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Effect of Legendrian surgery

FREDERIC BOURGEOIS
ToOBIAS EKHOLM
YASHA ELIASHBERG
APPENDIX BY SHEEL GANATRA AND MAKSIM MAYDANSKIY

The paper is a summary of the results of the authors concerning computations of
symplectic invariants of Weinstein manifolds and contains some examples and ap-
plications. Proofs are sketched. The detailed proofs will appear in our forthcoming
paper [7].

In the Appendix written by S Ganatra and M Maydanskiy it is shown that the results
of this paper imply P Seidel’s conjecture from [42].

53D05, 53D42, 57R17

Introduction

We study how attaching of a Lagrangian handle in the sense of Weinstein [46], Eliash-
berg [22] and Cieliebak and Eliashberg [13] to a symplectic manifold with contact
boundary affects symplectic invariants of the manifold and contact invariants of its
boundary. We establish several surgery exact triangles for these invariants. As explained
in Section 8 below, symplectic handlebody presentations and Lefschetz fibration presen-
tations of Liouville symplectic manifolds are closely related. In this sense our results
can be viewed as generalizations of P Seidel’s exact triangles for symplectic Dehn
twists; see [38; 37; 39]. In particular, as shown in the Appendix written by S Ganatra
and M Maydanskiy, our results imply P Seidel’s conjecture from [42].

This is the first paper in a series devoted to this subject. In order to make the results
more accessible and the algebraic formalism not too heavy, we make here a number of
simplifying assumptions (like vanishing of the first Chern class). Though proofs are
only sketched, we indicate the main ideas and provide some details which should help
specialists to reconstruct the proofs. The general setup and detailed proofs will appear
in the forthcoming paper [7].
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Plan of the paper In Section 1 we review the notions related to Liouville and We-
instein manifolds and domains. In Section 2, various moduli spaces of holomorphic
curves needed for our algebraic constructions are defined. In Section 3 we define the
symplectic and contact invariants that are computed in this paper, namely linearized
contact homology and reduced and full symplectic homology. The definitions we use
are due to F Bourgeois and A Oancea [9]. In Section 4 we recall the definition of
Legendrian homology algebra (see Chekanov [10], Eliashberg, Givental and Hofer [23]
and Ekholm, Etnyre and Sullivan [18]) and define several constructions derived from it
in the spirit of cyclic and Hochschild homology. In Section 5 we formulate and sketch
the proof of our main results. These are

e Theorems 5.2, and 5.4, respectively 5.6, which describe surgery exact triangles
for linearized contact homology, and reduced, respectively full, symplectic
homology;

e Corollary 5.7, which gives a closed form formula for symplectic homology;

e Theorem 5.10, which relates the Legendrian homology algebras of a Legendrian
submanifold before and after surgery;

e Theorem 5.8, which provides a formula for the linearized Legendrian homology
of the so-called cocore (the meridian of the handle) Legendrian sphere after
surgery.

Section 7 is devoted to first examples and applications. It is worthwhile to point out
that already quite primitive computations yield interesting geometric applications. In
particular, we show that Legendrian surgery on Y Chekanov’s two famous Legendrian
(5,2)—knots in S3 [10] give noncontactomorphic 3—manifolds and that attaching a
Lagrangian handle to the ball along stabilized trivial Legendrian knots produce examples
of exotic Weinstein symplectic structures on 7*S"™ (exotic structures on 7*S" were
first constructed by M McLean in [35] and also by M Maydanskiy and P Seidel in [34]).

In Section 8 we explain the relation between the Weinstein handlebody and the Lefschetz
fibration formalisms. In the Appendix, written by M Maydanskiy and S Ganatra,
this description is used to deduce P Seidel’s conjecture [42] from the results of the
current paper.
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1 Weinstein manifolds

Let (X, w) be an exact symplectic manifold of dimension 2x. A primitive of w, ie a
1—form A such that dA = w, is called a Liouville form on X and the vector field Z
that is w—dual to A, ie such that the contraction izw satisfies i zw = A, is called
the Liouville vector field. Note that the equation dA = w is equivalent to Lzw = w,
where L denotes the Lie-derivative. Hence, if Z integrates to a flow ®5: X — X
then (®%)*w = e’ w, ie the Liouville vector field Z is (symplectically) expanding,
while —Z is contracting. By a Liouville manifold we will mean a pair (X, 1), or
equivalently a triple (X, w, Z) where Z is an expanding vector field for w. Note that

(1-1) izA =0, izddh=XA and LzA=A,
and hence the flow of Z expands also the Liouville form (®%)*A = e’A.

We say that a Liouville manifold (X, w, Z) has a (positive) cylindrical end if there exists
a compact domain X C X with a smooth boundary ¥ = X transverse to Z, and such
that X \ X = U2 o ®% (Y). Then X \int X is diffeomorphic to [0, 00) X Y in such a
way that the Liouville vector field Z corresponds to % and the Liouville form A =iz w
can be written as e*«, where s € [0, 00) is the parameter of the flow and o = Ay .
The form « is contact, and thus (X \ int X, ®) can be identified with the positive
half [0, o0) x Y of the symplectization of the contact manifold (Y, & = kerw). In fact,
the whole symplectization of (Y, &) sits in X as | J,eg @5 (Y) and this embedding is
canonical in the sense that the image is independent of the choice of Y. Its complement
X\ User ®Z(Y) is equal to | g ()5 P (K), where the union is taken over all
compact subset K C X. It is called the core of the Liouville manifold (X, w, Z)
and is denoted by Core(X,w, Z). The Liouville manifold (X, w, Z) defines the
contact manifold (Y, &) canonically. We will write (Y, &) = d(X, w, Z) and call it
the ideal contact boundary of the Liouville manifold (X, w, Z) with cylindrical end.
Equivalently, we can view (Y, &) as the contact boundary of the compact symplectic
manifold X . We will refer to X as a Liouville domain with contact boundary. Contact
manifolds which arise as ideal boundaries of Liouville symplectic manifolds with
cylindrical ends are called strongly symplectically fillable.
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Given a Liouville domain (X, 1) one can always complete it by attaching the cylindrical
end ([0, 00) x Y, d(e’a)), Y = dX to get a Liouville manifold X . We will keep the
notation A and Z for the extended Liouville form and vector field. All Liouville
manifolds considered in this paper will be assumed to have cylindrical ends.

A map ¥: (Xo, Ao) = (X1, A1) between Liouville manifolds is called exact symplectic
if Y*A; —Ag is exact.

Lemma 1.1 Given a symplectomorphism ¥: (Xg,A9) = (X1, A1) between Liouville
manifolds with cylindrical ends, there exists a symplectic isotopy ¢:: (Xo, o) —
(Xo,M0), t €[0,1], ¢po = id such that the symplectomorphism ¥ o ¢ is exact,
and dist((x, s), ¢1(x,s)) < Ce™* for (x,s) € E and any cylindrical metric on E =
[0,00) X Y.

Proof Let 6 := yy*A{ — Ag. The restriction of the closed 1-form 6 to the end

E =[0,00) X Y can be written as 7*0 + dH, where 6 = 0|y, n: E — Y is the

projection and H: E — R is a smooth function. Take a cut-off function ¢: [0, c0) —

[9, 1] which is equal to 1 near 0 and to 0 on [1, 00). Set 6:=n*0+ d(¢(s)H) and
A= (—¢(s)H.

Let V' be the symplectic vector field dual to the closed 1-form —6 with Tespectto dAg.
Computing V on [1,00) X Y we observe that V' has the form eV, where V is
independent of s. Hence, V is integrable and integrates to an isotopy ¢; such that
dist((x, 5), ¢1(x,s)) < Ce™ for any cylindrical metric on E. Computing the Lie
derivative Ly Ag, we get LyAg = -0+ d(Ao(V)). Hence

(Wop)* i =¢fho+ [0 +dHod =ho+dG
for some smooth function G. O
Remark 1.2 It is an open problem whether the isotopy in the above lemma can be

chosen in such a way that ¥ o¢; is Liouville at infinity, ie so that (Y o¢1)*A1—Ao=dH
for some function H with compact support.

Let (X, w, Z) be a Liouville manifold with cylindrical end. It is called Weinstein' (see
Eliashberg and Gromov [24]) if the vector field Z is gradient-like for an exhausting
(ie proper and bounded below) Morse function H: X — R.

Let us recall that Z is called gradient-like for a smooth Morse function H: X — R,
and H: X — R is called a Lyapunov function for Z if dH(Z) > §|Z|* for some § > 0,

IWeinstein manifolds are symplectic counterparts of Stein (or affine) complex manifolds; see
[24; 22; 13].
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where | Z| is the norm with respect to some Riemannian metric on X . We will always
assume that H restricted to the end £ = [0, 00) X Y depends only on the coordinate s.
The corresponding compact Liouville domain X will be called in this case a Weinstein
domain. Note that critical points of a Lyapunov Morse function for a Liouville vector
field Z have indices <n = %dim X, and that the stable manifold L, of the vector
field Z for any critical point p of H is isotropic of dimension equal to the Morse index
of p. The intersection of these stable manifolds with regular levels H~!(c) of the
function H are isotropic for the induced contact structure ker(A|g—1(.)) on H ().

A Weinstein manifold is called subcritical if all critical points of H have index < n.
Symplectic topology of subcritical manifolds is not very interesting. According to a
theorem of K Cieliebak [11] any subcritical Weinstein manifold X of dimension 27 is
symplectomorphic to a product X’ xR?, where X’ is a Weinstein manifold of dimension
2n—2. A theorem from [24] states that any symplectic tangential homotopy equivalence
between two subcritical Weinstein manifolds is homotopic to a symplectomorphism.

A Liouville cobordism is a pair (W, 1), where W is a compact manifold with bound-
ary 0W partitioned into the union of two open-closed subsets, W = d_W Ld W,
and where A is a Liouville form such that the corresponding Liouville vector field Z
is transverse to W, inward along d_W and outward along d;W. A Liouville
cobordism is called Weinstein if there exists a Morse function H: W — R which is
constant on d_W and on d4 W, which has no boundary critical points, and which is
Lyapunov for the corresponding Liouville vector field Z.

The completion of a Liouville cobordism W is the manifold
W = (—00,0]x d_W U W U0, 00) x 34 W

obtained by attaching to W' along d_W the negative part of the symplectization of the
contact manifold d_W with contact form o— = A|y_j7, and attaching along d+ W the
positive part of the symplectization of the contact manifold d+ W with contact form

oy = A LW

Important examples of Weinstein cobordisms are provided by domains H~!([c, C]) C X
in a Weinstein manifold (X, A, H) with all structures induced from X . Here ¢ and C
are two regular values of the Lyapunov function H .

2 Moduli spaces of holomorphic curves

2.1 Preliminaries

In this section we will discuss the moduli spaces of holomorphic curves in a Liouville
manifold X', in the symplectization R x Y of its ideal contact boundary Y, and in
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completed symplectic cobordisms, which will be used in the algebraic constructions of
later sections. We will pretend that we are in a “transverse” situation, ie that all the
Fredholm operators involved are regular at their zeroes, that all evaluations maps are
transverse to the chosen targets, and in particular, that all moduli spaces have dimension
as predicted by the appropriate index formula. It is well known that this ideal situation
rarely can be achieved, and that one needs to work with objects more general than
holomorphic curves to be able to achieve the required transversality. However for the
purposes of this exposition we ignore this difficulty and claim that the correct version
can be built according to the scheme presented here using one of the, for this purpose,
currently developed technologies, notably, the polyfold theory of H Hofer, K Wysocki,
and E Zehnder [31; 32; 33].

Given a contact manifold Y with a fixed contact form o, we say that an almost complex
structure J on the symplectization (R x Y, d(e®a)) is adjusted to « if it is independent
of the coordinate s on R, if it is compatible with do on the contact hyperplanes ker o
of the slices {s} x Y, and if J % = Ry, where R, is the Reeb vector field of the
contact form «.

Given a Liouville manifold (X, w, Z) with a cylindrical end, we call an almost com-
plex structure J on X adjusted to the Liouville structure if it is compatible with w
everywhere, and if on the end E, which is identified with the positive part of the
symplectization of (Y, ker ), it is adjusted to « in the above sense. Adjusted almost
complex structures on a completed Liouville cobordism are defined in a similar way.

Throughout this paper we will assume, for the sake of simplicity, that the first Chern
class of all symplectic manifolds considered is trivial, and moreover, that the canonical
bundle is trivialized. Note that at the cylindrical end the complex tangent bundle splits
as TX =E@e', where ¢! is the trivial complex line bundle generated by the vector
field Z. We will assume that the trivialization of the canonical bundle at the end is
compatible with this splitting. Similarly, for each Lagrangian submanifold L C X
considered (eg the symplectization of a Legendrian manifold) we will assume that its
relative Maslov class vanishes. For Lagrangian L C X, the 1-dimensional determinant
of the cotangent bundle of L is a subbundle of the trivialized complex canonical bundle.
The triviality of the relative Maslov class first implies that this subbundle is trivial, and
hence it gives rise to an S! = R/2xZ—-valued function, and second allows us to lift
this function to a phase function ¢y: L — R which is unique up to additive constant.

Given a contact manifold (Y, &) with a fixed contact form o we will denote by P(Y)
the set of periodic orbits of the Reeb field R, including multiples. We assume all
orbits to be nondegenerate. For y € P(Y), let k(y) denote its multiplicity. If y € P(Y)
then we write y for the simple geometric orbit underlying y . For each y € P(Y) fix
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a point p, € y and note that p, determines a unique parameterization of y: use p,
as starting point and then follow the flow of Ry k(y) times around y .

The chosen trivialization of the canonical bundle allows one to canonically assign an
integer Conley—Zehnder index CZ(y) to any orbit y € P(Y). We will grade the orbits
by this index, |y|:= CZ(y). The parity of CZ(y) + n— 3 is called the parity of the
orbit y.% The parity coincides with the sign of the determinant det(/ — Ay), where
A, is the linearized Poincaré return map around the orbit y. An orbit y € P(Y) is
called bad if it is an even multiple of another orbit y whose parity differs from the
parity of y. The set of bad orbits is denoted by Pp,q(Y). Nonbad orbits are called
good and the set of good orbits is denoted by Pgooa(Y).

Consider a Legendrian submanifold A C Y. Assuming it is in general position with
respect to the Reeb flow of o we have a discrete set C(A) of nondegenerate chords of the
Reeb foliation with ends on A. One can assign (see Ekholm, Etnyre and Sullivan [18])
an integer grading |c| to each chord ¢ € C(A). Note that with our assumptions this
grading can be defined as follows. Let xg, x; be the beginning and the end points of the
chord c, respectively. The linearized Reeb flow along the chord allows us to transport
the tangent space 7T, A to all points of c¢. Let us denote by @, the transport operator
along the chord c. We can assume that for each chord ¢ we have J Ty, A = ® T A.
Indeed, this can be achieved by a homotopy of the almost complex structure J in a
neighborhood of the chords, while the defined grading depends only on the homotopy
class of J. Using the linearized Reeb flow we can also extend by continuity the phase
function ¢ 5 to ¢ beginning from the point xq. Let ¢_ be the value of the extended
phase function at the top end x; of the chord c¢. Then we define

_daba) =g n—3

lc| :
T 2

See [18] for the details.

2.2 Holomorphic curves anchored in a Weinstein manifold

Let (X,w, Z) be a Liouville domain and X, C int X be a subdomain such that the
Liouville vector field Z is outward transverse to Yo = 0X. Then W = X \ int Xo
is a Liouville cobordism with d_W = Y, and 4+ W =Y = 3X. Let W and X, be
completions of W and Xj. Let L be an exact Lagrangian submanifold (L,dL) C
(W, dW) which intersect dW4 along the Legendrian submanifolds A = LNoLW,

2]t is customary in the contact homology theory to grade orbits by CZ(y) + n — 3. However, for the
linearized version of contact homology considered in this paper, and its relation with symplectic homology
the grading by CZ(y) seems to be more natural.
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and which is tangent to Z along A+. We complete L to L by adding cylindrical
ends:

L =(—00,0]x A_ULU[0,00) x Ay
C (—00,0]x YoUW U[0,00) x Y = W.

We will refer to L as an exact Lagrangian cobordism between the Legendrian subman-
ifolds A— and A4, and to A_ and A4 as the negative and positive ends of L.

Let X be a Riemann surface with conformal structure j. A set of punctures on X is a fi-

nite collection {z{, ..., z;} C X of distinct points. An asymptotic marker for an interior

puncture z of ¥ is a half-line £ C T, X. The pair (z, £) is called a decorated puncture.

Given a Riemann surface ¥ with decorated punctures {(z1,%€1),..., (zm,%m)} and
/

u unctures z, ...,z ,, i unctured decorated Riemann sur-
boundar nctures z/ " the correspondin tured d ted R
/

face is the Riemann surface X\ {zi....,zm.z]..... 2, } where the interior punctures

are equipped with the asymptotic markers £1, ..., ¢, . A map
2Nz ez 2 Ty > W

is holomorphic if df oj = J odf . Holomorphic maps f of Riemann surfaces ¥ with
nonempty boundary will be required to satisfy the Lagrangian boundary condition
fOX\{z].....2,,}) C L. We say that f is asymptotic to the orbit y; € P(Y) of
period T+ at the interior puncture z4 decorated with the marker £4 at 4+o0 if

e f maps a pointed neighborhood Uy of zy into [0,00) X Y, so that f(z) =
(a(z),u(z)) forall z€ Us;
e lim;—;, a(z) = +o0;

¢ in holomorphic polar coordinates (p, 8) centered at z4 such that § =0 along £,
lim,o u(p,0) = y+ (—g—;@) for the parametrization y4: [0, T+] — Y of the
Reeb orbit y determined by p,, €y e

Similarly, we say that f is asymptotic to the orbit y_ € P(Yy) of period 7_ at the
interior puncture z_ decorated with the marker {_ at —oo if

e f maps a pointed neighborhood U_ of z_ into (—oo, 0] x Yy, so that f(z) =
(a(z),u(z)) forall z e U_;
e lim;—,_ a(z) =—o0;

e in holomorphic polar coordinates (p, 6) centered at z_— such that § =0 along £_,
lim, o u(p,0) = y_(g—;e) for the parametrization y_: [0, 7] — Y, of the
Reeb orbit y— determined by p,_€y_.
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We say that f is asymptotic to the chord ¢4 € C(A) of length T4 at the boundary
puncture z/, at 4-oo if
 f maps a pointed neighborhood U of z/, into [0,00) x Y, so that f(z) =
(a(z),u(z)) forall z e Ug;
® hmz—)zﬁi_ a(z) = +o0;

* in holomorphic polar coordinates (p,6), 6 € [, 0] centered at z/, (where
0 € {—m,0} along 0X), lim,_,qu(p,0) = c+ (—7];—““9).

Similarly, we say that f* is asymptotic to the chord c— € C(A¢) of length 7_ at the
boundary puncture z’ at —oo if

e f maps a pointed neighborhood U_ of z” into [0,00) x Y, so that f(z) =
(a(z),u(z)) forall ze U_;
e lim;-, a(z) =—o0;
 in holomorphic polar coordinates (p,#), 6 € [0, ] centered at z/_ (where
0 € {0, 7} along I%), lim,_o u(p, 0) = c—(1=6).
Suppose now that there exists an exact Lagrangian cobordism Ly C X with positive
end A_ and empty negative end. We fix adjusted almost complex structures on W
and X,y which agree on the common part. Consider a punctured decorated Riemann
surface X with (possibly empty) boundary. A holomorphic map f: ¥ — W anchored
in (Xo, Lo), satisfying some specified conditions on the boundary (eg a Lagrangian
boundary condition) and at the punctures of 3 (eg being asymptotic to specified Reeb
orbit cylinders), consists of the following objects:

(1) aholomorphic map f: (X \{x1,...,x/},0Z\{y1,..., Ym}) = W satisfying
the specified conditions on the boundary and at the punctures of 3, which is

asymptotic to orbits §;,...,8; € P(Yp) at the additional interior, decorated
punctures xi,...,x; at —oo, and which is asymptotic to chords ¢/, ....¢c;, €
C(A-) at the additional boundary punctures yi,..., Vm at —o0;

(ii) holomorphic planes %;: C — X, asymptotic to the orbits §;, j =1,...,/,
at +oo (here the puncture is z = oo and the asymptotic marker is the positive

real axis);
(iii) holomorphic half-planes h}: (D?,0D? \ {x}) — (Xy, Lo) asymptotic to the
chords ¢}, j =1,....,m, at +oo.

When there are no additional boundary punctures and no holomorphic half-planes, we
say that the holomorphic map f is anchored in X,. See Figure 1.

At one occasion, we will also consider a slightly extended class of admissible anchors.
In addition to (ii) and (iii) above, we also allow
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4 c

in W in (W, L)

B
= © in Xy O ’ O © in (Xo, Lo)

Figure 1. On the left, a cylinder connecting y and f anchored in Xj. On
the right, a strip connecting ¢ to b anchored in (X, Lo).

(iv) holomorphic strips /7 (D?,0D?\ {x, y}) = (Xo, Lo) asymptotic at +0c0 to
the chords cJ’-, cii,j=1,...,m,i# j,provided that the punctures y; and y;
belong to different connected components of the holomorphic curve f.

When such anchors are present we say that the holomorphic curve f has generalized
anchors in (Xy, Lg). We use disks with generalized anchors only in the definition
of the moduli space MX 1.(c1,¢2;b) in Section 2.5. In turn, this moduli space is
only needed at one point in Section 5.4 for the definition of the product on linearized
Legendrian homology.

Let f: ¥ — W and f Y —> W be two holomorphic maps anchored in (Xo, Lo).
We say that f and f are equivalent if ¥ and 3 have the same number of additional
internal and boundary punctures, and if there exist

e a biholomorphism ¢: ¥ — 3 such that ¢ maps the punctures of ¥ with their
asymptotic markers to the punctures of X with their asymptotic markers, and
such that f = fog;

e biholomorphisms ¢;: C — C, j =1,.. ., 1 preserving the direction of the
positive real axis such that h; = hj o @;;

e biholomorphisms (p]’.: D? - D?, j =1,...,m such that E} = h} O(p]’..
The various moduli spaces of holomorphic curves considered in this paper will always
consist of equivalence classes of holomorphic maps.

When the positive asymptotics of a holomorphic curve is fixed then the total action
of the orbits and chords at the positive end bounds by Stokes’ formula the area of the
curve, and hence provides an a priori upper bound on the possible number of anchors.
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2.3 Moduli spaces MY (y; ) and MY (y; B)

Let X be a Weinstein manifold with ideal contact boundary Y. Assume that X,
R x Y, and the completion of any Weinstein cobordism in X are endowed with almost
complex structures adjusted to all considered symplectic objects, and that all these
almost complex structures agree in the common parts of the spaces considered.

We denote by MY (y, B) the moduli space of holomorphic cylinders in R x Y anchored
in X, asymptotic to orbits  at +00 and B at —oo. The dimension of MY (y; p) is
equal to |y| —|B| and can be expressed as the sum of the dimensions of all the moduli
spaces of holomorphic curves involved in the anchored curve. In particular, when the
total dimension is equal to 1, all the moduli spaces of holomorphic planes in X which
are involved are necessarily 0—dimensional. The moduli space of punctured cylinders
in R x Y is then 1-dimensional, and hence consists of holomorphic curves which are
rigid up to translations. In what follows all holomorphic cylinders in R x ¥ will be
allowed to anchor in X', and we will not always explicitly mention this.

The asymptotic marker £ at 400 fixes a choice of parametrization for the S factor
of the domain R x S!, where ¢ corresponds to 0 € S' =R /(27 Z), for elements of
MY (y; B). Evaluation at 0 € S' = R/(27Z) at —oo then defines an evaluation map
evo: MY (y; B) — B. Define

(2-1) MY (y; ) = evg L (pp).

Then M"Y (y; B) can be interpreted as the moduli space of holomorphic cylinders
such that the points pg and p, are aligned along a single line R x {} CR xS 1. In
particular, one may equivalently describe the space MY (y; B) by using a different
interpretation of (2-1) where the marker at —oo determines the parametrization of S'!
and we use the preimage of p,, under the induced evaluation map evy: MY (y;B)—y
instead.

Later we will use the moduli space MY (y; B) to describe parts of the differential in a
chain complex which computes symplectic homology in Morse—Bott terms following
Bourgeois and Oancea [9] (see also Frauenfelder [26] in the case of Morse theory). In
these terms elements of M'Y (y; B) correspond to degenerate “Morse—Bott” curves
with one holomorphic level only. There are similar contributions to the differential also
from Morse—Bott curves with two holomorphic levels connected by a Morse flow level.
We next define the moduli space MY (y; B) relevant for describing such objects.

Let y, %0, B € P(Y). Let f1 e MY (y;:v) and f— € MY (y: B). Then, as discussed
above, the markers £4 at +00 in the domain of f} and £_ at —oo in the domain of f_
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give evaluation maps ev(')'r: MY (yiv0) — Yo and evj: MY (vo: B) — Yo, respectively.
Let

A, v0. B) = (MY (¥ 70) /R) x MY (v B)

and define M”Y(y; B) as the subset of pairs ( f4+, /=) € A(y, yo, B) for some yg €
P(Y), such that the points py,, eV(J)r (/+), and evy (f-) lie in the cyclic ordering

(Pyo- evg (f4), evg (/)
on yo with orientation induced by the Reeb field Ry .
Finally, we define the moduli space
MY (y:8) = MY (y: ) UM™Y (v: ).
We have dim/\\//lY(y;,B) = |y|—|B|—1. See Figure 2.

— — —

Figure 2. From left to right, cylinders in M, in M’ and in M”

2.4 Moduli spaces MX (y) and MX (y; p)

Let H: X — R be any exhausting Morse function which in the end depends only on
the coordinate s, and let Z be a vector field which is gradient-like with respect to it
and which at infinity coincides with 8 . If X is Weinstein, we will assume that Z is
the Liouville vector field Z and that the function H is the Lyapunov function for Z,
which is part of the Weinstein structure. Let L, be the Z —stable manifold for a critical
point p € X. We have codim L, = 2n —index p.

Consider the moduli space M¥ (y) of holomorphic maps C — X with a marked point
at 0 € C, which are asymptotic to an orbit y € P(Y) at +o00. We have dim M (y) =
|y| +n — 1 (taking into account the quotient by reparametrizations preserving 0).
Consider the evaluation map at 0 € C, evy: M¥ (y) — X . Define the moduli space

MX(y; p)i=evg' (Ly) c M¥ (y)
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(see Figure 3). We have
dimMX()/;p) =|y|+n—1+index p —2n =|y|—|p|—1,

where we let |p| :=n —index p. leus | p| is the Morse index of p as a critical point
of the function —H , decreased by 7. In particular, the space M (y; p) consists of
curves that are rigid up to reparametrization if and only if |y|—|p| = 1.

e

VH

Figure 3. A curve in M¥ (y, p)

2.5 Modulispaces MY (¢;b1,...,bm), MY | (¢;b) and MY | (c1,¢25b)

Consider a Legendrian submanifold A C Y. Let D denote the unit disk in the complex
plane. A holomorphic tree in (R x Y, R x A), connecting a chord ¢ € C(A) and chords
bi,....bm €C(A), m >0, anchored into X is a holomorphic map

F(D,dD\{z T 21, .. zm}) > R Y, R x A),

anchored in X, where z%,z;, ..., z,,, m > 0, are boundary punctures ordered counter-
clockwise, such that at zt the map is asymptotic to the chord ¢ at +oo, and at
the punctures zi,...,z, the map is asymptotic to the chords bq,..., b, at —oc.
The moduli space of holomorphic trees in (R x Y, R x A), connecting a chord ¢ €
C(A) and chords bq,...,b, € C(A), m > 0, anchored in X, will be denoted by
MX(c;bl, ...,bm). We have

m
dim M (c: by, ... .bm) =lc| =Y |bjl.
j=1

We will also consider the moduli spaces MX(C; bi,....bm:k), k=0,1,..., of holo-
morphic trees in (R x Y, R x A), connecting a chord ¢ € C(A) to chords by, ...,b, €
C(A), m > 0, anchored in X, and with k additional marked points on the boundary,
intertwined in an arbitrary way with the punctures z;. Hence, the moduli space
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MK(C; bi,...,bm: k) can be further specialized as

(2-2) MR (e:by, . bmik)y= [ MR(e:br.....bmiko. ... km),
Y kj=k

where MX(C; bi,....bm; ko, ..., km) consists of the trees with exactly k¢ marked
points preceding b; and exactly k; marked points following b;, j =1,...,m. Note
that in this notation MX(c;bl, ce b 0) = MX(c;bl, ..., bm). Evaluation at the
marked points give evaluation maps

evy: MX(c;bl,...,bm;k)—>A><-..><A.
k

Suppose now that there exists an exact Lagrangian cobordism L C X with positive end
A C Y. Then we can consider the moduli space MX ;.(¢; b) of holomorphic strips in
(R xY,R x A) anchored in (X, L), with positive puncture at ¢ and negative puncture
at b; see Section 2.2 for the definition of holomorphic curves anchored in (X, L). We
have

dim MY ; (c:b) = |e|—|b].

We also define the moduli spaces MX 1.(c1,c2;b) in the case when A is a union of
spheres. This moduli space is itself the union of two moduli spaces:

MY L(e1.caib) ="M [ (c1.c2:b) UMY [ (c1.2:b).

Here ’MX,L (c1,¢2; b) is the moduli space of holomorphic disks in (R x Y, R x A) with
generalized anchors in (X, L) (see Section 2.2), which have three boundary punctures:
two positive punctures mapped to the chords ¢y and ¢, and one negative puncture
mapped to b. Our notation is such that the cyclic order or of the punctures induced by
the boundary orientation is (b, ¢y, ¢3).

To define ’ ’.MX r.(c1,c2;b), we fix an auxiliary Morse function g: A — R, with one
minimum, one maximum, and no other critical points on each component. Define the
function g: Rx A — R as g =g+, s € R. We also consider a Morse function
L — R, also denoted by g, which at infinity coincides with g + 5. Define

(2-3) "M p(c1.caib) i= M (c1:b) xg MY (c2) UM (¢1) xg My (c2:b),

where an element in MX(cl ;b)) Xg MX(Cz) consists of a pair of holomorphic disks
(u,v) € MX(CI ;b) X MX(CQ) and a flow line of Vg which connects the boundary
of u to the boundary of v, and where elements in MX (c1)x g/\/lX (ca; b) are analogous
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configurations where the negative puncture is in the second disk instead.> We have

dim MY ; (c1.c2:b) = |er] + [ea] — |b] = (n = 3).

2.6 Moduli spaces MY(y,bl, cesbm), MX(y;bl,...,bm) and
MY (y5b1,. . bm)
We denote by MY A(y:b1, ..., by) the moduli space of holomorphic maps
f:(D\{0},0D\{z1,....zm}) > R x Y, R x A)

anchored in X', where z,...,z; € dD are boundary punctures ordered counter-
clockwise, which are asymptotic to the orbit y € Pgooa(Y) at the decorated puncture 0
at +oo0, and to chords by,...,b, € C(A) at punctures zq,... Zm at —oo. When

= 0, the moduli space M A()/ @) will simply be denoted by MY A

The interior puncture 0 and one boundary puncture, which we take to be z;, determines
a coordinate system on D and gives, in particular, an identification dD = S! =
R/(27Z) where we think of S! as the polar coordinate circle at 0 and where z;
corresponds to 0 € R. The asymptotic marker £ at O then induces an evaluation map

evy: MX()/;bl,...,bm)—>8D =S,
which associates to a map u the coordinate of £ in the polar S'. Define
MY (yiby,. .. bm) = evg'(z1) = evg ' (0),
MY (ibi,... bm) i=ev " (1. 22)),

where (z1, z;) denotes the open arc in the boundary 0D which starts at z; and ends
at z,. Thus /\\//l/X(y; bi,...,bm) (respectively MY A(yib1,...,bpy)) is a subspace of
the moduli space MX()/, bl, ...,bm) which is dlStngulShed by the condition that the
ray of asymptotic marker mapped to p, intersects dD at the point z; (respectively at
a point of the open arc (z1, z5)). See Figure 4.

Note that the moduli spaces MX (y;b1,...,b,) and MX (y;b1,...,b},) coincide if
the chords by, ..., by and b, ..., b, differ by a cyclic permutation. We can, therefore,
limit ourselves to the study of the above moduli spaces with the specific boundary
puncture z; and boundary arc (z1, z;). Note also that /\\//(X(y; bi,...,bm) could be
defined by instead using the asymptotic direction £4+ at 0 to define a coordinate system
on D and then letting z; induce an evaluation map ev;: MX(]/; by,....byp)— S!
which maps f to the coordinate of the puncture z; and taking the preimage of 0
under ev; .

3Let us point out that the gradient flow line may lie in L and connect points on two anchor disks.
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2

21 21

Figure 4. A curvein MX (y;b1,b2). Lower line shows positions for markers
in the source for MX (v:b1,b5), MX (v:b1,by) and MK (y: b1, b5)

As in the definition of the moduli spaces of Morse—Bott curves with two holomorphic
levels described in Section 2.3 we let

A, v0, b1+ bm) = MY (i 10) /R x MK (vo: b1, - .., bm).

If (f+, f~) e A(y, yo. b1 - - - byy) then the asymptotic marker £ at the positive puncture
of f4 determines an evaluation map ev(')F: MY (yiy0)/R — Yo and after composition
with f_, the evaluation map ev; on MX()/; bi,...,bm) discussed above gives an
evaluation map ev;: MX(VO; bi,....bm) — Yo-

Let ./\\//l/j’\Y(y;bl, ..., bm) be the moduli space of pairs ( f4, /) € A(Y, Yo, b1bm),
for some ¥y € P, such that the points py,, eV(‘)" (/4+), and evy (/=) lie in the cyclic
ordering

(Pyo - evy (f4), evi(f2))

on yo with orientation induced by the Reeb field Rq .
Finally, we define the moduli space

MY (yibis. . obm) = MY (vibi, . b)) UMY (v by, ... ).
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‘We have
R m
dim MY (y:b1.....bm) = dim MY (yiby.....bm) = |y =D _ Ib)].
j=1

m
dim MY (vib1.....bm) = |y =Y b~ 1.
j=1

2.7 Moduli spaces M" (y; ) and MY (y; B)

Let X, Xy and W be as in Section 2.2. We fix adjusted almost complex structures
on W and X, which agree on the common part.

Given two orbits y € P(Y) and B € P(Yy) we define, similarly to above, the moduli
space MW (y;B) of holomorphic cylinders in W, anchored in X, connecting y
at +o0o with 8 at —co. We next define moduli spaces of Morse—Bott curves (in
complete analogy with the corresponding definitions in Section 2.3) as follows:

The marker at 400 fixes a parametrization for the S'!—factor in the domain R x S
of elements in M" (y; B) which gives an evaluation map evg: MW (y: B) — B and
we let

MY (y:B)=ev" (pp)-
Further, the markers at 400 and —oo of elements in M"Y (y;y,) and MY0(yy: B),
respectively, give evaluation maps

evo: MY (y:v0) — Yo and evy: MY (yo: B) — Yo-

We let M7 (y; B) denote the set of pairs (f, f~) € MW (y, yo) x MY (30, B)/R
for some y € P(Yo), such that evo(f), evy (/=) and py,, lie in the cyclic order

(Pyo -evo(f) . ev5 (f-)) on yo.

Similarly, we use markers at +00 and —oo of elements in MY (y; 1) and MY (yo: B)
to define evaluation maps

evg: MY (v.v0) — Yo and evg: MY (vo. B) - Y0

We then let MW (y; B) consist of pairs (/4. f) € MY (y:v0)/R x MW (0, B)
for some yy € P(Y), such that evg' (f4+), evo(f) and py, lie in the cyclic order

(Pro -evg (f4),evo(f)) on yo.

Finally, we define the moduli space
MY (yipy = MY (i UM™Y (i p UM™Y (v ).
We have dim(M" (y: ) = y|— 8] and dim(M™ (y: B)) = y|— |B|—1.
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2.8 Moduli spaces MY (¢;b1,...,bm), MY (c; p), and MY (c1,¢2; p)

Let L C W be an exact Lagrangian cobordism between the Legendrian submanifolds
A_CYyand Ay C Y. Given a chord ¢ € C(A+) and chords bq,...,by, € C(A-)
we denote by

MY (ciby, ... bw)

the moduli space of holomorphic maps
fi(D,OD\{z",z1,....zm}) = (W, L),

anchored in Xy, where z1,z;, ..., 2z, m>0, are boundary punctures ordered counter-
clockwise, such that at zt the map is asymptotic to the chord ¢ at 400, and at the
punctures zy, ..., Zn the map is asymptotic to the chords by, ..., by, at —oo. We have

m
dim MY (c:by.....bm) = lc| =D |bj].
j=1

Suppose that A_ = @ and assume that the restriction H |z is a Morse function without
local maxima. Given a chord ¢ € C(A4), let MEV(C) denote the moduli space of
holomorphic disks f: (D, dD \ {z}) — (W, L) anchored in X, which are asymptotic
to the chord ¢ at the puncture z. Let ev: M%V(c) — L be the evaluation map at the
point —z € dD opposite to the marked point z. We will assume that ev is transverse
to the stable manifolds V), of all critical points p of the function H|z and, given a
critical point p € L of the function H|r, we let

MILV(C, p) = eV_l(Vp).
We have
(2-4) dim(MY (¢, p)) = |¢| + 1 —n + index(p),

where index(p) is the index of the critical point p of the function H |z . In particular,

when index(p) = 0 then dim(j\/lEV(c, p))=lc|—-n+1.

Next, we define the moduli space M (c1, ¢3) as the union ’M P (¢, c2) UMW (cy, ¢2),

where ’/\/l]I:V(cl , ¢2) denotes the moduli space of holomorphic disks
f:(D,0D\{z1,z2}) > (W, L)

anchored in Xy, which are asymptotic at +o0 to the chords ¢; and ¢, at the punc-
tures z; and z,, respectively. Let ev: /MEV(C 1,¢2) — L be the evaluation map at point
z € 0D midway between z; and z, (or midway between z, and z;). Under similar
transversality conditions as above, we let

MY (c1.¢0: p) = ev ' (Vp).
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To define MY (c1.c2) we fix, similarly to the way it was done in Section 2.5, an
auxiliary Morse function g: A — R with one minimum and one maximum and define
the function g: L — R which at the cylindrical end [0, c0) x A of L coincides with
g2+, s € R. Define

(2-5) MY p(c1.c2: p) = M (cr: p) xg MK (€2) UMD (c1) xg MK (c2: p).

where an element in M A(cl ;D) Xg MX(Cz) consists of a pair of holomorphic disks
(u,v) e MY Alers p)x MY A (c2) and a flow line of Vg which connects the boundary of u
to the boundary of v, and where elements in M A(cl) xXg M A(cz p) are analogous
configurations where the negative puncture is in the second disk instead. We have

(2-6) dim(MY (c1, c2: p)) = |e1| + |ea] — (2n — 4) + index(p).

2.9 Moduli spaces MY (y;by,...,bn), MY (y;b1,...,b,) and
M%V(y;bl,...,bm)

Suppose now that W is a Weinstein cobordism, p1, ..., px € int W are critical points
of index n of the Lyapunov function H for the Liouville vector field Z, and that there
are no other critical points of H in W. We assume general position, so that there
are no Z —trajectory connections between critical points pj,..., px. Let Ly,..., L
be Lagrangian stable manifolds of the critical points py,..., px,and Aj = L; NY,,
j =1,...,k be the corresponding Legendrian spheres. We write A := Uk Aj and
L= Uf_lL Note that L is an exact Lagrangian cobordism between A_ = A and
Ay =

Given an orbit y € P(Y) and chords by, ..., by, € C(A) we define the moduli space
MEV()/; bi,...,bm) consisting of holomorphic maps

S (D\{0},0D\{z1,...,zm}) = (W, L)

anchored in X, where zy, ..., z; € dD are boundary punctures, which are asymptotic
to the orbit y at the decorated puncture 0 at +o00, and to chords by, ..., by, at punctures
Z1,...,Zm at —oo. Similarly to the construction in Section 2.6, using z; and 0 to fix
coordinates on D, the location of the asymptotic marker at 0 induces an evaluation map

evo: MW (yiby.....bym) — 3D =S".
Define
}I’V(y;bl, o b)) = evo_l(zl) = eval(O),
MY (yibi.....bm) i=evg (21, 22)).
Thus ./\\//l'LW(y; bi,...,bm) (respectively ./\//\IEV(y;bl, ...,bm)) is a subspace of the
moduli space MY (y:b1, ..., by) which is distinguished by the condition that the ray
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of the asymptotic marker intersects dD at z; (respectively at a point of the open arc
(z1, 2z2)). Since the chords by, ..., by, are listed up to a cyclic permutation, we again
restrict ourselves to the boundary puncture z; and the boundary arc (zy, z5).

The asymptotic marker at +oo of an element in MY (y;y,) gives an evaluation map

./\/lY()/ Y0) = Yo. Using the evaluation | map evi: ./\/lL (Yo:b1,--..bm) = Yo
dlscussed above, we define the moduli space /\/l/ W (yiby,...,bm) as the set of pairs
(f, ) e MY (y:v0) /R x MY (yo: b1, ..., bm), for some yo € P(Y), such that the
points py, , eV(J)r (f+), and evy(f) lie in the cyclic order (py0 ,evar(er) ,evy (f))
on yg.

Finally, we define the moduli space
ME vibi, . bm) = M (vibr, . b)) UMEY (viby, . ).
We have

m

dim(MY (y:by.....bp)) = dim(MP (vib1.....bw)) = y[ =D Ibjl.

j=1

m
dim(MY (yiby.....bm) = ly| = bl — 1.

2.10 Moduli spaces M,’Z (y) and MY (y; p)

We use notation as in Section 2.9. Take y € P(Y). Then MZ (y) is the moduli
space of holomorphic maps f: (D \ {0},dD) — (W, L;) anchored in Xy, which are
asymptotic at 0 to the orbit y at 4o0.

Next, for y € P(Y) we define the moduli space M" (y), consisting of holomorphic
planes in the split manifold W U X, ie holomorphic maps f: C — W anchored in X
which are asymptotic to y at +o00. Let M{/V(y) be the moduli space of the same
objects with an additional marked point at 0 € C. The evaluation map at this marked
point is a map evy: M{’V(y) — W U Xj. Given a critical point p of the function
H: Xy — R we will denote

MY (y; p) =evg ' (Lp),
where L is Z —stable manifold of the critical point p.
2.11 Moduli spaces M?Ii,c)(c; biy...,bm)
As in Section 2.9 let W be Weinstein, p,..., px € int W be the critical points of

index n of the Lyapunov function H for the Liouville vector field Z in general
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position. Let Ly, ..., L; denote the Lagrangian stable manifolds of the critical points
Pi.....Pk.let Aj =LjNYy, j=1,..., k denote the corresponding Legendrian
spheres, and write A := U}‘Zl Aj, L:= Uj'(=1 L. We also consider the Lagrangian
unstable manifolds Cjy, ..., Cy of the critical points py,...,px. Let I'; =C;NY,
j =1,...,k denote the correspondlng Legendrian spheres. Write I := U i=1Ij and
C:= U ]—1C i Note that C; N L; is empty if i # j and consists of one transverse
intersection point p; if i = j. For c € C(T") and by, ..., by, € C(A) let us denote by
M(Wz,c)(c; bi,...,bm) the moduli space of holomorphic maps

f:(D,0D\{z,z+,21,...,Zm,2—}) > (W, C U L),

anchored in X, which are asymptotic to the Reeb chord ¢ at the puncture z at +o0,
asymptotic to by, ..., by, at the punctures zy, ..., z, at —oo, and which maps z4 to
intersection points in L N C. Here we have

m
dim(M{ ¢y (cibre. . bm)) = le| =D 1| = (1—2)

(see Figure 5).

c|C

by b, b3
Figure 5. A disk in M{} cy(c:by.by.b3)

Remark 2.1 Recall that the grading of a Reeb chord connecting a connected La-
grangian submanifold to itself was defined using a phase function, defined only up to
additive constant. In order to extend the definition to Lagrangian submanifolds with
many components we need to relate the phase functions of distinct components. To this
end, we order the components, pick paths connecting each component to its successor in
this order, and choose phase functions on the components which agree at the endpoints
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of the paths. Note that for any holomorphic disk with boundary on a Lagrangian
submanifold, punctures mapping to Reeb chords/intersection points between distinct
components appear in pairs and hence dimension formulas are insensitive to the choice
of paths.

3 Invariants of symplectic manifolds

Let (X, 1) be a Liouville domain with contact boundary ¥ and X its completion. We
will consider below three homology theories for the Liouville manifold X : linearized
contact homology CH, reduced symplectic homology SH, and full symplectic
homology SH. We use the bold face font letter H for homology, for example CH (X)
denotes the linearized contact homology of X . For each of the theories, we will
also consider the underlying chain complex which we will denote in the same way
but using instead the usual H, for example CH(X) denotes the chain complex for
linearized contact homology. The homologies CH(X), SH4(X), and SH(X) are
invariant under symplectomorphisms of X . In the setting introduced below, invariance
under symplectomorphism can be established using Lemma 1.1 and the cobordism
maps introduced in Section 3.4 in combination with chain homotopies induced by
deformations (which will not be discussed in this paper).

We fix a field K of characteristic 0. All complexes and homology theories below are
considered over K. Given a set A we denote the vector space over K generated by the
elements of A by K(4) .

Choose adjusted almost complex structures on X and the symplectization ¥ x R.
As we already stated above, in this exposition we ignore all transversality problems
and assume that regularity is satisfied for all involved moduli spaces. As is also
well known, algebraic constructions over K require a choice of coherent orientation.
For holomorphic curves in (X, L) (ie with Lagrangian boundary condition on the
Lagrangian submanifold L in the symplectic manifold X') the existence of a system
of coherent orientations requires the existence of a relative spin structure on (X, L)
and the system of coherent orientations depends on the choice of relative spin structure.
In what follows the Lagrangian submanifolds we consider come with distinguished
spin structures; see Remark 4.2 and Remark 4.12 for details. These spin structures
induce a system of coherent orientations which then allows one to assign a sign to each
0—dimensional component of the moduli spaces

ME (), MX(yi p), MY (i B), MY (viby, .. bw), MY (viby, ... bw),
MY (yiby.....bw). MY (y) and MY (y: p),
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as well as to each 1—dimensional component of the moduli spaces
MX(yiby, ... bm), MY (y:B), MY (y:iby.....by) and MY (y:by. ... bp).

which were described in Section 2.

Remark 3.1 A standard argument from SFT [23] shows that when y is fixed the
union of all the above 0—dimensional moduli spaces in X and quotient by the R—
action 1-dimensional moduli spaces in the symplectization of Y with any possible
asymptotic at —oo, are compact. Indeed, Stokes’ theorem provides an upper bound
fy X of the nonnegative energy |, ¢ dA for any such holomorphic curve C, end hence
compactness is guaranteed by a version of Gromov compactness theorem proven by
Bourgeois et al [8]. As a corollary of this observation we note that all the sums which
we use below to define the differential in various complexes and chain maps between
them are finite.

3.1 Linearized contact homology

The linearized contact homology complex CH(X)* is the vector space K{Pgooa(Y))
with the differential defined by

nyp
(3-1) degy = ), —2=p,
B <P

where the coefficient 7,5 counts the algebraic number of 1-dimensional components
of the moduli space MY (y; B) (see Section 2.3) and «k(B) is the multiplicity of the
orbit S.

Remark 3.2 (on the coefficient n,,8) The count of components in the moduli space
MY (y; B) is a count of curves anchored in X and hence a count of broken curves.
Explicitly, the contribution to n,g from a 1-dimensional moduli space of spheres in
Y xR with positive puncture at y, k; negative punctures at B;, j =1,...,m,and a
distinguished negative puncture at 8, with anchoring curves in 0—dimensional moduli
spaces of planes with positive punctures at B, j =1,...,m is

(3-2) nt ! ( i )kl...( o )km
kilekem! \k(B1) k(Bm))

where n is the algebraic number of components in the moduli space of spheres in
Y xR, n; is the algebraic number of elements in the moduli space of planes in X

4Traditionally it is called the linearized contact homology of Y , but we want to stress its dependence
on the symplectic filling X .
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with positive puncture at B;, j = 1,...,m, and where, as usual, k(y) denotes the
multiplicity of the Reeb orbit y .

Proposition 3.3 We have dé g = 0. The homology
CH(X) = H«(CH(X),dcH)

is independent of all choices and is an invariant of X up to symplectomorphism.

The homology H«(CH(X),dcg) is denoted by CH(X) and called the linearized
contact homology of X (or of Y').

Remark 3.4 (on multiplicities) One could alternatively define the differential on
CH by the formula

n
(3-3) degy=Y. Tyyﬂ)ﬂ,

[BI=lyI—1
instead of the differential dcg given by (3-1). Clearly the complexes (CH(X), dcy)
and (CH(X),dcy) are isomorphic via the change of variables y — x(y)y.

Remark 3.5 (linearizations) It is well known that for a general (not necessarily sym-
plectically fillable) contact manifold, contact homology is defined only via a differential
graded algebra, rather than a complex generated by orbits. The linearization scheme
used in the above definition is a special case of a more formal linearization procedure
associated with an augmentation, ie a graded homomorphism of the differential algebra
to the ground ring endowed with the trivial differential. The collection of linearized
homologies obtained using all augmentations is a contact invariant.

This procedure was first used by Y Chekanov in [10] in the context of Legendrian
homology algebras of knots in R3 (see Section 4.1 below). The results of this paper
admit a straightforward generalization to this more formal setup.

3.2 Reduced symplectic homology
We define the reduced symplectic homology complex as
SHY(X)= CH(X)® CH(X),

where .
CH(X) =K(P(Y)),

CH(X) = K(P(Y))[1],
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ie as a vector space CH (X) coincides with the complex CH (X) with grading shifted
up by 1. The differential dsg+ on SH™(X) is given by the block matrix

d s, du
34 dsg+=|,H :
(3-4) SH ( Sopr+ dc?z)

Here s +: CH — CH is defined by

(3-5) Ssu+y= Y. mygp.
1Bl=ly|—-2

where the coefficient 72,4 is the algebraic number of 1-dimensional components of
the moduli space MY(J/ B); see Section 2.3.

The differential d g )/ is given by the formula (3-1), where y and f are replaced by y
and ,B respectlvely, and where the summation is over all orbits. The differential dcyy
is given by the formula (3-3), where y and B are replaced by 7 and ,8 respectlvely, and
where the summation again is over all orbits. The differential d: CH (X)—> CH (X)
vanishes on good orbits and dyy = +2y if y is bad.

Remark 3.6 (on good and bad orbits in symplectic homology) Let us stress the point
that the complex SH T (X) is generated by all orbits from P(Y) and not only by the
good orbits as in the case of the contact homology complex CH(X). We note that
K(Poaa(Y)) C Ker(d ) and Im(dcgy) C K(Pgood(Y))[1]-

Proposition 3.7 We have d3y+ = 0. The homology

SHY(X) = Hi(SHY(X),dsu+)
is independent of all choices and is an invariant of X up to symplectomorphism.
Note that the homomorphisms d CH> dcy and 5SH+ decrease the filtration which
assigns filtration degree |y | to the elements in CH (X) and CH (X) which correspond
to y, while dy preserves it. Hence, the term E! of the corresponding spectral

sequence, together with Proposition 3.7 yield the following exact triangle relating
CH(X) and SHT(X):

ESH-I-

CH(X) CH(X).

N

SH*(X)
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Note that the homomorphism gs g+ differs from the one induced on homology by §sm+
because of the contribution from bad orbits.

Remark 3.8 F Bourgeois and A Oancea proved in [9] that SH™ (X)) is isomorphic to
the reduced symplectic homology of A Floer and H Hofer [25] (see also Viterbo [45])
and established the exact triangle (3-6).

3.3 Full symplectic homology

Let H: X — R be an exhausting (ie proper and bounded below) Morse function which
at infinity has no critical points and depends only on the parameter s of the symplecti-
zation. In the case when X is Weinstein we always choose as H the corresponding
Lyapunov function. Pick a gradient like vector field Z on X which coincides with %
at infinity. In the Weinstein case we assume that Z is the Liouville vector field.

The full symplectic homology complex is defined as
SH(X) = SH'(X) ®Morse(—H)[—n],

where Morse(—H )[—n] is the Morse homology complex of the function —H . The
grading is given by Morse indices of the function —H shifted down by —n. Equivalently,
we can replace Morse(— H )[—n] by the Morse cohomology complex of the function H
with the grading by n — indexyorse - INOte that the top index of this complex is < n,
while the minimal index in the Weinstein case is equal to 0.

The differential dgg is given by the block matrix

dsg+ 0 )

3-7 deg =
( ) SH ( 55H dMorse

where the homomorphism §sg: SHT = C\'I?(X) &) C/'FI(X) — Morse(—H)[—n] is
equal to 0 on CH (X) and equal to

(3-8) SsuV =Y, lLpp
lyl—Ipl=1

where /), is the algebraic number of 0—dimensional components of the moduli
space MX (y; p) (see Section 2.4) on CH(X). We note that §gg vanishes on
K(Ppaa(Y)) C CH (X).

Proposition 3.9 We have d$,, = 0. The homology
SH(X) = Hy«(SH(X), dsH)
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is independent of all choices, is a symplectic invariant of X and coincides with the
Floer—Hofer symplectic homology.

Proposition 3.9 implies the existence of the following exact homology triangle:

H*(X) SHL(X)

(3-9) § /

SH; (X)

This triangle is well known for the traditional definition of symplectic homology.

Remark 3.10 Identifying SH(X) with the Floer—Hofer symplectic homology as in
Proposition 3.9 and SH™ (X)) with the reduced Floer—Hofer symplectic homology as
in Remark 3.8, the above exact triangle coincides with the tautological exact sequence
obtained via an action filtration argument [45].

Remark 3.11 (on grading) In the literature there is no uniform grading convention
for symplectic homology. It depends on

o different conventions in the definition of Maslov index;
e different choice of the sign of the action functional ( [A—H dt versus [ H dt—A\);

e symplectic homology versus cohomology.

Our symplectic homology SH(X) coincides with the symplectic homology defined by
Abbondandolo and Schwarz [1]. In particular, SH.(7*M) = H,.(A M) without any
grading shift, where AM denotes the free loop spaces of a closed spin manifold M .
Also SH(X) coincides with Seidel’s symplectic cohomology of X [42] up to sign
change of the grading.

3.4 Cobordisms

Here we discuss functorial properties of the homology theories CH, SH™, and SH.
Suppose we are in the framework of Section 2.7. Let (X, w, Z) be a Liouville domain
and X, C int X be a subdomain such that the Liouville vector field Z is outward
transverse to Yy = dXy. Then W = X \int X, is a Liouville cobordism with d_W =Y,
and 9. W =Y =9X. Let W and X, be the completions of W and X,. We fix
adjusted almost complex structures on W and X, which agree on the common part.
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Contact homology Define a homomorphism F| gfq: CH(X) — CH(Xy) by the for-

mula nyg
Foyn= > 2=,
By <P

where 1, is the algebraic number of 0—dimensional components of the moduli space
MW (y: B) (see Section 2.7), and where the sum ranges over good orbits 8 of grading
as indicated. We assume here that the differential on the complex CH (X)) is defined
by the formula (3-1).

Reduced symplectic homology The homomorphism F¥;+: SHT(X)— SHT(X,)
is defined by the matrix

F% 0
(3-10) Flgs = ( M ) :
\DSH + F CH
where the entries are the following homomorphisms. The map FC%: CH (X) —

CH (Xy) is defined by

3-11) o=y %E,
|1Bl=lyI

the map FCH;I: C\'I/{(X) — 5?1()(0) is defined by

N nyg »
(3-12) FE®) =Y 5B,
Bty <)

and the map lIJ?/ILIJr: ﬁI(X) — EI\-I(XO) is defined by

(3-13) Wiy = Y mygh.

IBl=ly|-1
where all three sums range over all orbits # of grading as indicated, and where 7,
and m,, g are the algebraic number of elements of the 0—dimensional moduli spaces
MW (y: B) and MW (y; B), respectively; see Section 2.7. We note that K (Ppaq(Y)) C
ker(F2) and that im(FZ) C K(Pgooa(¥o))[1] € CH (Xo).

Full symplectic homology The chain homomorphism F gfq: SH(X) — SH(Xy) is
defined by the matrix

Fly+ 0
(3-14) F&, = ( ) .
w w
\pSH FMorse
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Here the map \D?EI: SH*(X) — Morse(—H; X)) vanishes on EITI(X) and it is
defined for a decorated orbit y € CH (X) by

(3-15) Uiy = > lLpp.
vI=Ip|

where the coefficient /,,, is the algebraic number of 0—dimensional components of
the moduli space M"Y (y; p); see Section 2.10. Note that 8% () = 0 if y is bad.
The map

Fl\%rse: MOI‘SE‘,(—H; X) g MOI‘SC(—H, XO)

is the projection.

Proposition 3.12 The homomorphisms F’ CW , F g’,’w and F ZI are chain maps which
are independent, up to chain homotopy, of the choice of gradient like vector field and
almost complex structure.

4 Legendrian homology algebra, three associated complexes
and linearization

4.1 The Legendrian homology algebra LH A (A)

Let Aq,..., Ay be disjoint embedded Legendrian spheres in the contact manifold Y .
We assume that A = Uf-‘zl A; is in general position with respect to the Reeb flow on Y.
Recall that we always assume that the Maslov class of each of these submanifolds is
equal to 0 (for spheres this is an extra assumption only if dim(A;) = 1), and that the
chosen trivialization of the canonical bundle of R x ¥ belongs, along L =R x A, to
the 1—dimensional real canonical subbundle of L.

For i # j, we write C;; for the set of Reeb chords connecting A; to Aj. Note that
Cij # Cji. We write C;; = C; for all Reeb chords connecting A; to itself. We will also
consider the empty Reeb chord e; which connects A; to itself. The set of all nonempty
chords for A (there could be countably many of them) is denoted by C.

Nonempty chords from C are graded by the relative Conley—Zehnder index (see
Remark 2.1), and the grading of e; is 0 for each j. Let R denote the K—algebra with
underlying vector space K{ey,...,e;) and multiplication defined by

ei-ej =6jjei, 1=i,j=k,
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where §;; is the Kronecker delta. We endow K(C) with the structure of a left-right
R—module by letting R act as follows:

0 otherwise.

¢ ifc €Cj; for some j, ¢ 1if ¢ € Cj; for some i,
ej-c= 4 c-ej = 4
1 - . -

0 otherwise, J

Define the Legendrian homology algebra as
o0
LHA(N) = @ K(C)®k = ROK(C) ®K(C) O K(C) ® -+
k=0

Note that the underlying vector space of LHA(A) is spanned by linearly composable
monomials, ie monomials ¢; ® - -+ ® ¢, such that the origin of the chord ¢; lies on
the same Legendrian sphere as the end of ¢; 4, fori = 1,...,m — 1. For simpler
notation, we will suppress the tensor symbol from the notation writing ¢y - - - ¢, instead
of (1R -Rcy.

Remark 4.1 The algebra LHA(A) is the path algebra of a quiver (see Assem, Simson
and Skowroniski [5]) associated to the Legendrian submanifold A . Vertices of the quiver
correspond to connected components A1, ..., Ay and edges of the quiver correspond
to Reeb chords.

The algebra LHA(A) carries a differential dy g 4: LHA(A) — LHA(A) which satis-
fies the graded Leibniz rule and acts on the generators ¢ € C according to the formula

draac = Z Neshyomby D1 bm,
lel=>_16;1+1

where nc.p,..p,, 18 the algebraic number of 1-dimensional components of the mo-
duli space MK(c;bl, ..., bm); see Section 2.5. Note that if MX(c;bl, e b)) s
nonempty and c € C;j, then the monomial b --- by, is linearly composable. Let us
also point out that the differential dy g4 acts trivially on all idempotents e; because
there are no holomorphic curves without positive ends.

Remark 4.2 The algebraic count of 1-dimensional components of moduli spaces
stems from coherent orientations of moduli spaces. In order to define such a system
of orientation one uses a spin structure on A. Since the components of A are (n—1)—
spheres each component has a unique spin structure for # > 2. For n =2 any component
has two spin structures: the Lie group spin structure which corresponds to the two
component double cover of S! and which generates the spin cobordism group of
1-manifolds, and the null-cobordant spin structure which correspond to the nontrivial
double cover of S!. Here we will always use the null-cobordant spin structure on any
component of A when n = 2.

Geometry & Topology, Volume 16 (2012)



Effect of Legendrian surgery 331

Given a component A; C A we denote by LHA(A;; A) the differential subalgebra of
LHA(A) which consists of words which begin and end on A;.

Proposition 4.3 We have d % 4 = 0. The homologies
LHA(A) = Ho(LHA(A). dpa) and LHA(A;: A) = Ho(LHA(Ai: A). dLEa)

are independent of all choices, and are Legendrian isotopy invariants of A.

In the following sections, we associate several complexes with the differential graded
algebra (LHA(A),drg4).

Suppose now that we are in the framework of Sections 2.8 and 3.4, ie

e (X,w,Z) is aLiouville domain and X, C int X is a subdomain such that the
Liouville vector field Z is outward transverse to Yy = 0Xp;

e W =X \intX, is a Liouville cobordism with d_W =Yy and 3. W =Y =0X;

e W, Xy and X are the completions of W, fo and X ;

e [ C W is an exact Lagrangian cobordism between Legendrian submanifolds
A_Co_W=Yyand AL CoW =Y.

Then we can define a homomorphism FZV: LHA(A+) — LHA(A-) by defining it
on the generators by the formula

FI@©) = > Mepybybibm.
le|=31;1

where m.p, ..., is the algebraic number of elements in the 0—dimensional moduli
space Mg/(c;bl, coosbm), c€C(A4) and by, ..., by € C(AZ); see Section 2.8.

Proposition 4.4

(1) F }:V is a homomorphism of differential graded algebras which is independent,
up to chain homotopy, of all auxiliary choices.

(2) Inthe speﬁial case when L consists of components Lgy, Lq,..., Ly such that
LjNd4+W =@ for j #0 we have FYY (LHA(A4)) C LHA(Ag—; A-). In
particular, F}:V induces a homomorphism

(/)% LHA(A;) - LHA(Ao—: A-),

where Aj_:=L; N0_W and A_ = U?:o Aj_.
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4.2 The algebra LHA(A;q)

We define deformations of the algebra LHA(A) in the spirit of Symplectic Field
Theory, as follows.

Choose a cycle ¢ representing a homology class q € Hi(A), where 0 <k <n—2.
We will assume that no point in ¢ is the endpoint a Reeb chord of A.°> Consider the
algebra
o0
LHA(N: @) = D K(CU{q})®k
k=0
=ROK(CU{g}) 8K({CU{q}) QrK(CU{g})D--- .

where ¢ is an element of degree n—k —2. The differential dy p 4.4 satisfies the graded
Leibniz rule, acts trivially on ¢, and acts on the generators ¢ € C according to the

formula
ki k kyn— k,
dLHA;qC = E Neiby bk, km 4 Obi1g* ! ---q " g™,
lel=X1bj 1+ 1+k(n—k+2)
k=ko+-+km

where n¢.p,..b,,:ko.....k,, 18 the algebraic number of 1-dimensional components of the
moduli space
ME(eiby, . bmiko, . km) Nevi (g x -+ x q)
———
k
(see (2-2)).

Proposition 4.5 We have d % HAyq = 0. The homology
LHA(A:q) = H«(LHA(A: ), dLHA3q)

is independent of all choices, including the choice of cycle g in the homology class q,
and it is a Legendrian isotopy invariant of A. The special element q is preserved under
the corresponding isomorphisms.

Given a Legendrian submanifold A C Y, consider a small Legendrian unknot Ay linked
(with linking number £1) with A. Let g be a point generating Hy(A). Consider the
unital subalgebra of the differential algebra (LHA(A:q),dy 4) that is generated by

3 Though this could be difficult to arrange for all endpoints, it can be done by a small perturbation
for all endpoints of Reeb chords below any given finite action. This problem, as well as the problem of
general position of the evaluation maps evy, belong to the class of transversality problems mentioned in
the beginning of Section 3 and will not be discussed further here.

Geometry & Topology, Volume 16 (2012)



Effect of Legendrian surgery 333

words which end with ¢ but do not start with ¢g. Take the quotient of this subalgebra by
the relation ¢ = 0 and denote the resulting quotient algebra by B. The differential d Ag
descends to a differential dg on B.

It turns out that the Legendrian homology algebra of AfU A is related to (B, dp).
More precisely, we have the following result.

Proposition 4.6 The algebra LHA(Af; A U Ag) is isomorphic to the algebra
H.(B,dp), ie to the homology of (B, dp).

Let us comment on the above isomorphism. For an appropriate choice of repre-
sentative of Af (as a small sphere concentrated near one point of A), the algebra
LHA(Af; AtUA) is the free differential associative graded algebra generated by words
of the form x_wx4, where w € LHA(A), of grading |x—wx4+| = |w|+ (n—2), and
one additional element ¢ with |a| =#n — 1 and with da = x_x4. Here x_ € C(A, Ay)
and x4 € C(Af, A). The homology isomorphism in Proposition 4.6 is induced by the
homomorphism
®: (B,dp) = (LHA(As; AU As), dLEA)

of differential graded algebras which is given on generators wq, w € LHA(A), by the
formula ®(wq) = x_wxy.

4.3 The cyclic complex LH “¢(A)

Consider the subalgebra LHO(A) C LHA(A) of cyclically composable monomials,
ie linearly composable monomials ¢ - - - ¢, such that the end point of ¢;, lies on the
same Legendrian sphere as the origin of ¢;. We denote the restriction of dy g4 to
LHO(A) by drgo: LHO(A) — LHO(A).

Since dppgo acts trivially on all units e; € LHO(A), it induces a differential d; go+
on the reduced complex LHO"(A) = LHO(A)/R. (Note that LHO™(A) is the
algebra generated by nontrivial cyclically composable monomials of nonempty Reeb
chords.)

Let P: LHOY(A) — LHO™ (A) be the linear map induced by graded cyclic permu-
tation:
P(cica-+¢p) = (_1)|Cl \(|Cz|-i-"'-i-|cll)c2 g

for any monomial ¢y ---¢; € LHO™(A). Then the image im(1— P) is a subcomplex of
LHO™(A). Let LH%¢(A) be the quotient complex LHOY(A)/im(1 — P). Denote
by d.y. the differential induced by dj o+ . Note that LH(A) is not an algebra. It
is a K-module generated by equivalence classes of cyclically composable monomials.
If w=cy---cp is amonomial in LHO'(A) we will denote its image in LH%(A)
by (w) and define the multiplicity of (w) as the largest integer k such that (w) = (v¥)
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for some monomial v, where v¥ is the monomial which is the k —fold product of v. We
denote the multiplicity of (w), by «((w)). We say that a monomial w € LHO™ (A)
is bad if, after acting on it with a power of P, it is the product of an even number of
copies of an odd-graded monomial w’. Nobad monomials are called good. Then for
any monomial w € LHOV(A), we have (w) = 0 if and only if w is bad. Moreover,
LH®(A) is generated by the elements (w), where w is a good word in LHO™V (A).

Proposition 4.7 We have dZ,. = 0. The homology

LHY(A) = Hi(LHY(A), deyc)

is independent of all choices, and is a Legendrian isotopy invariant of A .

4.4 The complex LH"Yt(A)

Consider the complex
LHYT(A) = LHOt (A) @ LHO (A),

where LHO*(A) = LHO*(A) and LHO ' (A) = LHO™(A)[1]. Given a monomial
w=cy---c; € LHOT(A) we denote by W = ¢cp---¢; and D = &jcp---¢; the
corresponding elements of L\FEJF(A) and L/H\OJF(A) and use the same notation
for the linear maps defined in this way on generators. We will also sometimes view
elements of 171/0+(A) and ZTH\0+(A) as monomials with the “check” or “hat” mark
on the variable which is not necessarily the first one. Such a monomial is meant to
be identified with the word obtained by the graded cyclic permutation which put the
marked letter in the first position.

Let S: LHO(A) — LHOV(A) denote the linear operator defined by the formula
@1 S(er--e)=Ciearrep+(=DleiGeve 4o+ (=Dl p
The differential dyot: LHMF(A) — LHHT(A) is given by the matrix

d d
(4-2) dios = [ FrHOF dbrot )
0  druo+

where the maps in the matrix are defined as follows on generators.

e If we LHOT(A) is any monomial then

,
(4-3) drgo+ () =Y _ v,
j=1

where each v; is a monomial and d; go+(w) = Z;=1 vj.
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e If ¢ is achord and w’ € LHA(A) is a monomial such that cw’ € LHOT(A)
then

(4-4) dy o+ @w') = S(dgore)w' + (—D)IHE (dpgorw).

Compare Section 5 in particular Corollary 5.6 in Ekholm and Kédlmén [21].
e Ifw=cy---¢; € LHOT(A) is any monomial then

(4-5) dMuo+ (W) = dpuo+(Cr--c)) =Cre--cp—cp-- ]
Proposition 4.8 We have djj,, = 0. The homology
LH™*(A) = H(LH™" (A), drio+)

is independent of all choices, and is a Legendrian isotopy invariant of A .

The following result is the Legendrian analogue of the exact homology triangle (3-6).
It is obtained by considering the second page of the spectral sequence associated to the
filtration of LHM°"(A) by grading of the underlying unmarked words in LHO(A).

Proposition 4.9 There exists an exact homology triangle:

LH®S(A) LH®S(A)

“o ~

LHH°+(A)

4.5 The full complex LHY°(A)

Define LHM°(A) = LHHF(A) @ C(A), where C(A) is the vector space generated
by elements 71, ..., tx of grading 0, in bijective correspondence with the Legendrian
spheres Aq,..., Ax. Note that after identification of t; with e¢; for j =1,...,k, we
have C(A) = R=K(ey,...,e;) and we may think of LH"(A) as

LH™(A) = LHO (A) @ LHO" (M),
where 17{6(A) = lTH?)‘WA) @ R = LHO(A) (as vector spaces).
The differential
duo: LH(A) = LHY (A)® C(A) - LH™T (A) @ C(A) = LH™°(A)

is given by the matrix

_ dHo+ 0
47 duo = ( Suto O) :
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where §po(C) = Zf-;l ne;t; for any chord ¢ € C;, dyo(w) = 0 for any nonlinear
monomial w € LHOV(A) and 8y, (@) = 0 for any w € LHO(A). The coefficient n;
is the algebraic number of components of the 1-dimensional moduli space MX(C)
(see Section 2.5) of holomorphic disks with one positive and no negative boundary
punctures.

Proposition 4.10 We have dj = 0. The homology
LH™(A) = H (LH™(A), dyo)

is independent of all choices, and is a Legendrian isotopy invariant of A .

4.6 Linearized Legendrian homology

Let X be a Liouville manifold with 39X =Y and let L C X be an exact Lagrangian
submanifold of X which bounds a Legendrian submanifold A = L NY. Assume
that L is equipped with a spin structure which is used to define a system of coherent
orientations of moduli spaces. Let us assume that the restriction H|r is Morse and
denote by Morse(—H 1) the Morse complex of the function —H|y,. Consider the
complex

LH(A; L) =K(C(A)) ®Morse(—H| L)

with differential dyg: LH(A; L) — LH(A; L) given by

J _(dc O)
L= \srw dwo)”

Here dpyo: Morse(—H| ) — Morse(—H |1,) is the Morse differential
de(c)= Y nepb.
bl=lc|—1

where n.p is the algebraic number of components of the 1-dimensional moduli space
MX 1.(c:b) of holomorphic strips connecting ¢ and b and anchored in (X, L) (see
Section 2.5) and

S (c) = chp D,
where n.p, is the algebraic number of components of the 1-dimensional moduli space
MY (c: p); see Section 2.8.

Proposition 4.11 We have di g = 0. The homology
LH(A; L) = H«(LH(A; L), dLh)

is independent of all choices, and is invariant under continuous deformations of L
through exact Lagrangian submanifolds with Legendrian boundaries.
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We call LH(A; L) the linearized Legendrian homology of A. It coincides with
wrapped Lagrangian Floer homology of L in the sense of Abouzaid and Seidel [3] and
Fukaya, Seidel and Smith [29].

Remark 4.12 Below we will consider the linearized Legendrian homology of cocore
disks. In this case L is diffeomorphic to R” and hence has a unique spin structure.

5 Legendrian surgery exact triangles

Let us return to the situation of Section 2.7. Let (/\7 ,w, Z) be a Liouville domain and
X, Cint X be a subdomain such that the Liouville vector field Z is outward transverse
to Yy = 0Xy. Then W = X \ int X is a Liouville cobordism with d_W = Y, and
0.W =Y =0X. Let W and X, be completions of W and X,. We fix adjusted
almost complex structures on W and X which agree on the common part.

Let us assume that W is a Weinstein cobordism, ie that there exists a Morse function
H: W — R which is constant on the boundary components and which is Lyapunov for
the Liouville vector field Z. We assume that H has critical points pyq,..., py € int W
of index n and no other critical points. We extend H to X, as any Morse function (or
as a Lyapunov function for the Liouville field Z if X, is Weinstein as well).

We denote the stable manifolds of the critical points of H by Ly,..., L; and write
Aj=L;NY, j=1,..., k forthe attaching Legendrian spheres, and let A = Uj-‘zl Aj.

The Weinstein cobordism structure on W is determined by the Legendrian embeddings
Aj: S "1 5 ¥,,% j=1,...,k, up to homotopy in the class of Weinstein cobordism
structures with equivalent Lyapunov functions. In particular, the contact manifold Y
and the symplectic manifold X are determined by these data. We will say, that Y is
obtained from Y, by a Legendrian surgery along A1, ..., Ay, and that X is obtained
from Xy by attaching Weinstein handles along these spheres. We will refer to the
spheres Aq,..., A C Yy as a Legendrian surgery basis.

Let LHA(A), LH%Y(A), LHH°T(A), and LH"°(A) be the Legendrian homology
algebra and the three complexes associated to it, as described in Section 4.

5.1 Linearized contact homology

The next theorem describes a complex which computes the linearized contact homol-
ogy CH(X).

6 Although the manifold W may depend on the parametrization of the Legendrian spheres, the
holomorphic curves invariants considered in this paper are independent thereof.
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Theorem 5.1 Consider the complex LCH(Xy, A) = CH(Xy) & LHY(A). Let
drcg be the map given by
d 0
drca = ( cH ) ,

(SLCH dcyc

where

(5-1) Sren( =Y K"(V(L'j’)’) (w).

lyl—lwl=1

Here «((w)) is the multiplicity of the cyclic word (w) and n,, () is the algebraic
number of components of the 1—-dimensional moduli space MXO (y:b1,...,by) (see
Section 2.6) for any monomial w = by --- by which represents (w) € LHY(A).

<>

icu =0

Figure 6. Two level holomorphic disks at the boundary of a 1-dimensional
moduli space of holomorphic disks (up to translation) which cancel in the
equation d} ., =0

Define the homomorphism
F¥y =Fl e FCVyVC: CH(X) — LCH(Xy, A) = CH(Xo) & LHY(A),

where F g;l: CH(X)— CH(Xy) is the homomorphism induced by the cobordism W,
which was defined in Section 3.4, and where FJ’;’C: CH(X) — LH9°(A) is defined
by the formula

- Wi — My w) ‘
(5-2) Fl.(y) |y|§w| wy ™
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Here «((w)) is the multiplicity of (w) and m,, () is the algebraic count of the number
of elements of the 0—dimensional moduli space MY (y: by, ..., by) for any monomial
w = by --- by representing the cyclic class (w); see Section 2.9.

Theorem 5.2 The homomorphism F LC - CH(X) — LCH(Xy, A) is a chain quasi-
isomorphism. In particular, there exists an exact triangle:

CH(X) CH(Xo)

S~

LH®(A)

5.2 Reduced symplectic homology

The next theorem describes a complex which computes the reduced symplectic homol-
ogy SHT(X). We use notation as in Section 4.

Theorem 5.3 Consider the complex SLHY (X, A) = SHY (X)) ® LHHT(A). Let
dgr g+ be the map given by

dSLH+=(5dSH+ dO )
SLH+ dHot
Here
Sse+(@) =Y Ij(y((;)) S(w),
lyl—lw|=1

where «(y) is the multiplicity of y, ny () is the algebraic count of components of
the moduli space MXO (y;b1,...,bm) forany w = by --- by, representing (w) (see
Section 2.6), and

Sspa+ (V) = Z Ryw W+ Z RywW,
ly|—lwl=1 ly|—lw[=2

where 7y, (respecuvely Ny ) is the algebraic count of the number of elements of the
moduli space MYO()/ bi,...,bm) (respectively MYO()/ bi,...,bm)), where w =

by -+ by (see Section 2.6). Then dSLHJr =0.

Consider the map

w
FS

g = Fég+ ® Flp .t SHT(X) — SLHT (Xo. A) = SHT (Xo) ® LH™ " (A),
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where F¥+: SHT(X) — SH'(Xy) is the map induced by the cobordism W that
was defined above in Section 3.4 and

FY .. SHY(X)= CH(X)® CH(X) — LH"*(A)

is defined by the formula

~ m
FI—?ng(V) = Z #;w))s(w),
[y |=1(w)|=0
FE.Gy= 3 iigwi+ Y iiywi,
ly|—lw|=0 ly|—lw|=1
where m,, () is the algebraic number of elements of ME/()/; bi,...,by) for any

w = by --- by, representing (w), and where 71y, (resp. 1y,y,) is the algebraic num-
ber of elements of the space MY (y:by,...,bm) (tesp. MY (y;by,...,bm)); see
Section 2.9.

Theorem 5.4 The homomorphism ng g+ SHY(X) — SLH* (X, A) is a chain

map and a quasi-isomorphism of the corresponding complexes. In particular, there
exists an exact triangle:

SHT(X) SH (Xo)

S~

[ Ho+ (A)

5.3 Symplectic homology

The complex described below computes the (full) symplectic homology SH(X).
Theorem 5.5 Consider the complex SLH (X, A)=SH(Xo)®LH"(A). Let dsi g

be the map given by
dSLH:(dSH ’ )
AsLH duo
where

Asrr: SH(Xo) = SHT (Xo) ®Morse(—H|x,) — LH"(A) = LH™ T (A) @ C(A)

is given by the matrix
0 0
A LH = (~ ) .
s AsLh dMorse t
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Here Agpp: SHT (Xo) = CH (Xo) ® CH (Xo) — C(A) is equal to 0 on CH (Xy),
and on CH (Xy) it is defined by the formula Agp g (7) = Zlfnyj tj, where the co-
efficient nyj is the algebraic number of components of the 1-dimensional moduli
space ./\/ng (y) (see Section 2.6), and the homomorphism dyiorse - Morse(—H |x,) —
C(A) is the boundary operator in Morse(—H) followed by projection to C(A).
Then dgLH =0.

A xR

A xR /

N>

Figure 7. On the left, a two level disk with boundary on A x R at one
boundary point of a 1-dimensional moduli space of holomorphic disks (up
to translation). As the moduli space is traversed, the boundary of the disk
shrinks. On the right, a one level sphere which intersects A x R in a point,
which is the configuration at the other boundary point of the moduli space.
These two configurations cancel in the equation d §L g =0.

Note that the complex SLH (X, A) can be rewritten as
SLH(Xo,A) = (SHY (Xo) ® LH™%(A)) & (Morse(—H|x,) ® C(A))
= SLH™" (Xy, A) ® Morse(—H)

and the differential takes the form

dsLa = (a’SLH+ 0 ) :
SSLH dMorse

Using this observation we define a homomorphism
F¥ oo SH(X) = SHY (X) ® Morse(—H) — SLH(Xp, A)
= SLH™T (Xy, A) ® Morse(—H)

w
o (F SLH+ 0)
SLH — ’

W .
\I’SLH id

by the block matrix
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where the homomorphlsm \IJSLH SHY(X) = CH X)e fl?l(X) — Morse(—H) is
equal to 0 on CH(X) and is defined by the formula \IJSLH y) = Z|y\=1 Nyp; Tis
where the coefficient 7, p, is the algebraic number of elements of the 0—dimensional
moduli space MII’Z (y); see Section 2.9.

Theorem 5.6 The map F SLH SH(X)— SLH(Xy, A) is a chain map and a quasi-
isomorphism. In particular, there exists an exact triangle:
SH(X) SH(Xy)

~

LHHo(A)

Corollary 5.7 Suppose that X is a subcritical Weinstein manifold. Then SH(X) =
LHMo(A).

Indeed, according to a theorem of K Cieliebak [12], we have SH(X() = 0, and hence
the exact triangle (5-5) implies the claim. Note that any Weinstein manifold X with
cylindrical end can be obtained by attaching Lagrangian handles to a subcritical Xj.

5.4 Linearized Legendrian homology of cocore spheres

Let (W, L, C) be as in Section 2.11. We use notation as there: A =LNY,, [=CNY.
Furthermore, L and C are decomposed as L =L{U---ULg and C =C{U---UCy
with corresponding subdivisions of A and I".

Let us notice that the linearized Legendrian homology LH(T', C) in this case is the
homology of the complex

LHT,C)=K({T)®K(fi..... fi).

Here f; corresponds to the unique critical point (the minimum) m; of the function
H|c; , has grading | fj| = n —2 —index(m;) = n — 2, and satisfies dpg(fj) =0,
j=1,...k.

We introduce a product operation x on the complex LH (I, C). If ¢; and ¢, are Reeb
chords then define their product as

k

Ca*x (1 = Z Ney,eosp b+ ZNclaCZ§fj Ji-

ceK(c(I)) j=1
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Here N¢, ¢,:» and N¢, ¢, r are the algebraic number of components of the 1-dimen-
sional moduli spaces M. ~(c1,¢2;b) and ./\/lg/(cl,cz; mj), respectively; see Sec-
tions 2.5 and 2.8. Let us also define

¢ if ¢ € C;; for some i, ¢ 1if ¢ € C;; for some i,
Jixe= /! and cx* fj = Y
0 otherwise, 0 otherwise,
where ¢ € C;j, where C;; is the set of chords connecting I'; with I';, j =1,... k.

Consider the map
Fl{ ¢yt LH(T,C) — LHA(A)

defined as follows. For generators ¢ € C(T'),

Fi c)(0) = > KeibysonbmB1 b,
|C|=Z,m=1 |bj |4 (n—2)

where ¢ €C(I"), by, ..., b, €C(A), j=1,...,k,and where the coefficient k..p, . ..
is equal to the algebraic number of elements of the 0—dimensional moduli space
M(Wi,c)(c; bi,...,bm); see Section2.11. (If m =0 then M(Wi,c)(c) can be nonempty
only if ¢ is a chord with both endpoints on one component I'; and the algebraic number
of elements in a moduli spaces M(VIZ’C)(C) of rigid disks with boundary on C; U L;
and no negative punctures equals the coefficient of ¢; in the expansion of F&/’C)(c) J)
For generators f1,..., fk,

Fl{ () =ej0 j=1,....k

We then have the following:

Theorem 5.8 The operation « descends to an associative product on LH(T", C). The
map F&/’C): LH(I",C) — LHA(A) is a chain map which induces an algebra isomor-
phism on homology. (Here we view LHA(A) as a module generated by monomials
and with product induced by the standard (concatenation) product on LHA(A).)

Remark 5.9 Similarly to the product n1, = *, one can define on LH (I", C) operations
my,l > 2, using anchored in (X, C) holomorphic discs in R x Y with / positive and
1 negative punctures. These operations define an A,—structure on LH(T", C). The
homomorphism F(VZ’C) can be included into an As,—quasi-isomorphism between
the Aoo—algebra LH(I',C) and LHA(A) with the trivial Ao, —structure, where the
product is just the tensor product and all the higher operations are equal to 0.
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5.5 Legendrian homology algebra

Let Ay C Yo be a Legendrian submanifold disjoint from A = U]f Aj . Trajectories
of Z in W which begin at points of Ay form a Lagrangian cylinder Lo which
intersects Y along a Legendrian submanifold A(T CY. Then L' = U’gZ j» where
Zj = L; N W is a Lagrangian cobordism between A" = AjU A C Y, and A(J)r cY.
According to the second part of Proposition 4.4 there is defined a homomorphism

(FP)*: LHA(AL) — LHA(AG: A).
Theorem 5.10 (FL”//)*: LHA(A(J)F) — LHA(Ay: A’) is an isomorphism.

Note that Theorem 5.10 allows us to compute the full Legendrian homology algebra of
the cocore sphere I".

Restricting to the case k = 1 we note that it is possible to disjoin I" from itself by
a small Legendrian isotopy. The pushoff I'" of I" can then be pushed further down
to Yy using the Liouville flow of Z. Different choices of perturbation of I' give
different Legendrian spheres in Yy which are generally not Legendrian isotopic. It is,
in particular, possible to choose perturbations either so that the pushdown of T is a
small Legendrian sphere Af C Y linking the attaching sphere A, once, or so that it is
a parallel copy A, of A,. Choosing A C Yy as A and the corresponding pushoff I
of I' as A(‘)1r , we are in a situation where Proposition 4.6 applies, and it provides
an explicit description of the algebra LHA(Af; Af U A) in terms of the deformed
algebra LHA(A; q), where ¢ is a generator of Hy(A). According to Theorem 5.10
the homology LHA(Af; AfU A) is isomorphic to LHA(T") = LHA(T).

Note that the complex in Theorem 5.8 which is quasi-isomorphic to LH(I", C) looks
like the linearization of the differential algebra LHA(A¢; AfU A) which corresponds
to the trivial augmentation. Nevertheless, it is not clear that the formula in Theorem 5.8
follows from Theorem 5.10 and Proposition 4.6 because the algebra LHA(As; AfUA)
may have other augmentations with isomorphic linearizations.

6 About the proofs

We sketch in this section the main ideas which enter the proofs of the results discussed
in this paper.
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6.1 Dynamics of the Reeb flow after Legendrian surgery

We first explain the mechanism of creation of new periodic Reeb orbits as a result
of Legendrian surgery. To clarify the picture we begin with the case when Yy is
just R2"~1 with the standard contact form Ag = dz — """ y;jdx; and when the
surgery locus A consists of one Legendrian sphere. In particular, the Reeb vector field
Ry = % has no periodic orbits. We assume further that the Reeb flow isotopy C[)tRO (A)
intersects A transversely. In particular, the set C(A) consists of finitely many Reeb
chords cy, ..., ¢y in general position.

Consider the contact manifold (Y, A) which results from surgery on A. The Reeb
vector field R on Y satisfies R = Ry outside of a tubular neighborhood U of A.
Under surgery, U is replaced by the unit cotangent bundle of the n—disk which is the
Lagrangian core disk of the attached handle. One can choose the contact form A so that
away from a small neighborhood of dU the Reeb dynamics inside the handle is the
geodesic flow of the flat disk. Moreover, the perturbation necessary for the boundary
adjustment can be made arbitrarily small.

The dynamics of the flow of R on Y can then be described as follows. Consider the
1—jet space J1(S" 1)~ T*S"! xR of the (n—1)—sphere endowed with its standard
contact form a = dz + p dq, where (g, p) are canonical coordinates on 7*S”~! and
z is a coordinate in the R—factor. Let S C J'(5§”!) denote the O—section and define
Us ={|z| <&, | pll <&}, e >0, where we view of S as the unit sphere in R” in order
to define || p||. Note that U, is a neighborhood of S of size . Let Vi = {z = +¢}.
The form wy+ = da|y 4+ is symplectic and (Vi, w4 ) is symplectomorphic to the
cotangent disk bundle of S”~! of radius . For & > 0 sufficiently small, there exists an
embedding j: U, — Yy with j*A¢g =« and j(S) = A, and which hence allows us to
identify U, with a neighborhood of A C Y,. We will keep the notation U, and Vi for
the images of U, and V4, respectively, under the contact embedding ;. The Reeb flow
of A defines a symplectomorphism i: (V_,dA|p_) — (V4,dA|y, ). Now the effect
of the surgery on Reeb dynamics can be described as follows. Outside U, we have
R = Ry, all the trajectories which enter U, through V_ exit through V4 and thus there
is defined a holonomy symplectomorphism 7: (V—,dA|p_) — (V4,dA|y, ). One can
show that T =t oi, where 7: (V4,dAly, ) — (V4. dAly, ) is a generalized symplectic
Dehn twist (see Arnol’d [4]), where we identify (V,dAly, ) with the cotangent disk
bundle of the sphere S~ ! of radius ¢ .

In the case under consideration (Yy = R?”~1) there are no closed orbits of R in ¥
outside U,. Hence, if y is a closed orbit then it has to first exit U, and then reenter it
again. We claim that if ¢ > 0 is chosen sufficiently small then the outside portion of any
closed trajectory y has to be contained in a neighborhood of a union of Reeb chords
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from C(A). Indeed, the assumption that the isotopy CI>’R0 (A) intersects A transversely
implies that for any § > 0 there exists an & > 0 such that a Reeb trajectory at distance
at least § from the union of the chords in C(A) which starts on V. never intersects U,
again.

Conversely, we claim that if w = (¢;, -+ ¢in) € LHY°(A) is a cyclic word, then for
all sufficiently small § > 0 there is ¢ > 0 a unique periodic orbit y which passes
through the §—neighborhoods of chords ¢;,, ..., ¢, in the given cyclic order and
exactly once through the flow tube around ¢ for each index i; such that ¢;; =c. We
will consider here only the case N = 1. The general case is similar. Thus, assume
w = (c) for a chord ¢ € C(A). Let a,b € A be the beginning and the end points of
the chord ¢. Let T denote the action of the chord ¢, T = /. A. Then CIJT (a) =b.
Write a1 = <I>i8 (a) € V4. The isotopy CD’ (A) t > 0 intersects A transversely
att =T in the p01nt b. Fix ¢ > 0 such that 30 is smaller than the action of any
chord in C(A). Call a path y: [0, 1] = V4 with y(0) = a4+ small if for any ¢ € [0, 1]
there exists s € [T — o, T + o] such that ®%(y(¢)) € V_. Denote by A the set of all
endpoints of small paths. The holonomy along leaves of the Reeb flow of R defines an
embedding f: A — V_. We need to show that there exists a unique point x € A such
that T(f(x)) = x. If a point x € A satisfies this equation then

xeZ:= G NHr).

Note that we have Z = ({° Z;, where Z; := ﬂij('fof)k(Al), Z1D>Z,D---DZ.
One can check that the closed sets Z; are nonempty and that diam(Z;) — 0 as
j — o00. Hence Z consists of one point x € Z, butif x € Z then T(f(x)) € Z. Thus,
x =7(f(x)), ie x belongs to a unique periodic orbit of R which intersects 4 and
passes once in a neighborhood of c.

In the case of a general contact manifold Y, we can similarly show that if the contact
form Ay on Yy is chosen in such a way that A does not intersect any periodic orbits of
its Reeb field, then given any C > 0 one can find a sufficiently small & > 0 such that all
orbits of R of period smaller than C survive the surgery and all newly created orbits of
period smaller C are in 1-1 correspondence with cyclic words from LH(A). We call
these orbits essential. Thus essential periodic orbits in Y are in 1-1 correspondence with
the generators of the contact homology complex LCH (X, A)=CH(Xo)®LHY(A).
On the other hand, as we discuss next, passing to the limit C — oo the contribution of
other, nonessential, orbits can be discarded.

Indeed, consider monotonically decreasing and increasing sequences &, — 0 and
Cy — o0, respectively, and let A, be the corresponding sequence of contact forms
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on Y. Let CH=Ck(A,) be the subcomplex of CH(A,) generated by closed Reeb
orbits y with [ y)‘n < C). We denote the corresponding homology by CH=C% (,,).
We can assume that A, > A,41, n = 1,2,..., and hence we have the following
commutative diagram:

—— CH=% (k)

CH=Ck+1 (Ap) —— -+ CH(An)

—— CH=Ck (hyq1) —= CH=Ck+1(Qypy) —> -+ CHGnt1)

——— CH=C% (Aoo) — CH=Ck+1(hoo) —

Here the vertical arrows are monotonicity homomorphisms, the horizontal arrows are
action window extension homomorphisms, and

CH=% (Aoo) := lim CH=% ().

n

We define an essential complex

CH™({}n}) := limlim CH= (h).
k n

Note that the vertical arrows in the last column are all isomorphisms and hence
li_r)nn CH(A,) = CH(Y). On the other hand, it is straightforward to check that the
vertical and the horizontal limits commute, so that lim  CH=% (Ao,) = CH(Y).
But 11_n>1 . CH=C* (L) is equal to the homology of the essential complex, which is
generated by essential orbits only.

In symplectic homology orbits are parametrized, and os every generator of LHY°(A)
corresponds to a circle of orbits in symplectic homology. To connect this Morse—Bott
case to the complex LHMT(A), we choose on every orbit an auxiliary Morse function
with one minimum and one maximum on every of the above chords generating the orbit.
The minimum and maximum marked orbits correspond, respectively, to the generators
of the complexes I7I/O+(A) and ITH\O"'(A), which together generate LHMT (A).
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Similarly, the generators of LHA(A; A) (resp. of the vector space LHA(A)) corre-
spond to (essential) chords connecting points on the Legendrian manifolds Ag cY
(resp. I' C Y) after a Legendrian surgery with a basis A disjoint from Ay

6.2 Filtration argument

The statements that 2 = 0 in Theorems 5.1, 5.3 and 5.5, as well as the chain map
statements in Theorems 5.2, 5.4, 5.6 and 5.8 follow from a detailed analysis of bound-
aries in the compactification of the moduli spaces involved. In order to prove the
isomorphism part in Theorems 5.2, 5.4, 5.6, and 5.8 we use a filtration argument.
Observe first that all the maps preserve the natural action filtrations. Consider, for
instance, the map F LCH CH(X)— LCH(X,A)=CH(Xy) ® LHY°(A). As was
pointed out above, for an appropriate choice of contact form on Y, the new orbits in ¥
are in 1-1 correspondence with the generators of the complex LH“°(A), while the old
orbits correspond to generators of CH(Xj). If we order these generators according to
their action values, then the fact that the homomorphism F L.cy 1S action decreasing
translates into the fact that the matrix of FZVC g 1s lower triangular with respect to
action. The most delicate part of the proof is the analysis of the diagonal elements of
this matrix. In the next section we sketch an argument that for an appropriate regular
choice of the almost complex structure, all the diagonal elements are equal to =1, and
hence for such a choice of extra data, the map F? .y 18 an isomorphism already on the
chain level. The proofs of Theorems 5.8 and 5.10 follow similar lines of arguments.

The claim that the product is preserved in Theorem 5.8 follows from analyzing the
boundary of the 1-dimensional moduli spaces /\/l( L.oy(c1,¢2:b1, ..., by) obtained
by gluing moduli spaces MA 1(c1,¢25¢) and M(ﬁi C)(‘ bi,...,bm). This two-
story holomorphic building represents the pushforward F( 7.0)(¢) € LHA(A) of the
product ¢ = ¢ *x ¢; by the isomorphism F( 1.,c)- Besides splittings which contribute
to boundary terms, the only other possible splitting is a configuration of two curves
from M(%,C)(cz;bl,...,b;) and Mfz,c)(cl;bl“,...,bm), I=1,....m—1, on
the same level connected at an intersection point from L N C. This configura-
tion can be interpreted as the pushforward of the pair (¢, c;) to the tensor prod-
uct F(VZ’C)(cz)F(WL/’C)(Cl) of the images F(VIL/’C)(CZ) and F&/’C)(cl) in the alge-
bra LHA(A).

6.3 Analysis of diagonal elements

In this subsection we sketch an argument that shows that the lower triangular chain
map FV r.cg has all diagonal elements equal to 1. As explained above in Section 6.1,
it is sufficient to deal only with essential orbits. For the old orbits this is obvious: the
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diagonal elements correspond to trivial holomorphic cylinders in the symplectization
of Yy. For new orbits corresponding to words of Reeb chords we will prove this as
follows.

(A) First, we establish the following: for each Reeb chord ¢ of A and the Reeb
chord @’ of the cocore sphere T" that corresponds to it there is algebraically +1
holomorphic strip in W with boundary on L U C positive puncture at ¢’ and
negative puncture at a.

(B) Second, we construct holomorphic disks counted in the map F][VC g from these
disks by gluing, and arguing by compactness and small action we find that the
count of these disks must equal +1 as well.

To verify (A) take a Reeb chord a of A. Choose a parameterization of the handle so
that the endpoints of @ on A correspond to antipodal points of the attaching sphere. In
a suitable model for the handle the existence of one disk D with required properties is
then obvious: the disk lies in a flat complex line in this model. Furthermore, in this
model it is immediate that the linearization of the 5—operator at this disk is surjective. In
order to show uniqueness of the disk one thus need to show that any other disk with the
given properties lies in a small neighborhood of D. To see that this is the case we use
a local projection to the normal bundle of D in combination with an action argument:
if the disk is not contained in the neighborhood of D its area is bigger than the action
difference between ¢’ and a. Thus we conclude that for this choice of attaching map
there is exactly one geometric disk from &’ to a. Deforming the attaching map we
get a parameterized moduli space of disks connecting @’ to a. By compactness this
parameterized moduli space is a 1-manifold up to splittings. However, in this case
there can be no splittings due to the small action difference between a’ and a. We
conclude that (A) holds.

In order to show (B) let us first verify that (A) implies (B) for orbits corresponding to
1 -letter words of Reeb chords and also that it implies that for every Reeb chord w’
of I' corresponding to a 2-letter word w = aja, of Reeb chords there is algebraically
+1 disk connecting w’ to w. In the orbit case we consider the orbit @ corresponding
to a Reeb chord a on A and the gluing of the disk connecting a’ to a to itself at the
Lagrangian intersection punctures. This gives a 1-dimensional space of holomorphic
annuli with one boundary puncture on each component mapping to @’ and a respectively.
The other end of such a moduli space must correspond to a broken curve. Since the
orbit @ is the only orbit or chord with action between @’ and @ we find that the annulus
must break into two disks, one in the symplectization of ¥ connecting @’ to @ and one
in W connecting a to a. Counting curves in the boundary shows that (B) holds for
1-word orbits a.

Geometry & Topology, Volume 16 (2012)



350 Frédéric Bourgeois, Tobias Ekholm and Yasha Eliashberg

The claim for 2—letter word chords w of I" can be proved in a similar way by gluing
the strip connecting @ to @ to that connecting a’, to a, at a Lagrangian intersection
puncture. Studying the boundary of the resulting 1-dimensional moduli space one
finds one disk in the symplectization of ¥ connecting a)a), to w and one disk in W
connecting w to aa,.

The general case then follows by applying this argument inductively: self-gluing of
a disk from a chord w’ of T' to the corresponding word of chords w gives a disk
from the orbit @ to w, and gluing the basic strip connecting a chord ¢’ of T to the
corresponding chord ¢ of A to the disk connecting w’ to w gives a disk connecting
the chord of I' corresponding to the word cw to the word cw.

7 Examples and applications

7.1 Legendrian unknots

Assume that A C 90X, is a Legendrian sphere. Then LHA(A) is a unital algebra with
unit e corresponding to the empty word of Reeb chords. For simplicity, we write 1
instead of e for the empty word of Reeb chords in this case.

The Legendrian unknot Ay € R2"~! = JI(R”~1) is depicted in Figure 8. It has one
Reeb chord a with grading |a| — 1; see Ekholm, Etnyre and Sullivan [19]. Using an
adapted almost complex structure Jo on J(R”?"1) xR = T*R"~! x C induced from
the standard complex structure on C"~! = T*R”~! | the moduli space M%iﬂﬂ (a; 2)
of Jo—holomorphic disks with positive puncture at @ and boundary on Ay xR is
C ! —diffeomorphic to S”~2 xR and the boundary evaluation map to Ay has degree 1.
(For n = 2, there is an orientation issue here: the degree is one provided we use
the orientation on the moduli space induced by the null-cobordant spin structure on
Ay~ St)

The algebra LHA(Ay) is then the algebra on one generator
LHA(Ay) = Qld]

with trivial differential da = 0, where we write d = dyg4. We next describe the
computation of LH%Y(Ay) and LHH°(Ay). Note that LHO (Ay) can be identified
with the vector space generated by the set of monomials {a* Yo -

Since |a| = n—1 we find that (¢*/) = 0 in LH®(Ay) if and only if n is even. The
grading of an element (w) in LH(Ay) is given by |(w)| = |w|. Thus, if n is odd
then LH°(Ay) is as in Table 1, and if # is even then it is as in Table 2.
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X1 !

Figure 8. The front of the Legendrian unknot, ie the projection of Ay to
JOR™ ), (x1,...,Xs_1) are coordinates on R”~! and z is a coordinate
for the function values of 0—jets.

Degree | Generator Degree Generator
n—1 (a) n—1 (a)
2n—2 (a?) 3n—3 (@)
kn—1) | (a%) Qk+1D(n—1)| (@t
Table 1. The complex Table 2. The complex

LH®(Ay) for n even.
The differential on the
complex is trivial.

LH%*(Ay) for n odd. The
differential on the complex
is trivial.

Decorated cyclically composable monomials are in 1-1 correspondence with decorated
monomials. We write @ and ¥ for the class of the monomial a -- 4 decorated with
a “hat” and with a “check” respectively. If w is a monomial of Reeb chords and w ()
denotes w with one variable decorated with “hat” (“check”) then the grading on the
complex LHH°(Ay) is || = |w|+ 1 and || = |w| and the complex LHM(Ay) is
as in Tables 3 and 4 when 7 is odd and even respectively.

We next consider Ay C R2"~1 ¢ §2"~1 = 9B?" where we include Ay by embedding
it in a (small) Darboux chart. Consider the contact form on S2”~! induced by looking
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Degree Generator
0 T
n—1 a
n a
2n—2 a’
Degree Generator
/]\
0 T
2n—1 a*
n—1 a
n a
2 2 Qk—=1)((n—1) g2k—1
1 42 Qk—1)(n—1)+1] a*1!
2k(n—1) a*k
k(n—1) ak 1
k(n—1)+1 ak 2k(n—1)+1 a%k
Table 3. The complex Table 4. The complex
LHHO(AU) for n odd. The LHHO(AU) for n even. The

differential on the complex
is as indicated by the arrows.

differential on the complex
is trivial.

at it as the ellipsoid

n
Els
E = ey eC™: — =1y,
i e

where a; are real numbers with ay > ap > --- > a, > 0 which are linearly independent
over Q. To facilitate calculations we take ¢y =1 and a; > 1 for j # 1. Reeb orbits
in E correspond to intersections of E with the complex coordinate lines. Furthermore,
the Conley—Zehnder index increases linearly with the length of Reeb orbits and thus
for homology computations we may take a;j, j > 1 sufficiently large and consider
input only from the shortest Reeb orbit in the z; —line and its iterates. If yk denotes
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the & —th multiple of the shortest orbit then its Conley—Zehnder index satisfies
V¥l =n—1+2k.

Consider next the inclusion of Ay into a small Darboux chart located near the shortest
Reeb orbit. Straightforward calculation shows that the Reeb flow on S2"~! outside
the Reeb orbit preserve the n—tori which are products of circles in the coordinate
planes and that the Reeb flow in such an n—torus is translation along a vector with
components which are independent over Q. It follows that if we choose the Darboux
chart sufficiently small then the only Reeb chords of Ay which have action (and hence
index) below a given constant is the one completely contained in the chart. As above
we denote it a.

We first note that for grading reasons the augmentation induced by the filling of S2"~!
is trivial. Furthermore, a straightforward monotonicity argument shows that any holo-
morphic disk which contributes to the contact homology differential of Ay C S2"~!
must be entirely contained in the Darboux chart. In particular it follows that the complex
LHM°(Ay) above computes the symplectic homology of the manifold which results
from attaching a handle to B?" along Ay . Attaching a Lagrangian handle to B2"
along Ay gives the manifold 7*S™. Using Table 3 we get

Q forj =0,
for j =2rm, r=1,2,...,
SH;(T*S¥+1) = Q J
Q forj=2rm+1,r=1,2,...,
0  otherwise.
and similarly using Table 4 we find
for j =0,

for j=r2m—-1), r=1,3,5...,
for j=rCm—-1)+1, r=1,3,5,...,

otherwise,

SH;(T*S*™) =

SN el el e

We consider next the linearized contact homology of d(7'*S"). The complex which
gives that homology is CH(B?") @ LH%(Ay). The grading of the generators of
CH(B*") is

YKl =n—1+2k

and of the generators of LH(Ay)

(@) = j(n—1).
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Thus, if n = 2m + 1 is odd then all generators have even degree and the differential on
the complex vanishes. We find that

P
{y a(aj)}]?’okzl
gives a basis of
CH(T*S?™+1,

If on the other hand n = 2m is even then (¢%/) =0 e LHY(Ay) since |a| =n—1
is odd. A nontrivial differential on CH(B?") @ LH%°(Ay) would have to take an
orbit y* to a cyclic word (a') and we would have

n—142k—-In—1)=1.

Hence / is even and (al ) = 0. We conclude that there is no nontrivial differential in
this case either and that

F @52,
gives a basis of
CH(T*S?™).

Finally, we consider the reduced symplectic homology. The corresponding complex
is SHT(B?")@® LH"T (Ay). The complex SH ' (B?") is generated by Reeb orbits
with critical points on them. We write 7% and y* for y* with a maximum and
minimum, respectively. Then

75| =n—1+2k,

1PK =n—1+42k +1.
Furthermore, there is a holomorphic curve with marker connecting )7" 1 to )7" and
we find that the reduced symplectic homology is given by

SH(T*S") = SH;(T*S™)
if j #0, n+ 1 and that
SHY, (T*S")=Q. SH{(T*S")=0.

Remark 7.1 Note that SH(7*S") is a ring with unit where the grading of the unit
is n. This implies that the element in LHM°(A ;) which represents the unit is (@). Here
it can be noted that a represents the fundamental class of the linearized Legendrian
contact homology of Ay ; see Ekholm, Etynre and Sullivan [17]. Generally, the
fundamental class of Legendrian contact homology seems intimately related to the
multiplicative unit in symplectic homology.
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Remark 7.2 More generally, the structure of the complex SH(X) @ LHM(A) can
be used to prove the chord conjecture for Legendrian spheres A in the boundary of
a symplectic manifold X, with vanishing symplectic homology: SH(Xy) = 0. If
the manifold resulting from handle attachment along A has nonvanishing symplectic
homology, then there must exists some element in LHM°(A) which is homologous
to the fundamental class of the manifold (the minimum of the Morse function). For
grading reasons it is not t. Thus there is a chord in this case. (As well as a holomorphic
curve with marker connecting an orbit decorated by a minimum to a cyclic word
decorated by a maximum. For the unknot it can be found explicitly.) If on the other
hand 1 = 0 then something in LH"°(A) must be mapped by the differential to 7 and
there is again a chord.

7.2 Vanishing results

We show that if the equation dc = 1 holds for some Reeb chord ¢ in the Legendrian
homology algebra LHA(A), where we write d = d g4, then it follows that surgery
along A does not change symplectic homology: SH(X) = SH(Xy), where X is
the result of attaching a handle along A. To this end we use a left-right module over
LHA(A) defined as follows. Let C denote the set of Reeb chords of A and let M (A)
denote the left-right LHA(A)-module generated by

 hat-decorated Reeb chords ¢ for ¢ € C, where |¢] = |c| + 1;

e an auxiliary variable x of grading |x| = 0.

Define dps: M(A) — M(A), where

e djr acts as the algebra differential on coefficients: dysc =dpgac, where dr g
is the contact homology differential;

e dpyC=xc—cx— S(dyc), where S is as in the differential on LHMT(A)
(see (4-1));

e d MX = 0.
Consider the quotient M Y°(A) = M(A)/~ where

c1 - Cmuby by ~ (=D by o

Here ¢; €C, j=1,....m,bjeC, j=1,....01,u=d,aecC oru=x,and
c=c¢y-Cm,b=>b1---b;. Then M is a K—module and the map djs descends to
amap on M °(A) which we still denote djy .
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Lemma 7.3 (Ekholm-Ng) The map dyy is a differential. The homology of M “Y°(A)
is isomorphic to the homology of LHM(A). The isomorphism takes x to t, takes
words of the form ¢y -+ ¢jXCj41+++Cm tO €1 -+ CjCj41 ++ - O and takes words of the
form ¢y -+ ¢jCj41Cj42 - C¢m to the corresponding hat-decorated monomial word.

It is straightforward to check that stable tame isomorphisms of LHA(A) induces
isomorphisms on the homology of M (A). Consequently, Lemma 7.3 implies that
Legendrian spheres with stable tame isomorphic DGAs give rise to symplectic manifolds
with isomorphic symplectic homologies.

Remark 7.4 The left-right module M (A) also has a geometric interpretation as
follows. Consider the Legendrian sphere A’ obtained by pushing A slightly off of
itself using the Reeb flow. Then we introduce a Morse—Bott situation with one short
Reeb chord connecting A to A’ starting at each point of A. Perturbing out of this
degenerate situation using a Morse function on A with one maximum and one minimum,
we find that the Reeb chords connecting A to A’ are the following: one chord ¢ near
each chord ¢ of A and two short chords which we denote by x and y where x
corresponds to the minimum of the Morse function and y to the maximum.

Consider next the Lagrangian n—plane L in the cobordism W which looks like
A x (—00, 0] in the negative end of W . In order to continue the shift of A along all
of L we extend the Morse function on A to a Morse function on L with exactly one
maximum. Letting L" denote the shift of L determined by this function we find that
L N L' consists of one transverse double point which we take to lie near the critical
point t in the added handle and which we denote by z.

Consider the module FH(L, L") generated by Reeb chords starting on A and ending
on A’ and by the intersection point z = L’ N L which is a left LHA(A)-module and
right LHA(A’)-module. This complex has a differential d g which when acting
on a mixed chord ¢ counts holomorphic disks with boundary on A U A’, positive
puncture at ¢ and exactly one mixed negative puncture, which when acting on z counts
holomorphic disks in W with one puncture at z and exactly one mixed negative
puncture, and which acts as dy g4 on the coefficients. We call this complex the Floer
homology of L with coefficients in LHA(A). (Similar constructions were considered
by Ekholm [16] and the invariance of the homology this complex under Legendrian
isotopies can be deduced from there.)

It is straightforward to check that

drg(z) = y.
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Indeed, the holomorphic strip corresponds to a flow line from the interior maximum
to the maximum on the boundary and an action argument shows this strip is unique.
Observing that there is a canonical isomorphism LHA(A) ~ LHA(A’), this implies
that FH(L, L) is quasi-isomorphic to M(A). In particular, if the homology or
FH(L, L") vanishes so does the homology of M (A). It follows that the homology of
MY¢(A) vanishes as well.

If there exists ¢ € LHA(A) with dc = 1 then the homology of FH (L, L’) vanishes: if
w is any cycle then dpgcw = w. It thus follows from Remark 7.4 that the homology
of M(A) vanishes and hence by Lemma 7.3 that LH"°(A) = 0. The surgery exact
triangle for symplectic homology then shows that if a Legendrian sphere A in the
boundary of a Weinstein domain has a Reeb chord ¢ with dc = 1, then attaching a
handle along it does not change the symplectic homology.

We use this result to construct exotic Weinstein symplectic structures on 7*S".7

Note that attaching a Weinstein handle to B>" along a Legendrian sphere A in S2"~!
produces a Weinstein manifold diffeomorphic to 7*S" and with the standard homotopy
class of its almost complex structure, provided that the knot is topologically trivial,
its Thurston—Bennequin invariant is equal to tb(Ay) = (—1)"*~!, and it is Legendrian
regularly homotopic to the Legendrian unknot Ay. The Legendrian spheres described
below have these properties, while they have chords ¢ with dc = 1, and hence the
corresponding symplectic homology vanishes. Thus this construction produces exotic
Weinstein structures on 7*S”.

Consider the Legendrian sphere A1 depicted in Figure 9. Note that each of the shown
Reeb chords gives rise to a Morse-Bott manifold S”~2 of Reeb chords for Ar. After
perturbation with a function with only one max and one min, each Morse—Bott sphere
gives two Reeb chords. Thus, using self-evident notation, the chords of A7 are a
(similar to the Reeb chord of Agy), ¢™n, ¢™Max, e;.“i“, e]‘."ax, j=1,2,3,and b}cnin, b}(“a",
k =1, 2. Their gradings are as follows:

la] = ™| = [P = b7 - 1,
lef™ | =n-2,
|Cmin| — |b11mn| — |b5n1n| — 1’
™| = 0.

"The first examples of exotic symplectic Weinstein structures on T* S” were constructed by M McLean
in [35] and also by M Maydanskiy and P Seidel in [34]. We refer the reader to these papers and also to
Abouzaid and Seidel [2] as a guide on how this result can be also used for construction of other exotic
symplectic objects.
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z Y
by
| SO
e3 by e, ei
/N
X — X
z

X6

Figure 9. The Legendrian sphere A7 . The lower picture shows the front of
AT by showing its intersection with any 2—plane spanned by a unit vector
§ € R"™! and a unit vector in the z—direction. The upper two pictures
indicates how Reeb chords arise.

In particular,
>, D=k
ceC(AT)
and we conclude that the self linking number of A7 agrees with that of Ay .

Let us verify that A7 is Legendrian regularly homotopic to Ay . Figure 10 shows the
fronts of a Legendrian regular homotopy connecting the knot used to construct At
to a straight line. Using the instances of this regular homotopy in the same way that
the original knot was used to construct A7 gives a Legendrian regular homotopy
connecting At to Ay.

Finally, we show that db;{"i“ =1, k =1,2. To this end, we use the characterization of
rigid disks in terms of Morse flow trees; see Ekholm [15]. The flow trees in question
start at b,‘cni“, k =1,2. Since these Reeb chords correspond to local minima of the
height between sheets no flow line goes out, ;™" splits into two flow lines each of
which ends in the cusp-edge; see Figure 11.

We conclude that surgery on A7 gives exotic symplectic structures on 7*S” for n > 3.
For n = 2, the Legendrian knot in Figure 9 is knotted and the surgery does not give
the same manifold as the surgery on the unknot.
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=
W

t

A

Figure 10. A Legendrian regular homotopy. The first step involves crossing
changes (corresponding to self tangencies of the front), the second step is an
isotopy which consists of three consecutive first Reidemeister moves.

bl b2

X0

Figure 11. Rigid flow trees giving db™ = 1

7.3 Surgery on the Chekanov knots give different contact manifolds

Consider the two Legendrian knots (see Chekanov [10]) A, and A, in R3 =J! (R)
depicted in Figure 12. As in Section 7.2 we write 1 for the empty word of Reeb chords
in LHA(Ax), * € {a,c}.

Their Legendrian homology DGAs are as follows: The algebra LH(A,) is generated
by ai,...,a9 of gradings

lajl =1, 1<j <4, las|=2, lagl=-2. laj|=0,j=7.
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Figure 12. Projections of the Chekanov knots into T*R = R?, A, left and
A right

The differential is (up to signs which are of no importance for our argument below)
given by

da; =1+ a7 +azasas,

da, =1+ag +asagay,

daz =1+ agas,

das =1+ asay,

dCl5 = 3616 = 3617 = 8613 = 809 =0.
The algebra LH(A.) is generated by ¢1, ..., c9 of gradings

|Cj|:1,1§j§4, |Cj|:0,jZ5.

Consider now inclusions of A, and A, respectively in the sphere S in a small coor-
dinate chart as above. The complex computing the linearized contact homology of the
manifold which results from Legendrian surgery on A is then CH(B*)@® LHY (A ).
In particular, the gradings of the generators of CH (B*) ® LH%(A.) are nonnegative.
On the other hand, the generator (a¢) of LH“°(A,) has degree —2. We show that it
survives in homology. To see this, we use an argument suggested by L. Ng. Consider
the algebra A = Q{a¢) and the map of differential graded algebras ¢: LHA(A,) — A
given by

¢lag) =as, ¢P(a7)=¢ag) =1, ¢ag) =—1, ¢(a;)=0, j<6.

This map induces a map LH%°(A) — A° which is nontrivial on homology.
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Recall from the remark on linearizations in Section 3.1 that the collection of linearized
Legendrian homologies for all augmentations is a contact invariant. The above argument
shows that, for some augmentation, the linearized contact homology of the result of
Ag—surgery on S3 has a generator in degree —3 and that, for any augmentation, all
generators of the linearized contact homology of the result of A.—surgery on S3
have degree at least —1. Since these properties are independent of the choice of an
augmentation, we conclude that the contact manifolds which arise, respectively, through
surgery on A, and A, are different.

8 Case of a Lefschetz fibration

Symplectic Lefschetz presentation of a Weinstein manifold can be viewed as a special
case of Weinstein handlebody presentation.

8.1 Lefschetz fibrations and Lefschetz type Legendrian surgeries

Given two Liouville manifolds, (X7, A1) and (X3, A,), the product Liouville structure
is (X1 X X2,A1 @ Ay). Consider R? = C with coordinates u +iv. The standard Liou-
ville structure on R? is given by the Liouville form %(u dv —v du). The stabilization
(X4, A% of a (2n—2)—dimensional Liouville manifold (X, A) is the product of X
and R? with the standard Liouville structure:

(XS0 = (X, 1) x (R?, L(udv—vdu)).

Let Y = 0X be the ideal contact boundary of (X, A). We make a special choice of
contact form on the ideal boundary Y of X as follows. Let H: X — [0, 00) be a
smooth exhausting function which is equal to 0 on X , and which, in the end E, is
of the form /(s), where s is the parameter of the flow ® of the Liouville vector
field Z, and 4’(s) > 0. Consider the function H*: X x R> — R defined by

HY'x,w)y=HX)+|w)>, xeX, w=u+iveC.

Let X* = X$':= {(x, w): H*(x,w) < e}. Then X*' is star-shaped with respect to the
flow @z« of the Liouville vector field Z% corresponding to the Liouville form A%,
Hence X! is the completion of the Liouville domain X and we can identify Y
with d.X*t. Note that the projection X x R? — X maps X* onto X; ={H <&} C X.
Consider the decomposition Y*' = Y* U YJ', where Y;' =Y N (X xC) and Y=
Y*\int Y}*. Note that ¥ splits as X xS and that the induced contact form « = Ay
takes the form A + & dt where t e R/2n7Z.
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We say that a collection of parameterized Legendrian spheres Ay, ..., Ag in Y}' =
X x S form a basis for Lefschetz type Legendrian surgery if they satisfy the following
conditions.

e For j =1,..., k,the projection of A; to the X —factor is an embedded sphere.

e For j =1,...,k, the projection of A; to the S1_factor is contained in an
arc Aj C S Vand A; N A j =@ if i # j. For convenient notation, we choose
numbering so that Ay, ..., Ay is the order in which the arcs appear if we start
at A and traverse the circle in the counter-clockwise direction.

The connection of this construction with Lefschetz fibration presentations is as follows.

Proposition 8.1

(1) Let Ay,...,Ax C YSt be a basis for Lefschetz type Legendrian surgery. Let
Ly,...,Lg denote the Lagrang1an spheres obtained by projecting Ay, ..., Ay
to X C X Then the result X of attaching Weinstein handles along Ay, ..., Ay
is symplectomorphic to the Lefschetz fibration with fiber X determined by the
vanishing cycles Ly, ..., L.

(2) Conversely, if Lq,..., Ly are exact Lagrangian spheres in X which are the
vanishing cycles of a Lefschetz fibration, then L, ..., Ly can be lifted to Y™
as a basis A1, ..., Ay of Lefschetz type Legendrian surgery. Moreover, € > 0
in the definition of X' can be chosen arbitrarily small.

Let us comment here on the second statement. The Liouville form A is exact on the
vanishing cycles Ly, ..., Lg: Alp; =dF;, j=1,... k. If
2mwe

(8-1) | Fj|| = max F; —min Fj < o

then the vanishing cycle L; lifts to the Legendrian spheres
Aj={(x.t) e XxR/2nZ :x € Lj, t = —Fj(x)+ Cj},

where C; is a constant, and for an appropriate choice of constants Cy, ..., Cg, the
Legendrian spheres A1, ..., Aj form a basis of Lefschetz type Legendrian surgery.

As above, let Z be the Liouville vector field on X dual to the Liouville form A
and let ®%: X — X denote the corresponding time s flow. Then (®ZF)*A = e ™A,
and hence, replacing the vanishing cycles L; by ®Z*(L;), which in view of the
exactness condition are Hamiltonian isotopic to L;, we can make the C O _norms || F il
j =1,..., k sufficiently small so that the bound (8-1) holds for any given & > 0.

Geometry & Topology, Volume 16 (2012)



Effect of Legendrian surgery 363

8.2 Legendrian homology algebra and Fukaya—-Seidel categories

Let Aq,..., A C YlSt be a basis for Lefschetz type Legendrian surgery and let
Ly,...,L; C X be their Lagrangian projections. We assume that for i # j, L;
and L; intersect transversely. We also can assume, without loss of generality, that
the intervals Aq, ..., Ay which contain projections of the Legendrian spheres to the
S _factor of Y;* are all contained in an arc [0, 5] C S ! (see (2) in Proposition 8.1
above).

8.2.A Generators of the Legendrian algebra The Reeb vector field of the form
o= ASt|th = A + edt is proportional to % Therefore, all Reeb orbits in Y are
closed and we are in a Morse—Bott situation. J Sabloff [36] has developed a formalism
for describing Legendrian homology algebras in S!-bundles which is appropriate for
this situation and which we discuss below®.

The generators of the Legendrian homology algebra are the Reeb chords of the Legen-
drian link A = A U---U A, which can be described as follows. For convenience we
choose a trivialization of the canonical bundle on X' which on X x C is induced by
the projection X x C — X from a trivialization of the canonical bundle of X . We first
describe mixed chords with their endpoints on different components. Let i < j and
recall that we have A; C [0, 5] for j =1,..., k. Each intersection point a € L; N L;
corresponds to infinitely many Reeb chords connecting A; to A; and Aj to A;. We
use the following notation:

(8-2) P, p=o0.1,2,...,

denotes the Reeb chord corresponding to @ which connects A; to Aj and which passes
p times through the point 77 € S, and similarly,

(8-3) P p=1.2.3...,

denotes the Reeb chord corresponding to @ which connects A to A; and which passes
p times through the point 7 € S!. We will refer to the integer p as the multiplicity of
the chord. Increasing the multiplicity of a chord by 1 increases its grading by 2. It is
convenient to organize all the chords corresponding to a into two power series. We

write
o0 o0

?l)a = Zﬁ)a(p)Tp and aa = Zb—a(p)Tp’
p=0 p=1

8The authors thank J Sabloff for adjusting his formalism specially for our purposes.
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where T is a formal variable. If |a| denotes the grading of the shortest Reeb chord
corresponding to a then the grading of these generators are

7P = lal +2p, [P = (n—3) —|a| + 2p.

Second, we describe pure chords which connect a component to itself. For each A;,
there is a sphere’s worth of chords of given multiplicity connecting A; to itself. In the
spirit of Morse—Bott formalism (see the sketched proof of Proposition 8.5 below for a
more detailed description), we fix two points m;4+ on L; and associate with them two
series of chords,

qi+ = Z q(p) Tp

Together with idempotents eq,..., e, corresponding to the empty words of pure
chords, the mixed and pure chords described above are all the generators of the algebra
LHA(A). The gradings of the pure generators are

P =2p—1, 1¢P)=2p—14+m—1), le|=0, i=1,....k

Let Z={J;.; LiNL; be the set of all intersection points between distinct components
Ly,..., L. Write

Tioo:=ZUm—,... . my_}, T oo:=TU{myy,...,mgy}.
Remark 8.2 In our “Morsification” scheme explained below in the sketched proof
of Proposition 8.5, m;_ and m;4+ will correspond, respectively to the minimum and
the maximum of an auxiliary Morse function on L;. The sign + in 74 refers to
conditions at the positive and negative ends of the symplectization. In the Morse-Bott
formalism prescribing an image of a point at 400 means constraining it to a minimum,

while at —oo to a maximum. This is the reason for the apparent discrepancy in the
above notation.

8.2.B Admissible words and monomials We say that a word

w=ao(L;)ay(Liy)az---ar(Li, ),

with ag € T4o0 and ay, ..., a, € I_ is admissible if the following conditions hold:

o ifi, 1 #iy thenag€ L NL;,,otherwise ag = m;,—;

o if i 7éij+1, j=1,...,r, then a; GL,-j ﬂLij+l,0therWise a; =mij; 4.
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We associate two monomials Q,, and q,, to an admissible word w as follows. Let
w = ao(Li )ai(Liy)az---ar(Li,,,). The monomial Qy is the monomial in the
variables
{9i+. Y. qa}lsisk; aeT
obtained from w by removing a¢ and all (L;;) and replacing each a;, j > 0 by a i
if ij41 <ij,by Qq; if ij41 > ij,0rby qi;+ if ij41 =ij. We write
o0
Q=Y 0P 17,
p=0

and note that each Qf,f’) is a sum of monomials in the variables

{ql.(_{),(cfa(p)ﬁa(p)}lsisk; a€z; p=0-

The monomial qq, is defined as

qi— ifag=mj_e{m_, ..., my_},
Qu=13qy ifap=aecZandi,4 <iy,

((]a ifagp=aeZand i, 41 >i;.

‘We write
o0
Qu = Z ql(up) TP,
p=0

Our next goal is to define the moduli spaces which enter in the expression for the
differential dy g on LHA(A).

8.2.C Generalized holomorphic disks We first define the notion of generalized
holomorphic disks. Let T be a fat rooted tree, where the word “fat” means that the
edges adjacent to a given vertex are cyclically ordered. Let us orient the edges away
from the root, so that any vertex in 7" which is not the root has one incoming edge
and several outgoing edges. If v is a vertex of a fat rooted tree we write o(v) for the
number of outgoing edges at v. Fix Morse functions

(8-4) fi: Li—>R, i=1,...,k,

with exactly two critical points: maximum at »2;+ and minimum at m;_—. We write f
for the function on the disjoint union of the components of L such that f|r; = fj,
j =1,...,k and call it the chord function.

A generalized holomorphic disk with underlying fat rooted tree 7T consists of the
following data:
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(v) for each vertex v € T there is a holomorphic disk u,: (D, dD) — (X, L) with
boundary punctures of two types, external and internal; if v is the root then u,,
has one distinguished external boundary puncture {4 ;

(e) for each edge e connecting vertices vy and v, there are interior punctures
$vy,e and &y, . of the holomorphic disks uy, and u,, and a component L;
of L such that uy, ({y,,e) and uy,($y,,e) both lie in L;, and an orientation
preserving diffeomorphism of the edge e onto a nonzero length segment of a
gradient trajectory of f; connecting uy, ({y,,e) and uy,({y,,e). Each internal
puncture corresponds to the endpoint of an edge in 7' and the internal punctures
corresponding to different edges are disjoint.

We think of a generalized holomorphic map as a map of a collection of disks joined by
line segments according to the underlying fat rooted tree and write u: A — (X, L). Note
that there is a canonical “counter-clockwise” order of the external boundary punctures
of any generalized holomorphic disk u: A — (X, L), where the distinguished puncture
on the root holomorphic disk is chosen as the first one. See Figure 13.

Figure 13. A generalized holomorphic disk. The + sign indicates the distin-
guished puncture in the root disk.

8.2.D Moduli spaces of generalized holomorphic disks for the differential Con-
sider an admissible word w = ao(L;,)ai(Li,)az---ar(Li,,,). A maximal subword
of w of the form m; (Lj)m;(Lj)---mj4(Lj) will be called an m;—block. We
will associate with w generalized holomorphic disks with distinguished external (posi-
tive) puncture corresponding to ay and external (negative) punctures corresponding
to aj, 1 < j <r. The description of the differential requires moduli spaces where
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punctures corresponding to letters in the same block may collide. This is the reason for
the jet conditions that appear below.

Associate to w the half open interval (0, r]. Let X (w) denote the set of all partitions
N(o)

(8-5) 0, r]= | (511, 57]
t=1

of (0, r] into half open intervals with the following properties:

e all interval endpoints s;, t =0,..., N(o) are integers;

e if aj €1 then j = s, for some ¢ and s;—; = s; — 1 (ie if a; corresponds to an
intersection point then it has a corresponding interval in o of length equal to 1);

¢ if the length of the interval (s;—;, s;] in o is > 1 then there exists j € {1,...,k}
such that for any two integers s, s” € (s;—1, 5¢], the letters ay and az~ belong
to the same m;  —block of w.

If 0 € X(w) then, as indicated above, we write N (o) for the number of intervals in o .
We write £(¢) for the length of the interval (s,—1,8¢], 1 <t < N(c). Thus £(z) > 1,
t=1,...,N(0),and YN e(1) =r.

Choose for each j = 1,...,k a germ at the point m; of a smooth oriented 1-
dimensional submanifold A; C L;. Given o € X (w) we define the (noncompactified)
moduli space My, » of generalized holomorphic disks in X" with N (o) + 1 external
boundary punctures denoted by zt, zg,, . . ., Zs (o) s

u: (A, 98) — (X, L=k, L)),
which satisfies the following conditions:

(1) u maps the distinguished puncture z4 to the intersection point a¢ if ag € Z or
to the marked point ag = m;— if ag € {m1—,...,my_};

(2) ifas; €Z, j €{l,...,N(0)} then the map u maps the puncture zs; to the
intersection point dy; ;

(3) u maps the boundary arc bounded by z and zg, to L;, , that bounded by z;

and z5; | to Lg; ,, and that bounded by zs (o) = zr and z4 to L;,;

(4) if a5; = miy then u(zs;) = m;, and if, in addition £(j) = 5; —sj—1 > 1
then the derivative u’ (z5;) does not vanish and defines the given orientation
of A;, and furthermore, the germ of the curve u|yp is (£(j)—1)—tangent to A; at
u(zs;) = mj+ (ie fixing a 1-submanifold Xi C L; which represents the germ A;
at m; 4 , the curve u|yp is contained in A; up to order £(j)—1 at m;4).
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Write

U Mue.

oceX(w)
The moduli space M,, can be compactified. The boundary strata include, besides
the standard Deligne-Mumford—Gromov type strata corresponding to nodal disks also
strata, where the derivative u’ (zsj) vanishes at some of the punctures and strata where
the length of gradient segments degenerates to 0. We denote the union of these strata
by Mmg Details about M3,"® will not be important below, what will be important
is that generically one has dim(/\/lsmg) < dim My, and hence if dim(My,) = 0 then,

sing __

under our transversality assumption, we have M, ° = @ and My, is compact.

Lemma 8.3 below, which follows from the implicit function theorem, clarifies the mean-

ing of the moduli space My,. Foreach i =1,. .,k let us consider a parameterization

At (—=1,1) — L; of the curve A; such that A (0) m;4+ and the vector X;(O) defines

the given orientation of A;. Let N;(w) be the maximal length of an m;4+—block in w.

Take Ni(w) points 0 < t <-ee < ll.Ni W) _ | andfora § e (0, 1) consider the points
=it j =1, ,Nz(w)-

We say that the boundary punctures {1y, ..., {, corresponding to an m;4—block con-
stitutes an m; 4 —cluster. Define the moduli space Mi,’a by replacing condition (4)
above by:

j.6

(4%) if §j is the j—th point in an m; 4 —cluster then u(;) = m; |

(see Figure 14). Note that the formal dimensions satisfies dim(./\/lfu’a) =dim(My,5)
for any 0 € X (w).

Y

18283 Ca s

Figure 14. The top picture shows the boundary punctures of two clusters in
the source and the bottom picture shows the corresponding picture in the
target.

sing __

Lemma 8.3 Suppose that M, is 0—dimensional, regular and My, > = @&. Then for
any o € X(w) and for all sufficiently small § > 0 the moduli space ./\/lw,a is regular
and diffeomorphic to My, o .
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The following proposition describes the differential d = dpp 4.

Remark 8.4 As mentioned above, the perturbation scheme for dim(L) = n — 1
used to compute the differential involves Morse theory on the (n—1)—dimensional
sphere S”~1. Here the lowest dimensional case 1 = 2 is spacial since Morse flow lines
have codimension 0 in S!. For this reason we us the following constructions when
n=2. Consider L = L; U---U L. The orientation of L; together with the choice
of the point mj 4 on L; induces an order on the intersection points @ € Z which lie in
L;.If a and b are intersection points in L; we write a >; b if a precedes b in this
order. We next introduce a global order on Z as follows for a,b € Z: Letac L; N L;,
i<jandbeLsNL;, s<t then

Jj >t or,
a>b if j=tandi>s, or,

j=t i=sanda>;b.
Furthermore we will use the following subsets of Z: for 1 <i <k, let
I<i={aclacL;NL;, j<i},

Isi={a€lacLiNLj, j>i},
Ii :I<iUI>i-

Proposition 8.5 The differential d can be written as d = dconst + dvs + dn, where
the summands satisfy the following.
(i) Ifa €Z then
dconst(_ia = dconstaa =0.

Forl1<i=<k,
deonst q,'(l) =e¢j, deonst ql(_1|_) = constqi(i) =0 forall p > 1.
(i) For1<i <k,
dnqi+ =0,

and on other generators dj, is determined by the moduli spaces My, , w admissi-
ble, with dim(M,) = 0 as follows: If the moduli space My, is 0—dimensional
then every element in it contributes the term £Qy, to dpqy .
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(iii) For 1 <i <k, let us denote
(1) Suppose n > 2. Then
dvBgi— = Qi-9Qi—,
dvBQi+ = Gi-Qi+ + (1" 7' Q1€+ Y Galat+ Y Qala-

ac€l; ac€l-;
If a € 1 is an intersection pointin L; N Lj, i < j, then
dyip(Ga) = 4j—G + (D" daqi—,
dus (@a) = 4i—q, + (=D lgeq; .

(2) Suppose n =2. Then

dvBQi- = ¢i-i-
dvBqi+ = Qi-Qi+ — 4i+9i- + Z Aol + Z Ua¥a
a€lo; a€ls;
+ Z 4i+4aGa + Z 4i+4afa-
a€l<; a€ls;

If a € T is an intersection pointin L; N L;, i < j, then
dvBQa = qj—aa + (_l)lal_laaQi—
+ (=Dt ( Y GGwt+ Y Eaaﬁ))

beZl_;,b<a beZ-;,b<a
— < — “«~— —> —
- Z qcqcqa + Z cqcYa |
c€l.j,c<a c€lsj,c<a

dMB(aa) = qi—ﬁa + (—U'”'an/'—

—( Z 459590 + Z Hbﬁbaa)

beZl_;,b<a binZ~;,b<a
“«— — <« “«— «— —
+ (—1)'“'( > qudege + qachc).
c€l.j,c<a c€lsj,c<a

Here d.onst is the contribution of disks which are not entirely contained in the sym-
plectization of the S!—invariant part Y, dyp is responsible for the contribution of
gradient trees of auxiliary Morse functions on the spheres L; which are used for the
“Morsification” of the Morse—Bott picture, and d}, counts the contribution of generalized
holomorphic disks in th. We sketch a proof of Proposition 8.5 in the next section.
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8.3 Sketch of proof of Proposition 8.5

To compute the differential one needs to count holomorphic disks in the symplectization
Y™ x R. We first consider disks entirely contained in ¥* x R C Y™ x R. Recall that
each intersection point a € Z corresponds to two series %(p ), p=20,1,2,... and
(c?a(p ), p=1,2,3,... of mixed Reeb chords between distinct components of A (see
(8-2) and (8-3)) and that each component L; of the Lagrangian L contributes with
Morse—Bott families {q)(cpl) yxerL;»i=1,...,k, p=1,2,... of pure chords connecting
a component of A to itself. In fact, we are in a “double Morse—Bott” situation since
X is a Bott-family of periodic orbits.

Note that in this Bott degenerate situation, holomorphic disks in ¥ x R ~ X xC*
with boundary on A x R project to holomorphic disks in X with boundary on L.
Conversely, a holomorphic disk in X with boundary on L and a meromorphic section
over it determines a holomorphic disk in ¥* x R with boundary on A x R and with
punctures mapping to Reeb chords and Reeb orbits as determined by the meromorphic
section. In line with the Morse—Bott philosophy one expects that holomorphic disks
after small perturbation can be described in terms of holomorphic disks in the Bott
degenerate case in combination with Morse theory on the chord and orbit spaces. As we
shall see below, this is indeed the case, and rigid holomorphic disks in (th xR, A xR)
can be described in terms of rigid generalized holomorphic disks in (X, L).

In order to establish this relation between rigid disks in the symplectization and rigid
generalized holomorphic disks in the base of the fibration, we begin with a brief
description of a perturbation scheme that achieves transversality for My, . We
consider the source of a generalized holomorphic disk as a collection of disks with
boundary punctures connected by finite length edges according to the underlying fat
rooted tree. The generalized disk maps the disks holomorphically to (X, L) and the
edges to gradient flow segments. The space of generalized disk sources has a natural
compactification consisting of broken configurations. Here there are two types of
breaking, either two disks can be joined at a puncture mapping to an intersection point
in L; N Lj, i # j or the length of some edge can go to infinity. We call this space
extended Deligne—Mumford space.

We next consider transversality for generalized disks. Note that any holomorphic
component of generalized holomorphic disk must have at least two punctures. Taking
into account that each Lagrangian L; is embedded, we observe that the disks with < 3
punctures must contain a non—multiply covered puncture (ie the image of this puncture
is not the image of any other puncture). Thus in this case it is possible to achieve
transversality by perturbing the almost complex structure; see [20, Lemma 4.5(1)] for
the proof. In order to make the whole moduli space regular we use a slightly modified
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version of Gromov’s transversality scheme [30] and consider an inhomogeneous -
equation, where the right-hand side depends not only on points of the source disk,
but also of its domain viewed as a point of the extended Deligne—Mumford space.
The perturbation required here is constructed inductively over strata of the extended
Deligne-Mumford space. Standard arguments show that we can achieve transversality
for the holomorphic parts in the generalized disk using such perturbations that are
supported in the interiors of the disks in the source, also including transversality with
respect to jet conditions.

We also require transversality with respect to the Morse flow as follows. Consider the
unstable sphere S; of the maximum m;4 of f; and note that the Morse flow determines
a projection pr;: L; —{m;4,m;_} — S;. We require that the following transversality
condition holds: the evaluation maps at additional boundary punctures on any moduli
space of holomorphic disks forming a generalized tree with additional internal boundary
punctures are transverse to {m;4,m;_} and in general position with respect to the
projections pr; outside neighborhoods of the inverse images under the evaluation
maps of small neighborhoods of m; and m;_. We also require transversality for the
products of evaluation maps. In this set up, My, o is related to intersection points
of the evaluation maps of the disks components of a generalized holomorphic disk
composed with the projections pr;, and it is possible to include transversality of this
Morse data in the Gromov scheme.

Note that in general some of the disks forming a generalized holomorphic disk could
be small, ie perturbations of constant holomorphic disks. However, we show that in the
situation under study here it is possible to organize the perturbation scheme in such
a way that generalized disks with constant components and at least one nonconstant
component do not contribute to the differential. Indeed, let us note that each small disk
must have at least three internal punctures. By choosing a sequence of perturbations
which converge to 0 on small disks we find gradient lines that intersect more than two
nonsmall disks, and a dimension count shows that configurations with » constant disks
c1,...,Cr, have codimension d = er-zl (i(cj) —2), where i(cj) is the number of
internal punctures in c; . In particular, since d > 1 for configurations with at least one
constant disk, our transversality assumptions implies that configurations with constant
disks and at least one nonconstant disk are impossible in 0—dimensional moduli spaces.

Consider the dynamics of the Reeb vector field of the contact form o = A%y« on
Y. The part Y = X x S is foliated by closed Reeb trajectories in the class of the
factor S!. The action of these orbits is equal to 2e. The action of all other orbits is
bounded below by the action of the minimal closed orbit of the contact form A|y. We
refer to the former orbits as short and to the latter ones as long. Thus the moduli space
of short orbits is diffeomorphic to X . To deal with the double Morse—Bott situation, we
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choose in addition to the chord functions f;: L; — R as in (8-4), an auxiliary Morse
function ¢: X — R which is constant on the boundary X and attains its minimum
there. We call ¢ the orbit function. The differential of the algebra LHA(A) can then
be computed using moduli spaces of generalized holomorphic curves in the sense of
Bourgeois [6]. (We will call them Bott curves here in order not to confuse them with
generalized holomorphic disks.) According to [6] (see also Fukaya, Oh, Ohta and
Ono [28], Fukaya and Oh [27] and Ekholm [15]), Bott curves are multilevel objects,
which have a certain number of genuine holomorphic levels, as well as cylinders swept
by orbits of R which project to gradient arcs of the orbit function ¢ and strips swept
by flow segments which project to gradient arcs of the chord function f. We call the
latter cylindrical and striplike horizontal levels, respectively.

We first argue that if a Bott disk D which contributes to the differential has a nonempty
generalized holomorphic part, then it does not contain horizontal cylindrical parts over
flow lines of ¢ . Indeed, suppose that a holomorphic level C is connected to a horizontal
cylindrical part at least one of its negative ends. Then the multiplicity of the chord at
the positive end of C is strictly bigger than the sum of the multiplicities of chords at
the negative end of C. Hence, one can decrease the multiplicity of the chord at the
positive end and still find a lift to the symplectization. But increasing the multiplicity
of a chord increases its grading. It follows that the dimension of the moduli space
containing the Bott disk D is > 0 and thus D does not contribute to the differential.
We also claim that given any integer N > 0 we can arrange that any holomorphic part
of a Bott disk entering into the differential of a chord of multiplicity < N projects
to a generalized holomorphic disk which does not intersect Y = 9.X . Indeed, the
symplectic area of the projection of the holomorphic part of such a generalized curve
is bounded above by the action of the chord at its positive puncture, which is < 2weN .
According to Proposition 8.1 the constant & can be made arbitrarily small, and hence
the claim follows from a monotonicity argument. We conclude that the differential can
be described in terms of generalized holomorphic disks.

We conclude that any disk which contributes to the differential limits to a Bott disk
which project to a generalized holomorphic disk. Conversely, any rigid generalized
holomorphic disk in My, » lifts to a unique Bott disk in the symplectization of YlSt
if we assign appropriate multiplicities to chords which project to images of bound-
ary punctures of the generalized disk. We conclude that the contribution (ii) to the
differential is as claimed.

We show below that the descriptions of the other summands of the differential are as
claimed in (i) and (iii).

We first study Bott curves without nonconstant holomorphic part and without horizontal
cylindrical parts over flow lines of ¢. Such curves are disks projecting to gradient trees
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and give rise to the summand dyg. The disks giving

dMBaa = aaQi— + (Ij—azﬁ dMBaa = aaqj— + Qi—aa-

correspond to gradient trajectories connecting the intersection point @ in L; N L;j to
the minimum of the chord function in L; orin L;. The disk giving

dvBYi— = Qi—Qi—

corresponds to a small disk with three punctures, including a positive puncture at the
minimum of the chord function f; where the disk is asymptotic to ql.(f ) To the negative
punctures are attached two flow lines which end at the minimum of f; where the disk is
asymptotic to ql(i) respectively qi(t_), p=s-+t. Theterms q;—q;++(—1)""'qi+q;i— in
the expression for dygq;+ correspond to small disks with three punctures, including a
negative puncture at the maximum of the chord function f; where the disk is asymptotic
to ql(i) A flow line emanating from the maximum of f; is attached to the positive
puncture of the small disk, where the disk is asymptotic to ql.(f_). To the second negative
puncture is attached a flow line which ends at the minimum of f; where the disk is
asymptotic to ql.(t_), p=s+t. The terms D ,c7 a9, and > aer.; qaqq in the
expression for dypq;+ correspond to gradient trajectories connecting the maximum
of the chord function with intersection points of L; with other components. Using
grading arguments one can check that these are the only rigid configurations if n > 2.

If n = 2 there are several more gradient tree configurations contributing to dyg. The
easiest way to account for all of them is probably via an explicit perturbation scheme, as
in Sabloff [36]. The additional cubic terms correspond to narrow quadrangles formed by
the mesh of perturbed 1-dimensional Lagrangian submanifolds. The exact expression
for the differential, for example the order of the intersection points, is related to a specific
choice of perturbation. To get the differential as stated it is important to choose chord
functions so that the minima m;_ lies very close to the maxima m;4+,i =1,...,k, and
so that the following hold: if a € Ly N Ly then fi(miy+) > fs(a) + fi(a) > fi(m;—)
for all i, and if b € Z; is such that b <; ¢ for all ¢ € Z; then f;(b) > fs(a) for all
a €Ty, s <i suchthat a ¢ 7; for some k >i.

It remains to show that all other contributions are covered by (i). Since rigid holomor-
phic curves the projection of which contains a nonconstant polygon does not contain
any horizontal cylindrical parts over gradient flow lines of ¢, any Bott curve which
contributes to the differential and which contains such a flow line must consist of that
flow line only, ie it must project to a gradient trajectory of the orbit function ¢. Our
assumption that ¢ is constant and achieves its minimum on ¥ = 9.X implies that
through every point of L there is a unique (negative) gradient trajectory of ¢ going to
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the boundary. Disks projecting to gradient trajectories are generalized holomorphic
curve which consists of the following parts:

* A holomorphic disk with a boundary puncture and an interior puncture which is
mapped onto the fiber of the projection YlSt xR — X. At the interior puncture
it is asymptotic at —oo to a small (possibly multiply covered) orbit, and at the
boundary puncture to a pure chord ql.(i .

e A horizontal part which projects to the gradient arc of ¢ in X that connects
m;_ to a (multiple of a) short orbit y,, over a point y € Y = dX.

e A plane in YzSt x R asymptotic at +o00 to the orbit y),.

Such a curve contributes only *e¢; to the differential. Hence, for grading reasons, we
(p)) _ s h il (p) _ (D
have |g;}”| = 1, which implies that ¢;7" = ¢;

i
To establish (i), we prove that for qgl)

;— such Bott disks indeed exist and that the algebraic
count of them equals £1. To this end, recall from [23] that given a general contact
manifold Y for which one can define the linearized contact homology CH(Y'), there
is an invariantly defined element h; = h;(Y) € CH(Y) which in the corresponding

contact homology complex CH (Y') = (K(Pgo0a(Y)), dcrr) is represented by

Z ny?v,

yepgooda|y|=n+1

where n, is an algebraic count of components of the 1-dimensional moduli space
MY (y, p) of augmented holomorphic planes in the symplectization of ¥ asymptotic
to y and having one marked point mapped to R x p C R x Y for a generic point
p € Y. To simplify the language we will use the term “holomorphic curve” also for
the projection of a holomorphic curve in R x Y to Y, and hence equivalently we can
say that n,, counts the algebraic number of holomorphic planes in Y asymptotic to y
and passing through a fixed point p.

Denote the critical points of the orbit function ¢ by ay,...,ag, where ag is its unique
maximum. Choose an almost complex structure Jy on X adjusted to the Liouville
form A and an almost complex structure J on the symplectization of Y*' which is
adjusted to the contact form «*' and which is such that the projection R x Y — X is
(J, Jo)-holomorphic.

We compute the invariant hy (Y®). According to [47; 6] (see also [23]), and taking
into account an argument from Section 6.1 to discard the contribution of long orbits,
we come to the following algorithm for computing the linearized contact homol-
ogy CH(Y™). Associate with each critical point a; a sequence of variables )/ij,
k =1,2,... corresponding to multiples of the orbit over the point @;, and assign

Geometry & Topology, Volume 16 (2012)



376 Frédéric Bourgeois, Tobias Ekholm and Yasha Eliashberg

to ya the grading |)/ | = index(aj) —n + 2k + 1, where index(a;) is the Morse
1ndex of the critical pomt a;j . In particular, |)/a 0| =n+ 1. Let dyiorse(aj) = _; m a;
be the Morse differential on the Morse complex for the relative homology Hy (X, Y)
generated by critical points aj, j =0,..., K. Then the complex

C=CHY") :=K{yuy, j=0,....K.k=1,...}).du),
J
where dps (yakj) = m; )/fi , computes the homology CH(Y'™).

Lemma 8.6 The invariant hy (Y*') € CH(Y®) is represented by the element :I:)/alo €
C =CH(YY).

Sketch of proof Our proof uses the fact that since X is a Weinstein manifold, Y
bounds the Weinstein manifold W = X x C with SH(W) = 0 (in fact W is even
subcritical).

Note that the index formula implies that hy € CH, (Y“) and hence it is represented
by a linear combination /1; € C of classes )/a and )/a , where index(a;) = 2n —2k.
We claim that the coefficients with )/a is 0 unless j = O k = 1. Indeed any Bott curve
which is a plane asymptotic to )/a must contain a flow line part that converges to a; .
Hence, if j # 0 and one chooses the point p not over the stable manifold of a; then
there will be no generalized holomorphic curves converging to yé‘j . Thus, hy = N yalo
for some integer N .

It remains to prove that the coefficient N with yalo is equal to +1. Here we use
SH(W) = 0 and the Morse—Bott description of symplectic homology. The minimum
of the Morse function on W is a cycle in SH (W) which must then be a boundary.
Thus there is a holomorphic sphere with positive puncture at )/alo through every point
in W and in particular through every pointin p xR. |

We can now prove that there is algebraically one holomorphic plane in Y2St xR as-
ymptotic to a small simple orbit y) over a fixed point y € Y. Note that generically
the gradient trajectory from y ends at the maximum point aq. Let us choose a point
pE YlSt which projects to a point on the arc § of this trajectory connecting ag and y.
Then the moduli space MY()/aly p) consists of generalized 2—level curves with a flow
line part which projects to § and a genuine holomorphic plane in the symplectization
of Y, asymptotic to y,. But according to Lemma 8.6 the algebraic count of such
planes is £1, and hence the algebraic count of planes in Y2St x R asymptotic to yy
is £1 as well.

This implies that (i) gives a description of the remaining part of the differential and
concludes the sketch of the proof of Proposition 8.5.
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In the 4—dimensional case the above description of the differential algebra LHA(A),
together with Theorem 5.6 and Corollary 5.7 provides a purely combinatorial recipe
for computing the complex SH(X) for any symplectic Lefschetz fibration.

Remark 8.7 (1) An argument, similar to one used in the above proof also shows
that if there exists an embedded Lagrangian disk A C X with Legendrian
boundary I' C Y, and which transversely intersects L; in exactly one point and
does not intersect L; for j # i, then dql.(i) =e¢j.

(2) More generally, let W be a 2n—dimensional Liouville manifold with cylindri-
cal end, and W the corresponding compact Liouville domain. Let C be the
coisotropic unstable manifold of a zero of index n — 1 of the Liouville field Z
on W . Suppose that C intersects V = dW along an n—sphere S C V. Let
A C V be a Legendrian sphere which intersects S transversely at one point.
Then for an appropriate choice of a contact form on Y and an almost complex
structure, there exists a Reeb chord ¢ of A, such that dc = 1 in the algebra
LHA(A).

Indeed, to verify Remark 8.7(1) consider a small neighborhood U of the Lagrangian
disk A. Then U intersects L; in a disk O; and we can view O; and A as the core
and cocore disks, respectively, of a Lagrangian handle attachment yielding X . It
follows in particular that there is a Liouville vector field Z on X which vanishes at
p =L;NA, with L; contained in the stable manifold of p, with A equal to the
unstable manifold of p, and with a Morse function H for which Z is gradient like
such that H(p) > H(q) for every critical point ¢ # p of H. The maximum principle
then implies that there is no nonconstant holomorphic disk in X with boundary on L
which passes through p. Thus, for a chord function f; with minimum m;— = p,
Proposition 8.5 implies that dqi(l) = constql.(i) = ¢;. We also note, for future reference,
that we can choose the orbit function so that the gradient flow line connecting #2;_—
to Y lies near A.

To show Remark 8.7(2) we observe that the contact structure in a neighborhood N
of the coisotropic sphere S C V' is contactomorphic to a neighborhood of the sphere
T =71 (A)NYS C Y. Moreover, one can arrange that this contactomorphism sends
the part A N N of the Legendrian sphere A C V' to the part of the Legendrian lift
A; C Y} of the Lagrangian sphere L; (we recall that we denote by 7 the projection
X = X x C — X) which lies in the neighborhood of 7. Furthermore, one can
arrange that the Reeb chord corresponding to ql.(l) is arbitrarily short. In particular any
holomorphic disk with positive puncture at this Reeb chord must stay inside N and
the argument we used for Remark 8.7(1) also applies to prove Remark 8.7(2).
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Remark 8.7(2) is consistent with the fact that attaching handles of index (n — 1) and n
canceling each other does not change the symplectic manifold, and hence its symplectic
homology.

Appendix Legendrian surgery formula and P Seidel’s con-
jecture

SHEEL GANATRA AND MAKSIM MAYDANSKIY

Appendix A Introduction

The goal of this text is to provide a dictionary between the language used in the
current paper and the formalism of Seidel in [42; 40], in particular establishing that
Conjectures 6.3 and 6.4 in [40] follow from the results of the current paper. In an
attempt to assist readability, some of the material is repeated from these references. In
this preliminary version we ignore all signs and gradings, although some degree shifts
appear in the notation in anticipation of a latter version with gradings.

Appendix B The categories

We start with an exact Lefschetz fibration : E +— D, with fiber F' and vanishing cycles
Lq,..., Ly. Werecall the construction of a curved Ao category D which proceeds in
several steps. The material describing this construction is taken from [42]. Throughout
we adopt the perspective from [42, Section 3; 40, Remark 2.2] that identifies Ao
categories with m objects Ly, ..., L, with A algebras over the semisimple ring
R=K"=Ke; ®---®Key, by taking category Z to the algebra @l—’j Homz(L;, Lj)
(see also Section 4.1). To begin, we have the category B which is the full subcategory
of the Fukaya category of the fiber with vanishing cycles L; as objects. Then we have
its directed version A, with same objects and morphisms

HOH’IB(L,', Lj) ifj > i,

Homy(L;, Lj) = {Ke; ifi =7,

0 if j <i.
Here Ke; is a one dimensional vector space over our base field K spanned by the
formal symbol e;. The Ao operations X when none of the inputs are e; are inherited
from B. When one of the inputs is ¢; we declare u?(ej,c) = ¢ and pu?(c, ;) = ¢
(here we use the reverse of Seidel’s convention for composition so ¢ € Hom 4(L;, L;)).
All other 1% s with e; inputs are set to zero. This is what it means for A4 to be a strictly
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unital category with strict identity morphisms e¢;. Thinking of A as an A, algebra
over R, we have an obvious projection to R and the kernel of it we call A4 . This is
the nonunital version, with identity morphisms taken out. Note that A4 injects into 5.
Assuming B is strictly unital (by, say passing to a quasi-isomorphic Ao structure as
in Seidel [41], more on this in Section C.3), we can extend this embedding to all of A.
Next, the category C = A @ tB[[¢] has the same objects as A and 5, and morphisms
given by formal power series x = xo +£x1 +--- with x¢ a morphism of .4 and the rest
of x;’s - morphisms of 3. The A structure is extended from B by t-linearity (using
the inclusion A < B; the strict unitality of e;’s implies that A relations still hold
in C). To get from C to D we add a curvature term /L% =te; € Homp(L;, L;). We
need to verify the curved Ao, relations for D and this again relies on strict unitality of
the te;’s. Finally, the corresponding (nonunital) reduced version of D is denoted D .

We should say a few words about the perturbation scheme arising in the construction of
the Fukaya category. In [41], the maps ,uk are determined by counting perturbed pseudo-
holomorphic discs with appropriate Lagrangian boundary conditions, ie solutions to an
inhomogeneous Cauchy—Riemann equation with inhomogeneous term a disc-dependent
Hamiltonian. Such a count depends on a choice of perturbation datum, which, roughly,
assigns to each representative of the Stasheff moduli space a choice of (disc-dependent)
perturbing Hamiltonian term and time-shifting maps. That this can be done in such a
way as to be smoothly compatible with the Deligne—Mumford compactification of the
moduli space is shown in [41].

There is a version of this construction that is Morse—Bott in flavor, which uses a variant
of the Cornea—Lalonde “cluster” technology [14]. This was discussed by Seidel [43]
and rigorously constructed by Sheridan [44]. In this scheme, morphisms are given
by counting trees of holomorphic discs joined by gradient flow lines of some choices
of Morse function on each Lagrangian submanifold. The resulting category is quasi-
isomorphic to the version in [41]; see [44, Section 4] for more details.

For what follows, we will implicitly use the Morse—Bott variant of D. See also
Section C.3 for more on this issue.

We will use the following notation for individual coefficients of pup:

M’{‘)(al,...,ak) =an(a;a1,...,ak)a.
a

Note that we are still composing our morphisms from left to right - the target of a; is
the source of a, etc.
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Appendix C The Legendrian homology algebra LH A is dual
to T(D.[1])

C.1 The vector spaces

As in Section 8.2 the LHA is generated by q(g ) for intersection points a € L; N L;
w1th k >0 if j > i (these are qa(p ) in notation of Section 8. 2)and k> 1if j <i
(qa correspondlngly), together with points ql.( i) for each i > 1 (Morse—Bott case).
Specifically, g, ’ is the Reeb chord between A;, A corresponding to the intersection
point a € L; N L; passing k times above the reference point e'™ ¢ S'. Given a
chord ¢ between A; and A;, we denote by p(c) the corresponding intersection point
of L; and L;. Note that the morphisms of .4 are exactly the intersection points a
for j > i and the morphisms of B are all intersection points of L; and L; (and critical
points of a Morse function on L; if i = j). This allows us to identify the Reeb chords
with morphisms in D4 = Ay @t B[t]: the Reeb chord qék) for k > 1 corresponds to
the morphism rXa € t* B and similarly the chord qf,o) corresponds to the morphism in
a =1t% € Ay . Note that the morphisms in D are precisely the t-adic completion
of the K vector space spanned by Reeb chords, and so are naturally identified with
the dual of that vector space. The algebra LHA is the free algebra generated by the
Reeb chords and the underlying vector space is the span of words ¢; ---¢g. In our
dictionary its dual is the tensor algebra 7 (D4[1]); note that LHA includes empty
words e; based at each component of A. Correspondingly, the zeroth tensor power
piece in T(D4[1]) is a copy or R. Indeed, as a vector space, the tensor algebra is the
t-adic completion of the same span, and so is naturally identified with its dual. We
remark on a technical note, that to go back from morphism of D4 to Reeb chords
and from T(D4[1]) to LHA, respectively, one needs to take the continuous dual with
res%)ect to the t-adic topology. In what follows we will use ¢ to denote both chords
and the corresponding morphisms tka.

C.2 The differentials

We now proceed to establish the duality of differentials. In the general setup of
Section 4.1, the differential on LHA is given on generators by

de = § § neseryenem€1° Cm
m ci,..

where 7, i1 s . the algebraic number of 1-dimensional components of the moduli
space MY (c cl ,...,Cm). In the present case Y is the boundary of a stabilization X,

and the Morse—Bott version of MX(c; €1,...,Cm) should be used. We see that Y is
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split into the vertical (or mapping torus) part YV (¥} in the notation of Section 8.1) and
horizontal (or binding) part ¥” (correspondingly YY), with A C YV, Correspondingly
n contains contributions from discs contained in Y'Y xR, n?, and the ones not contained
in YV xR, nP™ (the contributions from d.ong in Section 8).

C.3 Reconstruction

The basic idea for relating differentials is that holomorphic discs contained in YV xR =
FxS!xR can be projected to F. Conversely, given a collection of chords ¢, ..., cm,
and a holomorphic disc # with punctures asymptotic to p(cy), ..., p(cm) with appro-
priate Lagrangian boundary conditions, one can uniquely lift # to adiscin YV xR =
F x ST xR, provided that the total power of t for the negative chords is equal to the
power of t of the positive chord. This last requirement is the condition for lifting u as
a continuous map and corresponds in the “dictionary” to t-linearity of A, operations
in D. Furthermore, the algebraic counts from the moduli spaces with and without
being anchored (see Section 2.2) agree.

If structure constants /.., . and nP(c,cq,...,cm) were given simply by counts

of such holomorphic curves, this would imply

v

Dy..
et iem =1 (cic1yvv.yCm)

whenever the set of ¢;’s is not empty.

However, the present case of a Lefschetz fibration does not fall into the general scheme
of Section 4. Rather, it’s a “double Morse—Bott” situation as explained in Section 8.3. As
a result the moduli spaces involved are more complicated, and part ii of Proposition 8.5
establishes a more refined version of the correspondence. The result is that the relevant
moduli spaces in F are the generalised holomorphic discs of Section 8.2.C, or holo-
morphic pearly trees from [44, Section 4.3]. This is why we work with Morse—Bott
versions of categories A, B, C and D.

We will now discuss perturbations and unitality. As discussed above, while constructing
the Morse—Bott Fukaya category of the fiber F', in order to define the self-hom space
Hom(L, L) one picks a Floer datum for the pair (L, L), one part of which is a Morse
function H supported on L. On a sphere, such a function then can be chosen to have
just two critical points, one maximum and one minimum, producing a 2—dimensional
Hom(L, L). The generator ey, corresponding to the minimum then descends to a
homological level identity morphism. However, picking all additional data in such
a way that the Fukaya category of the fiber is strictly unital on the chain level is a
nontrivial matter. That this can be done for (the Morse-Bott version of) the category 3
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follows from calculations made in Section 8.3 and the above mentioned correspondence,
in a manner we will now explain.

Proposition 8.5 computes the LHA differential in the Lefschetz case. Families of
multilevel Bott curves in YlSt (with different powers of 7, and including ones without any
actual holomorphic components) contributing to the LHA differential correspond to the
generalized holomorphic discs computing Morse—Bott version of B (again, including
those without actual holomorphic components). The computation of Section 8.3
therefore implicitly contains part of the computation of the structure of 5.

Let’s check that it gives strict unitality of e;’s. The algebra LHA is dual to T'(D4[1]),
which involves the reduced version of D, and hence has no generators directly cor-
responding to the minima on L;. It has only the generators corresponding to the
t—multiples of them, qlk_, k > 0. It is enough to check that those satisfy a suitable
t-linear version of unitality. Determining the value of u"(..., tke;, .. .) is dual to
finding all ¢’s with dgq containing qlk_. By Proposition 8.5 these and the corresponding
Ao equations are as follows. First there are

dviBqi— = qi—qi—,
dveQi+ = qi—qi+ + (=D)" 'qi+qi—.

and correspondingly

(C-1) pa(tker, tep,) =1'kep,,
(C-2) pa(ther, . i'mp) =**t'my,,
(C-3) pa(t'mp, t*er,) =" my,,

where my, € Hom(L;, L;) is the top dimensional generator corresponding to the
maximum of a Morse function. There are also

dvi(T'4a) = qj—q, + (—1)%Iqaq; .
dyp(TUa) = i~ + (—1)¥qaq; -
corresponding to
(C-4) pa(ther, . i'ay=1""*q
(C-5) ,uz(t a,t eLj) =k la.

Moreover, no differential has a degree three or greater term containing q;—, which is
dual to the fact that

(C-6) pk . tlei,..)=0 fork>3.

Geometry & Topology, Volume 16 (2012)



Appendix: Legendrian surgery formula and P Seidel’s conjecture 383

From Section 8.3 we see that all parts of d except dconst qil_ are T —linear, which
corresponds to ¢-linearity of Mk ’sin C.

C.4 Contributions from the binding

The additional contribution from #®" has been calculated in Proposition 8.5 (dconst in
that notation) to be nbl(‘}‘::.l =1 and n'g";‘i ’’’’’ ¢,, = 0 in all other cases. This means that
i—>
bind Dy
net=nv(c;)

C.5 Total differential

We have
_ bind _ D
Reseyyonem = nc;cl,...,cm + nc;cl,...,cm =n (C’ Clr--ns Cm).

On the other side, the Ay structure on Dy viewed as a map up: T(D4[1]) —
D [1] uniquely extends by the co-Leibniz rule to a coderivation ip on T (D4[1]),
or, equivalently, its dual extends to a derivation on 7' (D4[1])* = LHA. This last is
given by

dp = (w* =dp+dp+dp+--- .
where dil): D.[1]— T(D4[1])®, dp is extended by the Leibniz rule, and

dp(e) = (up)*(e) =Y nP(e:),
dp(c) = (up)* () = Y _nP(c;ar)ay,

dp(c) = (up)* ()= Y nP(ciar.az) a1 ®as.

aip,az

The equalities in Sections C.3—C.5 mean that the differential on LHA which only
includes the contributions of #¥s comes from the Ao structure of C, and that the full
differential is the one coming from the full curved A structure of D, namely dp.

Appendix D LHUY°(A)

D.1 Generators

On the level of generators, LH"°(A) consists of

LH™(A) = C(A) @ LHO(A) ® LHO(A).
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Here, LH\-/O(A) and L\P-I/O(A) are simply two copies of LHO, the subcomplex of
words that are cyclically composable divided by empty words. Under the identification
described previously, this is dual to T (D+[1])(_tag. Words in ZTI_-I/O(A) will be denoted
€1+ ¢, and words in L/H\O(A) are denoted ¢;---cx. C(A) is the vector space
generated by elements 71, ..., Tg, in one-to-one correspondence with Aq,..., Ag. To
identify this on the level of generators with CC(D) = (D ® T (D4[1]))%2¢, we note
that

(D-1) (D& T(D4[1])" = (R D1) ® T(D4[1]))¢

0-2) = (T(D4 1) & T(DL[1) 4 [-1)*
(D-3) = R® (R T(D+[1)+)™ & (T (D4[1])+[-1]) ¢
-4 = R& (T(D4[1)4)" & (T(D4[1)4[-1) ™.

Here, recall that TV =K@V @ V®2@.--, and (TV) refers to the nonzero length
part V @ V®2 @.... This last expression exactly gives us the correspondence to the
generators of LH"(A). We should remark however that to compute the Hochschild
differentials, one needs to remember (D-3).

C(A) LHO(A) LHO(A)
T Eioecp 1o cp
0 ¢ ¢
e; ei-cy e C1eeeen
R | (RQT(D4[1]) )% | T(D4[1])4[-1]%e

Table 5. A dictionary between the generators of LH"(A) and CC(D, D)

D.2 Hochschild differentials

The Hochschild differential on § has three primary constituents. There is the (acyclic)
Hochschild differential (without any 1.°):

ba: X1+ xp > Z Xy W (Xiy ooy Xjps—1) " Xigs =+ Xj-
i>1,5>1

The differential also includes cyclic terms

be: X1+ Xp > Z X jse oo s Xfy Xy v ey Xi) " X1 = Xf—j—1
iz1,j=1
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and terms obtained by inserting (o everywhere except for the beginning
bo: xy -+ xf > le T Xt ot X4t Xk
i>1

Note that b, + bo viewed as a map on 7'(D[1]) is not quite the differential /i induced
by extending the Ao maps w: T (D4[1]) — D to all of T'(D4[1]) via the co-Leibniz
rule. One needs to add a final contribution bg, where

bg: X1 xp b uOexy e Xy
Now, look at the differential on various components of LH"°(A) and dualize. The
map drgo: LHO(A) — LHO(A) is defined as
dLro(@1 -+ cn) = Sd(@E1)) 2+ cn+ Erdrmalca - cn).

where S(wy -+ wg) =Y ;(=D* [[wy -+ @;---wg and S(1) = 0. Write drmo =
Slo§pga+d, where dp 4 is simply the differential on LHA(A),and S'(cy---cx) =
C1-++ck. Then, if dpgqcq does not contain 1 as a contribution (ie ¢ # qii ),

d(ci---cx) = (S(der) = 8! (dep)e - ek
If ¢y = C],-(l),
d(cr--cp) =—r- e+ (S(der —1) = ' (dey = 1))ez -+ ¢
or S(dc; —1)—S'(dcy — 1) if k = 1. In the previous section, we argued that

d2HA=ﬁ=ba+bo+b°,

so it remains to see that the dual of the map d is be — bg. But c?(ql.(l) <yt Cp)

containing a term equal to —¢; - - - ¢, is exactly dual to —bg so it remains to analyze
the dual of terms in d(cq - - - ¢x) not containing —¢, -+ - ¢ . For dc; containing terms

Yon(ctyi, . YDV VI

d(cy ---Ck)=Zn(cl:y1,---,yz)(2y1 ---fj---yz)c‘z---cn.

Jj=z2

Dually the contribution of be(¥j -+ yjcz -+ cpy1 -+ yj—1) coming from pu(yy, ..., y):
cy---cpisequal to ng(cy; yi, ..., yp)cr -+ cn. All of these together give us exactly
the desired duality. On the level of generators, (ljf/O(A))* is identified with (R ®
T (D4+[1]))%28 meaning the subspace of the chain complex generated by words that
start with e;. Let’s explicitly analyze the Hochschild differential § on such words.
There are contributions where p does not take the first element e; as an input:

i1+ ¢ > e (ba+ bo + Y (er i)
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which is exactly dygo under the identification (R ® T(D[1]))%2¢ ~ (LHO(A))*
which sends e; - ¢q - ¢x to ¢y -+ ¢k . The other contributions are the ones where u”
has e; as an input, which is 0 unless r = 2. Explicitly, those are

3 2 2
(D-5) €iCl- " Cp—=> U (Ck’ei)‘cl"'ck—1+:u (ei,cl)‘cz"'ck
——:Fcl---ck:I:Ck-Cl---Ck_l.

Under the identifications

(R® T(D+[1])%¢ & (LHO(A))*,
(T(D+[1))+)%¢ & (LHO(A))*,

this is precisely o*. In LHH°(A), the differential going from C(A) was 0, which
dually corresponds to the fact that u(xy---xg) is never ¢;. The final term in the
differential is the map 7", which takes the single chord ¢; going from A; to A; to
ne; vi, where ne, =1 for ¢; = ql.(l) and 0 otherwise. This dualizes to T*(e;) = c?l(l)
Under the identification, this is e; ® te;, which is exactly 6(e;). We conclude that

(LHHMo(A))*, d}f ) = (D ® T(D4[1]))%42), §) as chain complexes.
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