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Noncollapsing in mean-convex mean curvature flow

BEN ANDREWS

We provide a direct proof of a noncollapsing estimate for compact hypersurfaces
with positive mean curvature moving under the mean curvature flow: Precisely, if
every point on the initial hypersurface admits an interior sphere with radius inversely
proportional to the mean curvature at that point, then this remains true for all positive
times in the interval of existence.

53C44; 58135, 35K93

We follow Sheng and Wang [4] in defining a notion of “noncollapsing” for embedded
hypersurfaces as follows: Recall that a hypersurface M is called mean-convex if the
mean curvature H of M is positive everywhere.

Definition 1 A mean convex hypersurface M bounding an open region Q in R”*!
is §—noncollapsed (on the scale of the mean curvature) if for every x € M there is an
open ball B of radius §/H(x) contained in 2 with x € dB.

It was proved in [4] that any compact mean-convex solution of the mean curvature flow
is —noncollapsed for some § > 0. Closely related statements are deduced by Brian
White in [6]. In both of these works the result is derived only after a lengthy analysis
of the properties of solutions of mean curvature flow. The purpose of this paper is to
provide a self-contained proof of such a noncollapsing result using only the maximum
principle.

It is first necessary to reformulate the noncollapsing condition to allow the application

of the maximum principle. Given a hypersurface M = X (M), define a function Z on

M x M by

H(x)
2

Then we have the following characterization:

Z(x.y)= 1X(7) = X1 +8 (X (9) = X (x), v(x)) -

Proposition 2 M is §—noncollapsed if and only if Z(x, y) >0 forall x and y in M .
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Proof By convention we choose the unit normal v to be outward-pointing, so that a
ball in © of radius 6/H(x) with X(x) as a boundary point must have centre at the
point p(x) = X(x)— (6/H(x))v(x). The statement that this ball is contained in 2
is equivalent to the statement that no points of M are of distance less than §/H (x)
from p:

§ \° _ 2Z(x.y)
H(x)) - H(x)

for all x and y in M. Since H > 0 this is equivalent to the statement that Z is
nonnegative everywhere. The converse is clear. a

0< ||X(y)—p<x>||2—(

The main result of this paper is the following:

Theorem 3 Let M" be a compact manifold, and X: M" x [0, T) — R"+! a family
of smooth embeddings evolving by mean curvature flow, with positive mean curvature.
If My = X (M ,0) is §—noncollapsed for some § > 0, then M; = X(M ,t) is §—
noncollapsed forevery t € [0, T).

Proof By the Proposition, the Theorem is equivalent to the statement that the function
Z: M x M x[0,T)— R defined by

H(x,t)
Z(x.y.)=——IX(.0) — X O +8 (X (p, 1) = X (x, 1), v(x, 1))
is nonnegative everywhere provided that it is nonnegative on M x M x {0}. We
prove this using the maximum principle. For convenience we denote by H, the mean

curvature and v, the outward unit normal at (x, ?), and we write
X(y.t)— X(x,t X
= . 1) x, 1) and 0F = —.
d ox!
We compute the first and second derivatives of Z, with respect to some choices of
local normal coordinates {x'} near x and {)'} near y.

0Z
n 57 = dHx(w,0}) +8(37 , vx).

From this we have the following:

d= |X(yat)_X(xat)|»

Lemma 4
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Proof Equation (1) gives for each i

dH, 10Z dH,y 1
0= <8iy, Vx -+ Tw>— ga—yl = <8'ly, Vx + Tu) — gVyZ>,
0Z
where V,Z = ({)y—kgjflaly.

Thus the vector vy + (dHx/8)w —(1/8)V, Z is normal to the hypersurface at y, and
is a multiple of v,,. To complete the Lemma we compute the length of this vector:

2

ux+d§ﬂw—évy2
=1+ (d?")z + 2””;)‘ (v, w) + 512|vy2|2 - §<vyz, vy + déﬂw>
— 1+ (di;[x)z +2% (Z— dzsz) + 8i2|VyZ|2
_§<VyZ,vx+d(sﬂw—évyz>_8%|vyz|2
=1 +%Z—5iz|vy2|2,
where we used the fact that V,, Z is in the tangent space at y, hence orthogonal to
Vx +d§ﬂw—évyz. O

Similarly we have (writing #* for the second fundamental form at (x,?))

0Z . d2 . ap .
2) W=—de(w,8,-)+7V,~HX+5dhiqu (w,ap)-
Now the second derivatives:
02z oy ) )
822 i 9% 8)’ d 3y ShX odp 8); 5%
@ Gian = —Hx(9;.0;) + d{w. 0;)Vj Hx + 61,837 (0; . 9y ).
2z N . ; .

d2
=V Vi Hoe + 8d Vi e8P (w. ) — 8k — 8l g 4P by w. vic).

l 1
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Finally we compute the time derivative:
AZ d?
(6) - =dHx{w, —Hyvy + Hxvx) + —-(AHx + Hy | |?)
+ 8(—Hyvy + Hxvx,vx) +8d(w, V Hy).

We compute at a point (x, y) with y # x. Choose local coordinates so that {37} are
orthonormal, {8?’ } are orthonormal, and 8? = 8;’ fori=1,...,n—1. Thus d; and 85,)
are coplanar with vy and v .

Now compute

3Z o  9*Z . 02Z " 3z
I j B’ . lj ) ) 2 lk jl x ay T
T (gx axiaxd T8 gyigys T 28x 8y (O l)axlayf)

i,j=1

d2
= dHx(w,—Hyvy + Hxvy) + T(AHX + Hy|W*|?) + 8(—Hyvy + Hyvy, vx)
+8d{w,VHy) —nHy + dHy Hy(w,vy) + 8Hy (vy, vx) —nHy —dHZ(w, vy)
d2
+2d(w, VHy) — — AHx —8d(w, VHy) +8Hy +8d (w, vyi)|h*|?

+2(n — 1) Hy + 2(3%. 0)> Hyx — 2dg'¥ ¢J' (9. 07 ) (w. 97 ) V; Hy

X
- ZS(HX - h;n + (3;, 8%>2h;n)

= Z|h** +2d (w, 0 — (0% 07 )&/ 97) &X' Vi Hy — 2(Hi — 8hyy,) (1= (95, 07)?).
The second term on the last line can be rewritten in terms of the first derivatives of Z
using Equation (2): This gives
2 0Z 2 x X pgox
ﬁax_f + E(w, Hxa] _Sh]pgx 8q)
Also we observe that 3% — (3%, 9795 = (3%, vy)vy. Therefore at any critical point
of Z we have

V,Hy, =

n

0Z . 0%Z . 0*Z o 02z
m 2oy (g” gl LL gtk (3 7 )

et Y oxioxs %Y dyioy/ dxidyJ
+ WP Z +2(Hx —8hy,) Q.
26
where Q=2(w,vy)2(8,’f,vy)2—dH (W, vy)(@F, vy)(3F, 02)(02, vx) — (3%, vy) 2.

X

To simplify this we use Equation (1) to write (3}, vx) = —(dHyx/8){(w, d;). The first
two terms in Q then become

2{w, vy} (0, vy) ((w, vy) (3. vy) + (5, %) (w, 85)) = 2(w, vy ) (B, vy ) (w, By),
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so we have
0 = (0. vy) (2{w, vy ) (w, 35) — (55, vy)) = (I, vy) (v, 2(3, whw — Iyy).

For convenience we write p = /1 4+ (2Hy/82)Z . Substituting for vy in the second
factor using Lemma 4 we find

Q = (3, vy) vy, 208, wyw — )

_ (a;/,)vy> <vx | dH,

_ 2(8;’1)}/)(8;"“)) dsz

2(05 . vy) (05, w)
- od3$
_ 2H (0%, w)?
0282

w,2(3ﬁ,w)w—8ﬁ>

Z.

Thus Equation (7) becomes

3Z (i 9*Z 027 ny 3’z
—_— = J N - lj - - 2 lk ]l x 8y PUETrIE—
o .Zl(gx T T8 gy 28 el O ,)ax,ayj)

L=

AHy(Hy —6h3,)
§2+2HZ
Since the coefficient of Z is a smooth function which is bounded on (M x M)\ {x = y},

the maximum principle implies that Z remains nonnegative if initially nonnegative
(Z is zero on the diagonal {y = x}). |

+ (lhx|2+ (a;;,w)2)2.

Remarks (1) The computation is valid for curve-shortening flow of a convex curve.
(2) The estimate implies curvature pinching, ie Hyg —38h* > 0.

(3) We made no use of the sign assumption on §, so the result also holds for negative §.
This proves “exterior noncollapsing”, ie the hypersurface remains outside the ball of
radius |6|/Hy which touches the tangent plane at x on the exterior.

(4) The latter implies lower curvature pinching, ie Hyxg + |§|2* > 0.

(5) The same computation shows that Z remains nonpositive if initially nonpositive.
This applies in the case where M is convex, and proves that if M is contained in the
ball of radius §/H, which touches the tangent plane at x for every x at the initial
time, then this remains true for positive times. In this situation this implies curvature
pinching, ie Hy,g —8§h* <0.
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(6) In the latter case the conclusion is much stronger than pointwise curvature pinching:
It shows that the inradius and circumradius are both comparable to the reciprocal of the
mean curvature at every point, and consequently that the mean curvatures at different
points are comparable. The curvature pinching then implies that principal curvatures at
different points are also comparable. This allows a very simple proof of convergence of
convex hypersurfaces to spheres under mean curvature flow, recovering both Huisken’s
theorem [3] for n > 2 and Gage and Hamilton’s theorem [1; 2] for n = 1.

(7) If the assumption of positive mean curvature is dropped, the conclusion still
holds if we replace the mean curvature H by any positive solution f of the equation
df/dt = Af + || A||? f. In particular, this applies to prove a noncollapsing result if
the initial hypersurface is star-shaped (see [5]).
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