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Towards representation stability
for the second homology of the Torelli group

SOREN K BOLDSEN
Mia HAUGE DOLLERUP

We show for g > 7 that the second homology group of the Torelli group, H>(Z,,1; Q),
is generated as an Sp(2g, Z)—module by the image of H,(Zs,;; Q) under the stabi-
lization map. In the process we also show that the quotient B(Fg ;;i)/Z,; by the
Torelli group of the complex of arcs with identity permutation is (g—2)—connected
fori =1,2.

20C12, 20J06

1 Introduction

Let Fg , denote a smooth compact connected oriented surface of genus g and r
boundary components. Let Iy, = I'(Fg ,) denote its mapping class group, ie
I'(F) = no(Diff T (F, dF)), where Difft (F, 9F) is the group of orientation-preserving
diffeomorphisms of F that restrict to the identity on JF .

The Torelli group Zg ; is the subgroup of I'y | defined by the exact sequence
(1) l—Tg1 —> g1 —> Sp(2g,Z) —> 1.

To define the Torelli group of a surface with more than one boundary component,
we proceed as in Putman [7]. Suppose we have an embedding S —> F ; such that
Fg1\ S is connected. Write I'(Fg 1, .S) for the image of I'(S) in I'g ; under the
map induced by this embedding. Then one defines

2) I(Fg,1,S):=1L(Fg1)NT(Fg,1.5).

Here we are interested in the case S = Fy_1 >, and the embeddingis X1 _: Fg_1 72—
Fg 1 which glues on a pair of pants. We write Zy_ > for Z(Fg 1, Fg_1,) defined via
this embedding.

There is an exact sequence similar to (1), as follows: Let B an arc such that Fy_; , —>
Fg .1 is the inclusion of the cut-up surface (Fyg 1)g —> Fjg,1 as on Figure 1, denote
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1726 Spren K Boldsen and Mia Hauge Dollerup

by E the closing-up of B (see Figure 4), and let b = [E] € Hi(Fg,1; Z) be its homology
class. Then

3) |l —Zg 12— T (Fg,1,Fg—1,2) — Sp(2g, Z)p — 1,

where Sp(2g,Z)p < Sp(2g, Z) is the stabilizer subgroup for b.

Fg» p Fgii

B

Figure 1: The arc B such that Fg_; , = (Fg,1)g, and its close-up ﬁ

We can now state our main theorem, which is part of Conjecture 6.1 of Church and
Farb [3] (more below):

Theorem 1.0.1 Let g > 7. The image of the map induced by Fg_1 1 — Fg 1,

Hy(Zg—1,1: Q) — Hy(Zg,1: Q),
generates Hy(Zg 1;Q) as an Sp(2g; Z)-module.

As a consequence, Hy(Zg 1; Q) is generated as an Sp(2g, Z)—module by the image of
H;(Zs,1: Q).

We will investigate the group homology of the Torelli group Zg; (i = 1,2) via a
spectral sequence for the action of Zg ; on a highly connected complex By (Fg,i;i):
Given a d —connected complex X = {X}},>0 with a rotation-free action of a group G,
there is an augmented spectral sequence E ;’q (X) for p >0, where

) Ey,(X)= @ Hy(Go) =0 forp+qg=<d+1.

O'GAp_1

representatives for the orbit set X,/ G . See eg Brown [2, VII, Section 7].

where G, C G is the stabilizer subgroup for the simplex o, and A, denotes a set of

We now define B, (F';i). First, recall Harer’s arc complex Cx(F;i) for i € {1,2} [4].
This is the simplicial complex whose n—simplices are n 4 1 isotopy classes of arcs
joining two fixed points on dF (if i = 1, the points are on the same boundary component,
if i = 2 they are on different boundary components); the arcs must be disjoint (away
from endpoints) and their union must not disconnect F'. The complex C«(F’;7) has an
obvious rotation-free action of I'(F).
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A simplex gives rise to a permutation; namely, given an order of the arcs at the
starting point, how the arcs are permuted at the ending point (read off with the opposite
orientation, by convention). Then By (F'; i) is the subcomplex of Cy(F;i) of simplices
with the identity permutation. For an illustration, see the left part of Figure 4. Ivanov [5,
Theorem 3.5] showed that By (Fg ;i) is (g—3+i)—connected for i = 1, and Randal-
Williams [9, Theorem A1] proved the general case.

For Fy 1, the action of I'y ; restricts to an action of Zg ;. For Fgy_1,, we embed
By (Fg_1,2:2) into B«(Fyg,1;1) by extending the arcs of each arc simplex in parallel
along two fixed disjoint arcs in the pair of pants, as shown in Figure 2. Consequently,
Tg_1,5 acts on By (Fg_1;2).

Figure 2: Extending arc simplices Bx(Fg—_1,2;2) — B« (Fg,1;1)

Thus we can consider the quotient complex By (Fg,1:7)/Zg ;. Concretely, the complex
By (Fg,1;1)/1g,; is isomorphic to B(g), the complex where each n—simplex is an
ordered basis (xg, X1, ..., Xy) for an isotropic summand of H = H(Hg ;;Z) with
respect to the intersection form i,g(—, —). This isomorphism sends an arc « to the
homology class of the closed curve & as in Figure 1; see Section 2.1. Similarly,
By (Fg_12;2)/Tg_1,2 is isomorphic to B! (g —1), the subcomplex of B(g) given by
those ordered isotropic bases (xi,...,x,) with iye(x;,b1) =1 foralli =1,...,n,
where b is part of a fixed standard symplectic basis {a1,by,...,ag,bg} of H.

We can now outline the proof of our main theorem.

Proof of Theorem 1.0.1 The stabilization map Fy_1; —> Fg 1 is a composition

B a
O(OIBI Fg_1’1 —> Fg—l,2 — Fg,l’

where B and « are the maps that glue a pair of pants onto one or two boundary
components, respectively.

For a: Fg_1,2 —> Fg 1 we use the spectral sequence £}, ,(Fg 1:1) for the action
of Zg 1 on the arc complex B« (Fg 1;1). Since B« (Fyg,1:1) is (g—2)—connected, we
obtain

%) E;,q(Fg,l;l)é @ Hy;(L(Fg1)0: Q) =0 forp+qg=<g-1.

OZEAp_l
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1728 Spren K Boldsen and Mia Hauge Dollerup

Here, A, denotes a set of representatives for the orbits B, (F;1)/Z(F), and Z(F)q
is the stabilizer subgroup of « in Z(F). Just as for mapping class groups, one shows
that Z(F)oq =@ Z(F)NT(F, Fy) = Z(F, Fy), where F, denotes F cut up along «.
Also, by Proposition 2.1.3(1), Bp(Fg.1:1)/Zs.1 = B(g)P).

Choosing a lift of each simplex gives a map T': B(g) —> Bx«(Fg,1:1), and we can
rewrite (5) as

6) Ep (Fgi:)= @ Hy(T(Fg1. (Fg)r):Q) =0 forpt+g<g—1.
meB(g)(P*l)

In particular, for o a O—simplex, we have (Fg )¢ = Fg_1,2, and each component
map of the differential

dy;: P H(T(Fei: (Fgi)rw): Q) — Ha(Z(Fg,1): Q)
weB(g)®

is precisely the map le,1 (w): Hy(Z(Fg 15 Fg—1,2); Q) — Hy(Z(Fy,1); Q) induced
by «. The differential is Sp(2g, Z)—equivariant, which can be seen from the construc-
tion of E;’q(Fg,l; 1), using the resolution of I'y ; instead of Zg ;, and applying (1).
So since Sp(2g,Z) acts transitively on the 0—simplices B(g)®, the image of d21 1
equals the Sp(2g, Z)-module generated by the image of just one component ma{p
dzl’1 (w) = ax. We will show a’zl’1 is surjective.

For B: Fg_1,1 —> Fg_1 2, we use the spectral sequence Elr,,q(Fg_l,z; 2) for the action
of the Torelli group Zy_1,5 =Z(Fg 1; Fg_1,2) on the arc complex Bx(Fg_12;2). We
have By(Fg_1,2:2)/Zg—1,2 = B (g — 1) by Proposition 2.1.3(ii), so in a similar
manner as above we obtain

(N Ep (Fgo12:2)= P Hy(Z(Fg1. (Fg-12)7(w): Q) =0 for p+q<g—1.
weB41 (g)(p—D

For a 0—simplex o, we have (Fg_12)o = Fg_1,1 and 6121’1 has component maps equal
to the map induced by 8. The stabilizer subgroup Sp(2g,Z)p acts transitively on
B4 (g —1) and dzl,l is Sp(2g, Z)p—equivariant from (3). Thus the image of d21’1
equals the Sp(2g, Z)p-module generated by the image of a single component map B .
We will show d21,1 is surjective.

We see that to prove the main theorem, we must show that the differential d21 L s
surjective in both spectral sequences. To do this, since the spectral sequence converges
to zero, it suffices to show that E g 0=0 and £ % . =0.

In Section 2, we show E 3% o = 0 in both spectral sequences. The main result of the
section is:

Geometry & Topology, Volume 16 (2012)
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Theorem 1.0.2 (i) The quotient complex Bx«(Fg;:1)/1g 1 = B(g) is (g—2)-
connected.

(ii) The quotient complex By (Fg_1,;:2)/Zg—1,1 = B(g —1) is (g—3)—connected.

To show E2 =0, note E! O(Fg )= EBmGB(g)(p HQ = C,_1(B(g): Q) is the
(p—1)-st chaln group of the augmented chain complex for B(g) with Q—coefficients.
Similarly, £ b, o(Fg 1,2:2) =Cp_1 (B4 (g —1); Q). Since B(g) is (g—2)—connected,
and B (g —1) is (g—3)—connected by Theorem 1.0.2, the homology of the chain
complexes is zero in degrees < g — 3. So since g > 7, we see E 2 = 0 in both cases.

In Section 3, we show that E2 , = 0 in both spectral sequences. Th1s is done via a
version of discrete Morse theory, using the concrete description of E | provided by
van den Berg [10]. O

We briefly mention some accessible improvements of our results: First, extending the
result to any number of boundary components, and showing stability for Z —coefficients
instead of QQ—coefficients; both should be possible by the results of [10]. Second,
stability for lower genus, but using [10] would either require improving her results, or
only reduce the genus by 1, since in Theorem 3.0.1, the genus of S must be at least 3.

We close this introduction by placing the result of the Main Theorem (Theorem 1.0.1)
into a larger context: The motivation behind this paper is the question of whether the
second Morita—Miller-Mumford class «, € H* (I'g,1) restricts nontrivially to H 4 Zg,1)
or not. One can approach this question by attempting to use the spectral sequence for
the fibration (1), for which we must investigate H?(Sp(2g;Z); H9(Zg,1)), we focus
here on g = 2. Such groups have been studied stably by Borel [1], in particular his
Theorem 4.4. One way to show that the requirements of the theory are fulfilled would
be to show that the Sp(2g, Z)-representations behave well under the stabilization
map H(Zg1) —> Hy(Zgy1,1). The formalization of this is what [3] has termed
representation stability, and they conjectured this for Hy(Zg1; Q).

More precisely, the Main Theorem is basically one of the four conditions (namely,
surjectivity) for representation stability of H3(Zg 1:Q); the others are injectivity,
rationality and stability of the multiplicities of the irreducible representations. We have
no results for these three conditions, though injectivity might be solved in a similar
manner. Another direction would be to show the Main Theorem for higher homology
degrees. Our proof that E il = 0 is computational and specific to H(Zg 1), and so is
not readily generalizable. For the question of x5, representation stability for H3(Zg 1)
would also be needed.

Acknowledgements Boldsen is currently supported by a grant from the Carlsberg
Foundation.
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1730 Spren K Boldsen and Mia Hauge Dollerup

2 Connectivity of the quotient of the arc complex by the To-
relli group

2.1 A concrete description of the quotient complexes

In this section, H = H(Fg,1:Z). Let {a1,B1,...,0g,Bg} be a standard set of
simple closed curves on Fg ; as on Figure 3, with homology classes a; = [o;] and
b; = [Bi], such that {ay,by,...,ag,bg} is a symplectic basis for H with respect to
the intersection form 7,,(—, —). Make the convention that the curve f; is one of the
boundary components of Fg_1 5.

Fe 1

B B2 Be
Fg
o
(0% Qg

Figure 3: Simple closed curves giving a symplectic basis of H = H;(Fg,1)

Definition 2.1.1 Given a symplectic basis {a1,b;,...,ag,bg} of H. For x € H, ex-
press x in the basis as x = Zf=l (ciai + d;b;). Then the aj—rank of x is rk%/ (x):=c¢;.
Similarly, rk?i (x):=dj.

Note: We have rk (x) = iyg(x, bj) and rk® (x) = —Tag(x,aj).

Definition 2.1.2 B(g) is the complex where each n—simplex is an ordered basis
(x0,X1,...,xpn) for an isotropic summand of H, ie a summand V < H where
fag(v,w) =0 forall v, w e V.

Let B4 (g — 1) denote the subcomplex of B(g) given by those ordered isotropic bases
(x1,...,xp) with k% (x;) =1 foralli =1,...,n.
Note, B(g) and B! (g — 1) are not simplicial complexes, but a simplex is determined

by its vertices and their ordering. More in Section 2.2.

Proposition 2.1.3 [10] (i) The quotient complex B« (Fg,1:1)/Zg ;1 is isomorphic
to B(g).
(ii) The quotient complex Bx(Fg_1,2:2)/1g_1, is isomorphic to B*' (g —1).

Geometry & Topology, Volume 16 (2012)
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Proof Our original inspiration for this result and its proof was [8, Lemma 6.9], where
he showed that the quotient of the complex of simple closed curves in Fg , by the
Torelli group, D«(Fg,r)/Zg,r, is isomorphic to the simplicial complex £(g) of lax
isotropic bases of H;(Fg ). But we have later discovered that in her PhD thesis
in 2003, Berg [10, Proposition 2.5.3] has proven the result for Cy(Fg,,:i)/Zg . We
can deduce the Proposition by restricting to Bx«(Fg41—;,;1), ie requiring that the
permutation = id.

Figure 4: Closing up the arcs of a simplex in By (Fy,1;1)

We briefly mention the map that gives the isomorphism. First consider the map
h: Bn(Fg,l; 1) — B(g) by

(0. a1, ... an) = (@], [@1]. ... [n]).

where the simple closed curve @; comes from closing up «; as in Figure 4, and [—]
denotes the homology class. The closing-up is always possible, and gives noninter-
secting curves, because the arc simplices have permutation id. When we restrict to
the subcomplex B (Fg_1,1;2), the target of / is indeed contained in B! (g —1);
for when closing up an arc y in B«(Fg 1;1) coming from By (Fy 5:2), the resulting
curve y will satisfy 7geom(¥, B1) = 1.

The Torelli group Z, | preserves homology classes, so /i descends to a map on the
quotient h: B« (Fg 1:1)/Zg,1 —> B(g). Then what van den Berg proves is that /1 is a
bijection. |

2.2 Preliminaries

2.2.1 Multisimplicial complexes The complexes B(g) and B%!(g), along with the
other complexes we will define here in Section 2, are of the following type, which we
call multisimplicial complexes, for lack of a better word:
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1732 Spren K Boldsen and Mia Hauge Dollerup

Definition 2.2.1 A nonempty family K of finite ordered tuples consisting of distinct
elements of a universal set H is called a multisimplicial complex if:

(1) for every tuple to € K, and every subtuple v of tv, we have v € K. (By a
subtuple of v = (wy, ..., w,) we mean a tuple (wj,, ..., w;;) where 0 <ig <
e <ij=<n.)

(i) whether tv € K does not depend on the ordering of the tuple tv.

An (n+1)—tuple to in K will be called an n—simplex. The i —th face map §; is defined

by i (wg, ..., wn) = (Wo, ..., Wi,...,Wy).

Remark 2.2.2 This allows some combinatorial definitions: Let v = (v, ..., v,) and
v = (wy, ..., Wwy) be simplices in K. The vertex set of w is V() = {wyg, ..., w}.
The link of v, linkk(v), is defined to be the set of all simplices v € K such that
(vo,...,Upn, W, ..., wy) is a simplex in /. For 1o € linkx(v), we say a simplex u is
a join of v and o, if V(u) = {vg,..., vy, Wo,..., Wr}. We will write, by slight abuse
of notation, 1 = v * to to mean that ut is a join of v and rv. Note that linkx (v * to) is
unambiguous.

We are interested in connectivity of multisimplicial complexes, so let .S be a simplicial
complex, and let IC be a multisimplicial complex, and consider a map f: S — K.
We say f is simplicial if f commutes with the face maps.

To say a multisimplicial complex K is d —connected means that the geometric real-
ization, |KC|, is d—connected. The standard proof for simplicial approximation works
equally well to show that a map f: |S| —> |K|, where S is a simplicial complex, is
homotopic to a simplicial map g: |S| —> |K|, that is, g is determined by the map on
the underlying complexes, g: S — KC. Thus, to show K is d —connected, it suffices to
show that for a given simplicial map f: §” — K where S” is a simplicial n—sphere,
there exists a simplicial n—ball, B, with dB = S”, and a simplicial map ¢: B — K
with ¢|sp = f. We now introduce some techniques we will apply to show such
connectivity.

Remark 2.2.3 (Gluing simplicial maps) Let S be a simplicial n—manifold and KC
a multisimplicial complex. Suppose A, B € S are subcomplexes with AN B =D a
simplicial (n—1)—submanifold, and we have given simplicial maps f: A — K and
g: B— K. Suppose f|p = g|p. Then for s € S, set
f(s) ifseA,
g(s) ifseB.

Then (8) defines a simplicial map F: S — K.

®) Fls) = {

Geometry & Topology, Volume 16 (2012)
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Definition 2.2.4 (Link move) Let S be a simplicial #—manifold, K a multisimplicial
complex, and f: S — K a simplicial map. Let o € S be a simplex, and suppose we
have a simplicial ball B with dB = link(c) and a simplicial map ¢: B — K with

¢lop = f|1ink(a)-

link (o) 0B
»w o do B do
link(o) JaB

Figure 5: Link move

Let D =link(c)*do . Then d(star(c)) = D =09d(B*0do). Define S’ = (S\o)Up B*do .
Also, define the simplicial map f’: S” —> K, which on a vertex s € S’ is given by
o(s) ifoeB,
ro={
f(s) ifo ¢ B,
as in Remark 2.2.3. Since both star(c) and B * do are faces of B *x o, there is a

homotopy on the geometric realizations from | /| to | f’|. We call f’ the result of
performing a link move to /" on o with ¢.

2.2.2 ged Now we return to B(g) and 541 (g). We define a crucial concept, which
we call ged:

Definition 2.2.5 (gcd) Let H be a free Z module, and vq,...,v, € H. We define
ged(vy, ..., vy) to be the divisibility of vy A---A v, in A" H, meaning the greatest
m > 0 such that vy A--- A v, = mw for some w # 0 in \" H.

For a submodule W C H, we write gcd(W) for ged(wy, ..., wy), where wq, ..., wg
is any basis of W.

For a single vector v, gcd(v) is the greatest common divisor of the coefficients when
writing v in a basis for H, hence the name.

The reason we introduce gcd is that it captures the essence of being a simplex in B(g):

Remark 2.2.6 Let v = (vo,...,v,), with v; € H = H{(Fg 1;Z). Then v € B(g) if
and only if (vg,...,vy) is isotropic, and gcd(vg,...,v,) = 1.
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Remark 2.2.7 By definition of gcd, we obtain the following properties:

@
(i)

ged(vy, ..., U, Wi, ..., W) | ged(vy, ..., V,) - ged(wy, ..., wy).
If H=A® B,and A’ C A, B’ C B are subsets, then

gcd(A’, B') = ged(A') - ged(B).

For (ii), note that A" A ® A™ B is a direct summand of A\"*"(4 @ B).

2.2.3 Dual summands In Section 2.5 we need the existence of dual vectors, and
we prove all the necessary properties now. First, we define the smallest summand
containing a subset:

Definition 2.2.8 For A C H, we define S(A4), the smallest summand containing A4,
to be the summand S(4) ={x € H|IAn € Z\ {0} :nx € (4)}.

Proposition 2.2.9 Let H be a free Z—module of rank 2g with a symplectic form

ialg( '

,-). Given n < g, and vy,...,v, € H, assume gcd(vy,...,v,) = 1, and set

S ={(vi,..., ).

@

(i)

(iii)

(iv)

There exists a dual summand D = D(vy,...,v,) to S, meaning D is an
isotropic summand of rank n, and D has a basis uy, ..., u, satisfying

fag(vi,uj) = 8ij.

In particular, S @ D is a symplectic summand, so there exists a unique summand
T C H,suchthat H= (S ® D) ® T is a symplectic splitting.

Let k <g—n. Let D = D(vy,...,v,) be as in (i) be given. Given vectors
wi, ..., wg with gcd(wy, ..., wy, S) = 1, there exists a dual summand D, of
S, ={vi,...,vp,wy,...,wg) suchthat S® D C S, ® D,.

Letk <g—n.Let D= D(vy,...,v,) and T be as in (i) be given. Given vec-
tors wy, ..., wg with gcd(wy, ..., wy, S, D) = 1, there exist a dual summand
D(wy,...,wg)<T.

Letk <g—n—m. Let S{, D, T, be as in (i), and let S, = (v{,...,Uy)
with dual summand D, € Ty, also be as in (i). Then given wy,..., W
with ged(wq, ..., wg, S1, D1,S3) = 1, there exists a dual summand D3 =
Dy, ...,vp, wy,...,wg) STy with S, & D, S S0 DD S38 Ds3.

Proof (i) We prove this by induction in 7. It it not hard to see that one can find
uy € H with iyg(vy,u1) =1 and ged(uy,vy,...,v,) = 1.
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Towards representation stability for the second homology of the Torelli group 1735

Now consider H; = (vq,u1)* which gives a symplectic splitting H = (v, u;) ® H;.
For n > 1, let v; = pry,(v;) for i = 2,...,n. Note that gcd(vs, ..., Un) Zd
ged(uy,vy,v3,...,0,) = 1. Then by induction we obtain u,,...,u, and T sat-
isfying the desired properties with respect to v,,...,0, in H;. We change u; to
Uy =u —Z;-':z cjuj, where ¢j =iag(vj, u1). One checks that D = (uy,usz, ..., up)
is the desired dual summand.

(ii) Wehave S, D, T given with respect to vy, ..., Uy, as in (i). First we claim there is
arank 2k symplectic summand W in T, such that S & D @ W contains wy, ..., Wg.
To see this, consider the k vectors W; = pry(w;), and take the smallest summand Sy
containing them. By (i) we obtain Dy, Ty, where Sy @ Dy is a symplectic summand
of rank < 2k. If the rank is < 2k, add a symplectic summand Ry C Ty, such that
W = Sw & Dw ® Ry hasrank 2k . Next, use (i) on the vectors vy, ..., Uy, W1, ..., Wi
inside S @ D& W, yielding a dual summand S, = S(vy,..., vy, wy,..., W), and Ty.
Note for dimensional reasons 75, =0. Thus S D CSPDPW =S, 6 D,.

Parts (iii) and (iv) follow easily from (i) and (ii) as we now sketch: To prove (iii),
we have S, D, T as in (i). Use (i) on w; = prp(wj) for j = 1,...,k, obtaining

D(Wy,..., W) S T. Check this is a dual summand of (w1, ..., wy). To prove (iv),
project (vi,..., Vs, W1q,...,wy) on Tq, and call the result (vy,..., 0y, Wy,..., Wg).
Use (ii) on (wy,..., W), given Sy, = (vy,...,V,) and D, in T}, to obtain D3 =

D(El,...,an,wl,..‘,lﬂk) with S, @ Dy, € S5 @ D3 € T;. Check D3 works. O

Remark 2.2.10 Let n < g. Given vy,...,v, in H with gcd(vy,...,v,) > 0, let

S = S(vy,...,v,) denote the smallest summand containing (vy,...,v,). Then we
can choose a basis v}, ..., v, for S and get a dual summand D = D(v},...,v,). We
will call D a dual summand of S (with respect to v},...,vy).

2.3 Connectivity of B(Fg,151)/Zg1

In this section, H = H{(Fg 1;Z). We prove Theorem 1.0.2 for i = 1, that the quotient
complex B(Fg 1;1)/Zg ;1 is (g—2)—connected. By Proposition 2.1.3(i), we must show:

Proposition 2.3.1 5(g) is (g—2)—connected.
This follows from Proposition 2.3.3 below by taking A¥ = & First we define:

Definition 2.3.2 Let A¥ € B(g) be a k —simplex, and write BA" (g)= linkg(g)(Ak).
If k =—1, we take AK = & and BAk(g) =B(g).

Let W € H be a Z—subgroup, and define BAk;W(g) to be the subcomplex of Ba* (2)
consisting of the simplices whose vertices are in W'.
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Proposition 2.3.3 Let g > 1 and —1 <k < g. Let A¥ be a k —simplex in B(g). Then
BA (g) is (g—k—3)—connected.

This follows from the Lemma below, the proof of which is modeled on [8, Proposi-
tion 6.13], but Putman’s argument has a gap, which we repair.

Lemma 2.3.4 Forg>1,fix —1 <k <g. Let A be a k —simplex in B(g). Then for
all vectors x € BA® (g), the following hold.

(1) For—1<n<g—k—3, wehave 71,1(15’A (g))—O

(i) For —1 <n <g—k—3, we have 71,,(13A (g))=0.

Proof We first prove (i). Assume inductively that nn/(BAk/;(x)L(g)) = 0 and
7w (B2 (g)) = 0 for all n’ < n and all A¥" such that n’ < g —k’ — 3. The case
n = —1 holds, since x € BASH ();é@fork<g

So let n > 0, and let S be a simplicial n—sphere and f: S —> BAN:(x)* (g) a
simplicial map We seek a simplicial n—ball B with B = S and a simplicial map
F: B —s BAS( (g) such that F|g = f.

Fix a symplectic basis X of H extending the isotropic basis (A, x), use this basis to
define rk* as in Definition 2.1.1, and consider

) R = Ry = max{| tk*(¢(s))| | s € S©}.

If R=0,any v e f(S) has rk¥(v) = 0, and thus f(S) C linkga¥:»"(x). So we
can take the simplicial n—ball B = S %+ (where + denotes a new vertex) and define a
simplicial map F: B — BAk;(X)L(g) by F(+) = x, as in Remark 2.2.3. This proves
the result for R = 0.

Now assume that R > 0, and call 0 € S regularly bad if all vertices s of o sat-
isfy [tk®(¢(s))] = R. Let o be a regularly bad simplex of maximal dimension, say
dim o = m. By maximality of o, f(link(c)) < link( f (0)) and thus we have a map

(10) S liink(o): links (0) —> BAT*f(o)3(x (g)

Here, linkg (o) is a simplicial (n—m—1)—sphere, and the goal is to obtain a simplicial
(n—m)—ball D with dD = linkg (o) and a simplicial map

(11) 9: D —> BA @ (o) with ¢lap = flinko)-

This follows from the inductive hypothesis if x € BA* xS ©)(g). But this might not be
the case, so assume x ¢ BA" *f(9)(g), in other words ged(x, f(c), AK) £ 1. (This is
what is missing in Putman’s argument).
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There are two possibilities. The first is ged(x, (o), A¥) > 1. In this case, the smallest
summand V containing (x, /(¢'), AK) has rank 1+ (dim f (o) + 1) + (k + 1), and so
we can choose a basis for V of the form {X, f(0), A¥}. Since V is isotropic, we get

BAk*f(U);(X)J‘ (g) = BAk*f(U);(f)J‘ (g).

Now by construction, X € BA */(0) (g), so we get (11) by induction.

The second possibility is ged(x, f(), AK) = 0. Then V = (f(0), A¥) is a sum-

mand, and x € V. Choose a basis of V' extending x, ie {x, wg,...,w;}, such that
tk*(w;) = 0. Note £ = dim(f(0)) + k&, and v = (wy, ..., wy) € B(g). Then
(12) BAk*f(U);(X)J‘(g) — Bx*m;(X)J‘(g).

Let y denote the basis vector in X dual to x, ie 7ue(x, ) = 1. Consider
(13) pr: (x)J‘ — (x, y)L, pr(h) = h—iyg(h,y) x.

This can be extended to a map on simplices, which we call pr again, by using pr on each
vertex. Then for v € Bx*“”b‘)L(g) we get that pr(v) € BxHw ) (g), from (13). We

can identify (x, )+ with (ay, by, ... ,dg_1,bg_1), and since wy, ..., wy € (x, y)*t,
this identification turns pr into a map
(14) pr: B (g) — BU(g - 1),

We then consider the composition pro f[jink(e) » and get by induction in (ii) that there is
a simplicial ball D with dD = link(c) and a simplicial map ¢ such that the left-hand
square commutes in the following diagram:

link(0) — > BASH @0 (g) — pramit)* (g)

(15) j / T"
D B(g—1) ¥ Bx*m;(x,y)i

~

1

Here, ;j is induced by the subspace inclusion (x, )+ < H, and proj oy =id. We
modify ¢ to amap ¢: D —> BA** (@) (g) satisfying (11) via

f(s) if s € link(o),

jovop(s) ifseD\JD,

and Remark 2.2.3. (To show ¢ is well-defined, use ¢ = prog.) This shows we have ¢
asin (11).

o(s) = {

We now modify ¢ to a map ¢’ with the following property:
(16) |tk*(¢/(s))| < R forall s € D©.
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We obtain ¢’ by performing division with remainder, as in [8]: Let ¢ € o be fixed, set
v = ¢(t). By division we obtain ¢y € Z such that [tk*(¢(s) —gsv)| < [rk¥(v)| = R
forall s € D© . For s € 9D = link(c') we take g5 = 0. We then set ¢'(s) = @(s) —¢gsv
for s € D . By Remark 2.2.3 we get a simplicial map ¢’: D —> BAS*f(@):x)* (g)
with |tk*(¢/(s))| < R for all s € D© | as desired.

Then we do a link move to f on o with ¢’ (see Definition 2.2.4), which produces a
map homotopic to /', removing ¢. Continuing this process inductively in the maximal
dimension of regularly bad simplices, we can obtain R = 0, so we are done.

We next prove (ii). This is done in a similar manner, but instead of R, we use R,
where again y is the dual basis vector to x. For R, = 0, the image of the sphere S is
contained in (x)=, so part (i) applies. For R), > 0, we remove bad simplices precisely
as above, which is easier since the analogue of (10) now directly implies (11). O

2.4 Connectivity of B(Fg2;2)/Z,,2, first part

In this section, H = H(g + 1) = H;(Fg41,1: Z). We prove Theorem 1.0.2 for i = 2:
The quotient complex B(Fg 2;2)/Zg2 is (§—2)—connected. By Proposition 2.1.3(ii),
to prove this we must show:

Theorem 2.4.1 B?!(g) is (g—2)—connected.

Definition 2.4.2 For a vector v € H, let pr,(v) denote the projection of v onto the
subspace (az,bs,...,ag41,bg41). For a simplex v = (vy,...,v,) € B (g), let
pra(v) = (pry(v1),. ... pra(vn)).

Note that pr,(v) is in general not a simplex.

The basic idea behind the proof of connectivity of 541 (g) is the following: Because
the ay—coordinate in a simplex v € B%1(g) is fixed to be 1, we cannot manipulate the
vectors of v as we did by using division with remainder in the proof for B(g). We take
two major steps be able to ignore the a;— and b;—coordinates of v: In Section 2.4, we
reduce to the case where the b;—coordinate is fixed, and the projection pr,(v), form a
simplex in B(g). Section 2.5 is then dedicated to adapting the proof of Proposition 2.3.3
to the new situation.

For a simplex v € B%!(g), we will often need the projection map pr, in connection
with ged (see Definition 2.2.5), so we introduce the following notation:

Definition 2.4.3 gcd,(v) = ged(pr,(v)).
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We recall from Remark 2.2.7(i) if v, t0 € B%!(g) and v * v is a simplex, then

(17) ged, (v 1) | ged, (v)ged, ().

From now on, for v € B! (g) (Sections 2.4, 2.5, and 3.6) we write S(v) = S(pr,(v));
see Definition 2.2.8.

Definition 2.4.4 Let AF € B4 (g). Write B41-A* (g) = linkga; () (AF).
o Let B2l scdz0(g) be the subcomplex of B?1(g) consisting of simplices v satisfying
gody(0) £ 0.
o Let Byli= 1(g) be the subcomplex of B4t A% (g) consisting of simplices v
satlsfylng ged, (v; S(Ak)) =1.

o Lett e Z. Define Bgcld 1 t(g) to be the subcomplex of ngd’ : (g) consisting

of simplices (vy,...,Uy) where kb1 (vj) =t forall i.

Remark 2.4.5 1If gcd,(v; S (Ak )) =1, the inequality (17) implies gcd, (to; S (A))=1
for all subsimplices A7 € AK and all subsimplices v C v.

We first consider what happens when gcdz(Ak )=0.

Lemma2.4.6 Let A¥ be a k —simplex in B%(g) with gcdz(Ak) =0. Then B“I’Ak(g)
is (g—k—2)—connected.

Proof Let A¥ = (v, ...,v;) and denote prz(Ak) by (vo,..., V), thatis, v; =
ay+riby +v;,i =0,...,k. Since gcdz(Ak) = 0, the set {Vg, ..., U} is linearly

dependent, which gives some ¢y, ..., cx € Z relatively prime, with
k
(18) Zcivi =sa; +tb; forsomes,teZ.
i=0
Since {vo, ..., vk} is isotropic, 0 = iye(vi,say +tby) =t —sr;i forall i =0,... k.
Thus all r; have a common value, r = ¢/s, and rkbl(vi) =r=rfori=0,...,k.

Using (18) it is easy to conclude that for any v € Ba1-A" (g), the by —coordinate of
each vertex in to is always r.

Write Hy := pry(H) = {(az,bs,...,ag41.bg41). Let (Xi,...,X) be a basis of

(To,...,Tg) in Ha; then set xo = ay + rby, and x; = xo + X;. Then A¥ =
(x0,Xx1,...,Xg) is also a simplex in B?!, and B“I’Ak( )= Ba1-A (2).
If we identify H, with H(g), then we see that_ Ak .= (X{,...,X) becomes a

(k—1)—simplex in B(g). Then BaA (g) = BA (g) via the 1somorphlsm 0
pr2 (U) since v = a; + rby + pr,(v) by the above. From Proposition 2.3.3 we know
(g) is (g—k—2)—connected. |
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Consequently, we can focus on simplices A¥ € B%1(g) with gcdz(Ak ) #0:

Proposition 2.4.7 Let g >3 and —1 <k < g — 1. For any k -simplex A¥ € B%(g)
with ged,(A¥) # 0, consider the following:

(1) m,(B%(g))=0for—1<n=<g-2.

(i) 7n(Bgla0(g)) =0 for—1<n<g-2.
(iii) 7, (BUA! (g)) =0 for—1<n<g—k—3.

ged=
(@iv) nn(ng&:l;t(g)) =0 for—1 <n<g—k—3, where
(19 L]0 if ged,(A%) =1,
- b : k k _
k! (vg) if ged,(A*) # 1, where A* = (vo, ..., V).

Then (iv) = (iii) = (ii) = ().

Proof All the implications = will be shown similarly, so we give the first one in
detail, and in the others focus on the differences.

(iv) = (iii) Assume —1 <n < g—k —3. Let S be a simplicial n—sphere, and let
f:S— B” f(g) be a simplicial map. We wish to homotope f through a series
of link moves (poss1bly subdividing S'), so in the end f(S) lies in Bgcd 1 ,(g)

Let ¢ be as specified in (19). Call a simplex o € S regularly bad, if all by —coordinates
in f(o) are #1t,ie f(o) is disjoint from Bgcldélf;t(g). Let o0 € S be regularly bad of
maximal dimension, say dim(o) =

We claim f(link(o)) C link( f(0)). Since f is simplicial, it suffices to show that
f(o)N f(link(o)) = @. This follows from the fact that ¢ is regularly bad of maximal
dimension; indeed if not, and v € f(o) N f(link(c)) is a vertex, then v = f(s) for
s €S© and 5o would also be regularly bad, contradicting the maximality of o.
This argument is quite general (it holds for most definitions of regularly bad we will
use) and the result will henceforth be used without comment.

It follows that every simplex v € f(link(c)) has the property that all b1 —coordinates
of v are ¢. So

k
(20) fllmk(o’) llnk(U) —_ Bgcldaf(a)*A ( )’

and we know from (iv), since dim( f (o) * AK) <k +m + 1, that Bgcldiﬁ‘;’;*Ak (g) is
(g—k—m—2)—connected. Also, link(c) is an (n—m—1)—sphere, where n —m — 1 <
g—k —m—2. So there is a simplicial (n—m)-ball B with dB = link(t), and a map
¢: B—> B“I’Ak*m(g), such that ¢ |38 = f|link(r) - Now we perform a link move to f
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on t with ¢. Call the resulting map f”; it is homotopic to f. Note, all this follows
from (20) and the induction in (iv).

We wish to show that we have introduced no new regularly bad simplices in S’ of
dimension > m. By construction a new simplex in S’ has the form 7; * 7o, where
71 € do and 1 € B (one of them can be the empty simplex). Thus f(z2) has all
by —coordinates equal to ¢, and so if t, # &, then 77 * T, cannot be regularly bad. So
we have introduced no new regularly bad simplices.

This shows we can, through homotopies of the starting map f', remove all bad simplices
by induction in the maximal dimension of regularly bad simplices. When there are no
regularly bad simplices left, we have f: S —> ngdéi ;(g), and by (iv) this complex
is (g—k—3)—connected, so we are done.

(iii) = (ii)) Let S be a simplicial n—sphere, and let f: S — Bgcld#o(g) be a
simplicial map. We say o € S is regularly bad if for all vertices v € f (o) we have
ged, (v, S(f (o) \v)) > 1. Here f(o) \ v denotes the difference in vertex sets. Let
o € S be regularly bad of maximal dimension.

We claim

@) S link(y: link(0) — BELL(7) (g).

By maximality, f(link(c)) C link( f(c)). So we must show for all T C link(o) that
ged, (f (), S(f(0))) = 1. Assume for contradiction there is ¢ C link(c) such that
gcd, (f (), S(f(0))) > 1. We know 7 * 0 is not regularly bad by maximality of o,
so there is a vertex v € f(t) * f (o), such that

(22) gedy (v, S(f () * f(0)\v)) = 1.
If v € f(0) then we get by Remark 2.4.5,
1= gedy (v, S(f(7) * f(0) \v)) = gedy (v, S(f(0) \v)) > 1.
So we know that v € f(t). Consider f(t)\ v. We see from (22) that
ged, (f () \ v, S(f(0))) = gedy (v, (1) \ v, S(f(0))) = ged, (f (7). S(f(0))) # 1.

Thus we can use the same argument with f(t) \ v instead of f (7). Iterating this, we
reach the absurd conclusion that gcd, (S(f(0))) # 1, so we have shown the claim (21).

Now the proof runs as above by induction in (iii). When there are no regularly bad
simplices left, we have f: S — Bgcldﬁl; (g), so we are done.

(if) = (i) A simplex o € S is called regularly bad if it satisfies both gcd,( f(0)) =0,
and gcd,(v) # 0 for all proper subsimplices v & f(0). Let o be regularly bad
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of maximal dimension, say dim(o) = m. Then f(link(o)) C link(f(c)), and by
Lemma 2.4.6, linkga; (¢)(f(0)) =B (9 (g) is at least (g—m—2)—connected. Using
this instead of induction yields the result. |

2.5 Connectivity of B(Fg2;2)/Z,,2,second part

In this section we prove the connectivity of Bg '8 1; t(g) where ¢ € Z is as in (19).
This turns out to be trickier than one should thmk and we need more reductions to
prove the result. The problem is that AX itself need neither satisfy gcd, (AF) =1 nor
that rk?! (v) =1t for all vertices v of AK.

In this section, recall the meaning of A = A % A, etc, from Remark 2.2.2.

Remark 2.5.1 We will apply Proposition 2.2.9 to the projection simplices, and use
the following notation: If A is an n—simplex, we will write S(A) = S(pr,(A)),
the smallest summand containing pr,(A). Then D(A) denotes a dual summand
of S(A) in Hy = pry(H), and T(A) denotes the symplectic subspace such that
S(A)® D(A) @ T(A) = H,. Then (iii) and (iv) of Proposition 2.2.9 can be stated as
follows:

(i) Given Ay and A; such that Ay * A, is a simplex with gcd, (A * Aj) # 0, and
given a dual summand D(Ay). If ged, (A, S(Aq), D(A1)) =1, then there is
D(A,) € T(Ay). In particular we can choose D(A1xAy) = D(A1) @ D(A,).

(i) Given Aj,A, and Aj such that Ay x A, * A3 is a simplex, and given dual
summands D(A1) and D(Aj). If ged,(As * Az, S(A1), D(A1)) =1, then
there is D(A, * A3) € T(Aq) with

S(A2) ® D(A2) S S(A) ® D(A1) @ S(Az % A3) @ D(Az * Ajz).

Definition 2.5.2 Let A = Ay * Ay * A3 € Bgly4o(g) and assume that
ged,y(Ag, S(Ay), D(Ay)) =1. Let D(A;) and D(A,) € T (A1) denote a choice of
dual summands of S(A1) and S(A,), respectlvely, as in Remark 2.5.1(i). We define
M%l(’AAlz)] 5( A )(g) to be the subcomplex of Bgli= 1 ;(g) consisting of simplices to
which satisfy:

(@) ged, (v, S(A1, Az, Az, D(Ay), D(Ay))) =
®) 1o L D(Ay).

The reader should be aware that the role of the first nonempty simplex among A, Ay, A3
is to be a bad simplex from Proposition 2.4.7, so we can only assume it is in Bgly((g)-
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Remark 2.5.3 This is the idea: First note that M?ifj’A(g) = B&;2,.,(g). which

we need to show is (g—k—3)—connected. The following proposition reduces this to
showing that M%’&ﬁ 0(&) is (g—k—3)—connected, and in this complex, it is possible
to make modifications enough to do division with remainder, as in Proposition 2.5.7:
Indeed, if we set f(s) = @(s) —gsv, where v € f(o), then tk®! (f(s) # 1. To remedy
this, we are forced to use @'(s) = ay +tbhy + pry(¢(s) — gsv) instead, but then @’(s)
is no longer orthogonal to A. Here M % )| 0(&) saves the day: All its simplices are
orthogonal to D(A), so we can set ¢(s) = ¢'(s) + ug, where ug € D(A) satisfies

o(s) L A, without changing anything else (u; is constructed in Lemma 2.5.6).

Lemma 2.5.4 Let A = Ay % Ay x Az € Bgly10(g) be a k —simplex. Assume:

A1, A1,@,A
o IfAy # 2, that Ay € Blyzo(g), Az € MgPX 1 (2), Az € MR (9).

o IfA; =@, that Ay € BY40(g) and Ay € Mﬁ’;ﬁ’“(g) = B&i27.,(2)-
o If A=A, =0, that Az € Baio(g).

Consider the following:

Q) TaMpta 3 5a, (@) =0 forn<g—k—3.

.. Al A,
(ii) n”(Mgl(Alz) IED(Az)(g)) =0forn<g—k-3.
(iii) nn(MDl(’Agl’ﬁO(g)) =0forn<g—k-—3.

Then (iii) implies (i) and (ii).

Remark 2.5.5 By the assumptions in the Lemma, one checks that Remark 2.5.1 can
be used to create new dual summands, thereby ensuring that

A1, Ar%xA3,0 A1,Ar,A
Mp(a) | D(arwa) (&) EMp(aipay @)

A1xAr,0,0 Ap,A2,9
Mp(a,280)1008) EMp(a ) Day) (&)

Proof We use the same strategy as the proof of Proposition 2.4.7. The argument is
inductive in n, so let n be fixed.

(i) We inductively assume (i) for all n’ <n, and (ii). Let f: S — M%‘(’AAS"AB( A,)(&)

be a simplicial map from a simplicial n—sphere S. We can construct D(A; * A3z) as
in Remark 2.5.1(ii), since A, * A3 € MOQ"%I(’AQI).

We say o € S is regularly bad if for all vertexes v € f(0), we have

(23) gedy (v, S(f(0) \v. A, D(Ay), D(Ay % A3))) # 1,
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where f(o) \ v is the difference between the vertex sets. Let ¢ be a regularly bad
simplex of maximal dimension. We claim (see Remark 2.5.5) that

. A1,Ar%A3,
f|1ink(a)3 link(o) — MDI(AIZ)TD3(AJFZ(:)As)(g)'

To see this, we must show for all ¢ C link(o) that

gedy (f(2), S(A, f(0), D(A1), D(A; x A3))) =

The argument is verbatim as in the proof of Proposition 2.4.7(iii) = (ii), replacing
S(f(o)) by S(A, f(0), D(A1), D(As % As)). We can now use (i) inductively to fill
put the link in M Dl(’AAlz)T D3(’Af2 *)A3)(g), peri:‘orm a link move to f L .and check that this
creates no new regularly bad simplices, as in the proof of Proposition 2.4.7.

Performing this process inductively, we can assume that there are no regularly bad
simplices of /. Then by definition, f(S) C MIA)I(’AAIZ)Tff(fZ Ay (g) and by (ii), we

are done.

(ii) We say o € S is regularly bad if all vertices s of o satisfy s ¥ S(A,). Let o
be a regularly bad simplex of maximal dimension. We can choose D(A; * A,) =
D(A1) & D(A;) by Remark 2.5.1(i). Now use (i) inductively on link(o) to fill out

the link in Mgl(Z?)zégb’&?) 10(8)- After removing all regularly bad simplices, we are

in case (iii). O
We now construct the u € D(A) mentioned in Remark 2.5.3:
Lemma 2.5.6 Given A, there exists u € D(A) such that a; +tby +u L A.

Proof Write A = (vg,vy,...,v;). There are two cases:

First if ged,(A) = 1, write pry(A) = (vg,...,v,) (this is a basis of S(A)). Let
(ug, ..., uy) be a dual basis. Set u = Zfzoialg(vj,al +thy)uj. Then iyg(u, v}) =
iag(vj,ay +tby). Since u € D(A), we getfor j =0,...,k,

falg (1, Vj) = Tag (Pry (1), vj) = Tag (U, pry(vj)) = faie (1, v;-) = —lag(ay +1tby,vj).

If ged,(A) > 1, then t = k01 (vo); see Proposition 2.4.7(iv). Thus i (a; +tby,vj) =
—lalg(pry(vo), vj). Let (vo,.. vk) be a basis of S(A), and let (ug,...,uy) be a
dual basis. Set u = ZJ Ozalg(prz(vo) v’ )uj Then iy (1, v) = iae(pr,(vo), v) for
veS(A). Thus forall j =0,...,k,

ialg(“’ vj) = ialg(”’prz(vj)) = ialg(Prz(UO)» vj) = _ialg(al +1by,vj).

This shows the lemma. O
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Finally we can show the remaining part, (iii) of Lemma 2.5.4. We have given a
k—simplex A € Bgly.o(g), a dual summand D(A), and T'(A) as in Remark 2.5.1.

To ease the notation, let Na(g) = M%’({i’)gl 0(&), and similarly for o € Na(g), let

NE(g) = MBRY 4(2) be the link of w in Na(g).

The proof will be similar to the proof of Proposition 2.3.3, and we define: For x € T (A)
with x L o, let /\/"A";(x)l(g) be the subcomplex of NV (g) consisting of all simplices
whose vertices are in (x)=.

Proposition 2.5.7 Let A € Bgly4¢(g) be a k—simplex, and 1o € Na(g) an m—simplex.

Let x € T(A) with x L v and ged,(x, 10, S(A), D(A)) = 1. Then:

(1) ”n(NtAn;(x)L(g)) =0forn<g—k—-—m—4.
(i) m(NR(g) =0forn<g—k—m—4.

Proof We prove (i) inductively, assuming both (i) and (ii) for all »’ < n and all k’, m’
such that n’ < g —k’—m’ —4. We have given a simplicial n—sphere S and a simplicial
map f: S — N‘A";(X)L(g). Fix a symplectic basis X for H extending x € T with
the dual basis vector y to x also satisfying y € T'. Define R = R, as in (9).

If R=0,let u e D(A) with a; +tbh; +u L A be the element from Lemma 2.5.6.
Then proceed as in Proposition 2.3.3, except F(+) =a; +tb; +x +u.

If R > 0: Call a simplex o in S regularly bad if |[rk*( f(s))| = R for all vertices
s € 0. Let o be aregularly bad simplex of maximal dimension. Then

. . €1
(24) S llink(): link(0) —> NR*/ @307 (),

But we cannot be sure x satisfies gcd, (x, 1w * f(0), S(A), D(A)) = 1. If not, there
are two possibilities. To ease the notation write to’ = v * f(0).

We will need the following observations time and again: For h € H, let ht = pry(h)
denote the projection of 4 on T'. Then:

(a) gedy (0, S(A), D(A)) = gedy (o).

(b) If yyoveD@®T,orif yeT,ve H,then iyg(v,y) =iqe(vr.y).
The first possibility is ged,(x,w’, S(A), D(A)) > 1. Consider the smallest sum-
mand V in T containing (x,w’.). By (b), V is isotropic. By (a), ged,(x,w7) =

ged, (x, ', S(A), D(A)) > 1, and likewise, ged, (%) = 1. This means there is a
basis of V' of the form {X,w’.}. By (a) and (b),

(25) NP (g) = NREE (o),
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One checks that X satisfies all the requirements of the Proposition. So we can use (i)
by induction on the map in (24) to obtain ¢ as in (27) below.

The second possibility is ged, (x, o', S(A), D(A)) = 0. Actually,
0 = ged, (x, ', S(A), D(A)) = ged(x, wh, D(A)),

where the second equality uses Remark 2.2.7(ii) along with v’ € Na(g). So consider
the summand V' = (w),, D(A)); then x € V. Further, since o’ L D(A), we get
(m’z)i — (m’T)i € D(A) (here, v* denotes the i —th vertex of v), and thus

V = D(A) + (w)) = D(A) @ (/).

So as a basis of V', we can take a basis of D(A) along with x and vectors ¢, ..., g,
such that {x,fo,....t} is a basis of (w7.) € T. We can choose them such that
tk*(t;) = 0. Now for v € T, set v = a; + tb; + v + u, where u € D(A) is
from Lemma 2.5.6 such that i, (v, A) = iag(a; +tby +u, A) = 0. We consider
(X.%o,...,1p), which is isotropic, since V is easily shown to be isotropic. In fact it is
a simplex in Na(g), since

(26) 1= gedy (W', S(A), D(A)) = gedy (w7, S(A), D(A))
= ged,y (x, fg, . . ., tg, S(A), D(A)) = ged, (X, 1o, - - ., tg, S(A), D(A)).
The last equality holds since u € D(A). A slight modification of (26) along with (a)

and (b) shows N‘A"/;(X)l(g) = Ng’_‘f""“”_@);(")i(g). Completely analogously to the
proof of Proposition 2.3.3 (see (15)), we can then factor f|jiqk(s) as

. ® . 1
(27)  link(o): link(c) € B —> NR*/ @37 (g)

We now modify ¢ to a map ¢’ by performing division with remainder: Let v = f(¢)
for some fixed vertex ¢ € o, and write vy = ¢(s) for s € B © By division we obtain ¢
such that |rk* (vs —gsv)| < |k*(v)| = R for all s € B©® . For s € 9B = link(c') we
take g5 = 0 so we do not change ¢ on link(c). Let u € D(A) be the vector from
Lemma 2.5.6 such that ay + ¢tb; +u L A. We then set (cf Remark 2.5.3)

‘P,(S) = v — g5V +qs(a; +tby +u)
=ay +tby + pry(p(s) —qs f (1)) + qsu,

for s € B© . Then ¢’(s) is again in /\/'XA"*J’((");(")L (g), as one checks by using
u € D(A), D(A) is isotropic and x € T. Then rk*(¢'(s)) = iag(¢'(s),y) =
ialg(Vs —¢sv, y), since y is the dual basis vector to x, and y € T, so y L u. The
result is thus a simplicial map ¢’: B —>Ng’*f(");(x)i(g) with |rk* (¢’ (s))| < R for
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all s € B Then we do a link move to f on o with ¢’, which produces a map
homotopic to /', removing o . Iterating this, we obtain R = 0.

We conclude (ii) from (i) precisely as in the proof of Proposition 2.3.3(ii). O

Corollary 2.5.8 BgcldAl (g) is (g—k—3)—connected.

Proof Choose Ia} dual summand D = D(A¥) to S (prz(Ak )). By Proposition 2.5.7,
Npk(g) = Do (g) 1s (g— k 3)—connected By Proposition 2.4.7 (iii) = (i), we
then obtain that M0|0 ( )= 1 .. +(g) is (g—k—3)—connected. O

3 Exactness in the spectral sequence
Let H(m) = H;(F,1;Z) with given symplectic basis (aj,by1,...,am,bm). Let
i=1,2,put H=H(g+i—1),and Hp = H® Q. Always assume g > 6.
In this section, we finish the proof of Theorem 1.0.1. Recall we must show
E3 (Fg1:1)=0, Ej (Fg_12:2)=0.

Write E;’l = Ezl’l(Fg,i;i). That E;l = 0 is equivalent to the sequence Ell’1 «—
E})  «— E} being exact.

To show this, we need a more concrete description of the spectral sequence for ¢ = 1.

We shall use the following result of [10, Theorem 3.5.6]. See also [6, Theorem 1.2].

Theorem 3.0.1 [10] Let S be a subsurface of Fg 1, obtained from Fg ; by cutting
along arcs y1,...,yn, where (y1,...,yn) € Ci«(Fg1,1). Let tF, s denote the

restriction to Z(Fg 1, S) of the Johnson homomorphism tg 1: Zg 1 —> A’ H. Let Cj
be the homology class of y; (see Figure 4) in Hg . Assume the genus of S is at least 3.
Then

H(Z(Fg,1,5):Q) =im(zrp, | s) ®Q = Aers, .. -,Cn)(Jj c A\’ Hp.
Using this we get from (6),

(28) E} (Fgi:= P Alwg=0 forp+1<g—1
weB(g)P—D

Likewise from (7), using that Fg > = (Fgt1,1)g, where ,g ~ B (see Figure 1),

(29) E) (Fgo:2) = B Awb)g=0 forp+i<g.
mEBal(g)(P 1
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To enable us to talk about both cases simultaneously, define
i g i=1
30 b= ’
0 i 2a
The differentials d! , have the following description under the isomorphisms (28)
and (29) above: Let 8 denote the j—th face map in B(g), ie if w = (wo, ..., wp)

then d;t0 = (wy, ..., Wj,...,wp). Write an element of E1l)1 as (v, 1) where Ve
/\3 (1o, b’)a Then d; | is the linear map given by

p—1
31 dy (v, 0) =) (=1) (i (v)., ;).

j=0

where i;: A° (o, bi)L o— A ( (0w, bl) denotes the inclusion.

3.1 Discrete Morse vector field basics

We shall use the an adaptation of the technique of discrete Morse theory on a chain
complex E,. The difference from ordinary discrete Morse theory is that we cannot
define a gradient vector field directly on the simplices, but rather have to work in the
chain groups E,. The approach actually resembles collapsing schemes more than
discrete Morse theory, but we assume more people are familiar with the discrete Morse
theory approach, so we use that terminology. The following example hopefully clarifies
the ideas:

Example 3.1.1 (Discrete Morse vector field) To give the idea and motivate the
definition, we consider an example, namely the full subcomplex of B(g) spanned by
the four vertices, a1, as,as,as € H. The corresponding chain groups are then (see
Section 3.2 for a technical detail here):

=N\’ H,
Er = AN a)g @ N {a)g & N aa)g @ A’ (aa)g,
4 i—1
E, =P P N (ai a3,
i=1j=1

with the differential described in (31). To show the sequence E(y <— E{ <— E; is exact,
we argue as follows. First, we decompose

(32) E0=/\3H%/\3(al) AN az @ (b1 Aby)A(a ) ® (b1 Aby Ab3).

We see that d: £y —> E is surjective, and furthermore is injective from the summand
C1 € Eq defined by the right-hand side of (32). If we choose bases for each of the
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summands, we can pair each basis vector x© of E, with the corresponding basis
vector y(1) of C;, such that d(y™M) = x(© By corresponding, we mean: For each
simplex v there is an inclusion iy: /\3 (0)6 — /\3 H, and two vectors correspond if
their images under the respective inclusions agree. These pairs (x©, (1) make up
(part of) a discrete Morse vector field, which will be defined below. We now intend to
pair the thus far unpaired basis vectors of E; with basis vectors of E;, in a similar

manner. We have E; =C; @R, where

(33) Ri=08 A’ (a1.a2)$ ® (A (a1.a3)$ @ (b1) A N*{a2)g)
® (A’ (a1.a4)g @ (b1) AN az.as)G ® (b1 Ab) A (a3, a4))

Again, (33) also defines a summand of E,, which we call C,, and we pair each basis
vector x(1) of R, with the corresponding vector y@ in C,. This time, we have
d(y(z)) =x® 420 where z(1) € C;. This still suffices to show E, — E; — Eg
is exact, as can be verified directly, or seen from Proposition 3.1.5 below.

With this example in mind, we make the general definition

Definition 3.1.2 (Discrete vector field) Given a chain complex E, with chain
groups E, and differential d, and for each n a choice of basis Bas, of Ej,, then a
discrete vector field Vi = {Vy},>o on E is for each n a collection V}, of basis vector
pairs, (x(”), y(”+1)), where x® € Bas,, and y(”‘H) € Bas, 4 satisfying (i) and (ii):

(i) (Compatibility with d) For each pair (x™, y(”+1)) e Vy,
Ayt =x® 4 3" o,z
z€Basy, ,z#Xx
where each n, € Q.

(i) (Disjoint pairs) Each basis vector in (_J, Bas, belongs to at most 1 pair of Vi.
The construction in Example 3.1.1 defines a discrete vector field.

Definition 3.1.3 (Morse vector field) A gradient path (at level n) for Vi is a sequence

’

with (xj, y;) € Vy, and for each j, xj;; has a nonzero coefficient in the basis
expansion of d(yj), but x; 1 # x;. If Vi has no infinite gradient paths (in particular
no loops), we call it a Morse vector field.
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The discrete vector field from Example 3.1.1 is a Morse vector field, since each gradient
path at level O has length 0, and at level 1 has length at most 3. (Starting with a basis
vector in /\3(a4)(JQ; CE;)

Definition 3.1.4 Define the space of redundant vectors,
n = span{x™ |3y € Bas, 11 : (x,y) € V,}
and the space of collapsible vectors
Cp = span{y™ | Ix"D e Bas,_; : (x,y) € V1 }.

Note, due to the disjoint pairs requirement (Definition 3.1.2(ii)), R, and C, form a
direct sum in E,.

For a subspace A C E,, we say Vi spans A,if ACR,DCy.

The goal is to construct a Morse vector field that spans E! , E I and E’2 Then

; . X 1’
E{ «<— E| <— EJ is exact, as the following Proposition shows:

Proposition 3.1.5 Given a Morse vector field Vi on a chain complex E .
(i) The restricted differential map d|c,: C, — E,— is injective.

(ii) If Vi spans Ej, then the chain complex is exact at Ey,.

Proof sketch Both these properties come from the fact that there are no infinite
gradient paths, and in particular no loops. This gives (i), since it means contributions
from different d(y)’s cannot cancel each other out completely (since otherwise, there
would be a loop). To prove (ii), given v € E,, with d(v) = 0, the same argument works
to reduce v (in a finite number of steps) to a collapsible vector modulo the image of d .

Apply (). O
3.2 Reducing to a simplicial complex

This section deals with a technical point: Both B(g) and B?!(g) are multisimplicial
complexes. This means in the description of E ! , from (28) and (29) there occur
multiple copies of the same summand /\3(m)(JQ;, since the order of the vectors is

irrelevant.
To avoid this redundancy, we introduce simplicial complexes, as follows:

Given a multisimplicial complex 5, and a total ordering O on the vertices of B, define
OB to be the subcomplex of B consisting of simplices with vertices in ascending order.
Then OB is a simplicial complex.
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We will first construct a Morse vector field for the simplicial complexes B! (g) = OB(g)
and B%(g) = OB% (g). We write a simplex in B’(g) as a set of vectors {vg, ..., v},
which is unambiguous since the order is fixed, to distinguish it from a simplex in B(g)
or B4 (g).

Definition 3.2.1 Let i € {I,2}. Define E. to be the chain complex with chain groups
El = @pepig) N\ (0.0 )& and differential as in (31).

Remark 3.2.2 The proofs from Section 2, Propositions 2.3.1 and 2.4.1, work verbatim
to give that B'(g) and B?(g) are (g—2)—connected.

The main result regarding the chain complex EZ is:

Theorem 3.2.3 Assume g > 8 —1i, and leti € {1,2}. There is a Morse vector field
on E% that spans E’Ei , and E’2

Proving this will the aim of the next sections. We first note that Theorem 3.2.3 can be
extended to B(g) and B%!(g):

Proposition 3.2.4 Leti € {1,2} and g > 8 —i. Assume that the Morse vector field
on EX constructed in Section 3.4 spans E!, E 1»and E’,. Then there exists a Morse
vector field on Ei | Spanning Eé 1> El1 , and E21 x

Proof The proof relies on details of the construction, and is therefore relegated to the
end of Section 3.4. |
As a corollary, by Proposition 3.1.5 we have: For g > 7, E% {(Fg,1;1) = 0 and
E % 1 (Fg—1,2:2) = 0. This finishes the proof of the main result, Theorem 1.0.1.

Consequently, all that remains is to prove Theorem 3.2.3.

3.3 Morse vector field construction strategy

In this and the following sections, we prove Theorem 3.2.3. This section contains the
main elements of the construction, while the next Section 3.4 actually pieces the vector
field together. Finally, the last two Section 3.5 and Section 3.6 verify that is indeed a
Morse vector field for i = 1 and i = 2, respectively.

We briefly recall the setup:
(34) E,= @B Niwb)g,

weBi(g)
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where
bi {@ i=1,
by i=2,
and Bi(g) is the simplicial complex obtained from the multisimplicial complex of
ordered symplectic bases B(g) for i = 1 and from B4 (g) for i = 2, respectively, by
choosing a total ordering, as explained in Section 3.2 above.

The goal is to choose bases of E,’, for n = 0,1, 2,3 and construct a discrete Morse
vector field spanning E{ and E’,. This will mean exactness at £, as desired.

The construction is simplified by the following observation, which was also used
implicitly in Example 3.1.1:

Remark 3.3.1 Given a choice of basis B, = Bas,, of R, each basis vector x € B, is
in some /\3 (ro, b")(JQ; for some simplex tv € B (g)#~ 1. We write 1o = simp(z). We
must specify the basis vector y = ¢(x) paired with x. Then by (i) in Definition 3.1.3,
we must have simp(c(x)) = v € B/ (g)®™, where tv is a face of v. The are natural
inclusions iy: /\3(m)6 — /\3 Hg for each tv. Then c(x) € E}"H_1 is specified
uniquely by requiring that iy, (x) = iy(c(x)). So to define the vector field V;,, we need
only specify the basis B, of R, and for each basis vector x € B, choose the simplex

simp(c(x)) € B ()" +D.

Basically, the construction uses the decomposition idea of Example 3.1.1. We need
dual vectors, as in Proposition 2.2.9.

Lemma 3.3.2 Let i € {1,2}. Given a simplex w € B(g), assume there exists
{wy, wy, w3, ws} € Bi(g) with w * {w,wy, w3, ws} € B(g). Let uj be a dual
vector to w; with ialg(w, uj) = 0 for each vertex w € to and each j = 1,2,3,4. Then
there is an isomorphism

N (. b)G = N\ (o, w1 b)) & () AN (0. w2, b))
@ (uy Auz) A (1, w3, b)) ® (U1 Auz Aus). O

We call this the decomposition of /\3 (1o, bY) (J@ with respect to w1, wy, w3, wy. (Note
it also depends on a choice of dual vectors.)

Using Lemma 3.3.2, we can define a vector field on /\3 (ro, bi)a as follows:

Corollary 3.3.3 Given w € Bi(g). Assume there are wy, W, w3, ws with tv *
{wy, wy, w3, ws} € Bi(g). Then there is a vector field that spans /\3(t'o, bi)@'
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Proof Write v = {vq,...,v,}. Choose dual vectors yi,..., YV, Uq,...,Uq tO
Vi{,...,Vp, W1,...,Wyq; then we can use Lemma 3.3.2 to decompose /\3(m,bi)6
Choose a basis By, of each of the four summands in the decomposition. For z € By, ,
set simp(c(z)) = w * {w;}. Then set By = By, U By, U By, U By, . O

After having done as in Corollary 3.3.3 above, we have defined some collapsible vectors
inside @;zl /\3 (o, w j)é. We will need to make the rest of these four summands
redundant:

Lemma 3.3.4 Given w € B(g). Assume there are vectors wy, Wy, Wz, Wy satisfying
to s« {wq, wy, w3, wa} € Bi(g). Let C(wj) be the summands of Lemma 3.3.2:

C(wl) = /\3<m7 wl’bi>(5’ C(wZ) = (u1> /\/\2<m’ w2’bi)6’

C(w3) = <u1 /\I/lz) A (I’O, U)3,bi)6, C(U)4) = (u1 AUy /\u3).

Define R(wq) =0, R(w;) = /\3(m, w1, wz,bi)a, and
Ri(ws) = A’ (0, wy, ws, )G @ (ur) A A\ (w0, wa, w3, b) 5,
R(ws) = A\ (r0, wy, w4,bi)6 @ (u1) A N (1o, wy, wy, bi)é
®{uy Auz) A, ws, wa, b)g.

Then, A\’ (v, ;)3 = C(w;) & R(wj). O

Corollary 3.3.5 Given v € B(g). Assume there are vectors w;, Wy, W3, Wy satis-
fying 1 * {wq, wy, w3, wqe} € B'(g). Then there is a vector field on E! that spans

@?zl /\3(m,wj,bi)6

Proof From Corollary 3.3.3 we have chosen @ —1 C(wj) to be collapsible inside
@ -1 /\ v, w; )Q , in the notation of Lemma 3.3.4. This Lemma also gives a decom-
position of the rest, allowing us to choose bases B(w);) for R(w ;) of the form B(w;) =
Bi(wj)U-- UB] 1(wj). Here B;(wj) is a basis of /\ 0, Wy, w])Q, B> (wj) isa
basis of (u1) /\/\ v, W, w,)Q, and Bz (wy) is a basis of (11 Aup) A (0, ws, w4)a
For each basis vector b € By, (w;) we assign simp(c(b)) = 1o * {w,, w;}. |

The difficulty will be ensuring there are no infinite gradient paths for the constructed
vector field. The idea is to define filtrations

s FLCF{CF,CFyCF,CF =Bg) onB(g),
o Fi CF:CF;CF;CF;CFiCFg=DnB*g) onB(g).
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Then for each simplex to, we will choose wy, w,, w3, wy as in Corollary 3.3.5in a
lower filtration than tv, allowing us to argue inductively. We introduce the notation

aj in Bl(g),
ay+a; inB%(g),
We choose fixed dual vectors to the vertices A1, A, A3, A4 as follows:

5 _ {bl for B! (g),
' \by—by—bs—bs  for BX(g),

(35) Ay =a;, Aj= { for j =2,3,4.

(36) Bj =bj for j =2,3,4.
Definition 3.3.6 Define F._ to be the full subcomplex of B’(g) with vertices in
{A1, Ay, Az, A4}. Define ]-",i to be the full subcomplex of B'(g) with vertices in
Hi U{A;, Ay, A3, Ay}, where Hy = (ag, by, ....ag,bg) € H.

To define ]-']f, let F, I? be the full subcomplex of B2(g) with vertices in (a; + Hy) U
{A1,A,, A3, A4}, and set ]-']f = stargz(q) (@) N ]:,? for k > 2. For k = 1 we set
.7-"12 = OB ge4=1(g) U F?2; see Definition 2.4.4.

As a general convention F g = FL_. (We do not call it .Fé since it does not agree
with the definition of F; for k = 6.)

Lemma 3.3.7 Leti €{1,2} and k < 5. To each s—simplex tv € .F,i \.F,i we can

. +1’
assign a simplex w* = {wy,..., Wg_34j—s} € Fr1 such that:

(i) tox ™ isasimplex in f,’;(g).

(i) wij=4jforl<j=<k-1.

(iii) If v Cw withv e Fi (g), then v xw* € F|_ ().

(iv) Fori =2 and k = 0, write v = {wy, ..., 15} € B%(g), then rkbl(mo) =
k01 (wj) forall j.

Proof We set w; = A4j for 1 < j < k — 1, and now define the remaining w; for
k<j<g-3+i-s.Setm=max(k+1,2), and let S = S(pr,,(tv)). Then use
Proposition 2.2.9 to obtain a dual summand D in H,,, and a symplectic subspace T'
such that (S@D)®T = H,,. We want to choose w; using the basis vectors {1, ..., %}
for an isotropic summand of 7". A dimension count shows dim 7 >2(g—14i—s—m).
For i =1, we put w; = ¢;, and are done.

Now let i =2. We put w; =a +1; when k >2. When k <1 this may not work since
ay + t; may not be orthogonal to tv. But by Lemma 2.5.6 we can choose u € D such
that ay +1tby +u L v for t € Z as in (19). Then set w; = a; +tby +u +¢;. (iii) is
automatic except for k£ = 0, where it follows from Remark 2.2.7(ii), using gcd,(v) =1
and the vectors of pr,(v) are in S, while w; € D @ T'. (iv) follows from the choice
of ¢. m
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Assuming g > 8 —1i, we always get (at least) a 4—simplex x* = {x1, x5, X3, X4, X5} €
Fy 4 assigned to each vertex x € JF. - We emphasize that for each vertex x we
choose x* once and for all.

3.4 Constructing the Morse vector field

So we must prove Theorem 3.2.3. The easy part is degree 0 and 1:

Proposition 3.4.1 Let i € {1,2}. There is a Morse vector field on E. that spans
Eé, E’1 , and where C is given by C; = C3(00) ® C,.

Here, C5(c0) = R(A2) ®R(A3) PR(A4) in the notation of Lemma 3.3.4 with o = b .
And letting x* = {x1, x5, X3, X4} as in Lemma 3.3.7,

N S
xeBi(g)©® .
x¢{A1,...,Aa} @ (y1 Ay2) A{x,x3,b )Q ® (1 Ay /\y3)),

where y; denotes a choice of dual vector to x; .

Proof In degree 0, we have Eé = /\3(bi)6. We use Corollary 3.3.3 on tv = b’ with
w; = Aj and uj = Bj for j =1,2,3,4; see (35) and (36). This yields a vector field
that spans E’, and no gradient paths at all, since d = 0.

Now consider degree 1. C; can be read off from Lemma 3.3.2 (here, i = 1):
C1 =N\’ (41)g @ (B1) A A*(42)5 & (Bi A Ba) A (43)G @ (Bi A By A B)
S A AnNge N (42)g o N\’ (43)3 &N\’ (44)%
Consequently, R has to be the rest of E’1 =D, epi (2)© /\3(x, bi)é.

For A1, Ay, A3, A4, we use Corollary 3.3.5. In general, for each x € Bi(g)©®, x #
Ay, Ay, Az, A4, we choose the vector field on /\3 {x, bi)a as in Corollary 3.3.3, using
the four vectors of the simplex x* = {x1, x5, x3, x4} provided by Lemma 3.3.7. Then
we get a vector field spanning E ’1 with C, as stated.

We now argue why there are no infinite gradient paths starting in R ;. By construction,
if there is (b,b") — (d, d’) where simp(b) = x, then simp(d) = x; for some j =
1,2, 3,4. We have ensured that if x e]—",i then x; G‘Fliﬂ ,andif k =5, then x; = 4;.
Thus any gradient path reaches some A4; (j = 1,2, 3,4) in at most five steps. And if
simp(b) = Aj, by construction either d € C;, or simp(d) = Ay with k < j. We see
any gradient path has length <9. |
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Now we will extend the vector field defined in Proposition 3.4.1 to degree 2 by induction
in the filtration F, ,’c The induction hypothesis is A(k):

A(k): There is a Morse vector field V; on EL that spans E., E! and E!(k):=
3 L U * 1 2
@me}-li(g)(l) N (w0, b')g, for i =1,2.

Using Corollary 3.3.5, it is easy to prove the base case of the induction, 4(c0). We
now inductively assume A(k + 1), k € {1,2,3,4, 5} (interpreting 5+ 1 as c0), and
we wish to prove A(k). This will be done in the next lemmas.

Lemma 3.4.2 We can extend the Morse vector field Vzi so it spans

4
(37) P PN x.x.b)g < ELh).

xeFi(g)® =1

Proof Note that (37) is precisely the part of E ’2 (k) which intersects C, nontrivially.
We know C, from Proposition 3.4.1, C, = C; @ Co(00). The vector field on the
summands of E’ (k) intersecting C2(oc0) is the induction start, so we must extend
it to the summands intersecting C’,. Apply Corollary 3.3.5 for each x € ]-",i (g)©\
{Aq,..., A4} to construct the vector field. There are no infinite gradient paths by
induction in k, precisely as in the proof of Proposition 3.4.1. |

For now, take a fixed vertex x € ]-']i \}']i+1. Define E'(x) C E;(k) by

(38) Ex= @ ANxx.b)g
x’€f,i+1(g)(0):
{x.x"}eFL(g)

We will choose a basis of E(x) in the next lemmas. Our method does not choose a
basis of each summand /\3 (x,x', b )6 at a time, instead mixing them up; this is so
that we can argue there are no infinite gradient paths.

Lemma 3.4.3 For a fixed vertex x € F, ;C \ F, ,’C 41 there is a Morse vector field extend-
ing V! that spans a subset A', C E*(x) (A’ is defined in the proof).

Proof We can write E/(x) = @
lowing index set:

S={(zx)e A® Ho xf,i+1(g)(0) | {x.x"} € f,i+1(g)(1),z € /\3(x,x’,bi)6}

YEFL, (OO (z](z,x") € S), where S is the fol-
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We filter E?(x) by subsets Fy € F; € F, C --- C E'(x), by inductively defining
So S S; S-S S, and setting Fj = EBx/ef;-{H (z](z,x") € Sj). For the induction
start, define So = {(z,x’) € S | x’ € {x1, X2, X3, X4}}, and note F) is already handled
in the proof of Lemma 3.4.2. For the induction step, assume we have defined Fj_;

and its basis Bj_. Then set

(39 S;= {(z,x’) €S |3Ix":(z,x")e Fj_1.{x,x",x"} € .F,i+1(g)(2),

z€ /\3(x,x’,x”,b")6}.
Choose a basis B; for F; by extending B;_; by suitable vectors z with (z,x’) € S;.
Set Al = J2, Fj € E'(x). We get the basis By = U;i1 Bj for A’.. To define the
vector field, for z € Bj, set simp(c(z))) = {x, x’, x”} with x” as in (39). The vector
field spans A’ by construction.

We prove that there are no infinite gradient paths by induction in j. The induction start
is Lemma 3.4.2. A gradient path from z € B; leads to either a vector with simplex
{(x',x"} e .7-',’; 41 Orto Fj_y; and there are no infinite gradient paths starting there by
induction in k& or j, respectively. |

Proposition 3.44 Ifg>8—i, Aic = E'(x).

This is a major step, and the differences between i = 1,2 become so pronounced that
we handle them separately, in the next two subsections. First, though, we observe it
suffices to prove the following:

Lemma 3.4.5 Given x' e f,i 41 such that_{x, x'} is a simplex, there exist a basis
B(x') for /\3(x,x’)(J@ such that for all z € B(x'") there is s € N with (z,x") € Fs.

liemark 3.4.6 For xi,...,x5 associated to x from Lemma 3.3.7, there are bases
B(xy,) satisfying Lemma 3.4.5: Given any z € /\3 (x, Xm, b1 )6, from the definition it
is easy to see that (x,z) € F, where m =1,2,3,4,5.

Lemma 3.4.7 Assuming Lemma 3.4.5, A(k) holds.

Proof We have then by Lemma 3.4.3 a Morse vector field spanning

i o j _ 3 AW
El(k,k+1):= @ El(x)= @ N (x, X', b)),
)cG]-',’C\]-',’(_i_1 {x,x’}e]—',’c(g)(l):
X€FINFL 1 X'€FL
* ead / ) i / i /
All we are missing are the cases x,x’ € ]-'k \fk+1 and x,x’ € fk+1 but {x,x’'} €

]-",’; \]-",’;+1 , which we handle in the same way: We take {x,x'}* = {v, v, V3, v4}
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from Lemma 3.3.7. Construct the vector field as in Corollary 3.3.5. Given a gradient
path starting in some vector with simplex {x, x’}, it can either lead to {x,v;} or
{x’, v;}, both of which are simplices for vectors in E’(k,k + 1) in the first case, or in
K ’2 (k + 1) in the second case by Lemma 3.3.7(iii), and no infinite gradient paths start
there, in the latter case by A(k + 1). O

Pending the proof of Lemma 3.4.5, we have now proved Theorem 3.2.3.

Now we prove Proposition 3.2.4, that this vector field extends to a Morse vector field
on E i x

Proof of Proposition 3.2.4 For a simplex v € B(g), we write O(tv) € B'(g) for the
simplex with the same vertices placed in ascending order and O(tv) for the descending
order. We proceed by induction in the filtration degree k to show that given a simplex
(x,y) = O(x, y) with (y,x) € F; ]’C we can extend the vector field by a basis for the
summand /\3(x, y,bi)é indexed by (x, »).

Let (y, x) e]-",i (g), and assume one of x and y, say y, is _in f,i+1(g). By Lemma 3.3.7,
we get a 4—simplex (y, x)* = O(wy, wy, w3, wy) € Fr 4, and by Lemma 3.3.2 we
get the basis B(x, y) for /\3(x, y,bi)a such that for each z € B(x, y) there is
w; = w; fora j €{1,2,3,4} with z € /\3(x,y, wz,b")é. Then let simp(c(z)) =
(O(x,wz),y). The other two differentials from (O(x, w;), y) land in summands
indexed by, respectively, O(x,w,) € E%, and (w,, y) with O(w;, y) € f,i+1 by
Lemma 3.3.7(iii). So we create no infinite gradient paths, in the first case by the
assumption of the lemma, and in the second case by induction in k.

We must show that the vectors ¢(z) thus defined are linearly independent. The only
1—simplices besides (x, y) which could get paired with (O(x, w;), y) in the vector
field are O(x, w;) and (w;, y). The former is in B’(g) so its partner is likewise in
B(g) by assumption, and by inspection, it is easy to see that the latter cannot get
paired with (O(x, w;), y) by the method above.

To finish the induction step, assume x, y € F; ,’( \ F, ]’C 4+1-and procged exactly as above.
The simplices O(x, w;) and (w;, y) now have one vertex in F;  , and so are dealt
with above. The induction start deals with x, y among A1, ..., A4 by a similar method,
using as {wq, ..., wy} the four remaining among A4, ..., 4. m]

3.5 Finishing the proof of Theorem 3.2.3 for i =1

In this section, i = 1. We must prove Lemma 3.4.5. In light of Remark 3.4.6, we will
deduce the existence of B(x’) from that of B(x;,), where m = 1,2,3,4,5. To do
this, we need some preliminary Lemmas.
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Lemma 3.5.1 Suppose {x,x'} € Fl(g) satisfies x,x" ¢ {ay,...,ar_1}. Assume
we are g1ven V1, V2, V3, V4 € .7-"k+1(g)(°) such that {x, vy, v, 3, v4} € ]:k(g) and
ged(x, x’, vy, v2,v3,04) >0, and v; = aj for 1 < j <k —1. Then:

(i) There is a Q—basis B = B(x') for (x,x’)" that satisfies:
@ {ar.bi,....ak—1.bg—1} S B S FL O U{by,....bk_1}.
(b) VzeB:|[{I<j<4|zLluv} >3

(ii) There is a basis B = B(x/) for /\ x,x') Q such that for each Z € B there is
1<j<4withze \(x, v,)(%I

Proof Write H_j = {a1,by,...,ax_1,bg—1). By assumption, x, x’ € Hj, therefore
(x,x"\t = H_; ®V}, where V} C Hy,. We choose B=1{a;,by....,ax—1.bjx_1YUBg,
where Bj C f,i (2)© is a basis of Vj that satisfies (b).

To construct By, consider (x,x’, vk, ...,vs)". Since v; € Hy for i > k, we have
again (x, X, Vg, ..., v) = H 1 @ Vy, where V/ C Vj. Take a basis B} of V}/. Now
we choose a type of “dual vectors” to vg, ..., v4, as follows: Consider, for k < j <4,
the space (x, X", Vg, ..., Vj,...,04)" = Hog @ Vi (j), where V[ € V/(j). Choose

uj € V]é (j) such that it maps to a simple vector under the quotient map V]é (j) —
Vi(j)/ V). Then u; € ]:]i(g), and by construction, By := B, U{ug,...,us} is a
Q-basis of Vi that satisfies (b). This shows (i), and (ii) follows immediately. O

The following gives us a way to ensure that a basis element zy Azy Az3 € /\3 (x,x; )6

can be “carried along” to /\3 (x,x") (J@ We owe the idea to A Putman, from his master
class The Torelli group at Aarhus University, 2008.

Definition 3.5.2 Tetie{l,2},andlet 0 <k <5. Let xe]—"’ \]-"’ .Forzy,...,zy€
(x ) ,set Z = (zy,.. >Q and let W' denote the full subcomplex of B (g) with
Vertlces in Z. Define the complex B 7 x k(g) to be

By . i(&) ={oeFj  NW'|{x,v}eF}
Note, for a simplex v € BlZ,x,k(g)’ if n =3, wehave zy Azy AzZ3 € /\3(x, n)(JQ;.

Lemma 3.5.3 Letn+4 <g. Assume we are given a basis B of (x, x’ )6 that satisfies
Lemma 3.5.1(1)(a), and assume zy, ...,z, € B. Then BIZ N k(g) is connected.

Proof First, assume aj € Z forsome 1 < j <k <5. Then a; € Bl Zx, k(g) moreover,

for any v € BIZ N k(g)(o) \ {aj} we have {a;,v} € BIZ k(g)(l) Thus B k(g) is
connected in this case. Note this takes care of n < k — 1.
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Now let n > k — 1. We can assume a; ¢ Z for all j < k. Since z,, € B, we must
have z; = bj for 1 < j <k —1. Then ]:k+1(g) nzZ = }"kH(g) N{zky.--s )6\
{ai,...,ax_1}. Soif weset Z' = (zk,.. ) \{ai,...,aj_;}, then B! 7 k&)=
Bl / x, (&) Thus it suffices to show Bl 7' k(g) is connected.

For now, assume n > k. Given vy, v, € BL, x. k(g)(o) we will show there is a path
V] — W — Uy in B k(g) Let V1 = (vl,vz, yand V2 = (zx,...,zs). The
idea is that w need not be independent of zg, ..., z,, only orthogonal to them. Let
S Vj , be the smallest summand in Hj 4 containing Vk 1 = Plryq (V7). Take a
dual summand D' (cf Proposition 2.2.9) to S Vk in Hy,ie thereis T'! so that
SV, ®DY)®T' = Hyyy. Now take a dual D to SVEL = S(pry, (VE,) in
T, so obtalnmg T? L V! 4+ V? with

(40) SV, ®@DHY® SV, ® DY@ T? = Hiyy.

Since n > k, if Sszle1 =0, then dim7? > 2(g —k — 3) > 2. Thus, any simple

vector w € T? gives a path v; — w — v, in BZ, k(g) If Ssz+11 # 0, then choose

w' esS sz 11, and use the dual basis for D? to modlfy w’ » w such that w L z;,

i=k,...,3. Then w € (Ssz_i_l1 Dz), and so forms a simplex with x, vy, vy, since

they are in S Vk1 41~ This proves the Lemma for n > k.

Nowletn=k—1<4,ie Z'=H\{ay,...,ax_1}. “Again given vy, v, EBZ, k(g)(o)

set X = pry, ., (x)/ ged(pry, . (x)). C0n51der Vi= (vj,Xx) for j =1, 2. project
to Hy,; and take the dual as above, (SV, k+1 ® D)@ TJ Hy 1, and the di-
mension argument above gives TJ # 0. We obtain a s1mple vector wj € T, 1’ .
Define the subcomplex Fj1(g) 9 ;7-",{ 1(g) of simplices with vertices in Hj .
Thus, w; € linkz, +1(g)()_c) Now, Fr41(g) = B(g —k) via Hyy; = H(g — k).
Then by Proposition 2.3.3, lmk]_-l (¢)(X) is connected for g > k +3 =n+4, so
there is a path from wy to w;. ThlS yields the desired path in B! Z'x k(g) namely

Vi —> W) = —> Wy —> V3. O
Proof of Lemma 3.4.5for i =1 Asusual xq,..., x5 is the vectors associated to x
from Lemma 3.3.7. Let B(x’) be the basis for /\3 (x, x/)J- from Lemma 3.5.1, where
v1,..., V4 are four among xq, .. ;X5 So foreach z —21A22A23 € B there is 1 <j=<5

with z € /\3 {x, x])Q For each z€ B, set Z =(zy,z,z3)T, and consider the complex
Bl k(g) from Lemma 3.5.3, which is connected. We see x’ xJ € BZ k(g) SO
there is a path in B Xk (g) connecting them, x; = vg — vy — -+ — vy = x’. Then
(z,x") € Fyyq by the lemma below, since (z, x;,) € F; by Remark 3.4.6. |

Lemma 3.54 Letz=1z;AzpAz3 forzje /\3(x, v)(J@ If there is a path v = vy —
vy > = vy =Xxin Bink(g), and (z,v) € Fy,, then (z,x") € Fy1 4.

Proof A straightforward induction shows (z,vj) € Fj4pm for j =1,...,¢. O
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3.6 Finishing the proof of Theorem 3.2.3 for i = 2

In this section, i = 2. Recall we write S(V) = S(pr,(V)), where V € H. To
prove Lemma 3.4.5, we use the same strategy as for i = 1, but the details are more
complicated. First, we establish versions of Lemma 3.5.1 and Lemma 3.5.3:

Remark 3.6.1 For i =2, we apply Lemma 3.5.1 to H, =pr, H to get a basis B,(x’)
of pr, ({pr,(x), pry(x’ ))6) with (a) replaced by

@) Haz.ba,..ag 1. b1} S B S Fpeny (@O Ulba, by}

A modification for k£ = 1, needed to apply Corollary 3.6.2 below: If we assume
ged, (x, X', vy, v2,v3,v4) = 1, we can obtain B;(x’) such that for m = 1,2, 3,4,

ged,y (x, S(xX', vm, 21, 22,23)) = 1 for distinct z; € By(x').

To do this, replace the proof of Lemma 3.5.1 by the following: Choose honest dual
vectors y to pry(x), »’ to pry(x’) and y; to pry(vj) by Proposition 2.2.9. S =
(pry(x),pry(x’)) is a summand, its dual is D = (y, y’), and we have T such that
(S® D)® T = H,. Using the dual vectors, we can modify pry(v;) to v}, and
pry(x), pry(x’) to p(x), p(x’), such that p(x), p(x’),v}....,v) is isotropic and
v’l, cees v; extends to a symplectic basis by yq,..., y4. Finally replace p(x) by
p(x) —v] — v, —v; —vj. The result is extendable to a symplectic basis B, (x’) of
(pry (x), pry(x’ ))6 that satisfies the desired equation. |

Lemma 3.5.3 for i = 2 is more complicated:

Corollary 3.6.2 Let g > 6 andn < 3. Let B, be a basis of pr,({pr, (x))é) satisty-
ing (41) in Remark 3.6.1. Assume zy,...,z, € B,. Then:

(i) For k > 2, B 7 x. (&) is connected, and if n < 2, then the complex with a;
removed, ie BZZ x, (&) \ (star(ay) \ link(ay)), is also connected.

(i) For k =1, let v,vy € BZ +1(&), and assume that gcd,(x, vy, v2) > 0 and
gcd, (x, S(v1,v3, 21,22, 23)) = 1. Then there exists a path vi — w — v, in
Bzz x, 1 (g) with ged,(x, vy, v3, w) > 0.

(iii) For k = 0, the full subcomplex of B o(g) spanned by the vertices v with
rkf1 (x) = rkbl (v) is connected. If vy, v2 € BZ x, 0(&) with k01 (x) = k1 (vj)
and gcd,(vj,x) > 0, then there is a path vi — w — vy in BZ x, o(g) with
ged, (x, vj, w) > 0.
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Proof For k > 2, the first part is easy since a; € B2 Z.x k(g) and for any other
v e 82 7 x. k(g)(o) we see {v,a;} € BZxk(g) For the second part of k > 2, let
V1,V € BZ k(g) be given. Note pr, (x) = x —a is simple. By identifying H, =
H(g), we can say pry(vj) = v; —a; € BZ prs Xk— 1(8), since z;, € H, already.
Lemma 3.5.3 1mp11es that B Z.pryx k- 1 (g) is connected when g > 6, so there is a path
prz(vl) = wo — w1 — e wé = pry(vy). Set wj =a; +w’, then v; = wyg —
Wy —> - — Wy = vy 18 apath from vy to v, in BZx (&)

For k = 0, let vy, vy € B> xo(g)(o) with rkbl(v i) = kbl(x) be given. Since
vj € F7, we get pry(vj) € BZ x1(g+1). Since g > 6, B! zx1(&+ 1) is connected
by Lemma 3.5.3, and from the proof we get a path prz(vl) — w’ — pry(v2) in
Ble (g +1). Then w’ € H,, and we set w = a; +rkb‘(x)b1 +uw' € ]-'2 By
the choice of w’ in the proof, we see v{ — w — v, is a path in 82 0(g) and
ged, (x, w, vj) = ged, (x, vj), which also shows the last part of k£ = 0. ’

Finally, for k = 1, we proceed similarly to the proof of Lemma 3.5.3 for k = 1, except
that we consider V0 = (x), V! = (v;,v5), and V? = (zy, z,, z3) . Projecting onto H>,
we take successive duals similar to (40), which becomes

(42) (SVLe D)@ SV, eDYa SV, @ D)@ T? = H,.

Since ged, (x, S(vq, v2, 21, 22, 23)) = 1, we have SV20 = V20 = (pr,(x)) and D° = (u),
where we can choose the dual u € H, to be orthogonal to vy, vy, z1, 23, 3. A dimension
count shows that there is a simple vector w’ € S V22’1 @® D? such that w’ L z; for
j=1,2,3,and of course w’ L x, vy, vy. Set w=a+cu+w’, where ¢ € Z is such that
w L x. Then w is orthogonal to x, vy, v;, 21, 22, 23, and we see v; — w — v, is a path
in BZZ’X,1 (g). Moreover, by construction, gcd, (x, vy, va, w) =gcd, (X, v1,v3)>0. O

To prove Lemma 3.4.5 for i =2, we now need two steps. The first asserts the existence
of the desired basis of /\3 (x,x",by) 6 , under certain conditions:

Lemma 3.6.3 Letx'€e ‘Fk+1 be given. Assume there are x| x2, X5, X, € ]:]fﬂ (g)(o)
such that {x, X; }6]:2 for j =1,2, 3,4, and there is a basis B(x ) for/\ X, x b )
satisfying Lemma 34.5for j =1,2,3,4. Assume further:

(a) Ifk22,thatx]’. = Aj for j <k —1 and ged,(x,x’,x5,...,x;) > 0.
(b) Ifk =1, that ged,(x, x", x7,...,x;) = 1.

(¢) Ifk =0, that either
(1) {x,x, x/l,x;,xg,xg}eBz(g) or
(2) gedy(x,x',x7,....x3) > 0 (if pry(x) = 0, omit x), and furthermore
rkbl(x )—rkbl(x’) =1k (x) for j =1,2,3,4.

Then there is a basis B(x') of/\ {x,x ,bl)Q satisfying Lemma 3.4.5.
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Proof First, in case (c)(1), the result follows directly from Lemma 3.3.2. So consider
the other cases. We claim that if pr,(x) # 0, then

43) (x.x", b))t = pry((pry(x), pry (X)) @ (By),

where 51 = by —u for any u € H, satisfying iyq(x, u) = iug(x’, u) = 1. (43) follows
since rk?! (x) = rk?!(x") = 1 and by a dimension count.

We take a Q—basis B, (x’) of pr,({pr, x, pry x')*), as in Remark 3.6.1 with v; = xj/. ;
note this is possible because of, respectively, (a), (b) or (¢)(2). From it we get a Q—basis
By (x') for A\*(pry({pry x, pry ') 1)).

Write B (x') = {z1,...,za}. Now suppose for each pair z,, z; € By(x") with r <
we have chosen u, satisfying iaq(x, uyg) = fag (X', urs) = 1. Set by(r,s) = by —ups.
Then by (43), the following defines a basis of A>(x,x’, b )(J@:

B(x) = Ez(x’)u{gl(r,s)/\zr/\zs |1 <r<s=<n}

We will show that for each z € B(x') there is an N such that (x’,z) € Fy, and at the
same time construct the u,.

First consider a given z =z, AzgAzs € B, (x'). Then there is m € {1,2,3,4} with z €
/\3(x, Xy bl)é. By assumption, (z, x;,) € F, for some ¢ € Z. The assumptions (a),
(b) or (¢)(2) ensures that Corollary 3.6.2 gives a path x;, =w¢ —w; —---—wy =x"in
BzZ,x,k (g) where Z = (z,, zg, z;)*. (For k =1 use Remark 3.6.1.) Then Lemma 3.5.4
gives (z,x’) € Fyyg. (%)

This finishes the proof for ged, (x, x’) = 0, since then B(x’) = B,(x').

Now consider the other type of basis vector in B(x’), so let r < s be given. Take
me{l,2,3,4} with z, Azg € /\2(x,x,’n,b1)6.

For now, assume k # 1. By Corollary 3.6.2 with Z = (z,, zg)*, there is a path
Xp, =vg—>v; —>---—> vy =x"in BZZ (&) with ged, (x, vj,vj—1) > 0; for k > 2
this is because the path avoids a . Thus by Proposition 2.2.9, if we take (Q—coefficients,

we can choose uj € (Hg)2 such that

(44) falg (X, uj) = fag(vj, uj) = fag(vj—1,u;) = 1.
Now E{ :=by—uj € (x,vj,vj_1)". For j =0 just use vg = x},, to get 1;? € (x, xh )t
We set u, s = uy.

Write z/ = g{ Azr Azs. Inductively assume there is n(j)eN such that (z/, wj) € Fy(j)-
The induction start is the assumption on B(x,,). For the induction step, suppose
(z7.vj) € Fy(jy. Consider the difference 2/l 7 = (uj41 —uj) ANzy Azz. Since

Geometry € Topology, Volume 16 (2012)



1764 Spren K Boldsen and Mia Hauge Dollerup

(tjy1 —uj),zr, zs € pry({pry(x), prz(v]))Q) we can apply (x) above for x’ = v;
and get p(j) € N with (z/T! — 2/, vj) € Fp(j). Combined with the induction
hypothesis, we see (z/11, Vi) € Frax(p(j).n(j))- Since {x,v;,vjy1} is a simplex,
(z/+1, Vj+1) € Fp(j41) where n(j +1) = max(p(;j),n(j)) + 1. This finishes the
induction. We have shown that z = 1;1 (r,8) Azp A zg satisfies (z,x') € Fy),

For k = 1, the path x,, — w — x’ that is provided by Corollary 3.6.2 satisfies
ged, (x, xp,,, w, x") > 0, so there is now u € (Hg), with

fag(x,u) = ialg(x;n, u) = igg(w,u) = ialg(x/, u)=1.

Then choose u, s =u. Write z = (by —u) Az, Azg. Lemma 3.5.4 gives that (z, x') € Fy
for some N, because B(x;,) satisfies Lemma 3.4.5. a

With this, we can show Lemma 3.4.5 for i = 2:

Proof of Lemma 3.4.5 for i = 2 First, if k > 2: We have xj,...,x5 € .7-",3+1
from Lemma 3.3.7, and we use as xl, . ..,x; four among xi,...,Xxs such that
Lemma 3.6.3(a) holds. From Remark 3.4.6 there are bases B(x;,) as in Lemma 3.4.5.
Now Lemma 3.6.3 gives the basis B(x’) as desired.

If k =1 we consider two cases: First, if gcd, (x, x’, x1, X2, X3, x4) = 1, then we argue
as in the case k > 2 with xj’. = x; for j =1,2,3,4, and are done.

If not, then we will find x/l, e ,xf‘ € .7-'22 such that
(45)  gedy(x, X7, X5, X5, X5, X1, X2, X3, X4) = gedy (v, X7, X7, x5, x5, x5) = 1.

Then Lemma 3.6.3 gives the basis B(x ) foreach j =1,2, 3,4 by using x1, x5, X3, X4,
which by Lemma 3.6.3 along with (45) gives the basis B(x’).

To construct these xj/. et S = S(x,x',x1,...,x4,y) C H,, where y € H, denotes a
dual vector to pr,(x), which is simple since k£ = 1. We can employ pr,(x), pry(x1),

..,pra(x4) as part of a Z-basis of S, since {x,x,X3,X3,X4} € .7-"12. Obviously,
dim § < 7, and since dim H, = 2g > 12, we can extend this basis of S by four basis
vectors, call them vy, vy, v3,v4. Set x]’. =ay+vj+c¢jy for j =1,2,3,4. Here
¢j € Z is chosen such that x]’. 1 x,ie ¢;j = —izg(x,a; +vj). Now (45) follows from
the fact that

1 = ged, (S, vy, v2, v3, v4) = ged, (S, X7, x5, X5, x7).

Last, if k = 0, we again consider two cases. First, if rk01 x) = rk01 (x). From
Lemma 3.3.7(iv) we have kb1 (xj) = rkb1 (x) for j =1,2,3,4,5, so we can do as in
k>2.
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If not, we get from Lemma 3.3.7 that {x, x"}* = {x],..., x;} satisfies

(46) {x.x'.xj,...xj}eFs and kP (x)) =1kl (x).

Then by the first part of £k = 0, we have a basis E(xj’.) for j =1,2,3,4, and thus by
Lemma 3.6.3 we also get B(x’) satisfying Lemma 3.4.5. m|
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