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Geodesic flow for CAT (0)-groups

ARTHUR BARTELS
WOLFGANG LUCK

We associate to a CAT(0)—space a flow space that can be used as the replacement
for the geodesic flow on the sphere tangent bundle of a Riemannian manifold. We
use this flow space to prove that CAT(0)—group are transfer reducible over the family
of virtually cyclic groups. This result is an important ingredient in our proof of the
Farrell-Jones Conjecture for these groups.
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Introduction

In Bartels—Liick [1] we introduced the concept of transfer reducible groups with
respect to a family of subgroups. This definition is somewhat technical and recalled as
Definition 0.4 below. We showed that groups that are transfer reducible over the family
of virtually cyclic subgroups satisfy the Farrell-Jones Conjecture with coefficients in
an additive category. For further explanations about the Farrell-Jones Conjecture we
refer for instance to [1], Bartels—Liick—Reich [3] and Liick—Reich [8], where more
information about the applications, history, literature and status is given.

By a CAT(0)—group we mean a group G that admits a cocompact proper action by
isometries on a finite dimensional CAT(0)—space. The following is our main result in
this paper and has already been used in [1].

Main Theorem Every CAT(0)—group is transfer reducible over the family of virtually
cyclic subgroups.

A similar result for hyperbolic groups has been proven in [1, Proposition 2.1] using the
technical paper Bartels—Liick—Reich [2], where an important input is the flow space for
hyperbolic groups due to Mineyev [9]. The methods for hyperbolic groups cannot be
transferred directly to CAT(0)—groups, but the general program is the same and carried
out in this paper.

An important step in the proof of the theorem above is the construction of a flow space
FS(X) associated to CAT(0)—spaces X, which is a replacement for the geodesic flow
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1346 Arthur Bartels and Wolfgang Liick

on the sphere tangent bundle of a Riemannian manifold of non-positive curvature. In
particular, the dynamic of the flow on FS(X) is similar to the geodesic flow. As in the
hyperbolic case, the flow space FS(X) is not a bundle over X .

In Section 1 we assign to any metric space X its flow space FS(X) (see Definition 1.2).
Elements in FS(X) are generalized geodesics, that is, continuous maps ¢: R — X such
that either ¢ is constant or there exists c_, ¢4 € R =R 11 {—o00, co} with c_ < ¢4 such
that ¢ is locally constant outside the interval (c—, c4+) and its restriction to (c—, c4) is
an isometric embedding. The flow on FS(X) is given by ®;(c)(¢) :=c(t + 7). The
topology on FS(X) is the topology of uniform convergence on compact subsets; this is
also the topology associated to a natural metric on FS(X). Many properties of X can
be transported to FS(X). For example, if a group G acts by isometries on X, then
there is an induced isometric action on FS(X). If the action on X is cocompact, then
the induced action is also cocompact.

In Sections 2, 4 and 3 we study properties of FS(X) under the assumption that X is
a CAT(0)—space. The main observation in Section 2 is that the endpoint evaluation
maps ¢ — c(£o0) from FS(X) to the bordification X of X are continuous on the
complement of the subspace FS(X)®R of constant generalized geodesics. These are used
in Proposition 2.6 to give coordinates on FS(X) — FS(X)® and allow a detailed study
of the topology of FS(X)— FS(X)R. We also discuss in Section 2.5 the case where
X is a non-positively curved manifold. In Section 3 we prove our main flow estimates
for FS(X). These are crucial for our main result and differ from the corresponding
estimates in the hyperbolic case. In the hyperbolic case the flow acts contracting on
geodesics that determine the same point at infinity. This is not true in the CAT(0)—
situation, for instance on flats the flow acts as an isometry. This problem is overcome
by using a variant of the focal transfer (formulated as a homotopy action) from Farrell-
Jones [7]. In Section 4 we assume that G acts properly and by isometries on X and
study the periodic orbits of FS(X) with respect to the induced action. In Theorem 4.2
we construct certain open covers for the subspace FS(X)<, of FS(X) consisting
of all geodesics of period < y. The dimension of this cover is uniformly bounded
and the cover is long in the sense that for every ¢ € FS(X)<, there is a member U
of this cover that contains ®[_,, ,,j(¢). (In fact, U will contain even ®r(c).) This
result is much harder than the corresponding result in the hyperbolic case, because in
the CAT(0)—case the periodic orbits are no longer discrete, but appear in continuous
families.

Section 5 contains the final preparation for the proof of our main theorem. We show in
Proposition 5.11 that the existence of a suitable flow space for a group G implies that
G is transfer reducible over a given family. This result depends very much on the long
thin covers for flow spaces from Bartels—Liick—Reich [2].
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In Section 6 we put our previous results together and prove our main theorem. It is only
here that we assume that the action of G on the CAT(0)-space X is cocompact. All
previous results are formulated without this assumption. This forces for example the
appearance of a compact set K in Theorem 4.2 and in Section 4.2. There are of course
prominent groups, for instance SL,(Z), that are naturally equipped with an isometric
proper action on a CAT(0)-space, where the action is not cocompact. We hope that
the level of generality in Sections 1 to 5 will be useful to prove the Farrell-Jones
Conjecture for some of these groups.

Conventions

Let H be a (discrete) group that acts on a space Z . We will say that the action is proper,
if for any x € X there is an open neighborhood U such that {h € H |h-UNU # &} is
finite. If Z is locally compact, this is equivalent to the condition that for any compact
subset K C Z theset {he H |h- KN K # @} is finite.

We will say that the action is cocompact if the quotient space H\Z is compact. If Z
is locally compact, this is equivalent to the existence of a compact subset L € Z such
that G- L = Z.

Let X be a topological space. Let I/ be an open covering. Its dimension dim(i) €
{0,1,2,...} I {oo} is the infimum over all integers d > 0 such that for any collection
Uy, Uy, ..., Uzq of pairwise distinct elements in ¢/ the intersection ﬂ?:ol U; is
empty. An open covering V is a refinement of I/ if for every V €V thereis U € U
with V C U. The (topological) dimension (sometimes also called covering dimension)
of a topological space X

dim(X) €{0,1,2,...} L {oco}

is the infimum over all integers d > 0 such that any open covering U possesses a
refinement 1V with dim(V) <d.
For a metric space Z, a subset 4 C Z and € > 0, we set

B(A):={ze€Z |3z € Awithdz(z,Z) <é€}.

B(A):={ze Z |3 € Awithdz(z,Z') <€)}.
We abbreviate Bg(z) = Be({z}) and B,(z) = Bs({z}). A metric space Z is called
proper if for every R > 0 and every point z € Z the closed ball Br(z) of radius R

around z is compact. A map is called proper if the preimage of any compact subset is
again compact.

A family of subgroups of a group G is a set of subgroups closed under conjugation and
taking subgroups. Denote by VCyc the family of virtually cyclic subgroups.
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Homotopy actions and S -long covers

Next we explain the notion of transfer reducible. In Bartels—Liick [1] we introduced
the following definitions in order to formulate conditions on groups that imply that a
group satisfies the Farrell-Jones conjecture in K— and L—theory.

Definition 0.1 (Homotopy S —action) Let S be a finite subset of a group G'. Assume
that S’ contains the trivial element e € G. Let X be a space.

(i) A homotopy S—action (¢, H) on X consists of continuous maps ¢g: X — X
for g € S and homotopies Hg : X x[0,1] — X for g,h € § with gh € S
such that Hg j(—,0) = ¢g oy and Hy j(—, 1) = @g4y holds for g, h € S with
gh € S. Moreover, we require that He .(—,t) = ¢, = idy forall 7 € [0, 1].

(ii) Let (¢, H) be a homotopy S—action on X . For g € S let Fg(¢, H) be the set
of all maps X — X of the form x +— H, s(x,t) where t € [0,1] and r,s € S
with rs = g.

(iii) Let (¢, H) be a homotopy S-—action on X. For (g,x) € G x X and n €
N, let SZ’H(g, x) be the subset of G x X consisting of all (%, y) with the
following property: There are xo,...,Xp € X, a1,by,...,an,by € S and
Ju. J1oooo Sns Jut X = X, suchthat xo = x, xp =y, fi € Fo, (¢, H), fi €
Fp(¢. H), fi(xi—1) = fi(x;) and h = gay'by ... a;" by.

(iv) Let (¢, H) be a homotopy S—action on X and U be an open cover of G x X .
We say that U is S —long with respect to (¢, H) if for every (g,x) €e G x X
there is U € U containing S(lﬂq (g, x) where | S| is the cardinality of S'.

Definition 0.2 (/N —dominated space) Let X be a metric space and N € N. We
say that X is controlled N —dominated if for every ¢ > 0 there is a finite CW —
complex K of dimension at most N, maps i: X — K, p: K — X and a homotopy
H: X x[0,1] > X between poi and idy such that for every x € X the diameter of
{H(x,t) |t €]0,1]} is at most .

Definition 0.3 (Open F—cover) Let Y be a G—space. Let F be a family of sub-
groups of G. A subset U C Y is called an F—subset if

(i) for ge G wehave g(U)=U or UNg(U) =2, where g(U):={gx |xeU};
(ii) the subgroup Gy :={ge€ G |g(U)=U} liesin F.

An open F—cover of Y is a collection U of open F—subsets of Y such that the
following conditions are satisfied:
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i Y=UpeuU:
(i) for ge G, U €U the set g(U) belongs to U.

Definition 0.4 (Transfer reducible) Let G be a group and F be a family of subgroups.
We will say that G is transfer reducible over F if there is a number N with the
following property:

For every finite subset S of G there are

¢ a contractible compact controlled N —dominated metric space X ;
e ahomotopy S-action (¢, H) on X;

e acover U of G x X by open sets,
such that the following holds for the G —action on G x X given by g-(h,x) = (gh, x):

(1) dmU <N;
(i) U is S-long with respect to (¢, H);

(iii)) U is an open JF—covering.
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1 A flow space associated to a metric space

Summary In this section we introduce the flow space FS(X) for arbitrary metric
spaces. We show that FS(X) is a proper metric space if X is a proper metric space
(see Proposition 1.9). If X comes with a proper cocompact isometric G —action, then
FS(X) inherits a proper cocompact isometric G —action (see Proposition 1.11).
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Definition 1.1 Let X be a metric space. A continuous map c: R — X is called a
generalized geodesic if there are c_,c4 € R := R [ [{—00, 0o} satisfying

c— <cy, c— # 00 and C+ # —00,

such that c¢ is locally constant on the complement of the interval /. := (c—, c4+) and
restricts to an isometry on /.

The numbers c— and c4 are uniquely determined by ¢, provided that ¢ is not constant.

Definition 1.2 Let (X, dy) be a metric space. Let FS = FS(X) be the set of all
generalized geodesics in X'. We define a metric on FS(X) by

dx (c(1).d(1))

dt.
2¢ell

drscy(c.d) i= /
R

Define a flow
®: FS(X) xR — FS(X)
by ®.(c)(t) =c(t+7t)fort€eR, ceFS(X) and ¢ € R.

The integral f+°° dx (c@.d@) gt exists since dx (c(t),d(t)) <2|t| + dx(c(0),d(0))

—00 2eltl
by the triangle inequality. Obviously ®;(c) is a generalized geodesic with

O (c)-=c——1 and DPi(¢)+ =c+—7,
where —oco—7:= —00 and oo — 7 := 0.

We note that any isometry (X, dy) — (Y, dy) induces an isometry FS(X) — FS(Y) by
composition. In particular, the isometry group of (X, dx) acts canonically on FS(X).
Moreover, this action commutes with the flow.

For a general metric space X all generalized geodesics may be constant. Later we will
consider the case where X is a CAT(0)-space, but in the remainder of this section we
will consider properties of FS(X) that do not depend on the CAT(0)—condition.

Lemma 1.3 Let (X, dy) be a metric space. The map ® is a continuous flow and we
have for ¢,d € FS(X) and 1,0 € R

drsx) (P2 (€), Pp (d)) < el dpgixy(c, d) + o —1|.

Proof Obviously ®; 0 5 = &4, for 7,0 € R and ®¢ = idgg(x). The main task
is to show that ®: FS(X) x R — FS(X) is continuous.
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We estimate for ¢ € FS(X) and 7 € R

dt

d ’
drs(x)(c. @< (c)) = / x (c(), et + 1))

R 2ell

Ef 7l dt
R26|t|
1
|
R 2ell

= ||
= [zl.
We estimate for ¢,d € FS(X) and 7 € R

d .d
dFs(X) (Cbr(c), (I)r(d)) _ /I‘R X(C(I +2‘I;)t| (t + r))

- A (c0.d)
N R 2elt—7l

dx (c(1).d(1))
E/R e

dx(c(t),d(t))
—eltl. | 22V g
e / t

2ell
= el 'dFS(X)(Cad)-

The two inequalities above together with the triangle inequality imply for ¢, d € FS(X)
and 7,0 € R

dFS(X) (q)l'(c)v Cba(d)) = dFS(X) (q)t(c)’ Dy 0 q)r(d))
= dFS(X) (cbr (c), (Dr(d)) + dFS(X) (‘Dr(d), Dy 0 CDt(d))
< el dpgxy (e, d) + o — 7).

This implies that & is continuous at (¢, 7). a
The following lemma relates distance in X to distance in FS(X).
Lemma 1.4 Letc,d: R — X be generalized geodesics. Consider ty € R.

() dx(c(to),d(to)) < elol.dps(c,d)+2;
(i) If dps(c,d) <2e~101=1 then

dx (c(to),d(tg)) < Vaeltol+1.\/dps(c,d).

In particular, ¢ — c(ty) defines a uniform continuous map FS(X) — X .
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Proof We abbreviate D :=dx (c(ty), d(t)). Since ¢ and d are generalized geodesics,
we conclude using the triangle inequality for # € R

dy (c(t),d(t)) = D —dx (c(to). ¢(1)) —dx (d(to), d(t)) = D =2+ |t —to|.

This implies

descy(c.d) = / Ty (). d@)

00 2ell

/D/2+t0 D_2,|Z_t0|

> Z <~ r 0l
—D/2try  2ell

D2 p_2.|t
=f b-2-1 .
-D/2 2elt+ol
D/2 p_2.y
[ o2,
_D/2 2eltl+ltol

D/2 p_».
:e—lfol./ D2t dt
—-D/2 2€|t|

= ¢~ 0ol -/D/Z(D—Zt) el dt

dt

(=]

D/2

=e 0l [(=D +2+21)-e7"],

[
(1.5) =e¢ Mol (2.e7P/2 4 p-2).

Since eIl (2.¢7P/2 4 D —2) > ¢~l0l. (D —2), assertion (i) follows. It remains to
prove assertion (ii).

Consider the function f(x) =e ™ +x—1— ’2‘—2 We have f/(x) =—e "+ 1—% and
f"(x) =e™* —e~ 1. Hence f”(x)>0 for x €0, 1]. Since f’(0) = 0, this implies
f'(x) >0 for x €0, 1]. Since f(0) =0, this implies f(x) >0 for x € [0, 1]. Setting
x = D/2 we obtain
2
(D/2)* _
2e
for D €10, 2]. From (1.5) we get

e P24 pja—i

drs(c,d) = 2e7 10l (e7P/2 4 p/2 —1).

Therefore
2

oot = drseo(e.d) if D=2,

Geometry & Topology, Volume 16 (2012)



Geodesic flow for CAT(0)—groups 1353

Consider the function g(x) =e™* +x—1. Since g’'(x) =—e X +1>0 for x > 1,
we conclude g(x) > g(1) =e~! for x > 1. Hence (1.5) implies

dpscx)(c,d) > 2¢7I0I=1 if p > 2.

Hence we have

d)((C(Zo),d(l())) =D < Vdelolt1. Vdrs(e,d).

if dpg(c,d) <2-e"ltol=1, ]

Lemma 1.6 Let (X, dy) be a metric space. The maps

FS(X)—FS(X)R >R, ¢+ c_;
FS(X)—FS(X)R >R, ¢ cy,

are continuous.

Proof By an obvious symmetry it suffices to consider the second map. Let ¢ €
FS(X)—FS(X)R. Let ap € R with oy < c. We will first show that there is &g
such that dy > ag if dps(c,d) < gq. Pick s, t9 € R such that ag < 59 <ty < ¢+ and
c(sg) # ¢(ty). By Lemma 1.4 (ii) there is &9 > 0 such that dps(c,d) < g¢ implies

- dx (c(s0). c(to))

3 .
For d with dgs(c,d) < g9 we have dx (d(so),d(t0)) > dx (c(s0).c(t0))/3 by the
triangular inequality and in particular, d(sg) # d(tp). This implies d+ > so and
therefore d4 > ag. If ¢+ = +00, then this shows that the second map is continuous
at c.

max {dx (c(s0). d(s0)). dx (c(t0). d(19))}

If ¢4+ < 00, then we need to show in addition that for a given oy > ¢4, there is 1 > 0
such that d4+ < aq for all d with dps(c,d) < g1. Note that the previous argument
also implied that d_ < ¢ty < cy if dps(c,d) < go (because then d(sg) # d(p)). Pick
now sq,#; € R with ¢4 <1 <t; <ay. By Lemma 1.4 (ii) there is &; € R satisfying
0 < &1 < &g such that dps(c,d) < &1 implies

1 — 51

B
Because c(s1) = c(t;) we get dX(d(sl),d(tl)) <11 —sq for d with dgs(c,d) < e1.
This implies d4 < #; or d— > sy, because otherwise dX(d(sl),d(tl)) =1 — .
However, d_ < ¢4 < 51 because €1 < gg. Thus d4 <t <oy. m]

max {dX (c(sl), d(sl)), dX(c(tl), d(tl))} <
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Proposition 1.7 Let (X, dy) be a metric space. Let (¢p)neN be a sequence in FS(X).
Then it converges uniformly on compact subsets to ¢ € FS(X) if and only if it converges
to ¢ with respect to dpg(x).

Proof From Lemma 1.4 (ii) we conclude that convergence with respect to dpg(x)
implies uniform convergence on compact subsets.

Let (¢x)nen be a sequence in FS(X) that converges uniformly on compact subsets
to c € FS(X). Let ¢ > 0. Pick @ > 1 such that f;o 2’;{8dt < ¢. Because of uniform
convergence on [—a, «], there is ng such that dy (¢, (), c(?)) < e/a for all n > ny,
t € [—a, «]. In particular, dx (c,(2),c(¢)) < e+ 2|¢t| for all z, provided n > ngy. Thus

for n > ny

drs(cn, ¢) = /OO Md,

—c0 2eltl
o o0 2[
5/ e/ dt+2/ et
_g 2el] o 2ell
<eg+¢e=2e¢.

This shows ¢, — ¢ with respect to dpg, because ¢ was arbitrary. O

Lemma 1.8 Let (X, dy) be a metric space. The flow space FS(X) is sequentially
closed in the space of all maps R — X with respect to the topology of uniform
convergence on compact subsets.

Proof Let (cy)senN be a sequence of generalized geodesics that converges uniformly
on compact subsets to f: R — X. We have to show that f is a generalized geodesic.
By passing to a subsequence we can assume that either ¢, € F, SR forall n, or ¢y g FSR
for all n. In the first case f € FS®. Thus it remains to treat the second case. In
this case we have well-defined sequences (c,)— and (c,)+. After passing to a further
subsequence we can assume that these sequences converge in [—oo, oo]. Thus there
are a—, o4 € [—00, 00] such that (¢,)+ — @+ as n — oo. We will show that f is a
generalized geodesic with fi = a4 or f € FSR. Clearly, dx (f(s), f(2)) < |t —s|
for all s,¢.

If — > —o0, then we have to show that f(s) = f(¢) forall s <¢ <a_. Pick ¢ > 0.
There is ng such that | f(t)—c,(t)| <e forall T €[s—e, ], n >ng. Since (¢)— = a—,
there is k > ng such that s — e, — e < (¢ )—. Thus
dx(f(s), f(1)) =dx(f(s—e), f(t—¢)) +2¢
<dx(cr(s—e),cr(t —¢)) +4e
=4e.
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Because ¢ is arbitrary, we conclude f(s) = f(¢). If a4 < 0o, then a similar argument
shows that f(s) = f(¢) forall s,t > oy . If «_ =y, then f € FS(X)R and we are
done. It remains to treat the case @— < 4. We have to show that dx (f(s), f(¢))=t—s
forall s,z € R with a— <s <t <a4. Pick € > 0, such that 2¢ <t —s. There is ng
such that | (1) — s, (7)| < € for all T € [s,t], n > ng. Since (¢;)+ — a4, there is
k > ng such that (c)— <s+e<t—e=(ct)+. Thus

dx(f(s), f()) = dx(f(s+e), f(t—¢))—2¢
> dy (ck (s + ), cx(t —¢g)) —4e
=((t—¢e)—(s+e))—4e¢

=t—s5—6s.

This implies dx (f(s), f(¢)) =t —s, because & was arbitrarily small. |

Proposition 1.9 If (X,dx) is a proper metric space, then (FS(X),drs(x)) is a
proper metric space.

Proof Let R >0 and ¢ € FS(X). It suffices to show that the closed ball Bg(c) in
FS(X) is sequentially compact since any metric space satisfies the second countability
axiom. Let (c;)n € N be a sequence in Bg(c). By Lemma 1.4 (i) there is R’ > 0 such
that ¢,(0) € Bg/(c(0)). By assumption Bg/(c(0)) is compact. Now we can apply the
Arzela—Ascoli theorem (see for example Bridson—Haefliger [4, 1.3.10, page 36]). Thus
after passing to a subsequence there is d: R — X such that ¢, — d uniformly on
compact subsets. Lemma 1.8 implies d € FS(X). m|

Lemma 1.10 Let (X, dx) be a proper metric space and to € R. Then the evaluation
map FS(X) — X defined by c + c(ty) is uniformly continuous and proper.

Proof The map is uniformly continuous by Lemma 1.4 (ii). To show that is also
proper, it suffices by Proposition 1.9 to show that preimages of closed balls have finite
diameter. If dy (c(tg), d(ty)) <r, then dy(c(t),d(t)) <r + 2|t —to|. Thus

2|t —¢
drs(c,d) < / udt provided dx (c(9).d(to)) <r. o

R 2@|t|

Proposition 1.11 Let G act isometrically and proper on the proper metric space
(X, dx). Then the action of G on (FS(X), drs) is also isometric and proper. If the
action of G on X is in addition cocompact, then this is also true for the action on
FS(X).
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Proof The action of G on FS(X) is isometric. The map FS(X) — X defined by
¢ > ¢(0) is G—equivariant, continuous and proper by Lemma 1.10. The existence
of such a map implies that the G—action on FS(X) is also proper. This also implies
that the action of G on FS(X) is cocompact, provided that the action on X is itself
cocompact. m

Lemma 1.12 Let (X, dy) be a metric space. Then FS(X)R is closed in FS(X).

Proof Note that FS(X)R is the space of constant generalized geodesics. Let ¢ €
FS(X)—FS(X)R. Pick 1, t; € R such that c(ty) # c(t1). Set § := dx (c(to), c(t1))/2.
For x € X then dx(x,c(t9)) > 8§ or dy(x,c(t1)) = 8. Denote by ¢y the constant
generalized geodesic at x. If dy(x,c(t)) > 6, then dx (x,c(¢)) > 6/2 if t € [ty —
8/2,ty + 6/2]. Thus in this case

to+6/2 §/2
drs(cx, ¢) Z/ %dl =!é&o
to—6/2 2e
Similarly,
t1+6/2 §/2
dFS(CX7C) Z/ %dl =:1&1,
n-8/2 2e

if dy (x,c(t1)) >8/2. Hence Be(c)NFS(X)R =& if we set ¢ :=min{eg/2, €1 /2}. O
Notation 1.13 Let X be a metric space. For ¢ € FS(X) and T € [0, o0], define
cl-r,11 € FS(X) by

c(=T) ift <-T;
C|[_T,T](l) = qc(1) if —T<t<T,;
(T) ift>T.

Obviously ¢|[—o0.00] = ¢ and if ¢ & FS(X)® and (—7,T) N (c—,c4) # @ then
(cli=r,m)_ = max{c_, =T} and (c|-1,77), = min{cy, T}.
We denote by
FS(X)s :={c € FS(X) — FS(X)® | c_ > —00, c4 < 0o} UFS(X)®
the subspace of finite geodesics.
Lemma 1.14 Let (X, dy) be a metric space. The map H: FS(X)x[0, 1] — FS(X)

defined by H;(c) := ¢|fn(r),—n(r)] 1S continuous and satisfies Hy = idgg(x) and
H:(c) € FS(X)y for T > 0.
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Proof Observe that for ¢ € FS(X) and T,T' >0
dX(C|[_T’T](l‘), Cl[—T/,T/](t)) <|T—T'| foralltcR.

Recall from Proposition 1.7 that the topology on FS(X) is the topology of uniform
convergence on compact subsets. Let ¢, — ¢ uniformly on compact subsets, and
T — 7. Let @ > 0. We need to show that ¢y |[in(z,),— In(r)] = Cl[in(x),— In(z)] niformly
on [—a, .

Consider first the case T = 0. Then ¢ = ¢|[jn(¢),— in(r)]- Moreover, —In(t,) > a for
sufficient large 7. Thus ¢, (¢) = ¢nl[in(r,),— n(z)](¢) for such n and 7 € [~a, a]. This
implies the claim for T = 0.

Next consider the case t € (0, 1]. Let € > 0. There is ng = ng(e) € N such that
dx(cn(t),c(t)) =< e if n>ng,t €[—a,al;

|In(z) —In(zy)| < e if n>ny.

Then for ¢ € [—a, a], n > ng,
D (1l ) — (om0 clncer o () = (enlin(ea),— (@1 @ nlin(),~ m@1(0))

+ dX (Cn |[1n(‘c),—ln(1:)](t)’ C|[ln(1:),—ln(‘t)](t))

<2e.

This implies the claim in the second case because ¢ was arbitrary. |

2 The flow space associated to a CAT(0)- space

Summary In this section we study FS(X) further in the case where X is a CAT(0)-
space. Let X be the bordification of X . We construct an injective continuous map
from FS(X)—FS(X)R to Rx X x X x X xR which is a homeomorphism onto its image
(see Proposition 2.6). It sends a generalized geodesic ¢ to (c_, ¢(—00), ¢(0), ¢(00), c+) ,
where c¢(—o0) and c(oo) are the two endpoints of ¢. This is used to show that
FS(X) — FS(X)R has finite dimension if X has (see Proposition 2.9), and that
FS(X) — FS(X)R is locally connected (see Proposition 2.10). We will relate our
construction to the geodesic flow on the sphere tangent bundle of a simply connected
Riemannian manifold with non-positive sectional curvature in Section 2.5.

For the definition of a CAT(0)—space we refer to Bridson—Haefliger [4, II.1.1, page 158],

namely to be a geodesic space all of whose geodesic triangles satisfy the CAT(0)—
inequality. We will follow the notation and the description of the bordification X =
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X UJX ofa CAT(0)-space X given in [4, Chapter I1.8]. The definition of the topology
of this bordification is briefly reviewed in Remark 2.3. In this section we will use the
following convention.

Convention 2.1 Let

* X be a complete CAT(0)-space;
e X := X UJX be the bordification of X , see [4, Chapter I1.8].

2.1 Evaluation of generalized geodesics at infinity

Definition 2.2 For ¢ € FS(X) we set c(+o00) := lim;_, 1o c(f), where the limit is
taken in X .

Since X is by assumption a CAT(0)—space, we can find for x_ € X and x; € X a
generalized geodesic ¢: R — X with ¢(£00) = x+ (see [4, 11.8.2, page 261]). It is
not true in general that for two different points x_ and x4 in dX there is a geodesic
¢ with ¢(—00) = x_ and ¢(00) = x+.

Remark 2.3 (Cone topology on X) A generalized geodesic ray is a generalized
geodesic ¢ that is either a constant generalized geodesic or a non-constant generalized
geodesic with ¢_ = 0. Fix a base point xo € X . For every x € X, there is a unique
generalized geodesic ray ¢ such that ¢(0) = x¢ and c(oc0) = x, see [4, 11.8.2, page 261].
Define for r > 0

Pr = Pr,xg- X — Er (x0)
by pr(x) := cx(r). The sets (p,)__l(V) with r >0, V an open subset of B, (xg) are
a basis for the cone topology on X', see [4, I1.8.6, page 263]. A map f whose target is
X is continuous if and only if p, o f is continuous for all . The cone topology is
independent of the choice of base point, see [4, I1.8.8, page 264].
Lemma 2.4 The maps

FS(X)—FS(X)R > X, ¢ c(—00);
FS(X)—FS(X)R > X, ¢+ c(00),

are continuous.

The proof of this Lemma depends on the following result.
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Lemma 2.5 Given ¢ >0, a >0 and s > 0, there exists a constant T = T (e,a,s) > 0
such that the following in true: if x, x’ € X with dx(x,x’) <a,ifc: R — X isa
generalized geodesic ray with ¢(0) = x, and if o;: [0, d(x’, c(t)] — X is the geodesic
from x’ to c¢(t), then dx (0¢(s), 0+ (s)) <& forallt > T and all ' > 0.

Proof In [4, I1.8.3, page 261] this is proven under the additional assumptions that ¢
is a geodesic ray and that dy (x, x") = a. But the proof given in [4] can be adapted as
follows to give our more general result.

The argument given in [4] can be applied without change to show that there is 7" such
that dy (0;(s), 0744 (s)) <& forall t > T, ' > 0 provided that ¢ + ¢’ < c4 . (This is
needed to deduce that |t —a| < dy(x’,c(t)) and that |t +1¢ —a| <dx(x',c(t +1').)

It remains to treat the case where t > T, t' >0 and ¢t +1¢ > cy. If t > ¢4, then
0r = 0r4p (because ¢(t +1') = ¢(t) = c(c+)) and there is nothing to show. Thus we
canassume t <cy. Sett” :=cy —t. Thent+1t" <cy,t” >0 and 674, = 044~
(because ¢(t +1t') = c(t +t") = c(c4+)). Thus

dx (01(5), 01 41(5)) = dx (0¢(5), 01417 (5)) <e&. d

Proof of Lemma 2.4 By an obvious symmetry it suffices to consider the second map.
Let ¢ € FS(X) — FS(X)R. Set 50 := max{0,c_} + 1 and xg := ¢(so). Then

c(t+sg) t>0;

CR—=X, t—
c(s0) t <0,

is a generalized geodesic ray starting at xo. We need to show that the map f;: FS(X) —
B, (xg) defined by f;(d) := pr(d(00)) is for all > 0 continuous at ¢, see Remark 2.3.
Note that f,(c) =¢(r) =c(so+7r).

Let ¢ > 0 be given. By Lemma 1.6 there is §o such that d_ < s¢ for all d with
drs(c,d) < 8o. In particular, we obtain for any such generalized geodesic ray d a
generalized geodesic ray d by putting d (t) =d(t + sp) for t > 0 and d (1) =d(so)
for t <0.

For ¢t > 0 and d € FS with dps(c,d) < 89 denote by 0, 1[0, dx (xq,d(sg +1))] —

X the geodesic from xq¢ to d(sg + ¢). By Lemma 2.5 there is a number 7' (not

depending on d!) such that dx (o*t (r), 0t+ﬂ(”)) <egforall />0, t>T, provided

that dx (d(sg),xp) < 1. We extend O'td to a generahzed geodesic ray by setting
(s) =d(so+1t) for s > dx(xo,d(sop+1)) and o7 d(s):= xq for s <0. The unique

generahzed geodesic ray c4(o0) from xo to d(oo) can be constructed as the limit of

the at , see [4, Proof of (8.2), page 262]. It follows that o d(p) - Cd(c0)(r) as t — 00.
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By definition of p, we have ¢4(00)(r) = fr(d). Therefore dy (o (r), fr(d)) < &,
provided that dy (d(sg), c(s9)) < 1.

By Lemma 1.4 (ii) there exists 0 < §; < 8y such that
dx (c(s0),d(s0)) <1 and dx(c(so+T),d(so+T)) <e

if dps(c,d) < §;. Consider the triangle whose vertices are xo = c¢(s¢), ¢(so + T) and
d(so+ T'). Recall that O'g is side of this triangle that connects xo to d(sg+ 7'). Using
the CAT(0)—condition in this triangle it can be deduced that if drgs(c,d) < &; then

dy (c(so +1),0%(r)) < 2e.

Therefore for drs(c, d) < §; we conclude

dx (f+(c), fr(d)) = dx (c(r + 50), Caoo(r))
< dx (c(r +50), 08(r)) + dx (6(r), Ca(oo) (1))

< 3e.

Because ¢ was arbitrary this implies that f, is continuous at c. |

2.2 Embeddings of the flow space

Proposition 2.6 If X is proper as a metric space, then the map
E: FS(X) —FS(X)]R — RxXxXxXxR

defined by E(c) := (c—, c(—00), ¢(0), c(00), c4+) is injective and continuous. It is a
homeomorphism onto its image.

Proof Lemmas 1.4 (ii), 1.6 and 2.4 imply that E is continuous.

Next we show that E is injective. Let ¢ € FS(X) — FS(X)R. If ty € [c_, c4], then
t—c(t+ty), t =0 is the unique [4, I1.8.2, page 261] (generalized) geodesic ray from
¢(tp) to ¢(00), and similarly ¢ + c(tg —¢), t > 0 is the unique (generalized) geodesic
ray from c(fo) to c¢(—o00). Let ¢, d € FS(X) — FS(X)R, with ¢(d00) = d(£+00),
¢+ =d+. Then ¢ and d will agree if and only if ¢(¢) = d(¢) for some ¢ € [c—, c4],
t # too. If E(c) = E(d), then there is such a ¢: if one of ¢_ and ¢4 is real (not
+00), then it can be used, otherwise ¢t = 0 works.

It remains to show that the inverse E~! to E defined on the image of E is continuous.
Let (cp)nen be a sequence in FS(X) —FS(X)R and ¢ € FS(X) — FS(X)R such that
E(cp) — E(c) as n — oo. We have to show that ¢, — ¢ as n — co. We proceed
by contradiction and assume this fails. Then there is a subsequence ¢,, and p > 0
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such that dgs(c,cp,) > p for all k. We can pass to this subsequence and assume
drs(c, cy) > p for all n. We have ¢, (0) — ¢(0) as n — oo. The evaluation at z = 0 is
a proper map FS(X) — X by Lemma 1.10. Thus we can pass to a further subsequence
and assume that ¢;, — d as n — oo with d € FS(X).

We claim that d ¢ FS(X)R. Because ¢ & FS(X)R we have either ¢(—o0) # ¢(0) or
¢(00) # ¢(0). By symmetry we may assume ¢(—o0) # ¢(0). We consider now two
different cases.

Casel (c— # —o0) Then c— € R and we can consider the evaluation at c—. We have
(cn)— — c—, cu(—00) = c(—o0) and ¢, (0) — ¢(0) since E(cy) — E(c) as n — o0.
Moreover ¢, (c—) — d(c—) and ¢, (0) — d(0) since ¢, — d as n — oo. Therefore
¢(0) = d(0) and we get
dx (d(co).e(e)) < dy(d(eo). enlem)) + dx (enleo). cnl(en)-)
+dx (Cn((cn)—)» C(C—))
< dx (d(c). cnle=)) + [e= = (en)=| + dx (en(~00). c(~00))
— 0asn— oo.

Thus d(c_) = c¢(c_) = ¢(—00) # ¢(0) = d(0). Therefore d & FS(X)R.

Case2 (c— =—o00) Because (¢,)+ — ¢+ # —00, there is K > 0 such that — K <
(cn)+ forall n. Since (¢;)— — c— = —oo we have (¢;)— < —2K for all sufficiently
large n. Then

dx (Cn (—=2K), cn (0)) =dx (cn(—2K), Cn (_K)) +dx (Cn(_K), Cn (0))
= dX(Cn(_zK), Cn(_K))
=K

for sufficiently large n. Using Lemma 1.10 we conclude dy (d(—2K),d(0)) > K.
Therefore d ¢ FS(X)R. This finishes the proof of the claim.

Because d € FS(X) —FS(X)® we can apply E to d and deduce E(d) = E(c) from
continuity of E. Thus ¢ = d because E is injective. This contradicts dgs(c, cp) > p
for all n and finishes the proof. |

Recall that FS(X)y is the subspace of finite geodesics, see Notation 1.13.
Proposition 2.7 Assume that X is proper as a metric space. Then the map

Ef:i FS(X)f — FS(X)® — RxXxX
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defined by Ef(c) = (c_, ¢(—00), c(oo)) is a homeomorphism onto its image

im Ep = {(r.x.) | x # ).
In particular, FS(X) s — FS(X )R js locally path connected.

Proof Lemmas 1.6 and 2.4 imply that E¢ is continuous. The map Ey is injective
with the stated image because of existence and uniqueness of geodesics between points
in X, see [4, I1.1.4, page 160],

Next we show that the induced map
Ep: FS(X)p = FS(X)® = {(r.x.») | x # 7}

is proper. Let K C {(r,x, y) | x # y} be compact. We will show that F f_l (K) is
sequentially compact. Let (¢;)nen be a sequence in E f_l (K). After passing to a
subsequence, we may assume that Es(c,) converges in K. Thus (¢,)- — 1o € R,
cn(—00) > x_ € X, cp(o0) > x4 € X, and x_ # x4+. We have

dx (cn(to), x—) < dx (cu(to), cn(—00)) + dx (cn(—00),x-)
=< |to — (cn)—| + dx (cn(—00), x-).

Thus ¢, (t9) — x— as n — oo. Using Lemma 1.10 we deduce that (c,),eN has a
convergent subsequence in FS(X), that we will again denote by ¢,. So now ¢, — ¢
in FS(X) for some ¢ € FS(X).

We will show next that ¢ & FS® . We have

(¢n)+ — (en)— = dx (cn(00), cu(—00)) = dx (x—, x4),
as n — 00. Thus (¢cy)+ — t1 1=ty + dy(x—, x4+). We have

dx (cn(t1), X+4) < dx (cn(t1), cn(00)) + dx (cn(00), X4)

= |t1 = (cn)+| + dx (cn(00), x4).
Thus ¢, (1) = x4+ as n — oo. From Lemma 1.10 we conclude
c(f) =limep (1) = x4 # x— =c(lo).

Thus ¢(t;) # ¢(t9) and ¢ € FS— FSK.

Now Ef(cy) — Ef(c) as Ey is continuous. Therefore c— =19, ¢(—00) = x_ and
c¢(c0)=x4.Thus c e Ef_l (K). Hence Ef: FS(X)f—FS(X)R —{(r,x,y)|x#y}
is an injective continuous proper maps of metric spaces. This implies that it is a
homeomorphism (see Steenrod [12, 2.2 and 2.7]).
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By the existence of geodesics the image of E is locally path connected. Hence
FS(X)fr— FS(X)R is locally path connected. |

2.3 Covering dimension of the flow space

We will need the following elementary fact.

Lemma 2.8 If X is proper as a metric space and its covering dimension dim X is
<N,thendimX < N.

Proof Let I = {U; |i € I} be an open covering of X . Recall from Remark 2.3 that
a basis for the topology on X is given by sets of the form o, L(W) for r > 0 and
open W C B, (xo), where we fix a base point x.) Thus for every x € X there are ry,
W, C E,X (xo) and Uy € U such that x € pr_xl (Wx) C Uy. Because X is compact a
finite number of the sets ,or_x1 (W) cover X . Note that p, = '0"|l_?,/(x0) oppr,if ¥ >r.
Therefore we can refine U/ to a finite cover )V, such that there is r and a finite cover
W of B;(xg) such that

V=07 V) = {0, (W) | W e W)

The result follows because B (xg) is closed in X and thus dim B, (x¢) <dim X. O

Proposition 2.9 Assume that X is proper and that dim X < N . Then
dim(FS(X) — FS(X)®) <3N +2.

Proof The image of any compact subset under a continuous map is compact and
a bijective continuous map with a compact subset as source and Hausdorff space as
target is a homeomorphism. Hence every compact subset K of FS(X)—FS(X)R is
homeomorphic to a compact subset of Rx.X x X xX xR by Proposition 2.6 and hence
its topological dimension satisfies

dim(K) < dim(RxXxX xX xR) = 2dim(R) + 2dim(X) + dim(X) <3N +2.

because of Lemma 2.8. Since FS(X) is a proper metric space by Proposition 1.9, it is
locally compact and can be written as the countable union of compact subspaces and
hence contains a countable dense subset. This implies that FS(X') has a countable basis
for its topology. Since FS(X) — FS(X)R is an open subset of FS(X), the topological
space FS(X)—FS(X)R is locally compact and has a countable basis for its topology.
Now dim(FS(X) — FS(X)R) < 3N + 2 follows from Munkres [10, Chapter 7.9,
Exercise 9, page 315]. a
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2.4 The flow space is locally connected

A topological space Y is called semi-locally path-connected if for any y € Y and
neighborhood V' of y there is an open neighborhood U of y such that for every z € U
there is a path w in V from y to z. Recall that Y is called locally connected or
locally path-connected if any neighborhood V' of any point y € Y contains an open
neighborhood U of y such that U itself is connected or path-connected respectively.
Suppose that Y is semi-locally path-connected. Then any open subset of Y is again
semi-locally path-connected and each component of any open subset of Y is an open
subset of Y . The latter is equivalent to the condition that Y is locally connected. Hence
semi-locally path-connected implies locally connected. The notion of semi-locally
path-connected is weaker than the notion of locally path-connected.

Proposition 2.10 Assume that X is proper as a metric space. Then FS(X)—FS(X)R
is semi-locally path-connected. In particular, FS(X) — FS(X)R is Iocally connected.

Proof Consider ¢ € FS(X)—FS(X)®R and a neighborhood V € FS(X) — FS(X)R
of ¢. By Lemma 1.14 there is a homotopy H;: FS(X) — FS(X) such that Hy = id
and H;(FS(X)) C FS(X)y forall > 0. Lemma 1.12 implies that V' is also open as
a subset of FS(X). Since H is continuous, there is § > 0 and an open neighborhood
U, CV of ¢ suchthat H;(U;) SV forall t €[0,§]. Forany d € Uy, wy(t) := Hy5(d)
defines a pathin V from d to Hg(d). We have Hs(c) € FS(X)y. From Proposition 2.6
we conclude that FS(X)r —FS(X)R is open in FS(X)—FS(X)R. By Proposition 2.7
we can find a path-connected neighborhood W C V' N (FS(X ) —FS(X )R) of Hg(c).
Set now U := U; N (Hs)~L(W).

Consider d € U. Then Hg(c) and Hg(d) both lie in W. Thus there is a path in
W from Hg(c) to Hg(d). This is in particular a path in V', since W € V. Then
W 1= we % V*wy is apath in V from ¢ to d. Hence FS(X)—FS(X)R is semi-locally
path connected. a

2.5 The example of a complete Riemannian manifold with non-positive
sectional curvature

Let M be a simply connected complete Riemannian manifold with non-positive
sectional curvature. It is a CAT(0)—space with respect to the metric coming from
the Riemannian metric (see Bridson—Haefliger [4, [.A.6, page 173]). Let STM be
its sphere tangent bundle. For every x € M and v € STy M there is precisely one
geodesic ¢,: R — M for which ¢,(0) = x and ¢;,(0) = v holds. Given a geodesic
¢:R— M in M and a_,a; € R with a_ < a,, define the generalized geodesic
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Cla_,ay]: R — M by sending ¢ to c(a-) if t <a—, to ¢(¢t) if a— <t < a4, and to
c(ay) if t = a4 . Obviously ¢[_oo,00] = . Let d: R — M be a generalized geodesic
with d_ < dy . Then there is precisely one geodesic d: R — M with C?[d_,d =d.

Define maps

a: STM x {(a,-,a+) eRxR | a_<a+} — FS(M), (v,ai,a+) > cylla_a,];
B: FS(M) — STM x {(aj,a+) e RxR |a_<ay}, c ('(0),c_,cy).

Then « and B are to another inverse homeomorphisms. They are compatible with the
flow on FS(M) of Definition 1.2, if one uses on ST M x {(a,', ar)eRxR|a_ < a+}
the product flow given by the geodesic flow on STM and the flow on R which is at
time ¢ given by the homeomorphism R — R sending s € R to s —#, —o00 to —o0,
and oo to 0o.

3 Dynamic properties of the flow space

Summary In Definition 3.2 we introduce the homotopy action that we will use to
show that CAT(0)—groups are transfer reducible over VCyc. It will act on a large ball
in X . (The action of G on the bordification X is not suitable, because it has to large
isotropy groups.) In Propositions 3.5 and 3.8 we study the dynamics of the flow with
respect to the homotopy action. In the language of Section 5 this shows that FS(X)
admits contracting transfers.

Throughout this section we fix the following convention.

Convention 3.1 Let

e (X,dx) be a CAT(0)—space which is proper as a metric space;
e Xxo € X be a fixed base point;

e G be a group with a proper isometric action on (X, dy).

For x,y € X and t € [0, 1] we will denote by t - x + (1 —t) - y the unique point
z on the geodesic from x to y such that dy(x,z) = tdy(x,y) and dx(z,y) =
(1 =1t)dx(x,y). For x,y € X we will denote by cx,, the generalized geodesic
determined by (cx,y)— =0, ¢(—00) = x and c¢(o0) = y. (By [4, I1.1.4(1), page 160]
and Proposition 1.7, (x, y) + cx,, defines a continuous map X xX — FS(X). Note
that g -cx,y = Cgx.,gy-)
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3.1 The homotopy action on Br (x)

Recall that for r > 0 and z € X we denote by p,;: X — B, (z) the canonical
projection along geodesics, that is, p, (x) = ¢z, x(r), see also Remark 2.3. Note that
g prz(X) = prgz(gx) for x,z€ X and g € G.

Definition 3.2 (The homotopy S—action on Bg(xg)) Let S CG bea finite subset
of G with e € G and R > 0. Define a homotopy S—action (¢&, H®) on Bg(x) in
the sense of Definition 0.1 (i) as follows. For g € S, we define the map

oR: Br(xo) = BR(xo)

by oR(x) := pRr.xo(gx).

Bg(xo)
________________ o--—-----=0 8X
X e-----moTTTTTTTTTITTTT (pg(x)
For g,h € § with gh € S we define the homotopy
R. R__R. _R
Hy p ¢g ©0p = Pgp
by HE,(x,0) 1= pR,xo (1 (ghx) + (1 =1) - (g PR x, (hX))).
BRr(xo)
xe
y = pR,X()(hx)
X0 e SSSSSIoIIIITTTTTTTTTTTTTTTTTTToT oo oo ®-——---- * hix
_“}? ——————————— ===—e o ghx
Hg’h(x,t) gy g

Remark 3.3 Notice that H gf ; 1s indeed a homotopy from (,oée o <p}le to @gp, since

HE(x,0) = pR.x (0- (8hx) +1-(g - pR.x (hX)))
= IOR,xO (g : pR,xo(hx))

=R opR(x),
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and

HE (6, 1) = pRoxo (1 (8hx) +0- (2 pR o (hx))
= PR,x¢ (ghx)
=K, (x).
It turns out that the more obvious homotopy given by convex combination (x,?) >
t -(pgh xX)+(1—2)- (pée o wf (x) is not appropriate for our purposes.
Definition 3.4 (The map ¢) Define the map
. GxX —FS(X)

as follows. For (g,x) € GxX let 1(g,x) 1= Cgxp,gx-
The map ¢ is G—equivariant for the action an Gx X defined by g - (4, x) = (gh, x).

3.2 The flow estimate

Proposition 3.5 Let f, L >0. Forall §> 0 there are T, r >0 such that for x;,x; € X
with dy (x1,x2) < B, x € B,41(x1) there is T € [—8, 8] such that

(/[FS(CDT(cxI,,or_Xl (x))’ cDT+r(cx2,pr_X2(x))) <é.

:‘.:‘Br (x1)

The proof depends on the next lemma.
Lemma3.6 Letr',L,>0,r">p.SetT :=r"+r" andr:=r"+2r' + B. Let

X1, X2 € X such that dy(x1,x,) < B. Let x € B,4r(x1). Set T := dy(x2,x) —
dx(x1,x). Thenforallt € [T —r', T + 1]
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() dx(Cxyx (1), Cxgn (1 + 1)) < 2BLE2ED)

r//

(i) Cxy,p 1, (0) () = Cxp x (1) and Cx, p, () (T +T) = Cxy x (E + 7).

Proof (i) Lett € [T —r',T +r’]. Note that |[t]| < 8. From T —r' =+" >
we conclude ¢, + 1 > 0. If 1 > dy(x,x;), then cx, x(f) = X = cx, x(t + 7) and
the assertion follows in this case. Hence we can assume 0 < ¢ < dx(x,x7). A
straight forward computation shows that 0 <7+t < dx (x, x3) and dy (cx, x(?), x) =
dx(cxy x(t+71),x). Weget r” =T —r' <t <dyx(x,x1). Applying the CAT(0)—
condition to the triangle Ax x, x, we deduce that

2-dx(x1,x2) - (dx (x,x1) —=1) _2-B-(dx(x,x1)—1)
dy(x,x1) - dy(x,x1) '

dX(Cxl,X(t)v CXz,X([ +T)) S

Combining this with dy(x,x1) > r” and dy(x,x;)—t < (r+ L) — (T —r') =
r"+2r"+B+L—r"—r" 4+ =2r' 4+ B+ L we obtain the asserted inequality.

(i) Wehavet <T+r'=2r'+r"=r—Bandt>T—r'=r">p. Thus t,t+7€[0,7].

Hence ¢y, ,p, . (x)(1) = Cx; x (1) and ¢x, p, . () (1 +T) = Cxp x (1 + 7). o

Proof of Proposition 3.5 Let § > 0 be given. Pick ' >0, r” >, 1 >4’ > 0 such
that

AR Nt 8 rog 8 2. B(L +2r'
/ +||dt§§, / dr=3  and BLF2 4P _o

—00 e|t| —y 2g‘t| r”

Set r := 2r' +r”+Band T :=r"+r". Let x1,x, € X with dy(x1,x,) <B. Let
x € By (x1) be given. Set 1 := dy (x3,x) —dyx(x1,x). Then |t| < dx(x3,x1) < 8.
Using Lemma 3.6 we conclude that for all ¢ € [—r/, /]

dx (¢x1,pr.0; (T ). Cxypr 1y 0 (T +1 4 7))
= dx (cx; x (T +1). Cxpx (T +1+7))
/
J2BLAU AP
r

8.
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Thus

dFS(cDT(CM Pr.xy (X))’ CI>T+T(CX27Pr.x2 (x)))

B /°° dx (Cx1,0r0, ) (T + 1),z oy ) (T + 1+ 7)) o

oo 2ell

ot + 8 rog 00§/ 12|t
5/ 11+ dt+/ —dt+/ + ||dz
o 20l . 2ell 2l

—r’ t 1 r’ 5/ o0 1 t
5/ I+ dt+/ —dz+/ +||dt
—00 eltl —r/ 2e|t| r eltl

<5+5+5—5
-3 3 3

This completes the proof of Proposition 3.5. |

Lemma 3.7 Lete >0, B > 0. Then there is § > 0 such that for all |t| < B
drs(co, ¢1) <8 = dps(Pr(co), Pc(c1)) <e
for ¢y, c1 € FS(X).

Proof This follows from Lemma 1.3. O

Proposition 3.8 Let S be a finite subset of G (containing e ). Then there is > 0
such that the following holds:

For all § > 0 there are T, R > 0 such that for every (a,x) € GXER(X), ses,
f € Fy(pR, HR) there is € [-B, B] such that

dps(®r (1@, x)), Do (tlas™, f(x)))) <6.

Proof Pick 8 such that g > dx(sxg,xo) forall s € S. Let L := 8. Let § >0 be
given. By Lemma 3.7 there is % > 8o > 0 such that for |7/| <

)
(3.9) drs(co, c1) <89 = dps(Pr(co). Pr(c1)) < 3
for ¢g, c¢; € FS(X). By Proposition 3.5 there are 7, R > 0 such that for x, x;,x; € X

with dy (x1,x3) < B and dy (x,x;) < R+ L thereis t = 7(x, x1,Xx3) € [—g, g] such
that

drs(PT(Cxy,pr v, (1) PT42(Cxz 8 1, () = S0
Let (a,x) € G € BR(X),s€ S, f e Fs(pR, HR). Note that

dps(@1 (L(a, X)), Pric(tlas™, £(x)))) = dps(Pr (e, x)), Proc(t(s™", f(x))))
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because ¢ and ® are G-—equivariant and dpg is G—invariant. Thus it suffices to
consider the case ¢ = e¢. Then there are ¢ € [0,1] and g,/ € S such that s = gh
and f(x) = H;fh(x, 1) = PR.xo (t (ghx)+ (1 —1)-(g- ,oR,xO(hx))). Therefore
s_lf(x) = pR’S—le(t~x+(l —t)-pR,h_lx()(x)). Set z:=t-x+(1 —t)-pR’h_le(x).
Then ((s~ !, f(x)) =c

s—lx(),pR’s_le(z)'

IOR,S_I.X() (Z)

We have dy (x,xo) < R. Moreover, dy(z,h 'x¢) < dx(x,h x¢) < dx(x,x0) +
dx (xo,h 'x9) < R + L. Therefore, we can set 11 := 7(x,x0,h"xg), Tp =
t(z,h 'x9,57'x) and 7 := 11 + 7,. Note that || < f, since |7;| < g We have

dFS(qDT(Chfle,pR’h_lxo(z)), (I)T-i-‘rz (csilxo’pR,s—lxo(Z))) < 50

and therefore by (3.9)

8
dFS(cDT'FTl (Ch—le, O(Z))’ CDT+T1+1'2(csflxo,pR's—le(Z))) = E

PR.n—1x
Thus
drs(P7(1(e. X)), Py (s, f(x))))
= dFS(q)T(CX(),X)’ ¢T+r(cs_1x0’pR.s_1x0 (Z)))
< dps(P7(cxp.x)s P41y (ch—lxo,pR.h_le )
+ dFS(CDT+r1 (chflxo,pR'h_le(Z))’ q)T+fl+1'2 (csflxo,pR'S—le (Z)))
5 6
<-4+ -=3.
-2 + 2
This completes the proof. a
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4 Orbits with bounded G —period

Summary Let FS(X )<, be the part of FS(X) that consists of in some sense periodic
orbits, namely, those generalized geodesics for which there exists for every € > 0
an element 7 € (0, + €] and g € G such that g-¢ = ®;(c) holds (see (5.4)). Our
main result here is Theorem 4.2 that asserts that there is a cover of uniformly bounded
dimension for FS(X)<, that is long in the direction of the flow. To this end we study
hyperbolic elements in G and their axis. These come in parallel families (called FS,
below) that project to convex subspaces of X . We construct the desired cover first for
the FS, by considering the quotient Y, of FS, by the flow. One difficulty here is that
the group G, that naturally acts on Y, does so with infinite isotropy. The isotropy
groups here are virtually cyclic and this forces the appearance of the family VCyc in
Theorem 4.2 and in our main result.

Throughout this section we fix the following convention.

Convention 4.1 Let
e (X,dx) be a CAT(0)—space which is proper as a metric space and has finite
covering dimension;

e G be a group with a proper isometric action on (X, dy).
The following is the main result of this section.

Theorem 4.2 There is a natural number M such that for every y > 0 and every
compact subset K of X there exists a collection V of subsets of FS(X) satistying:

(1) Each element V €V is an open VCyc—subsets of the G —space FS(X) (see
Definition 0.3);

(i1) V is G —invariant; thatis, for g€ G and V €V wehave g-V € V;
(iii)) G\V is finite;
(iv) dimV <M ;

(v) thereis ¢ > 0 with the following property: for ¢ € FS<, such that c¢(t) € G- K
for some t € R there is V € V such that B;(®[_,, ,1(c)) S V.
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4.1 Hyperbolic isometries of spaces

We recall some basic facts from Bridson—Haefliger [4, Chapter 11.6] about isometries
of a CAT(0)—space. Let y: X — X be an isometry. The displacement function of y
is defined by

dy: X —1[0,00), x—dy(yx,x).
The translation length of y is defined by
I(y):= inf{dy(x) | x € X}.
Define a subspace of X by

Min(y) := {x eX |dy(x)= l()/)}.

We call y elliptic if y has a fixed point and hyperbolic if the displacement function
d, attains a strictly positive minimum, or, equivalently, /() > 0 and Min(y) # @.

Lemma 4.3 Let y: X — X be an isometry.

() If a: X — X is an isometry, then I(y) = [(aya™') and Min(aya~!) =
a(Min(y)).
(i) Min(y) is a closed convex set.

(iii) The isometry y is hyperbolic if and only if it possesses an axis, that is, there is a
geodesic ¢: R — X and t > 0 such that y oc(t) = ¢(t + ) holds fort e R. In
this case T = I(y).

(iv) Two axes c, d for the hyperbolic isometry y are parallel, that is, dx (c(t), d(t))
is constant in t € R. The union of the images c¢(R) of all axes ¢ for y is Min(y).

Proof See [4, 11.6.2(2), page 229] for (i). See [4, 11.6.2(3), page 229] for (ii). See [4,
I1.6.8(1), page 231] for (iii). See [4, 11.6.8(3), page 231] for (iv). O

We emphasize that an axis for a hyperbolic element y is a (parametrized) geodesic
¢: R — X and not only ¢(R). So two hyperbolic elements y; and y, have a common
axis if there exists a geodesic ¢: R — X such that y; - ¢(f) = ¢(t + /(y1)) and
y2-c(t) = c(t +1(y,)) holds for all ¢ € R. We denote by /(g) the translation length
of the isometry X — X given by multiplication with g € G. We will say that g is
hyperbolic if this isometry is hyperbolic.
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Lemma 4.4 Letc: R — X be a geodesic. Put

Gope) =18 € G | g(Pr(0)
= PRr(c)}
={geG|IreR withge(r) =c(t +7) forallt € R}
and
Gewry =1{g€G|g c(R)=c(R)}.
Then G ) is virtually cyclic of type I and G (R) is virtually cyclic.

Proof The group G (Rr) acts properly and isometrically on R since ¢(R) is isometric
to R. The isometry group of R fits into the exact sequence

l1—R %Isom(R) £, {£1} — 1,

where i sends a real number r to the isometry ¢ +— ¢ 4+ r and p sends an isometry to
1 if it is strictly monotone increasing and to —1 otherwise. Since G(r) acts properly
on R, the obvious homomorphism G — Isom(RR) has a finite kernel and its image is a
discrete subgroup of Isom(R). This implies that G (R) is virtually cyclic.

Since the action of Gy (c) on ¢ is by translations, the same argument shows that
Goy(c) 18 virtually cyclic of type L. O

4.2 Axes in the flow space

Throughout this subsection we fix a compact subset K of X .
Notation 4.5 Let y > 0.

(i) Let
e

be the set of all hyperbolic g € G of translation length /(g) < y such that some
axis ¢ for g intersects G - K.

Consider the equivalence relation ~ on Giy)’,’ for which g ~ g’ if and only if
there exists parallel axes ¢g and cg/ for g and g’. (This relation is transitive by
Lemma 4.3 (iv) and because parallelism is an equivalence relation for geodesics
in CAT(0)—spaces by the Flat Strip Theorem [4, I11.2.13, page 182].) Put

h
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The conjugation action of G on G restricts to an action on ng and descends
to an action of G on A<, , see Lemma 4.3 (i). For a € A<, we set

Gy:={geG|g-a=a}.

(i) Forae A<y let
FS; CFS(X)
denote the subspace of FS(X) that consists of all geodesics ¢: R — X, that are
an axis for some g € ¢ and intersect G - K. We remark that ¢ € FS(X) is an
axis for g if and only if ®;(c) = gc for some 7 > 0 and in this case 7 = /(g),
see Lemma 4.3 (iii). Define

Pa: FSq— X, crc(0).

We denote by
Yo :=FS,/®

the quotient of FS,; by the action of the flow ®. Let
qa: FSq —> Y,

be the canonical projection. The action of G on FS(X) restricts to an action of
G, on FS,. Because p, is G,—equivariant and because the flow ® commutes
with the G-action on FS(X) we obtain an action of G4 on Y, and ¢, is
G, —equivariant for this action.

Lemma 4.6 Let (Z,dz) be a proper metric space with a proper isometric action of a
group H . If (zy)pen and (hy)neN are sequences in Z and H such that z,, — z and
hpzn — z' converge in Z, then {h, | n € N} is finite and for every h € H such that
hy = h for infinitely many n we have hz = z'.

Proof Let ng >0 suchthat dz(z,z,) <1 and dz(z’, hyz,) <1 for all n > ng. Thus
dz(hyz,z') <2 for all n > ny. Thus dZ((hnO)_lhnz,z) < 4 for all n > ngy. Thus
{(hny) " hn | n > nyo} is finite, because the action is proper. Therefore {/, | n € N} is
finite. If 4;, = A for infinitely many n € N, then Az = limy,— o0 hizy =limy o0 hpnzn =
z'. O

Corollary 4.7 Let (Z,dz) be a proper metric space with a proper isometric action of
agroup H. If L C Z is compact, then H - L C Z is closed.

Proof Let h,z, — z with h, € H and z, € L. After passing to a subsequence we
have z,, — z’. Lemma 4.6 implies that we can pass to a further subsequence for which
hy = h is constant. Thus ze h-L C H- L. |
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Lemma 4.8 There is a compact subset K, C X such that ¢(0) € G - K,, for all
CGFSa,aEASy.

Proof Set K, := Ey (K). This is compact because K is compact and X is proper as a
metric space. For a € A<y, ¢ € FS, thereare g €a, t €[0, y] such that c(s+1) = gc(s)
for all s € R. Because c¢ intersects G - K, this implies that there is s¢ € [0, y] such
that ¢(sg) € G- K. Thus ¢(0) € G- B, (K) = G- K, . o

Lemma4.9 Lety >0. Let (Cn)neN be a sequence in UaeA FS, that converges to
¢ in FS(X). Then there are g € G<yp and an infinite subset [ C N such that ¢ and all
ci, i €I are axes for g and intersect G - K, where K is the fixed compact subset of
X . In particular, ¢ € FS, and ¢; € FS, forall i € I, where a € A<, is the class of g.

Proof Thereare g, € G, t, €[0, y] such that g,c, = ®;,(c,). We can pass to a subse-
quence and assume that 7, — fo. Then gnc, = @y, (cy) = Py, (c) (using Lemma 1.3).
Since FS(X) is proper and G acts properly on FS(X) (see Propositions 1.9 and 1.11)
we can apply Lemma 4.6 and assume after passing to a further subsequence that g, = g
is constant. Then gc¢ = lim gn¢, = lim &4, ¢, = Py, (c). It remains to show that ¢
intersects G - K.

For each n there is s, in R such that ¢, (s,) € G - K. Since g,¢,(s) = cp(s +t,) and
tn €0, ], we can arrange s, € [0, y] for all » > 0. By passing to a subsequence we
can arrange that s, — s¢ for n — oo for some s¢ € [0, ]. Then ¢, (s,) — ¢(so) (using
Proposition 1.7). By Corollary 4.7 G - K is closed. Thus c¢(s) e G- K. |

Lemma 4.10 Let y > 0. Then

(i) G\A<, is finite;
(i) G-FS, CFS(X) isclosed forall a € A<,y ; thereis K, € G -FS, compact such
that G- K, =G -FS,;
(iii) there is ¢ > 0 such that dx (FSq, FSp) > ¢ foralla #b € A<y ;

(iv) consider ¢ € FS(X)<y — FS(X)R such that c(t) € K for some t € R, where K
is the fixed compact subset of X . Then there are a € A<, and y € Y, such that

Prc) =q;'(»).

Proof (i) We proceed by contradiction and assume that there are ay,a;,... in A<y
such that Ga; N Gaj = @ if i # j. Then there are g; € a; and ¢; € FS(X)g, such
that ¢; is an axis for g;. After replacing a; by h;a;, g; by h,-g,-hi_1 and ¢; by hjc;
for suitable /#; € G we can assume that ¢;(0) € K, , where K, is the compact subset
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of X from Lemma 4.8. Lemma 1.10 implies that I%V ={ceFS(X)|c(0)e K} is
also compact. Thus we can pass to a subsequence and arrange that ¢; — ¢ € FS(X).
Lemma 4.9 yields a contradiction.

(i) By Lemma4.9 G-FS, C FS(X) is closed. Thus K, := 12y NG - FS, is compact.
Now we get G- FSy =G-Ky,NG-FS; =G-(KyNG-FSy) =G -K,.

(iii) We proceed by contradiction and assume that for every n, there are a, # b, € A<,
and ¢, € FSq,,, dy € FSp,, such that drs(cy, dy) < 1/n. Because of (i) and (ii) there
are h, € G such that a subsequence of /¢, converges to some ¢ € FS(X). After
replacing a, by hyay, by by hpby, ¢y by hycy, dy by hydy, and after passing to a
suitable subsequence we can thus assume that ¢, — ¢ € FS(X). Then also d, — c.
Using Lemma 4.9 for the sequence (¢;),eN We can after passing to a subsequence
assume that a, = a is constant and that ¢ € F'S,. Using Lemma 4.9 for the sequence
(dn)nen Wwe can after passing to a further subsequence assume that b, = b is constant
and ¢ € FSp. Thus FS, N FS, # <. From the definition of A<, it is immediate that
this implies @ = b, contradicting a,, # by,.

(iv) Let c € FS(X)<y — FS(X)R. Then we can find for each natural number n a
real number 1, and g, € G satisfying y + % > 1, >0 and gyc(t) = c(t + ). In
particular, ¢ is a geodesic that is an axis for each g, and /(g,) = 1, . After passing to a
subsequence we can assume that t, — to. Thus, dx (g,¢(0), c(t9)) — 0. Because of
Lemma 4.6 /(g,) = 1t = 1o for infinitely many ». For such an n we have g, € Giyfj.
Now assume additionally that c(¢) € K for some ¢. If a is the equivalence class of

such a g, then ¢ € FS, and ®r(c) = ¢, ' (¢a(c)). |
Proposition 4.11 Lety >0 anda € A<y, . Then

(i) pa: FSq — X is an isometric embedding with closed image;
(ii) there is a G4 —invariant metric d, on Y, that generates the topology; with this

metric Y, is a proper metric space;

(iii) there is 74: FS; — R, such that ¢ — (q4(c), T4(c)) defines an isometry FS,; —
Y, xR which is compatible with the flow, that is, t4(®;(c)) = t4(c) + ¢t for
teR,ceFS,;

(iv) foryeY,, Gy :={g€ G| gy =y} isvirtually cyclic of type  and G4y C Y,
is discrete;

Proof (i) If ¢ and d are parallel, then dx (c(¢), d(¢)) is constant by definition. An
easy computation shows dy (c(0),d(0)) = dps(c,d). Thus p, is an isometry. It
remains to show that p,(FS,) is closed. Let ¢, € FS,; such that ¢,(0) - x € X.
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Because ¢ — ¢(0) is proper (Lemma 1.10) we can pass to a subsequence and assume
that ¢, — ¢ in FS(X). Then ¢ € FS; by Lemma 4.9 and ¢(0) = x.

(i1) and (iii) Let FS;I" be the subset of all d that are parallel to some (and therefore
all) ¢ € FS,. Define
p;r: FS: — X, c¢rHc(0).

By the argument from the proof of assertion (i) p}: F. S;l" — X is an isometric em-
bedding. It follows from [4, 11.2.14, page 183] that there is convex subspace Y, of
X (which is therefore a CAT(0)-space) and an isometry v¥: Y,;F xR — FS;' such
that @, (¥ (y,s)) = ¥ (y,s +1) for s,z € R and y € Y. This identifies ¥, with a
subspace of Y, and provides the metric on Y,. If g € G, then the action of g on
X permutes the images of geodesics ¢ € FSLJ{. It follows from [4, 1.5.3(4), page 56]
that the induced action of g on Ya+ (and therefore also the induced action on Y, ) is
isometric. Since X is proper by assumption, FS, is proper by assertion (i). Since FS,
is isometric to Y, x R, the metric space Y, is proper.

(iv) By Lemma 4.4 Gy, is virtually cyclic of type I. We proceed by contradiction to
show that G,y is discrete. Assume that there are g, € G4, n € N suchthat g,y # gmy
if n #m and g,y — yg. Pick ¢ € FS,; such that g,(c) = y and t,(c) = 0. Pick
geac Géy]’f such that ¢ is an axis for g. Then gc¢ = ®;(4)(c), see Lemma 4.3 (iii).
Thus 74(x88;, " (gnc)) = 1(2) + ta(gnc) and (2,88;,')gny = gny. By replacing
gn by (g,,ggn_l)l”gn for some [, € Z we can arrange that t,(g,c) € [0,/(g)]. By
passing to a subsequence we can arrange that the sequence t,(g,c) converges. Since
qa(gnc) = gnc converges to yg, we conclude from (iii) that g,c — d as n — oo for
some d € FS(X). Now Lemma 4.6 implies that g,¢ = g,,¢ for infinitely many n, m.
This contradicts g,y # gmy for n # m. |

In the proofs of the next two results we will denote by m,: Y, — G4\Y, the quotient
map. We point out that m, is open, since for any open subset V C Y, the subset

7w (e (V)) = Ugeg, &V is open.

Lemma 4.12 We have
dim(Gg4\Y,) < dim(X).

Proof Let K, € G-FS, be compact such that G- K, = G -FS,, see Lemma 4.10 (ii).
Using Lemma 4.10 (iii) we conclude that there is a compact subset K[, C FS, such that
FS, =G4 K], Let KJ] C Y, be the compact subset ¢,(K)). Define U := By (K])).
Then U is an open subset of Y, with Y, = G,-U. Let i: U — Y, be the inclusion.
Since U is open, i is open. As pointed out above, 7,4: Y, — G4\ Y, is open. Hence the
composite wg0i: U — G4\ Y, is open and surjective. Since Y, is a proper metric space
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by Proposition 4.11 (ii) and K], C Y, is compact, the set Bi(K /) is compact subset of
Y, . Since for every y € Y the orbit G,y C Y, is discrete by Proposition 4.11 (iv), the
intersection B (K /)N Ggy and hence also the intersection U N Gy is finite. Hence
the composite 7, 0i: U — G4\Y, is finite-to-one. Its source is a metric as U is a
subspace of the metric space Y,. Since G, acts isometrically on Y, and for every
y €Y the orbit G4y C Y, is discrete by Proposition 4.11 (iv), the quotient G,\ Y, is
also a metric space. Since every metric space is paracompact by Stone’s Theorem (see
Munkres [10, Chapter VI, Theorem 4.3, page 256], the composite g 0i: U — G4\ Y,
is a finite-to-one open surjective map of paracompact spaces. Hence we conclude from
Nagami [11, 4.1, page 35]

dim(U) = dim(G,\Y,).

Since Y, is a proper metric space by Proposition 4.11 (ii) it is locally compact and can
be written as the countable union of compact subspaces and hence contains a countable
dense subset. Hence the open subset U is locally compact and has a countable basis
for its topology. Since any compact subset L C U is a closed subset of X and satisfies
dim(L) < dim(X), we conclude dim(U) < dim(X) from Munkres [10, Chapter 7.9,
Exercise 9, page 315]. This finishes the proof of Lemma 4.12. |

Proposition 4.13 Let y > 0 and a € A<, . There is an open VCyc—cover V, of Y,
such that

(i) dimV, <dim X ;
(ii) V, is Gg—invariant, thatis, g-V €V, if g€ Gg and V € V,;
(i) Gg\V, is finite.

Proof Because of Proposition 4.11 (ii) and (iv) for any y € Y, the open ball of
sufficiently small radius is VCyc—neighborhood for y. Pick for each y such a ball
V). Because mq: Yy — Gg\Y, is open, {mq(V)) | y € Y4} is an open cover of
G,\Y,. By Lemma 4.12 it has a refinement ¥V whose dimension is bounded by
dim X. The G,—action on Y, is cocompact because it is cocompact on FS,, see
Lemma 4.10 (ii). Therefore G4\Y, is compact. Thus we may assume that W is
finite. For any W € W pick yw € FS, such that W C m4(V),,). Now define
Vo ={n;'\(W)NgV,, | WeW,g e G,}. This is an open VCyc—cover because
each V) is an open VCyc—set. Its dimension is bounded by dim X', because the
dimension of W is bounded by dim X and because for g € G, and y € Y we have
either V), = gV, or V, N gV, = @. Tt is G4—invariant because each 7, (W) is
G,—invariant. Finally, G,\V, is finite because VV is finite. O
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4.3 The cover V

Lemmad4.14 Let (Z,dz) be a metric space with an action of a group H by isometries.
Let A be a H —invariant subspace. For @ # U C A, we define

ZWU):={zeZ|dz(z,U)<dz(z,A=U)}
andset Z(A) =7, Z(D):=@. Thentfor U,V C A,

(i) ZU) isopenin Z;

i) ZWUNV)=ZU)NZV);
(iii)) Z(U)N A ="U holds if and only if U is open in A;
(iv) forall g € H we have Z(gU) =gZ(U).

Proof (i) Either Z(U) is @ or Z or can be written as the preimage of (0, co) for a
continuous function on Z. Hence Z(U) is open for every U C Z.

(i) This is obviously true if U = A, U = @, V = & or V = A holds, so we
can assume without loss of generality @ # U # A and @ # V # A in the sequel.
Recall that dz(z,U) := inf{dz(z,u) |[u € U} for z € Z and @ # U C Z. One
easily checks that dz (z,U),dz(z, V) <dz(z, UNV)and dz(z,A—(UNV)) =
min{dz(z, A—U),dz(z, A—V)} hold for z € Z and open subsets U, V € A. This
implies Z(UNV)< Z(U)NZ(V).

It remains to show Z(U)NZ(V)C Z({UNV).Let ze Z(U)N Z(V). Because of
dz(z,U)<dz(z, A=U) thereis u € U with dz(z,u) <dz(z, A—U). Because of
dz(z,V)<dz(z,A—V) thereisv e V with dz(z,v) <dz(z,A-=V). fugV
then dz(z,v) <dz(z,u). If v¢€ U then dz(z,u) < dz(z,v). In particular we have
ueVorvel.

Suppose that u € V. Then v € U and dz(z,v) <dz(z,u) <dz(z, A—U). Thus

dz(z,VNU)<dz(z,v)<min{dz(z,A—U),dz(z,A—V)}

=dz(z, A—UNYV))
and z € Z(U N V). Analogously one shows z € Z(U NV) if v € U. It remains to
treat the case, where u € V and v € V', or, equivalently, where u,v € U N V. We may

assume without loss of generality dz (z,v) <dz(z,u). Then dz(z,v) <dz(z,u) <
dz(z,A—U). Thus

dz(z,VNU)<dz(z,v) <min{dz(z,A-U),dz(z,A=V)}
—dy(z. A—(UNV))
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and z € Z(UNV). This proves Z(UNV)=ZU)NZ(V).

(iii) If U =@ or U = A, this is obvious so that it suffices to treat the case @ # U # A.
It ZWU)NA=U,then U is openin A, because Z(U) is open in Z by (i).

Assume that U is open in A. Consider z € U. Since U C A is open, there exists
€e>0suchthat {y € Z |dz(z,y) <e}NACU.Hence dz(x,z) > e forx e A—U
and hence dz(z,A—U)>€>0=dz(z,U). Therefore z € Z(U) N A. Consider
ze Z(U)NA. Since dz(z,U)<dz(z, A—U) implies dz(z, A—U) > 0 and hence
z¢ A—U, we conclude z € U. This proves Z(U)NA=U.

(iv) This is obvious as H acts by isometries. O

Lemma 4.15 Let K be a compact subset of X . There is eg > 0 and a G —invariant
cofinite collection Vg of open Fin—subsets of FS(X) such that

(i) dimVr <dim X;

(ii) if the image of ¢ € FS(X)R as a generalized geodesic in X (which is a point)
intersects (and is therefore contained in) G - K, then there is U € VR such that
Bep (¢) = Ber (Pr(c)) CU.

Proof The argument is very similar to the proof of Proposition 4.13.

For every x € X we can choose a Fin—neighborhood V. Because the quotient map
m: X — G\X is open, {m(Vy) | x € X} is an open cover for G\ X'. Arguing as
in Lemma 4.12 we see that dim G\ X < dim X . Therefore {m(Vy) | x € X} can be
refined to an cover VW of G\ X whose dimension is at most dim X . For every W € W
pick xpr € X with W € 7(Vy,,) and set Wy :={x" 1 (W)NgVy, | W eW, g€ G}.
This is an open Fin—cover, because each Vy is an open Fin—set. Its dimension is
bounded by dim X', because the dimension of WV is bounded by dim X and because
for each g € G and x € X we have either Vy, =gV, or VyNgV, = <.

For each W € Wy we set Wrg := {c € FS(X) | ¢c(0) € W}. Because ¢ + c¢(0) is
proper by Lemma 1.10, {c¢ € FS(X) | ¢(0) € K} is compact. Thus there is eg > 0
and a finite subcollection WW; € W, such that for every ¢ € FS(X) with ¢(0) € K we
have Bgy (c) € Wgs for some W € W;. Thus Vg :={gWps | W € W), g € G} has
the claimed properties. a

Proof of Theorem 4.2 Let R C A<, be a subset that contains exactly one element
from each orbit of the G-action. Then R is finite by Lemma 4.10 (i). For each
a € R, let V, be a covering of Y, satisfying the assertions from Proposition 4.13. Let
Wa = (qa) Ve ={g;"(V) |V € V,}. For b € A<, pick a € R and g € G, such
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that ga = b and set Wy := g(W,) = {gW | W € W, }. (This does not depend on the
choice of g, as q, is G,—equivariant and V, is Gg—invariant.) By Lemma 4.10 (iii)
there is § > 0 such that, if we set U, := Bs(FSg), then U,NUp =T fora#bec A< .
We now use Lemma 4.14 to extend the W € W, to open subsets of FS(X) and define
the collection U/ by

Z/{:: U {Za(W)ﬂUa| WGWQ},
aEAfy

where Z,(W) :={c € FS(X) | dps(c, W) < dgs(c, FS(X) — W)}. Define the desired
collection of open subsets of FS(X) by

V:i=UUVR,
where VR is from Lemma 4.15. It remains to show, that )V has the desired properties.

(i) The members of each V, are open VCyc—sets with respect to the G,—action by
Proposition 4.13. The g, are continuous and G,—equivariant by construction. Thus
the members of each W, are also open VCyc—sets with respect to the G,—action. For
each a, FS, is a G,—set. Because the U, are mutually disjoint, each Uy is an G,—set
as well. By Lemma 4.14 each Z,(W) N U, with W € W, is an open VCyc—subset
of FS(X) with respect to the G —action.

(i) Each V, is Gg—invariant. The union of the W, is G —invariant, because the ¢,
are Gg—equivariant. Thus by Lemma 4.14 the collection of all Z,(W) is G —invariant.
The collection of the U, is G'—invariant. Therefore {/ is G —invariant. Since U is
G —invariant this implies that V' is G —invariant.

(iii) Each G4\V, is finite by Proposition 4.13 (iii). Therefore G\U is finite. Since
G\UR is finite, G\ V is finite.

(iv) All the U, are mutually disjoint. For each a, dimW, = dimV,. Using
Proposition 4.13 (i) and Lemma 4.14 we get therefore

dimY = maj dim{Z,(W)NU, | W e W,}
ae

=maxdim )V, < dim X.
acR

Put M :=1+ 2dim(X). This number is independent of y and
dim(V) <1 +dim(VR) + dim(l/) < M.

(v) Let ¢ € FS(X) such that ¢ intersects G- K. If ¢ € FS(X)®, then Bep (Pr(c)) =
Bep () C U for some U € Vg, where e is from Lemma 4.15. Hence it remains to
show that there is &4 such that for any ¢ € FS(X )<, — FS(X )R such that ¢ intersects
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G - K, there is U € U satistying Bg, (P[_,,,](c)) € U because then we can take
€ = min{eR, €;/}.

Now suppose the desired €4 does not exist, that is, for n > 1 there are ¢, € FS(X) <) —
FS(X)R, d, e FS(X) and 1, € R such that ¢, intersects G- K, dps(®y, (cn), dn) <1/n
and dy ¢ U forall U € U that contain ®[_,, ,,1(cx). Choose a, € R with ¢, € G-FS,,, .
As R is finite, we arrange by passing to a subsequence that there is @ € R with a, = a
for all n.

Because of Lemma 4.10 (ii) there are g, € G, such that all g,c;, are contained in a
compact set K, C G - FS,. After passing to a subsequence and replacing ¢, by gncx
and d, by gnd, we can assume that ¢, — ¢ for some ¢ € K, C G - FS,. Choose
g € G with g7lc € FS,. Choose V € V, with g4(g7'c) € V. Then g7 lc € q;l(V)
and hence ®g(g~'c) C ¢; ' (V). Thus ®g(c) € U for some U € U, namely for
U=g-Za(W)NUgq, where we set W :=q; (V).

Passing to a further subsequence we can arrange that ¢, — ¢ for some ty € [—y, ¥].
Then also d, — ®,,(c). Hence there is ng such that d, € U for n > ng, because
dn —> @tO(C‘) eU.

The set ®[_,, ,,1(c) is a compact subset of the open set U . Hence we can find § > 0 such
that Bs(®P[—y,,1(c)) S U. We have dy (®;(c), ®/(cn)) < e*-dpsx)(cn.c) for n>1
and ¢ € [-7, ] by Lemma 1.3. Since there exists 7y such that drg(x)(cn,c) <e™*-6
for n > ny, we get ®_, ,,j(cy) € U for n > ny, a contradiction. This finishes the
proof of Theorem 4.2. |

S Flow spaces and S —long covers

Summary In Definitions 5.5 and 5.9 we formulate two conditions for a flow space FS
with an action of a group G. The first condition asks for the existence of long covers
of uniformly bounded dimension for a subset of F'S that contains the periodic orbits of
the flow and is large in the sense that its complement is cocompact for the action of
G . (In our application later the action of G on FS will be cocompact and we will get
the second part of this condition for free; we expect however that this condition can
also be verified in situations where the action is not cocompact.) The second condition
concerns the dynamic of the flow with respect to a suitable homotopy action. Our main
result is Proposition 5.11 which asserts that G is transfer reducible, provided the two
conditions are satisfied.

In this section we fix the following convention, compare Bartels—Liick—Reich [2,
Convention 1.3].
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Convention 5.1 Let

e G be agroup;
e F be a family of subgroups of G ;
e (FS,dFs) be alocally compact metric space with a proper isometric G —action;

o &: FSxR — FS be a flow.

We assume that the following conditions are satisfied:
e & is G —equivariant;
o FS—FSR s locally connected;
o kg :=sup{|H|| H C G subgroup with finite order | H|} < 0o;
o dim(FS—FSR) < oo;

e the flow is uniformly continuous in the following sense: for « > 0 and ¢ > 0
there is 6 > 0 such that

(5.2) dps(z,2') < 8,1 €[—a, 0] = dps(P:(2), P:(2')) <.

For a subset / CR we set ©;(z) :={®P;(z) |t € I}. For z € FS we define its G —period
perg(z) =inf{r |1 >0, 3g € G with ®,(z) =gz} €]0, 0],

where the infimum over the empty set is defined to be co. Obviously perg (z) =0if
and only if z € FS®. Because the flow ® commutes with action of G, the function
perg (z) is constant on orbits of the flow. If L € FS is such an orbit of the flow @,
define its G —period by

perg (L) := perg (2)
for any choice of z € FS with L = ®r(z). For y > 0 put
5.3) FSsy :={z € FS| perg(z) >y}
5.4) FS<y :={z € FS| perg(z) <y}

Definition 5.5 We will say that FS admits long F —covers at infinity and periodic flow
lines if the following holds:
There is M > 0 such that for every y > 0 there is a collection V of open F—subsets
of FS and ¢ > 0 satisfying:

(i) Vis G-invariant: g€ G, VeV = gV eV;

(i) dimV < M;
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(iii) there is a compact subset K € FS such that
e FS<yNG-K =a;
e forz€ FS—G-K thereis V €V such that B;(®[_, ,1(z)) C V.

Theorem 5.6 There is M € N such that the following holds:

For any a > 0 there is y > 0 such that for any compact subset K of FS-, thereis a
collection of open VCyc—subsets of FS such that

(1) Vis G-invariant: g€ G,V eV =gV eV;
(i) dmV =< M;
(iii) G\V is finite;
(iv) forevery z € G- K thereis V €V such that ®|_y o1(z) C V.

Proof This follows from the techniques used and developed in Bartels—Liick—Reich [2,
Sections 2-5], but is unfortunately not stated in precisely this form.

The main input is [2, Proposition 4.1]. In this reference it is assumed that the action of
G on FS is cocompact, but this is not used in its proof, mainly because the statement
concerns only a cocompact part of the flow space. (In [2] cocompactness of the action
is used to conclude that the flow space is locally compact; note that we assumed this in
Convention 5.1.) Therefore [2, Proposition 4.1] is valid in the present situation as well.
Theorem 5.6 can be deduced from this using the argument in [2, page 1848]. a

Theorem 5.7 Assume that FS admits long F —covers at infinity and periodic flow
lines and that F contains the family VCyc of virtually cyclic subgroups.

Then there is N € N such that for every o > 0 there exists an open JF —cover U of FS
of dimension at most N and € > 0 (depending on « ) such that the following holds:

(i) Forevery z € FS there is U € U such that Be(®[_q,q](z)) S U.
(i) G\U is finite.

Proof Let Mj be the number M appearing in Definition 5.5 and M be the number
M appearing in Theorem 5.6. We set N := My+ My + 1. Theorem 5.6 also provides
a number y depending on . We can assume that y > «. Since FS admits long F—
covers at infinity and periodic flow lines we can find a collection Vy of open JF—subsets
of F'S and g¢ > 0 such that (i) to (iii) from Definition 5.5 hold.

Next we apply Theorem 5.6 and obtain a collection V; of open VCyc—subsets of FS
and a compact subset K € FS such that (i) to (iv) from Theorem 5.6 hold. A simple
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compactness argument, provided in Lemma 5.8 below, shows that there is £; > 0 such
that for every z € G - K there is V' € V; such that

Be) (Pp—g,a1(2)) C V.

Now set ¢ := min{eg, &1} and U :=Vy U Vy. O
Lemma 5.8 Assertion (iv) in Theorem 5.6 can be strengthened to

(iv') There exists ¢ > 0 such that for any z € G - K there is V € V such that
Be(qD[—a,a](Z)) cV.

Proof Suppose that there is no such ¢. Then we can find a sequence (z),>1 of
points in G - K such that By, (dD[_a,a] (zn)) Z U holds for every n > 1 and every
U € V. Because V is G —invariant and ® is G—equivariant, we can assume without
loss of generality that z, € K for all n. After passing to a subsequence we can assume
that z; — z as n — oo. Choose V € V with ®[_y 41(z) S V. Since P[_y 4)(2) is
compact and V' is open, we can find p > 0 with B, (é[_a’a] (Z)) C V. Because of the
uniform continuity of the flow, we can find § > 0 such that dps(®P;(z), P.(z")) < /2
holds for all T € [—«, «] provided that drs(z,z") < § is true. Since lim,—sco 2z = Z,
we can find n > 1 such that dps(z,z,) < 8 and 1/n < /2 hold. This implies
dps(D(2), D1 (z4)) < u/2 for all T € [—a, ]. Thus

B1/n(®P[-a,0](2n)) € Bu(P[-a,a](2)) SV,
contradicting the assumption. O
Definition 5.9 We will say that FS admits contracting transfers if for every finite

subset S of G (containing ¢) there exists § > 0 and N € N such that the following
holds:

For every § > 0 there is
i T >0;
(i1) a contractible compact controlled N —dominated space X ;

(iii) a homotopy S-action (¢, H) on X;

(iv) a G—equivariant map t: GXX — FS (where we use the left action g - (&, x) =
(gh,x) on GxX),

such that
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(5.10) forevery (g,x) e GXX,s €S, f € Fs(p, H) there is T € [—f, B] such that

drs (®7((8: ). @74:((g5™" () <5.

Proposition 5.11 If FS satisfies the assumptions appearing in Convention 5.1, admits
long covers at infinity and periodic orbits (see Definition 5.5), and admits contracting
transters (see Definition 5.9), then G is transfer reducible over the family F in the
sense of Definition 0.4.

The proof of Proposition 5.11 will use the following the lemma.

Lemma 5.12 Let 8>0,T >0 and € > 0. Let S be a finite subset of G (containing
e). Setn:=|S| and o :=2nf. Pick § such that (5.2) holds. Let (¢, H) be a homotopy
S —action on a compact metric space X and let i: GXX — FS be a G —equivariant
map. Assume 5.10 holds.

Then

(5.13) forevery (g,x) € GxX and (h,y) € S” H(g, x) (see Definition 0.1) there is
T € [—a, ] such that

dps (Pr(1(g. X)), Pr4:(1(, ) < 2ne.

Proof If (4, y)ES”H(g,x) then there are xg,...,x, € X, ay,by1,....an, by €S,
fl,fl,.. Jns o X — X, such that xo = x, X, = p, fi € Fg, (¢, H), f,

Fp (9. H), fi(xi—1)= f,(x,)andh gay by .. ay, by . Set gj:=ga by ... l_lb.
By 5.10 there are 71,71, ..., Ty, Tn € [P, B] such that
dps(P7(L(gi—1,Xi=1)), P14, ((gi—1a; ", fi(xi—1)))) <&
dps(P7 ((21, X0)), Pz ((gib ", fi(xi))) <8
fori=1,...,n.Putog=0and g; :=(—71+11)+ -+ (-T;+1) fori =1,2,...,n
Since 0; € [—«, «], we conclude for i = 1,...,n from (5.2)
dps(P7 10, ((gi=1,Xi—1)), PTtg;40;_, (L(gi—1a; ", ﬁ'(xi 1)) <€
dFS(q)T—i—a, (t(gi-xi))s (DT—H:, +o; (L(gl fl(xl)))) Se.
Since gj_1a;' = gib7!, fitxi—1) = fi(xi) and T + 1 + 051 = T + % + 07 we

conclude for i = 1,...,n from the triangle inequality

dps(PT 10, (1(gi—1. Xi=1)), PT 4o, (1(gi, Xi))) = 2€.
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Using the triangle inequality we obtain
dps(P7(L(8, X)), PT 16, (L (1, ) =dps(PT(1(g0. X0)). PT +5,,(L(gn, Xn)))

<Y dps(PT4o;_ ((8i—1.Xi1))- T 4,(t(g7. X))

i=1

This completes the proof. |

Proof of Proposition 5.11 Let S be a finite subset of G. Let N be the number
from Theorem 5.7. Let N and B be the numbers (depending on S') appearing in
Definition 5.9. Put « := 28|S|. By Theorem 5.7 there is an open F—cover U of FS
of dimension at most N and €9 > 0 with the property that for every z € FS there is
U, € U such that

Beo (qD[—(x a](Z)) cU,.

Put € := 2| S| Pick 6 > 0 such that (5.2) holds. By assumptlon (see Definition 5.9),
there are 7' > 0, a contractible compact controlled N —dominated space X, a G-
equivariant map ¢: GXX — FS and a homotopy S —action (¢, H) on X such that
5.10 holds. Using Lemma 5.12 we conclude that for every (g, x) € GXxX we have

7 (t(h, »)) € Beo(Pla,01(PT(1(g. ¥))))

for all (A, y) € S" H(g,x) n < |S|. Hence we get ®7(t(h,y)) € U, (g.x)) for
all (h,y) € S”H(g,x) n < |S|. This implies that V := {(CIDT o) N U) | U eld}
is S—long w1th respect to (¢, H). Finally, dimV < diml < N. Thus G is transfer
reducible over F, where we use N := max{N N }. |

6 Non-positively curved groups are transfer reducible

In this section we prove our Main Theorem as stated in the introduction. Let G be a
group with an isometric cocompact proper action on a finite dimensional CAT(0)—space
X . We need to show that G is transfer reducible over the family VCyc of virtually
cyclic subgroups, see Definition 0.4. To this end we will show that Proposition 5.11
applies, where F = VCyc.
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6.1 Bpg(x) is finitely dominated

Fix a base point x¢g € X. For r > 0 let
Pr,xo- X - Er (x0)

be the natural projection introduced in Remark 2.3. The map p; x, is the identity on
B, (x0). If x € X with x & B,(x), then Prxo(X) = Cxq,x (), where cx) x: R — X is
the generalized geodesic uniquely determined by c— =0, c¢(—00) = x¢ and c(c0) = x
(see Section 3.1).

Lemma 6.1 The space X is a Euclidean neighborhood retract, that is, there is a natural
number N , a closed subset A € R, an open neighborhood U of A in RY and a map
r: U — A suchthat r|4 =id4 and X is homeomorphic to A. The number N can be
chosen to be 2 -dim(X) + 1.

Proof Since X is proper as metric space, it is locally compact. Since any two points
in X can be joint by a unique geodesic, X is connected and locally contractible. Hence
X has a countable basis for its topology (see Munkres [10, Chapter 6.5, Exercise 2,
page 261]). Obviously X is Hausdorff. By assumption dim(X) < co. We conclude
from [10, Chapter 7.9, Exercise 10, page 315] that X" is homeomorphic to a closed subset
A of RN for N =2-dim(X) + 1. Now apply Dold [5, Chapter IV.8, Proposition 8.12,
page 83]. a

Lemma 6.2 The space Bg(xo) is a compact contractible metric space which is
controlled (2 -dim(X) + 1)—dominated (in the sense of Definition (.2).

Proof Since X is proper as metric space by assumption, the closed ball Bg(xg) is
compact. The space Bg(x) inherits from X a metric and is contractible.

Because of Lemma 6.1 we can find an open subset U C R>4m(X)+1 and maps
i:X >Uand r: U - X with r oi = idy. Since U is a smooth manifolds, it
can be triangulated and hence is a simplicial complex of dimension (2-dim(X) 4 1).
Since Bgr(xq) is compact, i (E R (xo)) is compact and hence contained in a finite
subcomplex K € U. Since K and hence r(K) are compact, we can find C > 0 with
r(K) € Bryc(xo). Let

i’ Br(xg) > K
be the map defined by i. Let

V/Z K — E R (X())
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be the composite

Flg = pR'x()lER—i-C(XO) _
K —> Br4c(xg) —— Br(xo).
Then r' oi’ =id Br(xp) and K is afinite (2-dim(X) + 1)—dimensional simplicial
complex. This implies that Bg(xo) is controlled (2-dim(X) + 1)—dominated. a

6.2 Convention 5.1 applies to FS(X)

Let FS(X) be the flow space for X from Definition 1.2. We will show that this flow
space satisfies the conditions from Convention 5.1. By Proposition 1.11 the action of
G on FS(X) is isometric, proper and cocompact. In particular, the flow space FS(X)
is locally compact. By Proposition 2.10 the flow space FS(X) is locally connected. By
Bridson—Haefliger [4, 11.2.8(2), page 179] there is kg < oo such that finite subgroups
of G have order at most kg . By Proposition 2.9 dim FS(X) — FS(X)R is finite. The
uniform continuity of the flow follows from Lemma 1.3.

6.3 Long VCyc—covers for FS(X) at periodic flow lines

We need to show that the flow space FS(X) admits long VCyc—covers at infinity and
periodic flow lines in the sense of Definition 5.5. We take for M the number appearing
in Theorem 4.2. Let y > 0 be given. Because the action of G on FS(X) is cocompact
we conclude from Theorem 4.2 that there is ¢ > 0 and a G —invariant cofinite collection
V of open VCyc—subsets of FS(X) such that

e dimV=<M,;
e forany ¢ € FS(X)<y thereis V €V such that By(®[—, ,1(c)) S V.

Put S :={c € FS|3U €V such that B¢(®[_,,,j(c)) SU}. Note that S is G-invariant,
because V is. Moreover, FS(X)<, C S. It remains to show, that there is a compact
subset K € FS(X) such that FS(X)—.S = G- K. Because the action of G on FS(X)
is cocompact (Proposition 1.11) and FS(X) is locally compact (Proposition 1.9) it
suffices to show that S is open.

Choose U € V with Eg(CID[_y,y](co)) C U. It suffices to show that there is § > 0
such that Eg(CD[_y,y](C)) C U for all ¢ € FS(X) with dps(c,co) < §. We proceed
by contradiction and assume that there is no such §. Then there are ¢,, d, € FS(X),
tn €[—Y. y] such that drs(cy, co) <1/n, dps(dp, Py, (cn)) <& but d, €U . In particular
cn — co. By passing to a subsequence we can assume that 7, — ¢t € [—y, y]. Thus
®;, (cn) = Ds(co). It follows that drs(dy, Ps(co)) is bounded independent of 7.

Geometry € Topology, Volume 16 (2012)



1390 Arthur Bartels and Wolfgang Liick

Because FS(X) is a proper metric space (Proposition 1.9) we can pass to a further
subsequence and assume that d,, — d. Then dps(d, ®;(cg)) <¢&. Thus d € U. But
this implies d,, € U for sufficiently large 7, a contradiction.

This shows that the flow space FS(X) admits long VCyc—covers at infinity and periodic
flow lines.

6.4 Contracting transfers for FS(X)

Finally we need to show that FS(X) admits contracting transfers in the sense of
Definition 5.9. Let S be a finite subset of G (containing e). Let 8 be the number
appearing in Proposition 3.8. Set N:=2dimX +1.Let§>0be given. Let T, R > 0
be the numbers coming from Proposition 3.8. Then Bg(xo) is compact, contractible
and controlled N —dominated by Lemma 6.2. We use the homotopy S action (¢, H)
on Bgr(xg) from Definition 3.2 and the map t: Gx B, (xg) — FS(X) obtained by
restriction from the map from Definition 3.4. It follows from Proposition 3.8 that 5.10
holds.

Thus Proposition 5.11 applies and we conclude that G is transfer reducible over VCyc
as claimed in our main Main Theorem in the introduction.

Remark 6.3 Our argument proves a little more than is stated in our main Theorem.
Namely, the cover we construct is in addition cofinite for the action of G, that is, G\U
is finite. This follows from Theorem 4.2 (iii) and Theorem 5.6 (iii).
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