minimal in the above sense. Thus, after
finitely many such trivial isotopies, we may also assume the tori in ¥ do not form any
trivial bigon x S product region.

If the intersection of the tori in ¥ U I" has no triple point, then by the hypotheses and
Corollary 2.6, X U T is a regular set of normal tori and the lemma holds. Our goal is
to prove that the intersection has no triple point.

Since ¥ is a regular set of tori, all the triple points of the intersection of ¥ U I" must
lie in I". If the special torus 7" does not contain any triple point, then since the union
of the tori in X is connected, there are a sequence of tori 7y, ..., T in X such that

Geometry & Topology, Volume 15 (2011)



1084 Tao Li

(D) To=T,2) T; NT;j+1 # 9, (3) Ty contains a triple point and (4) 7; does not
contain any triple point if j < k. The curves in Tp_; N T} cut T} into a collection of
annuli. Since T} _; does not contain any triple point, the curves of 7 N I" must lie in
the interior of these annuli, in other words, the curves of T N T;_; and Ty N T are
disjoint and have the same slope in 7} . So we have a torus 7} such that 7} contains
a triple point and 7y N T" has the same slope (in 7% ) as the intersection curves of T}
with other tori in X. Thus after replacing 7" by 7T} in the proof below if necessary, we
may assume that the special torus 7" contains a triple point.

We use I'r to denote the union of the double curves of X UT" thatliein 7'. So I'r
consists of 7N I" and the intersection of T° with other tori in ¥. By our hypothesis,
curves in I'7 have the same slope in 7'. Next we consider the intersection pattern of
curves in I'r C T'. Each double point of curves in I'r C T corresponds to a triple
point in the intersection of the tori. Since the intersection of the tori in X contains
no triple point, all the double points in I'7 lie in I' N 7. Hence I'r does not form
any triangle (ie no 3 curves in I'r intersecting each other). This implies that we can
find an innermost bigon disk D C T, such that D N 'z = dD and dD consists of two
(smooth) arcs @ and B with do = df being a pair of double points of I'y. Let T,
and Tg be the two tori with « C T N Ty and B C T N Tg. Since X is a regular set,
I" is either T or Tg. Let A and Z be the two points in do = df. So A and Z are
triple points in the intersection of the toriin XUI" and AUZ C To, N Tg. Let y4 and
vz be the double curves of T, N Ty that contain 4 and Z respectively.

Next we study the properties of D and its nearby regions. By our construction, no
torus intersects int(D) and the torus I' is either Ty or Tpg.

Claim 1 Let D be the bigon disk as above. Then y4 = y 7.

Proof of the Claim Suppose y4 # yz. Let Xy C Ty, and Xg C Tg be the two annuli
that are bounded by y4 U yz and contain o and B respectively. Since y4 # Yz, 0D
is an essential curve in the torus Xo U Xg. Since D, Ty and Tg are all transverse to
the /—fibers of N(Br), we can deform D U T, U T} into (part of) a branched surface
as in Figure 6(a) and view D as a branch sector. Now « and § are viewed as part of
the branch locus at the boundary of the branch sector D. There are two cases.

(1) Xo U Xg is a normal torus transverse to the I —fibers of N(Br), in other words,
the two corners of D at 4 and Z are smoothed out when we deform XoUXgU D
into a branch surface and dD becomes a smooth circle in the branched locus.
Note that 0D is an essential curve in the normal torus Xy U Xg.

(2) After deforming X U Xg U D into branched surface, the two corners of D at
A and Z become cusps and D becomes a bigon.

Geometry & Topology, Volume 15 (2011)



An algorithm to determine the Heegaard genus of a 3—manifold 1085

Note that, as in the proof of Lemma 5.6 and illustrated in Figure 10(b), there is no
monogon branch sector and hence D cannot be a monogon and that is why we only
have the above two cases to consider. The first case is impossible because, similar to
the proofs of Lemma 4.6 and Corollary 4.7, it implies that a subsurface of the normal
torus Xy U Xg is a flare based at D, which contradicts the no-flare hypothesis on B7.
In the second case, the torus Xy U Xg must bound a bigon x S ! region X . Recall that
I" is either Ty, or Tg. Without loss of generality, we assume I' = T in this claim and
Xo CT'. By Lemma 5.2 and since Bt has no flare, the existence of D implies that X
is a trivial bigon x S region. However, if X is a trivial bigon x S region, we can
perform a trivial isotopy on I' by pushing the annulus X, across X and eliminate the
pair of double curves y4 and yz. This isotopy on I' can be viewed as replacing X,
by a parallel copy of Xg. Since all the triple points lie in I', int(Xg) contains no triple
point and this isotopy reduces the number of triple points (in particular A and Z are
eliminated by the isotopy). This contradicts our assumption that the intersection of
Y UT is minimal. Thus y4 =yz. a

Since both Ty and Tpg are separating, the double curves in T, N Tg cut Ty into an even
number of annuli. Let ¥y C Ty be the annulus that contains «. Clearly y4 (y4 =vz)
is a boundary curve of Y. Since « N Tg = da C Y4 = yz, « is an arc properly
embedded in Y, with both endpoints in the curve y4 (¥4 = yz). In particular, there
is a subarc py of y4 such that dpy = do = AU Z and py is parallel to « in Y.
Let Dy be the bigon disk in Y, C Ty bounded by py U . Similarly, there is a bigon
disk Dg in Tg such that dDg = B U pg where pg is a subarc of y4 (yz = y4) with
dpg=0B=AULZ.

Claim 2 p, = pg inthe curve Y4 (y4a =vz).

Proof of Claim 2 Suppose the claim is false and py # pg. Since dpy = dpg=AUZ
and py U pg C y4 = Yz, this implies that py, U pg is the whole curve y4 (y4 = yz).
However, this means that y4 bounds an embedded disk £ = Dy U DU Dg in M
and by Lemma 2.5, y4 must be a meridian of the normal torus 7. By Corollary 2.6,
Ty N Tg consists of meridians in both Ty, and Tjg; see Figure 11(a) for a picture.

As in the proof of Claim 1, if we deform D U T, U T} into (part of) a branched surface,
D becomes a branch sector that is either a smooth disk or a bigon. If D becomes a
smooth disk, as illustrated in Figure 11(a), we can perform a canonical cutting and
pasting along T, N T and view dD as a circle in Ty + Tg. Note that Ty + T is
a union of normal tori carried by Br. By Corollary 2.6, the curves of Ty N Ty are
also meridians of the tori in Ty + Tg. Since « and f are parallel to py and pg in
Ty and Tp respectively, 0D = o U  must be parallel to py U pg = y4 in Ty + Tg;
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Figure 11

see Figure 11(a). This means that D can be viewed as a meridional disk of a torus
in Ty + Tg. Since D is transverse to the /—fibers of N(Br), as in the proofs of
Lemma 4.6 and Corollary 4.7, this implies that a subsurface of Ty, + T is a flare based
at D, which contradicts our no-flare hypothesis on Br.

If D becomes a bigon after we deform D U T, U T into (part of) a branched surface,
the two corners of D become cusps and the branch direction at dD near d« is as
illustrated in Figure 10(b) (change D, in the picture to D). We have two subcases
depending on the branch direction at dD.

The first subcase is that the branch direction at o points out of D, . As shown in
Figure 11(b) and Figure 10(b), the branch direction at f must point out of Dg. After
deforming D U T, U Tg into a branched surface, Dy becomes a branch sector (which
we also call it Dy, ) with 0Dy = o U py being a cusp circle whose branch direction
points out of Dy . Since the branch direction at B points out of Dg, as shown in
Figure 11(b), we can isotope the circle py U B in Tg to acircle y’ which is a meridian
of Tg. Note that, as shown in Figure 11(b), y’" and the cusp circle 4Dy, = a U py
bound a smooth annulus A’ (which contains D) in the branched surface D U Ty, U T, B
because of the branch direction at . Since ' is essential in Tg, similar to the proof
of Lemma 4.6 and Corollary 4.7, we can extend the annulus A’ to a flare based at Dy,
a contradiction.

The second subcase is that the branch direction at o points into Dy . As shown in
Figure 11(c) and Figure 10(b), the branch direction at 8 must point into Dg. In this
subcase, the disk Dy U D becomes a smooth disk once we deform D U T, U Ty into
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a branched surface and its boundary d(Dy U D) = p, U B becomes a cusp circle in
the branched surface with branch direction pointing out of the disk Dy U D. Let y’
be the curve as in the previous subcase (see Figure 11(c)), and let A” be the smooth
annulus in Tg between p’ and the (cusp) circle d(Dy U D) = py U B. As in the
previous subcase, we can extend the essential annulus A" to a flare based at Dy, U D,
a contradiction. a

By Claim 2, we may assume pq = pg. By the construction of D above, this means
that the 3 bigon disks D, Dy and Dg bound a football region; see Definition 5.7. We
denote the football region by ®. Now we deform the 2—sphere d® = D U Dy U Dg
into (part of a) branched surface. Since B does not carry any normal 2—sphere, there
must be a cusp in d® and the cusp is a circle formed by either « U 8, or o U py or
BU pg. Since Bt has no flare, in any case, © is deformed into a trivial D? x I region
in N(Bt) (with its vertical boundary annulus pinched into a cusp circle). Note that
there may be other tori in ¥ intersecting the 3—ball ®, though by our assumption on D,
no torus intersects int(D). Let 77 be the union of the tori in ¥ that intersect int(®).

Claim 3 After deforming DU Dy U Dg into (part of a) branched surface as above, the
cusp circle cannot be « U . In other words, dD is not a smooth circle after deforming
D U Dy U Dg into branched surface.

Proof of Claim 3 Suppose o U f is the cusp circle. As ® corresponds to a trivial
D? x I region, ® C N(Br) and every component of int(®) N 7; is transverse to
the induced 7 —fibers of ®. Since the torus I' is either Ty or Tjg, without loss of
generality, we suppose D, C I' (I' = Ty) in this claim. By our construction of D, no
torus intersects int(D). As Tg € X, this implies that 'N® = Dy and 71N Dg is a
collection of disjoint arcs with endpoints in pg (pe = pg).

We perform two B —isotopies as illustrated by Figure 12(a). We first fix ® and
perform a By —isotopy on 7Ty, by pushing ® N7} along the I —fibers, across Dy U Dg
and out of ®. The triple points in int(p,) (if any) are eliminated by this Bt —isotopy
and int(®) N X = & after the isotopy. Then we can push D across ® to eliminate the
pair of triple points 4 U Z; see Figure 12(a). So the B —isotopies above reduce the
number of triple points in the intersection. Since I' N ® = Dy, by ignoring I" in the
picture, it is easy to see that the above isotopies do not change the intersection pattern
of the tori in ¥ and ¥ remains a regular set after the isotopies. This contradicts our
assumption that the intersection is minimal. a

By Claim 3, the cusp of 0® must be formed by p, Ua or py U B. Without loss of
generality, we assume py U o is the cusp circle for ®. So Dy is a smooth disk and
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D U Dg is the other smooth disk in d® (after deforming it into branched surface).
There is a big difference between the cases I' = Ty and I' = T, because py U« is
the cusp circle.

If ' =Ty, then Tg € X. Since the intersection of the tori in X has no triple point, the
intersection arcs 71 N Dg has no double point in int(Dg). By our assumption on D,
int(B) contains no triple point. So 77 N Dg consists of disjoint arcs with endpoints
in py (po = pg). Similar to the isotopy in Claim 3, we perform a B —isotopy on Ty
(Ty = T") while fixing every other torus by pushing Dy across ©® and eliminating the
triple points A and Z. This isotopy can be viewed as replacing D, by a parallel copy
of DU Dg. By our assumption on D, the intersection of the tori has no triple points
lying in D — (AU Z). Since there is no triple point in int(Dg), no new triple points
are created by this isotopy and all triple points in py = pg are also eliminated by this
isotopy. As X is fixed by the isotopy and the number of triple points is reduced, this
contradicts our assumption that the intersection is minimal.

Next we suppose I" = T, which means T € X. Recall that 7; is the union of the
tori in X that intersect int(®). If 7; = &, then a Br—isotopy pushing D, across ®
can eliminate the pair of triple points A and Z, which contradicts our assumption that
the intersection is minimal. Thus we may assume 7 # &. By our assumption on D,
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TiN D =@. Hence 71 # & implies that 71 Nint(py) # . As Ty € X, T1 N Dy is
a collection of mutually disjoint arcs with endpoints in p .

The union of the vertical arcs (of N(Br)) in ® with one endpoint in 8 and the other
endpoint in D, is a vertical bigon # C ®. One boundary edge of 6 is B and the
other boundary edge of 8, denoted by 44, is an arc in Dy connecting 4 to Z; see
Figure 12(b) for a one dimensional schematic picture where the vertical arc denotes 6
and the top vertex denotes . The arcs in 8 N7y are transverse to the /—fibers and
with all endpoints in 8, since DNT; = .

Next we analyze the intersection pattern of & N 7;. Our goal is to simplify the
intersection of 6 N7; by isotopies that (1) do not increase the number of triple points
and (2) preserve X as a regular set.

We first consider the case that 6 N7y = &. The arc §y cuts Dy into two subdisks g
and 6p which are Br—isotopic to Dg and D respectively. As 6 N7} = &, by the
construction of D, the arcs of Dy N7y all lie in 6g. Now we perform a Br —isotopy
on I' (I' = Tp) as illustrated in Figure 12(d), which is basically replacing Dg by a
copy of the disk g U6 (then perturbing g U6 to be transverse to the 7 —fibers). Since
Ty is a torus in the regular set X, there is no triple point in int(6g). As 6 N T} = @,
this isotopy does not gain any new triple point. Moreover, by our assumption above
that 7; Nint(py) # <, there are triple points in int(py) and clearly all triple points in
int(py) are eliminated by this isotopy. Thus this By —isotopy on I" reduces the number
of triple points. As X is fixed by this isotopy, X remains a regular set. This contradicts
our assumption that the intersection is minimal. Therefore, we may assume 6 N7} # &.

For any two components 1 and 1, of 8, U (6 N7Ty), if n1 Ny, contains more than one
point (note that it is possible that n; = 84 ), then n; and n, form a bigon in 6, ie there
is a subarc e; of n; (i =1,2) with de; = de, C 1y N1y such that e; Ue, bounds a disk
Ae CH and niNA, =¢; (i =1,2). Since 0 is vertical in N(B7) and n; is transverse
to the I —fibers, if we deform the tori in X into a branched surface, then A, is deformed
into a bigon with two cusps at de;. Let 77 and T3 be the two tori in X containing 74
and 7, respectively. By our assumption on D and ®, T; = Ty, if and only if 1; = 4.

Next we show that the two vertices of the bigon A, lie in the same double curve of
T1 NT,. To prove this, we only need to consider 77 and 7, and can ignore how other
tori intersect A.. We first consider the simplest case that the bigon A, is innermost with
respect to 77 U T5, ie, the case that A, N (T3 UT,) = dA, = e Ue,. Suppose the two
vertices of A, lie in different double curves of 71 NT5. As A, N(T1 UT,) =e1Uey,
this implies that 77 and T> form a bigon x S product region which contains the
bigon A, as a meridional disk. As 6 is vertical, by Lemma 5.2, this bigon x S
product region must be trivial, which contradicts our assumption at the beginning
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of the proof that the tori in ¥ do not form any trivial bigon x S! product region.
Thus the two vertices of any innermost bigon A, lie in the same double curve of
TiNT,. If int(Ae) N (T7 UTy) # &, then A, N (T; UT») cuts A, into a collection
of smaller bigons and there is an innermost bigon A/, formed by 73 and 7, and with
A, N (T UT,) =0A,. As above, the two vertices of A/, lie in the same double curve
of T1 N T,. Then we can perform an isotopy on 77, similar to a d—compression, by
pushing one edge of A/, across A/, to cancel the two vertices (or double points) of AJ,.
Since the two vertices of A/, lie in the same double curve, this isotopy changes this
double curve into a parallel (essential) double curve plus a trivial double curve, and by
the no-flare hypothesis, we can eliminate the trivial double curve using a trivial isotopy.
The two isotopies together can be viewed as pulling the double curve containing the two
vertices of A, across AL. In particular, 7} and T, do not form any trivial bigon x S'!
region after the isotopies. After finitely many such isotopies, A, becomes an innermost
bigon and we can use the argument above on innermost bigons to conclude that the two
vertices of A, lie in the same double curve. Moreover, it follows from the isotopies
on A/, above that the two vertices of A, must lie in the same double curve before all
the isotopies on innermost bigons A/, above. Note that the only purpose of the isotopies
above is to demonstrate that the two vertices of the bigon A, lie in the same double
curve of 77 N T3, and we do not actually perform these isotopies in our main proof.
Furthermore, it follows from this argument that e; is homotopic in 7; (fixing de; ) to
a subarc of the curve 77 N T that contains the two vertices of A..

We say the bigon A, above is a simple bigon if int(A,) N ¥ = @. By the conclusion
above, the two vertices of A, lie in the same double curve. Suppose A, above is a
simple bigon. Then we can perform an isotopy on 77, similar to a d—compression, by
pushing e across A, to cancel the two intersection points dej in 6. As the bigon A,
is simple, this isotopy does not create any triple point in the torus intersection. Since
de; lies in the same double curve, the isotopy changes this double curve into a parallel
(essential) double curve plus a trivial double curve. As before, since By has no flare,
we can eliminate the resulting trivial double curve using a trivial isotopy without
increasing the number of triple points. Moreover, after eliminating this resulting trivial
double curve, ¥ remains a regular set of tori. Thus after finitely many such isotopies,
we may assume the arcs in 6 N X do not form any simple bigon.

Claim 4 Let A,, ey, e, T1 and T, be as above. Let T’ # T} be any torus in X
and let [ be a double curve of T’ N Ty . We fix an orientation along e; and a normal
direction for | in Ty and assign positive and negative signs for each point in int(e;) N/
according to the fixed orientations above. Then the number of positive intersection
points of int(eq) N/ equals the number of negative intersection points, in particular,
lint(eq) N| is an even number.
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Proof of Claim4 As A, C 0, if we deform X into a branched surface, then A, is
deformed into a bigon with cusp directions at the two vertices pointing out of A,.
By our discussion above, the two vertices of A, lie in the same double curve y, of
T1 NT,. Now we view e1, ¥, and / as curves in 77 . Because of the cusp directions
at deq, as shown in Figure 13(a), the two small arc neighborhoods of the two points
of dey in e; lie on the same side of y, in T. Since X is a regular set, either / = y,
or /Ny, =@ and [ is parallel to y, in T;. By the conclusion above, e; is homotopic
in T} (fixing dey) to a subarc of y, bounded by de;. By the cusp directions at de
above and as shown in Figure 13(a), clearly the number of positive points in int(e;) N/
equals the number of negative points. a

(d)

Figure 13

Next we will use the properties of € N X to get a contradiction to the no-simple-bigon
assumption. The key reason behind everything is the hypothesis that B7 has no flare.

Let n; and n, be two components of & N 7. So each #; is an arc properly embedded
in 6 with dn; C §,. We say 1y and 5, alternate along d, if the subarc of §, bounded
by dn; contains exactly one endpoint of 1. We would like to remind the reader that
curves in 6 N7y are transverse to the /—fibers, so the intersection pattern of 6 N7y
cannot be overly complicated.

Case (a) There are two arcs 777 and 1, in 6 N7y that alternate along Jy .
In this case, since both n; and 7, are transverse to the /—fibers, there must be a

triangle A formed by 1y and 1, and 84 (see Figure 12(c) for a picture) such that (1)
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the 3 edges ey, e, and ey of A liein iy, 1, and 8, respectively, and (2) if we deform
Y into a branched surface, A becomes a bigon with both cusps at dey C 6y. Note
that it is possible that int(A) intersects other parts of 7;. We say the triangle A above
is formed by two arcs that alternate along d,. We may assume A is closest to the
endpoint Z of &, among all such triangles. More precisely, let §, be the component of
dq — eq that contains Z, we assume there is no triangle (formed by arcs that alternate
along &y ) with an edge in 4.

Let V; (i =1, 2) be the vertex e; Ney of A, let T; (i =1, 2) be the torus containing 7;,
and let /; (i = 1,2) be the double curve in 7; N T, that contains the vertex V;; see
Figure 12(c). As 11 Nny # @, T1 and T, are not the same torus and /; # [,. Without
loss of generality, we assume V; is closer to Z in §, than V,, ie, V5, lies outside
the subarc 6, of §, bounded by Z U V;. Since n; and 5, alternate along &, and are
transverse to the (induced) I —fibers of 6, as shown in Figure 12(c), one endpoint of 7,
is V, and the other endpoint of 7, , which we denote by V., lies in int(5;). Let §, be
the subarc of §, bounded by dn, = V, U V;. Recall that if we naturally deform the
arcs in 6 N X into a train track, then the subdisk of 8 bounded by 1, U d, is a bigon
with two cusps at ¥, and V, and the cusp directions pointing out of §,. Moreover, by
the argument before Claim 4, V, and VZ/ lie in the same double curve /5 of T, N T5.

Now we consider §, N /; in T, (recall that/; is the double curve of 77 N T, that
contains V7). We fix an orientation for §, pointing from Vz/ to V> and assign a sign to
each intersection point of §, N/ : we call a point G of §, NIy a positive point if the cusp
direction of the arc (in #N T} containing G ) at G agrees with the orientation of §, above,
otherwise we call G a negative point. So by the assumption on A, V] is a negative point
in 6, N/;. By Claim 4, the number of positive points in §, N /; equals the number of
negative points in 6, N/; . Note that if an arc of 7 N6 has both endpoints in §,, then the
signs at the two endpoints are opposite. As V; is a negative point and since 1, and 7,
alternate in &4, there must be a positive point G' in §, N/; such that the other endpoint
of the component ng of 77 N 6 that contains G lies outside J;; see Figure 12(c). By
our construction, G € [{ N6, C T7, so both ng and ny are arcsin 77 NO. As T; is
an embedded surface, we have ng Nn; = &. This plus the assumption on the positive
cusp direction at G implies that (1) G lies in the arc 6, — ey and (2) the other endpoint
dng — G of ng lies in the subarc of §, bounded by Z UV, as shown in Figure 12(c).
Note that these conclusions hold also because these arcs are all transverse to the
(induced) I —fibers of 6. Thus, as shown in Figure 12(c), 7, and n¢g alternate in §, and
there is a triangle formed by 1, and n¢ thatis closer to Z along §, than the triangle A,
a contradiction to our assumption on A at the beginning. So Case (a) cannot happen.

Case (b) No two arcs in 8 N 7T alternate along 8, .
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Recall that we have assumed that # N X has no simple bigon. For any arcs y; and y, of
6 N7y that intersect each other, since y; and y, do not alternate, y; Ny, contains more
than one point. Hence there is a subarc ¢; of y; (i = 1,2) with ¢; Ng, = dq; = dq>.
So g1 U g, bounds a bigon 6, C int(¢). Let 7; be the torus in X that contains g;
and y; (i =1,2).

Let 7: & — 84 be the map collapsing each (induced) I —fiber to a point. Since the
arcs in 8 N X are transverse to the I —fibers, 7w (q1) = 7(q2) and 7 (y;) is the subarc
of 84 bounded by dy; (i = 1,2). We may choose y; to be thinnest in the sense that
there is no component y of # N X with 7w (y) Cint(x(y1)). Note that since there is
no simple bigon and since no arcs of 8 N 7; alternate along &, being thinnest implies
that there must be an arc in 8 N 77 intersecting int(y) and there is a bigon with an
edge in int(y;). After fixing y;, we may assume the bigon 6, above is the shortest
along y; in the sense that there is no bigon with an edge totally lying in int(gq).

Let P and Q be the two vertices of the bigon 6,. We first suppose int(g;) contains
a double point of 6 N X (ie int(g;) N (X —T7) # @). Let P’ be the double point of
int(g;) N (X — Ty) that is closest to P in ¢, that is, the subarc of ¢; bounded by
P U P’ contains no other double point of int(g;) N (X —1T77). Let yl’, be the component
of 6 N X that intersects ¢; at P’, let T’ be the torus in ¥ containing y,, and let /,
be the double curve of Ty N T’ containing P’.

By deforming the tori in X into a branched surface as before, we can deform 6, N %2
into a train track and each double point of int(g;) N (X — 7) becomes a switch of
the train track. We can assign a sign for each double point of int(g{) N (X —T7) as
follows: a double point is positive if the cusp direction at this double point (of the train
track 6; N X) points towards P in gy ; otherwise we say this double point is negative.

By Claim 4, there must be another double point Q" in /;, Nint(qy) such that P’ and Q’
have opposite signs. Let y(; be the component of §# N X that intersects ¢y at Q. Since
P’ and Q' are in the same double curve /,,, both y;, and y, lie in the same torus 7"
Hence either y, =y, or y, Ny, = @. If y, =y, then P’ and Q’ are connected by a
subarc of ylg and this means that there is a bigon formed by subarcs of yI; and ¢ with
an edge of the bigon lying in the subarc of ¢; bounded by P’ U Q’. This contradicts
our assumption that 6, is the shortest bigon along y; . Thus y, # y, and y, Ny, = @.
Moreover, by our construction, (y;) N n(yl/,) # @ and 7w(y;) N n(yq/) # & in §,.
Since no two arcs in 6 N 77 alternate along &, this means that () and 7'[(]/1,)) are
nested in d,. By our assumption above that y; is a thinnest component of 6 N 77, we

have 7(y1) C 7(yp) and w(y1) C 7(y;).

Let ¢{ be the subarc of ¢; bounded by P'U Q'. If y, or y, intersects int(q}), then
there is a bigon formed by y, Uy; or y, Uy; with an edge in ¢}, which contradicts
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our above assumption that the bigon 6, is the shortest along y; . Thus we may assume
int(¢7) Ny, = @ and int(¢}) Ny, = @. This plus the assumption that P’ and Q" have
opposite signs implies that either (1), as shown in Figure 13(b) and Figure 13(c), V1;
and y, have to cross each other, contradicting that y, Ny, = & or (2), as shown in
Figure 13(d), an endpoint of )/1’, lies in 7 (¢} ), contradicting our conclusion above that
w(y1) C 71()/}/,). Note that the reason why there is no other configuration is that each
0 N T is transverse to the (induced) 7 —fibers of 9.

So the argument above means that int(¢;) contains no double point of 6 N X. In
this case, we can apply our arguments for 6 above to 6, (by viewing ¢; as  and
viewing ¢, as 8y ). Eventually, either we get various contradictions as above, or we
can conclude that there is a simple bigon inside 6, which contradicts our assumption
that there is no simple bigon.

Therefore if the intersection of the tori in ¥ U I' is minimal, then there is no triple
point and ¥ U I" is a regular set. O

Although we assume the intersection is minimal at the beginning of the proof of
Lemma 5.9, the isotopies that we performed in the proof (in order to reduce the number
of triple points) are either trivial isotopies removing trivial product regions, or the
isotopies in Figure 12(a),(d). All these isotopies can be made algorithmic. So one can
follow the proof of Lemma 5.9 to algorithmically eliminate the triple points and change
> UT into a regular set of tori.

Next we study S(7), the set of (possibly disconnected) surfaces obtained by cutting
and pasting multiple copies of tori in 7 ; see Section 2 for definition. We will also
consider the set of tori G(7) defined in Notation 5.1.

Lemma 5.10 Let 7 be a finite set of normal tori carried by B. Suppose the sub-
branched surface Bt of B that fully carries the union of the tori in T contains no flare.
Then there is a finite set of normal tori T carried by B such that forany F € S(T), there
is a finite regular subset of normal tori Tg C T such that F € S(Tg). Moreover, the
tori in 7 and all possible regular subsets Tg of 7T can be algorithmically determined.

Proof The key point of the lemma is that 7F is a regular set of tori. If the tori in T
are disjoint or more generally if 7 is a regular set of tori, then 7 =T and there is
nothing to prove. Moreover, since each component of a surface in S(7) is a surface
in G(T), if G(T) is a finite set and if we can algorithmically find all possible tori in
G(T), then by setting T=¢6 (7), the lemma also holds trivially (with the subset Tz
in the lemma being a collection of disjoint tori). For simplicity, we may assume the
union of the tori in 7 is a connected 2—complex.
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Claim The lemma holds for T if we can algorithmically find a good torus (see
Definition 5.3) that nontrivially intersects at least one torus in T .

Proof of the Claim Suppose 7 is a good torus as in the claim and let 77 € T be a
torus that nontrivially intersects 7. By Lemma 5.6 and by the definition of good torus,
after some trivial isotopies removing trivial intersection curves, 7" N 77 consists of
essential and nonmeridional curves in 7" and hence {7, T}} is a regular set of tori. We
can repeatedly apply Lemma 5.9, using T as the special torus in Lemma 5.9, to add
tori from 7 to the regular set. Eventually we can conclude that 7 U T is a regular set
of tori after Br—isotopy. As above, we can set 7 = T UT. Note that the proof of
Lemma 5.9 is algorithmic, so we can algorithmically isotope these tori into a regular
set of tori; see the remark after the proof of Lemma 5.9. a

Now we use the claim to prove Lemma 5.10. We can divide the set T into a collection of
subsets of tori P41, ..., Py such that the tori in each P; are disjoint and 7 = U;’;l Pi.
Clearly if m =1, ie, the tori in 7 are disjoint, then Lemma 5.10 holds trivially. We
use induction on m and suppose Lemma 5.10 is true for any set of tori with smaller
such number m.

Next we consider P; U P,. Since the tori in each P; are disjoint, the intersection of
the tori in P; U P, has no triple point. Since B has no flare, as in Notation 5.1, after
some Bt —isotopy removing trivial double curves if necessary, we may assume each
double curve in the intersection of the tori in Py U P, is essential in both tori. Thus
by Lemma 5.5 either (1) we can algorithmically find a good torus 7" that nontrivially
intersects at least one torus in P; U P,, or (2) G(P; U P,) is finite and we can
algorithmically find a finite list of tori G, containing G(P; UP,). As T = i~ Pi,
in the first possibility, the good torus T nontrivially intersects at least one torus in T
and the lemma follows from the claim above. Suppose we are in possibility (2) above
and G(P; UP,) is finite. Note that each surface in S(P; U P;) consists of copies of
disjoint tori in G(P; U P,). By enumerating all possible subsets of disjoint tori, we
can find a collection of finite subsets of G, D G(P; U P;), denoted by Q;, ..., Oy,
such that (1) the tori in each Q; are disjoint and (2) S(P; U P,) C Uf-‘zl S(9;).
Since the tori in Q; are disjoint and by the induction hypothesis, Lemma 5.10 holds
for each set of tori Q; UP3 U---UP,. Since S(P; UP,) C Uf-‘zl S(Q;), every
element in S(7) (recall that 7 = U?:l P;) is an element in S(Q; UP3U---UPy,)
for some 7. As the lemma holds for each Q; UP3 U---UP,,, the lemma clearly holds
for T=U/=, Pi. O
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6 Engulfing normal tori by a solid torus

Lemma 6.1 Let 7 be a regular set of normal tori carried by B. Suppose the union
of all the tori in T is a connected 2—complex Y. As T is a regular set, we may view
a neighborhood N (X) of ¥ in M as a Seifert fiber space. Let I'y,..., 'y be the
boundary tori of N(X). Then some I'; must be isotopic (in M — X ) to a normal torus
and I'; bounds a solid torus in M that contains ..

Proof First note that the tori I';’s may not be normal surfaces. If one try to nor-
malize I['; in M — X, by [8, Theorem 3.2], the 2—complex X is a barrier for the
normalization process. So either (1) I is isotopic (in M — X)) to a normal torus, or
(2) a compression occurs when normalizing I';. If a compression occurs, then after the
compression, I'; becomes a 2—sphere which either can be normalized (in M —X) to a
normal 2—sphere or becomes a 2—sphere inside a tetrahedron during the normalization.
Since the only normal 2—sphere is vertex-linking, if a compression occurs during the
normalization, then I'; must bound a solid torus in M — X. Since each normal torus
bounds a solid torus in M , in any case, I'; bounds a solid torus in M for each 7.

The argument above implies that either Lemma 6.1 holds or each I'; bounds a solid
torus in M — X, ie, M —int(N (X)) is a collection of solid tori. Suppose the lemma is
false and each I'; bounds a solid torus in M — X. Since T is a regular set of tori, the
intersection of the tori contains no triple point and the double curves of the intersection
are not meridians of the tori in 7. Since 7T is a regular set of normal tori, as in the proof
of Corollary 2.6, a double curve in the intersection does not bound an embedded disk
in M. As M —int(N (X)) is a collection of solid tori, this means that M is a Seifert
fiber space with each double curve of the intersection a regular fiber. This contradicts
our hypothesis at the beginning that M is not a Seifert fiber space. Therefore some I';
must bound a solid torus in M that contains X and the lemma holds. O

Definition 6.2 Let 7 and F be two closed orientable surfaces carried by N(B). Let
« be a simple closed curve in T and we suppose « is transverse to F. Let A C N(B)
be a thin vertical annulus that contains « and let A = AN F. We say « is balanced
with respect to F if A is balanced in A4 as in Definition 4.9.

Lemma 6.3 Let T and F be two closed surfaces carried by N(B). Let a1 and o,
be disjoint simple closed curves in T transverse to F. Suppose o1 U oy bounds an
annulus in T'. If oy is balanced with respect to F, then so is o5 .

Proof Let A be the annulus bounded by «o; U @, in 7. For any essential arc y
properly embedded in A and vertical in A4, a direction along «; induces a normal
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direction for y in A. We say two orientations along oy and o, are compatible along A4
if they induce the same normal direction for y. Otherwise we say the two orientations
for a; and o, are opposite along 4. We choose compatible orientations for oy and a»
along A. Let B be any arc of F N A. Since both F and T are transverse to the
I —fibers of N(B), it is easy to see that if 8 is a trivial arc in A4, ie, dB lies in the same
curve «;, then the two signs at 98 are opposite in ¢; . Similarly, if the two endpoints
of B lie in different components of dA, then the two signs at df are the same. Thus
the sum of the signs for o is equal to the sum for oy and the lemma holds. |

Lemma 6.4 Let T be a normal torus carried by N(B) and let T be the solid torus
bounded by T . Suppose there is a vertical annulus A of N(B) properly embedded
in T with 0A essentialin T . Let o be a component of dA. Then « is balanced with
respect to any closed surface carried by B.

Proof The proof of this lemma is similar to that of Lemma 5.6. Since A is properly
embedded in 7 and with 94 essentialin T', A is d—parallel in T. Let AT be the annu-
lusin T parallel (in T yto A and with A7 = dA. So A7 U A bounds a monogonx S
region. Let o and o be the two components of dA4 and we choose orientations for o and
a’ so that they are compatible along the annuli A7 and A (see the proof of Lemma 6.3).

Let F be any closed surface carried by N(B). For any arc y of F N A, if y is
a d—parallel arc in A, then since y is transverse to the [—fibers and A is vertical
in N(B), the signs at the two points dy are opposite in the corresponding component
of dA. If y is an essential arc in A, since the orientations of « and &’ are compatible
along A and since y is transverse to the /—fibers (see Figure 10(a)), the signs at the
two endpoints dy in « and «’ are also opposite. Let m be the sum of the signs of the
intersection points in « N F. The argument above implies that the sum of the signs
of the intersection points in «’ N F must be —m. However, by considering o and o’
as boundary curves of A7, the proof of Lemma 6.3 says that the sum of the signs of
the intersection points in &’ N F is the same as the sum for « N F which is m. So
m = —m and m = 0. Thus « is balanced with respective to F. |

Lemma 6.5 Let T and F be closed surfaces carried by N(B). Let « C T be a
balanced simple closed curve with respect to F . Then there is a number k depending
on the intersection of « N F and with k < %|oz N F| such that, after some B —isotopy,
F' = F +mT is disjoint from « if m > k.

Proof Let A be a vertical annulus containing «. Then the lemma is an immediate
corollary of Lemma 4.10 (by considering the arcs A = A N F). a
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Let {T1,...,Tn} (n > 2) be aregular set of tori carried by B and let I' = | J!_, T;.
Suppose I' is a connected 2—complex. The intersection curves of the 7;’s cut the 7;’s
and I into a collection of annuli. By Lemma 6.1, the union of a subset of these annuli
form a torus 7T that bounds a solid torus containing I'. The torus 7T is a subcomplex
of I" and can be viewed as the frontier of the 2—complex I'. 7T contains at least one
double curve (of the intersection of the tori) in I".

Lemma 6.6 Let T ={Ty,...,T,} (n>2), T =\J;_, T; and Tt be as above. In
particular, {Ty,...,T,} is a regular set of tori, I is connected, and T is a torus
bounding a solid torus containing I" as in Lemma 6.1. Suppose there is a good torus T
that nontrivially intersects at least one torus in 7 and T U T is a regular set. Let F
be a surface carried by B. Then there is an number K which can be algorithmically
determined, such that for any F' = F + Z?=1 ¢; T; with each ¢; > K, after B —isotopy,
Tr N F' (if not empty) has the same slope in Tt as the double curves in T". In particular,
Tr N F' is either empty or a collection of essential and nonmeridional curves in 1T .

Proof First note that since the 7;’s are all carried by N(B), for any double curve
y C Tp N T4, an annular neighborhood of y in T, is B-isotopic to an annular
neighborhood of y in T, and this implies that if y is balanced in 7), with respect
to F, then y is also balanced in T with respect to F.

Now we consider the good torus 7" in the hypotheses. By Lemma 6.4, there is a
curve « in 7' that is balanced with respect to F' and « corresponds to the cusp of a
monogon x S region formed by T. Moreover, by Lemma 5.6, the slope of « in T
is the same as the slope of the double curves in TN T;. As T UT is a regular set,
by Lemma 6.3, this means that a double curve «’ in T" is balanced with respect to F.
Since the 2—complex I' is connected, the double curves in I are connected by annuli
in the 7;’s. By Lemma 6.3, we can use the curve o’ above to successively show that
every double curve in I" is balanced with respect to F'.

Note that 7T is a subcomplex of I' and it is the union of some annuli along the
double curves of the 7;’s. Since all the double curves are balanced with respect
to F, by Lemma 6.5, after some B-isotopy, we may assume F’' = F + Y i, ¢;T;
is disjoint from those double curves that lie in 7T if the ¢;’s are all large. Moreover,
by Lemma 4.11, if the ¢;’s are large, we may assume the intersection of F’ with
those annuli in 7T (bounded by the double curves) contains no curve trivial in 7.
This means that after B—isotopies, either F' N Tr = & or curves in F' N Tt are
parallel in 7Tt to the double curves. The bound K in the lemma depends on the
intersection patterns of F' with the 7;’s and K can be easily calculated using the
proofs of Lemma 4.10 and Lemma 4.11.
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Since 7T is a regular set, a double curve in I" does not bound an embedded disk in M
(see the proof of Corollary 2.6). By Lemma 6.1, Tt is isotopic to a normal torus. So
F' N Tt and the double curves of T" that lie in 7T are essential and nonmeridional
in 7. O

We finish this section by quoting a theorem of Scharlemann [19, Theorem 3.3]. The
theorem is the main motivation for Lemma 6.6.

Theorem 6.7 [19, Theorem 3.3] Suppose Hi Ug H, is a strongly irreducible Hee-
gaard splitting of a 3—manifold and V C M is a solid torus such that dV intersects S
in parallel essential nonmeridional curves. Then S intersects V in a collection of
d—parallel annuli and possibly one other component, obtained from one or two annuli
by attaching a tube along an arc parallel to a subarc of 0V .

7 Proof of the main theorem

In this section, we suppose our manifold M is non-Haken and we discuss the Haken
case in the next section. Note that by [7], there is an algorithm to determine whether or
not M is Haken. The goal of this section is to algorithmically list all the Heegaard
splittings of any fixed genus g (with possible repetition) in M .

Since Heegaard splittings of lens spaces and small Seifert fiber spaces are classified [3;
2; 15], we may assume M is not a Seifert fiber space. By [8], there is an algorithm to
find a O—efficient triangulation for M .

As in Section 2, we can algorithmically find a finite collection of branched surfaces
such that

(1) every strongly irreducible Heegaard surface is fully carried by a branched surface
in this collection,

(2) no branched surface in this collection carries any normal or almost normal
2—sphere.

For each surface, we are interested in the simplest branched surface carrying it, so we
assume this collection contains all the sub-branched surfaces of every branched surface
in it. Let B be a branched surface in this collection. To simplify notation, we view a
Heegaard surface as an almost Heegaard surface with associated (almost vertical) arcs
being empty; see Definition 2.10.

By Lemma 3.8, for any strongly irreducible Heegaard surface S’ of genus g fully
carried by B, there is a normal or an almost normal surface S carried by B such that
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(1) S is an almost strongly irreducible Heegaard surface and S’ can be derived
from S,

(2) the total length of the almost vertical arcs associated to S’ is bounded from
above by a number K’ which depends only on M, B and the genus g, and
moreover, we can compute an upper bound for K,

(3) there is no nontrivial D? x region for S and B.

Note that we may assume the surface S’ above is K’—minimal; see Definition 2.13.
Next we try to find all possible such almost strongly irreducible Heegaard surfaces S'.

We consider all the normal and almost normal surfaces of genus at most g carried
by a branched surface B in this collection. As explained in Section 1 and Section 2,
after solving for the fundamental set of solutions to the branch equations as in the
normal surface theory, we can express any normal or almost normal surface carried
by B as a linear combination of these fundamental solutions. Since B does not carry
any normal or almost normal 2—-sphere or projective plane (see Lemma 2.3), we may
assume the surface corresponding to each fundamental solution has nonpositive Euler
characteristic. By Corollary 2.7, there is no Klein bottle in the fundamental solutions.
Since the canonical cutting and pasting preserves Euler characteristic and since the
genus is bounded, the coefficient of each nontorus fundamental solution is bounded.
Thus we can find a finite collection of surfaces F; of genus at most g and a finite
collection of normal tori 77,...,7}, carried by B such that, for every normal or
almost normal surface S of genus at most g and carried by B, we can express S as
S=H+ Z?zl ¢;T;, where H € F;. Note that if the fundamental solutions contain an
almost normal torus, since S contains at most one almost normal piece, the coefficient
at the almost normal torus is at most one. Hence we can add the possible almost normal
torus to H and this is the reason that we can assume each torus 7; is normal.

Our goal is to find all possible such surfaces S. Next we show that except for finitely
many possibilities, S = H + Z?:l ¢; T; can be expressed into some nicer form.

First note that we can compute an upper bound for the constant k in Lemma 4.12 for
any H € F| and any subset of {Ty,...,T,}. Let F, be all the surfaces of the form
H+ ZLI ¢; T; with H € F; and each ¢; <k, where k is the constant in Lemma 4.12.
Clearly F; is a finite set. So the sum of H and all the summands ¢; 7; with coefficient
¢i <k is a surface in F;, and the remaining summands have coefficients larger than k.
Let Tg be the collection of tori 7; with coefficient ¢; > k, so Tg is a subset of T .

For any almost strongly irreducible Heegaard surface S = H + ) 7_; ¢; T; as above,
since there is no nontrivial D2 x [ region for S and B, it follows from Lemma 4.12
that, we can express S as S = F' + ZTieTs ¢; T; such that
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() F ek,
(2) Ts isasubsetof {Ty,..., Ty},
(3) «¢; > k for each i, where k is as in Lemma 4.12,

(4) there is no flare in the sub-branched surface that fully carries the union of the
tori in 7.

Let 7 be any subset of {T7,...,T,} and let By be the sub-branched surface of B
that fully carries the union of the tori in 7. By Lemma 4.8 and its proof, By contains
a flare if and only if there are a component 4 of 0, N(Br) and a component & of dA
such that (1) @ bounds an embedded disk D carried by N(Br) and (2) the normal
direction of « induced from the branch direction points out of D (ie D is not a disk
of contact). By solving branch equations, similar to [1], we can check each component
of 0, N(Br) to see whether or not such a disk D exists. So we can algorithmically
determine whether or not B has a flare. Next, we list and only consider all the subsets
of {T1,...,T,} whose corresponding branched surface Br has no flare.

Let 7 and Bt be as above and suppose B7 has no flare. By Lemma 5.10, there is a
finite set of tori 7 such that any surface S = F' + ZT e7 i T; can be expressed as
S =F'+3} 1.y ciT; for some regular subset of tori T cT. By Lemma 5.10, we
can algonthmlcally find the set of tori 7 and all possible regular subsets of tori 7’

in 7.

Let 7' C T bea regular set of tori. We consider all the surfaces that can be expressed
as § = F+ZT e CiTi, where F € F; is as above. Let I'q, ..., I'x be the connected
components of U 1,e7+ Ti and denote by 7; the subset of tori whose union is I';. So

Uz—lT

For each 7;, by Lemma 5.5, we can either (1) find a good torus T that intersects at
least one torus in 7; and such that 7" U 7; is a regular set, or (2) conclude that G(7;)
is finite and list all possible tori in G(7;). If G(7;) is finite, then each surface in S(7;)
is the union of some parallel copies of disjoint tori in G(7;). Thus, in possibility (2)
above, by adding the finite list of all possible tori in G(7;) to T, we may assume that
for any connected component I'; as above, either we have a good torus 7" as in (1)
above, or 7; is a single torus disjoint from all other tori in 7.

Suppose a torus 7" € 77 is disjoint from all other tori in 7’. We consider the surface
F +c¢T where ¢ is a positive integer. By Lemma 4.11, there is a number K, r, which
depends on 7" and FNT,suchthat,if c > K1 p, (F4+c¢T)NT (if not empty) consists
of curves essential in the torus 7. Moreover, similar to the proof of Lemma 4.11, there
is anumber K7 r such thatif ¢ > K7 p,then (F+cT)+mT is the surface obtained
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by an m—fold Dehn twist on F+c¢7T along the torus 7. Note that if (F+c¢T)NT =g,
then F + (¢ +m)T has m components that are parallel copies of 7. Since T is
disjoint from all other tori in 7, this means that .S has m components that are parallel
copies of 7. However, S is an almost strongly irreducible Heegaard surface with
(total) genus at most g, so m < g in this case. Suppose (F +c¢T)NT # &. Since the
normal torus 7" bounds a solid torus, a Dehn twist along T is just an isotopy. Hence
F + (c+m)T is isotopic to F +¢T. As T is disjoint from all other tori in 77, the
argument above means that there is a number K’ , which can be algorithmically
determined, such that F + ZTieT’ ¢; T; is isotopic ,to a surface of the same form but
with the coefficient of 7" at most K /T F

Let F3 be the set of surfaces of the form F + 3" c¢T', where F € F», ¢ < K7 , and
each T in the sum is a torus disjoint from all other tori in 7’ as above. No’te that,
similar to the discussion at the end of the proof of Lemma 2.14, after isotopy and setting
K ,T p to be sufficiently large, we may assume the almost vertical arcs associated to
the almost Heegaard surface S are disjoint from the Dehn twist along 7'. Hence we
may assume the Dehn twist along 7' above does not affect the arcs associated to S. In
particular, the total length of the almost vertical arcs associated to S is not changed
by the Dehn twist. Thus after the Dehn twists above, our almost strongly irreducible
Heegaard surface S above can be expressed as S = F + ZT,- e7 CiT;, where

(1) FeFs,
(2) T’ is aregular set of tori from T,

(3) for any connected component I" of UT,-eT’ T;, we can algorithmically find a
good torus 7" (as in Lemma 5.5) such that 7" nontrivially intersects I' and T UT
is a regular set.

Let S = F+} ey ciT; beas above. Let I' be a connected component of |z, 7+ T
and let T be the set of tori in I'. By Lemma 6.1, there is a torus 7T bounding a solid
torus that contains I'. By Lemma 6.6, if each ¢; > K for some constant K which
depends on F'N 7T, then S N T is a union of essential nonmeridional curves parallel
to the double curves of I". Now we algorithmically find the number K in Lemma 6.6
and let F4 be the set of surfaces F + ZT,-ET’ ¢;T; where F € F5 and each ¢ < K.
This means that the surface S above can be expressed as S = F' + 3 r. v ¢i T,
where T is a subset of 7’ above and ¢; > K for each ¢;.

Note that the subset 7" above is also a regular set of tori. So we can consider the
connected components of UT,- 7~ Ti and repeat the arguments above. Eventually, we
can find a finite set of surfaces F5 such that the almost strongly irreducible Heegaard
surface S above has the form S = F + 1. o7 ¢;T;, where F and T have the
following properties:

Geometry & Topology, Volume 15 (2011)



An algorithm to determine the Heegaard genus of a 3—manifold 1103

(1) F € Fs and 7" is a regular set of tori in T.

(2) For each connected component I' of UT,-eT” T;, let Tt denote the torus as
in Lemma 6.1 that bounds a solid torus containing I', then F N 7T (if not
empty) consists of curves parallel to the double curves of I as in Lemma 6.6, in
particular F N T are essential and nonmeridional in 7T.

Each connected component of UT,- <7 T lies in a solid torus as above. We can find a
collection of disjoint solid tori that contain |z, ¢z~ 7. Let W be the union of these
solid tori. Our surface S = F +ZTI_ <7 ¢i T is an almost strongly irreducible Heegaard
surface. Let X be the almost vertical arcs associated to S and by the argument above,
we already know an upper bound K’ of the total length of the arcs in X;. Each arc
in X is an arc properly embedded in M —S. As S = F + ZT,-GT// ¢; T;, we may
view X; as a set of arcs between F and these ¢; copies of T;’s (T; € T"). As the
total number of components of X is at most g (where g is the genus of the Heegaard
surface), if ¢; > 2g, at least one copy of 7; in the sum above is not incident to X.
Thus after enlarging F5 to include surfaces of the form F + ZT,-eT” n; T; with each
n; < 2g, we may assume, for each summand ¢; 7; in our expression of S above, we
have ¢; > 2g. So we may assume that, after isotopy, each arc in X lies either totally
inside the solid tori W or totally outside W'.

Since F5 is a finite set and UTieT” T; C W, there are only finitely many possible
configurations for S — W . By listing all the surfaces in F5, we can algorithmically list
all possible configurations for S outside the solid tori W . As the total length of the
arcs in X is bounded, using the finite possible configurations of S’ outside W, we can
use Lemma 3.8 to algorithmically list all possible almost vertical arcs outside W . Thus
we can list all possible configurations for the Heegaard surface S’ (derived from S')
outside the solid tori W.

For any connected component I" of |, <7~ Ti, let Wr be the solid torus containing I’
and with Tt = dWr. We may assume Wr is a component of W . By our assumption,
F N Tt consists of essential and nonmeridional curves in 7. So by a theorem of
Scharlemann (ie Theorem 6.7 above), S” N Wr is standard. Since there are only finitely
many possible configuration for a strongly irreducible Heegaard surface S’ outside
the solid tori W, we can use the curves F N Tt to list all possible surface types
in §’N W. Thus, up to isotopy, F + > 7.c7~ ¢iT; can produce only finitely many
different strongly irreducible Heegaard surfaces and we can algorithmically produce a
list of surfaces containing all of them. As Fs and the set 7 are finite, we can use all
possible F € F5 and all possible subsets 7" as above to produce a final list of surfaces
that contain all strongly irreducible Heegaard surfaces of genus at most g.
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Using Haken’s algorithm [6] and the algorithm to recognize a 3—ball [22], we can
determine whether or not each side of a surface is a handlebody. So we can determine
which surfaces in our list are Heegaard surfaces. Although some surfaces in our list
may be isotopic, the list is a complete list of all possible strongly irreducible Heegaard
surfaces of genus at most g. In a non-Haken 3-manifold, every Heegaard splitting is
either strongly irreducible or a stabilization of a strongly irreducible Heegaard splitting.
So after some stabilizations, we obtain a complete list of Heegaard splittings of genus
at most g.

8 The Haken case

In this section, we discuss the case that our manifold M is an atoroidal Haken 3—
manifold. We still assume M is closed, orientable, irreducible and atoroidal. By [8],
since M is atoroidal, we can assume M has a O—efficient triangulation. By the
argument above, we can produce a finite list of Heegaard splittings of genus at most g
such that all the strongly irreducible Heegaard splittings of genus at most g are in this
list. To prove Theorem 1.2 for Haken atoroidal manifolds, we still need to find all
weakly reducible Heegaard splittings of genus at most g.

By [20], any unstabilized weakly reducible Heegaard splitting can be expressed as
an amalgamation along a collection of incompressible surfaces in M using strongly
irreducible Heegaard splittings of the submanifolds of M bounded by these incom-
pressible surfaces. In particular, the sum of the genera of the incompressible surfaces
is at most the genus of the weakly reducible Heegaard splitting.

It follows from [5; 16] that, up to isotopy, an atoroidal 3—manifold has only finitely
many incompressible surfaces of each genus. In fact, in the algorithm above for strongly
irreducible Heegaard surfaces, one can easily check that all the lemmas remains true
if we replace strongly irreducible Heegaard surface by incompressible surface (most
cases we considered do not exist for incompressible surfaces). This means that we
can algorithmically find all incompressible surfaces in M of genus at most g. Note
that the algorithm for incompressible surfaces is much simpler, since we can assume
the branched surface that fully carries an incompressible surface does not have any
monogon; see [5].

We can list all possible incompressible surfaces in M with genus at most g and consider
the strongly irreducible Heegaard splittings of a submanifold N bounded by these
incompressible surfaces. We may assume the incompressible surface d/NV is a normal
surface with respect to the O—efficient triangulation of M . So N has an induced cell
decomposition from the O—efficient triangulation. By [21, Lemmas 4 and 5], we may
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assume a strongly irreducible Heegaard surface of N is normal or almost normal with
respect to this cell decomposition. Since (1) each (induced) 3—cell in N is a block in
a tetrahedron bounded by normal disks, (2) the Heegaard surface of N is disjoint from
dN and (3) the boundary curve of each almost normal piece consists of normal arcs
in the 2—skeleton, it is easy to see that any normal disk or almost normal piece (that
is disjoint from dN ) of each 3—cell in N remains a normal disk or an almost normal
piece of the corresponding tetrahedron of A . Thus any normal or almost normal
surface in int(/V) is also a normal or an almost normal surface in M . In particular,
since N is incompressible in NV, any normal torus in int(N') must bound a solid torus
in N. Thus we can consider branched surfaces in int(N) formed by normal disks
and at most one almost normal piece and apply our algorithm in Section 7 to list all
strongly irreducible Heegaard surfaces of N with genus at most g.

Therefore, we can list all possible disjoint incompressible surfaces of genus sum at
most g and list all possible strongly irreducible Heegaard surfaces (of genus at most g)
in each submanifold bounded by the incompressible surfaces. By amalgamating these
Heegaard surfaces along incompressible surfaces, we obtain a list of Heegaard surfaces
of M which contains all weakly reducible Heegaard surfaces of M with genus at
most g.

References
[11 I Agol, T Li, An algorithm to detect laminar 3—manifolds, Geom. Topol. 7 (2003)
287-309 MR1988287

[2] M Boileau, D J Collins, H Zieschang, Genus 2 Heegaard decompositions of small
Seifert manifolds, Ann. Inst. Fourier (Grenoble) 41 (1991) 1005-1024 MR1150575

[3] F Bonahon, J-P Otal, Scindements de Heegaard des espaces lenticulaires, Ann. Sci.
Ecole Norm. Sup. (4) 16 (1983) 451-466 (1984) MR740078

[4] AJ Casson, CM Gordon, Reducing Heegaard splittings, Topology Appl. 27 (1987)
275-283 MR918537

[51 W Floyd, U QOertel, Incompressible surfaces via branched surfaces, Topology 23
(1984) 117-125 MR721458

[6] W Haken, Theorie der Normalflichen, Acta Math. 105 (1961) 245-375 MRO0141106

[7] W Jaco, U Oertel, An algorithm to decide if a 3—manifold is a Haken manifold,
Topology 23 (1984) 195-209 MR744850

[8] W Jaco, JH Rubinstein, 0—efficient triangulations of 3—manifolds, J. Differential
Geom. 65 (2003) 61-168 MR2057531

[9] K Johannson, Heegaard surfaces in Haken 3—manifolds, Bull. Amer. Math. Soc.
(N.S.) 23 (1990) 91-98 MR1027902

Geometry & Topology, Volume 15 (2011)


http://dx.doi.org/10.2140/gt.2003.7.287
http://www.ams.org/mathscinet-getitem?mr=1988287
http://www.numdam.org/item?id=AIF_1991__41_4_1005_0
http://www.numdam.org/item?id=AIF_1991__41_4_1005_0
http://www.ams.org/mathscinet-getitem?mr=1150575
http://www.numdam.org/item?id=ASENS_1983_4_16_3_451_0
http://www.ams.org/mathscinet-getitem?mr=740078
http://dx.doi.org/10.1016/0166-8641(87)90092-7
http://www.ams.org/mathscinet-getitem?mr=918537
http://dx.doi.org/10.1016/0040-9383(84)90031-4
http://www.ams.org/mathscinet-getitem?mr=721458
http://dx.doi.org/10.1007/BF02559591
http://www.ams.org/mathscinet-getitem?mr=0141106
http://dx.doi.org/10.1016/0040-9383(84)90039-9
http://www.ams.org/mathscinet-getitem?mr=744850
http://projecteuclid.org/getRecord?id=euclid.jdg/1090503053
http://www.ams.org/mathscinet-getitem?mr=2057531
http://dx.doi.org/10.1090/S0273-0979-1990-15910-5
http://www.ams.org/mathscinet-getitem?mr=1027902

1106

(10]

(11]

[12]

(13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

Tao Li

K Johannson, Topology and combinatorics of 3—manifolds, Lecture Notes in Math.
1599, Springer, Berlin (1995) MR1439249

H Kneser, Geschlossene Flachen in Dreidimensionalen Mannigfaltigkeiten, Jahres. der
Deut. Math. Verein. 38 (1929) 248-260

T Li, Laminar branched surfaces in 3—manifolds, Geom. Topol. 6 (2002) 153—-194
MR1914567

T Li, Heegaard surfaces and measured laminations. II: Non-Haken 3 _-manifolds, J.

Amer. Math. Soc. 19 (2006) 625-657 MR2220101

T Li, Heegaard surfaces and measured laminations. I: The Waldhausen conjecture,
Invent. Math. 167 (2007) 135-177 MR2264807

Y Moriah, Heegaard splittings of Seifert fibered spaces, Invent. Math. 91 (1988)
465-481 MR928492

U Oertel, Incompressible branched surfaces, Invent. Math. 76 (1984) 385-410
MR746535

U Oertel, Measured laminations in 3—manifolds, Trans. Amer. Math. Soc. 305 (1988)
531-573 MR924769

J H Rubinstein, Polyhedral minimal surfaces, Heegaard splittings and decision prob-
lems for 3—dimensional manifolds, from: “Geometric topology (Athens, GA, 1993)”,
(W H Kazez, editor), AMS/IP Stud. Adv. Math. 2, Amer. Math. Soc., Providence, RI
(1997) 1-20 MR1470718

M Scharlemann, Local detection of strongly irreducible Heegaard splittings, Topology
Appl. 90 (1998) 135-147 MR1648310

M Scharlemann, A Thompson, Thin position for 3-manifolds, from: “Geometric
topology (Haifa, 1992)”, (CM Gordon, Y Moriah, B Wajnryb, editors), Contemp. Math.
164, Amer. Math. Soc. (1994) 231-238 MR1282766

M Stocking, Almost normal surfaces in 3—manifolds, Trans. Amer. Math. Soc. 352
(2000) 171-207 MR1491877

A Thompson, Thin position and the recognition problem for S*, Math. Res. Lett. 1
(1994) 613-630 MR1295555

F Waldhausen, On irreducible 3—manifolds which are sufficiently large, Ann. of Math.
(2) 87 (1968) 56-88 MR0224099

Department of Mathematics, Boston College
Chestnut Hill MA 02467, USA

taoli@bc.edu
http://www2.bc.edu/~taoli/

Proposed: Cameron Gordon Received: 15 June 2010
Seconded: Benson Farb, Martin Bridson Revised: 16 May 2011

Geometry & Topology, Volume 15 (2011)


http://www.ams.org/mathscinet-getitem?mr=1439249
http://www.digizeitschriften.de/dms/img/?PPN=GDZPPN00212887X
http://dx.doi.org/10.2140/gt.2002.6.153
http://www.ams.org/mathscinet-getitem?mr=1914567
http://dx.doi.org/10.1090/S0894-0347-06-00520-0
http://www.ams.org/mathscinet-getitem?mr=2220101
http://dx.doi.org/10.1007/s00222-006-0009-y
http://www.ams.org/mathscinet-getitem?mr=2264807
http://dx.doi.org/10.1007/BF01388781
http://www.ams.org/mathscinet-getitem?mr=928492
http://dx.doi.org/10.1007/BF01388466
http://www.ams.org/mathscinet-getitem?mr=746535
http://dx.doi.org/10.2307/2000878
http://www.ams.org/mathscinet-getitem?mr=924769
http://www.ams.org/mathscinet-getitem?mr=1470718
http://dx.doi.org/10.1016/S0166-8641(97)00184-3
http://www.ams.org/mathscinet-getitem?mr=1648310
http://www.ams.org/mathscinet-getitem?mr=1282766
http://dx.doi.org/10.1090/S0002-9947-99-02296-5
http://www.ams.org/mathscinet-getitem?mr=1491877
http://www.mathjournals.org/mrl/1994-001-005/1994-001-005-009.pdf
http://www.ams.org/mathscinet-getitem?mr=1295555
http://www.jstor.org/stable/1970594
http://www.ams.org/mathscinet-getitem?mr=0224099
mailto:taoli@bc.edu
http://www2.bc.edu/~taoli/

	1. Introduction
	2. Branched surfaces and normal surfaces
	3. Disk cross interval regions for a surface carried by a branched surface
	4. Sum of surfaces carried by a branched surface
	5. Intersection of normal tori
	6. Engulfing normal tori by a solid torus
	7. Proof of the main theorem
	8. The Haken case
	References

