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SO(3)-Donaldson invariants of CP?
and mock theta functions

ANDREAS MALMENDIER
KEN ONO

We compute the Moore—Witten regularized u—plane integral on CP?, and we confirm
the conjecture that it is the generating function for the SO(3)-Donaldson invariants
of CP?. We also derive generating functions for the SO(3)—Donaldson invariants
with 2Ny massless monopoles using the geometry of certain rational elliptic surfaces
(Nr €{0,2,3,4}), and we show that the partition function for Ny = 4 is nearly
modular. Our results rely heavily on the theory of mock theta functions and harmonic
Maass forms (for example, see Ono [40]).

5TR57

1 Introduction and statement of results

In his plenary address at the Ramanujan Centenary Conference at the University of
Illinois (Urbana-Champaign) in 1987, Freeman Dyson proclaimed his hope [15] that
the “theory” of Ramanujan’s mock theta functions would someday play a role in
mathematical physics.

The mock theta-functions give us tantalizing hints of a grand synthesis
still to be discovered. Somehow it should be possible to build them into a
coherent group-theoretical structure, analogous to the structure of modular
forms which Hecke built around the old theta-functions of Jacobi. This
remains a challenge for the future. My dream is that I will live to see
the day when our young physicists, struggling to bring the predictions of
superstring theory into correspondence with the facts of nature, will be
led to enlarge their analytic machinery to include mock theta-functions....
But before this can happen, the purely mathematical exploration of the
mock-modular forms and their mock-symmetries must be carried a great
deal further. —Freeman Dyson
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The 2002 PhD thesis of Sander Zwegers [56] has provided Dyson’s desired “coherent
group-theoretical structure”, and it turns out that Ramanujan’s mock theta functions
are holomorphic parts of weight 1/2 harmonic weak Maass forms (see Section 5
for definitions). Zwegers’s thesis has sparked a flurry of recent activity involving
such Maass forms. Indeed, harmonic Maass forms are now known to play a central
role in the study of Ramanujan’s mock theta functions, as well as other important
mathematical topics: Borcherds products, derivatives of modular L —functions, Gross—
Zagier formulas and Faltings heights of CM cycles, partitions,and traces of singular
moduli (see Bringmann and Ono [5; 6], Bringmann, Ono and Rhoades [7], Bruinier [8],
Bruinier and Funke [9], Bruinier and Ono [10], Bruinier and Yang [12], Ono [40],
Zagier [55] and Zwegers [56]).

Here we give an application, which combined with earlier important works of Géttsche
and Zagier [19; 22], realizes Dyson’s original hope that mock theta functions would
one day play a role in mathematical physics. We shall relate mock theta functions to
Donaldson invariants of a smooth simply connected four-dimensional manifold; see
Donaldson and Kronheimer [14].

There are two families of Donaldson invariants, corresponding to the SU(2)—gauge
theory and the SO(3)—gauge theory with nontrivial Stiefel-Whitney class. In each
case, the Donaldson invariants are graded homogeneous polynomials on the homol-
ogy Hy(CP?) & H,(CP?), where H;(CP?) is considered to have degree (4 —i)/2,
defined using the fundamental homology classes of the corresponding moduli spaces
of antiselfdual instantons arising in gauge theory. The Donaldson invariants depend by
definition on the choice of a Riemannian metric. In the case b; > 1, the Donaldson
invariants are independent of the metric as long as it is generic. In the case b;r =1,
Kotschick and Morgan [27] showed that the Donaldson invariants depended on the
metric but only through the chamber of its period point in the positive cone in H? (X, R).
Crossing through a wall in H?(X,R) defined by a class £ € H?(X, Z) adds a certain
wall-crossing term Sg & to the Donaldson invariants. Kotschick and Morgan made the
following conjecture: Sg & 1s a polynomial in the multiplication by & and the quadratic
form Qx on H,(X,Z) whose coefficients depend only on £2, the instanton number k
and the homotopy type on X .

We restrict ourselves to the simplest manifold to which Donaldson’s definition applies,
the complex projective plane CP? with the Fubini-Study metric. In earlier work,
Gottsche and Zagier [22] gave a formula for the Donaldson invariants of rational
surfaces in terms of theta functions of indefinite lattices. These are Jacobi forms
for special choices of the polarization on the boundary of the positive cone. As
an application, Gottsche [19] derived closed expressions for the two families of the
Donaldson invariants of CP? assuming the Kotschick—-Morgan conjecture. In the recent
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work of Gottsche et al [21], it was shown that the assumption of the Kotschick—Morgan
conjecture was not necessary for the formula for the Donaldson invariants.

The present paper concerns deep conjectural relations between these works and con-
structions in theoretical physics which are presently the focus of much study. From the
viewpoint of theoretical physics (see Witten [51]), these two families of Donaldson
invariants and the related Seiberg—Witten invariants are the correlation functions of a su-
persymmetric topological gauge theory with gauge group SU(2) and SO(3) respectively.
Using physical considerations, Witten [53] argued that one should be able to compute
these correlation functions in a so called low energy effective field theory instead. This
theory has the advantage of being an abelian N' = 2 supersymmetric topological gauge
theory. The data required to define the theory only involves line bundles of even (resp.
odd) first Chern class on CP? if the gauge group is SU(2) (resp. SO(3)). The vacua
of the low energy effective field theory are parametrized by the u—plane which is a
certain analytically marked rational elliptic surface. Seiberg and Witten [42] argued
further that the rational elliptic surface is the modular curve H/ ['y(4), together with a
meromorphic one-form. Moreover, Moore and Witten [37] obtained the correlation
functions as a regularized integral over the u—plane. The integrand is a modular
invariant function which is determined by the marked elliptic surface and the gauge
group. The regularization procedure depends on interpreting the integrand as a total
derivative, combined with constant term contributions from cusps. This integration
by parts naturally introduces nonholomorphic modular forms of weight 3/2 (resp.
1/2) for the gauge group SU(2) (resp. SO(3)). Thus, the regularized u—plane integral
defines a way of extracting certain contributions for each boundary component near the
cusps at T = 0, 2, oo of the rational elliptic surface. Moore and Witten observed [37]
that the cuspidal contributions at T = 0, 2 vanish trivially, which coincides with the
mathematical statement that all Seiberg—Witten invariants on CP? vanish due to the
presence of a Fubini—Study metric of positive scalar curvature; see Witten [52]. Moore
and Witten went further and made the following comprehensive conjecture:

Conjecture (Moore and Witten [37]) The contribution from the cusp at T = oo to
the regularized u—plane integral is the generating function for the Donaldson invariants
of CP?.

As evidence for this conjecture, in the case of the gauge group SU(2), Moore and
Witten [37] computed the first 40 invariants and found them to be in agreement with
the results of Ellingsrud and Gottsche [16]. However, the conjecture remains open.

Remark Moore and Witten [37] also showed that the general equality for SU(2)
implies some interesting relations involving the classical Hurwitz class numbers which
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arise in number theory. It is in this way that harmonic Maass forms make their first
appearance. The holomorphic part of Zagier’s weight 3/2 Maass—Eisenstein series,
which first arose in Hirzebruch and Zagier [23] in connection with intersection theory for
certain Hilbert modular surfaces, is the generating function for Hurwitz class numbers.

Our main result concerns the case of the SO(3)—gauge theory where little was known
about the conjecture. We prove the following theorem:

Theorem 1.1 The conjecture of Moore and Witten in the case of the SO(3)—gauge
theory on CP? is true.

Donaldson theory can be generalized by introducing sections of a sping¢—structure
on CP? coupled to the SO(3)—gauge bundle. In the physics literature, these additional
fields are called massless monopoles, and their number is denoted by 2Ny, where
0 < Ny < 4. The case where Ny = 0 corresponds to the original SO(3)—-Donaldson
invariants'. The corresponding moduli spaces and invariants when N, s > 0 have not
been given much consideration in mathematics. However in physics, Seiberg and
Witten [43] argued that including the monopoles changes the rational elliptic surface.
For Ny > 0 the modular elliptic surface for I'g(4) is replaced by rational elliptic
surfaces determined by Ny vectors in the Eg root lattice. Rather nicely, the integrand
of the u—plane integral remains a modular invariant when the gauge group is SO(3).
We classify all rational elliptic surfaces which appear as Seiberg—Witten curves for
0 < Ny <4 (see Lemma 3.1). For Ny = 2, 3, it turns out that the elliptic surfaces for
the Donaldson theory with massless monopoles are still modular elliptic surfaces related
to the elliptic surface for Ny = 0 by two-isogeny or a twist of the elliptic fibration.
However, in the case where Ny =1 the surface is not modular elliptic (see Lemma 4.1
and Nahm [38] for a physical explanation). In the case Ny = 4, elliptic surfaces for the
Donaldson theory with massive monopoles can be obtained from twisting the fibration
of the modular elliptic surface in the case Ny = 2. We give explicit Weierstrass
representations (see Lemmas 4.1 and 4.21) for the cases N, 'r =2,3,4, and we compute
the generating functions (see Equation (65) and Theorem 4.25) using the regularized
u—plane integral. We conjecture:

Conjecture The generating function in (65) is the generating function (24) for the
SO(3)—Donaldson invariants of CP? with 2N '+ monopoles for Ny =2, 3.

Using the Atiyah—Singer index theorem and Theorem 1.1, we can also show that
the conjecture passes a nontrivial test proving that the highest order contributions to

I'The number of sections is even and N, r =< 4; otherwise the quantum theory is inconsistent [37].
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each coefficient in the partition functions agree for Ny = 2, 3. In the Ny = 4 case,
instead of asymptotic freedom one has conformal invariance of the physical system.
Thus, the partition function is a function of the complex coupling constant t. We
explicitly compute the partition function. To this end, we shall define a power series in
q = exp(2mit) (see Sections 4 and 7)

1

ql/g(l +28¢"2+39¢+1964%% +161¢4> +---).

0" () =

Adding a nonholomorphic part Q~(¢q) gives the Maass form Q(q) = 0T (¢) + 0~ ()
(see Section 4). In terms of the function Z(z) = n°(r) Q(q), we prove the following
theorem:

Theorem 1.2 The regularized partition function of the massless Ny = 4 low energy
effective field theory on CP? is well defined, and is given by

o[l g d(a d 2
) Zop = [2 7 (2) dq (n4(f) dq) +g(f)] 74(0)’

where
=L (192(1))8 (ﬁzm)“ (z%(r))“ N (z%(r))s
SN AT 10 ) \n@ 1@ ) |

Here we discuss this result in the context of the theory of modular forms. Recall that
the Donaldson polynomials arise as correlation functions of the N = 2 supersymmetric
topological gauge theory with gauge group SU(2) or SO(3). There are also quantum
field theories on CP? with more supersymmetry. Roughly speaking, there are three
choices for a N/ = 4 supersymmetric topological gauge theory, determined by what is
referred to as the topological twist. One particular choice, called the Vafa—Witten twist,
has been studied extensively in the physics literature [50], and its partition function has
been computed in many examples. It turns out that the coefficient of qk in the partition
function equals the Euler characteristic of the instanton moduli space of instanton
number k. The S-duality sends 7 — —1/7 and exchanges electric and magnetic fields.
In the N = 4 theory, the S-duality is a symmetry of the physical theory whence the
partition function is in fact a weakly holomorphic weight 0 modular form. Indeed,
Vafa and Witten even point out the strong relation with the nonholomorphic weight 3/2
Eisenstein series of Zagier which is perhaps the first half-integral weight harmonic
Maass form which was seriously investigated. In the N = 2 theory, the S-duality is not
a symmetry. Accordingly, we see that the partition function is not modular, but only a

“piece” of a modular invariant, a fact which is central to our proof of Theorem 1.1. It
has the property that its “trace”, in a very natural sense, gives rise to modular invariants
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(see Equation (74)) which resemble some modular partition functions computed by
Vafa and Witten [50, Section 42]. The partition function (1) is naturally related to the
mock theta function

®©  1ynt+l,8(n+1)? 10 _ 16k—8
8y._ —1 (=D""q [Ti=1(1—¢ )__ 7 15 4 23
M(q®):=q E (] g 16k—8)2 =—q ' +29° -3¢ +---.

n=0 k=1
In Section 7 we prove that

Q(q) —4M(q)

is a weight 1/2 weakly holomorphic modular form. Therefore, we then find that

1
n(z)
is the desired modular invariant, a weight 0 modular form. This paper is organized

as follows. In Section 2 we recall facts about SO(3)—Donaldson invariants on CP?,
and we recall certain generating functions of Gottsche which play a central role in

(Q(g) —4M(q))

the proof of Theorem 1.1. In Section 3 we recall and classify the Seiberg—Witten
curves, and in Section 4 we use their properties to define the #—plane integral, which
in turn we employ to construct the vital generating series when Ny € {0,2,3,4}. The
proof of Theorem 1.1 is then reduced to a criterion (see Theorem 4.26) involving
these new generating functions, in the case where Ny = 0, and those of Gottsche. To
verify this criterion, we employ the theory of harmonic Maass forms which is briefly
recalled in Section 5. Specifically, we relate the relevant generating functions to weight
1/2 harmonic Maass forms which are described using a nonholomorphic Jacobi form
constructed by Zwegers. In Section 6 we recall the construction of this Jacobi form,
and in Section 7 we use it to represent the generating functions in terms of explicit
harmonic Maass forms. In Section 8 we conclude with the proof of Theorem 1.1, and
we give some numerical examples.
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2 SO(3)-Donaldson invariants on CP?

In this section we recall basic facts about the SO(3)—-Donaldson invariants on CP? (cf
Freed and Uhlenbeck [17], Gottsche [20] and Kotschick [25]), and we recall a closed
formula expression for these invariants which is due to Goéttsche [19]. We also discuss
briefly the SO(3)—Donaldson theory with massless monopoles.

2.1 The generating function

The Fubini-Study metric g on CP? is Kihler with Kihler form K = (i/2)g ab dzAdzb.
We denote the first Chern class of the dual of the hyperplane bundle over CP? by
H= K/m, so that f(CPZ H? =1, ¢;(CP?) = 3H, and p;(CP?) = 3H?. The Poincaré
dual H of His a generator of the rank-one homology group H,(CP?). SO(3)-bundles
on four-dimensional manifolds are classified by the second Stiefel-Whitney class
w,(P) € H?>(CP?;Z,) and the first Pontrjagin class p;(P) € H*(CP?), such that

p1(P)[CP?] = w2(P)[CP?] mod 4.

Since CP? is simply connected there is an integer class o € H?(CP?) whose mod-two
reduction is w,(P). Then, there is a smooth complex two-dimensional vector bundle
& — CP? with the Chern classes ¢;(§) = « and ¢, (£), such that clz(é) —4cy(8) =
p1(P). The bundle & can be reduced to an SU(2)—bundle if and only if ¢;(§) = 0.
Thus, a SO(3)-bundle which does not arise as the associated bundle for the adjoint
representation of a SU(2)-bundle has to satisfy w,(P) # 0. From now on, we will
always assume c¢;(£) = —H and c¢,(£) = k H2. Once a Hermitian metric on £ is
fixed, let 2 be the set of compatible unitary connections dgy =d + A on &, and &
the group of gauge transformations. The metric on CP? gives rise to a Hodge star
operator : Al, — A:é;f with *2 = (=1)?. On p—forms, the adjoint operator of
dy is d% = —xd4*. Let Endg & be the bundle of the traceless endomorphisms of &.
In terms of the curvature Fy4 € AéPz (Endg &) on &, the Pontrjagin number is given by

@) (&)~ e )P =~ /C LREANED.

A connection is called antiselfdual if the curvature satisfies FI =0 (ie xFy =—Fy).
A connection is called reducible if the bundle P — CP? reduces to the direct sum A @ ¢
of a line bundle A — CP? and a trivial oriented real line bundle ¢ — CP?2; otherwise
it is called irreducible. We denote by A* the space of irreducible connections. Since
the gauge group & acts freely on 2*, the space B* = A*/& is a Banach manifold.
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The action functional of the Yang—Mills theory is

3) [ tr(Fyn*xFy),
Cp2

and has the Euler-Lagrange equation dj F,y = 0. For k > 0, the Yang-Mills action (3)
is minimized by the antiselfdual connections. The moduli space of antiselfdual irre-
ducible connections with ¢, (£)[CP?] = k modulo gauge transformations is denoted
by M(—1, k). The Atiyah—Singer complex of d4 in dimension four is the three term
complex

dA T dA
) A (€) =5 AL () —> AL, (),

where the map 4 is the orthogonal projection on the self-dual two-forms. It is a com-
plex if F4 is antiselfdual. The associated elliptic operator of Laplace type is a Fredholm
operator, and the index of the elliptic complex equals indd4 = 2(4k —1)—3(1 + b; ).
A local model of a regular neighborhood of [4] € M(—1, k) is given by the intersection
of the slice ker d € T42(*, which is locally orthogonal to pure gauge transformations,
with ker(w+d4), which is the linearization of Fj = 0. Since clz(f;‘) —4cy(6) £ 0
mod 8 the moduli spaces 9t(—1, k) of rank-two stable vector bundles on CP? are
smooth, projective varieties of dimension 2d; = 8k — 8; see Strgmme [49].

Remark It is known that the moduli space 2(cq,cy) of rank-two stable vector
bundles £ over CP? with Chern classes ¢, ¢, only depends on the discriminant
cl2 —4c,, with the discriminant being negative for stable bundles. The isomorphism
between M(cy, ¢z) and M(cy —2r, ca—r ¢ +r?) is given by twisting £ — §®O(’EP2 ()
by Klyacho [24].

On CP? x‘B*, there exists a universal bundle with a SO(3)—connection (see Atiyah and
Singer [4]); it is the vector bundle B3 with the structure group SO(3) in the commutative
diagram:

PxA* — P=(PxA")/&

(5) l !
CP?2 x A* — CP? x B*

where the action of & and SO(3) on P x2(* commutes. Using the connection A € *
on P and the canonical connection on 2* — B*, one defines a $—invariant connection
on P x A* — CP2 x 2A*. The connection and its curvature § descend to a connection
and a curvature form on the quotient bundle. The Pontrjagin number of the universal
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bundle can be decomposed into its components
4
(6) PP =—o@FAF) =—4 Z WA

with Q074" e Ar4 2yoye - We evaluate the class — 1 p1(P) on the 2—cycle [H] €
H,(CP?) and the O—cycle [pt] € Hy(CP?) to obtain

7 ulD = / NP2 € HAB* Q). ulpt) = WO (po) € H*(B*: Q).
H
By applying [14, Proposition 5.1.15] to CP? we obtain:

Proposition 2.1 The rational cohomology ring H*(%8*; Q) for CP? is a polynomial
algebra generated by the four-dimensional generator p(pt) and the two-dimensional
generator [+(H). In particular, there is no odd-dimensional cohomology of B*.

Furthermore, it is known [49, Section 2] that for 9i(—1, k) there is a universal complex
rank-two vector bundle & — CP? xB* lifting the universal bundle 3 which is defined
uniquely up to a linear bundle lifted from B* [49].

Lemma 2.2 For CP?, it follows that as an element of H*(CP? x B*; Q) we have

(8) [p1(B)] = (1 — 4k) H? —4 H Ap(H) — 4p(po).
There is a unique choice for & — CP? x B* such that
©9) [c2(E)] =k H? + HAp(H) + pu(pt), [c1(B)] =—

Proof Since there is no odd-dimensional cohomology for B* and CP?, it follows
from the Kiinneth isomorphism that

HYCP*x8* Q)= P H*(CP*:Q)® H (B*:Q).
i+j=2
Thus, as elements of H*(B; Q) we have [20':3] = [203-!] = 0 in Equation (6). If we
denote the exterior derivatives on CP? and B* by d and d respectively, it follows
that (d 4+ d)20%*~* = 0. For dimensional reason, we have d20%° = 0. However,
H°(B*; Q) = Q is trivial. Hence, 204 is constant on each connected component
of B*. The restriction to CP? yields [—4204°] = (1 — 4k)H?. Similarly, since
d20%* = 0 it must be constant along CP?. From the definition (7), it follows that
[—4204°] = —4u(pt). Finally, [20%2] = H /\[L(H) since by Poincaré duality we have

/vgnzaz =/ HAQHZ’2=M(H)/ HAH = p(H).
H cp2? cp2
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Since there exists a universal bundle & — CP? x B* its Chern classes have to satisfy
P1(P) = c3(E) — 4¢2(E). Thus, we have ¢;(E) = —H+28u(H) and ¢»(E) =
kH?+(1-68)H /\/L(ﬁ) + u(pt) + 82 M(H)2. We normalize the universal bundle by
setting § = 0. O

Classes of the de Rham cohomology of 9i(—1, k) are obtained from H*®(8*) by
restriction which we will still denote by ,u(Iv{) and u(pt). To define the integration
over the moduli space, a compactification of the moduli space of antiselfdual instantons
is needed. Such a compactification was introduced by Donaldson [14], but since it is
based on Uhlenbeck’s results it is usually called the Uhlenbeck compactification. It
was shown that the z—map in (7) extends over the compactification 90t(—1, k). For
2d; = 4m + 2n, the Donaldson invariants are defined as

(10) O = [_ ()™ A (D"
T(—1,k)

This map ® can be extended to a linear function from the graded algebra
Sym,, (Hy(CP?) @ H,(CP?)), where the elements of H;(CP?) have degree (4 —i)/2
to Q. It is known that the SO(3)—Donaldson invariants are topological invariants
of CP2. For z € Sym, (Hy(CP?) @ H,(CP?)), there is a definition of a geomet-
ric representative V(z) C 9MM(—1,k) for u(z) [28]. If V(z) is the closure of V(z)
in M(—1, k), then the Donaldson invariants are

(11) ®(2) = {z&(i(z) AM(~1.K)) if 4m +2n = 8(k — 1),

otherwise.

Definition 2.3 The formal power series

(12) Z(p.S)=Y Y. ®ma iq, =

k>1m,n>0

is the generating function for the SO(3)—Donaldson invariants of CP?.

Using the blowup formula for the Donaldson invariants, Gottsche [19] and Gottsche,
Nakajima and Yoshioka [21] derived a closed formula expression for ® ,, , . Gottsche’s
work was based on earlier work with Ellingsrud [16] and Zagier [22], and it extended the
results previously obtained by Kotschick and Lisca [26] up to an overall sign convention.
We state [19, Theorem 3.5(1)] in terms of the Jacobi theta-functions ©,, ¥3, 4 which
are used in theoretical physics, and give a formulation that is in a convenient form with
respect to pt and H. In this way, we obtain a closed formula expression for ®; ,, ,,
which we shall later show equals the Moore—Witten prediction based on the u—plane
integral.
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Theorem 2.4 (Gottsche [19]) Assuming the notation and hypotheses above, then we
have that the only nonvanishing coefficients in the generating function in (12) satisfy

n I ;
(=n"tJ (2n)!
13) @ =
(13) Piem.2n Z=Zo,§ 20-330 2n =21 — j)!

9, (O[3 () + o5 "+
[92(x) 3 (x)Prm+2nt3

i
X Coeffqo( E,’ (r)Fz(n_l)(r)),
where m,n € Ng, 2(k—1)=m+n, Coeffqo is the constant term in a series expansion
in ¢ = exp (2mwit). The series F;(t) are defined in (93), and the Jacobi ¥ —functions

are
T

T T
Do) =205 (5). B@=0s(5). P =04(5).
where ©,, O3, ©4 are defined in (90)-(92). Also, we have that E,(t) is the normalized

Eisenstein series
o0
Ex(t):=1-24>" "dq".
n=1d|n

Remark Equation (13) uses the original sign convention of [16; 26] for the Donaldson
invariants in which the Donaldson invariants for dj = 4 are all negative.

Proof Table 1 summarizes the quantities used by Gottsche [19, Theorem 3.5(1)] and
in this article.

Gottsche | present paper Gottsche present paper

z S 0(7) Ba(7)

¥ p /) 2%/;192 (v) 93(2)

n 241, 20| | A220)/(A(x) A(dr)) P (N

T [#2(2) P3(2)]*

a 2, a > B+1| | G2(27) —52 Es(7)

v ¢ 3 : e3(27) L[94(0) +94(0)]

‘ g\ —3i e3(27) ﬁ;(r) + 19;‘(1)
f(0)? [92(2) 93 (1))

Table 1
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We use
n i \2 D i 1
(37)  (srmeeceo+acn)
—_1)nt! —-E 94 94 l
_ ( l) — B+ 1)2(n—l)( 2(0) + [95 () +2n 3 Q) '
23 [P2(0)P3(7)]
An expansion of the exponential in [19, Theorem 3.5(1)] then yields (13). |

2.2 Donaldson theory with monopoles

Since w,(CP?) = H, CP? is not a spin manifold. For the sping—structure on CP?
with the canonical class ¢ = 3 H, we denote by S(C“—L — CP? the complex spinor
bundles of positive and negative chirality. In other words, for the spinor decomposition
TcCP? = Sc*® Sg we have ¢ = ¢q(det S%) = 3 H. The vacua of the SO(3)-
Donaldson theory with 2Ny massless monopoles are given by a smooth connection
A €2l and Ny complex sections ®; € C ®(CP?, Sé ® &) such that

Ny
(14) Ff=Y[®®®lo. BPa®i=0 forl<i<N,
i=0

where 4 :: C®°(CP?, S(é' ® £) — C*®(CP?, Sc ® &) is the Dirac operator coupled
to £. Here [® ® ®]gg is the double trace free component in End £ @ Endc St , and we
have used the identification Endg c S, 4~ AE;Z . Due to the positive scalar curvature of
the Fubini-Study metric, the Weizenbock formula implies that ker ) 4 always vanishes
whence ®; = 0. However, a reducible connection may induce a nonsurjective 1 4, thus
instigating the study of the vector bundle formed by the cokernel of /) 4 or equivalently
ker [0, called the obstruction bundle. Since the kernel of /3 4 vanishes for the Fubini—
Study metric on CP2, the obstruction bundle is the index bundle Ind P* — B*
in K(28*). The fibers of the obstruction bundle are obstruction spaces to the existence
of a section for the Dirac operator.

2.2.1 The index bundle of the twisted Dirac operator In light of the isomorphism
between M(cy, cz) and M(c; — 2r, ¢, —r ¢1 + r?), we will again restrict ourselves
to the rank-two stable vector bundles £ — CP? with ¢;(§) = —H, ¢»(£§) = k H? and
investigate the index bundle of I 4 for the sping—structure with the canonical class
¢ = (2r + 1) H. The numerical index of ﬂ; is computed by the Atiyah—Singer index
theorem

ind P% = — [C i ¢“/2A(CP?) ch(§) = k —r,
P
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where A(CP?) = 1 — p;(CP?)/24 and ch(§) = tk(§) + ¢1(§) + c3(£)/2 — c2(8).
Furthermore, the Chern character of the index bundle can be computed from the family
index theorem [4]:

Theorem 2.5 The Chern character of the index bundle is
(15) ch(Ind P*) = — / ¢“/2A(CP?) ch(E),
Cp2

where E is the universal bundle introduced in (5). E has the total Chern class ¢c(E) =
I+ ¢1(B) +c2(E).

The next lemma was proved in Leness [30, Proposition 3.10]:

Lemma 2.6 We have

(16)  ch(B) =271/ 3" %[(k — %) H? + H Ap(H) + M(pt)j| .
n=0 ’

For ¢ = (2r + 1) H, we have

« —1)! k+1/2 . _
entnd 7 =~ | (157 ) MO0 gy e
_1\
ch(Ind P*)jar41) = (21+)1),M( ) ARy

The following was also proved in [30, Theorem 1.1]:

Theorem 2.7 It follows that
A7) a@mdPYy= > fi2j@r) pE A pED A p@E’,
i+2j+2l=k

where the coefficients f; 5; > are given as
1
F(x,y.2) =) fiaj, ax'y? 22 = CXP( xJy(z) + 77 2J2(2) + J3(Z))
i’j9l

and the functions J;(z) are given by

-1
Sz =36
z
-1
hzy =22 G
z
2 -1
J3(Z):—r _kln(1+zz)+(k—l) (M—l).
2 4 z
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Lemma 2.8 For r =0, we have for all | € Ny that c;;41(Ind D =o0.

Proof We include an alternative proof as convenience for the reader. We check that
e¢/2A(CP?) = 1+ H /2. If xy, x5 are the formal Chern roots of & it follows that

X1+ x3 =¢1(E) = —H. We compute for n > 2:
ch(E)p + Ech(’?) = l(x” +x7%) — _ (1 +x) (X" 4 4271
B T TR 17 R ) T B
We use that x, = —(x; + H), then expand in terms of H, and truncate the series to the

order O(H*). We obtain

[+, L ED 42D

- H _
ch(a)[n]—l-zch(u)[n_l] = - x] IOy 1

Thus, ch(&)p,;+ (H/2) ch(E)[,—1)=0 if n is odd. So we have ch(Ind 17)*)[21_,_1] =0
for all /. It follows that ¢5; 41 (Ind ™) = 0 for all /. O

Remark Since ker [0 4 vanishes and the rank of the index bundle Ind D isk—r,
the dimension of ker ﬁ; is k —r and the determinant line bundle DET Ind p* =
AK=T ker P* — B* is well defined. It follows from [4] that

¢1(DETInd P*) = ¢;(Ind P™).
Computing ¢;(Ind ™) for r = 0 and the universal bundle E with

c1(8) = —H+28u(H),
¢2(2) =k H? +(1 = 8§) H A (H) + fu(pt) + 62w (H)?.
It follows that
¢1(DETInd ™) = ¢;(Ind P*) = k$p(H).

Thus, the choice § =0 in Lemma 2.2 is equivalent to the vanishing of ¢{ (DET Ind D*) s
also called the vanishing of the local anomaly in physics. On the other hand, the
normalization used in [49] was different. For ¢ = (2r + 1) H and § = —1 we observe
that ind P* =k —r? and

¢1(Ind P*) = (2 + r —k)p(H).

If o, B,y equal ¢;(Ind P*) for r =1,0,—1 then =y = —ku(ﬁ) and y—a =2u(ﬁ).
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2.2.2 The vanishing locus of the obstruction For r =1, we set
cop(Ind P*) = ¢ (Ind DB™).
For r =0, we set

cx—1(Ind P*) if k is odd,

Crop(Ind P¥) =
op ) {ck (Ind D) if k is even.

We also set

N,
(18) Cop(Ind P* Ny = ¢ (Ind ).
We denote the Poincaré dual of the top-dimensional Chern class cop by J(Ny, k,r)cC
(-1, k). Hence, J(Ny, k,r) is a smooth submanifold of M(—1, k) of codimension
Ny¢(k —r) if r =1 and of codimension 2NfL§J if ¥ = 0. We interpret J(Ny¢, k,r)
as the vanishing locus of the obstruction for the existence of Ny sections for the Dirac
operator. On the other hand, V(cp) is the geometric representative for the j1—class
used in the definition of the Donaldson invariants.

2.2.3 The N =2 invariants for Ny =2,3,4 Using the Euler class, for Ny =2,3
we define the invariants

Nr,c,0 > N,

(19) et = [ hU™ Al Acup(ing D" ),
T M(—1,k)

Using the closure J(N. r,k) of the vanishing locus in the Uhlenbeck compactification

971(—1, k), we define the invariants

20) oV = [ k0" An.
J(Nf,k,r)

For a z € Sym, (Hy(CP?) @ H,(CP?)), we can write the invariants as the following
intersection numbers

q)]in,c,O(Z) = #( ]_}(Ctop) N )7(2) N ﬁ(_l’k))v

2D Noc.1 = Y, M
oNrel(z) = #(I(Np. kor) N V() N M(-1,k)).

The intersections of V(cp) and J with any compact cycle in Z C M (-1, k) will be
cobordant. Hence, the intersection numbers will be the same. If Z C V(z) NMi(—1, k)
is a noncompact cycle, both V(cp) N Z and J N Z can still be compact. However,
the cobordism need not to be compactly supported. In this case, their closures in the
enlarged Uhlenbeck compactification are no longer cobordant, and the intersection
numbers #(V(ciop) N Z) and #(J N Z) differ. An error term arises which we denote by

(22) ENC(z) = @l (2) — @M 0 (2).
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If V(z) has dimension greater than or equal to four, then the closure of V(z) in the
Uhlenbeck compactification will intersect the lower strata, and there is a nonvanishing
error term. The lower strata of 9(—1, k) have the form M (—1,k — /) x & where
¥ C Sym! (CP?) is a smooth stratum. Thus, the error term is a polynomial expression
in the Ny = 0 Donaldson invariants with smaller instanton numbers k£’ < k and

(23) EXC(2) = P({®u ()i ).

where degz’ = k’.

Definition 2.9 For N, r =2, 3, the formal power series
pm Sn
@ 2= Y ¥ ol o
k>1m,n>0 e

is the generating functions for the SO(3)-Donaldson invariants with 2Ny massless
monopoles of CP? for the sping —structure with the canonical class ¢ = (2r + 1) H.

Lemma 2.10 For Ny =2,3,r=0,a=0,1,and n=2[+1, we have Qﬁ%c”z‘;_i_l =0
for all integers k, 1.

Proof For a = 0 it follows from Lemma 2.8 that ¢, is a form of a degree divisible
by four. The claim then follows from the dimension of the moduli space and the fact
that p(pt) and w(H) have degree four and two. Since the dimension of the moduli
space M(—1, k) equals 8(k — 1) it follows 4m 4+ 2n =0 mod 4 whence 7 is even.
The case a = 1 follows similarly. |

We have the following Lemma:

Lemma 2.11 Assume ¢ =H, r =0. For k even and m +n + 2 = k, we have

2,c,0 __
(25) = ) ( §:fo,zjl,ﬂl'fo,z]‘z,zlz)‘I’k,m+l,2(n+j)-
JHI=k \ j1+j2=]
I +1,=1

For k even and 2m + 2n + 4 = k, we have

3,c,0 __
(260) @, 5, = Z ( Z f0,2j1,211'f0,2j2,212'f0,2j3,213)(Dk,m—i—l,z(n-f-j)'
JHI=3k/2 \ jitj2+j3=]
Lh+bh+I1=I
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Proof For Ny =2 and k = 2«, we start by computing

cae(Ind P*) = Z fo,zj,zlll«(ﬁ)zj/\ll(Pt)l-
jH+l=«k

It follows that

cind Py = Y ( > fo,zjl,zll'fb,zjz,zlz)//«(ﬁ)zj/\M(Pt)l-
=k \j1+j2=]
Li+=I

The case Ny =3 follows similarly. a

Definition 2.12 For Ny = 4, the formal power series

27) rANOEDIL M

k=1
is the generating function for the SO(3)-Donaldson invariants with 2Ny = 8 massless
monopoles of CP? for the sping —structure with the canonical class ¢ = (2r + 1) H.

Remark For ¢ = 3 H and Ny = 4, the Euler class in Equation (18) is a top-
dimensional form, ie, a form of degree 8(k — 1) on the moduli space. The first
four coefficients of (27) for r = 1 were determined by Gorodenzev [18].

Lemma 2.13 Forc =H, r =0, we have d);f(’)lo = 0 for all integers [ .

Proof For Ny =4 and ¢ = H, the Euler class in Equation (18) is a form on B* of
degree 8k when k is even and 8(k —1) when k is odd. Hence, ¢, = 0 when k is
even and the top class is restricted to the moduli space of dimension 8(k — 1). The
statement follows. a

2.3 The N = 4 partition function

We will later show that the u—plane integral determines a partition function (27) for
the V' = 2 topological SO(3)—theory on CP?. The partition function satisfies a
holomorphic anomaly equation analogous to the partition function for the N' = 4
topological SO(3)—theory on CP? discussed in [50, Section 4.2]. Vafa and Witten
showed that the holomorphic part of the partition function Z is (cf [50, Equation (4.19)])

1 _
(28) 27 = 5 )L (1K)
k=1
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where x(M(—1,k)) is the Euler characteristic of the moduli space 9t(—1, k). The
partition function Z () satisfies the holomorphic anomaly equation

d 3 9,00
2 —Z = .
29 dT (®) 167i Im ¢3/2

They conclude that Z(7) = Z7(t) + Z7(t) is a mock modular form of weight %:

1
ZT ()= m Z 3Haa—19%,

a>1

1
2(21 +1)r (—5, 721 +1)%Im '[) q—(2n+1)2/4’
10

3
Z (1) = W
where T'(—1/2,¢) is defined in (80) and H4q—; are the Hurwitz class numbers. The
comparison with Equation (28) implies y(9(—1,k)) = 3 Hax—1 . This formula was
proved by Klyachko [24, Theorem 1.1]. It is well known that the generating function for
the stable rank-two sheaves is equal to the product of the generating function (28) for the
stable rank-two vector bundles and the contribution from the boundary. Yoshioka [54,
Theorem 0.4] determined that the contribution from the boundary is equal to n=2X (7).
He also determined directly a formula for Z+(t)/n?X () [54, Theorem 0.1]. The first
terms in the g—series expansion are
Z*(v)

1 2 3 4 5 6 7
(30) :—(q+9q 14843 +203¢* +729¢° +2346¢5 +6918¢ +)
n%(x) q'/?

The expansion

Zt (‘C) 1 2 3
0 =m(37—[3q+(187-[3+37{7)q + (813 + 18H7 +3H11) q

+ (294H3 + 81H7 + 18H,1 + 3H15) ¢* +)

coincides with Equation (30).

3 The Seiberg—Witten curves

In this section we define and classify the Seiberg—Witten curves needed to define the
regularized u—plane integral. A Seiberg—Witten curve is a rational elliptic surface with
a section and an analytical marking whose fibers are of Kodaira-type I,, and 7,7 with
0 <n <4. Physics predicts that the Seiberg—Witten curve enodes the algebraic topology
of the moduli spaces of SO(3)-Donaldson theory.
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3.1 Weierstrass elliptic fibrations

An elliptic curve E in the Weierstrass form can be written as
(31) y?=4x’ —gox— g3,

where g, and g3 are numbers such that the discriminant A = gg — 27g3 does not
vanish. In homogeneous coordinates [X : Y : W], (31) becomes

WY?=4X3— g XW?2—g;W3.

One can check that the point P with the coordinates [0 : 1 : 0] is always a smooth
point of the curve. We consider P the base point of the elliptic curve and the origin
of the group law on E. The two types of singularities that can occur as Weierstrass
cubics are a rational curve with a node, which appears when the discriminant vanishes
and g5, g3 # 0, or a cusp when g, = g3 = 0. Next, we look at a family of cubic
curves over CP'. The family is parametrized by the base space CP! and a line
bundle N — CP!. The quantities g, and g3 are promoted to global sections of N ®4
and N ®9 respectively; the discriminant becomes a section of N ®12_ If the sections
are generic enough so that they do not always lie in the discriminant locus, we obtain a
Weierstrass fibration 7: Z — CP! with section. Each fiber comes equipped with the
base point P, which defines a section o of the elliptic fibration which does not pass
through the nodes or cusps. The bundle N is the conormal bundle of the section o.
We will always assume N = Ocp1(—1). We will also assume that in the coordinate
chart [u : 1] € CP!, the discriminant A is a polynomial of degree N 'r+2 in u, and
g» and g3 are polynomials in u of degree at most 2 and 3 respectively. The space
of all such Weierstrass elliptic surfaces has Ny + 1 moduli. To see this, first consider
the case where Ny = 4. From the seven parameters defining g, and g3, two can be
eliminated by scaling and a shift in the u—plane. Furthermore, we can arrange the
coefficient of g, of degree two and the coefficient of g3 of degree three to be the
modular invariants of an elliptic curve with periods 1 and 7y. The remaining four
coefficients can be expressed in terms of four complex parameters [43]. In physics, they
are usually denoted my, ..., my,, and called the masses of the hypermultiplets. We
will explain their geometric meaning below (cf Fact 3.4). For 0 < Ny < 3, we obtain
4 — Ny additional constraints from the requirement that the discriminant has degree
Ny + 2. A nontrivial elliptic fibration has to develop singular fibers; the classification
of the singular fibers is part of Kodaira’s classification theorem of all possible singular
fibers of an elliptic fibration (cf Miranda [36]). For generic values of the masses,
the polynomial A has only Ny + 2 simple zeros for |u| < oo, where the elliptic
fibration develops a node (ie a singular fiber of Kodaira-type [;). For special values for
my,...,mp,, several singular fibers of Kodaira-type /; can coalesce and form singular
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fibers of Kodaira-type I with k > 2, where the discriminant has a zero of order k.
The second chart over the base space is [1 : v] € CP!. The intersection of the two charts
is given by u = 1/v with v # 0. The Weierstrass coordinates transform according to
x+—v2x and y > v3y; since g, and g3 are sections of N* and N © respectively, they
transform according to g, — v* g, and g3 — v® g5. The discriminant A — v!2 A
becomes a polynomial in v of degree 10 — Ny. From Kodaira’s classification theorem
it follows that the singular fiber £, over u = oo (v = 0) is a cusp, a singular fiber of
Kodaira-type I, Ny In physics, a Weierstrass fibration of the type described is called
a Seiberg—Witten curve. Z has surface singular points whenever all partial derivatives
in u, x, y simultaneously vanish. Singular fibers of Kodaira-type I; do not give rise
to surface singularities, whereas all singular fibers of Kodaira-type I, with n > 2, and
I}, with n > 0, do. It is known [36, Section 4.6] that a Weierstrass fibration is rational
(ie birational to CP?), if g, and g3 are polynomials in u of degree at most 4 and 6
respectively. The minimal resolution Z of Z is the blow-up of CP? in nine points,
and therefore has Picard number 10. The section o uses up one dimension, and so
the number of components of any singular fiber is at most nine since the components
are always independent in the Neron—Severi group. However, not all configurations of
singular fibers exist. Conversely, by contracting every component of the fiber which
does not meet o, we obtain the normal surface Z. A complete list of the possible
configurations of singular fibers of the rational elliptic surfaces with sections that appear
as Seiberg—Witten curves will be presented in Lemma 3.1. We also list the constraints
on the moduli, which when substituted into the Weierstrass presentation in [43], realize
the configuration of singular fibers and hence prove their existence.

3.2 The Mordell-Weil lattice

Let us fix a generic smooth fiber E of n: Z — CP!. Let MW(xr) be the group
of sections of m which can be naturally identified with the rational points of E
with the origin given by o. The group MW () is equipped with a natural bilinear
height pairing; see Oguiso and Shioda [39]. The Picard group of Z is an unimodular
lattice with signature (1,9). The section o and the smooth fiber class E generate a
two dimensional lattice that splits off the Picard lattice as 1 @& —I. The orthogonal
complement (o, E)T is isomorphic to the even negative definite rank 8 unimodular
lattice Eg; see Miranda [35]. Each reducible fiber consists of a certain number of
components that form a sublattice in the Picard lattice. In particular, a reducible fiber of
type Iy and [ ,j generate a root lattice of type Ax_1 and Dy 4 respectively. We will
denote the direct sum of the sublattices of the Picard group generated by the components
of the fibers not meeting the section o by T. Thus, T must have an embedding into
the Eg lattice. It turns out that T is isomorphic to the dual lattice of the free part
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of the Mordell-Weil group [MW (71)/ MW (7 )or]* . Oguiso and Shioda [39] proved a
complete structure theorem of the Mordell-Weil group including the torsion subgroup.
In the table of Lemma 3.1, we can therefore present T, MW () as well as their ranks,
and the classification number assigned by Oguiso and Shioda.

Lemma 3.1 Table 2 gives a complete list of the singular fibers of the rational elliptic
surfaces with sections that appear as the Seiberg—Witten curves (up to permutation of
the masses).

Ny |No [ rrkT#tor | T MW () Eo | Eysing | mass constraints
4 1914 4 1 |Dy Dy Iy |6l generic
411813 5 1 |Didd, A I} | L4l [my=m,
413202 6 1 |Ds®Ay AT (L) |If |13.31 |my=my=m;
413412 6 2 |Ds@dA® AT @7, |1} |20.21 |[mi=my=0
4 (54|17 2 |Ds®As (H@Zy |1} |L2L |mi=my=m3=0
415701 7 4 |Ds@A®P AT (2, |1} |31 my =my,msz=ms =0
3 116(3 5 1 |Ds A} Iy |51 generic
3130|126 1 |Dsedy Are(;) |If | L34 |mi=m
3150(1 7 1 |Ds@Ar (75) I¥ | 3,21 |my=my=m;
3(52(1 7 2 |Ds@AY? (5)@Zy |I} |2L.11 |mi=my=0
317210 8 4 |Ds@d; Zg I¥ | I, I |mi=my=m3;=0
2 (2612 6 1 |Ds Ar®? I; |4 generic
2 (48|17 2 |Ds@®A; AT@Zy |IF |L.2L |my=m;
2 (7110 8 4 |DsdA®? (Z,)? I; |20 my=m,=0
11461 7 1 | Dy (1) I} |3 -
0 [64/0 8 2 |Dg Z, Iy |21

Table 2

In Table 2, we have put r = tfk MW (), #tor = [IMW (7r)o| and (m) for a rank 1
lattice Zx with (x, x) = m. The embedding of T into — Eg is unique up to the action
of the Weyl group. Table 3 shows configurations of singular fibers do not exist on a
rational elliptic surface.

Proof Using the parametrization of Seiberg and Witten [43], one determines the
zeros of g5, g3, A and their degrees which will determine the singularities of Kodaira-
type Iy and [ ]:‘ The obtained configuration of singular fibers appear in [39], and
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Nr | Eco | Eugsing Nf | Eco | Eugsing
4 | I5 | Is 2 | IJ | 14
4 | Iy | Is. I 2 | Iy | Iz 1y
4 | Iy | I3, 13 1 I7 | I
4 | I5 | 14,12 1 I7 | I, I
4 | 1§ | I3, 12 1, 0 | I} | I
3| 1) | Is
3 I7 | I 1

Table 3

they give T and MW (xr). The uniqueness of the embedding follows from the fact that
the Seiberg—Witten curves by construction always contain a singular fiber of type /;
and [39, Theorem 3.3]. The impossible configurations are found in a list produced by
Persson [41], and are further explained by Miranda [36]. O

Let A be the set of simple roots of the Mordell-Weil lattice (ie a basis with the property
that every vector in the root lattice is a linear combination of elements of A with
all coefficients nonnegative). For each o € A, we denote the corresponding section
by s € MW(ir). The sections s generate MW (1), and we denote the union of all
sections by & =), cp Sa-

3.3 Analytical marking and Seiberg—Witten one-form

We will denote by UP the base curve CP! with small open discs around the points with
a singular fiber removed. In physics, UP is known as the u—plane. The restriction of
7. Z — CP! to UP, which we will still denote by Z , is a smooth four-dimensional man-
ifold with a three-dimensional boundary with multiple components, and so 7: Z — UP
is a proper, surjective, holomorphic map of smooth complex manifolds. We denote
by Q7 the canonical bundle of Z. The spaces H%(Qy) is the space of global
holomorphic two-forms on Z. We fix a smooth fiber E, of the fibration, and thus
have dim H'(E,) = 2. Since a base point is given in each fiber by the section o, we
can choose a symplectic basis {A,, B,} of the homology H;(E,) with respect to the
intersection form, called a homological marking. We cannot define A,, B, globally
over UP. The cycles are transformed by monodromies around the points with singular
fibers. However, we can define globally an analytical marking. An analytical marking
is a choice of a nonzero holomorphic one-form on the smooth fiber E,. We choose the
canonical holomorphic differential dx/y € H*(2g,) in the coordinates of (31) where
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Q2 g, is the holomorphic cotangent bundle of E,,. Similarly, let 2yp be the restriction of
the canonical bundle on CP! to UP. The bundle Q jp=z® (7*Qup) ! restricts
to the canonical bundle €2 g, on each smooth fiber E,. Thus, given the rational elliptic
surface Z — UP and the analytic marking, we can associate to it the holomorphic
symplectic two-form Qsw = du Adx/y € H°(Q 7). The Picard—Fuchs equations on
Z — UP ask whether there is a meromorphic one-form Asw € H*(Q z_g Jup)., called
the Seiberg—Witten differential, such that Qgw 1is the derivative of Agw:

Definition 3.2 The Picard—Fuchs equations on Z — UP for Asw € H(Qz_¢ /UP)
are

(32) d )LSW:[ Qsw, d/ )\SW:/ Qsw,
Ay Ay By u

where d is the exterior derivative on UP.

In general, Agw has poles located at the intersection of sections and fibers, and it is
only well-defined as a section of €2 7_g,yp. We denote the period integrals of the
elliptic fiber by 2w du = fAu Qgw and 2@’ du = fBu Qsw, and the integrals of Agw
by 2a= /[ 4, Asw and 2ap = /, B, +sw. The modular parameter of the elliptic fiber Ey,
is T = w’/w € H. We have that , @’ are sections of a holomorphic rank-two vector
bundle over UP, called the period bundle. The vector bundle is equipped with a flat
connection V: H° (Q Z_G/Up) — H° (Qup) @ H° (QZ—G/UP) which satisfies the
equation VAgw = Qsw, and is known as the Gauss—Manin connection. The holonomy
of the connection around the singular fibers determines a local system on UP and
a representation of the fundamental group 71 (UP) — SL,(Z); see Atiyah [3] and
Stiller [47]. The connection has regular singularities at the base points of the singular
fibers; see Stiller [48] and Malmendier [33].

Remark The variable a used by Seiberg and Witten [42; 43] is related to a by
a=22na.

For the Seiberg—Witten curves listed in Lemma 3.1, the following two facts were proved
in [43] by an explicit computation. For their interpretation in terms of the Gauss—Manin
connection on the period bundle, we refer to Shimizu [44, Lemma 3.1.5, Remark 3.2.6].

Fact 3.3 The Picard—Fuchs equations in (32) have a solution Asw € H(Q7_g /UP)
which is unique up to a holomorphic one-form on Z.

Fact 3.4 For each s, € MW (ir) with @ € A, the residue my = Resy, (Asw) is flat.
Up to the permutation of the roots, the residues are the parameters my, ..., mp;, in the
description of the rational elliptic surfaces in Lemma 3.1.
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4 The u—plane integral

In this section we define the regularized u—plane integral on CP?. The u—plane integral
will depend on the choice of a Seiberg—Witten curve (ie a rational elliptic surface with a
section and an analytical marking). To compute the u—plane integral, the integral has to
be renormalized and then extended across the points in the #—plane with singular fibers.
For CP?, we will show that the regularized u—plane integral receives contributions only
from the point ¥ = oo, where the fiber is cuspidal. The regularized u—plane integral
computes the generating function of a N = 2 supersymmetric, topological U(1)-gauge
theories on CP2. In physics, the theory is called the low energy effective field theory.
We compute the u—plane integrals on CP? for the Weierstrass presentations of the
cases #54, 57, 64, 71, 72 in Lemma 3.1.

4.1 Massless Seiberg—Witten curves for N, =0,2,3

Lemma 4.1 In Lemma 3.1, the cases #64, 71, 72 are the only elliptic modular sur-
faces. The Weierstrass presentations are given in Table 4. The relation between the
discriminant and the Dedekind eta-function is given by A =n12 n?4(t)/w'?. B (Using)
is the € —disc around the point us;,; with singular fiber.

Ny =0, #64 u® € UP® = CP! — B.(—1) — Be(1) — Be(0)
(0))2
Esing Il Il I: gg()) = (ulz) _% T(O) € H/F0(4)
©) © _ @3 L, © _ 193+9%
Dl—1 1 = w7 _ wo =1 :
Using o 183 216 192 u 29, 03]
rs(ig)g 0 200 [|A® = ﬁ[(u(o))z—l] 0@ = V278,09
Ny =2,#71 u® € UPY = CP! — B(—1) — Bc(1) — Bc(00)
(2))2 )
Eag| b L I3 g2 = 70 41 @ = 5o eH/T(Q2)
@ ® _ @?)°® o ) _
ang | —1 1 00 |lg3" = S -1 u® = u©
fs(iﬁzg 0 1 oo [A® = L{u®)?-1] 0® = »©
Ny =3,#72 u® € UP®) = CP! — B.(0) — Bc(1) — Bc(00)
3) GH2 _5u® | 11 1
Esing 14 Il 11* g2 = %_uT zﬁ ‘[(3) = —m
3) 11 3 _ @33 1) 3 _ 2 1
g |=2 7 © |& = ”zTé) S u® = —g—= -3
(3) 1 29 7 _
sing 0 —3 & - ;{6 64 o® = %(1932_‘04%)
A® = —L2u® —1)2u® + 1)*

Table 4
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Proof Shioda [46] proved that elliptic modular surfaces have maximal Picard number.
The Seiberg—Witten curves # 64, 71, 72 are the only extremal ones. The parametrization
in the cases #64, 71 was given by Seiberg and Witten [42; 43]. The cases # 64 and
#71 are related by a two-isogeny. We have obtained the parametrization for #72 by
twisting the fibration in # 64. The Weierstrass presentations of any two surfaces that are
related by a twist are related by “starring” one and “unstarring” another singular fiber of
the first fibration to obtain the second. The Euler number of the singular fibers increase
or decrease by six respectively. One multiplies g, and g3 by (u + 1) and (u + 1)3
respectively to obtain the new g, and g3 up to a change of the chart on CP'. |

Remark The rational elliptic surfaces in the cases # 54, 57 in Lemma 3.1 are said to
be in noncanonical form since they can be obtained by twisting the elliptic fibrations
#64, 71 in Lemma 4.1. We will discuss the three cases in Lemma 4.3.

Remark We label the points in the u—plane with a singular fiber by an index s €
{D, M, o00}. The two points in the u—plane with |ug,| < oo where the fiber is of
Kodaira-type /g, are called the points where the dyon (ung = 1/2 or 1) and monopole
(Using = —1/2 or — 1) becomes massless. There is a duality transformation 7 = Ay - 7,
with Ag € SL,(Z) such that approaching the singular point corresponds to Im 73 — c0.
We set ug(t5) =u(t) and As-ws(t5) = w(t). Over u = 0o, the fiber is of Kodaira-type
17 N and approaching the singular point corresponds to Im7 — co. We set 1o = 7
and uc = u. If Ny is fixed, we will often suppress the superindex (NF).

Remark The e—disc Be(uging) around the point ugn, with a singular fiber of the
Kodaira-type /g, is constructed as follows: the boundary of the e—disc corresponds to
the line in the tg—coordinate with Re 74 €[0; K] and Im 73 = — In €. The e€—disc around
the point ugjn, = oo with a singular fiber of the Kodaira-type 7 Ny is constructed as
follows: the boundary of the e—disc corresponds to the line in the T—coordinate with
Ret €[0;4— Ny] and Im7 = —Ine.

Lemma 4.2 For |gs| < 1, there are normally convergent power series expansions,
where a5 m, Bs.m € Q, such that

us(ts) = Z Ots,mqf'/Ks,

m=0

wf(fs) = Z ﬁs,mqb:n/Ks~

m=0

(33)
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For |q| < 1, there are normally convergent power series expansions, where ., Bm € Q,
such that

[ql/(4_Nf)u(-L—)] — Z amqm/(4_Nf),

m=0

[q_l/(4_Nf)a)2(t)] — Z ,qum/(4_Nf)-

m=0

(34

Proof The proof is a direct consequence of the explicit Weierstrass presentations in
Lemma 4.1. a

Lemma 4.3 In the cases #64, 71, 72, the Seiberg—Witten meromorphic one-form is

(N¢+2)udx 93,N, dx xdx
(35) how = L= W 44Ny
3 y 2y y
and it has vanishing residues. The integrals over the A-cycle and B-cycle are
Ne+2)u 8 2E
(362) _ WD BN e )—Z(T),
3 2 3w
N¢ 4+ 2)u ) E 4—N
(36b) _ N ¥ Du 3’Nfa/+(4—Nf)” tEa®) 2N
3 2 3w )

such that da/du = w, dap/du = o', and

(37) w'a—wap = 27i(4— Ny).

Proof Equation (35) was proved in [1]. The case Ny = 2 follows from the case
Ny = 0 using the equation E(7/2) = 2E;,(7) — uw?/m?. Equations (36)(a) and
(b) follow from the fact that the integrals of the meromorphic form x dx/y over the
A-cycle and B-cycle equal fA xdx/y=—2n and fB xdx/y==2[tn—ni/Qw)]
with n = 72 E>(1)/(120). |

Remark In the cases #64, 71, 72, the Picard—Fuchs equations (32) are second order
hypergeometric ordinary differential equations with three regular singularities [47].

4.2 The renormalization group

To describe the u—plane integral, we have to introduce the two-observable T of the
low energy effective field theory for the families # 64, 71, 72 described in Lemma 4.1.
To do so, we rescale (31) describing the elliptic fiber over u by A® and introduce
xpa = A%x, YA = A3y, gA2 = A4g2, gA3 = A6g3. Then, we observe that (31)
is still satisfied in the rescaled quantities. We also rescale the coordinate of the base
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space up = A2 u. In physics, rescaling in this manner is called the action of the
renormalization group. One of the important properties of the renormalization group is
that the holomorphic symplectic two-form is not invariant but rescaled 2 A sw = AQsw.
We set ap = Aa and consider u o a function of ap .

Definition 4.4 The contact term of the renormalization group flow is

1 ou
(38) T = (A—)
4- Nf IA a =const

Lemma 4.5 We have that

A=1"

2
nlEy(t) u 83N,
—2()+_+_f.

T=—
3w? 3 2

Proof From the equation

d ——dA A— =—dA+A
a\ A + T du A dA + A“wp du

it follows that

Adup =2M*udA + A3 du = (2uA——) dA+—daA,

WA WA
whence
2
a n*Ey(r) u 3N
re  (aum)gyy = O B
4- N \THT ) TN 302 3 2

Lemma 4.6 We have that T satisfies T = O(u™') as u — oo.
Proof On the elliptic curve E}, in (31), we have the following relation between g, g3
and the Eisenstein series E4(t), Eg(t) of weight four and six

g3 _ (%/(1609) Eg(x) _ % Eq(r)
g2 (m*/(120%)E4(r)  18w? E4(1)’

whence

E(tv)E )
(39) 7 83 B2 E() 3N
g2 Ee(7) 372
It is easy to check from the presentation in Lemma 4.2 that near the singular fiber of

type I Ny the behavior of ¢ = exp(27it) is as follows:

1
(40) q= u4——Nf(c° + 0(u_1)) (u = 0).
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It follows from the presentation in Lemma 4.1 that near the singular fiber of type 1 N
we have the following behavior:

g3 u 31 1
==—+4 =4 0] — 00).
. TR ) (u—>00)
For Ny = 0,1, 2 the claim follows. Using the equation A = 2?4 (1) /w'?, we

compute ¢ = —1/16 in (40) for Ny = 3 and case #72. It follows that

E, (1) E4(7) _ (1 =24cq/u) (1 4+ 240co/u)

-2
Ee(7) (1 — 504co /) +O0W™)

45
=1-—4+0u? (u— o),
u
and the claim follows from the expansion of (39) as u — oo. m|

Remark The asymptotic behavior proved in Lemma 4.6, together with the holo-
morphicity in u, was originally used by Moore and Witten [37] to define 7. Losev,
Nekrasov and Shatashvili [31] and Marifio and Moore [34] later showed that 7" can
be described as the contact term of the renormalization group flow which allows a
definition in terms of the geometry of the elliptic surface alone. However, for Ny =3
these two methods of determining 7' generally only agree up to a shift in . The
variable #(®) defined in Lemma 4.1 is chosen in a way that makes the two methods
agree. The variable u® relates to the variable ug,e, used by Seiberg and Witten [43]
by u® = ugz, —1/2.

Finally, to obtain an expression which is a modular invariant in t, we make the following
definition.

Definition 4.7 For the elliptic surfaces in the cases # 64, 71, 72 in Lemma 4.1, the
two-observable of the low energy effective field theory is
M
~ E 8
41) T — _TE(@) 3’_Nf7
3w? 3 2
where E »(7) is the nonholomorphic weight 2 Eisenstein series defined by

3
almt’

Es(v) = E2(v) —

4.3 The u-plane integral

We briefly describe some features of the low energy effective field theory on CP2. In
particular, we outline the physics argument on how the generating function is computed
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using the language of determinant line bundles so that the reader can see how the idea
arose in physics that elliptic integrals compute the Donaldson invariants. The bosonic
fields of the classical field theory are a connection a on a line bundle L — CP? with the
curvature F, and a complex valued function ¢ € C®°(CP?;C). A family of bosonic
gauge-invariant actions is parametrized by a complex coupling v € H which is the
modular parameter t of the elliptic fiber E, of a Seiberg—Witten curve Z — UP¢ in
Lemma 4.1, and it is given by

iT iT
42) S=— TAFT 4+ — F-AFT
( ) 167‘[ Cp2 a a +167T Cp2 a a
j Im
+l—/ Fa/\oz+—T do A*xdp,
4 Cp2 87T Cp2

where o € H?(CP?) is an integer class whose mod-two reduction is w,(CP?). The
critical points of the action are self-dual connections (ie F; = 0), and a constant ¢.
The field theory is connected to the SO(3)—Donaldson theory in Section 2.1 through
two global constraints: the topological condition ¢, (L)[H] =Q2c (&) + cf(é))[(CPz],
and the constraint ¢ = a, where a is the integral of Agw over the A-cycle in Lemma 4.3.
The first condition implies ¢ (L) = [—% F;] = (2k + 1) H, the latter will be further
explained below. If we view t as a function of a, each critical point of the action
in (42) is labeled by the discrete topological data k£ and the continuous modulus a.
The action S at a critical point (k, a) is

SO — i (k + & z—izr kol
B 2 2)°

The path integral for the supersymmetric extension of the action in (42) can be defined
with mathematical rigor by the stationary phase approximation [51]. The quadratic
approximation of the action around a critical point is the Hessian of the supersymmetric
extension of S. It determines a free field theory in the collected variations of the
bosonic fields ® and fermionic fields ¥ of the form

S@ — /(CP2 vol ((®, A @) + (W, ﬂ(k,a)a))’

where A 5 is a family of second-order elliptic operators, and ¢(k,a) is a family of
real skew-symmetric first-order operators depending on the moduli. We point out that
the operators Ak ) and I ) describe the Hessian of the supersymmetric action that
describes the gauge theory, but also the coupling to gravity. The functional integration
over the fluctuations (ie the coordinates of the normal bundle at the critical points), is
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an infinite-dimensional Gaussian integral. We define the semiclassical path integral®

pfaff' D(k,a)
~/det’ A(k,a) '

The above expression is a section of the product of the Pfaffian line bundles over the
moduli space. To proceed further, one has to be able to integrate this section over the
moduli space. To do so, the line bundle needs to be flat. In physics, this is called the
vanishing of the local anomaly. Since the topology of the moduli space is not trivial, the
section can still have holonomy around nontrivial loops in the moduli space. To make
sure that the bundle is globally trivial as well, the holonomy around all curves needs to
be the identity. In physics, this is called the vanishing of the global anomaly. Finally, it
is not enough to have a trivial line bundle. We also need a canonical trivialization (ie a
trivializing section). All these points are in fact satisfied [32], and we regard the ratio
of determinants as a function on the moduli space. We then carry out the integral over
the continuous moduli, and we carry out the sum over the discrete moduli to obtain the

N )

f [DOD Ve to be

semiclassical approximation of the partition function

_ _g© —s@) _ — _g© pfaff mka
(43) /da/\d S /[chmr] S /da/\d S
12 keZ det’ Ak a

In the case which is relevant for the definition of the u—plane integral, physical consid-
erations guarantee that the semiclassical approximation is in fact exact by Moore and
Witten [37] and Witten [51], and (43) is the full quantum partition function. Moore
and Witten [37] also showed that

) pfaff’ Dy, 4i 1 dt ([ F) Al/8
Vdet' Ak, )32 JImrda \Ji °) 03/?’

where the last term on the right side in (44) describes the coupling to gravity on CP?,
which had already been determined by Witten [53]. We not only want to determine
the partition function, but we also wish to construct the generating function with the
insertion of the observables that correspond to the observables in (7) for the SO(3)-
Donaldson theory on CP?. Moore and Witten [37] determmed that u(pt) — 2u as
a consequence of the choice ¢ = a, and [L(H) > T, where T was defined in 41).

2The Gaussian integral for the free field theory is actually well-defined and agrees with the ratio of the
Pfaffians in the definition we give.
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Thus, we obtain the generating function

@ Yy / dandaeS"” / [D® DYJeS 2ur+S>T

keZ

kel vdet Aka
‘We use the formula
. 1 L _
(46) Z em(k+1/2) (k + E) e—lT[‘C(k+1/2)2 — in3(f),
keZ

the substitution rule, (44) and (43) to make the following definition:
Definition 4.8 The generating function of the massless Ny low energy effective field
theory on CP? is

8 du Adi dT AV/B
V27 Jup. VImt du w'/?

By UP,, we denote the base curve CP! with small open e—discs around the points
with the singular fiber of Kodaira-type /g, and the point u = oo with the singular

oA
eZup—i—S Tn3 (T)

“n  Zop(.S)=-

fiber of Kodaira-type 7, Ny removed. Also, we respectively let 7, A, w, T denote
the modular parameter, the dlscriminant, the period integral over the A-cycle, and the
two-observable of the regular fiber defined for the families # 64, 71, 72 by (41).

Lemma 4.9 The generating function in (47) is well-defined.

Proof For the integral to be well-defined we have to check two facts: the integral
in (47) is locally well-defined since the poles of the integrand only appear at the singular
locus which have been removed. Secondly, the integrand is written in terms which
have monodromy in t. The tT—dependent part of the integral is

732 dT n()|°® 27
E— e .

(48) —

Vimtdu w?
It is easy to show that the term is invariant under any modular transformation I' C
SL,(Z) which leaves u invariant. a

In summary, formula (42) is the bosonic part of the low energy effective field theory.
A physics argument says that computing the nonabelian Donaldson invariants can be
reduced to a saddle-point computation in an abelian theory given by the supersymmetric
extension of (42) where the coupling constant is taken to be the t—parameter of a
Seiberg—Witten family of curves.
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4.4 The mock modular form

To compute the generating function, we integrate by parts using the “holomorphic
part” of a weight 1/2 harmonic Maass form. The weight 1/2 harmonic Maass form
is given in Theorem 7.2, and the holomorphic part of a weight 1/2 harmonic Maass
form is defined in Equation (82). We set Q(7) = Q" (t)+ Q™ (r), where Q" (1) with
q = exp (2mwit) is the holomorphic part of this Maass form. The holomorphic part has
a series expansion of the form

(49) | =0
i (1428¢"% +39¢ +196¢%/2 + 161¢% +---).
The “nonholomorphic part” Q7 is
— 1 _
0 (r)=qWZH_aq “

a=>0

1 1 +1)? _ >
Z( T ( ( ' ) Imr)q @I+12/8

l>0

(50)

where T"(1/2,¢) is defined in (80). The nonholomorphic part O~ has an exponential
decay since
r (l r) = i(l +0@™h) (t—>o0)
2’ Jt ’
Setting {5y = exp(mi/ k) it follows that §§ Ot(t+2)=0% (1) and &3 O (t+1) =
Q7 (7). Thanks to Theorem 7.2, we know that

(51) N 2i20(1) = (7).

ﬁ

We have the following analog of [37, (9.18)] for Q:

Lemma 4.10 The function

k .
kN T(1/2) ki d\’
Ei‘/z[lejgo(—D’(j)mzzwi‘ '(0) (qd—q) 0(v)

is modular of weight 2k + 1/2 for I'(2) N Ty (4) and satisfies

d
(52) Vai = E[0] = ——=E3 ()7* (2).

VImt
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Proof The proof of the modularity is very similar to the proof of the Lemma in [37,
Section 9.1]. Let f be modular of weight (s,0). Cohen’s operator acting on f is
given by

r r—j j
r\I'(s+r) (1 d
Frlf]= ) — }
/] ;)(J)I‘(s—i-j) (2iy) (dr) /
If f is modular of weight (s, 0) for I'(2) N [y(4) then F,[f] is modular of weight
(2r +s,0) for I'(2) N T'g(4). One can easily check that

k .\ k—m

k ry/2 6 ~m

EiplQl= 2 (m)l"(l/2(+/k)—m) (?l) B (0 ie-ml QL
m=0

Moreover, we apply d/dT to Q(z) in each summand. We use the fact that 3 (z) does
not depend on 7. Using

(i)j 1 (_1)jr(1/2+j) V2i
dt v/Imt B r'(1/2) (T—?)jﬂ/z’
the claim follows. O

For the different coordinate patches around the cusps of Kodaira-type 1 Ny and I,
in Lemma 4.2 we need to define the transforms of O which we will use to integrate
by parts in Equation (56). If F(t) is a solution to (51), then taking t — —1/7 and
T 7+ n, implies that ﬁ(f) =(—1/1)/~/—it and ¢g F(t +n) are solutions as well.
Their nonholomorphic parts equal Q™ () in Equation (50) since the transforms satisfy
the same differential equation in Jz.

Lemma 4.11 The tfunction Q(t) satisfies

1 NN_ L 2p(,_L
—irQ(_;)_v—irng(z T)'

We have the following g —expansion for the holomorphic part:

1 N1t 1 (5 111 413, , 4407
— )| ===+ =g+ —=—+819¢° + —¢* +-- ).
e ()] =g G o e s et

Proof It is proved in Theorem 7.2 that

3 1
0(r) = 2 A5 5(0) + 3 A75(0) — 5 BE) +4M (1)

1

= (1 +28¢"% +39¢ 4+ 196¢%? + 1614 +---),
q
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where the functions A3 g, A73, B, M are defined in (98), (97), and (99). We have the
transformation properties

s Az s(t+1) = —A35(7),
{sB(t +1) = B(7),

{gA7,8(r + 1) = A7,5(7),
gM(t+1)= M(7).

The expansions of the modular forms in —1/7 can be computed easily. For example,
we have

A __ | = = —— 44 ——q + 28 R
V=it 3’8( r) 2@ ¢ A

and similar equations for B(t), A7,g(t). For the expansion of M we use Theorem 6.2
to show that

1M1_ﬁA11r_r 1 (13 ©1
—it t) 4q1/32'u 2°4 874 4ﬁq1/32“ 2°4 84
L (1 s 4 3/4

e (Eq —q"P 4243 = 3g 4+ ).

This proves the series expansion. The second series expansion then follows from

{5 0t +2) = 0(v). O

Definition 4.12 We set Q(O)(r) Q(z) (r) = O(7), and

©) © - | _l)
090 =00 =—==0(-;).

Similarly, we define

@y _ 1 _l) @y _ (_l)
00 =—2=0(-7). Pm=—to(i-;

For Ny =3, we set

090 =00w@, 0V®m =090, 0¥ =0V.

Lemma 4.13 For Z(7) = n* (1) Q () and p(t) = v/2n*(27)/n*(t), we have that

Z(t) =Z(t + 1) + 14n* (1) p* (1).
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We have the following transformation properties under modular transformations
1
Z(t+2)=2Z(x), Z (—— + 1) =12Z(r +1).
T

The expression

3/8 00

Z( DEZ(z + k) = 28p* (1) = () Z Homt14™

™ )

is a weight 0 modular form.

Proof The equation

Z(t) =Z(r + 1) + 140" (1)p*(7)
follows from the proof of Lemma 4.11. Using the remark following Theorem 7.2 it
follows that

2 8
S (IR Z(r 4 k) = —14d; 5 (0 (1) = 12105
k=0 n(t)

To prove that the indicated g—series is modular, we apply the following principle (see
the Section 5): A harmonic weak Maass form whose nonholomorphic part is zero, is a
weakly holomorphic modular form. To this end we now compute the contribution to the
Fourier expansion of the “period integrals” to see that indeed they vanish thereby giving
us a weight 1/2 weakly holomorphic modular form, which after division by n(z) then
becomes a weakly holomorphic modular form of weight 0. To this end, notice that
(50) and (49) imply that Q*(r 4 2) = 4‘8_2 0% (7). Since P (r +2) = §§n3(f), we
have Z(t + 2) =Z(t). To see that the nonholomorphic parts vanish, we check that for
Q7 (7) in Equation (50) we have Q" (t+1) = §8_1 QO™ (r) whence Z™ (t+1)=Z" (7).
Thus, we obtain

2[Z(r)-Z(x+ D] =2[ZT (1) —ZT (r + 1)]
=20 [0 (1) =0T (r + 1))

43 (1) =
_ n°(z) Z H2m+1qm+1/2-

The S-duality equation for Z(t) follows from the identity

1 1
54 1——)=— 1),
which can be proved using the results in Section 6 and Theorem 7.2. a
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4.5 The regularization procedure

We now extend the integral by taking the limit € — 0 to include the contributions from
the singularities. To do so we will have to regularize the u—plane integral. We will
denote the result by

8 [ dundudt A®
V27 Jepr /Imt diu o'/?

Remark Equation (55) is the analog of [37, (9.1)] for the SO(3)-Donaldson theory
and follows the same normalization.

N, 2P
(55) Zoh(p. S)=— 2up+ ST 3 (7).

We expand the exponential in the generating function in (47) as follows:
~N
(56) Zyp (P S)

n
-y pm s S(Sst/Z)Z(_l)k—H
k=0

Tl ]
a0 m! (2n)

2m+5/2n2k+1 (2n)!
3 Kln—k)!

y du/\d_dr umtn—kp3(g) Ek(‘E)T) (r)
UP. dl/l w2k+2 Imt

The integrals in (56) are all of the form

ymtn—k A’?3 (1) Eé‘ ()13 (7)

(57) dt AdT —

UP,

Im<
We use the substitution rule and Lemma 4.10 to write the integrand as dt AdT dz(...).
With 7 = x + iy and for an integrand f, we have

dtAdT oz f =—idx Andy (0x+i0y)f = —d(fdx—l—ifdy).

Thus, the integral (57) reduces to the following integral over the boundary of UP,
which is the union of the boundary of the e—discs around the points with singular fibers
described in Section 4.1:

ymtn— kA
. (D) ok
(58) X = ﬁz/ — gk 10]dz.
€ SUP. w2k 1/2

The regularized u—plane integral is defined by

reg ymtn— kA Ek T T
(59) dends n (v) ()n() —tim

UP. (1)2k Im‘[ E—)O

Integrating each summand in (56) and taking the limit € — 0, we obtain a well-defined
procedure to compute (55).
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4.6 The generating functions for Ny =0,2,3

Lemma 4.14 In the notation of Lemma 4.2 and Definition 4.8, it follows that

N, pm S2 S28
ZUée(P,S)Z Z £ 2 (sz/Z)Z( 1yi

2m+4 2i+42 (271)'

[ m! (2n)' 3n il(n—1i)!
X Z Coe o, l(umg, €),
i sing
wit
K dug 1 (_L,S)um—i-n i
(0 Coeff,],\,]n l(usmg’ €= 0 s 4 dqs ﬁgi/z[Qs] ty=xs—ilne

Proof We use the substitution rule and Lemma 4.10 to write each summand in the
integrand as d T AdT dz(...). Thus, the integral reduces to an integral over the boundary
components of UP.. To carry out the integration along the boundary, we switch to the
variable 7y as described in Lemma 4.2. In the ty—coordinate the boundary is a line
parallel to the x;—axis passed from the right to the left. We use 2mwigs d4, = 0, and
the claim follows. a

Lemma 4.15 The limit CoeffN (Using) =lime CoeffN

mon,i m.n,i(Using: €) is well-defined
and equals

(61) Coeff) ,,,(usmg)
N\ T(1/2) 5,5
=K Z( (] )F(1/2+J)213j

dus n*(z )um—i-n i d \’
x Coeff o [qsdq:# 2 @) a5 ) 0 (@) |-

dqs

In particular, it follows that for all ug;,, # oo that

(62) Coeff (i5ing) = 0.

mnt

Proof We first consider the contribution to integral from a singular point uj,; = 00.

We write gl/z[Q] = q_l/S(ZerO Hk,—a(y) g+ Zazo Hi o qa/(4_Nf)) where
Hy o € Q. For a € N, the coefficients Hy _q(y) have the same exponential decay
as the coefficient H_y(y) in Equation (50). Using Lemma 4.2 and (46), it follows,
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for |g| < 1, that the integrand in (56) has a normally convergent power series expansion

3 du n3(.’:)um+n—i
+n+2)/(4—Np)+1
(63) gl trtD/G=Ny) dg witE 1/21000]

= Z Cﬁqﬂ/(4_Nf) ( Z Hi_o g+ Z I’Ii,aqa/(4_Nf)),

B=0 a>0 a>0

where the Cg € Q. For a € Z, we have that f:_Nf dx q®/ =N = (4 — Nf¢)ba,0-
Thus, the term-by-term integration in Equation (60) with respect to dx extracts the
term proportional to ¢°. The term contains the linear combination of products of
the coefficients Hy _(y) and Cy, and it has exponential decay in y. It follows that
lim,_, ¢ Coef] mf " ,-(Msing, €) is well-defined, Equation (61) follows.

Secondly, we consider the contribution to the integral from a singular point e # 0.
We write 81/2[Q 1= q_1/8(2a>0 H o~ (Vs)q5* + g0 H, skaqg/Ks) where
Hg j o € Q. For a € N, the coefficients Hy __,(y) have the same exponential decay as
the coefficients H_y(y) in Equation (50). Using Lemma 4.2 and (46), it follows that
for |¢gs| < 1 the integrand in (56) has a normally convergent power series expansion of
the form

m+n—i

dugn (Ts)u i
qds—— dqs T‘gi/z[Qs]

= Zc’ﬁqf/Ks(ZHs,i,—a(YS)q Z szaqgl/ S)’

B=>1 a=>0 a=>0

o/ K

(64)

with Cs g € Q. For o € Z, we have that fo dxs g = K 84,0 Thus, the term-by-
term integration in Equation (60) with respect to dx; receives only one contribution
since the summation for B starts at 1. The term proportional to ¢° contains the linear
combinations of the coefficients Hj x _,(ys) and Cg o, but not Hy . Thus, this
contribution has an exponential decay in ys. Hence lim,_, o Coeff? mon,i(Using, €) =0. O

Definition 4.16 The regularized generating function of the massless Ny low energy
effective field theory on CP2 i
om—+4,.2i+2 (2]’1)'

Ny _ S2(5 /2) !
Z(r$)= 3 m! (2n)' Y Z( D in—1i)!

m,n>0

X CoeffN (Using = 00).

m,n,i

Theorem 4.17 We have that

Ny oV P S pS2Dbs N
(65) Zoh(p,S) = m;() won's i r
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. N,
where the coefficients Dmf n are as follows:

66) D°

m,2n

n_ i (_1)i+j+1 (2n)! -

OO o]
D;, 21
_ %0 2’;) (—1)"“';nl_zj_nﬁj+2 e z)(vzﬁ)(l —iT1/D/TG +1/2)
i=0j=
et [ e () o) 2 5]
D;, 21
= izioji;)(l)"”(l)mﬂj 23m+32n"_4;21+5 71 —(]2;)('11 —i)! F{j(z?/)@
ccv | BB (1 0|

[93 () =93 ()

Proof In Lemma 4.14 and Lemma 4.15, we have already obtained an expansion of the
coefficients. We use the explicit Weierstrass presentations from Lemma 4.1 to write each
coefficient as a ratio of Jacobi 1 —functions. We use 2 73 (7) = 9, (7) ¥3(r) ¥4(7) and
qgdu/dq = —ﬁf(r)/[S 1922(1) 1932(1)] for Ny = 0. For Ny =2, we use 1@ =0/,
For Ny =3, weuse gdu/dqg = ﬁg(t) 1932(1) 19‘%(1)/[1932(1) — ﬁf(r)]“. o

4.6.1 The invariants for Ny =0
Lemma 4.18 For all m,n € N with m +n % 0 mod 2 it follows D?n on =0.

Proof The claim follows from the fact that a factor
2922m-‘1-2n-i-3(1:)q1/8 — q(m+n+2)/4(1 + 0(\/6))

is present in the denominator of the expression defining D?n o O
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In Table 5 we list the first nonvanishing coefficients of the generating function in (65)

for Ny = 0. They agree with the coefficients —@}P}’H computed in [16, Theorem 4.4].
pm SZn D21,2n D?n 2n
1 —1 _ZHI + 6H)
S4 -2 —SH,+3H, — 222 H,
pS* | 5% | —&H+3HI - Ho
»? _% LHz 1H1+4“H
S8 _% _114062441 H; + 2142081 H, + 414062341 H, + 101827841 H,
pS° _% _%}h 128H2+ 110032441 H, _%HO
p*s* _% 1102214 H; — 128 T Ha + %ggi Hy — 3162887 Ho
p’s? _% 1024H3 128H2+ 1508294H1_%H0
Pt % _ﬁH 128 s Ha — 1500254 Hy + 1172285 Ho
S12 _ 649059265 1113693086425 H, + 4418633886475 H, + 8075 6075 Hy — 76;(7) i é 75 H,
pS10 _246099067 _71569338745 H, — 4;?53 Hi + 451;2 gé 411 3 H, + 185517233 H, + 53240045891 Hy
PR 142089563 _ ?2%2 H,— 9531127 H; + 41662378047 H, + 4237 H, + 11270944889 Hy
p’se _% 136337854 Hy— ?g?s Hs + 1??51;4 H + 2182289 Hy — 629024081 Ho
p*st _461(3);; _1225 Hy— 256H3 %égng + 1265563H 12(8)‘6”3;9]_]
p’s? _% 16384H4 512H3 196437854H2+ §i§H1_229024685H0
p° —%ose | ~te3sa Ha — 51315 — gea 2 — S13 Hn + Sy Ho

Table 5: First nonvanishing coefficients of the generating function in (65) for
Ne=0

4.6.2 The invariants for Ny = 2 In Table 6 we list the first coefficients of the
generating function for Ny = 2.

Lemma 4.19 For all m,n € N with m 4+n # 0 mod 2 it follows D> |, =0.

m,2n

The lemma follows from the explicit formulas for these g—series. These series are
given in terms of sums of products of derivatives of modular forms and harmonic Maass
forms which are explicitly given in terms of theta functions and the p—function of
Zwegers (see Section 6). We leave the proof of this lemma to the reader.

4.6.3 The invariants for Ny =3
Lemma 4.20 For all m,n € N it follows that

(67) D}, ,,[ 08 ()] =D}, ,,[— 0(0)].
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" S2n rzn,2n Drzn,Zn
1 -3 —1H, + 2 Hy
52 0 Uy 4 1,
D 0 ——H3 + ﬁHl
g4 2 225H _|_ 1043 gy, _ 567 g,
pS? —% H4 + Hz 9Ho
P’ -2 —H4——H2+2H0
s o |—egmemem g,
pS4 0 ZgéHs-l-%I‘h-F%Hl
p*s? 0 256H5 ;;EHV"?;ng
P’ 0 256H5 256H3 + }ngl
g8 3955 | 279841 g 664875 py, | 366667 gy | 4203535 p
PSS | 12 | T 0 Ry
PPS* | 55 | —toas Ho — Tosq Ha + Sog Ha — S Ho
p’s? _% 1024H6 ggéH4+%H2_%Ho
P’ _% _ﬁHﬁ 1024 To2a Ha — 256H2 + l1501254l Ho

Table 6: First coefficients of the generating function for Ny = 2

Proof We have the S —duality equation

(68)

mfsQ (1 - 1) 50+ 1).

In Lemma 4.13, we will show Q(t) = {g O(tr + 1) + 14 5(t) p*(r) where we have
set p(t) = v/212(27) /5% (). It then follows that

69) D, ,,[-0®]=D;, ,, [0t + ]—14D; ,,[n(r)p* ().

On the other hand, we have

D}, 20 (6300 + 1) =D}, | _”{Q( -1 (=1)et (-3)}]
Dz,zn[ ( ) 14n(r)m]
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Hence, we obtain

(3) 4 1
(-0 =D}, o, QL (0~ 14D}, [ 100) (400 + )|
nzZn n12n m,2n p4(T/2)
One then checks that the last term on the right hand side vanishes. a

In Table 7 we list the first coefficients of the generating function for Ny = 3.

m Q2n 3 3
p S Dm,2n Dm 2n
1 -3 — - Ha+ 2 Hy+3 H,

4 4T 1612 0

2 _ 95 119 313

S 96 128H6+384H4+ H2+128H0
45 209

p 32 128H6+128H4 H2_128H0

4 1787 961 851 133 4587 yy 171
S 768 1024H8+1024H6+ H4"‘1024H2 128H0

2 201 743 5 4577 7. 991

S 256 1024H8+3076H6 H4 3072H2 384H0

2 _ 489 _1 171 277
p 256 10241_18""1024}16 H4+1024H2+128H0

6 _ 189187 | _ 59319 12493 70403 3091945 600451 7y 970759
S 18432 8192 Hio+ 8192 Hg+ 2048 He+ 73728 Hy+ 12288 H, 12288 Ho

4 2211 1521 9579 zy _ 2065 zy _ 128731 gy _ 29563 35039

rS 2048 8192H10+8192H8 6144H6 24576 H, 12288H2+ 12288H0

2¢2 || _1627 _ 1751 2087 4051 7953 40585
p°S 2048 8192 H10+24576 Hg— 6144H6+24576 H4+4096 Hy+ 12288H0

3 5843 1575 ry. _ 825 _12987
p 2048 8192H10+8192H8 2048H6+8192H4 4096H2 Hoy

Table 7: First coefficients of the generating function for Ny =3

Remark In the case Ny = 3, using the variable ug,z, = u® 4 1/2 of [43] to define
the u—plane integral leads to the generating function in Equation (65) with the term
exp(—p) removed.

4.7 The partition function for Ny =4

Here we consider the case where Ny = 4. We set a = 195‘ (t0), B = 0;‘ (70)-

Lemma 4.21 The Weierstrass presentation in the case # 57 is related to the Weierstrass
presentation in the case #71 in Lemma 4.1 by Table 8 and

AW = 0?2 )5 ()@ — apm? P — b

212

_ '7 (TO) Z[u(4) 4am2] [u(4) 4,81’1/12]2

212
Proof The parametrization in the case #57 are obtained from #71 in Lemma 4.1 by
transferring a star. This determines their Weierstrass presentations. a
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Nf =4, #57 UPW = CP' — B.(0) — Be(u+) — Be(c0)
Egng |12 I I I

8 2
rg(ii) oo 0 1 7o u® = apm
sing (=B u® +a+p
Mslzn) oo —1 1 —a+ﬂ i=413m2’ 4am2

)
(4) @) _ 220 (1)
U 0 u— u 00 oV ()= —/———
e ' = Ve B
Table 8

Remark The case #57 agrees with the case described in [43, Section 17.4] if we set
my=my=m/2 and m3z =my4 = 0.

Remark The e—disc Be (00) around the point oo with a singular fiber of the Kodaira-
type I is constructed as follows: the boundary of the €—disc corresponds to the circle
in the u—coordinate with u = Re’?, R = 1/e, and 6 € [0; 27r]. It is easy to show that
Lemmas 4.8, 4.14, 4.15 still hold for the elliptic families in Lemma 4.21 for all singular
points with |ugi,e| < 0o. Thus, the partition function receives contributions only from
the singular point # = oo.

Definition 4.22 The partition function of the Ny =4 low energy effective field theory
on CP? is

du A du dT A3
a0 Zip,m, fo)——\/——f(m W | e T

where f(m?, 1) = 1/(4*m*n'2(zy)) is a universal normalization factor. The regular-
ized partition function of the massive Ny =4 low energy effective field theory on CP? is

. 4
Z}o(m, 7o) = lim Zyp, (m, 10).
€e—>0

Remark The function f(m?, o) is a universal normalization factor appearing in the
u—plane integral which is familiar from the N' = 4 case [29].

Lemma 4.23 It follows that

u=(1/e)62”i§ '
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Proof The integral reduces to an integral over the boundary component of UP, at
u = oco. To carry out the integration along the boundary we set u = R e’ 9 (with 6
running clockwise from 0 to —27) and use

(72) du/\dﬁab—,fz—d(f%dRJHfudG). O

Lemma 4.24 The regularized partition function of the massive Ny = 4 low energy
effective field theory on CP? is

4 _[te 4 ( a d). Z(r)
@ o = |3t (i) + 40

b
T=T70

where

g(r)=— [0® —af + B2].

2232n8 (‘L’)

Proof In the case #57, we have

4u™® u® 16m* m?
B AV = ) (ot )T (02 a4 BT +’"40(m)'

774(To)

Using

2
u(2)+a+,3: 8affm ’
a=p  (a—pu®

we obtain the series expansion

Z(r)  Z(r) ) 1 d (Z(r)) Safm?
n*(r)  n*(zo) [ (z (2)} [ 4(r)dt \ n*(v) L, (@ —Bu®
If d (, T 1 d (Z(x) 8apm? \?
+5[W(’7 (T)m)]m[n“(f)E(n“(r))}m((a—ﬁ)u(“))
[, dt PT 1 d( 1 d{Z@x) 8apm? \?
+5[" (”du@)]m[n“(r)E{n‘*(r)E(n‘*(r))}]m((a—ﬁ)u“))
2

m2 3
~o([wa] )
s n* (1) _ 1

4 w@()2A@(7)1/2 T 4 A@/3"
A tedious calculation using 24712 (zy) = aB(e — ), and

1 2
%= 41 e

where

2win (r) (2)

_lapla+p)

9, AP, = :
[ u(z) ]0 4 ((X 5)3
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then gives
“ Z(7) 4 Z(7o)
u T T
[ a0 ] = 5@’ —af+ ) T
m*n*(zo) n*(7) Jp@rp 9 n*(zo)

. qg d g d (Z(v)
i) [n“(r)% {n“(r)ﬁ (’74(1))}10 |

The statement the follows from using the regularized integral

1
lim [ dOu* = 81.0- O
€e—>0 Jo

uzeZni@/e -

The family of elliptic curves for the conformally invariant case corresponds to the
massless Ny = 4 low energy effective field theory on CP2.

Theorem 4.25 The regularized generating function of the massless Ny =4 low energy
effective field theory on CP? is given by

. [l ¢ d( g d Z(0)
(74) Zip(0,7) = [2 n4(v) dq (774(7) dq) +g(‘[):| 774('5)’

where

1 () (@) (@) (:00))°
80 ="p (n(r)) _(n(f)) (n(f)) +(n(r)) '

We have the following transformation properties under modular transformations:

1
ZHp(0, T +2) =Z{p(0, 1), Zip (0, -+ 1) =—Z{p(0, T+ 1).

Proof The family of elliptic curves for the conformally invariant case is obtained from
#57 in the limit m — 0. We start from the generating function in the case #57 to obtain a
duality group I'(2). In the limit m — 0, the fibration becomes a rational elliptic surface
with a constant j—invariant and two singularities of Kodaira-type I, one at u = 0
and one at u = co. We have g3 = 7° E4(1)/[216 0°], g2 = n* E4(1)/[12 w*], and
® = 27 /+/u and t arbitrary. Higher terms proportional to ka 2l in the generating
function Z{‘jp( p.S) will be proportional to m?" with n = k +1 > 1. The reason
is that the integrand contains higher powers of u or T. The series expansion then
introduces higher derivatives u©@n ") which are proportional to 72" . Thus, in the
limit #2 — 0 only the constant term in the generating function Z{‘JP( p,S) survives. The
transformation under the shift follows from Lemma 4.13 and the fact that g(z)/n*(z)
is invariant under 7 — t 4 2. The remaining transformation follows from Lemma 4.13
and the fact that g(14+17) =g(1—1/7). a
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4.8 Criterion for Theorem 1.1

From a physics point of view, at a high energy scale the SO(3)—Donaldson theory is
described by the low energy effective field theory. We show that the physics speculation
by Moore and Witten on how to compute Donaldson invariants from the Seiberg—Witten
curves can be turned into a mathematical statement which we then prove. The cuspidal
contributions to the generating function of the low energy effective field theory should be
equal to the generating function of the SO(3)-Donaldson theories with 2Ny massless
monopoles. We conjecture the following relationship between the Donaldson invariants
defined in Equations (10) and (20) and the u—plane invariants given in Equation (65):

Conjecture Assume ¢ = H. For Ny =0,2,3 and 2m +2n+4 = (4 — Ny)k, we
have

(75a) D) 5n = Phcmon-

(75b) DY,, = 2Nk 2N el

For Ny =0, this conjecture is the conjecture of Moore and Witten. Lemma 4.18 and
Lemma 4.19 show that for Ny = 0, 2 the invariants vanish on both sides for m +n # 0
mod 2. For Ny = 0, the conjecture is equivalent to the assertion that the generating
functions in (12) and in (65) are equal. We will prove Equation (75a) by proving:

Theorem 4.26 Theorem 1.1 is equivalent to the vanishing of constant terms, for every
pair of nonnegative integers m and n, of the series

n_ k 8 4 4.\

- (2n)! 95 (1) [95(r) + 05 ()]
6 —1)/
(7 ) Z Z( ) (n —k)']'(k _ ])' [192(‘[)193 (T)]2m+2n+3

k=0,j=0

EX (o)

_1yn+1 —k)! .
><|:( DT U 1s ) 4+ 92 (0] Fauio (@)

2k=33k (2n —2k)!
(=D T(1/2)

n—k d J
e TG + 173 OO+ O] (qd_q) Q+(”} ’

where series F;(t) are defined in (93).

Proof In Theorem 4.17 we established explicit formula (66) for the contribution from
the cusp at T = oo in the regularized u—plane integral. Theorem 2.4 contained explicit
formula (13) for the generating function of the Donaldson invariants of CP?. The
difference of Equations (13) and (66) is the constant coefficient in Equation (76) where
we have used that Q((,g) Jr(r) = Q™1 (7). Hence the vanishing of the constant coefficient

term in Equation (76) is equivalent to Theorem 1.1. O
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Remark For Ny =2, 3, itis difficult to compute the geometrically defined invariants
QMmle directly. In contrast, the invariants Ql\ffmfzo defined in Equation (19) are easy
to compute by using Lemma 2.11. However, there is no known formula to compute the
error term in Equation (22) to relate the latter to the former. However, we successfully

performed the following check of the Equation (75b) for Ny = 2, 3.

The Donaldson invariants <I>me Czln and @Nf;n C2(:l are rational polynomials in the co-
efficients Hj, of the holomorphic part of the Maass form Q(t). By definition, the
same statement is true for the invariants DNf ,, as well. Geometrically, the invariants
Qllyfmczl and d>Nf c 0 differ by the contrlbutlons from the lower strata in the Uhlenbeck
compactlﬁcatlon But the contribution from the highest stratum in the Uhlenbeck
compactification agrees whence the coefficients of the highest Hj in @,ny;n"zln and

<I>Nf 62‘11 must agree. We proved the following weak version of a Moore—Witten

type conjecture (75b) for the Donaldson invariants for Ny = 2,3: In terms of the
coefficients Hy of the holomorphic part of the weight 1/2 harmonic Maass form Q(7),
we have for ¢ = H, k even, and 2m + 2n + 4 = (4 — Ny)k that
(77) Coeffp, [DN,, — 2N TDR2@N-c0 1= ¢,

k,m,2n

The proof will appear somewhere else.

5 Harmonic Maass forms

We shall use Theorem 4.26 to prove Theorem 1.1. To this end, we make use of the
theory of harmonic Maass forms, which we briefly recall here.

5.1 Definitions and facts
Following Bruinier and Funke [9], we define the notion of a harmonic weak Maass form

of weight k € %Z as follows. We let t = u +iv € H with u,v € R, and throughout
we let ¢ := 27T We define the weight k& hyperbolic Laplacian Ay by

02 02 . 0 ad
(78) Ap=—v (8u +8v2)+lkv(8u+l%)

For odd integers d, define €; by

{1 ifd =1 (mod4),
(79) €q =

i ifd =3 (mod4).
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Definition 5.1 If N is a positive integer (with 4 | N if k € %Z \ Z), then a weight k
harmonic weak Maass form on the congruence subgroup I'1 (N') is any smooth function
M: H — C satisfying the following:

(1) Forall A=(95)eT(N) andall T € H, we have

M(ar—l—b)_{(cr—i—d)kM(r) ifk eZ,

ct+d)  \(c/d) ke (cz+d)f M(x) ifkelz\Z.

Here (%) denotes the extended Legendre symbol, and /7 is the principal branch
of the holomorphic square root.
(2) We have that A M = 0.
(3) There is a polynomial Py =Y., -ocT(n)g" € C[g™"] such that
M(t) — Ppr(exp(Rmit)) = O(e™¢Y)

as v — +oo for some € > 0. Analogous conditions are required at all cusps.

Remarks (1) We refer to the polynomial Py as the principal part of M (t) at co.
Obviously, if Pps is nonconstant, then M (7) has exponential growth at co. Similar
remarks apply at all cusps.

(2) Bruinier and Funke [9] give a slightly different definition for a harmonic weak
Maass form. In place of Definition 5.1(3), they require that M (t) has at most linear
exponential growth at cusps. Zagier’s weight 3/2 Maass—Eisenstein series is a harmonic
weak Maass form in this relaxed sense.

(3) Since holomorphic functions on H are harmonic, it follows that weakly holo-
morphic modular forms, those forms whose poles (if any) are supported at cusps, are
harmonic weak Maass forms.

(4) For k € %Z \ Z, the transformation law in Definition 5.1(1) coincides with those
in Shimura’s theory of half-integral weight modular forms [45].

In this paper we consider weight 1/2 harmonic weak Maass forms. Harmonic weak
Maass forms have distinguished Fourier expansions which are described in terms of
the incomplete Gamma-function I' («; x)

o0
(80) (o x):= / e 1 dr.
X
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The following characterization is straightforward (for example, see [9, Section 3]). If
f(t) € Hy/»(N), the space of weight 1/2 harmonic weak Maass forms on I'{(N),
for some N, then its Fourier expansion is of the form

81) f@= Y ¢f "+ ey mT(1/2,4x|n|v)g".
n>—oo n<0
One sees that f(7) naturally decomposes into two summands, its holomorphic part

(82) fr@= )" ¢fmg",

n>—oo

and its nonholomorphic part

S7(@):=) ¢ mT(1/2,4x|nlv)g".

n<0

Remark A harmonic weak Maass form with trivial nonholomorphic part is a weakly
holomorphic modular form.

Harmonic weak Maass forms are related to classical modular forms via properties of
differential operators. One nontrivial relationship depends on the differential operator

0
(83) Ep = 200" —.
T

This operator relates Hy/,(N) with S3/,(N), the space of weight 3/2 cusp forms

on I'; (N). The following lemma?®, which is a straightforward refinement of a proposi-
tion of Bruinier and Funke [9, Proposition 3.2], plays a central role.

Lemma 5.2 If f € H;/»(N), then

1720 Hyj2(N) —> S3/2(N).

Moreover, if

f@= Y ¢fmq"+) ¢ mT(1/2,4x|nlv)g",

n>—oo n<o0

then we have that

00
E12() = —(@m)' 2y " e (=mn' 2",
n=1
3The formula for &, /2(f) corrects a typographical error in [9].
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Thanks to Lemma 5.2, we are in a position to relate the nonholomorphic parts of
harmonic weak Maass forms, the expansions

f7@):=) ¢ mT(1/2,4x|nlv)g",

n<0

with the “period integral” of the modular form &;,,(f) € S3/2(N). This observation
was critical in Zwegers’s work on Ramanujan’s mock theta functions. To make this
precise, we relate the Fourier expansion of the cusp form &;/,(f) with (7). This
connection is made by applying the simple integral identity

ioo ezm'nz 12
(84) / ————————dz=iQnmn)”/*-T(1/2,47nv)qg™".
7 (—i(r+2)"?

This identity follows by the direct calculation

ioco eZHinz ioco eZnin(z—r) 1/2
- a’z:/ —————dz=iQnmn)" /7T (1/2,4wnv) ¢ ".
/—? (—i(t+2))'/? 2iv  (—iz)!/?

By interchanging summation with integration, this identity then implies that the period
integral
i £ () (—2)
[
—z (~i(t+2)1/2

is proportional to f—, the nonholomorphic part of f . In this way the nonholomorphic
parts of weight 1/2 harmonic weak Maass forms are period integrals of weight 3/2
cusp forms. Zagier refers to &1/, ( f) as the shadow [55] of f * . The holomorphic part

of a weight 1/2 harmonic weak Maass form is called a mock theta function if &1/, (f)
is a linear combination of weight 3/2 theta series 9 (a, b; 8t), where

Ha,b;1) = Z nq”Z.
n=a (mod b)

The mock theta functions which are relevant for Theorem 1.1 are holomorphic parts of
Maass forms whose shadows turn out to be proportional to

o0

1)’ = Y (=1)"@n+ 1gCr D,

n=0

6 Work of Zwegers

In his PhD thesis on mock theta functions [56], Zwegers constructs weight 1/2 harmonic
weak Maass forms by making use of the transformation properties of functions which
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were investigated earlier by Appell and Lerch. Here we briefly recall some of his
results. For t € H, and u,v € C\ (Zt + Z), Zwegers defines the function

al/z (_b)nqn(n+l)/2
85 , U, = .
( ) I’L(u v T) e(v’r) ’g 1_aqn
where @ = 27 .= 27V gpd
(86) By i= Y (=) 72"/
veZ+1/2

Zwegers [56, Section 1.3] proves that w(u, v; t) satisfies the following important
properties.

Lemma 6.1 Assuming the notation above, we have that
pw(u,v;t) = u(v,u; 1),
pu(u+1,v;7) = —p(u, v; 1),

a~lbgq 1/Z;L(u+r v;7) = —/L(u,v;r)+a_1/2b1/2q_1/8,

nw,v;t+1)= ég_l,u(u, vit) (Cy = e2TINY,

; 1 1
(_C/i)—l/Zenl(u—v)Z/‘rM (U E.__) = —p(u,v:7)+ =h(u—v;7),
T T T 2

where

[e%e) enixzt—Zﬂxz dx
h(z; 1) :=f .

—oo coshmx

Remark The integral /(z; t) is known as a Mordell integral.

Lemma 6.1 shows that w(u, v; ) is nearly a weight 1/2 Jacobi form, where 7 is the
modular variable. Zwegers then uses u to construct weight 1/2 harmonic weak Maass
forms. He achieves this by modifying u to obtain a function i which he then uses as
building blocks for such Maass forms. To make this precise, for t € H and z € C, let

87) R(z:7)
=3 ((—1)”—1/2{sgn(v)
veZ+1/2 — E((v+Im(2)/ Im(r)) y 2 Im(7)) fe~2772 /2,

where E(z) is the odd function

(88) E(z):=2 / e dy.
0
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Using u and R, we let

~ 1
(89) A(u,v;7) = M(u,v;r)—ER(u—v;r).

Zwegers’s construction of weight 1/2 harmonic weak Maass forms depends on the
following theorem (see Zwegers [56, Section 1.4] and Zagier [55]).

Theorem 6.2 Assuming the notation and hypotheses above, we have that

fu,v:7) = G(v,u; 1),

au+1,v;1)= a_lbq_l/zﬁ(u +1,v;1) = —u(u,v; 1),
, 1
Cafiu, viT+ 1) = —(z/i) 2o e (z, : “) = A, v; 7).
TT T

Theorem 6.2 gives the modular transformation properties for ji. Since R is nonholo-
morphic, this theorem, combined with the following lemma, allows us to relate suitable
specializations of [i to weight 1/2 harmonic weak Maass forms whose shadows are
linear combinations of weight 3/2 theta functions.

Lemma 6.3 [56, Lemma 1.8] The function R is real analytic and satisfies
oR
(i) = V2ivT e e g (7 7,
ou

where a := Im(u)/ Im(t). Moreover, we have that

d i
—R(at—b;1) =—
0T ( ) J2v

e—Znazv Z (_l)v—l/Z(U_i_a)e—m'vz?—Zniv(a?—b)‘
VEZ+1/2

7 Some g-series identities

Here we relate some important g—series to the p—function. For convenience, we first
recall our notation for the following theta-functions which are simple Dedekind-eta
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quotients:
n(161)? & >
(90) ®2(T) = (87;) = Zq(2n+1) :q+q9 +q25 4.,
g n=0
91) O5(1):= ’7(8—T)5 _1+2iq4n2 — 14 2¢% + 2" + 2436 + ...
T 2 2 = - )
n(47)?n(167) Z
47)? s
O Ouln):= n’l((St)) =142 (=1)"g* =1-2¢* +2¢"0 ~2¢% + .-,
n=1

These are related to the theta functions 9, (7), ¥3(t) and ¥4(t) by

T

D2(0) =205 (5). B =05(5). Pa=04(3).

Thanks to Theorem 4.26, the proof of Theorem 1.1 is reduced to the properties of
certain specific power series. For nonnegative even ¢, we define the series

o0 o0
93) IAOEY R (—1)*HB + 1) @ —BB+D/2,
B=0a=p+1

We shall work with the renormalizations
o0 o N 5
04 F@=Fig® =) Y (D4 1) gt DT
B=0a=B+1
We shall also require the renormalization of the series OV (7) in (49):

(95) O(q) =07 (8t) =g ' +28¢% +39¢" +196¢'! + 161¢"° +7564'° +--- .

7.1 The F,;(q) series

Here we interpret the series J;(¢g) in terms of Zwegers’s pu—function. To make this
precise, we require the differential operator

1 ad
YT i A’
The main result in this section is the following theorem which expresses the g-—series
F:(q) in terms of the image of the iterated z—th derivative, with respect to w then

evaluated at w = 0, of a certain specialization of the p—function.
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Theorem 7.1 If¢ is a nonnegative even integer, then

Fi(q) 1
600 = 3 Db (44T +20,47:80) oo =
Moreover, Fo(q)/®4(t) is the holomorphic part of the weight 1/2 harmonic weak

Maass form % fi(4t, 4t; 87) whose nonholomorphic part is the period integral of n(87)3.

1
3 DL (120, 47:80) [o=2r.

Remark That 7 is even will be important in the proof of Theorem 1.1 due to the close
connection between D!, and the iterated heat operator.

Proof It is not difficult to show that

Filg) = Z 2x + 1)iq 16y2+16y+16xy+4x+3
o T Z (2x + 1) g1677+32y+16xy+12x+15
x,y20

_Z( 1)7q (2y+1)? Z(2x+1)t 202x+1)Q2y+1)

y,Qy+1)? o (X' = (=1)*x 2x(2y+1)
=—Z(—1) q P e L

>
=—3 Z(_l)yq(2y+l)2 Z xg?x @y

y=0 x=0

4= Z( 1)%g Qy+1)? Z( ) x t 2x(2y+1)
Using this last expression, and by letting p := e2™'® it follows that
F 2 1)%¢ @y+1)? D!, x ,x(4y+2) |
H(g) = Z( ) Zp o

o0
2
+5 Z(—l)yq(zy“) -DZ)( Z(—p)qu“‘y“)) L,

y=0 x=0
1 (=1)2q@rtD? (it @y+n?
——_D ’
2 “’(;)( [—pg %2 14 g2 )) ©=0
1) g4y +8y+3
_ _Dctu( Z (=1)Y pg )) ‘
s 1_p2q8y+4 w=0
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Since we have that

i(_l)ypq4y2+8y+3 B 1 i(_l)ypq4y2+8y+3 N 1 Z( l)ypq4y2—8y+3
~ 1—p2g8y+s 7 2 = 1 — p2g8r+4 Eyzo 1 — p2g—8r+4
Z( l)ypq“y T R (=) pg? !
8y+4 2 . 1—,0 q—Sy —4
y=—
:lz(—l)ypq“y el f (=1)?p~ ! g#y +8r+3
200 1=pPgtHe 2y=_1 p~2g8r+a—1
B i(_l)npq4n2+8n+3 X (=1)rp! 4n2+8n+3
2 = 1 _p2q8n+4 2 =, 1—p~ q8n+4 ’
the fact that ¢ is even then implies that
1 ; (_l)npq4n2+8n+3
(96) Fi(g) ——ng(Z e L,

nez
Since we have that

1 1
ED;(M(M +20,47;87))|p=0 = 5Dg,(u(zw, 47;87))|w=27,

to complete the proof of the claimed identity, it suffices to compute the expansion of
w4t + 2w, 47;87). By (85), we have that

2
. ( 1)npq4n +8n+3
w@dt +2w,47;87t) = 9(41 8r) Z T

The claimed identity follows immediately from (86) and (96) since

2
¢0(47:87) = Z (_l)mq4(m+1)2 __ Z (_l)mq4m2 _ _77(41) — —04(1).
meZzZ meZ }7(8‘[)
That fo (q)/ ®4(7) is the holomorphic part of the weight 1/2 harmonic weak Maass
fonn ii(4t,47; 87) follows, after a straightforward calculation, from Theorem 6.2.
That the nonholomorphic part of this Maass form is a multiple of the period integral
of 7(87) follows from the classical identity

n(87)° = Z( D" @n+1)gCr
n=0

and the explicit Fourier expansion of the nonholomorphic part of % A(4t,47;87). This
expansion is obtained using (87), Lemma 6.3, and the discussion after Lemma 5.2. O
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7.2 The Q(q) series

Here we describe the g—series Q(g) in terms of Zwegers’s p—function. To make this
precise, we require some auxiliary weight 1/2 weakly holomorphic modular forms.
Define modular forms A(t) and B(t) by

o0 4 8
A(r) .= A7) = Z a(n)q" := 32827 = q_l —8([3 +27q7 —e
97) " 5
8
B(t) := B(87) = Z b(n)q" = nn((lérr))“ =g 1 —5¢" +941—....

n=-—1

We sieve on the Fourier expansion of A(t) to define the modular forms

Ass(r)i=A35087)= Y a(n)g"=-8¢>—56¢"" +---
n=3 (mod 8)
(93)
Azs(r) = A7508T)= Y a(mq"=q""+27¢" +105¢"° +--- .
n=7 (mod 8)

In terms of these modular forms, we have the following theorem.

Theorem 7.2 The following g —series identity is true:
7 3 1
Q(q) = —z A3 3(t) + ~ A78(7) — - B(7)
2 2 2
1 1
+2ig7 ' (—16r, —87 — 7 32r) —2iqg ' (—l6r, —247 — 3 32‘[) .

Moreover, Q(q) is the holomorphic part of a weight 1/2 harmonic weak Maass form
whose nonholomorphic part is the period integral of n(87)3.

Remark One can determine the image of Q(g) under the inversion map t — —1/7
using the formula for Q(¢) above. One obtains this expansion by applying the third
part of Theorem 6.2 to two p—functions, and by applying the classical transformation

n(=1/t)y =~v—it-n(r)
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to the weakly holomorphic modular forms

n(167)°
A?’,S(T) =-8: n(81)7 = —8q3 _56q11 _216q19 —
_ n(87)° n(320)°% ; s
Az8(7) = n(167)° + 32. (81 n(167)% =q  +27q" +105¢"° +---,
nB8r)°

B(z) = g ' =5¢"+9¢" —--- .

Cop(l6n)t

Sketch of the proof of Theorem 7.2 This result follows from Theorem 6.2 in an argu-
ment which is analogous to the proof of Theorem 7.1. Namely, since A3z g(7),.A7,5(7)
and B(t) are weight 1/2 modular forms, it follows that Q(t) is the holomorphic part
of a weight 1/2 harmonic weak Maass form whose nonholomorphic part is a multiple
of the period integral of 1(87)3. Therefore, it must be a linear combination of certain
mock theta functions and weakly holomorphic modular forms of weight 1/2. Instead
of using Theorem 7.1 with ¢ = 0, we work with the mock theta function

2 _
M(q) . q—l i (_1)n+1q8(n+1) HZ=1(1 _q16k 8)
99 ' ntlep 4 ,16k—8)2
99 n=0 szl( +q )
= 4245 3¢ 4

and M(q) = M(q®). Using Watson’s g—analog of Whipple’s theorem, we have that

16n%2—8n

1 q
205(7) é 1 4 glon—8’

M(q) =

Andrews [2] already interpreted* this particular g—series as the holomorphic part of
a weight 1/2 harmonic weak Maass form whose nonholomorphic part is the period
integral of 7(87)3. Using the fact that

q16n2—8n q16n2—8n(1 _q16n—8) q16n2—8n q16n2+8n—8
16n—8 — 32n—16 = — 32n—16 — 32n—16"
nez 1+q nez 1 q nez 1 q nez 1 q
we find that
ig~! 1 1
M(g) = 5 (u (—16r, —24t — 5; 32‘[) —u (—16t, -8t — 5; 321)) .

4 We have reformulated Andrews’s work to be consistent with the terminology in this paper.
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Here we have used the fact that
1 1
q0 (—81 -3 32r) =4°6 (—24: -3 32r) =i0,(1).

Since two weight 1/2 harmonic weak Maass forms with the same nonholomorphic
parts differ by a weakly holomorphic modular form, it then follows that Q(g) —4M (q)
is a weakly holomorphic modular form. Standard calculations in the theory of modular
forms reveals that

3 1
Q(g) ~4M(g) = 2 As 5(0) + 3 Ar () = 5 B(x). o

Remark One also sees directly that the shadow of Q(g) is proportional to 7(87)3
using the proven identity. One applies Lemma 6.3 to this particular linear combination
it functions.

8 Proof of Theorem 1.1 and some numerical examples

Here we prove Theorem 1.1 by verifying the criterion in Theorem 4.26. We also
conclude this section with some numerical examples which illustrate the phenomenon
which appears in the proof of the theorem.

8.1 Proof of Theorem 1.1

Thanks to Theorem 4.26, it suffices to prove that the differences between certain
g—series have vanishing constant term. We shall derive these conclusions by using
differential operators. For brevity we describe the 7 = 0 cases in detail, and then provide
general remarks which are required to justify the remaining cases. By Theorems 7.1
and 7.2, it follows that both

O(q) = ¢ ' +28¢% +39¢7 +196¢"" + 161¢"° +756¢"° + -+,

4Fo(q)

— =4¢3 + 129" +28¢'" +---
O4(7)

are the holomorphic parts of weight 1/2 harmonic weak Maass forms with equal
nonholomorphic parts. Therefore, it follows that

4Fo(q) _
BO4(7)

Ag) + g ' +24¢° +27¢7 +168¢"" + -+
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is a weakly holomorphic modular form. Standard calculations using the theory of
modular forms reveals that

4Fo(g) _ E*(47)

(100) Zo(g) = Qg) + O:t) 1B

where E*(471) is the weight 2 Eisenstein series

(101) E*(t) = —Ex(1) + 2E,20) =1+24 ) 0oua(n)q".

n=1

where go44(n) denotes the sum of the positive odd divisors of n. The n = 0 cases of
Theorem 4.26 are equivalent to the claim that the constant terms of

©4(1)° (1602 (1)* + O3(1)H)" Zo (9)
@, (1)2m+3@5(7)2m+3

(102)

are 0 for every m > 0. In order to verify this claim, we will find if helpful to define

—  E*(41) _ Ze(qm(Br)?
(103) 200 = G 205 (02— 92(0)205 ()2

A calculation shows that

O4(1)°
©1(1)O3(1)n(87)3

d —
(104) qd—Zo(Q) =
q
Using this notation, and noting that
160,(7)* + O3(1)* = 14 24¢* + 24¢* + --- = E*(41),

Equation (102) becomes

—_ d —_
Zo (g™ 4 Zo(q).
q
which clearly has a vanishing constant term. In fact, for each m,n > 0 we find a similar
phenomenon.

To this end, we make use of the combinatorial structure of series Gy (¢) and H(q)
defined below. These series are obtained by iteratively applying differential operators
to the harmonic Maass forms and modular forms in this paper, which in turn lead to a
nice sequence of modular functions of level 8. The modular properties of these series
follow easily from the results and methods of [11, pages 53-55; 13].
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For every nonnegative k, define

(105) Gr(q)

_ n(87)®
(©2(1)O3(x))**?
k\ L(1/2)(=12) Ex(81)""/ | (=1)74F3;(q) ( i)

<X (5) " [ ot (egy) cw].

Theorem 4.26 is equivalent to the claim that the constant coefficient of
d — — " o
(106) (¢1:70@) Zatar 3 (1) Zotar™Geto)
k=0

is zero for each nonnegative m and n. To prove the theorem, it suffices to show that
Gr(gq) is a polynomial in Z(q). To this end, we define M (To(8)) to be the space
of modular function on I'y(8) which are holomorphic away from infinity, and is a
subspace of C((¢%)). One can easily verify that M (T'g(8)) is precisely the set of
polynomials in Z(q). In order to show that G (t) is in M (I'¢(8)), we first show
that a similar function, Hy (¢) is in M (I'9(8)). We define the function

. 1(87)° ( )m/z)( 12)) Ex(80)* ( d )f
= (92(T)®3(r))2k+22 rap+y  \lag) 2@

We can observe that Hy (g) is modular on I'(8) with weight 0 by comparing the

summation to the expression Z;(¢q) := 5 [Zo(ql/s)] where 5{‘/2[*] is defined as in

Lemma 4.10. A calculation shows that (@2(1)63 (7))~2 is holomorphic away from
infinity, which, combined with the fact that

n1(87)* Zo(q)
(02(1)03(2))?

shows that Hy (7) is in M (Io(8)). Hence we need only show that Gy (q) —Hi (q) is
in M (Io(8)) as well. We observe that

Gr(q) —Hi(q)

= Zo(9).

_ n(87)°

 (02(0)0;(1))* 2

5 i (k) F(1/2)(=12) Ex80)*~ [ (=1)/aF;(q) (q d ),- 4Fo(q)
Z\ F(1/2+ /)87 04() dg) ©40) |
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Using Theorem 7.1, this can be written as

n(87)° Z( )F(l/Z)( 12)) E,(87)k—7
(05(1)O5(1)) 2 T2 C(1/2+ /)8

) .
2 |:(—1)j (Li) ! n@rt+2w,4t; 81t)— (%i)j /L(4‘[—|—260,4‘L’;8‘L’):|

2nwi dw widt

w=0

Using the transformation laws for p found in Lemma 6.1, we observe that the Mordell
integrals that arise as obstructions to the modular transformation of

i1 dNY 1 ody
(=1 mi do w@ét 4+ 2w,4t;87t) — 3ni de w(dt + 2w, 47; 87)

cancel directly. Therefore an argument similar to that used in the proof of Lemma 4.10
shows that Gy (q) — Hy (¢) is modular with respect to I'y(8). It is then straightforward
to verify that Gy (q) —H (¢) isin MJ(I'9(8)), and so is a polynomial in Z(q). This
then completes the proof.

8.2 Examples

Here we give some numerical examples of Theorem 4.26. First we give some examples
when n = 0, and then we give an example when n = 1. We conclude with examples
of the polynomials in Z(¢) which are central to the proof of Theorem 1.1.

Example Let Zy(g) = E*(41)/n(87)3 and define f,,(t) by

04(1)° (1602(0)* + ©3(0)*)"
O (7)2m 305 (1)2m+3

Jm(T) =

The proof shows that the constant terms of Z(q) fm(t) (see (102)) vanish for all m.
The initial terms of the expansions of the first few f,(t) are

fo(v) = q 73 —24q +273¢° —1976¢° + - ,

fie)=q =471 —269¢% +5188¢7 +--- |

f(0) =q7 7+ 16477 —411g +272¢° + - .

[0 =q70 +36¢7°—153¢7 —---
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and the initial terms of Zy(q) fm(7) are
Zo(q) fo(r) = ¢4 = 276¢* + 4096¢° — 3360692 + - - ,
Zo(q) f1(x) = ¢ +20q7% — 338¢% — 1208¢° + -~ ,
Zo(q) f(v) = ¢~ +40g7* —8992¢* + 652604 + - -- .
Zo(9) f3(1) = ¢+ 60g™° + 738¢ ™2 — 1125647 —--- .

One easily sees that the constant terms of these Zo(g) fn(7) indeed vanish.

Example Here we simplify the notation in Theorem 4.26 by defining g—series IA),(;) 2 (q)
and A(i)(m, n,k, j;q) so that

n k
~ (i) . ) _
(107) D, ,(0):=DY (¢ =>"> ADGm.n.k. j:q).
k=0j=0
By Theorem 4.26, Theorem 1.1 follows from the assertion that the constant term of

A1) ~(2)

vanishes. The first few terms of the series A(i)(3, 1.k, j;q) are
1 g 43 _, 7
3567 256! T
| n 35 4 13
7687 T 7687 Tag
1 g 9 _, 85

AD3,1,0,0;9) =

AD@B,1,1,0:9) =

AVG L) =g = o g™ = et

AP (3,1,0.0:q) = —Wlnq‘”—zl%q‘8 —%q“‘—% Hee
A(z)(3,1,1,0;q)=ﬁq_12 %q‘8+£q‘4—%—~--,
A(z)(3,1,1,1;q)=Wlmq_”—%q_s—%q_“ %+~

One sees that the constant term of ﬁgli (q9)— ﬁgzi (q) is
7 13 85 85 247 85

16 28 96 96 a8 16

Notice that the constant terms of A (3,1,1,1;¢) and A®(3,1,0,0) agree. This
equality is a special case of a general equality whose proof is equivalent to the n = 0
case of the proof of Theorem 1.1. In general, the constant terms of A® (m,n,0,0: ¢)
and A® (m,n,n,n;q) agree.
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Example The proof of Theorem 1.1 relies on the fact that the expressions in Theorem
4.26 can be written as (see (106))

(108)

d — — _
(CI%ZO (q”s)) Zo (@5 Pu(Zo (gV/%)),

where P,(x) is a polynomial. In the table below we give the first few polynomials.

n| Py(x)

0]x

1| —3x2+72

2 llx3 + %x

3| —dext+ 122x2—64

4| tdesxd 4+ 3x3 4 2850

5 _30é40x6 i 1485970)(4 n 9351356x2 4 403610516
6 leso 7+ % x5+ 1371152 x3_20384969584
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