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Orbifold Gromov—Witten theory
of the symmetric product of A,

WAN KENG CHEONG
AMIN GHOLAMPOUR

Let A, be the minimal resolution of the type A, surface singularity. We study
the equivariant orbifold Gromov—Witten theory of the n—fold symmetric product
stack [Sym”(A,)] of A,. We calculate the divisor operators, which turn out to
determine the entire theory under a nondegeneracy hypothesis. This, together with
the results of Maulik and Oblomkov, shows that the Crepant Resolution Conjecture
for Sym” (A, ) is valid. More strikingly, we complete a tetrahedron of equivalences
relating the Gromov—Witten theories of [Sym”(A,)]/Hilb"(A,) and the relative
Gromov—Witten/Donaldson—Thomas theories of A, x P!.

14N35; 14H10

0 Introduction

0.1 Results

Let A, be the minimal resolution of the type A, surface singularity. The symmetric
group G, on n letters acts on the n—fold Cartesian product A} by permuting coordi-
nates. Thus, we obtain a quotient scheme Sym” (A, ) := A?/&,, the n—fold symmetric
product of A, and a quotient stack [Sym" (A,)], the n—fold symmetric product stack
of A, . The stack [Sym"(A4,)] is a smooth orbifold, whose coarse moduli space is the
symmetric product Sym”(A,).

In this article, we compare the equivariant orbifold Gromov—Witten theory of the
symmetric products of .4, with the equivariant Gromov—Witten theory of the crepant
resolutions in the spirit of Bryan and Graber’s Crepant Resolution Conjecture [4].

Let T = C* x C* be a two-dimensional torus. The (localized) T —equivariant co-
homology of a point is generated by #; and #,. Our main objects are the 3—point
functions

(o o2, 3™ AN € Qe )l si. s,
which encode 3—point extended Gromov-Witten invariants of [Sym” (A,)] (see (2-6)).
Note that the equivariant orbifold quantum cohomology is traditionally defined by the
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476 Wan Keng Cheong and Amin Gholampour

above functions with the quantum parameter u set to be 0. Thus, 3—point extended
orbifold invariants provide more enumerative information than usual 3—point orbifold
invariants.

The above 3—point functions add a multiplicative structure to the equivariant Chen—
Ruan cohomology Hyp . ([Sym"(A,)]; Q). The multiplication so obtained is called
the small (extended) orbifold quantum product.

The quotient space Sym”(.A,) admits a unique crepant resolution of singularities,
namely the Hilbert scheme Hilb”(A,) of n points in A, . The T —equivariant quantum
cohomology of Hilb"(.A,) has been explored by Maulik and Oblomkov [15], so we
need only deal with the quantum ring of the orbifold [Sym” (A, )]. We fully cover 2—
point extended Gromov—Witten invariants of [Sym” (A4,)] and find that the calculation
of these invariants is tantamount to the question of counting certain branched covers of
rational curves. Our discovery can be summarized in the following statement.

Theorem 0.1 Given any positive integers r and n, two-point extended equivariant
Gromov—Witten invariants of the symmetric product stack [Sym”(A,)] in nonzero
degrees are expressible in terms of equivariant orbifold Poincaré pairings and one-part
double Hurwitz numbers.

One-part double Hurwitz numbers, as shown by Goulden, Jackson and Vakil [9], admit
explicit closed formulas (Proposition 3.13), and therefore Theorem 0.1 provides a
complete solution to the divisor operators, ie, the operators of quantum multiplication
by divisor classes. These operators correspond naturally to the divisor operators on the
Hilbert scheme Hilb"(A;):

Theorem 0.2 After making the change of variables ¢ = —e'*, where i> = —1, and
extending scalars to an appropriate field F', there is a linear isomorphism of equivariant
quantum cohomologies

L: Hy o (Sym"(A,)]; F) — Hf (Hilb" (A, ); F)

which preserves gradings, Poincaré pairings and respects small quantum product by
divisors. In other words, for any Chen—Ruan cohomology classes a1, &y and divisor D,
we have the following identity for 3—point functions:

(a1, D.ap )™ AN = (L (1), L(D). L(org))H" A,
Here (—,—, —)Hilbn(A’) are the 3—point functions of Hilb"(A,) in variables t,,1,,

q,81,...,Sr (see (4-2)).
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In addition to the relation to the Hilbert schemes, the orbifold theory is related to the
relative Gromov—Witten theory of threefolds.

Theorem 0.3 Given cohomology-weighted partitions A1 (1]1), A2(72) of n and o =
()", (2) or Dy, k=1,...,r (see Section 1.2.2 and (3-1) for these classes), we have

(A1 Gin), e, A2 )™ AT = GW(Ar X P13 1), o)
where the right hand side is a shifted partition function (see Section 4.1).
0.2 Tetrahedron of equivalences

The above theorems form a triangle of equivalences. We can include the Donaldson—
Thomas theory to make up a tetrahedron. In fact, Theorems 0.2 and 0.3, in conjunction
with the results of Maulik and Oblomkov [13; 14; 15], establish the following equiva-
lences for divisor operators.

Orbifold quantum
cohomology of [Sym(A,)]

Relative Relative
Gromov—-Witten Donaldson-Thomas
theory of A, x P! theory of A, x P!
Quantum cohomology
of Hilb(A,)

Figure 1. A tetrahedron of equivalences

Before the study of the Gromov—Witten theory of [Sym” (A, )], the case of the affine
plane C? was the only known example for the above tetrahedron to hold for all
operators; see Bryan and Graber [4], Bryan and Pandharipande [5] and Okounkov and
Pandharipande [17; 18]. If the generation conjecture (Conjecture 5.1) of Maulik and
Oblomkov is assumed, these four theories will be equivalent in our case of A, as
well. The base triangle of equivalences is the work of Maulik and Oblomkov. And the
triangle facing the rightmost corner is worked out in this paper:

Theorem 0.4 Let L be as in Theorem 0.2 and A{(71), A2(72)., A3(7j3) any coho-
mology-weighted partitions of n. Assuming the generation conjecture, the identities

(A1 Gin), A2 (72), A3 @NE™ AT = (L1 Gi)), L (G2)), L3 (5j3))) 107 A
= GW(Ar X P13, 1) 1) 45 )

hold under the substitution ¢ = —e'*.
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We can make a more general statement on the Gromov—Witten theories of [Sym” (A, )]
and Hilb"(A;) due to the WDV'V equations.

Theorem 0.5 Let ¢ = —e'*. Assuming the generation conjecture, the map L in
Theorem 0.2 equates the extended multipoint functions of [Sym” (A, )] to the multipoint
functions of Hilb"(A,). Moreover, these functions are rational functions in ty,1,,
q,51,---,Sr. (Multipoint functions are those with at least three insertions.)

This theorem provides a new evidence for the Crepant Resolution Conjecture. We
will see that Theorems 0.4 and 0.5 are valid in the case of n = 2, r = 1 even without
presuming the generation conjecture (see Section 5.1).

0.3 Outline of the paper

The aim of Section 1 is to give a brief introduction to the resolved surface A, and Chen—
Ruan’s orbifold cohomology for a symmetric product. In Section 2, we review some
background on orbifold Gromov—Witten theory and define extended Gromov—Witten
invariants as well as their connected counterparts.

Section 3 is the main part of this paper. We provide explicit formulas for any 2—
point extended invariants in nonzero degrees (Theorem 0.1). In Section 4, we show
Theorems 0.2 and 0.3, which establish the tetrahedron of equivalences for divisor
operators. Section 5, due to the first author, proves Theorem 0.4 and discusses multipoint
functions of [Sym” (A, )] as well as the full version of the Crepant Resolution Conjecture
(Theorem 0.5).

0.4 Notation and convention

The following notation will be used without further comment. Some other notation
will be introduced along the way.

(1) To avoid doubling indices, we identify
A(X) =Y (X:Q).  Ai(X)=Hy(X:Q) and  4;(X:Z) = Hy(X:Z),

just to name a few, for any complex variety X to appear in this article (note that
we drop Q but not Z). They will be referred to as cohomology or homology
groups rather than Chow groups.

(2) For any curve C on a complex variety X, the curve class [C] is simply denoted
by C.
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(3) An orbifold & is a smooth Deligne-Mumford stack of finite type over C. Denote
by ¢: X — X the canonical map to the coarse moduli space.

(4) For every positive integer s, s is the cyclic subgroup of C* of order s. For
any finite group G, BG is the classifying stack of G, ie, [Spec C/G].

(5) (a) T = (C*)? is always a two-dimensional torus, and #;, t, are the gen-
erators of the T —equivariant cohomology A7 (point) of a point, that is,

AT (point) = Q[t1, 1].
) Vi =V Q1] Q1. 12) for each Q[t1, 1;]-module V.

(6) Given any object O, O™ means that O repeats itself n times.
(7) Fori =1,2, ¢; is a function on the set of nonnegative integers such that

0 ifm<i,
1 ifm>i.

€i(m) = {

(8) Let o be a partition of a nonnegative integer.

(a) £(o) is the length of ¢. Unless otherwise stated, ¢ is presumed to be written

as
0=(01....,04())-
To emphasize, if oy is another partition, it is simply (0k1.. .., 0k¢(s;))-
(b) Let @ = (x1,...,0)) be an £(0)—tuple of cohomology classes associ-

ated to o so that we may form a cohomology-weighted partition o (@) :=
o1(aq) -+ 0g(e) (o)) - The group Aut(o(a)) is defined to be the group of
permutations on {1,2,...,£{(0)} fixing

((o1. 1), - ... (0¢(5) %e(c)))-

Let Aut(o) be the group Aut(o(@)) when all entries of & are identical. Its
order is simply []j—, m;! if o = (1""1,... n"™n).

(©) lo|=nif oy +---+0ge) =n,and o(c) =lem(|oy], ..., |og)|) is the
order of any permutation of cycle type o.

(d) (2):=(2,1"2) and 1:= (1") are partitions of length n — 1 and length n
respectively.
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1 Preliminaries

1.1 Resolutions of cyclic quotient surface singularities

We fix a positive integer r once and for all. Let the cyclic group jt, 41 act on C2 by
the diagonal matrices
¢ 0
6e)

where ¢ € i,y 1. The quotient C2/ 1,4 is a surface singularity. We denote by
T Ar — (Cz//ir_f_l

its minimal resolution. It is well-known that 7 can be obtained via a sequence of
L%J blow-ups at the unique singularity. The exceptional locus Ex(sr) of 7 is a chain
of (—2)—curves,

with £;_; and E; intersect transversally. The intersection numbers of the exceptional
curves are given by

-2 ifi=j,

Ei-Ej=11 if i —j| =1,

0  otherwise.
In particular, the intersection matrix is negative definite (as expected from the general
theory of complex surfaces). Additionally, E1, ..., E, give abasis for A(A,;Z). We
also have two noncompact curves Ey and E, 4 attached to £, and E, respectively.
The curve Eg (resp. E,41) can be arranged to map to the (1,41 —orbit of the x—axis
(resp. the y—axis).

The natural action of T on C2 comes with tangent weights #; and ¢, at the origin. It
commutes with the p,;—action, so we have an induced T —action on the quotient
C? /11,41 and thus on the resolved surface A,. We fix these actions of T throughout
the article.

The T —invariant compact curves on A, are Eq,..., E,. The T —fixed points are the
nodes of the chain Ulriol E; of curves. Precisely, they are

xlv'-'vxr+17

where {x;} = E;_1 N E;. Let us assume that L; and R; are respectively the weights
of the T —action on the tangent spaces to £;_1 and E; at x;. We have L| = (r + 1)¢q,

Geometry & Topology, Volume 16 (2012)



Orbifold Gromov-Witten theory of the symmetric product of A, 481

R, 41 = (r + 1)t and the equalities
Li+Ri=ti+1, Ri=-Liti,

foreachi=1,...r.

X
Ey L,

LR,

X1

Figure 2. The middle chain (without E¢ and E, ) is the exceptional locus
Ex (7). The labeled vectors stand for the tangent weights at the fixed points.

The above information will be sufficient for our calculation of Gromov—Witten invari-
ants. Certainly, one can also compute explicitly to obtain

(Li.R)=((r—i+2)ty + (1 =i)tp, (—r +i — D)ty +i13).

From now on, we let
{wi1,...,0r}

be the dual basis of {E1,..., E,} with respect to the Poincaré pairing.

1.2 Chen-Ruan cohomology

Given any smooth complex variety X, the symmetric group S, acts on X" by
g(2)i = zg4(;) for all g € &, z € X". The n—fold symmetric product Sym” (X) is
defined to be X" /&,,, and the n—fold symmetric product stack [Sym” (X)] is defined
to be the quotient stack [X"/&,]. The space Sym” (X)) is in general singular and is
the coarse moduli space of the (smooth) orbifold [Sym” (X)].

1.2.1 Stack of cyclotomic gerbes The stack of cyclotomic gerbes to [Sym” (X)]
(consult Abramovich, Graber and Vistoli [2; 3]), denoted by I[Sym”(X)], is defined
to be

| [ HomRep(Bys. [Sym" (X)))/ Bs.

seN
where HomRep(Bps, [Sym” (X)]) is the stack of representable morphisms from the
classifying stack Bus to [Sym”(X)]. There is another natural stack associated to
[Sym” (X)]. It is the inertia stack /[Sym"(X)]:= | [;ery HomRep(Bpus, [Sym” (X)]).
In fact, the stack of cyclotomic gerbes is obtained by rigidifying the inertia stack, ie,
removing the action of the cyclic groups p’s (consult [2; 3] and Abramovich, Corti
and Vistoli [1]).

Geometry € Topology, Volume 16 (2012)
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The stack 7[Sym”(X)] is isomorphic to a disjoint union of orbifolds

[] 1x2/C@N.

[gleC

where C is the set of the conjugacy classes of &,, C(g) is the centralizer of g, C(g)
is the quotient group C(g)/(g), and X is the g—fixed locus of X”. On the other

hand, 7[Sym" (X)] is just [ [[z1ec[Xg/C(g)].

The Chen—Ruan cohomology [7]

A ([Sym™ (X))
is the cohomology A*(I[Sym”(X)]) of the stack of cyclotomic gerbes in X . Thus, it
is simply
P 4*xg/C@) = P A* (¥},

[gleC [gleC

Remark 1.1 As both 7[Sym”(X)] and I[Sym”(X)] have the same coarse moduli
space, the Chen—Ruan cohomology is identical to the cohomology of the inertia stack.
We focus on the stack of cyclotomic gerbes because it is the space where the evaluation
maps land (see (2-1)).

As there is a one-to-one correspondence between the conjugacy classes of &, and
the partitions of 7, the connected components of /[Sym”(X')] can be labeled with the
partitions of n. If [g] is the conjugacy class corresponds to the partition A, we may
write

X() = X}/C(g).
X0 = X7/C(g).

The component [X"/&,] is called the untwisted sector while all other components of
the stack 7[Sym” (X)] are called twisted sectors.

Additionally, for « € A*(X (1)), the orbifold (Chow) degree of « is defined to be
i +age(X), where age(A) =n —£(X) is the age of the sector [X(1)].

1.2.2 Bases Assume that X admits a T —action. We can see easily that there are
induced T —actions on the above spaces. So we may put the cohomologies into an
equivariant context by considering T —equivariant cohomologies.

Let us sketch a basis, constructed in Cheong [8], for the equivariant Chen—Ruan
cohomology of the stack [Sym” (X)]. Indeed, any cohomology-weighted partition A (7})

Geometry & Topology, Volume 16 (2012)
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with 7;’s cohomology classes on X defines a class on the sector X (1), which we
denote by A(7) as well: Pick a representative permutation g € S, of cycle type A. It
has a cycle decomposition g = g; ... g¢x) With g; being a A;—cycle. We let

L) -1 1409
NOE (IAut(k(ﬁ))l ] xi) Y Qhgih(n) € AT (XHE = AT (X ().
i=1 heC(g) i=1

Here the class 4~ g;h(n;) is the pullback of n; by the isomorphism X211g~h ~ X, and
the term (|Aut(A(7]))] ]‘[f(jl) A;)~! is a normalization factor to ensure that no repetition
occurs. It is easy to see that the above expression is independent of the decomposition

of g.

Let B be a basis for A7 (X). The classes A(7})’s, running over all partitions A of 7
and all n; € *B, serve as a basis for the Chen-Ruan cohomology Aakr,orb ([Sym™(X)]).
For classes A(7)) € A%‘T’Orb([Sym” (X)]) and p(§) € Aa’},orb([Symm (X)]), keep in mind
that the class

M) - ey ey 161 - pe(o) Ee(p) € AT o (Sym™ 7 (X))

is denoted by

M) p(E).
We use the shorthand
()
for the divisor class 2(1)1(1)*~2. Also, we define the age of A(7}), denoted by
age(A (1)),

to be the age of the sector [X'(1)], ie, n —£(A).
Fixed-point basis We can work with A(7)’s with 5y ’s in the localized cohomology
AT (X)m to give a basis for Aakrjorb([Sym” (X)Dm-

Assume that X has exactly p T —fixed points zy, ..., z,. For partitions o, ..., 0p,
we denote the class

o11([z1]) - o100 (21]) - 0p1(Zp)) -+ Ope(o,) ([2p])
by 0:=(01,...,0p).

The classes s form a basis for A3 . ([Sym"(X)])w. Note also that each & corre-
sponds to a T —fixed point, which we denote by

[5].

Geometry € Topology, Volume 16 (2012)
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in the sector indexed by the partition (011, ...,014(g;)>---+0pls-- - Opl(a,))- SO We
refer to ¢’s as T —fixed point classes.

Moreover, given §e AT o (Sym™" (X)) and & € AT, ([Sym™ (X)) (m <n), we
say that
§05

if oy is a subpartition of 85, Vk = 1,..., p; in this case, we let

§—5=(81—01.....8p —0p) € A} oy (Sym™ ™ (X))
(for instance, the difference (1,1,2,2,3) — (1,2,3) of two partitions is the parti-
tion (1,2).)
Tangent weights Given any fixed-point class &, let

t(3) = et (Tiz[Sym™ (X))).

ie, the T —equivariant Euler class of the tangent space to I[Sym” (X)] at the fixed
point [0]. A simple analysis shows that #(5) = ]_[]1;:1 er (T, X )6(0"). Thus, for each
§Do,

(1-1) 18) = t(3)1(8 —75).

1.2.3 Coefficients with respect to fixed-point basis We denote the T —equivariant
orbifold pairings on the Chen-Ruan cohomology A7 . (ISym™(A,)]) by

(1)
For (&) € A% . (ISym™ (X)), we let

(0(5)|5)

be the components of 9(§ ) relative to fixed-point classes 0’s. We intend to present an
algorithm to calculate &) ()(8).

First of all, we have two properties by direct verification:

(1) Suppose the classes A(7}) and p(g) € AT o ([Sym” (X)])m have explicit forms

n m; n 4
[T1Timn) and J]]]iCip,

i=1j=1 i=1j=1

Geometry & Topology, Volume 16 (2012)
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respectively, we have

0 if m; # £; for some i,
N o n m; mij
(a1 o) = l_[< l_[ i(nij) ‘ l_[ i(s,-j)> if m;j = {; for each i.
i=1'j=1 j=1

(2) Given ny,...,1Mn € A} (X)m, T —fixed points yy, ..., y, of X. For m <n, the
coefficient a;g,)-i(pm (i (1] -+ (7a])) equals

D ieitem ED - i mD) iy )i ) C g 1]) -+ (Va)).

where the sum is over all possible i(&1)---i (&) and i(§41) -+ -1 (&,) such
that

i(§1) i) =i(m1) -1 (Mn).
We may combine (1) with (2) to get a general statement.

Proposition 1.2 Given A (7)), §e AT oo (Sym™ (X)])m and G € AT ([Sym™ (X)])m
with§ Do,

(1-3) i) &) =D tg e @)y (6 —3).
P

where the index P under the summation symbol means that the sum is taken over all
possible 0(§) € AL, ([Sym™ (X)])m and p(y) € AT, ([Sym" ™™ (X)) satisfying
the equality A(1)) = 0(§) (). O

In the proposition, § is separated into two parts & and §—5.In general, we can break
it as many parts as possible. The form (1-3) is, however, convenient for our use.

2 Extended Gromov—Witten theory of orbifolds

To make our exposition as self-contained as possible, we review some relevant back-
ground on orbifold Gromov—Witten theory. We take the algebro-geometric approach in
the sense of Abramovich, Graber and Vistoli’s works [2; 3]. The reader may also want
to consult the original work [6] of Chen and Ruan in symplectic category.

In what follows, we utilize the isomorphism
Ay(Sym"(X): Z) = Ay (X" )" = Ay(X: Z).

In other words, we may view Eq,..., E, as a basis for A;(Sym”"(A,);Z).

Geometry € Topology, Volume 16 (2012)
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2.1 The space of twisted stable maps

For any curve class f € A;(X;Z), the moduli space
Mo, £ (ISym" (X)], B)
parametrizes genus zero, k —pointed, twisted stable map (or orbifold stable map in [6])
f:(C,Py,....,Pr)— [Sym"(X)]
with the following conditions:

e (C,P1,...,Py) is an twisted nodal k—pointed curve. The marking P; is an
étale gerbe banded by ., , where r; is the order of the stabilizer of the twisted
point. Moreover, over a node, C has a chart isomorphic to Spec Clu, v]/(uv)/ s
where /s acts on Spec Clu, v] by &-(u, v) = (§u, £~ 'v), and the canonical map
c: C— C is given by x = u®, y = v® in this chart.

e [ is arepresentable morphism and induces a genus zero, k —pointed, degree
stable map f¢: (C,c(Py),...,c(Px)) — Sym™(X) by passing to coarse moduli
spaces. Note that the canonical map ¢: C — C is an isomorphism away from
the nodes and marked gerbes and that whenever we say that f is of degree S,
we actually mean f; is.

There are evaluation maps on the moduli space Mo’k([Sym” (X)], B), which take
values in the stack of cyclotomic gerbes in X . At the level of Spec(C)—points, the
i —th evaluation map

2-1) evit Mo, ([Sym” (X)]. B) — I[Sym" (X)]
is defined by [/ (C, Py, ..., Px) — [Sym"(X)]| —> [f|p;: Pi — [Sym" (X)]].

The moduli space Mo,k([Sym” (X)], B) can be decomposed into open and closed
substacks:

Mo i (Sym"(X)]. B) = ] evi' (XD n---Nevi (X (op))

where the union is taken over all partitions oy, ...,0; of n. Let
M(Sym™(X)].01.....0k; B) =evi ([(X(o) N---Nevi (X (op)).

Note that its virtual dimension is given by

k
—Kisym )1+ B +n-dim(X) +k -3 — Z age(07).

i=1
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The twisted map f representing an element of M ([Sym”(X)],o71,...,0%; B) amounts
to the commutative diagram

4

PC _— X"
(2-2) ¢ —L [sym"(x)]

cl lc
c I sym(x).

Here 7 is the natural map, Pc = C X[gymn(x)] X" is a scheme by representability of f,
and f’ is &,—equivariant. Away from the marked points and nodes, Pc is a principal
&, -bundle of C. It is branched over the markings with ramification types o7y, ..., 0%.

Additionally, there is such a diagram

C L X
(2-3) )|
(C,c(P1), ..., c(Pg))
associated to f that p: C —Cisan admissible cover branched over ¢(P1), ..., ¢(Px)
with monodromy given by o1,...,0%, and f: C — X is a degree B morphism such

that if 3 C C is a rational curve possessing less than 3 special points, then there is
a component of p~!(X) which is not f—contracted. In fact, (2-3) is induced by the
diagram (2-2) by taking f" mod &,_; and composing with the n—th projection.

The diagram (2-3) will be particularly helpful later in the descriptions of T —fixed loci
for the space of twisted stable maps to [Sym” (A, )]. The reader should look closely at
the above notation. We will use the diagrams (2-2) and (2-3) without further comment.

2.2 The space of connected coverings

Denote by
M (Sym” (A, B)

the locus in Mo,k([Sym" (A;)], B) which parametrizes connected covers (ie, each
cover C associated to [f: C — [Sym"(A,)]] € M{ , ([Sym"(A,)], B) is connected).
Note that the space M , ([Sym" (A,)], B) is generally not connected, however.
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Just like the situation in Section 2.1, M;’ « [Sym” (A,)], B) also admits an evaluation
map to the stack I[Sym"(.A,)] of cyclotomic gerbes in A, . Moreover, we define the
space

M®([Sym"(Ap)]. 01, ....0k: B)

to be the intersection
Mg (Sym" (Ap)]. B) Nevi ([Ar (e N -+ Nevi ' (A (01)).

These spaces of connected coverings will help us define the connected version of
orbifold Gromov—Witten invariants, which will play a special role in our determination
of the usual (ie, not necessarily connected) orbifold invariants.

2.3 Gromov—Witten invariants

For any Chen—Ruan cohomology classes a; € A} ([Sym"(A,)]) (i =1,...,k), the
k —point equivariant Gromov—Witten invariant is defined by

(2_4) (O{I,-..,Olk)ggsymh(Ar)] - /_

Cevi(ay)---evi (o),
[Mo, i ([Sym™ (X)], B)IT

where the symbol | ]ﬁir indicates the T —equivariant virtual fundamental class. However,
it is convenient to express the integral in (2-4) as a sum of integrals against the virtual
fundamental classes of the components M ([Sym”(A,)],01,...,0k: B)’s.

Note that the moduli space over which the integral takes is not necessarily compact. But
(2-4) is well-defined if the integral is written as a sum of residue integrals over T —fixed
components via the virtual localization formula (see Graber and Pandharipande [10]).
Alternatively, the definition (2-4) is valid when some insertions have compact supports,
eg, T —fixed point classes. So by extending scalars, we may treat (2-4) as a Q(¢1,1,)—
combination of invariants with at least one compactly supported insertion. In general,
the invariant takes values in Q(#1, 7).

Extended version Let us identify Ao ([A,((2))]; Z) with Z. We may define k—point
extended Gromov—Witten invariant {oq, ... ,ak)[(fly’g’)n (A1 in twisted degree (a, B) €
7Z & A1(A,; Z). We set the invariant to be zero in case a < 0. If a > 0, we include
additional a unordered markings in the twisted stable map of degree B above such that
these markings go to the age one sector under the corresponding evaluation maps. To
make this precise, we present a formula

n 1 n
(2-5) g, o) oy A1 = oo (2)4)Bym* (A1,
In the expression, the last a insertions are all (2). For later convenience of explanation,
we refer to the markings associated to o, ..., oy as distinguished marked points and
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to the other @ markings as simple marked points. Also the markings corresponding to
the twisted sectors are called twisted and are otherwise called untwisted.

The expression (2-5) is almost identical to the nonextended version except for the
appearance of the factor 1/a! due to the fact that we do not order simple markings.
Additionally, we say that (a1, ..., )[Syg) (4] is in nonzero (resp. zero) degree if it
is a Gromov—Witten invariant (up to a multiple) in nonzero (resp. zero) degree and that
{aq, ... ,ak)gy,g) (491 is multipoint if k > 3.

Like ordinary Gromov—Witten theory, if 8 # 0 or k > 3, we have a forgetful morphism

Stegr: M(Sym™(X)].01.....0%. 1: ) = M ([Sym"(X)].01,....0k: B)

defined by forgetting the last untwisted marked points. The (untwisted) divisor equation
holds as well in the orbifold case. Unfortunately, we are not allowed to forget twisted
markings in general.

Connected version We define k—point connected Gromov—Witten invariant as the
contribution of the space M (;” k([Sym” (A,)], B) to the extended Gromov—Witten in-
variant, namely,

(ozl,...,ak)%ymn(““’)]’“’““ :/ evy (o) - -evy (o).
(Mg . ([Sym™ (Ap)], BT

Note that M (;” « [Sym™ (A;)], B) is compact whenever 8 # 0, in which case the corre-
sponding connected invariant is an element of Q[¢1, 75].

Similarly, the connected invariant has an extended version. We define k—point extended
connected invariant by

n 1 n
(@g,..., ak)Ei}:ﬂm) (Ar)].conn _ E(O” e O (z)a)ESSym (Ar)].conn
Orbifold quantum product For any classes a1, .., ax € Ay ., ([Sym"(A,)]), we

define the extended k —point function of [Sym” (A,)] by

2-6) (... .ax [Sym"mr)]_z S (ars . o)Al agber.  por

a=0BeA;(A;Z)
and denote by
(a1,... ,ak>[5ym"(Ar)]

the usual k—point function ((ay, . . ., o )ISY™" (AT, _o
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Now let {y} be a basis for the Chen—Ruan cohomology A7 . ([Sym”(A;)]) and let
{yV} be its dual basis. Define the small (extended) orbifold quantum product on
AT o (Sym" (A;)]) in this way:

O *korb Oy = Z«O{I , 00, V»[Sym"(,Ar)]y\/.
Y
Equivalently, oy *orp 0ty is defined to be the unique element satisfying
(a1 *orp 2 |0) = «(Xl,(xz,o[»[symn(Ar)] Va.

The associativity of the product follows from the WDVV equation, and 1(1)" is the
multiplicative identity because of the fundamental class axiom. By extending scalars,
we work with

QAakI‘ ,orb ([Symn (./4;« )]) s

which is defined as the vector space

A:’f[‘,orb([symn(Ar)]) ®Q[11 ,12] Q(tl s [2)((1"’ S1,50-- vsr))

endowed with quantum multiplication *qy,.

3 Divisor operators

For any divisor classes D, we want to study the operators
D *o —

on the (small) quantum cohomology of the orbifold [Sym” (A,)]. We call them divisor
operators. Let

(3-1) D =1)""(wg), k=1,....,r

These classes, along with (2), form a basis for divisors on [Sym”(A;)]. Thus, the
divisor operators are determined by

(2) *orb —» Dl *orb = -+-»  Dr *orb —,
which are governed by 2—point extended invariants to be calculated in this section.

Fix a nonnegative integer a throughout the rest of this section. We shorten our notation
by declaring

M([Symn(Ar)]’ le e ,Gk; (Cl, 18)) = M([Symn(Ar)]’ Gl’ R Gk’ (2)51; 18)

Also, we use
§:(g1,~--,gr+1)
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to denote an (r+1)—tuple, whose entries are either all partitions or all nonnegative
integers. In the case of integers, define

gl =¢,

if the entries of g add up to £. Moreover, given a partition oo and a multipartition &,
we put
0 :=(00,0) =(00,...,0741),

which we also realize as a partition of the integer Z,’;é |0k |-

3.1 Valuations

Let Ay and A, be partitions of n. For each T —fixed connected component F of
the moduli space M ([Sym”(A;)], A1, As, (a, B)), the virtual normal bundle to F is
denoted by

Np".
Let [f: C — [Sym"(A;)] € F and [ ], Cy the union of one-dimensional, contracted,
connected components of C. We have a natural morphism

(3-2) ¢p: F— FC =] | Mo aw)
v

defined by ¢r ([ f]) = ([c(Cy)])v- That is, all noncontracted components, zero-dimen-
sional contracted components, stack structures at special points, and the map f are
forgotten. Here val(v) denotes the number of special points on Cy.

Given nonnegative integers i, j, s with 1 <i < j <r and s <a. We consider effective
curve classes

Cij=Ei+---+Ej.
(Note that &;; = E;.)

Later in this section, we will introduce what we call the T —fixed components of types
Iand II (Section 3.1.1) in M ([Sym"(A,)]. A1, Az, (a, B)) for B = d&;;. Before pro-
ceeding, we state a lemma by the first author on (¢; 4, )—valuations, which will greatly
simplify our virtual localization calculation. The proof will be given in Section 3.1.2.

Lemma 3.1 Given any T —fixed component F of M ([Sym”™(A,)], A1, A2, (a, B)). If
B =d&;j forsome d,i, j,and F is of type I, then the inverse Euler class 1/eT (NIV,")
has valuation 1 with respect to (¢t + t;). Otherwise, 1/eT (N}") has valuation at
least 2.
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3.1.1 Fixed components of types I and II For B not a multiple of &;; for any
i, j, we do not need a detailed description of the T —fixed connected components of
the moduli space M ([Sym”(A,)], A1, A2, (a, B)), and we will be able to show the
vanishing of the corresponding two-point extended invariants by applying Lemma 3.1
(see Section 3.2).

In this section, we focus on the classes 8 = d&;; for positive integers d,i, j. We
divide the T —fixed components of the moduli space

M (Sym" (Ap)) v, Aa. (@, dE;p)
into two types: type I and type II.

In the following, we describe the components of types I and II (for 8 = d&;j). Our
description is based on the fixed points to which the first two (distinguished) markings
are sent and on the configurations of the admissible covers associated to the twisted
stable maps (see the diagram (2-3) and the discussion there).

Given a nonnegative integer s < a. For each bOL €{0,...,s} and uOL €{0,...,a—s},
put bée :S—b(l; and u(lf :a—s—uOL. We let

(3-3) {MPo-o040 (1)) (resp. (Moo (2)})
be the set consisting of all T —fixed connected components of the moduli space
Me([SymPl(A,)]. ho. po. (2)°. 197 dErj)
(see Section 2.2) such that each element [fo: C — [Sym/*0l(A4,)]] € ]\7155’00’”&(1)
(resp. ZWé’OL 00,4 (2)) has the following properties:
(1) fo has its source curve decomposed as
C=CroUDyUCRgo.

Here Ciq’s are disjoint fy—contracted components, Dy is a chain of noncon-
tracted components with fo«([Do]) = d&;j, and Cro N Dy = {Px} is a twisted
point for k = L, R.

Let Dy, C, P;, be coarse moduli spaces of Dy, C, Py respectively (k = L, R) and 50
the admissible cover associated to C.

(i1) 60 = éLo U 50 ucC 'Ro 1s connected with admissible covers 50 — Do and
éko — Cro (k = L, R). Moreover,
e each irreducible component of the cover 50 — Dy is totally branched over
two points (either nodes or markings) and branched nowhere else.
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¢ the covering C .o — Cro is branched with monodromy

ro, (2)20, 140, g (resp. o, po, (2)20, 140, ap)

around markings and Py .
e the covering Cgo — Cpgo is branched with monodromy

po. ()P0 140, gy (resp. (2)%0, 1%, o)
around markings and Ppg.

(iii) In the cover 130, there exists a unique chain ¢ formed by rational curves not
contracted by ﬁ). Additionally,
* ¢ possesses j—i+1 irreducible components which are mapped to E;,. .., Ej
with the same degree d under the map ﬁ).
¢ the contracted components attached to the two ends of ¢ collapse to x; and
Xj41 respectively. a

Now we turn our attention to M([Sym (ARl A1, Az, (a, dE,J)) We fix b and bR,
tuples of nonnegative integers, with |bL| = uOL and |bR| = “0 We define

LR L | BR p)i. j. 5] = (M504 (1))

‘7:)»0,00,00 bk u

where each M %5045 (1) is a union of T —fixed connected components of the space
M ([Sym" (A,)]. A1, Az, (a,d&;j)) (so A1 = A and A, = p as partitions) such that
any element [ f: C — [Sym" (A,)]] e M Vb5 o0 (1) satisfies the following properties:

(a) The domain curve C of f decomposes into three pieces
C=CrUDUCpg,

where Cy, ’s are disjoint f —contracted components; D is a chain of noncontracted
components, which maps to [Sym” (A, )] with degree d&;; ; and the intersection
Cr N'D :={Qy} is a twisted point for k = L, R.

As in (2-3), there is an associated morphism ]7 :C—A,.Let D,C, Ck, Oy be coarse
moduli spaces of D, C, Cy, Q respectively (k = L, R).

(b) Cp carries boL + uOL + 1 marked points, and Cg carries the other b§ +u (If + 1=
a— bOL — uOL + 1 marked points.

(c) The covering C — C has components

Cr:=CrxrUDyUCgk, k=0,....r+1.
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For k # 0, Cy, if nonempty, is contracted to x; in A,. (Note that Ck is
possibly empty or disconnected for k& # 0, and we include empty sets just for
the simplicity of notation.)
(d Fork=0,...,r+1,
¢ the covering ]_[,r;%) Crr — Cyr (resp. ]_[,:1}) Cri — Cpg) is ramified with
monodromy

A (2P0 & (resp. B, (2)20 T4, &)

around markings and Qy (resp. OR);

e each irreducible component of the cover 5k — D is totally branched over
two points and branched nowhere else;

e each C ik — Cr (resp. C Rk — CR) is a covering ramified with monodromy

hie, (PE 1P0HTIE oy (resp. oy, ()P, 180T o)
around markings and Qy (resp. OR).

(e) The diagram of maps

- fl@o
Co — A
(3-4) l
C
corresponds to [ fo] € M(g’()L"’O’”g (1) above. a
Note that F 20.00.00:bL (k bL | bR, P)[i, j, s] does not exist for certain parameters.

If it does, it is 1ndexed by Mbo 00,1y (1)’s.

Q)

o
Figure 3. This is the configuration of a typical domain curve C for
Mb6 o0 us (1). Each straight line represents a chain of curves. All markings
and Qp’s are labeled with their monodromy, and there are b(’)‘ + u’g copies
of Q) onCy, k=1L, R~. In case b’g + ulg =0, Cy is simply a twisted point.
Details on the covering C associated to C are included in the above properties.
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Define
o T > 7 7 . . —pL L
fko,po,ao,bo b (h, 5. bE | DB[i, j, 5] = {MPo 0045 (2)}
in an analogous manner. The differences occur in properties (b), (d) and (e). Precisely,
(b) the curve Cy, carries bL +u +2 marked pornts while the curve Cg Carrles the other

bR + “0 marked points; (d) the covering ]_[k CLk — Cr, (resp. ]_[k o CRk —CR)
is ramrﬁed with monodromy

X, Ds (2)bé+”{7, o (resp. (2)b§+”§, %)

around markings and Qf (resp. Qg), and the monodromy associated to the cover
CLk — Cr, (resp. CRk — CpR) is now

L L R R R R
Mew prr (VK 1P B o (resp. (2)PK 15646 D o)

(e) the diagram (3-4) corresponds to [ fo] € ]\76’5 00,15 (2).

2
Cr (@)

o o
Figulre 4.L This is the configuration of a typical domain curve C for
Mo 0045 (2). There are bé‘ +u’(§ copies of (2) on Cx, k = L,R. Cp
is always a twisted curve. Cg is of dimension €; (b(l)e + ug"); in particular, it
is a twisted point when bR + uR <1.

Let

‘7:)(»70,00,00, b uf ()‘ p: bL bR)[l J ]

be the union
’7:)»0,00,00,1)0 ulk b |BR B)i, . s]U ffo’pojao;b(l)ﬂ,ug (A, 5, 6L D), j . s].
The components of its elements are said to be of type L.

The T —fixed connected component of M ([Sym” (Ar)] A1, Az, (a,d&;j)) which is
not a component of any element in ]:Xo p0.00:bE uk ()\. 0 bL bR)[ j,s] is said to be
of type 1L

We will suppress the indices bL, oq, u (k) (k = L, R) from MbG 00U (k) and
M M by soo.uly (k) and simply write M and M. For each

Vi o T o. 7L R\r:
M Eff(),po,ﬁo;bé,ug()"p’b DN sl
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we let
My

be the collection of all T —fixed components of M .

3.1.2 Proof of Lemma 3.1 Let F be any T —fixed connected component of
M([Symn (-Ar)], Al ) AZ’ (a’ IB))

Let f: C — [Sym"(A,)] represent a point of F. As discussed earlier, there are a
morphism ]7 :C > A, and an ordinary stable map f.: C — Sym”"(A,) associated
to /. Weset t=—(r+ 1)2t12. To establish the assertion, we need to analyze the
contribution of following situations to the inverse Euler class 1/eT (Nl‘f-ir).

(1) Infinitesimal deformations and obstructions of [ with C held fixed:

(a) Any contracted component contributes zero (¢1+,)—valuation: Let C' C C be a
contracted component and pick any connected component Z of the cover associated
to C’. We see that Z contributes

er(H'(Z, [*T A))

er(H(Z, f*T A))

(3-5)

and is collapsed by f to xy for some k. So the numerator is, by Mumford’s relation,
congruent modulo ¢ + ¢, to

AY(Lp)AY (Ry) = 18,

where g =rank(H%(Z,wz)) and A (1) =Y 5_  ci(H*(Z,wz)¥)t¥~". The denom-

inator of (3-5) is et (Tx, Ay). Thus, the contribution of Z is simply
271 mod (11 + 12).

In other words, the contribution of C’, being the product of the contributions of such Z s,
is not divisible by #; +1;.

(b) The nodes joining contracted curves to noncontracted curves have zero (t;+1¢,)—
valuation because each of them gives some positive power of T modulo (¢; + ;).

(c) Noncontracted curves: Suppose D is a noncontracted component with D its
associated (possibly disconnected) covering. Its contribution is

ex (H' (D, f*T[Sym" (A))™" _ ex(H' (D, [*T A)™
er (HO(D, f*T[Sym" (A)D)™  ep(HO(D, f*T Ay))mev
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Here ()™ stands for the moving part. It is clear from (a) that each ]7 —contracted
component of D has zero (¢ +t,)—valuation. However, any irreducible component X
of D that is not f —contracted contributes

H+1t

(3-6) mod (t; + 12)>.

This can be seen as follows. Assume that f maps X to E = ]7 (X) with degree £ > 0.
Let S{ ={0,...,20—-2}—{{—1} and S, ={0,...,2¢} —{{}.

The moving part of e (H'(Z, f* T A,))) arises from
H' (S, [*Ngja,) = H(Z.05® [*NY, ).

The curve E having self-intersection —2 implies Ng; 4, = Opi1(=2), and so the
invertible sheaf wy ® f*N )E/ A, has degree 2¢ — 2. Hence, the moving part is

-1 _y_ k=t
(t1 +12) l_[ ul £ (r+1)l1)+(§ﬁ_§ W2l ¢ ¢+ Dn) mod (Z1+lz)2
kGSl

(which is simply (¢; + ) for £ = 1). We further simplify it to get
=k

(3-7) (t +12)" ! l_[ (T) mod (t1 + 12)°.
k=1

On the other hand, et (H°(Z, f* T A,)™ equals e (HO(Z, f* TE))™V, that is
congruent modulo (¢; + ;) to

-1 2
(3-8) I k(—(r + 1)t1)+$€—k)((r+ Dn) _ e H(E_Tk) |
keS, k=1

Dividing (3-7) by (3-8) gives (3-6).
(2) Infinitesimal automorphisms of C:

We need only investigate the nonspecial points p, which lie on noncontracted curves X
and are mapped to fixed points. In fact, each p gives the weight of the tangent space
to X at p, which has zero (¢;+1t,)—valuation.

(3) Infinitesimal deformations of C:

Given any node P joining two curves V; and V,. Let P, Vy, V, be coarse moduli
spaces of P, V1, V), respectively and Stab(P) the stabilizer of P. In each of the
following, we study the contribution arising from smoothing the node P.
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(a) V; and V, are noncontracted: We may assume that the restriction of f. to Vj is
a dj —sheeted covering

felve: Vie = g o= fo (Vi) = P!

for some dj > 0, k =1, 2. The node-smoothing contribution is

-1
w1 w»
(3-9) |Stab(P)| (E + d_z) R

where wy is the tangent weight of the rational curve X at the fixed point f.(P).
Thus, (3-9) is proportional to (t; +t,)~! only if d; = d» and w; + w, is a multiple
of t; +15.

(b) V; is noncontracted but V, is contracted: Let w be the tangent weight of V; at
the node P and L the tautological line bundle formed by the cotangent space 75 V.
Denote by y the first Chern class of £. The node smoothing contributes

(3-10) M'
w—vy

So, neither (t; 4 ,) nor (t; +1,)~! is generated in this case.

Thus, only the situations described in (1)(c) and (3)(a) may produce any power of
(t1 + ). We conclude that F gives positive (¢;+f,)—valuation because the number
of noncontracted curves is more than the number of nodes joining them.

Let B = d&;j. Suppose F is of type I, in which case we have a unique chain of
noncontracted rational components for the cover associated to C. The discussion in
(3)(a) shows that each node in the chain gives (¢;+,)—valuation —1. In total, the node
smoothing contributes i — j in valuation. On the other hand, the chain has j —i + 1
irreducible components. By our calculation in (1)(c), 1/eT (NIV;”) has valuation 1,
which establishes the first assertion.

Assume that F' is of type II. If the associated cover has at least two disjoint chains
of noncontracted rational curves, a (¢; 4+, )—valuation at least 2 is obtained because
each chain gives valuation at least 1. Otherwise, the cover has a unique chain but
property (e) (and hence (iii)) in Section 3.1.1 is not fulfilled for each i, j, s. In this
case, we have the same consequence by the discussion in (3)(a) and the calculation

in (1)(c).

If B is not a multiple of &;; for any 7, j, and F is any component, then the discus-
sion in the preceding paragraph still works. This completes the proof of the second
assertion. O
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3.2 Reduction

From now on, fix cohomology-weighted partitions 1t1(77;) and 5 (7j2) of n such that
each entry of the £(u;)—tuple 7; is 1 or a divisor on the surface A, . We concentrate
on the 2—point extended invariant

(3-11) (1 Gin). pa (Gio)) gy A1

in twisted degree (a, 8), B # 0. We will leave out the superscript [Sym”(A,)] when
there is no likelihood of confusion.

Let us write

wi (i) = ki (1) 6; (7i2)
where all entries of 77;1’s are 1 and all entries of 7j;5’s are divisors, i = 1,2. We may
assume that

E(xy) = L)
Use the identity

1
| =
> LiRy [xk].

k=1
we see readily that (3-11) is a Q(#1, £;)-linear combination of the invariants of the
form

(3-12) (k11 (Xmy D) - k10 (Xmee,, DO (T12)s 12(772)) (a.) -

Additionally, (3-12) is an element of Q[t1, #3] as the first insertion has compact support.
Also, the sum of the degrees of the insertions is at most 1 larger than the virtual
dimension. Precisely, the difference is

Cicr) — Llica) + 1.

Thus, the invariant (3-12) is a linear polynomial if £(kx1) = £(k;); otherwise, it is a
rational number.

Assume that 8 is not a multiple of &;; for any i, j. By Lemma 3.1, the invariant (3-12)
is zero by divisibility of (¢; 4 t)? (each of the two insertions is a linear combination of
fixed-point classes with coefficients being 0 or having nonnegative (¢; +1,)—valuation;
for details, consult the discussion preceding Lemma 3.6). It follows that (3-11) is zero
as well. So we can now set our mind on the invariant

(Ml(ﬁl)?ﬂZ(ﬁZ))(tl,d&j) d,i,j > 0.

By virtual localization, (3-12) can be expressed as a sum of residue integrals over
T —fixed components. By Lemma 3.1, the invariant (3-12) is «(¢; + #;) for some
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rational number «, and it suffices to evaluate (3-12) over all T —fixed components

i i i.j ro % 3 bhL pR[; i ij
of the elements in the union [ | F)?O;PO,UOQbé':Ué' (A, p; b=, b™)i, j, s], where ||
means that only i, j are fixed and other parameters can vary.

For any nonnegative integer s, let I(s) be the total contribution of the components
of the elements lying in the union | ["*/** )?0,00,002b(€‘,u(l)‘ (A, p: 6L, bRY[i, j, 5] (all but
i, j,s vary) to the invariant (3-12) with 8 = d&;;.

The following lemma, due to the first author, is crucial for obtaining our description of
2-point extended invariants of [Sym” (A, )] in Section 3.4.

Lemma 3.2 Forany s <a,

I(s)=0 mod (t; +1,)>.

3.3 Proof of Lemma 3.2

Before proving Lemma 3.2, let us explain our strategy briefly.

For any T —fixed component F that can possibly make a contribution to /(s) (s < a),
we relate it to F¢ via the morphism ¢ (see (3-2)). In this process, Hurwitz numbers
and deg(¢r) emerge. Working modulo (7, + #,)?, we use these ingredients and an
expression of the inverse equivariant Euler class 1/eT (vagir) to write /(s) in terms
of some specific connected invariants. We will see later that each of these connected
invariants has an identity class insertion and is equal to 0, and so /(s) will vanish
modulo (¢; +1,)>.

Sections 3.3.1, 3.3.2, and 3.3.3 serve as preparation. The proof of Lemma 3.2 is given
in Section 3.3.4.

3.3.1 Counting branched covers In order to demonstrate Lemma 3.2, we count
certain coverings of (chains of) rational curves. Let us now review some related notions
and fix notation.

For partitions A1, ..., As of n, the Hurwitz number

HAy, ..., y)
is the weighted number of possibly disconnected covers 7: X — (P!, py..... ps)
such that v are branched over pq,..., ps with ramification profiles Aq,...,As and
unbranched away from py, ..., ps. (Each cover is counted with weight 1 over the size

of its automorphism group.)
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The Hurwitz number H(Aq,...,As) is essentially a combinatorial object. It can be
described combinatorially by

1
— M. A,
n!

Here H (A1, ..., As) is the set consisting of (g1, ...,gs) € [[}=; Sx satisfying
(i) foreachi =1,...,s, g; has cycle type A;;
(i) gp---gs=1.

Let us introduce some other Hurwitz-type numbers. Let

Ho’()\,l,...,)\,s |,01,...,,0t)

be the subset of H(A1,...,As,01,...,p0¢) suchthateachelement (gq,...,gs,1,...,0¢)
has an additional property that g; --- g5 has cycle type o (and so %y ---h; has the
same cycle type as well). Put

|HU()\'17-~-7)\'S|/017"’7pt)|
n!

Hy(hisoohs | p1oeeespr) =

(in case o is a vacuous partition, we set Hy(A1,...,As | p1,...,pr) = 1).

We readily find the following relations.

Lemma 3.3 The number Hy(Ay,...,As | p1,...,ps) is exactly the product
|C(0)| H(A1, ..., As,0) H(0, p1,..., pt).

Moreover, we have the equality

HA ks proep) = Y Ho(haooo ks [ e po).

lo|=n
3.3.2 Degrees Let
i G Y ZL{ER =\
M € F3o.00.p0b ul A D7 167 DI /. 8]
— o T > _}L _'R . .
(resp. M € F py.o0:bk aly (s 67 [ DD, /. 5])-
As mentioned earlier, there are natural morphisms
GF: F— Mo pryybig X Moproyryy  (tesp. Moprni 3 X Mopr iRy )
for F € ]\715 and

Pz Mo = Mo pry ko X Mo pro Ry (tesp. Mo pr by 3 X Mo pro Ry )
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Obviously, F¢ = M¢ (see (3-2)).

We intend to show Lemma 3.2 by localization, which will be reduced to integrals
over F¢’s. So it is necessary to understand the degree

deg(¢r)

of the morphism ¢f.

For F € My with M € F§, 5 ,opr ,p (i bL |BR, p)li, j.s], we let [f: CLUDU
Cr — [Sym"(A,)]] € F (in the notation of Section 3.1.1) be a typical element. The
degree of ¢ is the product my -m,. Here

o my=co(o(6)7! ]_[H'l |C (%)) is a factor arising from the nodes, which
are glued over the stack of cyclotomic gerbes. Here ¢ is an overall factor coming
from nodes of the cover Cy — C (we do not have to give a careful description
here as ¢y will be cancelled by an identical term in deg(¢ 15 Mo )), and &(F) is
the number ¢, (bL + uL) + €1 (bR + uR) + j —1i (the terms el(bL + uL) and
€1 (bR + u(If) record the dimensions of Cy and Cpg respectively).

* m; is given by

d j—i+1 mo
rl L L L L T R R R R

T HOw. @8 1504 o) H oy, o) =4 H oy, (2)% 150 40 =0k oy,
k=1

where d/ 1 is an automorphism factor that takes care of the restriction f|p
forgotten by ¢, my is the contribution of Cy, and the other terms account for
the overall contribution of [ [} X} Cy.

Also, the degree of ¢ 1, can be calculated in a similar fashion. That is,

e(F)
) dj—i+1m0_

deg(¢47,) = co (0(00)

By Lemma 3.3, we may write deg(¢ ) as

o(a9) \*F
0(0) )

(3-13) deg(qs]qo)(

r+1
T How Guter % 106 b0 | @b 16+ =8E
k=1

Geometry & Topology, Volume 16 (2012)



Orbifold Gromov-Witten theory of the symmetric product of A, 503

Similarly, for F € My with M € F§ ;0 oopr 1 (G 5, bE | BB, /5], deg(¢r) is
given by

0(00) \ "
0() )

r+1
T How Gk i (2055 156+ =00 | 2B 160+ =05,
k=1

(3-14) deg(qﬁ]qo)(

where e(F) is now set to be 1 +€2(b§ +u{f) +j—i.

Remark 3.4 The term (0(0¢)/0(5))F) will cancel with a similar term in 1 /et (NIV,“)
(see Lemma 3.5 below). Moreover, forgetting the indices involving the partition 1 does
not change the value of the Hurwitz-type numbers. We did not do this in the above
formulas so as to keep track of the ramification profiles corresponding to the simple
marked points.

3.3.3 Virtual normal bundles Let us determine 1/eT (N}ir) modulo (¢ + ;) for
each component F of type I.

Lemma 3.5 Given any T —fixed connected component F € Mt where M is in
o Y =>. 7L LR\r: = .
ffo,po,ao;bé,uﬁ (A, p; b5, b™M)i, j, s], we have the congruence equation

. 53\ 8(F) _L(a—s—£)—£(3))
o (0(0)) v _ mod (¢ + 1),
e (N} o(09) er(NZ)
Mo

Here v = —(r + 1)%t2, and &(F) ’s are as in (3-13), (3-14) respectively.

Proof We just investigate the case where M e ‘Ffo,ao,po;b

f 5(X’BL |Z;R,f)) and
F € M, the other case being similar.

Eou
Let p = Z,’;é bt and g = ZZZB b¥,and so p+q =a. Assume that p,q > 0. Pick
any point [ /] € F. Again, we follow the notation of Section 3.1.1. The contribution
from the contracted component Cy, is

er (H'(Cr, [*[Sym"(A)]) _ kg1
er (HO(Cr. f*[Sym"(4,)])
Here gj ’s are the genera of connected components of the covering associated to Cy, .
We find, by Riemann—Hurwitz formula, that ) ", (gx—1) = %( p—L(A)—£(3)). Hence
Cr, contributes

mod (¢; + 15).

r2(P=tD=L@)  mod (1) +1y).
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Similarly, Cg contributes
12~ t@P~L@)  poq (t1 +12).

And the contribution from nodes joining contracted components to D is

TZZ(&) mod (¢ + 1,).

These three contributions, taken together, yield

3 @AD—L@+2G)  1mod (1 + 1)

One can check that the same formula holds when p =0 or ¢ = 0.

As for the cover éLO U 50 ucC R0, by a similar argument, the combined contribution
of Cro,Cpro and nodes joining Cr g, Cro to Dy is given by

P HE—EGD~LP0)+2L00)  od (1) + 1),

Further, the covers 51, ..., Dy 41 (including the nodes inside) contribute

m mod (l 1 + 12).
We now study the infinitesimal deformations of C. Let kK = L, R. When Cj, is a curve,
smoothing the node P} joining C; to D contributes

0(0)
wr =Yk
where wy is the T —weight of the tangent space to ¢(D) at the point ¢(Py), and
i§, the class associated to T c*(Pk)Ck (see (3-10)). By property (e) in Section 3.1.1,
f: Co — A, corresponds to the point [ fo: Cr.o U Do UCro — [Sym”‘"l(Ar)]] e M,

o)
0(0p)
Wi — Vi
is the factor smoothing nodes joining Cyo and Dy and is 0(0g)/0(6) times the preced-
ing factor. Similarly, the overall contributions of node smoothing inside D and node
smoothing inside Dy differ by a factor (0(&)/0(0y))’ ~ . Hence, deformations of C
contribute the product of (0(8)/0(0¢))¢F) with the contribution of the deformations

of Cr.o UDyUCRg. The term
( 0(5) )8(“ 1
000))  er (W)

is the combined contribution of the deformations of C and the unique noncontracted
connected component Cy of the associated cover C.
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Putting all these together, we get

1 0@) ¥ 1 e tD—t@+2uE)
er(NJH) (o(oo)) e (NYr) L —LGo)—tpo) +2¢(00) L@
0
51\ EF) L (a—s—L()—t(p))
_ (0(0) ) T . mod (1 4 13)".

0(09) e (NYT)

My

as desired. 0

3.3.4 Vanishing and relation to connected invariants Now we are ready to prove
Lemma 3.2, ie, for any s <a,

I(s)=0 mod (t; +12)°.
Given M € ffo,poﬂo,bo ulk (X,ﬁ; I;L,Z;R)[i,j,s] and F € Mt , we let
tp: F— M ([Sym"(Ap)] A1, A, (a,dEiy)

be the natural inclusion (as partitions, A; = X, and A, = p). We fix a nonnegative
integer s <a and posmve integers i, j,d with i < j from here on. We also fix T —fixed
point classes A B and define

g (evy (/i')evz (E))
1= Z Z / eT(NI\;ir) ’

M FeMry

where M is taken over all possible elements in
G ¥ = L R\[: -
(3-15) 11 Fropoooiblaik s 167 60N, j 5]
oo,bé‘,uOL,B,bL,bR

We would like to deduce the lemma by replacing the two insertions of the invariant
(3-12) (B = d&;j) with T —fixed point classes. By Proposition 1.2, the coefficient

{11 (Xmy D -k 1e0ey) (Xmpe,, DO1 (12) | A) {pa(iin) | B)
(4] 4) (B|B)

is either zero or has nonnegative valuation with respect to #; + #,, and so Lemma 3.2
follows from the following lemma.

Lemma3.6 Z=0 mod (1] +1,)%.
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Proof of Lemma 3.6 The lemma is clear if the condition
(3-16) Ak CAx, prCBr, VYk=1,...,r+1,

does not hold, in which case Z is identically zero. Now we assume (3-16), and the
idea of the proof in this case is to relate Z to certain connected invariants. We put

M= Ax—Ak. Pk = Br— pr.
That is, we may write

A= (1,205 Gt s Ar41))s - B=((p1,51)s -+ +» (Pr+1, Pr11))-

Let
A=()\.1,...,)xr+1) and B=(,51,...,/_)r+1)

be T -fixed point classes.

For simplicity, we drop the index [i, j, s] from (3-15). First, it is good to have some
observations on hand.

Lemma 3.7 For any partition oy and (r+1)—tuples I;L, bR , 0,

J1(00;bE ul) = Z deg(¢47,)

MGF)‘?O,UO,pO;b(I)‘,u(I)‘ (A.bL bR, p)

t}"% (ev] (/T)ev}‘ (B))
[

vir
et (N 1\_40)

is > deg(b7,)

’

s (ev*(A)evi(B))
J.

vir
er (NI\7IO)

Meff().o'().p()ibé‘.u(l)‘ (X’EL |ER7:5)
and
X (ev¥(A)evi(B))
M, 1 2
Jo(o0: bl uk) = > deg(¢7.) /M : or (NI
Me}%.%.%;b&.ué (.,p.bL | bR) 0 Mo
) t}"% (ev’f (A)eV; (B))
I Z deg(¢MO) /— . vir ’
_ - M er (NM )
Me;fo»ﬂoﬁoib(lf’”{)‘ (A,p,¢L | éR) 0
for any ¢L, ¢R and i satisfying |0y | = |oy| for each k = 1,...,r + 1. Here the

collections of unions of T —fixed components under the summation symbols are all
nonempty.
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Proof The first identity follows as

G Y PL|ER = 6 Y =L 2R =
fA‘an’Oapo;bé‘ 9”(%1 ()\" b | b ’ IO) and fA‘Oaa’OapO;bé‘auél ()\" ¢ | ¢ ’ IO)

have the same number of elements and the same configuration for the unique noncon-
tracted connected component of the associated cover (see the description in Section
3.1.1). The second identity holds for similar reasons. O

We apply Lemma 3.1 to the connected invariant
(3-17) (4, B, (2)°. 197°)en
and find that (3-17) is given by

Z (Jl (O'O;bg', ué) + Jz(O’O;bé',u(l)')) mod (tl +t2)2.
ao,bOL,ug

As a—s >0, (3-17) is zero. We then have

(3-18) > (Ni(o0:bg . ug) + J2(00: by ug)) =0 mod (11 +12)°.

L L
00,by U

Here is an elementary but helpful combinatorial fact.

Lemma 3.8 Given nonnegative integers k, p and p1, ..., py with p1+---+pr=p.
For any nonnegative integer m < p,

Corolop) = 2 o o) oz )
Dl Dk My, ...,Mp )\ py—my, ..., pg—my )’

miy,..., mi;

Note that (Zl e 61») := 0 if £ is smaller than some of £; ’s or if some entries are negative
integers. o

We continue the proof of Lemma 3.6. We set again 7 = —(r + 1)2t12. Let

1 > -
0= 5(a—s+€(k)+€(,0)).
For any (r+1)-tuple ¢ with || = a —s, let
0@ = (B bR b + b = qr. Ve =1.....r + 1},

Fix oq, bL uOL, we consider two cases:

0°
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(1) The total contribution of .7-10 60.p0:bE L()L bL |bR, p)’s to Z with the con-
straint (bL bR) € Q(q) is congruent modulo (t1 +12)* to

5 (evi(A)evi(B))
(-19) DB IPI L

(bLbR)€Q@G & M FeMy

where M € ‘F)?o,ao,po;b{;,u{; (X E_L |ER, p) runs through all elements. Equation
(1-1) implies that for each F € M,

U (evi(A)-evi(B)) = O+ s (ev¥(A)-evi(B)) mod (t; +12).
Applying the pushforward ¢ r.« and Lemma 3.5, (3-19) is given by
2D > > deg(ér)
(BLERYEQ@) O MEFF) o) ok ul (b |BR 5) FeMr
.(0(3) )8(F)/ L}k\—lo(eVT(A)eV;(B))
e

0(00) er (NX—;O)

mod (¢ + t2)2.

By (3-13), (3-19) is congruent modulo (¢; + 1,)? to

“ 8 )
] bE,. . bE J\bR .. bR

(BL.bR)EQ () r+1 1
r+1 L L,,L_pL R Ri R iR
ST He G (2 186 +6 =01 | )b 158 +4E =0y
o k=1

L— (evl(A)eV2 (B))
> deg(¢]\70)/0 V)

MEFF 50000k ul b 16R.F)

o ) o o)
b1L~ brL+1 ble-- er+1

is the number of choices to distribute simple ramification points lying above
simple markings. By Lemmas 3.3, 3.7 and 3.8, the above expression can be
simplified to

where the product

r+1

y ‘[9 | | H 2 —qk L L
A, ‘Ik’la ‘IA’ J bk, )
(ql’---,CIr—H) 1 ( ke ( ) lck) 1(00 0 u())
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(2) By a similar argument, the total contribution of .F)L 0.00.00:b L (k o pL | bR) S
to Z with the constraint (bL bR) € Q(q) is congruent modulo (t1 +1)* to

r+1
a—s ) 1_[ H(M qr 194k
k> (2) l ,Ok)Jz(O'(), ()v )
qis- -, qr+1 Pl

As a consequence, Z is given by

H- Y (Ji(00: by ug) + Ja(oo: by ug)) mod (11 +12)°,
U()bo ”0
r+1

where H = Z (411 a=s )ra 1_[ H (A, )T 1979k pp) # 0.
. k=1

s dr+1
|g|l=a—s

By (3-18),
Z=0 mod ( +l2)2.

This shows Lemma 3.6 and ends the proof of Lemma 3.2. |

3.4 Combinatorial descriptions of two-point extended invariants

By Lemma 3.2, we can deduce the following formula on 2—point extended invariants
in nonzero degrees.

Theorem 3.9 Given cohomology-weighted partitions (1 (7j1) and j12(72) of n such
that each entry of the £(j;)—tuple 1; is 1 or a divisor class on A, fori = 1,2. For
any curve class 8 # 0, the invariant

(3-20) {(1(11), 12(72)) (a,8)

is given by the sum
(3-21) D (0ED 106ED) (1 (), v2(72)) 75, -
Here the sum is taken over all possible cohomology-weighted partitions 9(§ 1), 9(52)’

v1(1), v2(¥2) satistying py (1) = 0(Evi(y1) and pa(i2) = 0(52)v2(y2). (In
particular, vy, v, are subpartitions of |1y, i1, respectively and (11 —vy =60 =ty —vy).
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Proof of Theorem 3.9 The statement is clear if B is not a multiple of &;; for each 7, j
because both (3-20) and (3-21) vanish (see Theorem 3.14 below). Now fix i, j,d >0
and let B =d&;;.

We learn by Lemma 3.2 that /(a) is the only possible contribution to (3-12). In other
words, only
Foo.b (Ao, p0:0) 1= Fy1 U Fy,

ranging over all possible Ag, pg, 09, b, G, can possibly make a contribution. Here

(3-22) F1=FL oo op0@(0.....0)[(0.....0).5)i. j.al.
1n SN ..
(3-23) Fa=F ) o 06.5.(0.....0)|0.....0)i. /.a]

(With notation of Section 3.1.1, any admissible cover C, associated to the components
of the elements in Fy,, (Ao, po: ), has all those simple ramification points that are
branched over simple markings in the connected component 50, and each ék (k#0)
is either empty or a chain of rational curves.)

Thus, in order to evaluate the invariant (3-20), it is enough to perform localization
calculations over T —fixed components of the elements in F, (A0, po: 0)’s because
(3-20) is a linear combination of invariants of the form (3-12).

We have a lemma on the inverse Euler classes of virtual normal bundles.

Lemma 3.10 Given F € Mt with M € F, UF,, we have

o (0(8))8"'(F) 1
viry ~ vir
e’]I‘(NF) 0(09) 1(0) eT(N]\_lo)
for M € Fy, k = 1,2. Here ¢1(F) = ¢;(b) + €1(a —b) + j —i and &,(F) =
l+e(a—b)+j—i.

Proof All contracted connected components of the associated cover are necessarily of
genus 0. The proof of Lemma 3.5 can be carried through. O

We let
Z(vi,vz) and Z(vy,v2:0)

be the contributions to (3-20) of [[,, 5 5 Foo.b(V1,v2;0) and [, p Foy.6(V1,v250)
respectively.

Now we compute Z(v1, v2;6). In order for the contribution not to vanish, the partitions
v; and v, must be subpartitions of @y and w, respectively.
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We assume vy C i1, va C io. The configurations (3-22) and (3-23) force p; — vy =
Uy —y. Weset 0 = g —vy.

Recall o (g) is the component of A(7) relative to the fixed-point class § (see (1-2)).

Lemma 3.11 Given M €[], ,, 73 (v1.v2.5). Fork = 1,2 and each F € Mr,

(3-24) revi (i) = 16) ) ayz (@) g evi k().

Pk
Here Py means that we take the sum over all possible 0(§k) and vy (yy) satisfying
i () = 0 Er)vie (Vi) -

)(g) l(g). By Proposition 1.2, it equals

Proof The left side of (3-24) is ZEDE %y G
DD i, @y, )G =3)1(8) = 1(3) Z%@ @) Zaul(mm 1@,
5§56 P
which gives the right side of (3-24). O

It follows from Lemma 3.11 that for each F € Mr, g (evy (i (1)) - evs (n2(72)))
coincides with

(3'25) t(a:)Z Z ae(gl)(a—)ag(gz) (a)t}kqo (eVT (vl ()71)) . CV; (V2 ()72)))
o

In the formula, the index O means that the sum is over all possible 9(51) 9(52),

v1(1)) and vy(72)) satisfying 1 (i) = 0E)vi(71) and pa (i) = 0E)va(72).
Applying (3-25) and Lemma 3.10, the contribution Z(vy, vy;6) is

t(o) (evi(v1(71))-ev3(v2(y2))
Z g )(U)%(E )(0) Z H() / M er(NYr) ’
My

00,b,Mo

where H(c) = ]_[,r;ll H (o, 0y) is a product of Hurwitz numbers. Thus, Z(vq, v3;0)
is simplified to

H@)1(@) Y gz, 0z, @ 1) v2(7)) e, -
Q

Adding up all possible Z(vy, v5;6)’s, we obtain

I(vi.v2) =) ) HE@eyg  @ege @010 v2(72) e, -
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Moreover,

(BEN10E)) =Y oy, @)y, 3)(E |5) Zae(g \ @)ty @H@E)(G).

This implies that

T(v1,v2) = 3 (0ED) [0E)) (1 (1), va GV e, -
o

Consequently, by taking into account of all Z(v{, v;)’s, we deduce that (3-20) equals

Y (0D 10E2) (01 (1), 12 (7)o, -

where the sum is taken over all possible choices stated in the theorem. This finishes
the proof. a

Remark 3.12 In [13], the statement for the relative theory of A, X P! which corre-
sponds to Theorem 3.9 is obtained by writing each involved (disconnected) relative
invariant as a product of connected invariants. In [15], a similar statement for Hilb” (A, )
is proved by reducing to a certain product of moduli spaces involving punctual Hilbert
schemes. It would be great if a similar phenomenon occurred in the theory of Sym”(A,)
since this would simplify the proofs of Lemma 3.2 and Theorem 3.9. Unfortunately,
although the T —fixed components can be arranged according to the configurations
of the covers associated to the source curves, they are seemingly not related to the
product of moduli spaces parametrizing the components of the associated covers in
general. Thus, it seems that we can not directly apply the ideas from [13; 15] to prove
our results above.

Now, it remains to determine the two-point extended connected invariants explicitly. For
partitions s, v of 7, we denote the Hurwitz number H (1, v, (2)?) (see Section 3.3.1) by

g
HIL,V

where g = %(b +2—4£(u) —£(v)) is determined by the Riemann—-Hurwitz formula.
In general, it is not easy to obtain a closed formula for Hff,v. However, when v = (n),
we have the following result due to Goulden, Jackson and Vakil.

Proposition 3.13 [9] Given any partition @ of n. The so-called one-part double
Hurwitz number H i ) is the coefficient of t>¢ in the power series expansion of

(g + (p) — D128 +HW=2 /) ‘l(i‘[) sinh(uit/2)

|Aut(y)] sinh(z/2) = 0 wat/2
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Given nonnegative integers a;, d;, let g4,, ga4,, g(a) be integers satisfying
ak =28a; — 1 +L(ug)  (k=1,2),
1
gla)=5(a—Lt(ur) —t(p2) +2).

For k = 1,2, we put

s (Fo)] = o)L
|Aut(pex (Vk))|

Our connected invariants can be expressed in terms of one-part double Hurwitz numbers.

Theorem 3.14 Assume that yyi, ya¢ s are Eq,..., E, or 1 and B is a nonzero
effective curve class. If B = d&;; for some d,i, j and all yyi, v, ’s are either E;
or Ej, the invariant

(3-26) (1), 12(2)) o p)
is given by
5 ga ga
(11 + ) (=DE@ (=1 = §; ) WO ga=1 1y () ][ 2 (72)] 3 H o s
na—2 ap. ! a2 '

ai+ar=a

where 6; , is the Kronecker delta (which is 1 if r =1 and 0 otherwise). Otherwise,
(3-26) vanishes. Thus, by Proposition 3.13, the invariant (3-26) admits an explicit
closed formula.

Proof Let r > 1. According to Lemma 3.1 and the discussion preceding Lemma 3.6,
(3-26) is divisible by #; + 5.

As mentioned earlier, (3-26) is a polynomial in #; and #,. So if at least one of yy,
¥,¢’s is 1, the invariant must be zero because of (#1+¢,)—divisibility and the fact that
the sum of the degrees of the insertions is at most £(it1) + £(u,) — 1, which is the
virtual dimension.

Assume that all yqx, vo¢’s are Eq,..., E,, in which case (3-26) is proportional to
(t; + t2). By Lemma 3.1 again, the invariant is zero if B is not a multiple of &;; for
all i, j.

Now we assume further that 8 = d&;; for some d,i, j. We may evaluate (3-26)
modulo (¢; + 1,)2, so any T —fixed component that contributes a factor (¢; + 1)k
for some k& > 2 may be ruled out. That is, it is enough to investigate those T —fixed
components defined in (3-3) with s = a, which we denote by F’s. However, in order
for the contributions of these components to (3-26) not to vanish, the ramification
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points lying above the distinguished markings must map to x; or x;j 4. As a result,
(3-26) vanishes if one of Y, Y2¢’sis Ey for some k # i, j. This completes the proof
of the second assertion.

Now we show the first assertion. Let

1
Rj+1

1
P = _L_i[xi]’ Q=- [xj+1]-
It remains to evaluate (3-26) with 4, ¥2¢’s equal to E; or E;. We check that E; ~ P
and E; ~ Q (“~” means that the difference between the left side and the right side
can be written in terms of classes [x;41],...,[x;] and 1 as long as we are working
modulo (#; +1,)); similarly, E; ~ P and Ej ~ Q.

By the vanishing claims just verified, we can replace all yq;’s with P and all y,,’s
with Q. The invariant (3-26) is not exactly the resulting invariant

O]

(11 (P) - ey (P). 121(Q) - M2t (ur) (D) (g e )
Instead, it is congruent modulo (#; + #,)? to

(327 J =[2G pe11(P) -+ agqu,) (P),
121(Q) - 2e(ux) (D (g de, )

With (3-27) in mind, we can thus execute localization calculations over those F'’s with
one more constraint on the source curve Cy: Cr¢ carries the marking corresponding
to (1, and Cgo carries the marking corresponding to p, because the ramification
points associated to 11 (resp. 5 ) are mapped to x; (resp. Xj41). This means that in

(3_3)5 }"0 =MK1, Po = U2, and 0o = (”l)

To summarize, in order to evaluate (3-27), we only have to consider such T —fixed
components, denoted by Fj, 4,, where the source curve C decomposes into three
pieces Cq, U X UCy,: Cq, is a contracted component carrying aj simple markings,
and its unique distinguished marking corresponds to i ; the intersection Cq, N Cq,
is empty; the cover éak associated to Cgq, is of genus gg4, ; and X is a chain of
noncontracted components, which connects C4, and Cq,, and the two twisted points
of intersection have stack structures given by the monodromy (7). Note that Cg, ’s are
twisted points whenever they contain less than three special points and are otherwise
twisted curves.

In this way, we reduce our calculation to the integral over

MBSy, 1. (n);a1) x M (B&,, 112, (n); az),
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followed by division by the product of the automorphism factor d/~**! and the
distribution factor a!a;! of simple marked points.

Let €;: M (B&y, 1, (n);ay) — Mo,a1+2 be the natural morphism mapping C,4, to
its coarse moduli space Cg, (the node C,, N X is mapped to the marking Q) and £,
the tautological line bundle formed by the cotangent space T* Ca - Let ¥y =¢1(Ly).
We define €5: M (BG,, o, (n);az) — M, a,+2 and ¥ m a s1m11ar way.

To proceed, we summarize the contributions of virtual normal bundles (see Lemma 3.1).
Set 8 = (r + 1)t;.

e Contracted components: For k = 1,2, C,, contributes
(—l)g”k_lezg“k_z mod (#; +t2).

¢ A chain of noncontracted components: The contribution of each node smoothing
is just ((t;+12)/d)~1. All other node contributions are Ly Ry, k =i,..., j+1,
each of which equals —62 mod t; + t,. Furthermore, all noncontracted curves
contribute ((t; +12)/ —62)/~*F1 mod (¢; +t2)?. Hence the total contribution
equals

—dej_i(tl +1) mod (# +Z2)2.

¢ Smoothing nodes joining a contracted curve to a noncontracted curve: The
contributions are given by

1 1
(1/m)(nRi/d —e1y1)"  (1/n)(nLjy1/d —e5v2)

The contribution of the component Fyg, 4, to J, denoted by I,
modulo (¢t +1,)? to

L.az» 18 congruent

1 d ak —1
«[lenmere(5) i
1_[ nak—1 \ 0 MBS, 1k, (n)ak) KTk

Note that each factor in the second line is replaced with 1 in case a; = 0. Simplifying
the expression yields

— - - 2
(11 + t2) (= D)E@H@D W) ga=1[,1 (5 )2 ()] 1—[/ eF gk
n%2qy!a,! (B&n,ui,(n)sar) KTk
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For a; > 0,

v = deg(er) y = 1
/M(Ben,uk,(n);am KTk Moayin ¥ i ()

We conclude that 1, 4, is congruent to

8ay

5 R &ga
(11 + 1) (= DF@HWDTRD ga =1 )2 F2)] i o Pt

2
mod (t;+1,)“.
na—2 aylas! (t1+12)

The theorem then follows by summing /,, 4, over all possible ay,a; with a; +a; =a
and using the fact that (3-26) is a multiple of #; + ;.

The case r = 1 is similar, and so we omit the proof. a

By applying the intersection matrix with respect to the curve classes Eq,..., E,, we
arrive at the following statement.

Corollary 3.15 Let yy4, yo¢ s be 1 or divisors on A, and B a nonzero effective curve
class. If B = d&;j for some d., i, j, the connected invariant ({11 (Y1), 2 ()72))22“2) is
given by

C(ur) £(u2)
(1 + D) GOl [T Ei-vio) [T 60
k=1 k=1
(=)g@get 3 H oy By on
na—2 41 rar=a al!az! ’
Otherwise, it is zero. O

Theorem 3.9 and Theorem 3.14 provide an effective method to compute 2—point
extended invariants of [Sym”(A,)] in nonzero degrees. With the equations in the
following proposition, this also determines the divisor operators as a consequence of
3—point extended invariants in degree zero being determined by the Gromov—Witten
theory of [Sym”(C?)]; see Cheong [8].

Proposition 3.16 Given any classes o1 ..., ax € A% [Sym"(A,)]. We have
d

(3-28) (CTRNTN ) =%«f¥1,---,0¢k»v

and foreach{ =1,...,r,

d
(329 (o1,... ok, D)) = (@1, ap, De)ls,y.....sp=0 +Sed—SZ((Oé1, e k).
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Proof By definition,

(al’ e O, (2))(a,ﬂ) = (Cl + 1)((11, v vak)(a-i—l,ﬂ)v

and by the untwisted divisor equation (8 # 0 or k > 3),

(a1, .. ar, De)a,p) = (0 B)lar, ..., k) (a,p)-
These relations yield (3-28) and (3-29). (Note, however, that (3-29) is read as

d
{oers .. oap, De)) = sg——(ay, ..., o)

dsy

for k > 3.) O
The sine function sin(x) is a rational function of ¢, where i2 = —1. It is straight-
forward to verify that extended 3—point functions involving (2) or D, are rational
functions in 1,1, €%, sq,...,s, by the above equations.

4 Comparison to other theories

4.1 Relative Gromov—Witten theory of threefolds

Given P! with k distinct marked points pi,..., pi, and partitions Aq,...,A; of a

positive integer 7. Following Maulik [13], we let
Mg.(.Ar XPI,(ﬁ’n)’)\,l”)\,k)

be the moduli space parametrizing relative stable maps to A, x P! with the following
data:
¢ The domains are nodal curves of genus g and are allowed to be disconnected.

o The relative stable maps have degree (8,7n) € A;(A, xP!;Z) and have nonzero
degrees on any connected components.

e The maps are ramified over the divisor A, x p; with ramification type A;. The
ramification points are taken to be marked and ordered.

Given any cohomology-weighed partition A;(7;), i = 1,...,k, we have an evaluation
map
evij: My (A, x P (Bn)ihy. ... hg) = Ay
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corresponding to the ramification point of type A;; over the divisor A, x p;. The
genus g relative invariant (A1 (71), .. Ak(nk))A’XP is defined by

1 k I1(A;) ,
]‘[f.‘:1 |Aut(A; (7;))] /[Mg(A,x]}»l,(ﬂ,n);xl,...,kk)]%}' ,Dl 11:[1 iy Ui
We are interested in the shifted partition function
GW(Ar X P31y, i)
defined as
w2 Eim ) S0 ), i)Y T e R e

g.B

Our results recover certain relative Gromov—Witten invariants by the following equali-
ties.

Proposition 4.1 Fora =1(1)", 2) or D, k=1,...,r,
@D G0 e @)™ AT = GWA X P, G et

Proof When specialized to s; = --- =5, = 0, the equality (4-1) has been justified in
Cheong [8]. In particular, (4-1) is valid for ¢ = 1(1)" without the constraint.

For o = (2) or Dy, the coefficients of u’s “ . s, , where j; +---+ j, >0, match up
on both sides of (4-1) by a direct comparlson of [13, Proposition 4.4] with our results
in Section 3.4. Hence, (4-1) follows as well in this case. O

4.2 Quantum cohomology of Hilbert schemes of points

4.2.1 Nakajima basis We review the Nakajima basis for the equivariant cohomology
A7 (Hilb" (A,) of the Hilbert scheme Hilb" (A, ) of n points in A, .

Let A be a partition of n and 7 = (11, ..., 7¢()) an associated £(A)—tuple with entries
in A% (Ay). Let |0) = 1 € A% (Hilb°(A,)), we define
L)
a (1) = LY (1:)10),
[Aut(.(i))| DI 1_[ '

where p_y, (n;): Ap (Hilb* (A4,)) — *-H”"_l+deg(ni)/2(Hilbk+)‘i(.Ar)) are Heisen-
berg creation operators; see Grojnowski [11], Li, Qin and Wang [12] and Nakajima [16].

Choose a basis B for AT.(A,). The classes a (77) s, running through all partitions A
of n and all n; € B, give a basis for A}, (Hilb"(A,)). They are called the Nakajima
basis associated to ‘5.
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4.2.2 Quantum cup product Let pHC: A, (Hilb"(A,);Z) — A, (Sym”"(A,):7Z) be
the homomorphism induced by the Hilbert-Chow morphism pH¢: Hilb"(A,) —
Sym"(A,). There are isomorphisms

A1 (Hilb" (A,); Z) = Ker(p) @ 41 (Sym" (A, ); Z) = Ker(p5) @ A1 (A; Z).

Let £ be the class dual to the divisor —a;(1)"~2a,(1) on Hilb"(A,). It is an effective

rational curve class generating the kernel Ker(pH¢). For any classes ay,...,a; on
Hilb" (A, ), we consider the k—point function

n lbn r -0y
4-2) (@1,.... H11b (A Z Z (@1,....a )1(36‘9()«4)6111 /13w1,..S/r8w_

d=0 Be A (A7)

Now given any basis {§} for AT (Hilb"(A,)) and {6} its dual basis. Define the small
quantum cup product x4 on Af (Hilb"(A;)) by the 3—point functions as follows:

oy *qQp = Z(al,az,S)H“bn(A")év.
8

Like the orbifold case, we define
OA% (Hilb" (A,))

as the vector space AT (Hilb"(A;)) ®qis, ] Q(t1.12)((¢. 51, ... s7)) with the multi-
plication *g.

4.2.3 SYM/HILB correspondence In Section 3, we provide a combinatorial de-
scription of any divisor operator on the quantum ring Af. . ([Sym™(A,)]). In [15],
on the other hand, any divisor operator on AT (Hilb” (.Ar)) is expressed in terms of
the action of affine Lie algebra g[(r + 1) on the basic representations. These two
expressions are actually equivalent via the correspondence L given in the work [8] of
the first author.

Let us make the substitution ¢ = —e’* where i is a square root of —1, and put

F=Q(i,l],t2)((u,51,...,Sr)) and K=Q(l1,t2)((u,sl,...,sr)).
We recall the map L. It is defined by

L) = (=) a, ).
Obviously, L is a one-to-one correspondence and extends to a F—linear isomorphism

L: QAT o ([Sym" (A,)]) @k F — QA7 (Hilb"(A4,)) ®k F.
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(The Chow degree of ay (7)) is clearly n —£(A) + Zi(;‘)l
of A(7}).)

Denote by (-|-) as well the equivariant Poincaré pairing on Hilb"(A,). We know
from [8] that L preserves (orbifold) Poincaré pairings, ie,

(MG | pE)) = (L)) | L(p(€)))

for all partitions A, p of n and cohomology classes 7;,&;’s on A, . Further, we have
the following SYM/HILB correspondence.

deg(ny), the orbifold degree

Proposition 4.2 The F —linear isomorphism L respects quantum multiplication by
divisors:

(4-3) L(D *omma) = L(D) *q L(a)
for any class « and divisor D.

Proof For cohomology-weighted partitions A1(771), A2(772) and @ = (2) or Dy,

(A1 Gin), oy Aa () )Y AT = GW (A, x PO, GiysaraGin)
= (L1 (). L(@), L)) A,
The first equality is Proposition 4.1 while the second equality is [15, Proposition 6.6].

As L preserves Poincaré pairings, it follows from the above equalities that

(L(A1(71) *or @) | LA2(12))) = (L(A1 (1)) #q L(e) | L(A2(112))).-

This implies that L respects quantum multiplication by (2) and Dy ’s. The equal-
ity (4-3) now follows due to the fact that (2) and Dy ’s give a basis for divisor classes.
O

5 The Crepant Resolution Conjecture

Let us study a simple example before discussing the full version of Bryan—Graber
Crepant Resolution Conjecture.

5.1 An example

We would like to give an explicit expression for the divisor operator Dq g4, — on the
quantum ring A%, | rb([Sym2 (A1)]). Let us substitute g = —e** so that

1 1
sin(yu) = 5~ ((—61)” o7 )
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Consider the following basis
B = {1(E)I(Ey), 2(E1), L(DI(EY), 2(1), L)L),

whose elements are ordered according to their orbifold degrees. The matrix representa-
tion of the operator Dj *.p — With respect to ‘B is given by

20(1 - ﬁ - 1+1s/q) ie(ﬁ_ 1+1s/q) -1 00
—21’0(@—1;”) 9(2—@—@—133 0 -1 0
2111 0 —60ts) o _1
0 411ty 0 0 0
0 0 411ty 0 0

where 0 = t; + ¢, and s = s51. This is also the matrix representation of the operator
L(Dy) *q —
with respect to the ordered basis L(®B); see Maulik and Oblomkov [15].

It is straightforward to check that Dy %4 — has distinct eigenvalues. In particular, we
have a basis {vq,...,vs} of eigenvectors. By quantum multiplication by D; and the
identity 1, we find

ajv; for some a; # 0,

0 foralli # j.

So by replacing v; with v;/a;, we may assume that {vy,...,vs} is an idempotent
basis; in which case,

5
(5-1) 1=Zv,~.

i=1

Vj *orb Vj = {

Moreover, the Vandermonde matrix associated to the eigenvalues of Dp sqp — iS
invertible. In other words, by (5-1), the set

2 3 4
{I’Dl,DlaDl’Dl}

is a basis for the quantum cohomology QA% rb([Sym2 (Ay)]. Similarly, L(Dy)
generates the quantum ring QAT (Hilb?(A;)) ®x F. We conclude that

L: QA% o (Sym* (A1) ®x F — QA% (Hilb*(A))) @k F
is indeed an F—algebra isomorphism. a

This simple example raises the question: Do divisor classes generate the whole quantum
ring? In response to this, one may wish to examine the eigenvalues of divisor operators
for bigger n. This, however, seems a difficult task to perform directly.
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If one of the operators (2) %o, —, Dk *orb — S turns out to have distinct eigenvalues,
the ring structure will be determined, and L will be an F-algebra isomorphism. The
hypothesis has yet to be entirely verified and may seem a little too good to be true. It is
reasonable to expect something weaker (maybe certain combinations of these operators
work).

5.2 Generation Conjecture

The following statement is referred to as generation conjecture. The reader is urged to
consult [15] for a partial evidence of the conjecture.

Conjecture 5.1 [15] Let L be as in Section 4.2.3. The commuting family of the
operators

L((2) %q—. L(Dy)%q— .... L(Dy)#q—

on the quantum cohomology of Hilb" (A, ) is nonderogatory. That is, its joint eigen-
spaces are one-dimensional.

Let us briefly explain some consequences of the nonderogatory conjecture on our
quantum cohomology rings. Set R = Q(i,t1,15,4,51,....5y) and ¢ = —e'*. Since
the quantum ring A7 (Hilb"(A;)) ®qs,,1,] R is semisimple, it admits a basis, say
{vi, ..., um}, of idempotent eigenvectors summing to the identity 1. The basis elements
are also the simultaneous eigenvectors for L((2)) xq—, L(D1) *q—, ..., L(Dy) *q—.

Suppose egk, €1k, - - -, e,k are respectively the eigenvalues of the operators L((2))*q—,
L(Dy)*q—, ..., L(Dy)*q— corresponding to the eigenvector vy . The nonderogatory
property ensures that we can find numbers ag,ay, ..., a, such that

r r
Zajejl,..., E ajejm
Jj=0 Jj=0

is a sequence of distinct elements. Thus, the Vandermonde argument given earlier shows
that the element aq- L((2)) + er'=1 aj-L(Dj) generates AT, (Hilb"(A;)) ®q[s,,] R-
This implies that ag - (2) + Z]r-=1 aj - Dj generates the quantum cohomology of

[Sym”(A,)] over R as well. We thus obtain the following “corollary”!.

“Corollary” 5.2 The divisor classes (2) and Dy, ..., D, generate the quantum coho-
mology ring QAL . ([Sym”(A)]), and any extended three-point function is a rational
function in tq,t,, e'*, sy, ..., s,. Under the substitution ¢ = —e'*, the map

@

I'Whenever we use double quotation marks (“ ”’), we emphasize that the statements or words inside
come with the hypothesis of the generation conjecture.
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L: QAT o ([Sym" (Ay)]) ®k F — QAT (Hilb"(A,)) ®k F
gives an isomorphism of F —algebras. |

On the other hand, we can match the orbifold Gromov—Witten theory with the relative
Gromov—Witten theory.

“Corollary” 5.3 The equality

(A7), A2(112). A3 G13)) = GW(A, X Py 1) AaGia) s ()

holds for any cohomology-weighted partitions A1 (7]1), A2(772), A3(7j3) of n. O

5.3 Multipoint functions

Once the generation conjecture holds, all extended 3—point functions are known by
“Corollary” 5.2. In this situation, we are actually able to generalize “Corollary” 5.2
to cover multipoint invariants. This can be done by proceeding in an analogous
manner to Okounkov and Pandharipande’s determination of multipoint invariants of
Hilb” (C?) [18].

Let B be a basis for the Chen-Ruan cohomology A7 . ([Sym”(A,)]). We recall the
WDVYV equation from [3], but we write it in terms of extended functions to better suit
our needs. For the time being, we drop the superscript [Sym” (A, )].

Proposition 5.4 [3] Given Chen—Ruan cohomology classes oy, oy, @3, 4 and By,
..., Br. Let S be the set {1,...,k}, we have

S S fenan Bs )Y Bsy. a0

S11182=SyeB

= Y Y (enas Bs, Y)Y Bsy ).

S11[S,=8 veB

Here, for instance, (o1, 02, Bs,. V) = (@1, @2, Biys- .-, Bip, ) if S1={i1, ..., 0}

“Proposition” 5.5 All extended multipoint functions of [Sym” (A, )] can be deter-
mined from extended three-point functions and all are rational functions in tq,1;,

iu
et s, ..., 8.

Proof We may see this by induction. Suppose that any extended m—point function
with m < k is known and is a rational function in f1,t,, %, sy, ..., s,. To determine

extended (k+1)—point functions, it suffices to study

N = (o, a1, ..., o))
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for ag = (2)¢ #om D;"l *orb +*+ *orp Dy, where £, my,...,m, are nonnegative
integers. We may assume that £ +m1y +--- +m, > 2 in light of Proposition 3.16 and
the fundamental class axiom. Let us write ag = D *¢m 8 for some D = (2) or D;.
Clearly,

N =Y (D8 yMyY ar, . k).

yeB

Let S ={1,...,k—2}. By the WDVV equation,

D UD SN (Y as i ) + Y (D Soas. vy a1 )
yEB yeB

=Y (D.og—1. ¥y as. 8 au) + D _(Doog—r.as. y )y 8. o))
veB yeB
+ (terms with extended m—point functions, 3 <m < k).

This says that N is determined by lower-point functions and extended (k+1)—point
functions with a §—insertion. By replacing D 1, 6 with § if necessary and continuing
the above procedure, we conclude that N can be calculated from lower-point functions
and is a rational function in #{,1,, el S1,...,8. By induction, our claim is thus
justified. a

“Theorem” 5.6 (The Crepant Resolution Conjecture) Let ¢ = —e’* and k > 3. For
any Chen—Ruan cohomology classes ay, . .., o on [Sym”(A,)], we have

«0[1, RN a’k»[symn('A’)] = (L(al), ey L(ak)>Hilbn(Ar).

In particular, (a1, ..., o)™ A = (L(ay), ..., L(ak))Hilbn(A’)Iq=_1.

Proof We suppress the indices [Sym” (A )] and Hilb" (A,). The proof of “Proposition”
5.5 works as well for multipoint functions on Hilb”(A,). What makes things nice
is that we get exactly the same set of WDVV equations on both [Sym”(A,)] and
Hilb" (A,) sides via L provided that we have the equalities

{{o1, 02,03, D)) = (L(ay), L(az), L(a3), L(D))

for D=(2) and D; (j =1,...,r). Butthese are clear by (both twisted and untwisted)
divisor equations and “Corollary” 5.2. Thus by a recursive argument, we conclude that
L preserves (extended) multipoint functions, and the first claim follows. The second
claim is now clear. m
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5.4 Closing remarks

All “results” discussed above are honestly true for the case n = 2 and r = 1 since
the divisor operator Dj %4 — has distinct eigenvalues and determines the orbifold
quantum product.

Also, in the definition of the map L, we may choose —i instead of i, in which setting
the correct change of variables is ¢ = —e™'*. Indeed, the transformation ¢ —> 1/g¢
takes

(M1 G0 AN AT 1o (—1yXi=132R) (0 (i), g ) YISy AT,

To illustrate this, just look at the matrix in Section 5.1. There we observe that terms
involving ¢ and 1/¢ agree up to a sign.

The calculation of [Sym” (A, )]—invariants in Section 3 gives an indication that these
invariants might be closer, geometrically and combinatorially, to the relative invariants of
Ay xP1 than the invariants of Hilb" (A, ). In reality, it is the form the relative invariants
take that motivates our calculation. We do know that GW(A, x P1); LG ()
can be “reduced” to the 3—point case by the degeneration formula; consult [13]. It is,
however, unclear if the WDVV equation “behaves” in a similar way to the degeneration
formula. At the moment, we expect that the equality

(A1 G, iGN A = GW (A, x PV, Gy de G

should be true. Particularly, the usual k—point function (A1 (7j1). . . ., Ag (7)) Sym" (Ar]
should be the coefficient of

k . ) — .
uki=1 20721 in 7/(A, X P G G-
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