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Deformation spaces of Kleinian surface groups
are not locally connected

AARON D MAGID

For any closed surface S of genus g > 2, we show that the deformation space
AH(S x I') of marked hyperbolic 3—manifolds homotopy equivalent to S is not
locally connected. This proves a conjecture of Bromberg who recently proved that
the space of Kleinian punctured torus groups is not locally connected. Playing an
essential role in our proof is a new version of the filling theorem that is based on
the theory of cone-manifold deformations developed by Hodgson, Kerckhoff and
Bromberg.

57M50; 30F40

1 Introduction

Given a compact, orientable 3—manifold N, let AH(N) denote the set of marked
hyperbolic 3-manifolds homotopy equivalent to N, equipped with the algebraic
topology. The interior of AH(N), as a subset of the PSL(2, C)—character variety, is
well-understood; however, little is known about the topology of entire deformation
space and its dependence on the topology of N. We show that there are points where
AH(N) fails to be locally connected when N is homotopy equivalent to a closed
surface.

The work of Ahlfors [3], Bers [8], Kra [42], Marden [49], Maskit [54], Sullivan [69]
and Thurston [71] shows that the components of the interior of AH(N) are in one-to-
one correspondence with the marked homeomorphism types of compact 3—manifolds
homotopy equivalent to N . Using the theory of quasiconformal deformations and the
measurable Riemann mapping theorem, each of these components can be parameterized
by analytic information.

Unfortunately, our understanding of the interior of AH(N) does not extend to the
entire space. When the boundary of N is incompressible, Anderson, Canary and
McCullough [5] characterized when two components of the interior of AH(/N') have
intersecting closures. They called this phenomenon bumping. For any genus g > 2
surface S, McMullen [59] showed that the interior of AH(S x I) self-bumps. This
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means that there is a point p € AH(S x I') such that whenever U is a sufficiently small
neighborhood of p, the intersection of U and the interior of AH(S x I) is disconnected.
Bromberg and Holt [21] generalized this result by showing that whenever N contains
a primitive, essential annulus that is not homotopic into a torus boundary component
of N then the interior of AH(N') self-bumps.

Recent work by Agol [2], Calegari and Gabai [24], Brock, Canary and Minsky [14],
and many others has led to a classification of hyperbolic manifolds up to isometry.
The existence of bumping and self-bumping points shows that the invariants used in
this classification do not vary continuously at certain points on the boundary of the
deformation space (see also Brock [10]). Thus, further study of the local topology
of AH(N) near these points is necessary in order to fully understand these spaces of
hyperbolic manifolds.

Bromberg [20] recently showed that the space of Kleinian punctured torus groups is
not locally connected. The points where this deformation space fails to be locally
connected are self-bumping points, but he also showed that the space is locally connected
at other self-bumping points. This indicates that bumping may be considerably more
complicated than we previously thought. He also conjectured that AH (.S x I) would
fail to be locally connected for any surface .S, although his arguments in the punctured
torus case made essential use of Minsky’s [61] classification of punctured torus groups.
The results in [61] that Bromberg uses do not generalize to higher genus surfaces.

The following theorem proves Bromberg’s conjecture.

Theorem 1.1 Let S be a closed surface of genus g > 2. Then AH(S x I) is not
locally connected.

Using Bromberg’s description of the space of punctured torus groups, one can show
that many relative deformation spaces fail to be locally connected (see the author’s pa-
per [48]), although Theorem 1.1 provides the first examples of nonrelative deformation
spaces that fail to be locally connected. Nonrelative means that no parabolicity condition
is specified. See Section 2 for a discussion of pared manifolds and deformation spaces.

The failure of local connectivity of deformation spaces also provides an interesting
entry into the Sullivan dictionary [68]. In this analogy, a Kleinian group corresponds
to a rational map, limit sets correspond to Julia sets, and deformation spaces such as
AH(S x I') correspond to connectedness loci in parameter spaces of rational maps. It
is a major open conjecture that the Mandelbrot set is locally connected and proving
this would have many implications for the classification of quadratic polynomials. For
example, local connectivity implies that a quadratic map admits no invariant line field
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on its Julia set and hyperbolic maps are dense among quadratic maps; see Douady and
Hubbard [30] and McMullen [57; 56]. The corresponding one (complex) dimensional
deformation spaces such as the Maskit slice or Bers’ slices in the deformation space
of punctured torus groups are locally connected [61]. In higher dimensions, the cubic
connectedness locus is not locally connected by Lavaurs [45] and Milnor [60], and
Theorem 1.1 builds on Bromberg [20, Theorem 4.15] to show that all deformation
spaces of Kleinian surface groups are not locally connected.

In our proof that AH (.S x I') fails to be locally connected for any higher-genus surface S
we frequently refer to many of the arguments in [20]. In particular, the results in
Section 5 rely on and/or generalize the results of [20, Section 3]. However, since
some of Minsky’s results in [61] do not extend to higher genus surfaces, we make a
significant departure from Bromberg’s methods in Section 6. In this section, we make
use of an improved version of the filling theorem, the key technical result of this paper.

Before stating our version of the filling theorem, we will set up some of the notation.
Given a geometrically finite hyperbolic manifold M with a rank—2 cusp, the filling
theorem provides sufficient conditions for one to “Dehn-fill” the cusp. That is, if
M is homeomorphic to the interior of a compact manifold N with a torus boundary
component corresponding to the cusp of M, and N is a Dehn- filling of N, then
the filling theorem provides conditions for one to construct a hyperbolic manifold M
homeomorphic to the interior of N with the same conformal boundary as M. Assuming
the hypotheses of the theorem are satisfied, one obtains a relationship between the
metrics on M and M.

Suppose T is a rank—2 cusp in M and B is the slope in T along which we are
filling. Let L be the normalized length of B in T, and let A2 be the reciprocal
of the normalized twist of the cusp. Although we relegate the actual definitions of
the normalized length and the normalized twist to Section 4, we now describe these
quantities with respect to a particular normalization of the cusp (the normalization that
we will use throughout Section 5 and Section 6). Suppose the rank—2 cusp 7" of M is

generated by parabolics
12 and I w
01 01)°

(1)

If Im(w) > 0 and |w|?/2|Re(w)| > 2, then L? and A2 are given by

and that B corresponds to

2w 2w
= an = .
2 Im(w) 2Re(w)
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For any curve y C M , let B € PSL(2, C) denote the corresponding isometry in 71 (M).
The complex length of y is the value of £ =1/ +i6 such that tr?>(B) = 4 cosh?(L/2),
/>0 and 6 € (—x, 7]. For a geodesic y, the real part / gives the length of y in M
which is the distance that B translates along its axis. The imaginary part 6 is the
amount B rotates about its axis.

Let €3 denote the Margulis constant for H3. If y is the core curve of the solid filling
torus in M . Then for any €3 > € > 0, let T¢(7T) (resp. Te(y)) denote the e—Margulis
tube about 7' (resp. y).

Theorem 1.2 Let J > 1 and €3 > ¢ > 0. There is some K > 47 +/2 such that the
following holds: suppose M isa geometrically finite hyperbolic 3—manifold with no
rank—1 cusps, T is arank-2 cusp in M and B is aslope on T such that the normalized
length of B is at least K (ie, L* > K?), then

(i) the B -filling of M , which we call M , exists;

(ii) the real part of the complex length £ = [ + i of the core curve of the filling
torus y in M is approximately 27/ L? with error bounded by

2 8(2m)?
[ — =
L%~ L4 —16(2m)*
(iii) in particular, the length of y is bounded above by
2 )
L2 —4(2m)?’

(iv) there exists a J —bilipschitz diffeomorphism
¢: M ~Te(T) = M ~Te(y):

(v) if, in addition to L?> > K?, we have |A?| > 3, then the imaginary part of the
complex length £ =1+ i6 of the core curve of the filling torus y in M (chosen
so 0 € (—m, 7)) is approximately 27/ A*> with error bounded by

- 52m)3

2
\97

The proof of Theorem 1.2 is contained in Section 4. Although our version may be stated
differently, parts (i)—(iii) can be found in the work of Hodgson and Kerckhoff [33;
34] on cone-manifold deformations which was generalized to geometrically finite
manifolds by Bromberg [18; 17]. Part (iv) follows from the drilling theorem of Brock
and Bromberg [11]. The most original part of this version of the filling theorem is the
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estimate in part (v), although its proof also relies on the Hodgson—Kerckhoff cone-
manifold technology. Some of the background cone-manifold deformation theory and
a summary of the work of Bromberg, Hodgson and Kerckhoff on cone-manifolds can
be found in Section 3.

We now outline the proof of Theorem 1.1. We begin by parameterizing a subset of
AH(S xI).If P C S x{l} is a pants decomposition, then MP(S x I, P) denotes the
subset of the boundary of AH(.S x I) consisting of the marked hyperbolic 3—manifolds
that are homeomorphic to the interior of S x I, are geometrically finite, have a rank—1
cusp associated to each component of P and contain no other cusps (see Section 2 for
this notation).

We define a subset A C MP(S x I, P) x C3¢3 anda map
O A—AH(S x 1),

and we show there is some gy € MP(S %1, P) and a neighborhood U of (gg, o0,...,00)
in A such that (09, 00, ...,00)=0¢ and ®|y: U — ®(U) is ahomeomorphism. The
map ® can roughly be described as follows. Let d =3g—3. If (5,00, ...,00) € A then
we define ®(o,00,...,00)=0. If (o, wy,...,wy) € A for some (wl,...,wd)E(Cd,
we use the w—coordinates to define a marked hyperbolic 3—manifold with d rank-2
cusps. To each rank—2 cusp, one can associate a conformal structure on a torus, and
w; acts as a Teichmiiller parameter for the i —th cusp. We then use the filling theorem
(Theorem 1.2) to fill in these cusps and obtain a marked hyperbolic 3—manifold in
the interior of AH(S x I). We define A to exclude points in MP(S x I, P) x C3e3
where some, but not all, of the w—coordinates are co.

This parameterization of the subset ®(U) C AH(S x I) is a straightforward general-
ization of the results of Bromberg [20, Section 3]. We set up the necessary background
in Section 2 and describe the parameterization in Section 5. This parameterization is an
application of parts (i)—(iv) of Theorem 1.2 and Corollary 4.13, which is a generalization
of the filling theorem for multiple cusps.

In Section 5.4, we use results of Bromberg [20, Section 4] to show that A is not

locally connected at (og, o0, ..., o0). Moreover, we find that in some neighborhood U
of (09, 00,...,00) in A, there exists ¢ > 0 and subsets C,, C U accumulating at
(09,00, ..., 00) such that for any (0, wy,...,wg) € Cy and any (o', wi,...,w}) €

U — Cy, we have |w; —w{| > ¢ for all n (see Lemma 5.8). Heuristically, we think of
the sets C,, as being components of U that are bounded apart from the rest of U by a
lower bound that is independent of #. In actuality, these sets are likely collections of
components.
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Finally, in Section 6, we show that AH(S x I) is not locally connected at 6. By
Lemma 5.8, there is a lower bound on the distance between the first w—coordinate
(ie, the first coordinate of the C38—4 factor of A) of a point in C, and the first w—
coordinate of a pointin U — C,,. We then use the filling theorem to estimate the complex
length of a curve in ®(o, wy,...,wy) € AH(S x I) based on (wy, wy,...,wy). The
control on the w;—coordinate from Lemma 5.8 and the quality of the estimates in the
filling theorem show that for all but finitely many n, ®(C,) and ®(U — C,) must
be disjoint. Hence, ®(U) has infinitely many components that accumulate at o . It
follows from the Density Theorem (Theorem 2.2) that ®(U) contains a neighborhood
of g9 in AH(S x I); hence, AH(S x I) is not locally connected at oy .

The approach in Section 6 is fundamentally different from Bromberg’s [20]. Bromberg
uses Minsky’s results [61] to extend & continuously to the closure of A. Results of
Kerckhoff and Thurston [38] and Brock [10] on the end-invariants in Bers’ slices lead
us to believe that there is no way of continuously extending & in general. Instead,
we use the filling theorem estimates to show that distinct components of ®(U) have
disjoint closures in ®(U).
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2 Background deformation space theory

In this section, we recall the definition of a pared 3—manifold (N, P) and define the
relative deformation space AH(N, P). This is a space of hyperbolic 3—manifolds
homotopy equivalent to N with cusps associated to annuli and tori in P. We will
review the Ahlfors—Bers parameterization that describes the interior of AH(N, P) and
set up some of the notation that will be used later. For more information about pared
manifolds and deformation spaces, see Canary and McCullough [27, Chapters 5 and 7],
respectively. For a survey of the Density Theorem and bumponomics, see Canary [25].
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2.1 Kleinian groups and pared manifolds

Before turning to deformation spaces, we begin with a brief review of Kleinian group
theory in order to set up some notation. A Kleinian group is a discrete subgroup of
PSL(2, C) 2 Isom™ (H3). We will assume that all of our Kleinian groups are finitely
generated, torsion-free, and not virtually abelian. The action of a Kleinian group I'
on H3 extends to an action on 9H3 =~ C by Mobius transformations. The domain of
discontinuity €2(I") is the largest open I"'—invariant subset of C on which the action
of T is properly discontinuous. The quotient 2(I")/ I is called the conformal boundary
of M = H3/T. The limit set, A(T"), is the complement of (") in C, and the
convex core of Mr is the quotient of the convex hull (in H?) of the limit set by the
group action.

Pared manifolds A pared 3—manifold is a pair (N, P) where N is a compact, ori-
ented, hyperbolizable 3—manifold that is not a 3-ball, and P C dN is a disjoint
collection of incompressible annuli and tori satisfying the following properties:

(1) P contains all of the tori in JN .

(2) Every m;—injective map (S! x I, S! xdI) — (N, P) is homotopic, as a map
of pairs, into P.

To avoid some degenerate cases in the statements that follow, we will assume throughout
this paper that 71 (N) is not virtually abelian. This will ensure that any Kleinian group
isomorphic to 71 (/N) is nonelementary.

Geometrically finite Kleinian groups A hyperbolic 3—manifold Mt = H3/T is
geometrically finite if and only if the union of Mt with its conformal boundary,
(H3 U (T))/ T, is homeomorphic to N — P for some pared 3—manifold (N, P).
A Kleinian group I' is geometrically finite if and only if the corresponding 3—mani-
fold Mt is geometrically finite. There are many other equivalent notions of geometric
finiteness. See Bowditch [9] for a more complete discussion.

Thick-thin decomposition Let M be a hyperbolic manifold. For any € > 0, we
define the e—thin part of M to be the set of points x € M where the injectivity radius
is at most € and denote this set by M =¢. By the Margulis lemma, there is some
constant €3 (depending only on the dimension) such that for any €3 > € > 0, the e—thin
part of M consists of a disjoint union of metric collar neighborhoods of short geodesics
and cusps. We use the notation T, () to denote the component of M =€ associated to
a geodesic y and T¢(7) to denote the Margulis €—thin region associated to a rank—2
cusp T. We let T¥" denote the union of the Margulis €—thin regions associated to
parabolics (ie, the rank—1 and rank—2 cusps).
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Klein—Maskit combination Let H be a subgroup of I'. A subset B C C is precisely
invariant under H in I if

(1) forall he H, h(B) = B, and
2) foralyeI'-H,y(B)NB=g.

For example, if H is the infinite cyclic group generated by

(63)

and I" is a geometrically finite group containing H with a rank—1 cusp corresponding
to H (ie, the largest abelian subgroup of G' containing H is H), then there is some R
such that the two sets

B;F:{ZG(C:Im(z)>R} and Bp={zeC:Im(z) <—R}
are precisely invariant under H in I' (eg, see Marden [50, page 125]).

Precisely invariant sets are useful for constructing Kleinian groups via a process known
as Klein—Maskit combination. We will use statements similar to those in Abikoff and
Maskit [1], but one should also refer to Maskit [51; 52; 53].

Suppose G, G, are two geometrically finite Kleinian groups with G; N G, = H.
Here, H could be any subgroup, but we will only be interested in the case that H
is the infinite cyclic parabolic subgroup of the previous example. If there is a Jordan
curve ¢ bounding two open discs By, B, in C such that B; is precisely invariant
under H in Gj, then the group G generated by G and G, is geometrically finite and
isomorphic to the amalgamated free product G *g G, . In this case, we say that the
group G is obtained from G; and G, by type I Klein—Maskit combination along the
subgroup H.

We now describe type II Klein—Maskit combination. Let G be a geometrically finite
Kleinian group containing H. Let f € PSL(2,C) such that fHf ™! C G. Suppose
there is a Jordan curve ¢ bounding a disc B C C such that

(1) B is precisely invariant for H in G,
(2) C — f(B) is precisely invariant for fHf~' C G, and
(3) gBnN (@ —f(E)) — g forall geG.

Then the group I' generated by G and f is geometrically finite and isomorphic to the
HNN extension G/ ry.
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Again, while type II Klein—Maskit combination can be applied in a more general setting,
consider a geometrically finite group G containing H as above, and consider

f=((1) ”f).

Note that /Hf~' = H. There is some R such that B and B; are precisely invariant
under H in G . Moreover, we can assume that for all g € G, gBx N B; = . Then
if Im(w) > 2R, the group G * s is geometrically finite.

2.2 Deformation spaces

We define the relative representation variety
R(N, P) =Homp(7r;(N),PSL(2,C))

to be the set of representations p: 71 (/N) — PSL(2, C) such that p(g) is parabolic
or the identity whenever g € 71 (P). We then define the relative character variety
X (N, P) to be the Mumford quotient of the relative representation variety

X(N, P) = R(N, P) // PSL(2, C).

Although the Mumford quotient is defined algebraically, nonradical points in the
character variety can be identified with conjugacy classes of representations (ie, points
in the topological quotient Homp (771 (N), PSL(2, C))/ PSL(2, C)) (see Kapovich [36,
page 62]). Since we have assumed 7r;(N) is not virtually abelian, p(m1(N)) is
nonelementary (and therefore nonradical) for any discrete, faithful representation p.
For these representations, we will make no distinction between conjugacy classes of
representations and points in X (N, P). See also Culler and Shalen [29, Section 1].

Let AH(N, P) denote the subset of X (N, P) consisting of the conjugacy classes of
representations that are discrete and faithful. Thus AH(N, P) inherits a topology from
the character variety known as the algebraic topology. Results of Chuckrow [28] and
Jgrgensen [35] show that AH(N, P) is a closed subset of X (N, P) with respect to
this topology. Since 1 (N) is not virtually abelian, a neighborhood of AH(N, P) is a
smooth complex manifold, and the topology on AH(N, P) is the same as the topology
when considered as a subset of the topological quotient of Homp (7r1 (N ), PSL(2, C))
by PSL(2, C) acting by conjugation [36, Chapter 4].

The space AH(N, P) is a deformation space of hyperbolic 3—manifolds in the following
sense. Given p e AH(N, P), the image group p(mr1(M)) defines a hyperbolic manifold
M, =H?3/p(1(N)). Moreover (since N is aspherical) the representation determines
a homotopy equivalence f,: N — M, defined up to homotopy. So points in AH(N, P)
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can be identified with equivalence classes of marked hyperbolic 3—manifolds (M, f)
where f: N — M is a homotopy equivalence such that f(P) is homotopic into
the cusps of M. Two pairs (My, f1) and (M, f5) correspond to the same point
of AH(N, P) if there is an orientation preserving isometry g : M; — M, such that
Ja=go f1.

We say that p € AH(N, P) is minimally parabolic if p(g) is parabolic if and only if
g € (P). A representation p € AH(N, P) is geometrically finite if p(;r1(N)) is a
geometrically finite subgroup of PSL(2, C). Results of Marden [49] and Sullivan [69]
show that when dN — P # &, the interior of AH(N, P) consists of precisely the
conjugacy classes of representations that are both geometrically finite and minimally
parabolic, and we denote this set by MP(N, P). We now describe what is known as
the Ahlfors—Bers parameterization of each of the components of MP(N, P) in the case
that dN — P is incompressible. See [27, Chapter 7] for a more complete description of
this parameterization including when d(N, P) is compressible.

To enumerate the components of MP(N, P), we first define A(N, P) to be the set of
marked pared homeomorphism types. More precisely, A(N, P) is the following set of
equivalence classes:

A(N,P)={[(N', P'),h]: (N', P") is a compact, oriented, pared 3—manifold,
h: (N, P) — (N’, P") is a pared homotopy equivalence} /~,

where [(Ny, P1),h1] ~ [(N2, Py), h;] if there exists an orientation preserving pared
homeomorphism j: (N7, P;) — (N3, P;) such that j o /i is pared homotopic to /5.

Recall that we can identify p € AH(N, P) with a marked hyperbolic 3—manifold
(Mp, fp). Any 3—manifold with finitely generated fundamental group admits a compact
core by Scott [67]. A relative compact core C of M), is a compact core for M, — T
such that dC meets every noncompact component of the boundary of M, — T in an
incompressible annulus and contains every toroidal boundary component of M, — T
The existence of a such a core is given by Kulkarni and Shalen [44] and McCullough [55].
This definition naturally imparts a pared structure on any relative compact core whose
paring locus consists of the tori and annuli that intersect T . When p is geometrically
finite, we can construct a relative compact core C by intersecting the convex core
of M, with M, —TE". We will refer to this as the relative compact core of M,,. If
p€MP(N, P) then the marking f, is homotopic to a pared homotopy equivalence from
(N, P) to the relative compact core of M. So we can define a map F: MP(N, P) —
A(N, P) by sending (M, f,) to the relative compact core of M), (still marked by f,).
The map F establishes a bijection between the components of MP(N, P) and the
elements of the set A(N, P). Thatis, F(p1) = F(p,) if and only if p; and p, are in
the same component of MP(N, P).
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Let B be the component of MP(N, P) determined by F~'([(N’, P’), h]). For p € B,
we have that M, is geometrically finite and minimally parabolic, and f, o A1 is
homotopic to a pared homeomorphism from (N’, P’) to the relative compact core
of M,. Using f,o h~', we can mark each component of the conformal boundary
of M, with a component of dN’ — P’. This gives us a map

AB: B— T(N' - P'),

where 7 (N’ — P’) denotes the Teichmiiller space of dN’ — P’. Recall that the
Teichmiiller space of a disconnected surface is the product of the Teichmiiller spaces
of its components.

Theorem 2.1 (Ahlfors [3], Bers [8], Kra [42], Marden [49], Maskit [54], Sullivan [69],
Thurston [71]) When N — P is incompressible, the map AB is a homeomorphism
on each component of MP(N, P).

Throughout the rest of this paper, we will be primarily concerned with the case N =
S x I where § is a closed surface of genus at least two. In this case, the previous
theorem is known as Bers’ simultaneous uniformization [7]. The interior of AH(N)
(in this case P = @) is MP(N) and is connected. The Ahlfors—Bers map defines a
homeomorphism
AB: MP(N) — T(S) x T(S).

Although we will continue to use the term minimally parabolic when N = S x I,
representations in MP(/N') contain no parabolics.

Generally the Ahlfors—Bers parameterization does not extend over AH(N, P); however,
the recent resolution the Bers—Sullivan—Thurston Density Conjecture guarantees that
every representation in AH(N, P) can be expressed as the algebraic limit of geometri-
cally finite and minimally parabolic representations. We refer to this as the Density
Theorem. In the case that (N, P) = (S x I, @), Brock, Canary, and Minsky obtained
this result as Corollary 10.1 of the Ending Lamination Theorem [15], using results of
Ohshika [64] and Thurston [72].

Theorem 2.2 (Brock—Canary—Minsky [15]) The closure of MP(S x I, ), as a
subset of the character variety X (N, P), is AH(S x I, ).

The more general result that AH(N, P) = MP(N, P) for any pared manifold (N, P)
follows from work of Brock and Bromberg [11], Brock, Canary and Minsky [14],
Bromberg [19], Bromberg and Souto [22], Kim, Lecuire and Ohshika [39], Kleinedam
and Souto [40], Lecuire [46], Namazi and Souto [63], Ohshika [65] and Thurston [70].
See Canary [25] for a more complete discussion of the Density Theorem.
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In spite of Theorem 2.1’s description of the interior and the Density theorem, the
topology of AH(N, P) is more subtle. Anderson and Canary discovered examples
of manifolds N for which the components of MP(N) have intersecting closures
(often called “bumping”) [4]. Since the components of MP(N) are in one-to-one
correspondence with the elements of A(N) (ie, marked homeomorphism types) this
shows the homeomorphism type of M, varies discontinuously in AH(N ). Anderson,
Canary and McCullough characterized which components of MP(N') bump for any
manifold N with incompressible boundary [5].

For N = S x I, the interior MP(N) is connected; hence AH(N) is connected. In this
case, McMullen showed a local bumping result: there exists a representation o such that
whenever U is a sufficiently small neighborhood of p, U N MP(N) is disconnected by
McMullen [59]. Bromberg and Holt generalized this self-bumping result to manifolds
containing primitive, essential annuli which are not homotopic into a torus boundary
component. In these cases, it follows that AH(/N) is not a manifold. The points at
which we show AH(S x I) is not locally connected are self-bumping points; however,
in the explicit local parameterization of punctured torus groups given by Bromberg [20],
one can find self-bumping points at which the deformation space is locally connected.
So the failure of local connectivity also shows AH(S x I) is not a manifold, but is a
finer description of how the end-invariants fail to vary continuously.

All of the known bumping, self-bumping, and local disconnectedness arise from similar
constructions involving generalizations of Thurston’s hyperbolic Dehn surgery theorem
to geometrically finite manifolds [70] (see also [25, Section 7]). One begins with a
representation p on the boundary with some accidental parabolic y and constructs
a new mamfold N by drilling out y. We can pick a hyperbolic structure M on
the interior of N covered by H3/p(71(N)). Using the Dehn surgery theorem, we
construct a sequence of representations p, converging to p algebraically such that the
corresponding quotient manifolds M, =H?3/p, (7{(N)) converge to M geometrically.
We construct p, as the map induced on m; (N ) by the composition of immersing N
into M followed by Dehn filling the cusp of M where we drilled out y . Depending on
the topology of N, we can usually immerse N in M in different ways by wrapping N
around y, and this leads to the construction of other sequences accumulating at p.
Various other arguments are then used to analyze how these sequences approach p and
the local topology of AH(N) near p.

We do not have a complete classification of the points at which the deformation space
bumps or fails to be locally connected. Recently, Brock, Bromberg, Canary and
Minsky show there can be no bumping at quasiconformally rigid points (ie, points
whose conformal boundary is empty or contains only thrice-punctured spheres). For
N = §'x1, the deformation space cannot self-bump and therefore is locally connected at
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these points [12]. Evans and Holt are working to find other obstructions to self-bumping
based on the length of an accidental parabolic in a conformal boundary component [31].

3 Background cone-manifold deformation theory

Let N be a compact 3—manifold. A hyperbolic cone-metric on the interior of N with
singular locus consisting of a link ¥ C int(N) is an incomplete hyperbolic metric
(constant sectional curvature equal to —1) on the interior of N — X whose metric
completion determines a singular metric on int(N) with singularities along 3. The
link is totally geodesic, and in cylindrical coordinates around a component of X, the
metric has the form

dr? + sinh?(r) d6* + cosh?(r) dz>

where 6 is measured modulo « > 0. We require « to be constant on each connected
component of X, and we say « is the cone angle about that component of the singular
locus. See Hodgson and Kerckhoff [33, Section 1] or Bromberg [18, Section 4] for more
details. When the cone angle on each component of 3 is o = 2, this is equivalent to
having a complete hyperbolic metric on the interior of N (ie, in the above definition,
we require the metric on int(N — X) to be complete in every end of int(N — X) not
associated to a component of ¥). From now on, we will only consider cone-manifolds
whose singular locus is connected.

Let M, be a hyperbolic cone-manifold homeomorphic to the interior of N with cone
angle o about 3. We now define what it means for M, to be a geometrically finite
hyperbolic cone-manifold (see also Section 3 of [18]). To do so, we first define a
geometrically finite end. Let S be a closed surface of genus at least two, and let
Y = 8§ %[0, 00) be a hyperbolic manifold with boundary S x {0}. That is, there is a
smooth immersion D: ¥ — H? and representation p: m1(S) — PSL(2, C) such that
forall x € ¥ and y € m1(S), D(yx) = p(y)D(x). We say D is the developing map
for Y and p is the holonomy map. We say Y is a geometrically finite end if D can be
extended to a local homeomorphism S x [0, 00] > H3U C such that D(§ x{o0}) C C.
In this case, S x {oo} inherits a conformal structure from the charts defined into C.

Given a hyperbolic cone-manifold M, with cone singularity 3, we note that My, — X
has a (possibly incomplete) hyperbolic metric with no cone singularities. Although one
could consider hyperbolic cone-manifolds in greater generality, we have defined our
cone-manifolds My to be homeomorphic to the interior of N and hence topologically
tame. The ends of My — X (ie, the complement of a compact core) are of three types
(see [18, page 160]). There will be one end homeomorphic to 72 x [0, co) associated
to X, some number of ends associated to the rank—2 cusps of My, also homeomorphic
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to T2 x [0, 00), and some number of ends homeomorphic to S; x [0, c0) associated
to the higher genus surfaces S; in the boundary of the compact core. We say My
is geometrically finite if each of the ends not associated to a rank—2 cusp or to X
is geometrically finite. We will not be considering hyperbolic cone-manifolds with
rank—1 cusps.

We want to provide a meaningful way of interpreting a hyperbolic manifold with a
rank—2 cusp as a hyperbolic cone-manifold with cone angle o« = 0 about the cone-
singularity. The convergence results below will allow us to do this more formally. See
also Hodgson and Kerckhoff [34, Section 3] and Bromberg [17, Section 6].

Definition 3.1 A sequence of metric spaces with basepoints {(X;, x;)} converges to
(X0, Xoo) geometrically if, for each R > 0, K > 1, there exists an open neighbor-
hood Uy, of the radius R neighborhood of X, in Xoo and some 7 such that for all
i >ig,thereisamap fi: (Uso, Xoo) = (Xj, x;) thatis a K-bilipschitz diffeomorphism
onto its image.

We say that a sequence X; — X geometrically if there exist basepoints such that
(Xi, xi) > (Xoo, Xoo) geometrically. For a more detailed discussion of geometric
convergence in Kleinian group theory, see Benedetti and Petronio [6, Chapter E],
Canary, Epstein and Green [26, Chapter I] or Kapovich [36, Chapter §].

The following is [17, Theorem 6.11], although a finite volume analogue was proven in
[34, Section 3].

Theorem 3.2 (Bromberg [17]) Let {My} be a family of geometrically finite hyper-
bolic cone-manifold structures on the interior of N defined for o € (0, ag), with fixed
conformal boundary, «y < 27, and suppose there is an embedded tubular neighborhood
about the cone-singularity of radius > sinh™'(+/2) in My, for all « € (0, g).

(1) As a — 0, the manifolds M, converge geometrically to a complete hyperbolic
manifold My homeomorphic to the interior of N — X with a rank-2 cusp in the
end associated to ¥ and the same conformal boundary as My .

(2) As a — og, the manifolds My converge geometrically to a hyperbolic cone-
manifold My, with cone angle ay along ¥ and the same conformal boundary
components as My, .

This theorem serves two purposes. First, we can interpret a manifold with a rank—2
cusp as a limit of a family of cone-manifolds. Second, a one-parameter family of
cone-manifolds M, with fixed conformal boundary, defined for some interval [0, o),
can be extended to a one-parameter family defined over [0, a¢].
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3.1 Infinitesimal deformations of cone-manifolds

Let X denote the interior of N — X and suppose M; is a one-parameter family of
hyperbolic cone-manifolds homeomorphic to the interior of N with singular locus X.
By restricting the metric on M; to X, we obtain a one-parameter family of hyperbolic
metrics on X. Up to precomposition by isotopies of X and postcomposition by
isometries of H? this determines a one-parameter family of developing maps

D;: X — HA.

We will assume M; is smooth in the sense that D; is a smooth one-parameter family
of diffeomorphisms.

At each fixed 7, we obtain a vector field v on X defined by setting v(x) to be the
pullback (via Dy) of the tangent vector to the path ¢ — D;(x). Let E =X xsl, (©)
be the flat bundle of Killing fields on X.In general, unless the deformation is trivial,
v will not be a Killing field on X ; however, we can associate to v the Killing field,
or equivalently the section sy: X — E of the bundle E, that best approximates v
at x. To define s, we first need to analyze the natural complex structure E inherits
from sl,(C).

At each point x € X, the fiber of E decomposes as a direct sum P @ K where P
consists of the infinitesimal isometries which are pure translations and K consists of
the infinitesimal isometries that are pure rotations at x. See [33, pages 13—19]. The
sub-bundle P is naturally identified with T’ X, and using the complex structure of E
one sees that K = i P, so we can decompose E ~TX +iTX. With this notation, we
can define the canonical lift of the vector field v to be the section s,: X — E given by

Sy(x) = v(x) —1i curl(v)(x)

Here we are using twice the usual curl, which is normally defined by curl(v) =
%(*g v) where d is exterior differentiation and ¥ is the 1—form dual to v. Under the
identification of Killing fields with s[,(C), this curl operator on vector fields acts like
multiplication by i on sections of E . Hence, s, is the section whose real part agrees
with v and such that the real part of curl(s) agrees with curl(v). See [33; 18] for more
details.

Recall, an E—valued k —form (on X) is a section of the bundle /\k TX*QFE — X,
and the exterior derivative d: /\k TX*QE — /\k"'1 TX*Q E is defined using the
flat connection on E. Let E be the flat bundle obtained by taking the quotient of E
by 71(X) where ;(X) acts on X by covering transformations and on sl, (C) by the
adjoint representation. We define E—valued k—forms similarly to E —valued forms,
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and using the exterior derivative, we can define the cohomology groups H kK(X:E) to
be the set of closed forms, denoted ¥ (X; E), modulo the exact forms.

If sy is the canonical lift of a vector field v as defined above, then ds, is an equivariant
closed 1—form and thus descends to an element w € Q! (X; E). Moreover, the coho-
mology class in H!(X; E) defined by w is independent of the choice of developing
maps D;. This is proven in [33, Section 2] (see also [18, Section 2]). As Hodgson and
Kerckhoff explain in [34, page 375], altering D; by postcomposing by an isometry
of H* has no effect on @ and precomposing by an isotopy of X only affects w by
an exact form. Thus the cohomology class determined by w is well-defined by the
one-parameter family of metrics on X . Conversely, every cohomology class determines
an infinitesimal change in the metric on X [33, page 12-13].

3.2 Standard forms and Hodge forms

For each cohomology class, we now define two particular closed forms representing
this class: a standard form which will take a particular structure in the cusps of X and
a Hodge representative.

Hodgson and Kerckhoff calculated the effects of two particular E—valued 1-forms w;,
and w; in a neighborhood of X. The former represents an infinitesimal deformation
which changes the cone angle about X, and the latter changes the length of the singular
locus. See [33, pages 12-13] for precise definitions of these forms.

Definition 3.3 A closed E —valued 1-form w is in standard form if there is a neigh-
borhood U, of the singular locus and neighborhoods U, ..., U, of each rank-2 cusp
such that in U;, w equals a complex linear combination of w,, and wj;.

Note that the complex coefficients of wy,, and w; will generally be different for each U;.
The following lemma [33, Lemma 3.3] shows that every closed form in Q!(X; E) can
be put into standard form.

Lemma 3.4 (Hodgson—Kerckhoff [33]) Given any closed E —valued 1—form ¢, there
is a cohomologous form wy that is in standard form.

Note that standard forms are not unique since there are no restrictions outside the union
of the neighborhoods U;. Next we find a Hodge representative in every cohomology
class and show its difference from a standard form is bounded.

There is a natural inner product on the fibers of E coming from the hyperbolic met-
ric on X (see [18, Section 2] for formulas). Using this inner product, we have an
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isomorphism fi: £ — E*. We define an inner product on E —valued k—forms by

(wl,w2)=/Xw1 A(H 5 2).

where * denotes the Hodge star operator. Let § denote the adjoint of d with respect to
this inner product. We will use the conventional notation ||w||?> = (w, ) and say o is
in L2 if ||| is finite. See [16, pages 13-14; 33, Section 1; 18; 17] for formulas for
d, § and a broader development of this theory.

Definition 3.5 A 1-form w € Q!(X; E) is a Hodge form if o is closed (ie, dw = 0),
co-closed (ie, w = 0), and locally w can be expressed as ds where s is the canonical
lift of a divergence-free, harmonic vector field.

Before stating [18, Theorem 4.3] which generalizes [33, Theorem 2.7], we need to
define what it means for a 1 —form to be conformal at infinity. By [18, Lemma 3.2], there
is an isomorphism IT,: H'(X; E) — H'(0.X; Es) where 9. X is the conformal
boundary of X and E is the bundle of germs of projective vector fields on d. X. A
cohomology class weo € H'(3.X; Eso) is conformal if it can be expressed as dsoo
where s is the canonical lift of an automorphic, conformal vector field on . X . A
cohomology class w € H!(X; E) is conformal at infinity if IT,(w) is conformal.

We will only be concerned with 1-forms on X that arise from one-parameter deforma-
tions of hyperbolic cone manifolds M; whose conformal boundary is fixed throughout
the deformation. These 1-forms will be conformal at infinity with respect to the
definition given above.

Theorem 3.6 (Bromberg [18], Hodgson—Kerckhoff [33]) Let M be a geometrically
finite hyperbolic cone-manifold, and let wy be an E—valued 1-formon X = M — X
that is conformal at infinity and in standard form in a neighborhood U of X. Then
there exists a unique Hodge form w such that the following holds:

(1) w is cohomologous to wy.
(2) There exists an L? section s of E such that ds = wy — .

(3) wo — w has finite L? norm on the complement of U .

Using their analysis of Hodge forms and infinitesimal deformations, Bromberg general-
ized the local rigidity results of Hodgson and Kerckhoff [33] to show that the (possibly
incomplete) hyperbolic metric on the interior of a cone-manifold M, is completely
determined by the cone angle « and the conformal boundary components associated to
each of the geometrically finite ends of M. See [18, Theorem 5.8] which is restated
as [17, Theorem 1.1]. We will use the following consequence of Bromberg’s result.
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Theorem 3.7 (Bromberg [18]) Let My, be a geometrically finite hyperbolic cone-
manifold with cone angle o € [0, 2] about the cone singularity Y. Suppose there is
an embedded tubular neighborhood about ¥ in My, of radius > sinh™1(+/2). Then
there exists an open neighborhood W of «y in [0, 27r] such that the one-parameter
family M, defined by varying the cone angle and keeping the conformal boundary
of My, fixed, is defined for alla € W .

3.3 Complex length

Let X be the interior of N — X and p: 7;(X) — PSL(2,C). If y € m1(X), then the
complex length of y, denoted £L =/+41i6 or L(p(y)), is defined by the formula

tr2(p(y)) = 4 cosh? (g)

and the normalizations / > 0 and 6 € (—mn, r]. If p(y) is a loxodromic element, then
[ is the length of the geodesic representative of y in X (equivalently, the translation
length of p(y) along its axis in H?), and @ gives the amount p(y) twists along its
axis. If p(y) is parabolic, then the complex length is zero.

If M, is a cone-manifold homeomorphic to the interior of N with cone singularity 3,
and U is a tubular neighborhood of the cone-singularity, then dU has a well-defined
meridian 8. This is the homotopy class of a curve on dU that bounds a disk (with a
cone-point) in My . When the cone angle is o € (0, 27), then the meridian will be sent
to an elliptic element that rotates by « about its axis. In this case, we say the meridian
has (purely imaginary) complex length i¢. In our situation, when o« = 0 we will have
p(B) be parabolic, but when o = 27, p(f) will be the identity.

If @ € (0,2x] and U is a metric collar neighborhood, then the torus dU inherits a
Euclidean metric as a subset of M, so we can pick the shortest longitude A on dU (by
a longitude, we mean any curve that intersects the meridian once) and normalize the
complex length of A tobe / +i6 for some 6 € (—«/2, «/2]. Then any other longitude
will have complex length / +i6 + ima for some m € Z. The only time the choice
of A is not well-defined is when there are two shortest longitudes on dU in which case
we pick one and assign it the complex length / 4 i(«/2) by convention. We say that
the complex length of the cone axis X is the complex length of any longitude since
these are all homotopic to X. Since the complex length of X is only well-defined up
to the addition of multiples of i, we work with the complex length of a particular
longitude instead.
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4 The drilling and filling theorems

4.1 Drilling

If M is a geometrically finite hyperbolic manifold and y is a disjoint collection of
simple closed geodesics in M, then Kojima showed, using an argument he attributes
to Kerckhoff, that M — ¢ admits a unique complete hyperbolic metric such that the
natural inclusion of (M —y) C M extends to a conformal map between the conformal
boundaries of M —y and M (see Kojima [41, Theorem 1.2.1]). We call this process
drilling (ie, finding a new metric on M —y ). If the curves in y are sufficiently short, the
Brock-Bromberg drilling theorem bounds the difference between the original metric on
the complement of y in M and the new complete metric on M —y [11]. That is, they
show the metrics are close (in a bilipschitz sense) on the complement of a neighborhood
of the drilled curves. Their work makes use of the cone-manifold machinery developed
by Hodgson and Kerckhoff [33; 34] and Bromberg [18; 17] that we outlined in the
previous section.

More precisely, if M is a geometrically finite hyperbolic manifold without rank—1
cusps, and yq,..., ¥, is a disjoint collection of simple closed curves in M, let M
denote the geometrically finite hyperbolic manifold homeomorphic that is homeomor-
phic M —J yi and has the same conformal boundary components. We say M is the
\J yi—drilling of M . The following is [11, Theorem 6.2].

Theorem 4.1 (Brock—Bromberg [11]) Given any J > 1, €3 > € > 0, there exists
some ly > 0 such that the following holds: if M is a geometrically finite manifold with
no rank—1 cusps, and y1, ...,y is a collection of geodesics in M with

Y 1) <o,

i=1

then there exists a J —bilipschitz diffeomorphism
¢: M —UjZ; Te(Ty) > M = Ui, Te(a),

where M is the \J yi —drilling of M , and T; is the cusp corresponding to the drilling
of yi.

Remark In the drilling theorem, Brock and Bromberg also conclude that the map ¢
in the drilling theorem is level-preserving on cusps in the following sense. Suppose
T3r is a rank—2 cusp in M — U;’=1 Te(T7). Then the drilling map ¢ sends T3z to
acusp Ty in M in such a way that for any 0 <€’ <e€, ¢p(0Te (Trr)) = 0T (Thy).
See [11, Theorem 6.12] (in particular, see [11, Lemma 6.17] which was used to prove
Theorem 6.12).
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4.2 Filling

The filling theorem provides an inverse construction. A geometrically finite hyperbolic
manifold with a rank—2 cusp is homeomorphic to the interior of a compact manifold
with a torus boundary component. One can Dehn-fill this compactification along any
boundary slope and attempt to hyperbolize the interior of the filled manifold. Under
certain conditions on the boundary slope, the filling theorem provides a way of doing
this hyperbolic Dehn-filling while preserving the conformal boundary components.
Moreover, we obtain estimates on the complex length of the core curve of the filling
torus in the new metric.

Now let M be a geometrically finite hyperbolic manifold with » rank-2 cusps. We
want to describe a way of filling in these cusps to obtain a hyperbolic manifold M with
the same conformal boundary but no rank—2 cusps. Although methods developed by
Hodgson, Kerckhoff and Purcell [66] can be used to fill multiple cusps simultaneously,
this introduces some unnecessary complications. We will proceed by describing the
filling theorem for one cusp, which up to renumbering we can assume is the first cusp.
Then we derive the multiple cusp case by filling one cusp at a time (see Corollary 4.13).

Let N be a compact 3—manifold with interior homeomorphic to M . On the first
torus boundary component of N fixa slope 8. Let N be the manifold obtained by
Dehn-filling N along B. If possible, we hyperbolize the interior of N to obtain a
hyperbolic manifold M with the same conformal boundary as M and one fewer cusp.
If it exists, we call M the B-filling of M. Let y be the geodesic representative in M
of the core curve of the solid torus used to Dehn-fill .

The following theorem gives sufficient conditions for the B—filling of M to exist, and
when these conditions are satisfied, gives information about the complex length of the
geodesic y in M . Before stating the theorem, we define the normalized length and
normalized twist of the slope S8 used in the filling; henceforth called the meridian.

The boundary of the cusp 7 we are filling, dTe, (T), inherits a Euclidean metric. Let
1 be a geodesic in the homotopy class of 8 on this flat torus. Let m denote the length
of w. Fix a point x € u, and let v be a geodesic ray perpendicular to w at x. Let y
denote the next point on v where v meets u (after x). Orient p so that if i and v
denote the tangent vectors to p and v at x then i1 X V points into the cusp 7. Define b
to be the value in (—m/2,m/2] such that |b| is the distance between x and y, and
after orienting 1 as described, the sign of b gives the orientation of the shortest path
beginning at x and ending at y realizing this distance. See Figure 1. When y is exactly
half-way around @ from x then there are two shortest paths. In this case, we choose
the positively oriented one so b = m /2. The value b is the twist associated to the flat
structure on 0T¢, (7") with meridian .
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Figure 1: A flat torus obtained by identifying the boundary circles of a
cylinder with a twist of b. In this picture, b is positive.

Definition 4.2 The normalized length L of B is the length of p divided by the square
root of the area of 0T, (7):

m

V/Area(0T, (7))

Definition 4.3 The normalized twist of the flat metric on 9T, (7") with meridian
is the ratio b/m. We let A> = m/b denote the reciprocal of the normalized twist.

Remark The normalized length and normalized twist are well-defined invariants of
the cusp T with meridian B. That is, they depend only on the point in 7(72)/Z
determined by the flat metric on 9dT¢,(7"). Here we consider the quotient of the
Teichmiiller space of the torus by the subgroup generated by Dehn twists about 8. In
particular, we could define the normalized length or twist using any cross section of
the cusp dT¢(T), where €3 > € > 0.

Also note that in spite of the “square” notation, the quantity 4% € (—2,2] could be
negative, and we make no use of any quantity A in this paper. We use this notation to
emphasize that A2 is a counterpart to L? in the following sense.

Assume A% # 2 so there is a unique shortest longitude A on 72 x {0}. If we conjugate
w1 (M) in PSL(2, C) so that the isometry corresponding to A is

(1)

and the isometry corresponding to the meridian 8 is

(o)
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for some w € C with Im(w) > 0, then

2 _ |w|2 and 2 _ |w|2
2 Im(w) 2Re(w)’

Now that we have defined the quantities L2 and 42, we are ready to state the filling
theorem.

Theorem 1.2 Let J > 1 and €3 > ¢ > 0. There is some K > 47w +/2 such that the
following holds: suppose M isa geometrically finite hyperbolic 3—manifold with
no rank—1 cusps, T is a rank—2 cusp in M, and B is a slope on T such that the
normalized length of B is at least K (ie, L> > K?), then

(i) the B-filling of M , which we call M , exists,

(ii) the real part of the complex length L = [ + i6 of the core curve of the filling
torus y in M is approximately 27t/ L? with error bounded by

2 8(2m)3
l - 5 S —’
L2 L*—16(2m)*
(iii) in particular, the length of y is bounded above by
2
L2 —4(2m)?’

(iv) there exists a J —bilipschitz diffeomorphism
¢: M —Te(T) > M —Te(y),

(v) if, in addition to L?> > K?, we have |A?| > 3, then the imaginary part of the
complex length £ =1+ i6 of the core curve of the filling torus y in M (chosen
so 0 € (—m, 7)) is approximately 27t/ A*> with error bounded by

0 2 502m)3
- s

Outline of the proof and prior results As the proof is rather technical and spans
multiple subsections, we begin with an outline. Many of the results of the filling
theorem follow directly from results of Brock, Bromberg, Hodgson, and Kerckhoff, so
first we delineate these contributions. Part (i) was shown by Bromberg in [17]. This
was a generalization of the work of Hodgson and Kerckhoff in [34] to geometrically
finite manifolds. We intend to revisit these arguments in order to reprove (i) and draw
the conclusions stated in (ii) and (v). Part (iii) follows from (ii), although both are
proven in Lemma 4.7. Part (iv) follows from parts (i), (iii) and the drilling theorem.
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That is, once we show that the filling exists and y is sufficiently short in M, we can
then apply the drilling theorem to M to recover M and get the J-bilipschitz map
from the drilling theorem.

We view the geometrically finite manifold M with n cusps as a geometrically finite
hyperbolic cone-manifold with n — 1 rank—2 cusps and cone singularity ¥ = y with
cone angle o« = 0 about X. Part (i) amounts to showing that we can increase the cone
angle from 0 to 277. We will use the parameterization 1 = «?. By Theorem 3.7 the one-
parameter family is defined in some interval [0,¢"). At any ¢ € [0, ¢’), Proposition 4.4
provides estimates on the derivative of the complex length of any peripheral curve.
The bounds here depend on the radius of an embedded tube about the cone-singularity.
Provided L? is sufficiently large, Lemma 4.5 shows that for all 7 € [0, ¢"), the radius
remains bounded below; therefore, we can extend the one-parameter family to M}/
using Theorem 3.2, and in Lemma 4.6 we show that if L2 > 8(27)? then we can
continue the deformation to ¢ = (27)%. Having defined the one-parameter family M,
for all ¢ € [0, (27r)?], we can integrate the estimates from Proposition 4.4 to prove
Lemma 4.7. This gives us the estimate on the real part of the length of y we claimed
in part (ii).

To get the estimate on the imaginary part of the complex length of y in M that we
claimed in part (v), we consider a longitude on dU; homotopic to y. Actually, it
is more convenient to work with a metric collar neighborhood V; of y in M;. The
torus dV; inherits a flat metric and we can define the twist b(¢) and the normalized twist
b(t)/m(t) associated to V; in the same way that we defined the twist » and normalized
twist b/m for dV (the boundary of the cusp we are filling in M). Since |A%| > 2, there
is a unique shortest longitude A on dVy. For any ¢ when A is shortest, the imaginary
part of the complex length which we denote by 6(A, 7) is well-defined as a real number
(see Section 3.3). In Lemma 4.8, we define the quantity v(A',7) = (X', 1)/« for
any longitude A’ and bound dv/da at any fixed time 7. In Lemma 4.10, we show
lim; o v(A,t) = 1/A4%. In Lemma 4.11 and Lemma 4.12 we use this limiting value
of v(A, 1), the bound on the derivative of v found in Lemma 4.8, and the hypothesis
|A?| > 3 to show that A remains the shortest longitude on dV; for all ¢ € [0, (27)?]
and obtain the estimate on # = 6(A, 27) in part (v) of Theorem 1.2.

4.3 Ecxistence of the deformation and derivative estimates

We now begin the proof of Theorem 1.2. In this section, our goal is to show that the
one-parameter family M;, defined by setting My = M and increasing the cone angle
about y with the parameterization 1 = o (while keeping the conformal boundary
fixed), can be defined for all ¢ € [0, (277)2]. The deformation is well defined for some
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interval [0, ¢') by the local rigidity results of Bromberg (see [18, Theorem 5.8], restated
as Theorem 3.7 in the previous section). At any ¢ € [0,¢") we can estimate the derivative
of the complex length of any curve on the boundary of a neighborhood of the cone
singularity.

Proposition 4.4 Suppose the one-parameter family of cone manifolds M; has been
defined for t €[0,1"), and suppose there is an embedded tube U, of radius R about y
in My. If L =1+ i60 denotes the complex length of any curve on dUy, then the
derivative of L is given by

dc -1

1 —=—(-2C i) (21
(1) = (20 +inED
and therefore

dl 1 de 6
2) — =—(14+4a*x) and — = —+4ayl,

do « do «
where x and y satisty

)
3) -1 (2 sinh“(R) + 1) < 4o’y < 1 ’
sinh?(R) \ 2sinh?(R) + 3 sinh?(R)
2 h?(R

@) l4a?y| < cosh™(R)

sinh?(R) (2cosh?(R) + 1)

Proof Let X = M; — 3. To each time ¢ for which the one-parameter deformation
has been defined we can associate a class in H!(X; E) that is conformal at infinity.
We can represent this cohomology class in two ways. First, by Lemma 3.4, we can
choose wq to be in standard form in a neighborhood U; of the singular locus and in
each of the rank-2 cusps U; (i =2,...,n) of X. By our choice of parameterization
t = a2, in a neighborhood U; we must have

—1
5) w0 = —wm + (x +iy)wy
do

for some constants x and y since the derivative of the complex length of the meridian
is determined by the coefficient of w,, and the complex length of the meridian is i v/ at
any time ¢ (see [34, Equation (4)]). By integrating wy,, and w;, Hodgson and Kerckhoff
compute the effect of w;,, and w; on the infinitesimal change in the holonomy of any
path on dU; in [33, pages 32-33] (see also [34, Lemma 2.1]). Thus (1) follows from (5)
by their work.

From (1), the real part gives us d//dt and the imaginary part gives us d6/dt. Given
the parameterization ¢t = 2, the formulas for d//da and df/da given in (2) follow.
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Now we want to derive the bounds on x and y. By Theorem 3.6, we can find a
Hodge form w in the same cohomology class as wg such that @, := w — ¢ has finite
L?—norm outside U;. Lemma 3.4 of [33] shows that w. does not effect the holonomy
of any of the peripheral elements. By Proposition 2.6 of [33], we can write @ as

w=n+i*xDn

such that D*n = D % Dn+n =0, and both n and D7 are symmetric and traceless
T X —valued forms. Here, D is the real part of d, and D* is the adjoint of D; see [33;
18] for formulas.

Since w = wy + w., we can decompose the real part of w as n = no + n. where 7,
does not effect the holonomy of the peripheral elements.

We can find a smoothly embedded convex surface S cutting off the geometrically finite
ends of X such that (after possibly shrinking the U; neighborhoods of the cusps) U;
and S are all pairwise disjoint. Note that such a surface exists by [18, Theorem 4.3]
and may have multiple components (one for each end).

By [34, Lemma 2.3], we have that for any compact submanifold N C X with oN
oriented with an inward pointing normal

/ o2 =/ «DnAT.
N IN

Letting N be the complement of the union | J;_; U; and the ends cut off by S, we
can decompose the boundary integral:

n
||w||2—[ *Dn A= / x*Dn AT
frer=]. 2,

Let b;(a, B) = fan xDanP.

Lemma 2.5 of [34] says that b; (1, n) = b;i (1o, no) + bi(Nc, ne) and Lemma 2.6 of [34]
says that b; (¢, n¢) is nonpositive. So we have

n
2
ol|*— [ *Dnan< bi(no, no).
/” [ /S NAT E i(1M0, Mo

i=1

Since this holds for any compact submanifold N, we can apply this to a family of
compact submanifolds obtained by shrinking the neighborhood of the geometrically
finite ends (but keeping the torus boundary components of N the same as before). Let
ST be the surface obtained by taking a parallel copy of S a distance T further out the
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ends, and Np the submanifold containing N whose boundary is S7. Then for all 7',

n
[ 1ol = [ <Dyan= 3 bitro.no).
Nt STt

i=1

The calculations in the proof of [18, Theorem 4.6] show that |’ Sy *DnAn— 0 as
T — oo. Since Nt contains the original manifold N = Ny, for all 7" we have

Ing 0l = [y lo]? = 0.

As Purcell calculates in [66, Equation (16)], this shows

n
> " bi(no.no) = 0

i=1
with equality if and only if the deformation is trivial.

We also note that Lemmas 3.1 and 3.2 in [66] imply that for i > 2,
—bi (0. 10) = 2¢;(1)|* Area(dUy).

where ;(¢) is the path in the Teichmiiller space (using the Teichmiiller metric) of dU;
throughout the deformation. In particular b;(ng, no) < 0 for all i > 2. It follows that
b1(no,no) = 0. We now are in a position to follow the calculations in [34, pages 382—
384] identically (for more steps in the calculations see [34; 47, Chapter 4]).

In order to bound x and y, we begin by computing by (1o, 17¢) in terms of x and y
and some constants that only depend on R and « (within this proposition, R and «
are fixed so we refer to ag, bg, cg as constants). This is done in [34, 382-383].

—]:r(er;"(a'g))) = ag(x® + y?) +bgx +cr.
2cosh?(R) + 1
cosh?(R)

B tanh(R)

R a2 cosh? (R) sinh®(R)’
_tanh(R) + tanh®(R)
~ 16atsinh*(R)

where ag = —tanh(R)

’

Using the fact that by (19, ng) > 0, we get

b 2 b% —4agrcr
x—l——R +y2§R—2.
2apR dap
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Since both of the terms (x +bg/(2ag))? and y? are positive, we get the inequalities

( 1 )2 _ ( cosh?(R) )2
X - J— ’
(402 sinh?(R))(2 cosh?(R) + 1) (22 sinh?(R))(2 cosh?(R) + 1)

2 ( cosh?(R) )2
Y= (222 sinh?(R)) (2 cosh?(R) + 1) ]

The inequalities (3) and (4) follow immediately. This completes the proof which gives
us a generalized version of [34, Theorem 2.7] for geometrically finite manifolds with
rank—2 cusps. Moreover, we obtain an additional bound on y which will be useful
later. o

Because the hypotheses in Proposition 4.4 require the existence of an embedded tube U
of radius R about y, we now show there is some interval on which there is a lower
bound to the size of such a tube. From now on we will use R; to denote the maximum
radius of an embedded tubular neighborhood about y in M/, and let V; denote this
R;—neighborhood of y. Note that this replaces the neighborhood U; we were using
earlier because we are now interested in the parameter ¢ and no longer care about the
other neighborhoods U;, i > 2. Although not necessarily the optimal lower bound,
it will be convenient to show R; > sinh™!(+/2). In particular, this will allow us to
invoke [17, Theorem 1.2] in the proof of Lemma 4.6. (See the comments preceding
[17, Theorem 3.5, page 796].)

Lemma 4.5 Suppose M; is defined for some interval [0,¢) C [0, (27)?], and let R,
denote the maximal radius such that if V; is an R;-neighborhood of ¥ in M; then V;
is embedded. Suppose L? > 8(2m)? where L is the normalized length of the meridian
of 3Vy. Then R; > sinh~!(v/2) forall t €[0,).

Proof When ¢t =0, M{ has a rank—2 cusp. We can interpret V}, as this rank—2 cusp
and Ry = 0co. As we vary the metric, R; varies continuously. Suppose there was some
first time ¢ < ¢/ such that R;» = sinh™!(+/2). Let /(¢) denote the length of y in M,.
This is the same as the length of any curve on dV; homotopic to y so we can apply
the bounds on d//dt in Proposition 4.4. We will find a contradiction by showing that
R, is bounded below by a function of /(z”") and estimate /(") using L?.

The area A; of dV; satisfies

sinh?(R;)

A; > 1.69785
t= cosh(2Ry)
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by [34, Theorem 4.4] (see also [17, Proposition 3.4] in the geometrically finite setting).
The value 1.69785 is an approximation of 2+/6 sinh™!(1/(2+/2)) but we won’t need

this precision. Define
tanh(r)

h(r)=1.69785———.
") cosh(2r)

Remark Hodgson and Kerckhoff define 4(r) = 3.3957(tanh(r)/ cosh(2r)) in [34,
Section 5]. Our definition differs by a factor of 2 since we are allowing our manifold
to have multiple cusps and geometrically finite ends (see [34, Theorem 4.4]). This also
allows us to directly apply [17, Propositions 3.2 and 3.4].

Since A; = al(t) sinh(R;) cosh(R;) [34, page 403], the maximal radius R; satisfies
al(t) = h(Ry).

In [34, Lemma 5.2], Hodgson and Kerckhoff show that / has a unique maximum,
hmax &~ 0.5098, when r &~ 0.531 and is decreasing for all » > 0.531. For any
0 < a < hmax We can define an inverse function 2~ (@) to be the value of  such
that » > 0.531 and /(r) = a. One can easily see from the definition of /(r) that
lim, 0 2(r) = 0, so we interpret 7~ (0) = oo.
Then we have

Ry = h™ ' (al(t)
whenever o/(t) < imax and Ry >0.531. We are assuming R; > sinh ™1 (v/2) &~ 1.4622
forall 0 <7 <t¢” so the condition that R; > 0.531 is immediately satisfied for all ¢ in
this interval.

If al(t) < hpax, set p(t) = h~1(al(t)) which is clearly bounded above by R;. Note
that & and /(¢) both start at zero when ¢ = 0 so the condition that o/(¢) < hmax holds
in some interval around ¢ = 0.

Substituting p for R; in the inequality (3) gives us
[— 1 2

1 (251nh (,0)+1) < 4g?y < '
sinh?(p) \ 2 sinh?(p) + 3 sinh?(p)

Proposition 5.5 of [34] shows the lower bound is an increasing function of p and the
upper bound is a decreasing function. Now set

u(r)

o«
@)
Differentiating with respect to ¢, we find that

du —1
G T (4aly).
di " 2gr )
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and after the substitution z = tanh(p),

2 2\2
© 42 _du (147 |
3.3956(z3) — dt ~ 3.3956(z3)(3 — z2)

Aslong as o/ < hpax we have 0.531 <p= h_l(al) and therefore 0.48 <z <1. Since

1422 (14 z2)?
—————— an
3.3957(z3) 3.3957(z3)(3 —z2)

are both decreasing functions of z over this interval, we can replace z with 0.48 to
obtain the somewhat liberal bound

du

<4
dt

(N

Equation (37) of [34] shows that limy_,qu = L? which implies that as long as
al(t) < hmax and 0 <7 <" we have

a 2
m_

Since L? > 8(2m)?, we have that L? + 4¢ is positive for any ¢ < (27)2, so

<4z.

o
L2 -4t

®) <I() =

o
L2+ 41

2

Multiplying by o and substituting t = o~ we get

9) (1) < 5.

Since L? > 8(2m)? we have L2 —4(27)? > 4(27)%. Thus

2m)? 1
L < — < hmax.
L2 —4Q2m)2 ~ 4
This implies that for any 0 <¢ < (27)2,
t 21)?
=< ( ) hmax

<
L2 —41 = L2 —4(27)?

which in particular implies that a/(¢) < hpa for all z €[0,¢”]. It also follows that

-1 " -1 1 -1 (2m)? —1f]
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Since % < h(sinh~'(+/2)) &~ 0.27725, R;» > sinh~!(+/2). This contradicts that
Rs» = sinh™!(+/2) for any time ¢ < ¢/, and so we have R; > sinh™!(+/2) for all
0<t<t. o

Remark Although many of these estimates appear in [34; 17], we will be using
them to produce estimates in following subsection which do not appear in the existing
literature.

Using Theorem 3.2 and Theorem 3.7, we can extend the one-parameter family M;
to be defined for all ¢ € [0, (277)2]. The following lemma proves part (i) of the filling
theorem. See [17, Theorem 1.2] for the proof.

Lemma 4.6 If L2 > 8(27)2, then the one-parameter family is defined for all t €
[0, (27)?].

4.4 Complex length estimates

Now that we have defined the one-parameter family for all ¢ € [0, (27)?], we can
integrate the estimates we found for d//da and d8/do in Proposition 4.4. This will
allow us to estimate the complex length of any longitude on dV; at any /. When
t = (2m)?, this produces estimates on the complex length of y in M .

First we consider the real part of the complex length of y. As in the proof of Lemma 4.5,
we consider u(¢) =a/I(t), which approaches L2 as t — 0. We can integrate the bounds
on du/dt in (7) to estimate the length of y in M . In other words, the inequalities
in (8) hold for all ¢ € [0, (277)2]. Thus we have shown:

Lemma 4.7 If L? > 8(2n)?, the length of y in M is given by [((27)?) which
satisfies

2r 2 2
2o = g

This immediately implies parts (ii) and (iii) of the filling theorem.

Next we consider the imaginary part of the complex length of y. Again we consider
any longitude on dV;. Recall from Section 3.3 that for a fixed ¢ we can choose a
shortest longitude on dV; and thus identify the imaginary part of the complex length
of any longitude on dV; with a real number as opposed to modulo «. We begin by
using the bounds from Proposition 4.4 to bound the change in 6(¢)/« for any longitude
on dV;.
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Lemma 4.8 Suppose L? > 8(2m)?. For any fixed t such that 0 <t < (27r)? and any
longitude on dV;, let £ =1+ i6 denote the complex length of that longitude. Define

0

v=—.

o
Then @ S LT[)
da|~ (L2 —4(21)2)2

Remark Because we are considering the derivative at a fixed time ¢, we use / = [(¢)
to denote the length at time ¢ and 6 = 6(¢). Also note that the role of v is similar to
that of the reciprocal of u, rather than u itself.

Proof Because L? > 8(27)?, the one-parameter family M, can be defined for all
t €0, (27)?] by Lemma 4.6. Lemma 4.5 implies that R; > sinh~!(+/2) for all ¢, and
so we can apply the results of Proposition 4.4 with a lower bound on R.

Recall from (2) in the statement of Proposition 4.4 that d6/do = 0/a + 4ayl, so
differentiating v with respect to « gives us

dv _(d6fde) 0 _,
da « w2

In order to obtain a bound on this quantity, we rewrite 4/ in the following way since

we can bound |4a? y| using (4).
1 1
() (5 e
ul\al

We will bound each of these four quantities separately. First, an upper bound for / at
any time ¢ is given in (8). For any ¢ < (27)? this upper bound satisfies the uniform
bound

(10) d”—|4 /| = o
do| Y= a?l i

(11) j<% 2T
L2—41~ L?—4(2n)?

Recall that # = «/ ! and so the quantity 1/u =//a can bounded using (7). Since u
approaches L2 as a — 0 and |du/dt| < 4, we have that |u — L?| < 4a?. Therefore
at any ¢ < (2)2, a lower bound for u is given by u > L? —4(2)? which implies

1

1
(2 ST
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Making the same changes of variables p = h~1(a/) and z = tanh(p) that we made in
the proof of the inequality (6) in Proposition 4.4, we see that (as in [34, Equation (38)])
1 1+ 22

(13) al ~ 1.69785(z)(1—22)

Finally we must bound 4«2y in terms of z. As in the proof of Proposition 4.4, we can
replace R by p in the inequality (4) to get

2,0 < 2 cosh?(p)

[da”y| < .
sinh?(p) (2 cosh?(p) + 1)

Using sinh?(p) = z2/(1 — z2) and cosh?(p) = 1/(1 —z?) gives us
)

- 2(1—z )‘

T 3z2—-z4

Now we combine the bounds on /, 1/u, 1/(e/) and |4a?y| in (11), (12), (13) and (14)
to get an estimate replacing (10):

dv| _ 2 1 1422 2(1—-2z2)
- (L2 —4(271)2) (L2 —4(2n)2) ( 1.69785(z)(1 —ZZ)) ( 322 —z4 )

da
Since L2 > 8(27)? we know (as in the proof of Lemma 4.5) that o/ remains bounded
above by hpax for all ¢ and therefore p > 0.531. This implies 1 > z > 0.4862
throughout the deformation so we can bound the following function of z by its value
when z = 0.48 since it is decreasing on [0.48, 1].

(14) [4a?y|

2(1+z%)(1—2z22) - 2(1 + (0.48)2)(1 — (0.48)?)
1.69785(z)(1 —22) (322 — z4) ~ 1.69785(0.48)(1 — (0.48)2)(3(0.48)2 — (0.48)4)

This upper bound is approximately 4.73191, so for any z € [0.48, 1],
2(14+2z2)(1—1z2?) -5
1.69785(z)(1 —z2)(3z2 —z4) =
dv 52m)

da = (L2 —4Q2m)2)? .

Thus

The quantity v = v(A’,¢) depends on both a longitude A" and the parameter ¢. The
previous Lemma shows that if L? is sufficiently large, then v remains roughly constant.
Thus for any longitude A/, v(A’, (27)?) can be approximated by lim;_,o v(A’, ). We
claim that since | 42| > 2, there is a longitude A such that this limit exists and is equal
to 1/A?, the normalized twist of the cusp we are filling M.
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Let b(¢) and m(z) be the twist and length of the meridian on the flat torus V;, as
in Definition 4.3. Since M; — M, geometrically, the flat tori dV; converge to dVj.
Hence b(t)/m(t) converges to b(0)/m(0) = 1/A? unless b/m = % (in which case
lim(b(¢)/m(t)) could be %, —%, or not exist).

Lemma 4.9 Suppose that |A?| > 2. Then
b(t) 1

1m = .
t—0 m(t) A?

When b(t)/m(t) # %, then there is a unique shortest longitude A on dV;. In particular,
if |A?| > 2, there is a unique shortest longitude A on dVj.

Lemma 4.10 If |A%| > 2, then there is some § > 0 such that the imaginary part of the
complex length of the shortest longitude A lies in the interval O(A,t) € (—a/2,a/2)
for all 0 <t < §. Moreover,

oA, t 1
lim v(A,?) = lim *.0) =—.
t—0 >0 o A2

Proof Since |1/A4%| <1, thereis some § >0 such that forall 7 €[0, 8), b(¢)/m(t) # 3
by the previous lemma. Hence, the longitude A that is shortest on dVj is the unique
shortest longitude on dV; for all ¢ € [0, 8). Thus, the imaginary part of the complex
length satisfies O(A,¢) € (—a/2,a/2) for all ¢ € (0, §).

For any ¢ € (0,8), we have o > 0, so the ratio 8(A, )/« is the amount the shortest
longitude A twists around the meridian, measured in the interval (—%, %]. Given the
definitions of b(¢) and m(¢), this ratio is identical to b(¢)/m(t). Hence,

0.1y b(0)
o  m(@)
1
Thus lim v(A,7) = lim AU = lim Lio) =—. O
t—0 -0 t—om(t) A2

We now use the bounds on dv/da and the fact that lim,_,¢ v(A,¢) = 1/A4? to estimate
v(h, (27)?).

Lemma 4.11 Suppose that |A%| > 2 and L? > 8(2m)?. Then the complex length
I(h, 27)%) +i6(h, (27)?) of the longitude A on dV(a)? satisfies

3
2_71 - 5Q2m)

(15) 60 )"~ 5| = (s

Geometry € Topology, Volume 16 (2012)



1280 Aaron D Magid

Proof Recall that for any longitude, we obtained the bound

dv|_  5(m)
da| ™ (L?2—4Q2m)?)?2

in Lemma 4.8. For the longitude A, we have lim;_ov(A,7) = 1/A4?, so we can
integrate to find that, for any ¢ < (277)?, we have

'e(x, H o1 527)(t)

(16) o VE

Since L2 > 8(27)? we can define the deformation for all 7 € [0, (277)?], and therefore
setting ¢ = (2r)? gives us inequality (15). O

We can now prove part (v) of Theorem 1.2.

Lemma 4.12 Let y be the core curve of the filling torus in M = Mogp)2. If
L? > 8(2m)? and |A?| > 3, then the imaginary part of the complex length L(y) =
I(y) +i6(y), normalized so that 6(y) € (—r, ], satisfies

2 502m)3
o =35 =

Proof Since any longitude on dV(27)2 is homotopic to y, the complex length
[(y)+i6(y) of y in M(25)2 is given by the complex length of the shortest longitude A
on dV(2x)2. Since | 42| > 3, there is a unique shortest longitude at = 0. The conditions
|A%| >3, L? > 8(2m)?, together with inequality (16) show that §(A,?)/a remains in
the open interval (—%, %) for all + < (27)? (ie, at no time does 6(A, )/ equal :I:%
and A ceases to be the unique shortest longitude). Thus, A remains the shortest
longitude throughout the deformation and 6(X, (277)?) lies in the interval (—m, 7). So

the normalized A(y) is 6(A, (277)?) and inequality (17) follows directly from (15). O

We now complete the proof of the filling theorem by summarizing what we have done
to prove parts (i), (ii), (iii), and deriving part (iv). Part (i) was proven in Lemma 4.6
when we showed that one can increase the cone angle from 0 to 2. Parts (ii) and (iii)
were completed in Lemma 4.7. Part (iv) follows from parts (i), (iii), and the drilling
theorem (Theorem 4.1) in the following way. Part (i) provides the existence of M
(ie, the B-filling of M ), and by the drilling theorem, there exists some /o such that if
I(y) < [y then there is a J —bilipschitz diffeomorphism

¢: M —Te(T) - M —Te(y).
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By part (iii) of the filling theorem, there exists some K such that if the normalized
length, L, of B is at least K then [(y) <2m/(L*—4(2m)?) < ly. Thus we can apply
the drilling theorem to reverse the filling and obtain the desired bilipschitz map.

Remark Note that in parts (i), (ii), (iii), (v) of the filling theorem, we only used
the uniform bounds L2 > 8(27)? and | 42| > 3. These four parts do not depend on
the condition that L > K. The constant K depends on J and € and is therefore
only necessary to conclude that if L > K, then the map ¢ is J -bilipschitz outside a
Margulis e—thin region about the cusp 7". We also remark that since the filling map ¢
is obtained by applying the drilling theorem, we can assume that ¢ is level-preserving
on cusps (see the remark following Theorem 4.1).

Before moving on to the next section, we remark that one could eliminate the hypothesis
that | A2| > 3 by not requiring the normalization () € (—, n]. For instance, if we
only assume |A2| > 2, then (15) still holds. If A% = 2, then Lemma 4.8 could still
be used to estimate the imaginary part of the complex length of y using an altered
definition of the normalized twist (see the remarks in [47, Section 4.3]).

4.5 Consequences and generalizations

In this section, we explain some of the consequences of the drilling and filling theorems.
First, we draw the following corollary of Theorem 4.1 and Theorem 1.2 that will allow
us to fill a manifold with multiple cusps. If M has multiple cusps, we can fill them
one at a time, using the filling theorem each time to obtain bounds on the lengths of
the core curves of the filling tori. In the statement of the following corollary, we will
suppose our manifold has d cusps of which n < d are being filled. We will assume
they have been ordered so that the first n are filled. We label the cusps in M by T;
and we label the core curves of the solid tori by y;.

Corollary 4.13 Let J > 1,1y >0, €3 > € > 0, and n be given. There exists some K
such that the following holds: suppose M isa geometrically finite manifold with d > n
cusps. Suppose f; is a slope on the i —th cusp of M, 1<i<n<d.If the normalized
length of B; is at least K for each i, then

(i) we can fill in the n cusps with labeled meridians, obtaining a manifold M such
that each B; bounds a disk in M (in other words, the | J B; —filling of M exists),

(ii) if y; is the core curve of the torus used to fill the i —th cusp, then Z?:l I(yi) <y,
(iii) there exists a J —bilipschitz diffeomorphism

¢: M —Uj—, Te(Ty) > M =/, Te().
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Proof If the filled manifold M exists, the drilling theorem says that there exists
some [, depending only on J and €, such that if Y ;_; /(y;) <}, then there is a

J -bilipschitz diffeomorphism
¢: M=oy Te(Ty) > M = U=, Te(ri).

Let £ = min{/o, [} where /o is the constant given in the statement of the Corollary.
We will show there exists a K such that if the normalized length of B; is at least K
for 1 <i < n, then the filled manifold M exists, and the length of y; in M is less
than £/n.

We want to fill the cusps one at a time. Let M° = M , and if it exists let M be the
Bi filling of M=, We will use the notation /, (vj) to denote the length of y; in
M. In this notation, we want to show that M" = M exists and that Iz (y;) < £/n
forall 1 <i <n.

By the filling theorem, there exists some K’ (independent of i) such that if the
normalized length of B; in M~ is at least K’ then we have the following:

e The B;—filling of M~ which we will call M, exists.
o The length of y; in M’ satisfies I, (y;) < £/(n2").

e There is a 2-bilipschitz map ¢;: M~ — T (T;) — M’ — T (y;) for some
e3>€ >0.

Now let K > 4" K’. If the normalized length of f; is at least K, we can do the first
filling to obtain M !. We now apply the filling theorem inductively. In the i —th filling,
the length of y; (for any 1 < j <i) does not increase by more than factor of 2 since
¢; is 2-bilipschitz. We next claim that the normalized length of B; (forany i < j <n)
does not decrease by more than factor of 4.

Fix a torus cross-section 7 = T2 x {1} of the cusp 7j = T2 x [0, 00) contained in
M=!—T(T;). Let u be acurve on T homotopic to the meridian ;. The normalized
length of B; in M=V is I(u)//Area(T), where /(1) is the length of a geodesic
representative of p on 7" with respect to the induced Euclidean metric on 7'. Since ¢;
is 2-bilipschitz, the length of a geodesic representative of ¢; () on ¢;(7T") is bounded
by [(¢;i (1)) > I(t)/2, and also Area(¢;(T)) < 4(Area(T)). Thus

Hpi(w) _ 1w)/2
Area(¢; (T))  +/4(Area(T))
By [11, Theorem 6.12] (see the remark following Theorem 4.1), we can assume ¢; (7))

is a flat cross-section of the j—th cusp in M. Thus the ratio /(¢; (11))/ /Area(¢; (T))
in the left-hand side of the inequality above is the normalized length of 8; in M i
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This completes the proof that the normalized length of B; does not shrink by more
than a factor of 4 during the 7 —th filling.

Thus, for any 1 <i <n, the normalized length of B; in M~ is at least 4" * K’. So we
can apply the filling theorem #n times to get M , the | J B; —filling of M . This completes
part (i). Since the length of y; in M’ is less than £/(n2"), the length of y; in M is
less than (£/n)(2"~%/2") < {/n. Hence ' 1(yi) < €. Since £ = min{/y, I3} this
completes parts (ii) and (iii). O

Now suppose that M is the y —drilling of M, and let T' denote the new cusp of M.
Recall that if y is sufficiently short, the drilling theorem provides a bilipschitz diffeo-
morphism ¢: M — Te;(T) — M —Te,(y). There is a unique slope B on 9T, (T)
such that ¢(B) bounds a disk in Te,(y) C M, but B does not bound a disk in M.
Equlvalently, the B—filling of M (if it exists) is M . We say that § is the merldlan
of M. If y is sufficiently short, then one can bound the normalized length of § in M
from below. This is stated without proof of [20, Theorem 2.4(2)].

Proposition 4.14 Let K > 0. There exists [y > 0 such that the following holds. Let
M be a geometrically finite manifold containing a geodesic y of length less than ly. If
M is the y —drilling of M and B is the meridian in M that bounds a disk in M , then
the normalized length L of the meridian f in M is at least K .

Proof By the drilling theorem, there exists /; such that if /(y) < /; then there exists
a 2-bilipschitz map

¢: M —Te,(T) > M —Te,(y).

Suppose that R is the distance between y and dT¢,(y). The area of the boundary of
this Margulis tube in M is equal to

A(0Te;(y)) = A =2ml(y) sinh(R) cosh(R).

(For example, see [34, page 403].) Here 27 sinh(R) gives the length of the meridian
on dT¢;(y) in M. Define the normalized length of 8 in M to be Ly (B) =
27t sinh(R)/~/A. This is the length of (a geodesic representative of) ¢ () on 0Te; (v)
divided by the square root of the area of 0T, (). Unlike the normalized length of
in M, which is the length of B on 0T, (T") divided by the square root of the area
of dT¢;(T), the normalized length of 8 in M depends on the size of the Margulis
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tube (in this case €3).

27 sinh(R) VA
JA4  I(y)cosh(R)’

Thus Ly (B) = ‘,27rtla(—1;h)(R).

The estimates in Brooks and Matelski [23] imply that given any Ry, there is some /}
such that if /(y) </} then R > Ro. Hence, there is some /, such that if /(y) </,
then Lps(B) > 4K.

Now Ly (B) =

Now let [y = min{/y,/,}. This implies the filling map restricts to a 2—bilipschitz
diffeomorphism on the boundary tori: ¢—!: 0Te,(y) = 0Te,(T). Hence, as we saw
in the proof of the previous corollary, the normalized length of 8 in M is no less
than % times the normalized length of 8 on 9T, (y). Thus, the normalized length of
the meridian in M (which we are simply denoting by L) is at least

1

Remark One can also prove Proposition 4.14 using the tools developed in the proofs
of Proposition 4.4, Lemma 4.5. One defines a one-parameter family of cone-manifolds
by decreasing the cone-angle about y from 27 to 0, showing that the maximal radius
of a neighborhood of y does not become too small. There is some /; such that if the
length of y is less than /; then the one-parameter family of cone-manifolds can be
defined for all ¢ € [0, (277)?], and the estimate

du

<4
dt

can be applied for all 7. Recall that u(¢) — L? as t — 0 where L? is the square of
the normalized length of B in M, and u((27)?) = 27/I(y) when t = (27)?. From
this, one can see that given any K, there exists some /o such that if /(y) < /o then
L?> K2

5 Constructing a local model of the deformation space

Let .S be a closed surface of genus at least two, set N = S x I, and define the paring
locus P C AN to be a collection of annuli forming a pants decomposition of S x{1}. We
will define a space A and show that A locally models a dense subset of the deformation
space AH(N). We do this by constructing a map ®: A — MP(N) U MP(N, P),
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and showing that there is some open set U C A, a point o in MP(N, P), and a
neighborhood V of ¢ in MP(N) U MP(N, P) such that ®|y;: U — V is a homeo-
morphism. The definition of ® and the proof that it is continuous is in Section 5.5.
Then, in Section 5.6 and Section 5.7, we show that ® is a local homeomorphism to
MP(N)UMP(N, P) CAH(N). In order to find a point where MP(N) U MP(N, P)
is not locally connected, we must first show there exists such a point in A.

We begin by studying lower dimensional analogues to .A. Let Sy 1 and Sy 4 denote
the punctured torus and four-punctured sphere respectively. In Section 5.1, we define
spaces A; 1 and Ag 4 which, by Bromberg’s results [20], locally model the deformation
spaces AH(S1,1x1,0S1,1x1) and AH(So 41, 0S¢,4 xI) respectively. We define A
in Section 5.2 similarly, and relate A to the lower dimensional versions by showing
there exists a continuous surjection IT: A — A;; in Section 5.3. We use this in
Section 5.4, along with the fact that .4 ; is not locally connected [20], to show that
A is not locally connected. In fact, in Section 5.4, we find a point of A with the
property that any sufficiently small neighborhood of this point contains infinitely many
components that are bounded apart from each other. In Section 6, we will use this
description of the components of a neighborhood U C A and the filling theorem, which
is used in the definition of ®, to show that there is a point 6y € MP(N, P) such that
for any sufficiently small neighborhood o¢ € V C MP(N)U MP(N, P), the closure
of V' has infinitely many components. Along with the Density Theorem, this will be
used to show that AH(/V) is not locally connected.

5.1 The punctured torus and four-punctured sphere

Define Ny,; = S1,1 x1 and Py =09S1,1 x 1. Let P , be the union of Py, 1 with a
nonperipheral annulus in Sy ; x {1} about a curve b x {1} (see Figure 2) Let N 1,1 be
the mamfold obtained by removing an open tubular neighborhood of b x { } from Ni1,
and let P1 1 be the union of P; ; with the toroidal boundary component of N 1,1

Figure 2: Orient the curves a,b on Sj; and identify a presentation
71(S1,1) = {a, b). Similarly, orient a, b, ¢ on So,4 and identify a presentation
71(So,4) = {a,b,c).

Recall from Section 2 that the components of MP(Ny 1, P{ ,) are in one-to-one
correspondence with the marked pared homeomorphism types of manifolds pared
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homotopy equivalent to (Ny,1, P{’I). Fix an orientation on Ny ; and let N 1,1 denote
Nj,1 with the opposite orientation. Then there are two components of MP(Ny i, P{’l)
corresponding to F~1([(N 1, P{’l), id]) and F=1([(Ny 1, P{,l)’ id]). We denote the
former by MPy(N; 1, P{,l)'

Given any z € C, one can define a representation o,: 7y (Ny,;) — PSL(2,C) by

=7 g) =y 71):

For any o € MP(Ny,1, Pj ;) there is a unique z such that o is in the conjugacy class
of o (see [43, Section 6.3] and [37]). This defines an embedding of MP(N 1, P{ D)
into C. Let M denote the image of this embedding. That is,

M= {Z eC:o, EMP(NL], P{,l)}

One component of this is called the Maskit slice, M ™, and denotes the set of all z € C
such that o, € MPo(Ny 1, P{’l). The following lemma, due to Keen and Series [37]
and Wright [74], summarizes the basic properties of the Maskit slice we will need (see
also [20, Proposition 4.4]).

Lemma 5.1 The set M has two components: one component, M™, is contained in
the upper half plane. Its boundary lies in the horizontal strip {z | | <Im(z) <2} but
is not a horizontal line. The other component, M™, is the mirror image in the sense
that z € M¥ if and only if —z € MT . Also, the Maskit slice is invariant under the
horizontal translation z +— z 4 2.

Remark We are following the Keen—Series convention by defining M™* and M~ to
be open sets, whereas Bromberg uses M to denote the closures of these sets in [20,
Section 4]. The set M™ is also known as the Maskit embedding of the Teichmiiller
space of punctured tori.

Given w € C and a conjugacy class Qf representations o € MPy(Ny 1, P{,l), one can
define a representation o0,y of 7;(Ny,1) = (a,b,c|[b,c] =1) in the following way.
There is a unique z € M™ such that the representation o, represents the conjugacy
class o. Define

i@ =00, o)== ()

Note that 0y, is an actual representation of (ﬁ 1,1), but we will also use 07,4 to
refer to the conjugacy class.
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Define A; ; to be

A= {(0, w) € MPo(Ny,1, P{,l) xC:w= 00, or
0z,w EMP(]VI,I, 1’3\1,1) and Im(w) > 0}.

Note that this is what Bromberg calls ./Zi in [20].

One defines Ag 4 similarly. Let No 4 = So,4 X1, let Py 4 =0Sp 4% I, and define P
to be the union of Py 4 with a nonperipheral annulus in Sg 4 % {1} whose core curve
is ab x {1} (see Figure 2). Let ]\70,4 be the manifold obtained by removing an open
tubular neighborhood of ab x {%} from No 4, and define 130,4 to be the union of Py 4
with the toroidal boundary component of Ny 4.

Given any 0 € MP(Ny 4, P} ,). there is a unique z € C such that the representation
0z: w1 (No,4) — PSL(2, C) defined by

B _ .2
oz(a) = (_; ?) 0z(b) = (1 0), oz(c) = ( 1;22 _12_222)

represents the conjugacy class of o [43, Section 6.1]. Note that for any z, one can

check that
12
oz(ab) = (0 1) .

The Maskit slice for Sy 4, denoted MO 4 is the set of all z € C such that o, €
MPy(No,4, P 0, 4) and its mirror 1mage in the lower half plane will be denoted by
/\/l0 4~ Again, we let Mo 4 = /\/lo Y Mo 4 Kra shows that z € My 4 if and only if
2z € M [43, page 558].

Given w € C and a conjugacy class of representations 0 € MPo(No 4, P, 4) one can
define a representation oy, of nl(No 4)={a,b,c,d|[ab,d]=1) in the following
way. There is a unique z € M(J{’ 4 such that the representation o, represents the
conjugacy class 0. Define

020(@) = 02(@), 020(B) =02(b),  0zu(c) = 02(0),  Ozu(d) = (<1) If) |

Define Ap 4 to be

.Ao4—{(0 w)eMPO(N04,P64)xC w = 00, Or
Ozw € MP(NO 4, Po 4) and Im(w) > 0}

Given 0 € MPy(Ny,;, P{ ) and w € C, Bromberg characterizes when (o, w) € Ay ;.
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Lemma 5.2 (i) (Bromberg [20]) Let o, € MPo(Ny 1, P{ ) and w € C with
Im(w) > 0. Then 0,4, € MP(Ny 1, Py,1) if and only if there exists an integer n
such that z —nw e M* and z — (n + 1)w € M™.

(ii) Leto,€MPy(No 4. Py ,)and weC withIm(w)>0. Then Uz,wEMP(ﬁO,4,ﬁ0,4)
if and only if there exists an integer n such that z — nw € M(J{4 and
z—(n+DweMgy,.

Remark Part (i) is [20, Proposition 4.7]. The proof of (ii) is nearly identical to that
of (i), and we refer the reader to [47, Lemma 5.1] for the necessary adaptations.

Although in the definitions of 4; ; and A 4 we only require Im(w) > 0, the following
lemma allows us to give a positive lower bound. This will be used to obtain Corollary 5.6
which is used in the proof of Lemma 5.13.

Lemma 5.3 If (o,w) € Ay,1, then w = oo or Im(w) > 2. If (o, w) € Ao,4 then
w = oo or Im(w) > 1.

Proof If (0, w) € A, 1, then there is some z such that the conjugacy class of o is 0.
If w # oo, then by Lemma 5.2(i) there is some integer 7 such that z —nw € M™ and
z—(m+ 1)w e M™. Thus Im(w) is at least as large as the vertical distance between
the components of M. Wright shows that if Im(z) <1 then z ¢ M™ [74] (see also
[43, page 534, 558] and the comments after [37, Proposition 2.6]). Since { € M™ if
and only if —¢ € M™, the distance between these two components of the Maskit slice
is at least 2. It follows that if (o, w) € A;,; and w # oo then Im(w) > 2.

The four-punctured sphere case is similar. Suppose (0, w) € Ag 4 and w # oo. Let z
be such that the conjugacy class of o, is 6. By Lemma 5.2(ii), Im(w) is at least the
vertical distance between the two components of M 4. Since § € M, 4 if and only if
2¢ € M [43, page 558], we must have Im(w) > 1. m|

5.2 The model space A

For surfaces with higher dimensional Teichmiiller spaces, the construction of A takes
more bookkeeping but is otherwise similar to A; ; and Ag 4.

Recall N = S x I. Let {)/,-}?’=1 be a pants decomposition of .S (recall from Section 1
that we will abbreviate d = 3g — 3). Although fixing any pants decomposition would
be acceptable, we will make some choices that make it more convenient to apply results
of [20]. We will choose y, to be a curve that separates S into a punctured torus
and a punctured genus g — 1 surface, and let y; be a curve in the punctured torus
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Vi Y2

Figure 3: Part of the pants decomposition that we will fix throughout the rest
of the argument

component of S — y,. Also, fix an orientation on each y; to distinguish y; from its
inverse in 71 (S).

For each i, define a homeomorphism G; from either Sy ; or So 4 to the component of
S-y ;i vj) containing y;. Moreover, using the markings of S;,; and So,4 from
Figure 2, define G; on Sy ; so that (G;)«(b) = y; and define G; on Sy 4 so that
(Gi)«(ab) = vyi.

Let P be a collection of d disjoint annuli in .S x {1} such that y; x {1} is core
curve of the i —th annulus of P (see Figure 3). Then MP(N, P) has 24 components
corresponding to whether y; is parabolic to one side or the other. For two of these
components, all of the parabolics will be on the same side of N . In other words, for
any p in one of these components, M, will have exactly one closed component of its
conformal boundary homeomorphic to . Using the notation from Section 2, these
two components can be identified with F~![(N, P),id] and F~'[(N, P),id] where N
denotes N with the opposite orientation. Label the former component by MPy(N, P).
These will be the marked hyperbolic manifolds with a rank—1 cusp associated to each y;
such that the cusps all occur to the “top” of the manifold.

We now elaborate on what we mean by the “top” of a hyperbolic manifold. This
discussion will be useful in distinguishing whether or not a point p € MP(N, P)
lies in MPy(N, P). Given p € MP(N, P), there exists an embedding f: S — M, =
H3/p(y (N)) such that f; = p. The orientation on S induces an orientation on f(S).
This orientation, together with a normal directionto f(.S), defines an orientation on M,
and for only one of the two normal directions will this orientation be compatible with the
orientation induced on M, as a quotient of H?. This distinguishes a top side of f(S),
and we say the top of the manifold M, with respect to f(S) is the component of
M, — f(S) thatlies to the top side of f(S). If p € MP(N, P), then there are d rank—1
cusps associated to each of the components of P. If each of these cusps lies in the top
of M,— f(S), then we say p € MPo(N, P). Since any two embeddings f: S — M,
such that f, = p are isotopic [73], this notion is independent of the map f'. Likewise,
if p € MP(N, P) and X is a conformal boundary component of M, then we can
distinguish whether X lies on the top or bottom side of M.
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Let N be obtained by drilling a set of d curves out of N . Specifically, let y; x {1/2}
be a collection of d curves in S x {1/2}. Let U; be an open collar neighborhood of
vi X {1/2} such that the elements of the collection | J U; are pairwise disjoint. Let

d
N:N—UUi.

i=1

Define P = |J 0U;. Note that 7, (ﬁ ) is generated by 71 (N) and d new elements S;
corresponding to meridians of dU;. Since the meridian of dU; commutes with any
longitude of dU;, there are new relations. We will use y; to denote both a curve and
the element of 71 (/N) corresponding to that curve. Then [8;, yi] = 1. We write

7 (N) = (71 (N), B1..... Ba | [Bi. il = 1)

with the understanding that 71 (/N) has generators besides y; and some of its own
relations.

Given 0 € MPo(N, P) and w = (wy,...,wg) € C?, we describe a process for
constructing a representation oy, 71 (N ) — PSL(2,C). We can find a representative
in the conjugacy class determined by o (which by an abuse of notation, we still refer

to as o) such that
12
o(y1) = (0 1) .

-3 -2
o(y2) = ( y ) -
We choose these matrices to parallel the construction of A; ; in the previous section.
Recall that we fixed some homeomorphism G; from §; ; to the subsurface of S

bounded by y, that contains y;. There is a unique z € M™ such that o o (G{)« is
conjugate to 0. Note that for any z,

o;(b)= ((1) f) =00(Gy)x(b), o,(b" 'a ba)= (_23 _12) =00(Gy)x(b"'a" ba).

Thus, specifying o on y; and ), determines a well-defined representation in the
conjugacy class of o that restricts to o, for some z on G1(S;,1).

We define oy, : w1 (N —U;) — PSL(2,C) by oy, (¢) =0 (x) forall « € 7y (N) and
I w
w0 =y ")
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We then inductively define oy, ... .w;: 71 (N — U§=1 U;j) — PSL(2, C) by conjugating

Owy,...,w;—; SO that
12
Owy,ceowi—y (Vi) = (O 1)

(there is some ambiguity here that will be clarified below). Then define oy, ... ,w,; by

turn B0 = (g ')

As we indicated above, specifying that we should conjugate oy,

sent to
12
01

does not determine a unique representation, but we now show how a unique representa-
tion can be specified. Each curve y; lies in either a four-punctured sphere or punctured
torus component of

s—-Uw

J#i
that we have marked by a homeomorphism G; from S;; or So4. If y; liesin a
punctured-torus component bounded by some curve y; then we conjugate oy, ... w;_,
such that

.....

w;—, SO that y; is

.....

12 1, —3 -2
le,.--,wi—lo(Gi)*(b):(() 1) and oy, w;_;°(Gi)«(b 1, 1ba)=(2 1).

Since G; was chosen so that (G;)«(b) = y;, this ensures

12
le,...,wifl()/i) = (0 1) s

-3 =2
Gwl,---,wi—l(yj) = ( 2 1 )

specifies oy, ,...,w;_, uniquely.

and the condition that

If y; lies in a four-punctured sphere component, then we conjugate oy, ... w,;_, SO that

.....

32 10
Owy....w;_; © (Gi)x(a) = (_2 1) and oy, w;_; ©(Gi)«(b) = (2 1) .

It follows that

12
a1 Gab) = g 7))
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After d steps, we get a well-defined representation oy, ,... ., Which we also denote by
ow: 1 (N)—PSL(2, C). By construction, for each i there exists some representation
in the conjugacy class of oy, such that the generators y;, 8; of m1(dU;) are sent,

respectively, to
12 1 w;
(0 1) and (O 1).

Given o € MPy(N, P), not every choice of w = (wy,...,wg) € C? will result in
ow € MP(N, P). Thus we are led to the following definition:

Az{(a,w)eMPo(N,P)x@d:w:(oo,...,oo), or
Im(w;) > 0 and oy € MP(N, P)}.

5.3 Projections of A to A; ; and Ay 4

Now that we have defined the model space A, we want to use the fact that A4; ; is
not locally connected [20] to show that A is not locally connected. In this section, we
show there is a continuous surjection IT: A — A; 1, and in the sequel we explain how
this can be used to relate the local connectivity of A and A; ;.

By our choice of pants decomposition (see Figure 3), the annulus y, x [0, 1] cuts N
into two pieces, one of which is homeomorphic to N; ; (and so we will refer to
this component as Nj ). Given o: m(N) — PSL(2, C), the restriction of o to this
punctured torus defines a representation o, (n; ;): 71(N1,1) — PSL(2, C).

Lemma 5.4 If 0 € MPo(N, P), then 0|, (N, ;) € MPo(Ny,1. Py ).

Proof Thurston showed that finitely generated subgroups of geometrically finite
Kleinian groups with nonempty domain of discontinuity are geometrically finite [62,
Proposition 7.1]. Since P{ 1= P N Ny, if o is minimally parabolic with respect
to P, then oy, (n, ;) is minimally parabolic with respect to P{,I. Thus, 0|z, (v, ) €
MP(N]J, P{,l)'

Let /S — H?/o(m;(N)) be any embedding that satisfies fx = o. Since o €
MPy(N, P), all of the cusps lie to the top of the image of this embedding. The
manifold H3/a|m(N1_l)(n1(N1,1)) covers H3 /o (1(N)), and the restriction of f
to the punctured torus Sy,; containing y; lifts to an embedding f/s, ;: S1,1 —
H3/0|n1(N1.1)(n1(N1,1)) such that fx = 0|z, (n; ). The cusp corresponding to y;
must lie above this embedding; hence, oz, (n; ;) € MPo(N1 1, P{’l). |

Lemma 5.4 allows us to define the projection map in the following lemma.
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Lemma 5.5 The map II: A — MPy(Ny ;. P ) X C defined by

(o, wy,...,wg) = (0|,,1(N1‘1), wi)

is a continuous map such that TI(A) = Ay ;.

Proof We first claim IT(A) C A;,;. Recall the definitions of A and A; ;. If a
point (o, wq, .. wd) € A satisfies (wy,...,wg) # (00,...,00) then the extension
Owy,....wy € MP(N P) There is a nl—lnjectlve pared embeddlng L N1 1 — N,

such that the representation oy, .. w, © tx: 71 (N1,1) — PSL(2, C) is conjugate to the
extension of 0| (n, ;) by wi. So this extended representation is discrete, faithful,

geometrically finite, and minimally parabolic with respect to IA’IJ . Note that we are
again using that finitely generated subgroups of geometrically finite groups are geomet-
rically finite, provided the domain of discontinuity is nonempty. Thus the extension of
Ol (Ny) by wy lies in MP(]/\71’1, 131,1), and so by the definition of A; ;, we have
(o, wy,...,wq) = (O lz, (N, 1)»w1) € Ap1- I (wy, ..., wg) = (00, ..., 00) then it
follows immediately from Lemma 5.4 and the definition of IT that I1(o, 00, ...,00) =
(0 lzy(vy.1)»00) € A1

We now use Klein—Maskit combination to show that 4; ; C I1(A). We begin by
defining some new pared manifolds that arise as pieces of N and N (see Figure 4).
The annulus y, x [0, 1] divides N into two pieces. Let Nj; denote the closure
of the piece containing y; and let N3 denote the closure of the remaining piece
containing ys,...,Yq. Let N1 1= = Ny, 1 — U; and N3 = Ufl_3 U;. Define
iy =0Uy U (r2 x[0.1)) and Py = (U3 95 U (y2 x [0, 1]).

Next define N, = N_Ui;éz U; and set P to be the union of the d —1 tori U#z oU;
with the annulus in P C S x {1} whose core curve is homotopic to . We then obtain
(N, P) from (N,, P;) by drilling out y,. Again, refer to Figure 4.

For any (p,w) € Ay,1, w # 0o, we have py € MP(]\AII,I, 131,1). We can choose a
representation py: 71(Ny,1) — PSL(2, C) in the conjugacy class p,, such that

p1(y2) = ((1) f) .

Since py, is an extension of p, some representation o;: w1 (N 1) — pi1(m (]Vl,l))
represents the conjugacy class p € MPy(Ny 1, P{,l)' Note that the top and bottom of
H3 /oy (1 (Ny,1)) are well-defined: the conformal boundary component on the top of
H?3 /o1 (1 (Ny,1)) is a thrice-punctured sphere, and the bottom is a punctured torus.
For any p; chosen as above, there is some C; such that B* = {z € C : Im(z) > C;}
and B~ = {z € C : Im(z) < —C,} are precisely invariant for the subgroup (p1(y2))
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Figure 4: Some of the pared manifolds we are using (illustrated in genus 3).
The shaded regions indicate the paring locus.

in py(my (ZV 1,1)). Without loss of generality, we can assume that p; has been chosen
such that BT C Q(p;) C Q(01) projects to the top surface of Q2(o7)/01 (w1 (Ny,1)).

Next, let M 3 be a geometrically finite hyperbolic 3—manifold homeomorphic to the
interior of ﬁ3 whose only cusps are those associated to 183. Let /15 be an orienta-
tion preserving pared homeomorphism from (]\73, 133) to the relative compact core
of M 3. The boundary IN 3 — 133 has a top and bottom component, both of which
are homeomorphic to a punctured genus g — 1 surface Sg_1,;. We will call these
Sg—1,1,10p and Sg_1,1,pot- The homeomorphism /3 distinguishes a top and bottom
component of the relative compact core of M 3 and thus distinguishes a top and bottom
of the conformal boundary of M 3. Define a representation p3: 74 (]V3) — PSL(2,C)
conjugate to (/13)4 such that

~ 12
(b) B3 ={z e C :Im(z) > —Cy — 1} is a precisely invariant set for the subgroup
(P3(y2)) in p3(1(N3)),

(c) the component of (p3) containing B3 projects to the bottom conformal bound-
ary component of M3.
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Let 03 = p3ln, (Se—1.1.00) - Thatis, o3 is the restriction of p3 to the natural inclusion of
the fundamental group of the bottom surface into 7 (N 3). Thus, H?/o3(( (S e—1,1))
has a rank—1 cusp associated to each of the curves y;,, ..., yz. The cusp corresponding
to y, corresponds to the boundary of S, 1, and the cusps corresponding to y3, ..., g4
are on the top since the representation o3 was constructed from the inclusion of the
bottom surface into 1\73. Hence, 03 € MPy(Sg—1,1 X I, (Sg—1,1 x{1}) N P).

Now we can apply type I Klein—-Maskit combination along the subgroup (03 (y2)) =
(,01()/2)) See Section 2.1 for references and notation. Observe that m1(N,) =
nl(Nl 1) *(y,) 7r1(N3) Define a representatlon p2: 1 (N,) — PSL(2,C) by set-
ting p,(x) = p3(x) for all x € nl(N3) and py(x) = pp(x) for all x € Jrl(Nl,l)
By construction, the representation p, is discrete, faithful, geometrically finite, and
minimally parabolic with respect to the paring locus P;.

We can also apply Klein—-Maskit combination to the subgroups o (m;(S,1)) and
03(m1(Sg—1,1)). Since m1(S) = m1(S1,1) *(y,) T1(Sg—1,1), we can define a rep-
resentation o: 7;(S) — PSL(2,C) by o(x) = o1(x) for all x € 71(S;,1) and
o(x) = 03(x) for x € m1(Sg—1,1). This defines a discrete, faithful, geometrically
finite representation whose parabolics consist precisely of the curves y; in S. Since
01 € MPy(Ny,1, P 1 1) and 03 € MPo(Sg—1,1 X 1,(Sg—1,1 X {1}) N P), the cusps cor-
responding to i, 3,..., Y4 are in the top of H?/o(;(S)). Moreover, since B~
and B3 cover the bottoms of their respective manifolds, the cusp associated to 3, is
also in the top. It follows that 6 € MPy(N, P).

To summarize, we now have a representation o € MPo (N, P) such that 0|5, (v, ;) =01
is conjugate to p. The next step is to find wy, ..., wg with I[1(o, wy, ..., wyg) = (p, w).

Since ¢ (]’\7 ) is generated by 71 (N,) and the meridian of the second torus boundary
component dU,, we can extend the representation p, to a representation p: 7y (N) —
PSL(2, C) by defining p to equal p, on 71 (N;) and sending the additional generator to

oy

for wy, € C. There is some constant C, such that if Im(w,) > C,, then we can
apply type II Klein—Maskit combination (see Section 2.1). In this case, p defines a
geometrically finite representation of 1 (/N ) which is minimally parabolic with respect
to (N, P).

On each torus boundary component of N there is a well-defined meridian. Up to
conjugation (that depends on i), we can assume p sends y; to

()
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In this case, there will be some w; such that the meridian of dU; is sent to

L)

With this definition of w; we now have a point (o, wy,...,wyg) € A.
Next, we check that w; = w and therefore I1(o, wy,...,wy) = (p, w). This follows
by construction. The extension of o by (wq, ..., wy) is conjugate to p. The restriction

of p to nl(ﬁl,l) is conjugate to py, (which is conjugate to p1). Thus w; = w.

Finally, if (p, 00) € Aj,;1, then we can pick any w’ # oo such that (p, w’) € Ay ;.

Following the same construction, we can find a point (o, w’, wy,...,wy) € A such
that oz (v, ;) is conjugate to p. Then the point (0, 00,...,00) is also in A and
satisfies (o, 00, ..., 00) = (p, ). |

Recall that each y; was contained in a four-punctured sphere or punctured torus
component of S — | J i vj- Given 0 € MPo(N, P), one can define II; similarly to
IT = I1; . The first coordinate is obtained by restricting o to the i —th such subsurface
and the second coordinate is defined by projecting (wq, ..., wyz) — w;. Lemma 5.5
generalizes to show that IT;(A) = A, ; if y; lives in a punctured torus or IT;(A) =
Ao.4 if y; lives in a four-punctured sphere. In fact, for i > 1, we will only need
the first paragraph of the proof of this Lemma which shows that IT;(A) C A;; or
IT;(A) C Aga.

We now get the following corollary to Lemma 5.3 and Lemma 5.5.
Corollary 5.6 For all (o, w;y,...,wyg) € A with (wy,...,wg) # (co,...,00), the
imaginary part of w; is bounded below by

Im(w;) > 1

foralli.

5.4 A is not locally connected

In [20, Lemma 4.14], Bromberg shows that there exists a point (o, 00) € A;,; at which
Ay .1 fails to be locally connected. We will use Lemma 5.5 to extend this failure of
local connectivity to .A. Although our statement of Lemma 5.7 differs from Bromberg’s
statement in [20], his proof implies this result (see also [47, Lemma 5.6] for a detailed

proof).
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Lemma 5.7 (Bromberg [20]) There exists a point zy € MT, aclosed rectangle R,
and constants §, ¢ > 0 such that if z lies in the § —neighborhood, O, of zy in C then
z e M and the set

A, ={weC: (0, w)e Ay}

satisfies
i) A;Nint(R) # @,
(i) The distance between A, and OR is at least c.

Moreover, we can choose R such that its sides are parallel to the axes and its width
is < 2.

Let W be an open neighborhood of o, in MPo(Ny,;, Py ;) such that for all o, € W,
z € 0. In other words, if 7: MT — MPy(Ny 1, P{ ;) is the homeomorphism z - o,
then W is a neighborhood of o, such that t=!(W) C O.

By Lemma 5.7, A;, Nint(R) # &, so let u; € int(R) such that (o,,u1) € Ay ;.

Lemma 5.5 shows that IT: A— Ay ; is a surjection, so there is some (0¢, U1, ...,Ug) €
H_l(az(,, u1). Note that since (og, u1,...,ug) €A, we have gy € MPy(N, P). Thus,
by the definition of A, we also have (g, 00, ...,00) € A.

We now claim that (og,u + 2n,...,ug + 2n) € A for all n. The definition of
(0o, Up,...,uq) belongmg to the set A is that the extension of oo by (u1,...,ugz) toa
representatlon of N lies in MP(N P) The extension of o by (1+2n,...,uz+2n)
(as in Section 5.2) has the same image in PSL(2,C) as the extension of oo by
(uq,...,uy) since the two representations differ by precomposition by an automor-
phism of 4 (]V ). The automorphism is the one induced by Dehn twists in the collection
of annuli {(y; x [%, 1N N } in N whose core curves are homotopic to the collection
of y; curves, and run from the torus boundary components to one of nontorus boundary

components. Hence, (o, u; +2n,...,ug +2n) € A forall n.

Let U be a neighborhood of (¢, 00, ..., 00) in A such that for all (o, wy,...,wy)
in U, the first coordinate of Il(o, wq,...,wy) lies in W. In other words, for all
(o,wy,...,wg) €U, 0|,,1(N1’1) eWw.

For each n, let C, be the collection of components of U defined by
C, =UNTI YW x (R + 2n))).

Equivalently,
Cn ={(0,w1,...,wd) elU:w; € (R+2I’l)}
Here, R + 2n denotes the box R translated by 2n.
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We have already produced a sequence of points
(0o, u1 +2n,...,ug+2n) € II"H(W x (R + 2n))

converging to (gg, 00, ...,00); hence, C, is nonempty for all but finitely many #.
Now we claim that C, and U — C,; are uniformly bounded apart from each other.

Lemma 5.8 There exists some ¢ > 0 such that for all n, if (o, wy,...,wy) € C,, and
(o', wi,...,w)) €U —Cy then

w; —w)|>c.
1

Proof For any (o, wy,...,wy) € U, we have Olz (N1 1) € W . Since t~' (W) C O,
if we let z = 7(0|z, (v, ;)), then Lemma 5.7 implies that A, and dR are at least
a distance ¢ apart. It is a direct consequence of the symmetry in the Maskit slice
(Lemma 5.1) and Lemma 5.2 that the set A, is invariant under the translation w > w—+2.
Thus, points in .4, N (R + 2n) are bounded away from points in A, N (C — (R + 2n))
by a distance of at least 2¢ > c. a

Since C, is nonempty for all but finitely many n and the sets C, accumulate to
(09,00, ...,00), Lemma 5.8 implies that any neighborhood U’ C U containing
(09,00, ...,00), U’ has infinitely many components. Thus we have shown:

Proposition 5.9 There is a point 6o € MPo(N, P) such that A is not locally connected
at (0¢, 00,...,00).

Remark We do not need the closures of C, and its complement to be disjoint to
conclude that A is not locally connected, but we will need the full strength of Lemma 5.8
in the following section.

5.5 Definition of ®

Now that we have defined .A and shown that it fails to be locally connected at some point
(09, 00,...,00), we want to construct a map ® from a subset of 4 containing this
point into AH(S x I). In this section, we show that ® is well-defined on some subset
of A and in the subsequent sections, we will show that ® is a local homeomorphism
from A to MP(N)UMPy(N, P) CAH(N) at the point (gg, 00, ..., 00).

As in [20, Section 3], we construct the map @ in two steps. Heuristically, the
points in A satisfying (wyq,...,wgz) = (co,...,00) parameterize MPy(N, P), while
the points (o, wq,...,wy;) € A parameterize a subset of MP(N, P). For points
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(0,00,...,00) € A, the representation ¢ € MPy(N, P) CAH(N ), so we will define
®(0, 0, ...,00) = 0. For all other points (o, wy,...,w,) € A, the representation
O(wy,...,wg) € MP(]V, ﬁ) and so ]I-]I3/c7(w1 wg) (T (]\7)) is a marked hyperbolic man-
ifold with d rank—2 cusps. For these points, we will define ®(o, wy,...,w;) to be
the marked hyperbolic manifold in MP(N) obtained by filling in these cusps. We use
the filling theorem to show that ® is well-defined on some subset of A and that & is
continuous.

Let (0, w) € A such that w # (00,...,00). By the definition of A we have that
ow € MP(N, P). Let My, = H? /0y (71 (N)) be the corresponding geometrically
finite manifold with d cusps.

Recall that €3 denotes the Margulis constant in dimension 3. By Corollary 4.13, there

is a constant K such that if ]
Wi

——>K
v/ 2 Im(w;)
for all i, then we can B;—fill the i—th cusp (i = 1,...,d) to get a hyperbolic mani-
fold My 4, with the same conformal boundary as A’Zg,w, and there exists a bilipschitz
diffeomorphism
bo,w: Ma,w - Te_; (T)— Ma,w - Te3 (¥).

Here T denotes the union of the cusps 7; and y denotes the union of the curves y;.

Define
|w;|
v/ 2 Im(w;)

Recall that 6 € MPy(N, P) can be identified with a marked hyperbolic manifold
(My, f5). Without loss of generality, we can assume that f; is a smooth immersion
and that f,(N) does not intersect the e;—parabolic thin part of M, since fy, is
only defined up to homotopy. As o (;r1(/NV)) is a subgroup of oy, (71 (]V )) we have a
covering map

AK:{(a,w)EA:w:(oo,...,oo)or >Kfora11i}.

Tow: Me — A/ig’w.
Now define
fa,w = ¢a,w O TTg,w © fcr-
Since we have as/s\umed Jo (N) avoids the e3—parabolic thin part of My, 7,0 fo(N)

is contained in Mg,y — Te,; (T'). Thus, postcomposition by the filling map ¢4, makes
sense here.

We next claim (as in [20, Lemma 3.6]) that (fs,, ) is an isomorphism from 71 (N) to
71(Mg,w) and therefore (Mo, fo,w) € AH(N). First observe that f, is a homotopy

Geometry € Topology, Volume 16 (2012)



1300 Aaron D Magid

equivalence so we only need to show that
(Po,w)x © (To,w)s: 1 (Mo) = 71 (Mo,w)

is an isomorphism. Recall nl(ﬁ) = (m(N),B1,...,B84 | [Bi,vi]=1). By the
definition of the covering map 74, and the definition of the representation oy,

71 (Mo) = ((7T0,)x (11 (M), 0w (1), - - 0w (Ba) | [ow(B), 0w (yi)] = 1).

Now the filling map (¢o,1)+ kills the meridians in ]Qa,w which were precisely the
group elements gy, (8;). Thus

(o)« (1 (Ms)) N Ker((¢o,w)x) = {1}

and therefore (¢g,w ) ©(7o,w)+ is an isomorphism from 7; (M) onto its image, which
IS 7T1 (Mg,w) .

Moreover, as the filling preserves the conformal boundary components of A’l\ajw and
the filled manifold My, has no cusps, (fo,)+ is a minimally parabolic, geometrically
finite representation in AH(N).

So we define

o) = {0200

if w=(o0,...,00).
Therefore we have defined ® on some subset Ax C A that satisfies ®(Ag) C
MP(N)UMPy(N, P).

Lemma 5.10 The map ® is continuous on Ag .

Proof Let (0g,wp) be a point in Ag with wqg # (00, ...,00). Let B be the com-
ponent of (Ax —{(o,w) : w = (o0, ...,00)}) containing (gg, wg). Clearly the corre-
spondence (o, w) > 0y, is a continuous map from (Ax — {(o, w) : w = (0o, ...,00)})
to MP(]V ﬁ) so takes the component B into one of the components C of MP(N ﬁ)
Recall from Section 2 that C F~ 1([(NC, PC) hc]) for some [(NC, PC) hel €
A(N P) For any point ( fp) € C, the map fz0h, Uis homotopic to a pared
homeomorphism from (NC, PC) to the relative compact core of My, and thus we
can use Sfpohe ! to define a marking from BNC Pc to the conformal boundary
of M 5- The Ahlfors—Bers parameterization ABC C— T(BNC PC) is defined by
sendmg (M3, f5) to the conformal boundary of MA marked by 505 1. Similarly,
let AB: MP(N ) — T (0N) be the Ahlfors—Bers parameterization of MP(N ).

For any (0, w) € B, we showed in the definition of ® that (f5,4 )« is an isomorphism.
Thus the | /¢ (Bi)-Dehn filling of (N¢, Pc) has fundamental group isomorphic
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to m1(N), a surface group, and therefore is homeomorphic to N [32]. Here, the
U/ (Bi)-Dehn filling refers to the collection of ﬁlhng slopes correspondlng to
B1,...,Bq under the homotopy equlvalence he: (N P) (NC, PC) This fill-
ing gives us an inclusion ic: (NC, PC) — N which defines a homeomorphism
ic: (aﬁc — 13(;) — dN . Using this homeomorphism, we can identify 7 (aﬁc — Isc)
with T(OIN) = T(S)xT(S).

With this identification of the Teichmiiller spaces of (BZ\AIC — ﬁc) and JdN , it follows
that ®(o, w) = AB ! o AB c(oy) for any (o, w) € B since the filling map ¢g.y
extends to a conformal map from the conformal boundary of Mg,w to the conformal
boundary of My, . Since the Ahlfors—Bers maps are homeomorphisms, this shows
that ® is continuous on the component B of (Agx —{(o,w):w = (c0,...,00)})
containing (og, wg). Since (og, wg) was arbitrary, we have that ® is continuous on
all of (Ag —{(o,w) : w = (0c0,...,00)}).

Next, we show & is continuous at points where w = (o0, ..., 00). Suppose
(07, Wiy ..., Wq ;) — (0,00,...,00).

We claim that ®(0;, wy;,...,wg ;) = ®(0,00,...,00) =0. If (Wy,...,wg,;) =
(00, ...,00) forall i, then clearly ®(o;, wi;,..., Wy ;) =0; —> 0.

Now suppose that (wq;,...,wg;) # (00,...,00) for all i. Let (My, f5) be the
marked hyperbolic 3—manifold corresponding to o. Again, assume that f, is smooth.
Since 0; — o, there is a sequence L; — 1 and smooth homotopy equivalences
gi: My — My, such that (g; o fo)« = 0; and g; is an L;-bilipschitz local diffeomor-
phism on a compact core of M, (ie, the maps g; converge to a local isometry). If we
let f5; = gi © fo, then the pullback metrics on N via f,; converge to the pullback
metrics on N via f,. See [13, page 154] for this geometric definition of algebraic
convergence (see also McMullen [58, page 43]).

Recall, by definition, ®(0;, w;) = (Mg, w,, fo;,w;)> Where fo, w; = Po; w; ©To;,w; © Jo; -
(Notation: we abbreviate the d —tuple (w; ;, ..., wg,;) by w; and use a double subscript
to refer to the j—th entry, w; ;, of w;.)

Since for each j, wj; — oo as i — oo, we can find a sequence J; — 1 such that
¢o; w; 1s Ji-bilipschitz away from the e3—neighborhood of the cusps of My, ;. In
particular, ¢q,; w,; is J;—bilipschitz on w4, w; (fo; (N)).

It follows that the limit of the pullback metrics on N via the maps fo, w;: N = My, w;
is the same as the limit of the pullback metrics on N via mg; w, © fo; since fo; w;, =
®o;,w; © To;,w; © Jo; - The covering map is a local isometry so this limit is the limit of
the pullback metrics on N under fy, . Since 0; — o, the limit of the pullback metrics
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on N via f4; is the pullback metric on N via f;. To summarize, the limit of the
pullback metrics on N via the maps fo; w;: N — My, w, is the pullback metric on N
via fo: N — M, . This convergence of metrics implies that ( /5, w, )+ converges to o
in AH(N) [13]. O

Remark Lemma 5.10 is essentially the same as [20, Proposition 3.7], but when there
are multiple cusps we need to use the multiple cusp version of the filling theorem
(Corollary 4.13) which requires all of the w—coordinates to go to infinity. This is the
why we have defined A to exclude points (o, wy,...,wy) where some but not all of
the w—coordinates are oco.

5.6 An inverse to ®

We now construct a map ¥ from a subset of MP(N) U MPy(N, P) to A. For any
0 € MPy(N, P) and any sufficiently small neighborhood of o in MP(N)UMPy(N, P),
W will be an inverse to ©.

Fix arepresentation 69 € MPy(N, P). For p in some neighborhood of o, the definition
of W will have two coordinates W(p) = (£(p), ¢(p)) € MPy(N, P) x C9. We will
actually begin by defining a neighborhood V' of o such that for p € V/, &(p) €
AH(N, P). We will then restrict to a smaller neighborhood V' such that £(V) C
MPy(N, P) and (£(p),q(p)) € A. Before defining this neighborhood of oy on which
W is defined, we set up some notation and background.

Let 7 (NN) denote the space of smooth, hyperbolic metrics on N with the C*°—topology
(see [26, 1.1.1] for the definition of a (PSL(2, C), H?)—structure on a manifold with
boundary, and 1.1.5 for a description of the space H(N) which is denoted Q2(N)
in [26]). If we let D(N) be the space of smooth developing maps N — H? with the
compact—C> topology, then H(N) is the quotient of D(N) by PSL(2,C) acting
by postcomposition. Note that H(N) is still infinite dimensional since we are not
identifying developing maps that differ by the lift of an isotopy. Let H: H(N) — X(N)
be the holonomy map. Theorem I.1.7.1 of [26] locally describes H(N). See [26,
Chapter I] for more details.

Theorem 5.11 (Canary—Epstein—Green [26]) Let Ny, be a thickening of N (ie, the
union of N with a collar 9N x I). Let Dy: Ny — H? be a fixed developing map.
A small neighborhood of Dy| 5 in D(N) is homeomorphic to X x Y where X is a
small neighborhood of the obvious inclusion N C Ny, in the space of locally flat em-
beddings, and Y is a neighborhood of the holonomy map H (D) in the representation
variety R(N). A small neighborhood of Dy in H(N) is homeomorphic to X X Z
where Z is a small neighborhood of the conjugacy class of H(Dy) in the character
variety X(N).
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We now let V'’ be a neighborhood of 69 € V/ C MP(N)UMPy(N, P) that satisfies the
properties (1)—(4) given below. Roughly, V"’ is a neighborhood on which we can define
asection ¢: V' CAH(N) — H(N) and such that if p € V' then the length of p(y;) is
short in M. The existence of such a neighborhood follows from the arguments given
in [20, Section 3.1] and Theorem 5.11, although we include justification for why we
can define V' with these properties after the statement of each property.

Fix a smooth embedding sg,: N — My, such that (s¢,)x = 0. Let go, be the
pullback of the hyperbolic metric on N. We can choose s, so that the core curves of
the annuli in P (ie, the curves y; x {1}) have length less than €3/4 in the g5, metric.

(1) There exists a continuous section ¢: V' — H(N) to the holonomy map such that
Q(O'()) = Zoyp-

The existence is given by Theorem 5.11. For any p € V', define g, = g(p). We
emphasize that, by the definition of a section, H(g,) = p.

(2) For any pq, p, € V’, the identity map

id
(Nv g,Ol) - (N’ gpz)
is 2-bilipschitz.
This follows from the continuity of ¢ and the topology on H(N).

(3) Forany p € V', there is a locally isometric immersion s,: (N, gp) — M, where
M, = H3/p(r;(N)) is equipped with the hyperbolic metric, such that (s,)« = p.
Moreover, there is some €3 > €9 > 0 such that s,(/NV) is contained in the €o—thick part
of M.

The existence of s,: N — M, with (sp)« = p is given by Theorem 5.11. We now
find €. There is some K such that for any point x € (N, gq,), there are loops «, 8
based at x of length less than K such that the group generated by « and S is not
virtually abelian. For example, one can find a point x¢ and loops ¢ and B¢ based at
Xo that generate a free group, and then let K be larger than the sum of the diameter of
(N, go,) and the lengths of o and By. Since for any p € V', id: (N, g5,) = (N. gp)
is 2-bilipschitz by (2), at any point x € (V, g,) there are loops based at x of length
less than 2K generating a free group. There exists some €3 > €¢ > 0 such that for
any component Te, of the €p—thin part of any hyperbolic manifold M , the distance
between 0T, and 0T, is at least K.

Suppose s,(x) € sp(N)NM, pSEO for some x. Then since s, is a homotopy equivalence,
there are loops based at s,(x) that generate a free group and therefore must leave
the e3—thin part of M,; however, to do so they must have length greater than 2K
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contradicting that s, is a locally isometric immersion. Thus there exists some €y such
that 5,(N) is contained in €o—thick part of M, forall p e V'.

(4) Let ¢ be the constant in property (3). Let /o be the constant from the drilling
theorem such that the drilling map is a bilipschitz diffeomorphism outside an €g—
Margulis tube about the drilling. Let /; = min{ey/8,/y}. Then for any p € V' we
have the length of y; in M), is less than /1, foreach i = 1,...,d. We can assume V'’
has this property since the length of any fixed curve y; is a continuous function on the
character variety.

Notation Here, the length of y; in M, is really the length of the unique geodesic
representative of s,();) in M,. For the remainder of this section, we distinguish
this geodesic representative by s,();)*. This curve is homotopic to s,(y; x {t}) for
any 7, but its length is less than or equal to the length of s,(); x {¢}). We make this
distinction since we will also be using the length of s,(y; x {¢}), which is the length

of y; x {1} C(N.gp).

Now we construct the map & which will be the first coordinate of ¥. When p €
V'O MPy(N, P), set £(p) = p. Otherwise p € V' N MP(N) so let (Mp,s,) be the
associated marked hyperbolic 3—manifold. Note that by properties (1) and (3) of the
neighborhood V’ we can use s,: N — M, to mark M.

By property (4), the length of each s,(y;)* will be short in M, so we can drill out
Sp(Y)* =sp(y1)* U---Us,(yg)* and get a hyperbolic manifold M,. Let

Vp: My —Te(sp(y)*) — A?p —Teo(T)

be the inverse of the map ¢ from the drilling theorem (Theorem 4.1). Let M be
the cover of Mp associated to (¥, 055)«(1(N)). Let fp N — Mp be the lift of
Yposp: N — Mp Note that s,(N) will be contained in M, — Te,(s,(y)*) by (3),
so it makes sense to compose with v/,. In [20, Lemma 3.3], Bromberg shows that the
representation (fp)«: 71(N) — 71(M,) C PSL(2,C) is in AH(N, P).

Thus we can define £ by

(fo)s if p€ MP(N),

5(p) = {,0 if p € MPo(N, P).

The following Lemma is a restatement of [20, Lemma 3.4].

Lemma 5.12 The map £ is continuous at all points in V' N MPy(N, P).

Geometry & Topology, Volume 16 (2012)



Deformation spaces of Kleinian surface groups are not locally connected 1305

Since &: V' — AH(N, P) is continuous at points in V' NMPy(N, P), and MPy(N, P)
is an open subset of AH(N, P), we can restrict £ to a smaller neighborhood o €
V C V' C MP(N)UMPy(N, P) so that its image is contained in MPy(N, P) [20,
Corollary 3.5]. This allows us to use £(p) as the first coordinate of W(p) in the
definition of W. We now consider the second coordinate ¢(p).

If peV NMPy(N, P) then we set ¢(p) = (00, ...,00). Otherwise, we consider the
covermg Tp: Mp — Mp 1nduced by the image of the injection (Yp05p)«: w1 (N) —
nl(Mp) The group nl(Mp) is obtained from nl(Mp) by the same construction
described in Section 5.2. That is, £(p) = (Mp, Jp) corresponds to some represen-
tation o € MPO (N, P) and there is a unique (wq,...,wy) such that the extension
Owy,...,wg (JTI(N)) = JTI(Mp) We define this to be q(,o) (wi,...,wg).

Equivalently, w; is defined so that if we conjugate (¥, 05p)+ so that y; is mapped to

(53)

then the unique nontrivial element B; € 71 (dU;) C my (]\2 ) that bounds a disk in M,

will be
1 w;
01/

Now that we have defined ¢(p), we can define W: V — MPy(N, P) x c4 by

Y(p) = (£(p),q(p))

for any p € V. Note that we have defined ¢(p) so that W(p) € A for all p € V.
Unlike @, we only show W is continuous for points on the boundary of MP(N).
Although Lemma 5.13 is nearly identical to of [20, Proposition 3.8], we include a proof
since this is one of instances where we must keep track of multiple cusps and therefore
our setup differs from Bromberg’s.

Lemma 5.13 The map WV is continuous on V N MPy(N, P).

Proof Lemma 5.12 shows that £ is continuous on V N MPy(N, P). Now consider
a sequence p; — o where 0 € MPy(N, P). Since V(o) = (0,00,...,00) and we
know &(p;) — o, it suffices to show that ¢(p;) — (o0, ...,00). If p; € MPo(N, P)
then ¢(p;) = (00, ...,00) so assume that p; € V N MP(N). We will use the notation
q(pi) = (W1,,....wgq ;) and show w;; - oo asi —>oo for j =1,...,d.

Now for each j =1,...,d, the length of p;(yj) — 0 as i — oo because p;(y;) is
converging to a parabolic and length is a continuous function with respect to the alge-
braic topology on the deformation space. Proposition 4.14 shows that the normalized
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length of the j—th meridian, ;, goes to infinity as i goes to infinity. The normalized
length is given by
[wjil
Vv2Im(wj ;)
If w;; does not go to oo, then we must have Im(w; ;) — 0 as i — oo. This cannot
happen by Corollary 5.6.

It follows that ¢(p;) — (00, ...,00) = ¢(0) proving ¢ is continuous at any point
o € VNOMPy(N, P). Thus, ¥ is continuous on V N MPy(N, P). O

5.7 Local homeomorphism

Recall, in Section 5.5 we defined ® on a subset Ag C A and showed ® is continuous.
We now claim that there is some subset of Ag on which ® is continuous and injective.
See [20, Proposition 3.9].

Lemma 5.14 Let g e MPy(N, P). There is some neighborhood U of (oq, 0, ...,00)
in A such that ¥ o ®|y = id. In particular, ® is injective on U .

Proof Let V' be the neighborhood of oy on which W was defined. By the continuity
of ®, we can find a neighborhood U’ so that ®(U’) is contained in V', and for any

(o,wy,...,wg) €U’, 0 € V. We now consider W o ®|y.
Let (o, wy,...,wg) € U'. If (wyq,...,wy) = (00, ...,00) then ®(0,00,...,00) =
o and ¥ (o) = (0,00,...,00). If (wy,...,wg) # (00,...,00) then oy, . w,; €

MP(ﬁ , 13) Recall that the definition of ® in this case was
®(09 w17 ) wd) - (Ma,w’ fO',UJ)v

where My, was the filling of ]\20,71) = H3/0w1,...,wd (m1 (]V)) and f5,, is the com-
position ¢g,y © 75w © fo. Since o € V, the marking f5 is homotopic to a local
isometry s5: (N, g5) — My such that s5(N) C MZ (see the four properties of
the neighborhood V' defined in Section 5.6). Thus we can redefine the marking
Jo.w = o,w © Tew © S¢ Without changing the definition of ®(o, w). Also recall that
To,w 18 a covering map and therefore a local isometry, and

o,w: Ma,w — T, (T) = Mg — Te, (v)

is a bilipschitz diffeomorphism. (Recall that ® was originally defined on Ag so that for
any (o, w) € Ag, ¢o,w is a bilipschitz diffeomorphism on My, —Te,; (T'). By possibly
making U’ smaller, we can assume that ¢g 4, is bilipschitz on the My — Teo(T).)
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Thus fo,w = ¢o,w © To,w © S is smooth, and we let gg’w be the pullback metric on N
via fouw: N = Moyp.

By the assumption that ®(U’) C V, we can find a homotopic marking g, =~
Jow: N — My, satisfying the properties (1)—(4) listed prior to the definition of W.
However, we need that f 4, is homotopic to Sg,4 in My, — y in order to have the
drilling construction in W be the inverse to the filling construction in ©.

Let W be a neighborhood of g, (the pullback metric via s4,) in H~1(V) C H(N)
such that Theorem 5.11 applies. We first claim there is some U C U’ C A such that
if (o, w) € U, then gé,’w € W. There is some J such that if ¢4 4, is a J-bilipschitz
diffeomorphism and o is sufficiently close to oy, then g, € W. So, let U C U’ be
a neighborhood of (o, o0, ..., 00) in A such that for all (o, wy,...,wz) €U, o is
sufficiently close to 0g, and for all 7, |w;| is large enough so that the filling map ¢,
is a J —bilipschitz diffeomorphism.

Next we claim that there is a metric g € (V) C W and a locally isometry
Sow: (N, go,w) = Mg such that fs 4, is homotopic to sS4,y as a map into My —) .
This claim follows from product structure of W described in Theorem 5.11. More
precisely, let Ny, be a thickening of N. Then we can extend the local isometry
Jow: (N, 85.4) = Mg to alocal isometry fow m: (N, gé,w’th) — My, Where
gé’w’th is a hyperbolic metric on Ny that restricts to gé’w on N C Ny,. Then
there exists a locally flat embedding i: N — Ny, isotopic to the identity such that
So.w = fo,w,mol . Thus sg4 and fs,y are homotopic as maps inside fg v, (Nin) C M.
Since fo,w(N) C Mg,y — Te,(y), we can assume that the neighborhood W in H(N)
is small enough so that f5 . ih(Nin) C Mg, —y . Thus, f5 4 and sq 4 are homotopic
in Mgyp—7v.

It now follows from the definitions that

W(@(O’, wl, ey wd)) = \II(Ma’w, faﬁw) = \Il(Mg’w, Sg’w) = (0, wl, ey LUd). O
Lemma5.15 Let pe MP(N)UMPy(N, P). If ®oW is defined at p then oW (p) = p.

Proof If p€ VNMPy(N, P) then clearly W(p) = (p,00,...,00) and ®(¥(p)) = p.
If p€ VNMP(N), then recall that we can choose the marking s,: N — M, and define
]\’/ip to be the y—drilling of M. Then we let ]\7,) be the cover of ]\//}p asgociat/e\d to
(Yposp)« (1 (N)). If W(p)= (U,Awh s wy) then Mp=Mo, fp= fo, Mp=Mg,w,
and M, = Mgy . (To see why M, = My, see [20, Proposition 3.10 and Section 6].
It only follows from the definitions that ]\/Ja,w covers M o> however, Bromberg proves
this cover is trivial.) Thus

Tow © fo = Tpo fp="1VYpo0sp
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since fp was the lift of 1, os,. But then

-1
Jow =ow oo w o fo = PowoYpos, = YV, oYposy,=Sp.

So when we apply ® to (o, wy,...,wg), we get (Mg,w, fo,w) = (Mp,sp) =p. O

Theorem 5.16 Let 0y € MPy(N, P). The map ® is a local homeomorphism from
Ag to MP(N)UMPy(N, P) at (0¢,00,...,00).

Proof It follows from Lemma 5.10 that ® is continuous and from Lemma 5.14 that
® is injective on some neighborhood U of (gg, 00, ..., 00).

Certainly ®(U) contains 9. We claim that ®(U) contains some neighborhood V'
of og in MP(N)UMPy(N, P). Suppose no such neighborhood exists. Then we can
find a nested sequence of neighborhoods V; whose intersection is oy and a sequence
pi € Vi such that p; ¢ ®(U). Since p; — 0¢, and Lemma 5.13 says that ¥ is
continuous at gy we have W(p;) — ¥ (0g) = (09, 00, ..., 00). It follows that W(p;) e U
for all sufficiently large i; however, this contradicts Lemma 5.15 which says that
O(V(p;)) = pi € P(U) for sufficiently large i .

Hence, there is some neighborhood V' of o contained in ®(U). Since P is continuous,
®~1(V) is aneighborhood of (0, 00, . .., 00) in A such that Plp-1(p): >l (V)—>V
is a continuous bijection. The inverse map is given by W, which is continuous on
V NMPy(N, P) by Lemma 5.13 and on V NMP(N) by invariance of domain. Hence
® is a local homeomorphism at oy. a

Remark Since the point 6y € MPy(N, P) that we fixed in the beginning of Section 5.6
and used throughout Section 5.6 and Section 5.7 was arbitrary, we have actually shown
that @ is a local homeomorphism at any o € MPy(N, P).

5.8 MP(N)UMPy(N, P) is not locally connected

In Proposition 5.9, we saw that there was a point gy € MPy(N, P) such that A is not

locally connected at (og, 00, ...,00). By Theorem 5.16, ® is a local homeomorphism
from A to MP(N)UMPy(N, P) at (0¢g,00,...,00). Hence, MP(N)UMPy(N, P) is
not locally connected at ® (o, 00, ...,00) = 09 € MPy(N, P). Thus we have shown:

Theorem 5.17 There exists g € MPy(N, P) such that MP(N) U MPy(N, P) is not
locally connected at oy .
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By the Density Theorem (Theorem 2.2), AH(N) is the closure of MP(N)UMPy(N, P).
Of course, it does not follow directly from this that AH(N) is not locally connected
at 0g. In order to conclude anything about the closure, we need more quantitative
control over the components of a neighborhood U of (o, o0, ...,00) in A, and what
happens to these components under the map . By Lemma 5.8, there is lower bound
to the distance between some of the components of U . In the next Section, we will use
the filling theorem to show that this implies ®(U) has infinitely many components.

6 AH(S x 1) is not locally connected

In this section, we prove Theorem 1.1 by contradiction. If one assumes AH(S X [) is
locally connected, then one may use the filling theorem (Theorem 1.2) and Lemma 5.8
to derive a contradiction. Recall that for a point (o, wy,...,wy) € A at which © is
defined, one obtains a hyperbolic manifold M, ,, by filling the d cusps of A?a,w =
H3 /oy (71 (ZV )). The manifold M, 4, does not depend on the order in which the cusps
are filled so we can fill the first cusp last. Let M, ,, denote the manifold with a single
rank—2 cusp obtained by filling all but the first cusp of A?g,w . Equivalently, M ;,w is the
y1—drilling of ®(o, wy,...,wy;) € MP(N). Eventually we will use the w; coordinate
to estimate the complex length of y; in ®(o, wy,...,w,;). As an intermediate step,
Lemma 6.1 bounds the change in the geometry of the first cusp while we perform the
other d — 1 fillings.

Let g1 be the first coordinate of the map ¢ in the definition of W. That is,
q1: VNOMP(N) — T(T?)

is defined so that if W(n) = (0, wy,...,wy), then ¢1(n) = wy. This is a Teichmiiller
parameter for the first cusp in My 4, in the sense that oy, is conjugate to a representation

that sends
o 12
Y1 01

,31 of dU; to (é qll(n)) .

Now define r;: V N MP(N) — T(T?) so that r;(n) is the Teichmiiller parameter
of the cusp of Mé,w. That is, after d — 1 cusps have been filled, we can conjugate
m1(My ,,) so that the remaining cusp is marked by

2 R ((1) ?) and B+ ((1) Vlgﬁ)) .
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The drilling theorem can be used to show that ¢, and r; are close in the following
sense.

Lemma 6.1 Let ¢ > 0, k > 0. There is some [y > 0 such that for any n € MP(N)
with min{Im(g(n)), Im(r;(n))} < k and

d
> ) < lo.

i=1

C
then lg1(m) —ri(n] < T

Proof Forany ne MP(N),let M, = H3 /5w (N)), let M(;’w denote the y; —drilling
of My, and let M, ,, denote the Uflzz y;—drilling of Mé’w.

The drilling theorem says that there exists /; such that if the length of /(n(y;)) <[4
then there is a 2-bilipschitz map

My —Te; (1) — Mé,w — Te; (T0).
This implies the lengths of y;, ..., Yy do not double when we drill y;.

Choose some ¢ > 0 such that ee® < ¢/(4k). There exists some J > 1 such that if
X1, X, are two points in T (T 2)and ¢: X; — Xy isa J —bilipschitz diffeomorphism,
then drr2)(X1, X2) <e.

By the drilling theorem, there is some /, such that if Zlfl=2 Imy,,, (vi) <o then there
exists a J—bilipschitz diffeomorphism

d 7 d
¢: M(;’,w - Ui=2 T63 (yl) - Ma,w - Ui=2 Tég,(T'l)

Now choose any 0 < /o <min{/y, /,/2}. If Z?Izl [(n(y1)) <lp then [(n(y1)) <lp <ly.
This implies the lengths of y», ..., y; do not double as we do the first drilling. Thus,

d d
Y g, ) < D 20(0() < 2lo < Dy
i=2 i=2
Now since 2?1:2 / M}, (yi) < l,, there exists a J-bilipschitz diffeomorphism
d 7 d
¢: Mgy — Uiz Tes (i) = Mow — U= Tes (T7)

when we drill y;,, ..., y4. As in the proof of Corollary 4.13 (see also the remarks fol-
lowing Theorem 4.1), we can assume that ¢ restricts to a J —bilipschitz diffeomorphism
on T that takes torus cross-sections of the first cusp in M, ,, to torus cross-sections
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of the first cusp in Z\Z,’w [11, Theorem 6.12]. Since the Teichmiiller metric for 7 (T 2)
agrees with the hyperbolic metric for the upper-half plane model of H?, this implies

drr2(qi(m), ri(m) = dy2(q1(n), r1(n) <e.
See also [17, Theorem 7.2].

Since either Im(g;(n)) <« or Im(r;(n)) <k,

9100 = r1 (] < ke® (dyga g1 (). r1 () < wse® < 2. 0

With Lemma 6.1 providing some control on r; based on ¢, we are now ready to prove
Theorem 1.1, which we restate here for convenience.

Theorem 1.1 Let S be a closed surface of genus g > 2. Then AH(S x I) is not
locally connected.

Proof Let (0¢, 00, ...,00) € A be the point that we described in Section 5.4 where we
found A is not locally connected. Recall this was a point such that ogx, (v, ;) = 0z,
where zo was the point described in Lemma 5.7. We will show AH (S x I) is not locally
connected at oy. First we claim there exists a neighborhood U of (og, o0, ..., 00)
with the following properties:

(1) There is a neighborhood V of gy in MP(N)UMPy(N, P) suchthat ®|y: U —V
is a homeomorphism. Such a neighborhood exists by Theorem 5.16.

(2) Forany (o, wy,...,wq) €U, olg (N, ;) liesin the neighborhood W of cro|7,](N1 D
that we defined in Sectlon 5.4. Recall W is a neighborhood of o, in MPo(Ny,1, P} 1)
such that for all o, € W, the coordinate z lies in the §—neighborhood O of z. By
Lemma 5.7, this means A, Nint(R) # @ and there is a constant ¢ > 0 such that the
distance between A, and 9R is at least c.

(3) Recall from Section 5.4 that C,, = {(0, w1, ..., wy) €U :w{ € R+2n}. Then there
exists 0 < ¢ < 1 such that for any (o, wy, ..., wg) € C, and any (0”, wi,...,wh) €
U —Cy, we have |w; —wj| > ¢ for any n. This follows from property (2) and
Lemma 5.8.

(4) Let ¢ > 0 be the constant from (3). Let « > 80(271)2 be some constant such that for
any (o, wy, ..., wg) € Cy, wehave Im(w;) <«—1. Then forany ne ®(U)NMP(N) =
V- AMP(N), we have |ry(n) —q1(n)| < ¢/4 or min{Im(ry (1)), Im(q; ()} = «.

We can assume U satisfies property (4) for the following reason. First, the upper bound
k on Im(w) exists because w; lies in the compact rectangle R + 2n. This was the
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definition of a point (o, wy,...,wy) in C_n By Lemma 6.1, given any ¢, k > 0 there
exists some /o such that if Zz’d=1 [(n(y;)) < ly then either |r1(n) —q1(n)| < c¢/4 or
min{Im(r{ (1)), Im(g; ()} > k. Since ®|y: U — V is a homeomorphism, and V' is
a neighborhood of oy where ao(y1),...,00(yg) are parabolic, we can make U small
enough so that Z;Ll [(n(y1)) < ly forany n € ®(U) N MP(N). One can check that
shrinking U does not change properties (1), (2) and (3).

Again, since making U smaller does not affect the above properties, we can assume
for all (o, wy,...,wg) € U, |wy| > 81(27)2. Since w; = q;(P(0, wy, ..., wg)), it
follows from (3) and (4) that U satisfies:

(5) Forany (o, wq,...,wg) €U, |ri(®(o,wy,...,wg))| > 80(271)2.

Now that we have set up a neighborhood U of (0, 00, ..., 00) in A, suppose AH(N)
was locally connected at ®(og,00,...,00) = 0¢. Then we claim that, for all but
finitely many #,

D(Cp) N (U — Cy) # 2.

To prove the claim, let V4y be a neighborhood (in AH(N)) of oy contained in-
side ®(U). Note that the closure of ®(U) contains such a neighborhood of op in
AH(N) by the Density Theorem (Theorem 2.2). If AH(N) is locally connected, then
there exists a connected neighborhood oy € Veonn C Vag. Recall in Section 5.4 we
found a sequence (09, u; + 2n,...,ug + 2n) € C, converging to (0gp, 0, ...,00).
Thus Veonn N P(Cy) and Vg N O(U — C) are nonempty for all sufficiently large 7.

If the closures of ®(C,,) and ®(U — () were disjoint then we could form a separation
of Veonn. Thus we must have

P(C)NOU - Cp) # 2
for all but finitely many 7.

Now let

p e ®(Cp)NOU —Cp).

for some sufficiently large ». We will determine 7 later, but for now assume that there
are only finitely many n for which this intersection is empty.

Although p is not in the image of ®, we can find sequences

— 1 — 1 ’
p= mh—r>noo fhm = mh—r>noo >

where 1, € ®(Cy) and 1), € ®(U — C,) are representations in MP(N).
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Up to subsequence, we can assume that ¢ (1,,) and ¢ (1),) converge in C, so we
define w; and w} by

wy = lim q1(7m),
m-—>0o0
wy = Tim_q;1(m,)-

Equivalently, w; and w’1 are the second coordinates of limy,—co Y (1) € C, and
limy— o0 ¥(1,,) € U — Cy,. Note that wy € R+ 2n since 1, € ®(Cy) for all m. Thus
wy # oo. Assume w] # oo as well. We will discuss the possibility that w| = oo

below as a limiting case. Also, by passing to further subsequences if necessary, we
define ¢; and ¢} by

1 =mlgnooi’1(7]m),
¢ ZmIEHOOH(T/;n)-

Again, assume for now that ¢y, {{ # oo, and we will discuss the possibility that one or
both of these sequences goes to infinity below.

By property (3) of U, there is some 0 < ¢ < 1 such that
lwy —wi| > c.

Note that ¥ was chosen so that Im(w;) <« —1 since wy =lim ¢ (1) and 1, € (Cy).
Thus by property (4) of the neighborhood U, we have

¢
—wi| = .
11 1|_4

If we also have min{Im(w),Im({})} <k, then |{| —w/| < c/4 and thus
(18) G =t ze—s—2==.

Otherwise, we have min{Im(w}),Im(¢])} > «. But since Im(w;) < ¥ — 1 and
|wy —¢&1| < c¢/4, we must have Im({;) <k — 14 ¢/4. Thus
¢ ¢

G =112 [Im(@) —Im@)| > = (k=14 5) =1-5 >3

so inequality (18) still holds.
Next we will use the complex length estimates in the filling theorem to produce a
contradiction to (18). Consider the complex length, £(p(y1)). We can estimate the

complex length of p(y1) in two ways, corresponding to each of the two sequences 7,
and 1),
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For any n € V', parts (ii) and (v) of the filling theorem (Theorem 1.2) can be used to
estimate £(n(yy)). If we let

, Inm)? > )
17 Ym0 T IRetr ()

the filling theorem gives us the following estimates on £(1(y1)) =/(n(y1))+i0(n(y1)):

8(2m)3 oy
~ LE—(16)2n)* and ‘9(77(1/1))—— <

'1(77()/1))—— 12 _m.

L2

If p=1imu—o0 Nm = limp—oo 1), then we get the following two sets of estimates
on L(p(y1)) = I(p(y1)) +i0(p(y1)). Let

L*= 1im Ly . A*= lim 47 . (L)*= lim L7 . (4)*= lim 42 .

M—00 Nm’ M—00 Nm’ m—oo Nm m—00
Then
2 8(27)3 5(2m)?
‘I(P(Vl))__z‘ = Lt —(16)2n)* ‘ (p(y1) — m
8(27)> 5(2m)*
‘l(” )= G| = = ey ' )~ G| = st

Recall that by property (5) of the neighborhood U, we have |ri(nm)l, [r1(n,,)] >
80(27)? for all m. So after passing to the limit, |¢;],]¢!| > 80(27)? and L2, (L')? >
40(27)?. In particular, L2, (L")* > 8(27)?, which together with the triangle inequality

implies
2 2 1 1
19) 17| =16’ ( (L/)‘*)
2w 2w 1 1
(20) G <20(27)3 ( + (L/)4)

Next, we combine the inequalities (19) and (20) to show that {; and ¢ ’1 are close. The
following lemma provides a way of doing this. We refer the reader to [47, Lemma 6.2]
for a detailed proof of this estimate, which is an intricate, but not deep, calculation.

Lemma 6.2 Let z1,z, € C, |z;| > (80)(27)?, and set

2 _ |Zi|2 a 2 _ |Zi|2
' 2Im(z;) ' 2Re(z)’
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Suppose

pp 2r 2w 3 1 1
L] 2 LT L;
2 2 1 1
-2 520(27[)3(—4+—4).
A 2 LT L;

Then

Im(zy)

lz1]
Setting zy = ¢ and z, = ¢ g , the inequalities (19) and (20), together with Lemma 6.2,
imply

|21 — 22| < 560(27)?

Im(&y)
ST

At this point we address the possibility that ¢ i = 00. Notice that since w # oo, the
inequality |w; —¢1| < ¢/4 implies {; # oo. If {} = oo then inequality (21) is absurd
since the right hand side is finite. Even though Lemma 6.2 only applies to points in C,
we can apply it to z; = {; and a sequence of points z, approaching co to produce

1) &1 — )] < 560(27)*

this contradiction. Hence ¢} must be finite.
By combining the lower bound from (18) and the upper bound from (21), we find that
I
¢ < 56022 mC).
2 1811

Recall that the constant ¥ was chosen in property (4) of U so that Im(g(17,)) <k —1
for any ny, € ®(Cy). Thus |r1(Mm) —q1(Mm)| < ¢/4 for all m. It follows that Im(¢;)
is bounded above by a quantity that is independent of #7:

Im(¢;) S(K—1)+§<K.

Since the Maskit slice M ™ is invariant under horizontal translations by 2, we can
assume for any point w € R, Re(w) > —2 (see Lemma 5.7). Since {; lies in a closed
(c/4)—neighborhood of R+ 2n, we have |{;| >2n—2—c/4 > 2n—3. It follows that

,Im(gy) - 560(2m)2k

1811 2n—3
Since « is a constant independent of 7, there are only finitely many 7 that satisfy (22).
Hence, for any p € ®(C,) N ®(U — Cy,) with n > 560(27)%k/c 4+ 3/2, inequality (22)
produces a contradiction. However, our assumption that AH(/N) was locally connected
implied that ®(C,) N ®(U — () is nonempty for all but finitely many 7.

(22) g < 560(27)

It follows that AH(N) is not locally connected at the point oy € MPy(N, P). O
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