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Coarse differentiation and quasi-isometries
of a class of solvable Lie groups I

IRINE PENG

This is the first of two papers that aim to understand quasi-isometries of a class of
unimodular split solvable Lie groups. In the present paper, we show that locally (in a
coarse sense), a quasi-isometry between two groups in this class is close to a map
that respects their group structures. In the sequel to this paper [11], we will use this
result to show quasi-isometric rigidity.

51F99; 22E40

1 Introduction

A (k, C) quasi-isometry f between metric spaces X and Y isamap f: X — Y
satisfying

d(p.g)~C S (p). f@) =xd(p.g) +C

with the additional property that there is a number C such that Y is the C neighborhood
of f(X). Two quasi-isometries f, g are considered to be equivalent if there is a number
E > 0 such that d(f(p),g(p)) < E forall p e X. A class of groups G is quasi-
isometrically rigid if any groups quasi-isometric to an element of G is in G. While it
is well-known that finitely generated solvable groups are not quasi-isometrically rigid
(see Dyubina [5]), it is often conjectured that the subclass of polycyclic groups form
a quasi-isometrically rigid class (see Eskin, Fisher and Whyte [6, Conjecture 1.2]).
The first result that support the conjecture was proved by Eskin, Fisher and Whyte on
the quasi-isometries of the three dimensional solvable group SOLV. In this two-part
paper, we generalize the SOLV results to a class of higher rank solvable Lie groups by
generalizing the techniques introduced by Eskin, Fisher and Whyte in [6; 7; 8].

1.1 Nondegenerate, split abelian-by-abelian solvable groups

By a result of Auslander, a connected and simply connected solvable Lie group is any
Lie group L satisfying the sequence

(D l-U—->L—->R =1,
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1884 Irine Peng

where U, called the nilradical of L, is its unique maximal normal connected nilpotent
subgroup; see Auslander [1].

In a group G, an element x € G is called exponentially distorted if there are numbers
¢, € such that forall n € Z,

1
Clog(nl + 1) —e = [x"llg = clog(n| +1) +e.

where ||x"||¢ is the distance between the identity and x” in G. Guivarc’h [9] (redis-
covered later by Osin [10]) showed that in a connected, simply connected solvable Lie
group L, the set of exponentially distorted elements form a normal subgroup, called
the exponential radical, inside of the nilradical. We call a solvable Lie group G split if
the sequence (1) splits and its exponential radical coincides with its nilradical; abelian-
by-abelian if in addition, its nilradical is abelian. We can therefore represent a split
abelian-by-abelian solvable Lie group G as a semidirect product Hxy, A where both H
and A are abelian. The dimension of A is called the rank of G. We say such a group is
nondegenerate if every (nontrivial) element of ¢(A) has at least one eigenvalue whose
absolute value is not one. So for example, SOLV is a rank 1 unimodular, nondegenerate,
split abelian-by-abelian solvable group.

1.2 Statement of results

Associated to nondegenerate, split abelian-by-abelian G = Hx, A, where ¢: A —
Aut(H), is a finite set A of real-valued linear functionals on A, called roots that arise
from the simultaneous triangulation of linear maps {¢(a)}qea , and a decomposition
of H into direct sums of subspaces {Vy}qen . (See Section 2.1).

Given a homomorphism ¢: A — GL(n,R), the absolute Jordan form of ¢, is a
homomorphism |¢|: A — GL(n, R) where |¢|(¢), ¢ € A, is the matrix whose entries
are absolute values of that of ¢(¢) (see Definition 2.1.1).

Corollary [11, Corollary 5.3.7] If two nondegenerate, unimodular, split abelian-by-
abelian solvable Lie groups G = Hx, A, G' = H' %y A’ are quasi-isometric, then
there is an isomorphism f: A — A’ such that ¢ and ¢’ o f have the same absolute
Jordan form.

We now introduce an equivalence relation on the set of roots: two roots are equivalent
if they are positive multiples of each other. Let [E] denote the equivalence class
containing the root & . In this way we have a coarser decomposition

H= @[a] V[Ol]
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Coarse differentiation and quasi-isometries of a class of solvable Lie groups I 1885

where Vi) = @Ee[a] Ve . We call a left translate of Vi, a [a] horocycle; and by [«]
horocycle foliations in G (resp. in H) we mean the set of [«] horocycles in G (resp.
in H). Similarly, for each root class [E], we call a left translate of the kernel of E, a
[E] kernel leaf; and by [E] kernel foliations in G (resp. in A) we mean the set of all
[E] kernel leaves in G (resp. in A).

A map ¢: G — G’ is standard if it is a product map f x g, where f: A — A’,
g: H— H’ satisfying the following: For some bijection o between root classes of G
and root classes of G’,

e f sends hyperplanes parallel to kernels of [E] to hyperplanes parallel to kernels
of o[E];

* g sends foliations by [E] horocycles to foliations by [0 (E)] horocycles, for
each root class [E].

Theorem [11, Theorem 5.3.6] (abridged) Let G =Hx, A, G’ =H' x, A’ be non-
degenerate, unimodular, split abelian-by-abelian solvable Lie groups, and ¢: G —> G’
a (k, C) quasi-isometry. Then ¢ is bounded distance from a composition of a left
translation and a standard map.

Corollary [11, Corollary 1.0.2]

QI(G) = (]‘[ Bilip(V[a])) x Sym(G).
[a]

Here Sym(G) is a finite group, analogous to the Weyl group in reductive Lie groups.
It reflects the symmetries of G. (See Section 2.1).

We can also distinguish such groups base on the diagonalizability of ¢ in the following.

Corollary [11, Corollary 5.3.7] Let G =Hx,A, G’ =H X, A’ be nondegenerate,
unimodular, split abelian-by-abelian solvable Lie groups. If ¢ is diagonalizable and ¢’
is not, then there is no quasi-isometry between them.

Using the work of Dymarz [3] on quasi-similar maps on the boundary of G when ¢
is diagonalizable, its generalization by Dymarz and the author [4], and a theorem of
Mostow, we obtain the following.

Corollary [11, Corollary 5.3.9, Corollary 5.3.11] If I' is a finitely generated group
quasi-isometric to a unimodular, nondegenerate split abelian-by-abelian G = H x4 A,
then T" is virtually a lattice in a semidirect product of H with A, so in particular is
virtually polycyclic.
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1.2.1 Remark Note that the semidirect product between H with A in the corollary
above does not have to be isomorphic to G, nor does the lattice I" have to commensurate
with a subgroup in G. Examples showing that this is the best one can do can be
constructed by following the idea of Bridson and Gersten [2, Theorem 5.8].

1.3 Main result in the present paper

A compact convex set 2 C R” determines a bounded set B(2) in G (see Section 2.2).
We write p2 for the compact convex set obtained by scaling €2 by a factor of p from
the barycenter of 2. All the arguments in this paper are local in nature. We state the
main result below.

1.3.1 Definition A map ¢: G — G’ is called “standard” if for some bijection o,
between root classes of G and that of G, ¢ = ' x g where /- A —>A’, g: H—>H
such that for each root class [E], f sends [E] kernel foliations to o([E]) kernel
foliations, and g sends [E] horocycle foliations to o ([E]) horocycle foliations.

1.3.2 Remark Note that when G has at least rank(G) 4+ 1 many root kernels, the
condition on f in Definition 1.3.1 means that f is affine; when G is rank 1, the
condition on f is empty.

1.3.3 Theorem Let G, G’ be nondegenerate, unimodular, split abelian-by-abelian
Lie groups, and ¢: G — G’ be a (k, C) quasi-isometry. Given 0 < 0,5 < 1, there are
numbers Ly, 0 < p < 1 with the following properties.

If @ C A is a product of intervals of equal size at least L, then a tiling of B(€2) by
isometric copies of B(p2)

B(Q)=| |Blw)ur
i€l
contains a subset Jo C J of relative measure at least 1 — 0, such that for all j € J, there

is a subset Po(w;j) C P(wj) with relative measure at least 1 — 6 such that ¢|p(w;) s
within O(6 diam(w;)) of a standard map g; x f;.

Acknowledgements I would like to thank Alex Eskin for his patience and guidance.
I also owe much to David Fisher for his help and support.

2 Preliminaries
In this section, we first describe the geometry of a class of unimodular solvable Lie

group mentioned in the Introduction, followed by a list of notation that will be used in
the remainder of this paper.
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2.1 Geometry of nondegenerate, split abelian-by-abelian groups

Let G = A x, H be a nondegenerate, split abelian-by-abelian solvable Lie group.
Its Lie algebra also admits a semidirect product structure as g = a Xg h, where
@: a — End(h). Fix a basis B of h such that for every t € a, ¢(t) is in real Jordan
form, and so @(t) = 6¢ + v¢ + 1y where §; is diagonal, v¢ is superdiagonal and 7 is
skew-symmetric. The entries of §; are real-valued linear functionals of a, and are
called roots. For each root «, let V,, C b be the subspace on which &; is «(t) times
the identity matrix. Requiring the nilradical to coincide with the exponential radical is
the same as demanding that the constant function zero is not a root. By identifying a
with A, and similarly h with H via the exponential maps, we have

o(t) = ePitvien,

Since 7 is skew-symmetric, it follows that e™ is in the compact group O(dim(H), R).
The nondegenerate condition is equivalent to saying that the roots span Hom(a, R).
This also shows that G is unimodular if and only if ¢(t) has determinant 1 (or that the
sum of all the roots is the constant function zero.)

2.1.1 Definition By the absolute Jordan form of ¢, we mean the map |¢|: A —
GL(dim(H), R) given by
ICE

We label the elements of B as {ef }yea,1<i<n, » Where {ef}; is a basis of V. In this
way the restriction of |¢|(t) to V, when expressed in terms of basis B N V,, is the
product between the scalar ¢®® and the matrix

1w u?/20 o u" 1/ (n—1)! u"/n!

1w - u" 2/ n=2)! " (n—1)!

N(t) = 1 u”_3/(:n—3)! u”_z/(‘n—2)!
1 u
1

where u = «(t)/|«¢|, and |«| is the standard Euclidean norm of «.

Fix a basis {E£;}; in A (for example, the duals of a subset of roots), and for each t€ A,
write t; forits E; coordinate. We coordinatize a point

( > xa)(t) = ( > nzaxi,ae?)(t) €Hxy A,

aEA aeAi=1

Geometry € Topology, Volume 15 (2011)



1888 Irine Peng

by the dim(G)—-tuple of numbers ((X;«)ia, (tj)) € R4m™(G) 1p this coordinate system,
a left invariant Riemannian metric at ((Xq)a, (tj);) is

2
Y7+ Y 2“<‘>Z(dx,a+ e t))dxm) ,

aEA i=1 1=i+1

where P“ is a polynomial with no constant term. We see that the above Riemannian
metric is b111psch1tz to the left invariant Finsler metric

jdt]+ > e O3 (14 Qg (la(-t))) ldxial.

aeA i=1

where |dt| means }_; |dt;|, and Qjq is a polynomial with no constant term. In
particular when the split abelian-by-abelian solvable group has just one root @ > 0, the
Finsler metric given above becomes the following, where P; is a polynomial with no
constant term:

) |dt] + ey (1 + Pi(ar))|dxil.
i
Rank one abelian-by-abelian solvable groups with nonzero roots will feature quite

prominently in this paper, so we now make it a definition.

2.1.2 Definition We label a group of the form R® x,, R, where ¥ gives rise to a
single nonzero root, by Hgy 1.

2.1.3 Remark The space Hyy; defined above is just a slight generalization of the
usual hyperbolic plane. In particular, when v is diagonal, H, ; is the s+ 1 dimensional
hyperbolic space (after some change of variables).

2.1.4 Lemma If G is a nondegenerate, split abelian-by-abelian, then it can be quasi-
isometrically embedded into [ [, c o Haim(V,)+1-

Proof Consider the map G — [ [, e Haim(v,)+1 sending ((Xg)a,t) to (Xg, a(t))q.
The claim now follows from the inequality below.

1 3 (1 0 30+ Qratia-0D) il

a€A i=1

<ldt|+ ) e O (14 Qialla(=0))|dxiql

aeA i=1

< 3 (Het1+¢0 30+ Qralet-0D)vial ).

aeA i=1
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Recommendation to the reader The reader can assume ¢ is diagonal on first reading,
because the geometry of a general H 1 is qualitatively the same as that of a hyperbolic
space, as we will see in the next paragraph.

To understand the geometry of Hy4 better, we can assume without loss of gener-
ality that the root a is the constant function 1, so the Finsler metric in (2) becomes
dt + e Q(t)dx for some polynomial Q(r). Since exponential grows faster than
polynomials, for any large positive number x, there is a ¢y such that e 7 Q(f)x < 1
for all # > 9. So a function quasi-isometric to the distance function on Hy; is the
following:

ltn =12 +1 if ™" Q(ti)|x1 —x2| =1
(3)  d((x1,11), (X2, 12)) = fori =1,2,
|T —t;]+|T —t2]+ 1 otherwise,
where T = U(]x; —X3|) is the smallest value of ¢ such that
e"O@)Ix) — x| < 1.
Furthermore, the following relation
@) _ el

1
— < <
el el et

for ¢ sufficiently large

and the fact that both ™" and Q(¢)e™" are decreasing functions when ¢ becomes
big enough means that we have the following inequalities for the inverses of ¢’ and

e'/0():
@) In(x) —Cg =Ug(x) <2In(x) +Cq for x > 1
for some constant C depending only on the polynomial Q.

A left translate of A, or a subset of it, is called a flat. For two points p,q € H with
coordinates (Xg)aea and (Yo )aea , wWe call the subsets of pA and gA that are within
distance O(1) of each other, the coarse intersection between pA and gA.

According to the embedded metric in Lemma 2.1.4, the coarse intersection of pA and
gA is the p and g translates of the following subset of A:

N o U (|Xa — Yal). 00l.
aeA:n(|xg—ya)>1

As the roots sum up to zero in a nondegenerate, unimodular, split abelian-by-abelian
group, the coarse intersection of two flats can be empty. If it is not empty, then the
equation above says that it is a convex subset of A bounded by hyperplanes parallel to
root kernels. Often we will say that pA and gA come together along this subset of A.
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2.2 Notation

2.2.1 General remarks about paths, neighborhoods

Division of a curve By scale we mean a number 0 < p < 1. We will often examine a
quasi-geodesic on different scales, and see if the quasi-geodesic on that scale satisfies
certain properties. This roughly means that we subdivide the quasi-geodesic into
subsegments whose lengths are p proportion of the length of the original one, and see
if each one of them has the desired properties.

In practice, instead of dealing with length, we use distance between end points of a
curve. Let ¢: [a,b] — Y be a mapping (not necessarily continuous).

e Choose r > 0, we can divide the image of { into subcurves whose end points
are r apart. Thatis, S({,r) = {q,-}l'.';1 , is the set of dividing points on ¢, where
q0 =8(a), qn, = §(b), and

¢ (gi+1) = min{r = ¢ (gi) | d(C(0), gi) =1}

We define the r length of ¢ to be

1Kl = 3" d(gingit1):

* Given two points p,q € ¢, we write {[, 4] for the part of { between p and q.
Define S(&, ) = {{{4;,4;411}> to be the set of subcurves after division by S ¢, r).

o Let P be a statement. Define S(¢,r,P) = {¢' € S(¢,r)|¢ satisfies P} to be
those subcurves satisfying the statement P.

2.2.2 Definition We say a mapping ¢: [a,b] — Y (not necessarily continuous) is a
(k, C) coarsely rectifiable curve if for all ry,r, > C,

1€y _
I

We will often use ||¢|| to denote ||||c and call it the coarse length of ¢ if it is clear
from the context what the implied C is.

2.2.3 Remark A quasi-geodesic is an example of a coarsely rectifiable curve.
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Neighborhoods We write B(p,r) for the ball centered at p of radius r, and N.(A)
for the ¢ neighborhood of the set A. We also write dg (A4, B) for the Hausdorff
distance between two sets A and B. If Q C R¥ is a bounded compact set, and r € R,
we write 2 for the bounded compact set that is scaled from €2 with respect to the
barycenter of 2. Given a set X, a point x¢ € X, the (n, C) linear neighborhood of X
with respect to xo consists of points y such that there is a X € X with d(y,X) =
d(y, X) <nd(x,x¢) + C}. If a quasi-geodesic A is within the (1, C) linear (or just
n-linear) neighborhood of a geodesic segment y, where n < 1 and C < n|A|, then
we say that A admits a geodesic approximation by y .

2.2.4 Notation used in split abelian-by-abelian groups

Subspaces of G Let G = H x A stands for a nondegenerate, split abelian-by-abelian
group. Recall that A is the set of roots. Fix a point p € G. We define the following:

e For « € A aroot, we write Uy € a with norm 1 with respect to the usual Euclidean
metric such that with respect to the usual Euclidean inner product (-, ), the
functional (Uy,-) is a positive multiple of «. Note that vy is well-defined as a
function of root class [«].

» Given U €A, the subgroup G; = HxR < G = Ax,H givenby tH: ™! = ¢(t9)H,
has a natural flow which allows for a H left-invariant splitting on the tangent
bundle of H

TeH=E;@Eg@E5
be defined as follows.
Wit = @z@)-0 Ve = Exp(EY)
Wi =@z@)<o0 Ve = Exp(E3)
W5’ =Dz )=0 Ve = Exp(£})
If W;,O is not trivial, then we say the vector v is singular. We call left trans-

lates of W;,"', W;)O and Wy, respectively, the expanding/unstable, neutral, and
contracting/stable leaves of Gy .

e Let m4: G =HxA — A be the projection onto the A factor as (x,t) — t.

¢ A context in which the space Hg4 in Definition 2.1.2 arises naturally in our
group G is the following. For each root «, let U, be its dual. We label the
semidirect product between (vy) and Vy, the generalized eigenspace corre-
sponding to «, as H . There is a natural projection map ny: G — Hy as
(X1.X2, ..., X| APt (X4, 2(t)Ug).
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Boxes and associated objects For « € A, let b(r) C V,, be a product of intervals of
size 2r centered at the origin, ie [—r, r]%M®)  Let Q C A be a convex compact set
with nonempty interior. We call a subset 2 C A rounded if for every root o

‘Projkera (Q)‘ < |A|
|2 ~ diam(Q2)

For example, a metric ball in A is rounded. For a rounded compact convex set 2 C A
centered at the origin, we define B(2), the box associated to €2, as the union of left
translates of 2 over all elements of (]_[}AJI b(emx(@ (Q)))). In other words,

|A]

B(Q) = ( []p(em=@ (m)))sz.

j=1

2.2.5 Remark A box B(2) as defined above is just a union of left translates of 2 C A
by a subset of H whose size happens to be determined by 2. The size of this subset
was chosen so that a large proportion of points in the box B(€2) lie on a quadrilateral
(see Definition 4.1.5). In the definition above we have defined this subset of H as a
product of intervals, but this is just a choice of convenience.

Associate to the box B(€2), we use the following notation.

e L(£2) is the set of geodesics in B(£2) whose w4 images begin and end at points
of dQ2 such that the ratio between its length and the diameter of 2 lies in the
interval [1/m, 1]. We fix the value of m once 2 is chosen, and will often omit
the m in the expression.

e Fori=2,3,...,n,write £;(2) for the set of i dimensional hyperplanes (see
bullet point under “Subspaces in G”) in B(£2) such that the ratio between its
diameter and the diameter of Q2 lies in the interval [1/m;, 1].

e P(Q) (or P(B(L2))) is the set of points in B(£2).

o Let S beanelement of | J7_, £;(Q2) |J L(2) | P(Q). We write L(S), L;(S)
for the subset of £(€2), £;(£2) contained or containing S, and P(S) for the
subset of P(2) contained in S'.

2.2.6 Remark Typically we will work with a representative of a quasi-isometry class
defined for particular choices of nets. Since any two nets in a space are bounded
distance apart, all the coarse arguments remains valid for that entire equivalence. Let
p: G — X assigns x € G, a closest net point. In this way we tend to think of a set
K C G as a subset of the net X via the identification of K and p(K). In particular,
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all the objects in a box defined by bullets points above are finite sets to us, and we
equip a box with a counting measure. By abuse of notation, we denote this counting
measure by the absolute value sign |- |.

2.2.7 Lemma Let G = Hx A be a nondegenerate, unimodular, split abelian-by-
abelian Lie group. Let 2 C A be a rounded compact convex set with nonempty interior.
Then, B(rQ2), r — oo is a Folner sequence. The volume ratio between N¢(d(B(r2)))
and B(rQ) is O(e/ diam(B(r2)).

Proof For each root «j, write oj(2) = [bj, a;]. Since the sum of roots is zero, the
volume element is A;jdx; A dt. Therefore vol B(rQ2)) = ([]; €% )r"|2|. On the
other hand, the area of the boundary is

‘B(H[O’ e”’f](rQ))’ = 'B(H[O,emf ]) (rQ)' + ‘(H[o, er“f])a(rQ)‘ .

J J J
(1) )

Since box B(£2) is the product of a set in H with € in A, the boundary of B consist
of the boundary of the set in H with €2, whose area is the term labeled (1), and the
product of the set in H with the boundary of €2, whose area is the term labeled (2).

We estimate the size of each term.

Q2): ‘(]‘[[o,e’”f])a(m)‘ = (]_[ emf)r"_l 1082],
J J

(1): ’a(]‘[[o,emf])(rsz)‘
J

= 22/ / v e W gx, o7 Ogx; .. dt
P terQ Jxjeb(e"),...,x;€be !

i#j
=2 el / e% (t)dt)
S [,
< Z( [ e e —er) Projker(a,.)mzn)

Jooi#E]

Geometry € Topology, Volume 15 (2011)



1894 Irine Peng

- 2(1_[ erai)rn_l (Z | Projker(aj)(Q)Kl — €_(raf _rbj)))
i j

<24 (H e’“")r"‘1 max | Projjer(a;) ().
i

where we used unimodularity in the second equality. Since €2 is rounded,

o100, ™10 )| _ (1) N )
IB(rQ)| C([ers)rmel - (I1; e ) Q|
l@ +2|A 1 max; |Pr0jker(aj)(g2)|
“r | r |2

= (r dlam(Q)) = O (1/diam(B(r2))) . a

3 Quasi-geodesics
The purpose of this section is to prove the following.

Theorem 3.5.1 Let G, G’ be nondegenerate, unimodular, split abelian-by-abelian
Lie groups, and ¢: G — G’ be a (k, C) quasi-isometry. Given 0 < 6,8 < 1, there are
numbers Lo, 0 < p < 1 with the following properties.

If Q C A is a product of intervals of equal size at least L, then a tiling of B(2) by
isometric copies of B(o2)

B(Q)=| |Bwj)ur
Jj€l
contains a subset Jo C J with a relative measure at least 1 — 6 such that for all j € J,
(i) there is a subset Lo(wj) C L(w;) with relative measure least 1 — 6, such that
their images under ¢ are within § linear neighborhood of geodesic segments;

(ii) there is a subset Po(w;) C P(w;) with relative measure at least 1 — 6, such
that for every p € Po(wj), at least 1 — 6 proportion of geodesics passing within
O(6 diam(wj)) of x, belong to Lo(wj).

In the next few sections we will collect the necessary lemmas and prove the above
theorem in Section 3.5.
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3.1 Quasi-geodesics in nondegenerate, split abelian-by-abelian groups

In this section, G denotes a nondegenerate, split abelian-by-abelian group. By Lemma
2.1.4, we can use the embedded metric on G. We will use the metric property of these
Hj_ 1 spaces to obtain the following proposition, which says that if a quasi-geodesic
in G is long, then its projection in A (its image under 74 ) has to be long as well.

3.1.1 Proposition Let : [0, L] — G be a (x, C) quasi-geodesic segment. Suppose
{m4(¢(t))} lies in a ball of diameter s. Then for any p,q € ¢, d(p,q) < hs, where h
is a constant that depends only the values of k, C and the number of roots.

3.1.2 Corollary (Assumptions as in Proposition 3.1.1) If there are two points p, q
on ¢ such that d(p,q) > hs, then there is a point r € [(~'(p), "1 (q)] such that

d(mq(p), mq(C(r))) > 5.

To prove Proposition 3.1.1, we need the following two lemmas whose verifications can
be found in the Appendix. In H, 41 = R" xR, we write & for the projection onto the
R factor.

3.1.3 Lemma Let n: [a,b] — H, 4+ be a continuous path such that
e the image of h o 1 is contained in an interval of length no bigger than s, where
s > k(Cy)*(> 2) and C,y is a constant depending only H,/ | (as in (4));
e wheneveri| <iy <---<i, €|a,b],
d(n(i:).n(i;
> (n(p) nfl]+1)) 2
d(n(ir). n(in))

Then, for any p,q € n((a, b)), d(p,q) < 6(2K)s, where C depends only on Cyy.
Proof See the Appendix. |

3.14 Lemma Leta,b>0, A, B> 0. Suppose

a+b
A+B
with ¢ +cg=1.If cq > cg, then A > B.

a+ b
Co— +cg—,
@y T PR

Proof See the Appendix. |
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Proof of Proposition 3.1.1 We proceed by induction on the number of roots. The base
step where there is just one root is Lemma 3.1.3. Since ¢ is a (k, ¢) quasi-geodesic,
forany ig <iy <ip <i3 <---<i, €0, L], we must have

2. A7), Lj41)) -
d((io). S(in))

We recall from Lemma 2.1.4 that d(-,-) = leill d¥ (7g; (+), e, (+)), and pro-

ceed to simplify Equation (5) by writing d% (74, (¢(ij)), 7, {(ij+1)) as di', and
d¥ (mg; ($(i0)), o, (§(in))) as d¥ . Now (5) becomes

&)

o o A
Y +d? A+ d )<2K
d® 4 do2 ... 4 JHal -

Suppose for some weight, say «;, we have

YA Y d)

(6) den 4+ (dozz +do 4.+ dﬂllm)

oAl
jd]‘."l Zj(djf"2+d}"3+---+dj )

= Cy e B (d“z +da3_|_..._|_d0‘|m)

where ¢y +cg =1, and ¢y > cg. Therefore ¢ > 1/2. Since Equation (6) is bounded
above by 2x, we now have an upper bound for the first term:

1 d¥
1547
2 dou

That is, {mg,({(ij))} C Hgy, are points whose heights lie in an interval of width no
bigger than s (since m4({(ij)) lies in a ball of diameter s), so

%) d% (G 0) e () _
4% (ray (i), 7, Cin))

By Lemma 3.1.3,
d* (7, (£ (i0)). 7y (¢ (in))) < C (4K)s.

Since ¢y > cg, Lemma 3.1.4 says d*! > Z‘]Sz d®! , which makes

|A]|
d(L(io). t(in)) = d* + ) d™ <2C(4x)s = 2C(2k)s.
=2
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If the first possibility (6) doesn’t occur, then for every weight «;/, we must have
o o oAl
2 +di? - di )
d%r 4+ do2 4 ... 4 d@al
@ ap az or—1 ®ir+1 aa|

Lidym o n e d A AT d T

Je Bir i d®
with co;/, g, =20, ¢, + g, =1, but co;, < cp.,. We fix such an i’. Then cg, = 1/2.
Since (7) is bounded above by 2k, we obtain an upper bound for the second term:

o o 77 /41 oA
Zj(dj —|—dj ~--dj —i—dj --~dj )<4K'
i d

(N

= Cai/

By the inductive hypothesis,

Y d* (i, (£ (i0)). 7oy (L (in))) = Y d* < 222D C4i)s.
1#i7 1#i

Finally, since ¢q;, < cg,,, Lemma 3.1.4 says d%i’ < Zl#, d* which means

d(L(io).L(in)) = d® + Y 1 #i'd® <222UA7DCak)s = 22041V C2)s. O

3.2 Efficient scale

This section is based on [6, Definition 4.5 and Lemma 4.6].

3.2.1 Definition (e-Efficient at scale ¥) Let Y be a metric space, and A: [0, L] — Y
a rectifiable curve. We say that A is e—efficient at scale 7, 0 <7 <1 if

Y d(pj. pj+1) = (1 +)d(A(0),A(L)),  where{p;} = S(h,Fd(A(0), A(L))).
j

3.2.2 Remark Note that being efficient at scale » does not necessarily imply being
efficient at all scales 7 < r.

Efficiency provides with us the closest description of being “straight” in R”, whose
meaning is made precise by the following lemma.

3.2.3 Lemma If A: [a,b] > R" is e—efficient at scale r, then
d (0, Ma)A (b)) < (1.5¢1* + r)d(A(a), M(D)).

That is, A is close to a straight line.
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Proof Let m = rd(A(a),A(b)), and {PJ},N=0 = S(A,m) so that d(pg, pN) =
d(A(a),A(b)) = L. Let hpzpx be the orthogonal projection of A onto popy and
Pi = hpg(pi), so d(pj, pj+1) =d(pj, pj+1) =m. Since po = po, PN = PN, We
have Ul«=_01 DiDi+1 = PoPN , and the Lemma in the Appendix gives that d(p;, pj) <
1.5¢!/4L. Soif p € A, letting p; be the closest point in S(A,m), we then have
d(p. PoPN) < d(p. pj) +d(pj, PoPN) < m + 1.5¢\/4 L. Similarly for 5 € Popw.
thereis a j suchthat j € p; pj11, with d(p, pj) <d(p, pj+1) which gives d(p, L) <
d(p, pj)+d(pj.A) < tm+ 1.5¢"/4L. O

3.3 Monotone scale

The purpose of this section is to prove Proposition 3.3.2. It is based on [7, Section 4.1].

3.3.1 Definition (§—Monotone) Let G be a split abelian-by-abelian group, and
¢ [0, L] — G, a (k, C) quasi-geodesic segment such that there exists a line segment

AB C A satistying
dr(m4(8), AB) =< €|ma (9],

for some 0 <€ < 1. Let hzz: m4(§) — AB be the map that sends every point of
74(¢) to the closest point on A B by orthogonal projection. We say that ¢ is

e §—monotone, if whenever

hgg(maol(t1) =hgp(maol(t2))

we have

d(§ (1), §(t2)) <8d(8(0),¢(L)),
with €|m4(8)| = 8d(£(0),§(L)).

¢ (v, (Cy) weakly monotone if whenever
hgg(ma08(t1)) = hgg(mg08(12))
for ¢t; > t,, we have

d((11), 8(t2)) = vd (§(11).£(0)) + Ci.
with €|m4(§)| = C1 = vd(§(11).£(0)).
Note that the definition of weakly monotone is not symmetrical to both end points: it

is biased towards the starting point {(0). The merit of a monotone path is that in a
nondegenerate group, it is close to a geodesic segment as stated in the next proposition.
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3.3.2 Proposition Let G be a nondegenerate, split abelian-by-abelian group, and
A [0, L] — G a (k, C) quasi-geodesic whose 14 image is € —efficient. Then

(i) when A is § monotone, A is within O(8L) neighborhood of a geodesic segment;

(i) when A is (n, Cy) weakly monotone, A is in |A|n—linear +O(1) (Recall that
A is the set of roots of G ) neighborhood of a geodesic.

Note that a monotone path is efficient by definition. So being close to a geodesic
segment is the same as asking that the movement of the path along H direction (this
is Hin G = A x H) is not too big. We will prove Proposition 3.3.2 by using the
observation that for a monotone path in G, admitting a geodesic approximation is
the same as saying that for any root @ € A, its m, (recall that 7,: G —> Hy,; see
last bullet point under “Subspaces of G in Section 2.2.4) image admits a (vertical)
geodesic approximations (See Lemma 3.3.5 below).

The next lemma sets out one scenario where we have (vertical) geodesic approximation
in Hy41 = R" 3y, R Recall that ¥ (¢) is e’ N(t), where N(¢) is a nilpotent matrix
with polynomial entries. We coordinatize points in Hy; as (x,?), where x € R”, and
t € R. Let /& denotes the projection (x,?) > ¢.

3.3.3 Lemma Let {p,-}?z_s, where s,t € ZT, be points in Hy, 1 such that for some
ho > 2, h(pj) = h(pj—1) + ho for all j. For i > 0, let d; denote the distance
between p; and the vertical geodesic passing through p;_q; fori <0, let d; denote

for the distance between p; and the vertical geodesic passing pjy1 .

(i) If for all j, dj < r, and 2r < hy, then there is a geodesic yo such that
d(yo, pj) <2r forall j.

(ii) Ifforall j, dj <n|j|+Cy, where n < 1 and 2C; < hy, then there is a geodesic
vo such that d(yo. pj) < 2n|j|+2Cy.

Proof We first produce geodesic ¥y and y~ that stay close to {p;,i > 0} and
{pi,i <0} respectively. Then we show that ¥+ and ¥~ coarsely intersect at some p;,
j =0, and show that there is a geodesic ), with the desired property.

Write p; = (xj,¢;). We can assume without the loss of generality that py = (0, 0).
Note that the distance between (x1,?;) and the vertical geodesic passing through
(x2,1) is U(]x1 — x32|) —t; by Equation (3).

e Then, by Equation (4), for j > 0,

1n|xj —Xj_1| —jho =< dj.
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Hence for all £k >0,

k
|xk | < Z lxj —xj—1] < Zed"“h".
j=1 J

Let ¥ T be the geodesic passing through pg. Then for k >0,

k k
d(pr,y™) = 21n(Zedf+f”0) —2kho = 2ln( > edf+(f—k)ho)

J Jj=1

For j <0, again by Equation (4)

Infxj 41— xj| = jho = dj,

hence |xj 41 —xj| < editiho,

Note that under the assumptions of (i) or (ii), X—co = limj__ X; exists. So
forall kK <O,

o0
|Xg —X—oo| =< Z editito,
j=k—1
Let y~ be the vertical geodesic passing through (x_so, 0). Then for k <0,

oo .
d(p-v7) §2ln(Zedf+jh°)—2kho =21n( > edj+(j—k)ho)_

k—1 Jj=k—1

In this case, d(pg,yT) <2r forall k >0; d(pgr,y~) <2r forall kK’ <0.In
particular, d(po,y~) < 2r. Since y* > po, the height at which y* and y~
come together is at most /(pg) + 2r < h(py) by assumption. In other words,
the parts of ¥~ and y* above height i(pg) + 2r < h(p;) are within O(1)
Hausdorff neighborhood of each other. So we can take yy to be y~.

In this case, d(pg,y ™) < (2n)k +2C; for k >0; d(pr.y™) < 2n)(—k)+2C;
for k <0. In particular, d(pg,y~) < 2C}, so the height at which ¥y and y~
come together occurs no higher than /4(pg) + 2C; . For the same reason as in
case (i), we can take Yy to be Y. a

Recall that for each root «, there is a corresponding projection map my: G — Hy
onto a negatively curved space, and /4: Hy —> R is the associated height projection.

3.34 Lemma Let y be a quasi-geodesic in G such that for some weight «, the
image hq o () lies in a ball of radius ¢, , where ¢y < ||y||. Then my(y) is within
O(log(|ly 1)) Hausdortf neighborhood of a (vertical) geodesic segment.
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Proof Let ¢ be the additive constant of the quasi-isometry that defines y. Then every
time we move C units in the domain of y, /iy o e (y) moves at most 2k C units
horizontally in Hy , but this means that by the end of the y, 74 (y(0)) and 7o, (¥ (||¥ 1))
is at most O(log(||y]])) apart. a

3.3.5 Lemma Let y be a path in G such that for each root «, wy(y) is within
c1—Hausdorff neighborhood of a (vertical) geodesic, then y itself is within O(cy)
Hausdorff neighborhood of (straight) geodesic.

Proof In order to specify a geodesic segment in GG, we need to specify a direction in
the A factor and a point in H factor. The latter is given by the base points of geodesics
in each 7y (G). The former exists because the various geodesic segment approximate
the 7, images of a fixed path. a

We now proceed to prove Proposition 3.3.2 by showing that if a path is monotone, then
for any root «, its m, image satisfies the hypothesis of Lemmas 3.3.3 and 3.3.4.

Proof of Proposition 3.3.2 Set
. s=8|4B|
o tj=max{l |hggomgoi(t) = js}
o f=min{r €[tj1.4]| hggomaor(t) = js}.

Thereforefir t € [lj__l,tj’.], we must have hggomgoA(t) € [(j —1)s, js]. Since
d(m4(A), AB) < €|AB], the set {m4(A(2)),t € [tj_l,tjf]} lies in a ball of diameter at
most § = /s2 + (2¢|AB|)? = v/§2 + 4€2| A B|, which means d(Mtj—1),Mt})) =HS
by Proposition 3.1.1.

(i) In the case that A is § monotone,

h1g(maoA(t))) = hgg(mao k(1)) = d(A(1), M(t})) = 8d(£(0),¢(L)).
(i) If A is (n, C;) weakly monotone,

hig(maoA(t)) = hgg(maoh(t)) = d(§(4),¢(t})) < nd(§(4),5(0)) + Cy.
Therefore d(A(tj—1). A1) < d(M(tj—1). A(t})) +d (A (£}). A(t)) < T, where

Y _ hs 4 6d(£(0),¢(L)) when A is §—monotone,
a5+ nd(§(tj),£(0)) + C; when A is (1, C;) weakly monotone.

The claim now follows from applying Lemmas 3.3.3 or 3.3.4 to {wg(A(#;))}; in the
& weight hyperbolic space for each root &, followed by Lemma 3.3.5. |
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3.4 Finding a good scale

In this section we show that given any ¢, §, if a quasi-geodesic is sufficiently long, then
there is a scale at which the w4 projection is € efficient and the geodesic itself at that
scale is § monotone.

3.4.1 Proposition Let G be a nondegenerate, split abelian-by-abelian group. Given
any N > 2,0<¢,8,n<1,satisfying §/h > 1.5¢/2 + n, there is a number L such
that whenever (: [0, L] — G is a (k, C) quasi-geodesic satistying

Lo <2kL,

then there is a scale 0 < py < 1 such that

S(S.ps ISP _ 1
IS& psICDI ~ N

where P denotes the property “not within 8p y ||¢|| Hausdorff neighborhoods of geodesic
segments”.

Proof Actually we will prove the statement

ISCS, pr IS QI _ 1
IS psIIEIDI — N
for the statement Q being “not ¢ efficient or 6 monotone”, and the claim would then
follow from Proposition 3.3.2.

If m4(8) is already e—efficient and ¢ itself § monotone then we are done. Otherwise
let p; = ni, i=1,2,...,D be D many scales, and demand the curve be long enough
so that it remains coarsely visible at the smallest scale. More precisely, demand L to
satisfy

Lopp = 2«C.

We start the proof by setting
(Pt =8(ma(Q). Li). where L; = pi||4(0)|

and let ﬁj. be the corresponding point on { whose 74 image is p; There are three
ossibilities for each {r~ ~ 1:
p g[p,’- 2

. nA(Z)[p],;,p],;H] is not e—efficient at scale 7.

i+1

Say p]’: = D5, > p]’:+1 = péjl. Then

52
® Y dpi i) = d(p) phyy) +€d(py piiy) = d(p). phyy) €Ly

1=sq
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e Ty (f)[p],; AN e—efficient at scale n but é‘[ﬁjl:’ﬁ;—i-l] is not §—monotone.

In this case there are two points 1,1, € [(T1(p ) H(p Jrl)] such that

©) Wi e b)) =h oS08 (t2)
with
(10) d(§(t). §(t2) = 8d (P} Phyy)-

Equation (9) and the assumption that §[ pipi ] is e—efficient at scale n imply that
AR

(11) d(a (1)), Ta(§(12))) < (1.5¢2 + )L
by Lemma 3.2.3.

On the other hand, by Corollary 3.1.2, (10) implies there must be a ¢ € [, #,] such that

§
(12) d(ma(8(2)), ma($(11))) = ;lLi.
Say p} = pift, P;H piFl. Then (11) and (12) imply that
so—1
> At D
1=sq

2
> d(ph, waC(0) + d(maC (1)), ply ) + Y d(waC(0)). maC (1))

=1

> d(p}, ma(§(1)) + d(ma(§(12)), Py + 2h_8Li —d(mq(8(t1)). 4 (8(12)))
> 0}, pla) + o L~ 2 a0 A G 02)

(13) = d(p}. pjyy) +2 (% —1.5¢"/2 - n) L;.

The first three lines are triangle inequalities, and the last one uses (11).

e In the remaining possibility we certainly have
sy—1

(14) S d(pitt pithy = d(ph. ply ).

1=sq
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Adding up (8), (13) and (14) we have

Zd( l+1’leii)>Zd(PJl"P}+1)+( number o )-eL,—
J

nonefficient segments

number of ) 12 .
+ (nonmonotone segments) 2 (£ —1.5€ —n ) L;

~

n
>3 d(ph, pl )+ b A [ A@)” L i, B i@)”A
J L; ;
(4> - Z d(pj, P§+1) +min{e, 7} (b; + 0:) |ma (O,
j

where b; and fj; represent respectively, the proportion of nonefficient and nonmonotone
segments. Writing A; = leani d(p]’., pj’._H) and using (15) we have

D—1 D—1
IOl = Ap—ho =D ki1 —hi = minfe, 7} Y (bi + 1) wa @]
i=0 i=0

Now divide both sides by || 4(¢)]| to get

D—
16 bi + fi
(16) mm{e 5 Zo(z+nl)
and note that by choosing L large enough, we can take D as large as needed, so there
isascale py suchthatby +f1y <1/N. O

3.4.2 Corollary Let G be a nondegenerate, split abelian-by-abelian group. For any
2« Ng<N,0<e€8,n<1, satisfying §/h > 1.5¢'/2 + n, there is a number L
such that whenever F = {{;} is a finite set of (k, C)) quasi-geodesics such that every
element of F, {;: [0, L;j] — G satisfies

Lo <2«L;,
then there is a scale 0 < py < 1 and a subset F\ such that
@) [Fol = (1 —No/N)|F|;

(ii) forevery ¢; € Fy,
SC, pr Gl P _ T
IS@i.psI&iIDI — No
where P is the statement of “not within Sp ||¢|| Hausdorff neighborhoods of a
geodesic segment”.
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Proof Apply Proposition 3.4.1 to each {; € F, and follow its proof until (16). Summing
over all elements of F produces

m ZZ( +i) = Z|f|2(b+u)

;‘e]—‘ i=0 LeF
The choice of D implies thereisa 1 < J < D such that
1 1
— > Y i +10).
|Jr| eF

Let Fp be those ¢ € F whose (b; +1;) value is more than 1/Ny. Applying Chebyshev
we see that

Lol L
N 7 |F| No
So the claim follows by taking Fo = F — Fp. |

3.5 Proving Theorem 3.5.1

Recall that we need to prove the following.

3.5.1 Theorem Let G, G’ be nondegenerate, unimodular, split abelian-by-abelian
Lie groups, and ¢: G — G’ be a (k, C) quasi-isometry. Given 0 < 0, < 1, there are
numbers Ly, 0 < p < 1 with the following properties.

If Q C A is a product of intervals of equal size at least L, then a tiling of B(2) by
isometric copies of B(02)

B(Q)=| |Blw)ur
JjeJ
contains a subset Jo C J with a relative measure at least 1 — 6 such that for all j € Jo,
(i) there is a subset Lo(wj) C L(wj) with relative measure least 1 — 6, such that
their images under ¢ are within § linear neighborhood of geodesic segments;

(ii) there is a subset Po(w;) C P(w;) with relative measure at least 1 — 6, such
that for every p € Po(wj), at least 1 — 6 proportion of geodesics passing within
O(6 diam(wj)) of x, belong to Lo(wj).

So far our results from previous sections only require the group to be nondegenerate and
split abelian-by-abelian. From now on, we will require all our groups to be unimodular.
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3.5.2 Lemma Let G be a nondegenerate, unimodular, split abelian-by-abelian Lie
group. Let Q2 C A be a product of intervals of size L centered at the origin, then for
any p = 1/n, where n € N, we can write

B(Q)=|_|Bw)uT.
j

where the measure of the set Y is at most O(p) proportion of that of B(2), and each
B(wj) is isometric to B(pS2).

Proof The unimodularity of G guarantees that most of the volume is concentrated in
the interior of B. The tiling is just translates of the smaller box. |

Proof of Theorem 3.5.1 Set ¢ = 6%, n=6% N =[1/0], Ny = +/N and apply
Corollary 3.4.2 to ¢(L(€2)) to obtain a scale py, a cut-off number L, and a large
subset Fo of ¢(L(R)) = F.

Let n=[1/py] and set p = 1/n. Then apply Lemma 3.5.2 to get a tiling of B(2).
Let Y be the set consisting of pairs ({, x) where ¢ € ¢(L(2)), x € { and define
Y(x) C F be those that pass within §p diam(€2) of x. Note that |Y (x)| = ¢ for some
number ¢ depending on €2, so

Y=Y >1= > > 1= Y |Y®)|=cBEQ)|
LeF x€¢ x€p(P(RQ)) ¢eY(x) x€P(P(2))

If (¢, x) is a function on the set Y, we have

|—;|ZZf<c,x)=|iy| S Y s

eF xet x€¢(P(RQ)) €Y (x)

1 1
(17) =7 > T > YIS )

x€¢(P(R)) LeY (x)

1 1
=GB@l 2 o 2 e

x€p(P(RQ)) {eY(x)

Now apply (17) with f being the characteristic function of the set (¢, x) where x € ¢
and ¢ & Fy. We get

! 1
IB(Q)] > (m > f(§,x))=0(1/N0),

x€¢(P(RQ)) {eY (x)

The theorem now follows from Chebyshev applied to the function enclosed by the big
parenthesis. |
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4 Inside of a box

The purpose of this section is to give the proof of the main theorem of the paper.

Theorem 1.3.3 Let G, G’ be nondegenerate, unimodular, split abelian-by-abelian
Lie groups, and ¢: G — G’ be a (k, C) quasi-isometry. Given 0 < 0,5 < 1, there are
numbers Ly, 0 < p < 1 with the following properties.

If Q C A is a product of intervals of equal size at least L, then a tiling of B(2) by
isometric copies of B(p<2)

B(Q)=| |Bwyur
J€l
contains a subset Jo C J of relative measure at least 1 — 6, such that for all j € Jo, there
is a subset Po(w;j) C P(w;) with relative measure at least 1 — 6 such that ¢|py(w;) is
within O(§ diam(w;)) of a standard map gj x f;.

4.1 Geometry of flats

In this section, we note down some geometric properties of nondegenerate, unimodular,
split abelian-by-abelian groups relevant to Theorem 1.3.3. Specifically, we will show
if a large proportion of geodesics in a box are taken to bounded neighborhoods of
geodesics under a quasi-isometry ¢, then most flats in that box are also taken to
bounded neighborhoods of flats, and the restriction of ¢ to a large proportion of that
box is close to a standard map.

4.1.1 Definition Given subsets U;’s in G, we say that they coarsely lie on a common
flat if there is a flat F' and subsets U; C F such that the dy(U;, U;) = O(1).

4.1.2 Lemma Let G be a nondegenerate, split abelian-by-abelian group, and y, ¢
are geodesic segments in G making an angle of at least sin~ ! (i) with root kernels such
that for some n < 7 < 1, and sup,.¢¢ infyey d(x, y) = n(|y |l + I¢]]). Then, y and ¢
coarsely lie on a common flat for at least 1/ proportion of their lengths.

Proof The assumption that y, { make an angle at least sin™ ! (7}) with the root kernels
means that ||7zq (V) || =01V, 7« (©)]l = 7¢]|. Now, if the claim is not true, then there
is a root @ such that 7y (y) and 7y (¢) disagrees for more than 1/% of their length.
But this means that

. . r]
sup inf d(x,y)> sup inf d(x.»)> = (|7a(@)+Ima@I) =0 Y I+IZ]) .
xet VY x€mg (£) YET(¥) 7

contradicting the assumption that sup, ¢ infyey, d(x, y) =n(|[y || + [IS])- a
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4.1.3 Definition Let G be a nondegenerate, split abelian-by-abelian Lie group. We
define the following objects in G'.

e A 2-simplex A is a set of three pair-wise intersecting geodesic segments. This
includes the degenerate case of a geodesic segment and two subsegments of it.
Elements of A are called edges of A.

Note that a 2—simplex is just a triangle. The term “2—simplex” is used here only
because it makes the description more consistent.

e A filled 2—simplex A consists of a 2—simplex A together with all the 2—
simplices § satisfying the following properties: two of the three edges of §
are subsegments of two edges of A. The edges of A are called faces or edges
of A.

For I > 3, we define

e an /-simplex A asasetof / + 1 many filled (/—1)-simplices such that they
pairwise intersect at their / —2 faces. An element of A is called an (/—1)—face
of A.

e afilled I —simplex A consists of an i —simplex A together with all i —simplices &
satisfying the following properties: I many faces of ¢ are subsets of / many
faces of A. By faces of A we mean faces of A. (See Figure 1.)

/

Figure 1: The big tetrahedron together with the two smaller shaded tetrahe-
dron that are parts of a filled 3—simplex
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If the faces of a simplex behaves well under the quasi-isometry ¢, eg if their images
under ¢ admit approximations by hyperplanes of appropriate dimensions, then we can
approximate the image of a simplex by a simplex. This is the content of the next lemma,
which deals with one instance where it is possible to approximate a quasi-simplex by a
simplex.

4.14 Lemma Let G be a nondegenerate, split abelian-by-abelian Lie group and B3 a
family of geodesic segments such that

(i) max{[{].1/|¢].{ € B} = M < o0;

(ii) for ¢ € B, ¢(¢) is within n|¢({)| Hausdorff neighborhood of another geodesic
segment ¢, and { makes an angle at least sin™ ! (7j) with the root kernels. We
call ¢ a geodesic approximation of ¢ ().

Then for I < n, the ¢ images of any I —simplex or filled I —simplex made out of
elements of B is within O(nM ) Hausdorff neighborhood of another simplex or filled
simplex of the same dimension lying on a flat.

Proof We prove the claims by induction on 7, starting with a 2—simplex, then filled
2—simplex followed by 3—simplex, filled 3—simplex, etc....

The base step is the 2—simplex case. Before we start, we make the following ob-
servations. First, in R”, an I —simplex is entirely determined by its projection onto
n many l—dimension spaces given by a basis. Second, the image under 7z of an
2—simplex, whose edges are not parallel to any root kernels, is a collection of three
pairwise intersecting vertical geodesic segments, ie a degenerate triangle on a line.

Now take a 2—simplex with sides labeled as ¢y, ¢3, and c¢3. By assumption, their
images under ¢ admits approximations by geodesic segments ¢;, ¢, and ¢3, with the
properties that the end point of ¢; is no more than n(||¢c;|| + ||ci+1]]) away from the
starting point of ¢; 4. For each weight E, each of wg(¢;)’s is a vertical geodesic
segment. There are six possible configurations shown in Figure 2 below. To specify a
2—simplex on a flat that is close to these three geodesics, it is enough to specify the
root space coordinates of this flat, and this is given by the root space coordinate of the
gray line in each configuration.

To get an actual 2—simplex that approximates ¢;, ¢, and ¢3 we can take it to be the
2—simplex A that projects to the 2—simplex approximations for at least a basis worth
of weight vectors.

Now we examine the case of a filled 2—simplex. Let A= {A} U {6;}; be a filled
2—simplex, and A, §;’s denote for the 2—simplex approximation of ¢(A), ¢(5;)’s, as
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L

Figure 2: The six configurations in the Base step, 2—simplex case of proof to
Lemma 4.1.4. The three vertical segments are ¢;, i = 1,2, 3, and the gray
line contains a degenerate 2—simplex, whose faces are close to the ¢;’s

glven by the 2—simplex case above. Fix a i. Let F and J; represent the flats that house
A and §;. By assumption, two edges yi, ¥, of §; are subsegments of {; and ¢, of A.
Therefore there are 71,72 C 5, that approximate ¢(y;) and ¢(y,). Similarly, there
are { 1 and §2 in A that approximate ¢(¢;) and ¢(¢,). Therefore the pair (y;, {,)
satisfies the hypothesis of Lemma 4.1.2, and so F and J; must have nontrivial coarse
intersection (because the conclusion of Lemma 4.1.2 says that (};, ;) coarsely lie on
a common flat). Since the coarse intersection between two flats is convex, therefore
that there is a 2—simplex 8i lying on F such that dH(g,-, Si) <nM, and y,,y, C 8.

We now proceed with the inductive step and supposing that the claim is true for i —
simplices and their filled versions for i < I —1. Let A = {5 } o Where each 8i

is a filled (/—1)-simplex, and 8 be their filled 7 — 1 simplex approx1matlons as
yielded by the inductive hypothesis. Then we know for each weight &, 7z (8 )isa
vertical geodesic segment, and for any 8,,8 , Ty (8 ), mg (8 ) come together at some
subsegment. If modulo /7 proportion of the ends, 7z (8) s do not coarsely lie on a
common vertical geodesic segment, then the relationship between g (5 ), Ty (8 ) is
that of a forking Y"; see Figure 3 below. But this contradicts the existence of another 5k
that shares a face with 8, and another face with §; ;. So modulo at most /7 proportion
of their ends, g (5 ), Tg (8 ) must coarsely lie on a common vertical geodesic. The
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same argument applied to every other weights means that we can translate each 8
to 8 so that 5, , 8 share a common face. The collection of all 8 s forms our desired
A I- —simplex. (Note that the inductive step is not a replacement of the 2—simplex case
in the base step because here, faces intersects at filled simplex of dimension I — 2,
which has diameter compatible to that of the diameter of the /—simplices of concern,
whereas in the 2—simplex case, the pair-wise intersection of edges consist of just one
point for each pair, so the same forking argument wouldn’t work there.)

Figure 3: Inductive step, I —simplex case in the proof of Lemma 4.1.4: the
solid and dotted lines represent 7z (§;) and 7z (§;).

We now examine the case of a filled 7 —simplex. Let A = {A}U{5;} where each of A
and §; is a I—simplex , and let A and g,- ’s denote the /—simplex approximations of
¢(A) and ¢(6;)’s. Then for every I many faces of gi there are / many corresponding
faces of A to which they are a subset of, and this means the corresponding subsegments
of edges of faces of A and the edges of faces of 8 satisfy the hypothes1s of Lemma4.1.2,
so they coarsely lie on a common flat. This means the flats housing A and 8 respectively
must coarsely intersect. Since the coarse intersection between two flats is convex, we
conclude therefore that there is a I—simplex 8,- in the flat containing A such that
dH(&-, g,') <nM, and § share I of its faces with faces of A. Then A = {3} U {S,-}
has the desired property. m|

4.1.5 Definition Let 0 <n < 1. A (n, C)—quadrilateral Q = {Ti}fzo in G is a set
of 4 oriented geodesic segments T; satisfying the following.
(i) There is a nonsingular v € A such that the directions of T;’s are all parallel to
v (see Section 2.2.4 for definition of being singular).
(i) ITill > 2032 ol T; I, for every i.
(iii) For all i taken mod 4, some number C < nmax{|T;|},
e d(ei,bit1) =n(IT:il + [Ti+1 )+ C,
o dbieit1) = A=) (Till + | Ti+1lD + C,

where b;, e; denote the beginning and end points of T;.
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We refer to T;’s as edges of Q, and write diam(Q) for the maximum length of its
edges. The orientation of T; is “up” (resp. “down”) if its direction is parallel to a
positive (resp. negative) multiple of v.

Example Suppose the rank of G is 1. Let V4, V_ denote for the two root class
horocycles based at the identity element. Let x € V4, y € V_, and the word xyx~—1y~!
represents a loop in H= V; & V_. If we choose d(e, X), d(e, y) = O(1), such that
x =t5t~', and y =t~ 7¢, then we obtain a loop representing a quadrilateral. Note
that the same construction works if G is rank 1 and nonunimodular, as long as there
are expanding and contracting leaves.

4.1.6 Remark The first requirement of a quadrilateral means a quadrilateral exists
in any nondegenerate rank 1 solvable abelian-by-abelian Lie group. Since any higher
rank, nondegenerate, abelian-by-abelian solvable Lie group contains at least one rank 1
subgroup, quadrilaterals exist in higher rank for the same reason that they exist rank 1
spaces as illustrated by the previous example.

4.1.7 Lemma Let Q = {Ti}?=0 be a (n, C)—quadrilateral. Then the direction of T;
and T;4, are positive multiple of each other, and that of T; and T;; are negative
multiple of each other.

Proof There are 16 possibilities to the relationship among directions of all the T;’s
(being positive or negative multiples of each other). One checks that only the combina-
tion stated above is allowed. An argument is given in the Appendix. O

Let A(f) be a 1—parameter matrix consisting of blocks of the form ¢*' N(¢) where
a # 0, N(¢) anilpotent matrix with polynomial entries, and R x4 R be a semidirect
product for which r € R acts on R by linear map A(r). Write an element of Rx 4 R"™
as (r,x), where r e R, x € R, and W™ (resp. W) for the direct sum of positive
(resp. negative ) eigenspaces of A(z).

4.1.8 Lemma In R x4 R™, suppose for some n < 1, we have ro,ry,1r2,13 > 0,
ug,uy € WT, uy,u3s € W= such that for index j taken mod 4 satisty

o d(uj,e) <n(rj+rjyq) forall j;

e 1 >2p Z?:o r, forall j;

e the word (rg, 0)ug(—r1, 0)uq(r2, 0)uy(—r3, 0)us is trivial.

Then |r; —rijyq| <d(e,uj+1) +d(e,u;+3). In particular this implies that the sizes of
the r; ’s are equal up to an error of at most n Zl-3=0 ri.

Proof See the Appendix. |
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4.1.9 Remark The main jest of the Lemma 4.1.8 is that the length of a quadrilateral
is essentially determined by one number.

4.1.10 Lemma Let Q = {T,-}l.3=0 be a (n, C)—quadrilateral. Then
@ NTill = 1Tl < n(Xi IT:ll) forall i, j;
(ii) |y o M(e) — w50 My(bi—1)| < d(ei, bi+1) +d(eiy2,bi43) forall i;
(i) {TT5(by). Tg(eis1), T3 (isa). T(ei43)} are within (Y3 | T:) neighbor-
hood of a coset of Wi (or W3~ ) if i =0 mod 2, and of a coset of Wy~ (or
W5+) otherwise.

Proof Modifying T;’s by an amount of at most 1 Zj [T, we can assume m4(e;) =
7w4(b;41) forall i. Furthermore, the divergent assumption between b; and e; 1 means
that e;” Y(bi+1) € W5 (resp. W;) if the direction of T; is positive (resp. negative)
multiples of v. The result now follows from Lemma 4.1.8. |

A schematic illustration for a quadrilateral with the correct orientation and lengths for
its edges is given in Figure 4 below.

q2

Ty

Figure 4: A schematic illustration of a quadrilateral

4.1.11 Lemma Let Q = {y; ;=o be a (0, C)—quadrilateral in G such that each y;
is properly contained in a geodesic segment y;, whose ¢ image is within nl|y;||
neighborhood of another geodesic segment whose direction is parallel to a nonsingular
Uj €A. Suppose further that ||J; N ;41| > n>2_o|I7.1l. Then, there is an (7}, C')—

quadrilateral Q satistying dg (¢(Q), Q) < diam(Q), where 7 =max{n(| 7|/l D},
and C' =«kC +C.
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Proof For each j, let T] be an geodesic approximation of ¢(¥;). Since Q is a
(0, C)—quadrilateral, y; N yj4 is a geodesic segment with positive length the angle
between the v; and U;; is at most sin~' (1), and d(T], TJ_H) < r)(IlT | + ||TJ+1 ).
By moving each T by an amount at most 1), |T || we can assume the directions
of T s are all parallel to some ¥ with W = {0}, and T N T]+1 isa geodesw segment
of positive length. Let T; C TJ be the subsegment closest to ¢ (y;). Then Q ={T;}
is a (17, C')—quadrilateral. O

4.1.12 Remark In practice, when we apply Lemma 4.1.11 and Remark 4.1.12 to the
quasi-isometric image of a quadrilateral, we will often omit mentioning the extended
edges ¥;’s

4.2 Averaging

In this section, we put together some of the observations in the last two sections to show
that if a large percentage of geodesic segments in a box admit geodesic approximations
to their ¢ images, then for i > 2, a large percentage of i —hyperplanes in the box also
admit i —hyperplane approximations to their ¢ images. In particular, there is a large
subset of flats in the box whose ¢ images are close flats.

The following is an averaging lemma that will be used repeatedly for the reminder of
this section.

4.2.1 Lemma Let (A, ug),(B, ;ug) be two finite measure space, and ~ is a relation
between them. For a € A, write B, = {b € B,b ~ a} as the subset of B consisted of
elements related to a, and Ay, for b € B, as the subset of elements of A related to b.
Suppose pg(Ba)/1ng(Ba) < My forany a,a’ € A, and o (Ap)/ e (Ap) < Mp for
any b,b’ € B.

If for some s < (1)/ M 4Mp, A5 C A with py(A*) < suq(A), then the subset BS! =
{beB:ug(ApNA®)>tug(Ap)}, satisfies pg(B*") < (s/t)MaMpug(B).

Proof See the Appendix. |

4.2.2 Remark Lemma 4.2.1 will often be used to show that for subset A% C 4 of
relative large measure, the subset of B consisting of elements b € B such that the
measure of Ay N A® is large relative to that of Ay, has large relative measure.

423 Lemma Let G =HxA, G' = H x A’ be nondegenerate, unimodular, split
abelian-by-abelian Lie groups, and ¢: G — G’ be a (k, C') quasi-isometry. Let Q@ C A
be a product of intervals of equal size. Suppose for some 0 < § < 6 < 1, there are
subsets L0 C L(R2), P’ C P(R), both with relative measures at least 1 — 6, with the
following properties:
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o If¢ e L0, then ¢(¢) admits a straight geodesic approximation.
e If p P, then at least 1 — 6 proportion of geodesics within § diam($2), belongs
to L.

There is a subset P° C P’ of relative measure at least 1 —n such that if p,q € P° are
two points on the same flat, then ¢ (p), ¢ (q) are within O(§ diam(£2)) neighborhood
of a flat.

4.2.4 Remark The conclusion of Lemma 4.2.3 implies that a flat whose points are
mostly in P’ is mapped close to another flat under ¢. This is because if not, then we
would have three points p, ¢, r such that the flat that is close to ¢ (p) and ¢(g) is not
within O(6 diam(£2)) neighborhoods of the flat close to ¢(g) and ¢ (). So then under
some weight space projection, the configurations of the three points would trace out
a fork as in Figure 3 in the proof of Lemma 4.1.4, contradicting the assumption that
¢(p) and ¢(r) are close to a common flat.

Proof The idea of the proof is to set up a situation where we can apply Lemma 4.1.4.
We now construct subsets E? C Li(R) fori =1,2,3,...,n,and P° C P(Q), all
with relative proportion at least 1 — 6 such that

o forevery S € L)(Q),
ILio1(S)NLY_ | = (1=0)|Li—1(S)];
o forevery p € P°,
ILi(p) NLi() N LY = (1= 0)|Li(p) N Li(R)].

where L;(p) means the i —dimensional hyperplanes that contain p.

We construct those subsets inductively, starting with base case when i = 2, since
L’(l) = £ is already given.

Incidence is a relation between £(€2) and £,(€2), so by Lemma 4.2.1 we can choose
s2(6) < 1 appropriately such that the set

L) =1{S € L3(2):|L1(S)NLQ) N LY = (1—52)|L1(S) N L)}
satisfies  |£9] > (1 —61/2)|L(Q)].
Fix a S € £9. Define P(S)"! C P(S) as

P(S)™ = {p e P(Q):|L(p) NL(S) N LI\L?| = 55| L(p) N L(S) N L(Q)]}.
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We obtain a bound on the relative size of P(S)* as follows.

Let x be the characteristic function of the subset of

{(p.O:peP(S),LeL(S)NLK).pel]
consisting of pairs (p, ) where ¢ € L(S)N (E(Q)\ﬁo). Then, starting from
2 2. X=X )
x€P(S) yeL(x)NL(S)NL(R) yeL(S)NL(R) peP(y)
we have

> > X= D splLx)NL(S)NLEQ)[m]|

x€P(S) yeL(x)NL(S)NL(R)[m] x€P(S)bad
> 55| P(S)* min{|L(x) N L(S) N L(Q)|: x € S},

D D X< slL(S)NL(Q) max{| P()] : ¢ € L(S) N L(Q)}
yeL(S)NL(Q) PEY
which yields

52 |L(S) N L(Q2)| max{|P()]: € L(S) N L(KL)}
Sp min{|L(x) N L(S)NL(Q)|: x € S}

<2k |PS)|
Sp

}P(S)bad‘ <

where k depends only on G. By choosing s = sé/ 2

P(S)"d is at least 1 — s;/z times that of P(S).

, we have that the measure of

We now apply Lemma 4.2.1 to P(S), L(S)N L(RQ), and P(S)* to conclude that
for some v, < 1, the subset

L($)™ ={¢ e L(S)NL) : [P) N P(S)™| = vy | P}
satisfies |L(S)"| < vy |L(S)|

for some v, <1 depending on v;. Apply Lemma 4.2.1 again to P(S), L(S)NL(R),
and L(S5)&°d = (L(S)— L(S)*4) N L£° to conclude that for some 7, < 1, the subset

P(S) ={pe P(S):|L(p) N L(Q) N L(S)| < (1-D2)|L(p) N L)}
satisfies |P(S)Y| < 12| P(S)|

for some 7, < 1. Now set P(S)? as P(S)— P(S)* — P(S)¥, and let P, as the
union of P(S)° as S ranges over [,(2).
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In general, once [’?—1 is constructed, we repeat the argument above by replacing
subscript 1 and 2 by i — 1 and i respectively, to arrive at subsets E?, P(S)° c P(S)
for every S € ﬁ?, and P; as the union of all the P(S)? as S varies over E?. Set PO
as the intersection of all the P;’s. Since each P; has large proportion relative to P($2),
the same is true for P°.

We now show that P has the claimed property. Take p,q € P°. We claim that it is
sufficient to assume that d(q, dB(2)) > %diam(B(Q)), and d(p,q) > %diam(B(Q)).
To see that this is sufficient observe that if the initial pair p, g fails either conditions,
we find a third point zo € P° from the same flat such that p, zy and ¢, zy do, and that
¢(p) and ¢(g) lies within O(8 diam(€2)) neighborhood of a flat follows at once from

triangle inequality applied to the pairs ¢(p), ¢(z) and ¢(q), P(z2).

Denote the set of codimension 1 hyperplanes in B(€2) through p and ¢ by Gr,_1(p)
and Gr,_1 (gq) respectively. We place on them invariant measures coming from viewing
them as homogeneous spaces. To each element of Gr,_;(p) that does not contain ¢,
we give it an orientation (that is, an element 7 € A) so that it points to the half
space containing ¢. Similarly for an element of Gr,_{(q) that does not contain p,
we give it a normal that points towards the half space containing p. We proceed to
extract a nonempty subset Greood C (Gry—1(p))" x Gry—;(g) such that its element
gives us a n simplex containing p and ¢, by making the following demands. If
(le QZ’ ce an S) € Grgoodv then

(1) pe Q;,but d(g, Q;) = 26 diam(B(2)) for all i, and ¢ € S but d(p,S) >
26 diam(B(2));

2) d(g,0:iNS) <(1/6)diam(B(£2)) for every i;

(3) 0<Ziig,ns.lig;ns < 2cos1((1/6)/(1/3—8)), forevery i, j, where fig;ns
denotes the normal of Q; NS in S as inherited from Q;, and Z7ig;ns.7;ns
means the angles between them.

We now justify the existence of Grgooq. First, we note that the subset of Gr,_(p)
that comes within 26 diam(B(2)) of ¢ has measure O(§) relative to the whole of
Gry,—1(p). This is because in order for an element of Gr,_{(p) to come within
26 diam(B(£2)) of ¢, the angle between its normal and the vector p—q> has to lie in the
interval centered at 7r/2 of width O(§). The reasoning is symmetrical in p and ¢, so
we conclude that the subset of (Gr,_(p))" x Gr,_1(g) that fails condition (1) has
relative measure O(6).

Now fix a S € Gry,—;(g) and consider the subset of Gr,—_;(p) satistying condition (2).
Certainly this is a nonempty set because we can just take a hyperplane S’ C S of
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codimension 1 (in §') that is no more than (1/6) diam(B(£2)) away from ¢ and let
0 € Gry—1(p) be the element determining by S’ and p. Conversely every element of
Gry,—1 (p) satisfying condition (2) arises this way. Furthermore, if Q € Gr,_{(p) fails
condition (2), then by writing out the linear equation for Q using the distance between
the S’ = QNS and ¢, we see that failing condition (2) is equivalent to saying that the
angle between 7ig and 71 lies outside of some interval I, with size less than 7 and
depends only on the choice 1/6 and the 1/3 appearing in the lower bound of d(p, q).
(Note that we state an lower bound on the angle between 715 and 7o here because our
particular choices of orientations on the normals.) So in this way see that the subset of
Gr,—1(p) meeting the requirement of condition (2) is a set of positive measure.

Keeping the S fixed as before, we now impose condition (3) on the set that satisfies
condition (2). From the previous paragraph we identify Q € Gr,_;(p) satisfying con-
dition (2) with a pair (z, r), where 28 diam(B(2)) <r < d(g, dB(2)) —4 diam(B(2)),
and z € S"2(q) is an element of the radius 1 sphere centered at ¢, such that the vector
from ¢ to the point on Q closest to it is rqz. By the way, 7z is parallel to 7i¢, the
normal of @, but with opposite orientation.

In doing so, we set up a diffeomorphism between the subset of Gr,_;(p) satisfy-
ing condition (2) with the product measure between that of S”~2 and the interval
(26 diam(B(£2)), d(¢q, 0B(2)) — 6 diam(B(£2))). We can thus identify those two sets
and use the measures on either spaces, since they are related up to constant multiple.
Now given Q;, Q; satisfying condition (2), let (z;,r;), (zj,r;j) be the aforemen-
tioned pairs corresponding to them. By drawing a great circle through z; and z;
and recalling that d(g, 0B(2)) > %diam(B(Q)), we see at once that condition (3)
is the same as asking the spherical distance d(z;, z;j) be nonzero and smaller than

2cos~1((1/6)/(1/3=6)).

Putting the last paragraphs together we see that subset of Gr,_1(p)" satisfying (2)
and (3) has positive measure, and the set Grgooq has positive measure also because the
subset of Gr,—;(p)" x Gr,—;(g) failing condition (1) goes to zero with § while the
relative measure of those fulfilling conditions (2) and (3) does not decrease with §.

Now we show elements of Grgooq give rise to simplices. Take (Q1, Q2,...,0n, S) €
Grgood. If we can show that their nonempty pairwise intersections (inside of B(£2))
are of the right dimension then we are done. This is certainly true of the intersections
between the S and the Q;’s by virtue of condition (2). As for intersections between
the Q;’s, demanding that their intersection inside of the box to have the correct
codimension is the same as asking the intersection between Q; NS and Q; NS to have
nonempty intersection with the interior of the box, since Q; NS and Q; NS are not
parallel by assumption, and any two nonparallel codimension 1 hyperplanes intersect

Geometry & Topology, Volume 15 (2011)



Coarse differentiation and quasi-isometries of a class of solvable Lie groups I 1919

at a codimension 2 subspace. We can make sure their intersections intersect the interior
of the box by demanding that the d(¢, Q; NS N Q;) < d(q, 9B(2)) — & diam(B(£2)).
By considering the quadrilateral with one vertex in S N Q; N Q; and the remaining
being ¢, and the points on Q; NS, O; NS closest to ¢ we have the statement of
condition (3).

So now ¢(p) and ¢(gq) lie within O(§ diam(£2)) of a common flat by Lemma 4.1.4. O

4.3 Proof of Theorem 1.3.3

Apply Theorem 3.5.1 to B(£2) to obtain a tiling
B(Q)=| |B@)uT.

i€l
where each B(w;) is isometric to B(p€2) and a subset Iy C I of relative large measure
such that for every i € I, there is a subset ,C;. C L(w;) of relative large measure whose
images under ¢ are within O(§ diam(w;)) neighborhoods of geodesic segments. Fix
one such i € Iy, and apply Lemma 4.2.3 and Remark 4.2.4 to conclude that ¢|ps sends
flats to flats.

To obtain a product structure on P°, we proceed to show that ¢|  and ¢| s for
f.fe L‘?ank(G) are identical up to an error of ndiam(B(£2;)). In the process of doing
so, we will show that left cosets of root spaces are sent to left cosets of root spaces,
and left cosets of H are sent to left cosets of H up to an error of the same order.

First we show that the claim is true for two flats f, /' € Erank(G)(a),) that contain
points p € f NP%w;), p' € /' NP (w;) such that p, p’ lie on a common root class
horocycle, and d(p, p’) > 8§ diam(w;).

Since to any pairs of distinct root classes there exists at least one nonsingular vector such
that the pair has nontrivial intersection with the corresponding expanding and contracting
subspaces, it follows that a root class can be uniquely defined by the its signs (expanding
or contracting) with respect to some O(1) number of nonsingular directions in A. So
for p, p’ € P°(w;) C P°, we can find geodesic segments Ip1.lpa€ £°(S2) containing
Dilgi.lg2€ L0 (Q) containing ¢ such that for some subsegments T, 2 Clyy, x=p.q,
t=1,2, 0= {lp,t, lq,L}t:Lz is a (0, C')—quadrilateral.

As d(p,q) > 88 diam(w;), by Lemma 4.1.11 and Remark 4.1.12, there is a (O(6), C’)—
quadrilateral Q within O(6 diam(w;)) Hausdorff distance away from ¢(Q). Applying
Lemma 4.1.10 to Q we see that ¢(p) and ¢(p’) are within O(§ diam(w;)) nelgh—
borhood of a left translate of W;3" or W5~ where ¥ is the direction of edges of Q

Since p,q € P°(w;), we can build quadrilaterals Q;, O, ..., Qy for k <n+2, the
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edges of each are elements of £°(£2) such that their respective approx1mat1ng quadri-
laterals Ql, Qz,.. Qk, with edge directions vy, ¥, ..., Uy satisfies ﬂt IWJ(L)
with o (1) € {+,—}, is V4] for some root class [«]. For the same reason as before,
we see that ¢ (p) and ¢(g) lie within O(8 diam(w;)) Hausdorff neighborhood of a
translate W°® for t=1,2, ..., k, therefore ¢(p) and ¢(q) lie within O(8 diam(w;))
Hausdorff neighborhood of a translate of V},). By using more quadrilaterals, the
argument above also shows that ¢|rnpo(,,) are the same as @|r/npo(y,) Up to an error
of O(6 diam(wy)).

In general, for two arbitrary points p,q € 731.0 in the same left coset of H, we can
find at most 2|A| number of points pg = p, p1, pP2,..., p1 = ¢, such that each
consecutive pair of points lie on a common root class horocycle, and distance at least
86 diam(w;) away. The quadrilateral argument above then shows that ¢ (p) are ¢(q)
within O(8 diam(w;)) neighborhood of a translate of H'.

Let /- A — A’ be a map that is within O(§ diam(w;)) away from ¢ | PO (w;) TOr any
flat /€ L£O(w;). We now show that f has to preserve root kernels. Take p € P%(w;),
and f1, f be two flats in £3(w;) containing p. Then p € f1 N f,50 f1N f2 # @,

hence ¢(f1) N¢(f2) # &, and any two flat approximations to ¢(f1) and ¢ (f>)
have nonempty intersection as well. Since two flats come together at a convex set

whose boundary is a union of hyperplanes parallel to root kernels, this means that the
restriction of ¢ to any flats /" € £ (w;) preserves hyperplanes parallel to root kernels
up to an error of O(6 diam(w;)).

Appendix

Proof of Lemma 3.1.3 We will use the notation from Equation (3). Write p = (x,¢),
g = (x',t"). By assumption, |t —¢'| <s. If U(]x — x’|) < min{z,#'}, then assume
t >t'. Then

d((x,0),(x",t")) <d((x,1), x",0)+d((x, 1), X', 1)) <2t —t")+1<3s
and we are done. Now suppose U|x — x| > 1,¢/, but U|x — x| <4s. Then
d((x,1), (x",1) =d((x, 1), (x, U(]x =x"D) +d((x, U(]x = x"])), (x", U(|x = x])))

+d((x" U(|x —x"]), (x",1)) <2U(Ix =x")—(t +1') + 1
<8 +1=<12s

and we are done.

Finally suppose U(|x —x'|) > ¢,¢’, and U(|x —x'|) > 4s. Since 7 is continuous, we
can find ip <iy <ip <i3 <---<iy €a, b] and therefore points {p; = r)(ij)};’=1 such
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that p = (x,1) = n(io) = po, pn =n(in) = q = (x".1"), and U(|xj — xj41]) = 4s,
for all j except maybe the last one, where U(|x,—1 — x,|) < 4s.

Then by Equation (3),

-1 —1
27:() (U(|Xj —Xj+1) = (& +fj+1)) - 2720 d(pj,Pj+1) <%

(U(lxo = xn|) — (to + tn)) — d(po. pn)
Simplifying using Equation (4) yields
(n—1)2s

- E K
21In(ne*s)

which means (n — 1)s < 2k (In(n) + 4s), so n < 20k. So

n—1 n—1
d(po.q0) <Y _ d(pj. pj+1) < D_(U(lxj=xj111) = (4 +1j11)) <20ks =80ks. O
j=0 j=0

Proof of Lemma 3.1.4 The claim is clear if ¢, = 1. Otherwise we know
Ca _ |b/B—(a+b)/(A+ B)]
cg  la/A—(a+b)/(A+ B)|

Therefore ¢ > ¢g gives us that

a a+b

b a+b
- <
A A+ B

~|B A+B
e Suppose b/B <a/A. Writing b = c1a, B = c, A, we have
1+c 14+c1
11— <

1+C2 1+62 (,’2,
ca(ca—1) <ci(ea—1),

If A< B =cA,then 1 < ¢;, and this gives us ¢, < ¢;, which means 1 < ¢;/c¢;.
Multiplying both sides by a/A this means a/A < b/ B, contradiction. So A > B.

e Now suppose a/A < b/B. Then again, that a/A is closer to (a + b)/(A + B)

than /B means
a+b a b a+b

—_ < —_——,

A+B A B A+B

14+ c¢ 1 14+ c¢

—1l<—= ,

l+cs (&) l1+cs

01(02—1) <62((32—1).

If A < B, then ¢, > 1, and this gives us ¢; < ¢, which means ¢ /c; < 1. Multiplying
by a/A this says b/ B < a/A, contradiction. So A > B. |
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Lemma Given a triangle in R? with vertices A, B, C and opposites of length a, b, c,
satistying (a + b)/c < 1 + € for some € € [0, 0.5], then

e d(C,AB) <1.5¢'/*4B;

e min{4, B} < max{n —cos (=14 e/(1+¢€)),sin" (e/(1 +e)/2)}.

Proof The condition on the length means

| > c? . (a+b)> —2ab(1 + cos(C)) - 1
~(a+b)? (a+b)? R

Writing 1/(1 +€) =1—¢, (note that € =1 —1/(1 + €) < ¢) for some small € > 0,
we have
2ab

<<
T (a+b)?
which means either (1 + cos(C)) < v/ or 2ab/(a+ b)* < Ve,

(1+4cos(c)) <€

In the first case, cos(C) < —(1 —+/€),s0 A, B< A+ B < —cos ' (=14 /&) and

d(C,AB) = |AC|sin(A) < |AB|sin(r —cos ™ (=1 + v&))
= |AB|sin(cos™ (-1 + \/é)).

Hence d(C,AB)<|AB|\/1—(1—+¢)2< |E|\/(1—1+f2)(1+1—\/§)

< |E|\/27§.

In the second case, the condition is equivalent to

2sin(A4) sin(B) - F
(sin(A) + sin(B))? ~ Ve

Divide top and bottom by sin(B) (if sin(A4) = sin(B) = 0 then we are done, so assume
one of them is not zero) so

sin(A)< 2(sin(A)/ sin(B)) Y

2sin(A4) <2— = -
sin(A) sin(B) (1+sin(A)/sin(B))2

yields 4 <sin™'(v/2/2). Since € 0.5, é=1—(1)/1 +e< 1. So £4 <16.78°.
Since C + B = m — A, Without loss of generality C > B, C > 7 — A/(2) > 45° so
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tan(C) > 1. Therefore

|AC| _sin(B) _ sin(r —C—A) _ sin(wr —C)cos(A4) B sin(A4) cos(t — C)

|AB| sin(C) sin(C) N sin(C) sin(C)
= cos(A4) + o EC; <cos(A) +sin(A4) < 2.
e N
Hence d(C, AB) =sin(A)|AC| <sin(A)2|4AB| < 72|AB| \/E|AB|. |
Proof of Lemma 4.1.7 The quadrilateral is the same as the loop below.
T,
U, Vi
T1 TS
2 U»
Ty

Figure 5: The loop given by a quadrilateral

Write T; = Tjv. Since |Uy|, |U;|, | V1|, | V2] are all less than n(>_ |T;]|), the first claim
that Z?:l T; < r)(Z?Zl |T;|) follows by walking around the loop associated to Q.

So it cannot be the case that all the 7;’s are of the same sign. Without loss of generality
we can assume 75 > 0, and 73 < 0. Furthermore, regardless of the signs of the
remaining 7;’s, there must be another pair of adjacent 7;’s of opposite signs, and either
this pair involves one of {715, 73}, or that it doesn’t. In the latter case, 7; > 0 and
T4 <0, and the projection of this quadrilateral into (v) x R is a quadrilateral with two
consecutive upward and two consecutive downward edges, and such a quadrilaterals
doesn’t exist. So either 7> or T3 is involved in a pair of oppositely signed edges.
Without loss of generality, we assume 77 < 0. Then by (iv) in the definition of a
quadrilateral, we have that d(e, I1;,+(Uy)) = 1, because 77 < 0 and T > 0; and
d(e,w-(V1)) = 1, because T, > O and 75 < 0, where HW+ (x,1) — Tyt (x)
for Tyt the usual projection from R™ to W,t. My~ is defined similarly.

Suppose T4 < 0. Then |T>| = |T1| 4 |T3| + | T4|. Writing the loop as
e = T2V1T3U2T4V2T1U1
= (To Vi T, ) (T2 T3 U, T ' T, ) (Ta T3 T4 Vo Ty Uy,
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we see that only in the first bracket do we have a coordinate of size ezl So T, 4 >0,
and again by (iv) in the definition of quadrilateral, we conclude that for i = 1,2,
d(e, M+ (Up) = 1, d(e, My (Vi) = 1. o

Proof of Lemma 4.1.8 Summing the R coordinates we see that ro +ry =r; +r3.
The identity word can be written as
e = (ro, 0uo(—r1,0)uy(ra,0)uz(—r3, 0)us
= ((ro. 0)uo(—ro,0))((ro —r1,0)u1 (r1 —ro, 0))((r3, 0)ua(—r3,0))us.
We see that |ro —r3| < d(e,uq) +d(e,uy), and |rg —ri| < d(e,uy) + d(e,uz) by

comparing the W+ and W~ coordinates.

Similarly by looking at the word starting from (—ry,0) we have

e = (=r1,0uy(r2, 0)uz(—r3, 0)usz(ro. 0)ug
= ((=r1, 0u1(r1,0)((=r1 + r2, 0 ua(=r2 + r1.0))((=ro, 0)usz(ro, 0))ug
which gives us that |r| —rg| <d(e,uy)+d(e,usz),and |r, —ri| <d(e,uz)+d(e, ugp).

We obtain the desired claim by writing the word starting at (r,,0) and (—r3,0) and
argue similarly as above. |

Proof of Lemma 4.2.1 Equip the set 4 x B with the product measure y = g X pg.
The measure of the set R = {(a,b) : a ~ b} is therefore u(R) = fA ng(Ba) dpg =
[ a(Ap) dug. Hence

(18) 1 u(R) p(R)

A-
Mg 115(B) o (A)
Let x be the characteristic function of the set {(a,b) :a ~ b,a € As}. Then

L(LbXdMa) d”ﬂszl(/axdﬂﬂ) dﬂu=/As np(Ba) ditg

= S (A)M,B(Ba)max,

[(/ Xdﬂa)dMBZ/ (/ xdua) dﬂﬂZl/ Ma(Ap) dig
B\JA4, Bs.t Ap Bs.t

= e (Ab)minﬂﬂ(Bs’t)'

= Ma(Ab)mina //Lﬂ(Ba)max =

Therefore
Mﬂ(Bs’t) < spa(A) :uﬂ(Ba)maX
tie (Ap)min

where the last inequality comes from Equation (18). |

S
< M4Mp up(B),
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